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EXECUTIVE SUMMARY

The purpose of this report is to summarize the yield line patterns and associated yield line
parameters for end-plate moment connections. Both the end-plate yield line patterns and the
column side yield line patterns are provided. For each yield line parameter, either the derivation
is given or details about how the yield line parameter was obtained from one of the other derived

yield line parameters is described.
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1 INTRODUCTION

Yield line analysis is a method for determining the plastic collapse capacity of ductile steel
plates or reinforced concrete slabs. In the yield line method, a plastic collapse mechanism is
assumed consisting of rigid facets of the plate connected by lines where the plate undergoes plastic
hinging, usually called yield lines. Figure 1-1a demonstrates the concept of facets and yield lines
for an end-plate moment connection while Figure 1-1b shows the three-dimensional deformed
shape associated with this yield line pattern. It is noted that yield lines at supports are generally
shown with a slight offset (e.g., the yield lines adjacent to the flanges in Figure 1-1a are slightly
offset from the face of the flange) to make them visible in sketches, but located at the support in
all calculations. A yield line mechanism is considered admissible if every facet is planar and there

are no displacement discontinuities (i.e. breaks in the plate) at the edges of the facets.

&)
il ?¥ Facet
"N~ vield Line
°© Jl | Assumed Line
|6 o ofRotation
(a) Two-dimensional drawing (b) Three-dimensional representation
of yield line pattern of the yielded end-plate

Figure 1-1 Yield Line Pattern Representing End-Plate Yielding Failure Mode

Yield line analysis is typically conducted using virtual work and thus results in an upper
bound solution for the collapse load. That means that the theoretically correct collapse load for a
plate will be less than the collapse load calculated using virtual work. The most appropriate choice
for the yield line pattern is therefore the one which produces the smallest yield line parameter and

associated collapse load. In most configurations described in this document, the yield line pattern
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presented produces the smallest yield line parameter and associated moment strength. In some
cases, however, a yield line pattern that does not produce the smallest yield line parameter was
used in prior research and found to accurately predict the strength of an end-plate connection
experiencing end-plate yielding. For those cases, the experimentally validated yield line parameter
is presented first, and then the alternate yield line pattern is presented which predicts a smaller
strength. In all cases, yield line parameters that have been experimentally validated are
recommended for use in design.

The process of calculating an end-plate’s moment strength for the limit state of end-plate
yielding using yield line analysis consists of several steps: 1) assume an arbitrary amount of beam
rotation, 0, 2) determine the rotation at each yield line associated with the beam rotation, 3)
calculate the internal work associated with plastic hinging along the yield lines, 4) calculate
external work associated with the moment and axial force acting through a rotation and translation,
respectively, 5) set internal work equal to external work and simplify the resulting equation, and
6) extract the yield line parameter, Y.

The internal work is calculated as the plastic moment strength of the end plate per unit

length multiplied by the rotation of each yield line:

W, =mpZ(9x+9y)i (1-1)

Where:
Wi is the total internal work
mp is plastic moment capacity per unit length which is calculated in Eq. (1-2);
6x and 6y are the plastic rotation angles with respect to x and y axes, respectively.

1
mp = n prté (1-2)

Where:
Fyp = yield stress of the end-plate

tp = thickness of the end-plate

The external work, WEe, is defined as the summation of external work associated with
moment and axial force acting through a rotation and translation, respectively, as given by Eq (1-
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3). However, the contribution of axial force to the external work is relatively small compared to

the contribution of the moment so the external work is often approximated as shown in Eq (1-4).

We =M p.e+Tp.e% (1-3)
We =M 0 (1-4)
Where:
Mol = moment strength of the end-plate associated with the yield-line mechanism
Tp = axial strength of the end-plate associated with the yield-line mechanism

6 = rotation angle of the end-plate relative to the support
d = depth of the beam

Internal work and external work are set equal as given in Eq. (1-5) and the equation is
simplified. The resulting equation is put in the form shown in Eq. (1-6) where the yield line
parameter, Y is a function of the geometry of the end-plate connection and has units of length.
Eqg. (1-6) is a generic form of the equation for end-plate moment strength and is applicable to all
configurations, whereas the resulting equation for the yield line parameter, Y, is unique to the
specific configuration.

W, =We (1-5)
Mp = Fyp tszi Y (1-6)
Where:

Y = yield line parameter for the specific configuration of bolts

Moment strength associated with end-plate yielding My is used to design the end-plate
thickness of moment connection and the design procedure is presented in AISC Design Guide
4+16 (Eatherton and Murray 2021). Yield line parameters derived in this report are identical to
those used in Design Guide 4+16 and this report is intended to be a companion to the Design
Guide which gives the background for how the yield line parameters were obtained.



2 END-PLATE YIELD LINE SOLUTIONS

2.1 Summary of End-Plate Yield Line Parameters

There are a total of 14 end-plate configurations considered herein. All of these
configurations have been studied previously, although the yield line derivation may not have been
included in the original published literature. Table 2-1 provides a summary of the yield line
parameter with variables defined in the respective sections. The following sections show the
derivation of each yield line parameter.

The original work conducted on these end-plate moment connection configurations is
summarized in Table 2-2. In most of these references, the yield line pattern and yield line

parameter were presented and then validated against full-scale moment connection test results.

Table 2-1a Summary of Yield Line Parameters for Flush End-Plate Configurations
Configuration Yield Line Parameter Notes

Two-Bolt Flush v :%p m[iﬁj}é[m(pﬁ +s)}

Unstiffened
%ﬂ+§{|’h( Pfi +% Pb]+hz (5+% pbﬂ+%

Four-Bolt Flush by
Unstiffened

Four-Bolt Flush r

b 1 1 1 1 2
Stiffened y=-=" h1[—+—]+ h, (—+—H+—[h1(pfi + Pso )+ 2 (Psi +S)J
2 Pfi  Pso Psi S g
Between the Bolts -
Four-Bolt Flush b r 1 1 5 3 n
Stiffened Y="Llh| — +h2(—j +_|:hl(pfi +— Pb]+hz(ps += pbﬂ+g
2 P Ps g 4 4 2
Below the Bolts -
Six-Bolt Flush b - 1 1 ) 3 1
Four Wide / Two Wide | Y =—>|h| — +hz(—j +— m[pfi+_pbj+h2(s+_pbj +8
2 |\ Psi S g 4 4 2

Unstiffened




Table 2-1b Summary of Yield Line Parameters for Extended End-Plate Configurations

Configuration Yield Line Parameter Notes
Four-bolt Extended by | 1 1 1) 1] 2
_ Y="Llh thy| —+= == |+ <[ (pr+5) ]
Unstiffened 2| o Ppi s) 2| ¢
by | 1 1 1 1 2 Experimentally
Y=l h| =4 —|+hy| —+= ||+ = (pro+de)+h(psi+5
2| [pfo ZdJ Z(pﬁ sﬂ g[ (Prorde) e (pa+s)] Validated
- bp|, [ 1 1 1) 1] 2
Four-bolt Extended |\ _ Dp h{— thy| —+=|-= +_|:hl(pfo+de)+h2(pfi+5):|+g Alternate 1
Stiffened 2] (P Pi s) 2| ¢ 4

1 1 1 1 2
h| —+=|+h| —+= +_[hl(pf0+5)+h2(pfi+3)] Alternate 2
Pro S psi S g
b 1 1 1 1 2
MRE 1/2 Unstiffened | Y =—% m(i]‘*hz(*j‘*m[*]_* {hz[pﬁ 3pb]+h [p J}g
2 Po Pii s) 2| g 4 4 2
b 1) 1| 2 3
MRE 1/3 Unstiffened =L hl +hz +h4(*)—* +*|:h2[Pfi+ﬂj+h4(&+sﬂ+g
2 pfo Pii s) 2] 49 2 2 2
by 1 1 1
Y= 2{hl[pfo+2de]+hz[pﬂ]+h4[sﬂ+"' Experimentally
2 3 1 Validated
a|:hl(pfo +de)+h2(Pﬁ+pr)+h4(aph+5ﬂ+*
MRE 1/3 Stiffened
bzp{m(lj+hz(éj+h4[ij—ﬂ+..
Y= Pro P Alternate
2 3 1 3
E[m(pmde)mz(pﬁ+5pb]+h4(§pb+8ﬂ+79
Eight-Bolt Extended b 1 1 1) 1] 2
_ _ Y=2h| = |+hp| —+= |- [+ =[ho(pr+5)]
Four Wide Unstiffened 2 Pro pi s) 2| 9
Y=b— hy L +h, 1 +hg S +h4(lj +... .
2 2d, fo Pii S Experimentally
Validated
E{hl Sﬂ+dej+hz(&+ pf0j+h3[3ﬂ+ pﬁj+h4(&+sﬂ+g
Eight-Bolt Extended 9 4 4 4 4
Stiffened
ARG
Pro P Alternate
2|, (3py P, j (3pb ] (pb j 5¢
— —+de [+hy| — +hg| —+ +hy| —+s||+—
g|:hl 4 ej 2( 2 +Pro |+hs 4 Pi 4| 7 2
Twelve-Bolt MRE 1/3
Wwelve-so Y:b—'J hl[lJ+h2[lJ+h4(lj—l +E[h2[pf,+&j+m(&+sﬂ+g
Unstiffened 2 Pto Pii s) 2| 49 2 2
Twelve-Bolt Extended
Stiffened Y :bi hz i +h3 i +h4 [1]—1 +
2 Pto Pri s) 2
2 3 3 5
a[hl %me}h{% pf0j+h3(%+pf.j [&HH =
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Table 2-2 References for the Original Work on Each End-Plate Configuration

Configuration

References

Two-Bolt Flush

Boorse and Murray 1999, Jenner et al 1985, Kline et al 1995, Kukreti

Unstiffened et al 1987, Srouji et al. 1983, Thompson and Murray 1975
Four-Bolt Flush Italiano and Murray 2001, Jenner et al 1985, Kline et al 1995, Srouji
Unstiffened et al. 1983, Sumner et al. 1995

Four-Bolt Flush
Stiffened Between
the Bolts

Hendrick et al 1984

Four-Bolt Flush
Stiffened Below the
Bolts

Hendrick et al 1984

Six-Bolt Flush Four
Wide / Two Wide
Unstiffened

Jain et al. 2015

Four-bolt Extended
Unstiffened

Abel and Murray 1994, Blumenbaum and Murray 2004, Blumenbaum
and Murray 2003, Borgsmiller et al. 1995, Curtis and Murray 1989,
Eatherton et al. 2013, Eatherton et al. 2017, Jenner et al 1985, Kline et
al 1995, Meng 1996, Murray 1989, Ryan and Murray 1999, Sumner
and Murray 2002, Young and Murray 1997

Four-bolt Extended
Stiffened

Blumenbaum and Murray 2004, Kline et al 1995, Meng 1996,
Morrison et al 1985, Ryan and Murray 1999, Thompson and Murray
1975

MRE 1/2 Unstiffened

Abel and Murray 1992, Blumenbaum and Murray 2004, Borgsmiller
et al. 1995, Jenner et al 1985, Sumner and Murray 2001a, Sumner et
al. 1995

MRE 1/3 Unstiffened

Blumenbaum and Murray 2004, Borgsmiller et al. 1995, Kline et al
1995, Morrison et al 1986, Rodkey and Murray 1993b, Ryan and
Murray 1999, Structural Engineers Inc 1984, Sumner et al. 1995

MRE 1/3 Stiffened

Blumenbaum and Murray 2004, Structural Engineers Inc 1984

Eight-Bolt Extended

Meng 1996, Murray and Sumner 1999, Sumner et al 2000a, Sumner

Four Wide
Unstiffened and Murray 2001b
. Curtis and Murray 1989, Eatherton et al. 2013, Jain et al. 2015,
Elght-sl?[ic#elr:;:éended Ghassemieh et al 1983, Kukreti et al 1990, Seek and Murray 2008,

Sumner and Murray 2002

Twelve-Bolt MRE
1/3 Unstiffened

Jain et al. 2015

Twelve-Bolt
Extended Stiffened

Szabo et al. 2017
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2.2 Two-Bolt Flush Unstiffened End-Plate

The yield line pattern is shown in Figure 2-1. The rotation of each facet (facets are labeled
in Figure 2-1) is given in Table 2-3 and the internal work associated with rotation along each yield
line is given in Table 2-4. The yield lines are identified by the adjacent facet numbers (e.g., yield
line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are
shown in Figure 2-1. Variables associated with the virtual rotations, displacement, and end-plate
moment strength per unit length are described in Chapter 1.

bp
— ] —
-
r1)
‘i ________ ,T’l\ F____j\__'
: S |':\ "/2,-
pfl “ ____Q/ I I(S:l\ot___
i I S
Sy N @
r 1 ________
h
O O
' J

Figure 2-1 Yield Line Pattern for the
Two Bolt Flush Unstiffened End Plate
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Table 2-3 Rotation for Each Facet in the
Two Bolt Flush Unstiffened End Plate

Facet O« Oy
1 0 0
2 | (8a+ piiB)/ psi 0
3 0 28,19
4 ~(8a—50)/s 0

the Two Bolt Flush Unstiffened End Plate

Table 2-4 Internal Work Associated with Each Yield Line in

T_iiilg Internal Work Simpli:‘/i\(/e(()jr:(nternal glfu[rilrl:])s;
| nE[EE | e3s] |
2 | m|(J 5o (5] | (G ||
o | w8l ) | B |2
2/4 mprpz‘gjfa;:f‘eﬁagseﬂ p(bpz‘gjsa[ﬁ%J 2
1/3 mp [( Pii +S)(%H mp (EJSa (pfi+s) 2
AR NECCRE
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Summing up the internal work given in Table 2-4 and substituting da = h1 6 results in the
following equation for internal work:

W, =4mpe{b7p|:h1(ﬁ+%J:|+§[hl(pﬁ +s)]} (2-1)

The external work, WE, is given by Eq. (2-2). Setting the internal work and external work
equal results in Eq. (2-3).

We =M ple (2-2)

M =4mp{%{m(ﬁ+%ﬂ+§[m(pﬁ +s)]} (2-3)

This equation is further simplified into the form given in Eq. (2-4) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-5).

Mpi = Fyptp?Y (2-4)

Y :b?p{hl%ﬂ}g[m(pﬁ o] (2-5)

Note: Use pri=s if psi > s

To obtain an equation for the dimension s, the equation for moment strength, Myl, is

minimized. The derivative of Eq. (2-4), taken with respect to the variable s, is set equal to zero and
solved for the variable s. The result is Eq. (2-6).

s=2 by

(2-6)

14



2.3 Four-Bolt Unstiffened Flush End-Plate

The yield line pattern is shown in Figure 2-2. The rotation of each facet (facets are labeled
in Figure 2-2) is given in Table 2-5 and the internal work associated with rotation along each yield
line is given in Table 2-6. The yield lines are identified by the adjacent facet numbers (e.g., yield
line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are
shown in Figure 2-2. Variables associated with the virtual rotations, displacement, and end-plate
moment strength per unit length are described in Chapter 1. It is also noted that hatched areas

represent facets that are not rotating.

__________________

__;__
7, N e
s ().
) Z

\
i
52

ﬂ??

