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Quantitative Anisotropy Imaging based on Spectral Interferometry 

Chengshuai Li 

Abstract 

Spectral interferometry, also known as spectral-domain white light or low coherence 

interferometry, has seen numerous applications in sensing and metrology of physical parameters. 

It can provide phase or optical path information of interest in single shot measurements with 

exquisite sensitivity and large dynamic range. As fast spectrometer became more available in 21st 

century, spectral interferometric techniques start to dominate over time-domain interferometry, 

thanks to its speed and sensitivity advantage. 

In this work, a dual-modality phase/birefringence imaging system is proposed to offer a 

quantitative approach to characterize phase, polarization and spectroscopy properties on a variety 

of samples. An interferometric spectral multiplexing method is firstly introduced by generating 

polarization mixing with specially aligned polarizer and birefringence crystal. The retardation 

and orientation of sample birefringence can then be measured simultaneously from a single 

interference spectrum. Furthermore, with the addition of a Nomarski prism, the same setup can 

be used for quantitative differential interference contrast (DIC) imaging. The highly integrated 

system demonstrates its capability for noninvasive, label-free, highly sensitive birefringence, 

DIC and phase imaging on anisotropic materials and biological specimens, where multiple 

intrinsic contrasts are desired. 

Besides using different intrinsic contrast regime to quantitatively measure different 

biological samples, spectral multiplexing interferometry technique also finds an exquisite match 

in imaging single anisotropic nanoparticles, even its size is well below diffraction limit. 

Quantitative birefringence spectroscopy measurement over gold nanorod particles on glass 

substrate demonstrates that the proposed system can simultaneously determine the polarizability-

induced birefringence orientation, as well as the scattering intensity and the phase differences 

between major/minor axes of single nanoparticles. With the anisotropic nanoparticles’ 

spectroscopic polarizability defined prior to the measurement with calculation or simulation, the 

system can be further used to reveal size, aspect ratio and orientation information of the detected 

anisotropic nanoparticle.  



 

 

Alongside developing optical anisotropy imaging systems, the other part of this research 

describes our effort of investigating the sensitivity limit for general spectral interferometry based 

systems. A complete, realistic multi-parameter interference model is thus proposed, while 

corrupted by a combination of shot noise, dark noise and readout noise. With these multiple 

noise sources in the detected spectrum following different statistical behaviors, Cramer-Rao 

Bounds is derived for multiple unknown parameters, including optical pathlength, system-

specific initial phase, spectrum intensity as well as fringe visibility. The significance of the work 

is to establish criteria to evaluate whether an interferometry-based optical measurement system 

has been optimized to its hardware best potential. 

An algorithm based on maximum likelihood estimation is also developed to achieve 

absolute optical pathlength demodulation with high sensitivity. In particular, it achieves Cramer-

Rao bound and offers noise resistance that can potentially suppress the demodulation jump 

occurrence. By simulations and experimental validations, the proposed algorithm demonstrates 

its capability of achieving the Cramer-Rao bound over a large dynamic range of optical 

pathlengths, initial phases and signal-to-noise ratios.Equation Section (Next) 
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General Audience Abstract 

Optical imaging is unique for its ability to use light to provide both structural and 

functional information from microscopic to macroscopic scales. As for microscopy, how to 

create contrast for better visualization of detected objects is one of the most important topic. In 

this work, we are aiming at developing a noninvasive, label-free and quantitative imaging 

technique based on multiple intrinsic contrast regimes, such as intensity, phase and 

birefringence.  

Spectral multiplexing interferometry method is firstly introduced by generating spectral 

interference with polarization mixing. Multiple parameters can thus be demodulated from single-

shot interference spectrum. With Jones Matrix analysis, the retardation and orientation of sample 

birefringence can be measured simultaneously. A dual-modality phase/birefringence imaging 

system is proposed to offer a quantitative approach to characterize phase, polarization and 

spectroscopy properties on a variety of samples. The high integrated system can not only deliver 

label-free, highly sensitive birefringence, DIC and phase imaging of anisotropic materials and 

biological specimens, but also reveal size, aspect ratio and orientation information of anisotropic 

nanoparticles of which the size is well below diffraction limit. 

Alongside developing optical imaging systems based on spectral interferometry, the other 

part of this research describes our effort of investigating the sensitivity limit for general spectral 

interferometry based systems. The significance of the work is using Cramer-Rao Bounds to 

establish criteria to evaluate whether an optical measurement system has been optimized to its 

hardware best potential. An algorithm based on maximum likelihood estimation is also 

developed to achieve absolute optical pathlength demodulation with high sensitivity. In 

particular, it achieves Cramer-Rao bound and offers noise resistance that can potentially suppress 

the demodulation jump occurrence. 
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Chapter 1 Introduction 

1.1. Motivation 

The utility of light as a tool to either see things from distance or magnify minuscule 

objects to be visualized is largely based on its noninvasive nature, which has been playing an 

irreplaceable role in scientific investigations. Optical imaging is unique in its ability to provide 

both structural and functional information from microscopic to macroscopic scales. As for 

microscopy, how to create contrast for better visualization perhaps is the most important area 

where much of the effort has been devoted to [1]. 

There are mainly two kinds of contrast mechanisms: exogenous and endogenous. 

Exogenous contrast is created by attaching contrast agents attached to the structures of interest, 

such as chemically bonded stains and fluorophores [2]. On the other hand, the endogenous 

(intrinsic) contrast is generated by the inner physical structures and/or chemical composition of 

the objects [3], such as the attenuation from light scattering observed with conventional 

microscopes. 

Exogenous contrast agents enable the labeling of particular structures and introduce high 

quality imaging contrast, which is widely used in pathology and cell biology. Additionally, the 

recent development of some super-resolution microscopy techniques, such as SIM (Structured 

illumination microscopy) [4], STED (Stimulated emission depletion) [5, 6], PALM (photo 

activated localization microscopy) [7], and STORM (Stochastic optical reconstruction 

microscopy) [8], can even exceed the resolution barrier set by optical diffraction. However, 

adding foreign chemicals is bound to affect the function of original biological objects. 

Fluorescence molecules have been proven to be toxic to cells and also to suffer from photo-

bleaching, which limits their applications on live cell imaging [9]. 

In the following research, we seek to develop label-free, quantitative imaging techniques 

using the objects’ intrinsic phase contrast, aimed at examining live cells in their natural state 

without killing, fixing or staining them. Specifically, we investigate label-free multimodal 

contrast imaging based on QPI and quantitative polarized light microscopy (PLM). In addition, 

we will take the fundamental sensitivity advantage of spectral interferometry and study its 

demodulation algorithms for quantitative phase imaging (QPI).  
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1.2. Literature Review 

1.2.1. Qualitative phase imaging 

The main obstacle in imaging optically thin biological specimens using endogenous 

contrast is that, generally, they do not exhibit sufficient contrast if only light intensity is 

observed. Compared with transmitted or scattered light intensity, optical phase is more critical in 

imaging these samples [10]. Even a thin semi-transparent tissue can significantly modify the 

wavefront of the input light, which can then strongly enhance image contrast and reveal details 

of cellular structures. 

Phase contrast microscopy (PCM) was developed by Zernike [11] in 1930s with the 

interferogram generated by unscattered incident light and scattered light. The phase of 

unscattered light is shifted by a quarter wavelength to produce enhanced contrast. PCM 

significantly improves the visualization of transparent specimens without affecting resolution, 

and can reveal inner structure of transparent specimens without exogenous contrast agents. 

Another contrast-enhanced microscopy technique, differential interference contrast (DIC) 

microscopy, was introduced by Nomarski in 1950s [12]. DIC produces contrast by visually 

showing the directional phase gradients instead of the phase itself. Nowadays, PCM and DIC 

have become standard modalities on commercial microscopes. They convert light phase or phase 

derivatives to changes in amplitude, which can be visualized as difference in brightness. 

In 1940s, in-line holography was first demonstrated by Gabor [13] introducing the use of 

complex analytic signals (both amplitude and phase instead of usual intensity) to describe optical 

field in the form of electromagnetic waves. Off-axis holography [14] had also been demonstrated 

to further improve the signal to noise ratio (SNR). After discarding single side of frequency 

components in the original signal’s Fourier interferogram, the amplitude and phase information 

of the light field can be recorded from a hologram at the same time. Advances in the information 

theory and technological progress in digital recording devices brought holography technique into 

a new digital holography era [15-17], with the speed and performance of numerical processing 

greatly improved by 2D fast Fourier transform (FFT) [18]. 

Although these methods represent significant advances in microscopy, they are, however, 

inherently qualitative and incapable of quantifying the phase delay induced by the image object 
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because of the nonlinear mixing of phase and intensity in image formation. Therefore, these 

methods are largely recognized as visualization techniques rather than quantitative approaches. 

Quantitative phase imaging (QPI) [19, 20], instead, takes the approach of measuring the 

optical phase/pathlength delay introduced by specimens quantitatively. Two optical beams are 

used by most QPI systems, which are usually generated by the same source to exploit their 

coherence. Two beams will be superimposed later to cause interference: an object beam that 

transmits through or reflects back from the sample which carries the sample footprint and 

another beam offers as a reference. In fact, the concept of QPI can be seen as a combination of 

interferometry, microscopy, and holography techniques. 

1.2.2. Full field quantitative phase imaging 

Full field quantitative phase imaging takes holography one step further and uses 

interferometry to extract the phase information separately from its amplitude. Full field QPI 

techniques mainly fall into two categories: off-axis and phase-shifting (on-axis). 

In off-axis configuration [21-23], a small tilt angle is set between the reference beam and 

the sample beam, which can create fringe patterns in the interferogram along the tilt direction. 

Complex signals can be reconstructed from a single acquisition of real full-field image using 

Hilbert transform. Based on the phase information decoded with Fourier domain analysis, the 

optical pathlength profile over the sample can be achieved. Due to its single-shot nature, off-axis 

QPI technique can measure phase profile at a high acquisition speed. 

Phase-shifting configuration [24, 25], on the other hand, needs to capture multiple 

acquisitions with certain modulated phase changes between the sample and the reference beam, 

while the optical phase difference being calculated comparing different frames. Two interference 

beams can both propagate along the main axis (on-axis). In addition, the phase differences 

between different frames are normally the same, which can facilitate further linear calculation 

between frames. With calculations performed only in the time domain between different frames 

point-by-point, phase-shifting technique, compared with off-axis configuration, can maintain 

diffraction-limit resolution and large field of view at the expense of acquisition speed. Recently, 

wavelength shifting interferometry (WSI) [26] was also proposed to improve imaging speed by 

switching to use several wavelength bands. 
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Generally speaking, full field QPI techniques can achieve high temporal resolution which 

can be used for studying fast dynamic phenomenon. However, the spatial sensitivity can be 

severely corrupted by foreign particles or unexpected debris in the detecting range of light 

source. For example, laser illumination, typically equipped with coherence length longer than 

20cm, can easily generate speckle noises, and thus severely limits the image contrast and lowers 

the spatial sensitivity [27]. Using broadband illumination fields, or equivalently, short coherence 

light can remove the speckle structure almost entirely. 

As an example, spatial light interference microscopy (SLIM) [28] was developed by 

Popescu’s group based on PCM with white light illumination. A liquid crystal phase modulator 

was incorporated into a conventional phase contrast microscope, introducing additional spatial 

modulation to the image field, as in traditional phase-shifting interferometry. Speckle-free 

quantitative phase imaging can be achieved at high spatial and temporal sensitivity. Additionally, 

optical depth sectioning can also be achieved by short coherence length of white light, which 

enables white-light diffraction tomography [29]. 

1.2.3. Spectral domain quantitative phase imaging 

Spectral interferometry has its roots in the long, rich history of low coherence 

interferometry (LCI). Since the 1960s, LCI has seen numerous applications in sensing and 

metrology of physical parameters [30-32]. Later, it was introduced into biomedical imaging as 

the basis of OCT [33]. As an intensity-based interferometric technique, OCT utilizes low 

coherence broadband light sources, and can perform cross-sectional tomographic imaging. Early 

time domain OCT techniques need mechanical scanning, which limits the acquisition speed and 

affects the phase stability in the measurements. As fast spectrometers became more available in 

the 2000s, spectral interferometric technique starts to dominate, thanks to its speed and 

sensitivity advantages [34-36].  

Fourier domain OCT offers a fast alternative to acquire depth-resolved signals and leads 

to the development of point-scanning QPI. In 2005, two independent groups [37, 38] reported on 

using spectra domain OCT to achieve QPI for live cell imaging. They employed a point 

scanning, common-path configuration, and the phase changes were extracted from the 

interference between the top and bottom reflections of the sample chamber. 



 

5 

Compared with full-field implementation, point-scanning phase microscopy based on 

spectral-domain low-coherence interferometry (SD-LCI) can improve phase sensitivity by more 

than an order of magnitude [39]. Such sensitivities are keys for quantifying minute cellular 

dynamics. The drawback of point-scanning QPI is the relatively limited temporal resolution, 

however, SD-LCI not only offers super resolution in the measurement of optical pathlength, but 

also provides possibility to extract spectroscopic information from the interference spectrum 

acquired at each geometric position. 

Another advantage of spectral interferometry based techniques is spectral encoding, 

originally proposed to improve the speed of confocal reflection microscopy [40]. One spatially 

spectral encoding approach uses a grating to spread a line illumination and encodes sample 

image in the spectrum. The technique has found applications in endoscopy for reduced scan 

complexity [41], and in parallel OCT to improve speed but at the expense of severely degraded 

spatial resolution [42]. Similar ideas can also be borrowed from the theory of communication 

signal processing to take advantage of the high information capacity of spectral interferometry, 

which we will discuss in Chapter 4. 

1.2.4. Polarized light microscopy and birefringence imaging 

Besides above phase imaging techniques, polarization light microscopy (PLM) [43] has 

also been used to analyze the a specimen’s anisotropic properties when interacting with optical 

field, free of exogenous dyes and fluorescent markers. Two polarizers with their polarizing axes 

orthogonal to each other are often used to examine the sample birefringence for conventional 

PLM systems, with the one after source normally called polarizer and the latter after the sample 

called analyzer. For the areas that the sample doesn’t change the polarization state of incident 

light, no light will go through the analyzer, which makes the corresponding image to be dark. 

However, if the sample birefringence exists or the specimen generates scattered light with 

random polarizing direction, certain fraction of light can pass through the analyzer. PLM can 

introduce enhanced image contrast on birefringent samples or optical path boundaries, when 

compared with bright-field or phase contrast techniques. 

Over the years, several quantitative PLM techniques have been proposed to exploit the 

overwhelming contrast strength when using polarized light as illumination. To quantitatively 
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determine the birefringence, one needs to determine not only the pathlength retardation but also 

the azimuth angle of slow axis. To demodulate both parameters, most proposed imaging systems 

use some polarizing elements rotated mechanically [44-46] and/or a variable retarder controlled 

electrically [47]. An elegant birefringence LC-PolScope system was proposed and 

commercialized by researchers at Marine Biological Laboratory [48] with a circularly polarized 

light illumination and a liquid crystal universal compensator. The universal compensator is built 

from two variable electro-optical retarders and a linear polarizer and is able to generate any 

polarization in need. Generally, five images were recorded with different polarization analyzer 

settings, which can be further demodulated to produce images of birefringence retardance and 

slow axis orientation. 

