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Exchange and superexchange interactions in quantum dot systems

Kuangyin Deng

(ABSTRACT)

Semiconductor quantum dot systems offer a promising platform for quantum computation.

And these quantum computation candidates are normally based on spin or charge properties

of electrons. In these systems, we focus on quantum computation based on electron spins

since these systems has good scalability, long coherence times, and rapid gate operations.

And this thesis focuses on building a theoretical description of quantum dot systems and the

link between theory and experiments.

In many quantum dot systems, exchange interactions are the primary mechanism used to

control spins and generate entanglement. And exchange energies are normally positive,

which limits control flexibility. However, recent experiments show that negative exchange

interactions can arise in a linear three-dot system when a two-electron double quantum

dot is exchange coupled to a larger quantum dot containing on the order of one hundred

electrons. The origin of this negative exchange can be traced to the larger quantum dot

exhibiting a spin triplet-like rather than singlet-like ground state. Here we show using a

microscopic model based on the configuration interaction (CI) method that both triplet-like

and singlet-like ground states are realized depending on the number of electrons. In the case

of only four electrons, a full CI calculation reveals that triplet-like ground states occur for

sufficiently large dots. These results hold for symmetric and asymmetric quantum dots in

both Si and GaAs, showing that negative exchange interactions are robust in few-electron

double quantum dots and do not require large numbers of electrons.



Recent experiments also show the potential to utilize large quantum dots to mediate su-

perexchange interaction and generate entanglement between distant spins. This opens up

a possible mechanism for selectively coupling pairs of remote spins in a larger network of

quantum dots. Taking advantage of this opportunity requires a deeper understanding of

how to control superexchange interactions in these systems. Here, we consider a triple-dot

system arranged in linear and triangular geometries. We use CI calculations to investigate

the interplay of superexchange and nearest-neighbor exchange interactions as the location,

detuning, and electron number of the mediating dot are varied. We show that superexchange

processes strongly enhance and increase the range of the net spin-spin exchange as the dots

approach a linear configuration. Furthermore, we show that the strength of the exchange

interaction depends sensitively on the number of electrons in the mediator. Our results

can be used as a guide to assist further experimental efforts towards scaling up to larger,

two-dimensional quantum dot arrays.



Exchange and superexchange interactions in quantum dot systems

Kuangyin Deng

(GENERAL AUDIENCE ABSTRACT)

Semiconductor quantum dot systems offer a promising platform for quantum computation.

And these quantum computation candidates are normally based on spin or charge properties

of electrons. In these systems, we focus on quantum computation based on electron spins

since these systems has good scalability, long coherence times, and rapid gate operations.

And this thesis focuses on building a theoretical description of quantum dot systems and

the link between theory and experiments. A key requirement for quantum computation is

the ability to control individual qubits and couple them together to create entanglement.

In quantum dot spin qubit systems, the exchange interaction is the primary mechanism

used to accomplish these tasks. This thesis is about attaining a better understanding of

exchange interactions in quantum dot spin qubit systems and how they can be manipulated

by changing the configuration of the system and the number of electrons. In this thesis,

we show negative exchange energy can arise in large size quantum dots. This result holds

for symmetric and asymmetric shape of the large dots. And we also provide a quantitative

analysis of how large quantum dots can be used to create long-distance spin-spin interactions.

This capability would greatly increase the flexibility in designing quantum processors built

by quantum dot spins. The interplay of these systems with different geometry can serve as a

guide to assist further experiments and may hopefully be the basis to build two-dimensional

quantum dot arrays.
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Chapter 1

Introduction

1.1 Motivation

Here we briefly talk about the motivation of exploring exchange energy in quantum dot spin

systems. We will leave the detailed introduction of semiconductor quantum dot spin systems

to the next chapter.

Recently, quantum computation has become a blooming field due to its potential to solve

some specific problems classical computers cannot solve. In quantum computation, informa-

tion is in the form of qubits. Unlike bits in a classical computer, qubits can be implemented

as superposition of many quantum states and the new states should be treated completely

new. In these decades, people have found many systems as candidates for quantum compu-

tation. A quantum dot system is one of them [1, 3] and this is also the main focus of this

thesis.

In a quantum dot system, one may use spins of electrons to encode qubits. One can encode

several kinds of spin states as qubits as we will mention in the next chapter. Here we focus

on two-electron qubits: singlet-triplet qubits. Considering a qubit formed by a singlet and

triplet spin states, one can define exchange energy as the difference of these two states

Jex = ET − ES, (1.1)

1
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where T and S represent triplet and singlet states, respectively. This exchange energy can

be used to manipulate the states on the Bloch sphere [1]. For two electrons in a confining

potential, the exchange energy can be positive or negative if there is a sufficiently strong

magnetic field [4, 5, 6, 7, 8]. For example, it has been shown that the ground state oscillates

between a singlet and a Sz = 0 triplet as the magnetic field strength is tuned, even in the

absence of spin-orbit coupling [4, 7]. On the other hand, negative exchange is harder to

achieve in weak magnetic fields due to the well-known two-electron ground state theorem [9,

10], although it has been shown to be possible in double quantum dot systems if there is a

strong bias between the dots [8]. The difficulty in realizing negative exchange in the low-

field, low-bias regime in turn limits the types of control schemes that can be employed to

perform logic gates or dynamical decoupling [11, 12, 13].

However, it has been shown in recent experiments that the behavior of the exchange energy

can be very different if there is a big multielectron quantum dot in the system [2, 14, 15].

These experiments reported negative exchange energies due to contributions from electrons

in the higher orbitals of the big quantum dot. The existence of negative exchange energy

in quantum dot systems not only opens a possibility to control the system more efficiently

but also is interesting to understand in its own rights. Therefore, in this thesis we will

review the theory of quantum dots and explain the underlying physical mechanisms behind

the experiments. Moreover, we will use a method called configuration interaction (CI) to

understand in which cases negative exchange could arise in quantum dot systems.

After understanding the physics of systems comprised of several dots, one may imagine

building a two dimensional array of quantum dots by coupling single or double quantum dot

systems. To reach this goal, one needs to understand how exchange interactions depend on

the geometry of a quantum dot system distributed in two dimensions. Thus, in the last part

of this thesis, we talk about the interplay of exchange and superexchange in triple quantum
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dot systems.

1.2 Outline

In this thesis, we begin by presenting the basics of quantum dot spin systems in Chapter 2.

This includes talking about quantum computing and quantum dot systems, introducing

different kinds of spin qubits and zooming in on singlet-triplet qubits and exchange energy.

In Chapter 3, we review the theoretical description and some experimental controls of quan-

tum dot systems. We start this chapter by considering a single electron in one quantum dot

and introducing Fock-Darwin states as a basis of the system. After that, we build many par-

ticle states from Fock-Darwin states by utilizing Slater-Condon rules. Furthermore, we build

a generic Hamiltonian and show how one can get a Heisenberg model from this Hamiltonian.

Lastly, we talk about some experimental controls of exchange energy in several-quantum-dot

systems using the Heisenberg model and my work in building the models.

In Chapter 4, we first introduce the recent experiments on triple quantum dot systems with

many electrons showing that negative exchange energy arises. Secondly, we will describe my

theoretical efforts to explain these experiments. Thirdly, we explore the system with only

one large quantum dot and show that only several electrons are needed to have negative

exchange energy.

In Chapter 5, we use a large quantum dot as a mediator and examine different dot geometries.

In these systems we study the effective exchange and superexchange energy between small

dots and mediated by the large quantum dot.

In Chapter 6, we summarize this whole thesis and discuss the potential impact of this work

on future theoretical and experimental research on quantum dot spin systems.
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Chapter 2

Quantum dot systems

In this chapter, we introduce quantum dot spin systems as a way of realizing quantum

computation. We briefly talk about quantum simulations in them and we review several

ways of encoding qubits in one or more electron spins.

2.1 Quantum computing and quantum dot systems

Progress in developing and improving classical computers has been ongoing for many decades.

Engineers try to make the chips smaller and more condensed. However, current chips are ap-

proaching the scale where quantum effects begin to affect their behavior, limiting the ability

to increase the density of transistors on a chip further. Therefore, a new understanding of

computation at the quantum level is needed. On the other hand, there are well known prob-

lems that classical computers cannot solve because of exponential scaling of the problems.

Although we cannot guarantee that at the quantum level, a given computation must be more

efficient and powerful than classical computation, there are now many examples of quan-

tum algorithms that are capable of solving problems must faster than any known classical

algorithm. One famous example is prime factorization, which plays a key role in informa-

tion security. However, this problem was proved solvable in polynomial time on quantum

computers as shown by Peter W. Shor [16] in 1994. In thinking about the applications of

quantum computers, it is useful to keep in mind the development of classical computers.

5
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At the time classical computers were just created, people only expected computers to do

calculations faster than humans. Over the last several decades, as the internet was devel-

oped, people discovered the power of classical computers is not only to calculate academic

problems, but also to facilitate communication, searching and entertainment. For quantum

computers, we know they can solve some problems that are beyond the reach of classical

computers, and as time goes on more and more quantum algorithms are being discovered.

This does not mean quantum computers are better than classical computers in doing all

jobs. One should really view them as a different class of machines altogether. In the future,

there may or may not be an innovation of quantum computers that makes them useful for

aspects of everyday life that classical computers have already reached. However, what we

are sure about is that once a universal quantum computer is built, there must be some areas

of technological development that will be significantly impacted.

In classical computation, information is stored in bits, and one bit can be written as two states

0 or 1. This form of information is discrete, and more digits can make the stored information

more accurate. On the other hand, in quantum computation, information is stored in qubits,

and one qubit can be written as not only |0⟩ or |1⟩ but also any superposition of these two

as a new state: |α⟩ = a |0⟩ + b |1⟩, where |a|2 + |b|2 = 1. Here |0⟩ and |1⟩ are two different

quantum states serving as the computational basis. Thus, a quantum state can continuously

span any direction between the two basis states.

There are a lot of schemes that can potentially be used as qubits [17, 18]. Specifically,

quantum dot spin systems are one of them. Since the very first proposal by Loss and

Divincenzo [3], quantum computation based on spin qubits has enjoyed rapid development

in both experimental techniques and theory.

A quantum dot is an artificial structure which can be treated as an atom in the sense that

it confines electrons. It will be normally connected to a source and drain. Thus, electrons
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Figure 2.1: A quantum dot connecting source and drain for (a) a lateral system and (b) a
vertical system. The current I could be measured depending on the gate voltage VG and
bias voltage VSD. Adapted from Ref. [1].

or holes can be loaded into the dot by controlling the voltage. On the other hand, electron

number can also be controlled by changing the chemical potential. As shown in Fig. 2.1,

a quantum dot is connected to the source and drain from reservoirs. A current and bias

voltage probe is attached to measure the electric properties. The dot is coupled by a gate

with voltage VG for chemical potential control.

A quantum dot can be fabricated in many different sizes and materials due to the fact that

this is a very general structure [1]. In this thesis, we focus on semiconductor quantum dot

systems such as GaAs and Si. The typical size of these kinds of dots normally ranges from 10

to 200 nm in diameter. Quantum dots provide a confinement potential to trap electrons. To

realize quantum phenomena in GaAs quantum dots, they have to be cooled to temperatures

well below 1 K.

The source and drain voltage bias VSD and the gate voltage of the dot VG can control the

number of electrons. Here we show how this works in a single quantum dot. For multiple

quantum dot systems, the control is similar. Now we consider a low bias window as shown

in Fig. 2.2. In Fig. 2.2(a), the chemical potentials (also indicating the gate voltage VG)

µ(N) and µ(N − 1) are both out of the range of the bias window µS ∼ µD. Here Coulomb
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Figure 2.2: Quantum dot with low bias. (a) When the chemical potential of N electrons is
not in the range of the bias window µS ∼ µD, the system can only contain N-1 electrons due
to Coulomb blockade. (b) When the chemical potential of N electrons is in the bias window,
the dot can be filled with N-1 or N electrons, which leads to current flow. (c) The current
versus gate voltage change. Whenever the chemical potential of the dot µ (controlled by
gate voltage VG) lies in the range of the bias window, there is a current flowing from source
to drain. Adapted from Ref. [1].

blockade appears, forbidding the dot from having N electrons inside and locking the number

of electrons to N − 1. Therefore, there is no current flowing from the source to the drain. In

Fig. 2.2(b), the chemical potential obeys µS ≥ µ(N) ≥ µD, which makes tunneling possible.

When the dot is filled with N − 1 electrons, one more electron would hop into the dot to

form a state with N electrons and soon this electron would tunnel into the drain to leave

a state with N − 1 electrons again. This process results in a current flowing from source

to drain. In Fig. 2.2(c), we show the current flow IDOT as a function of gate voltage VG.

Currents only exist when the chemical potential is in the bias window.
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Figure 2.3: Quantum dot with high bias. (a) In the bias window, there are not just ground
state for N electrons, but also one excited state. Electrons can tunnel through two paths,
the ground state and the excited state. (b) The ground state of N and N + 1 electrons
are both in the bias window. Two electrons can tunnel through at the same time to form
double-electron tunnelling current. Adapted from Ref. [1].

On the other hand, when the quantum dot has a high bias VSD, as shown in Fig. 2.3, things

are different. In Fig. 2.3(a), the bias window contains the ground and the first excited

state of N electrons, so that an electron has two paths to tunnel through the dot. This

would change the current allowing us to perform energy spectroscopy of the excited states.

When the bias is even higher, as Fig. 2.3(b) shows, the bias window could even cover the

ground state with N + 1 electrons. This would lead to a double-electron tunnelling current.

Experimentally, one can use this technique to identify the energy levels around the ground

state for a given number of electrons, if one patiently finds the function mapping from the

gate voltage VG to the current IDOT for any source-drain bias.

2.2 Quantum dot spin systems for quantum simulation

Quantum dot spin systems are not only just candidates for quantum computation, but

also for the more specific task of quantum simulation. In condensed matter, understanding

strongly correlated systems is still a major goal for both theorists and experimentalists.
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Recently, a lot of experiments implementing quantum simulation on semiconductor quantum

dots have been reported [19, 20, 21, 22, 23]. Thus quantum dot spin systems offer a new

platform to realize strongly correlated systems based on controllable parameters. Here we

only briefly talk about two examples of realizing some strongly correlated systems.

In Ref. [22], the authors used three lateral quantum dots to build up a simulator for the

Coulomb blockade transition and the Mott metal-to-insulator transition. First, they pro-

posed a single band Fermi-Hubbard model:

H = −
∑
i

ϵini −
∑

<i,j>,σ

tij(c
†
iσcjσ + h.c.) +

∑
i

Ui

2
ni(ni − 1) +

∑
i,j

Vijninj, (2.1)

where ϵi is the chemical potential for site i, σ the spin of electrons, tij the nearest hopping

term, Ui the onsite Coulomb energy and Vij the Coulomb term for nearest-neighbour sites.

Amazingly, they showed they can control all the parameters in this model by adjusting the

voltages that define the dots. Utilizing this model, they realized a Mott transition in this

three-dot system.

Another example is the realization of Nagaoka ferromagnetism in quantum dots systems.

In the 1960s, Nagaoka proposed a theorem about ferromagnetism [24] based on a simple

Hubbard model for a single band:

H = −
∑
i

ϵini −
∑

<i,j>,σ

tij(c
†
iσcjσ + h.c.) +

∑
i

Uini↑ni,↓, (2.2)

where again ϵi is the chemical potential for site i, σ the spin of electrons, tij the nearest

hopping term and Ui the onsite Coulomb energy. Nagaoka showed analytically that for

some lattice configurations, when U ≫ t and there is only a single hole in the half filling

state for all sites (Mott-insulating state), the ground state is ferromagnetic (with the largest

total spin). A good example of this is a 1D loop lattice with N sites. To obtain Nagaoka
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ferromagnetism, one should put N − 1 electrons at almost half-filling. Assuming N is even,

the single hole in the system can tunnel to the opposite position through two paths, and

this interference leads to a ferromagnetic ground state. Using the same technique proposed

by Ref. [22], another experimental work implemented these conditions in a four-dot-ring

system [23]. They realized Nagaoka ferromagnetism in this system, showing that Nagaoka

ferromagnetism can appear even in such a small system.

Although there are substantial challenges with scaling up to larger quantum dot systems,

as the experimental techniques in semiconductor quantum dot systems continue to become

more advanced, one can expect to simulate more complicated strongly correlated systems.

This could potentially open a new door to understanding emerging phenomena such as high

temperature superconductivity and magnetism.