Figure 2-2 Yield Line Pattern for the
Four-Bolt Unstiffened Flush End-Plate
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Table 2-5 Rotation for Each Facet in the
Four-Bolt Unstiffened Flush End-Plate

Facet Ox Oy
1 0 0
2 (Bp + Pi0) / pii 0
3 0 20p /9
4 0 (6p +0a)/ 9
5 0 0
6 0 28,19
7 —(6a —s6) /s 0

Table 2-6 Internal Work Associated with Each Yield Line in the
Four-Bolt Unstiffened Flush End-Plate

Yield Internal Work Simplified Internal Work Number
Line of Lines
1/2 . [b_pj[8b+pﬁ9_ej . [b_pj[ﬁ_bJ 2
Pl 2 P Pl 2 Pri
2/3 , 2
(3o | e
3/4 0 (gjm& 28y 8y +3a . (gjeu 2 0 (a_b zsaj 2
PIl2) 2 g g PI2) ) e
4/5 Sp + 04 2 Sp +8a 2
o) wf3o(5)
A (Ej(ﬂ& B+da )| | (g)e+z p(é_b_s_aj 2
P2 2 g g P2 g "4 3
6/7 8a —50 284 g(da),2 2
Mp {[%j(eﬁ-—s > j-ﬁ-S(Tﬂ p |:E[?j+g(55a ):|
7/1 . b_p(eJrzsa sej . b_p[_a] 2
Pl 2 s l2s
6/1 2 8a 2
mp |:(s +%j(%}:| My |:5(535 + 2pb J:|
3/1 2 3 2
o 2 | O e
2/5 _ 2
]| T
2 Pt 2 ps 2\ ps
5/7 . b_p(s_a_ej_g(s_a_ej 2
l2ls 2(s

16




Summing up the internal work given in Table 2-6 and substituting da = h26 and db = h1 6

results in the following equation for internal work:

W, = 4mp6{b7p{hl(éJ+hg Gj}é{h{pﬁ +% pbj+ h, (s +% pbj}%} (2-7)

The external work, WE, is given by Eq. (2-8). Setting the internal work and external work

equal results in Eq. (2-9).

wa=am, 2l LLon 2]+ Zln (oo 2n on(s 20 -2 oo

This equation is further simplified into the form given in Eq. (2-10) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as

(2-8)

given in Eq. (2-11).

b 1 1)] 2 3 1 9
BRG] e

Note: Use pri=s if pi > S

(2-10)

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is

minimized. The derivative of Eq. (2-10), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-12).

1
S :E‘/bpg (2-12)
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2.4 Four-Bolt Flush End-Plate Stiffened Between the Bolt Lines

The yield line pattern is shown in Figure 2-3. The rotation of each facet (facets are labeled
in Figure 2-3) is given in Table 2-7 and the internal work associated with rotation along each yield
line is given in Table 2-8. The yield lines are identified by the adjacent facet numbers (e.g., yield
line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are
shown in Figure 2-3. Variables associated with the virtual rotations, displacement, and end-plate
moment strength per unit length are described in Chapter 1.

b,
] —
-9
[€))
Pri ____Q/i i/\g\ @
A Pso | T ST @
o
Psii | " Men®
A I _______ sl
S
hy
h;
O O
Y Y J\

Figure 2-3 Yield Line Pattern for the
Four-Bolt Flush End-Plate Stiffened Between the Bolt Lines
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Table 2-7 Rotation for Each Facet in the
Four-Bolt Flush End-Plate Stiffened Between the Bolt Lines

Facet Ox Oy
1 0 0
2 (Bp + p1i0)/ pi 0
3 0 20p /9
4 _(Sb - psoe)/ Pso O
5 (8a + psie)/ Psi O
6 0 28419
7 —(8a —s0)/s 0

Table 2-8 Internal Work Associated with Each Yield Line in the
Four-Bolt Flush End-Plate Stiffened Between the Bolt Lines

Yield Internal Work Simplified Internal Work Number
Line of Lines

1/2 . [b_)(awpﬁe_e] mp(b_pj(g_b] 2
2 Pii 2 )\ pti

i) | o] |
B

e SO I - 306
{ [ TP Mol 2\ e ) g P2

2/4 [8b+pf.9 Sb—psoeJ m bp—g[ﬁ_b+5_bj 2
p P 2 Pri Pso

1/3
Mp |:§(6b Pfi + b Pso ):|

Pfi + pso

6a + p5| 9

: :
U H i I
1/5 { } mp{b?p(%ﬂ 2

RS J G| ] |

2
T afieEa ] | o] |
2\ s g 2\ s ) g9
1/6 mp {( Psi +s)[28‘"i ﬂ mp |:£(8a Psi +5as)} 2
g g
5/7 m{bpz—g(aa?sie+sa;seﬂ mp{bpz—g[%Jr%ﬂ 2

TAREE] | eBE] | 3
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Summing up the internal work given in Table 2-8 and substituting da = h26 and oo = h1 6

results in the following equation for internal work:

" :4m,,e{b7p{m(i+i}hz(iﬁj}gwpﬁ+pso)+h2<psi+s)}} (-13

Pri Pso Psi S

The external work, WE, is given by Eq. (2-14). Setting the internal work and external work
equal results in Eq. (2-15).
We =Mp6 (2-14)

a2 (32| 29 2-15)

Pi Pso Psi

This equation is further simplified into the form given in Eq. (2-16) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-17).

Mpr = prtsz (2-16)

Y =b?p{hl(ﬁ+é]+hz (é+%ﬂ+§[hl( Pii + Pso )+ 2 ( Psi +5)] (2-17)

Note: Use pri=s if pri > s Use pso=S if pso>s  Use psi=s if psi > S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-16), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-18).

1
S =?/bpg (2-18)
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2.5 Four-Bolt Flush End-Plate Stiffened Below the Bolt Lines

The yield line pattern is shown in Figure 2-4. The rotation of each facet (facets are labeled
in Figure 2-4) is given in Table 2-9 and the internal work associated with rotation along each yield
line is given in Table 2-10. The yield lines are identified by the adjacent facet numbers (e.g., yield
line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are
shown in Figure 2-4. Variables associated with the virtual rotations, displacement, and end-plate
moment strength per unit length are described in Chapter 1. It is noted that hatched areas represent
facets that are not rotating.

Pri

Pb

(=)

-cj
7]

Figure 2-4 Yield Line Pattern for the
Four-Bolt Flush End-Plate Stiffened Below the Bolt Lines
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Table 2-9 Rotation for Each Facet in the

Four-Bolt Flush End-Plate Stiffened Below the Bolt Lines

Facet O« Oy
1 0 0
2 (8p + P1i0) / Pri 0
3 0 0
4 —(864—ps9) /s 0
5 0 26,19
6 0 (Bp +0a)/ 9
7 0 20y / g

Table 2-10 Internal Work Associated with Each Yield Line in the
Four-Bolt Flush End-Plate Stiffened Below the Bolt Lines

Yield Internal Work Simplified Internal Work Number
1/2 m{ {swpf. eﬂ m{b_p(gs_bﬂ 2
2 pri
217 8 + P 25, & ) 2 2
1/7 { pﬂ+_ (28[,)} mp[é(sbpfi+8b2pbj:| 2
7/6 g Po( 28y 8y +3a g 2| Po(8p—8a) 2
mp{z( )+ 2( J J Mp 5(9)+5{T}}
2/3 2
p [8b+pn J m, b_p(5_b+9]_g[6_b+e]
2\ pi 2\ psi
6/3 B + 54 2[ o (85 +8a) 2
%M > %)
6/5 g, Dol Sp+8. 25 g, 2] Po(8—5a) 2
mp{5(9)+ 2[ , —Fj mp{5(6)+5{ 1 }}
1/5 2684 2 3a P 2
mprsﬁ%J[ g H D{E(Saps"‘ 2bj:|
45 5, — D0 25, 8a ). 2 2
il | a[ga) 2
o] |t |
p p T ol
2 Ps 2 ps 2\ ps
an mp{b_pﬂaa p39+eﬂ m{b_p(a_aﬂ 2
2 Ps 2.\ ps
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Summing up the internal work given in Table 2-10 and substituting da =h26 and ob =h16

results in the following equation for internal work:

W, = 4mp9{b?p{hl(ﬁJ+ h, (éj}ré{h{pﬁ +% pijr hy ( Ps +% pbj:|+%} (2-19)

The external work, WE, is given by Eq. (2-20). Setting the internal work and external work
equal results in Eq. (2-21).
We =Mpi6 (2-20)

Mp =4m, {l%pl:h{ﬁ}rhz (é]}Lé{h{pﬁ +% pbj"‘hZ(ps +% Dbj}r%} (2-21)

This equation is further simplified into the form given in Eq. (2-22) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-23).

Mpr = prthY (2-22)

AR e

Note: Use pri=s if pri > S Use ps=s if ps >s
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2.6  Six-Bolt Flush End-Plate

The yield line pattern is shown in Figure 2-5. The rotation of each facet (facets are labeled
in Figure 2-5) is given in Table 2-11 and the internal work associated with rotation along each
yield line is given in Table 2-12. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-5. Variables associated with the virtual rotations, displacement, and end-

plate moment strength per unit length are described in Chapter 1.
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Figure 2-5 Yield Line Pattern for the
Multiple Row Extended 1/3 Unstiffened End-Plate
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Table 2-11 Rotation for Each Facet in the
Multiple Row Extended 1/3 Unstiffened End-Plate

Facet Ox Oy
1 0 0
2 (Bb + P1i0) / pri 0
3 0 28,19
4 0 (6p +0a)/ 9
5 0 0
6 0 28a19
7 —(6a —s6) /s 0

Table 2-12 Internal Work Associated with Each Yield Line in the

Multiple Row Extended 1/3 Unstiffened End-Plate

Yield Internal Work Simplified Internal Work Number
Line of Lines
1/2 m b_p 6b+pﬁ9_e m b_p S_b 2
P 2 P P 2 P
2/3 5 0 2
g b + P _ _ & g 8_b E .
mp{z{ Pri 9]+pf.( 9 } mp|:2(pﬁ]+g(pf|5b):|
3/4 28, Op+85 )| g 2( Podb  Puda 2
mp{%(eﬁ Pb(?b— b; j mp[;@ﬁa[%—%j
4/6 b +0a 2054 )] g 2( pody  Ppda 2
| S0y 2222 mp| o)+ 2[ B2 2fe)
6/7 9(, . 8a-30) (25 9(8.) 2 2
mp{—[e — ]+s( ; ﬂ {2( Sj+g(58a)}
1/3 mp {( pri + pb)(%ﬂ mp |:§(5b Pfi +Op Po )} 2
1/e mp {(s+ pb)(zza ﬂ mp |:§(Sas+8a Db )} 2
2/5 m [bp_gj(éb"‘pﬁe] m b_p 8b+pﬁ9]_g(5b+pﬁej 2
P 2 pfi P 2 pﬁ 2 pfi
4 mp {2 Po [%H mp {g( P + PoOa )} 2
5/7 b, — - bp (82 —sO 8a—50 2
1 e | 2 S |
1/7 2

3EE)
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Summing up the internal work given in Table 2-12 and substituting da = hsf and db = h1
6, results in the following equation for internal work:

W, = 4mpe{b?p{hl [ij +h (%ﬂ +§{h1 [ D +3%j+ s (%+ sj}%} (2-24)

The external work, WE, is given by Eq. (2-25). Setting the internal work and external work
equal results in Eq. (2-26).
We =M 0 (2-25)

M i = 4 {%"Hﬁ}m @}ﬂm(pﬁ +3%)+h3 (%Hj}%} (2-26)

This equation is further simplified into the form given in Eq. (2-27) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-28).

M pi = Fyptp?Y (2-27)

Y= %’{h{ﬁ} he Gﬂ +§{h1 [ D +3%j+ he (%+ sﬂ - (2-28)

Note: Use pri=s if pri > S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-28), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-29).

1
5= \byg (2-29)
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2.7 Six-Bolt Flush Four Wide / Two Wide Unstiffened End-Plate

The yield line pattern is shown in Figure 2-6. The rotation of each facet (facets are labeled
in Figure 2-6) is given in Table 2-13 and the internal work associated with rotation along each
yield line is given in Table 2-14. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-6. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-6 Yield Line Pattern for the
Six Bolt Flush Four Wide / Two Wide Unstiffened End-Plate
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Table 2-13 Rotation for Each Facet in the
Six Bolt Flush Four Wide / Two Wide Unstiffened End-Plate

Facet Ox &
1 0 Q
2 (Bp + P1i0) / pri 0
3 0 0
4 —(8a—50)/s 0
5 0 26,19
6 0 (8p +8a)/ 9
7 0 20y /g

Table 2-14 Internal Work Associated with Each Yield Line in the
Six Bolt Flush Four Wide / Two Wide Unstiffened End-Plate

Yield Internal Work Simplified Internal Work Number
Line of Lines

1/2 mp{bp 8y + pid GH mp{%p(i_bﬂ 2
fi

217 ]
g|opt P60 2_
mp|:2( Pii j P g J:|

17 { o +_ (2513 H Mp |:§(8b Pri + 5b2pb H 2

i m{%u ‘;b(m S I i e

2/3 0 g op+Ppei6 m by 6_b+e _9 8—b+9 ?
p 2 D1 P12\ ps 2\ psi

|
T ef] [ o] [

6/5 mp{%(eﬁ%(%_%ﬂ mp{%(e)é{w}} 2
G wfeete] ]
B e

il s A A 5 I

T e [55) 2

p
Pl 2
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Summing up the internal work given in Table 2-14 and substituting da = h20 and J» = h16

results in the following equation for internal work:

W, = 4mpe{b?p{h{ﬁJ+ h, (%j:|+§|:hl(pﬁ +% pbj+ hy (s+% pbﬂ+%} (2-30)

The external work, WE, is given by Eq. (2-31). Setting the internal work and external work
equal results in Eq. (2-32).
We =My 0 (2-31)

M =4m, {%‘{h{ﬁj+h2 Gﬂ+§{h{pﬁ +% pbj+h2 (s +% pbﬂ+%} (2-32)

This equation is further simplified into the form given in Eq. (2-33) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-34).

Mpi = Fypty?Y (2-33)

Y :%p{hl[iJ+ hy Gj}é{h{pﬁ +% pbj+hz (s+% pbj:|+% (2-34)

Note: Use pri=s if pri > s

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-33), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-35).

1
5=, o9 (2-35)
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2.8 Four-Bolt Extended Unstiffened End-Plate

The yield line pattern is shown in Figure 2-7. The rotation of each facet (facets are labeled
in Figure 2-7) is given in Table 2-15 and the internal work associated with rotation along each
yield line is given in Table 2-16. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-7. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-7 Yield Line Pattern for the
Four-Bolt Extended Unstiffened End-Plate
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Table 2-15 Rotation for Each Facet in the
Four-Bolt Extended Unstiffened End-Plate

Facet O« Oy
1 0 0
2 (8a+ p1i6)/ pii 0
3 0 28a/9
4 —(8a—38)/s 0
5 0 0
6 —(8p - pfoe)/pfo 0

Table 2-16 Internal Work Associated with Each Yield Line in the

Four-Bolt Extended Unstiffened End-Plate

Yield Internal Work Simplified Internal Work | Number
Line of Lines
1/2 mp(b j{sﬁpf, OJ p{(b_p)s_a} 2
2 P 2 ) psi
213 Sa + P56 25 ng [ZJ } 2
g| Oa Pi® 40a 2122 4 208,
mpL( Pi 6j+pf, g 2 Pi \ g Pt
3/4 { (sa 0, j+ 25a} mng)s_a{gjsaS} 2
2)s g
2/4 Msa+pf. J sa—seﬂ mp(b?p_%j(es_“sﬂ 2
S Pri S
4/1 Sa—Se b da 2
m (%)% (3 )%)
1/6 Op — pfoe bp 20 1
Mp (bp)(—pfo 9] Mp (?J( 0o
6/5 8b — Pto® by \( 26 1
oo 5o m(%) e
1/3 2

woneo(2)

mp [Sj(&a Pfi +8a8)
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Summing up the internal work given in Table 2-16 and substituting da =hz20and éb = h1 6

results in the following equation for internal work:

Wi =4mp9{b7p{h1[ : j+h2[i+3—ﬂ+§[h2(pﬁ+S)]} (2-36)

P i

The external work, WE, is given by Eq. (2-37). Setting the internal work and external work
equal results in Eq. (2-38).
We =Mp0 (2-37)

Mop =4m, {b?p|:hl£iJ+ h, (L%J—%}f%[hz (pri+ S)]} (2-38)

Pro P

This equation is further simplified into the form given in Eq. (2-39) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-40).

M i = Fypt2Y 039
Bl 2 1) L] 2 o
i 2|:hl[pfoj+h2(pﬁ+sJ 2}+g[h2(pfl+5)] (2_40)

Note: Use pri=s if pri > s

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-39), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-41).