The advantage of PLM lies in the unique contrast when examining the alignment of 

molecular bonds or fine structural form in natural objects and synthetic indicators, including 

biological structures such as collagen [49], cell membrane/wall [50, 51], mitotic/meiotic spindle 

[52-54], red blood cell [55], and brain fiber tracts [56]. System stability and reproducibility are 

essential in order to achieve high accuracy and sensitivity. However, most birefringence imaging 

systems reported are based on multiple acquisitions, which limits system speed and hinders their 

applications to study fast dynamics. 

1.2.5. Multimodal imaging systems 

The task of optical imaging system is to evaluate target sample based on its morphology 

and functions, which can lend optical imaging modalities based on different contrast mechanisms 

enormous advantage over single-function ones. However, designing a multimodal imaging 

system often involves challenges in multiple respects, from theory/performance to 

hardware/compactness. 

A highly integrated microscope was reported by Boppart’s group [57] for combining 

optical coherence microscopy (OCM) with multiphoton microscopy (MPM). Both back 

scattering and fluorescence contrasts have been used for 3D functional imaging of cells. 

There are also several multimodal imaging systems utilizing quite different contrast 

regimes from our research and will not be discussed in details here, such as the combination of 

MPM with anti-Stokes Raman scattering [58], or OCT with  photoacoustic microscopy (PAM) 
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[59]. In the following research, we still seek to make full use of intrinsic contrasts of the imaging 

object to obtain as much information as possible. 

1.3. Research Overview 

In Chapter 2, we propose an interferometric spectral multiplexing method for measuring 

birefringent specimens with simple configuration and high sensitivity. The retardation and 

orientation of sample birefringence are simultaneously encoded onto two spectral carrier waves, 

generated interferometrically by a birefringent crystal through polarization mixing. With 2D 

raster scanning, single-shot birefringence measurements are demonstrated on a regenerated 

cellulose dialysis tubing film sample. 

Chapter 3 presents a multi-modality birefringence/phase imaging system, with the 

addition of a Nomarski prism. The approach is analyzed theoretically with Jones calculus and 

validated experimentally with malaria-infected red blood cells. Inherit from point-scanning 

spectral-domain interferometry, the proposed system is capable of doing quantitative 

birefringence, DIC and phase imaging with exquisite sensitivity on weakly birefringent or 

scattered samples. Equation Chapter (Next) Section 1Equation Chapter (Next) Section 1 

Based on spectral multiplexing interfereometry technique, Chapter 4 presents quantitative 

birefringence spectroscopy measurement on gold nanorod particles. Simultaneous quantification 

of orientation and spectroscopy can be used to determine single nanorod direction as well as to 

infer size/aspect ratio information, even when the nanorod particle size is well below diffraction 

limit. 

In Chapter 5, a complete, realistic multi-parameter interference model is firstly built to 

investigate the fundamental sensitivity limit in optical pathlength estimation with a given spectral 

interferometry system. The Fisher information matrix and Cramer-Rao bounds are derived for all 

model parameters, including intensity, visibility, optical pathlength (frequency) and initial phase. 

In Chapter 6, we develop a new spectral interference signal demodulation algorithm 

based on maximum likelihood estimation to achieve Cramer-Rao bound for absolute optical 

pathlength demodulation, over a large dynamic range of optical pathlength, initial phases and 
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signal-to-noise ratios. The advantage of proposed algorithm has been verified with both 

simulations and experiments, showing high sensitivity and noise resistance. 

Conclusion and future work will be discussed in Chapter 7.  
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Chapter 2 Quantitative Polarized Light Microscopy using Spectral Multiplexing 

Interferometry 

In this chapter, we propose an interferometric spectral multiplexing method for 

measuring birefringent specimens with simple configuration and high sensitivity. The retardation 

and orientation of sample birefringence are simultaneously encoded onto two spectral carrier 

waves, generated interferometrically by a birefringent crystal through polarization mixing. A 

single interference spectrum hence contains sufficient information for birefringence 

determination, eliminating the need for mechanical rotation or electrical modulation. The 

technique is analyzed theoretically and validated experimentally on cellulose film. System 

simplicity permits the possibility of mitigating system birefringence background. Further 

analysis demonstrates the technique’s exquisite sensitivity as high as ~20pm for retardation 

measurement. 

© [2015] OSA. Reprinted, with permission, from [Chengshuai Li and Yizheng Zhu, Quantitative 

polarized light microscopy using spectral multiplexing interferometry, Optics Letters, June 2015]. 

2.1. Introduction 

Polarized light microscopy (PLM) is perhaps best known for its long-standing role in 

petrology and mineralogy, but has also been extensively used in material sciences and biology 

for characterization of optically anisotropic structures [1], which are often difficult to visualize 

with other label-free techniques such as phase contrast [2] and differential interference contrast 

[3] microscopy. PLM has received growing attention in recent years for their capability of 

quantifying the birefringent formation of fine biological structures such as collagen [4], cell 

membrane/wall [5, 6], mitotic/meiotic spindle [7-9], red blood cell [10], and brain fiber tracts 

[11].  

For birefringence measurements, one needs to determine not only the pathlength 

retardation but also the azimuth angle of slow axis. Most PLM techniques require multiple 

acquisitions by manipulating polarizing elements mechanically [12-15] and/or electrically [16, 

17] for demodulating both parameters. Therefore, system stability and reproducibility are 

essential in order to achieve high accuracy and sensitivity. Additionally, multiple measurements 



 

15 

limit system speed, hindering their application to studying fast dynamics. Recently, spectral-

domain interferometry has been found useful to address this challenge by mixing light [18] using 

two birefringent crystals with different retardation orientated at 45°, permitting simultaneous 

demodulation of both birefringence parameters of the sample from a single channeled spectrum 

based on Mueller matrix analysis. The dual-crystal configuration, however, is inconvenient when 

probing large areas of the sample. 

In this chapter, we propose a more compact system, using only one crystal retarder that 

provides interferometric spectral multiplexing for single-shot birefringence measurement. When 

oriented at an angle, the crystal causes polarization mixing and its large pathlength retardation 

generates two carrier waves within a single spectrum of single- and double-frequency, onto 

which sample birefringence is encoded. The simple geometry allows for a Jones calculus 

derivation of an analytical expression for the detected signal, thus facilitating the understanding 

of signal demodulation scheme. In addition, it provides a theoretical basis for fully analyzing the 

system’s sensitivity of birefringence retardation and azimuth angle measurements, confirming its 

highly sensitive performance. Such theoretical sensitivity analysis, although important, has not 

been reported for quantitative PLM techniques. 

2.2. System and Method 

The system is based on a reflected light imaging configuration, as shown in Fig. 2.1(a). 

Broadband light of a single-mode superluminescent diode (Superlum; 837nm, FWHM 54nm) is 

collimated into free space from a 50/50 fiber coupler. It then passes through a linear polarizer 

and a birefringent crystal (LiNbO3, thickness 2.75mm), both oriented at fixed, predetermined 

angles. A fiber polarization controller maximizes the power transmitted through the polarizer. A 

compound objective consisting of two achromatic doublets focuses the light onto the birefringent 

specimen, which is placed on a reflective surface for double-pass transmission measurement. 

Return light is again modified by the crystal and filtered by the polarizer (now as analyzer) 

before detected by a custom spectrometer built with a high-speed linescan camera (e2v; EM1, 

1024 pixels, line rate 78kHz). Two-dimensional images are acquired by a pair of galvo scanners. 

Signal propagation through the system can be analyzed using Jones calculus, with the 

angle of each polarizing components defined as in Fig. 2.1(b). For convenience, the coordinate 
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system is chosen such that the x  axis is aligned with the transmission direction of the polarizer. 

The slow axes of the birefringent crystal and the sample orient at angles   and   relative to the 

x  axis, respectively. 

 

Figure 2.1 (a) System schematic. SLD, superluminescent diode. SPM, spectrometer. (b) 

Orientation of polarizing components. 

Assuming the normalized Jones vector after the polarizer is  
T

1 0 , one can then obtain 

the field after a double-pass transmission through the system. Upon returning, only the x  

polarization will remain at the output, which can be written as: 

           .out      
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and cT  and sT  are the wavenumber-dependent transmission matrices of the crystal and the 

sample, respectively, as in the following,  

  

 ,

and ,

j kd x yjkLe e
k

  
   
  

   

2

c s

0 0
T T

0 1 0 1

 (2.3) 

where k  is the wavenumber, L  is the pathlength retardation between slow and fast axes of the 

crystal, and  ,d x y  is the retardation of the sample at  ,x y . For simplicity, we use only d  

hereinafter. It should be noted that cT  accounts for the single-pass retardation and sT   combines 

both passes. Substituting Eqs. (2.2) and (2.3) into Eq. (2.1), outE  can be determined. Since outE  is 

based on a normalized input vector, we add the spectrum envelope  I k0
 back to obtain the 

output spectral intensity: 
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where . .cc  denotes the complex conjugate of corresponding terms and 
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Eq. (2.5) clearly indicates that the system generates two separate interference terms in the 

detected spectrum,  fI k1
 and  fI k2

, with 
jkLe  and 

j kLe 2
 being the respective carrier waves, 

corresponding to single- and double-pass crystal retardation. With a relatively large carrier 

frequency L  (typically hundreds of microns), these two terms appear as well separated peaks in 

Fourier domain, and their complex amplitudes contain sufficient information about sample 

birefringence. Specifically, their imaginary parts contain  sin sin kd 2 2  and 

 cos sin kd 2 2 , from which d  and   can be extracted. 
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The signal demodulation hence involves bandpass filtering, frequency downshifting and 

intensity normalization of the two peaks. These steps require the knowledge of angle  , 

spectrum intensity  I k0
 and carrier waves 

jkLe  and 
j kLe 2

, all of which are determined as 

described below. First, we note that if 

 sin so that . ,    2

0

3
1 2 0 27 37

2
 (2.6) 

 DCI k  simply becomes  I k0

2

3
 and sample independent. Therefore, in our experiment 

setup the crystal’s slow axis is oriented at 0  from the polarizer transmission axis and  I k0
is 

determined from each spectrum’s DC component. It should be noted that for small sample 

birefringence d  at nanometer level, sin kd2
 is negligible and  DCI k  may be regarded as 

sample independent and used for intensity normalization without restricting the value of  . 

The carrier waves are obtained from system spectra without birefringence sample, i.e. 

d  0 . Under this condition Eq. (2.5) gives  fI k 1 0  and     j kL

fI k I k e 2

2 0

1

6
, from which 

the phase term  k kL  2  is extracted to reconstruct the single- and double-frequency carrier 

waves as  j k
e

 2
 and  j k

e


. Such spectra can be obtained from birefringence-free areas of the 

image or from a separate measurement without sample. 

With the carrier waves,  fI k1
 and  fI k2

 in Eq. (2.5) can be downshifted to baseband 

to obtain their complex amplitudes. Following the extraction of their imaginary parts and proper 

normalization, one can then obtain two intermediate parameters, 
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and sample birefringence can be determined as 
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where avg(·) denotes averaging over the range of k. 

Therefore a single spectrum is sufficient to determine both d  and  , eliminating the 

need for mechanical rotation or electrical modulation. Furthermore, average of retardation and 

axis azimuth over the whole wavelength range provides more accurate results. Due to arcsin(·)’s 

restricted domain, d  is limited to below one-eighth of the shortest wavelength of the system, or 

about 100.8nm, which is still sufficiently large for most biological birefringence at cellular level, 

such as meiotic spindles. 

 

Figure 2.2. (a) Interference spectrum obtained on background (red) and on two different 

cellulose film specimens (blue and green). (b) Corresponding Fourier spectra. 

2.3. Birefringence Imaging of Cellulose Film 

We validated this single-crystal, spectral-multiplexing approach using a regenerated 

cellulose dialysis tubing film as sample (Fisher Scientific; thickness 24.6 µm, measured by 

Mitutoyo digital linear gage). Using crossed polarizers, the film’s slow and fast axes were 

approximately marked, along which two rectangular specimens were cut. They were then placed 

on a silver mirror, covered by a microscope slide, and immersed in index liquid (n=1.444). The 

liquid can sufficiently reduce the surface reflection to legible level. An area of 2mm×2mm was 

imaged with 500×500 pixel resolution using raster scan.  
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Figure 2.2 shows representative intensity spectra of the background and the two 

specimens as well as their Fourier transform, where the 1f and 2f peaks are clearly seen and vary 

in phase and magnitude. Bandpass filtering can isolate either peak or the DC component. When 

needed, a window function can be used to minimize or eliminate spectral leakage. In Fig. 2.2, the 

spectra were first normalized with the source intensity envelope and then a Blackman-Harris 

window is applied, providing excellent peak separation. 

 

Figure 2.3. (a)(b) Distribution of measured parameter A and B after average over the whole 

wavelength range. (c) Distribution of birefringence retardation and slow axis orientation. 

Figures 2.3(a) and 2.3(b) show the distribution of intermediate parameters A and B in Eq. 

(2.7), respectively, after averaging over the detected spectral range. Figure 2.3(c) reveals sample 

birefringence distribution. The short, black lines indicate slow axis orientation, which is 

consistent with the fact that the specimens were cut along its axes. As expected, although A and 

B are dramatically different, the retardations of the two specimens are similar because they are 

from the same dialysis tubing film. The averaged values for the upper and lower pieces are 

70.50nm and 69.84nm, respectively. 

2.4. System Birefringence Background Calibration and Sensitivity Analysis 

2.4.1. Birefringence background 

In polarized light microscopy, internal strains in system optics often produce a 

birefringence background, affecting sample measurement accuracy. When strain-free optics is 

used, these background can be minimized and the residue system birefringence may be removed 

by a subtraction process [16]. Due to their high cost, however, most systems are not built with 

these special parts. For such systems, we show that the single crystal configuration may provide 

substantial mitigation of birefringence background. The idea is to align the axes of the crystal to 
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those of system birefringence such that the latter can be incorporated as part of carrier 

retardation, hence minimizing the residue. Its efficacy is shown in Fig. 2.4, where the polarizer 

and the crystal are rotated together (their angle still fixed at 0 ) to different angles and the 

sample-free birefringence background is measured. 

As the parts rotate, the effective system birefringence varies substantially, with a 

minimum at 110°, where average background birefringence is 0.75nm, as compared to up to 

2.88nm at other angles. If only the 300×300 pixel (1.2mm×1.2mm) area in the upper right is 

considered, this ratio becomes 0.39nm to 2.66nm. This result verifies the advantage of our single 

crystal approach in background birefringence mitigation. The film measurements were 

performed at this particular angle.  

 

Figure 2.4. Background birefringence distribution at different polarizer orientation. 

