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Signal Detection and Modulation Classification in Non-Gaussian Noise

Environments

Venkata Gautham Chavali

(ABSTRACT)

Signal detection and modulation classification are becoming increasingly important in a

variety of wireless communication systems such as those involving spectrum management

and electronic warfare and surveillance, among others. The majority of the signal detection

and modulation classification algorithms available in the literature assume that the additive

noise has a Gaussian distribution. However, while this is a good model for thermal noise,

various studies have shown that the noise experienced in most radio channels, due to a

variety of man-made and natural electromagnetic sources, is non-Gaussian and exhibits im-

pulsive characteristics. Unfortunately, conventional signal processing algorithms developed

for Gaussian noise conditions are known to perform poorly in the presence of non-Gaussian

noise. For this reason, the main goal of this dissertation is to develop statistical signal pro-

cessing algorithms for the detection and modulation classification of signals in radio channels

where the additive noise is non-Gaussian.

One of the major challenges involved in the design of these algorithms is that they are

expected to operate with limited or no prior knowledge of the signal of interest, the fading

experienced by the signal, and the distribution of the noise added in the channel. Therefore,

this dissertation develops new techniques for estimating the parameters that characterize

the additive non-Gaussian noise process, as well as the fading process, in the presence of

unknown signals. These novel estimators are an integral contribution of this dissertation.



The signal detection and modulation classification problems considered here are treated

as hypothesis testing problems. Using a composite hypothesis testing procedure, the un-

known fading and noise process parameters are first estimated and then used in a likelihood

ratio test to detect the presence or identify the modulation scheme of a signal of interest.

The proposed algorithms, which are developed for different non-Gaussian noise models, are

shown to outperform conventional algorithms which assume Gaussian noise conditions and

also algorithms based on other impulsive noise mitigation techniques.

This dissertation has three major contributions. First, in environments where the noise

can be modeled using a Gaussian mixture distribution, a new expectation-maximization al-

gorithm based technique is developed for estimating the unknown fading and noise distribu-

tion parameters. Using these estimates, a hybrid likelihood ratio test is used for modulation

classification. Second, a five-stage scheme for signal detection in symmetric α stable noise en-

vironments, based on a class of robust filters called the matched myriad filters, is presented.

New algorithms for estimating the noise distribution parameters are also developed. Third,

a modulation classifier is proposed for environments in which the noise can be modeled as a

time-correlated non-Gaussian random process. The proposed classifier involves the use of a

whitening filter followed by likelihood-based classification. A new H∞ filter-based technique

for estimating the whitening filter coefficients is presented.
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Chapter 1

Introduction

Signal detection and classification are two of the most fundamental problems in signal pro-

cessing, with numerous applications in areas such as communications, speech recognition,

biomedicine, and image processing, among many others [2]. Signal detection refers to the

problem of detecting the presence of a signal of interest from noisy observations while classi-

fication involves the identification of certain signal features. In this dissertation, we consider

modulation classification, which is the problem of identifying the modulation format of the

signal of interest1.

Algorithms for signal detection and classification are essential components of a variety of

wireless communication systems. For example, there has been a great deal of interest of late

in developing intelligent radio systems which can more efficiently utilize the limited radio

frequency spectrum. In these systems, through dynamic spectrum access (DSA), secondary

users are allowed to access primary user spectrum on a dynamic and non-interfering basis [3].

For secondary users to be able to identify potential spectral opportunities, fast and accurate

algorithms for signal detection and classification are critical. In addition, in multi-mode

software radios and in adaptive modulation and coding systems, radio receivers must have

knowledge of the modulation scheme used by the transmitter prior to signal demodulation.

1From here on, the term “classification” is used to refer to modulation classification.

1
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The signaling overhead associated with the transmission of this modulation information can

be reduced through the use of blind modulation classification techniques, thereby resulting

in an increase in the data throughput [4]. Also, in military communications, electronic war-

fare and surveillance systems frequently scan the radio spectrum for detection and possible

interception of hostile signals. Reliable algorithms for detection and classification are of vital

importance in these scenarios [5].

A large number of algorithms have been developed in the literature for the detection

and classification of communication signals. For a comprehensive survey of such algorithms,

the reader is referred to [6] and [7] for detection and [8] for classification algorithms. The

significant majority of these algorithms have been developed under the assumption that the

additive noise experienced in the radio channel has a Gaussian distribution. While this is

a very good model for thermal noise, various studies have shown that radio channels are

affected by electromagnetic activity from a variety of sources, and that the combined noise

due to these sources is non-Gaussian and has impulsive characteristics [9–20]. Examples

of processes that are well modeled by non-Gaussian/impulsive models include atmospheric

noise [21], co-channel interference in wireless networks [11], spurious emissions from electronic

equipment like microwave ovens [16], clocks and buses of laptop and desktop computers

[17], LCD monitors [22], elevators [19], and automobile ignitions [20], among numerous

others. This combined noise, often referred to as “electro magnetic interference” and “radio

frequency interference” is simply denoted as “noise” in this dissertation.

Signal processing algorithms developed for Gaussian noise environments typically perform

significantly worse when non-Gaussian noise is present [17], [23–27]. This is due, in part, to

“the lack of robustness of linear and quadratic type signal processing procedures to many

types of non-Gaussian statistical behavior” [23]. For example, due to the impulsive nature of

the additive non-Gaussian noise experienced in radio channels, a host of popular (quadratic

type) signal processing techniques such as energy detectors [28], Kalman filters [29], and

other least squares-based estimation procedures [30] are known to show a severe degradation

in performance.
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The aim of this dissertation, therefore, is to develop new statistical signal pro-

cessing algorithms for reliable detection and classification of signals in practical

radio channels with additive non-Gaussian noise.

One of the major challenges involved in the design of these algorithms is that they are

expected to operate with limited or no prior knowledge of the signal parameters, the fading

experienced by the signal, and the distribution of the noise added in the channel. This is

because, while radios typically estimate the channel and noise distribution parameters after

signal demodulation, signal detection and classification have to be performed in the pre-

processing stage, that is, before signal demodulation [8]. Therefore, in this dissertation, blind

techniques are designed for estimating the parameters of the non-Gaussian noise distribution

and the state of the fading process2. The detectors and classifiers previously developed in

the literature for non-Gaussian noise environments commonly assume that these parameters

are either known a priori or estimated using training methods [24], [25], [27], [32], [33]. The

design of these blind estimators is therefore is a major contribution of this dissertation.

With the aim of developing optimal or near-optimal detection and classification algo-

rithms, likelihood-based techniques are adopted, since they minimize the probability of er-

ror [8]. In these techniques, the problem at hand is first formulated as a hypothesis testing

problem. Following a composite hypothesis testing procedure, the unknown state of the fad-

ing process and the noise distribution parameters are estimated, and a likelihood ratio test

is then used to choose the appropriate hypothesis [2].

In this dissertation, the signals of interest are assumed to be digital amplitude-phase mod-

ulated; that is, the considered modulation schemes are amplitude-shift keying (ASK), phase-

2The term “blind” refers to the fact that no training symbols are used in the estimation process. However,
other signal parameters like carrier frequency, symbol period, pulse shape, and bandwidth are assumed to
be known. This is a valid assumption for potential usage scenarios. For example, IEEE 802.22 radios that
make spectrum access decisions by relying on spectrum sensing must be able to detect analog and digital
TV signals [31]. The signal parameters used by the TV systems can be found in their standards. The
assumption that the signal parameters are known is widely used in the literature for the design of detection
and classification algorithms. See [6], [8], [25], and [32], among many others. For applications in which this
assumption may not hold, these parameters should be incorporated into the design of the detector/classifier
as nuisance parameters.
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shift keying (PSK), and quadrature-amplitude modulation (QAM) schemes, which are used

in a variety of wireless communication systems. Additionally, different statistical-physical

models for the additive non-Gaussian noise are considered. These include Middleton’s Class

A model (in which the noise is modeled as having a Gaussian mixture distribution) [12] and

the symmetric α stable model [9]. The proposed detection and classification algorithms, and

the underlying estimators, are analyzed in detail. Also, the performance gains obtained over

algorithms developed for Gaussian noise conditions and over other impulsive noise mitigation

techniques are demonstrated.

In addition to developing various signal processing algorithms for non-Gaussian noise en-

vironments, a technique for improving the reliability of signal detection in spectrum sensing

applications through radio collaboration is also presented. More specifically, in the Appendix

of this dissertation, a collaborative spectrum sensing approach which exploits spatial diver-

sity by intelligently combining the sensing data provided by multiple radios is proposed. In

the proposed approach, the sensing data provided by each radio is weighted in proportion to

its reliability. The novelty of this work lies in exploiting the correlation of the sensing data

provided by each radio over successive sensing intervals to keep complexity of the weight

estimation process at acceptable levels. It is shown that the proposed method offers an ex-

cellent tradeoff between reliability and complexity compared with conventional collaborative

sensing methods.

1.1 Outline of the Dissertation

Chapter 2 presents different models available in the literature for the additive noise that

affects radio channels. Two popular statistical-physical models, namely the Middleton’s

model and the symmetric α stable model, are examined in detail. The problem of modeling

time-correlated non-Gaussian noise environments is also discussed.

In Chapter 3, a likelihood-based technique for the classification of digital amplitude-phase
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modulated signals in flat fading channels with non-Gaussian noise is presented. The additive

noise is modeled by a Gaussian mixture distribution. Also developed, is a novel technique

for blind estimation of the fading state and the noise distribution parameters, which is based

on the use of a variant of the expectation-maximization (EM) algorithm. It is shown that

the proposed classifier outperforms a likelihood-based classifier designed for Gaussian noise

conditions.

A five-stage scheme for signal detection in symmetric α stable noise is presented in Chap-

ter 4. The proposed detector is based on the use of a matched myriad filter, which is known

to be an effective technique for dealing with non-Gaussian/impulsive noise. New empirical

characteristic function (ECF)-based algorithms for estimating the noise distribution param-

eters, in the presence of an additional unknown signal, are also developed. Results are pre-

sented which show that the proposed detection scheme outperforms a popular zero-memory

non-linearity (ZMNL)-based scheme.

The problem of classification in time-correlated non-Gaussian noise environments is ad-

dressed in Chapter 5. The proposed classifier involves the use of a whitening filter followed

by likelihood-based classification. A new technique for estimating the whitening filter coeffi-

cients, based on the use of the robust H∞ filter, is also developed. The gain in performance

obtained over classifiers which assume that the noise process is white is demonstrated.

A summary of the research and the conclusions are presented in Chapter 6. Finally, as

previously mentioned, a collaborative spectrum sensing algorithm which exploits both the

spatial diversity of multiple radios and the correlation in time of the sensing data provided by

each radio in order to improve the reliability of spectrum sensing is presented in Appendix A.

1.2 Contributions

The major contributions of this dissertation are:
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1. Chapter 3: Design of a likelihood-based classifier for identifying the modulation scheme

of an unknown digital amplitude-phase modulated signal in a flat-fading channel with

non-Gaussian noise. The non-Gaussian noise is modeled using a Gaussian mixture

distribution. This research includes:

(a) the development of a blind EM-based algorithm for estimating the unknown state

of the fading process and the noise distribution parameters,

(b) proposal of a hybrid likelihood ratio test-based modulation classifier, and

(c) performance analysis of the proposed estimator and modulation classifier for dif-

ferent fading models and noise distribution parameters.

Publication: V. G. Chavali and C. R. C. M. da Silva, “Maximum-likelihood clas-

sification of digital amplitude-phase modulated signals in flat fading non-Gaussian

channels,” IEEE Trans. Commun., vol. 59, no. 8, pp. 2051-2056, Aug. 2011.

2. Chapter 4: A novel matched myriad filter-based scheme for the detection of digital

amplitude-phase modulated signals in symmetric α stable distributed noise environ-

ments. This research includes:

(a) design of new ECF-based techniques for estimating the noise distribution param-

eters in the presence of an unknown signal,

(b) proposal of a novel five-stage scheme for the detection of signals in non-Gaussian

noise environments,

(c) a detailed analysis of the asymptotic properties of the output of a matched myriad

filter, and

(d) comparison of the proposed detection scheme with a ZMNL-based scheme.

Publication: V. G. Chavali and C. R. C. M. da Silva, “Detection of digital amplitude-

phase modulated signals in symmetric alpha-stable noise,” IEEE Trans. Commun.,

accepted for publication.
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3. Chapter 5: Development of a likelihood-based technique for classification of digital

amplitude-phase modulated signals in time-correlated non-Gaussian noise environ-

ments. This research includes:

(a) design of a new classifier which involves the use of a whitening filter followed by

likelihood-based classification,

(b) development of a novel H∞ filter based-technique for estimating the whitening

filter coefficients, and

(c) performance analysis of the proposed classifier and comparison with a classifier

developed for white noise conditions.

4. Appendix A: A practical collaborative spectrum sensing algorithm based on weighted

energy combining is developed for Gaussian noise environments. This research includes:

(a) proposal of a new collaborative spectrum sensing algorithm that exploits the

correlation of the sensing data provided by a given radio in successive sensing

intervals to keep the computational complexity of weighted energy combining at

acceptable levels and

(b) performance analysis which shows that the proposed method offers an excellent

tradeoff between reliability and complexity, when compared with conventional

collaborative sensing methods.

Publication: V. G. Chavali and C. R. C. M. da Silva, “Collaborative spectrum sensing

based on a new SNR estimation and energy combining method,” IEEE Trans. Veh. Tech-

nol., vol. 60, no. 8, pp. 4024-4029, Oct. 2011.



Chapter 2

Noise Models

In realistic environments, radios coexist with a variety of sources of electromagnetic radiation

which interfere with their operation. These sources, which introduce additive noise into

the system, can include atmospheric noise [9], co-channel interference in wireless networks

[11], and incidental radiation from various man-made devices, such as automobile ignitions

[12], elevators [15], microwave ovens [16], clocks and busses of computers [17], and LCD

monitors [22], among many others. Various measurement campaigns conducted in a variety

of environments concur that this additive noise is well modeled by non-Gaussian processes

and in most cases exhibits impulsive characteristics [15–22].

For the development of signal processing algorithms which offer optimal or near-optimal

performance in radio environments, accurate models of the additive non-Gaussian noise are

necessary. In this chapter, two of the most popular models for the first-order statistics of

the noise, namely the Middleton’s model (Section 2.1) and the symmetric α stable model

(Section 2.2), are presented. The popularity of these models stems from the fact that these

are statistical-physical models, that is, they are derived by combining “appropriate physical

and statistical descriptions of general (radio) noise environments” [12]. Consequently, these

models can accurately represent the statistics of the noise experienced in a wide variety of

environments. Additionally, in this chapter, a discussion on the available models for time-

8
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correlation (second order statistics) of the additive noise is also presented1 (Section 2.3).

2.1 Middleton’s Model

Middleton proposed a statistical-physical approach to model the non-Gaussian noise gen-

erated by various natural and man-made sources of electromagnetic activity in realistic

environments [12]. The first-order statistics, which include the probability density function

(pdf) and the characteristic function, of the envelope and the instantaneous amplitude of

the noise were first derived in [12] and later updated in [13]. This model has been used

in telecommunications and other domains including underwater acoustics, radar, and optics

(see [13] and references therein).

The main reason for the wide popularity of Middleton’s model is its canonical nature,

i.e., the analytical form of the model is invariant of the nature of the noise sources, the noise

waveforms, and propagation environments [34]. Another attractive feature of this model is

that its parameters represent different features of the radio environment such as the source

distribution, propagation properties, and beam patterns.

In deriving this model, the following assumptions are made about the physical environ-

ment of interest3:

1. An infinite number of potential noise sources are assumed to be present in the envi-

ronment.

2. The location and the noise emission times of the sources are assumed to be independent

and Poisson distributed in space and time, respectively.

3. The noise waveforms emitted from the different sources have the same form; however,

their amplitude, durations, and frequencies may be randomly distributed.

1First-order statistical models, like the Middleton’s model and the symmetric α stable model, do not
convey any information regarding the time correlation of the noise process.

3See [12] for a more detailed description of all the assumptions made in Middleton’s model.
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4. The noise process is assumed to be stationary, i.e., the underlying physical mechanisms,

such as the average number of emitters and the path loss exponent, are time invariant

over the period of observation.

5. The output of the receiver’s front end is considered to be narrowband.

According to this model, the additive noise is classified into three broad categories, Class

A, Class B and Class C. Classification into these categories is based on the response of the

receiver’s front end (RF/IF filtering stages) to the noise.

2.1.1 Class A noise

Class A noise was originally defined to constitute noise which “is typically narrower spectrally

than the receiver in question” [12]. It was later redefined as the noise which “produces

ignorable transients in the typical receiver” [35] meaning that the steady state response to

the filtering process dominates the transients generated at the front end4. Effectively, this

means that the noise is undistorted by the receiver front end, which is often the case when

the noise has a bandwidth smaller than the receiver bandwidth. The necessary and sufficient

condition for Class A noise is given by [35]

TI∆fR � 1, (2.1)

where TI is the duration of a typical emission from a noise source and ∆fR is the effective

bandwidth of the receiver. For example, if ∆fR = 6 MHz (digital TV), then TI � 1/∆fR ≈
0.2 µs.

Let X(t) represent the instantaneous amplitude of the Class A noise. According to this

model, the probability density function of the normalized instantaneous amplitude x is given

4As stated in [34], “Strictly speaking, we must always have a ‘build up’ and transient decay period
generated by the front-end stages of the receiver, when the incoming signal first appears, and next terminates.
For Class A interference these transient periods are negligible vis-a-vis the incoming (noise) emission’s
duration.”
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by

p(x) = exp(−AA)
∞∑
m=0

AmA

m!
√

4πσ̂2
mA

exp
(
− x2

4σ̂2
mA

)
, (2.2)

where x = X(t)√
Ω2A(1+Γ′A)

and 2σ̂2
mA =

m
AA

+Γ′A

1+Γ′A
.

Class A noise is completely defined by the following three parameters:

• AA is the overlap index which is defined as the number of noise emissions per second

times the mean duration of the typical emission (TI). The smaller the value AA, the

more impulsive the noise is. The noise becomes more Gaussian as AA increases,

• Γ′A ≡
σ2
G

Ω2A
is the Gaussian factor, which is defined as the ratio of the average power of

the Gaussian component (σ2
G) to the average power of the non-Gaussian component of

the noise, and

• Ω2A is the average power of the non-Gaussian component.

Noise emitted from various man-made devices such as dielectric heaters, soldering ma-

chines and plastic welders [12], modems [36], and microwave ovens [16] have been shown to

be accurately modeled using the Middleton’s Class A model . Additionally, it was shown

through statistical analysis that co-channel interference in cellular and Wi-Fi networks [11]

and microcell environments [37] can be well modeled using the Middleton’s Class A model.

Middleton’s Class A model has been extensively used to model impulsive noise in the

design of various signal processing algorithms for channel estimation [33], channel equaliza-

tion [38], signal detection [39], modulation classification [40], and signal demodulation [41],

among others. Various techniques have been proposed for accurate estimation of the Class

A model parameters [42], [43].
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2.1.2 Class B noise

Class B noise is characterized by significant transients or “ringing” of the receiver [12] which

generally occurs when the noise bandwidth is broader than the receiver bandwidth. For Class

B, the transient response in the filtering stages of the front end dominates the steady state

response leading to time broadening of the noise waveforms. In order to take into account

the distortions caused by this broadening, Class B noise must be handled differently from

Class A noise. Formally, the necessary and sufficient condition for Class B noise is given

by [35]

TI∆fR � 1. (2.3)

A detailed discussion on the derivation of the first-order statistics of the Class B noise

model is presented in [12]. The pdf of the Class B noise does not have a single closed form

expression and is represented using a pair of functions (one for small values of the noise

amplitude and one for larger values). The Class B noise model has six parameters. The

physical meaning of these parameters are explained in sufficient detail in [12], [44], while

various (empirical and analytical) methods for their estimation are presented in [42].

The first-order statistics of the noise from natural sources like lightning discharges in

the atmosphere and man-made sources such as automobile ignitions and fluorescent lights,

among several others can be accurately represented using the Class B noise model [12].

2.1.3 Additional notes on Middleton’s model

1. Class C noise, which is a mixture of both Class A and Class B noise, can be reduced

to a Class B form for practical analysis [13], [42].

2. Very commonly, Middleton’s model is associated with impulsive noise (spikes). How-

ever, it must be noted that the model is canonical in terms of waveforms, which can

be continuous wave trains and structured pulses, for example, in addition to impulses.
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In the context of Middleton’s model, the word “impulsive” means that the probability

of obtaining large instantaneous values of noise is higher when compared to Gaussian

noise. Class B noise generally constitutes short duration pulses (wide bandwidth) and

hence is more impulsive in nature when compared to Class A noise.

3. While the derived statistics of the Class A and Class B noise provide an insightful

description about the noise processes involved, other vital properties required for the

design of optimal receivers, such as the time correlation of the noise process, are not

considered in Middleton’s work. For this reason, a largely popular assumption made

in the design of communication receivers is that the noise process is white [39]. Fur-

thermore, as stated in [45], “by assuming independent samples, we obtain and upper

bound on the performance of the truly optimum detector [receiver], since if the samples

were dependent, the detector [receiver] would make use of the information contained in

this dependence to reduce the interference [noise]. That is, the performance of the op-

timal detector [receiver] for dependent samples can be no worse than the performance

of the optimum detector [receiver] for independent samples (for the same continuous

detection time from which the discrete samples were taken).” A detailed discussion

on this assumption of “effective independence” is provided in [45]. The independence

of the noise samples has been exploited to design communication receiver structures

optimized for Class A noise (see for example [33], [39], [46], among others).

4. The Class A distribution has the form of a Gaussian mixture model with infinite

number of terms. Gaussian mixture models with number of terms N ≤ 4 (N = 2 being

the most popular) can be a good approximation to Middleton’s Class A noise [25], [39],

[47]. For this reason, in this dissertation, when dealing with Class A environments, an

N -term Gaussian mixture distribution is used to model the non-Gaussian noise.

5. The complex nature of the Class B noise model makes the design of signal processing

algorithms using this model infeasible. For this reason, as an alternative, simpler mod-

els such as the symmetric α stable distributions are commonly used in the literature.
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(See Section 2.2.2 for details.)