1
S :?/bpg (2-41)
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2.9 Four-Bolt Extended Stiffened End-Plate

The yield line pattern is shown in Figure 2-8. The rotation of each facet (facets are labeled
in Figure 2-8) is given in Table 2-17 and the internal work associated with rotation along each
yield line is given in Table 2-18. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-8. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1.
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Figure 2-8 Yield Line Pattern for the
Four-Bolt Extended Stiffened End-Plate
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Table 2-17 Rotation for Each Facet in the
Four-Bolt Extended Stiffened End-Plate

Facet Ox Oy
1 0 0
2 0 26,19
3 (8p +de06)/d; 0
4 —(8p — P100)/ Pro 0
5 (8a + P1i0)/ pii 0
6 0 28414
7 —(06s—5s0) /s 0

Table 2-18 Internal Work Associated with Each Yield Line in the
Four-Bolt Extended Stiffened End-Plate

Yield Internal Work Simplified Internal Work Number
Line of
Lines
172 { de + pfo } g (de + pfo 2

2 de g
g
2

u S]] (%w 2

3/4 - 2
5b+d 0 5b Pro ] m, bp Sp i+i 9 gbi+i
Pfo 2 de  Pro 2| de Pro

1/4 _
m{b_p[em_pfoeﬂ
2 Pfo

1/5 m b_p 6a+pﬁ9_e m b_p 8_a 2
P 2 P P 2 Pri

5/6 8 i0 2
g9 at P _ . & 9 6_3 E ]
le:Z[ Pii 6J+pf.( g H mp{z(pﬁ}rg(pﬂsa)}

Ho mp{(pfi +5)[22a ﬂ mp{g[Sa(pﬁ +S)}} ?

R s

5I7 m by -9 6a+pfi6+5a—39
P 2 Pii S

1/7 m, {b_p(m Sa —seﬂ
2 S
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Summing up the internal work given in Table 2-18 and substituting da = hz20and éb = h1 6

results in the following equation for internal work:

W, = 4mp9{b7p{hl[i+ 2(119 J+h2 (%+%H+§[hl( Pro +de)+hy (Pri +5)]} (2-42)

The external work, WE, is given by Eq. (2-43). Setting the internal work and external work

equal results in Eq. (2-44).
WE =M 6 (2-43)

M i =4m, {b?p{hl[i+ 226 J+h2 (i+1ﬂ+§[hl( Po+de )+ (P +s)]} (2-44)

Po Pi S

This equation is further simplified into the form given in Eq. (2-45) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-46).

M i = Fyptp?Y (2-45)

L P 11,2 . _
Y= > [m[pfo+2de]+h{pﬁ +SH+g[hl(pfo+de)+h2(pf,+s)j (2-46)

Note: Use pri=s if psi > s Use pro=s if po> S
To obtain an equation for the dimension s, the equation for moment strength, Myi, is

minimized. The derivative of Eq. (2-45), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-47).

1
s =200 (2-47)

The equation for the yield line parameter given by Eq. (2-46) has been validated against

experiments and is therefore used in design.
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2.9.1 Alternate Yield Line Pattern 1

An alternate yield line pattern which produces a smaller yield line parameter for the four-
bolt extended stiffened end-plate is shown in Figure 2-9. The rotation of each facet (facets are
labeled in Figure 2-9) is given in Table 2-19 and the internal work associated with rotation along
each yield line is given in Table 2-20. The yield lines are identified by the adjacent facet numbers
(e.g., yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the
connection are shown in Figure 2-9. Variables associated with the virtual rotations, displacement,
and end-plate moment strength per unit length are described in Chapter 1. It is noted that hatched

areas represent facets that are not rotating.

— P - Note the derivation for this
d —— configuration assumes

fa— | yield line 2/3 is vertical.

6t e
© %/% il @22
A Pto @]
N |
‘ Pri i ___q i i@/ r:__
N R

h,
h2
O O

Figure 2-9 Alternative Yield Line Pattern 1 for the
Four-Bolt Extended Stiffened End-Plate
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Table 2-19 Rotation for Each Facet in the
Four-Bolt Extended Stiffened End-Plate

Facet O« Oy
1 0 0
2 0 25,19
3 0 0
4 —(8b - pfoe)/ Pfo O
S (8a +P1i0)/ pii 0
6 0 28419
7 —(8a —$6) /s 0

Table 2-20 Internal Work Associated with Each Yield Line in the
Four-Bolt Extended Stiffened End-Plate

Yield Internal Work Simplified Internal Work Number
Line of
Lines

Pl efem ]| e

203 mp{de(%bﬂ mpE(abde)} 2

2/4 8 — Prod 2 S | 2 2
m{%{e — J ( gbﬂ mp{%[p_?o}ra(pfo%)

3/4 . _ 5b_pf09 . by S—b—e g S—b—e 2
P 2 P 2 Pto 2 Pto

1/4 pfoe . b_p 6_b 2

P 2 Pto
1/5 m 63+pfl —0 m b_p S_a 2
p p 2 Pﬁ

5/6 8a + Pri0 25, 5. ) 2 2
mp{g( f GJ pfl( g J mp %{Ej"‘a(pfisa)

1/6 mp {( Pii Jrs)[zza ﬂ mp {E[Sa(pﬁ +s)]} 2

6/7 - 25, 82 ), 2 2
o[ o250 w3550

i DDy | YW I e

P 2 Pfi S 120 ps s)| 2| Lpi s
1/7 2

]
S
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Summing up the internal work given in Table 2-20 and substituting da = h20 and J» = h16
results in the following equation for internal work:

W, = 4mpe{b?p[hl(i} hy [i+1]—ﬂ+3[hl(pfo +de)+hy (pa +s)]+%} (2-48)

Pto Pfi S g
The external work, WE, is given by Eq. (2-49). Setting the internal work and external work
equal results in Eq. (2-50).
We =Mp 0 (2-49)

M =4m, {%{h(é}”& [ﬁ+%}—ﬂ+§[m(pm +de )+hy (P +s)]+%} (2-50)

This equation is further simplified into the form given in Eq. (2-51) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-52).

Mo = prtsz (2-51)
el (L 1,112 . 9 _
Y= 2|:hl[pfoj+h2(pﬁ+SJ 2}+g[h1(pfo+de)+h2(pf,+s)]+4 (2-52)

Note: Use pri=s if psi > s Use pro=s if po> S

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-52), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-53).

1
s =200 (2-53)
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2.9.2 Alternate Yield Line Pattern 2

An alternate yield line pattern 2 associated with the case de > s for the four-bolt extended
stiffened end-plate is shown in Figure 2-10. The rotation of each facet (facets are labeled in Figure
2-10) is given in Table 2-21 and the internal work associated with rotation along each yield line is
given in Table 2-22. The yield lines are identified by the adjacent facet numbers (e.g., yield line
1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are shown
in Figure 2-10. Variables associated with the virtual rotations, displacement, and end-plate moment
strength per unit length are described in Chapter 1.
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Figure 2-10 Alternative Yield Line Pattern 2 for the
Four-Bolt Extended Stiffened End-Plate
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Table 2-21 Rotation for Each Facet in the
Four-Bolt Extended Stiffened End-Plate

Facet Ox Oy
1 0 0
2 0 26,19
3 (8p +50)/s 0
4 —(8p — P100)/ Pro 0
5 (8a + P1i0)/ pii 0
6 0 28414
7 —(06s—5s0) /s 0

Table 2-22 Internal Work Associated with Each Yield Line in the
Four-Bolt Extended Stiffened End-Plate

Yield Line Internal Work Simplified Internal Work Number
of Lines
1/2 2 2
mp{(s+ pfo)[%ﬂ mp{a[Sb(H pfo)]}
1/3 - b_p(6b+se_eJ m b_p(8_bj 2
Pl o\ g "l 2s
2/3 mp{g(sb”e—e)m(ﬁﬂ m [g Sb)+ (s )} 2
2 S g 2
2/4 8p — P 2
g b= Pfo 28y 9 8 |, 2
my| = 0+—m o| —— Mp| | — |+ =(Prd
{2( e J+pf ( 9 H p{Z[Pfo}g(pf b)}
3/4 - - 2
m{b 2 g(gb% B - i ﬂ o {b_,, [ﬁb(hiﬂ_g{gb;;}}
S 2 S Pro 2 S Pro
1/4 - 2
mp{ [ B pfoeﬂ m{b_p[s_bﬂ
2 Pfo
1/5 2
N bp(aa+pf. 9} - b_p[s_aJ
2 D 2\ pii
5/6 8 g
g at pfl 20, g 6_3 E :
mPL( J pn( ] ﬂ mp{zipﬁ}’g(pf'éa)}
1/6 2 g
”’{(pws)(faﬂ Lo (e
6/7 - % ), 2 2
[l | )
5/7 - i - 2
N [bp gj{8a+pf.e+z‘>a se] BEY sa[iﬁJ 9 53[L+£]
2 P S Pri S 2 Pri S
17 ( 2

b
mp{?p

=
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Summing up the internal work given in Table 2-22 and substituting da = hz20and éb = h1 6

results in the following equation for internal work:
b
W, = 4mp9{7p|:hl[i+éj+ hy (%+%H+§[hl( Pro+5)+ha (s + s)}} (2-54)

The external work, WE, is given by Eq. (2-55). Setting the internal work and external work
equal results in Eg. (2-56).
We =Mp6 (2-55)

My = dm, {%‘[h{i%}m (#gj}gwpm +5)+ha(py +s)]} (2-56)

This equation is further simplified into the form given in Eq. (2-57) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-58).

M i = Fyptp?Y (2-57)
Y ={b7p|:hl[i+ﬂ+hz [ﬁJr%HJré[hl(pf" +5)+hy (ps +S)J} (2-58)

Note: Use pri=s if pi > S Use pro=s if pto> S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-57), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-59).

1
5=2bsg (2-59)

41



2.9.3 Comparison for an Example Connection

The effect of end-plate extensions, de, on Yield Line Parameter is further investigated in
this section using an example connection. Example 5.3-2 in AISC Design Guide 4+16 is selected
to compare yield line parameter, Y, values associated with three yield line patterns discussed above.
Figure 2-11 shows the geometry and details for this example connection and dimensions are
summarized in Table 2-23. Table 2-24 summarizes the yield line parameters associated with the
three patterns discussed in this section. Figure 2-12 shows how the yield line parameters vary with

the end-plate extension past the outermost bolt, de.

b.=9" CJP, No Weld
a S i Access Holes

de=1%"
0 =25 0 ?/ Pext=41"
,=0.770" w 1 !
pﬁ_2 O O //%
1| €
SO aN
L3
. Portion of
. / £ Beam Web to
15" A490 Bolts € End-Plate Weld
Pretensioned ~ Designed for
PL 1" x 9" x 293" \O i O Tension
A572 Grade 50 o ‘
End Plate @] 0

Figure 2-11 Four-Bolt Extended Stiffened End Plate
(from example 5.3-2 Design Guide 4+16)
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Table 2-23. Summary of Dimensions

Width of the plate b, =9in.
Extension of End Plate Above Flange Pext =4.51N.
End Plate Above Top Bolt Line de =1.751n.
End Plate Thickness t, =1in.
Gage g =5.75in.
Exterior Distance to Bolt Row Pt = 2.751n.
Interior Distance to Bolt Row pfi =2in.
Depth of Beam at End Plate d=24.1in.
Beam Flange Width by =9.02 in.
Beam Flange Thickness tr =0.771in.
Beam Web Thickness tow = 0.47 in.
Distance from centroid of compression flange to first row h, =20.9in.
Distance from centroid of compression flange to second row hy =26.5in.
Distance to Yield Line s= %\/ng =3.6in.
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Table 2-24 Summary of Yield Line Parameters for Four-Bolt Extended Stiffened End Plate

Pattern Yield Line Parameter
A | Equation derived at beginning of b 1 1 1 1 2
P i - .= £ )
Section 2.8. Also, AISC 358-18 | ¥ ~ 2 hl[ oo 2deJ+h{ o +SH+ gL (pro+de) i (pr+5)]
Table 6.3 Case 1 for de<s. )
B | Equation derived in Section b [ 1 1 1) 1] 2
Y= | — |+h| —+= -2 |+= +de)+h (pri+s)]+2
C | Equation derived in Section b
1 1 1 1 2
=J_P = 4= Il al )
2.83. Also, AISC 358-18 Table | ' ‘{ 2 {h{ oo SJ”‘Z( o S]} g [ (o +3)+he(ps +S)]}
6.3 Case 2 for d¢>s.
400
Pattern C produces
350 smaller Y than Pattern
Aford>6.3in.
E 300
>~Q
«~ 250
(]
2
o 200
&
(]
£ 150
-
S
£ 100 ——Yield Line Pattern A
- = =Yield Line Pattern B
50 | e Yield Line Pattern C
0
0 2 4 6 8 10

End-Plate Extension Past Top Bolt, d, (in.)

Figure 2-12. The effect of End-Plate Extension on Yield Line Parameter
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AISC 358 specifies that Pattern A shall be used for de<s and Pattern C shall be used for
de>s. However, Figure 2-12, shows that for this example where s=3.6 in., the yield line parameter,
Y, associated with Pattern A is smaller than the value for Pattern C until the end-plate dimension
exceeds de>6.3 in. This is because Pattern C includes additional yield lines along the top of the
yield line pattern (see Figure 2-10) which will only control when the end-plate extension past the
outermost bolt, de, is especially large. For typical end-plate connection geometries, Pattern C will
not control.

Figure 2-12 also demonstrates the difference between Pattern A which has been validated
against experiments and Pattern B which produces a small yield line pattern. For the value of
de=1.75 in. corresponding to the end-plate geometry in the example shown in Figure 2-12, the
yield line parameter for Pattern B is 85% of the yield line parameter for Pattern A. Regardless of
this difference, Pattern A has been shown to produce end-plate moment strength, My, that matches
experimental results reasonably well (Abel and Murray 1994, Blumenbaum and Murray 2004,
Blumenbaum and Murray 2003, Borgsmiller et al. 1995, Curtis and Murray 1989, Eatherton et al.
2013, Eatherton et al. 2017, Jenner et al 1985, Kline et al 1995, Meng 1996, Murray 1989, Ryan
and Murray 1999, Sumner and Murray 2002, Young and Murray 1997). For that reason, Pattern
A is recommended for use in design over Pattern B.

It is noted that these same issues associated with different yield line parameters exists for
all stiffened extended configurations including the multiple row extended 1/3 stiffened, eight-bolt
extended stiffened, and twelve-bolt extended stiffened configurations. These yield line parameter
comparisons are only conducted for the four-bolt extended stiffened, but the observations made

here are expected to be similar for the other extended stiffened end-plate configurations.
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2.10 Multiple Row Extended 1/2 Unstiffened End-Plate

The yield line pattern is shown in Figure 2-13. The rotation of each facet (facets are labeled
in Figure 2-13) is given in Table 2-25 and the internal work associated with rotation along each
yield line is given in Table 2-26. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-13. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-13 Yield Line Pattern for the
Multiple Row Extended 1/2 Unstiffened End-Plate
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Table 2-25 Rotation for Each Facet in the
Multiple Row Extended 1/2 Unstiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 (8¢ = P#9)/ Pto 0
4 (Bb + p£i0)/ pri 0
5 0 28y /g
6 0 (8p +3a)/ 9
7 0 0
8 0 28,1
9 —(854—50)/s 0

Table 2-26 Internal Work Associated with Each Yield Line in the Multiple Row Extended
1/2 Unstiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of
Lines

2/3 - 1
] | B
Pio Pro
1/3 - 1
WR 3l

1/4 m b_p 8b+ pﬂe_e m b_p S_b 2
P 2 P P 2 Pi
2

a5 | i |
5/6 m{%(e) %(2%_%} mp[%(eﬁé( pb48b _ pb48a 2
6/8 m{%(e%%[%_%l mp[%(eﬁé( pb48b B pbfaj 2
8/9 mp[%(e+sa S sejﬁ(zzaﬂ mp{%(%}g(ssa)} 2
1/5 mprﬁ +%j(%ﬂ m,,E(abpﬁ e H 2

/8 m{(w%)[%ﬂ mp é(ﬁaﬂsa‘zpb ﬂ 2
af7 m [bp—gj(6b+pﬁ9] m b_p[8b+pﬁ9]_g(6b+pﬁe] 2
P 2 Pii "l 2 Pi 2 Pi
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Table 2-26 Internal Work Associated with Each Yield Line in the Multiple Row Extended
1/2 Unstiffened End-Plate (Part 2 of 2)

LS L I
o O o R
T s ] [

S
Summing up the internal work given in Table 2-26 and substituting da = h3 8, db = h2 6,

and oc = h1 6 results in the following equation for internal work:

_ 7211 R W RPN R S 3P (P 9 ]
W, _4mp9{ 5 I:hl[ pfoj+h2( - ]+h3[sj 2} ; {hz(pf. *= j+h3[ ., +sﬂ+ 2} (2-60)
The external work, WE, is given by Eq. (2-61). Setting the internal work and external work

equal results in Eq. (2-62).
We =M 0 (2-61)

My =4my {b?pl:hl[ij-i_hz [ﬁj+ hs(%j—%}é[hz(pﬁ +3%j+ hs (%+ S):|+%} (2-62)

This equation is further simplified into the form given in Eq. (2-63) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-64).