2.4.2. Theoretical analysis and experimental validation on measurement sensitivity 

We also investigate system measurement sensitivity, which is a crucial performance 

parameter depending on noise level. In general, birefringence measurement systems have 

sufficient signal power and are primarily limited by shot noise.  In our system, it is reflected as 

the spectrum intensity fluctuation on the linescan camera, which follows Poisson distribution but 

can be closely approximated as Gaussian noise because of the high signal power. For sensitivity 

analysis, we consider the two signal peaks in Fourier domain with corresponding noises, i.e. 

f fI n1 1  and f fI n2 2 . Since fn1  and fn2  are the Fourier components of the Gaussian-

approximated shot-noise spectrum, they are Gaussian random variables as well. They will also 

be factored into A and B through Eq. (2.7) and subsequently into d  and   through Eq. (2.8).  
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Therefore, Gaussian noises are introduced into demodulated results. The measurement 

sensitivity, defined as the standard deviation of d  and  , can then be approximated as 
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where k0  is the center wavenumber and   is the normalized noise standard deviation, which is 

the same for both fn1  and fn2 . Following a discrete Fourier transform of shot noise spectrum, it 

can be seen that, 
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where g  is electronic gain of the linescan camera; nI  is the spectral intensity reading of the n-th 

pixel; eN  is thus the total number of photogenerated electrons or total detected power. 

 

Figure 2.5. (a) Theoretical (blue), simulated (green) and experimental (red) sensitivity of 

birefringence retardation and axis azimuth for d=70nm. Experimental sensitivity of background 

birefringence retardation (dashed line) is 0.017nm. (b) Simulated sensitivity range of 

birefringence retardation and azimuth angle. 

As expected, Eqs. (2.9) and (2.10) indicate that sensitivities are inversely proportional to 

the square root of detected optical power [19]. To verify these analytical results, they are 
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compared with simulation for d=70nm, showing excellent agreement in Fig. 2.5(a). The slight 

discrepancy results from various approximations made in the derivation, especially treating fn1  

and fn2  as independent random variables when they are weakly correlated. From these plots, it 

is clear that the specific choice of 0  leads to the periodic dependence of d  and   on  , 

oscillating between maximum and minimum values. This range of possible sensitivities is plotted 

in Fig. 2.5(b) for each d. For ~90% of the measurement range, retardation sensitivity better than 

0.1nm and angular sensitivity better than 0.1° could potentially be achieved. Further, for small d 

(<10nm), often seen in cellular structures, the retardation sensitivity could in theory reach ~20pm 

with sub-degree angular sensitivity. 

To further substantiate our analysis, we measure the sensitivity for a single spot on the 

specimen (d≈70nm), and repeat the procedure by rotating its slow axis at 10° steps. Figure 2.5(a) 

shows that the measurement is in good agreement with both theoretical and simulated curves.  

We also measure the sensitivity for sample-free background to be 17pm, which 

corresponds to the case where sample retardation is diminishingly small. This result is also 

consistent with theoretical prediction and represents the highest possible performance for the 

current system. Further improvement can be achieved by increasing detected signal power, as 

clearly suggested in Eq. (2.10). Equation Chapter (Next) Section 1 

2.5. Conclusion 

In summary, we have demonstrated a simple system with a single birefringent crystal 

retarder combined with interferometric spectral multiplexing for single-shot birefringence 

measurement. For monitoring a single point, the speed is only limited by that of the 

spectrometer. For 1D and 2D measurement, the reflected light geometry is compatible with galvo 

scanning, opening up the possibilities for observing fast birefringent dynamics. In addition, the 

single crystal implementation makes it possible to significantly reduce birefringence background 

inherent in the system, potentially relaxing the requirement for costly strain-free optics when 

high measurement accuracy is needed. Finally, the simplicity of the system leads to a complete 

analytical description of its signals, which also offers a means of theoretically analyzing the 

system’s sensitivity, a parameter fundamental to understanding system performance and 
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interpreting measured data. The analysis reveals the exquisite sensitivity of the proposed system 

and points direction for future improvement.  
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Chapter 3  Integrated Quantitative Phase and Birefringence Microscopy 

In this chapter, a multimodal birefringence/phase imaging system is presented. The 

system features a crystal retarder that provides polarization mixing and generates two 

interferometric carrier waves in a single signal spectrum. The retardation and orientation of 

sample birefringence can then be measured simultaneously based on spectral multiplexing 

interferometry (SXI). Further, with the addition of a Nomarski prism, the same setup can be used 

for quantitative differential interference contrast (DIC) imaging. Sample phase can then be 

obtained with 2D integration. In addition, birefringence-induced phase error can be corrected 

using the birefringence data. This dual-modality approach is analyzed theoretically with Jones 

calculus and validated experimentally with malaria-infected red blood cells. The system 

generates not only corrected DIC and phase images, but birefringence map that highlights the 

distribution of hemozoin crystals. 

© [2016] SPIE. Reprinted, with permission, from [Chengshuai Li, Shichao Chen, Michael 

Klemba and Yizheng Zhu, Integrated quantitative phase and birefringence microscopy for 

imaging malaria-infected red blood cells, Journal of Biomedical Optics, 2016]. 
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3.1. Introduction 

Label-free imaging of biological specimens typically employs optical phase as the 

primary contrast mechanism, as seen in techniques such as phase contrast microscopy [1] and 

differential interference contrast microscopy [2], and quantitative phase imaging (QPI) has 

received growing attention in recent years [3]. In many samples, however, birefringence can 

offer crucial contrast when revealing fine biological substructures such as collagen [4], cell 

membrane [5, 6], mitotic spindle [7], and hemozoin crystal [8]. Different from phase imaging, in 

birefringence measurements, one needs to determine two parameters, its retardation as well as 

the orientation of its axes. Previous attempts on experimental determination of both birefringence 
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parameters often require multiple acquisitions by adjusting polarizing optics, such as waveplates 

and liquid crystal phase modulators, either mechanically [9-12] or electrically [13, 14]. 

Functionally, the combination of quantitative phase and birefringence imaging will 

enhance contrast and may provide additional sample information by comparing registered 

images of different nature. Such integration, however, is traditionally difficult since the two 

approaches employ fundamentally different principles and optical setups. A recent advance in 

quadriwave lateral shearing interferometry has demonstrated such a combination, where 

birefringence is computed by curve-fitting a series of phase images obtained with a rotating 

polarizer [15]. 

3.2. System Setup 

Here we propose a high-sensitivity spectral interferometry approach. Previously, we have 

demonstrated a single-shot, quantitative birefringence imaging technique [16] and a quantitative 

DIC technique for non-birefringent samples [17]. Implemented with spectral-domain low 

coherence interferometry for high sensitivity, they were based on similar hardware but unrelated 

signal analysis and processing. In this Letter, we provide a unifying theory to integrate these 

modalities into a single system for quantitative birefringence, DIC and phase imaging. 

Additionally, such theory allows to address the issues of system birefringence background and 

birefringence-induced DIC/phase distortion, thus achieving improved accuracy. 

The system setup is based on a common-path, reflective interferometer, as shown in Fig. 

3.1(a). It utilizes a broadband superluminescent diode (Superlum; 837 nm, FWHM 54 nm) as 

light source. A linear polarizer and a birefringent crystal (LiNbO3, thickness 2.75 mm) are 

oriented at a pre-determined angle to introduce polarization mixing. For quantitative DIC 

imaging, a Nomarski prism is inserted at the back of the microscope objective (Nikon; 40×, 0.75 

NA), splitting o- and e- waves by a small angle that leads to a lateral shear on the sample. Return 

light will pass through the system again, modified by the crystal and filtered by the polarizer 

before being collected by the single-mode fiber. The spectral interference carrying intensity and 

phase information is then detected by a custom spectrometer. Two galvanometers, separated by a 

4-f system, provide two-dimensional point scanning of the specimen. For quantitative 

birefringence imaging, the Nomarski prism is simply removed to eliminate the shear. 
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Figure 3.1. (a) Schematic of the integrated quantitative phase and birefringence imaging system. 

SLD, superluminescent diode. SPM, spectrometer. (b) Orientation of polarization components of 

the imaging system. 

3.3. Single Shot Birefringence Imaging 

Signal propagation through the system can be analyzed with Jones calculus using Fig. 

3.1(b). For convenience, the transmission direction of the polarizer is chosen to be the x axis. The 

slow axes of the birefringent crystal and the sample orient at angles   and   relative to the x 

axis, respectively. For non-birefringent samples,   can be any angle since they are optically 

isotropic and in fact, it will be eliminated from the formula. System birefringence, arising from 

the residual birefringence of various system optics, can be treated as a lumped element with its 

slow axis oriented at angle   [14]. 

We first analyze birefringence imaging, i.e. without the Nomarski prism in Fig. 3.1(b). 

Assuming the normalized Jones vector after the polarizer is  
T

1 0 , the field after a double-pass 

transmission through the entire system can be obtained by 
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where R  is the rotation matrix and T  is the transmission matrix for polarizing components, as 

in 
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Additionally,  C Ck kL  ,    ,
B Bk kL x y  , and    ,

S Sk kL x y  , where k  is the 

wavenumber, 
CL is the optical pathlength (OPL) retardation of the crystal retarder, and  ,BL x y  

and  ,SL x y  stand for the retardation of system birefringence and sample birefringence at  ,x y , 

respectively. 

Since both 
BL  and 

SL  in live cell imaging are typically small compared to wavelength, 

small angle approximation is valid for 
B

  and 
S  [12]. With Eqs. (3.1) and (3.2), the detected 

interference spectrum can be shown as 
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 is the spectrum envelope,  
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and c.c. denotes the complex conjugate of corresponding terms. Equation (3.4) clearly indicates 

that 
fI1
 and 

fI2
 are two interference terms in the detected spectrum with carriers of CjkL

e  and 

Cj kL
e

2 , generated by the large OPL retardation of the crystal retarder. In addition, sample and 
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system birefringence parameters are simultaneously modulated onto the complex amplitude of 

the carrier waves, but are found to be decoupled from each other, as seen in the following 

intermediate parameters: 

 

     

     

     

     

sin sin
, .

cos cos

S S B B

S S B B

A k k A k k

B k k B k k

     

     

    
 
 

     

2 2 2 2

2 2 2 2
 (3.5) 

Based on above derivation, we can perform a system birefringence calibration without 

sample to acquire 
BA  and 

BB , and remove them from sample measurement to obtain 
SA  and 

SB  

only for the determination of sample birefringence parameters. 

As for the choice of  , a wide range of angles may be used except when sin  4 0  or 

sin  2 2 0  in Eq. (3.4). We set   at 31.7 so that sin sin  24 2 , which leads to identical 

coefficients for both interference terms in Eq. (3.4). Thus the sensitivity of both sample 

birefringence retardation and azimuth angle will be independent of sample birefringence 

orientation. A detailed sensitivity analysis can be found in [16]. 

With the knowledge of  ,  I k0
 can also be determined from 

DCI . The signal 

demodulation hence involves bandpass filtering of 
fI1
 and 

fI2
, normalizing them using  and 

I0
, and frequency downshifting. With the carrier waves obtained from the interference spectra 

without sample, 
fI1
 and 

fI2
can be downshifted to baseband for extracting 

SA  and 
SB  from the 

imaginary part of the complex amplitude after removing 
BA  and 

BB . Sample birefringence is 

therefore 
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where avg(·) denotes averaging over the range of k. This process allows the background-free 

measurement of SL and   from one single spectrum.  
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To demonstrate the birefringence imaging capability, we chose Plasmodium falciparum-

infected human RBCs. During their asexual replication cycle within RBCs, malaria parasites 

consume host cell hemoglobin and produce birefringent hemozoin crystals. For imaging, an in 

vitro culture of P. falciparum-infected erythrocytes was fixed with 0.1% glutaraldehyde in 

phosphate buffered saline (PBS). Fixed parasites were then washed with PBS to remove 

glutaraldehyde prior to imaging. 

 

Figure 3.2. (a) System birefringence background. Scale bar 20m. (b) Birefringence retardation 

image of P. falciparum-infected human RBCs. Scale bar 20m. (c)(d) Birefringence retardation 

images of single infected RBCs from (b). Scale bar 2m. Inset: The line direction and length 

indicate the local optical axes orientation and birefringence retardation of the hemozoin crystals. 

To quantify RBC birefringence, we first calibrate system birefringence background. Its 

magnitude map is shown in Fig. 3.2(a), with an averaged retardation of 4.12 nm over the field of 

view. Figure 3.2(b) shows the birefringence retardation image of the RBCs after background 

subtraction based on Eqs. (3.4) and (3.5). Among the imaged cells, the infected ones can be 

clearly identified by the hemozoin crystals inside. The magnitude of hemozoin birefringence 
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retardation in the infected RBCs is about 30 nm and is much stronger than the birefringence of 

cell body, which is believed to be originated largely from local heterogeneity. Enlarged images 

of two infected RBCs are also depicted in Figs. 3.2(c) and 3.2(d) with slow axis orientation 

illustrated. One and two crystals are revealed respectively with the birefringence slow axis 

distributed uniformly for each crystal. The presence of two crystals likely indicates that this red 

cell has been invaded by two parasites. 

3.4. Integrated Quantitative Phase Imaging with Nomarski Prism 

In addition to single-shot birefringence imaging, the same setup can also be used for 

quantitative DIC imaging. Note that as shown in Fig. 3.1(b), the direction of the inserted 

Nomarski prism should be parallel to the axes of crystal retarder. With the Nomarski prism 

splitting the incident beam into two by a small angle, the o- and e- waves will experience 

different polarization mixing in the specimen. The Jones analysis now becomes  
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where 
S1T  and 

S 2T denote the respective transmission matrices for sample retardation for the two 

waves at their corresponding positions, 
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Similar to birefringence imaging, Eq. (3.7) is expanded and the second interference term 

(2f) can be obtained as 
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For non-birefringent samples, the o- and e- waves are identical. When system 

birefringence is also ignored, Eq. (3.9) can be simplified to 

    
sin ,C

j k L L j kL

fI I k e e


 2 12 22

2 0
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4
 (3.10) 

which, as expected, is essentially identical to the previously reported expression [18]. The 

quantitative DIC signal is simply the phase of downshifted 
fI2
. 

 

Figure 3.3. DIC gradient of an infected RBC before (a) and after (b) phase distortion correction. 

Scale bar 2m. (c) Red and blue curves: OPL gradient along the lines in (a) and (b). Green curve: 

sample birefringence retardation along the same line. (e)(f) Corrected DIC images of RBCs with 

horizontal and vertical shear, respectively. 
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In contrast, for birefringent samples, the OPL gradient term in 
fI2
 is  e e o ojk L L L L

e
  2 1 2 1 . It 

can be interpreted as the average OPL gradients of o- and e- waves. Also, we have an additional 

complex term,    S BjB k jB k   1 , which is determined by system and sample birefringence. 

This birefringence-induced coefficient thus introduces a phase error in OPL gradient 

measurement. Fortunately, it is identical to the term in 
fI2
 in Eq. (3.4), and is therefore already 

known from birefringence measurement. As a result, the birefringence-induced phase error can 

be corrected using the birefringence data. 

Figure 3.3(a) and 3.3(b) show the OPL gradient images before and after the birefringence 

correction. In Fig. 3.3(c), closer examination of these DIC data reveals clear difference at the 

position of hemozoin crystal. The corrected positive and negative DIC peaks (blue) become 

symmetric about zero, which is a typical indication of birefringence-free DIC signal. This 

confirms that the phase error from sample anisotropy has been removed effectively. We also 

observe that, for low-birefringence areas away from the hemozoin, the OPL gradient data before 

and after correction are still in good agreement. The OPL gradient images of the infected RBCs 

after correction are also given in Figs. 3.3(e) and 3.3(f) for horizontal and vertical shear 

directions, respectively.  

 

Figure 3.4. Quantitative phase image based on 2D integration of Figs. 3.3(e) and 3.3(f). 