2.2 Symmetric α Stable Model

A strong justification for the use of Gaussian distribution in modeling additive noise is the

Central Limit Theorem which states that the sum of independent and identically distributed

(i.i.d) random processes with finite variances converges to a Gaussian random process. The

more powerful Generalized Central Limit Theorem states that the limiting distribution of

a sum of i.i.d random processes is a stable distribution [48]. Stable distributions have tails

heavier than a Gaussian distribution and also have infinite variance. These two characteris-

tics of the stable distribution make it a popular model to represent the non-Gaussian noise

which exists in realistic environments and exhibits impulsive behavior. Stable distributions

have also been used to model various phenomena in areas such as physics, astrology, hy-

drology and biology (see [49], [50] and references therein). In this section, the focus is on

symmetric α stable (SαS) distributions, which are a subclass of stable distributions with

skewness parameter (β) equal to zero.

2.2.1 Model description

Under appropriate assumptions about the spatial distribution of the noise sources, their

emission characteristics and the propagation conditions in a physical environment, it has

been shown in [9] that the SαS distribution can be used to model the first-order statistics

of the noise affecting radio receivers. As in Middleton’s work, this model assumes that the

noise sources are independent and Poisson distributed in space and time, and the source

density and path loss model have an inverse power relationship with the distance to the

receiver. However, various other assumptions are made with the aim of deriving a simpler

and tractable model. A detailed analysis of the derivation and the features of this statistical-

physical model are presented in [9].
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The characteristic function of an SαS distribution is given by

Φ(ω) = exp(jδω − γ|ω|α), (2.4)

where

• α is the characteristic exponent with 0 < α ≤ 2. It is a measure of the heaviness of the

tails of the distribution with smaller α signifying heavier tails. The SαS distribution

reduces to the Gaussian and Cauchy distributions for α = 2 and α = 1, respectively.

• δ is known as the location parameter. When 1 < α ≤ 2, δ is the mean; and when

0 < α ≤ 1, δ is the median. When an SαS distribution is used to model non-Gaussian

noise, δ is typically taken to be zero.

• γ is the scale parameter, which is also known as the dispersion. It determines the

spread of the distribution around the location parameter. The dispersion plays a role

analogous to that of the variance in the Gaussian distribution (since variance is not

finite for SαS distributions).

• An additional parameter β known as the skewness parameter (−1 ≤ β ≤ 1) also exists

for stable distributions. It is a measure of the asymmetry of the distribution. For SαS

distributions, β is equal to zero.

2.2.2 Comparison with Middleton’s model

1. In order to obtain a canonical model, in Middleton’s derivations, considerable attention

was given to details like the structure of the noise waveforms and source distributions

[12]. As a result, Middleton’s model, especially the Class B model, is difficult to

derive and is highly complex. In contrast, the SαS models are derived from simplifying

assumptions on the radio environment. More specifically, the beam patterns of the
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receiver antenna and the noise sources are assumed to be non-directional and the noise

sources are assumed to be isotropically distributed in space. These assumptions make

the derivation easier and the model less complex.

2. As discussed earlier, Middleton’s Class B model for the noise amplitude has two char-

acteristic functions (or pdfs), one for amplitude values smaller than a threshold and

one for larger values. As this threshold approaches infinity, the Class B model can be

represented by a single characteristic function which has the same form as the char-

acteristic function of the SαS distribution [13]. Therefore, the Middleton’s Class B

model can be approximated with an SαS distribution when the amplitude threshold

tends to infinity [9]. In [13], it has been stated that Middleton’s Class B model can be

considered to be the sum of a SαS and a Gaussian process.

3. In a majority of the signal processing algorithms designed for Class B environments,

due to the complicated form of the noise model, the impact of the Gaussian component

is commonly ignored and the noise is modeled as having an SαS distribution. This

is because, as stated in [51], “the effects of impulsive [SαS] component, will gener-

ally, but not always, be more detrimental than those of the finite-variance [Gaussian]

component”.

Various experimental studies have confirmed that the SαS distribution can accurately

model impulsive noise. For example, it has recently been shown that the SαS distribution

models the noise emitted from the clocks and busses of laptop and desktop computers with

great accuracy [17]. The first-order statistics of the co-channel interference in multiple access

systems such as femtocell networks, ad-hoc networks, among others, can be well modeled

using the SαS distribution [11], [50], [52]. Atmosphere noise can also be modeled using this

distribution [9].

Examples of algorithms that have been designed for SαS distributed noise processes

include various source localization [53], direction of arrival estimation [54], signal detection

[55], and signal demodulation techniques [56].
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2.3 Time-Correlated Non-Gaussian Channels

In the previous sections, the non-Gaussian nature of the additive noise experienced by re-

ceivers in realistic environments was discussed and two well-known models for its first-order

statistics were presented. With this knowledge, and the assumption that the noise samples

at the output of a receiver are independent, various signal processing algorithms have been

developed for optimal or near-optimal performance in non-Gaussian noise (see [23], [39],

among many others). While this assumption of independence is convenient for the design

of tractable algorithms, it contradicts observations made in various studies that the non-

Gaussian noise exhibits time correlation (see [14–16], and [45] among others). The time

correlation exists because of several reasons. For example, as observed in [15], the power

radiated by non-Gaussian noise sources might not be constant in the frequency band of inter-

est. Correlation can also be caused by the spreading of the noise waveforms due to filtering

of the (wideband) noise at the receiver [57] or due to bursts of impulsive interference [16].

In these situations, receivers designed under the assumption that the noise process is

white will only offer sub-optimal performance. This is because, as stated in [58], the optimal

receiver structures depend on complete knowledge of the noise statistics. This includes the

second-order statistics (which represent the time correlation of the noise process) in addition

to the first-order statistics.

The design of optimal receivers in time-correlated non-Gaussian environments is chal-

lenging for two main reasons. First, there is a lack of statistical-physical models which

accurately represent the time correlation of the non-Gaussian noise under a wide variety of

environments. Second, even if these models were available, obtaining analytically tractable

algorithms that take into account both the correlation and the non-Gaussian behavior of the

noise process would not be an easy task.

Various models for time-correlated non-Gaussian noise have been proposed in literature

which allow for the design of tractable receiver algorithms. It must be noted, however, that
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most of these models are not physically motivated. The most popular models available in

the literature are now discussed.

2.3.1 Models for time-correlated non-Gaussian noise

1. Auto Regressive Moving Average (ARMA) models :

A correlated non-Gaussian random sequence {nk} can be generated by passing an i.i.d

random sequence {ek} through an ARMA(P,Q) process,

nk = c+ ek +

Q∑
j=1

bjek−j +
P∑
i=1

aink−i. (2.5)

One reason for the popularity of the ARMA model is its ability to closely match a

variety of correlation statistics using only a few parameters [59].

In modeling non-Gaussian noise, the i.i.d sequence {ek} is commonly assumed to have

either a Gaussian mixture distribution [57], [60–62] or an SαS distribution [56], [63],

[64], so that the first-order statistics of this model are compatible with the statistical-

physical models available in the literature. For the correlation, MA [60], [63], [64],

AR [57], [61], and ARMA models [62], [56] have been used.

Various statistical signal processing algorithms for signal detection [57], [61], [63], signal

demodulation [60], and direction of arrival estimation [65] in colored non-Gaussian noise

environments have been proposed using this model.

2. Multi-Dimensional Gaussian Mixture Model :

The pdf of an M -term N -dimensional Gaussian mixture model can be represented as

f(n) =
M∑
i=1

wi√
(2π)N |Σi|1/2

exp−
{1

2
(n− µi)

′Σ−1
i (n− µi)

}
, (2.6)

where µi, Σi and wi are the mean vector, covariance matrix, and the weights of each of
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theM terms, respectively. This model matches the statistical-physical model developed

for spatially correlated impulsive noise environments in [66]. An appealing feature of

multi-dimensional Gaussian mixture models is that they approximate the statistics of

a various other correlated non-Gaussian random processes with high fidelity provided

that enough number of terms are used [67].

Techniques for signal detection [47] and diversity combining [68], among others, have

been developed which use multi-dimensional Gaussian mixture models to model time-

correlated non-Gaussian noise.

3. Compound Gaussian model :

In this model, the noise process is represented as a product of a Gaussian (possibly

correlated) random process g(t) and a non-negative random process s(t).

n(t) = s(t)g(t) (2.7)

The compound Gaussian model is a very generic noise model whose marginal pdf can

be set to either the Middleton’s Class A model or the SαS model, by appropriately

choosing the random process s(t) [69].

When dealing with compound Gaussian process, it is commonly assumed that pro-

cess s(t) is invariant over the noise observation period, thus resulting in a Spherically

Invariant Random Processes. These processes are commonly used to model colored

non-Gaussian noise due to atmospheric effects [21], radar clutter echoes [70], and multi-

access interference in cellular networks [71], among others.

4. Other time correlation models used in the literature include m-dependent noise [72],

φ-mixing noise [58], [73], transformation noise [74], [75], and long range dependence

[14], [76].
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2.4 Conclusions

In this chapter, an analysis of various models used to characterize the non-Gaussian noise

affecting radio receivers in realistic environments was presented. Two popular statistical-

physical models, namely the Middleton’s model and the SαS model, were discussed in detail.

In addition, models for time-correlated non-Gaussian noise were also studied. The models

discussed in this chapter will be used in the rest of the dissertation for the design of signal

detection and modulation classification algorithms in non-Gaussian noise environments.



Chapter 3

Maximum-Likelihood Modulation

Classification in Gaussian Mixture

Noise Environments

Techniques for modulation classification can be divided into two broad categories, likeli-

hood -based and feature-based [8]. Most of the classifiers developed for non-Gaussian noise

conditions are feature-based; that is, they exploit modulation dependent features of the

signal, such as cumulants [77], [78], for classification. While feature-based classifiers are gen-

erally easier to implement, they are sub-optimal. Likelihood-based classifiers, on the other

hand, are optimal in the Bayesian sense, as they minimize the probability of classification

error [2].

Different likelihood-based classifiers have been developed for the case in which the addi-

tive noise is modeled to have a Gaussian distribution. In these classifiers, techniques like the

average likelihood ratio test (ALRT) [79], the generalized likelihood ratio test (GLRT) [80],

and the quasi hybrid likelihood ratio test (qHLRT) [81] are used to deal with the unknown

channel state and the noise distribution parameters. The reader is referred to [8] for a survey

of these techniques. However, the only likelihood-based classifier available in the literature

21
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for the non-Gaussian noise case was proposed in [40], where it was assumed that the channel

state and noise distribution are known to the classifier.

In this chapter, a likelihood-based technique is proposed for the classification of digital

amplitude-phase modulated signals in flat-fading channels with non-Gaussian noise. The ad-

ditive noise is modeled by a Gaussian mixture distribution (with a known number of terms).

Also developed is a blind algorithm for estimating the unknown channel state and noise

distribution parameters. With these estimates, the signal is classified using a hybrid likeli-

hood ratio test. Results are presented which show that the proposed classifier’s performance

approaches that of the ideal classifier with perfect knowledge of the fading state and noise

distribution.

The remaining sections of this chapter are organized as follows. Section 3.1 presents

the system model. The proposed hybrid likelihood ratio test-based classifier is developed in

Section 3.2, while the blind technique for parameter estimation is derived in Section 3.3. The

numerical results are presented in Section 3.4 and the conclusions are drawn in Section 3.5.

3.1 System Model

The data conveyed in the observed signal is assumed to be mapped onto a digital amplitude-

phase constellation Sm (unknown to the classifier). The symbols {sm[k] ∈ Sm}Kk=1 represent

the received data symbols and are assumed to be independent and uniformly distributed

among the Nm constellation points that define Sm. Assuming perfect recovery of symbol

timing and sampling at the symbol rate, the low-pass equivalent of the signal at the matched

filter’s output is

r[k] = αsm[k] + w[k], k = 1, 2, . . . , K, (3.1)

where α is a complex factor used to represent both the flat fading experienced by the signal

and the unknown power and carrier phase of the transmitted signal. Despite the fact that

α is used to represent different channel and signal parameters, this variable is referred to
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as the “channel coefficient”. The channel is considered to be slowly varying, and hence α

is taken to be constant over observation interval. The pulse shape is assumed to be known

satisfies the Nyquist intersymbol interference criterion.

In (3.1), {w[k]}Kk=1 is a set of complex random variables that represents the additive

noise. As previously discussed, the noise in most radio channels is known from experimental

studies to be non-Gaussian, due in part to the impulsive nature of man-made and natural

electromagnetic noise. The pdf of the noise sample w[k] is therefore given by the N -term

Gaussian mixture

p(w) =
N∑
n=1

λn
πσ2

n

exp

(
−|w|

2

σ2
n

)
, (3.2)

where λn is the probability that w[k] is chosen from the nth term in the pdf, with 0 ≤ λn ≤ 1

and
∑N

n=1 λn = 1. The number of terms N is assumed to be known. This model is chosen

because the Gaussian mixture density closely approximates Middleton’s canonical Class A

noise model [12], [25] and other symmetric pdfs [82]. In addition, (3.2) includes the Gaussian

pdf as a special case. The random variables {w[k]}Kk=1 are assumed to be i.i.d. – a common

assumption for analytical purposes (see, for example, [23], [82–84]).

In the analysis that follows, the channel coefficient α and the noise distribution parame-

ters {λn}Nn=1 and {σn}Nn=1 are modeled as deterministic, unknown variables.

3.2 Likelihood-based Modulation Classifier

Let Hm be the hypothesis that the modulation scheme (that is, the amplitude-phase con-

stellation) of the received signal is Sm, m = 1, 2, . . . ,M . Likelihood-based modulation clas-

sification is a composite hypothesis testing problem in which the hypothesis that maximizes

the (log-)likelihood of the matched filter’s output {r[k]}Kk=1 is chosen,

Ĥ = arg max
Hm

log p (r[1], . . . , r[K]|Hm) . (3.3)
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Due to the assumption that the symbols {sm[k]}Kk=1 and the noise samples {w[k]}Kk=1 are

two sets of i.i.d. random variables (with different statistics), the signal samples {r[k]}Kk=1

are also i.i.d. for a given hypothesis Hm. In this case, the Total Probability Theorem can

be used to show that p (r[1], . . . , r[K]|Hm) =
∏K

k=1

∑Nm
i=1 p (r[k]| smi[k])P (smi[k]|Hm) [85],

where smi[k] is the ith constellation point of the mth modulation scheme. Substituting this

result and (3.2) into the log-likelihood function, and assuming that all constellation points

of a modulation scheme have the same a priori probability, P (smi[k]|Hm) = 1/Nm, yields

log (p (r[1], . . . , r[K]|Hm)) =
K∑
k=1

log

{
1

Nm

Nm∑
i=1

N∑
n=1

λn
πσ2

n

exp

(
−|r[k]− αsmi[k]|2

σ2
n

)}
. (3.4)

It is seen in (3.3) and (3.4) that the classifier requires knowledge of α, {λn}Nn=1, and

{σn}Nn=1. However, classifiers typically have no knowledge of the fading experienced by

the signal and the distribution of the noise added in the channel. In this classifier, the

hybrid likelihood ratio test (HLRT) is adopted, which does not require knowledge of the

unknowns’ pdf, as in the ALRT, and it does not fail in uniquely classifying nested constel-

lations (such as 16-QAM and 32-QAM), as in the GLRT [8]. In the HLRT, the unknown

symbols are averaged out, as in the ALRT, and α, {λn}Nn=1, and {σn}Nn=1 are estimated by

using maximum-likelihood estimation, as in the GLRT.

As the unknowns are estimated with no knowledge of the received signal’s modulation

scheme, using a standard composite hypothesis testing procedure [2, Chapter 6], one set of

estimates is obtained for each hypothesis (that is, for each possible modulation scheme). Let

the estimates of α, {λn}Nn=1, and {σn}Nn=1 obtained assuming that Hm is true be denoted by

αm, {λmn }Nn=1, and {σmn }Nn=1, respectively. Using this definition, the final form of the proposed

classifier is

Ĥ = arg max
Hm

K∑
k=1

log

{
1

Nm

Nm∑
i=1

N∑
n=1

{
λmn

π (σmn )2 exp

(
−|r[k]− αmsmi[k]|2

(σmn )2

)}}
. (3.5)
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3.3 Estimation of the Unknown Channel and Noise

Distribution Parameters

The EM algorithm is an iterative method for the numerical evaluation of maximum-likelihood

estimates [86]. This algorithm is very useful in problems where the joint use of observed data

o (in this case, o = {r[k]}Kk=1) and hidden data h (to be defined) simplifies the maximization

of the likelihood function. Areas of application include speech recognition and the estimation

of mixture distribution parameters, among others. The observed data along with the hidden

data constitute the complete data c, so that c = {o,h}.

The EM algorithm consists of two steps. First, in the expectation step (E-step), the

expectation of the log-likelihood of the complete data given the observed data is evaluated.

Second, in the maximization step (M-step), new estimates of the unknowns are obtained

by maximizing the expectation computed in the E-step. The EM algorithm has the prop-

erty that the log-likelihood function of the observed data increases monotonically with each

iteration. However, it does not guarantee convergence to the global maximum when the

log-likelihood has multiple local maxima, with the point of convergence depending on the

initial estimates. Detailed discussions of the convergence of the EM algorithm can be found

in [87] and [88].

A new set of variables {y[k]}Kk=1 is introduced, where y[k] is associated with the kth

signal sample r[k]. The value of y[k] indicates the term of the mixture which models the

noise component of r[k]; thus, for an N -term mixture distribution, y[k] ∈ {1, 2, ..., N}.
For example, using (3.2), y[k] = 1 means that the noise component of r[k] is a zero-mean

Gaussian with variance σ2
1. Using this definition, the hidden data is taken to be h =

{y[k], sm[k]}Kk=1, where sm[k] is defined in (3.1). Therefore, the complete data is given by

c = {r[k], y[k], sm[k]}Kk=1. (The hidden data is also often defined as h = {y[k]}Kk=1 or

h = {sm[k]}Kk=1 – examples include [30], [89].)

Let θ = {α, λ1, λ2, . . . , λN , σ1, σ2, . . . , σN} be the vector of variables to be estimated, and
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θp = {αp, λp1, λp2, . . . , λpN , σp1, σp2, . . . , σpN} be the current estimate of θ. The proposed algo-

rithm for the estimation of the channel state and noise distribution parameters is obtained

as follows:

1) E-step. The conditional expectation of the log-likelihood of c is defined as [86]

Q(θ,θp|Hm) = E[log(p(c|θ, Hm))|o,θp, Hm] =
∑
h

log(p(c|θ, Hm))P (h |o,θp, Hm). (3.6)

Recalling that the variables {r[k]}Kk=1, {y[k]}Kk=1, and {sm[k]}Kk=1 are sets of i.i.d. random

variables (with different statistics), log(p(c|θ, Hm)) in (3.6) can be written as

log(p(c|θ, Hm)) = log

(
K∏
k=1

p (r[k], y[k], sm[k]|θ, Hm)

)

=
K∑
k=1

log (p(r[k]|y[k], sm[k],θ)× P (y[k], sm[k]|θ, Hm))

=
K∑
k=1

log

(
λy[k]

Nm

p(r[k]|y[k], sm[k],θ)

)
(3.7)

where, using the model presented in Section 3.1, P (y[k], sm[k]|θ, Hm) = P (y[k]|θ)P (sm[k]|Hm)

and P (sm[k]|Hm) = 1/Nm for sm[k] ∈ Sm. The probability that the noise component of r[k]

is modeled by the y[k]th term of the mixture distribution, P (y[k]|θ), is denoted by λy[k].

The probability P (h |o,θp, Hm) in (3.6) is obtained by using Bayes’ Theorem, and is

given by

P (h |o,θp, Hm) =
K∏
i=1

P (y[i], sm[i]|r[i],θp, Hm) =
K∏
i=1

λpy[i]

Nm

p(r[i]|y[i], sm[i],θp)

p(r[i]|θp, Hm)
. (3.8)
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Substituting (3.7) and (3.8) in (3.6) and rearranging the summations, we have

Q(θ,θp|Hm) =
K∑
k=1

∑
h

(
log

(
λy[k]

Nm

p(r[k]|y[k], sm[k],θ)

) K∏
i=1

λpy[i]

Nm

p(r[i]|y[i], sm[i],θp)

p(r[i]|θp, Hm)

)
.

(3.9)

The lth term in the first summation of (3.9) can be simplified as

Tl =
∑
y[l]

∑
sm[l]

(
log

(
λy[l]

Nm

p(r[l]|y[l], sm[l],θ)

)
λpy[l]

Nm

p(r[l]|y[l], sm[l],θp)

p(r[l]|θp, Hm)

×
∑

{y[k]}Kk=1−y[l]

∑
{sm[k]}Kk=1−sm[l]

K∏
i=1,i 6=l

λpy[i]

Nm

p(r[i]|y[i], sm[i],θp)

p(r[i]|θp, Hm)

 . (3.10)

Noticing that
∑

y[i]

∑
sm[i] P (y[i], sm[i]|r[i],θp, Hm) = 1, (3.9) reduces to

Q(θ,θp|Hm) =
K∑
k=1

∑
y[k]

∑
sm[k]

log

(
λy[k]

Nm

p(r[k]|y[k], sm[k],θ)

)
λpy[k]

Nm

p(r[k]|y[k], sm[k],θp)

p(r[k]|θp, Hm)
.

(3.11)

From (3.1) and (3.2), the pdfs in (3.11) are given by

p(r[k]|y[k], sm[k],θ) =
1

πσ2
y[k]

exp

(
−|r[k]− αsm[k]|2

σ2
y[k]

)
,

p(r[k]|y[k], sm[k],θp) =
1

π
(
σpy[k]

)2 exp

−|r[k]− αpsm[k]|2(
σpy[k]

)2

,
and, by using the Total Probability Theorem,

p(r[k]|θp, Hm) =
1

Nm

∑
sm[k]

N∑
n=1

λpn
π (σpn)2 exp

(
−|r[k]− αpsm[k]|2

(σpn)2

)
.
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2) M-step. New estimates of the unknown variables are obtained by determining

θp = arg max
θ

Q(θ,θp|Hm). (3.12)

Unfortunately, due to the non-trivial coupling between the expressions for the channel co-

efficient and variances of the Gaussian mixture distribution, the simultaneous update of

all the variables’ estimates in the M-step is difficult in this formulation. In order to alle-

viate this problem, a variant of the EM algorithm known as the Expectation/Conditional

Maximization (ECM) algorithm is used [90]. In this algorithm, the complicated M-step

is replaced by computationally simpler conditional maximization stages, while the E-step

remains unchanged. As shown in [88, Chapter 5], the ECM algorithm preserves the mono-

tone convergence property of the EM algorithm. Also, while the ECM algorithm “typically

converges more slowly than the EM algorithm in terms of number of iterations” [88], this

algorithm “can always be constructed to converge at the same or approximately the same

rate as the EM algorithm” [91].