Mpi = prtsz (2-63)

00 (L () (B2 2 g 3 ) [ 20 ) ] 8 _
Y= Z{Q(pm}+h2(pﬁ]+h‘o’(sj 2}+g{h2(pf.+ 1 j+h3[4 +sﬂ+2 (2-64)

Note: Use pri=s if psi > s

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-63), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-65).

1
s =5\/bpg (2-65)
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2.11 Multiple Row Extended 1/3 Unstiffened End-Plate

The yield line pattern is shown in Figure 2-14. The rotation of each facet (facets are labeled
in Figure 2-14) is given in Table 2-27 and the internal work associated with rotation along each
yield line is given in Table 2-28. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-14. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.

‘ Pro

o
-t

Figure 2-14 Yield Line Pattern for the
Multiple Row Extended 1/3 Unstiffened End-Plate
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Table 2-27 Rotation for Each Facet in the
Multiple Row Extended 1/3 Unstiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 (8¢ — P19)/ Pto 0
4 (Bp + Pi6) / pri 0
5 0 28, /g
6 0 (6p +0a)/ 9
7 0 0
8 0 28219
9 —(8a —50)/s 0

Table 2-28 Internal Work Associated with Each Yield Line in the
Multiple Row Extended 1/3 Unstiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
2/3 [ pfoeJ . b_p(zsc—zpfoej 1
P 2 Pro
1/3 ( pfoeJ - b_p[zést 1
P 2 Pto
1/4 m bp dp + P _9 m b_p S_b 2
P Pi "l 2\ ps
4/5 S 0 2 2
9[ % * P _ 20 9(8 |, 2
m{z( Pri 9J+pf.( g } mp{z[pfi}rg(pf@b)}
5/6 28, O +8, )] g 2( Py Poda 2
O e [ A O
6/8 Bp+8, 20, )] g 2( Py Poda 2
| 200y 2Bl [ S(0) 2B
8/9 o(. S.-s0) (25, 9(3), 2 2
m"{E(B*TJ”(TH m 35
/5 mp {( Pii + pb)(%ﬂ Mp [g(&) Pti +3b Po )} 2
1 Mp {(“ pb)(ZZa ﬂ Mp {é(SaHSa Po )} 2
417 2

T

. bp (8 +Pii®) gfd+Ppid
"l 2 Pii 2 Pii

)
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Table 2-28 Internal Work Associated with Each Yield Line in the Multiple Row
Extended 1/3 Unstiffened End-Plate (Part 2 of 2)

6/7 m{zpb(sb;saﬂ mpE(pbawpra)} 2
7/9 bp—9)( 8, —s6 bp (82-50) g(8a—36 2
mpK 2 j[ s H m’{z( s j 2( s j
1/9 mp{b_p(wsa—seﬂ mp{b_p(s_aﬂ 2

2 S 2\s

Summing up the internal work given in Table 2-28 and substituting da = hs6, db = h26,
and oc = hi10 results in the following equation for internal work:

W, = 4mpe{b7p{h{ﬁJ+ hy (%J+ hy (%)—%}5“2 ( Pii +3%]+ hy (%+ SH +%} (2-66)

The external work, WE, is given by Eq. (2-67). Setting the internal work and external work

equal results in Eq. (2-68).
We =My 0 (2-67)

Mg = 4m, {%’{h{i} hy (%} ha @j—ﬂ +§[h2 ( Di +3%j Y (%+ sﬂ +%} (2-68)

This equation is further simplified into the form given in Eq. (2-69) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-70).

Myl = prthY (2-69)

0 (8 () (22 | 2l (s 28 o (P 8 _
Y= > |:hl(pfoJ+h2[pﬁ]+h4(S] 2:|+g|:h2(pf|+ 5 j+h4( 5 +sﬂ+2 (2-70)

Note: Use pri=s if psi > s

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-69), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-71).

1
s =§\/bp9 (2-71)
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2.12 Multiple Row Extended 1/3 Stiffened End-Plate

The yield line pattern is shown in Figure 2-15. The rotation of each facet (facets are labeled
in Figure 2-15) is given in Table 2-29 and the internal work associated with rotation along each
yield line is given in Table 2-30. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-15. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-15 Yield Line Pattern for the
Multiple Row Extended 1/3 Stiffened End-Plate
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Table 2-29 Rotation for Each Facet in the
Multiple Row Extended 1/3 Stiffened End-Plate

Facet Ox Oy
1 0 0
2 (8c +de0)/ de 0
3 0 25: 19
4 —(8c = P19) / pro 0
5 (Bp + Pi0)/ pri 0
6 0 28y /9
7 0 0
8 0 (02 +35)/9
9 0 25,19
10 —(8a —80) /s 0

Table 2-30 Internal Work Associated with Each Yield Line in the
Multiple Row Extended 1/3 Stiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
173 mp{(dﬁpfo)(?ﬂ { (8cde +50Pfo):| 2
2/3 9,8 +de0 25 { } 2
o (9% eV c e “ Sc e

mpL(—de G)+de( . H )+
2/4 P93 +deb SC—pfoe b (1, 1) g (1, 1 2

P 2 de P 2 ‘ de Pfo 2 ‘ de P+o

3/4 2
iz wn e

1/4 m pfoe [ 8 2
P P 2 Po

1/5 " 5b+ Pi0 6 - b—p{s—bj 2
P 2 Pii "l 2 ps

16 { (o + Pii) ﬂ { (8pPb + b Pri ) } 2

a3 | e |

TPl | RG] |

6/8 mp{%(e)wb(@_mﬂ {%() {( H} 2
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Table 2-30 Internal Work Associated with Each Yield Line in the
Multiple Row Extended 1/3 Stiffened End-Plate (Part 2 of 2)

TT nfelnp] | wfmes) |
8/9 - { % (6)+ po (% _%ﬂ mp{%(e)%{pb (%m 2
7/10 mp{ﬁg}9(§f§§]} nh{%?[%?‘ej‘%(%f‘ej} 2
1/9 my {( o +5)[2Sa H mp |:§(5a Po +5a5)} 2
9/10 f“p{%ﬁe*'sagseJ+s(zzaj}
1/10 - {b?p[(9+ 3a gseﬂ mp {%{%H 2

Summing up the internal work given in Table 2-30 and substituting da = hs 8, db = h2 6,

and oc = h1 6 results in the following equation for internal work:

b?p{hl[i+2i J+h2(i}+h4(lﬂ+...
W, =4mp9 Pfo e Pri S (2_72)

é{m(pfﬁdeﬁhz(mi +gpb)+h4(s+%pbﬂ+%

The external work, WE, is given by Eq. (2-73). Setting the internal work and external work

equal results in Eq. (2-74).
We =Mp6 (2-73)

UGS

My =4m, Pfo e P i s .10
2 1
E|:hl(pfo +de)+h2£pﬁ +g pbj+h4(s+5 pbj:|+%

This equation is further simplified into the form given in Eq. (2-75) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-76).

M = Fyptp?Y (2-75)
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L% P S S A O m@

2 Pro 2de Pri s

2 3 1
E|:hl(pfo+de)+h2(pfi+prj+h4(5pb+sﬂ+%

Note: Use pri=s if pi > S Use pro=s if pto> S

v (2-76)

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-75), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-77).

1
S :E\/bpg (2-77)
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2.12.1 Alternate Yield Line Pattern

The yield line pattern is shown in Figure 2-16. The rotation of each facet (facets are labeled
in Figure 2-16) is given in Table 2-31 and the internal work associated with rotation along each
yield line is given in Table 2-32. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-16. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-16 Alternative Yield Line Pattern for the
Multiple Row Extended 1/3 Stiffened End-Plate
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Table 2-31 Rotation for Each Facet in the
Multiple Row Extended 1/3 Stiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 0 2519
4 —(8¢ — P1O)/ Pto 0
5 (Bp + p1i®) / pri 0
6 0 28y /9
7 0 0
8 0 (6a+0p)/ g
9 0 28.149
10 —(8a —s6)/s 0

Table 2-32 Internal Work Associated with Each Yield Line in the

Multiple Row Extended 1/3 Stiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
173 mp {(de + pfo)[ZZC H mp {s(&:de +8¢Pro )} 2
213 mp{de[28C ﬂ mp |:§(8cde):| 2
2/4 2

mp|: ( pfoej:I my {b_p[S_c—eJ_g[S_c_eH
2 p Po
3/4 2
g9 — P1f 23, 9f 8 |, 2
mp|:2(9+ ]"' pfo[ g j:l |:2(p j 6Cpf0 :l
1/4 - [ - Pro j - b_p[g;_c] 2
’ P 2 Po
1/5 m bp{6b+pf. 9] m b_p{s_bJ 2
"l 2 Pii P Pri
1e [ pb+ pf. H { 8bpb +5bpn } 2
Mp| - b+pf + Pri 20 g prf,
2 g pfl
5/7 m [ab +pn J 2
P Pi

H[ J o)
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Table 2-32 Internal Work Associated with Each Yield Line in the
Multiple Row Extended 1/3 Stiffened End-Plate (Part 2 of 2)

6/8 m{%(eﬁ o, (%_%ﬂ mp{%@%%{pb [%H} 2

78 mv{ZM(éigégJ} mp{s[mmaa+6bﬂ} 2
8/9 mp{%{e)+pb(sagsb_g%3]} mp{%{e)+§{pb(5b;5aj}} 2
T ol [eBG]]
Tl ofeoB] | wfees] |
0| g
1/10 nm{%§[9+83gseﬂ nm{%?(%?l] 2

Summing up the internal work given in Table 2-32 and substituting da = hs 6, db = h2 6,

and oc = h1 6 results in the following equation for internal work:

RGO
W, = 4m,0 Pto P s 2.78)
g{hl(pfo +de)+h2£Pﬁ +g pbj+h4£% Po +sﬂ+37g

The external work, WE, is given by Eq. (2-79). Setting the internal work and external work
equal results in Eq. (2-80).
We =Mp6 (2-79)

3o (0 2]

M pl =4mp Pfo Pri S (2-80)
%{hl(pfo +de)+h2(pfi +g pbj+h4(% Po +sj}r3?g

This equation is further simplified into the form given in Eq. (2-81) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-82).

Mpi = prtsz (2-81)
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bp 1 1 1) 1
7{“[%}4' hy (EJ+h4 (gj—z}+
S[m(pfo +de)+h2(pﬁ +%pb)+h4(% Pb +sﬂ+37g

To obtain an equation for the dimension s, the equation for moment strength, Myl, is

v (2-82)

minimized. The derivative of Eq. (2-81), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-83).

1
S =§prg (2-83)
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2.13 Eight Bolt Extended Four Wide Unstiffened End-Plate

The yield line pattern is shown in Figure 2-17. The rotation of each facet (facets are labeled
in Figure 2-17) is given in Table 2-33 and the internal work associated with rotation along each
yield line is given in Table 2-34. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-17. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.
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Figure 2-17 Yield Line Pattern for the
Eight Bolt Extended Four Wide Unstiffened End-Plate
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Table 2-33 Rotation for Each Facet in the

Eight Bolt Extended Four Wide Unstiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 ~(8p = P19)/ Pro 0
4 (3a + P1i0) / pri 0
5 0 28,19
6 —(654—50)/s 0

Table 2-34 Internal Work Associated with Each Yield Line in the

Eight Bolt Extended Four Wide Unstiffened End-Plate

Yield Internal Work Simplified Internal Work Number
Line of Lines
2/3 b — Pro b 1

(5 25
Pro
1/3 - Pto bp [ 285 1
o252 /35 )
1/4 2
m [Sa"‘ pfl GJ mp b_p[S_a]
2 Pii 2 pri
4/5 2
g 0a+t pfl 26a g da 2
= - — [+—=(P1ida
L[ Pii J } mpL(pﬁ}-g(pf )
5/6 2 253 m g(ﬁ_aj+£(56 ) :
2 Plals ) g4 @
15 |: Pi +5 { ﬂ mp|:§(5apfi +8a )} 2
4/6 m by -9 8a+pﬁ9+8a—36 b_p5_a+5_a 9 5_a Oa 2
| 2 Pii s "l2lps s ) 2\ ps
1/6 2

o[3fo-557]
S
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Summing up the internal work given in Table 2-34 and substituting da = hz20and éb = h1 6
results in the following equation for internal work:

W :4%9{%%}% (Lﬁ]_g}g[m(pﬁ H)}} (2-88

Pfo Pti S
The external work, WE, is given by Eq. (2-85). Setting the internal work and external work
equal results in Eg. (2-86).
Wg =Mp 0 (2-85)

My = 4, {%{m[ﬁh [#gj_g}g[m(pﬁ +S)J} (2-86)

This equation is further simplified into the form given in Eq. (2-87) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-88).

Mo = prtsz (2-87)
b 1 1 1) 1| 2
Y :?plihl[EJ'F h2 [a+gj-a:|+g[hz(pﬁ +S):| (2'88)

Note: Use pri=s if pri > S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-87), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-89).

1
s=2bp0 (2-89)

62



2.14 Eight Bolt Extended Stiffened End-Plate

The yield line pattern is shown in Figure 2-18. The rotation of each facet (facets are labeled
in Figure 2-18) is given in Table 2-35 and the internal work associated with rotation along each
yield line is given in Table 2-36. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-18. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.

