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Current-Mode Control:

Modeling and its Digital Application

Jian Li

(Abstract)

Due to unique characteristics, current-mode control architectures with different
implementation approaches have been widely used in power converter design to achieve
current sharing, AVP control, and light-load efficiency improvement. Therefore, an
accurate model for current-mode control is indispensable to system design due to the
existence of subharmonic oscillations. The fundamental difference between current-mode
control and voltage-mode control is the PWM modulation. The inductor current, one of
state variables, is used in the modulator in current-mode control while an external ramp is
used in voltage-mode control. The dynamic nonlinearity of current-mode control results in
the difficulty of obtaining the small-signal model for current-mode control in the frequency
domain. There has been a long history of the current-mode control modeling. Many
previous attempts have been made especially for constant-frequency peak current-mode
control.  However, few models are available for variable-frequency constant on-time
control and V2 current-mode control. It’s hard to directly extend the model of peak
current-mode control to those controls. Furthermore, there is no simple way of modeling
the effects of the capacitor ripple which may result in subharmonic oscillations in V2
current-mode control. In this dissertation, the primary objective to investigate a new and
general modeling approach for current-mode control with different implementation

methods.

First, the fundamental limitation of average models for current-mode control is
identified. The sideband components are generated and coupled with the fundamental
component through the PWM modulator in the current loop. Moreover, the switching
frequency harmonics cannot be ignored in the current loop since the current ripple is used
for the PWM modulation. Available average models failed to consider the sideband effects

and high frequency harmonics. Due to the complexity of the current loop, it is difficult to



analyze current loop in the frequency domain. A new modeling approach for current-mode
control is proposed based on the time-domain analysis. The inductor, the switches and the
PWM modulator are treated as a single entity to model instead of breaking them into parts
to do it. Describing function method is used. Proposed approach can be applied not only
to constant-frequency modulation but also to variable-frequency modulation. The
fundamental difference between different current-mode controls is elaborated based on the

models obtained from the new modeling approach.

Then, an equivalent circuit representation of current-mode control is presented for the
sake of easy understanding. The effect of the current loop is equivalent to controlling the
inductor current as a current source with certain impedance. The circuit representation

provides both the simplicity of the circuit model and the accuracy of the proposed model.

Next, the new modeling approach is extended to V* current-mode control based on
similar concept. The model for V* current-mode control can accurately predict
subharmonic oscillations due to the influence of the capacitor ripple. Two solutions are

discussed to solve the instability issue.

After that, a digital application of current-mode control is introduced. High-
resolution digital pulse-width modulator (DPWM) is considered to be indispensable for
minimizing the possibility of unpredicted limit-cycle oscillations, but results in high cost,
especially in the application of voltage regulators for microprocessors. In order to solve
this issue, a fully digital current-mode control architecture which can effectively limit the
oscillation amplitude is presented, thereby greatly reducing the design challenge for digital
controllers by eliminating the need for the high-resolution DPWM. The new modeling
strategy is also used to model the proposed digital current-mode control to help system

design.

As a conclusion, a new modeling approach for current-mode control is fully
investigated. Describing function method is utilized as a tool in this dissertation.
Proposed approach is quite general and not limit by implementation methods. All the

modeling results are verified through simulation and experiments.
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Chapter 1. Introduction

1.1 Research Background: Current-Mode Control

Current-mode control has been widely used in the power converter design for several
decades [1][2][31[41[51[6][71[8][9]. The fundamental difference between voltage-mode
control and current-mode control is the PWM modulation. In voltage mode control, as
shown in Figure 1.1, a fixed external ramp is used to compare with the control signal v, to
generate the duty cycle in the PWM modulator. Usually, there is only one loop in voltage-
mode control. However, in current-mode control, as shown in Figure 1.2, the sensed
inductor-current ramp, which is one of state variables, is used in the PWM modulator.

Generally speaking, two-loop structure has to be used in current-mode control.
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Figure 1.1. Voltage-mode control: (a) control structure, and (b) modulation principle
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Figure 1.2. Current-mode control: (a) control structure, and (b) modulation principle

There are many different ways to implement current-mode control. One of the
earliest implementations is known as the “standardized control module” (SCM)
implementation [4]. The inductor-current ramp is obtained by integrating the voltage
across the inductor. Essentially, only AC information of the inductor current is maintained
in this implementation. Later, the “current injection control” (CIC) was proposed in [5].
The active switch current which is part of the inductor current is sensed usually with a
current transformer or resistor in series with the active switch. During the on-time period,
the active switch current is the same as the inductor current, so peak current protection can
be achieved by the limited value of the control signal v.. Except the DC operation,

systems behave the same as the SCM implementation.

Different modulation schemes in current-mode control were summarize in [6],
including peak current-mode control, valley current-mode control, constant on-time control,

constant off-time control, and hysteretic control, as shown in Figure 1.3. The first two

2
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schemes belong to the constant-frequency modulation, and the rest belong to the variable-

frequency modulation.
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Figure 1.3. Different modulation schemes in current-mode control: (a) peak current-mode
control, (b) valley current mode control, (c) constant on-time control, (d) constant off-time control,

and (e) hysteretic control

Other than those current-mode controls mentioned above, the “average current-mode
control” is somewhat different [7][8]. A low-pass filter is added into the feedback path of
the inductor current in order to control the average inductor current and improve the noise
immunity. Similar concept was also proposed as the “charge control” [9] to control the

average input current.

1.2 Applications of Current-Mode Control

Due to its unique characteristics, current-mode control is indispensable to power
converter design in almost every aspect. A few applications of current-mode control are

introduced in the following paragraphs.
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A. Current sharing

With the development of information technology, telecom, computer and network
systems have become a large market for the power supply industry [10]. Power supplies
for the telecom, computer and network applications are required to provide more power
with less size and cost [11][12]. To meet these requirements, the distributed power system
(DPS) is widely adopted. Instead of using a single bulky power supply to provide the final
voltages required by the load, the distributed power system is characterized by distribution
of the power processing functions among many power processing units [13]. One typical
DPS structure based on the modular approach is the intermediate bus structure [14][15], as
shown in Figure 1.4. Because of this modular approach, DPS system has many advantages
comparing with conventional centralized power systems, such as less distribution loss,

faster current slew rate to the loads, better standalization and ease of maintenance [16][17].

AC Input Bus DC Bus

prc I FotEm D
f J

DCIDC

Front End
ACR) Ry /

- Front End

DCiDC

Figure 1.4. A typical distributed power system

Paralleling module approach for point-of-load (POL) converters has been
successfully used in various power systems. The multi-phase buck converter topology can
be treated as an example to demonstrate the benefits of this approach in terms of thermal
management, reliability and power density. However, it is the nature of voltage sources
that only one unit can establish the voltage level in a paralleling system. Even a small
difference between paralleled modules will cause the current imbalanced. With unequal
load sharing, the stress placed on the individual module will be different, resulting in some

units operating with higher temperatures — a recognized contributor to reduced reliability.
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Therefore, the challenge in paralleling modular supplies is to ensure predictable, uniform

current sharing-regardless of load levels and the number of modules.

There are many methods to achieve current sharing among different modules
(phases). One of the most popular methods is the active current sharing method with
current-mode control [18]. As shown in Figure 1.5, a current sharing bus is easily built by
the control signal in peak current-mode control. It usually provides a common current
reference. Each phase then adjust its own control to follow this common reference thus the

load current will finally evenly distributed among these phases.

V|

l

‘K?W

Figure 1.5. A multi-phase buck converter with peak current-mode control

B. Adaptive Voltage Positioning (AVP) Control

In order to provide power to the microprocessor with high current and low voltage
demand, a dedicated power supply named voltage regulator (VR) is used. In low-end
computer systems, since there is no isolation requirement, multi-phase buck converters are
widely used in VRs because of their simple structure, low cost and low conduction loss.

Current VR faces the stringent challenge of not only high current but also a strict transient

5
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response requirement. In the Intel VRD 11.0 specification, the maximum current slew rate
is 1.9A/ns at the CPU socket [19]. Figure 1.6 shows the VR output load line from the Intel
VRD 11.0 specification. The vertical axis is the VR output voltage deviation from the
voltage identification (or VID, which is a code supplied by the processor that determines
the reference output voltage), and the horizontal axis is the CPU current (Icc). The

maximum, typical and minimum load lines are defined by:

Vmax = VID—RLL 'Icc (11)
V, =VID-R, -1, -TOB (1.2)
V..=VID-R,, -1 —-2TOB (1.3)

where Ryp is the load-line impedance and TOB is the tolerance band. The VR output

voltage should be within this load line band for both static and transient operation.
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Figure 1.6. Load-line specification of Intel VRD 11.0

Figure 1.7 shows the relationship between the load-line specifications and the time
domain waveforms [19]. When the CPU current (I, = L) is low, the VR output voltage
should be high, and when the CPU current is high, the VR output voltage should be low.
The VR output voltage must also follow the load line during the transient, with one
exception. During the load step-down transient, the VR output voltage can be over Vax
load line for 25us. This overshoot should not exceed the overshoot relief, which is

VID+50mV in the VRD 11.0 specification.
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Figure 1.7. The relationship between the load-line specifications and time domain waveforms

Adaptive voltage positioning (AVP) control is widely used to achieve constant-
output impedance design to meet the load-line requirement [19][20][21][22][23][24].
Current-mode control architecture shown in Figure 1.8 is endowed with the capabilities of

controlling both the output voltage and the inductor current, which is one of key factors to

achieve AVP control.
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Figure 1.8. Current-mode control to achieve AVP

C. Light-load efficiency improvement

With the emergence of important climate saving legislation such as 80 PLUS,

Climate Savers and EnergyStar' 5, it’s time to reexamine DC-DC systems to improve

efficiency across the entire load spectrum.
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Focusing on a typical notebook personal computer, the CPU goes into sleep states
very frequently, as shown in Figure 1.9. When the CPU goes into sleep mode, the clock
frequency and the supply voltage are reduced, which means power consumption of the
CPU is decreased to a very low level. Therefore, light-load efficiency of the VR is very

important for battery life extension.

CPU Work Stat
(o] e
Power co co co
Deeper Sleep
- States
[€1c2 ¢3  c3 c2Ct Clc2e3 3 €2C1

Time
Figure 1.9. CPU power chart

Figure 1.10 shows an example of the light-load efficiency expectation from Intel.
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Figure 1.10. Light-load efficiency target for laptop voltage regulators

The expected efficiency is 90% for the active state (9A to 45A), 80% at 1A, and 75%
at 300mA for the sleep states. Since the fixed power loss, which consists of gate driving
losses, core losses, etc., becomes dominant at light load, it is very challenging to meet the

efficiency requirement.
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At the light load condition, switching-related loss dominates the total loss. Thus,
constant on-time control is widely used to improve light-load efficiency, since the
switching  frequency can be lowered to reduce switching-related loss

[25][26][27][28][29][30]. The general constant on time control structure is shown in
Figure 1.11.
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Figure 1.11. Constant on-time control

The V? type implementation of constant on-time control is used for practical design,

as shown in Figure 1.12.
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Figure 1.12. V* constant on-time control

Equivalent series resistor (ESR) of the output capacitor is used as a sensing resistor.