Enlarged 2D OPL topography and 3D representation of the infected cell shown in Fig. 3.2(c). 

Further, with these two directional OPL gradient images and 2D phase reconstruction 

algorithms [19, 20], quantitative phase image of the sample can be obtained. The process 
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involves image registration between the two gradient images and FFT-based 2D phase 

integration. The results are shown in Fig. 3.4.  

3.5. Conclusion 

In conclusion, we proposed and demonstrated a dual-modality system for quantitative 

birefringence and phase imaging. Imaging modes can be easily switched by the insertion and 

removal of a Nomarski prism. A unified theoretical treatment provides rigorous foundation for 

both techniques. From the theory, a process for system birefringence background subtraction is 

derived to improve birefringence measurement accuracy. This is particularly important for 

imaging live cells, whose birefringence is often weak and can be significantly distorted by 

background. The theory also enables the correction of birefringence-induced phase error, thus 

opens doors to precision phase imaging of birefringent samples. Experiments on P. falciparum-

infected human RBCs demonstrate the system’s capability for highly sensitive birefringence, 

DIC and phase imaging. Hemozoin crystals are visualized with high contrast and can potentially 

be used for quantitative study of crystal formation and growth. This highly integrated system 

may find applications in label-free imaging of biological specimens where multiple intrinsic 

contrasts are desired. Equation Chapter (Next) Section 1 
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Chapter 4 Quantitative Birefringence Spectroscopy on Gold Nanorods 

Light scattered by a nanostructure alters the phase of the light in a manner that depends 

on incident light polarization and the polarizability of the nanostructure. In this chapter, 

quantitative birefringence spectroscopy technique is developed to provide insights into 

anisotropic nanostructures, even with the size of nanostructure within diffraction limit. The 

spectral signature of the scattered light from the nanostructure is measured using spectral 

multiplexing interferometry method. The footprint of nanostructure’s plasmon resonance can be 

recorded by quantifying the scattering intensity and the birefringence information from detected 

interference spectra. As the quantifiable phase shift introduced by the scattering scales as D3 for a 

particle of diameter D, birefringence spectroscopy can be much more sensitive than the typical 

intensity-based nanoparticle detection, which scales as D6 and thus vanishes quickly for small 

particles. The sample of gold nanorod particles deposited on glass substrate is used to 

demonstrate the proposed technique. With the scattering properties of single gold nanorod 

particle computed with discrete dipole approximation, quantitative birefringence spectroscopy 

measurement was shown being able to determine the orientation and size/aspect ratio of nanorod 

particles using scattering intensity and birefringence information. 

Attribution 

For the work described in this chapter, the sample preparation of gold nanorod particles 

on glass substrate as well as scattering field numerical simulations were established by Zhixing 

He from Department of Physics, Virginia Tech. 

4.1. Introduction 

Fabricating precise, pre-determined, ordered constructs of nanoparticles is one of the 

greatest unsolved challenges of nanotechnology, and has attracted significant interest for decades 

[1]. A wide range of applications has also been developed based on plasmonic nanoparticles, 

such as dynamic biological labelling [2] and subwavelength integrated optics [3]. Optical 

detection and spectroscopic characterization of nanoparticles are thus desired. However, the 

nanoparticles behave as Rayleigh scatters, making themselves unfeasible to be characterized only 

by scattering intensity. 
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Light scattered from nanoparticles strongly depends on the composition, size, and shape 

of the nanostructures, as well as the wavelength and polarization of the incident light. The phase 

shift introduced by sub-tenth micron dielectric particles’ scattering has been experimentally 

validated based on bright field interferometer decades ago [4]. Later on, researchers explored the 

possibility of single spherical nanoparticle detection based on plasmon spectra analysis using 

supercontinuum laser source [5]. The detected spectra were shown inherently related to the 

polarizability of nanoparticles. 

As demonstrated in published works, the presence of a nanoparticle in a focused beam 

will cause a phase shift that scales as D3, with D denoting the diameter of the nanoparticle. While 

anisotropic nanostructures have vastly different polarizabilities along different directions, the 

scattered light will exhibit phase birefringence that can be experimentally quantified. 

Characterizing the scattering intensity and the birefringence spectroscopic behavior of scattered 

light can provide unprecedented insights into nanoparticles’ morphological structure and even 

their dynamic changes. The polarization state of scattered field will be inherently immune to the 

other scattered or non-scattered background, which enables quantitative characterization of the 

polarizability and the birefringence from anisotropic nanoparticles. 

In the following, we first discuss Quantitative Birefringence Spectroscopy (QBS) 

technique implemented via Spectral Multiplexing Interferometry (SXI) method. The interference 

spectrum model is shown to be able to carry the birefringence and scattering intensity parameters 

related to the properties of detected nanostructures. To understand how the birefringence is 

formed, a physical model for the scattering field detected from nanorod particles is built up for 

both transmission and reflection cases, and shows the advantage of using weak-reflection 

measurement setup. Discrete Dipole Approximation (DDA) simulation has thus been established 

for estimating the polarizability of gold nanorod particles in experimental setup, which are 

deposited on glass-water interface under investigation. At last, the scattering intensity and 

birefringence spectra are measured on single gold nanorod particles and compared to the 

previous simulation results. The capability of QBS technique is demonstrated not only on 

determining the orientation of single gold nanorod particles, but also on analyzing the 

polarizability-induced spectroscopic behavior with the detected scattering field.  
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4.2. Quantitative Birefringence Spectroscopy System 

Quantitative Birefringence Spectroscopy measurement is implemented based on SXI 

method, which was discussed in Chapter 2&3 [6, 7]. By generating spectral interference with 

polarization mixing, the intensity and phase/birefringence information from sample can be 

modulated onto carrier oscillations and further demodulated with interference spectra model. 

 

Figure 4.1. (a) Optical system setup for QBS measurement. (b) Polarization-related component 

alignment. (c) Illustration of incident beam and scattered light. (d) Schematics of interaction 

between a gold nanorod and focused optical field.  

Figures 4.1(a) and 4.1(b) show a typical SXI configuration. Specifically, an optical 

birefringent crystal is used for polarization mixing in order to generate two carrier waves in a 

single detected spectrum, upon which both birefringence retardation and angle can be encoded 

and subsequently demodulated. Light from a broadband source passes through a linear polarizer 

and a birefringent crystal before being focused onto the detected specimen. Reflected light is 

again modified by the crystal/polarizer for polarization mixing and detected by a high-speed 
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spectrometer. Assuming the normalized Jones vector after the polarizer is  
T

1 0 , the field after 

a double-pass transmission through the entire system can be obtained by 

           .out      
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The derivation can follow the similar approach as stated in Chapter 2. The only 

difference is for sample matrix 
ST , in addition to the birefringence retardation/orientation 

parameters, a scattering intensity ratio is also introduced. This is because the scattering intensity 

can be orientation-dependent for anisotropic nanostructures in focal plane. Thus the Jones Matrix 

for detected sample can be written as 
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where the scattering intensity ratio between the major/minor axes is denoted by '
s

s
s

 1

2

 and 

birefringence retardation, i.e. the phase difference between major/minor axes, is s s s   1 2 . 

Three unknown parameters can thus be found in the full Jones Matrix expression in Eq. (4.1): 

birefringence retardation 
s , orientation  , and scattering intensity ratio 's . 

 The expression for the detected spectra can be derived with  I k0
 denoting the spectrum 

envelope, 
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Two spectral carrier frequencies (1f and 2f) are thus created in the interference spectrum, 

corresponding to the single- and double-pass retardation of the crystal (
CkL  and 

CkL2 ). From the 

imaginary parts of two interference components, one can demodulate   and 'sin ss   as a 

function of wavelength. The real part of 2f term can be further used to separate 's  and 
s  from 

'sin ss  . 

With the above Jones Matrix derivation, theoretical analysis on QBS technique has 

shown its capability of not only finding the major axis orientation (  ) for the polarizability of a 

given nanostructure, but also quantifying the scattering intensity ratio ( 's ) and phase difference (

s ) between major and minor axes. To reveal the size and shape information of detected 

nanoparticles based on the scattering and birefringence information, the scattering behavior of 

single anisotropic nanoparticles has to be understood first. The object for the following section is 

to establish a relationship between the physical size, shape and orientation of nanoparticles, and 

the parameters which can be detected using QBS technique, i.e. the scattering intensity ratio and 

the birefringence retardation/orientation. 
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4.3. Nanoparticle Scattering-induced Optical Birefringence 

The case of a plasmonic nanostructure locating within the focal plane of a focusing lens 

will be discussed. Its schematic can be found in Fig. 4.1(c). Electrical field analysis method [8] is 

used to model the intensity and phase changes introduced on the incident light field, by given 

nanoparticles with known size, shape and orientation. We will start from general case to describe 

the relationship between incident field and scattered field. And it can be shown that, for 

anisotropic nanoparticles, the scattered field is determined by both the polarization of incident 

field and nanoparticles’ polarizability. Both transmission-based and reflection-based 

measurement setups will be discussed for combined field expressions. 

4.3.1. Scattered field analysis using scattering matrix 

Assume a nanoparticle with its polarizability 1 , 2  and 3  along its three principal axes. 

Its principle axes are at angles to the main coordinate system ( xyz  or 123 ) relative to the 

incident beam with a rotation transformation matrix  ijA  . The polarizability tensor can thus 

be expressed as 

    , ,T

ij ji k ki kj ij i

k

a a or A A    


  
3

1

  (4.4) 

The relationship between scattered and incident field can be expressed using amplitude 

scattering matrix S  as 

 ,
jkrs i

s i

E ES S
e

jkrE ES S 

    
    

    
    

2 3

4 1

  (4.5) 

where the scattered field is uniformly divergent in far field ( kr  is large). 

The corresponding amplitude scattering matrix can be written as 
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For simplicity,  we will only discuss the nanoparticles with their principle axes aligned 

with xyz ,  iA diag  . The amplitude scattering matrix in Eq. (4.3) can be simplified to 
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Placing the particle at the focal plane of a lens, whose optical axis is aligned with incident 

direction ( z ), we can study the scattered field in the Fourier plane of the lens. This is to convert 

spherical wave into plane-like wave in order to compare their polarization more readily. 

For a focused incident beam polarized along x  axis direction, its Fourier space field is 

also a plane wave polarized in x  axis direction. As shown in Fig. 4.1(c), for scattered field, its 

Fourier space expression is 
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In addition, the incident field experienced by the nanoparticle can be seen as a uniform 

plane wave since the size of nanoparticle is much smaller than the focused beam. The parallel 

and perpendicular components of incident field with polarization along x  axis can be expressed 

as 
cos

sin

i
c

i

E
E

E





   
   

  
  

0
, where cE0

 is the field amplitude at the beam center while in focus. 

Suppose the incident light plane wave before focusing lens has a uniform field amplitude 

of E0
, the optical field amplitude distribution 

fE  at focal plane can be calculated using 

Fraunhofer approximation as 
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where 
fr  denotes the distance from axis within focal plane, 

Lf  is the focal length of objective 

length, D  is the circular aperture diameter of the focusing lens, and J1
 is the Bessel function of 

first kind. Thus the relationship between focusing beam center amplitude cE0
 and plane wave 

amplitude at Fourier space E0
 can be determined as 

c

L

E kD NA

E f n
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0

2

0

1

8 2
, where NA 

denotes the numerical aperture of objective lens and n  is the refractive index of the surrounding 

medium for the nanoparticle.  

Based on Eqs. (4.4) and (4.5), the scattered field in Fourier plane of focusing lens can be 

shown as 
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where a common term of 

jkre

r
 is dropped for simplicity. It can be seen from above that the 

majority of power is in the x  component. The y  component is small, particularly for small  . 

Regardless, due to y  component being anti-symmetric about x  and y  axes with respect to  , 
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the y  component will not be coupled into the fundamental mode of the fiber, which is circularly 

symmetric, and thus can be ignored. 

From above discussion, we can show that, along any direction within focal plane, the 

polarization component of scattered field introduced by nanoparticle is only related to its 

polarizability along this direction ( 1 ). For incident polarization along y  axis, the above 

equation would change to 2
. Therefore, in the following, we can drop the subscript noting that 

it is the polarizability of the axis aligned with the incident polarization. 

4.3.2. Combined field analysis in Fourier plane of objective lens 

The beam measured in the far field or at the detector is a combination of incident field 

and scattered field from the particle.  

Take transmission based measurement setups for example, the incident field part, due to 

Gouy phase shift ( 2  from focus to infinity or   between two extremes), can be expressed as 
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After dropping 

jkre

r
, the combined field in transmission mode can be written as 
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where   has been shown to be a coefficient determined by the shape of the focused spot and 

 ,f    represents an angular factor that is approximately one for moderately large range of  . 

Since   is complex in nature due to m  being a complex number for metallic particles, 

we write 

 ,R Ij      (4.13) 
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where 
R  and 

I  have different spectroscopic behaviors. Equation (4.12) becomes 
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where 
k f





3

4
. Hence, the presence of a nanoparticle in a focused beam will cause an 

intensity variance as well as phase shift in the beam, which is related to the particle’s 

polarizability along the incident polarization.  

For reflection based measurement setups, the total reflected field under the first Born 

approximation is 

 
22 (1 ) ,R inc F BE rE j rE j r E      (4.15) 

where r represents the reflectance at substrate surface, FE  stands for the forward scattered field, 

and BE  represents the backward scattered field. Since nanoparticles can be modelled as Raleigh 

scatters in most cases, FE  and BE  are essentially the same. 

The perfectly reflecting surface is not required in practice. In fact, a reduced reflection 

will help enhance the relative strength of BE  by rebalancing the intensity ratio between FE  and 

BE . With an amplitude reflectivity of r 1 , the combined reflected field becomes 
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Therefore, a small r  effectively eliminate FE  in Eq. (4.15), only backscattering needs to 

be considered. Since only one single scattering component left at this circumstance, it leads to 

the phase expression of weak reflective surface case similar to Eq. (4.14). Therefore, we can note 

the intensity parameter as  I Rs r     
2 2 2  and the phase change as 
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arctan R
s r

I





 


. To take the sensitivity advantage of weak reflection based measurement 

setup, the actual experiment setup is illustrated in Fig. 4.1(d), which employs a water-immersion 

objective and a glass substrate. 

4.3.3. Polarizability for special cases 

To demonstrate how to measure polarizability-determined birefringence of anisotropic 

nanostructures using proposed QBS technique, we will use gold nanorod particles deposited on 

glass substrate as an anisotropic object representative. Although there’s no exact solution to 

describe the polarizability of rod-like nanoparticles, a few special cases can be considered here to 

estimate the expecting birefringence signals from polarizability. 

For a spheroid-shaped nanoparticle, exact solution can be found to describe its 

polarizability as 
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2
1   is a factor related to the aspect ratio of the 

spheroid. Prolate spheroid can be used as a good approximation when describing the 

polarizability of rod-shaped nanoparticles. For a spheroid particle with moderate to large aspect 

ratio, the transverse polarizability 2
 (minor axis) may be neglected as compared to longitudinal 

value 1
 (major axis). Therefore, the detected phase term is mostly determined by the major 

polarizability component. 