Figure 2-18 Yield Line Pattern for the
Eight Bolt Extended Stiffened End-Plate
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Table 2-35 Rotation for Each Facet in the
Eight Bolt Extended Stiffened End-Plate

Facet Ox Oy
1 0 0
2 (8¢ +dc0)/de 0
3 0 25419
4 0 (8c+84)/9
5 0 0
6 0 2. 19
7 —(8c = P10)/ Pro 0
8 (8p + P1i6) / pri 0
9 0 28,19
10 0 (8a+3p)/9
11 0 0
12 0 25,19
13 —(8a—3s6)/s 0

Table 2-36 Internal Work Associated with Each Yield Line in the

Eight Bolt Extended Stiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
A1 w2l g yq, 2 o2 (6 +2 k) 2

de g 2 de
2/5 g 8y +deb bp g 84 2
p[ (——— % )l p[z(de 0) - 2(de+9)]
13 molc. +&) 2 mpl2 B ch + 2] 2
3/4 g &@_M g 2| Po(8g —8¢) 2
mp[29+ 2 g ) mp{E(eHE{ 4 }
4/5 8¢ + 84 2 ( Podc + pbsdj 2
mp{pb[ g H mp{g - 5
4/6 2

| 300+ e

)

m, {%(9)%[ Po (5°4+5d ) pbzéc ﬂ
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Table 2-36 Internal Work Associated with Each Yield Line in the

Eight Bolt Extended Stiffened End-Plate (Part 2 of 2)

Yield Internal Work Simplified Internal Work Number
1/6 2 3¢ 2
m(pe+ 25 |22
6/7 8c — Prod 25 8 ) 2 2
g ¢~ Pfo c g I
m{z((ﬂ—pfo J+ pfo( ; j mp Z[pm]‘i'g(&:pfo)
517 _ _ 2
P | Bl
2 Pro 2\ pto 2\ pto
1/7 _ 2
w2050 35
Po Po
1/8 my {b_p(&; + pfie_e]:l my {b—p[S—bH 2
2 Pi 2 P
8/9 8p + Pri® 2 & | 2 2
g op + Pri b 9| op
290 i | — - — — i8
m{Z[ Pri J+pf( g j M 2(pﬁ]+g(pf b)
8/11 ; bp—g 6b+pﬁ9] M, b_p 8—b+9 _g 6—b+9] 2
2 Pii 2\ psi 2 psi
1/9 2 8 2
mprﬁ +%)[2%H mp{—(ﬁb pfi+ bgpb H
9/10 O, o205 .+ g, 2[po(dp-8a) 2
Tt | i
10/11 5a + 55 2[ po(8a+8) 2
oo a5
10/12 g« Dyl 8a+8 25 g, 2[po(dp-8a) 2
mp{g(eﬁy( ; _Tj mp{;(e) 5{ 1 }}
11/13 mp{bp -9 (sa —seﬂ m, {b_p(éi_a_ej_ﬂ[sa —eﬂ 2
2 S 28 2\ s
12/13 - 8a) 2 2
Mp {%(GH—S"‘ - Se)+s[22a ﬂ Mp {%[?}5(5%)}
112 m, KS +&j(@ﬂ mp [3(8515 +85‘£H 2
2 ) g g 2
1/13 {bp(aaﬂ 2
mp| —| —
2\ s

o ot
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Summing up the internal work given in Table 2-36 and substituting da = ha 8, b = h3 6, oc

= h26, and 64 = h1 6 results in the following equation for internal work:
PR
e Po P i S (2_90)

2 3 3
E{h{%+dej+h2 (%+ pfoj+ hs (%+ pﬁ]+h4 (%+sﬂ+g

The external work, WE, is given by Eq. (2-91). Setting the internal work and external work

W| = 4mp6

equal results in Eq. (2-92).
We =Mp6 (2-91)

bp{ [1) (1} (1} (1)}

— | |+h| — |+hg| — |+ hs| — || +...

2 2de Pfo Pi s (2-92)
g{hl(s%+dej+h2(%+ pf0j+h3(3%+ pﬁj+h4(%+sﬂ+g

This equation is further simplified into the form given in Eq. (2-93) by substituting the

Mp| :4mp

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-94).
M pi = Fyptp”Y (2-93)

bp{[lj {1} {1} (1)}

—|h +hy +hg| — [+hs| = || +...

2 2de Pro Pii S (2-94)
é[hl(s%+dej+h2£%+ pfoj+h3(3%+ pﬁj+h4[%+sﬂ+g

Note: Use pri=s if psi > s Use pro=s if po> S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-93), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-95).

1
S :?/bpg (2-95)

Equation (2-88) is the yield line pattern used in AISC Design Guide 4 (Murray and Sumner
2004) and AISC 358-18. It has been validated against experiments in past research and therefore

is used in design.
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2.14.1 Alternate Yield Line Pattern

An alternate yield line pattern which produces a smaller yield line parameter for the Eight-
Bolt Extended Stiffened End-Plate is shown in Figure 2-19. The rotation of each facet (facets are
labeled in Figure 2-19) is given in Table 2-37 and the internal work associated with rotation along
each yield line is given in Table 2-38. The yield lines are identified by the adjacent facet numbers
(e.g., yield line 1/2 separates facets 1 and 2 Variables associated with the geometry of the
connection are shown in Figure 2-19. Variables associated with the virtual rotations, displacement,
and end-plate moment strength per unit length are described in Chapter 1). It is noted that hatched

areas represent facets that are not rotating.

O OO O
O Of|lo O

Figure 2-19 Alternative Yield Line Pattern for the
Eight Bolt Extended Stiffened End-Plate
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Table 2-37 Rotation for Each Facet in the
Eight Bolt Extended Stiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 0 204 /g
4 0 (8c+34)/9
5 0 25/ g
6 (8¢ = P109)/ Pto 0
7 (Bb + p£i0)/ pri 0
8 0 0
9 0 20y /9
10 0 (02 +3v)/ g
11 0 2841
12 —(8a —s0) /s 0

Table 2-38 Internal Work Associated with Each Yield Line in the
Eight Bolt Extended Stiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
1/3 M, Kde +&J[@H mp {E(Sd de + Sd Po H 2
2 ) g g 2
1/5 o \[ 28¢ 2 d¢ Dbj 2
mp |:[Pf0 +7j( g j:| |:g(6cpf0 >
2/3 2 2
Mp |:de {zzd H Mp {E(deésd )}
3/4 e)+&(@__5° * H m{ﬂ(e)&[ Pods o (3c +3q) 2
2\ ¢ g 2 gl 2 4
4/5 2
6° +8d % ﬂ mp {g(ehg( Po(3c +3d)  pode
g 2 g 4 2
5/6 2

|\>|<Q

"fﬂ %]

MG )
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Table 2-38 Internal Work Associated with Each Yield Line in the

Eight Bolt Extended Stiffened End-Plate (Part 2 of 2)

Yield Internal Work Simplified Internal Work Number
412 5 +5 2(( Pode + Pod 2
m [ e 2 B3R )

216 b — S — Prod b8 ) 98, 2
P 2 Po P 2\ Pro 2\ Pro
1/6 by [y, 8- pit [ 5 2

P 2 Pro P 2\ pro
1/7 b_p 6b+pfi9_e m b_p 6_b 2
P 2 P P 2 Pi
7/9 Sk + D0 S I 2 2
gf o+ Pd | 200 g1 % | 2y,
"H P e}p“( g] : Z(pﬁ}g(p“%)
1/9 2 2 5 2
S| fion2]
1/11 2 3, 2
|[++2)2) o302
9/10 g D285 8+ g, 2] Po(Bp—5a) 2
mp{5(9)+7[?— 9 J mp E(e)+5|: 1 :|
10/11 g Pb [83+8b 26aﬂ g 2| po(8p—3a) 2
2(e)y2| 2T “7a 2 £
| S(0)s o Sexe 28 {3002 =) |
11/12 9. Ba-s0Y) (25, 9(3a),2 2
mp[5(6+ 5 j+s( ; H mp{z[ s)+g(56a)}
10/8 m{pb(aﬁsbﬂ mp{z{pb(5a+5b)}} 2
g g 2
7/8 - . 2
L] | bRl
2 Pi 2 | pi 2\ pii
]| ] |
112 7 2

b _
mp{?p 9492 Sej
s
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Summing up the internal work given in Table 2-38 and substituting da = h4f, db = h36, dc
= h26, and 64 = h1 6 results in the following equation for internal work:

b?p{hz[i}h{i_}m[1]_3}.._

W, =4m,0 Pto P ° (2-96)
20, (3m Po 3m Po 59
g{hl( 4 +de]+h2( 2 +pfoJ+h3( 4 +pf,j+h4( 2 +sﬂ+ 2

The external work, WE, is given by Eq. (2-97). Setting the internal work and external work
equal results in Eq. (2-98).
Wg =Mp 0 (2-97)

_{h [Lj+hs[i_}+h4@_ﬂ+...
M =4 Poj PS8 (2-98)
s[h{?’%+dej+h2 (%+ pfoj"‘h?)(g%“‘ pfij+h4(%+sj:|+579

This equation is further simplified into the form given in Eq. (2-99) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-100).

Mp = prthY (2-99)

b?p{hz (i}rh{i}er Elj—%:l+
Y = Pfo P S (2_100)
é{hl(s%“je}fhz (%4' pfo]‘”h(%“‘ pfij+h4(%+sﬂ+579

Note: Use pri=s if pi > S Use pro=s if pto> S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-99), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-101).

1
S :E,/bpg (2-101)
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2.15 Twelve Bolt Multiple Row Extended 1/3 Four-Wide / Two-Wide Unstiffened End-Plate

The yield line pattern is shown in Figure 2-20. The rotation of each facet (facets are labeled
in Figure 2-20) is given in Table 2-39 and the internal work associated with rotation along each
yield line is given in Table 2-40. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-20. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.

ORORINORE,
! . .

Figure 2-20 Yield Line Pattern for the
Twelve Bolt MRE 1/3 Four-Wide / Two-Wide Unstiffened End-Plate

71



Table 2-39 Rotation for Each Facet in the
Twelve Bolt MRE 1/3 Four-Wide / Two-Wide Unstiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 (8¢ = P10)/ Pro 0
4 (Bp + Pi6)/ pri 0
5 0 28, /g
6 0 (8p +3a) /9
7 0 0
8 0 28,19
9 —(8a —50)/s 0

Table 2-40 Internal Work Associated with Each Yield Line in the

Twelve Bolt MRE 1/3 Four-Wide / Two-Wide Unstiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
213 pfoe . b_p(zsc —2pfoe] 1

P 2 Pfo
v3 m, | b 9+ ~Prd m bp (25 1
I Pro P 2 Pto
1/4 2
mp|:bp (éb + pii0 GH mp{b?p[i_?ﬂ
4/5 , 2
9[ %+ pad [ 28 9% |, 2/,
mp|:2( Pii e]+pfl( g :l mpliz(pﬁ]"'g(pf@b):l
5/6 28y Op + 4 g 2( pody  Ppda 2
mp{%(eﬁ pb(Tb— bg ] mp{?(eﬁa[ bzb— b2 ]
6/8 8 +0a 254 )] g 2( pody  Pbda 2
O my|9(0)+2( B2 ok
8/9 g(,. 8a—50 254 9(8a), 2 2
mp{E[e 5 j+s( ; H p{z[ < j+g(36a)}
15 {( pfi + pb)[zzb ﬂ Mp {é(Sb Pfi +Sb Po )} 2
18 5+ 22 LTS 2
4l (bp—gj[Bberfi@J m b_p[5b+pﬁ9]_g[5b+pﬁ9J 2
P 2 Pri "l 2 Pfi 2 pi
6/7 2

2
mp {E( Podb + Poda )}

72




Table 2-40 Internal Work Associated with Each Yield Line in the
Twelve Bolt MRE 1/3 Four-Wide / Two-Wide Unstiffened End-Plate (Part 2 of 2)

R (s e I 1 - S I
R U unol 2

Summing up the internal work given in Table 2-40 and substituting da = h4 6, b = h2 6,
and oc = h1 6 results in the following equation for internal work:

W, = 4m,ﬁ{%{h{i)+ hy (%J+ h, Gj—ﬂ+§{hz ( Pfi +3%j+ hy (%+ S]:| +%} (2-102)

The external work, WE, is given by Eq. (2-103). Setting the internal work and external

work equal results in Eq. (2-104).
We =Mp6 (2-103)

M =4m, {%‘[h{i}r h, [%} hy Gj—%jl +§{h2 ( Pii +3%j +hy (%+ sﬂ +%} (2-104)

This equation is further simplified into the form given in Eq. (2-105) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-106).

Mo = prtsz (2-105)

L R T O B S 3P ) (P 9 ]
Y = ) {m[pm}+h2[pﬁ]+h4(sj 2}+g[h2(pf,+ 5 j+h4( > +sﬂ+2 (2-106)

Note: Use pri=s if pi > S

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (2-105), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-107).

1
S =§\/bp9 (2-107)
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2.16 Twelve Bolt Extended Stiffened End-Plate

The yield line pattern is shown in Figure 2-21. The rotation of each facet (facets are labeled
in Figure 2-21) is given in Table 2-41 and the internal work associated with rotation along each
yield line is given in Table 2-42. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 2-21. Variables associated with the virtual rotations, displacement, and end-
plate moment strength per unit length are described in Chapter 1. It is noted that hatched areas

represent facets that are not rotating.

de |
Po

“ pfo _

Po

=

Figure 2-21 Yield Line Pattern for the
Twelve Bolt Extended Stiffened End-Plate
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Table 2-41 Rotation for Each Facet in the
Twelve Bolt Extended Stiffened End-Plate

Facet Ox Oy
1 0 0
2 0 0
3 0 28419
4 0 (8c+34)/9
5 0 2519
6 —(60 - pfoe)/ Pfo 0
7 (3 + Pi0) / pii 0
8 0 0
9 0 20y 19
10 0 (Ba+dp)/g
11 0 28,19
12 —(8a —s6)/s 0

Table 2-42 Internal Work Associated with Each Yield Line in the
Twelve Bolt Extended Stiffened End-Plate (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
1/3 . (d +&j 254 o Hﬁdd”% 2
I 2 0 g "lg

1/5 25 2 2

mp |:(Pf0 +%j(?j:| mp|:a(60 Pfo +
S e w[2(00.) 2

g g
R
4/5 g Po(Oc+8d 28¢ g Po(8c+8d)  pude 2
e e I

5/6 e — Prod 2

2(9+ P ]HOR{QH _c]+3(gcpfo)

2 Pto g Pro g
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Table 2-42 Internal Work Associated with Each Yield Line in the

Twelve Bolt Extended Stiffened End-Plate (Part 2 of 2)

Yield Internal Work Simplified Internal Work Number
412 5 +5 2(( Pode + Pod 2
m [ e 2 B3R )

216 b — S — Prod b8 ) 98, 2
P 2 Po P 2\ Pro 2\ Pro
1/6 by [y, 8- pit [ 5 2

P 2 Pro P 2\ pro
1/7 b_p 6b+pfi9_e m b_p 6_b 2
P 2 P P 2 Pi
7/9 Sk + D0 S I 2 2
gf o+ Pd | 200 g1 % | 2y,
"H P e}p“( g] : Z(pﬁ}g(p“%)
1/9 2 2 5 2
S| fion2]
1/11 2 3, 2
|[++2)2) o302
9/10 g D285 8+ g, 2] Po(Bp—5a) 2
mp{5(9)+7[?— 9 J mp E(e)+5|: 1 :|
10/11 g Pb [83+8b 26aﬂ g 2| po(8p—3a) 2
2(e)y2| 2T “7a 2 £
| S(0)s o Sexe 28 {3002 =) |
11/12 9. Ba-s0Y) (25, 9(3a),2 2
mp[5(6+ 5 j+s( ; H mp{z[ s)+g(56a)}
10/8 m{pb(aﬁsbﬂ mp{z{pb(5a+5b)}} 2
g g 2
7/8 - . 2
L] | bRl
2 Pi 2 | pi 2\ pii
]| ] |
112 7 2

b _
mp{?p 9492 Sej
s
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Summing up the internal work given in Table 2-42 and substituting da = h46, db = h36, dc
= h26, and 64 = h1 6 results in the following equation for internal work:

(-

2 3 3 5
a{hl(%+de]+h2 (%+ pfoJ+h3(%+ pﬁj+h4 (%+SH+TQ

The external work, WE, is given by Eq. (2-109). Setting the internal work and external

W, =4m,0 (2-108)

work equal results in Eq. (2-110).
We =My 6 (2-109)

B2

M =4 Poj PS8 (2-110)
s[h{?’%+dej+h2 (%+ pfoj"‘h?)(g%“‘ pfij+h4(%+sj:|+579

This equation is further simplified into the form given in Eq. (2-111) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-112).

M i = Fyptp?Y 2-111)

b?p{hz (ij+h3[i_]+h4 (1]—%:]+
Y = Pfo Pri S (2_112)
§|:hl(3%+dej+h2 [%4‘ pfo\J'f‘hg[s%-f— pfij+h4(%+sj:|+579

Note: Use pri=s if pri > S Use pro=s if pro> s

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-111), taken with respect to the variable s, is set equal to zero
and solved for the variable s. The result is Eq. (2-113).