It means that the output voltage ripple, which includes the inductor-current information,

9



Jian Li Chapter 1. Introduction

can be directly used as the ramp for the PWM modulation. The benefits of the V? type
implementation is its simplicity and capability of automatic switching frequency variation.
The switching frequency is related to the load at the discontinuous conduction mode

(DCM), as shown in Figure 1.13: the lighter the load is, the lower the switching frequency.

Switching frequency vs. lo
350

300 {-
71<]0JE RSN RSSO ——
7101

B 180 froofep ]
100 e

50 O PP [

kHz)

lo (A)
DCM cCM

Figure 1.13. Switching frequency variation of V? constant on-time control

D. Digital implementation

Recently, digital power supplies have become more and more popular in the field of
power electronics. Power supplies with a digital controller can overcome many drawbacks
of those with an analog controller, and provide more functions that can improve the system

performance, such as noise immunity, programmability and communication capability.

However, the design of a low-cost and high-performance digital controller is still a
challenge. At present, voltage-mode control architecture is widely used in digital
controller design. High-resolution digital pulse-width modulator (DPWM) is considered to
be indispensable for minimizing the possibility of unpredicted limit-cycle oscillations, but
results in high cost, especially in the application of the voltage regulator (VR) for
microprocessors. Figure 1.14 shows the clock frequency requirement to achieve 3mV
output-voltage resolution under different switching frequencies in the VR application
(assuming V;, = 12V). As shown in the graph, even for a 300-KHz switching frequency
VR, the system clock frequency has to be 1.2 GHz to meet the resolution requirement.

Over GHz clock frequency is not feasible for practical implementation.

10
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Figure 1.14. System clock frequency requirement for digital controllers with voltage-mode

control

One of the keys to solving this issue is the selection of suitable digital control
architecture. ~ Current-mode control provides more opportunities for the digital
implementation. In this dissertation, a digital current-mode control structure is proposed
based on V* current-mode control to eliminate the need for high-resolution DPWM, as
shown in Figure 1.15. The clock frequency requirement is reduced from over 1 GHz to

tens of MHz. Details about the digital implementation will be introduced in Chapter 5.
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Figure 1.15. Proposed digital current-mode control architecture
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1.3 Review of Previous models for Current-Mode Control

Due to the popularity of current-mode control, an accurate model for current-mode

control is indispensable to system design.

As mentioned before, the fundamental difference between voltage-mode control and
current-mode control is the PWM modulation. A fixed external ramp is used in voltage-
mode control, while the inductor current ramp, which is one of state variables, is used in
current-mode control. This dissimilarity brings a unique characteristic of subharmonic
oscillations in current-mode control. As shown in Figure 1.16, when the duty cycle d is
greater than 0.5 in peak current-mode control, subharmonic oscillations occur. It means
that there exists instability issue when the current loop is closed. Practically, an external
ramp is added to help stabilize the system. Besides, the inductor current is influenced by
the input voltage and the output voltage, which makes the PWM modulator highly
nonlinear and hard to model. Due to the comlication mentioned above, exploration of a
small-signal model for current-mode control in the frequency domain is a challenge to

researchers.

(b)

Figure 1.16. Subharmonic oscillations in peak current-mode control: (a) D < 0.5, and (b) D>0.5

Many previous attempts have been made to model current-mode control, particularly
peak current-model control. The modeling methodologies can be categorized into several
groups and listed as follows.

12
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A. “Current source” model

The “current-source” concept is the simplest way to model current-mode control [40].
Based on this concept, the inductor current is treated as a well-controlled current source, as
shown in Figure 1.17, which is a simple interpretation of current-loop effects. This model
provides very good physical insight to power supply designers. However, this model is is

too simple to predict subharmonic oscillations and the audio susceptibility.

Vin
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=
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Figure 1.17. current-mode control: (a) control structure, (b) “current source” concept

B. Average model

Due to the presence of the low-pass filter in the power stage, the average concept is
sucessfully used in the modeling of power converters [31][32][33][34][35][36][37][38].
The average models for peak current-mode control are built upon the average model for the
power stage [39][40][41][42][43][44][45][46][47][48][49][50]. The sensed inductor-
current information is fed back to the modulator directly, as shown in Figure 1.18. The

relationship between the inductor current, the control voltage and the duty cycle, e.g. the

13
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modulator gain F,, is different due to different modeling processes by using geometrical

calculations. The loop gain is used to represent the influence of the current loop.

(s) Vo(s)
VS Power Stage -
" Model 1{s)
7y
d(s)
\ 4
Fm Ri
y ¥
<
+
ve(s)

Figure 1.18. Average model for current-mode control

In order to model the effect of the variation of the inductor current ramp, two

additional feed forward gain and feedback gain are added by R. D. Middlebrook [41].
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Figure 1.19. Average model for current-mode control with two additional feed forward gain and

feedback gain
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The low-frequency response can be well predicted by the average models. However,
one common issue of the average models is that they failed to predict the high-gain effect
at half of the switching frequency, which means that they can’t predict subharmonic

oscillations in peak current-mode control, as shown in Figure 1.20.
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Figure 1.20. Control-to-output transfer function comparison (D=0.45)

C. Discrete-time model

Discrete-time analysis is applied to model current-mode control. In [51][52], F. C.
Lee utilized numerical techniques to obtain the transfer fucntion, while it is too

complicated to be used in practical design.

The analytical prediction of current loop instability in peak current-mode control was
firstly achieved by the discrete-time model proposed by D. J. Packard [34] and A. R.
Brown [53]. The analysis was performed based on the time-domain waveform of the

inductor current, as shown in Figure 1.21.
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Figure 1.21. Discrete-time analysis: (a) natural response, and (b) forced response

The response of the inductor current is divided into two parts, including the natural

response and the forced response. The discret-time expression can be found as:
Natural response: fL k+)=-a- fL (k) (1.4)
Forced response: i, (k+D)=0+a)/R, -V, (k+1) (1.5)

where o =(s, —s,)/(s, +5,), sn is the magnitude of the inductor current slope during the
on-time period, s¢is the magnitude of the inductor current slope during the off-time period,
se 1s the magnitude of the external ramp, and R; is the sensing gain of the inductor current.

Based on the combination of two parts, the control-to-inductor current transfer
function in the discrete-time domain can be calculated as:
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i,(z) l+a z
v.(z) R z+a

H(z) = (1.6)
The discrete-time transfer function shows that there is a pole loacated at a. The
system stability is determined by the absolute value of a, which is a function of s,, s¢, and
se. The absolute value of a has to be less than 1 to guarantee system stability. For example,
when se=0 and s,<s¢ (D>0.5), the absolute value of a is larger than 1, which means the
system is unstable. This model can accurately predict subharmonic oscillations and the
influence of the external ramp in peak current-mode control and valley current-mode

control. However, it is too complicated to be used in practical design.

D. Sampled-data model

In order to model peak-current mode control in the continuous-time domain instead
of the discrete-time domain, sample-data analysis by A. R. Brown [53] is performed to

explain the current-loop instability in the s-domain, as shown in Figure 1.23.

TSW

K ‘_Ke-zsq-. HT fe=

Figure 1.22. Sample-data model

With simplified power stage (no output capacitor), the current-loop gain can be

calculated as:
T =H'[e®(sI-A)7"TK (1.7)
Therefore, the system poles without the external ramp can be calculted as:

s =2 ln(D
P 2zr D

)+ j(n+1/2)o, (1.8)
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It’s clearly shown that, when the duty cycle D is greater than 0.5, system poles are

located at the right-half plane, which means the system is unstable.

Although the sampled-data model can precisely predict the high-freqeuncy response,

it is hard to be used, just like the discrete-time model.

E. Modified average model

In order to extend the validation of the averaged models to the high-frequency range,
several modified average models are proposed based on the results of discrete-time

analysis and sample-data analysis [54][55][56][57][58][59] [60][61][62].

One of popular models is investigated by R. Ridley [56], which provided both the
accuracy of the sample-data model and the simplicity of the three-terminal switch model.
Essentially, R. Ridley’s modeling strategy is based on the hypothesis method. In this
method, first, the control-to-inductor current transfer function is obtained by transferring

previous accurate disctrete-time transfer function (1.6) into its continuous-time form:

i(s) _1l+a e’ —1
v.(s) R, sT, e +a

(1.9)

Then, “sample and hold” effects are equivalently represented by the Hc(s) function
which is inserted into the feedback path of the inductor current in the continuous avarge
model, as shown in Figure 1.23. Another form of the control-to-inductor current transfer

function can be calculated based on this assumed average model:

i (s) _ F,F,(s)
v(s) 1+F,F(s)RH,(s) (1.10)

Finally, based on (1.9) and (1.10), the He(s) function is obtained as

sT

H (s)=—>— 1.11
()= (L11)

Following the same concept used in [41], the complete model is completed by adding
two additional feed-forward gain and feedback gain. Due to its origination from the

discrtete-time model, there is no doubt that this model can accurately predict subharmonic
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oscillations in peak current-mode control and valley current-mode control. According to
the control-to-output transfer function, as shown in Figure 1.24, the position of the double

poles at high frequency is determined by the duty cycle value.
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Figure 1.24. Control-to-output transfer function based on R. Ridley’ model (s.= 0)

Another of modified models is proposed by F. D. Tan and R. D. Middlebrook [58].
In order to consider the sampling effects in the current loop, one additional pole needs to

be added to a current-loop gain derived from the low-frequency model, as shown in Figure

1.25.
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Figure 1.25. F.D. Tan and R. D. Middlebrook’s model for peak current-mode control

Further analysis based on the modified models above is discussed for peak current-
mode control [60][61][62]. The models for average current-mode control and charge

control are obtained by extending the modified average model [63][64][65].
So far, R. Ridley’s model is the most popular model for system design.

F. Other models

As mentioned before, the relationship between the inductor current, the control
voltage and the duty cycle is majorly derived by using geometrical calculations in previous
average models. However, in [66][67], Krylov-Bogoliubov-Mitropolsky (KBM) algorithm
is applied to achieve the similar goal. KBM algorithm is used for recovering waveform
details of state variables from their average values and the corresponding averaged model

[68]. Therefore, the instantaneous inductor current can be recovered by ripple estimation.

Based on KBM algorithm, the inductor-current ripple i , (t) can be calculated as:
i) ="Y(ti,,v,) (1.12)
So, the instantaneous inductor current i, () can be expressed by:

i, (t) =1, +i,(t) (1.13)

Then, it can be used to define the duty cycle as follows based on the peak current-

mode control princle:
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v, —sdT,, =i, +¥(t,i,,v,) (1.14)

where v, is the control voltage, s. is the amplitude of the external ramp, and Ty, is the
switching period. The accuracy of this approach is determined by the ripple estimation.
The first-order extimation is used in [68] but not accuray enough. Higher-order estimation
is more precise but too complicate. This method can be used especially for the average

current-mode control and the charge control.

This disseration focuses on the modeling of current-mode control in the frequency
domain. Other modeling approaches, such as the one based on bifurcation theory

[69][70][71][72], are not introduced in this disseration.

1.4 Challenges to the Current-Mode Control Modeling

Previous models mainly focus on the prediction of subharmonic oscillations in peak
current-mode control. However, subharmonic oscillations occur in other current-mode
controls as well. As mentioned previously, constant on-time control is widely used to
improve light-load efficiency. In the V* implementation, the nonlinear PWM modulator
becomes much more complex, because not only is the inductor current information fed
back to the modulator, but the capacitor voltage ripple information is also fed back to the
modulator as well. Generally speaking, there is no subharmonic oscillation in constant on-
time control. However, the delay due to the capacitor ripple results in subharmonic

oscillations in V* constant on-time control, as shown in Figure 1.26.

