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The measurement of elastic stresses and energy in cubic single-crystal films 
by x-ray diffraction 

Satish I. Rao and C. R. Houska 
Department of Materials Engineering, Virginia Polytechnic Institute and State University, Blacksburg, 
Virginia 24061 

(Received 2 March; accepted for publication 27 May 1981) 

Anisotropic elasticity calculations have been made for use in conjunction with strain 
measurements by x-ray diffraction for sputtered single-crystal films. Only the cubic case has been 
treated. Data from InSb films with (100) and (111) orientations on similarly oriented GaAs 
substrates are given. It was found that nearly alike planar strains E yield lower planar stresses 0"; 
and 0"; and stored energy density Ufor the (100) orientation. The (100) films exhibit a relatively 
large strain perpendicular to the film Ey 

PACS numbers: 8U5.Cd, 81.40.Jj, 6UO.Fr 

I. INTRODUCTION 

In a previous paper by Vook and Witt, I anisotropic 
elasticity calculations were carried out to determine the 
strains normal to the free surface within evaporated poly
crystalline films. These results demonstrated that the ratio of 
normal strain E3 to the strain within the plane of the film E 
depends upon the orientation (hkl). It was assumed that: (1) 
the film is firmly attached to the substrate, (2) the thermal 
expansion of the film and substrate are isotropic in the plane 
of the substrate, (3) the stress on the film in a direction nor
mal to the plane of the film is zero, and (4) the shear strain in 
the plane of the films is zero. With these assumptions, useful 
relations were obtained for the (100), (111), (311), (420), and 
(422) planes of cubic crystals. Additional transformations 
were calculated by Ra02 for (310) and (321) planes. These 
were used to determine normal strains in sputtered BCC 
films. 

This paper deals with the x-ray measurement of the 
planar and normal strain within anisotropic cubic single
crystal films. Special attention is given to sputtered films 
deposited onto a dissimilar single-crystal substrate. Aniso
tropic elasticity theory is used to calculate the planar stress
es, their maximum and minimum directions, and stored elas
tic energies for any film orientation. The final equations are 
given in simplified forms in terms of the elastic constant Cij 
and the film orientation. 

Sputtered films may contain additional stresses due to 
special defects introduced during the deposition of atoms 
having higher energies than those that are available during 
evaporation. Therefore, in addition to the assumptions made 
by Vook and Witt, one must also assume that: (5) the defects 
introduced by sputtering develop an additional isotropic 
strain in the plane of the film E;n . This assumption is analo
gous with assumption (2) dealing with the strain contribu
tion from differential thermal expansions or contractions 
E,h' In sputtered films, inert gas atoms can cause a change in 
the interplanar spacing of the atomic planes within a crystal 
which remains when the film is removed from the substrate. 
This material may be treated as a solid solution between the 
target material and atomic species from the sputtering gas. 

The x-ray method and elastic calculations are applied to 

strain and stress determinations in a sputtered InSb film on a 
GaAs substrate. 

II. THEORY 

It is convenient to begin with the strain ellipsoid.' Each 
point on the ellipsoidal surface represents the component of 
normal strain, whose direction and magnitude are those of 
the radius vector to this point. The strain point correspond
ing to the angles X (collateral angle) and ifJ (rotation about 
normal to the film) is given by 

Ed>¥ = EI sin2 X cos2 ifJ + E2 sin2 X sin2 ifJ 

+ E, cos2 X. (1) 

Because of strain isotropy in the plane of the film (i.e., 
E I = E2 = E), this simplifies to 

E, = (E - E,) sin2 X + Ey (2) 

Equation (2) can be related to the various stresses 0"; by using 
the two sets of relations: 
For the (001) orientation in the cubic system, 

0"1 = 0"2 = (C II + C I2 )E + C I2E" 

0"., = 2C12E + CIIE" 

or for all other (hkl ) planes, 

0"; =(C;I +C;2)E+C;3E" 

0"; = (C ; I + C ;2 )E + C ;3 E." 