1
S =§prg (2-113)

7



3 COLUMN SIDE YIELD LINE SOLUTIONS

3.1 Two-Bolt Configurations

The configuration of two bolts on the column is associated with the two-bolt unstiffened
flush end-plate connection. Figure 3-1 shows the different configurations with varied stiffening
and proximity to the top of the column. The dimension, h, is the distance from the center of the
beam compression flange to the tension bolt line.

= bgs =] —= b = = bes=— = Dgs =
9 g "9 9
______ U \ ik r de 1 pc
e s . , . Mep
Toid Al SR LN Sl N sl BN I T e
o | o oo
r1*e y ¢ ! | | I S| B
a) Continuous Column b) Continuous c) Top of Column  d) Top of Column
Unstiffened Column Stiffened Unstiffened with Cap Plate

Figure 3-1 Yield Line Pattern for Two-Bolt Configurations

The following describes how the equation for each yield line parameter was obtained.

Table 3-1 summarizes the resulting yield line parameters.

a) Continuous column that is unstiffened (Fig. 3-1(a)). The yield line parameter
derivation is the same as two-bolt unstiffened flush end plate with the following
substitutions: pri=s and bp = bct.

b) Continuous column that is stiffened (Fig. 3-1(b)). The derivation is the same as the
two-bolt unstiffened flush end plate with the following substitutions: pri = psi and bp
= ber.

c) Top of column that is unstiffened (Fig. 3-1(c)). The derivation is provided later in

this section.
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d) Top of column with cap plate (Fig. 3-1(d)). The derivation is the same as the two-

bolt unstiffened flush end-plate with the following substitutions: pri = pcp and bp =
bcf.

Table 3-1 Summary of Column Side Yield Line Parameters for
Two-Bolt Configurations

Configuration Yield Line Parameter
Continuous Unstiffened v - ber hy . 4hs
Column [Fig. 3-1(a)] T g
Continuous Stiffened Column Be 1 1 2
_ PN ERE I
[Fig. 3-1(b)] 2 Psi S g
Note: Use psi=s if psi > s
Top of Column, Unstiffened Y, ={bi{m(lj—i}+3[m(s+de)]+g}
[Fig. 3-1(c)] 2L \s) 219 4
Top of Column with Cap be 1 1) 2
_ YC:—f[hl(—+—J +—[hl(pcp+s)}
Plate [Fig. 3-1(d)] 2 Pp S)| 9
Note: Use pep=S if pcp > S
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Derivation for the Unstiffened Top of a Column

The yield line pattern is shown in Figure 3-2. The rotation of each facet (facets are labeled
in Figure 3-2) is given in Table 3-2 and the internal work associated with rotation along each yield
line is given in Table 3-3. The yield lines are identified by the adjacent facet numbers (e.g., yield
line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection are
shown in Figure 3-2. Variables associated with the virtual rotations, displacement, and end-plate
moment strength per unit length are described in Chapter 1.

Yol /

Figure 3-2 Yield Line Pattern for the Unstiffened Top of the Column

Table 3-2 Rotation for Each Facet in the
Unstiffened Top of the Column

Facet Ox Oy
1 0 0
2 0 28,19
3 0 0
4 (85 —s0)/s 0
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Table 3-3 Internal Work Associated with Each Yield Line in the
Unstiffened Top of the Column

Yield Internal Work Simplified Internal Work Number
Line of Lines
25, 2
253 mplde (222 Mol (3adk)] 2
g g
2/4 84 —50 28, Sa) 2 2
mp |:%(e+_ 5 S j+S[TJ:| mp {%(?j+5(56a):|
3/4 mp|:bcf —g(sa—seﬂ mp{bi(s—a—ej—g(s—a—eﬂ 2
2 S 2 s 2\s
172 mp {(dﬁs)[zza ﬂ mp {é[é‘)a(de +s)]} 2
1/4 be 84— 50 ber (84 2
w5 {005 w5 (%)

Summing up the internal work given in Table 3-3 and substituting da = h16 results in the
following equation for internal work:

bcf

W, =4mpe{7{hl(1j—ﬂ+§[m(s+de)]+%} (3-1)

S

The external work, WE, is given by Eq. (3-2). Setting the internal work and external work
equal results in Eq. (3-3).
We =M 0 (3-2)

M = 4m, {b%{hl(lj—%}é[hl(sme)}%} (3-3)

S

This equation is further simplified into the form given in Eq. (3-4) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as

given in Eq. (3-5).
Mo = Fyptp™Ye (3-4)
Y, = {%{h{%)—%}+§[m(s+de )}+%} (3-5)

To obtain an equation for the dimension s, the equation for moment strength, Mpl, is
minimized. The derivative of Eq. (3-4), taken with respect to the variable s, is set equal to zero and

solved for the variable s. The result is Eq. (3-6).

s=—.,/b -
> f 9 (3-6)
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3.2 Four-Bolt Configurations

The configuration of four bolts on the column is associated with the following end-plate
connections: four-bolt unstiffened flush, four-bolt flush stiffened between the tension bolts, four-
bolt flush stiffened below the tension bolts or four-bolt extended stiffened. Figure 3-3 shows the
different configurations with varied stiffening and proximity to the top of the column. The
dimensions, hi, and hz, are the distance from the center of the beam compression flange to the

tension bolt lines.

—— bc‘f — |—a bd -— e b(}f —
Kl g7 To”
T E ISR Cit
| 4 tor e —
‘ ¢ ®*Ts T o1 Ts [ Pl 2"
b | h, hy |
h, h‘2 h,
l °ie vy | (*0° 1 l;; Note: h, and h,
oo (ofe o/ o are the distance
A — from the center of
a) Continuous b) Continuous ¢) Continuous the beam
Column Column Stiffened Column Stiffened compression
Unstiffened Above Bolts Between Bolts flange to the
by =] by ] ~ by — tension bolt lines.
Cl C
g | g e
I __ AR Pep i de
1 oéi_o c i .O c ‘tsf LR ~ pso
‘ Il Ts I 1*l* s Tle e
‘ h, h, hy
vl e vl il i vy e
® [ ] ® ® ® ®

f) Top of Column
Stiffened Between Bolts

e) Top of Column
with Cap Plate

d) Top of bolumn
Unstiffened

Figure 3-3 Yield Line Pattern for Four-Bolt Configurations
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The following describes how the equation for each yield line parameter was obtained.

Table 3-4 summarizes the resulting yield line parameters.

a)

b)

Continuous column that is unstiffened (Fig. 3-3(a)). The derivation for the yield
line parameter is the same as the four-bolt unstiffened flush end-plate with the
following substitutions: psi =S, bp = ber and pp = c.

Continuous column that is stiffened (Fig. 3-3(b)). The derivation is the same as the
four-bolt unstiffened flush end-plate with the following substitutions: pfi = psi, bp =
ber and po = C.

Continuous column that is stiffened between the bolt lines (Fig. 3-3(c)). The
derivation is the same as the four-bolt flush end-plate stiffened between the bolt
lines with the following substitutions: psi = s and bp = bt

Top of column that is unstiffened (Fig. 3-3(d)). The derivation is provided later in
this section.

Top of column with cap plate (Fig. 3-3(e)). The derivation is the same as the four-
bolt unstiffened flush end-plate with the following substitutions: psi = pcp, bp = ber
and pp = C.

Top of column stiffened between the bolt lines (Fig. 3-3(f)). The derivation is the
same as the four-bolt extended stiffened end-plate with the following substitutions:

Pfo = Pso, Pfi = Psi, and bp = ber.
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Table 3-4 Summary of Column Side Yield Line Parameters for

Configuration

Four-Bolt Configurations

Above the Bolts [Fig. 3-3(b)]

S e

Note: Use psi=s if psi > s

Yield Line Parameter
Continuous Unstiffened v :b%[m(lj*‘hz (EJ:|+£[W[S+%CJ+h2(5+%c):|+%
Column [Fig. 3-3(a)] s s g
Continuous Column Stiffened v e 1

ol

Psi

N @

Continuous Column Stiffened Y. =bi[h1[1+ 1 J*hZ (i+1ﬂ+3[hl(s+ o) (P +5)]
Between the Bolts [Fig. 3- 2L s Pwo Psi )] 9
3(c)] Note: Use psi=s if psi > s Use pso=s if pso> s
Top of Column, Unstiffened Y. - bﬂ{hz (lj—l}g{m(de +§Cj+ hy (s+lcﬂ+3—g
Top of Column with Ca
P P Ye :bilhl( L }rhz(lj}g{hl(pcp+§cj+h2(s+lcﬂ+g
Plate [Fig. 3-3(¢)] 2 Pep s/)| 9 4 4 2
Note: Use pep=s if pep > S
Top of Column Stiffened bt 1

Between the Bolts [Fig. 3-
3(f]

1] 2
_E:|+E|:h1(dce + pso)+h2 (S+ Psi ):I"‘%

Ye —] +hy (i + 1]
2 Psi S

i

Note: Use psi=s if psi > s Use pso=S if pso> S
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Derivation for the Unstiffened Top of a Column

The yield line pattern is shown in Figure 3-4. The rotation of each facet (facets are labeled
in Figure 3-4, hatching represents non-rotating facet) is given in Table 3-5 and the internal work
associated with rotation along each yield line is given in Table 3-6. The yield lines are identified
by the adjacent facet numbers (e.g., yield line 1/2 separates facets 1 and 2). Variables associated
with the geometry of the connection are shown in Figure 3-4. Variables associated with the virtual
rotations, displacement, and end-plate moment strength per unit length are described in Chapter 1.
Dimensions, hi, and hz, are the distance from the center of the beam compression flange to the

tension bolt lines.

] bcf--

S

Y

Figure 3-4 Yield Line Pattern for the
Unstiffened Top of a Column

Table 3-5 Rotation for Each Facet in the
Unstiffened Top of a Column

Facet O« Oy
1 0 0
2 0 0
3 0 28y 19
4 0 (62 +35)/9
5 0 28419
6 —(62 —s0) /s 0
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Table 3-6 Internal Work Associated with Each Yield Line in the
Unstiffened Top of a Column

Yield Internal Work Simplified Internal Work Number
Line of Lines

173 n Kd %X%ﬂ M, EE’D (de %H 2
B ) mlge(3) 2

1/6 . bi(maa—se) . bl(s_aj 2
Pl 2 s Pl 2 s
3/4 g c(28, O4+5 9, 2 (Sb_8aj 2
mp{5(9)+§(7— g \J:| mP|:2(e)+gC 4
4/5 9 C(8a+8, 284 9dm, 2 (ab_5aj 2
My |:E(e)+§(—g —T):| mP|:2 (9)+ g c 4
2/6 . bcf—g(aa—sej . bl(s—a—ej—g(s—a—ej 2
L2 s Pl 2als 20 s
& o2 2000 2
9 g

2/4 8q + 8 2 (84+8 2
mpH g H m”{EC[ 2 ﬂ

5/6 mp{% (eﬁa_gs@jﬂ(zza H m{%(%j%(ssa)} 2

Summing up the internal work given in Table 3-6 and substituting da = h26 and oo = h1 6

results in the following equation for internal work:

e S (e et

The external work, WE, is given by Eqg. (3-8). Setting the internal work and external work
equal results in Eq. (3-9).
Wg =Mp 0 (3-8)

M = 4m, {b%[hz Gj—%}té{h{de +%cj+ h, (s+%c)}+3jg} (3-9)
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This equation is further simplified into the form given in Eq. (3-10) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (3-11).

Mpr = prthYc (3-10)

b (1) 1,2 3 1439 ]
Y. = 5 {hz[s] 2}+g{h1(de+4cJ+hz(s+4cﬂ+ 2 (3-11)

To obtain an equation for the dimension s, the equation for moment strength, Mpi is
minimized. The derivative of Eq. (3-10), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (3-12).

1
5= bet g (3-12)
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3.3 Six-Bolt 4W/2W Configurations

The four wide / two wide configuration of six bolts on the column is associated with the
Six-Bolt Flush Four-Wide Flush End-Plate. Figure 3-5 shows the different configurations with
varied stiffening and proximity to the top of the column. The dimensions, hi, and hz, are the

distance from the center of the beam compression flange to the tension bolt lines.

~—bg—=— = by - by - bcf ——
g H g g
[lee 0o % leelee [P oo oe| Per
i c A (o} A - c
T Ts Tl s e s
h hy | hy | h
1h2 1h_2 1h2 1h2
[ ] ® [ ] [ ] ° ] [ ] L]
vy (*%j°* Py (2 vy [*® Py |0/ °°
a) Continuous b) Continuous c) Top of d) Top of
Column Column Stiffened Column Column with
Unstiffened Above Bolts Unstiffened Cap Plate

Figure 3-5 Yield Line Pattern for Six-Bolt 4W/2W Configurations

The following describes how the equation for each yield line parameter was obtained.

Table 3-7 summarizes the resulting yield line parameters.

1. Continuous column that is unstiffened (Fig. 3-5(a)). The derivation for the yield
line parameter is the same as the four-bolt unstiffened flush end-plate with the
following substitutions: pri=s, bp=ber and pp= ¢

2. Continuous column that is stiffened above the bolts (Fig. 3-5(b)). The derivation is
same as the six-bolt flush four-wide unstiffened end-plate with the following
substitutions: pfi = psi, bp= ber and po= ¢

3. Top of column that is unstiffened (Fig. 3-5(c)). The derivation is the same as the
column-side yield line parameter for the four-bolt configuration at the top of the

column.
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4. Top of column with cap plate (Fig. 3-5(d)). The derivation is the same as the six-
bolt flush four wide flush end-plate with the following substitutions: psi= pcp , bp=

bet and pp = c.

Table 3-7 Summary of Column Side Yield Line Parameters for
Six-Bolt 4W/2W Configurations

Configuration Yield Line Parameter

Continuous Unstiffened Y. =b%{hl(lj+h2 (lﬂﬁ{m(s%c]w (s+%cﬂ+%
Column [Fig. 3-5(a)] s s/ 9

Continuous Column Stiffened bet { [ 1 j 1 } 2{ 3 1 g
Yo =—| | — +h2(—j +— hl(psi+—cj+h2(s+—c) +=
Above the Bolts [Fig. 3-5(b)] 2L \ps s)] 9 4 4712

Note: Use psi=s if psi > S

Top of Column, Unstiffened Y, :bi{hz (%_3}3{“[% +§C]+ h, [s+lcﬂ+3—g
[Fig. 3-5(c)] 21 \s) 2] ¢ 4 4°)] 4
Top of Column with Cap Plate
P P Ye =bi[hl(ij+h2 (lj}g{h{pcp +§cj+h2(s+lcﬂ+g
[Fig. 3-5(d)] 2 Pep /1 9 4 4 2

Note: Use pep=s if pcp > S
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3.4 Six-Bolt, 3 Rows Configurations

This configuration of six bolts on the column is associated with the MRE Extended 1/2
Unstiffened End-Plate. Figure 3-6 shows the different configurations with varied stiffening and
proximity to the top of the column. The dimensions, hi, hz, and hs, are the distance from the center

of the beam compression flange to the tension bolt lines.