Using the ECM procedure, the variables to be estimated are divided into two sets: θ1 =

{α} and θ2 = {λ1, . . . , λN , σ1, . . . , σN}. The function Q(θ,θp|Hm) is first maximized with

respect to θ1, with θ2 fixed at its current estimate value, θp2 = {λp1, . . . , λpN , σp1, . . . , σpN}. By

taking the derivative of (3.11) with respect to α, the estimate θp1 = {αp} is updated by using

αp =

∑
k

∑
y[k]

∑
sm[k]

r[k]s∗m[k](
σp
y[k]

)2

λp
y[k]

Nm

p(r[k]|y[k],sm[k],θp
)

p(r[k]|θp
,Hm)∑

k

∑
y[k]

∑
sm[k]

|sm[k]|2(
σp
y[k]

)2

λp
y[k]

Nm

p(r[k]|y[k],sm[k],θp
)

p(r[k]|θp
,Hm)

.

The set θp2 is then updated with the result of maximizing Q(θ,θp|Hm) with respect to θ2,

while keeping θ1 fixed at θp1. By now taking the derivative of (3.11) with respect to λn and

σn, the estimates λpn and σpn are updated by using, respectively,

λpn =
1

K

∑
k

∑
sm[k]

λpn
Nm

p(r[k]|y[k] = n, sm[k],θp)

p(r[k]|θp, Hm)
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and

σpn =

√√√√√∑k

∑
sm[k] |r[k]− αpsm[k]|2 λpn

Nm

p(r[k]|y[k]=n,sm[k],θp
)

p(r[k]|θp
,Hm)∑

k

∑
sm[k]

λpn
Nm

p(r[k]|y[k]=n,sm[k],θp
)

p(r[k]|θp
,Hm)

.

As discussed in Section 3.2, one set of estimates of α, {λn}Nn=1, and {σn}Nn=1 is obtained

for each hypothesis. Therefore, the EM-based estimator is performed for each possible

modulation scheme. The obtained estimates, denoted by αm, {λmn }Nn=1, and {σmn }Nn=1 when

Hm is assumed true, are then used by the classifier, as seen in (3.5).

3.4 Numerical Results and Discussion

In the results that follow, the modulation schemes considered are BPSK, QPSK, 8-PSK, and

16-QAM. (Note that the signal constellations of the BPSK, QPSK, and 8-PSK schemes are

nested [2], [8].) The modulation schemes are assumed to be equally likely. Unless otherwise

noted, the amplitude of the channel coefficient α is assumed to be Rayleigh distributed,

with E[|α|2] = 2, and its phase uniformly distributed in (0, 2π]. The number of terms in the

Gaussian mixture distribution is taken to be N = 2. This case is widely used in the literature

(see, among others, [23], [25], [82], and [84]) as a model for impulsive noise. In this case,

the first and second terms of the mixture represent the thermal noise (with variance σ2
1 and

proportion λ1) and the impulsive noise (with variance σ2
2 � σ2

1 and proportion λ2 = 1− λ1)

components, respectively. Unless specified, the values of λ2 and of the ratio of the variances

of the impulsive noise and thermal noise components, κ = σ2
2/σ

2
1, are set to 0.1 and 100,

respectively. The received signal-to-noise ratio (SNR) is defined as the ratio of the average

received signal power and the variance of the thermal noise component5; that is, the received

SNR is equal to E[|α|2]E[|sm[k]|2]/σ2
1.

5The SNR is also often defined for the N = 2 case as the ratio of signal power to the noise power, where
the noise power is equal to (λ1σ

2
1+λ2σ

2
2); that is, the SNR is equal to

(
E[|α|2]E[|sm[k]|2]

)
/(λ1σ

2
1+λ2σ

2
2). For

the arbitrary N case (N > 2) there is not a well established definition for SNR. However, the two definitions
used for the N = 2 case can be generalized to an arbitrary N . For example, the SNR could be defined as the
ratio of signal power to the noise power, with the noise power being equal to (λ1σ

2
1 + λ2σ

2
2 + . . .+ λNσ

2
N ).
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Figure 3.1: Log-likelihood function of the observed data for 8-PSK (dotted lines) and 16-
QAM (solid) and various noise parameters: λ2 = 0.05, κ = 75 (square), λ2 = 0.05, κ = 75
(star), λ2 = 0.1, κ = 100 (diamond), λ2 = 0.2, κ = 100 (circle), and λ2 = 0.25, κ = 100
(plus).

As discussed in Section 3.3, the EM and ECM algorithms have the property that the

log-likelihood function of the observed data increases monotonically to some value with each

iteration. This result can be seen in Fig. 3.1 for the proposed formulation given different

modulation schemes and noise distribution parameters. In this implementation, parameter

initialization was performed according to the guidelines given in [82]. Also, the estimator

was assumed to have converged when the change in the estimates’ values over successive

iterations was less than or equal to 0.1%.

The performance of the proposed algorithm for the blind estimation of the channel state

and noise distribution parameters is shown in Figs. 3.2 and 3.3. In Fig. 3.2, the average bias

in the estimates of the amplitude and phase of the channel coefficient is shown for various

numbers of observed symbols. The normalized variance of the estimates of σ2
1 and σ2

2 is

shown in Fig. 3.3. As expected, the performance of the estimator improves with increasing
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Figure 3.2: Average bias in the estimates of the phase (in radians, dashed lines) and mag-
nitude (unitless, solid lines) of the channel coefficient α. The average bias in the estimate
X̂ of the parameter X is defined as E[|X − X̂|]. Number of observed symbols equal to 100
(diamond), 200 (square), and 500 (circle).

the SNR and/or the number of observed symbols. It is seen that for given values of SNR

and the number of observed symbols, the normalized variance of the estimate of σ2
1 is always

smaller than that of σ2
2. This is because impulsive noise is present in only 10% of the observed

symbols (λ2 = 0.1).

The proposed classifier’s performance is shown in Figs. 3.4-3.6 for various noise parameter

values and fading models (Rayleigh and Rician). For reference, the performance of the ideal

(“genie”-aided) classifier with perfect knowledge of the channel state and noise distribution is

also plotted. This classifier is given by (3.5) with the true values (instead of noisy estimates)

of α, {λn}Nn=1, and {σn}Nn=1 used. Similarly, the performance of the likelihood-based classifier

formulated for Gaussian noise channels when used in a Gaussian mixture noise environment

is also presented. This case corresponds to a situation in which there is a mismatch between

the noise model used in the classifier design and the actual statistics of the noise added in
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Figure 3.3: Normalized variance of the estimates of σ2
1 (dashed lines) and σ2

2 (solid). The
normalized variance of the estimate X̂ of the parameter X is defined as V ar[X̂]/X. Number
of observed symbols equal to 100 (diamond), 200 (square), and 500 (circle).

the channel. This classifier is given by (3.5) with N = 1 and variance λ1σ
2
1 + λ2σ

2
2. The

parameters α, {λn}Nn=1, and {σn}Nn=1 are also assumed to be known.

It is seen in Figs. 3.4-3.6 that the performance of the proposed classifier approaches that

of the ideal classifier designed for Gaussian mixture noise in all cases. It is also seen that the

gap in performance between the proposed classifier and the classifier designed for Gaussian

channels is always significant, and that, by comparing Figs. 3.4 and 3.5, this gap increases

as the noise becomes “more impulsive.” It can also be seen that the performance improves

for increasing number of symbols used in the estimation process, as the estimation accuracy

increases.

Additionally, Tables 3.1 and 3.2 present the confusion matrix of the proposed classifier

for noise distribution parameters. It can be observed from these tables that, for a given

value of the received SNR, the BPSK scheme is most easily identifiable, while the 16-QAM
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Figure 3.4: Probability of correct classification of the proposed classifier for λ2 = 0.1 and
κ = 100. The performances of ideal classifiers derived for the non-Gaussian (star) and
Gaussian noise cases (plus) are also shown. Number of observed symbols for parameter
estimation equal to 100 (diamond), 200 (square), and 500 (circle). Number of symbols used
for classification is 500.

scheme is the most difficult to identify.

3.5 Conclusion

A new algorithm for the classification of digital amplitude-phase modulated signals in flat

fading channels with non-Gaussian noise was proposed. In this derivation, the additive noise

was modeled by a Gaussian mixture distribution, which is a widely used model for different

noise environments, including heavy-tailed and Gaussian noise. The proposed likelihood-

based classifier utilizes a variant of the EM algorithm to estimate the channel and noise

parameters without the aid of training symbols. Numerical results show that the proposed

classifier achieves near-optimum performance when sufficient observation symbols are avail-
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Figure 3.5: Probability of correct classification of the proposed classifier for λ2 = 0.3 and
κ = 250. The performances of ideal classifiers derived for the non-Gaussian (star) and
Gaussian noise cases (plus) are also shown. Number of observed symbols for parameter
estimation equal to 100 (diamond), 200 (square), and 500 (circle). Number of symbols used
for classification is 500.

able for parameter estimation. It was also observed that the classifier designed for Gaussian

channels performs significantly worse than the proposed classifier when Gaussian mixture

noise is present.
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Figure 3.6: Probability of correct classification of the proposed classifier for a Rician channel
with parameters K = 0.5 and E[|α|2] = 3. λ2 = 0.1 and κ = 100. The performances of
ideal classifiers derived for the non-Gaussian (star) and Gaussian noise cases (plus) are also
shown. Number of observed symbols for parameter estimation equal to 100 (diamond), 200
(square), and 500 (circle). Number of symbols used for classification is 500.

Table 3.1: Confusion matrix of the proposed classifier for λ2 = 0.1 and κ = 100. Average
received SNR = 5dB

BPSK QPSK 8PSK 16-QAM

BPSK 0.974 0.005 0.013 0.008

QPSK 0.055 0.741 0.105 0.099

8PSK 0.060 0.051 0.835 0.054

16-QAM 0.080 0.192 0.147 0.583
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Table 3.2: Confusion matrix of the proposed classifier for λ2 = 0.3 and κ = 250. Average
received SNR = 5dB

BPSK QPSK 8PSK 16-QAM

BPSK 0.971 0.006 0.017 0.006

QPSK 0.058 0.732 0.108 0.102

8PSK 0.063 0.061 0.820 0.056

16-QAM 0.081 0.205 0.173 0.541



Chapter 4

Signal Detection in Symmetric α

Stable Noise Environments

Signal detection is a fundamental problem in signal processing with a variety of applica-

tions in wireless communications. In military applications, for example, electronic warfare

and surveillance systems must reliably detect hostile signals [5]. Signal detection is also a

possible enabling technique for the realization of DSA systems [31]. The design of optimal

signal detection schemes requires knowledge of transmitted signal parameters, fading expe-

rienced by the signal, and the distribution of the noise added in the channel. However, in

various applications, such as those previously mentioned, detectors operate with limited or

no knowledge of these factors. Additionally, in most scenarios of interest, detection schemes

must be reliable even at very low SNR levels. For example, the IEEE 802.22 standard re-

quires reliable detection of signals which are 15 dB below the noise floor [31]. These issues

make signal detection a challenging task.

A large number of detection schemes have been developed over the years for the case in

which the additive noise is a Gaussian process [6], [7]. However, as previously discussed, the

additive noise experienced in most radio channels is a non-Gaussian process. Algorithms

designed for optimal performance in Gaussian noise typically perform significantly worse

37
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when non-Gaussian noise is present [13], [17], [23], [30]. For this reason, various algorithms

have been developed to effectively deal with non-Gaussian noise [24], [92], [93], [94]. One

such technique, which has been gaining popularity in the design of wireless receivers, is the

myriad filter [17], [94], [95]. Myriad filter is a non-linear operator known to be of great value

for signal processing in impulsive noise environments, especially when the noise is modeled

by the SαS distribution (defined in Section 2.2) [94], [95]. In this chapter, we propose a

matched myriad filter-based solution to the problem of signal detection in SαS noise.

The main contributions of this chapter are: 1) a new five-stage scheme for the detection

of digital amplitude-phase modulated signals in SαS noise; 2) new ECF-based algorithms

for the estimation of noise distribution parameters in the presence of an unknown signal; 3)

a detailed analysis of the asymptotic properties of the matched myriad filter output; and 4)

performance analysis of the proposed detection scheme and its comparison with that of a

ZMNL-based scheme.

The different sections of this Chapter are organized as follows. The system model is

presented in Section 4.1. The myriad filter is introduced in Section 4.2 and the proposed

detection scheme is detailed in Section 4.3. Numerical results and conclusions are presented

in Section 4.4 and 4.5, respectively. Additionally, a detailed analysis of the asymptotic

properties of the matched myriad filter output in presented in Appendix B.

4.1 System Model

Signal detection can be modeled as a binary hypothesis testing problem with hypotheses

H0 and H1 denoting the absence and presence of the signal of interest, respectively. In the

proposed model, the low-pass equivalent of the received signal is given by

H0 : r(t) = n(t) (4.1)

H1 : r(t) = s(t) + n(t), where s(t) = αch

∞∑
m=−∞

smp(t−mT − εT ). (4.2)
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In (4.2), the complex random variables {sm}∞m=−∞ are the transmitted data symbols, which

are assumed to be independent and uniformly distributed among the NS constellation points

of a known digital amplitude-phase constellation S with E[|sm|2] = 1. The real-valued pulse

shape p(t) and the symbol duration T are assumed to be known. The timing offset of the

received signal, due to the lack of a time reference at the receiver, is denoted by εT . Without

loss of generality, we assume that 0 ≤ ε < 1. The channel is assumed to be slowly varying

and, in particular, the (deterministic and unknown) parameter αch(= αR + jαI) in (4.2),

which represents both the flat fading experienced by the signal and the unknown power and

carrier phase of the transmitted signal, is assumed to remain constant during the observation

interval.

As previously discussed, the noise experienced in most radio channels is non-Gaussian,

due to the impulsive nature of man-made and natural electromagnetic noise. In this chapter,

the additive noise is modeled using the SαS distribution, which is known to accurately model

the amplitude of noise processes that produce “significant transients at the receiver” and/or

that are spectrally wider than the receiver’s front-end [13]. It has been shown that co-

channel interference [11] and the radio frequency interference generated by clocks and busses

of computers [17] are well modeled using the SαS distribution.

The SαS distribution is defined by its characteristic function, since a closed form ex-

pression for its probability density function (pdf) is not always available. The characteristic

function Φη(ω) of an SαS random variable η is given by [9]

Φη(ω) = E[exp(jωη)] = exp(−jωδ − γ|ω|α), (4.3)

where α, γ, and δ are the characteristic exponent, dispersion, and location, respectively. For

a more detailed description of these parameters, the reader is referred to Section 2.2.

It is assumed that the noise process n(t) is white, a common assumption made for analyt-

ical purposes (see [23], [94], [96], [97], among others). Additionally, as the complex baseband

model is used, we assume that the samples of the noise process n(t), denoted by n = nR+jnI ,
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have a bivariate isotropic SαS distribution whose characteristic function is given by [9, Ch. 9]

Φn(ω1, ω2) = E[exp(j(ω1nR + ω2nI))] = exp
(
−γ(ω2

1 + ω2
2)

α
2

)
. (4.4)

4.2 The Myriad Filter

The design of optimal receivers is challenging, if not impractical, when the noise is SαS

distributed. This is mainly due to the fact that this distribution does not have a closed

form pdf (except when α = 1 or 2). Consequently, various sub-optimal algorithms have been

proposed in the literature. These include Cauchy receivers [24], locally optimal receivers [32],

and Gaussian-tailed ZMNLs [92]. In addition, myriad filters are becoming increasingly

popular because of certain optimality properties they possess in SαS environments [98].

These filters are based on the concept of sample myriad. The sample myriad is an M-

estimator for the location δ of a sequence of independent and identically distributed (i.i.d.)

samples {xi}Ni=1, and is given by [95]

βK = arg min
β

N∑
i=1

log[K2 + (xi − β)2]. (4.5)

As seen in (4.5), the sample myriad has a freely tunable parameter K, known as the linear-

ity parameter, whose value plays a significant role in the estimator’s behavior. The sample

myriad approaches the sample mean and the sample mode as K → ∞ and K → 0, respec-

tively [98].

For SαS distributions, the sample myriad provides the maximum-likelihood estimate of

the location δ when α approaches 0 and when it is equal to 1 and 2 by setting K to be

0, γ, and ∞, respectively [98]. Using this fact, the value of K can be adjusted based on

the parameters α and γ to obtain near-optimal estimates for δ. Because no closed-form

expression is available for the optimal value of K (that is, the value of K which minimizes

the variance of the estimates), various approximate expressions have been proposed. The
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expression proposed by Gonzalez and Arce in [98], for example, given by

K =

√(
α

2− α

)
γ1/α, (4.6)

has been shown to “consistently provide efficient results in a variety of conditions” [95].

Alternatively, the expression

K =
(
−0.66 + 0.44e1.28α + 7.62× 10−34e39.24α

)
γ1/α, (4.7)

proposed in [99], has been shown to be more accurate than (4.6), especially for α < 1 and/or

γ > 1 [100]. It is important to note that in order to use either of these expressions, the

parameters α and γ of the underlying SαS distribution must either be known or estimated6.

In the development of robust signal processing techniques for impulsive noise environ-

ments, by relying on a generalized formulation of the myriad, the concept of myriad filters

has been extended to matched myriad filters, weighted myriad filters, and scaled weighted

myriad filters [96], [102], [103]. Matched myriad filters, for example, developed for use in digi-

tal communication receivers, take into account the pulse shape of the transmitted signal [96].

Matched myriad filters are more robust than conventional matched filters, which are known

to show significant performance degradation in the presence of impulsive noise [96], [104].

The matched myriad filter performs the non-linear operation given by [96]

βK = arg min
β

N∑
i=1

log

[
K2 + |pi|2

∣∣∣∣ripi − β
∣∣∣∣2
]
. (4.8)

In (4.8), {ri}Ni=1 and {pi}Ni=1 are samples of the received signal r(t) and of the pulse shape

p(t), respectively, where ri = r(t)|t=iTs , pi = p(t)|t=iTs , and Ts is the sampling period.

Further details on the matched myriad filter are given in Section 4.3.2. In addition, we

6When the noise distribution is not known, or when there is a mismatch between the values of the
SαS distribution parameters used in the algorithm design and their actual values, the parameter K can be
obtained by using auxiliary measures like median absolute deviation and percentile coefficient of kurtosis.
The reader is referred to [101], and references therein, for details.
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Figure 4.1: Proposed five-stage detection scheme.

derive important asymptotic properties of this filter in Appendix B, where we show that the

matched myriad filter’s output is, or can be approximated to be, asymptotically Gaussian.

4.3 Proposed Detection Scheme

In this section, a five-stage matched myriad filter-based scheme for the detection of digital

amplitude-phase modulated signals in SαS noise is presented. As depicted in Fig. 4.3, in the

first stage, the unknown parameters α and γ of the SαS distributed noise are estimated using

an ECF-based algorithm. The received signal is passed through a matched myriad filter in

the second stage by using the parameter K calculated from the estimated values of α and

γ. The filtered signal is then used in the third stage to calculate the timing offset ε. After

this stage, as shown in this section, the considered problem reduces to detecting a distorted

(scaled and rotated) digital signal in noise that can be approximated as i.i.d. Gaussian.

Following standard composite hypothesis testing procedures, unknown channel and noise

distribution parameters are estimated (fourth stage) and using these estimates, a likelihood

ratio test is used (fifth stage) to make a decision on the presence of the signal of interest. In

the sub-sections that follow, we present and analyze the individual stages of the proposed

detection scheme.

4.3.1 Estimation of noise distribution parameters

Standard parameter estimation algorithms typically cannot be used when the noise is SαS

distributed. Maximum-likelihood estimators, for example, are infeasible due to the lack of

a closed form expression for the noise pdf. Also, as the moments E[|n|m] of an SαS random
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variable n are non-existent when m ≥ α [9], standard method-of-moments estimators may

not be applied directly to this case. For this reason, alternative algorithms, such as those

based on ECFs [93] and on the concepts of covariation [9], fractional lower order statistics [97],

and normalized cumulants, moments, and cross-correlations [105], are typically used.

The problem of estimating the parameters of an SαS distribution has been extensively

studied for the case in which the observed signal has an SαS distribution, such as the

signal under the H0 hypothesis given by (4.1). In this case, algorithms based on sample

fractiles [100], [106], extreme value theory [107], and ECFs [108], for example, have been

proposed. However, to the best of the authors’ knowledge, estimation of the SαS distribution

parameters when the observed signal is the sum of an SαS distributed signal with a non-SαS

distributed signal, such as the signal under the H1 hypothesis given by (4.2), has not been

addressed. In this sub-section, new ECF-based algorithms are developed for this case. ECF-

based estimators are chosen because the characteristic function of an SαS random variable

has a simple closed-form expression and due to the fact that these estimators can exploit the

independence of s(t) and n(t).

For a sequence of i.i.d. samples {xi}NECFi=1 , the ECF Φ̂x(ω) = 1
NECF

∑NECF
i=1 exp(jωxi), is an

unbiased and low-complexity estimator of the characteristic function Φx(ω) = E[exp(jωx)]

[109]. The idea behind ECF-based estimators is the minimization of a distance measure

between Φ̂x(ω) and Φx(ω) [109]. In our approach, we adopt the discrete ECF method, where

Φ̂x(ω) is computed at discrete values of ω and then fitted to Φx(ω) using a least squares

technique [108]. We now present ECF-based estimators for α and γ under the H0 and H1

hypotheses.

Estimation of noise distribution parameters - H0 case

In this case, the samples {ri}NECFi=1 , where ri = r(t)|t=iT and r(t) is given by (4.1), are

i.i.d. with characteristic function given by (4.4). The ECF of the complex samples {ri =
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riR + jriI}NECFi=1 is computed as [109]

Φ̂r(ω1, ω2) =
1

NECF

NECF∑
i=1

exp(j(ω1riR + ω2riI)). (4.9)

The estimates of α and γ are obtained by first calculating the ECF of the received signal at

discrete values {ω1q, ω2q}Qq=1 and then solving the system of equations given by

log
(
−log

(
Φ̂r (ω1q, ω2q)

))
= log(γ) +

α

2
log
(
ω2

1q + ω2
2q

)
, q = 1, 2, 3, .., Q, (4.10)

using the linear least squares technique presented in [110, Ch. 8].