0"; = (C;I + C;2)E + C;3E3' 

(3a) 

(3b) 

(4a) 

(4b) 

(4c) 

To obtain an explicit expression for the stress, one must 
transform the matrix of elastic constants into a new set of C ij 
constants. By substituting into Eqs. 4(a)-(c) and using the 
results of the transformations as given in the Appendix, one 
obtains 

0"; = [CII + (A + I) C I2 + Can (A. - l)fldE, (4d) 

0"; = [CII + (A + 1) C I2 + Can (A - l)fl2]E, (4e) 

where 

(4f) 
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_ c3 _ - 2CI2 + Canflhkl (4g) A- - - , 
c CI J + Canflhkl 

flhkl = 4(a~/3~ + a~~ + /3~~), (4h) 

fll = 4(al/3lafi3 + a l y l a 3Y3 + /3IYI/33Y3)' (4i) 
fl2 = 4(az/32a fi3 + a2Y2a3Y3 + /32yz/33y3)' (4j) 

Equation (4g) was obtained by setting Eq. (4c) equal to zero 
and solving for A. Combining Eqs. (2), (4d), and (4c) gives 

c - f' if,' sin2 X - I" cT.' x - J I I I' (5a) 

€ - f' (J",' sin2 X - I "cr; , X-22 22' (5b) 

with 

li= 
I-A 

(6a) 
[CII + (A + I)C12 + Can (A -1)fl l ]' 

j"- -A 
(6b) 1-

[CII + (A + I)C12 + Can (A -1)fl l ]' 

li= 
I-A 

(6c) 
[CII + (A + I)C12 + Can (A - l)fl2], 

1"- -A 
(6d) 2 -

[CII + (A + I)CI2 + Can (A - l)fl2 ] 

If the data are free of errors, the value of the stress obtained 
from the slope ofEqs. 5(a) and (b) is equal to the correspond
ing extrapolated stress 

0-;' = cr;' = (7i , 

ui' =~' = (7i· 
In case of an isotropic film, Eqs. 5(a) and (b) simplify to 

1 + v . 2 2v 
cx=~smx--if, 

E E 
(5c) 

where rT and if are the isotropic plane stresses obtained from 
the slope and by extrapolation. This requires that 
liso = (1 + v)lE and/i;o = 2v/E, which is obtained with 
Can = 0 giving 

and 

1 - Aiso 
Ii =/i =/iso = ------

CII + (Aiso + 1 )C12 

CII + 2C12 

-Aiso I;' = /; =[::0 = ----.:..:...-
CII + (Aiso + I)CI2 

2CI2 

(7a) 

(7b) 

Lames constants (A, Jl) are introduced to provide connecting 
relationships between the elastic moduli (CII , Cd, Young's 
modulus (E) and Poisson's ratio (v), i.e., 

vE 
A= ------ =CII , 

(1 + v)(1 - 2v) 

and 

E 1 
f..l = 2(1 + v) = "2 (CII - Cd· 

Solving for C12 and substituting into Eqs. 7(a) and (b), pro
vides the isotropic limit as previously given by Eq. (5c). 
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Equations 5(a) and (b) are based upon Eq. (2), and since 
(c - C3) as well as C3 are obtainable from direct measure
ments of Cx vs sinz X, the following relations are used to 
determine the stresses 

Ii 0-;' = liui' = c - C3' 

Ii' cr;' = li'~' = C3' 

(8a) 

(8b) 

One may also obtain the average plane stresses < (7 S > and 
<(7e> from 

<rT> = - - + - (C-C3)' 1 [1 1] 
2 Ii Ii 

and 

<if> = ..!.. [_1_ + _1_ ]c
3

' 

2 Ii' I; . 
with 

1 1 
-+-= 
Ii Ii 

1 1 
-+-= 
f~' 12 

- 2[CII + (A + I)C121 
A 

Can (A - 1) 
+ fl hkl · 

A 

(9a) 

(9b) 

(lOa) 

(lOb) 

Although it would appear that Eqs. 9(a) and (b) are redun
dant, two separate determinations of the average plane stress 
provides a crosscheck on the assumptions made in arriving 
at Eq. (2). 