2.3 Spin qubits in quantum dot systems

Spins in GaAs and Si lateral quantum dots are promising candidates for implementing a

quantum computer due to their scalability [1, 3, 25], long coherence times [26, 27, 28, 29],

and rapid gate operations [30, 31, 32]. Qubits based on electron spins in quantum dots come

in several varieties, including ones based on individual electron spins [3, 33, 34], two-electron

singlet-triplet qubits [27, 30], and three-electron resonant exchange qubits [32, 35, 36, 37] and

hybrid qubits [38, 39, 40]. Different qubits systems faces different advantages and challenges.

Thus, it is hard to say which one is generically better [1, 41]. Now we will introduce each

kind of spin qubit to bring a flavor of the diversity of this field to the reader.

Single-spin qubits: A single-spin-qubit quantum dot system was first proposed by Loss

and DiVincenzo [3] as the first example of quantum computing in a quantum dot system.
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An electron has total spin S = 1
2
, which leads to two possible states in the z basis |↑⟩ and |↓⟩

corresponding to Sz = +1
2

and Sz = −1
2
, respectively. Thus the qubit can be easily encoded

as |0⟩ = |↑⟩ and |1⟩ = |↓⟩.

Singlet-triplet qubits: Singlet-triplet qubits involve two-electron states. This kind of

qubits are easily controlled by exchange energy as we will mention later. The spins of two

electrons have four possible states: |↑↑⟩, |↑↓⟩, |↓↑⟩, |↓↓⟩. These state can be combined to

form one singlet state and three triplet states based on the spin state being anti-symmetric

or symmetric, which corresponds to the S = 0 and S = 1 representations of the group,

respectively. For the Sz = 0 subspace we define singlet and triplet respectively as |S⟩ =

1√
2
(|↑↓⟩−|↓↑⟩) and |T0⟩ = 1√

2
(|↑↓⟩+|↓↑⟩). Therefore, in this system one can encode |0⟩ = |S⟩

and |1⟩ = |T ⟩.

Three-electron resonant exchange qubits: For three-electron states, we have three

irreducible representations: a quadruplet representation for the total spin S = 3
2
, |QSz⟩,

where Sz = ±3
2
, ±1

2
and two pairs of doublets |DSz⟩ and

∣∣D′
Sz

〉
, where Sz = ±1

2
. These
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states are defined as

∣∣Q+3/2

〉
= |↑↑↑⟩ , (2.3)∣∣Q+1/2

〉
=

1√
3
(|↑↑↓⟩+ |↑↓↑⟩+ |↓↑↑⟩), (2.4)∣∣Q−1/2

〉
=

1√
3
(|↓↓↑⟩+ |↓↑↓⟩+ |↑↓↓⟩), (2.5)∣∣Q−3/2

〉
= |↓↓↓⟩ , (2.6)∣∣D+1/2

〉
=

1√
6
(|↑↑↓⟩+ |↑↓↑⟩ − 2 |↓↑↑⟩), (2.7)∣∣D−1/2

〉
=

1√
6
(|↓↓↑⟩+ |↓↑↓⟩ − 2 |↑↓↓⟩), (2.8)∣∣D′

+1/2

〉
=

1√
2
(|↑↑↓⟩ − |↑↓↑⟩), (2.9)∣∣D′

−1/2

〉
=

1√
2
(|↓↓↑⟩ − |↓↑↓⟩). (2.10)

The logical qubit states can be defined for the same Sz from two different representations of

the doublets: |0⟩ =
∣∣D±1/2

〉
and |1⟩ =

∣∣∣D′
±1/2

〉
.

Hybrid qubits: Hybrid qubits are also defined in three-electron systems. However, the

basis for defining the qubits here is not the natural states defined by group representations

we just mentioned. One can instead combine states with S = 1
2

and Sz = −1
2

to define the

logical qubit states as |0⟩ = |S⟩ |↓⟩ and |1⟩ = 1√
3
|T0⟩ |↓⟩ −

√
2√
3
|T−⟩ |↑⟩, where the singlet and

triplets are the two-electron states we mentioned before. Therefore the word “hybrid” means

the mixture of triplets. This choice is not unique, and one can also use other combinations

to define hybrid qubits.

As we have seen, there are many ways to define the logical qubit states. A specific system

works better under a specific definition of qubits. Qubits with fewer spins are more efficient

to fabricate but qubits with more spins are more robust and provide all-electrical control.
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The interplay of all factors would decide what the best qubit definition is for a system.

However, no matter how we define a spin qubit, we would need the logical states |0⟩ and |1⟩

to have different energy for manipulating states on the Bloch sphere. Moreover, in all kinds

of qubit systems, exchange energy plays an important role.

2.4 Singlet-triplet exchange energy

In this section, we review the definition for the exchange energy between singlet and triplet

states from the quantum computation point of view. We also explain how the exchange

energy can be measured experimentally.

First of all, as we mentioned earlier, based on symmetry, we define the two electron spin

states as

|S⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩) (2.11)

|T0⟩ =
1√
2
(|↑↓⟩+ |↓↑⟩) (2.12)

|T+⟩ = |↑↑⟩ (2.13)

|T−⟩ = |↓↓⟩ . (2.14)

Let us consider a system with only two orbitals and two electrons. For the three triplets

|T±⟩ and |T0⟩, it is forbidden for two electrons to occupy the same orbital due to the Pauli

exclusion principle. However, for the singlet |S⟩, the two electrons are allowed to occupy the

same orbital. When the two orbitals are both at half-filling and the electron spins are in

state |S⟩, the Coulomb exchange corresponds to a virtual process in which the electrons both

hop onto the same orbital. This lowers the energy of the singlet |S⟩. If these two orbitals

are occupying different dots with large separation, the singlet and triplet states should be
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degenerate because the effect of Coulomb exchange interaction is infinitely small. When

the hopping is possible, an energy gap is created by this mechanism making |S⟩ the ground

state. This energy gap can be defined as the exchange energy

Jex = ET0 − ES. (2.15)

One can also write the Hamiltonian for this system, which is called a Heisenberg model:

H =
1

h̄2
JexS⃗1 · S⃗2, (2.16)

where S⃗1 and S⃗2 are the spin operators for the two electrons. This can be solved exactly,

leading to the eigenvectors just as we had before |S⟩, |T0⟩, |T+⟩ and |T−⟩. The corresponding

eigenvalues are −3
4
Jex, 1

4
Jex, 1

4
Jex and 1

4
Jex, respectively. Thus, the energy gap between the

triplets and singlet is just Jex, the exchange energy. When a magnetic field is applied to

the system, the triplets will split into three levels leading to the Zeeman effect. However

the definition of exchange energy Jex is robust to magnetic fields, since |T0⟩ and |S⟩ are all

Sz = 0 states.

This exchange energy can be measured experimentally [30]. Now let us consider a two-dot

system with two electrons. The whole process is shown in Fig. 2.4. We start the experiment

by preparing two electrons in the right dot. The chemical potential difference of these two

dots is defined as the detuning ε. We set ε > 0 to make this happen, which gives us the

singlet initial state in the right dot. At t = 0, for ε, we choose a target detuning at which we

wish to obtain the exchange energy and change the system to that detuning adiabatically.

For every detuning point we choose, scan over the magnitude of the magnetic field and let

the system evolve for time t = τs for each magnetic field value. The magnetic field splits the

triplets due to the Zeeman effect. If the intersection of the states |T+⟩ and |S⟩ is right at the
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target detuning, there will be leakage from |S⟩ to |T+⟩ due to the hyperfine interaction [30]

in these quantum dots, which flips the spins. After t = τs, we implement the measurement.

This is done by detuning back adiabatically into the ε > 0 region to make the electron hop

back to the right dot, thus measuring the return probability of the singlet |S⟩. If the leakage

does happen, the measured return probability should be significantly less than 1 and part of

the state remains in |T+⟩. Thus we obtain a return probability for each magnetic field and

detuning as Fig. 2.4(C) shows. And the magnitude of the exchange energy Jex corresponds

to the magnetic field strength along the yellow dashed line for each detuning ε < 0. One

might think that in Fig. 2.4(B), if we keep changing the detuning to large values of ε, the

exchange energy becomes very large since there is a huge gap between |T0⟩ and |S⟩ states.

This is not right because when the two electrons are both in the right dot, both electrons can

only occupy the lowest orbital in the dot if they are in state |S⟩ whereas one electron needs

to hop onto the first-excited orbital in the dot if the spin state is |T0⟩. Therefore the gap

here should not be understood as the exchange energy, but instead the energy gap between

the orbitals in the dot. On the other hand, one can also consider the inter-orbital exchange

energy in one dot but this demands almost same orbital occupation for |T0⟩ and |S⟩, and

this singlet exists at higher energy.

This approach of extracting the exchange energy in two-dot systems is generic and can be

extended to multi-dot systems. Theoretically, the singlet-triplet exchange interaction is an

effective interaction, and we will talk about the origin of this interaction in the next chapter.
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Figure 2.4: Measurement of exchange energy in a two-dot system. Detuning ε is defined as
the chemical potential difference of the two dots. (A) The process of the experiment. (B) The
spectrum as a function of the detuning ε. (C) Reading exchange energy from the strength of
the out-of-plane magnetic field B. (D) The zooming up of (B) for negative detunings and a
very small magnetic field difference is applied to two dots causing the eigenstates to be |↑↓⟩
and |↓↑⟩ for very negative ε. At t < 0 we prepare a singlet in the right dot. At t = 0, we
adjust the detuning ε adiabatically to any point less than 0, which is the point we want to
get the exchange energy for. Do this sweep each time with different magnetic field to scan.
Then we wait for the system to evolve for time t = τS. In this time interval, a leakage would
happen only when the testing point is around the crossing of the |S⟩ and |T+⟩ states due to
the fact that the hyperfine interaction can flip the spins in the dots. After t = τS we change
the detuning adiabatically back to the ε > 0 region to get the (0, 2) configuration again.
And we test the return probability of the singlet part of (0, 2). If the evolution happens
at the crossing point, the leakage will cause the return probability to be significantly less
than 1, which can be read from the low probability curve in (C). Therefore, the magnetic
field strength of the yellow curve in (C) can be mapped into the magnitude of the exchange
energy Jex for any detuning we choose in the ε region. Adapted from Ref. [1]



Chapter 3

Many-particle theory and

experimental controls in quantum

dots

In this chapter, we introduce the theory to describe quantum dot systems. First we build

single particle states in a single quantum dot. Based on the single particle orbitals, we

construct many-particle states by utilizing Slater-Condon rules. After that, starting from a

generic Hamiltonian, we derive a series of effective models of increasing simplicity by putting

assumptions one by one until finally arriving at the Heisenberg model. At the end of this

chapter, we briefly discuss an experiment and its model for controlling Heisenberg couplings.

3.1 Single particle in one quantum dot

In a quantum dot, the real potential for an electron is complicated. However, one can use

simple models to describe it such as a Gaussian potential or a quadratic potential [42]. Here

we use a quadratic potential to model the dot. Without considering the spin part, and in

the presence of an applied magnetic field, the single particle Hamiltonian reads

H =
1

2m∗ (−ih̄∇+
e

c
A)2 +

1

2
m∗ω2

0r
2, (3.1)

18
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where m∗ is the effective mass of the electron in quantum dots, A is the vector potential,

h̄ω0 is the quantum dot confinement energy, and r =
√
x2 + y2 is the radius. This harmonic

Hamiltonian is called the Fock-Darwin Hamiltonian [43] and it can be solved analytically.

First we choose the vector potential which induces a magnetic field in z direction (orthogonal

to the plane of the dot):

A = −B
2
yx̂+

B

2
xŷ. (3.2)

And we define the cyclotron frequency:

ωc ≡
eB

m∗c
. (3.3)

Following Ref. [43], here we derive the solutions. The Hamiltonian can be rewritten as

H = − h̄2

2m∗∇
2 +

1

2
m∗(ω2

0 +
1

4
ω2
c )r

2 +
1

2
ωcℓz, (3.4)

where ℓz is the angular momentum in the z direction:

ℓz = −ih̄(x∂y − y∂x). (3.5)

Now let us define complex coordinates:

z =
x+ iy√

2ℓ0
, z̄ =

x− iy√
2ℓ0

, (3.6)

∂ =
l0√
2
(∂x − i∂y), ∂̄ =

l0√
2
(∂x + i∂y), (3.7)
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where we have defined respectively the length scale ℓ0 and the magnetic length as

ℓ0 ≡ ℓB(
1

4
+
ω2
0

ω2
c

)−
1
4 , (3.8)

ℓB ≡
√
h̄c

eB
. (3.9)

When the magnetic field B → 0, the magnetic length goes to infinity but ℓ0 remains finite

in this limit because B cancels in the denominator. Now we define some creation and

annihilation operators:

a =
1√
2
(z̄ + ∂), a† =

1√
2
(z − ∂̄), (3.10)

b =
1√
2
(z + ∂̄), b† =

1√
2
(z̄ − ∂). (3.11)

One can find the commutation relation as:

[a, a†] = 1, [b, b†] = 1. (3.12)

And all the other commutators are equal to 0. Thus the Hamiltonian can be written in a

new harmonic form:

H = h̄ω+(a
†a+

1

2
) + h̄ω−(b

†b+
1

2
), (3.13)

where we have defined

ω± ≡
√
ω2
0 +

1

4
ω2
c ±

1

2
ωc. (3.14)
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For this Hamiltonian, one can obtain the normalized ground state wave function:

ψ0 =

√
2

π
e−zz̄. (3.15)

Noticing from the commutation relation that we have:

a†a(a†)n = n(a†)n + (a†)n+1a, (3.16)

b†b(b†)n = n(b†)n + (b†)n+1b. (3.17)

We see that the other excited states can be generated from the ground state:

ψn+,n− =
1

n+!n−!
(a†)n+(b†)n−ψ0. (3.18)

And the eigenenergies can be easily written as two harmonic oscillators

En+,n− = h̄ω+(n+ +
1

2
) + h̄ω−(n− +

1

2
). (3.19)

where n+ and n− are both natural numbers. We define the quantum numbers

n ≡ n+ + n−, m ≡ n+ − n−, (3.20)

and the energies can be rewritten as

En,m = (n+ 1)h̄

√
ω2
0 +

1

4
ω2
c +

1

2
mh̄ωc, (3.21)

where the principal quantum number n ≥ 0 is an integer, and the magnetic quantum number

m runs from −n to n in steps of 2. The corresponding eigenstates are called Fock-Darwin

states. Borrowing from atomic physics, we can call n the shell number. Here each shell n
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contains n states labeled by m. As one can see, when the magnetic field is turned off, i.e.,

when ωc = 0, we have all degenerate states in each shell. This is easy to understand if one

treats the system as two harmonic oscillators in the x and y directions respectively.

3.2 Building many particle states

The Fock-Darwin states we have just constructed are a complete and orthonormal basis.

They can serve as building blocks for us to construct many particle states. Now we define

the many particle states in the second-quantized form as

|ψ⟩ =
∣∣∣{α(1)

↑ , α
(2)
↑ , ...}, {α(1)

↓ , α
(2)
↓ , ...}

〉
, (3.22)

where for instance α(2)
↓ represents a spin-down electron in the Fock-Darwin state with quan-

tum numbers α(i) = {ηi, ni,mi}. And ηi is the dot label. Notice that in each dot, the

Fock-Darwin states are orthonormal, however, the two sets of Fock-Darwin states from each

dot are not orthonormal. When two dots are far away, it is a good approximation to assume

they are orthonormal since their overlaps are small, but when two dots are close enough,

this argument is no longer true. In this case, one needs to find the new orthonormal single

particle basis to build the many particle states above.

3.2.1 Cholesky decomposition

There is an efficient, systematic way to construct an orthonormal basis from non-orthogonal

states. Imagine we have the original non-orthonormal basis |NO⟩ and we are looking for the

unknown orthonormal basis |O⟩. In the non-orthonormal basis, the matrix of the overlap
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operator is:

⟨ηi, ni,mi| O |ηj, nj,mj⟩ = ⟨ηi, ni,mi|ηj, nj,mj⟩ . (3.23)

For any single particle operator A′ in the new orthonormal basis, we have the transformation

from the operator A in the non-orthonormal basis:

A′ = LAL†. (3.24)

Therefore the overlap operator in the new orthonormal basis should have the same form:

O′ = LOL† = I, (3.25)

which leads to

O = L−1(L−1)†, (3.26)

where the last equality in Eq. (3.25) is due to the fact that the new basis is orthonormal.