For an ideal nanosphere, its polarizability is constant for any direction so the measured 

s  will be zero. However, there will always be some level of asymmetry due to imperfect 

manufacturing. Simulations demonstrated in later part have shown that even a small deviation 

from aspect ratio 1 will create substantial change between 1
 and 2

, especially around its 

resonance peak. 
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In the following section, numerical simulations will be established to characterize the 

polarizability of the gold nanorod particles, and be further used as references in experimental 

validation. 

4.4. Gold Nanorod Sample Preparation and DDA Simulations 

Gold nanorod particles were fabricated and deposited on glass as an example of 

anisotropic nanoparticles to be investigated by QBS technique. To employ the sensitivity 

advantage of weak reflection measurement, a water-immersion objective will be used in the 

system to introduce a water-glass interface at the bottom of gold nanorod particles. The sample 

preparation procedure and scattering simulation method will be discussed as follows. 

4.4.1. Gold nanorods preparation 

The sample of gold nanorod particles on glass substrate is prepared by following 

procedures: 

(a) Gold seeds preparation. Add 250μL of 0.01M chloroauric acid solution (gold 

solution) into the 0.1M 10ml Cetyltrimethylammonium Bromide (CTAB) solution in the vial 

under 28°C and stir vigorously. Add 600μL 0.01M NaBH4 into the gold and CTAB solution 

quickly. Let it stir for 10 minutes. The solution should change to brown after the addition of 

NaBH4. It is important to note that the gold solution mixture (chloroauric acid and CTAB) 

should be stirred vigorously, creating a vortex, before adding sodium borohydride. The seeds 

need to be stored at temperature 28-29°C in order to prevent CTAB crystallization and can be 

used within 24 hours.  

(b) Synthesis of Gold nanorods. Gold nanorods are synthesized by hydroquinone 

reduction of gold ions and further reduction by gold seeds. The aspect ratio of the nanorods are 

controlled by changing the amounts of silver ions in the gold growth solution. Add 0.5mL of 

0.01M HAuCl4 (gold solution) to 10mL of 0.1M CTAB solution. Add 120μL of 0.1M AgNO3 

(silver solution) and stir for 1min. Add 200uL 1M HCl and 80uL 0.1M L-Ascorbic Acid. 

Solution should turn completely transparent. This indicates that Au(III) is reduced to Au(I). Add 

24μL of seeds solution. Gently stir at 28˚C for 3 hours and store overnight. Centrifuge at 3500rcf 

for 15 minutes to remove the supernatant and redisperse in DI water. The final products are red 
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to brown color depending on the amounts of silver solution. It varies red through brown with 

increasing silver amounts resulting in increasing the aspect ratios of gold nanorods. The 

centrifugation parameters may depend on the sample volume and concentration. Settling time 

can be estimated from the Stokes equation and optimized by trial and error. If temperature setting 

is available in the centrifuge, set it to 28°C to avoid crystallization of excess CTAB in the gold 

nanorod solution. 

(c) Deposit gold nanorod on glass substrate. Centrifuge 1ml CTAB-coated nanorods 

solution at 3500rcf for 15 minutes once and replace supernatant with DI water. Add 300μL 5mM 

Poly Sodium-p-Styrenesulfonate (PSS) into the solution, and let the coating last for 2 hours 

under stir. Centrifuge PSS-coated nanorods at 3500rcf for 15 minutes twice and replace 

supernatant with DI water every time. For preparing Poly Allylamine Hydrochloride (PAH) 

coated substrate, immerse piranha cleaned, pre-cut glass substrate into PAH solution (10mM, 

pH=7) for 3 hours then rinse with DI water. Dilute PSS-coated nanorods by 80 times and 

dropcast on PAH film on silicon substrate for 2 hours. Rinse with DI water and blow dry, then 

the samples are ready to use. 

4.4.2. Discrete Dipole Approximation 

As for the numerical simulation approach to estimate the polarizability of fabricated gold 

nanorod particles, DDA method is used with the help of examples reported in [9-11]. Fortune 

code on Discrete Dipole Scattering (DDSCAT) introduced in [12] was used as analytical solution 

to understand near and far-field properties as well as scattered spectra quantitatively. Simulations 

were performed on Thunderbird cluster in Virginia Tech Physics Department. Task was split by 

wavelength. 

The shape of the gold nanorod particles were generated by Blender. In this study particle 

width varies from 10nm to 30nm, and aspect ratio ranges from 2.5 to 5. The dielectric constant of 

gold is given by Johnson and Christy [13]. With dipole density equals 1 dipole/nm and the 

polarization of the incident light was set the same as the orientation of the GNR’s long axis, 

DDA simulations performed on different incident wavelength varied from 600nm to 1000nm, 

with the step of 10nm. Complex amplitude scattering matrix was obtained for scattering angle 

from 0 to 
NA . 
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Figure 4.2. (a) Simulated retardation spectra and (b) simulated intensity ratio spectra between 

major/minor axes of gold nanorod particles on glass substrate in water environment using DDA 

simulation. Short axis diameter and long/short aspect ratio of nanorod particles were indicted in 

legend.  

Figures 4.2(a) and 4.2(b) show the simulated birefringence retardation and scattering 

intensity ratio given by DDA simulation over gold nanorod particles on glass substrate, with 

different sizes and aspect ratios of nanorod indicated in legend. Simulations were established 

over estimated QBS system parameters for water-glass interface reflectance, objective NA, etc. 

As expected from anisotropic nanoparticle scattering behavior, the cross-zero region of 

birefringence retardation is largely determined by aspect ratio because of the shape of 

polarizability’s real part, while the phase retardation magnitude is more related to the general 

particle size. 

4.5. Quantitative Birefringence Imaging and Spectroscopic Analysis 

Birefringence imaging and spectroscopic analysis were demonstrated with SXI system on 

individual gold nanorod particles on glass substrate. Water immersion microscope objective of 

NA 0.8 was used (corresponding to cos NA = 0.6). Field of view was set as 15μm×15μm, while 

the integration time was 300μs for each interference spectrum acquisition. The averaging 

major/minor axis width for nanorod particles were pre-calibrated using TEM as 64nm/17nm 

(aspect ratio: 3.76). SEM image was also measured beforehand in the interest area, as shown in 

Fig. 4.3(a).  
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Figure 4.3. (a) SEM image in the interest area, with 6 single gold nanorod particles labelled for 

scattering and birefringence analysis. (c) Scattering intensity ratio 's  and birefringence direction 

measured on nanorods labelled in (a). (c) Birefringence retardation 
s  for the interest area with 

respect to different wavelengths. 

The scattering intensity ratio 's  for each particle within detected wavelength range were 

illustrated in Fig. 4.3(b), along with the averaged birefringence direction   depicted with 

cursors. The length of the cursors also indicates the birefringence magnitude 
s . It might be 

noted that, there is a 90˚ ambiguity for birefringence orientation angle   along with 

positive/negative sign of phase retardation. The birefringence direction for some of nanorod 

particles (B&C) in Fig. 4.3(b) was corrected by 90˚ based on SEM image, while the sign of 

phase retardation is also switched in the following spectroscopic analysis. The ambiguity can be 

avoided when a larger wavelength range being used for birefringence spectroscopy measurement. 
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Phase retardation measured on different wavelength (818.6nm, 836.3nm and 854.6nm) 

were shown in Fig. 4.3(c). The majority of nanorod particles show all positive/negative 

birefringence retardation within the detected wavelength range. However, for particle F, the 

retardation spectrum passes through 0 between different wavelengths, which indicates the sign of 

birefringence retardation changes in the detected wavelength range. 

 

Figure 4.4. Measured (a) phase spectra 
s  and (b) scattering intensity ratio spectra 's  from 

particles shown in Fig. 4.3. 

The birefringence spectra and scattering intensity ratio measured on the particles (shown 

in Fig. 4.3) are depicted in Fig. 4.4. The phase retardation of particle F passes 0 at ~835nm, 

while its scattering intensity reaches the maxima as well. Meanwhile, the phase retardation of 

particle A is negative, implying this particle has a much smaller aspect ratio, when compared 

with adjacent particles in the scanning range. The birefringence retardation detected for particle 

C indicates the detected wavelength range locating around the positive extremum point on the 

real part of its polarizability, which can also be verified by relatively stronger scattering intensity 

detected. Equation Chapter (Next) Section 1 

4.6. Conclusions 

Based on Jones Matrix analysis of the SXI setup, for a given anisotropic nanostructure 

under detection, the measured scattering intensity ratio and phase difference between its major 

and minor axes are originated from its shape-determined polarizability. The proposed QBS 

system can thus give simultaneous particle orientation and birefringence spectroscopy 
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measurement, which can further reveal size, shape and orientation information of nanostructures 

when DDA simulations are available to correlate birefringence and polarizability. 

With QBS technique developed, quantitative birefringence spectroscopy measurement 

was demonstrated over gold nanorod particles deposited on glass substrate, with a weak 

reflection measurement setup. We showed that a small anisotropic nanoparticle within the 

focused beam can produce a scattered field with well detectable birefringence. Birefringence 

direction, retardation as well as scattering intensity ratio between two main axes were determined 

quantitatively. In addition, the size/aspect ratio information can also be estimated with nanorods’ 

polarizability characterized with simulation. 

For future work, a wider wavelength range is desired to avoid the ambiguity on sign of 

birefringence retardation along with direction (parallel/perpendicular) of nanoparticles’ major 

axis orientation. As a label-free noncontact quantitative approach, QBS technique can also be 

used to study dynamic behavior of nanoparticles without any extra sample treatment. 
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Chapter 5 Cramer-Rao Bounds of Parameter Estimation for Interference Signals  

Interference frequency estimation is essential in spectral-domain interferometric sensing 

and imaging, and its performance determines system sensitivity. To date an objective and 

practical criterion is still absent for the proper evaluation of fundamental sensitivity limit in a 

given system. The Cramer-Rao bound (CRB) of such estimation determines measurement 

sensitivity limit. Unlike the well-studied complex sinusoids in communication theory, optical 

interference signal is distinctly different in its model parameters and noise statistics. The 

connection between these parameters and their estimation bounds has not been well understood. 

Here we propose a complete, realistic multi-parameter interference model corrupted by a 

combination of shot noise, dark noise and readout noise. We derive the Fisher information matrix 

and CRBs for all model parameters, including intensity, visibility, optical pathlength (frequency) 

and initial phase. We also show that CRBs of frequency and phase are coupled but not affected 

by the knowledge of intensity and visibility. Knowing the initial phase offers significant 

sensitivity advantage, which is verified by both theoretical derivations and numerical 

simulations. In addition to the complete model, a shot noise-limited case is studied, which 

permits the calculation of CRBs directly from measured data. 

© [2016] IEEE. Reprinted, with permission, from [Chengshuai Li, Yizheng Zhu, Cramer–Rao 

Bound for Frequency Estimation of Spectral Interference and Its Shot Noise-Limited Behavior, 

Journal of Selected Topics in Quantum Electronics, March-April 2017]. 

5.1. Introduction 

Parameter estimation, in particular frequency estimation, of an optical interference in the 

presence of noise is a fundamental problem for interferometry applications [1, 2], with the lower 

limit of the variance of an unbiased estimator determined by CRB [3-6]. Given the fundamental 

similarity between spatial, temporal and spectral interference signals in modeling as well as 

processing, in this chapter we concentrate on spectral interference. The results can be readily 

generalized. 

In the past decades, spectral interferometry has proved to be an effective approach for 

measuring optical pathlength (OPL) without ambiguity. With exquisite OPL estimation 
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sensitivity and large dynamic range, spectral interferometry is a widely used technique for a 

variety of applications, such as optical metrology [7, 8], fiber-optic sensing [9, 10], phase 

microscopy [11-13], and femtosecond spectroscopy [14]. 

Single-tone frequency estimation has been well studied in signal processing and 

communications [3-5, 15]. However, its typical model assumes a complex signal, constant 

amplitude, zero offset (DC), and uniform Gaussian noise. This is in clear contrast to a realistic 

signal model of spectral interferometry, which is real-valued and involves multiple additional 

parameters, such as spectrum envelope, fringe visibility, and initial phase. Since the spectral 

interference demodulation is a multi-parameter estimation problem, the knowledge of certain 

parameters may greatly affect the estimation bounds (sensitivity) of other parameters. To date, a 

systematic analysis of such bounds based on a realistic interference model is still absent. 

Importantly, the impact of these unknown parameters on the sensitivity of OPL (frequency) 

estimation has not been well understood. 

In addition to these new interference parameters, we also adopt a new approach for noise 

modeling [16]. Most existing works are based on uniform, Gaussian, white noise models that are 

standard in communication theory [6, 15, 16]. In contrast, optical detection is typically 

dominated by Poisson shot noise, which is non-uniform across an interference spectrum due to 

intensity oscillation. It also involves dark noise (Poisson) and readout noise (Gaussian), although 

to a much lesser extent. Our previous work [17] considered a complete noise statistics model but 

assumes OPL as the only unknown parameter. Therefore, how to analyze multiple noise sources 

with different statistical behaviors and to derive the CRB for a complete model with multiple 

unknown parameters poses another challenge in finding the sensitivity limit of interference 

signal demodulation. 

In this chapter, a complete, multi-parameter interference signal model is introduced, 

corrupted by a combination of shot noise, dark noise and readout noise. A Poisson random 

variable (RV) approach is then utilized to derive the Fisher information matrix and the associated 

CRBs for all parameters. In addition, we discuss the shot noise-limited case and its sensitivity 

performance through both theory and simulation. 
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5.2. Interference Spectrum Model and Cramer-Rao Bounds 

5.2.1. Interference spectrum model 

To derive the sensitivity limit for the estimation of interference parameters, such as 

spectral interference frequency, a statistical model of the spectrum is needed. The digital readout 

from the detector is used to define the model, which allows the estimation results to be directly 

accessed from spectral data and thus be more convenient for practical uses. 

For a typical two-beam spectral interferometry, we can consider a sinusoidal signal 

model as 

  cos ,n n nI I V k L     0 1  (5.1) 

where 
nI  is the noise-free interference spectral intensity in analog-to-digital unit (ADU), I0

 is 

the spectrum intensity defined in ADU as well, 
n  is normalized source spectral envelope, V  is 

visibility, 
nk  is sampling wavenumbers, L  is OPL (frequency) and the main subject of 

estimation, and   is a system-specific phase term. 

Among all model parameters, we will consider 
n  and 

nk  as known, since the source 

spectrum envelope and sampling wavenumbers are determined by light source and detector, and 

can be well pre-calibrated. Here we use   to denote the vector of unknown parameters from the 

interference spectrum observation. If I0
, V , L ,   are all unknown,  , , ,    1 2 3 4

 

 , , ,I V L  0
. 

With the expected interference signal model, we denote a detected spectrum as 

 ,..., nx x 1 , with  representing a noise-corrupted observation of  nE x  and 
nx  being the 

number of electrons for the n -th wavenumber. For a typical spectral interferometry system, the 

detected spectrum consists of three independent components, 

 ,n n n nx s d r    (5.2) 
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where ns  is the number of photo-generated electrons representing the interference signal with 

shot noise. It follows Poisson distribution ( ; )n nPo s gI , with g  being the conversion/camera gain, 

i.e. the number of electrons per ADU. 