For biaxial strain, c3 is of opposite sign to c due to either 
a Poisson expansion or contraction along the 3 direction. 
The sign reversal requires that Cx cross the sin2 X axis. And, 
this must occur at 

or in terms of the elastic constants: 
for (100) type planes 

sin2 Xo = 2Clz/(CII + 2CI2), 

and for all others, 

sin
2 Xo = (2C12 + Canflhkl)l(CIl + 2Cd· 

For isotropic films the corresponding value is 

sin2 Xo = 2v/(1 + v). 

(lIa) 

( lIb) 

(lIc) 

(lId) 

The crossover point sin2 Xo is required to correct the x-ray 
diffraction data for solid solution effects in films which are 
not usually present in a bulk standard. 

The strain energy per unit volume is readily calculated 
for the anisotropic case using 

U= Tc;c;Cij, 
where a summation over i and} is implied. For the general 
case, this reduces to 

1 [ 2 Uhk1 =- CII(2+A )+2Cdl +2A) 
2 

+ Can (1-A )2flhkl] C (12a) 

Satish I. Rao and C. R. Houska 6323 
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and for the (100) orientation, is given by 

UIOO = [CII + C I2 + 2A IOOC I2 + TA ~OOCII]£2. (12b) 

The energy per unit volume for an isotropic film is 

E [1 + 2vA;so + (l - v)A;so 2 ]£2. (12c) 
(1 + v)(l - 2v) 

A. Maximum and minimum stress directions in the plane 
of the film 

Even though the plane strain is isotropic, it need not 
follow that the plane stress must be isotropic when Can #0. 
On the other hand, it is possible to select certain planes in the 
cubic system when Can # 0 such that 0"; = 0"2' This is true for 
the (00 1) and (Ill) orientations. For other planes, 0"; # 0"2 
and a complete description of the planar stresses requires a 
knowledge of the maximum (minimum) stress direction in 
the plane of the film. Details of this calculation ar.e giv.en i.n 
the Appendix. The maximum (minimum) stress d1rectlon 1S 
obtained by maximizing (minimizing) the stress 0"; subject to 
the condition that the direction cosines of the unit vector I' 
along the 1'-2'-3' directions be orthogonal to the normal of 
the planes (hkl). The normal and orthogonal conditions are 
achieved by introducing two Lagrange multipliers. A solu
tion to the following equations provides the direction cosines 
a fJ and Y which define the maximum and minimum I' It I 

stress direction I' and 2' in terms of the edge directions of the 
cubic unit cell for the plane (hkl ) 

I (k 2 - h 2)a IfJl + k (h 2 - 12)a IYI + h (/2 - k 2)f3IYI = O} 
alh+fJlk+YI1=0 

a~ +fJ~ +~ -1 =0. (13a) 

With each pair of solutions, a set of direction cosines is con
structed with respect to the edges of the unit cell (Table I). 
Substituting these values into Eqs. 4(d) and (e) allows the 
maximum (minimum) plane stresses to be determined. 

B. Stresses and strains in (100) and (111) oriented 
single-crystallnSb films on GaAs substrates. 

The strain difference £ - £3' as well as £3 can be ob
tained entirely by x-ray diffraction. These are obtained most 
accurately from a set of hkl reflections selected at high 2() 

angles over a range of X values. The interplanar X angles are 

TABLE I. Direction cosine matrix la) illustrating general notation. 

I' 
2' 
3' 

I' 
2' 
3' 

6324 

2 

la) General notation 

a, {3, 
a, {3, 
a, (3, 

(b) Values for (111) transformation. 

1/v'6 1/v'6 
1Iv'2 - 1Iv'2 
1Iv'3 1/v'3 

3 

y, 
y, 
y, 

- 2!v'6 
o 
1/v'3 
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measured between the plane of the film and those (hkl ) 
planes selected for the strain analysis. These highly localized 
reflections are found by systematically varying tP, X, and 2() 

for maximum intensity. When an intensity maximum is 
found in 2(), X, and tP, a 28 scan is made for a final determina
tion of the maximum. Subsequently, the shift 
.:1 2() = 2() - 2()o is determined relative to the target material 
(2()o) as a standard substance, and the strain is obtained from 

I 
E = - -[cot()(hkl)].::12(). 

y 2 (13b) 

Two orientations of InSb single-crystal films are used to 
illustrate the procedure and results: one has a (100) orienta
tion while the second a (111). Both are deposited onto corre
sponding orientations of GaAs substrates. 