This L−1 is a solvable triangular matrix, and this approach is the well known Cholesky

decomposition. After obtaining the matrix A of an operator A in the non-orthonormal

basis, one can easily transform it to the new matrix A′ under the new orthonormal basis.

The operator matrix transformation is obvious; however, the explicit wave function trans-

formation is not so trivial and is different than its transformation of the representations.

Denoting the Fock-Darwin wave functions as:

FD = {FD1, FD2, ...}⊤, (3.27)
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after some algebra, one can show that the wave function transformation should be

FDOB = (L†)⊤FD. (3.28)

For a multi-dot platform such as a two-dot system, the new orthonormal basis constructed

by Cholesky decomposition is actually very close to the original basis if the two dots are

not too close, which is the usual case in spin qubit quantum computation and simulation.

Generally speaking, the new state labels such as the labels in α(i)′ = {η′i, n′
i,m

′
i} are still

indicating the positions and quantum numbers for quantum dots approximately.

3.2.2 Slater-Condon rules for many particle states

After the Cholesky decomposition, now we can safely assume that in Eq. (3.22), all the single

particle states are orthonormal. A generic many particle Hamiltonian for N electrons in an

external potential V (rk) is:

H =
N∑
k=1

[
1

2m∗ (−ih̄∇k +
e

c
A)2 + V (rk) + g∗µBB · Sk

]
+
∑
j<k

e2

κ|rj − rk|
, (3.29)

where m∗ is the effective electron mass, g∗ = −0.44 is the effective Landé factor, µB is the

Bohr magneton, and the dielectric constant for this material is κ. We set the magnetic field

to be out of plane B = B0ẑ. Here, we are neglecting hyperfine interactions between the

electrons and the surrounding nuclei in the semiconductor lattice. This Hamiltonian can be

awkward to work with when N is large, and it is preferable to switch to its second-quantized



3.2. BUILDING MANY PARTICLE STATES 25

form:

H =
∑
i,i′

tii′a
†
iσai′σ +

∑
i,i′,j,j′

Uii′jj′a
†
iσa

†
i′σaj′σ′ajσ, (3.30)

where i, i′, j, j′ are the orbital numbers (orthonormal single particle state numbers), tii′ is the

single particle hopping and onsite energy produced by the integration of the single particle

terms, and Uii′jj′ is the two particle interaction obtained from the Coulomb integrals. This

new Hamiltonian can be separated into two parts:

H = A+ C, (3.31)

where A is the combination of all the single particle terms, and C is all the two-particle

Coulomb interactions. For the states in Eq. (3.22), our goal is to get all the matrix elements

for this many particle Hamiltonian:

⟨ψ′|H |ψ⟩ . (3.32)

This goal can be achieved efficiently using the Slater-Condon rules, which relate the many

particle matrix elements to the single particle and double particle matrix elements. First we

consider the first part of the Hamiltonian A. For diagonal terms, one has

⟨ψ| A |ψ⟩ =
〈
{α(1)

↑ , α
(2)
↑ , ...}, {α(1)

↓ , α
(2)
↓ , ...}

∣∣∣A ∣∣∣{α(1)
↑ , α

(2)
↑ , ...}, {α(1)

↓ , α
(2)
↓ , ...}

〉
=

∑
β∈{α(1)

↑ ,...}

⟨β| A |β⟩+
∑

β∈{α(1)
↓ ,...}

⟨β| A |β⟩. (3.33)

For non-diagonal terms, the terms will be non-zero only if |ψ⟩ and |ψ′⟩ differ by one single

particle orbital either with spin up or down, but it has to be the same spin. An example for
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one orbital difference with spin up can be constructed as

⟨ψ′| A |ψ⟩ =
〈
{α(1)

↑ , ..., α′
↑
(k′), ...}, {α(1)

↓ , ...}
∣∣∣A ∣∣∣{α(1)

↑ , ..., α
(k)
↑ , ...}, {α(1)

↓ , ...}
〉

= (−1)k+k′
〈
α′
↑
(k′)

∣∣∣A ∣∣∣α(k)
↑

〉
. (3.34)

where α′
↑
(k′) is different from α

(k)
↑ , and other corresponding quantum numbers are the same

in both states. The spin down ones are similar. The minus sign is from the fermionic

commutation relation.

For Coulomb terms, it involves two-particle states and will be more complicated. The diag-

onal terms read:

⟨ψ| C |ψ⟩ =
〈
{α(1)

↑ , ...}, {α(1)
↓ , ...}

∣∣∣ C ∣∣∣{α(1)
↑ , ...}, {α(1)

↓ , ...}
〉

=
∑

β1,β2∈{α(1)
↑ ,...}∪{α(1)

↓ ,...}

⟨β1, β2| C |β1, β2⟩ −
∑

β1,β2∈{α(1)
↑ ,...}

⟨β1, β2| C |β2, β1⟩

−
∑

β1,β2∈{α(1)
↓ ,...}

⟨β1, β2| C |β2, β1⟩, (3.35)

where the matrix elements in the first sum are called direct terms, and those in the second

and third sums are called exchange terms. For the diagonal terms, the states can be different

in either one or two single particle states and these cases are different here. Assuming we

have only one orbital difference with spin up, we get

⟨ψ′| C |ψ⟩ =
〈
{α′

↑
(1), ..., α′

↑
(k′), ...}, {α(1)

↓ , ...}
∣∣∣ C ∣∣∣{α(1)

↑ , ..., α
(k)
↑ , ...}, {α(1)

↓ , ...}
〉

=(−1)k+k′
∑

β∈({α′
↑
(1),...}∩{α(1)

↑ ,...})∪{α(1)
↓ ,...}

〈
β, α′

↑
(k′)

∣∣∣ C ∣∣∣β, α(k)
↑

〉

− (−1)k+k′
∑

β∈{α′
↑
(1),...}∩{α(1)

↑ ,...}

〈
β, α′

↑
(k′)

∣∣∣ C ∣∣∣α(k)
↑ , β

〉
. (3.36)
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If we have two orbitals that differ with both spin up, we have

⟨ψ′| C |ψ⟩ =
〈
{α′

↑
(1), ..., α′

↑
(k′1), ..., α′

↑
(k′2), ...}, {α(1)

↓ , ...}
∣∣∣ C ∣∣∣{α(1)

↑ , ..., α
(k1)
↑ , ..., α

(k2)
↑ , ...}, {α(1)

↓ , ...}
〉

=(−1)k1+k2+k′1+k′2

[ 〈
α′
↑
(k′1), α′

↑
(k′2)

∣∣∣ C ∣∣∣α(k1)
↑ , α

(k2)
↑

〉
−
〈
α′
↑
(k′1), α′

↑
(k′2)

∣∣∣ C ∣∣∣α(k2)
↑ , α

(k1)
↑

〉 ]
,

(3.37)

where direct terms and exchange terms both survive. However, if the spin differences are one

up and one down, we can only have the direct term because the spin flipping is not allowed

here:

⟨ψ′| C |ψ⟩ =
〈
{α′

↑
(1), ..., α′

↑
(k′1), ...}, {α′

↓
(1), ..., α′

↓
(k′2), ...}

∣∣∣ C ∣∣∣{α(1)
↑ , ..., α

(k1)
↑ , ...}, {α(1)

↓ , ..., α
(k2)
↓ , ...}

〉
=(−1)k1+k2+k′1+k′2

〈
α′
↑
(k′1), α′

↓
(k′2)

∣∣∣ C ∣∣∣α(k1)
↑ , α

(k2)
↓

〉
. (3.38)

Together, this accounts for all the terms in the many particle Hamiltonian. Once we obtain

all the matrix elements from single and double particle terms, we can build the full matrix

for the total Hamiltonian based on these rules.

3.3 From a generic Hamiltonian to the Heisenberg model

In this section, we derive the possible ferromagnetic and anti-ferromagnetic mechanisms

in quantum dot systems. Again, we consider the generic second-quantized Hamiltonian

Eq. (3.30), and pick out specific terms from it.
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3.3.1 Ferromagnetic couplings

First of all, we define the spin operators in the second-quantized form,

S⃗i =
1

2
a†iασ⃗αβaiβ, (3.39)

where σ⃗ is the three Pauli matrices and i is the ith orbital in all the orbital pools. We pick

out the Coulomb terms where i′ = j and j′ = i, and i ̸= j. After some algebra, one can show

that these terms can be written as the spin-spin interactions for different orbitals:

∑
i ̸=j

Uijjia
†
iσa

†
jσ′aiσ′ajσ = −2

∑
i≠j

JF
ij (S⃗i · S⃗j +

1

4
ninj), (3.40)

where ni = a†i↑ai↑ + a†i↓ai↓ is the occupation number and JF
ij = Uijji. Inside of one dot,

between many orbitals this term is normally positive, which leads to ferromagnetism. For

atomic physics, Hund’s rule arises in this way. For quantum dot systems, if the electrons

do not occupy the same dot on higher orbitals instead of just the lowest one, this term does

not contribute significantly to the energy. However, as we will see later in the next chapter,

this mechanism will be the main factor leading to negative exchange.

3.3.2 From the tight-binding model to the Heisenberg model

Now we explore the other terms in Eq. (3.30). Before doing so, we confine ourselves to

considering only short distance interactions, i.e., we make this generic Hamiltonian tight-

binding with nearest neighbors. When the electrons are widely distributed across several

quantum dots and do not congregate in a in specific dot, the interdot Coulomb interactions

should be sufficiently small. Only the lowest orbitals will be occupied in the quantum dots.

Furthermore, we assume the hopping term is identical for each dot and only onsite Coulomb
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𝑡

𝑡

𝑈!"
|𝑇!⟩ = |↑↑⟩

|𝑆⟩ =
1
2
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(|↑↓⟩+|↓↑⟩)

Figure 3.1: The exchange procedure. For triplet states including |T±⟩ and |T0⟩, the Pauli
exclusion principle prevents hopping. However, for a singlet state, it is allowed for an electron
to hop into the neighboring site. The left electron can hop virtually into the right dot and
give rise to Coulomb interaction. And the original right electron can hop into the left site.
These three processes combine to generate the exchange coupling J = t2

U
.

energy contributes substantially. Thus we obtain

H = t
∑
i ̸=j

a†iσajσ + U
∑
i

ni↑ni↓, (3.41)

where i, j are nearest neighbors and U = 2Uiiii is the onsite Coulomb coupling. This form

of the Hamiltonian is the well-known Hubbard model. In this model, we have only two

parameters t and U , but this is really powerful because it turns out to be able to describe a

lot of systems in condensed matter. Again if we introduce the spin operator as in Eq. (3.39),

we can change the form of the coupling into the effective spin-spin interaction at leading

order:

H = J
∑
i ̸=j

S⃗i · S⃗j, (3.42)

where J = t2

U
is the effective spin-spin coupling, which is also called exchange energy. In this

form we have neglected the O(t2) terms. This Hamiltonian is called the Heisenberg model.

As one would notice, here the coupling satisfies J > 0, as follows from the fact that U > 0.

This model leads to anti-ferromagnetism.
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This exchange process can be understood in another way as shown in Fig. 3.1. For the case

with two electrons occupying two sites, we consider only the lowest orbital in each site. For

triplet states (|T±⟩ and |T0⟩), due to the Pauli exclusion principle, the electron on the left

site is not allowed to hop into the right site. However, for the singlet state, the left electron

can hop virtually into the right site to produce a Coulomb interaction, and the right electron

can hop to the left site afterward. These virtual processes together have amplitude t2

U
, which

is exactly the exchange coupling strength. If we only consider a double-dot system with

two electrons, we can solve this Hamiltonian analytically as we mentioned in Sec. 2.4 of

Chapter 2, and the exchange J would be the energy difference between the triplet |T0⟩ and

singlet |S⟩.

3.4 An experiment: Controlling the exchange coupling

in a Heisenberg chain

The work discussed in this section was published as:

Haifeng Qiao, Yadav P. Kandel, Kuangyin Deng, Saeed Fallahi, Geoffrey C. Gardner,

Michael J. Manfra, Edwin Barnes, and John M. Nichol. “Coherent Multispin Exchange

Coupling in a Quantum-Dot Spin Chain.” Phys. Rev. X 10, 031006 (2020) [44].

Reuse with permission from the American Physical Society. Copyright (2020) by the Amer-

ican Physical Society.

In this section, we describe an experiment implemented by our collaborators in Prof. John

Nichol’s group. I contributed in calculations for the Heitler-London model and conceived

the idea and theory of shifting dots. I have also participated in writing the manuscript.

In multi-quantum-dot spin systems, exchange couplings between dots play important roles
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for quantum computation or simulation. Thus, it is important to be able to control multiple

exchange couplings simultaneously in multispin arrays. This is nontrivial because the depen-

dence on the multidot confinement potential can depend quite nontrivially on the various

gate voltages used to define it. In general, switching on an exchange coupling in part of the

array can modify the dot potentials further away.

In this work, we demonstrate coherent multispin exchange coupling in a GaAs quadruple

quantum dot. We show that the nonlinear and nonlocal dependence of exchange couplings on

confinement gate voltages results, in large part, from electronic wave-function shifts during

exchange pulses. We model our data using the Heitler-London (HL) expression for exchange

coupling between two spins [45], assuming that the barrier-gate pulses used to induce ex-

change coupling primarily shift the locations of the electrons. The model parameters we

use change slightly depending on the number of spins involved, suggesting that additional

effects beyond wave-function shifts, including perhaps the quantum-dot potential depths and

widths, are also important.

The parameters we extract by fitting our data to the Heitler-London model agree well with

electrostatic simulations of the confinement potential of our device. We also show that a

simpler, exponential model also fits our data well and can be used to predict gate voltages

for independent control of exchange couplings. We demonstrate two-, three-, and four-spin

exchange coupling in our four-dot device. These results are applicable to Si qubits, which

feature reduced hyperfine coupling and longer electron spin coherence compared to GaAs

spin qubits. Our results are also applicable to longer arrays of spin qubits, an encouraging

prospect for quantum information processing and the exploration of Heisenberg spin chain

physics.

The quantum dot device is shown in Fig. 3.2(a). We define virtual plunger gate voltages P1,

P2, P3, and P4 as linear combinations of the physical plunger gate voltages (p1, p2, p3, p4)
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Figure 3.2: (a) Scanning electron micrograph of the quadruple quantum dot device. The
upper two plunger gates are sensor quantum dots not shown explicitly. The scale bar is
200 nm. (b) Measured exchange oscillations with virtual barrier gate B3 = 30 mV. Inset:
Absolute value of the fast Fourier transform of data shown in (b). As B2 increases, J3
decreases.

such that changes to Pi are proportional to changes in the electrochemical potential of dot

i. We also define virtual barrier-gate voltages B1, B2, and B3 as the voltage applied to the

corresponding physical barrier (b1, b2, and b3) together with a linear combination of physical

plunger voltages chosen such that the chemical potentials of the dots are unchanged by the

barrier pulse. The spin-state Hamiltonian of the quadruple dot can be written as

H =
h

4

3∑
i=1

Ji(σi · σi+1) +
h

2

4∑
i=1

Bz
i σ

z
i . (3.43)

Here Ji is the exchange coupling strength (with units of frequency) between dots i and

i + 1, σi = [σx
i , σ

y
i , σ

z
i ] is the Pauli vector describing the components of spin i, and h is

Planck’s constant. Bz
i is the z-component magnetic field experienced by each spin, and it

includes both a large 0.5 T external magnetic field and the smaller hyperfine field. The

quantization axis (z-direction) is defined by the external magnetic field direction. The x-

and y-components of the hyperfine field are neglected in this Hamiltonian since their sizes

are negligible compared to the external magnetic field. Bz
i also has units of frequency. As

shown in Fig. 3.2(b), we find that when we increase the gate voltage B2, which means lower
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the barrier block, before the coupling J2 gets high, J3 would decrease rapidly to 0. This

makes it challenging to tune all exchange couplings together.

To explain this, we have developed two models: the Heitler-London (HL) model and the

exponential model. Here, we will focus primarily on the HL model, which we use to find

how the dot locations shift when interdot barriers are raised or lowered. For double dots, we

choose the Double Gaussians potential [45]:

V (x, y) = −V0
[
exp

(
−(x− a)2

l2x

)
+ exp

(
−(x+ a)2

l2x

)]
exp

(
y2

l2y

)
, (3.44)

where x and y are coordinates in the plane of the two-dimensional electron gas, and V0, a, lx,

ly characterize the potential wells of the dots. Double Gaussians of this type are commonly

used to model double dots, but usually a separate barrier term is included, as in Ref. [45].