In order to model this control, it’d better start from the basic structure of constant on-
time control, as shown in Figure 1.11. It is found that the current-loop behavior in constant
on-time control is fundamentally different from that in peak current-mode control, as
shown in Figure 1.27. In peak current-mode control, the inductor current error stays the
same for one switching cycle, until the next sampling event occurs. If the current loop is
stable, the error will become zero after several swtiching cycles. This is called the “sample
and hold” effects. However, in constant on-time control: the inductor current goes into

steady state after one switching cycle, and an error will always exist for the following
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switching cycles. This means that there are no similar “sample and hold” effects in

constant on-time conrol.
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Figure 1.26. Subharmonic oscillations in V> constant on-time control
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Figure 1.27. Perturbed inductor current waveform: (a) in peak current-mode control, and (b) in

constant on-time control

It’s easy to conclude that previous discrete-time analsys and sample-data analysis
can’t be applied to constant on-time control, because the effectiveness of those models are
limited to constant-frequency modulation. Therefore, it is hard to justify that R. Ridley’s

model can be extended to constant on-time control [73], since the model should not include
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the same H(s) function for “sample and hold” effects. As expected, there is a huge phase
discrepancy in the extended model, as shown in Figure 1.28, which proves that previous
discrete-time analysis which is the basis of the model for peak current-mode control, is no

longer valid for constant on-time control.
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Figure 1.28. Discrepancy in the extended model
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Figure 1.29. R. Ridley’ model for constant on-time control
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Figure 1.30. Control-to-output transfer function comparison in constant on-time control

In order to correct the error, an additonal term F., which has a phase-leading
characteristic, must be added based on experiment data, which is lacking of theritical

anlysis, as shown in Figure 1.29 and Figure 1.30.
Furthermore, the extended model in [74] is also not good enough for practical design.

In the V* type implementation, the situation becomes more stringent due to the
influence of the capacitor ripple. The control-to-output transfer function with different
capacitor parameters in V* constant on-time control is simulated based on the SIMPLIS
tool, as shown in Figure 1.31. One important thing is that there is a double pole located at
half of the switching frequency which is related to capacitor parameters. This phenomenon

is very similar to that in peak current-mode control.

At present, there is no available small-signal model for V* constant on-time control.
As shown in Figure 1.32, the extension of R. Ridley’s model to V* constant on-time
control is not a successful attempt due to the limitation of the fundamental basis of his
model, which means that previous discrete-time analysis is not valid either in the case of

the V* type implementation or in the case of constant on-time control.
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Figure 1.31. Control-to-output transfer function simulation: (a) capacitor: 560uF/6mg2, and (b)

capacitor: 560uF/0.6mQ
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Figure 1.32. Extension of R. Ridley’s model to V? constant on-time control
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In addition, there are several other types of V> current mode controls including peak
voltage control, valley voltage control, and V* constant off-time control [75][76][77].
Peak voltage control is also used in the industry products. But the models used in
[78][79][80] can’t accurately predict the influence from the capacitor ripple in peak voltage
control, since all of them are extension of R. Ridley’s model. In [81], the Krylov-
Bogoliubov-Mitropolsky (KBM) algorithm is used to improve the accuracy of the model,

but it is too complicated to be used in practical design.

So far, there is no simple and accurate small-signal model for V> current-mode

control.

Furthermore, in the proposed digital current-mode control architecture, the control
principle can be simplified without considering the quantization effects, as shown in Figure
1.33. It is very similar to V* control except for the sampling effect in the control loop.

Again, there is no available model for system design in the proposed structure.

/
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Figure 1.33. Simplified structure for the proposed digital current-mode control

In a word, there are still several challenges to the current-mode control modeling.
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1.5 Dissertation Outline

Due to unique characteristics, current-mode control architectures with different
implementation approaches have been widely used in power converter design. An accurate
model for current-mode control is indispensable to system design due to the existence of
subharmonic oscillations. However, available models can only solve partial issues related
to current-mode control. The primary objective of this work is to present a new modeling
approach to model current-mode control with different implementation methods. This
dissertation consists of six chapters. They are organized as follows. First, the background
of current-mode control and challenges to the current-mode control modeling has been
introduced. Then, a new modeling approach for current-mode control is presented. Next,
from the sake of easy understanding, an equivalent circuit representation of current-mode
control is proposed based on the model obtained from the new approach. After that, this
new approach is applied to V> current-mode control to model the influence of the capacitor
ripple. At last, a digital application of the current-mode control is investigated to eliminate
the need for high-resolution DPWM. Proposed digital structure is also modeled based on

the proposed approach to help system design. In the end, conclusions are given.
The detailed outline is elaborated as follows.

Chapter 1 is the review of the background of current-mode control and challenges to
the current-mode control modeling. Current-mode control architectures are widely used to
guarantee the current sharing, achieve the AVP control, and improve the light load
efficiency in power converter design. An accurate model for current-mode control is
indispensable to system design. However, available models can only solve partial issues.
The primary objective of this work is to present a new modeling approach to model the

current-mode control with different implementation methods.

Chapter 2 presents a new modeling approach for current-mode control. Proposed
modeling strategy is based on the time-domain analysis. Describing function method is
used. The inductor, the switches and the PWM modulator are treated as a single entity to
model instead of breaking them into parts to do it. The fundamental difference between
different current-mode controls is elaborated based on the models obtained from the new

modeling approach.
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Chapter 3 introduces an equivalent circuit representation of current-mode control for
the sake of easy understanding. The effect of the current loop is equivalent to controlling
the inductor current as a current source with a certain impedance. This circuit
representation provides both the simplicity of the circuit model and the accuracy of the

proposed model.

Chapter 4 analyzes the extension of the new modeling approach to V* current-mode
control. The power stage, the switches and the PWM modulator are treated as a single
entity and modeled based the describing function method. The model for V? current-mode
control achieved by the new approach can accurately predict subharmonic oscillations due
to the influence of the capacitor ripple. Two solutions are discussed to solve the instability

1Ssue.

Chapter 5 investigates a digital application of current- mode control. High-resolution
digital pulse-width modulator (DPWM) is considered to be indispensable for minimizing
the possibility of unpredicted limit-cycle oscillations, but results in high cost, especially in
the application of voltage regulators for microprocessors. This chapter firstly introduces
several DPWM modulation methods to improve the DPWM resolution. And then, a fully
digital current-mode control architecture which can effectively limit the oscillation
amplitude is presented, thereby greatly reducing the design challenge for digital controllers
by eliminating the need for the high-resolution DPWM. New modeling strategy is also

used to model the proposed digital current-mode control in this chapter.

Chapter 6 is conclusions with the summary and the future work.
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Control

This chapter introduces a new modeling approach for current-mode control.
Proposed modeling strategy is based on the time-domain analysis. Describing function
method is utilized as a tool. The inductor, the switches and the PWM modulator are
treated as a single entity to model instead of breaking them into parts to do it. The
fundamental difference between different current-mode controls is elaborated based on the
models obtained from the new modeling approach. Simulation and experimental results

are used to verify the proposed models.

2.1 The Scenario in Current-Mode Control

The nonlinearity of current-mode control belongs to dynamic nonlinearity due to the
modulation based on the inductor-current ramp. The scenario of current-mode control in

the frequency domain is shown in Figure 2.1.
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Figure 2.1. The scenario in current-mode control
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In the inner current loop, when there is a perturbation at frequency f; in the control
signal, multiple frequency components are generated at the output of the PWM comparator,
including the fundamental component (f;), the switching frequency component (f;) and its
harmonic (nf;), and the sideband components (fi+f;,, nf+f,). When the inductor current is
fed back to the modulator, there is no enough attenuation on high frequency components.
All components are coupled through the modulator. In [82][83], the primary components
(f, and f;-f,) are taken into consideration in voltage-mode control. However, the situation
is much more complicated in current mode control, because neither the sideband
components nor the switching frequency components can be ignored. This is why the
frequency domain analysis is very difficult to perform in the current loop. Previous
average models for current-mode control failed to consider high frequency components.

That’s why they can only predict the low-frequency response.

It is relatively easy for the outer voltage loop, since high frequency components can

be attenuated due to the compensation (low pass filter).

In the following paragraphs, a new modeling approach is presented.

2.2 New Modeling Approach for Peak Current-Mode Control

Before presenting the new modeling approach, the basic concept of describing
function (DF) method [84][85] is introduced first. The DF method is an approximate
procedure for analyzing non-linear control problems. It is based on quasi-linearization that
is the approximation of the non-linear system under investigation by a system that is linear
except for a dependence on the amplitude of the input waveform. This quasi-linearization
must be carried out for a specific family of input waveforms. One choice might be to
describe the system response to the family of sine wave inputs; in this case the system
would be characterized by an sine input describing function H(4, jw) (SIDF) giving the
system response to an input consisting of a sine wave of amplitude A and frequency o.
This SIDF is a generalization of the transfer function H(j®m) used to characterize linear
systems. In a quasi-linear system when the input is a sine wave, the output will be a sine
wave of the same frequency but with different amplitude and phase as given by H(4, jw).

Many systems are approximately quasi-linear in the sense that although the response to a
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sine wave is not a pure sine wave, most of the energy in the output is indeed at the same
frequency o as the input. This is because such systems may possess intrinsic low-pass or
band-pass characteristics such that harmonics are naturally attenuated, or because external

filter are added for this purpose.

In the area of power electronics, power converters possess intrinsic low-pass or
band-pass filter in power stages. This is why the DF method is suitable to the modeling of
power converter systems. In voltage-mode control, the DF method has been successfully
used to derive the equivalent gain of constant-frequency PWM modulator [86][87]. As
shown in Figure 2.2, in order to model the PWM modulator, a small sinusoidal
perturbation at the frequency fi, is injected through the control signal v; then perturbed
duty cycle expression in the time domain can be found out based on the waveform; next,
Fourier analysis is applied to calculate the perturbation frequency component of the duty
cycle; at last, the describing function from the control signal to the duty cycle can be
obtained. The approximation ignores all the components at harmonic frequencies due to
the existence of a low pass filter in the system. Similar method is applied to variable-
frequency modulator [88], as shown in Figure 2.3. In [82][83], author used similar concept

to find sideband components in order to obtain the multi-frequency model.
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Figure 2.2. Constant-frequency trailing edge modulation
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Figure 2.3. Variable-frequency constant on-time modulation

As mentioned previous, it is hard to model the current-loop sideband effects from the
frequency domain. However, proposed new modeling approach can solve this issue from

time-domain analysis based on the DF method.