""bcl"" ""cf'_"" -bcf- --fb,jl-- - D m—

— — — [-—— —_ -

g g | g | 9 g
i .o Te ltszéiggsél Sl .C i .9:.._0 i _:ﬁgs?
b MBI AR LIS DY NI b AR SIS
h b IS02Ts L E RS Ts h b e =S TSNS s el s
h, h, h, | | h, i
hy |@ ] ® hy |® |l e hs | @ ® hy | @} @ hy |@]l®
rry o c e Pry o eje rry cge AR RS BE AR AN
o . o o *hel ole olle]
a) Continuous  b) Continuous c) Top of d) Topof ) Top of Column
Column Column Stiffened Column Column with Stiffened
Unstiffened Between Bolts Unstiffened Cap Plate Between Bolts

Figure 3-6 Yield Line Pattern for Six-Bolt, 3 Rows Configurations

The following describes how the equation for each yield line parameter was obtained.
Table 3-8 summarizes the resulting yield line parameters.

a) Continuous column that is unstiffened (Fig. 3-6(a)). The derivation for the yield
line parameter is the same as the four-bolt unstiffened flush end-plate with the
following substitutions: po = c+pb, h2 = hs, pri=s and bp = ber.

b) Continuous column that is stiffened between the bolts (Fig. 3-6(b)). The derivation
is provided later in this section.

c) Top of a column that is unstiffened (Fig. 3-6(c)). The derivation is the same as the
column-side yield line parameter for the four-bolt configuration at the top of the

column and c was replaced by c+po.
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d) Top of column with cap plate (Fig. 3-6(d)). The derivation is the same as the four-

bolt flush unstiffened end-plate with the following substitutions: psi = pep, bp = bt ,

h2 = hs, and pp = c+ po.

e) Top of column stiffened between bolts (Fig. 3-6(d)). The derivation is the same as
the MRE Extended 1/3 Stiffened End-Plate (alternative pattern) with the following

substitutions: pro = Pso, Pfi =

Table 3-8 Summary of Col

Psi, bp = ber and po = po/2.

umn Side Yield Line Parameters for

Six-Bolt, 3 Rows Configurations

Configuration

Yield Line Parameter

Continuous Unstiffened

Ye :b%[h{i}rhg(lﬂ+£{hl(s+% Pb +%c]+ h3(3+% Pb +%C)]:|+%
Column [Fig. 3-6(a)] s s/ 9
Continuous Column bcf{ ( 1 1} [ 1 ] 1
—| | —+=|+hy| — +h3(—j +...
Stiffened Between the =) 2L (Po s Psi s
Bolts [Fig. 3-6(b)] g{mpm +s)+h2[psi +2 pbjms[s% pbﬂ+g
Note: Use psi=S if psi>s Use pso=S if pso > S
Top of Column, Ye =bi{h3 (Ej—1}+£{hl(de +§ [ +§c)+ hs (s+i Do +lcﬂ+3—g
Unstiffened [Fig. 3-6(c)] 2L \s) 2] ¢ 40 4 4 4] 4
Top of Column with Ca
P P YC=bi{m(i]+h3[lj:|+£{hl[pcp+§ pb+§cj+h3(s+1 [0 +lcﬂ+g
Plate [Fig. 3-6(d)] 2 Pep s/)] 9 4 4 4 4 2

Note: Use pep=s if pep > S

Top of Column Stiffened

Ye
Between Bolts [Fig. 3-

6(e)]

bcf

2

Z|:hl(pso +de)+h2(psi +%pbj+h3(%pb +5j}+

Note: Use psi=s if psi > s

1

pSO

1

(s

1

(a3 |

4

Use pso=S if pso > S
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Derivation for the Continuous Column Stiffened Between the Bolts

The yield line pattern is shown in Figure 3-7. The rotation of each facet (facets are labeled
in Figure 3-7, hatching represents non-rotating facet) is given in Table 3-9 and the internal work
associated with rotation along each yield line is given in Table 3-10. The yield lines are identified
by the adjacent facet numbers (e.g., yield line 1/2 separates facets 1 and 2). Variables associated
with the geometry of the connection are shown in Figure 3-7. Variables associated with the virtual
rotations, displacement, and end-plate moment strength per unit length are described in Chapter 1.

[ bcf.....'

[ —

9
__._ 5= hd
T_; 8= h,0

Figure 3-7 Yield Line Pattern for the
Unstiffened Top of a Column

Table 3-9 Rotation for Each Facet in the
Continuous Column Stiffened Between the Bolts

Facet Ox Oy
1 ] 0
2 (8. +s0)/s 0
3 0 25: 149
4 —(8c — PsoB) / Pso 0
5 (3b + Psi®) / psi 0
6 0 20, /9
I 0 0
8 0 (6a+3)/9
9 0 28,19
10 —(84 —50) /s 0
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Table 3-10 Internal Work Associated with Each Yield Line in the
Continuous Column Stiffened Between the Bolts

Yield Internal Work Simplified Internal Work Number
Line of Lines
172 ber \( 8¢ +50 ber [ 8¢ 2

Ml (2 s -9 M2 ) s
3 Mp {(s+ pso)[280 ﬂ mp {E(SSC +8¢ Pso )} e
g g
2/3 2
mp[%(sc:se—e)ﬁ-S(zzc ﬂ mp [%(—)‘F 9 (8cs )}
2/4 {bcf— sc+se 8 - psoeﬂ {bisc(l i)—gﬁc(hiﬂ 2
pSO 2 S pSO 2 S pSO
3/4 pSo (26c H g 5 ) 2 2
|: + Pso g m E[Ej—i_a(ac pfo)
o, bi(e+6° ] el 2
| 2 Pso 2 pso
s B |
| 2 Psi 2 { psi
1/6 [ pe 2 2
w5 e {0 B ums
(2

5/6 mp{g(ﬁwpsi 9J+psi Sbﬂ m{g(iij é(abpﬁ)} 2

517 bcf 8b"'p5| m ﬁ 8_b+6 —g 6—b+9 2
2 P 2 \ Psi 2\ Psi

6/8 {% Py (%—Sa il H My {%(9)%{%(% fﬁ ﬂ} 2

7/8 {2 o ( Ba+ s ﬂ mp{g[%(8a+6b):l} °

e
™| wferaEa] | fo 3R] |
7/10 - {bf_—g(ﬂﬂ Oa

Pl2 s

1/9 o [( n, Sj(zza H mp F(aa 2 sasﬂ 2

9
| fiosem] | i |

1/10 |:bcf ( da —SQ):| |:bcf (Sa j:| 2
Mp| — 0+ Mp | —| —
2 S 2 s
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Summing up the internal work given in Table 3-10 and substituting da = h3 8, db = h2 6,
and oc = h1 6 results in the following equation for internal work:

b?{“( pto %}hz [pij%@} (2-13)

2t 3 o2 4

W| = 4mp9

The external work, WE, is given by Eq. (2-14). Setting the internal work and external work
equal results in Eq. (2-15).
We =Mpi0 (2-14)

b%{h{pi%} K (é}hs @} (2-15)

é{hl(psost)ﬂLhz(psi +%pbj+h3(s+%pbﬂ+%

This equation is further simplified into the form given in Eq. (2-16) by substituting the

Mp| :4mp

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (2-17).

Mp = prtszc (2-16)

bi{hl[i+lj+ h, (ij+ hs (EH+
2 Pso S Psi S

b (2-17)
2 1
E{hl(pso +5)+h2(psi +%pbj+h3[s+z pbﬂ+%

Note: Use pri=s if pii > s Use pro=s if po> S
To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (2-16), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (2-18).

1
S :?/bpg (2-18)
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3.5 Eight-Bolt, 4 Rows Configurations

This configuration of eight bolts on the column is associated with the MRE 1/3 Unstiffened
End-Plate, MRE 1/3 Stiffened End-Plate, and Eight-Bolt Extended Stiffened End-Plate. Figure 3-
8 shows the different configurations with varied stiffening and proximity to the top of the column.

The dimensions, hi, hz, hs, and ha, are the distance from the center of the beam compression flange

to the tension bolt lines.

"'-bcf"" -lbcfb— "-bcf-"
Kl Kl ¥l
- Felfe] 18 Tadfa] ts
I *1 % Ipyorc | =2 Lo i e SO Note: h1, hz, hs
ofle corp o o | DPsi 119__;L 1 Pso ) 12,
mh_ oo b b e P | el B _andh4arethe
h o efel R MR EIRS h ilelel 1R distance from the
haT hy hs center of the beam
hy @[ @ he o it e ol compression
ARR : : e PR L flange to the
ol o folle o e tension bolt lines.

a) Continuous b) Continuous Column

¢) Continuous Column

Co!umn Stiffened Below First Stiffened Below
Unstiffened Bolt Line Second Bolt Line
—--—bc{-n-— U —— bc:f -—
g — of
g —‘ ’—gp *g—‘
T T de i T T T de | 1 de
] R e Rt e EYES Sl F} I B
| corp, olle COP | bl g 'p: Tts i 1 pg
b T % N o e ol Po hy | ¢ e P he | & : Py
h2|l. 1 Xs hy b - S hy | [ &2 T8 he | ' -s
h3 h3 h:! h3 ‘
‘h4oo hyl ® || ® hy ® /| ’.‘4"
Tryy . ®g° yriv®g® L rvyy.® . °f
L IR ] e | o 1"‘_:_. e o
L ] L ] ] [ ] ® ™ [ ] [ ]
d) Top of e) Top of Column f) Top of Column g) Top of Column
Co!umn Stiffened with Stiffened Below Stiffened Below
Unstiffened Cap Plate First Bolt Line Second Bolt Line

Figure 3-8 Yield Line Pattern for Eight-Bolt, 4 Rows Configurations
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The following describes how the equation for each yield line parameter was obtained.

Table 3-11 summarizes the resulting yield line parameters.

a)

b)

9)

Continuous column that is unstiffened (Fig. 3-8(a)). The derivation is provided later
in this section.

Continuous column that is stiffened below the first bolt line (Fig. 3-8(b)). The
derivation is same as the Continuous Column Stiffened Between the Bolts of 6-bolt
Configuration (Figure 3.6b), pois replaced by 2pp and hs is replaced by ha.
Continuous column that is stiffened below the second bolt line (Fig. 3-8(c)). The
derivation is provided later in this section.

Top of a column that is unstiffened (Fig. 3-8(d)). The derivation is the same as the
column-side yield line parameter for the four-bolt configuration at the top of the
column.

Top of column with cap plate (Fig. 3-8(e)). The derivation is the same as the four-
bolt flush unstiffened end-plate with the following substitutions: psi = pep, pp =
2po+c, h2 = ha and bp = bt

Top of the column stiffened below the first bolt line (Fig. 3-8(f)). The derivation is
the same as the MRE Extended 1/3 Stiffened End-Plate (Alternate Pattern) with the
following substitutions: pri = psi, pro = Pso and bp = bet.

Top of the column stiffened below the second bolt line (Fig. 3-8(g)). The derivation
is the same as the Eight Bolt Extended Stiffened End-Plate (Alternate Pattern) with

the following substitutions: pri = psi, Pro = Pso, and bp = bcr.
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Table 3-11 Summary of Column Side Yield Line Parameters for

Eight-Bolt, 4 Rows Configurations

Configuration

Yield Line Parameter

Continuous Unstiffened
Column [Fig. 3-8(a)]

9
2

Continuous Column
Stiffened Below the First
Bolt Line
[Fig. 3-8(b)]

bt
2

= +h2 ! )+h4(lﬂ+...
Pso 5 Psi S

T NN

Ye

Note: Use psi=s if psi>s Use pso=S if pso > S

o= on (2] 2l Sos o 2o 2o
b

Continuous Column
Stiffened Below the Second
Bolt Line

[Fig. 3-8(c)]

[ERERRE)-
E{mﬁusjm( +psoj+h3( +ps']+h4[s+%ﬂ ’

Note: Use psi=S if psi>s Use pso=s if pso > S

Top of Column Unstiffened
[Fig. 3-8(d)]

bl (11,2 (L3 L 3
Y. = 5 {m(s) 2}g{hl(de+4(2pb+c))+h4[s+4(2pb+c)ﬂ+ 2

Top of Column with Cap
Plate [Fig. 3-8(e)]

Ye :b%f{hl(picpJ+h4 (%ﬂ+§[m(9cp +%(2 Po +C))+h4(5 +%(2 Po +C)ﬂ+—

Note: Use pep=S if pcp > S

9
2

Top of Column Stiffened
Below the First Bolt Line
[Fig. 3-8(f)]

et 1 1 1) 1
)3
§|:h1(pso +de)+h2(psi +%pbj+h4(% Po +sj}+37g

Note: Use psi=s if psi>s Use pso=s if pso > S

Top of Column Stiffened

Below the Second Bolt Line
[Fig. 3-8(9)]

2 pSO pSi S 2
2 3pb Po 3pb . Po 9
_|:h1[_+dej+h2(_+ psoj+h3(_+ p5|j+h4(5+ j:|+

Note: Use psi=s if psi>s Use pso=S if pso > S
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Derivation for the Continuous Unstiffened Column

The yield line pattern is shown in Figure 3-9. The rotation of each facet (facets are labeled
in Figure 3-9) is given in Table 3-12 and the internal work associated with rotation along each
yield line is given in Table 3-13. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 3-9. Variables associated with the virtual rotations, displacement, and end-

plate moment strength per unit length are described in Chapter 1.

Figure 3-9 Yield Line Pattern for the
Continuous Unstiffened Column
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Table 3-12 Rotation for Each Facet in the
Continuous Unstiffened Column

Facet O« Oy
1 0 0
2 (8q +50) /s 0
3 0 25419
4 0 (8a+8q¢)/9=(p+38:)/ 9
5 0 0
6 0 25,19
7 —(8a —s0)/s 0

Table 3-13 Internal Work Associated with Each Yield Line in the

Continuous Unstiffened Column

Yield Internal Work Simplified Internal Work Number

1/2 o (e (sd +se_ej . [bi][s_dj 2
Pl S Pl 2 S

2/3 . (gj[sd +se_9j+S 284 0 [gj&_d+ 2 2

"I 2 S g "Il2)s (g
3/4 g c 284 84 +84 g 2\ ¢ 8q  Oa 2
”‘p[(zje*%*p“(TTﬂ ”‘p{(ﬂe* g (53
405 mp{(Zpb +C)(MH mp[g {(Zpb +C)[8b+6c ﬂ :
g 9 2
4/6 g c 8q +08a 28, g 2 ,c 8¢ Oa 2
m{@“‘z”’“(T g H ”‘p{@e* 553
6/7 - 3a ), 2 2
Mp K%)((ﬂ a S Se]+s(22a H Mp {%(?}fa(s%)}

7/1 - bi£e+8a—sej bi(f»_aj 2
p s l2als

el ][ Rl |

3/1 2 2

my Ks+ Py +gj[%ﬂ mp (E]KSJF Po +%)6d}

2/5 0 ber — g (Sd +sej . 1(8—d+9j—g(6—d+e) 2
p 2 S P S 2\s

5/7 ) { H 2
p
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Summing up the internal work given in Table 3-13 and substituting da = hs 8, db= h3 6, oc
= h26, and 64 = h1 8 results in the following equation for internal work:

W, = 4mpe{b%{hl(%j+ ha Gj}ﬂm( Dy +%+ s] +hy (%%} +hy (%+%}+ ha (s)}+%} (3-19)

The external work, WE, is given by Eq. (3-20). Setting the internal work and external work
equal results in Eq. (3-21).
We = M6 (3-20)

M = 4m, {b%{hl[%j+h4 &j}ﬂm[pb +%+s)+ hy (%+%)+ hs (%Jr%}m(s)}%} (3-21)

This equation is further simplified into the form given in Eq. (3-22) by substituting the
moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as
given in Eq. (3-23).

Mo = prtszc (3-22)

\A :b%[hl[ﬂ+h4 G)}r%{h{ph +%+ s)+h2 (%+%}+h3 [%+%)+h4(s)}+% (3-23)

To obtain an equation for the dimension s, the equation for moment strength, Myl, is
minimized. The derivative of Eq. (3-22), taken with respect to the variable s, is set equal to zero

and solved for the variable s. The result is Eq. (3-24).

1
s=5 ber g (3-24)
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Derivation for the Continuous Column Stiffened Below the Second Bolt Line

The yield line pattern is shown in Figure 3-10. The rotation of each facet (facets are labeled
in Figure 3-10) is given in Table 3-14 and the internal work associated with rotation along each
yield line is given in Table 3-15. The yield lines are identified by the adjacent facet numbers (e.g.,
yield line 1/2 separates facets 1 and 2). Variables associated with the geometry of the connection
are shown in Figure 3-10. Variables associated with the virtual rotations, displacement, and end-

plate moment strength per unit length are described in Chapter 1.