Estimation of noise distribution parameters - H1 case

Exploiting the independence of s(t) and n(t) in (4.2), the characteristic function of r(t) is

given by

Φr(ω1, ω2) = Φs(ω1, ω2)Φn(ω1, ω2), (4.11)

where Φs(ω1, ω2) is the characteristic function of s(t) and Φn(ω1, ω2) is given by (4.4). It

must be noted that Φs(ω1, ω2) is unknown to the receiver and is a function of the modulation

scheme, pulse shape, symbol duration, and the unknown parameters αch and ε. In the

following, ECF-based estimators are presented for rectangular and square root raised cosine

(SRRC) pulse shapes.

Rectangular pulse shape: In this case, sampling the received signal r(t), given by (4.2), at

symbol rate results in an i.i.d. sequence {ri}NECFi=1 where ri = srecti +ni, s
rect
i = αchs(t)|t=iT =

αchsi, and ni = n(t)|t=iT . For rectangular pulses, the samples srecti are not a function of ε

and there is no inter-symbol interference (ISI). As the symbols si are assumed to be equally

likely, the characteristic function of srecti is given by

Φrect
s (ω1, ω2) =

1

NS

∑
si=sR+jsI∈S

exp [j(ω1(αRsR − αIsI) + ω2(αRsI + αIsR))] . (4.12)
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As seen in (4.12), Φrect
s (ω1, ω2) is a function of the modulation scheme used. For example,

for QPSK signaling, it can be shown that

Φrect
s (ω1, ω2) = cos

(
ω1αR + ω2αI√

2

)
cos

(
ω1αI − ω2αR√

2

)
. (4.13)

The characteristic function Φrect
r (ω1, ω2) is obtained by substituting (4.4) and (4.13) in (4.11).

The ECF Φ̂r(ω1, ω2), given by (4.9), is calculated at different frequency values, and the

unknown parameters α, γ, and αch are obtained by solving the system of equations

Φ̂r(ω1q, ω2q) = cos

(
ω1qαR + ω2qαI√

2

)
cos

(
ω1qαI − ω2qαR√

2

)
exp

(
−γ
(
ω2

1q + ω2
2q

)α
2

)
, (4.14)

for q = 1, 2, 3..., Q, using a non-linear least squares technique [110, Ch. 8]. While (4.14)

is valid only for QPSK, it is straightforward to extend the proposed approach to other

modulation schemes.

SRRC pulse shape - Exact method: When the SRRC pulse shape is used, the estimation

problem becomes more difficult because the samples are now a function of ε and of the

ISI resulting from the lack of synchronization. This is evident from the expression for the

information component of the received signal at t = 0, ssrrc = s(t)|t=0, given by

ssrrc = αch

∞∑
m=−∞

smp(−mT−εT ) =
∞∑

m=−∞
[(αRsmR−αIsmI)+j(αRsmI+αIsmR)]p(−mT−εT ),

where smR and smI are the real and imaginary parts of the symbol sm. For ease of analysis,

we assume that p(t) = 0 for t ≥ LT and t ≤ −LT . This is a reasonable assumption since the

tails of an SRRC pulse approach zero. To calculate the characteristic function of s(t), we

assume that ε is a random variable uniformly distributed between 0 and 1. This makes s(t)

in (4.2) a stationary random process, and hence its characteristic function can be calculated
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by averaging over the random variables {sm}L−1
m=−L and ε, resulting in

Φsrrc
s (ω1, ω2) = E

[
exp

(
j

L−1∑
m=−L

(
ω1(αRsmR − αIsmI) + ω2(αRsmI + αIsmR)

)
f(m+ ε)

)]

=

∫ 1

0

L−1∏
m=−L

[
1

M

∑
sm

exp(j((αRω1 + αIω2)smR + (αRω2 − αIω1)smI)f(m+ ε))

]
dε, (4.15)

where f(x) =
4β
π

[cos((1+β)πx)+
sin((1−β)πx)

4βx
]

1−16β2x2
is the SRRC pulse. The characteristic function of the

received signal Φsrrc
r (ω1, ω2) is obtained by substituting (4.4) and (4.15) in (4.11).

The ECF Φ̂r(ω1, ω2) is computed from samples {ri}NECFi=1 obtained through a non-uniform

sampling procedure. In this procedure, the ith sample ri is obtained by sampling r(t) at

t = 2(i− 1)LT + εiT , where εi is a random variable which varies independently from sample

to sample and is uniformly distributed between 0 and 1. The time offset 2LT between

successive samples ensures that they are approximately independent, while the (random)

offset εiT accounts for the assumption in the derivation of (4.15) that ε is a uniform random

variable. In the proposed algorithm, the estimates are taken to be the values that minimize

the residual sum of squares
∑Q

q=1 |Φ̂r(ω1q, ω2q)−Φsrrc
r (ω1q, ω2q)|2. Due to the lack of a closed

form expression for Φsrrc
r (ω1, ω2), α and γ are obtained numerically by performing a grid

search.

SRRC pulse shape - Alternative method: Under certain conditions, such as when there

is significant ISI and/or a higher order modulation scheme is used, the samples of s(t) can

be approximated to have a complex Gaussian distribution. In this case, their characteristic

function is given by Φgauss
s (ω1, ω2) = exp (−γg (ω2

1 + ω2
2)), where γg is the signal power. By

substituting this equation and (4.4) in (4.11), the characteristic function of the received

signal is obtained as

Φgauss
r (ω1, ω2) = exp

(
−γg

(
ω2

1 + ω2
2

))
exp

(
−γ
(
ω2

1 + ω2
2

)α
2

)
. (4.16)

The ECF Φ̂r(ω1, ω2) is computed using the non-uniform sampling-based procedure described
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for the exact method. With a closed form expression for Φgauss
r (ω1, ω2), non-linear least

squares techniques, such as the one presented in [111], can be used to solve for the noise

distribution parameters. While the alternative method is easier to implement when com-

pared to the exact method, its performance is expected to be worse since it relies on an

approximation.

The ECF-based estimators for α and γ for the case in which the observed signal is given

by the sum of an SαS distributed signal with a non-SαS distributed signal are an important

contribution of the chapter. With these estimates, an appropriate expression, such as (4.6) or

(4.7), is used in order to calculate the parameter K. It is worth noting that in signal detection

problems, using a standard composite hypothesis testing procedure [2], unknown parameters

of the observed signal’s pdf (such as α and γ in our model) are estimated before the receiver

has made a decision on the presence of a signal. Therefore, the proposed detector obtains

one set of estimates for α and γ (and, consequently, one value of K) for each hypothesis.

4.3.2 Matched myriad filter

The proposed detection scheme uses a non-linear matched myriad filter, which is known

to be more robust than linear matched filters to impulsive noise [104]. Let {rτi }Ni=1 denote

the samples of r(t) corresponding to a running window beginning at time instant τ , i.e.

rτi = r(t)|t=τ+(i−1)Ts , where Ts is the sampling period given by Ts = T/P and P is an

arbitrary oversampling factor. The output of the matched myriad filter at time instant τ is

calculated as

θ̂τN = arg min
θ

N∑
i=1

log

[
K2 + |pi|2

∣∣∣∣rτipi − θ
∣∣∣∣2
]
, (4.17)

where the coefficients {pi}Ni=1 are given by pi = p(t)|t=iTs . The duration of the sliding window

is equal to the length of the pulse used for pulse shaping. For rectangular pulses, N is equal

to P ; while for SRRC pulses, N is taken to be 2LP .

A detailed discussion on the asymptotic properties of θ̂τN is presented in Appendix B.
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For rectangular pulse shapes, a theoretical analysis is developed which shows that θ̂τN is

asymptotically Gaussian. For SRRC pulse shapes, a similar analysis is unfortunately math-

ematically intractable. However, as shown in Appendix B, based on well known results

available in the literature and on our own numerical analysis, the matched myriad filter

output can be approximated to be asymptotically Gaussian. Exploiting this asymptotic

behavior, standard signal processing techniques designed for optimal/near-optimal perfor-

mance in Gaussian noise are therefore used in the subsequent stages of the proposed detection

scheme.

4.3.3 Processing after the matched myriad filter

Symbol timing synchronization

In the third stage of the proposed scheme, using the output signal of the matched myriad

filter θ̂τN , the timing offset ε is estimated with the square timing recovery algorithm [112].

However, it must be noted that any synchronization algorithm designed for Gaussian noise

can be used. The estimate ε̂ of the timing offset ε is given by

ε̂ =

Nsynch∑
k=1

|rmyk |2ej2π(k−1)/P , (4.18)

where rmyk = θ̂τN |τ=kTs and Nsynch is the number of samples used to obtain the estimate.

After synchronization, the samples {rmyk } are downsampled to obtain the sequence {rsynk }
at the symbol rate. As the matched myriad filter output is, or can be approximated to be,

asymptotically Gaussian, as shown in Appendix B, rsynk can be written as

H0 : rsynk = η0
k (4.19)

H1 : rsynk = αchsk + η1
k, (4.20)

where {η0
k} and {η1

k} are sequences of zero mean i.i.d. Gaussian random variables with
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unknown variances ν0 and ν1, respectively. Thus, the original problem has been reduced to

the simpler problem of detecting a digital amplitude-phase modulated signal in Gaussian

noise. A composite hypothesis testing procedure is used which involves estimation of the

unknown parameters ν0, ν1, and αch followed by a likelihood ratio test using the estimated

parameters [2].

Estimation of channel and noise parameters after filtering

In this stage, the unknown parameters ν0, ν1, and αch are estimated. The estimate of the

parameter ν0 is obtained as the variance of the samples {rsynk } under the assumption that

the hypothesis H0 is true. Likewise, assuming H1 to be true, the estimates of ν1 and |αch|
(the magnitude of αch) are obtained using a method-of-moments technique [113], while ∠αch

(the phase of αch) is estimated using the M-power phase synchronizer [112]. It is important

to note again that any other algorithm designed to estimate channel and noise parameters

in Gaussian noise could be used.

Likelihood-based detection

Using the estimates ν̂0, ν̂1, and α̂ch of the unknown parameters ν0, ν1, and αch, respectively,

a likelihood ratio test is used to make a decision on the presence of the signal. The decision

rule is given by

D =

1
(πν̂1)Ndet/2

∏Ndet
k=1

∑NS
m=1

1
NS

exp
(
− 1
ν̂1
|rsynk − α̂chSm|2

)
1

(πν̂0)Ndet/2
exp

(
− 1
ν̂0

∑K
k=1 |rsynk |2

) H1

≷
H0

P (H0)

P (H1)
, (4.21)

where {Sm}NSm=1 are the constellation points, Ndet is the number of symbols used in the

detection stage, and P (Hi) is the a priori probability of the hypothesis Hi.
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Table 4.1: Adjusted SNR (in dB) for different values of α, γ, and signal power.

Signal power ↓ γ - α→ 0.6 1.0 1.4 1.8

10

0.5 12.50 8.85 7.40 7.10

1.0 2.40 2.90 3.15 3.70

1.5 -3.50 -0.65 0.70 1.80

2.0 -7.65 -3.00 -1.10 0.40

4

0.5 8.50 4.85 3.40 3.10

1.0 -1.60 -1.10 -0.85 -0.30

1.5 -7.50 -4.65 -3.30 -2.20

2.0 -11.65 -7.00 -5.10 -3.60

1

0.5 2.50 -1.15 -2.60 -2.90

1.0 -7.60 -7.10 -6.85 -6.30

1.5 -13.50 -10.65 -9.30 -8.20

2.0 -17.65 -13.00 -11.10 -9.60

4.4 Numerical Results

In the results that follow, the modulation scheme of s(t) is assumed to be QPSK. The

amplitude of αch is assumed to be Rayleigh distributed, and its phase uniformly distributed

in [0, 2π). The complex noise samples having a bivariate isotropic SαS distribution are

generated using the technique developed in [114]. To calculate the output of the matched

myriad filter, the fixed-point search algorithm [115] was used. As the conventional definition

of SNR cannot be used when the noise is SαS distributed (because its variance is infinite),

we use the definition proposed in [92], where the SNR is defined as the ratio of the signal

power (which, for the model presented in Section 4.1, is equal to E[|αch|2]) to the noise

power (measured after passing the noise through a data-adaptive Gaussian-tailed ZMNL).

The values of this adjusted SNR for different noise distribution parameters and signal power

levels used in this section are shown in Table 4.1.

We first present the performance of the proposed ECF-based algorithms used to estimate

α and γ under hypothesis H1. The ECF is calculated at Q = 15 different frequency values,
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and the number of samples used to compute the ECF, NECF , is 10, 000, unless otherwise

noted. While there is no established procedure for selecting the frequencies {ω1q, ω2q}Qq=1 to

be used, it was observed that choosing lower values (typically < 1) results in better estimates,

since the variance of the ECF is smaller at these frequencies. Similar observations were made

in [93]. In our numerical results, the frequency values are randomly distributed between 0

and 1.

The performance of the proposed estimator for rectangular pulses is presented in Table 4.2

for different noise distribution parameters and signal power levels. It can be observed that

for fixed values of α and γ, as the signal power increases, the bias and standard deviation

of α̂ and γ̂ decrease for most cases shown, as expected. In a few cases, when the increase in

the adjusted SNR (or signal power) values is not significant, the accuracy of the estimates

remains approximately the same. Similarly, when the signal power is fixed, as γ reduces

and/or α reduces, the estimation accuracy of γ̂ improves. In the estimation of α, both the

bias and the standard deviation of the estimate first increase as the true value of α increases,

but, in some cases, the estimator actually improves after a certain value of α. This behavior

was previously observed in [116] (H0 case). Similar trend is observed in the estimation of

α for different values of γ; in this case, the estimator performance first improves but then

degrades after a certain value of γ.

Tables 4.3 and 4.4 show the performance of the exact and alternative estimation meth-

ods, respectively, proposed for SRRC pulses. (Results for the alternative method are only

presented for the lowest signal power because the simplifying assumption made in its deriva-

tion results in noticeable performance loss when higher adjusted SNR values are considered.)

It is seen in Table 4.3 that the exact method provides good estimates for all adjusted SNR

values, as expected. Also, as seen in Table 4.4, the performance of the alternative method

quickly degrades as α increases. This is because the simplifying assumption has more of

a deteriorating impact on the estimator performance in this case. Finally, by comparing

Tables 4.3 and 4.4, it is observed that the exact method outperforms the alternative method

for the majority of cases considered.
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Figure 4.2: Performance of the proposed estimators for SRRC pulse shape as a function of
NECF . Bias of the estimates of α (circle) and γ (square) for the exact (dashed line) and
alternative (solid line) methods. α, γ, and the signal power are equal to 1.4, 0.5, and 1,
respectively. Roll off factor is equal to 0.75. The bias of the estimate X̂ of X is defined as
E[|X − X̂|].

Figs. 4.2 and 4.3 show the bias and standard deviation, respectively, of α̂ and γ̂ for

different values of NECF when an SRRC pulse is used. As expected, as the value of NECF

increases, the performance of both estimators (exact and alternative) improve. Also, it can

be seen that the bias of the estimates obtained using the exact method approaches zero as

NECF increases.

It can be observed in Tables 4.2-4.4 and in Fig. 4.2 that the proposed estimators are

biased for a finite observation interval. This is due to the fact that the proposed estimators

make use of non-linear least squares procedures, which might result in biased estimates when

the number of samples used is finite. This result has been observed in [108] and [111], among

others. As the number of samples used in the estimation process goes to infinity, it is observed

that the proposed estimators for rectangular pulse shape and the exact method for the SRRC
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Figure 4.3: Performance of the proposed estimators for SRRC pulse shape as a function of
NECF . Standard deviation of the estimates of α (circle) and γ (square) for the exact (dashed
line) and alternative (solid line) methods. α, γ, and the signal power are equal to 1.4, 0.5,
and 1, respectively. Roll off factor is equal to 0.75.

pulse shape, similarly to other non-linear least squares estimation procedures (see [108], [111],

and [117] among others), provide unbiased estimates. Due to the approximation made in its

derivation, the alternative method only asymptotically provides unbiased estimates in some

cases.

The performance of the proposed five-stage detection scheme is presented in Figs. 4.4-4.8,

for different pulse shapes and noise distribution parameter values. Unless otherwise noted,

the oversampling factor P and the signal power are taken to be 10 and 1, respectively, and

the value of K is obtained from the estimates α̂ and γ̂ by using (4.6). In each of these figures,

the proposed detector is compared with two other detectors:

1. An ideal detector with perfect knowledge of the noise distribution parameters α and

γ and of the symbol timing offset ε. The performance of this detector is obtained by
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Figure 4.4: Performance of the considered detectors for α and γ equal to 1.3 and 1, re-
spectively. Adjusted SNR ≈ -7dB. Rectangular pulse shape. a) ideal detector (solid line);
b) proposed detector with NECF equal to 50,000 (dash-dot line); c) proposed detector with
NECF equal to 10,000 (dotted line); and d) ZMNL-based detector (dashed line). The number
of symbols used for timing synchronization, parameter estimation in stage IV, and detection
are 500, 1,000, and 250, respectively.

replacing the estimated values of α, γ, and ε with their true values.

2. A ZMNL-based detection scheme. In this case, the first two stages of the proposed

scheme are replaced by a ZMNL followed by a matched filter. The ZMNL used is

the popular data-adaptive Gaussian-tailed ZMNL which has been utilized in a variety

of signal processing applications, like direction of arrival estimation [92] and signal

detection [57]. The last three stages of the ZMNL-based scheme remain the same as

those of the proposed scheme.

Fig. 4.4 shows the performance of the proposed detection scheme when a rectangular

pulse is considered for different values of NECF . It can be seen that the performance of the

proposed scheme is very close to that of the ideal detector for both values of NECF . This is
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Figure 4.5: Performance of the four considered detectors for α and γ equal to 1.3 and 0.5,
respectively. Adjusted SNR ≈ -2.5dB. SRRC pulse shape with roll off factor of 0.75. a)
ideal detector (solid line); b) proposed detector - exact method (dash-dot line); c) proposed
detector - alternative method (dotted line); and d) ZMNL-based detector (dashed line). The
number of symbols used for timing synchronization, parameter estimation in stage IV, and
detection are 500, 1,000, and 250, respectively.

due to the small bias and standard deviation of the estimates obtained with the proposed

estimator. It can also be observed that the myriad filter-based detectors outperform the

ZMNL-based scheme.

The performance of the proposed detector when an SRRC pulse shape is used is pre-

sented in Figs. 4.5 and 4.6 for different adjusted SNR values. The SRRC pulse is truncated

to have a duration of 4T . The performance of the proposed scheme is shown when both the

exact and alternative methods are used in the first stage to estimate the noise distribution

parameters. It can be seen that the myriad filter-based schemes show a noticeable perfor-

mance improvement over the ZMNL-based scheme, especially for low probability of false

alarm values. It is also seen that the detector gives approximately the same performance
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Figure 4.6: Performance of the four considered detectors for α and γ equal to 1.2 and 0.75,
respectively. Adjusted SNR ≈ -4.5dB. SRRC pulse shape with roll off factor of 0.75. a)
ideal detector (solid line); b) proposed detector - exact method (dash-dot line); c) proposed
detector - alternative method (dotted line); and d) ZMNL-based detector (dashed line). The
number of symbols used for timing synchronization, parameter estimation in stage IV, and
detection are 500, 1,000, and 250, respectively.

for both estimators (exact and alternative methods) in the considered (low adjusted SNR

value) scenarios.

Figs. 4.7 and 4.8 show the performance of the proposed detection scheme for environments

in which the noise power is very high (γ = 10) and highly impulsive (α = 0.8), respectively.

To obtain the results shown in Fig. 4.7, a scaling of the frequencies {ω1q, ω2q}Qq=1 was necessary

to account for the high value of γ. Specifically, in this case, the frequency values are randomly

distributed between 0 and 0.2. (The necessity for scaling the frequencies for high values of

γ is explained in [93].) Also, in the results shown in Figs. 4.7 and 4.8, the value of K was

calculated by using (4.7). It is seen from Figs. 4.7 and 4.8 that the myriad filter-based schemes

significantly outperform the ZMNL-based detector, thereby demonstrating the robustness of
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the proposed detection scheme to different channel and noise conditions.

The improvement in performance of the proposed technique can be attributed to the

near optimal performance of the matched myriad filter in the presence of SαS noise. More

specifically, consider the output of the third stage of the detection scheme (after timing

synchronization and sampling at symbol rate). The use of a matched myriad filter in the

proposed scheme leads to signal estimates with variance very close to the optimal variance

(variance of the maximum-likelihood estimator), as observed in [99]. However, this is not

the case for the ZMNL-based technique, which uses a linear matched filter (high variance

estimates of the signal are obtained). It is this property of the matched myriad filter which

allows the proposed detection scheme to easily distinguish between the two hypotheses under

consideration, thus leading to better detection performance. It must be noted that effective

matched myriad filter operation requires the knowledge of K, which in turn depends on

the noise distribution parameters. These parameters can be estimated using the technique

developed in Section 4.3.1.