In addition to shot noise, dark noise and readout noise are another two components in the 

detected spectrum with well understood behavior. Two RVs nd  and nr  are included in Eq. (5.2) 

respectively, with nd  standing for the number of thermally generated electrons (dark current), 

and nr  representing readout electron fluctuations. We assume uniform dark current and readout 

noise for all sampling points. Hence nd  follows Poisson distribution ( ; )n dPo d gI  with dI  being 

the dark current intensity in ADU, and the readout noise nr  is modeled as a zero-mean Gaussian 

distribution ( ; , )n rN r  2
0  [17]. 

5.2.2. Fisher information matrix and Cramer-Rao bounds 

For each unknown parameter i  in the vector  , the signal processing algorithm 

produces an estimator ˆ
i  from the detected spectrum   with certain random error. For unbiased 

estimators, the variance of ˆ
i  satisfies 

i i
CRB  2 , which means that the measurement 

sensitivity of i  cannot be better than 
i

CRB . Here the sensitivity is defined as the standard 

deviation of a parameter estimation, i.e. the root of the variances between multiple estimations. 

As known from estimation theory and statistics, the unbiased CRBs are the diagonal 

elements of the inverse of the Fisher information matrix J , i.e. 
i ii

CRB J

   
1 . And the 

element of Fisher information matrix can be expressed as 

      ln ; ln ; ln ; ,ij

i j i j

J E P P E P
   

        
        

         

2

    (5.3) 

where E   denotes the expected value with respect to the sample vector  , and  ;P   

stands for the joint probability distribution function (PDF) of the elements in  . 
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Using Eq. (5.2) as the statistics model, we can derive CRB for each unknown parameter. 

However, the joint PDF of Poisson and Gaussian RVs is difficult to process. To simplify its 

derivation, a Poisson distribution model is used for nx  with the Gaussian RV nr  being 

approximated by a Poisson RV in Section 5.3. CRBs for all unknown parameters are derived. 

Section 5.4 follows with a detailed discussion on the shot noise-limited case ( ns  only). The 

implication of these results is discussed in Section 5.5. 

5.3. CRB of Complete Model using Poisson RV 

As stated in the interference signal model, ns  and nd  are Poisson RVs with nr  typically 

being modeled as a Gaussian RV. In this section, a Poisson RV is used to approximate the 

complete signal model nx  and to derive the CRBs for the unknown parameters in  . 

Practically, a Gaussian distribution ( ; , )N x    can often be very well approximated as a 

Poisson distribution ( ; )Po x   when   is not too small. Therefore, a shifted read noise n rr  2
, 

which follows ( ; , )n r rN r  2 2
, can be considered to be ( ; )n rPo r  2

. Adding r
2

 to both sides of Eq. 

(5.2) leads to a shifted complete model, 

 ( ),n n r n n n rx x s d r       2 2
 (5.4) 

which becomes the sum of three independent Poisson RVs and also Poisson. Therefore the 

shifted complete model follows Poisson distribution ( ; )n nPo x  , with its rate being the combined 

rate of all three components, i.e. .n n d rgI gI    2
 

Then we can follow the standard CRB derivation with the knowledge that 

   '; ;P P     and each nx  is an independent Poisson RV. The likelihood function of 

having observed the data vector   given   can be expressed as 

  
'

'
; .

!

n nxN
n

n n

e
P

x

 




 

1

  (5.5) 

Therefore, the derivatives can be obtained as 
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'

ln ; ,
N

n n

ni n i

x
P



  

   
     

   


1

1  (5.6) 

and 

  
' '

ln ; .
N

n n n n n

ni j n i j n i j

x x
P

  

       

     
        

        


22

2
1

1  (5.7) 

Its expected value is determined by the rate of the shifted complete model nx , i.e. 

 n n n d rE x gI gI      2 . The expression for the element of the Fisher information matrix can 

then be written as 

 
   ' '

.
N N

n nn n n n n
ij

n nn i j n i j n i j

E x E x
J

    

         

         
                         

 
2

2
1 1

1
1  (5.8) 

As dark noise and read noise are both irrelevant to the estimated parameters in  , which 

means n n

i i

I
g



 

 


 
 can also be substituted into the above equation to produce 

 .
N

n n
ij

n n d r i j

I Ig
J

gI gI   

  
        


2

2
1

 (5.9) 

With the unknown parameter vector  , , ,I V L  0
, the elements for Fisher information 

matrix can be calculated accordingly,  
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where the notations are defined as follows, 
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 (5.11) 

The Fisher information matrix for any other unknown parameter combination can be 

obtained directly from Eqs. (5.10) and (5.11). For example, if V  is known with  , ,I L  0
, 

then J  is the 3-by-3 matrix obtained by deleting the second row and second column from Eq. 

(5.10). 

It can be well noted that all the elements in the matrix are summations across all sampling 

points and wavenumbers. Highly accurate approximations can thus be applied to significantly 

simplify the CRB derivation. The condition is that L  is relatively large such that a number of 

interference fringes are present within the spectral range. In other words, in the Fourier transform 

of Eq. (5.1), the interference peak is well separated from the DC peak. This is a condition that is 

almost always met in modern metrology and sensing applications. 
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 Here  ,Q n and  ,R n  are  -determined functions with non-negative values and 

related to  cos nk L   only. In addition, 
n  and 

nk  both act as slow varying envelope factors. 

Therefore, if some fast oscillating components, such as  sin   or  cos   due to large L , are 

multiplied with above non-negative factors, the integral of their product is vanishingly small and 

negligible compared to the integration of non-negative component. For example, the second 

component    cos ,
N

n n

n

V k L Q n 


 
1

 in J11
 is negligibly small when compared with the first 

component  ,
N

n

n

Q n



1

. The validity of this approximation will be examined with simulations 

in next section. 

Apply similar approximations to all the matrix elements, the simplified Fisher 

information matrix can be shown as 
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 (5.12) 

It can be seen that the behavior of I0  ( J11 ) is decoupled from other parameters, and so is 

V ( J22 ). The elements of L  and  , however, are coupled to each other, but are independent 

from I0  and V . The inverse of above Fisher information matrix then leads to following sets of 

CRBs for the unknown parameters in  : 

(a) CRB for I0  no matter other parameters are known or unknown : 
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 (b) CRB for V  no matter other parameters are known or unknown: 

    cos , .
N

V n

n

k L R n 





 
   
 


1 2

2

1

 (5.14) 

As we can see, the OPL and phase sensitivity bounds are independent to known or 

unknown of spectral intensity and interference visibility. 

(c) CRB for L  if    is unknown and I0 , V  known or not: 

 

     

 

, , ,

.

,

N N N

n n

n n n

L I N

n

T n k T n k T n

T n





  





  
      

  
 

 
  

  



1 2
2

2

1 1 1

1

 (5.15) 

CRB for L  if   is known and I0 , V  known or not: 

  , ,
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 (5.16) 

which is identical to our previous derivation under much restricted assumptions of known I0 , V , 

  [17]. 

 (d) CRB for   if L  is unknown and I0 , V  known or not: 
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CRB for   if L  is known and I0 , V  known or not: 
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 (5.18) 

It can be seen that the demodulation sensitivity of OPL is irrelevant to the knowledge of  

I0  or V  and only depends on whether   is known or not. To date, numerous algorithms have 

been proposed to demodulate the OPL of an interference spectrum, which can be classified into 

two types based on whether   is known or unknown. With   unknown or unused, L I   gives 

the sensitivity bound for Type I demodulation algorithms, while L II   is the bound for Type II 

demodulation with a known  . It can be easily shown from Eqs. (5.15) and (5.16) that 

L I L IICRB CRB  , which indicates a known   will introduce a sensitivity ratio for OPL 

demodulation. The sensitivity ratio can be significant and will be further addressed in the 

following section. 

5.4. CRB for Shot Noise-limited Case 

5.4.1. Shot noise-limited model 

In the majority of modern interferometry applications, photo-generated electrons are 

mostly dominant so that n nx s . In this section, we will focus on shot noise-limited case, with 

nd  and nr  removed from the interference signal model. The derivations in Section 5.3 are still 

applicable, with nx  following Poisson distribution  ;n nPo x   and n ngI  .  

The Fisher information matrix expression for shot noise-limited case is identical to Eq. 

(5.10) but with an updated version of Eq. (5.11) as 
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Take Type II OPL demodulation as an example, CRB for L  with the knowledge of   

can be expressed as 
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 (5.20) 

With this much simplified version of CRB, it can be seen that higher values of I0 , n  

and V  lead to a smaller L II  , indicating a better estimation performance. This can be easily 

interpreted since higher demodulation sensitivity can be achieved from interference spectrum 

with a better SNR. 

5.4.2. Sensitivity ratio with known   

With the simplified CRB expressions of shot noise-limited model discussed above, the 

sensitivity ratio from Type I to Type II OPL demodulation can be characterized as 
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 (5.21) 

with  ,T n  defined in Eq. (5.19). 

Still the expression is somewhat complicated, so simulations are used to study the 

sensitivity difference between Type I and Type II methods. The values of simulation parameters 

are as follows [17]: N 1024 , I 0 2000 , .V  0 9 , L m 200 ,   0 , .g e ADU 43 7 , nk  

is evenly spaced in [800nm, 880nm], and background envelope n  is a Gaussian window 

generated with built-in function gausswin in Matlab R2016a ( .  2 5 ) with its peak value of 1. 

The simulated spectrum has approximately 23 sinusoid periods, which can be estimated as 

nk k L



1

2
 . The sensitivity ratio I IIG   is calculated as 54.96, which indicates that a knowledge 

of   can significantly improve the measurement sensitivity of OPL. 
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The sensitivity ratio I IIG   has also been studied with varying V and L , as shown in Fig. 

5.1(a)(b). The ratio between the sensitivities of Type I and Type II OPL demodulation stay 

essentially unchanged across the entire visibility range or over each relatively large OPL. In 

addition, from simulations using a wide range of parameters, I IIG   is shown to be largely 

independent of N , I0 , V , L ,   and g . While the independence of I0  and g  is obvious from 

their proportionality in Eq. (5.19) so they are cancelled in the ratio, it is challenging to 

analytically prove the independence of I IIG   on other parameters since they are involved in the 

form of  cos nV k L   and  sin nV k L  . But qualitatively, the fast oscillation approximation 

used earlier can be again adopted to understand this independence of these terms. Additionally, 

the conclusion from simulations can be validated using a special case of the shot noise-limited 

model. When V 0 , 
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 (5.22) 

Since 
I IIG 

 has been shown to be largely independent of V , the sensitivity ratio shown 

in Eq. (5.22) can thus be applied to general cases, as 
I IIG 

 is primarily determined by 
n  and 

nk . 

As a result, Type II demodulation methods have a fixed, quasi-constant sensitivity advantage 

over Type I methods if the light source (
n ) and detector (

nk ) remain fixed for the 

interferometry system. For example, the ratio changes to 36.39 when a uniform background 

envelope is assumed for the interference signal. The sensitivity ratio has also been calculated 

with different sets of 
nk , as illustrated in Fig. 5.1(c). The sensitivity ratio raises to 109.55 when 

nk  is evenly spaced in [820nm, 860nm], and becomes 18.36 with a wider wavelength range of 

[720nm, 960nm]. In all cases, this indicates a significant sensitivity advantage of 1-2 orders of 

magnitude for Type II OPL demodulation methods. 
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Figure 5.1. Comparison of CRBs for Type I and Type II OPL demodulation and their ratio with 

(a) different interference visibilities and (b) different OPLs, (c) sensitivity ratio over different 

wavelength ranges. 

5.4.3. Approximation efficiency for fisher information matrix 

 Since all the derived CRBs depends on the validity of the applied approximations from 

Eq. (5.10) to Eq. (5.12), numerical simulations have been carried out to examine its robustness. 

Two sets of CRBs are calculated using the same simulation parameters as in Section 5.4.2 and 

compared in Table 5.1: one from the original Fisher information matrix in Eq. (5.10) and the 

other from the simplified matrix in Eq. (5.12). Relative difference for each CRB has been shown 

to be minimal, which demonstrates remarkable agreement between the accurate and 

approximated Fisher information matrix.  

 

Table 5.1. Comparison of Accurate and Approximated Fisher Information Matrix 
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CRB From 

Original Fisher 

Information Matrix 

CRB From Fisher 

Information Matrix With 

Approximations 

Relative Difference 

I
0  30.0672 30.0588 2.81×10-4 

V  0.0119 0.0119 3.89×10-7 

L I   0.1466 0.1466 1.62×10-6 

L II   0.0027 0.0027 4.05×10-7 

I   1.0989 1.0989 1.60×10-6 

II   0.0200 0.0200 3.81×10-7 

 

Figure 5.2. Relative difference between CRBs calculated from accurate Fisher information 

matrix and approximated Fisher information matrix with different OPLs. 

While the accuracy of the approximation may vary with the simulation parameters, 

especially OPL, which determines the number of sinusoid periods in the interference signal, 

simulations using same parameters but varying the OPLs are further demonstrated, as shown in 

Fig. 5.2. The relative differences between CRBs for V , L  and   from accurate to approximated 

Fisher information matrix can be smaller than 10-4 when L  is relatively large. And the CRB 
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relative difference for I0
 is the largest among all unknown parameters but is still desirable, 

which means our approximations are efficient and the CRBs derived above are exceptionally 

accurate.  

5.5. Conclusion 

In summary, we derive the CRBs of parameter estimation using a realistic interference 

signal model with background spectral envelope and initial phase term. The detected spectrum is 

modeled with three noise components with different statistical behaviors, corresponding to shot 

noise, dark noise and readout noise respectively. By using a Poisson RV to approximate the 

complete model, CRBs are derived to provide additional insights into the statistical behavior of 

this multi-parameter estimation problem. Equation Chapter (Next) Section 1 

In particular, we investigate how other unknown parameters in the model change the 

sensitivity limit of OPL estimation. For shot noise-limited case, when CRBs for different sets of 

unknown parameters are compared, the system sensitivity limit for OPL (frequency) estimation 

is shown to be unrelated to the knowledge of spectral intensity or fringe visibility, while only 

depending on whether the initial phase is known or not. This is consistent with our empirical 

experience in interference signal processing, where the knowledge of intensity and visibility is 

never used in estimating OPL [1, 2]. For OPL estimation, cases of known initial phase (Type II 

demodulation) show significant sensitivity advantage over cases of unknown or unused initial 

phase (Type I demodulation). The sensitivity advantage is derived with theoretical analysis using 

shot noise-limited model and is further quantified as significant based on numerical simulations. 

This suggests that, for high sensitivity OPL measurements, the initial phase should be 

determined or at least estimated and that Type II demodulation should be the choice. 

In addition to theoretical significance, a practical application of CRBs reported in this 

chapter is for system evaluation and optimization [17, 18]. From acquired spectra, one can 

calculate the CRBs and use them as target performance indicators of the algorithm efficiency and 

system efficiency [18]. For example, our previous study has revealed that the typical Fourier-

transform based OPL algorithm underperforms as compared to CRB [17]. Its algorithm 

sensitivity can be as much as 2  times worse than CRB for high visibility interference signals. 

The results here show that this conclusion is also valid for the general interference signal model. 