Our simulated potential is shallow enough that a separate barrier term is not required to

reproduce the potential we simulate.

Based on Ref. [45], the exchange coupling between two quantum dots in a potential of the

form Eq. 3.44 in the Heitler-London (HL) framework at zero magnetic field is

JHL(V0, a) =
2S2

1− S4

{
h̄2a2

ml40
− 2V0lxly√

(l2x + l20)(l
2
y + l20)

[
exp

(
−(2a)2

l2x + l20

)
− 2 exp

(
−a2

l2x + l20

)]

−
√
π

2

e2

4πϵϵ0l0

[
1− SI0

(
a2

l20

)]}
, (3.45)

where S = exp(−a2/l20), l0 =
√
h̄/mω0, with ω0 =

√
V0/ml2x. m is the electron effective

mass, ϵ0 is the permittivity of free space, ϵ is the dielectric constant of the material, and

I0 is the zeroth order modified Bessel function. In writing this equation, we have assumed

that the minima of the double-dot potential occur at x = ±a. We have also ignored the

magnetic-field-dependent terms, because for the magnetic field used here (0.5T), the effective
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Figure 3.3: Electrostatic simulations. (a) Linecuts of the simulated potential associated with
dots 2 and 3 vs. the barrier voltage pulse B2. The left dip is the potential of dot 2, and the
right dip is the potential of dot 3. The dots move closer together as B2 increases. The dashed
lines are guides to the eye. (b) Fitted parameters of the simulated double-dot potential vs.
B2. Based on the simulated potential of dot 1 (not shown), we also find that dots 1 and 2
move farther apart during the sample pulse.

magnetic confinement is still weaker than the electrostatic confinement. Utilizing this model

we can do simulations to find the right parameters for the experiments. And we find the

dots are shifted when one changes the barrier voltage. This result is shown in Fig. 3.3.

The result of the simulation agrees with the experiment as shown in Fig. 3.4. From Fig. 3.4(a)

to (c) the order of the experiments should not be changed. At the beginning, all the barriers

Bi are fully blocking Ji (corrsponding to all 0 values), which does not allow the electrons to

interact with each other. And the first step is to lower B1 and find every value of J1 while
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Figure 3.4: J1 vs. Bj. (a) J1 vs. B1. (b) J1 vs B2, for B1 = 60 mV. (c) J1 vs. B3, for B1 = 60
mV. The black data points in each panel are obtained from the fast Fourier transform of
a dataset similar to Fig. 3.2(b). In (a)-(c), the dark blue line is the fit to the exponential
model, and the light blue line is the fit to the HL model. Panels (d)-(f) show the difference
between the fits and the data for the two models.
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changing B1 as shown in Fig. 3.4(a). We find J1 grows with B1 in this process. In the second

step, we fix the value of B1 = 60mV, and lower B2 to scan J1 as shown in Fig. 3.4(b). We

find J1 decays as B2 increases. The last step is to tune B2 back to 0 at the end of the first

step and start to increase B3. We find J1 does not depend much on B3. Both of the models

(HL and exponential model) agree with the experiments. The difference of these two models

as shown in Fig. 3.4(d)-(f).

In this work, we showed how to control Heisenberg exchange energy in a quantum dot spin

chain. This method is scalable and also has the potential to be used in other quantum

dot systems. Using these techniques, recently, Prof. John Nichol’s group have implemented

further experiments [46] to realize time crystals, which can improve the swap gates in the case

of pulse imperfections [47, 48]. Time crystals are just one example of many interesting spin

chain phenomena that can be realized in these systems provided there is sufficient control

over the exchange couplings. Our work can be used to help realize this potential in future

experiments.



Chapter 4

Negative exchange energy in quantum

dots

The work discussed in this chapter, excepting Sec. 4.2, was published as:

Kuangyin Deng, F. A. Calderon-Vargas, Nicholas J. Mayhall, and Edwin Barnes. “Nega-

tive exchange interactions in coupled few-electron quantum dots.” Phys. Rev. B 97, 245301

(2018) [49].

Reuse with permission from the American Physical Society. Copyright (2018) by the Amer-

ican Physical Society.

I contributed in calculating all the analytical and numerical results under the supervision of

Prof. Edwin Barnes. All authors have participated in discussing and analyzing the results

and contributed in writing the manuscript.

4.1 Introduction

As we have discussed in Chapter 2, semiconductor quantum dot spin systems are promising

candidates for implementing a quantum computer due to their scalability [1, 3, 25], long

coherence times [27, 28, 50, 51], and rapid gate operations [30, 31, 32]. We also discussed

qubits encoded in different ways using the spin states of one or more electrons trapped in

37
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one or more quantum dots, among these the single-spin [28, 52, 53, 54, 55, 56], singlet-

triplet [27, 30, 31, 57, 58, 59, 60], resonant exchange [32, 35, 36, 37], and hybrid spin [38, 39,

40, 61, 62] qubits have been successfully implemented in the laboratory. In many of these

systems qubits are coupled to each other by means of the tunneling-based effective exchange

interaction, which has the advantage of producing fast gates controlled electrically with

gate voltages. [27, 30, 63]. Furthermore, it has been recently demonstrated that symmetric

exchange pulses substantially reduce the sensitivity of qubit gates to charge noise [64, 65,

66, 67, 68, 69, 70, 71].

Notwithstanding these advantages, the short-ranged nature of the exchange coupling [72, 73]

is a potential hindrance towards scalability. However, this limitation can be circumvented

by using an intermediate quantum system as a mediator [74, 75, 76], for example a multi-

electron quantum dot [77, 78, 79]. In this line, Refs. [2, 80] study the spin properties of a

multielectron GaAs quantum dot (with an estimated number of electrons between 50 and

100) exchange coupled to a single-electron quantum dot, which in turn is coupled to another

single-electron quantum dot. This linear three-dot system is studied under magnetic fields

both parallel and perpendicular to the two-dimensional electron gas (2DEG). In particular,

the aforementioned works show that, at the transition between odd and even occupation

number, the multielectron ground state is singlet-like for small hybridization and becomes

triplet-like once the central electron has totally moved to the multielectron dot. As a result,

the usually positive exchange energy becomes negative, even at zero magnetic field. This

finding is not only important for understanding the properties of multielectron quantum dots,

but also for performing dynamical decoupling on exchange-coupled spins. If the exchange

coupling is restricted to be nonnegative, then special techniques are needed to dynamically

correct for noise errors during gate operations [11, 12, 13], which generally leads to longer

gate times. Instead, if the exchange coupling can be tuned to both positive and negative
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values, then standard decoupling techniques can be used [81], and this issue is avoided.

It has been demonstrated that negative exchange energy in a quantum dot with just two-

electrons can be induced by a non-zero out-of plane magnetic field [4, 5, 6, 7]. Here, the

out-of-plane magnetic field leads to a compression of the orbital wave functions and a larger

electron-electron repulsion, which makes triplets energetically favorable. However, an in-

plane or zero magnetic field does not create a wave-function compression, and thus it does

not induce a negative exchange energy in a doubly occupied quantum dot, i.e. the ground

state is always the singlet. In fact, there is a two-electron ground state theorem [9, 10],

which states that in the absence of spin or velocity-dependent forces (the force exerted by

the in-plane magnetic field is negligible since it is along the strong confinement perpendicular

to the 2DEG) the state of lowest energy must be non-degenerate. An extension of the two-

particle theorem to an arbitrary number of particles is given in Ref. [9]. This theorem

correctly predicts the ground state of many electrons in a linear array, as shown in Ref. [82].

Nonetheless, the multielectron ground state theorem does not apply to electrons interacting

with central forces [9] and, for the multielectron quantum dot, the lower full orbitals do

exert an effective central force onto higher orbitals. Therefore, there is no fundamental

theorem or principle that prevents a triplet-like eigenstate from being the ground state of a

multielectron quantum dot, regardless of the magnitude and direction of the magnetic field,

as demonstrated in recent [2, 80] and earlier [83, 84] experiments with multielectron quantum

dots.

In this chapter we demonstrate that a quantum dot does not require tens of electrons to

exhibit negative exchange energy; instead, as few as four electrons are enough to have a

triplet-like ground state in a quantum dot with zero magnetic field. We do this by performing

a detailed numerical analysis employing the CI method with up to 14 electrons in both GaAs

and Si quantum dots. Moreover, we use the full CI to determine the ground state of an
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elliptically shaped four-electron quantum dot with different eccentricities and, in doing so,

we identify a threshold, in both GaAs and Si quantum dots, at which the exchange energy

flips sign.

This chapter is divided in four sections. In Sec. 4.3, we use a simple Hubbard model to study

and give a general picture of the system presented in Ref. [2]. Then, in Sec. 4.4, we use a

CI method to determine the ground state of a multielectron quantum dot with parabolic

potential, where we consider different number of electrons and dot sizes. Moreover, a full

CI calculation shows that for four electrons the ground state is triplet-like for all the dot

sizes we considered. Finally, in Sec. 4.5, we use the full CI method to calculate the exact

eigenenergies of four electrons confined in an elliptically shaped quantum dot, showing the

effect of the dot asymmetry in the occurrence of triplet-like ground states.

4.2 The negative exchange energy experiment

In this section, we review the experiment implemented by the Copenhagen group showing

negative exchange energy [2]. The device is shown in Fig. 4.1(a). Three gates VL, VM and

VR control the chemical potential of the quantum dots respectively. The cartoon also shows

the electron numbers in the quantum dots approximately. The left and middle dots are

small and contain only one or two electrons. Thus the electrons will only occupy the lowest

orbitals in these dots. The right dot is very large, and it contains about 100 electrons.

To provide one electron to pair up with the electron in the middle dot, we need the exact

number of electrons in the large dot to be odd, which can be written as 2N + 1, where N is

an integer. Fig. 4.1(b) shows the charge configuration as a function of the gates. The two

arrows ζ and ε show the trajectories in configuration space (dot occupancy) as the voltages

are tuned in the experiment. The voltage control sequence that implements these trajectories
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and the corresponding occupations are shown schematically in Figs. 4.1(c) and 4.1(d). One

begins by initializing the state with two electrons in the left dot forming a singlet. After this

preparation, one changes the detuning to let one electron hop into the middle dot (following

the arrow labeled ζ) and then subsequently into the large dot (following the arrow labeled

ε). After some time of interaction, one tunes the detuning back to its original value to let

the the electron come back to the left dot. Then one can implement readout.

The results of this experiment are shown in Fig. 4.2. Fig. 4.2(a) shows the return probability

for each of the detunings (ζ and ε). The black lines indicate the leakage of the original state,

which can be translated into the energy energy spectrum shown in Fig. 4.2(b). This technique

is very similar to the two-dot one described in Fig. 2.4(C). In Fig. 4.2(b), when ε < 0, the

effective exchange J is positive. However, when ε > 0, the effective exchange between the

middle and right dots becomes negative, which means that the triplet state |↑⟩ |T0⟩ has lower

energy than the singlet |↑⟩ |S⟩.

This result is unusual in quantum dot systems, as we explain further in the next section. To

explain this experiment, we have to include orbital effects in the large quantum dot, which

would cause the famous Hund’s rule. In the next section, we present a theory based on a

Hubbard model that reproduces the main features of the experimental data.

4.3 Hubbard model and Hund’s rule

We start our analysis with a simple Hubbard model that describes the system studied in

Ref. [2], i.e. a multielectron quantum dot (rightmost) with 2N + 1 electrons (N = 50)

tunnel-coupled to a double quantum dot containing two electrons, see Fig. 4.3. We keep

as many orbitals (single-particle energy levels) as necessary in the right dot and only one

orbital in each of the other two quantum dots (see Fig. 4.4(a)). The system’s Hamiltonian
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Figure 4.1: (a) Device and cartoon illustration. Two small and one large quantum dot with
about 100 electrons. In the large dot the electron number is odd. (b) Charge diagram of
the system. The experiment was implemented by tuning of the detunings ζ and ε, which
alter the dot occupancies as shown. Every point on this path will be tested. (c) and (d) the
experiment procedure illustration. We start from the state, in which we have two electrons
in the left dot forming a singlet. We then change the detuning to let one electron jump into
the middle dot (following the arrow labeled ζ) or the large dot (following the arrow labeled
ε) and interact for time τ with the large quantum dot on the right. After the interaction,
we change the detuning back to the preparation stage and measure the return probability.
Adapted from Ref. [2].
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Figure 4.2: (a) The measured singlet return probability for different detunings and in-plane
magnetic field. The black curve indicates the leakage, which is very similar to the process
in Fig. 2.4(C). (b) The mapping to the energy from (a). For ε < 0, the effective exchange
energy J between the middle and right dots is positive. But for ε > 0, this J becomes
negative, which indicates that singlet |↑⟩ |S⟩ has higher energy than the triplet |↑⟩ |T0⟩ for
the middle and right dot. Adapted from Ref. [2].

J

L
R

M

Figure 4.3: Illustration of the three dot system, where the L and M dots form a two-electron
double quantum dot and R is the multielectron quantum dot. In the main text, we analyze
the effective exchange interaction, J , between the middle (M) and right (R) quantum dots.
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is

H = H0 +Hz +HA +HU , (4.1)

where

H0 =
∑
σ

[
∑
l

ϵR,lnR,lσ + ϵMnM,σ + ϵLnL,σ −
∑
l

tMR,l(c
†
R,lσcM,σ + c†M,σcR,lσ)

− tLM(c†M,σcL,σ + c†L,σcM,σ)], (4.2)

HZ =
EB

2
[
∑
l

(nR,l↑ − nR,l↓) + nM,↑ − nM,↓ + nL,↑ − nL,↓], (4.3)

HA =AR

∑
l

(c†R,l↑cR,l↓ + c†R,l↓cR,l↑) + AL,M(c†M,↑cM,↓ + c†M,↓cM,↑ + c†L,↑cL,↓ + c†L,↓cL,↑), (4.4)

HU =
∑
l

UR,lnR,l↑nR,l↓ +
∑

l1 ̸=l2,σ,σ′

UR,l1l2nR,l1σnR,l2σ′ + UMnM,↑nM,↓ + ULnL,↑nL,↓

+
∑

l1 ̸=l2,σ,σ′

UR,l1l2l2l1c
†
R,l1σ

c†R,l2σ′cR,l1σ′cR,l2σ. (4.5)

Here, nα,lσ = c†α,lσcα,lσ is the number operator for the single-particle states in the left (L),

middle (M), and right (R) quantum dot (α = L,M,R; σ =↑, ↓; and l is the right dot’s l-th

single-particle state), ϵα,l denotes the single-particle energies, tαβ is the tunneling amplitude

between dots (α, β = L,M,R), EB is the Zeeman energy, Aα is the hyperfine interaction

(proportional to the dot size) between electrons and the nuclear spin bath, Uα is the “on-

site” Coulomb interaction, and finally, UR,l1l2 and UR,l1l2l2l1 are the Coulomb interaction and

exchange term between orbitals l1 and l2 in the right dot, respectively. The large number of

electrons in the right dot makes the numerical calculation of the eigenenergies too difficult

to carry out without any sort of approximation. Accordingly, we make use of the so-called

“frozen-core” approximation (FCA), where we keep the right dot’s 2N core electrons in the

lowest non-interacting states and only allow a valence electron to occupy higher energy levels.

It is worth mentioning that, due to the large number of core electrons, we are only considering
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the direct Coulomb interaction between the core and the valence electrons, which causes a

general energy shift. In the following sections we will consider cores with fewer electrons,

and thus the FCA will also take into account the Coulomb exchange interaction between

core and valence electrons.

In atomic physics, it is well known that in certain configurations a combination of electron-

electron repulsion and electron-nucleus attraction makes high-spin states energetically more

favorable than any other lower-spin state arising from the same configuration [85]; this is

commonly known as Hund’s multiplicity rule. Similarly, for the multielectron quantum dot

the exchange term, UR,l1l2l2l1 , in Eq. (4.5) induces magnetic correlations among the electron

spins and, as a result, it lowers the energy of the eigenstates with spin 1. This is more evident

if we set JF
R,l1l2

≡ UR,l1l2l2l1 and, using Pauli matrix identities, we rewrite the exchange energy

in Eq. (4.5) as we have derived in Chapter 3

∑
l1 ̸=l2,σ,σ′

UR,l1l2l2l1c
†
R,l1σ

c†R,l2σ′cR,l1σ′cR,l2σ

=− 2
∑
l1 ̸=l2

JF
R,l1l2

(SR,l1 · SR,l2 +
1

4
nRl1nRl2), (4.6)

where SR,li is the spin operator acting on the li-th single-particle state.