Peak current-mode control is chosen to illustrate the proposed modeling process. As
shown in Figure 2.4, the non-linear modulator consists of the switches, the inductor current,

and the comparator.
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Figure 2.4. Proposed modeling methodology for peak current-mode control
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It’s reasonable to treat them as a single entity to model instead of breaking them into
parts. In the proposed modeling appproach, the DF method is applied to the closed-loop
time-domain waveform to model the non-linear current-mode modulator to obtain the
transfer function from the control signal v, to the output voltage v,. To do so, the current-
loop sideband effects can be identified thorough the time-domain waveform which
includes all the effects due to the nonlinearity of the modulator. As shown in Figure 2.4, a
sinusoidal perturbation with a small magnitude at frequency f;, is injected through the
control signal v.; then, based on the perturbed inductor current waveform, the describing
function from the control signal v, to the inductor current iy, can be found by mathematical

derivation. Before applying the DF method, it is necessary to make several assumptions:

(1) The magnitude of the inductor-current slopes during the on-period and the off-

period stays constant;
(i) The magnitude of the perturbation signal is very small;

(iii) The perturbation frequency f,, and the switching frequency f; are
commensurable, which means that Nxf; = Mxf;,, where N and M are positive

integers.

Following the modulation law of peak current-mode control, the duty cycle and the

inductor current waveforms are shown in Figure 2.5.
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Figure 2.5. Perturbed inductor current waveform in peak current-mode control
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Because the switching cycle Ty is fixed, the on-time and the off-time is modulated
by the perturbation signal v¢(t): v.(¢) =7, +7sin(2zf, -t —6), where, 1 is the steady state
value of the control signal, 7, is the magnitude of the signal, and @ is the initial angle.

Based on the modulation law, it is found that:
Vc (tif on(t l)) e on(z 1) Sf (Tsw - Ton([fl)) = Vc (ll + on(l)) (Sn +s ) on (i) (21)

where, Ton) is the in cycle on-time, s, =R (V,,=V,)/L,, s, =RV, /L, s. is the amplitude

of the external ramp, L; is the inductance of the inductor, and R; is the current sensing gain.

Assuming 7, . =T, . TAT, s where T, 1s the steady-state on-time and ATy is the iy

on(i)

cycle on-time perturbation, t; can be calculated as: ¢, =(i—17,,
Based on (2.1) , it is found that:
(s, +SIAT,, ;) + (5, =S )AL,y =V (6 + T ) = Ve (g + Topiy) (2.2)
Hence, AT, can be calculated as:
(s, +s AT, ., +(s, —s,)AT,, ., =27sinnf, T, cosaf,[(2i=3)T,, +2T,,] (2.3)

The duty cycle d(t) and the inductor current i (t) can be expressed by:

M

0<t<ty + T ay +on Z[“(t _ti) _”(t =1 _Ton(i))] (2-4)

i=1

d(t)

i, (1)

sty T T jo[ " d(t)

v, _
L 0<t<ty + T oy +T0n L_]dt i (2.5)

N

where u(t)=1, when t>0, and i1 ¢ is the initial value of the inductor current.
Then, Fourier analysis can be performed on the inductor current:

2 M b+ Tonciy _i
m:ﬂZJ‘ ()ZL(t)-efz"fm’dt
. t;

N (2.6)

_ Zin_ 7/27# T,, ( —j2rf,[(i-DTy, ]
e AT, .\)
"Nz L Z; o)

where cp, is the Fourier coefficient at perturbation frequency fi,,.
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By substituting (2.3) into (2.6), the coefficient can be calculated as:

P A (B et v

e 2 __ in e—j@
! (Sn + Se) + (S/ - Se )e‘fz’?fstw Ls : .]27#;;1

(2.7)

The Fourier coefficient at perturbation frequency f,, for the control signal v(t) is

A B

r-e’" so the describing function from control to inductor current can be calculated as:

iy Cu £ (=g 2T v

m 114

~ o ny 5 2.8
Vs, Tre 10 (s, +s,)+(s,—s,)e 27T L -j2xf, (2.8)

For the detail derivation, refer to Appendix A.

Note that the results are not applicable to frequencies where f;,, = nxf;, where n is a
positive integer. In order to avoid getting too detailed, the results at those frequencies are

not shown here. The transfer function in the s-domain can be expressed as:

iL (S) — fv (1 B e*STsw ) Vin
v.(s) (s, +s,)+(s,—s, Ye ' Ls

(2.9)

It is found that this transfer function is identical to the one derived from previous
discrete-time analysis, as shown in (1.9). It proves the validity of the new modeling

approach.

The exponential term e*™ can be simplified by using the Padé approximation:

2
N N

+—) (2.10)

1(02 CO2

e Z1-sT, /14

where @, =7/T,, and O, =2/7x . This approximation is valid up to the frequency of

1/(2T,,)). Finally, (2.9) can be simplified as (2.11) and defined as DF:

i, (s) zL 1 - DF

v(s) R, s s 2.11)
0,0, a)zz

where O, =1/{z[(s, +s,)/(s, +5,)=0.5]}.

Then, the control-to-output transfer function can be calculated as:
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VO(S) ~L. 1 RL(RC0C0S+1)
Vc (S) Ri 1+ s +Lz (RL +RC0)C0S +1 (212)
0,0, o,

where R, 1s the ESR of the output capacitors, C, is the capacitance of the output

capacitors, and Ry is the load resistor.

In order to consider the variation of the inductor-current slopes, similar methodology
is used to derive two additional terms that represent the influence from the input voltage vi,

and the output voltage v,, as shown in Figure 2.6 and Figure 2.7.

Vin L

Figure 2.6. Modeling for the influence of the input voltage v;, in peak current-mode control
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Figure 2.7. Modeling for the influence of the output voltage v, in peak current-mode control
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The transfer functions from the input voltage to the inductor current and from the

output voltage to the inductor current are calculated as:

i (s 1 : l—e
v,(s) L (s, +5,)+ (s,—s,)e "™ s-L, /R,
i (s 1 1—e ™ 1
L) _ A ) v, —1] (2.14)

v, (s) B L.s . (s, +s,)+(s, —se)efsTw . s-L /R, .

where D is the steady-state duty cycle. For the detail derivation, refer to Appendix A.

The complete model for peak current-mode control is shown in Figure 2.8.

V.'.-1{S) l'
Ki1(s)
¥+ 1 1 R.(R.Cs+1)

+ N L= Co —a vofs)
vis)—O—>| 7 (sS4 5y Re+Re)C s +] ¥
Q2w2 C{);

Kz(s)

Figure 2.8. Complete model for peak current-mode control

where

i (s)/v,(s) DR, 1 Ty ]

k,(s)= ~ _
= ) - L 0w 2 (2.15)
i,(s)/v (s R,
k,(s)= .L() )& (2.16)
ip(s)/v.(s) Lo,
Finally, the control-to-output transfer function can be calculated as:
v, (s) y R, ' (R,,C,s+1) . 1
VC(S) R(l_kiR ) (RL+RC0)C0_RLRC0C0k2/RiS+1 1+ s +i (217)
l R, ‘ 1-R,k, /R, 0,0, a)zz
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It is clearly shown that there is a double pole located at @, =7/T,,, and it is possible

that the double pole moves to the right-half plane resulting in subharmonic oscillations in
the current loop. Moreover, the additional feedback gain k, is responsible for the

movement of the low frequency pole, as shown in Figure 2.9 and Figure 2.10.
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Figure 2.9. System poles in peak current- Figure 2.10. Control-to-output transfer function
mode control with different s, in peak current-mode control

In fact, the effectiveness of the model obtained from the new modeling approach is
not limited by the switching frequency. The SIMPLIS simulation tool is used to verify the
proposed model for peak current-mode control. The parameters of the buck converter are
as follows: Vi, = 12V, V, = 5V, f; = 300KHz, C, = 8x560uF, R¢c, = 6/8mQ, and L, =
300nH. The control-to-output transfer function and the audio susceptibility comparisons
are shown in Figure 2.11 and Figure 2.12. The complete model without approximation can
accurately predict the system response even beyond the switching frequency. For the case
with the outer voltage loop closed, the similar concept in [83] can be applied here to
predict the voltage-loop sideband effects. For the practical purpose, the model is
simplified and limited by the half of the switching frequency.
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The detail comparisons between the new model and R. Ridley’s model are shown in
Figure 2.13 and Figure 2.14. The new model can achieved the same results as R. Ridley’s
model in terms of the control-to-out transfer function in peak current-mode control.
Furthermore, the new model is more accurate than R. Ridley’s model in terms of the audio
susceptibility as shown in Figure 2.14. In a word, the model obtained from the new

modeling approach can precisely predict the system response in peak current-mode control.
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Figure 2.11. Control-to-output transfer function in peak current-mode control
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Figure 2.12. Audio susceptibility in peak current-mode control
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Figure 2.13. Control-to-output transfer function comparison in peak current-mode control
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Figure 2.14. Audio susceptibility comparison in peak current-mode control

For the case of considering the DCR of the inductor, please refer to Appendix C

2.3 Model Extension to Constant On-time Control

As introduced in Chapter 1, there is a fundamental issue of extending R. Ridley’s
model for peak current-mode control to constant on-time control. However, it’s very easy

to apply the new model approach to constant on-time control.

In constant on-time control, as shown in Figure 2.15, the non-linear constant on-
time modulator consists of the switches, the inductor current, the comparator and the on-
time generator. Following the same methodology, all of them are treat as as a single entity
to model instead of breaking them into parts. As shown in Figure 2.15, a sinusoidal
perturbation with a small magnitude at frequency f,, is injected through the control signal
V¢, then, based on the perturbed inductor current waveform, the describing function from

the control signal v, to the inductor current ip, can be found by mathematical derivation.
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Figure 2.15. Proposed modeling methodology for constant on-time control

Following the modulation law of constant on-time control, the duty cycle and the

inductor current waveforms are shown in Figure 2.16.
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Figure 2.16. Perturbed inductor current waveform in constant on-time control

Because the on-time is fixed, the off-time is modulated by the perturbation signal

ve(t): v.(¢) =1, +7sin(27f, -t —6). Based on the modulation law, it is found that:

Velliy + Tpin) +8,1, = vt + Tp)) + 5, Ty, (2.18)
where, Tos) 1s the iy cycle off-time. Assuming Ty =Ty +AT,, . where T 1s the

steady-state off-time and AT, 1S the iy cycle off-time perturbation, t; can be calculated as:

t,=(i-1)(T, +T,;)+ Y. AT, . Basedon (2.18), itis found that:
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SfAT)ff(i) =v.(t + Toﬁ“(i—l)) -v (L + Taﬁ'(,-)) (2.19)

e

Hence, AT, can be calculated as:

_Ton_To/f
) 3 I (.20

P .
ATy = —2;sm[7zfm -(T,, +T,,)]-cos[2f, [ -INT,, + T,

The perturbed duty cycle d(t) and the perturbed inductor current ip(t) can be

expressed by:
M
d(1) 0<t<ty + Ty vy 4 Tn Z[u(t —t, =Ty —u(t—t, =T, = T,,)] (2.21)
i=1
i () osis, R S jo [ L d(1)| o<, NS S L_]dt 10 (2.22)
Then, the Fourier analysis can be performed on the inductor current:
_ 2 e TrontTo —j2ft
c, —]TL i(t)-e dt
— in =128l (L =i2, T, 240, (DT, §
=—--e¢ e/ mlo —1 e /I N AT
N7 L ( )[;( LA )]
where, ¢, is the Fourier coefficient at perturbation frequency fy,.
By substituting (2.20) into (2.23), the coefficient can be calculated as:
~ f -j2n,T, V -jo
c, ==r-=(l—e/miom)y—1___¢7/
n 5, ( ) Lo, (2.24)

The Fourier coefficient at perturbation frequency f,, for the control signal v(t) is

Foe’ , 80 the describing function from control to inductor current can be calculated as:

sy _ C Vi

f —j2,T, ;
i Js 1_ e J 2 mdon n
Fel s, ( ) Lo (2.25)

Vet

For the detail derivation, refer to Appendix A.