4.5 Conclusion

In this chapter, we proposed a five-stage scheme for the detection of digital amplitude-phase

modulated signals in SαS distributed noise. New ECF-based algorithms for the estimation of

noise distribution parameters in the presence of an additional unknown signal were also pre-

sented. The proposed detection scheme is based on the use of a matched myriad filter, which

is a very effective technique for signal processing when the noise is SαS distributed. Numer-

ical results show that the proposed detection scheme outperforms a popular ZMNL-based

detection scheme. An analysis of matched myriad filters was also presented in Appendix B

which shows that the output of these filters is, or can be approximated to be, asymptotically

Gaussian.
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Figure 4.7: Performance of the four considered detectors for α, γ, and signal power equal to
1.1, 10, and 100, respectively. Adjusted SNR ≈-5dB. SRRC pulse shape with roll off factor
of 0.75. a) ideal detector (solid line); b) proposed detector - exact method (dash-dot line); c)
proposed detector - alternative method (dotted line); and d) ZMNL-based detector (dashed
line). The number of symbols used for timing synchronization, parameter estimation in stage
IV, and detection are 500, 1,000, and 250, respectively.
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Figure 4.8: Performance of the four considered detectors for α, and γ equal to 0.8 and 1.5,
respectively. Adjusted SNR ≈-10dB. SRRC pulse shape with roll off factor of 0.75. a)
ideal detector (solid line); b) proposed detector - exact method (dash-dot line); c) proposed
detector - alternative method (dotted line); and d) ZMNL-based detector (dashed line). The
number of symbols used for timing synchronization, parameter estimation in stage IV, and
detection are 500, 1,000, and 250, respectively. P = 18.
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Table 4.2: Performance of the proposed estimator for rectangular pulse shape. (Bias, Stan-
dard deviation) of α̂ and γ̂ are shown for different combinations of α, γ, and signal power.
The bias of the estimate X̂ of X is defined as E[|X − X̂|].
Signal power ↓ γ - α→ 0.6 1.0 1.4 1.8

10

0.5
α̂ (0.030, 0.047) (0.036, 0.054) (0.043, 0.064) (0.047, 0.067)

γ̂ (0.016, 0.030) (0.018, 0.032) (0.022, 0.039) (0.028, 0.050)

1
α̂ (0.025, 0.038) (0.030, 0.045) (0.035, 0.051) (0.036, 0.049)

γ̂ (0.027, 0.041) (0.032, 0.050) (0.039, 0.065) (0.048, 0.079)

1.5
α̂ (0.027, 0.043) (0.031, 0.048) (0.036, 0.051) (0.036, 0.049)

γ̂ (0.044, 0.072) (0.051, 0.081) (0.064, 0.097) (0.077, 0.118)

2.0
α̂ (0.033, 0.058) (0.035, 0.057) (0.040, 0.059) (0.039, 0.052)

γ̂ (0.072, 0.124) (0.081, 0.125) (0.100, 0.147) (0.119, 0.169)

4

0.5
α̂ (0.032, 0.050) (0.040, 0.059) (0.050, 0.073) (0.051, 0.074)

γ̂ (0.019, 0.033) (0.024, 0.038) (0.033, 0.052) (0.046, 0.067)

1
α̂ (0.029, 0.043) (0.035, 0.052) (0.042, 0.060) (0.041, 0.053)

γ̂ (0.034, 0.051) (0.043, 0.063) (0.060, 0.085) (0.079, 0.107)

1.5
α̂ (0.031, 0.046) (0.037, 0.057) (0.044, 0.060) (0.041, 0.050)

γ̂ (0.055, 0.077) (0.070, 0.096) (0.096, 0.125) (0.124, 0.153)

2.0
α̂ (0.038, 0.062) (0.044, 0.068) (0.051, 0.068) (0.044, 0.052)

γ̂ (0.089, 0.134) (0.111, 0.153) (0.148, 0.181) (0.185, 0.212)

1

0.5
α̂ (0.034, 0.050) (0.048, 0.068) (0.068, 0.088) (0.071, 0.082)

γ̂ (0.021, 0.028) (0.031, 0.041) (0.053, 0.063) (0.086, 0.087)

1
α̂ (0.032, 0.045) (0.046, 0.066) (0.064, 0.074) (0.059, 0.057)

γ̂ (0.039, 0.050) (0.059, 0.073) (0.100, 0.104) (0.151, 0.131)

1.5
α̂ (0.037, 0.051) (0.054, 0.073) (0.070, 0.075) (0.059, 0.050)

γ̂ (0.066, 0.080) (0.101, 0.114) (0.162, 0.148) (0.225, 0.168)

2.0
α̂ (0.047, 0.060) (0.066, 0.084) (0.079, 0.080) (0.063, 0.051)

γ̂ (0.109, 0.122) (0.162, 0.163) (0.241, 0.193) (0.317, 0.213)
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Table 4.3: Performance of the proposed estimator for SRRC pulse shape (roll off factor
= 0.75) - Exact method. (Bias, Standard deviation) of α̂ and γ̂ are shown for different
combinations of α, γ, and signal power. The bias of the estimate X̂ of X is defined as
E[|X − X̂|].
Signal power ↓ γ - α→ 0.6 1.0 1.4 1.8

10

0.5
α̂ (0.033, 0.044) (0.040, 0.051) (0.044, 0.062) (0.047, 0.068)

γ̂ (0.018, 0.021) (0.018, 0.021) (0.020, 0.023) (0.021, 0.026)

1
α̂ (0.022, 0.033) (0.029, 0.040) (0.034, 0.049) (0.038, 0.050)

γ̂ (0.035, 0.031) (0.039, 0.032) (0.041, 0.038) (0.045, 0.038)

1.5
α̂ (0.023, 0.034) (0.024, 0.036) (0.030, 0.042) (0.037, 0.052)

γ̂ (0.054, 0.046) (0.053, 0.050) (0.066, 0.056) (0.063, 0.056)

2.0
α̂ (0.026, 0.035) (0.027, 0.040) (0.036, 0.049) (0.036, 0.049)

γ̂ (1.998, 0.068) (2.003, 0.067) (1.991, 0.084) (2.001, 0.077)

4

0.5
α̂ (0.031, 0.045) (0.040, 0.061) (0.044, 0.062) (0.032, 0.045)

γ̂ (0.018, 0.023) (0.025, 0.046) (0.026, 0.036) (0.026, 0.040)

1
α̂ (0.024, 0.039) (0.029, 0.041) (0.033, 0.049) (0.029, 0.045)

γ̂ (0.030, 0.049) (0.032, 0.046) (0.042, 0.066) (0.038, 0.053)

1.5
α̂ (0.024, 0.036) (0.021, 0.030) (0.027, 0.036) (0.028, 0.037)

γ̂ (0.043, 0.059) (0.035, 0.049) (0.048, 0.068) (0.052, 0.069)

2.0
α̂ (0.024, 0.037) (0.022, 0.033) (0.029, 0.040) (0.026, 0.035)

γ̂ (0.053, 0.073) (0.050, 0.069) (0.063, 0.085) (0.057, 0.081)

1

0.5
α̂ (0.026, 0.035) (0.033, 0.043) (0.031, 0.041) (0.023, 0.035)

γ̂ (0.017, 0.026) (0.022, 0.031) (0.026, 0.039) (0.027, 0.040)

1
α̂ (0.021, 0.028) (0.023, 0.032) (0.024, 0.031) (0.022, 0.031)

γ̂ (0.026, 0.035) (0.030, 0.044) (0.036, 0.050) (0.034, 0.047)

1.5
α̂ (0.015, 0.023) (0.017, 0.022) (0.020, 0.028) (0.020, 0.026)

γ̂ (0.035, 0.044) (0.033, 0.043) (0.037, 0.052) (0.043, 0.058)

2.0
α̂ (0.018, 0.025) (0.019, 0.024) (0.021, 0.027) (0.022, 0.030)

γ̂ (0.045, 0.059) (0.043, 0.057) (0.047, 0.061) (0.051, 0.069)
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Table 4.4: Performance of the proposed estimator for SRRC pulse shape (roll off factor =
0.75) - Alternative method. (Bias, Standard deviation) of α̂ and γ̂ are shown for different
combinations of α and γ. The bias of the estimate X̂ of X is defined as E[|X − X̂|].
Signal power ↓ γ - α→ 0.6 1.0 1.4 1.8

1

0.5
α̂ (0.023, 0.029) (0.051, 0.066) (0.091, 0.119) (0.229, 0.256)

γ̂ (0.029, 0.035) (0.053, 0.070) (0.107, 0.128) (0.253, 0.217)

1
α̂ (0.017, 0.022) (0.036, 0.046) (0.059, 0.076) (0.144, 0.160)

γ̂ (0.042, 0.053) (0.076, 0.100) (0.151, 0.180) (0.409, 0.347)

1.5
α̂ (0.015, 0.020) (0.029, 0.034) (0.047, 0.059) (0.115, 0.122)

γ̂ (0.071, 0.069) (0.092, 0.116) (0.186, 0.223) (0.540, 0.449)

2.0
α̂ (0.014, 0.019) (0.028, 0.033) (0.041, 0.051) (0.105, 0.110)

γ̂ (0.071, 0.088) (0.115, 0.147) (0.220, 0.268) (0.689, 0.564)



Chapter 5

Modulation Classification in

Time-Correlated Non-Gaussian Noise

Environments

Various studies have shown that the additive noise experienced in most radio channels is non-

Gaussian and also exhibits significant time correlation [14–16], [45]. Time correlation can

arise due to the narrowband filtering of uncorrelated noise at the receivers [57] and bursts of

impulsive interference [16], among other reasons. Additionally, as observed in [15], the power

radiated by non-Gaussian noise sources is not constant over wide bandwidths. Despite this

fact, due to the complicated nature of the analysis required, no statistical-physical models

are available for the second-order statistics (time correlation) of the non-Gaussian noise

processes [118]. Popular statistical-physical models, including the Middleton’s model [12]

and the symmetric α stable model [9], characterize only the first-order statistical properties

of the additive noise.

In part due to the lack of statistical-physical models for time-correlated non-Gaussian

noise environments, the majority of signal processing algorithms designed for practical ra-

dio channels are developed by taking into account only the first-order statistics of the noise

63
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process, while assuming that the noise process is white. See [17], [23], and [25], among

many others. However, design of optimal detection/classification algorithms requires com-

plete knowledge of the noise statistics, including its second-order statistics [58]. Algorithms

designed under the assumption that the noise process is white will not result in optimal

performance in practical scenarios where the additive noise is time-correlated [57], [14].

In this chapter, a new algorithm is presented for the classification of digital amplitude-

phase modulated signals in flat-fading channels with the additive noise modeled as a time-

correlated non-Gaussian random process. The Gaussian mixture distribution is used to

model the first-order statistics of the additive noise, while the time correlation of the noise

is modeled using an AR process. The AR model is chosen because “it can describe a large

set of correlation patterns with only a few number of parameters” [59]. Additionally, in this

chapter, a new technique for blind estimation of the AR parameters of the noise process

using the robust H∞ filter is also developed.

In the proposed classifier, the estimated AR parameters are used as coefficients of a

whitening filter. The whitening filter is used because, as discussed in what follows, the

likelihood-based classification of the whitened signal (with approximately independent noise)

offers a significant reduction in complexity over the likelihood-based classification of the

received signal with correlated noise. At the output of the whitening filter, estimates of the

unknown fading state and noise distribution parameters are obtained using a variant of the

EM algorithm and a hybrid likelihood ratio test is used to identify the modulation scheme

of the received signal. Performance analysis shows that the proposed classifier outperforms

the classifier developed under the assumption that the noise process is white.

The remaining sections of this chapter are organized as follows. The system model

is presented in Section 5.1, while the proposed likelihood-based classifier is developed in

Section 5.2. A new H∞ filter-based technique for blind estimation of the AR parameters

is developed in Section 5.3. In Section 5.4, a variant of the EM algorithm, proposed in

Chapter 3, is used for estimating the state of the fading process and the Gaussian mixture
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distribution parameters. Numerical results and conclusions are presented in Sections 5.5 and

5.6, respectively.

5.1 System Model

We assume that the data conveyed in the received signal is mapped onto a digital amplitude-

phase constellation Sm (unknown to the classifier). Let {sm[k]}Kk=1 denote the received data

symbols, assumed to be independent and uniformly distributed among the Nm constellation

points that define Sm. Assuming perfect recovery of symbol timing and sampling at the

symbol rate, the low-pass equivalent of the received signal at the matched filter’s output is

given by

r[k] = αsm[k] + n[k], k = 1, 2, 3, ..., K. (5.1)

In (5.1), α is a (deterministic and unknown) complex factor used to represent both the flat

fading experienced by the signal and the unknown power and carrier phase of the transmitted

signal. Despite the fact that α is used to represent different channel and signal parameters,

we refer to this variable as the “channel coefficient”. It should be noted from (5.1) that the

channel coefficient is assumed to be constant over the duration of the observation window.

(That is, the channel is assumed to be slowly varying.) The pulse shape used is assumed to

satisfy the Nyquist intersymbol interference criterion.

Also in (5.1), {n[k]}Kk=1 is a set of complex random variables used to represent the additive

noise. As previously discussed, the additive noise experienced by most radio channels is

non-Gaussian and correlated in time. In this chapter, the non-Gaussian behaviour of the

noise is modeled using the Gaussian mixture distribution. This model is very popular as it

closely approximates Middleton’s Class A model (a statistical-physical model for man-made

and natural electromagnetic noise in radio environments) [12], [25] and other symmetric

distributions [82]. It has also been shown that noise from sources like microwave ovens [16],

modems [36], and co-channel interference in cellular networks [11], among others, can be
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accurately modeled using the Gaussian mixture distribution. This model has been used,

for example, in the development of signal processing algorithms for multiuser-detection [23],

channel estimation [33], and classification [40]. Additionally, an AR process is used to model

the correlation among the noise samples. The AR model is one of the most popular models

for correlated time-series data available in the literature since it can describe a variety of

correlation structures using only a few parameters [59]. It has been widely used to model

the noise correlation of typical radio propagation environments. See, for example, [57], [59],

and [62]. As shown in Appendix C, the parameters of the proposed noise model can be

tuned to very closely approximate the statistics of the impulsive noise obtained from the

measurement campaign reported in [15], further justifying the use of this model.

The correlated noise samples {n[k]}Kk=1 are generated by passing a sequence of i.i.d ran-

dom variables {e[k]}Kk=1 (called the driving noise) through an AR(P ) filter with coefficients

{a[i]}Pi=1. That is,

n[k] = −
P∑
i=1

a[i]n[k − i] + e[k]. (5.2)

The driving noise is assumed to have a N -term Gaussian mixture distribution with pdf given

by

f(e) =
N∑
i=1

λi
πσ2

i

exp

(
−|e|

2

σ2
i

)
, (5.3)

where λi and σi are the proportion and the standard deviation of the ith term, respectively.

It must be noted that the pdf of the noise samples {n[k]}Kk=1 also has the form of a Gaussian

mixture distribution. This is because the AR process in a linear process and any linear

transformation of Gaussian mixture random variables results in another Gaussian mixture

random variable [88]. (The pdf of the process {n[k]}Kk=1 is infact an infinite term Gaus-

sian mixture model with the proportion and variance of each term depending on the AR

parameters {a[i]}Pi=1 and the driving noise distribution parameters {λi, σi}Ni=1.)

In the analysis that follows, the channel coefficient α, the AR parameters {a[i]}Pi=1,

and the Gaussian mixture distribution parameters {λi, σi}Ni=1 are modeled as deterministic,
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unknown variables. That is, the classifier operates with no prior knowledge of the fading and

the noise statistics, a reasonable assumption given that these statistics vary in both time

and space. Furthermore, the number of terms of the Gaussian mixture model (N) and the

order of the AR process (P ) are assumed to be known7.

5.2 Likelihood-based modulation classification

Let Hm be the hypothesis that the mth modulation scheme (that is, the constellation Sm)

was transmitted. Maximum-likelihood modulation classification is a composite hypothesis

testing problem in which the hypothesis that maximizes the (log-)likelihood of the received

symbols r= {r[k]}Kk=1 is chosen,

HML = arg max
Hm

log (p (r |Hm)) . (5.4)

Using the Total Probability Theorem, the likelihood function p (r |Hm) can be written as

p (r |Hm) =
∑
sm

p(r |sm)P(sm), (5.5)

where sm = {sm[k]}Kk=1. Using the system model defined in Section 5.1, (5.5) can be simpli-

fied as

p (r |Hm) =
1

NK
m

∑
sm[1]

∑
sm[2]

..
∑
sm[K]

p(r |sm) =
1

NK
m

∑
sm[1]

∑
sm[2]

..
∑
sm[K]

p(n), (5.6)

7The value of N ≤ 4 is commonly used in the literature, with N = 2 being the most popular choice, to
model non-Gaussian noise pdf [23], [25], [30]. Additionally, the value of P can be chosen to be a large value.
In such a case, if the chosen value of P is greater than its true value, the technique developed for estimating
the AR parameters would estimate the “unneeded” coefficients as zero. However, if the assumption of
known values of N and P is not reasonable for the scenarios under consideration, these parameters must be
incorporated into the analysis as nuisance parameters. In such a case, alternative algorithms such as those
based on Markov Chain Monte Carlo techniques [119], [120] or Dirichlet processes [121] must be used.
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where n= {n[k] = r[k]−αsm[k]}Kk=1 is the AR process defined in (5.2). Using Bayes Theorem,

the density function p(n) is given by

p(n) = p(n[K], . . . , n[1]) =

(
K∏

k=P+1

p(n[k]|n[k − 1], . . . , n[1])

)
p(n[P ], . . . , n[1]). (5.7)

For an AR(P ) process, p(n[k]|n[k−1], . . . , n[1]) = p(n[k]|n[k−1], . . . , n[k−P ]). Additionally,

p(n[P ], . . . , n[1]) can be written as

p(n[P ], . . . , n[1]) =
P∏
k=1

p (n[k]|n[k − 1], . . . , n[k − P ]) , (5.8)

where, without loss of generality, it is assumed that the values of n[k] are equal to zero for

k ≤ 0. From (5.7) and (5.8), p(n) =
∏K

k=1 p (n[k]|n[k − 1], . . . , n[k − P ]), and finally, using

(5.2) and (5.3), p(n) can be written as

p(n) =
K∏
k=1

p (n[k]|n[k − 1], . . . , n[k − P ]) =
K∏
k=1

f

(
n[k] +

K∑
i=1

a[i]n[K − i]
)
. (5.9)

where f(e) is defined in (5.3). Substituting (5.6) and (5.9) in (5.4), the maximum-likelihood

modulation classifier is given by

HML = arg max
Hm

log

(
1

NK
m

∑
sm[1]

. . .
∑
sm[K]

K∏
k=1

f

(
(r[k]− αsm[k]) +

P∑
i=1

a[i](r[k − i]− αsm[k − i])
))

.(5.10)

As can be seen from (5.10), the computation of the log-likelihood function under each hy-

pothesis involves the summation over a very large number
(
= NK

m

)
of terms, thus making

the maximum-likelihood classification of the received symbols r infeasible.

To overcome this problem, we develop an alternative technique for modulation classifi-

cation. In this technique, the AR parameters {a[i]}Pi=1 are used to implement a whitening
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filter. The whitening filter makes the noise component of the signal used for classification

approximately independent, thereby resulting in a classifier of significantly lesser complex-

ity when compared to the classifier in (5.10), as shown below. For the noise model under

consideration (5.2), the whitening filter used is a (P + 1)-tap FIR filter with coefficients

{1, a[1], . . . , a[P ]}. The output of the whitening filter r̃ = {r̃[k]}Kk=1 is given by

r̃[k] = r[k] +
P∑
i=1

a[i]r[k − i] = α(sm[k] +
P∑
i=1

a[i]sm[k − i]) + e[k], (5.11)

for k = 1, . . . , K. Likelihood-based classification of the whitened symbols r̃ results in the

following classifier

HwML = arg max
Hm

log (p (r̃ |Hm)) , (5.12)

with the likelihood function p (r̃ |Hm), assuming independent symbols, given by

p (r̃ |Hm) =
K∏
k=1

1

NP+1
m

∑
sm[k]

. . .
∑

sm[k−P ]

f

(
r̃[k]− α

(
sm[k] +

P∑
i=1

a[i]sm[k − i]
))

. (5.13)

Substituting (5.13) in (5.12), the likelihood-based classifier at the output of the whitening

filter is given by

HwML = arg max
Hm

K∑
k=1

log

 1

NP+1
m

∑
sm[k]

. . .
∑

sm[k−P ]

f

(
r̃[k]− α

(
sm[k] +

P∑
i=1

a[i]sm[k − i]
)) .

(5.14)

As seen from (5.14), the proposed classifier has significantly lesser complexity when compared

to the classifier in (5.10) (the summation of NK
m terms is replaced by K summations over

NP+1
m terms).

In the proposed approach to classification, the whitening filter in (5.11) requires the

knowledge of the AR parameters {a[i]}Pi=1. In addition, the classifier in (5.14), requires that

the channel coefficient α and the noise distribution parameters {λi, σi}Ni=1 are estimated.

These parameters are, however, not known to the receiver a priori. For this reason, in this
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chapter, we develop a new H∞ filter-based technique for estimating the AR parameters. To

estimate the channel coefficient α and the noise distribution parameters {λi, σi}Ni=1, the EM

algorithm-based technique presented in Chapter 3 is used.

The proposed classifier can be summarized as follows. First, blind estimates {â[i]}Pi=1

of the AR parameters are obtained from the received symbols r using the H∞ filter based-

technique described in Section 5.3. The received symbols are then passed through a whitening

filter with coefficients {1, â[1], â[2], . . . , â[P ]} to obtain whitened symbols r̃ . The channel

coefficients α and the noise distribution parameters {λi, σi}Ni=1 are estimated at the output

of the whitening filter using a variant of the EM algorithm (Section 5.4). Based on a

standard composite hypothesis testing procedure [2, Chapter 6], one set of estimates for α

and {λi, σi}Ni=1 is obtained for each hypothesis (that is, for each possible modulation scheme).

Let the estimates of α and {λi, σi}Ni=1 obtained assuming that Hm is true be denoted by αm

and {λmi , σmi }Ni=1, respectively. The final form of the proposed classifier is then given by

HwML = arg max
Hm

K∑
k=1

log

(
1

NP+1
m

∑
sm[k]

. . .
∑

sm[k−P ]

N∑
i=1

λmi
π (σmi )2

×exp

(
−

∣∣∣r̃[k]− α
(
sm[k] +

∑P
i=1 â[i]sm[k − i]

)∣∣∣2
(σmi )2

))
. (5.15)

5.3 Estimation of the AR parameters

In order to estimate the AR parameters {a[i]}Pi=1, we first observe that the received symbols

in (5.1) are obtained as the sum of the AR process n
(
= {n[k]}Kk=1

)
with an additional

unknown process αsm, where sm = {sm[k]}Kk=1. The received symbols r
(
= {r[k]}Kk=1

)
therefore constitute a noisy or a corrupted AR process. Various techniques are available in

the literature for estimating the AR parameters from such corrupted AR processes. These

include algorithms based on the modified Yule-Walker equations [122], noise compensated

least squares algorithms [123], and Kalman filters [124], among others. However, these
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techniques are known to suffer from a significant degradation in performance when the

underlying pdfs are non-Gaussian and possess impulsive characteristics [59], [29], [125], as

in the case of interest. Additionally, techniques developed to estimate the AR parameters

in non-Gaussian environments, such as those based on the EM algorithm [126], cannot be

easily extended to the case where an additional signal is present [127]. This is especially

true when there is no a priori information about the distributions of the AR process and the

unknown additional signal [128].