Since we assume that the 2N core electrons in the right dot are “frozen” (FCA), we are

effectively dealing with a three-electron system. The spin Hamiltonian for three electrons

coupled by nearest-neighbor exchange interactions and subject to a magnetic field is H ′ =

JLM (SL · SM − 1/4) + JMR (SM · SR − 1/4)−EB(Sz,L + Sz,M + Sz,R), where Jαβ acts as an

effective exchange interaction and EB is the Zeeman energy. The eight spin eigenstates of
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this Hamiltonian form a quadruplet Q,

∣∣Q+3/2

〉
= |↑↑↑⟩ , (4.7)∣∣Q+1/2

〉
=

1√
3
(|↓↑↑⟩+ |↑↓↑⟩+ |↑↑↓⟩), (4.8)∣∣Q−1/2

〉
=

1√
3
(|↑↓↓⟩+ |↓↑↓⟩+ |↓↓↑⟩), (4.9)∣∣Q−3/2

〉
= |↓↓↓⟩ , (4.10)

and high- and low-energy doublets, which, in the absence of tunneling between left and

middle dots, have the following simple form

∣∣D+1/2

〉
=

1√
6
(−2 |↓↑↑⟩+ |↑↓↑⟩+ |↑↑↓⟩), (4.11)∣∣D−1/2

〉
=

1√
6
(−2 |↑↓↓⟩+ |↓↑↓⟩+ |↓↓↑⟩), (4.12)∣∣D′

+1/2

〉
=

1√
2
(|↑↑↓⟩ − |↑↓↑⟩), (4.13)∣∣D′

−1/2

〉
=

1√
2
(|↓↓↑⟩ − |↓↑↓⟩). (4.14)

Here, the spin eigenstates
∣∣D+1/2

〉
(
∣∣D−1/2

〉
) and

∣∣Q+1/2

〉
(
∣∣Q−1/2

〉
) are almost degenerate,

with an energy ED±1/2
= ∓EB/2, whereas the low-energy doublets have an energy ED′

±1/2
=

−JMR ∓ EB/2. Therefore, the effective exchange energy between the middle and right dots

is given by

JMR = ED+1/2
− ED′

+1/2
, (4.15)

where
∣∣D+1/2

〉
and

∣∣∣D′
+1/2

〉
are the lowest spin triplet-like and singlet-like eigenstates, re-

spectively.

We use the Hubbard model, Eq. (4.1), to calculate the energies of the aforementioned spin

eigenstates. To that end, we choose a set of parameters such that the resulting energy
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Figure 4.4: (a) Schematic of the energy levels and charge configuration for the three-dot
system. Here, ∆Ei is the difference between two orbitals on the multielectron quantum dot.
The schematic only shows the tunnel coupling between the middle and right dot, where
tMR,N+1 and tMR,N+2 are the tunneling amplitudes between the middle dot’s single-orbital
and the lowest two orbitals above the frozen core in the multielectron quantum dot. (b)
Eigenenergy spectrum, calculated as a function of the detuning ϵ, for the three-dot system at
the transition between (1, 1, 2N+1) and (1, 0, 2N+2) charge configurations. The eigenstates∣∣D+1/2

〉
(
∣∣D−1/2

〉
) and

∣∣Q+1/2

〉
(
∣∣Q−1/2

〉
) are almost degenerate and the exchange energy J

is the difference between the triplet-like state
∣∣D±1/2

〉
and the singlet-like state

∣∣∣D′
±1/2

〉
.
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spectrum resembles the one reported in Ref. [2]. Accordingly, we set the magnitude of the

energy level splittings as ∆EN+1 = 0.4meV, ∆EN+2 = 0.05meV, ∆EN+3 = 0.4meV, where

∆El = ϵR,l−ϵR,l−1 and ϵR,l is the right dot’s l-th single-particle energy level (see Fig. 4.4(a)).

The tunneling amplitudes are tMR,N+1 = 0.15meV, tMR,N+2 = 0.1meV, and tLM = 0.02meV.

The hyperfine interactions for the multielectron quantum dot and double quantum dot are

AR = 0.4neV and ALM = 4neV, respectively. Finally, the ferromagnetic exchange term in

the right dot is set equal to JF
R,l1l2

= 0.1meV and the in-plane magnetic field is B = 500mT.

With these parameters we plot in Fig. 4.4(b) the eigenenergies as a function of the detuning

between left and right dot, ϵ ≡ (ϵM−ϵR,N+1)/2. Notice that in the (1, 1, 2N+1) configuration,

where (nL, nM , nR) represents the number of electrons in the left, middle, and right dots, the

singlet-like eigenstate
∣∣∣D′

+1/2

〉
has lower energy than

∣∣D+1/2

〉
(JMR > 0), but as soon as the

middle dot’s electron tunnels into the right dot the exchange energy becomes negative, i.e.

ED+1/2
< ED′

+1/2
. The latter is caused by the right dot’s ferromagnetic exchange term JF

R,l1l2
,

which lowers the energies of all two-electron states in the right dot with total spin equal to

1. This is analogous to Hund’s rule in atomic physics.

Thus far, we have shown that, by choosing the appropriate parameters, the simple Hubbard

model qualitatively reproduces the experimental results presented in Ref. [2]. Moreover, the

model shows that the negative exchange energy is caused by the multielectron quantum dot

exhibiting a spin triplet-like rather than singlet-like ground state. In this line, Ref. [80]

presents comparable results using a Hubbard model similar to ours, with the difference

that ours takes into account the hyperfine interaction (between electrons and the nuclear

spin bath) and the Coulomb interaction between orbitals in the right dot. Nonetheless, the

Hubbard model does not provide enough insight into the characteristics (minimum number

of electrons, dot shape, etc.) a system must have in order to display a negative exchange

energy under zero magnetic field. This is addressed below using a microscopic description
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of the multielectron quantum dot.

4.4 Configuration interaction for a multielectron quan-

tum dot

4.4.1 Frozen-core approximation

Here we determine the ground state of a multielectron quantum dot using a CI approach.

The large number of electrons forces us to use, once again, the FCA, which now also takes

into account the Coulomb exchange interaction between core and valence electrons.

The system can be described by the valence effective Hamiltonian [86, 87]:

Hv =[Ev +
core∑
i

hii +
core∑
i<j

(ii|jj)− (ij|ji)]

+
val∑
r,s

h̃rsc
†
rcs +

1

2

val∑
p,q,r,s

(pq|rs)c†pc†rcscq, (4.16)

with

(kl|mn) =
∫
ϕ∗
k(r1)ϕl(r1)

1

r12
ϕ∗
m(r2)ϕn(r2)dr1dr2, (4.17)

where the single-particle orbitals are denoted by ϕα, and the summations marked “core” and

“val” are over orbitals occupied by core or valence electrons, respectively. The terms inside

the bracket in Eq. (4.16), which comprises the total single-particle energy of the valence

electrons (Ev) and the core’s energy, add up to a constant, and thus they only shift the
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energy scale. The energy term h̃rs is defined as

h̃rs = trs +
core∑
i

[(rs|ii)− (ri|is)], (4.18)

where trs is the electron hopping between valence orbitals, and (rs|ii) and (ri|is) are the

Coulomb interaction and exchange coupling between the valence and core electrons, respec-

tively.

In our numerical analysis we consider 2N + 2 electrons (2N core electrons and 2 valence

electrons, 0 ≤ N ≤ 6) living in 12 orbitals. We model the lateral gate confinement of the

multielectron quantum dot with a symmetric parabolic potential. Thus, the appropriate

single-particle orbitals are the eigenstates of the Fock-Darwin Hamiltonian

H =
1

2m∗ (−ih̄∇+
e

c
A)2 +

1

2
m∗ω2r2, (4.19)

where m∗ is the effective electron mass, h̄ω is the quantum dot confinement energy, and

r =
√
x2 + y2 is the radius. Following a numerical method developed in a previous work [43]

and Chapter 3, and setting the external magnetic field to zero, we determine the eigenenergies

and ground eigenstate of the valence effective Hamiltonian. We perform this calculation for

both GaAs and Si quantum dots (see Table 4.1); using for GaAs (Si) the effective electron

mass m∗ = 0.067me (m∗ = 0.19me), where me is the electron mass, and the dielectric

constant of the host material κ = 13.1ϵ0 (κ = 11.68ϵ0). In contrast to GaAs, Si quantum

dots present a two-fold degenerate ground state. This valley degeneracy can be lifted and

finely tuned by an out-of-plane electric field [28, 88]. Here, we assume that such techniques

have been employed to achieve a sufficiently large valley splitting, and thus we do not include

a valley coupling parameter in our calculations. A comprehensive analysis including valley

effects would require a detailed microscopic understanding of the intervalley coupling, which
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is likely device specific and is beyond the scope of this thesis.

Before discussing our results, it is important to note that the multielectron quantum dot has

shells at η = 2, 6, 12, 20, . . . , (n2+3n+2), where η is the total number of electrons in the dot

and n = 0, 1, 2, 3, . . . is the principal quantum number. This is a consequence of the (n+1)-

fold degeneracy of the quantum dot’s eigenenergies, which stems from the dot’s effective

confinement having a symmetry very close to circular [89]. We are primarily interested in

situations where the multielectron quantum dot can be used as a spin qubit, i.e., it initially

contains an odd number of electrons where all but one electron completely fill a number of

shells and form a spin singlet-like state, leaving a net spin 1/2 from the remaining unpaired

electron [43, 90, 91]. To examine the sign of the exchange interaction with a neighboring

single-electron quantum dot we consider that the neighboring electron tunnels into the large

quantum dot, giving now two valence electrons in that dot. We therefore consider first the

simplest case involving just a pair of electrons, and then for larger number of electrons we

focus on electron numbers η = 4, 8, 14, . . . , (n2
max + 3nmax + 4), which correspond to two

valence electrons and where nmax is the principal quantum number of the highest full shell

in the core.

Our results, presented in Table 4.1, show that when the multielectron quantum dot contains

only two electrons, only a singlet ground state can be realized; this is in accordance with

the two-electron ground state theorem [9, 10]. Incidentally, in the case of valley degeneracy

or near-degeneracy, a pair of electrons in a Si quantum dot would not necessarily follow

the aforementioned theorem since electrons in different valleys could be treated as different

species [92], which would violate the theorem’s assumption that the potential is symmetric

under permutations [9]. In Table 4.1 we also see that, for more than two electrons, triplet

states are possible depending on the size of the dot. This indicates that having a core

of electrons completely occupying lower energy orbitals is important for creating a triplet
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Table 4.1: Ground states (S=Singlet and T=Triplet) for different dot sizes and number of
electrons. Here, h̄ω0 = 1.0meV for both GaAs and Si quantum dots.

(a) Ground states table for GaAs.

# of electrons
ω/ω0 0.25 0.5 1 2 4 8 16

2 S S S S S S S
4 T T T T T T T
8 S T T T T T T
14 S S S S T T T

(b) Ground states table for Si.

# of electrons
ω/ω0 0.25 0.5 1 2 4 8 16

2 S S S S S S S
4 T T T T T T T
8 S S S T T T T
14 S S S S S S T

ground state. The fact that, at least for η > 4, whether the ground state is a singlet or a

triplet depends on the size of the dot suggests that the orbital spacing plays an important role.

We know that the energy difference between shells is inversely proportional to the square

radius of the quantum dot, so that small dots present well defined energy gaps between

shells. Consequently, for a pair of valence electrons above a full shell and for a sufficiently

large energy gap between shells (small dot), Coulomb interactions between valence and core

electrons are likely reduced since excitations from core to valence orbitals are suppressed.

This picture is consistent with what we observe in Table 4.1, where for sufficiently small

dots (ω/ω0 ≥ 4 for GaAs and ω/ω0 ≥ 16 for Si, where h̄ω0 = 1.0meV) the ground state

is always triplet-like, while for bigger dots (ω/ω0 ≤ 2 for GaAs and ω/ω0 ≤ 8 for Si) the

comparatively larger Coulomb interactions between valence and core electrons increases the

likelihood of singlet-like ground states.
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4.4.2 Full configuration interaction for a four-electron dot

The FCA was instrumental in the calculation of the results presented in Table 4.1 and,

therefore, it is important to probe the accuracy of this approximation. To that end, we use

the full CI method to calculate the exact eigenenergies of a four-electron dot with variable

size and zero magnetic field. In the numerical calculation we consider 4 electrons living in

the 10 lowest orbitals of a parabolic potential. Our results show that the ground state of

this system is triplet-like regardless of the dot size, in accordance with the results obtained

through the FCA. We also notice that the higher-orbital-content of the ground state increases

proportionally to the dot size. This is due to the reduction in the energy gap between

orbitals when the size of the dot increases, which allows the mixing with higher orbitals. In

this regard, the FCA only provides an estimation of the ground state’s orbital content, and

thus the FCA’s accuracy is expected to diminish for large-size dots. Nonetheless, the FCA

remains a good approximation within the dot size range considered in this work.

4.5 Full configuration interaction with elliptical poten-

tial

Apart from the dot size and number of electrons confined in a quantum dot, here we show

that the shape of the dot also determines the occurrence of a triplet-like ground state. To

that end we use, once again, the full CI method to calculate the exact eigenenergies of a

four-electron quantum dot with elliptical potential and, in doing so, we show the effect of

asymmetry on the exchange energy’s magnitude and sign. In our calculation we consider 4
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Figure 4.5: Exchange energy vs. frequency difference of the elliptical potential.

electrons residing in 10 orbitals, with a single-particle Hamiltonian given by

H =
1

2m∗ (−ih̄∇+
e

c
A)2 +

1

2
m∗(ω2

1x
2 + ω2

2y
2), (4.20)

where ω1 and ω2 are the frequencies of the harmonic oscillators for the x and y directions,

respectively. In the absence of an external magnetic field, B = 0, the single-particle energies

are the eigenvalues of the anisotropic two-dimensional harmonic oscillator:

ϵnx,ny =
1

2
(h̄ω1 + h̄ω2) + nxh̄ω1 + nyh̄ω2, (4.21)

where we define ñ = nx + ny. Here, it is evident that the splitting between single-particle

energies can be tuned by the frequency difference

δω = ω2 − ω1, (4.22)

which effectively changes the eccentricity of the dot’s elliptical potential. Accordingly, we

calculate the eigenenergies of the four electrons (in both GaAs and Si quantum dots with zero
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magnetic field) using different magnitudes for δω, where, for convenience, we set h̄(ω2+ω1)
2

=

8h̄ω0 = 8meV and ω2 ≥ ω1. Our results are summarized in Fig. 4.5, which shows the

exchange energy J (given by the difference in energy between the lowest triplet-like and

singlet-like eigenstates) as a function of the frequency difference δω. Notice that when

δω = 0, i.e. the potential is parabolic, ñ becomes the principal quantum number and the

principal energy levels (electron shells) corresponding to ñ > 0 are degenerate. Here, the

electron distribution is such that the lowest shell is full and the next degenerate shell contains

two electrons. In this configuration, as shown in the previous section, the ground state is

triplet-like. However, for non-zero δω the degeneracy is lifted and, in our particular case,

when δω is greater than a certain threshold δω̃ (δω̃ ≈ 1.65ω0 for GaAs and δω̃ ≈ 2.8ω0 for

Si) the split between the formerly degenerate orbitals with ñ = 1 is large enough to favor

a singlet-like ground state and, therefore, a positive exchange energy. This is because the

triplet-like state would have to pay the gap energy. A similar effect is observed with larger

numbers of electrons and/or larger dot sizes (see Table 4.1).

4.6 Conclusions

In this chapter we have studied the conditions under which negative exchange interactions

can occur in coupled few-electron quantum dots. The negative exchange interaction between

a multielectron quantum dot (with odd occupation number) and a single-electron quantum

dot (which in turn is coupled to a second single-electron quantum dot) has its roots in the

larger quantum dot exhibiting a spin triplet-like ground state, which occurs once the smaller

dot’s electron has tunneled into the larger dot. This was demonstrated using a Hubbard

model for a linear three-dot system [93] that reproduces the experimental results presented

in Ref. [2], where negative exchange was observed. The larger quantum dot with an even
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number of electrons and zero magnetic field was further studied using a microscopic model

based on the CI method with which we determined the ground state of the multielectron

quantum dot. In this CI calculation we considered different combinations of total number

of electrons and dot sizes (parabolic potential), showing that the occurrence of both triplet-

like and singlet-like ground states depend on those parameters and that 4 electrons is the

minimum needed to have a triplet-like ground state in both Si and GaAs quantum dots.