An examination of the elastic constants for InSb films 
indicates that this material is anisotropic, as is demonstrated 
by 

Can = 1.50, 

with CII = 6.72, C I2 = 3.67, and C44 = 3.02 all expressed in 
1011 dyn/cm2.4 

Single-crystal (100) and (111) oriented films are espe
cially simple to treat because the plane stress is isotropic 
when the plane strain is isotropic. The elastic anisotropy 
produces large differences in the elastic parameters used to 
calculate the stress from strain for the (100) and (111) orien
tations. These parameters are listed in Table II along with X 0 

values which are required to correct the strain data. The 
elastic parameters vary by a factor of 2 to 3, whereas XO is 
much less sensitive to crystal orientation. 

X-ray strain data are given in Figs. 1 and 2 along with 
the reflection plane from which each point was obtained. A 
least-squares fit to the (100) data gives 

E - E, = - 4.23 X 10-" 

Exr + E3 = 2.70X 10-" 

and a mean-square error of ± 0.22 X 10-3 in the linear fit. 
The corresponding data for (111) planes gives 

E - E, = - 3.08X 10- 3, 

Exr + E3 = 1.37x 10- 3
, 

with a mean-square error of ± 0.13 X 10- 3
. The accuracy of 

these residual stress measurements is comparable to the ac-

TABLE II. Anisotropic elastic parameters required in Eqs. (6a) and 16b) for 
InSb. 

hkl Xo(degrees) f; = f; (cm'/dyn) 

100 
III 

46.3 
38.1 

Calculated from: 
e ;, = e" = 0.0822 

32.750 
16.540 

C;, = C;, = e" = e;, = 0.0268 
e;, =e" =0.0318 
e;, =0.0872 
Aii expressed in dyn/cm'. 

-17.100 
- 6.294 

Salish I. Rao and C. R. Houska 6324 
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FIG. 1. Apparent strain, E, vs sin2 X for (1001 oriented InSb film on (1001 

GaAs. 

curacy usually obtained using standard x-ray diffraction 
techniques. 5 Values of € xr were determined at the sin2 X 0 

crossover points as illustrated in Figs. 1 and 2 and are given 
in Table III. 

The strain contribution, perpendicular to the plane of 
the film, is obtained from the differential thermal contrac
tions of film and substrate material, i.e., 

€3rh = (a, -af)Ahk/(TD - TR ), (14) 
where 

A IIOO) = - 2C12/CII 

and 
AIIII ) = - (2C12 + 4Can /3)(CII + 4Can /3) , 

and a,( = 6.13X 10-6 ) and a/ ( = 5.7x 10-6
) are the ther

mal expansion coefficients6 for substrate and film, and TD 
and TR are the deposition and room temperatures. The 
planar intrinsic strain €in is obtained by subtracting €rh' the 
thermal strain in the plane of the film, from the total strain €. 

The thermal and intrinsic parts of the planar strain are relat
ed to their components perpendicular to the plane of the film 
€3rh and €3in' respectively, through Eq. 4(g). These results as 
well as the related stresses may be found in Table III. It can 
be seen that the dominant stresses and strains are intrinsic. 
The apparent x-ray strains may extend over the ranges 

O.27x 10- 3 <€xr(lOO) <0.71 X 10- 3 

and 

0.07 X 10- 3 < €xr( Ill) < 0.33 X 10- 3 

with central values of 0.49 X 10- 3 and 0.20X 10- 3
• In view 

of the smallness of each of these strain terms and the possibil
ity of overlap in values when the errors are considered, it 
would appear that an explanation of these differences may 
not be justified at this time. 