Note that the results are not applicable to frequencies where f,, = nxf;, where n is a
positive integer. In order to avoid getting too detailed, the results at those frequencies are

not shown here. The transfer function in the s-domain can be expressed as:
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i) _ gy Y
v s, ¢ s (2.26)

N

The exponential term e’ canbe simplified by using the Pad¢ approximation:

—sT, STon
el =1- 5
14 5 .5 (2.27)
0 o, a)lz

where @, =7 /T, and O, =2/7. This approximation is valid up to the frequency of

1/(27,,) . Finally, (2.26) can be simplified as (2.28) and defined as DF:

i(s) 1 1 - DF

~ —

v(s) R . s s (2.28)

Then the control-to-output transfer function can be calculated as:

v, () NL_ 1 R, (R, C,s+1)
v.(s) R, I+ S +LZZ (R, +R.,)C,s+1 (2.29)
Qo o

In order to consider the variation of the inductor-current slopes, similar methodology
is used to derive two additional terms that represent the influence from the input voltage vi,

and the output voltage v,, as shown in Figure 2.17 and Figure 2.18.

The transfer functions from the input voltage to the inductor and from the output

voltage to the inductor current are calculated as:

i (s) 1 1-e”T f —(1-¢" D 05
W1 esT,L ( Ly, 0= 2 (2.30)
v,(s) Lgs 1-e™ s, s-L /R L 0.5s+1
i(s) 1 _fil—e™ 1 1 0.5D
80 L L ) Vi —llx—— (2.31)
v, (s) Ls A s-L. /R L (05+D/2)s+1

For the detail derivation, refer to Appendix A.
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Figure 2.17. Modeling for the influence of the input voltage v;, in constant on-time control

Figure 2.18. Modeling for the influence of the output voltage v, in constant on-time control

The complete model for constant on-time control is shown in Figure 2.19.
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Figure 2.19. Complete model for constant on-time control
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i,(s)/v,,(s) 1T,R

on 1

Where, k()= i,(s)/v.(s) 2 L (2.32)

iL (S)/Vo (S) ~ _lTonRi (233)

L= e 2 L

Finally, the control-to-output transfer function can be calculated as:

vo (S) ~ RL . (RCOCDS + 1) . 1
v (s) R(1 _ILZRL) (R, + R, )C, =R, R, C .k, I R, s+1 145 +i (2.34)
R, 1-R,k, /R, Qo

It is possible to find the fundamental difference between constant on-time control and
peak current-mode control by comparing (2.17) and (2.34). The position of the double

pole located at the high frequency is different for two cases. In constant on-time control,

the double pole is located at @, = /T, , and the double pole will never move to the right

on?’
half-plane. That’s why there is no subharmonic oscillation in the current loop for constant

on-time control, as shown in Figure 2.20.

30&

— H
% L \ é
< 5
£ :
- -
M - 20 -
(U]
= 40 N :

100 10’ 110 pasd  nao’
fg ' :
X é
T \\ |
Sr -
[«}] -..'-n 'L'
£ H
m = laly -

3 4 5 ]

104} 10 110 10 L<10
Frequency (Hz)

Figure 2.20. Control-to-output transfer function in constant on-time control

In the SIMPLIS simulation, the parameters of the buck converter are as follows: Vi,
=12V, f; = 300KHz, C, = 8x560uF, Rc, = 6/8mQ, and Ls = 300nH. The control-to-output
transfer function and the audio susceptibility are plotted using simulation results, as shown
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in Figure 2.21 and Figure 2.22. The proposed model can accurately predict the system

response in comparison with R. Ridley’s model.
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Figure 2.21. Control-to-output transfer function comparison in constant on-time control
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Figure 2.22. Audio susceptibility comparison in constant on-time control
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The experimental verification is done based on the LTC3812 evaluation board from
Linear Technology. The parameters are: V, = 3.3V, T,, = 0.26us, Ly = 3.1uF, C, =
2x150uF, and Rco, = 92mQ. Experimental results with different duty cycle values are

shown in Figure 2.23. The proposed model accurately predicts the system response.
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Figure 2.23. Control-to-output transfer function measurements

2.4 Complete model for Other Current-Mode Controls

The proposed modeling strategy can be used for other types of current-mode control
structures. Based on the duality, the model for valley current-mode control can be otained
based on the model for peak current-mode control, as shown in Table 2.1. Based on the
same concept, the model for constant off-time control can be otained based on the model

for constant on-time control, as shown in Table 2.2.
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Table 2.1. Model for valley current-mode control

i) fl=e™y v,
v(s) (s, +5,)+(s,~s)e™ Ls

. =Ty (1 _ 5T
e Lo e Uz Dy i)
v, (s) L (s,+s5,)+(s,—s,)e o s-L /R,
O TR B A0 W
v,(s) Ls (s,+s,)+(s, - s)e ™ s-L /R "
2 _ T R
DF =1/[R,(14+ ——+ )] PRy L Ty ey
20, p L, 0w, 2 L0, 0,
Q) =1/1xl(s, +s,)/(s, +s,)=0.5]}
Table 2.2. Model for constant off-time control
i(s) _ fil=e) ¥,
v.(s) (s,+s,)— Seefsr‘“’ Ls
i(s) _ 1 fid=e") e (1-e)

[_ sT,, —sT,, ) Vin
v,(9) Ls (1-e™)[(s,+s5,)-se " ™] s:L/R,

A

W) _ 1 L=

+ D]

—sT. .Vin_l]
v(s) Ls (s,+s)—se ™ s-L /R
2
DF =1/[R,(1+ ——+-)] k ~0 k, ~ =T, R, /(2L,)
105 ‘

oy, =7xlT,

Charge control is used to control average input current of converters with pulsating
current, such as buck converters, in order to achieve good input current sharing, as shown
in Figure 2.24. The new modeling approach can also be extended to this case. In the
charge control structure, Cr is the capacitor which is used for the accumulation of the input

current. The model results are shown in Table 2.3.
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Figure 2.24. Charge control
Table 2.3. Model for charge control
i,(s) _ fil=e") Vi
vc (S) lSnT'on + ILRi (lsn +Sf)Tan _ILRi LSS
(3 542 ~sJe
Cr Cr
, , -V
fs (l_e—.sTjw )(e—sTw7 _1) 1 _D(e_STD” _e_STSw) in
i(s) 1 s-s-L /R, s-L /R, +D]
(s) T T
V)Lt g, #O s, ) (s, 30T, 1R = s Je
V.
(A—e ™) (1—e ).
iL(S)_ 1 A X ) S2-Ls/Ri 1]
- T T
B LS g R +S"2°" +Cps,) +I(s, +5,)T, 1, R, —Snzo" ~Cys,Je”™
RT 1 T
C s Sz D 'T;)n 1 TZ)n k ~——(—
DF =—L—/(1+ +—) | k zR—(—+—) *oCL (Q o, 2 )
RDT,  Qo, GL, Qo 2 o
Lf D LC,f,
=U[m(Ele - =y 2
Q. =l[x( R 27 VR ]

The models for boost and buck-boost converter with different current-mode controls

are shown in Appendix B.
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2.5 Multi-phase model for Current-Mode Control

As mentioned before, multi-phase topology is widely used to improve the transient
response, and distribute power and heat for better thermal performance. The model for
multi-phase converters with current-mode control can be obtained from the extension of

the mode for the single-phase converter with current-mode control.
A. Multi-phase model for peak current-mode control

A multi-phase buck converter with peak current-mode control is shown in Figure
2.25. The parameters for each phase are the same as those for the previous single phase.

The interleaving is achieved by the clock in each phase.

Ls — Ve
1

Driverp=»

S .
[l

dn

—1

Figure 2.25. Multi-phase buck converter with peak current-mode control

Based on the implementation, each phase is identical and parallel together no matter
whatever the phase-shift angle is. The model can be directly extended from paralleling

single phase model, as shown in Figure 2.26.
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Figure 2.26. A multi-phase model for peak current-mode control

where, n is the phase number.

SIMPLIS simulation tool is used to simulate the system with 2 phase interleaving and
D =0.42. Simulation results are shown in Figure 2.27 and Figure 2.28. It is clearly shown

that the model is independent on the phase-shift angle as expected.
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Figure 2.27. Control-to-output transfer function comparison for multi-phase buck converters with

peak current-mode control
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Figure 2.28. Audio susceptibility comparison for multi-phase buck converters with peak current-

mode control

B. Multi-phase model for constant on-time control

There are two kinds of implementations for multi-phase buck converters with
constant on-time control. One implementation is shown in Figure 2.29. The current
information of each phase is fed back to its own modulator. The interleaving is achieved

by an additional phase lock loop (PLL).
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Figure 2.29. A multi-phase buck converter with constant on-time control (1)

This implementation is similar to previous case with peak current-mode control. So

the model can be found as shown in Figure 2.30.
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+4 —
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Figure 2.30. Multi-phase model for constant on-time control (1)

The other implementation is shown in Figure 2.31.
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Figure 2.31. A multi-phase buck converter with constant on-time control (2)

The total current information is fed back to the modulator, and the on-time pulses are
distributed to each phase. Interleaving can be achieved automatically. Generally speaking,

this implementation can be used to the case of no duty cycle overlapping.

The slopes of the total inductor current ripple can be calculated as:

V. —nV
S, =Ri % (235)
nV
sp =R = (2.36)

Therefore, the multi-phase buck converter is equivalent to a single-phase buck
converter, as shown in Figure 2.32. The switching frequency is n times of original f;. The

output voltage is n times of original V.
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Figure 2.32. Equivalent single-phase buck converter

For this case, the model of the multi-phase buck converter with the constant on-time

control is shown in Figure 2.33.

vin(s) |
R 1 1 R (R,C,s+1) -
=\ iy Vo(S,
vl)—=O—| R | s 5’ (R, +R,) s+l -
* A
Qo o
n*kz

Figure 2.33. Multi-phase model for constant on-time control (2)

SIMPLIS simulation tool is used to simulate the system with 2 phase interleaving.
Simulation results are shown in Figure 2.34 and Figure 2.35. It is clearly shown that the

model results match with simulation results very well.
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Figure 2.34. Control-to-output transfer function comparison for multi-phase buck converters with

constant on-time control
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2.6 Summary

In this chapter, a new modeling approach is presented for current-mode control. The
inductor, the switches and the PWM modulator are treated as a single entity to model
instead of breaking them into parts to do it. In the proposed modeling appproach, the DF
method is applied on the closed-loop time-domain waveform to model the non-linear
current-mode modulator to obtain the transfer function from the control signal v, to the
output voltage v,. To do so, the current-loop sideband effects can be identified because the

time-domain waveform includes all the effects due to the nonlinearity of the modulator.

In fact, the effectiveness of the model obtained from the new modeling approach is
not limited by the switching frequency. The complete model without approximation can
accurately predict the system response even beyond the switching frequency. For the
practical purpose, the model is simplified and limited by the half of the switching

frequency.