Moreover, the effect of dot asymmetry on the exchange energy is also addressed via a full CI

calculation of the energy spectrum for a four-electron quantum dot with elliptical potential.

The full CI calculation is repeated for different eccentricities, revealing a threshold, in both

GaAs and Si dots, at which the exchange energy flips signs. Future work will explore the

equally interesting three-dot system where a multielectron quantum dot acts as a quantum

mediator between two single-electron quantum dots. For now, the results presented in this

work show that negative exchange interactions are robust in few-electron double quantum

dots, and that all the potential advantages a tunable exchange interaction can provide are

accessible with as few as 4 electrons in a double quantum dot. This is fundamental for

scalability purposes since it avoids the need of large quantum dots, it prevents unwanted

capacitive coupling between remote dots, and it enables simpler and faster dynamically

corrected gate operations.



Chapter 5

Interplay of exchange and

superexchange in triple quantum dots

The work discussed in this chapter was published as:

Kuangyin Deng and Edwin Barnes. “Interplay of exchange and superexchange in triple

quantum dots.” Phys. Rev. B 102, 035427 (2020) [94].

Reuse with permission from the American Physical Society. Copyright (2020) by the Amer-

ican Physical Society.

I contributed in calculating all the analytical and numerical results under the supervision of

Prof. Edwin Barnes. I co-wrote the manuscript with Prof. Edwin Barnes.

5.1 Introduction

In the past few years, there has been rapid progress in improving gate fidelities and in scaling

up to larger quantum dot spin arrays [28, 52, 55, 60, 61, 62, 95, 96, 97, 98, 99, 100, 101,

102, 103]. There have also been remarkable advances in creating long-distance spin-spin

interactions using superconducting resonators [104, 105, 106, 107] or a large multi-electron

quantum dot as a mediator of superexchange interactions [15, 74, 77, 108, 109]. As for

most approaches to quantum computing, one of the current challenges in this field is to

57
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determine suitable, scalable architectures that achieve high connectivity and controllability

while maintaining long coherence times.

In all these types of quantum dot spin qubits, exchange interactions play a central role,

either as a main driver of entanglement generation or as the primary single-qubit control

mechanism in the case of qubits based on the spin states of two or three electrons. The

difficulty in realizing negative exchange in the low-field, low-bias regime in turn limits the

types of control schemes that can be employed to perform logic gates or dynamical decoupling

[11, 12, 13].

However, it has been shown in recent experiments that the behavior of the exchange energy

can be very different if there is a big multielectron quantum dot in the system [2, 14, 15].

These experiments reported negative exchange energies due to contributions from electrons

in the higher orbitals of the big quantum dot. As described in the previous chapter, our

subsequent theory work showed that it is possible to have a triplet ground state without

a magnetic field by loading as few as four electrons into the big dot. It has also been

experimentally demonstrated that multielectron quantum dots can be used to mediate strong

superexchange interactions between spins that do not interact directly [15], a finding that

was anticipated in earlier theory work based on a Hubbard model [74]. Together, these

findings suggest that architectures based on arrays of smaller one-electron dots interspersed

with larger multielectron dots may be a promising route to scaling up to larger quantum

processors [79]. For instance, one could imagine a square 2d array of single-electron quantum

dots with a large multielectron mediator at the center of each plaquette. A key outstanding

question is whether one can selectively interact pairs of spins coupled to the same mediator

by adjusting detunings and tunnel barriers.

In this chapter, we take a first step toward addressing this question by investigating the

interplay of normal exchange and superexchange in triple quantum dot systems where one



5.1. INTRODUCTION 59

𝐽"#

2𝑙&

(a) Case 1

𝐽"#

2𝑙&
𝛼

𝑙"𝑙"

(b) Case 2

𝐽"#

2𝑙&
𝛼

𝑙"𝑙"

(c) Case 3

𝐽"#

𝑙"𝑙"

(d) Case 4

Figure 5.1: Four different quantum dot configurations studied in this work. D1 and D2 are
small dots about 12.5 nm in radius, which corresponds to a confinement energy of h̄ω0 = 7.28
meV. The x-axis is defined to pass through the centers of both D1 and D2. D3 is the
mediator quantum dot, which is taken to have a radius of about 17.5 nm, which corresponds
to a confinement energy of h̄ω1 = 1

2
h̄ω0 = 3.64 meV. The y-axis passes through the center

of D3. Here, we fix 2l0 = 56 nm for cases 1, 2 and 3. We distinguish different triangular
geometries in cases 2 and 3 by angle α; the distance between the mediator and small dots,
l1, is a function of α. The blue dashed lines in every case are the potential separation lines
described in the main text. (a) The two-dot system. J12 is the exchange coupling between
two dots, which are separated by 2l0. (b) The triangular system with two electrons. We
adjust the detuning ∆ to keep D3 empty. (c) The triangular system with four electrons.
We confine two electrons in the big dot by adjusting the detuning parameter ∆. (d) Linear
three-dot with four electrons. This can be thought of as a limit of case 3 in which we fix
l1 and rotate the two small dots D1 and D2 with respect to D3 until they are on a line. l1
in this case is still a function of α as in case 3, and we also use α to adjust the inter-dot
separation in this case.
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of the dots is a large mediator. Using CI calculations, we explore how these two types of

exchange evolve as the geometry and electron number in the dots are varied. Specifically,

we compare four different cases: (i) a double quantum dot without the mediator, a triple

quantum dot in a triangular configuration with (ii) two electrons or (iii) four electrons,

and (iv) a triple quantum dot in a linear arrangement with the mediator in the middle.

These cases are summarized in Fig. 5.1. Comparing these four cases allows us to distinguish

effects due to electron number or dot detuning from those caused by the dot geometry. In the

triangular configuration cases, we find that the mediator gives rise to a modest superexchange

interaction when it is not occupied, but when two electrons are added to the mediator, this

interaction becomes orders of magnitude stronger. We show that the same enhancement can

also be obtained from the Hubbard model presented in Ref. [74], where we use CI calculations

to compute the model parameters. We also find that the effective exchange exhibits non-

monotonic behavior as the mediator moves away from the two smaller dots. In the linear

configuration case, we find that including the mediator leads to a still stronger exchange

coupling, along with a substantial extension of the interaction distance of the two remote

spin qubits.

This chapter is organized as follows. In Sec. 5.2, we give details of the system Hamiltonian

and the CI approach we use. We also compute the exchange energy for two electrons in

two dots, which is used as a reference to compare against the triple-dot configurations. In

Sec. 5.3, we investigate superexchange in the triangular dot configuration with two elec-

trons. In Sec. 5.4, we study the effect of adding two electrons to the mediator, finding that

superexchange is strongly enhanced as a consequence. In Sec. 5.5, we compare the triangular

triple-dot case with four electrons to the linear triple-dot case. We present our conclusions

in Sec. 5.6. An appendix contains additional details about our calculations and a detailed

survey of the single-electron density for each of the triple-dot configurations considered.
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5.2 Quantum dot model and exchange energy for dou-

ble dot

We model each quantum dot by a 2d symmetric parabolic potential, and we include a uniform

external magnetic field in the z direction, which is orthogonal to the plane of the dots. The

Hamiltonian for N electrons is then

Hi,N =
N∑
k=1

[
1

2m∗ (−ih̄∇k +
e

c
A)2 + Vi(rk) + g∗µBB · Sk

]
+
∑
j<k

e2

κ|rj − rk|
, (5.1)

where m∗ = 0.067me is the effective electron mass for GaAs, me is the electron mass,

g∗ = −0.44 is the effective Landé factor, µB is the Bohr magneton, and the dielectric

constant for this material is κ = 13.1ϵ0. Throughout this work, we set B = B0ẑ, where

B0 = 0.845 T. Vi is the total quantum dot potential for case i, where i = 1, ..., 4 refers to

one of the cases shown in Fig. 5.1.

Let us first consider a system of two small quantum dots without a mediator, as shown in

Fig. 5.1(a) (case 1). In the following sections, we use this system as a reference against

which we compare triple-dot configurations involving a mediator. The explicit form of the

quantum dot potential in Eq. (5.1) for case i = 1 is

V1(r) =
1

2
Θ(x)m∗ω2

0(r − RD2)
2 +

1

2
Θ(−x)m∗ω2

0(r − RD1)
2. (5.2)

Here, h̄ω0 is the confinement energy for each dot, r is the electron coordinate, and r =√
x2 + y2 the corresponding radius. RD1 and RD2 are the coordinates of the dot centers

for D1 and D2, respectively. The confinement energy of each dot is set to h̄ω0 = 7.28 meV,

which for B0 = 0.845 T corresponds to a radius of about 12.5 nm, and the center-to-center

separation between the two dots is 56 nm. Θ(x) is the unit step function, which is used to cut
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and glue the two harmonic oscillator potentials together along the x = 0 line, as indicated

by the blue dashed line in Fig. 5.1(a) (case 1). Similar cuts are used in the triple-dot cases

as well. This is explained further in the next sections.

To compute the eigenstates and energies of Eq. (5.1), we employ CI (e.g., exact diagonaliza-

tion) following the approach used in the previous chapter. Our single-particle basis states

are comprised of the Fock-Darwin states for each dot. Because the Fock-Darwin states from

different dots are not orthonormal to each other, we use the Cholesky decomposition men-

tioned in Chapter 3 to obtain linear combinations of them that do form a fully orthonormal

basis. One could also consider using a Gaussian grid basis instead; this has been shown to

yield similar results to the present approach [90, 110]. After constructing our single-particle

basis and truncating it to retain only the lowest L levels, we build our multi-particle states

and compute matrix elements of the Hamiltonian with respect to these using the Slater-

Condon rules in Chapter 3. We then extract the effective exchange energy J by computing

the energy difference of the lowest-energy triplet |T0⟩ and singlet |S⟩ states. We establish

convergence by adjusting L until the results do not change significantly.

Fig. 5.2 shows our CI results for case 1, two electrons in two small dots. Here in Fig. 5.2(a),

the orbital number is the total number of orthonormalized Fock-Darwin orbitals for the

whole system. The energy levels of the Fock-Darwin states are En,m = (n+1)h̄
√
ω2
0 + ω2

c/4+

mh̄ωc/2, where ωc = eB0/m
∗c is the cyclotron frequency, n is a non-negative integer, andm =

−n,−n+2, ..., n− 2, n is the magnetic quantum number. In the limit of zero magnetic field,

these levels form degenerate shells labeled by the quantum number n, where the degeneracy

of the nth shell is n + 1. For the relatively weak magnetic field considered here, for which

ωc = 2ω0/
√
99, the levels in each shell are nearly degenerate. Because of this, one might

expect that it is necessary to retain all the orbitals within a shell in order for results to

converge [43]. Indeed, Fig. 5.2(a) shows that keeping other numbers of orbitals may lead to
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(a) Exchange energy versus number L of single-particle orbitals
used in CI calculation for two electrons in a double quantum dot.
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(b) Exchange energy versus inter-dot half-distance l0.

Figure 5.2: (a) Exchange energy for two quantum dots with one electron each (see Fig. 5.1(a))
computed from CI as a function of the number L of single-particle orbitals (L/2 orbitals for
each dot). Full orbital shells on each dot are retained when L = 6, 12, 20. (b) Exchange
energy for two dots versus inter-dot half-distance l0 from a CI calculation with L = 12
single-particle basis states.
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slight inaccuracies in some cases (orbital numbers 6, 12 and 20 correspond to keeping full

shells). Therefore, we choose to retain an integer number of shells in our CI calculations

throughout this work to be safe. In Fig. 5.2(b), we show the exchange energy as a function of

the inter-dot half-distance l0 (measured from the center of D1 to the origin) on a logarithmic

scale. As expected, the exchange energy falls off exponentially with the distance. We

compare this result to what happens when the mediator dot D3 is placed at the origin

in Sec. 5.5.

Before moving on to consider the effect of a mediator, it is worth pausing for a moment

to discuss possible issues with using the infinitely confining biquadratic potential shown in

Eq. (5.2). Potentials of this type are used throughout this thesis. Prior works showed that

models based on infinite confinement potentials can produce erroneous exchange couplings

at short inter-dot distances [111, 112]. These works found that the exchange energy exhibits

a striking non-monotonic behavior below a critical distance that is on the order of the dot

radius. However, in Fig. 5.2(b), the exchange coupling continues to rise smoothly at the

shortest distances considered, as one would expect, while no indications of non-monotonic

behavior are evident. It may be that the failure at short distances observed in Refs. [111, 112]

is due more to the use of Heitler-London (HL) and Hund-Mulliken (HM) approximations

rather than infinite confinement potentials. This interpretation is consistent with the fact

that previous works employing CI to compute exchange energies of electrons confined to

biquadratic potentials also obtained physically reasonable results [43, 90, 110]. We further

support this conclusion by showing in Sec. 5.4 that our exchange coupling results are in

agreement with those obtained from a Hubbard model; such models have been shown to

work well even at distances where HL or HM models fail [112]. The model potentials we use

will likely become unreliable at very short inter-dot separations, but this regime lies outside

the scope of the present work, where our focus is on long-distance spin-spin interactions
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between electrons in well separated dots. If one is interested in describing specific devices

in which the dots are very close to each other, then a more reliable approach might be to

use density functional theory calculations to construct the single-particle basis states rather

than a model potential [113].

5.3 Triangular triple dot with two electrons

We now move on to case 2, which includes a third, larger dot as shown in Fig. 5.1(b).

We expect that if the third dot is brought sufficiently close to the first two, then it can

mediate superexchange interactions between the electrons on the two small dots. These

superexchange interactions can potentially combine constructively or destructively with the

normal exchange that still exists between the two small dots.

In order to compare directly with the results of case 1, we again fix the radius of the two

small dots (D1 and D2) to about 12.5 nm and choose the center-to-center distance (2l0)

between them to be 56 nm. The larger mediator dot (D3) is chosen to have a confinement

energy of h̄ω1 = 1
2
h̄ω0 = 3.64 meV, which corresponds to a radius of about 17.5 nm. The

center of the dot is located on the positive y axis. The centers of these three dots form an

isosceles triangle, and the angle between the base and one leg of the triangle is defined to be

α. We match the three parabolic potentials of the three dots along a T cut that separates

the plane into three regions as indicated with the blue dashed lines in Fig. 5.1(b). Each of

these regions contains one of the dot potentials. The horizontal separation line is placed at

y = y0, where y0 depends on the angle α in such a way that dot D3 remains almost entirely

above this line in all cases. The precise manner in which y0 is chosen for a given value of α is

described in Appendix A. The remaining two regions are separated by the y-axis at x = 0.
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Figure 5.3: Single-particle density for two electrons in a triangular triple dot (case 2) for
α = 30°. The upper (lower) panel shows the single-particle density for the lowest-energy
singlet |S⟩ (triplet |T0⟩). The yellow dashed line is the potential cut at y = y0. The dashed
circles mark the positions of the three parabolic dot potentials for this value of α. It is
apparent that the centers of the electron density in the small dots are displaced downward.
This is due to the large value of detuning ∆ chosen to deplete the big dot. The distance
between the two small dots remains the same, as does the normal exchange coupling between
them.
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Figure 5.4: Effective exchange interaction between electrons on dots D1 and D2 as a function
of angle α (see Fig. 5.1(b)) in the case of two electrons in a triangular triple dot (case 2).
In the CI calculation used to obtain this result, we retain 6, 6 and 3 orthonormalized Fock-
Darwin orbitals for D1, D2 and D3, respectively, corresponding to a total of L = 15 single-
particle basis states. The red dashed line is the result for J12 from case 1 (two electrons
in a double dot) using 12 single-particle orbitals. We see only modest contributions from
superexchange processes in this case.

Thus, for case i = 2, the total quantum dot potential in Eq. (5.1) is

V2(r) =
1

2
Θ(y0 − y)Θ(x)m∗ω2

0(r − RD2)
2

+
1

2
Θ(y0 − y)Θ(−x)m∗ω2

0(r − RD1)
2

+Θ(y − y0)[
1

2
m∗ω2

1(r − RD3)
2 +∆]. (5.3)

In the last line of Eq. (5.3), we introduced the detuning parameter ∆ for dot D3; this

parameter applies a constant energy shift to all the levels in the mediator relative to the

energy levels in the small dots, D1 and D2. For each angle α, we adjust ∆ until dot D3 is

empty of electrons, which we check by integrating the multi-particle density over the region

above the horizontal blue dashed line in Fig. 5.1(b) to obtain the electron number in D3. Of

course, one cannot make the electron number in D3 exactly zero, but it can be made very

small, at least for α ≥ 45°. For these angles, we can keep the electron number in D3 below
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0.05e by choosing ∆ = 20 meV for all angles in this range. For smaller angles in the range

α < 45°, reducing the electron number in D3 becomes more difficult, but we can still get it

below 0.1e by setting ∆ = 20 meV.