In this section, we develop a technique for blind estimation of the AR parameters based

on the use of the H∞ filter. The H∞ filter is a robust estimator for the state of a linear

dynamic system. It was originally designed as an alternative to the traditional Kalman filter,

which is ineffective in the presence of outliers (like in the case of impulsive noise) and noise

uncertainty [129]. While the Kalman filter minimizes the mean square error, the H∞ filter is

a minimax estimator which minimizes the peak error power in the frequency domain [130].

It must be noted that like the Kalman filter, the H∞ filter is also a sequential estimator.

One of the main reasons for the popularity of the H∞ filter is that, unlike the Kalman filter

and its extensions, no prior knowledge of the statistics of the processes involved, in this case

αsm and n , is required (although this information can be used if available) [29], [125]. The

only assumption made is that the processes have finite energies over the observation interval.

The H∞ filters have been used to develop a variety of robust signal processing algorithms for

channel estimation [131], equalization [132], and signal demodulation [133], among others,

for non-Gaussian noise environments.

5.3.1 The H∞ filter

Consider a linear dynamic system with state-space model given by

State Equation : X[k + 1] = FkX[k] +W [k] (5.16)

Observation Equation : Y [k] = HkX[k] + V [k], (5.17)
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for k = 1, 2, . . . , K, where X[k] is the state vector and Y [k] is the observation vector. The

H∞ filter provides a robust technique to estimate the vector Z[k] = LkX[k], obtained by a

linear operation on the state X[k], where Lk is a known matrix. (For example, to estimate the

state vector X[k], Lk is taken to be an identity matrix.) The state noise and the observation

noise are denoted by W [k] and V [k], respectively. The matrices Lk, Fk, and Hk are defined

by the problem under consideration.

The aim of H∞ filtering is to obtain the estimate Ẑ[k] of Z[k] which minimizes the H∞

norm given by [129]

J∞ = max
W [k],V [k],X[0]

∑K
k=0 |Z[k]− ˆZ[k]|2Sk

|X[0]− ˆX[0]|2
P−1
0

+
∑K

k=0(|W [k]|2
Q−1
k

+ |V [k]|2
R−1
k

)
, (5.18)

where Sk, P0, Qk, and Rk are symmetric positive definite matrices chosen by the user [129].

(The choice of these matrices is further discussed in Section 5.3.4.) The notation |A|2B denotes

AHBA, where AH is the Hermitian of A. The parameter P0 is a measure of how close the

initial estimate X̂[0] is to the true value X[0], while Qk and Rk play roles analogous to the

covariances of the state and of the observation noise in a Kalman filter, respectively.

Because the direct minimization of J∞ is not tractable, the following suboptimal criterion

is commonly considered [129]- [134]

J∞ = max
W [k],V [k],X[0]

∑K
k=0 |Z[k]− ˆZ[k]|2Sk

|X[0]− X̂[0]|2
P−1
0

+
∑K

k=0(|W [k]|2
Q−1
k

+ |V [k]|2
R−1
k

)
< γ2, (5.19)

where γ2 is a user specified bound. The solution for (5.19) is given by Ẑ[k] = LkX̂[k] [134],
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where

X̂[k + 1] = FkX̂[k] +Kk+1U [k + 1], (5.20)

U [k + 1] = Y [k + 1]−Hk+1FkX̂[k], (5.21)

Kk+1 = Pk+1H
H
k+1[Rk+1 +Hk+1Pk+1H

H
k+1]−1, and (5.22)

Pk+1 = FkPkF
H
k − Fk[I +

(
HH
k R

−1
k Hk − γ−2S̄k

)−1
P−1
k ]−1PkF

H
k +Qk, (5.23)

with S̄k = LHk SkLk [129]. In addition, the solution Ẑ[k] of (5.19) exists if and only if the

following condition is satisfied at each time instant k,

P−1
k − γ−2S̄k +HH

k R
−1
k Hk > 0. (5.24)

5.3.2 H∞ filter-based estimation of AR parameters

In this subsection, we develop a H∞ filter-based technique for estimating the AR parameters

{a[i]}Pi=1 from the corrupted AR process r . We first observe that, using (5.1) and (5.2), the

corrupted AR process r can be written as

r[k] = −
P∑
i=1

a[i]r[k − i] + α

(
sm[k] +

P∑
i=1

a[i]sm[k − i]
)

+ e[k]. (5.25)

Using (5.25), together with the fact that the AR parameters are assumed to be time-invariant,

the state-space equations for the H∞ filter are given by

State Equation : X[k + 1] = X[k] (5.26)

Observation Equation : r[k] = HkX[k] + V [k], (5.27)

where X[k] =
[
a[1], a[2], . . . , a[P ]

]T
, Hk =

[
− r[k − 1],−r[k − 2], . . . ,−r[k − P ]

]
, and

V [k] = e[k]+α
(
sm[k]+a[1]sm[k−1]+. . . a[P ]sm[k−P ]

)
. The estimates of the AR parameters
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are obtained by using Z[k] = X[k] in (5.20)-(5.23).

In this procedure, the AR parameters are estimated by observing the corrupted AR

process r , as seen in the observation equation (5.27). However, various studies have shown

that estimating the AR parameters in this manner (that is, directly from a corrupted AR

process) results in highly biased (and hence unsatisfactory) estimates [135], [136]. In these

studies, it has been suggested that a more effective approach would be to estimate the AR

process n from the corrupted AR process r and then compute the AR parameters from

the estimated AR process n̂ . Such a procedure, which involves the estimation of both the

state (in this case n) and the underlying parameters (in this case {a[i]}Pi=1) of the system,

is known as a dual estimation procedure [137].

The dual estimation procedure involves the use of two sequential estimators operating

in parallel, one for estimating the state and one estimating the parameters of the system

under consideration. This approach can be understood as a generalized version of the EM

algorithm, where the E-step is replaced by the state estimator and the M -step is replaced

by the parameter estimator [138]. While the dual estimation procedure does not have the

convergence properties of the EM algorithm, it has the advantage of being computationally

less complex and requiring lesser memory due to its sequential nature [127]. This procedure

has been used in a applications such as channel estimation [135] and speech enhancement

[136], among various others.

In the following subsection, a dual estimation procedure for estimating the AR parameters

{a[i]}Pi=1 from the corrupted AR process r with the help of twoH∞ filters operating in parallel

is presented8.

8At this point, we are only interested in estimating the AR parameters to be used as the coefficients of
the whitening filter. For this reason, in this procedure, only the AR parameters are considered to be the
unknown parameters. A technique which does not require the knowledge of the other unknown parameters
(channel coefficient and Gaussian mixture model parameters) is used to obtain the AR parameter estimates.
The estimation of all the unknown parameters simultaneously using the dual estimation procedure is difficult
due to the non-Gaussian distribution of the processes involved.
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5.3.3 Dual H∞ filter-based estimation of the AR parameters

This is a sequential two-step approach (that is, two steps are performed at every time instant)

for estimating the AR parameters. In the first step, estimates of the AR process n (state) are

obtained from the corrupted AR process r, while in the second step the AR parameters are

calculated from the estimated AR process n̂ = {n̂[k]}Kk=1. It must be noted, however, that

the first step requires the knowledge of the AR parameters to estimate n̂, and consequently,

in this approach, the two steps described above have to be implemented in parallel, as shown

in Fig. 5.1.

State estimation

Parameter estimation

{âi}Pi=1

n̂[k]r[k]

H∞ �lter 1

H∞ �lter 2
Figure 5.1: H∞ filter-based dual estimation scheme for AR parameter estimation.

Due to the non-Gaussian distribution of the noise and the lack of knowledge of the

statistics of the processes involved, H∞ filters are used for implementing both the state

estimation and the parameter estimation steps. The state-space equations for the H∞ filters

used in these steps, at the kth time instant, are:

State estimation

In the first step, the most recent estimates of the AR parameters {â[i]}Pi=1 are used to obtain

the estimate n̂[k]. Taking the state vector X1[k] to be X1[k] = [n[k], n[k− 1], . . . , n[k−P ]]T ,
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the state-space equations for this filter are

X1[k + 1] = F1kX1[k] +W1[k] (5.28)

r[k] = H1kX1[k] + V1[k], (5.29)

where V1[k] = αsm[k], H1k = [1, 0, 0, . . . , 0], W1[k] =
[
e[k + 1], 0, 0, . . . , 0

]T
, and

F1k =



−â[1] −â[2] · · · −â[P ] 0

1 0 · · · 0 0

0 1 · · · 0 0
...

...
. . .

... 0

0 0 · · · 1 0


. (5.30)

The parameter of interest n[k] is given by n[k] = Z1[k] = L1kX1[k] with L1k = [1, 0, 0, . . . , 0].

Parameter estimation

In this step, the filtered estimate n̂[k] (= Ẑ1[k]) is used to update the AR parameter estimates

{â[i]}Pi=1. Since the AR parameters are assumed to be time-invariant, the state equation of

this H∞ filter can be written as

X2[k + 1] = X2[k], where X2[k] =
[
â[1], â[2], . . . , â[P ]

]T
. (5.31)

For the observation equation in this step, using (5.20) in the state estimation step, we

have

n̂[k] = L1kX̂1[k] = L1kF1(k−1)X̂1[k − 1] + L1kK1kU1[k]

Using L1k = [1, 0, 0, . . . , 0] and (5.30), the observation equation is given by

n̂[k] = H2kX2[k] + V2[k], where H2k = X̂1[k − 1]T and V2[k] = L1kK1kU1[k]. (5.32)
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The sub-optimal H∞ filtering criterion (5.19) for the two filters with state space equations

given by (5.28)-(5.31) and (5.32) are

J1∞ = max
e[k],sm[k],X[0]

∑K
k=0 |n[k]− n̂[k]|2S1k

|X1[0]− X̂1[0]|2
P−1
10

+
∑K

k=0(|e[k]|2
Q−1

1k

+ |αsm[k]|2
R−1

1k

)
< γ2

1 and (5.33)

J2∞ = max
W2[k],V2[k],X[0]

∑K
k=0 |X2[k]− X̂2[k]|2S2k

|X2[0]− X̂2[0]|2
P−1
20

+
∑K

k=0(|V2[k]|2
R−1

2k

)
< γ2

2 . (5.34)

Since the statistics of n[k], e[k], sm[k], and X2[k] are assumed to be time invariant, the time-

dependencies of S1k, Q1k, R1k, and S2k can be dropped [129]. The dual estimation procedure

for estimating the AR parameters, obtained by applying (5.20)-(5.23) to the two H∞ filters,

is presented in Table 5.1.

Table 5.1: Proposed H∞ filter-based dual estimation procedure for AR parameter estimation.

For k = 0 to K

State Estimation Step

U1[k + 1] = r[k + 1]−H1(k+1)F1kX̂1[k]

P1(k+1) = F1kP1kF
H
1k − F1k[I +

(
HH

1kR
−1
1kH1k − γ−2S̄1k

)−1
P−1

1k ]−1P1kF
H
1k +Q1k,

K1(k+1) = P1(k+1)H
H
1(k+1)[R1(k+1) +H1(k+1)P1(k+1)H

H
1(k+1)]

−1,

n̂[k + 1] = L1(k+1)X̂1[k + 1]

Adjusting the weight Q1(k+1)

Mk+1 = P1(k+1) − F1(k+1)P1kF
H
1(k+1) +K1(k+1)|U1[k + 1]|2KH

1(k+1)

Q1(k+1) = k
k+1

Q1k + 1
k+1

Mk+1

Parameter Estimation Step

H2(k+1) = X̂1[k]T , F2k = I

U2[k + 1] = n̂[k + 1]−H2(k+1)X̂2[k]

P2(k+1) = P2k − [I +
(
HH

2kR
−1
2kH2k − γ−2S̄2k

)−1
P−1

2k ]−1P2k,

K2(k+1) = P2(k+1)H2(k+1)[R2(k+1) +H2(k+1)P2(k+1)H
H
2(k+1)]

−1,

X̂2[k + 1] = X̂2[k] +K2(k+1)U2[k + 1]

end
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5.3.4 Choosing of the H∞ filter parameters

The user-dependent parameters which are to be chosen include {S1, P10, Q1, R1, γ1} and

{S2, P20, Q2, R2, γ2}. Since, at each step, all the estimates are to be obtained with the

same accuracy, without loss of generality, S1 and S2 are taken to be identity matrices [129].

With no priori information being available on the initial states, the corresponding weighting

parameters P10 and P20 are typically chosen to be large positive definite matrices [125]. The

parameters γ1 and γ2 are chosen such that the condition (5.24) is met for both the filters.

Accordingly, at the (k + 1)th time instant, γ1 and γ2 are chosen so as to satisfy [136]

γ2
1 > max

{
eig
(
S̄1

(
P−1

1k +HH
1kR

−1
1 H1k

)−1
)}

(5.35)

γ2
2 > max

{
eig
(
S̄2

(
P−1

2k +HH
2kR

−1
2kH2k

)−1
)}

(5.36)

where max{(eig(M)} denotes the maximum eigenvalue of the matrix M . The parameters Qi

and Ri play roles that are analogous to the covariance of the state noise and the observation

noise in a Kalman filter. Hence, they are dependent on the noise statistics. However, one

of the major advantages of using H∞ filters is that their performance are insensitive to the

lack of knowledge of these covariances [129]. For example, it was observed in [29] that even

for values of Qk and Rk with deviations of ±10 dB from the true variance, the H∞ filter

has a negligible loss in performance. In this chapter, while the values of Ri are chosen to

be constants (identity matrices), the parameter Qi is updated using the technique proposed

in [135] and [136].

In this section, a new H∞ filter-based dual estimation procedure was proposed for blind

estimation of the AR parameters of a correlated non-Gaussian noise process in the presence

of an unknown signal.
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5.4 Estimation of the channel coefficient and noise dis-

tribution parameter

The estimates {â[i]}Pi=1 of the AR parameters obtained in Section 5.3 are used as the coeffi-

cients of a whitening filter to ideally remove the correlation among of the noise component of

the received symbols {r[k]}Kk=1. The whitened symbols {r̃[k]}Kk=1 at the output of this filter

are given by

r̃[k] = r[k] +
P∑
i=1

â[i]r[k − 1] = αs̃m[k] + ẽ[k]. (5.37)

In (5.37), the noise component {ẽ[k]}Kk=1 can be approximated as i.i.d random variables

with their distribution given by (5.3). If the AR parameters were perfectly estimated, we

would have {ẽ[k] = e[k]}Kk=1. The information component in (5.37) consists of symbols

{s̃m[k]}Kk=1 from a new constellation S̃m. The constellation points of S̃m are obtained as

s̃m = s0
m +

∑P
i=1 â[i]sim for all possible combinations of {sim ∈ Sm}Pi=0. The number of

constellation points in S̃m is therefore equal to NP+1
m .

In order to estimate the channel coefficient and Gaussian mixture model parameters{
α, {λi, σi}Ni=1

}
, denoted by θ, assuming that the whitened symbols {r̃[k]}Kk=1 are indepen-

dent, the ECM algorithm proposed in Chapter 3 is used. In this case, for a given hypothesis

Hm, the iterative procedure for obtaining maximum-likelihood estimates of θ is as follows.

The estimate of α at the (t+ 1)th iteration is obtained by using

αt+1 =

∑
k

∑
y[k]

∑
s̃m[k]

r̃[k]s̃∗m[k](
σt
y[k]

)2

λt
y[k]

Ñm

p(r̃[k]|y[k],s̃m[k],θt
)

p(r̃[k]|θt
,Hm)∑

k

∑
y[k]

∑
s̃m[k]

|s̃m[k]|2(
σt
y[k]

)2

λp
y[k]

Ñm

p(r̃[k]|y[k],s̃m[k],θt
)

p(r̃[k]|θt
,Hm)

(5.38)

where θt =
{
αt, {λtn, σtn}Nn=1

}
is the estimate of θ after the tth iteration. After estimating

αt+1 using (5.38), θt is updated as θt =
{
αt+1, {λtn, σtn}Nn=1

}
. The estimates λi and σi for
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i = 1, 2, . . . , N , are then updated by using, respectively,

λt+1
i =

1

K

∑
k

∑
s̃m[k]

λti
Ñm

p(r̃[k]|y[k] = i, s̃m[k],θt)

p(r̃[k]|θt, Hm)
(5.39)

and

σt+1
i =

√√√√√√
∑

k

∑
s̃m[k] |r̃[k]− αts̃m[k]|2 λti

Ñm

p(r̃[k]|y[k]=i,s̃m[k],θt
)

p(r̃[k]|θt
,Hm)

2
∑

k

∑
s̃m[k]

λti
Ñm

p(r̃[k]|y[k]=i,s̃m[k],θt
)

p(r̃[k]|θt
,Hm)

. (5.40)

These iterations are repeated until convergence. While the ECM algorithm does not guaran-

tee convergence to the maximum-likelihood estimates (global maximum of the log-likelihood

function), it converges to a local maximum, with the point of convergence depending on

the initial estimates. Detailed discussions of the convergence of the ECM algorithm can be

found in [88] and [91].

As discussed in Section 5.2, one set of estimates of
{
αm, {λmi , σmi }Ni=1

}
is obtained for

each hypothesis. These estimates, along with the estimates of the whitening filter coefficients

{â[i]}Pi=1, are then used by the classifier in (5.15) for identifying the modulation scheme from

the whitened symbols {r̃[k]}Kk=1.

5.5 Numerical Results

In the results that follow, the modulation schemes considered are BPSK, QPSK, and 8-PSK

(with each of them assumed to be equally likely). The amplitude of the channel coefficient α

is assumed to be Rayleigh distributed with E[|α|2] = 1, and its phase uniformly distributed

in (0, 2π]. In the N -term Gaussian mixture model defined in (5.3), based on common

nomenclature available in the literature, the first term (with proportion λ1 and variance σ2
1)

is used to represent the thermal noise component, while the other terms model the impulsive

noise component [23], [25], [82]. Unless specified, the number of terms in the Gaussian

mixture distribution is taken to be N = 2 and λ1 and
σ2
2

σ2
1

are chosen to be 0.9 and 100,
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respectively. This case is widely used in the literature (see, among others, [23], [25], [82], [84])

as a model for impulsive noise. We define the received SNR as the ratio of the average received

signal power and the variance of the thermal noise component; that is, the received SNR is

equal to E[|α|2]/σ2
1.
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Figure 5.2: Average bias in the estimates of the AR(1) process parameter: a[1] = −0.6. The
average bias in the estimate X̂ of the parameter X is defined as E[|X − X̂|]. Number of
symbols for AR parameter estimation equal to 250 (dotted line), 500 (dashed line), and 1000
(solid line). Modulation scheme used is QPSK.

The performance of the proposed H∞ filter-based dual estimation procedure for estimat-

ing the AR parameters is presented in Figs. 5.2 and 5.3. The bias of the estimated AR

parameters is obtained as a function of the received SNR for two separate cases: Fig. 5.2,

an AR(1) filter {1,−0.6}; and Fig. 5.3, an AR(2) filter {1,−0.25,−0.53}. It can be seen in

Figs. 5.2 and 5.3 that as the received SNR decreases, the bias in the estimation of the AR

parameters reduces. This is because, as the received SNR decreases, the relative strength of

the AR process (noise) in the received signal increases and consequently the accuracy of the

AR parameter estimation increases. In addition, the performance of the estimator improves
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Figure 5.3: Average bias in the estimates of the AR(2) process parameters: a[1] = −0.25
(circle), a[2] = −0.53 (square). The average bias in the estimate X̂ of the parameter X is
defined as E[|X − X̂|]. Number of symbols used in the estimation of the AR parameters is
equal to 500 (dashed line) and 1,000 (solid line). Modulation scheme used is QPSK.

as the number of symbols used in the estimation process increases, as expected.

It must be noted that the AR parameter estimation is performed without prior knowledge

of the signal and noise statistics. For this reason, the parameters of the two H∞ filters used

in the dual estimation procedure, which would ideally depend on these statistics, are instead

chosen as discussed in Section 5.3.4. The bias in the AR parameter estimation observed

in Figs. 5.2 and 5.3 is a direct consequence of this mismatch in the H∞ filter parameters.

Despite the bias in the AR parameter estimation, the performance of the proposed classifier

is close to that of the “ideal” classifier (as seen in the results presented later in this section).

The estimated AR parameters are used as the coefficients of a whitening filter to reduce

the correlation among the noise component of the received signal. To demonstrate the

efficacy of the whitening filter, Figs. 5.4 and 5.5 show the average normalized correlation
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of the noise component of the signal before and after the whitening filter. As can be seen

in Figs. 5.4 and 5.5, the reduction in the correlation of the noise component of the signal

is noticeable. It is also observed that the whitening filter has a better performance at low

values of the received SNR. This is because the estimates of the AR parameters are more

accurate at these SNRs, as previously discussed.
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Figure 5.4: Average normalized autocorrelation at the whitening filter output: SNR = -10
dB (dashed line); SNR = 10 dB (dotted line). The average normalized autocorrelation is

defined as E[ |RX |
max(|RX |) ], where RX is the autocorrelation function. Number of symbols used

in the estimation of the AR parameters is 1,000. AR(1) process - a[2] = −0.6 Also plotted
is the average normalized correlation at the whitening filter input (solid line).

The performance of the ECM algorithm used to estimate the channel coefficient and noise

distribution parameters after the whitening filter is shown in Figs. 5.6-5.8. In Figs. 5.6 and

5.7, the normalized variances of the estimates of σ2
1 and σ2

2 are shown when the whitening

filter coefficients are obtained using the technique described in Section 5.3. Also shown are

the normalized variances when these coefficients are assumed to be perfectly known. It can

be seen from Figs. 5.6 and 5.7 that as the received SNR increases, the normalized variance
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Figure 5.5: Average normalized autocorrelation at the whitening filter output: SNR = -10
dB (dashed line); SNR = 10 dB (dotted line). The average normalized autocorrelation is

defined as E[ |RX |
max(|RX |) ], where RX is the autocorrelation function. Number of symbols used

in the estimation of the AR parameters is 1,000. AR(2) process : a[1] = −0.25, a[2] = −0.53.
Also plotted is the average normalized correlation at the whitening filter input (solid line).

of both σ2
1 and σ2

2 decreases in almost all cases, as expected. For low values of the received

SNR, the estimation performance for the case in which the whitening filter coefficients are

estimated is approximately the same as the estimation performance when these coefficients

are assumed to be known. As the received SNR increases, the gap in performance increases,

since the accuracy of AR parameter estimation reduces at higher values of the received SNRs.