The fundamental difference between peak current-mode control and constant on-time
control is elaborated based on the models obtained from the new modeling approach. The

position of the double pole located at the high frequency is different for two cases. In peak

current-mode control, there is a double pole located at @, =7 /T,

sw

and it is possible that

the double pole moves to the right half-plane resulting in subharmonic oscillations in the

current loop. However, in constant on-time control, there is a double pole located at

@, =7/T,, , and the double pole will never move to the right half-plane. This is why there

on?

is no subharmonic oscillation in the current loop for constant on-time control.

The new modeling approach can be applied to other current-mode controls without

any issue. The multi-phase extension is also shown in this chapter.

In sum, the model for current-mode control obtained from the new modeling

approach is more accurate and effective than the previous models.
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Current-Mode Control

Based on the precise model obtain in the previous chapter, this chapter introduces an
equivalent circuit representation for current-mode control for the sake of easy
understanding. The effect of the current loop is equivalent to controlling the inductor
current as a current source with certain impedance. This circuit representation provides

both the simplicity of the circuit model and the accuracy of the proposed model.

3.1 Equivalent Circuit Representation of Peak Current-Mode control

Based on the previous analysis, the complete model for the peak current-mode

control is shown in Figure 3.1.

Vin(S) @

Hﬂf_s}
| 1 1 R.(R.Cs+1)
+ N L= Co —a vofs)
vis)—O—>| 7 (sS4 5y Re+Re)C s +] ¥
Q2w2 wEE

Kz(s)

Figure 3.1. Complete model for peak current-mode control

where,

DR 1 T,

k ~k ~ i _ o
1(8) =k, L [Q2a)2 5 ] (3.1
R
k,(s)=k, ~— :
2(8) =k, L.0.0, (3.2)
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As shown in Figure 3.1, the system model can be expressed by:

R (R 1
Ze(S)' L( CoCoS+ )
vc (S) (RL +RC0)C0S +1
R, (R.,C,s+1)
(R, +R.,)C s+1

v,(s)= (33)

o Z,(s)+Ls+

7.(5): R, (R, C s+1)

7 (R, +R,)C,s+1

R, (R.,C,s+])
(R, +R.,)C, s+1

v, (8)=v,(s) -k, - 3.4)

Z,(s)+Ls+

where, Z,(s)= L, /[1/(Q,w,) +s/w?] and k,, =k /R, = D/I{L[1/(Q,,)~T,, /2]}. For

the detail derivation and the case of considering the DCR of the inductor, please refer to

Appendix C.

Therefore, based on (3.3) and (3.4), the equivalent circuit representation for peak

current-mode control can be found as shown in Figure 3.2.
A % A
Vin*Kvin Ve/Ri

®

Figure 3.2. Equivalent circuit representation (w/ Z(s)) of peak current-mode control

The effect of the current loop is equivalent to controlling the inductor current as a
current source with an impedance Z.(s). Comparing with the previous ‘“current source”
concept shown in Figure 1.17, the new model possesses an impedance Z.(s) and an
additional current source representing the influence of the input voltage. The new model
can greatly improve the accuracy without losing simplicity. Furthermore, the impedance

Z(s) can be expressed by a resistor R, and a capacitor Ce, as shown in Figure 3.3.
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A A
Vie*kvin_ VelR I
w—

® Re = N I8
1 111 I

Figure 3.3. Equivalent circuit representation (w/ R, and C,) of peak current-mode control
where, R, =L O,w, and C, =1/(L,®;) .

Clear physical meaning can be found based on the new circuit model. The power
stage inductor Lg is probably resonant with the output capacitor C, or the equivalent
capacitor C. depending on the value of R.. The R is relatively large when there is no
external ramp, so the original double pole related to the power stage filter is split into two
real poles. One pole moves to the low-frequency range. That’ why the system behaves

like a first order system in the low-frequency range.

Meanwhile, the other pole moving to the high-frequency range and a high-frequency
pole result in another double pole at the frequency of w, which is formed by the resonance
between the inductor and the equivalent capacitor C.. When the duty cycle is larger than
0.5, R becomes negative which makes the double pole move to the right half-plane and

predicts subharmonic oscillations.

Adding the external ramp can effectively change the value of R.. When the external
ramp is too large, R, becomes very small. The double pole at the frequency of , is split

and the power stage double pole comes into being.

Under certain circumstance, the equivalent circuit model can be simplified to the
“current-source” model as introduced in Chapter 1. In the low-frequency range, the
capacitor C, can be ignored as shown in Figure 3.4. Then, if R. is large enough, the circuit

can be further simplified to the “current-source” model, as shown in Figure 3.5.
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iL j\;a
—
Re Rco
' + Ru
I CD

Figure 3.4. Simplified equivalent circuit (ignoring C,)

7
#

A
Ve/Ri

Figure 3.5. Simplified equivalent circuit (ignoring C. and R,)

The SIMPLIS simulation tool is used to verify the circuit model for peak current-
mode control. The parameters of the buck converter are as follows: Vi, = 12V, V, =54V,
D = 0.45, f; = 300KHz, C, = 8x560uF, R¢c, = 6/8mQ, and Ly = 300nH. The control-to-
output transfer function, the audio susceptibility and the output impedance comparisons are
shown in Figure 3.6, Figure 3.7 and Figure 3.8. There is a little phase discrepancy in the

audio susceptibility due to the approximation of k;(s).
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Figure 3.8. Output impedance comparison in peak current-mode control

Based on the multi-phase model of peak current-mode control in Chapter 2, the
equivalent circuit model for multi-phase buck converters with peak current-mode control is

shown in Figure 3.9,

Ls

A A
o g . * .
Vin*N*kvin Ve*N/Ri Y'Y

i

r—-
Re Ce Rce

CT) e RL

|||—| <

Figure 3.9. Equivalent circuit representation (w/ R, and C,) of multi-phase buck converters with

peak current-mode control
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3.2 Equivalent Circuit Representation of Constant On-time Control

Based on the similar methodology, the equivalent circuit representation for constant

on-time control is shown in Figure 3.10.
A % A
Vin*Kvin Ve/Ri

®

Figure 3.10. Equivalent circuit representation (w/ Z.(s)) of constant on-time control

where, Z,(s)=L,/[1/(Q,®,)+s/w] and k, =k /R =T, /(2L,).

Furthermore, the impedance Z.(s) can be expressed by a resistor Re and a capacitor

Ce, as shown in Figure 3.11.
A A
Vin*Kvin Ve/Ri

®

Figure 3.11. Equivalent circuit representation (w/ R, and C,) of constant on-time control

In constant on-time control, the situation is much simpler than peak current-mode

control. The R. is relatively large, so the original power stage double pole is split into two
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real poles. One pole moves to the low-frequency range. This is why the system behaves

like a first order system in the low-frequency range.

Meanwhile, the other pole moving to the high-frequency range and another high-
frequency pole result in another double pole at the frequency of ®; which is formed by the
resonance between the inductor and the equivalent capacitor C.. However, this double
pole never move to the right half-plane, which predicts that there is no subharmonic

oscillation in constant on-time control.

The SIMPLIS simulation tool is used to verify the circuit model for constant on-time
control. The parameters of the buck converter are as follows: Vi, = 12V, , f; = 300KHz, C,
= 8x560uF, R¢c, = 6/8mQ, and Ly = 300nH. The control-to-output transfer function, the
audio susceptibility and the output impedance comparisons are shown in Figure 3.12,
Figure 3.13, and Figure 3.14. There is a little phase discrepancy in the audio susceptibility

due to the approximation of k;(s).
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Figure 3.12. Control-to-output transfer function comparison in constant on-time control
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67



Jian Li Chapter 3. Equivalent Circuit Representation of Current-Mode Control

For the simplicity, the equivalent capacitor C. can be ignored for practical design.

Based on the multi-phase model of constant on-time control in Chapter 2, the
equivalent circuit models for the multi-phase buck converters with constant control are

shown in Figure 3.15 and Figure 3.16.

Ls

A A
- . % .
Vin*N*kvin Ve*N/Ri YYD

A
IL
qn

CT) Re - :Ce Rco R

Figure 3.15. Equivalent circuit representation (w/ R, and C,) of multi-phase buck converters with

constant on-time control based on the implementation (1)

r
0w
-

;in*kvin ;:’cf Ri

iL
#

Figure 3.16. Equivalent circuit representation (w/ R, and C,) of multi-phase buck converters with

constant on-time control based on the implementation (2)
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3.3 Extension to Other Current-Mode Controls

The equivalent circuit representation can be extended to other current-mode controls.
For valley current-mode control and constant off-time control, the circuit is the same as the

one shown in Figure 3.11, and the parameters are shown in as shown in Table 3.1 and

Table 3.2.

Table 3.1. Circuit parameters for valley current mode control

1 T
R, =L, C = L &> K, = h Dyl +-2
2

N
R L Qo 2

Table 3.2. Model extension for constant off-time control

k
Re :LsQla)3 Ce = L a)2 le"’ :El =0
3

The circuit representation for charge control is shown in Figure 3.17, and the circuit

parameters are shown in Table 3.3.

L5 A A

A A
- . 3.
Vin*Kvin Ve/R'i AV Y

3

Lo
l

1

iL Vo
ﬁ- .
Rco
+ i RL
Co

Figure 3.17. Equivalent circuit representation (w/ R, and C,) in charge control

Table 3.3. Model extension for charge control

RT 1 kk D_ 1 T
Rl_’:ﬂ R =LOw Ce: vm:_lz_ Zon
C'T ‘ SQC ? Lva)22 R: Ls [Qca)Z 2 ]
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3.4 Summary

This chapter presented an equivalent circuit representation for current-mode control
for the sake of easy understanding. The effect of the current loop is equivalent to
controlling the inductor current as a current source with certain impedance. This circuit
representation can provide both the simplicity of the circuit model and the accuracy of the

proposed model for practical design.
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Chapter 4. Modeling for V> Current-Mode

Control

V2 type of constant on-time control has been widely used to improve light-load
efficiency. However, the delay due to the capacitor ripple results in subharmonic
oscillations in V® constant on-time control. This chapter presents a new modeling
approach for V2 constant on-time control. The power stage, the switches and the PWM
modulator are treated as a single entity and modeled based the describing function method.
The model for V* constant on-time control achieved by the new approach can accurately
predict subharmonic oscillation. Two solutions are discussed to solve the instability issue.
The extension of the model to other types of V* current-mode controls is also shown in this

chapter. Simulation and experimental results are used to verify the proposed model.