The successful depletion of D3 is also visible in the single-particle density, which we calculate

by integrating the multi-electron density over just one set of electronic coordinates. An

example is shown in Fig. 5.3 for α = 30°. Increasing ∆ until the big dot is almost vacant

also causes the two small dots to move downward, as is evident in the figure. However, the

separation between the electrons in the small dots remains unchanged for both the lowest-

energy singlet and triplet state, hence the normal exchange interaction between them remains

the same. Additional density plots for various angles can be found in Appendix A.

We now calculate the effective exchange interaction J12 between the electrons on dots D1 and

D2. This interaction includes contributions from normal, nearest-neighbor exchange between

D1 and D2 as well as a superexchange interaction mediated by dot D3. We compute J12 as

a function of angle α; this allows us to control the relative strength of the superexchange

coupling compared to the normal exchange, because increasing α increases the distance

between D3 and the other two dots. The result is shown in Fig. 5.4 (blue line with green

points). We see that across a broad range of angles, the effective J12 exceeds the normal

exchange interaction (dashed red line) that we obtain in the absence of the mediator. We

attribute the difference between these two curves to superexchange processes. It is evident

that, in this case, superexchange provides only a modest enhancement of the total effective

exchange that is at most 20% of the normal exchange. This enhancement quickly fades

as α increases beyond 50° (which corresponds to l1 = 43.56 nm), although some evidence

of superexchange remains visible in the large-angle regime. Interestingly, we also find non-

monotonic behavior in J12 in the small angle regime, with a maximum near 40°. This may be

because the downward shift of the electrons in D1 and D2 caused by ∆ effectively increases
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the distance to D3, leading to a small suppression of superexchange.

5.4 Triangular triple dot with four electrons

We now investigate the impact of increasing the number of electrons on the effective exchange

coupling. In particular, we add two more electrons to the system, while keeping the form

of the potential (V3 = V2) and almost all the parameters the same. The only parameter we

change is ∆, which is now adjusted so that two electrons occupy D3 as in Fig. 5.1(c). The

precise values used are given in Appendix A.

Before proceeding, we need to clarify the definition of J12 in the case where there are four

electrons. For each possible occupancy of spatial orbitals, there are a total of 16 spin states,

many of which are singlet-like and triplet-like. To compute the effective exchange energy, we

identify the lowest-energy state with Stotal = 0 and Stotal
z = 0 as our singlet state |S⟩ and the

lowest-energy state with Stotal = 1 and Stotal
z = 0 as our triplet state |T0⟩. We then calculate

J12 by taking the difference of the two corresponding eigenenergies. In all four-electron cases

considered in this work, we confirm the suitability of this definition by verifying that the

resulting |S⟩ and |T0⟩ states have the property that the two electrons on D3 approximately

form a singlet.

The one-electron density (obtained this time by integrating the full multielectron density

over three sets of electronic coordinates) for α = 30° is shown for both the lowest-energy

singlet-like and triplet-like states in Fig. 5.5. It is evident in both cases that the electrons

in D1 and D2 are displaced slightly downward as a consequence of D3, similarly to Fig. 5.3,

while the two electrons on D3 undergo a more substantial upward shift. This is due to a

combination of Coulomb repulsion and the fact that the confinement energy of D3 is much

smaller than that of D1 and D2, which allows the electrons in D3 more freedom to move
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Figure 5.5: Single-particle density for four electrons in a triangular triple dot (case 3) with
α = 30°. The upper (lower) panel shows the single-particle density for the lowest-energy
singlet-like |S⟩ (triplet-like |T0⟩) four-electron state. The yellow dashed line marks the po-
tential cut at y = y0. The blue dashed circles indicate the original positions of the three
dots for this value of α. The electrons in the small dots are displaced slightly downward and
outward, while the electrons in the big dot move upward due to Coulomb repulsion.
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away from the other two electrons. Unlike the two-electron case, here the electrons in D1

and D2 are also pushed away from each other horizontally as a consequence of the Coulomb

repulsion from the two electrons on D3, and this in turn can impact the normal exchange. As

one would anticipate based on fermion statistics, it is also evident in Fig. 5.5 that the singlet

density is more uniformly spread across the three dots compared to the triplet density. This

is, of course, directly related to the nonzero superexchange energy. Additional plots of the

single-particle density for other values of α can be found in Appendix A.

Next, we show that the inclusion of the two additional electrons compared to case 2 can

either strongly enhance or weakly suppress the effective exchange interaction J12 depending

on α. Our CI results for J12 as a function of α for case 3 are shown in Fig. 5.6. The most

striking difference compared to the two-electron case considered in the previous section is

that the effective exchange energy is more than two orders of magnitude larger in the low-

angle regime (compare with Fig. 5.4). We can understand this as a consequence of Fermi

statistics combined with the fact that the three quantum dot potentials are merging together

in the low-α regime, which forces the four electrons to occupy the same space. This happens

in the four-electron case because here we lower ∆ substantially in order to keep two electrons

trapped in the mediator. This is unlike the previous case where ∆ was set to a large value to

keep the mediator empty, which in turn keeps the potential similar to what it was in the case

of two isolated dots (case 1). If we were to think of the triple-dot potential in case 3 (low

∆) as effectively one big dot Deff , and if we neglect Coulomb interactions for the moment,

then the ground state of the system would be a Stotal = 0 state consisting of two pairs of

two-electron singlets occupying the lowest two single-particle orbitals of Deff . The lowest-

energy state with Stotal = 1 and Stotal
z = 0 would be formed by moving one of the electrons

to the second excited orbital, which produces an exchange splitting that is on the order of

the level spacing of Deff . In the present context, this is on the order of meV. (In case 2
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where ∆ is large, this splitting is very small because we have essentially two independent dots

with nearly degenerate orbitals.) Restoring the Coulomb interactions reduces this splitting

because the more symmetric spatial part of the Stotal = 0 state incurs a larger Coulomb

energy penalty, but the splitting can still remain large. Note that this mechanism is closely

related to the notion of spin blockade in singlet-triplet qubits, where the singlet and triplet

two-electron states are nearly degenerate when the electrons are separated into distinct dots,

but when a large detuning is applied to one dot, the electrons are pushed into the same

dot, opening a large energy gap between the singlet and triplet states [30]. In the next

section, we show that the vertical shift of the mediator electrons due to Coulomb repulsion

(Fig. 5.5) actually leads to a significant reduction in the superexchange in the small-angle

regime compared to what would occur in the absence of this shift.

Fig. 5.6 shows that the effective exchange energy exhibits three different qualitative trends

as a function of α. For α < 65°, J12 is dominated by a very strong superexchange interaction

mediated by D3 as discussed above. For α > 72°, J12 quickly converges to the value obtained

in the two-electron case without the mediator (which is indicated with a red dashed line in

the figure). In between these regimes, 68° < α < 72°, J12 is close to but clearly below the

two-dot value. One possible explanation for this behavior is that the superexchange contri-

bution is becoming negative in this range and partially cancels the positive normal exchange

energy. Negative superexchange couplings mediated by large quantum dots have recently

been observed experimentally [15]. We have also shown in prior work that negative exchange

can arise in quantum dots containing as few as four electrons in Chapter 4. However, we

believe that it is more likely that the superexchange coupling quickly drops to zero before

α = 68°, and that the suppression of J12 after this point is instead due to the horizontal dis-

placement of the electrons in D1 and D2 caused by Coulomb repulsion as shown in Fig. 5.5.

We have checked numerically that displacing dots D1 and D2 by a similar amount in the
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Figure 5.6: (a) Effective exchange energy J12 versus angle α for four electrons in a triple
quantum dot as in Fig. 5.1(c) (case 3). Results are obtained from a CI calculation in which
6, 6 and 3 orbitals are retained for D1, D2 and D3, respectively, for a total of L = 15
single-particle basis states. Superexchange processes strongly enhance J12 for α < 65°. (b)
A zoom-in of (a), along with the CI result for two electrons in a double dot (case 1) when
L = 12 single-particle states are kept (red dashed line). The dip in J12 near α = 70° is likely
caused by Coulomb repulsion as explained in the text.
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two-dot geometry leads to a change in J12 that is of the same order of magnitude in that case,

supporting this interpretation. This effect could have important consequences in general for

architectures in which long-distance interactions are mediated by multielectron quantum

dots because, in addition to mediating superexchange interactions, the extra electrons on

the mediators can also have a negative impact on the resulting spin-spin coupling strength

due to Coulomb interactions depending on the layout of the dots.

Next, we show that the strong enhancement in the superexchange coupling can also be

obtained from the Hubbard model introduced in Ref. [74]. We would expect the Hubbard

model to be reliable for the dot geometries considered here since we are focusing on long-

distance spin-spin couplings between well separated dots. To show that this is true, we first

use CI to compute the parameters of the Hubbard model. We focus on the dot configuration

with α = 30° since this corresponds to the shortest distances between the dots and thus

the regime in which the Hubbard model is most in danger of failing. The Hubbard model

parameters we need to compute are the onsite energy associated with filling a dot with one

electron (P) and the additional energy needed to add a second electron (Q), along with the

analogous energies for the mediator (U and ∆, respectively). See Fig. 1 of Ref. [74]. Here,

we set P = 0, Q = C1, U = Vi, ∆ = C2+Vi, where C1 and C2 are the sums of the orbital and

Coulomb energies for a small dot and the mediator, respectively, Vi is the detuning on the

mediator, and the index i = 0, 2 indicates the number of electrons on the mediator. From CI

calculations, we find that these parameters are V0 ≈ 20 meV, V2 ≈ 1 meV, C1 ≈ 11 meV and

C2 ≈ 8 meV. Plugging these values into the expressions for the effective exchange couplings

from Ref. [74], we find that the ratio of the couplings for 2 or 0 electrons on the mediator

is J2
eff/J

0
eff ≈ 200, which agrees with what we obtain from a direct CI calculation (compare

Figs. 5.4 and 5.6(a) at α = 30°).

The main difference between these two methods is that full CI includes all the contribu-
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tions from the electronic interactions while Hubbard-type models normally neglect the ex-

change part of the Coulomb interaction and keep onsite direct terms and hopping terms

only. Hubbard-type models become unreliable when the exchange terms become significant.

For instance, if one wants to describe the ferromagnetic behavior of the intra-dot interac-

tions, one needs to use CI rather than Hubbard-type models since the exchange part of the

Coulomb terms is important. In our case, the three dots are not too close to each other,

so the exchange terms in the Coulomb interaction are negligible, and the Hubbard model

works well.

5.5 Linear triple dot with four electrons

We now move on to the final quantum dot configuration considered in this work: the linear

triple dot with four electrons depicted in Fig. 5.1(d). The total quantum dot potential in

this case is

V4 =
1

2
Θ(x− x0)m

∗ω2
0(r − RD2)

2 +
1

2
Θ(−x0 − x)m∗ω2

0(r − RD1)
2

+Θ(x+ x0)Θ(x0 − x)[
1

2
m∗ω2

1(r − RD3)
2 +∆]. (5.4)

This potential is formed by cutting and gluing together the individual dot potentials along

vertical lines located at x = ±x0. We are interested in computing the effective exchange

energy between dots D1 and D2 as a function of the inter-dot distance l1. For each l1, we set

the detuning ∆ such that the mediator is occupied by two electrons. The particular values

used are given in Appendix A.

To make it easier to compare directly to the triangular triple dot studied in the previous

section (case 3), we again compute J12 as a function of angle α, but where α now refers to
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Figure 5.7: Single-particle density for four electrons in a linear triple dot (case 4) with α =
30°. The upper (lower) panel shows the single-particle density for the lowest-energy singlet-
like |S⟩ (triplet-like |T0⟩) four-electron state. The yellow dashed lines mark the potential
cuts at x = ±x0. The blue dashed circles indicate the positions of the three dots for this
value of α. The electrons in the small dots are displaced slightly outward due to Coulomb
repulsion.
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Figure 5.8: (a) Effective exchange energy J12 versus inter-dot separation (given by 2l1 =
2l0 secα, with l0 = 28 nm) for four electrons in a linear triple dot as in Fig. 5.1(d) (case 4).
Results are obtained from a CI calculation in which 6, 6 and 3 orbitals are retained for dots
D1, D2 and D3, respectively, for a total of L = 15 single-particle basis states. The presence
of the two mediator electrons strongly enhances J12 for α < 65°. (b) A zoom-in of (a). In
the large-distance regime (large α and l1), J12 monotonically approaches zero.
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Figure 5.9: Calculation of the vertical shift in electron positions due to Coulomb repulsion
in case 3 (triangular triple dot) using the exchange energy from case 4 (linear triple dot).
We assume the electrons in D1 and D2 remain fixed and only consider the movement of
electrons in D3. (a) Effective exchange energy versus α and l1 for case 4. Green diamonds
are the original data from Fig. 5.8. The blue line is an interpolating function for lower angles
to intermediate angles. One can map the data of case 3 to this function to get information
about the shifts in electron positions as explained in the main text. (b) The resulting angular
shifts due to Coulomb repulsion for different angles α. (c) The relative change in vertical
position of the electrons in D3 for different angles.



5.5. LINEAR TRIPLE DOT WITH FOUR ELECTRONS 79

the corresponding angle in the triangular triple dot geometry that has the same distance l1

between the mediator D3 and the smaller dots D1 and D2. Imagine that each linear geometry

we consider in this section is obtained by starting from a triangular configuration with angle

α, freezing l1, and then rotating D1 and D2 around D3 until all three dot centers lie on a

line. In this way, each value of α that we start with corresponds to a different inter-dot

distance in the linear geometry according to the formula l1 = l0 secα, where l0 = 28 nm. We

are thus computing J12(l1) = J12(l0 secα) as a function of α.

An example of the one-electron density for α = 30° is shown in Fig. 5.7. Although the

inter-dot distance is rather short at this value of α (l1 = 32.33 nm), the electrons in D1 and

D2 shift only slightly away from D3. This is because of a trade-off between the Coulomb

repulsion and the large confinement energy of the small dots. The electrons in the small dots

needs to move only a little bit to cancel the Coulomb repulsion from the mediator electrons.

The horizontal shift of the D1, D2 electrons is smaller than in case 3 (see Fig. 5.5) because

D1 and D2 are a bit further apart here. It is also evident in Fig. 5.7 that the density for

the triplet state is more disjointed (exhibiting four distinct maxima) compared to the singlet

density as one would expect based on fermion statistics. Additional single-electron density

plots for other values of α can be found in Appendix A.

Our CI results for J12 as a function of α in the linear geometry are shown in Fig. 5.8. The

first thing to notice is that the superexchange again dominates in the small α regime, even

more so here than in the triangular triple dot (case 3), as is evident in Fig. 5.8(a). We also

see from Fig. 5.8(b) that the interaction strength remains above 1 µeV for inter-dot distances

of up to ∼ 130 nm. This should be compared to the case without the mediator (Fig. 5.2(b)),

where the corresponding distance is only 56 nm. Thus, the mediator extends the interaction

range by more than a factor of 2. Fig. 5.8(b) further reveals that the effective exchange

decays to zero monotonically with inter-dot distance. Because the horizontal displacement
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caused by Coulomb repulsion is smaller in this case, a dip in J12 does not arise as in case 3.

The large enhancement in J12 at smaller α relative to that seen in case 3 is likely due to the

fact that the vertical Coulomb repulsion in case 3 effectively increases the distance to the

mediator electrons (see Fig. 5.5), which in turn reduces the benefit to the superexchange that

comes from the presence of these extra electrons. The vertical shift is significant because of

the weak confinement energy of the mediator. On the other hand, the additional symmetry

in the linear geometry prevents a similar phenomenon from happening in this case, yielding a

stronger superexchange enhancement. If this interpretation is correct, then we should adjust

the α values in case 3 to account for the upward shift of the mediator electrons in order

to do a proper comparison to the linear configuration. To check whether this makes sense,

we will in fact do the opposite: We first determine the shift in αcase3 needed to make J case3
12

equal to J case4
12 (setting the inter-dot distances equal in both cases), and we will then check

whether this shift corresponds to a vertical displacement ∆y of the mediator electrons that

is comparable to that seen in Fig. 5.5. The first step then is to solve the equation

J case3
12 (αcase3) = J case4

12 (αcase4), (5.5)

for αcase4, which we then interpret as the effective angle for case 3: αcase3
eff = αcase4. The shift

in α caused by Coulomb repulsion is then ∆α = αcase3
eff − αcase3. In order to solve Eq. (5.5),

we must first interpolate our data for J12 versus α to obtain a smooth function J case4
12 (αcase4).