 

71 

Such discrepancy is likely due to the negligence of noise statistics in the signal processing 

algorithm. The theoretical discussions in this chapter provide insights into the behavior of this 

estimation problem and may potentially point out ways toward better estimation procedures. 
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Chapter 6 Maximum Likelihood Estimation of Optical Pathlength in Spectral 

Interferometry 

Optical pathlength demodulation is a subject of fundamental importance in spectral 

interferometry applications. We propose an algorithm based on maximum likelihood estimation 

to achieve absolute optical pathlength demodulation with high sensitivity and noise resistance, 

and to elucidate the cause and behavior of undesirable demodulation discontinuity. From an 

interference spectrum model with additive Gaussian noise, a maximum likelihood estimator is 

derived in Fourier domain to determine the optical pathlength. To assess its sensitivity 

performance, the Cramer-Rao bound of sensitivity is derived from Fisher information matrix. By 

simulations and experimental validations, the proposed method demonstrates its capability of 

achieving the Cramer-Rao bound over a large dynamic range of optical pathlengths, initial 

phases and signal-to-noise ratios. When compared with some state-of-the-art demodulation 

methods, it also demonstrates improved resistance to demodulation jumps at low signal-to-noise 

ratios. Importantly, the mechanism of such jumps can be readily explained from a new, intuitive 

perspective, which may permit the quantification of jump occurrences in the future. 

© [2017] IEEE&OSA. Reprinted, with permission, from [Chengshuai Li, Shichao Chen, 

Yizheng Zhu, Maximum Likelihood Estimation of Optical Path Length in Spectral 

Interferometry, Journal of Lightwave Technology, November 2017]. 

6.1. Introduction 

Spectral interferometry has proved to be an effective approach for measuring optical 

pathlength (OPL) with exquisite sensitivity and wide dynamic range. Its application can be found 

in many areas such as fiber-optic sensing [1, 2], optical metrology [3], phase microscopy [4, 5], 

and femtosecond spectroscopy [6]. The demodulation of two beam interference in spectral 

domain is fundamentally a frequency estimation problem for periodic discrete signals. The 

majority of current methods for sinusoidal frequency estimation address complex sinusoids in 

signal processing and communications [7-9]. In spectral interferometry, however, the 

interference spectra are discrete, real-valued sequences, often with an additional initial phase 

term. Although substantial progress has been made in the past to accurately demodulate OPL 

[10], much remains to be investigated. For example, how to obtain absolute OPLs with the 
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highest sensitivity and no demodulation discontinuity (“jump”)? How to understand the origin of 

such jumps, and to predict and minimize its occurrence? Addressing these questions is critical 

for optimizing demodulation performance.  

6.2. Interference Spectrum Model and Existing Algorithms 

For a typical two-beam spectral interferometry, we can consider a sinusoidal signal 

model of the interference spectrum: 

  cos , , ,..., ,n nI A k L C n N    0 0 1 1  (6.1) 

where amplitude A  and offset C  determine the interference fringe visibility V A C , 
nk  

represent the wavenumber, L0
 denotes the OPL which is the subject of estimation, and   

represents the initial phase, the value of which depends on the specific type of the interferometer. 

We use 
n  to denote the total phase of the spectrum, i.e. 

n nk L   0
. A representative 

spectrum is shown in Fig. 6.1(a) with its discrete Fourier transform (DFT) in Fig. 6.1(b). 

To date, a number of efficient algorithms have been proposed to demodulate the OPL 

(frequency) of an interference spectrum. They can be classified into two types based on the 

treatment of   [10]. In Type I frequency estimation,   is either unknown or unused. These 

algorithms are fundamentally equivalent to finding the interference peak position in DFT, as 

shown in Fig. 6.1(b). However, the OPL sensitivity of Type I demodulation is poor. In contrast, 

Type II estimation takes advantage of the knowledge of  , and is equivalent to finding the phase 

of the interference peak in DFT. It attains significant sensitivity improvement of 1-2 orders of 

magnitude over Type I estimation. In this chapter, we will focus on Type II estimations.  

The value of   is typically determined by the structure of an interferometer. For example, 

  0  for a standard Michelson or Mach-Zehnder interferometer when the two interference arms 

are perfectly symmetric. However, different surface materials or transmission media may give 

rise to a non-zero initial phase. It becomes more complicated in some other cases, such as fiber-

optic interferometric sensors, where   depends on multimode propagation [11] or beam 

divergence in an extrinsic Fabry-Perot cavity [12]. For these applications, a physical model is 

needed to theoretically estimate  .  
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Thanks to its sensitivity advantage, Type II estimation has become the dominant signal 

processing scheme for spectral interferometry with a variety of algorithms proposed. As 

mentioned above, a direct implementation is the Fourier domain peak phase (FDPP) method, 

which extracts the phase at a fixed position on the interference peak in Fourier domain, and then 

converts it to OPL. In order to maximize signal-to-noise ratio (SNR) and sensitivity, a zero-

padded DFT is often used to locate the peak position more precisely, indicated by point C in Fig. 

6.1(c) as compared to points A and B in the non-zero-padded, non-interpolated DFT. A major 

drawback of FDPP is that it produces only a relative OPL due to phase wrapping, thus severely 

limiting its dynamic range. In addition, when the peak starts to shift away from the selected 

position, SNR and OPL sensitivity will deteriorate. 

To obtain absolute OPL, a linear regression (LR) or least squares fitting method is 

developed in [13, 14]. The algorithm starts with using a band-pass filter to select the single-band 

interference component 
 nj k LA

e
0

2
, as illustrated in Fig. 6.1(d). The phase of the filtered analytic 

signal is then extracted and unwrapped. There is a difference of m2  between the unwrapped 

phase and the total phase 
n , with m  being an integer to be solved for. A linear least square 

fitting follows next to decide m  using the unwrapped phase and 
nk . The problem is equivalent 

to estimating the slope and the intercept of a linear phase ramp corrupted by additive noises. LR 

has been shown to be very accurate at high SNRs. However, a discontinuity in demodulated 

OPLs may occur when, under noises, the estimation of m  incorrectly jumps to adjacent integers. 

Although it has been shown that such OPL jump originates from the initial phase   [14], the 

detailed mechanism and behavior have yet to be thoroughly understood. Additionally, how to 

practically solve the 2  ambiguity to minimize jump occurrence requires further investigation. 
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Figure 6.1. (a) Simulated interference spectrum with Gaussian noise (in analog-to-digital unit, 

ADU), SNR 20dB. (b) DFT of the spectrum in (a). (c) Comparison between non-interpolated 

DFT and interpolated DFT. (d) Finite Impulse Response (FIR) filter designed for LR algorithm. 

In addition to LR, a fast peak locating (FPL) method was developed recently for high-

speed demodulation of absolute OPL [15]. The FPL algorithm only utilizes non-zero-padded 

DFT spectrogram, avoiding the time-consuming interpolation step. First, two adjacent points on 

the interference peak, shown as A and B in Fig. 6.1(c), are selected for a coarse peak position 

calculation employing Buneman frequency estimation method. Next, the 2  ambiguity in 
n  is 

determined using known  . The precise peak position is then located with the solved m , known 

 , and the phase of peak point B in Fig. 6.1(c). FPL offers impressive real-time demodulation 

speed of 70kHz on a typical laptop computer, but its sensitivity performance has not yet been 

studied. As we will show later, the algorithm suffers sensitivity degradation, sometimes severe, 

because the SNR at point B is lower than that at point C and fluctuates widely as OPL shifts. 

For an interferometry-based OPL demodulation algorithm aimed at high sensitivity, such 

as FDPP, LR and FPL, OPLs must be sufficiently large to introduce enough fringe density into 
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the interference spectrum. This will allow the interference peaks in Fourier domain to be clearly 

separated from DC component. As a result, they are insensitive to changes in the spectral 

envelope of the light source, and are capable of multi-peak detection. In contrast, if only a few 

fringes exist in the interference spectrum, algorithms based on spectral domain fringe analysis 

will be better choices, but are considerably limited in resolution, accuracy, as well as robustness 

and flexibility [16, 17]. 

In this chapter, to achieve absolute OPL demodulation with high sensitivity and 

minimized OPL demodulation jump occurrence, a new method based on maximum likelihood 

(ML) estimation is proposed. In Section 6.3, the ML estimator is derived based on an 

interference model with additive Gaussian noises and described in detail. Cramer-Rao bound 

(CRB) is obtained and compared with the algorithm sensitivity of FDPP and FPL in Section 6.4. 

Section 6.5 validates the sensitivity analysis using simulations and demonstrates the ML 

method’s capability of achieving CRB across a large dynamic range of OPLs. Significantly, the 

ML estimator offers a clear, intuitive interpretation of the cause and behavior of the OPL jumps. 

In Section 6.6, the sensitivity advantage of the ML algorithm is experimentally verified.  

6.3. Maximum Likelihood Estimator and Signal Processing Algorithm 

6.3.1. Signal and noise model 

Let  , , ,..., NS S S S  0 1 2 1S  represent a detected spectrum corrupted by Gaussian noise 

nW , where 

  cos , , ,..., .n n n n nS I W A k L C W n N       0 0 1 1  (6.2) 

The quantities in Eq. (6.2) are all real-valued and evenly spaced by a constant sampling 

interval of k defined by 

   .nk k n k n n k    0 0  (6.3) 

It should be noted that, for most optical spectral interferometry applications, n N0
, 

and n0
 is not necessarily an integer. Without loss of generality, for interference spectra originally 

not evenly sampled in wavenumber, various interpolation approaches have been developed to 
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yield equal sampling interval in wavenumber to take advantage of standard signal processing 

techniques [18, 19]. The minimized interpolation error has been shown with negligible influence 

on demodulation quality [10] and will not be discussed here. 

The noise components 
nW  are assumed to be independent identically distributed Gaussian 

noises with zero mean and a variance of  2 . The SNR can then be defined as A 2 2
2 . 

The goal of signal processing in spectral interferometry is to estimate the carrier 

frequency L0
 from an interference signal 

nI  corrupted by the noise 
nW . With S and  provided 

as input, the OPL estimation generated by the proposed estimator is denoted as L̂ , which can be 

seen as an unbiased estimator (at least at high SNRs) [8]. 

6.3.2. Maximum likelihood estimator 

With the unknown parameter L0
 and the independent Gaussian random variables, the 

probability density function of S  for L  is given by 

    ; exp .

N
N
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The ML estimator maximizes  ;f LS  as well as its logarithm  log ;f L  S , where 

 

     
 

   
log ; log

cos
ˆ .

cos cos

N

n

n n n n

L L

n n

max f L max N

S AS k L CS C

L

AC k L A k L

 




 





 

      
    

 
     


1

2

0

2 2

2 2

1
2

2

2 2

2

S (6.5) 

Since , , , nA C S  are all constants once an observation has been made, we can drop all 

components unrelated to L  so that 
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Furthermore, given L being sufficiently large,  cos
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Hence the ML estimation of L  is converted to the problem of finding L̂  that, under the 

condition that L  is large, maximizes the ML estimator LM  defined as 

  Re .
jk L j

LM e e     
0 S  (6.8) 

As shown in Fig. 6.1(b), when the frequency is high,  S  is essentially contributed by 

 nj k L

n

A
e W




2
. To better illustrate the relationship between LM  and  S , the DFT 

spectrogram and the ML estimator are depicted around the frequency L̂  with interpolation, as 

shown in Fig. 6.2(a). Compared with  S , the ML estimator has significantly higher fringe 

density as introduced by jk L
e
 0  and much narrower peak width. As a result, it has a significantly 

higher sensitivity when locating the center position of its highest peak, as compared to finding 

the peak position of  S  in Type I demodulation. Therefore, the ML algorithm directly 

visualizes the sensitivity advantage of Type II demodulation. 



 

80 

 

Figure 6.2. (a)  S  and the proposed LM estimator. (b) The estimator with and without je  . 

Fig. 6.2(a) also illustrates the origin of demodulation jumps in OPL. In the presence of 

noise, there is a certain probability that an adjacent peak will be higher than the center peak and 

its position will be mistaken as the correct OPL, thus resulting in a demodulation jump from time 

to time. 

Further, the knowledge of   is important in the probability of jump occurrence and 

demodulation accuracy, because je   in LM compensates the phase shift in 
 nj k LA

e
0

2
. The ML 

estimators with and without je   are illustrated in Fig. 6.2(b) for   150 . Not using je  is 

equivalent to not knowing   and assuming it is 0 . In this case, the highest peak will shift and 

lead to a systematic demodulation error in OPL. Additionally and perhaps more importantly, the 

height difference between the highest peak and its adjacent peak is drastically reduced from h 1  

to h 2 , making it easier for adjacent peaks under noise to be misidentified as the correct one and 

more likely to generate a jump. 

In brief, an absent or inaccurate knowledge of   mis-compensates the interference signal 

and leads to higher probability of OPL demodulation jump. With Fig. 6.2(b), a path to quantify 

the probability of jump is offered potentially by using peak height difference and noise statistics, 

although it is beyond the scope of current discussions. 
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6.3.3. Signal processing algorithm 

With the ML estimator, the signal processing algorithm starts with computing LM  based 

on DFT of the interference spectrum. In practice, due to the discrete nature of the DFT, 

interpolation in Fourier domain is needed for locating L̂  accurately. Therefore, a two-step 

approach is applied as follows. 

For the first step, a coarse peak locating is performed in maximizing non-zero-padded 

DFT spectrogram to find A in Fig. 6.1(c). As long as we have a general knowledge of L0  from A, 

LM  will be computed with high-order interpolation but only locally around the coarse peak. 

Compared with standard zero-padding, the algorithm complexity can be significantly reduced 

from  logO MN MN2
 to  O PMN , where M  is the interpolation order and P  is the LM  

computing range in terms of DFT pixel space. For an interference spectrum of N 1024 , with 

M  512  and P  2 , the time complexity of local estimator computing is equivalent to a Fast 

Fourier-transform (FFT) of 64 times zero-padding. 

A quadratic fitting is computed afterwards given the estimator values around the peak 

and corresponding frequencies. The center of the quadratic fitted curve is interpreted as the fine 

peak position n̂ , which is in DFT pixel number. The relationship between n̂  and L̂ can be 

applied as 

 
 

ˆ ˆ ˆ ,L n L n
N k





 



2

1
 (6.9) 

where L  is the corresponding OPL between adjacent pixels in non-interpolated DFT. 

6.4. Cramer-Rao Bound and Algorithm Sensitivity  

To investigate the sensitivity performance of the proposed method compared with 

existing ones, we use CRB as a benchmark and also derive the algorithm sensitivity of FDPP and 

FPL as follows. 



 

82 

An unbiased estimator that achieves CRB is said to be “efficient”, in the sense that it 

achieves the best possible performance from the given observation. Based on estimation theory 

[20],  CRB can be derived from the Fisher Information matrix LJ  for the unknown parameter L , 

  ˆvar ,CRB LL  1
J  (6.10) 

where LJ  can be written as, 
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The second component in Eq. (6.11) is the combination of an oscillating function. It is 

therefore much smaller than the first one and becomes negligible when L  is sufficiently large. 

This is similar to the approximation applied to Eq. (6.6). 

The CRB for L  can then be expressed by 
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where c

N
k k k


 0

1

2
 denotes the center wavenumber. As expected, the variance is inversely 

proportional to SNR. 

Even though CRB sets a theoretical limit on the OPL sensitivity, it may not necessarily 

be achievable by signal processing algorithms, which typically have their own sensitivity 

performance. Now we focus on the algorithm sensitivity of FDPP, which is also based on 

interpolated DFT as ML. A similar derivation without DFT interpolation has been derived in 

[21]. In the following we will present a more general derivation. 