4.1 Subharmonic Oscillations in V> Current-Mode Control

Based on different modulation schemes, V? control architectures consist of constant-
frequency peak voltage control, constant-frequency valley voltage control, constant on-
time control, constant off-time control and hysteretic control. Among all of these control
structures, the constant on-time control is the most widely used to improve light-load
efficiency, since the switching frequency can be lowered to reduce switching-related loss,
as shown in Figure 4.1. In the V* implementation, the nonlinear PWM modulator becomes
much more complicated, because not only is the inductor current information fed back to
the modulator, but the capacitor voltage ripple information is fed back to the modulator as
well. Generally speaking, there is no subharmonic oscillation in constant on-time control.
However, the delay due to the capacitor ripple results in subharmonic oscillations in V?
constant on-time control. The influence of the capacitor ripple is shown in Figure 4.2.
For those four cases, the ESR ripple keeps the same while the capacitor ripple becomes
larger and larger. When the capacitor ripple is larger than certain amplitude, subharmonic

oscillations occur.
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Figure 4.2. The influence of the capacitor ripple in V2 constant on-time control
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An example with the parameters of the existing capacitors is shown in Figure 4.3.
The system is stable when used with the OSCON capacitor, because the inductor current
information dominates the total output voltage ripple; meanwhile subharmonic oscillations
occur when the ceramic capacitor is used in constant on-time control, since the capacitor

voltage ripple is too large. This phenomenon also occurs in peak voltage control.
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Figure 4.3. Subharmonic oscillation in V? constant on-time control: (a) OSCON capacitor

(560pF/6mL), and (b) Ceramic capacitor (100pF/1.4mQ)
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4.2 Proposed Modeling Approach for V> Constant On-time Control

If the influence of the capacitor ripple is ignored, the model for V* constant on-time

control can be obtained from the extension of previous results, as shown in Figure 4.4.

Vin(s) 1
+ A L. ! —-R., Vo(S)
ve(s) —>O—> R, s $2 >
+ ° 1+ +—
Qo, o
II k2(s) II

Figure 4.4. Simple model for V> constant on-time control

The control-to-output transfer function can be calculated as:

v,(s) _ 1
~ 2
v.(s) LA % 4.1)
O, o
This model shows that the control signal can control the output voltage very well in

the low-frequency range. However, it is too simple to predict subharmonic oscillations.

In order to consider the effects of the capacitor ripple, the new modeling approach is
extended to V* constant on-time control. As shown in Figure 4.5, the non-linear constant
on-time modulator consists of switches, the output voltage, the comparator and the on-time
generator. It’s reasonable to treat these components as a single entity to model instead of
breaking them into parts. In the proposed modeling approach, the describing function (DF)
method is used to model the non-linear current-mode modulator to obtain the transfer

function from the control signal v, to the output voltage v,.

As shown in Figure 4.5, a sinusoidal perturbation with a small magnitude at the
frequency fi, is injected through the control signal v.; then based on the perturbed output
voltage waveform, the describing function from the control signal v, to the output voltage

Vv, can be found by mathematical derivation.
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Figure 4.5. Modeling strategy for V> constant on-time control

Before applying the DF method, it is necessary to make several assumptions: (i) the
magnitude of the inductor current slopes during the on-period and the off-period stays
constant separately; (ii) the magnitude of the perturbation signal is very small; and (iii) the
perturbation frequency fi, and the switching frequency f; are commensurable, which means
that Nxf; = Mxf,,, where N and M are positive integers. Following the modulation law of
constant on-time control, the duty cycle and the output voltage waveforms are shown in

Figure 4.6.
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Figure 4.6 Perturbed output voltage waveform

Because the on-time T,, is fixed, the off-time T, is modulated by the perturbation

signal v((t): v.(¢) =7, +7sin(2af, -t —6), where 1o is the steady-state DC value of the
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control signal, 7, is the magnitude of the perturbation, and @ is the initial angle. Based on

the modulation law, it is found that:

it Tpay .
[0 @ =v,@/R, 42)

i-1 off (i-1) .
vc (tz ojj(z 1))+Sn on SfTojf(i) - C =V (t +Tff(l))

o

where, To is the in cycle off-time, s, =R, (V,,—=V,)/L,, s, =R.V,/L , Ls is the

inductance of the inductor, R¢, is the ESR of the output capacitors, C, is the capacitance of
the output capacitors, Ry is the load resistor, i (t) is the inductor current, and v,(t) is the

output voltage. Assuming 7, =T, +AT,, , , where To is the steady state off-time, and
ATomqy 1s  the 1y cycle off-time perturbation, t; can be calculated as:

t,=-1)T, +T, )+Z T, - Based on (4.2), it is found that:

[ Ty YAT, —(1 2Tt 1y YAT. ]
s (14 — - = i
/ 2C ! 2C R -

o"*Co o"*Co
=[v (. + o)‘)‘(z 1)) v, (¢ + j)‘"(i))]_[vc( +Toff(1 2))_"(’(1‘1‘—1 ujj(z 1))]

(4.3)
[V (tz  t oﬁ”(z 1) 2@, ] ) v (t +7, off (i) m)]/(zﬁn 'RLCO)
+[v. (., +Tqﬁ(i—2) +27yf )=V (. off(z T 2@, )]/(27?7{ ‘R, C))
The perturbed duty cycle d(t) and the perturbed inductor current ir(t) can be
expressed by:
M
d(t) 0<t<ty +T vy +To = [u(t _ti _Toﬁ’(i)) _u(t_tz _Toﬁ"(i) _Ton )] (44)
i=1
: t Vil’t V() *
i, (?) 0<t<ty + T oy +Ton IO[L d(t) 0<1<ty + T, ) +Ton _L_]dt +1 (4.5)

where, u(t)=1 when t>0, and i1 is the initial value of the inductor current.
Then, the Fourier analysis can be performed on the inductor current:

oy on

Cuity =721 N[ iy (O oy o1, o, €l (4.6)
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where, cmir) 1s the Fourier coefficient at the perturbation frequency f,, for the inductor

current. Based on the result in Chapter 2, the coefficient can be calculated as:

i
(I—e2Pimy(1—e 2Py (1 - ————)
—Js 24, -R,C, v, i @.7)
Cmi) = T T +T I oa ©
1oy e eyt .
2C R, 2C,R,,

where, Ty is the steady-state switching period.
Next, the Fourier coefficient cim(vo) 0f the output voltage v, can be calculated based on:

RL (RCOC() ' ]27#;n + 1)

C =C, i\
m(vo) m(il) (RL + RCO)CO ]27#;’1 +1 (48)

The Fourier coefficient at the perturbation frequency fi, for the control signal v(t) is

;e 0, so the describing function from the control-to-output can be calculated as:
yud
—j2nf,T —j2nf, T, e’
D R (T WeR .
vo(.f;n) — L 27#m ) RL Cu Vin RL (RC() C() : ]27#m + 1)
vc(fm) Sy (1 + i) _ (1 _ M)eﬁZmTw Ls ’ Jz@pm (RL + RCU)CO ’ J27?pm +1
2C0RC0 2C0RC0

(4.9)

Note that the results are not applicable to frequencies where f,, = nxf;, where n is a
positive integer. In order to avoid getting too granular, the results at those frequencies are
not shown here. The influence from the variation of the inductor current slope is ignored
since it is much smaller than the influence of the capacitor voltage ripple. In the s-domain,

the control-to-output transfer function can be expressed by:

(=) (1= ™)1+ )

RL CoS Vm RL (RCoCo S+ 1)

VC(S) S/» (1+ Tgﬁ” )_(I_ZTon +Toﬁﬁ)e—sTm LsS (RL +RC0)C0‘S+1
2C,R,, 2C,R,,

AACI}

(4.10)
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This transfer function is effective at frequencies even beyond half of the switching
frequency if there is no outer loop compensation. Padé approximation is used to simplify

the transfer function as:

v, (s) 5 1 (R, C,-s+1)
~ 2 2

v.(s) 1+ s +s2) 1+ S +S2) (4.11)
Qla)l a)l QSa)Z a)Z

where, o, =7/T, ,Q=2/r, o,=7/T,,, O,=T,/[R.,C,—T,, /2)x], and Ri>>Rc,.

The simplification is valid for up to half of the switching frequency. Comparing (4.11)
with (4.1), it is found that the low-frequency response is the same, while the high-
frequency response is different. When the duty cycle is relatively small, the transfer

function can be further simplified as:

v () ~(R.,C, -s+1)/(1+ 0.0, + a)f) (4.12)

From the transfer function, it is clear that the double pole at half of the switching

frequency may move to the right half-plane according to different capacitors’ parameters.
The critical condition for stability is R.,C, >T, /2, which clearly shows the influence of

the capacitance ripple.

The control-to-output voltage transfer function comparison between peak current-
mode control and V? constant-on time control is shown in Figure 4.7. In peak current-
mode control, the Q factor of the double pole at half of the switching frequency is
determined by the duty cycle and the external ramp: if there no external ramp, when the
duty cycle is larger than 0.5, the double pole will move to the right half-plane and the
system becomes unstable. In V> constant on-time control, the Q factor is not only related

to the on-time T,, but also related to capacitor parameters. The critical condition

R..C >T /2 reflects the interaction between the ESR and the capacitance of the output

capacitor, which means that those two parameters must be considered at the same time.
Different types of capacitors result in different system performance. When f; = 300 KHz
and D = 0.1, the parameters of the OSCON capacitors (560uF/6mQ) meet the critical

condition, so the system is stable. However, the parameters of the ceramic capacitors

78



Jian Li Chapter 4. Proposed Model for V> Current-Mode Control

(100puF/1.4mQ) cannot meet the critical condition, so subharmonic oscillations occur, as

shown in Figure 4.3.
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Figure 4.7. Control-to-output transfer function comparison: (a) in peak current-mode control,

and (b) in V? constant on-time control
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The output impedance can be also derived based on the similar methodology. As
shown in Figure 4.8, a sinusoidal perturbation with a small magnitude at the frequency fi,
is injected through the output current i,, then based on the perturbed output voltage
waveform, the describing function from the output current i, to the output voltage v, can

be found out by mathematical derivation.

/. e s a S Vo
Ls - .
f Rc l lo
Vin Driver=» \ °

r 3

Co fm

l 1| 1

N\ Current
] "I_I: - source
—/ v

Ton
1

Figure 4.8. Model methodology for output impedance

In the s-domain, the output impedance is derived as:

(1= ™) 1= )Ry, + 1)

v (S) ) S V. 1
Z,(s)=—"——=[+ 2 =11 (R, +— 4.13
WO sy oy g ey, Ls “rey D)
2C,R,, 2C,R,,

The simplified output impedance is expressed as:

7 (S):V"(S)z[ 1 _ (R, C,-s+1]) _1](R +L)
i,(s) (1+L+%) 1+ s +L2) C,s (4.14)
Qo o Q,0, o,

When the duty cycle D is small, the output impedance can be further simplified as:
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v(s) T T, 1+D*). 5-(R,C,s+1)
Z8)=7 (s) z[7(f_RC”)_(cozc s Cs 52 (4.15)
o o 2o (1+ _{_72) .
30, @,

The Bode plot of the output impedance is shown in Figure 4.9. It is found that the
output impedance is very low throughout a wide frequency range. This is why this control

can deal with the transient response even without the outer loop compensation.