The elastic energy density is readily calculated from 
Eqs. 12(a) and (b) giving U = C(hk/)€2with C(lOO) = 0.0639 
and C (Ill) = 0.0975 in dyn/cm2. These densities may be 

"2 
x 

" '" 

1.5 

1.0 

05 

00 

444) 

t~331 

I , , 
I (620) , 

-05 I 

I, \ 

-, 0 I j 

-,5L-----~ _.~_ .. L~_ 
01 02 03 04 05 

sm 2 X 

• (642) 

06 

(7111 

07 

(533) 

~~~ 
08 

FIG. 2. Apparent strain, Ev vs sin2 X for (1111 oriented InSb film on (1111 
GaAs. 

found in Table III. One finds the elastic energy density for 
the (111) oriented InSb film to be larger than for the (100) 
orientation. It is also evident from values of C (hkl ) that the 
(100) orientation allows much more strain to be developed 
for a given value of strain energy. 
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APPENDIX 

In general, the elastic constants required in Eqs. 4(a)-(c) 
depend upon the choice of the axes, i.e. 1',2', and 3'. These 
can be calculated from the measured elastic constants CII' 

C 12' and C44 . The latter are based upon the axes along edges 
of the cubic cell (1,2, and 3), while the new axes are chosen 
such that 3' is perpendicular to the film and I' and 2' are 
mutually perpendicular in the plane of the film. For an iso
tropic film, the constants are independent of the choice of the 
orthogonal coordinate system. 

The transformations required for general anisotropic 
materials are given in reference. 7 The transformed moduli 
may be obtained from the summation 

(15) 

with (Jh = 1, for k = 1,2, and 3 and (Uk = ! for k = 4, 5, and 

TABLE III. Listing of individual thermal, intrinsic, and E" strains along with the corresponding stresses and energy densities. (J and U are in dyn/cm2. 

Specimen E]th E 3in E,. Ein E" (J,. (Fin if' U 

X 10' X 10' X 10' X 10' X 10' XIO-" XIO~X XIO-" XIO- h 

(I 111/400 'C 0.092 1.08 -0.15 - 1.76 0.20 - 1.47 - 17.15 - 18.62 3.54 
(1001/425 'C 0.175 2.04 -0.16 - 1.86 0.49 - 1.02 - 11.90 - 12.91 2.60 

" (J = (J, = (J2 for (100) and (III). 
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TABLE IV. General definition of Qij terms in terms of direction cosines of 
special axes 1',2', and 3'. 

';\ 2 3 4 5 6 
a' , a' , a' , 2a,a, 2a,a, 2a,a, 

2 (3; (3; (3i 2(3,/3, 2(3,/3, 2(3,(3, 

ri Y, ~ 2y,y, 2y,y, 2y,y, 
4 (3,1', (3,1', (3.,1', (3,y, + (3,y, (3, y, + (3,y, (3,y, + (3,y, 
5 y,a, y,a, y,a, y,a, + y,a, y,a,+yp, y,a, + y,a, 
6 a ,(3, a,/3, a,/3, a,/3, + aft, a,(3, + aft, a ,(3, + a,/3, 

6. The values of Qm; are given in Tables IV and V. A sample 
calculation for C ; I is given below for a cubic material. 

Summing Eq. (15) in m and n, and noting that for cubic 
crystals, CII = Cn = C33 , C il = C21 = C23 = C32 = Cn 
= C31 , C44 = C55 = CM , and all other Cy's are equal to zero, 

one obtains 

C;I =CII(QL +Q~I +Q;I)+2CdQIIQ21 

+ QIIQ31 + Q21Q3d + 4C44(Q~1 + Q~I + Q~I ).(16a) 

Substituting the values of QII' Q21> Q31' Q41' Q51' and Q61 
into Eq. 16(a) from Table IV gives 

C;I =CII +4Can(a~/n +fta~ +/3~ft. (17a) 