Here we assume the OPL corresponded peak is located at an integer pixel p  in the 

interpolated DFT spectrogram  i S  with  M N1  zeros padded to S . This is valid since 

with increasingly higher order interpolation, the interference peak will eventually be close to one 
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integer pixel in interpolated DFT spectrogram. Therefore, finding the variance of phase at pixel 

p  will lead to the algorithm sensitivity. Since the amplitude of the peak can be expressed as 

   ,
n nN Nj p j p

MN MN
i n np

n n

NA
S e W e

   

 

   
1 12 2

0 02
S  (6.13) 

with its phase term being approximated as the ratio between the imaginary part and the real part, 
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The real part related to nW  in the denominator is neglected. The standard deviation of L̂  

can be derived from the variance of p  using the center wavenumber, 
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 (6.15) 

Comparing Eq. (6.15) with Eq. (6.12), FDPP can achieve CRB when appropriate 

interpolation is applied. 

However, for methods based on non-interpolated DFT, such as FPL, there is typically a 

deviation between the real OPL peak position and the pixel where phase is extracted. This 

discrepancy leads to a decrease of the denominator in Eq. (6.15), a larger variance for the 

extracted phase, and ultimately deteriorated algorithm sensitivity. The sensitivity degradation can 

be severe when the pixel of phase extraction deviates far from the interference peak. 

6.5. Algorithm Comparison 

In this section, the proposed ML method is compared with FDPP, LR and FPL using 

simulated interference spectra with Gaussian noises. The results will be used to validate the 

above sensitivity analysis and also to investigate the behavior of demodulation jump.  

The interference spectra are generated using Eq. (6.2), with the OPL demodulation 

sensitivity calculated over 10000-sample Monte Carlo simulations. The sensitivity is defined as 

the standard derivation of demodulated OPLs, i.e. the square root of OPL variances. The values 

of the simulation parameters are as follows if not specified otherwise: N 1024 , A1800 , 
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C  2000 ,   0 , dBSNR  20 , and nk  are evenly spaced by wavenumber in [800nm, 880nm]. 

The interference peak is located at 32.6th pixel in DFT spectrogram, with an equivalent OPL of 

286.6μm.  

6.5.1. Sensitivity vs. OPLs 

To verify the sensitivity analysis in Section 6.4, we first evaluate the demodulation 

sensitivity with different OPLs. The simulations are conducted with the interference peak 

locating in the DFT pixel space of [30, 35], in step of 0.1. The equivalent OPL range is 

[263.74μm, 307.70μm].  

 

Figure 6.3. OPL demodulation sensitivity vs. OPLs. Simulated OPLs in DFT pixel space of [30, 

35], in step of 0.1. 

Figure 6.3 demonstrates that the proposed ML algorithm can achieve CRB for all OPLs 

with a 512-times locally zero-padded estimator. The CRB has also been achieved by FDPP using 

a 16-times interpolated DFT. However, the OPL standard deviation demodulated by FPL varies 

widely when the pixel of phase extraction deviates from the interference peak position. As 

discussed, for algorithms based on DFT but without interpolation, like FPL, the SNR of phase-

extracted pixel is often weaker than the true interference peak. Using non-interpolated DFT lends 

FPL high demodulation speed, but at the expense of demodulation sensitivity, which can be 
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several times, or even up to orders of magnitude, worse than CRB. On the other hand, 

interpolation will improve sensitivity but cost its speed advantage. 

Meanwhile, a sensitivity gap exists in the full range of simulated OPLs between LR 

algorithm and CRB. This gap originates from the reduced SNR of the filtered analytic signals, 

since some data points have to be removed on one or both edges of the spectrum either to 

eliminate the transition region of the filter or to suppress the ringing artifacts. Therefore, there is 

a trade-off between noise filtering and sensitivity, closely depending on the design of the band-

pass filter. 

6.5.2. Sensitivity vs. Initial Phases 

The OPL demodulation sensitivity using different methods versus different initial phases 

are shown in Fig. 6.4. Initial phase introduces a constant shift in the phase terms of DFT. For 

FDPP, the standard deviation of demodulated OPLs remains the same since the variance of phase 

stays the same. Meanwhile, three absolute OPL demodulation methods, ML, FPL and LR, have 

utilized known   to either shift the estimator peak back to the correct position or compensate the 

phase change in n  to help solve 2  ambiguity. As expected, all simulated algorithms show 

consistent sensitivity performance in the simulated range of  , 0 2  for  . 

 

Figure 6.4. OPL demodulation sensitivity vs. initial phases. Simulated initial phase range 

 , 0 2 , in step of  18 . 
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6.5.3. Sensitivity vs. SNR 

As the ML method has shown consistent sensitivity performance with different OPLs and 

initial phases, how the method performs with different SNRs is another important feature that 

needs to be examined. The SNRs are selected within [-30dB, 40dB], in step of 1dB, and the 

results are shown in Fig. 6.5. Consistent with Eq. (6.12), the sensitivity vs. SNR curve has a 

slope of -1/2 in log scale. 

Based on the sensitivity behavior of ML, the simulated SNR range can be classified into 

three regions. In Region I, OPL demodulation can be carried out correctly by ML achieving CRB 

without any demodulation jump. Meanwhile, two regimes of sensitivity degradation exist for 

Region II and III respectively. The SNR boundary of Region I-II (5dB) reveals the algorithm’s 

capability to avoid demodulation jumps from not able to determine the 2π ambiguity correctly. 

No jump occurs (or extremely rare statistically) for ML when SNRs are higher than 5dB. At the 

same time, the SNR boundary of Region II-III (-10dB) indicates that the introduced Gaussian 

noises start to become too strong for the algorithm correctly locating the OPL corresponded 

interference peak in Fourier domain. When the SNR is low,   S  will occasionally be so 

badly distorted that the global maximum occurs at a frequency far from L0
, which is classified as 

“outliners”. The OPL sensitivity behavior in Region III is consistent with the outliner probability 

derived in [7]. It becomes increasingly worse as the SNR approaches -20dB and reaches a 

saturation level. And the level is determined by the width of coarse peak searching range in 

Fourier domain. 
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Figure 6.5. OPL demodulation sensitivity vs. SNRs. Simulated SNR range [-30dB, 40dB], in 

step of 1dB. Inset: a zoom-in section in Region I. 

Comparing the SNR boundaries of Region I-II for three absolute OPL demodulation 

methods, ML demonstrates that it can work with 2.5 and 4 times larger Gaussian noises than LR 

(9dB) and FPL (11dB) respectively, in terms of achieving algorithm sensitivity with correct 2  

ambiguity determination. Therefore, ML outperforms the other two in reducing the OPL 

demodulation jump occurrences. 

Since ML and FPL both use similar coarse peak search approach as their first step, their 

sensitivity behavior are quite similar in Region III. Region II-III boundary is lower for FDPP 

since an unwrapping procedure is applied among different simulations, which helps close the 

phase gap in unit of   when the phase-extracted pixel is instable. 

6.5.4. Simulation on different wavenumber range 

The capability of absolute OPL demodulation without jump for the proposed method is 

further examined using a different simulation wavenumber range in [733nm, 978nm]. The center 

wavenumber 
ck   remains the same but the wavenumber sampling interval k  is three times 

larger. The interference peak still locates at 32.6th pixel in Fourier domain, with the equivalent 

OPL now being 95.5μm. According to Eq. (6.12), the CRBs for the simulations in two 
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wavenumber ranges are identical. The demodulation sensitivity for each method is shown in Fig. 

6.6.  

The OPL demodulation sensitivity shows similar behaviors in Region I and III. However, 

all three absolute OPL demodulation methods, ML, LR and FPL, show significantly better 

resistance to OPL jumps, as the Region I-II SNR thresholds are -7dB, -3dB and -3dB 

respectively. The ML method still outperforms the other two with a 4dB advantage in achieving 

jump-free OPL demodulation. 

 

Figure 6.6. OPL demodulation sensitivity vs. SNRs with wavelength range [733nm, 978nm]. 

Simulated SNR range [-30dB, 40dB], in step of 1dB. Inset: The ML estimators for simulation in 

wavelength range of [800nm, 880nm] and [733nm, 978nm] respectively. 

Compared with the simulation results in Fig. 6.5, the better performance in avoiding OPL 

demodulation jumps can be interpreted with the help of the estimator 
LM , as shown in the inset 

of Fig. 6.6. With the same interference peak position n̂  simulated, DFT envelopes are identical 

for two simulation setups. But a larger k  means a smaller L0
is simulated from Eq. (6.9), and 

the fringe density in 
LM  is thus lower. Therefore, the height difference between adjacent peaks 

becomes larger. At same SNR level, it is significantly less likely to lead to incorrect peak 

identification (jump), as compared to the case of narrower wavenumber range.  
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The results shown in Fig. 6.6 demonstrate that, even with the same fringe density in 

spectral domain of the interference signal, a wider wavelength range can help to reduce the 

occurrences of jumps. With the proposed ML estimator, the behavior of OPL demodulation 

jumps can be clearly explained and be further quantified when the estimator peak height 

difference is evaluated with the peak magnitude variance based on given SNR. This would be 

critical when characterizing an OPL measurement system. 

6.6. Experimental Validation 

The above theory and simulation are further verified experimentally with a Michelson 

spectral interferometry system. The system utilizes a broadband superluminescent diode 

(Superlum; 837nm, FWHM 54nm) as light source, and a custom spectrometer built with a line-

scan camera (e2v; EM1, 1024 pixels) as detector. The intensity of one interference arm can be 

adjusted to change interference visibility and SNR, similar to the simulations in Section 6.5.3. At 

each power level, we recorded 10000 interference spectra, with examples shown in Fig. 6.7(a). 

The round-trip OPL difference between the two arms is 350.4μm, with the interference peak 

locates around 31.68th pixel in non-zero-padded DFT spectrum.  

All algorithms, FDPP, FPL, LR and ML, have been applied for OPL demodulation, using 

the same algorithm parameters described in Section 6.5. The demodulation results for 10000 

interference spectra of group C have been illustrated in Fig. 6.7(b). While FDPP produces a 

relative OPL due to wrapped phase, the other three algorithms give absolute OPL results. A 

noticeable temporal drift is observed in all four OPL results, likely due to hardware instability 

yet be able to be removed through a linear fitting. In addition, there is a minor difference in the 

demodulated absolute OPLs from FPL, LR and ML. This may be attributed to the deviation of 

real interference signal from ideal model. Thus different algorithms may generate slightly 

different results.  

Among the 12 groups of interference spectra with different interference visibilities, the 

corresponding SNRs have also been estimated from a peak-valley fringe analysis. The OPL 

demodulation sensitivity against estimated SNRs are plotted in Fig. 6.7(c). We can see that the 

OPL sensitivities for these four algorithms are consistent with theory (Fig. 6.5). ML can achieve 

the best sensitivity among the three absolute OPL demodulation algorithms, which is CRB and 
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can also be achieved by FDPP. Meanwhile, the sensitivities of FPL and LR are 1.64 and 1.12 

times worse. 

 

Figure 6.7. (a) Sample interference spectra with different interference visibilities. (b) 

Comparison of demodulated OPLs from 10000 interference spectra in group C. (c) Experimental 

OPL demodulation sensitivity vs. SNRs. 

The averaged execution time for 10000 spectra demodulation has also been recorded, as 

3.94s, 3.86s, 0.90s and 71.04s for FFDP, LR, FPL and ML, respectively. As designed, FPL 

achieves the best time efficiency. Our ML algorithm, which is not optimized, is 1-2 orders of 

magnitude slower, but is still more than adequate for offline demodulation or monitoring slower 

dynamics (141 spectra/sec). We believe careful algorithm optimization could improve its speed 

to some extent. At the same time, it is unsurprising that there will be a trade-off in speed for the 

advantages of the new algorithm. Equation Chapter (Next) Section 1 

Compared to sensitivity experiments, it is more complicated to experimentally confirm 

ML method’s better resistance to demodulation jumps. This is because jumps will occur not only 

under low SNR, but more often so in practice when the initial phase is not accurately known and 
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compensated (even at high SNRs). To address the latter cause requires a challenging level of 

experimental control and determination of the initial phase. Nonetheless, such experiments 

would offer better insights into algorithm performance and are a subject of further investigation. 

6.7. Conclusion 

In summary, an absolute OPL demodulation estimator based on ML estimation is derived 

with defined interference spectrum model with Gaussian noises. The proposed algorithm 

maximizes the estimator and achieves CRB over a large dynamic range of OPLs and different 

initial phases. The main advantage of the ML algorithm is that it is the only absolute OPL 

demodulation method that can achieve CRB for all OPLs, when compared to FDPP, FPL and LR. 

This has been demonstrated with both simulations and experiments. Further, simulations show 

the ML method offers better noise resistance and delayed onset of OPL demodulation jumps, 

when compared to FPL and LR. Importantly, the ML estimator offers a clear, intuitive picture to 

understand and to potentially quantify the behavior of OPL demodulation jumps, which will be 

the subject of our further investigations. In addition, while only single-tone spectral interference 

is modelled and discussed in the chapter, the estimator derivation and algorithm are also valid for 

spatial or temporal oscillations, and may be generalized for multiplexed signals as well. 
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Chapter 7 Conclusion and Future Work 

Overall, the entire study covered the following aspects: 1) quantitative birefringence 

imaging based on spectral multiplexing interferometry method; 2) multimodal quantitative phase 

and birefringence imaging with removable Nomarski prism; 3) quantitative birefringence 

spectroscopy technique for single anisotropic nanoparticle orientation and polarizability 

measurement; 4) theoretical sensitivity limit for spectral interference spectrum demodulation; 5) 

novel optical pathlength demodulation method based on maximum likelihood estimation. 

There are still several remaining tasks around the topic, and hopefully the topics can be 

addressed in future. On the application front, with our integrated quantitative phase and 

anisotropy imaging systems, the scattering, phase and birefringence information can provide us 

different ways to evaluate the specimens. For example, we can trace the dry mass and 

birefringence distribution changes in sperm cells or thin collagen tissues, which can be used to 

reveal the internal structure, to evaluate tissue quality and to monitor biophysical process. In 

another direction, birefringence spectroscopy of different anisotropic nanoparticles can be further 

investigated. We believe the exquisite sensitivity provided by our multimodal imaging system 

can certainly help discover more and more interesting microscopic behaviors. In addition to 

explore the applications, designing a commercial microscope add-on component that achieves 

same function, will make more impact for research/industry applications. 

In terms of spectral interference signal processing, our previous work reveals that, for 

shot-noise limited interference spectrum, current Fourier transform-based algorithm achieves 

CRB for low fringe visibility cases, while it is up to 2  times worse than CRB for high visibility 

cases. The performance gap suggests higher sensitivity may be possible with the same data. 

Although algorithms achieving CRB are not guaranteed to exist, it should be pointed out that 

current algorithms could potentially be improved considering that none has taken advantage of 

all available information such as noise statistics. Such additional information, if properly utilized, 

may produce sensitivity close or identical to CRB. It may also be argued that algorithms that do 

not consider noise statistics will have performance deficiency similar to that of the FT algorithm. 

Given these considerations and the potential benefits of achieving CRB, methods of 

improvement are worth investigating. 
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