In Fig. 5.7, additionally, the normalized variance of σ2
1 increases at higher values of SNRs

due to the increasing bias of the AR parameter estimation. Similar trends are also observed

for the estimates of the channel coefficient α. The average bias in the estimation of the

magnitude and the phase of α reduces as the received SNR increases, as seen in Fig. 5.8.

Figs. 5.9 and 5.10 show the performance of the proposed classifier for different AR model

parameters. (The corresponding confusion matrices are presented for Tables 5.2 and 5.3).
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Figure 5.6: Normalized variance of the estimates of σ2
1 (dashed lines) and σ2

1 (solid) when
the whitening filter coefficients are estimated (circle) are perfectly known (square). The

normalized variance of the estimate X̂ of the parameter X is defined as var(X̂)
X

. Modulation
scheme considered is QPSK. AR(1) process : a[1] = −0.6. Number of symbols used in the
estimation of the AR parameters and in the EM algorithm are 1,000 and 500, respectively.

Additionally, Fig. 5.11 shows the performance of the proposed classifier, for the noise model

parameters which correspond to the statistics of the impulsive noise measured in [15]. (Please

refer to Appendix C for details.) For reference, the proposed classifier is compared to three

other classifiers

1. The “ideal” classifier with perfect knowledge of the AR parameters, the Gaussian

mixture model parameters, and the channel coefficient. This classifier is given by

(5.15) with the true values (instead of noisy estimates) of {a[i]}Pi=1, α, and {λi, σi}Ni=1

used.

2. The likelihood-based classifier formulated for non-Gaussian noise channels in Chapter

3 where the noise is assumed to be white and hence no whitening filter is used.
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Figure 5.7: Normalized variance of the estimates of σ2
1 (dashed lines) and σ2

1 (solid) when
the whitening filter coefficients are estimated (circle) and are perfectly known (square). The

normalized variance of the estimate X̂ of the parameter X is defined as var(X̂)
X

. Modulation
scheme considered is QPSK. AR(2) process : a[1] = −0.25, a[2] = −0.53. Number of symbols
used in the estimation of the AR parameters and in the EM algorithm are 1,000 and 500,
respectively.

3. The likelihood-based classifier developed for Gaussian noise conditions in [1]. In this

case the channel coefficient and the variance of the Gaussian noise required by the

classifier are estimated using a method-of-moments-based technique.

As can be seen in these figures that the performance of the proposed classifier is close to

the performance of the “ideal” classifier. Additionally, it can be seen in Fig. 5.11 that the

gap in performance between the proposed and the “ideal” classifier reduces as the number of

symbols used in the estimation process increases. Figs. 5.9-5.11 also show that the proposed

classifier performs better than the classifier designed assuming that the noise process is white

and significantly outperforms the classifier developed for Gaussian noise conditions.
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Figure 5.8: Average bias in the estimates of the phase (in radians, dashed lines) and magni-
tude (unit less, solid lines) of the channel coefficient α when the whitening filter coefficients
are estimated (circle) and are perfectly known (square). The average bias of the estimate X̂
of the parameter X is defined as E[|X̂−X|]. Modulation scheme considered is QPSK. AR(1)
process : a[1] = −0.6. Number of symbols used in the estimation of the AR parameters and
in the EM algorithm are 1,000 and 500, respectively.

5.6 Conclusions

In this chapter, a likelihood-based technique was presented for the classification of digital

amplitude-phase modulated signals in flat fading channels in time-correlated non-Gaussian

noise. The first-order statistics of the additive noise were modeled using a Gaussian mixture

model and the noise correlation was modeled using an AR process. Because the maximum-

likelihood modulation classifier is computationally infeasible for the noise model considered,

the proposed classifier involves the use of a whitening filter followed by likelihood-based

classification of the whitened signal leading to a significant reduction in the complexity. A

new algorithm for blind estimation of the unknown AR parameters was developed using a

H∞ filter-based dual estimation procedure, while the channel coefficient and the Gaussian
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Figure 5.9: Probability of correct classification of the proposed classifier. AR(1) process

with a[1] = −0.6 and two-term Gaussian mixture model with λ1 = 0.9 and
σ2
2

σ2
1

= 100. The

number of symbols used for AR parameter estimation and the EM algorithm are 1,000 and
500 (circle) and 500 and 1,000 (square), respectively. The performances of “ideal” classifier
(solid line), the classifier developed in Chapter 3 for white non-Gaussian noise with 1,500
symbols for parameter estimation (dashed line), and the classifier developed for Gaussian
noise conditions in [1] with 1,500 symbols for parameter estimation (dotted line) are also
shown. Number of symbols used for classification is 500.

mixture model parameters were estimated using a variant of the EM algorithm proposed in

Chapter 3. Numerical results were presented which show that the proposed classifier easily

outperforms the classifier developed under the assumption that the noise process is white.
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Figure 5.10: Probability of correct classification of the proposed classifier. AR(2) process
with a[1] = −0.25, a[2] = −0.53 and two-term Gaussian mixture model with λ1 = 0.9 and
σ2
2

σ2
1

= 100. The number of symbols used for AR parameter estimation and the EM algorithm

are 1,000 and 500 (circle) and 500 and 1,000 (square), respectively. The performances of
“ideal” classifier (solid line), the classifier developed in Chapter 3 for white non-Gaussian
noise with 1,500 symbols for parameter estimation (dashed line), and the classifier developed
for Gaussian noise conditions in [1] with 1,500 symbols for parameter estimation (dotted line)
are also shown. Number of symbols used for classification is 500.

Table 5.2: Confusion matrix of the proposed classifier. Received SNR = 6dB. AR(2) process
with a[1] = −0.25, a[2] = −0.53 and two-term Gaussian mixture model with λ1 = 0.9 and
σ2
2

σ2
1

= 100. The number of symbols used for AR parameter estimation and the EM algorithm

are 500 and 1,000 (square), respectively. Number of symbols used for classification is 500.

BPSK QPSK 8PSK

BPSK 0.990 0.005 0.005

QPSK 0.061 0.827 0.112

8PSK 0.074 0.124 0.802
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Figure 5.11: Probability of correct classification of the proposed classifier (circle). AR(2)
process with a[1] = −0.25, a[2] = −0.53, three-term Gaussian mixture model with propor-
tions {0.098, 0.018, 0.002} and variances {σ2

1 = 10, σ2
2 = 50, σ2

3 = 1075}. The number of
symbols used for AR parameter estimation and the EM algorithm are 250 and 500 (circle)
and 1,000 and 5,000 (square), respectively. The performances of “ideal” classifier (solid line),
the classifier developed in Chapter 3 for white non-Gaussian noise with 750 symbols for pa-
rameter estimation (dashed line), and the classifier developed for Gaussian noise conditions
in [1] with 750 symbols for parameter estimation (dotted line) are also shown. Number of
symbols used for classification is 500.

Table 5.3: Confusion matrix of the proposed classifier. Received SNR = 6dB. AR(2) process

with a[1] = −0.6 and two-term Gaussian mixture model with λ1 = 0.9 and
σ2
2

σ2
1

= 100. The

number of symbols used for AR parameter estimation and the EM algorithm are 500 and
1,000 (square), respectively. Number of symbols used for classification is 500.

BPSK QPSK 8PSK

BPSK 0.988 0.004 0.008

QPSK 0.088 0.784 0.128

8PSK 0.056 0.128 0.816



Chapter 6

Conclusions

In this dissertation, different statistical signal processing algorithms were developed for signal

detection and modulation classification in radio channels where the additive noise is non-

Gaussian. The design of these algorithms is essential since conventional signal processing

approaches, developed under the assumption that the noise has a Gaussian distribution, are

known to perform poorly in the presence of non-Gaussian noise.

One of the most novel aspect of the proposed algorithms is that they were developed

with limited or no prior knowledge of the signal of interest, the state of the fading process,

and the parameters which characterize the noise distribution. This was achieved through

the design of new techniques for blind estimation of the parameters of the fading process

and the non-Gaussian noise distribution. This is as opposed to the majority of detection

and classification algorithms available in the literature for non-Gaussian noise environments

which either assume to have prior knowledge of these unknown parameters or estimate them

using training methods.

In this dissertation, two popular statistical-physical models for non-Gaussian noise were

considered, namely the Middleton’s Class A model (in which the additive noise is modeled as

a Gaussian mixture distribution) and the symmetric α stable model. The Class A model is

91
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used to represent the amplitude of the noise processes which produce “ignorable transients”

at the receiver and/or that are spectrally narrower than the receiver’s front end. The SαS

distribution, on the other hand, is known to accurately model the noise processes that

produce “significant transients at the receiver” and/or that are spectrally wider than the

receiver’s front end. In addition, time-correlated non-Gaussian noise environments were also

considered by modeling the noise correlation using an AR process.

More specifically, in Chapter 3, a maximum-likelihood modulation classifier was devel-

oped for the classification of digital amplitude-phase modulated signals in flat fading channels

with non-Gaussian noise. The additive noise was modeled by a Gaussian mixture distribu-

tion. Maximum-likelihood estimates of the unknown fading state and the noise distribution

parameters were obtained using a novel EM-algorithm based technique. The classification

was performed using a hybrid likelihood ratio test and the performance of the proposed clas-

sifier was shown to be significantly better than the conventional likelihood-based classifier

developed for Gaussian noise conditions. It was also shown that the performance of the pro-

posed classifier approaches the performance the ideal classifier (assuming prior knowledge of

the unknown parameters) as the number of symbols used in the estimation process increases.

In Chapter 4, a new scheme for the detection of digital amplitude-phase modulated signals

in radio environments where the additive noise can be modeled using the SαS distribution

was presented. The proposed detection scheme involves the use of a matched myriad filter

which in known to have certain optimality properties when dealing with SαS distributions.

Also derived were new ECF-based methods to estimate the noise distribution parameters in

the presence of an unknown signal. The proposed detection scheme was shown to outperform

a popular detection scheme which uses a data adaptive ZMNL for mitigating the impulsive

noise.

A new technique for the classification of digital amplitude-phase modulated signal in

time-correlated non-Gaussian environments was presented in Chapter 5. The pdf of the non-

Gaussian noise was modeled using a Gaussian mixture distribution and the time correlation
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was modeled using an AR model. The proposed classifier involves the use of a whitening filter

which is followed by likelihood-based classification. A new technique for estimating the AR

parameters of the non-Gaussian noise (which are also the coefficients of the whitening filter)

using a H∞ filter based dual estimation procedure was also derived. A hybrid likelihood

ratio test was proposed at the output of the whitening filter, which uses the estimates of the

fading state and the Gaussian mixture model parameters obtained using the ECM algorithm

developed in Chapter 3. Numerical results presented showed that the proposed classifier

offers a significant gain in performance over a classifier developed under the assumption that

the non-Gaussian noise process is white.

In addition to the design of algorithms for signal detection and classification in non-

Gaussian noise environments (Chapters 3-5), in Appendix A, a new method to improve the

reliability of signal detection in spectrum sensing applications using radio collaboration was

also developed. In the proposed method, a spectrum sensing decision is made by weighting

the sensing data provided by multiple radios based on their reliability. The novelty of the

proposed method lies in exploiting the correlation of the sensing data provided by each radio

over multiple sensing intervals to keep the complexity of the weight estimation process at

acceptable levels. It was demonstrated that the proposed method offers an excellent tradeoff

between reliability and complexity when compared to traditional collaborative spectrum

sensing approaches.

The algorithms proposed in this dissertation can be used for signal detection and clas-

sification in a variety of applications. For example, these algorithms can be used in DSA

systems for accurate identification of potential spectral opportunities. In military commu-

nications, these algorithms can be used for the detection and interception of hostile signals

which are extremely important in electronic warfare and surveillance systems. Additionally,

the throughput of adaptive modulation and coding systems and systems using multi-mode

software radios can be improved through the use of blind modulation classification algorithms

like the ones presented in this dissertation.



Appendix A

Collaborative Spectrum Sensing

Based on a New SNR Estimation and

Energy Combining Method

Different spectrum regulatory authorities and commercial companies have been promoting

the concept of DSA for its potential to allow for a more efficient use of the radio spec-

trum [3], [31]. In DSA systems, improvements in spectral efficiency is achieved by allowing

secondary users to access vacant primary user frequency bands on a dynamic and non-

interfering basis. One of the possible enabling technologies for these systems is spectrum

sensing, which involves the use of fast and accurate algorithms for signal detection to iden-

tify the vacant primary user spectrum. The reliability of spectrum sensing can be increased

by using collaborative methods which exploit spatial diversity by combining, in an advanta-

geous manner, the sensing data provided by multiple radios [139–150].

As shown in [139–141], among others, in order for collaborative spectrum sensing to

be effective, the data provided by each radio should be weighted in proportion to their

reliability during data combining. This is because in realistic scenarios, the received SNR

value at each radio can vary greatly, for example, due to path-loss and shadowing. The
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processing requirement of the weight estimation process (which may require SNR estimation,

for example), along with the fact that the weights must be constantly updated (due to

the time-varying nature of wireless channels), however, can make weighted data combining

infeasible in practical systems. For this reason, it is commonly assumed in the literature

that propagation conditions are approximately the same for all radios and, consequently, the

sensing data provided by all radios are weighted equally. See, for example, [142–145].

In the following, a practical collaborative sensing method is presented which exploits the

correlation of the sensing data provided by a given radio in successive sensing intervals to keep

the requirements of weighted data combining at acceptable levels. In the proposed method,

during the period when a primary user is detected, the costly weight estimation process is

performed only every NSI + 1 sensing intervals (and not in every interval, as in conventional

collaborative methods). During the same period, in the intervals when SNR estimation is

not performed, the radios only obtain received energy measurements, which are combined

with weights determined by using the most recent estimate of each radio’s received SNR

value. It is demonstrated that the proposed method offers an excellent trade-off between

reliability and complexity.

A.1 System Model

Spectrum sensing can be modeled as a binary hypothesis testing problem with hypothesis H0

and H1 denoting the absence and presence of a primary user, respectively. In the proposed

model, the low-pass equivalent of the kth sample of the received signal at the mth radio is

written as

H0 : rm[k] = wm[k]

H1 : rm[k] = αms[k] + wm[k], (A.1)
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for k = 1, 2, . . . , K and m = 1, 2, . . . ,M ; that is, the observation window of each radio has K

samples and sensing is performed with M radios. Sampling at the symbol rate is assumed.

In (A.1), the complex variables {s[k]}Kk=1 represent the (deterministic and unknown)

primary user’s signal9, and the complex variables {wm[k]}Kk=1 represent the additive noise,

assumed to be independent and identically distributed (i.i.d.) circularly symmetric Gaussian

random variables with zero mean and variance σ2
n. Also in (A.1), αm is a (deterministic and

unknown) complex variable used to represent both the flat fading experienced by the signal

arriving at the mth radio, and the unknown power and carrier phase of the transmitted signal.

For this reason, without loss of generality, E[|s[k]|2] is assumed to be unitary. Note from

(A.1) that the channel is assumed to remain constant over the duration of the K observed

samples.

Using the Central Limit Theorem [152], it can be shown that the received energy mea-

surement of each radio, Em =
∑K

k=1 |rm[k]|2, can be approximated10 to have the following

conditional probability density function (pdf) for a suitably large K [147],

H0 : Em ∼ N (Kσ2
n, Kσ

4
n) (A.2)

H1 : Em ∼ N
(
K(1 + γm)σ2

n, K(1 + 2γm)σ4
n

)
, (A.3)

where the notation Em ∼ N (µ, σ2) is used to represent that Em is a (real) Gaussian random

variable with mean value µ and variance σ2. In (A.3), γm = |αm|2/σ2
n, is the received SNR

value of the primary user signal at the mth radio. (As shown in [147], the mean and variance

9The assumption in (A.1) that only one primary user exists under H1 is valid for potential usage sce-
narios. For example, 802.22 radios that rely on sensing must be able to reliably detect TV signals. Spatial
multiplexing usually guarantees that only the transmission of a single TV station can be detected (or that
it is significantly stronger than signals from other co-channel stations) in a particular channel at a given
location. In applications in which this assumption does not hold and an unknown number of primary users
are present under H1, an appropriate detection technique (for example, based on Random Set Theory [151])
would have to be used by the collaborating radios.

10To verify this approximation, the estimated pdf of energy measurements obtained numerically through
simulation was compared to the Gaussian pdf given by (A.3) by using the goodness of fit statistic R-square
(also known as the coefficient of determination) [153]. The value of R-square (which is a measure of the
correlation between two pdfs) was found to be greater than 0.99 for values of K as low as 50 for a wide range
of SNR values of practical interest, thus validating the approximation.
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values of the pdf given by (A.3) are a function of the primary user’s modulation scheme.

The values used in (A.3) correspond to a PSK signal with modulation order greater than 2.)

A.2 Collaborative Spectrum Sensing Methods

In the literature, collaborative sensing methods based on energy combining are popular be-

cause of their ease of implementation and low complexity. See, among others, [139–146],

[148], [150]. In these methods, each radio measures the received energy of the primary user

signal, and then relays this information to a fusion center (which may be one of the collabo-

rating radios or a separate entity). At the fusion center, a final decision metric, D, is formed

by combining the received energy measurements in an advantageous manner. In this section,

three well-known energy combining-based collaborative methods are analyzed. Based on this

analysis, a new collaborative spectrum sensing method is proposed in Section A.3.

Equal gain combining (EGC): In this method, the fusion center sums the received energy

measurements and compares the result to a threshold. The decision rule is given by

DEGC =
M∑
m=1

Em
H1

≷
H0

ηEGC . (A.4)

In the EGC method, all radios are weighted equally irrespective of the reliability of their

sensing data. Therefore, it is expected that this method will have poor performance unless

the received SNR values of the collaborating radios are approximately the same. Despite this

fact, this method is widely adopted because it does not require weight estimation [142–145].

Weighted linear combining (WLC): The decision metric in this method is a weighted linear

combination of the received energy measurements. The decision rule can be written as

DWLC =
M∑
m=1

wmEm
H1

≷
H0

ηWLC . (A.5)
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As determining the optimal set of weights {wm}Mm=1 that minimize the probability of detec-

tion error of the WLC method is not straightforward, a heuristic technique was proposed

in [146] which “provides near-optimal solutions for general systems”. For the considered

system model, assuming that the collaborating radios’ observations are conditionally inde-

pendent (given the hypothesis Hi), the weights, as proposed by this heuristic technique, are

given by

wm =
γm

1 + 2γm
. (A.6)

Optimal combining (OC): This method provides the optimal detection performance for the

case in which the radios relay energy measurements to the fusion center. Assuming that the

collaborating radios’ observations are conditionally independent (given the hypothesis Hi),

the likelihood ratio test can be written as
(∏M

m=1 p(Em|H1)
)
/
(∏M

m=1 p(Em|H0)
) H1

≷
H0

η [2].

Using (A.2) and (A.3), and after some algebraic manipulation, the decision rule is obtained

as11

DOC =
M∑
m=1

wm,1E
2
m + wm,2Em ≷ ηOC , (A.7)

where

wm,1 =
2γm

1 + 2γm
and wm,2 =

−2γmKσ
2
n

1 + 2γm
. (A.8)

As seen in (A.5) and (A.7), in the WLC and OC methods, the obtained energy mea-

surements are weighted in proportion to their reliability. For this reason, the WLC and OC

methods have the potential to significantly outperform the EGC method in practical sce-

11Under the Neyman-Pearson criterion, the decision rule’s threshold is set to yield the desired probability
of false alarm Pfa. For the model presented in Section A.1, the decision metric of linear combining methods,
including the EGC and WLC, is Gaussian under each hypothesis (N (µi, σ

2
i ) under Hi). In this case, the

threshold ηNP and the probability of detection Pd are obtained as ηNP = µ0 + σ0Q
−1(Pfa) and Pd =

Q ((ηNP − µ1)/σ1), respectively, where Q(x) = 1√
2π

∫∞
x

exp(−u2

2 )du. For the OC method, the decision

metric, (A.7), is given by a quadratic form in Gaussian variables. While the moment generating function
of quadratic forms in Gaussian variables has a closed-form expression [154], closed-form expressions for the
pdf are only available for some particular cases of the quadratic form [2], [154]. To the best of the author’s
knowledge, there is no closed-form expression for the pdf of the decision metric in (A.7) when the variables
have pdfs given by (A.2) and (A.3). In this case, a numerical algorithm (such as the ones proposed in [155]
and [156], among others) should be used to obtain Pd and Pfa and to determine ηNP .
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Figure A.1: Performance of the EGC (dotted lines), WLC (dashed lines), and OC methods
(solid lines) for M = 2 (SNR values equal to -1 and -5 dB, circle) and 4 (-1, -5, -8 and -10
dB, diamond) radios. The observation window of each radio has a total of K = 50 samples.

narios (at the cost of having to estimate the combining weights, which, as seen in (A.6) and

(A.8), requires SNR estimation).

The performance of the three considered methods is presented in Fig. A.1. As expected,

it is seen in this figure that the weighted combining methods outperform the EGC method

for the two cases considered. It is also seen in Fig. A.1 that, while it is expected that the

performance of collaborative sensing would improve with an increase in the number of radios,

the performance of the EGC method is actually worse when four radios are used compared

to that of two radios in the scenario considered. This is because the reliability of the two

added radios (SNR values of -8 and -10 dB) is low compared to that of the existing radios (-1

and -5 dB), and the EGC method weights all radios equally. As the WLC and OC methods

weight the measurements in proportion to their reliability, this behavior is not observed in

Fig. A.1 for the weighted methods.
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Primary user not detected Primary user detected Primary user not detected

Normal operation (data transfer)

Time

Energy measurements and

Energy measurements
and EGC

weighted energy combining

SNR estimation, energy

energy combining 
measurements and weighted 

Figure A.2: Illustration of the operation of the proposed collaborative spectrum sensing
method. In this figure, NSI and Noff are equal to 4 and 8, respectively.