Figure 3-10 Yield Line Pattern for the
Continuous Column Stiffened Below the Second Bolt Line
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Table 3-14 Rotation for Each Facet in the
Continuous Column Stiffened Below the Second Bolt Line

Facet Ox Oy
1 0 0
2 (&g +56)/s 0
3 0 25419
4 0 (8c+8d)/9
5 0 0
6 0 25: 19
7 —(8¢ = PsoB) / Pso 0
8 (8 + PsiB) / psi 0
9 0 28y /9
10 0 (8a+3p)/ g
11 0 0
12 0 28419
13 —(8a —s6) /s 0

Table 3-15 Internal Work Associated with Each Yield Line in the
Continuous Column Stiffened Below the Second Bolt Line (Part 1 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
1/2 ber 84 +560 ber & 2
Myl (2=~ 0)] o[- ()]
213 mpl (P50 gy 4520y mol &%)+ 2 (5541 2
2 S g 2°s g
2/5 bet —9 84 +56 bt 8a 9,84 2
mp[—2 (——1 mp[ 5 (S +0) 2( s +0)]
1/3 28 2 2
mpl(s-+22) =] Mol 3 (s+2)]
3/4 9, Po 204 8c+3q 2| po (84 -8 2
M0 Gy g ) ”‘p{%(wa{—b( i )}
4/5 o 8¢ +84 nl2 ( pb60+pb6dj 2
p| Po 9 p 9 2
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Table 3-15 Internal Work Associated with Each Yield Line in the
Continuous Column Stiffened Below the Second Bolt Line (Part 2 of 2)

Yield Internal Work Simplified Internal Work Number
Line of Lines
T (i m o 2 pr) ak)] |2
T eeam] | o] |
T e ]| ) den] |

5/7 _bcf _g(gc_psoej:|

pSO

Bl |
pSO 2 pSO

1/7 o (e+ 8¢ — psoe)

bCf 8(; 2
mp 7 E

1/8 - b%f[Sb+Psi9_eJ m{bi(a—bﬂ 2
L Psi 2\ Psi
| o] |
my| 2| 22252 g [+ p mp | 2 22 |+=( pgid
p|:2 Psi P g P Psi g(p b)
8

2
8/11 | Bt —9( 8 +psif mo| 2B 9] 98 g 2
P 2 Psi "l 2 Psi 2\ psi

O I
IR o B Lt e B
RS g R
T I e s e L
T W | s |
g I | O 5 s I

1/12 m"KH B j(% ﬂ mp[g(sasﬁazpb ﬂ 2

1/13 {bcf ( —84 +seﬂ {bcf (6a H 2
Mp | — 0— My | —| —
2 S 2 s
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Summing up the internal work given in Table 3-15 and substituting da = hs 8, db= h3 6, oc

= h26, and 64 = h1 8 results in the following equation for internal work:

BN

3po Po Po
a{hl( 4 +sj+h (T+Psoj+h3(_+ ps,)+h4(s+7ﬂ+g

The external work, WE, is given by Eq. (3-26). Setting the internal work and external work

equal results in Eq. (3-27).
We =My 0

b%{“l@*m (o)l GH (3-27)
E[m(3zb+sj+h [%+ Ps°j+h3[3%+ Psi)+h4(5+%ﬂ 9

g
This equation is further simplified into the form given in Eq. (3-28) by substituting the

moment capacity per unit length, mp, from Chapter 1, and defining the yield line parameter, Y, as

(3-26)

Mp| :4mp

given in Eq. (3-29).

b%{hl(%} hy (i}m [é}m &j} 520
—{hl(?’%+sj+h (i + p50]+h3(3%+ ps,j+h4(s+p7ﬂ+g

g
To obtain an equation for the dimension s, the equation for moment strength, Mpl, is

minimized. The derivative of Eq. (3-28), taken with respect to the variable s, is set equal to zero

(3-28)

Ye

and solved for the variable s. The result is Eq. (3-30).

1
s=5 bet g (3-30)
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3.6 Eight-Bolt Four-Wide Configurations

This configuration of eight bolts on the column is associated with Eight-Bolt Extended
Four-Wide Unstiffened End-Plate. Figure 3-11 shows the different configurations with varied
stiffening and proximity to the top of the column. The dimensions, h1, and hz, are the distance from

the center of the beam compression flange to the tension bolt lines.

b= —~—— by -
9 o
- -5 -~ S
l. .... 'C lts ..--.. :pso
I oo oo l oo || el ) Psi
| -
h2 h2
‘. l L N ] L I ] .' l L N ] L N ]
[ N ] e e . [ ]
a) Continuous b) Continuous
Column Stiffened Between the
Unstiffened Bolts
- bt‘-‘f = = ef ™ ~ bcf -
9 de g e
i oo_idoT i oo oo 1 Pep i oooo ,ge
4 ‘C yiil ‘C ter e — s_o
‘—‘— oo;\_i___j.o s A oo'\‘goo s Too o0 si
h, ‘ h, h; ‘
h, h, h,
'Y‘ l.... " o® | o0 ' .. e
o0 o0 o0 [ X ] [ N ] : [ I ]
c) Top of d) Top of Column e) Top of Column
Column Stiffened with Stiffened
Unstiffened Cap Plate Between the Bolts

Figure 3-11 Yield Line Pattern for Eight-Bolt Four-Wide Configurations
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The following describes how the equation for each yield line parameter was obtained.

Table 3-16 summarizes the resulting yield line parameters.

a)

b)

d)

Continuous column that is unstiffened (Fig. 3-11(a)). The derivation for the yield
line parameter is the same as the four-bolt unstiffened flush end-plate with the
following substitutions: psi = s, pp = ¢ and bp = ber.

Continuous column that is stiffened below the first bolt line (Fig. 3-11(b)). The
derivation is same as the column-side yield line parameter for the four-bolt
configuration stiffened between the bolts.

Top of a column that is unstiffened (Fig. 3-11(c)). The derivation is the same as the
column-side yield line parameter for the four-bolt configuration at the top of the
column.

Top of column with cap plate (Fig. 3-11(d)). The derivation is the same as the four-
bolt unstiffened flush end-plate with the following substitutions: pfi= pcp, pp = C
and bp = bef.

Top of the column stiffened below the first bolt line (Fig. 3-11(e)). The derivation
is the same as the four-bolt extended stiffened end-plate (Alternate Pattern) with

the following substitutions: pfi= psi, Pro = Pso, and bp = bet.
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Table 3-16 Summary of Column Side Yield Line Parameters for the
Eight-Bolt Four-Wide Configurations

Configuration

Yield Line Parameter

Continuous Unstiffened
Column [Fig. 3-11(a)]

AP

Continuous Column Stiffened
Between the Bolts
[Fig. 3-11(b)]

bcf

R e R e | I LTSN T

S Pso i

Note: Use psi=S if psi>s  Use pso=S if pso > S

Top of Column Unstiffened
[Fig. 3-11(c)]

Ye :bi{hz (ij—l}g[m(de +§cj+hz (s+£cﬂ+3—g
2 s) 2| g 4 4 4

Top of Column with Cap
Plate [Fig. 3-11(d)]

BLCA P R P R 3 Le)+2
Y. = ) {hl[pcp]+hg(sﬂ+g{m[pcp+4cj+hz(s+4cﬂ+2

Note: Use pep=s if pcp > S

Top of Column Stiffened
Between Bolts
[Fig. 3-11(e)]

be 1 1 1) 1| 2
Ye =7f|:hl{ pSOJ"‘hZ (_+_]_E:|+E|:hl(pso +de)+h2(psi +S):|+ 4

Psi S

Note: Use psi=s if psi>s  Use pso=S if pso > S

9
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3.7 Twelve Bolt 4Wx2/2Wx2 Configurations

This configuration of twelve bolts on the column is associated with Twelve-Bolt MRE 1/3
Unstiffened End-Plate. Figure 3-12 shows the different configurations with varied stiffening and
proximity to the top of the column. The dimensions, hi, hz, hs, and has, are the distance from the

center of the beam compression flange to the tension bolt lines.

= bcf - - bcf -
s K
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I it et I |22 Tpo
I ° Q ‘o e| — O i .0 (X3 —gsi
| YIS | T m T [ S | Th
hy | T2l s hy | T[0T s
h3 ‘ h3
hy) @ | @ hy ef e
‘ o/l o ol @
Prryeejes frryjeejee
o L N ] *® .. ..
a) Continuous b) Continuous Column
Column Stiffened Below First
Unstiffened Bolt Line
e bcf — (- bcf -l —— bcf -—
g g ’—E—
i oo e .29 oo oo ;ECP It -1—0.5_6-&- {gzo
- N —k \ f#h | Psi
‘i OOEQO Dy ﬁ..:.. Dy \ .... |p
AN R TN R Y
h, *.2 ] Is hy, &1 ®[® S hz‘l e} s
hs hy hy |
h, e e h, (I ) h, el e
o e ol o ‘ ol e
“’l. [ N "r".l [ N ] "" [ ] [ N ]
[ N [ N ] o0 L N ] | N ] [ N ]
¢) Top of d) Top of'CoI.umn &) Top of Column
Column Stiffened with Stiffened Below
Unstiffened Cap Plate First Bolt Line

Figure 3-12 Yield Line Pattern for Twelve Bolt 4Wx2/2Wx2 Configurations
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The following describes how the equation for each yield line parameter was obtained.

Table 3-17 summarizes the resulting yield line parameters.

a)

b)

d)

Continuous column that is unstiffened (Fig. 3-12(a)). The derivation for the yield
line parameter is the same as the four-bolt unstiffened flush end-plate with the
following substitutions: po = 2pp+c, h2 = ha, pri= s and bp = ber.

Continuous column that is stiffened below the first bolt line (Fig. 3-12(b)). The
derivation is the same as the Continuous Column Stiffened Below First Bolt Line
of 8-bolt Configuration (Figure 3.8b).

Top of a column that is unstiffened (Fig. 3-12(c)). The derivation is the same as the
column-side yield line parameter for the four-bolt configuration at the top of the
column with the following substitutions: p» = 2ps+cand hz = ha.

Top of column with cap plate (Fig. 3-12(d)). The derivation is the same as the four-
bolt unstiffened flush with the following substitutions: po = 2po+c, h2 = ha, pfi = pep
and bp = bef.

Top of the column stiffened below the first bolt line (Fig. 3-12(e)). The derivation
is the same as the MRE 1/3 Stiffened End-Plate (Alternate Pattern) configuration
with the following substitutions: pfi = psi, Pfo = Pso, h3=ha, and bp = ber.
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Table 3-17 Summary of Column Side Yield Line Parameters for
Twelve Bolt 4Wx2/2Wx2 Configurations

Configuration

Yield Line Parameter

Continuous Unstiffened et 1 1\] 2 3 3 1 1 g
Yc=7 | = [+hg| =] |+—| s+5pb+zc +hy s+5pb+zc +E
Column [Fig. 3-12(a)] s s/
Continuous Column byt { 1 1 1 1
— hl(—+—]+ h, (—j+ hy (—ﬂ+
Stiffened Below the First =) 2L \Po s Psi s
Bolt Line §|:hl(pso +s)+h, ( Psi +§ pbj+h4(5+% Pbﬂ+%
[Fig. 3-12(b)] : .
Note: Use psi=s if psi>s Use pso=s if pso > S
Top of Column
Unstiffened [Fig. 3- Y. :bi{m (EJ—E}+E[M(de .3 o +§Cj+ h4(s+£ o +£CH+3_g
Top of Column with Ca
P P Yc:bilihl[i}rm(lj}g{hl(pcp+§pb +§cj+h4[s+£pb +10H+g
Plate [Fig. 3-12(d)] 2 Pep s/)] 9 2 4 2 4 2

Note: Use pep=S if pcp > S

Top of Column Stiffened
Below the First Bolt Line
[Fig. 3-12(e)]

b
2

o))
Pso Psi S
§|:h1(pso +de)+h2(psi +g pbj+ h4(5+%pbj:|+

Note: Use psi=s if psi > S

1
- |+..
2}

39
4

Use pso=S if pso > S
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3.8  Twelve Bolt 2W/4Wx2/2W Configurations

This configuration of twelve bolts on the column is associated with Twelve-Bolt Extended
Stiffened End-Plate configuration. Figure 3-13 shows the different configurations with varied
stiffening and proximity to the top of the column. The dimensions, hi, hz, hs, and hs, are the

distance from the center of the beam compression flange to the tension bolt lines.

—-—bcf—-- —— bcf -—
ﬁ---o”t--- LS oo £s
— |eelee Po oo o0 ‘pb
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h3 h3
‘h4 o e h, efj e
Trry|®ejee f1yee oo
TEEX oo/ oo
o/l o o e

a) Continuous b) Continuous Column

Column Stiffened Below
Unstiffened Second Bolt Line
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g ee| 0o Po I_ : :. _|_pb A .: : P
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h, ‘ \ hall| Pt ~ S h, T bl i 1s 1h2 i e ey 7 gb
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Unstiffened Cap Plate Second Bolt Line

Figure 3-13 Yield Line Pattern for Twelve Bolt 2W/4Wx2/2W Configurations
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The following describes how the equation for each yield line parameter was obtained.

Table 3-18 summarizes the resulting yield line parameters.

a)

b)

d)

For a continuous column that is unstiffened (Fig. 3-13(a)), the derivation for the
yield line parameter is the same as the four-bolt flush unstiffened end-plate with the
following substitutions: po = 2pp + ¢, h2 = ha, pri=s and bp = bcr.

For a continuous column that is stiffened below the second bolt line (Fig. 3-13(b)),
the derivation is the same as the column-side pattern for the Eight-Bolt 4 Rows
configuration. (Figure 3-7c¢).

For the top of a column that is unstiffened (Fig. 3-13(c)), the derivation is the same
as the column-side yield line parameter for the four-bolt configuration at the top of
the column with the following substitutions: h2 = hs4, ¢ = 2pp+c.

For the top of column with cap plate (Fig. 3-13(d)), the derivation is the same as
the four-bolt flush unstiffened end-plate with the following substitutions: hz = ha,
Pfi = Pep, Pb = 2Ppp+C and bp = ber.

For the top of the column stiffened below the second bolt line (Fig. 3-13(e)), the
derivation is the same as the Eight-Bolt Extended Stiffened End-Plate (alternate
pattern) configuration with the following substitutions: pri = psi, pfo = Pso, and bp =
bet.
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Table 3-18 Summary of Column Side Yield Line Parameters for

Twelve Bolt 2W/4Wx2/2W Configurations

Configuration

Yield Line Parameter

Continuous
Unstiffened Column
[Fig. 3-13(a)]

bt 1 1] 2 3 3 1 1 g
Ye=—| | = [+hy| = |[+= Zpp+=c|+h Zppt= 2
T Msj+ “(sj}g{m(”zpbucj* “(”2"”4%3

Continuous Column
Stiffened Below the
Second Bolt Line
[Fig. 3-13(b)]

bi{hl(lj+h2 (ij+h3 [i}rm (lﬂ+
2 S Pso Psi S
S[m(s%+sj+hz [%Jr psoj+h3(3%+ psi)+ m(%+sﬂ+ g

Note: Use psi=s if psi>s Use pso=S if pso > S

Top of Column
Unstiffened [Fig. 3-
13(c)]

bt 1) 1| 2 3 3 1 1 39
Ye=—/ | = |-=|+— de +— —C [+hs| s+= ~c —
c 2{4&) 2}+g|:h1(e+2pb+4 j+ 4[ +2pb+4)ﬂ+4

Top of Column with
Cap Plate [Fig. 3-
13(d)]

Yc_{ 2 |:h1{pcpJ+h4(Sj}+g|:hl(pcp+2 pb+4Cj+h4[S+2 pb+4cj:|+2

Note: Use pep=s if pcp > S

|

Top of Column
Stiffened Below the
Second Bolt Line
[Fig. 3-13(e)]

bet 1 1 1 1
7|ih2(gj+h3[a]+h4(;j—§:|+

2| (3P Po 3 Pl 59
g{hl( 2 +dej+h2( 1 +psoj+h3( 4 +ps.j+h4(s+ 1 ﬂ+ 1

Note: Use psi=S if psi>s  Use pso=s if pso > S
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