This interpolation is shown in Fig. 5.9(a), and the ∆α that results from solving Eq. (5.5) is

shown in Fig. 5.9(b). The corresponding vertical displacement is then given by

∆y

y
=
yeff − y

y
=
l0 tan

(
αcase3
eff

)
− l0 tan(αcase3)

l0 tan(αcase3)
=

tan
(
αcase3
eff

)
− tan(αcase3)

tan(αcase3)
. (5.6)

These results are shown in Fig. 5.9(c), where it is clear that substantial vertical shifts are
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needed to account for the suppression of J12 in the triangular triple dot case. For example,

when α = 30°, ∆y/y ≈ 0.95, corresponding to a ∼ 95% vertical shift. From Fig. 5.5, where

y = l0 tanα = 16.17 nm, we see that yeff ≈ 25 nm, yielding ∆y/y ≈ 0.55. Although

this is less than 0.95, it is still large enough that we believe this is the primary mechanism

responsible for the suppression of J12 in the triangular case. The discrepancy is likely due to

the downward shift of the electrons in D1 and D2, which we have neglected in this analysis.

From Fig. 5.5, we see that this shift is on the order of 5 nm; this would bring the net

vertical shift up to yeff ≈ 30 nm, which is consistent with the 95% value obtained from our

analysis. As the angle or l1 gets larger, the Coulomb repulsion becomes weaker, and the

vertical displacement becomes negligible, which is also clear from Fig. 5.9(c). One can also

see this from the shifts in the single-particle densities at larger α shown in Appendix A.

Before we conclude, it is worth commenting on why we have not seen any evidence of negative

exchange interactions, even though our previous work in Chapter 4 showed that these can

arise in quantum dot systems containing as few as four electrons. There, we showed that if

four electrons are confined in a symmetric parabolic potential, the ground state is a triplet

provided the splitting between the second and third single-particle levels is sufficiently small.

This splitting vanishes in the limit of zero magnetic field due to rotational symmetry, and it

remains small in the low magnetic field regime. These findings suggest that, in the present

case of the linear triple dot, if one were to gradually tune l1 down to zero, one would see the

exchange energy reach a maximimum positive value and then decrease all the way down to

negative values as the three dots merge into one big dot. Before l1 reaches zero, the triple dot

potential looks like one large elliptical dot. In Chapter 4, we calculated how the exchange

energy depends on dot ellipticity, and we showed that a transition from negative to positive

exchange occurs as the ellipticity increases past a certain threshold value that depends on

the confinement energy. This transition happens because increasing the ellipticity breaks the
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rotational symmetry of the dot and opens a gap between the second and third single-particle

levels. Fig. 4.3 of Chapter 4 shows that the exchange energy vanishes when the ellipticity

h̄δω is about 1-2 meV (when the confinement energy is 7-8 meV), which corresponds to a

difference of 2-4 nm between the vertical and horizontal extent of the dot potential. For

the linear triple-dot geometry, this implies that the small dots would need to overlap almost

completely with the mediator, which happens for l1 ≲ 5 nm, which is well below the l1

values we have considered. Thus, it is not surprising that we have not encountered negative

exchange energies in this work. Unfortunately, probing this crossover behavior from three

separate dots to one large dot is computationally challenging because a very large number

of single-particle basis states would be needed to obtain accurate results, which translates

to a very large computational cost. It would also be interesting to explore the possibility of

negative superexchange interactions when four electrons are confined to the mediator instead

of two. We leave these investigations to future work.

5.6 Conclusions

In this chapter, we explored the interplay of normal exchange and superexchange processes

in triple quantum dot systems where a large dot is used to mediate long-range spin-spin

interactions between a pair of smaller dots. We consider triangular geometries in which both

normal exchange and superexchange can be present simultaneously. Using configuration

interaction simulations, we showed that the effective exchange energy receives a modest

enhancement due to superexchange when the mediating dot is brought sufficiently close to

the small dots. We further showed that this enhancement can be increased by two orders of

magnitude if the mediating dot is loaded with two electrons, a phenomenon we attribute to a

combination of Fermi statistics and quantum confinement. We also found that the effective
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exchange energy exhibits non-monotonic behavior as the distance between the small dots

and the mediator is varied. This can be understood as a consequence of the rapid decay

of superexchange with distance and a more slowly changing lateral shift of the electron

positions in the small dots due to Coulomb repulsion from the mediator electrons. Our

calculations also reveal that the effective exchange interaction can be made still larger by

placing the mediating dot exactly between the two smaller dots, and we provided evidence

that the somewhat smaller interaction in the triangular case is likely due to an additional

Coulomb repulsion that is not present in the linear case. Moreover, we found that in addition

to sharply increasing the effective exchange coupling, the electron-filled mediator also more

than doubles the range of the interaction.

Overall, we found that the strength of the superexchange interaction depends on both the

detuning of the mediator and on the geometry of the three dots. Low detunings on the

mediator can lead to very high superexchange couplings. This is the main reason the su-

perexchange is much larger when two electrons are confined on the mediator compared to

no electrons. We also saw that geometry plays an important role as well, albeit to a lesser

extent. In the triangular dot configurations, the superexchange coupling is lower than in the

linear case because of a shift in the electron density on the mediator, which in turn changes

the effective distance between the small dots and the mediator. Both factors should be taken

into consideration when designing multi-dot devices that utilize superexchange interactions.

Our results show that including electrons in a quantum dot mediator can substantially

enhance the strength and range of spin-spin interactions between remote quantum dots.

They also suggest that the precise geometry of the dots can have important ramifications

and provide additional flexibility in the design of larger-scale architectures based on quantum

dot-mediated exchange couplings.



Chapter 6

Summary and outlook

The goal of this thesis is to improve our understanding of the exchange and superexchange

processes that take place in semiconductor quantum dot spin systems.

In the opening chapters, we described the basic concepts and key features of quantum dot

systems. Quantum dots can be treated as artificial two-dimensional atoms. The number of

electrons can be controlled by the gates connected to the quantum dots. We also described

important applications of quantum dot systems. On the one hand, they can be used as

quantum computation devices to realize different kinds of spin qubit systems. On the other

hand, they can also be used for quantum simulation. In this thesis, we paid particular

attention to the role of exchange interactions in spin qubits. We discussed the measurement

of exchange energy in experiments in a two-dot system.

After introducing the basics of quantum dots, one should consider how to describe them in

theory. We built the single particle states referred as Fock-Darwin states. For systems with

more than one quantum dot, we implemented the Cholesky decomposition to obtain the

truly orthonormal basis. Using this basis, we built the many particle states. To calculate

the total many particle Hamiltonian, we then applied the Slater-Condon rules to relate the

many particle matrix elements to single and double particle ones, which simplified the prob-

lem a lot. After introducing the computational approaches we use, including configuration

interaction and Hubbard models, we derived different physical phenomena that can arise in

quantum dot systems. From a generic Hamiltonian, we found the exchange terms of the

84
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Coulomb coupling can lead to the effective spin-spin interaction referred to ferromagnetism,

which is shown in Eq. (3.39). This mechanism is called Hund’s rule in atomic physics. Thus

it can arise in quantum dot systems if there are enough electrons occupying in one dot. On

the other hand, if the exchange terms of the Coulomb coupling are small enough, which is

the case for interdot interactions, we can simplify our model to the Hubbard model shown

as in Eq. (3.41). Thus in this model, only two parameters are needed, which are the hopping

terms and the on-site Coulomb energy. Taking the leading order, one can arrive at the

Heisenberg model, which is a commonly used model for quantum dot systems. The Heisen-

berg model leads to anti-ferromagnetism, and the exchange coupling indicates the energy

difference between triplet |T0⟩ and |S0⟩, which is the energy we focus on. From this mecha-

nism, this energy J = t2

U
is always positive. Furthermore, we have reviewed an experiment

implemented by our collaborators in Prof. John Nichol’s group, where we contributed to

the theoretical modeling and pointed out that the positions of quantum dots were actually

shifting in response to changes in barrier heights. In this work, we showed how to simul-

taneously control multiple exchange couplings in a Heisenberg chain of four quantum dots.

We showed that our two theoretical models (Heitler-London model and exponential model)

can both describe the inter-dependence of the barrier heights and dot positions faithfully.

The techniques and models in this work can be further used to realize the advanced control

necessary to produce interesting phenomena such as a time crystal phase.

In Chapter 4, we have mainly focused on negative exchange interactions observed in an

experiment implemented by the Copenhagen group led by Prof. Ferdinand Kuemmeth. For

the system with two small and one large quantum dot, they found that negative exchange

can arise between the large quantum dot and the small one in the middle. To describe

this system, we constructed a Hubbard model including the Hund’s rule terms. By using

the “frozen-core” approximation, we recovered the negative exchange interaction, shown in
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Fig. 4.4(b), found by their experiment. This indicates that the negative exchange is caused

by the inter-orbital exchange in the large quantum dot rather than anything related to the

small dot. Thus, we explored one single large quantum dot filled with several electrons using

a configuration interaction approach. The question is how many electrons one needs to

generate negative exchange in the large dot. We then found the answer that four electrons

are enough. Lastly, we broke the degeneracy of the shells in the dot by making the dot

potential asymmetric. We found that for a four-electron system a transition from a triplet

to a singlet ground state happens as the energy gap grows. This is true for both GaAs and

Si quantum dots.

In the last part of this thesis, we considered more complicated quantum dot systems, such as

a 2d quantum dot array. This requires one to first understand the simple blocks of these 2d

systems. In this work, we considered three quantum dot systems with different geometries.

Firstly, we considered two dots with two electrons (case 1) to find the minimum number of

single-particle orbitals needed to accurately describe one dot and to find the basic exchange

energy for this system. Then we introduced a third dot which is significantly larger (case 2).

These three dots forms a triangle, and we explored the effective exchange energy for these two

electrons under the influence of the large dot. We found that the effective exchange energy J

does not change much in this case. Then we put another two electrons in the large quantum

dot (case 3) to have the exact geometry as case 2. In this case, we see three distinct regions

of behavior: For the low angle region, superexchange is enhanced substantially up to about

250 times compared to case 2. For a range of intermediate angles, the superexchange energy

is on the order of the normal exchange, and there is a small region where the contribution of

superexchange is negative, which leads the total effective exchange energy to be lower than

the original one. In the last case, we put three dots on a line and varied their separation.

We found that the superexchange is enhanced even further (about 600 times the normal
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exchange) than case 3. The reason behind this is that for a triangular geometry, electrons in

the large dot will be pushed from the center to the side due to Coulomb interaction and this

leads the effective distance to be larger than before whereas the linear system does not have

this effect. These high superexchange cases open the possibility of using large quantum dots

to mediate long distance interactions between remote spin qubits. These results are useful

for constructing quantum dot arrays and enabling more versatile architectures for quantum

dot systems.

In the future, one could consider a quantum computation or simulation device based on

2d quantum dot arrays. According to the understanding provided by our work, one could

implement both positive or negative exchange energy to control the spin qubits, which would

reduce the control time and add greater flexibility in canceling noise dynamically. One could

also imagine including large quantum dots in the array to enhance or suppress long-distance

interactions between distant spins by adjusting the detuning or electron number in the large

dots. This provides more flexibility for controlling these types systems.
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Appendix A

Single-particle densities and mediator

detuning values

In this appendix, we show additional plots of the single-particle density for cases 2, 3 and

4, for both the lowest-energy singlet-like (S) and triplet-like (T) eigenstates with total spin

projection Stotal
z = 0. We also provide further details about the way we choose our poten-

tial cuts and detuning values ∆ to guarantee the mediator contains the desired number of

electrons in each case.

A.1 Triangular triple dot with two electrons (case 2)

In this case, the potential cut between D1 and D2 is always the half-line, x = 0, y < y0, and

the horizontal line, y = y0. For the latter, we choose different values of y0 depending on the

angle we choose. For α = 30°, 40°, 45°, 50°, we set y0 = 6, 10, 12, 15 nm, respectively. For the

larger angles, we do the following. First we choose the detuning, ∆, and then determine the

equal-potential point on the line connecting D1 and D3. Due to symmetry, we can find a

similar point on the line connecting D2 and D3. We then connect these two points by a line,

which gives us the y = y0 cut. The reason we do not use this procedure for smaller angles

is because the big dot is very close to the x-axis, and the equal-potential point is too close

to the small dots in these cases, and so placing the cut here would leave the small dots with
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too much overlap in the big dot region.

We set the detuning on D3 to a high value, ∆ = 20 meV, to deplete the mediator as much

as possible. The tolerance threshold for the electron number on D3 is set as discussed in

Sec. 5.3. The corresponding single-particle density plots for several different angles are shown

in Fig. A.1. The three dot potentials are marked by white and blue dashed circles, and the

potential cut y = y0 is indicated by a yellow dashed line. It is evident that the mediator

remains empty in all cases.

A.2 Triangular triple dot with four electrons (case 3)

Here, we do the same potential cuts as in case 2. To determine appropriate choices for the

detuning ∆, we perform a systematic scan over ∆ values, in each case calculating how many

electrons are in the big dot region above y = y0. We find that the following values correspond

to having two electrons in the big dot: ∆ = 1.0, −1.0, −1.5, −2.0, 3.5, 4.0, 4.0, 4.0, 4.0, 4.0,

4.0, 4.0 meV for α = 30°, 40°, 45°, 50°, 60°, 64°, 68°, 70°, 72°, 74°, 76°, 80°, respectively.

We show several density plots for various values of α in Fig. A.2. The three dots are illustrated

by the blue dashed circles, and the potential cut at y = y0 is indicated by the yellow dashed

line. One can see that the shifts in the positions of the electrons in the big dot are much

larger at lower angles, which agrees with the analysis in Sec. 5.5 and Fig. 5.9.

A.3 Linear triple dot with four electrons (case 4)

In this case, we make two potential cuts (x = ±x0) parallel to the y-axis. To do this, we first

choose the detuning ∆ for D3, and then compute the equal-potential point (x0, 0) between
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D2 and D3. Thus, we can separate the space into three parts using the two cuts x = ±x0.

To decide the detunings ∆, we again scan over a range of values and integrate the density

to see how many electrons are in the big dot region (middle region). This process yields the

following values at which two electrons are confined to D3: ∆ = −0.5, 0.0, 0.0, 0.0, 0.0, 0.0,

2.0, 3.0, 3.5, 3.5, 3.5, 3.5 meV for α = 30°, 35°, 40°, 45°, 50°, 55°, 60°, 64°, 68°, 70°, 72°, 80°,

respectively.

Single-particle density plots for several different values of α are shown in Fig. A.3. The

three dots are illustrated by the blue dashed circles, and the potential cuts at x = ±x0 are

indicated by the yellow dashed lines.
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Figure A.1: Single-particle density plots for the triangular triple dot with two electrons (case
2) for α = 30°, 40°, 45°, 50°, 60°, 70° and for the lowest-energy singlet-like (S) and triplet-like
(T) states. The white and blue dashed circles indicate the dot potentials, and the yellow
dashed line is the potential cut (here we do not show the x = 0 cut in the plots). The big
dot contains approximately zero electrons. At low angles, the two small dots move a little
bit downward due to the large detuning of the big dot. At high angles, this effect is small
because the dots are sufficiently far apart.
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Figure A.2: Single-particle density plots for the triangular triple dot with four electrons (case
3) for α = 30°, 40°, 45°, 50°, 60°, 70° and for the lowest-energy singlet-like (S) and triplet-like
(T) states. The white and blue dashed circles indicate the dot potentials, and the yellow
dashed line is the potential cut (here we do not show the x = 0 cut in the plots). In each
case, the big dot contains two electrons as can be confirmed by integrating the density over
the upper region. The position shifts of the electrons in the big dot are significantly larger
for smaller angles compared to larger angles, which confirms the results obtained in Sec. 5.5
and Fig. 5.9.
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Figure A.3: Single-particle density plots for the linear triple dot with four electrons (case
4) for α = 30°, 40°, 45°, 50°, 60°, 70° and for the lowest-energy singlet-like (S) and triplet-like
(T) states. The blue dashed circles indicate the dot potentials, and the yellow dashed lines
are the potential cuts. The big dot contains two electrons as can be confirmed by integrating
the density over the middle region.
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