The improved performance of weighted combining results from the fact these methods use

the received SNR value at each radio as a reliability measure of the sensing data it provides.

Unfortunately, SNR estimation is a time and processing intensive procedure (in comparison

with measuring the received signal energy, for example), which requires the estimation of

signal and noise parameters [157]. For example, a maximum-likelihood-based SNR estima-

tor [157] requires the radio to first synchronize with the received signal in order to estimate

the transmitted symbols and then estimate the received signal power. The noise power is

then estimated by subtracting the estimated signal power from the total received power.

Therefore, the time and processing requirements of the weight estimation process can make

weighted data combining infeasible for practical systems. In the next section, a practical

method is proposed, which keeps the requirements of weighted data combining at acceptable

levels, providing an excellent trade-off between reliability and complexity compared with

conventional collaborative methods.

(It is worth noting that while the use of SNR estimates as a reliability measure in col-

laborative spectrum sensing has been previously considered [139], [140], [146], [148], the

problem of SNR estimation in the context of collaborative sensing is still underdeveloped.

The proposed method proposed offers a possible solution to this problem.)
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A.3 Proposed Collaborative Spectrum Sensing Method

In wireless systems, signals travel from transmitter to receiver over multiple reflective paths,

causing fluctuations in the received signal’s amplitude. Due to changes in the channel (result-

ing from the mobility of the radios, for example), the random signal fluctuations caused by

multipath propagation are time-variant. The time correlation of such fluctuations is partially

characterized by the so-called coherence time, which is an estimate of the expected time

during which the multipath fading can be considered as constant. In addition, the random

signal power attenuation due to path loss and shadowing can also be correlated in time. For

example, when the random change in the position of a receiver in a given time interval is

relatively small compared to its distance to the transmitter, the power attenuation due to

path loss is approximately constant during this time interval. Also, correlated shadow fading

has been reported to occur in various scenarios of interest, including cellular systems, indoor

environments, and indoor-outdoor links [158].

The proposed collaborative spectrum sensing method exploits the correlation of the sens-

ing data provided by a given radio in successive sensing intervals to keep the requirements

of weighted data combining at acceptable levels. In the proposed method, during the period

when a primary user is detected (that is, when it is possible to estimate the received SNR

value and thus the reliability of the data provided by each radio), the costly weight estima-

tion process is performed only every NSI + 1 sensing intervals (and not in every interval, as

in conventional methods). During the same period, in the intervals when SNR estimation is

not performed, the collaborating radios only obtain energy measurements, which are com-

bined with weights determined by using the most recent estimate of each radio’s received

SNR value.

The proposed collaborative spectrum sensing method, which has its operation illustrated

in Fig. A.2, consists of the following steps:

1. When collaborative sensing is initiated, each radio measures the received energy of the
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primary user signal and relays its measurement to the fusion center. SNR estimates

are not obtained at this point in time because the sensing network has not made a

decision yet whether a primary user is present (SNR estimates would be valid) or not

(estimates would be invalid). (Note that in the absence of a primary user signal, the

SNR estimate is ideally equal to zero.) The fusion center makes a decision by using

the EGC method.

2. If a primary user signal is not detected, the collaborating radios obtain received energy

measurements in all sensing intervals until a primary user is detected (and the method

goes to step 3). During this time, EGC is used by the fusion center. (Recall that if

a primary user signal is not present, the observations used by the radios are thermal

noise samples. In this case, it is impossible for the radios to estimate their “reliability”

if a primary user was present, and weighted data combining is impractical.)

3. If or when a primary user signal is detected, each radio relays to the fusion center its

estimated received SNR value and measured received energy in the sensing interval

following the detection. Using the received SNR values, the combining weights are

obtained by using (A.8). Given the weights and measured received energy values, the

fusion center uses the OC method, with decision rule given by (A.7), to track the

presence of the primary user. As shown in Fig. A.2, in the NSI sensing intervals after

an interval in which SNR estimates are obtained, the radios only obtain received energy

measurements. In these sensing intervals, the fusion center uses (A.7) with combining

weights determined by using the most recent estimate of each radio’s received SNR

value. In the proposed method, SNR estimation is not performed in all sensing intervals

in order to keep the computational complexity of weighted data combining (which,

as discussed in Section A.2, is dominated by the costly SNR estimation process) at

acceptable levels. SNR estimation (along with the update of the combining weights)

is performed every NSI + 1 sensing intervals.

4. If the primary user is no longer detected during step 3, the most recent combining
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Figure A.3: Instantaneous and estimated SNR values for a particular realization of the
proposed simulation environment. The primary user is off from 10s to 20s. The sensing
interval and NSI are equal to 100 ms and 4, respectively.

weights are used for a pre-determined number of sensing intervals Noff , after which

they are considered obsolete. The algorithm then reverts to step 2.

As the data provided by a given radio in successive sensing intervals is likely to be

correlated in scenarios of practical interest, the used weights will not be significantly different

from the “ideal” ones if system parameters (sensing interval, NSI , and Noff ) are properly

chosen. For example, using the simulation model described in Section A.4, the estimated

SNR value (updated every NSI +1 sensing intervals) and the true SNR value for a particular

realization is shown in Fig. A.3. It can be seen that, due to the channel correlation, the

estimated SNR value is approximately the same as the true SNR value until a new estimate

is obtained. As a result, as shown in Section A.4, the proposed method’s performance closely

approaches that of the “ideal” OC method.

It is worth noting that OC was used in the proposed method because it provides optimal
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detection performance when radios relay conditionally independent energy measurements to

the fusion center. However, any other weighted combining scheme, such as the WLC, could

have been used. Finally, it can also be noted that the proposed method fits well with the

(single radio) sensing procedure defined by the IEEE 802.22 standard, which has two stages:

fast and fine sensing [31]. In the fast sensing stage, which has a short sensing window (≤
1ms), a low complexity method, such as energy detection, is used. The fine sensing stage,

which has a longer sensing window (≈ 25ms), uses more complex methods, such as cyclic

feature detection. Therefore, the different sensing intervals of the proposed method could be

incorporated into the fast (energy measurements only) and fine (SNR estimation) stages of

the IEEE 802.22 framework.

A.4 Numerical Results

In order to analyze the performance of the proposed method, a collaborative sensing scenario

with a stationary primary user and M mobile radios is considered. The sensing data obtained

by the radios is transmitted to the fusion center through a low-capacity channel that, due

to the use of forward error correction and protocols such as ARQ, is assumed to be error-

free. The movement of the radios is modeled by a random walk process [159] with a speed

uniformly chosen between 0 and 1 m/s. The received SNR value is assumed to vary, due to

path loss, between 0 and -15 dB depending on the distance from the primary user. Also,

each radio is assumed to experience time-varying Rayleigh fading with coherence time equal

to 1s [160]. The primary user is assumed to transmit a QPSK signal at 500 kbps. SNR

estimates and received energy measurements are obtained by using a total of 1000 and 50

samples, respectively.

For SNR estimation, a variant of the EM is used. Specifically, the ECM algorithm

derived in Section 3.3, with the number of terms in the mixture model (N) and the number

of possible modulation schemes (M) set equal to one is used. This algorithm is used because



105

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

Probability of false alarm

A
ve

ra
ge

 p
ro

ba
bi

lit
y 

of
 d

et
ec

tio
n

Figure A.4: Performance of the propose (dash-dot lines), EGC (dotted lines) and OC (solid
lines) methods for M = 2 (diamond), 3 (star) and 4 (circle) radios. The sensing interval and
NSI are equal to 100 ms and 9, respectively.

it is a practical implementation of the (optimal) maximum-likelihood-based SNR estimator.

However, the proposed method does not require the use of a particular estimator, and any

other algorithm, such as the ones presented in [157], could have been used.

Note that while the channel was assumed to remain constant over the observation window

in Section A.1, the simulated channels are actually time-varying. However, the simulated

channel of a given radio is time-correlated, and it is approximately constant during the

sensing interval (the normalized maximum absolute deviation of the channel gain magnitude

was found to be on average less than 0.1%). For this reason, the assumption made in the

system model is valid.

The performance of the proposed, EGC, and OC methods is shown in Fig. A.4 for differ-

ent numbers of radios. It is seen in this figure that the performance of the proposed method

closely approximates that of the OC method for all cases, despite the fact that the proposed
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Figure A.5: Performance of the proposed method for NSI equal to 4 (circle), 9 (diamond),
and 19 (star). The sensing interval is equal to 100 ms. For comparison, the performance
of the EGC (dotted line) and OC (solid line) methods are also shown. The collaborative
network consists of M = 4 radios.

method performs SNR estimation, in this particular implementation, in only 10% of the

sensing intervals. In the remaining 90% of the intervals, the proposed method requires only

(low-complexity) received energy measurements. Furthermore, there is a noticeable differ-

ence in performance between the proposed and EGC methods, and this difference increases

as more radios are used.

The frequency in which SNR estimation is performed affects both the performance and

the computational complexity of the proposed method. Fig. A.5 shows the performance of

the proposed method for different NSI values. As expected, it is seen that the difference

in performance between the proposed and OC methods decreases with an increase in the

frequency at which SNR estimation is performed. However, this performance gain comes at

the cost of more frequent SNR estimations.
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Figure A.6: Performance of weighted energy combining during the 1st (circle), 5th (diamond),
9th (star) sensing intervals after an interval in which SNR estimation is performed. For
comparison, the performances of the EGC (dotted line) and OC (solid line) methods are
also shown. The number of radios, sensing interval, and NSI are equal to 4, 100 ms, and 9,
respectively.

Fig. A.6 shows the performance of the proposed method in the first, fifth, and ninth

intervals after an interval in which SNR estimation was performed (that is, the weights used

during data combining were obtained by using SNR values estimated one, five, and nine

intervals ago, respectively). As the time separation between the sensing interval in which

the SNR estimates were obtained and the one in which data combining is performed increases,

the difference between the “ideal” weights and the “dated” weights tends to increase and

hence the sensing performance degrades, as seen in this figure. However, on average, the

performance of the proposed method closely approximates that of the OC method, as shown

in Figs. A.4 and A.5.

As discussed in Section A.3, OC was used in the proposed method because it provides

optimal detection performance when radios relay conditionally independent energy measure-
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Figure A.7: Performance of proposed method when weighted energy combining is performed
by using the OC (dashed line) and WLC (dash-dot line) methods. For comparison, the
performances of the EGC (dotted line) and OC (solid line) methods are also shown. The
number of radios, sensing interval, and NSI are equal to 3, 100 ms, and 9, respectively.

ments to the fusion center. However, any other weighted combining scheme, such as the

WLC, could have been used. The performance of proposed method when weighted energy

combining is performed by using the OC and WLC combining methods is shown in Fig. A.7.

It is seen that the proposed method using either OC or WLC performs very well, with the

OC-based method marginally outperforming the WLC-based method, as expected.

A.5 Conclusions

A practical collaborative sensing method was proposed which exploits the correlation of the

data provided by a given radio in successive sensing intervals. In the proposed method,

during the period when a primary user is detected, the costly weight estimation process is

performed only every NSI + 1 sensing intervals. Weighted energy combining is performed by

using the most recent estimate of each radio’s SNR as a reliability measure of the sensing
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data it provides. Numerical results show that the performance of the proposed method

closely approximates that of the OC method if system parameters are properly chosen.
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Appendix B

Asymptotic Normality of the

Matched Myriad Filter Output

Finite sample properties of M-estimators, such as the matched myriad filter presented in

Section 4.2, are typically analytically intractable, and hence asymptotic methods play an

important role in the analysis of their behavior [161]. In the following, the asymptotic

behavior of the matched myriad filter’s output is discussed under the hypothesis H1 for the

rectangular and the SRRC pulse shapes. The corresponding result for the null hypothesis

H0 follows directly from the provided analysis. As described in Section 4.3.2, we consider

the oversampled sequence {rτi }Ni=1, corresponding to an observation window beginning at a

time instant τ , given by

rτi = Sτi + ni, where Sτi = αch

∞∑
m=−∞

smp (τ + (i− 1)Ts −mT − εT ) . (B.1)

In this Appendix, we show that the output of the matched myriad filter, given by (4.17), is,

or can be approximated to be, asymptotically Gaussian.
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B.1 Rectangular pulse shape

For the rectangular pulse shape case, the matched pulse coefficients {pi}Ni=1, given by pi =

p(t)|t=iTs , are all equal to 1. Therefore, the matched myriad filter output is given by

θ̂τN = arg min
θ

N∑
i=1

log
[
K2 + |rτi − θ|2

]
. (B.2)

It should be noted that since the duration of the sliding window is equal to the symbol period

for rectangular pulses, there can be at most one symbol transition in a window. Therefore,

we consider two different cases, one in which no symbol transition occurs in the observation

window, and the other where there is exactly one symbol transition in the observation

window.

B.1.1 Asymptotic normality in the no transition-case

Since the pulse is rectangular and there are no symbol transitions, Sτi in (B.1) is the same for

all i (say Sτ ). The problem of calculating θ̂τN in (B.2) reduces to calculating the M-estimate

of the location of a set of i.i.d. random variables rτi using the cost function log(K2 + x2).

This is a well researched problem in robust statistics, and it can be shown that, under mild

regularity conditions, the M-estimates obtained are consistent and asymptotically Gaussian

with distribution [162]

θ̂τN ∼ N
(
Sτ ,

∫
ψ2(x)fX(x)dx

N(
∫
ψ′(x)fX(x)dx)2

)
, (B.3)

where ψ(x) = dlog(K2 + x2)/dx = 2x/(K2 + x2) and fX(x) is the noise pdf. It can be

observed that the asymptotic variance in (B.3) is independent of the information component

s(t), and is in fact the same as that of the signal absence (H0) case – see (8) in [99], for

example.
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B.1.2 Asymptotic normality in the one transition-case

While the asymptotic normality of the matched myriad filter output in the no transition-

case is a well known result, to the best of the authors’ knowledge, no such result is available

for the one transition-case. In this case, given that a symbol transition occurs at a time κT

(0 < κ < 1) from the beginning of the sliding window (that is, after κN samples), the samples

{rτi }Ni=1 are given by rτi = Sτ0 + ni, for i = 1, 2, ..κN , and rτi = Sτ1 + ni, for i = κN + 1, ..., N ,

where Sτ0 and Sτ1 denote the information component before and after the symbol transition,

respectively. The output θ̂τN , obtained by equating the first order derivative of the expression

on the right hand side of (B.2) to zero [162], is given by

1

N

N∑
i=1

ψ
(
rτi − θ̂τN

)
=

κ

κN

κN∑
i=1

ψ
(
rτi − θ̂τN

)
+

1− κ
(1− κ)N

N∑
i=κN+1

ψ
(
rτi − θ̂τN

)
= 0, (B.4)

where ψ(x) = 2x/(K2 +x2). Note that
{
rτi − θ̂τN

}κN
i=1

and
{
rτi − θ̂τN

}N
i=κN+1

are two different

sets of i.i.d. random variables. Applying the weak law of large numbers [161] to the summa-

tions in (B.4), as N → ∞, we have κE[ψ(n + Sτ0 − θ̂τN)] + (1 − κ)E[ψ(n + Sτ1 − θ̂τN)] = 0,

whose solution we denote by θτ . Considering the Taylor series expansion of (B.4) about θτ ,

we have

1

N

N∑
i=1

ψ (rτi − θτ ) +
(θ̂τN − θτ )

N

N∑
i=1

ψ′ (rτi − θτ ) +
(θ̂τN − θτ )2

2N

N∑
i=1

ψ′′ (rτi − θτ ) = 0. (B.5)

Rearranging the terms of (B.5) yields

√
N(θ̂τN − θτ ) =

− 1√
N

[∑κN
i=1 ψ (rτi − θτ ) +

∑N
i=κN+1 ψ (rτi − θτ )

]
1
N

∑N
i=1 ψ

′ (rτi − θτ ) +
(θ̂τN−θτ )

2N

∑N
i=1 ψ

′′ (rτi − θτ )
. (B.6)
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Consider the denominator on the right-hand side of (B.6). The second term approaches 0

for large N since θ̂N → θτ , while the first term can be written as

1

N

N∑
i=1

ψ′ (rτi − θτ ) =
κ

κN

κN∑
i=1

ψ′ (ni + Sτ0 − θτ ) +
1− κ

(1− κ)N

N∑
i=κN+1

ψ′ (ni + Sτ1 − θτ ) . (B.7)

Similar to (B.4), for large N , (B.7) can be written as κE[ψ′(n+Sτ0−θτ )]+(1−κ)E[ψ′(n+Sτ1−
θτ )] using the weak law of large numbers. (Note that in making these comments, we assume

certain mild regularity conditions to hold, such as the boundedness of 1
2N

∑N
i=1 ψ

′′ (rτi − θτ )
and the asymptotic consistency of θ̂τN .) For the numerator, as previously observed, the ele-

ments constituting each of the two summations are two sets of i.i.d. random variables. Using

the Central Limit Theorem, the sum of these sequences, and thereby the numerator itself, is

asymptotically Gaussian. Also, the mean of the numerator is equal to
√
N [κE[ψ (n+ Sτ0 − θτ )]

+ (1−κ)E[ψ (n+ Sτ1 − θτ )] = 0. Based on these observations, we have that, for large N , the

denominator and the numerator of (B.6) are a constant and a zero mean Gaussian random

variable, respectively. On further simplification, the asymptotic distribution of θ̂τN is given

by

θ̂τN ∼ N (θτ , V ), where V =
κvar[ψ(n+ S1 − θτ )] + (1− κ)var[ψ(n+ S0 − θτ )]

N (κE[ψ′(n+ S1 − θτ )] + (1− κ)E[ψ′(n+ S0 − θτ )])2 . (B.8)

In this analysis, we have shown that the output of a matched myriad filter θ̂τN for the

rectangular pulse shape is asymptotically Gaussian. While the proposed analysis is presented

assuming that the numbers are real, an extension to the case of complex numbers follows

directly.

B.2 SRRC pulse shape

For this pulse shape, the samples {rτi }Ni=1 are no longer i.i.d. due to ISI and to the fact that the

observed sequence is not stationary. For this reason, the analysis developed for rectangular
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pulses does not apply to this case. However, the asymptotic properties of M-estimators of

the form (4.17) have been extensively studied in the literature when the observed signal is

given by

rτi = θpi + ni, i = 1, 2, 3, ..., N, (B.9)

where {ni}Ni=1 are i.i.d. variables. The asymptotic normality of θ̂τN when the observed signal

is given by (B.9) is well established [161], [162]. Recall that the sample myriad is an M-

estimator.

Our problem of interest can be seen as an M-estimation problem with a misspecified

model, where the signal samples are not i.i.d. variables. While it could be expected that an

M-estimator would behave erratically due to such model mismatch, it was shown in [161],

for example, that this is not the case for a maximum-likelihood estimator, which is a par-

ticular case of the M-estimator. In fact, the maximum-likelihood estimates in this case have

been shown to be asymptotically Gaussian [161]. In addition, asymptotic properties of M-

estimators under non-i.i.d. conditions is a very popular research subject, and the asymptotic

normality of these estimators has been proved for different dependencies and non-identical

noise distribution conditions. See, among others, [163] and [164] and references therein.

Based on these observations, together with our own numerical analysis, the matched myriad

filter output for the SRRC pulse shape can be approximated to be asymptotically Gaussian.



Appendix C

Model Matching using Measured

Impulsive Noise Statistics

As discussed in Chapter 5, various measurement campaigns have shown that the noise ex-

perienced in practical radio channels is both non-Gaussian and correlated in time. One

such popular measurement campaign was conducted by Blackard et al. to study the impul-

sive noise in indoor wireless environments [15]. In [15], in order to characterize both the

instantaneous and the time dependent statistics of the observed impulsive noise, the distri-

butions of the following three parameters of the impulsive noise were obtained from the noise

measurements:

1. pulse amplitude, which is the magnitude of the observed impulsive noise,

2. pulse duration, which is the duration of the noise pulse with amplitude above a specified

threshold level, and

3. pulse spacing, defined as the time elapsed between two consecutive noise bursts which

exceed a specified threshold.
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In these measurements, the mean of the measured noise amplitude was chosen as the thresh-

old. The complimentary cumulative distribution functions (CCDF)12 of the three measured

noise parameters are given in [15].

In order to make the statistics of the noise realizations obtained with the statistical

model given by (5.2) and (5.3) to closely approximate those reported in [15], we empirically

matched the CCDFs of three impulsive noise parameters described above which are obtained

from the proposed noise model to the measured values of these statistics. Table C.1 and

Fig. C.1 show the CCDFs of these impulsive noise parameters obtained from the measure-

ments and from the proposed noise model for a specific combination of model parameters

({a[i]}Pi=1, {λi, σi}Ni=1). It can be seen that the statistics of the simulated noise are in close

agreement with the statistics reported in [15], for values of CCDF ≥ 0.1.

Table C.1: Statistics of the measured impulsive noise and the noise generated using the
proposed model. Measurements made at 2.44GHz. The following parameters were used to
generate the noise from the proposed model: 3-term Gaussian mixture model with λ1 =
0.98, λ2 = 0.018, λ3 = 0.002, σ2

1 = 10, σ2
2 = 50, σ2

3 = 1075; and AR(2) process with a[1] =
−0.25, a[2] = −0.53.

CCDF Pulse amplitude Pulse duration Pulse spacing

(dB above thermal noise floor) (1 unit = 40ns) (1 unit = 40ns)

100 (1, 1) (2, 2) (2, 2)

50 (18, 17.5) (3, 3) (5, 4)

10 (24, 22.7) (7, 7) (10, 13)

1 (29, 26.4) (15, 15) (21, 25)

0.1 (31, 32.3) (36, 22) (47, 37)

0.01 (37, 37.1) (74, 38) (105, 49)

0.001 (45, 40) (168, 44) (320, 62)

12The complimentary cumulative distribution function is defined as (1 - CDF)x100, where CDF is the
cumulative distribution function
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Figure C.1: Statistics of the measured impulsive noise and the noise generated using the
proposed model. Measurements made at 2.44GHz. The following parameters were used to
generate the noise from the proposed model: 3-term Gaussian mixture model with λ1 =
0.98, λ2 = 0.018, λ3 = 0.002, σ2

1 = 10, σ2
2 = 50, σ2

3 = 1075; and AR(2) process with a[1] =
−0.25, a[2] = −0.53.
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