Similarly, it can be shown that 

C;2 = C I2 + 4Can(al/3la~2 + a ly la 2Y2 + /3IYI/32Y2), (17b) 

C;3 = C I2 + Cunni' 

C;2 = CII + 4Can(a~/3~ + a~~ + /3~~), 

C;3 = C I2 + can n2, 

C;3 = CII + Cannhkl' 

and 

C;I=Ci2' 

C;I =C;3' 

C;2 = C;3' 

(17c) 

(17d) 

(17e) 

( 17f, 

(17g) 

(17h) 

(17i) 

Specifically for a (111) oriented film, choosing the I', 2', and 
3' directions as (112), (1 TO), (111), respectively, and substitut
ing these values into Eqs. 17(a)-(i), one gets 

Cil =0.5CII +0.5CI2 +C44, 

C;2 = 0.167CII + 0.833C12 - 0.333C44 , 

(18a) 

(18b) 

TABLE V. Qij terms for ( I I I) plane with I' selected along [1121. 2' and 3' are 
along [1101 and [III], respectively. 

~ 
2 3 4 5 6 

I 1/6 1/2 1/3 2/';6 2/';18 2/\/'12 
2 1/6 1/2 1/3 - 2/';6 2/\/'18 - 2/';12 
3 4/6 0 1/3 0 -4/';18 0 
4 - 2/6 0 1/3 -1/\/,6 -1/vI8 2/\/'12 
5 - 1/3 0 1/3 1/\/,6 -1/\/,18 - 2/';12 
6 1/6 - 1/2 1/3 0 2/\/'18 0 
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TABLE VI. ilhkl /4, il,/4, maximum and minimum stress directions for 
various hkl planes. 

Directions il,/4 
hkl ilhk,/4 Maximum & Minimum 2 

100 0 Isotropic 0 0 
110 0.25 110, 001 - 1/4 0 
III 0.333 Isotropic - 1/6 - 1/6 
311 0.157 233, 011 - 27/242 - 1/22 
331 0.27 110, 116 - 9/38 - 27/722 
420 0.16 120, 001 -4/25 
211 0.25 111, 011 - 1/6 
310 0.09 130. 001 - 9/100 

C i3 = 0.333CII + 0.667C12 - 0.667C44, 

C;3 = 0.333C11 + 0.667C12 - l.333C44, 
and 

C;2 = C;I' 

C;I=C;2' 

C ; I = C ; 3 = C;, = C ;2 . 

From Eq. (4d), 

0 
- 1/12 

0 

£7; = [CII + (A + I)CI2 + Can (A - l)nd€, 

(18c) 

(18d) 

(I8e) 

( 18t) 

(I8g) 

To determine the maximum (minimum) stresses in the plane 
of the film, n l = al/3lhk + alYlhl + /31Ylkl has to be maxi
mized (minimized). This has been written in terms of h, k, 
and I using 

and 

h 

Y,= ------------
(h 2 + k 2 + 12) 1/2 . 

Since direction I' is perpendicular to direction 3' and is a unit 
vector, the following conditions must also be imposed 

alh + /3lk + yll = O} 
a~ + /3 ~ +}~ = 1 . (19) 

This problem can be solved using the method of Lagrange. A 
function F is formed as follows: 
F=al/3lhk+aIYlhl+/3IYlkl+AI(a~ +/3~ +ft -1) 

+A 2(a lh +/3lk + yJ), 
where A I and A2 are constants. Setting 

aF laa p aF la/3I' aF laYI, aF laA I, 
and 

equal to zero, leads to the following five equations involving 
a p /31' YI' AI' and A2 : 

(Ytkl + alhk) + U I/31 + A2k = 0, 

f/3lkl + alhl) + UIYI +A21 = 0, 

(Ylhl + /3lhk) + Ula l + A2h = 0, 
alh + /3lk + yll = 0, 

a I
2 +/31 2 +YI 2 = 1. 

(20) 

Eliminating A I and A2 from the first three equations and 
retaining the last two equations, one gets Eq. 13(a), which 
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defines the maximum or minimum stress direction (aI, /31' 
r d· In the case of a (111) oriented film, the first equation in 
Eq. 13(a) drops out, and hence, all the directions in the plane 
of the film have the same stress. Sample calculations are 
given in Table VI. 
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