-4
& -
3 :
= 10 :
T :
(9_ 12 .
- 14 E
100 1 100 1107 1108 110°
g\ H
m—?
D
L
- 18
]
2
- : ; 6
100 1107 110" 1107 110
Frequency (Hz)

Figure 4.9. Qutput impedance

The SIMPLIS simulation tool is used to verify the proposed model for V* constant
on-time control. The parameters of the buck converter are as follows: Vi, = 12V, V, =
1.2V, Ton = 0.33ps, f; = 300KHz, and Ly = 300nH. The control-to-output transfer function
and the output impedance are plotted using the simulation results. As shown in Figure

4.10 and Figure 4.11, the proposed model can accurately predict the system response.
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Red curve: proposed model; Blue curve: Simplis simulation (= measurement)
Figure 4.10. Control-to-output transfer function comparison: (a) output capacitor (560pnF/6mg2),

and (b) output capacitor (S6pF/6mg2)
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Red curve: proposed model; Blue curve: Simplis simulation (= measurement)
Figure 4.11. Output impedance comparison: (a) output capacitor (560pF/6m<), and (b) output

capacitor (56pF/6mQ)
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4.3 Solutions to Eliminate Subharmonic Oscillations

In order to eliminate subharmonic oscillation due to the capacitor ripple in V?
constant on-time control, two possible solutions are proposed: the first is adding the
inductor current ramp; and the second solution is adding an external ramp. Detailed

analysis of these two approaches is presented below.
A. Solution I: Adding the inductor-current ramp

As discussed above, the capacitor voltage ripple is detrimental to the system stability,
so an additional current loop can be introduced to enforce the current feedback information

and reduce the influence of the capacitor voltage ripple, as shown in Figure 4.12.

: Vo
— vt A R

Ls — T
V. + 1 \ RCO
in (—) Dr‘i:er — Ri + 3RL
Co

{TE

TOI‘I

Vc

A
{

Figure 4.12. Solution I: adding the inductor-current ramp

Following the same modeling methodology, the control-to-output transfer function

can be derived as (4.16) and simplified as (4.17):

(1-e?")1-e )1+ )
v.(s) f. R Cs V. R (R, C -s+1)
0 _Js L~0 in L Co o (4 16)
v(s) sy 1 _,_T"—ﬁr] — 1_M e T Lis (R, + R, )C, s +1 '
2Co (RCo + Rz) 2Co (RCo + Rz)
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VO(S) ~ 1 (RCOCO .S+1)
~ 2 2

v.(s) 1+ s +s72) 1+ ,S +L2) (4.17)
Qo o Q,0, w,

where, s' = (R., +R)-V, /L, Oy =T, /{[(R, +R)C, =T, /2]x}, and R; is the sensing

gain of the additional current loop. By comparing (4.11) and (4.17), we see that adding the
inductor current ramp equivalently increases the ESR of the output capacitors. The
sensing gain of the inductor current R; can be used as a design parameter to eliminate

subharmonic oscillation for various output capacitors.

The output impedance can also be derived as (4.18) and simplified as (4.19):

1
(1- e or )1 - e T YR +—
Cgs V.
;ZO (S) — []'; [} mn

| T,
e—— y_q
2C, (R, +R,)

1
ity o Ls ety @9
] )e ow s o

" 2C,(R,, +R)

1 (R.C,-s+1) 1
2=l s s’ - N s _l]‘(RC”_E) 4.19
1+ +-—)A+——+—) ? (4.19)
10 @ 30, W,

Moreover, when the duty cycle is relatively small, (4.19) can be further simplified as:

(1+D* T, T,

— o “ R —R s+1}-(R. C s+1
{[a)zzRICO 2Rl (ZCO i Co)] } ( Co 0 )
Z,(s)=R; - 5 (4.20)
1+ ,S +S—2)
30, W,

An example using the ceramic capacitors is shown in Figure 4.13 and Figure 4.14.
The parameters are: Vi, = 12V, V, = 1.2V, Ly = 300nH, T,, = 0.33us, and the output

capacitor consists of eight ceramic capacitors (100pF/1.4mQ).
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Figure 4.13. Control-to-output transfer function with different R;
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The control-to-output transfer function and the output impedance are plotted to
show the influence of the inductor-current ramp. Comparing Figure 4.9 with Figure 4.14,
it is found that the output impedance stays a constant value R; at low frequency when there
is an additional current loop. In some applications, such as voltage regulators for
microprocessors where constant output impedance is required, this control structure can be
used to meet the design target. For other applications without such a requirement, the
outer loop compensation can be used to lower the output impedance in the frequency range

within the control bandwidth.

Adding the current-ramp approach to eliminate the subharmonic oscillation in '
constant on-time control is verified through the SIMPLIS simulation based on the similar

parameters. The control-to-output transfer function and the output impedance are shown in

Figure 4.15 and Figure 4.16.
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Red curve: proposed model; Blue curve: Simplis simulation (= measurement)
Figure 4.15. Control-to-output transfer function for Solution I (8 output capacitors:

100pF/1.4mQ): (a) R;=1mL, and (b) R; = 3mQ
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Figure 4.16. Output Impedance for Solution I (8 output capacitors: 100pnF/1.4m€): (a) R; = 1m€2,

and (b) R; =3mQ
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B. Solution II: Adding the external ramp

As we know, the external ramp is used to eliminate subharmonic oscillation in peak
current-mode control. A similar concept can be used in V* constant on-time control, as
shown in Figure 4.17. The external digital ramp starts to build up at the end of the on-time

period and resets at the beginning of the on-time period in every switching cycle.

&
Ls —

Vc+Ramp

PWM -l_-I““

Figure 4.17. Solution II: adding the external ramp

The control-to-output transfer function can be derived as (4.21) and simplified as
(4.22):

Vi R, (R.,C,-s+1
L (1 _ e_STan )(1 _ e_ST.sw )(1 + 1 ) in L( Co o N )
v,(s) s, +s; R,C,s" Ls (R, +R.)C, -s+1
- s, T, s, 2T, +T, ST
Ve (S) (1 + f off _ S, +1-— f on off )e*sTm + s.e (421)
s, +s, 2C,R,, s, +s; s,+s, 2C,R, S, S8,
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2

(I+—"—+ 2 )R, C,s+1)
v, (s) ~ 1 . O, (4.22)
2 2 2 .
ve(s) (1+L+S—2) (1+ 5 +S—2)(1+ 5 +S—2)+ Se R.,CT. s’
Qo o Q,0, w, Qo, S,

where, s. the magnitude of the external ramp.

When the duty cycle and the external ramp are small, (4.22) can be simplified as:

vo (S) ~ (RC{)COS + 1)

2
Ve$) S 5 (4.23)
40)2 a)z

where, 0, =T, /{[(2s,/s, + DR, C,~T,, /2]z}. The Q factor is damped due to the
external ramp.

The output impedance can be derived as (4.24) and simplified as (4.25) and (4.26):

S (- )1-e"" )R, + LN
Z,9)=I Lhal, Cor L 1Ry
o T, 2T, +T, <
(1+ Sy off )—( Se +1— Sy on T o )e—sTﬂ,. I S, o 5w COS
s,+s, 2C,R, S, +s; s,+s, 2C,R, S, +S;
(4.24)
s s?
. 1+ + —2)(RC0COS +1) |
Z,(5)~[ s ¢2 ’ < o2 1 SwZ o2 < —1]- (R, ""a)
e B (B s P W el MY :
10 @ 00, o, S,
(4.25)
1+D*) T T S
—[( 5 )+ “(R.,C,—2)+—“R.T, 1s-(R,C,s+1)
w:C. 2C, 27 s,
Zo (S) ~] 2 (426)
S S
1+ +—)
4@, @,

Based on the parameters used in the previous section, the control-to-output transfer
function and the output impedance are plotted in Figure 4.18 and Figure 4.19 and to show
the influence of the external ramp.
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Adding the external ramp approach to eliminate subharmonic oscillations in V2

constant on-time control is verified through the SIMPLIS simulation based on the similar

parameters. The control-to-output transfer function and the output impedance are shown in

Figure 4.20 and Figure 4.21.
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Red curve: proposed model; Blue curve: Simplis simulation (= measurement)
Figure 4.20. Control-to-output transfer function for Solution II (8 output capacitors:

100pF/1.4mQ): (a) s, = sy, and (b) s, = 2s¢
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Figure 4.21. Output Impedance for Solution II (8 output capacitors: 100pF/1.4mQ): (a) s, = s, and

(b) Se = 25[

To summarize, both of the approaches analyzed above can effectively eliminate

subharmonic oscillations due to the capacitor ripple.
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4.4 Extension to Other V2 Current-Mode Controls

The proposed model strategy can be extend to other types of V> current-mode control

structures, including constant off-time, constant-frequency peak voltage control, and

constant-frequency valley voltage control structures. When using constant frequency

modulation, an external ramp is added to help stabilize the system. The model results for

V2 constant off-time control are shown in Table 4.1.

Table 4.1. Extended model for V2 constant off-time control

1

1—e " )1—e ™)1+
vo (S) _ fs ( )( )( RLCOS) V;n RL (RCoCo S+ 1)
T 2T, +T Ls .
vc (S) Sn (1 + T'on ) _ (1 _ off on )e*Swa Lss (RL + RCO)CO S+ 1
2C0RC0 2C0RC0
vo(S) ~ 1 (RCoCo S+l)
~ 2 2
ve(s) (1+L+S—2) 1+ s +S—2)
NONENON O,w, o,
L1 —e TR + 1) 1
Z s) = n o in_ 1 . R N
()( ) [ Ton 2T0ﬂ + Ton . LSS ] ( Co Cos
ek, ek,
o *Co o Co
1 (R, C, -s+1 1
Z,5) = _ K )1 (R, + )
s s s C,s
1+ +—) I+ +—)
o, w; 050,

1
a; = ﬂ'/Toﬁ‘ QS :T, /[(RC()C() _Enﬁr)ﬂ.]

sw
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The model results for peak voltage control are shown in Table 4.2.

Table 4.2. Extended model for peak voltage control

1 I/in RL (RCOCO - S +1)

1—e ™™ )(1—e T )1+
v, (8) _ /o X X s-RLCO)Lss (R, +R.,)C, -s+1
- T +s,T s T
Vc(s) (Sn +Se n Sl on )+(_sn +Sf _2Se +M)6_STW +(_Sf +Se + S off )6—23‘1}“.
2RC0C0 RCOCO 2RC0C0
v, () N (R, C,s+1)
v.(s) s s s s (s, =s,)R.,C,—s,T, /2
(1+ +—)(1+ +-5)— T, s
6@, @, 0, @, s, s,
1 .7
fill=e ™) (A=) (R, +——) "
7 (S)_[ COS LSS 1]
o T +sT T -
(s, +5, + 220 ) 4 (=5 + 5, =25, + M)e-mw F(=s, 45, + Srloy =
2RC0C0 . RC()C() ‘ 2RC0C0
1
(R. +—
( Co COS)
(R, C.s+1) |
Z,(s) =1 2 T —1]-(Re, +—)
’ s,—s)R.C —s.T /2 Co
(1+ +i2)(1+ S +L2 _(f L) Co~ o froff ];W-SQ CHS
O, Qo, o S, +58;,
1 R.C -T
Q6 — 1/[(_+ Co o sw )72']
2 T'swsn /(Sn + Sf) + Ton
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The model results for valley voltage control are shown in Table 4.3.

Table 4.3. Extended model for valley voltage control

f (1—67311“'”’ )(l_e,STM )(1+ 1 )& RL(RCoCo -S+1)
v,(s) ’ s-R,C,"Ls (R, +R.)C,-s+1
- s.T . sA +s T,
ve(s) (s, +s, T . )+ (=8, +s,—2s,+ Josw T of Ye T +(—s,+s, +7S’7T"" Ye 2T
‘ 2RC0C0 . RCOCO ZRCoCo
v, (s) y (R, C, s+1)
~ 2 2
—s)R.C —sT /2
V(,(S) (1+ s +L2)(1+ s +L2)_(Sn Se) Co~ o Sn on T;W'SZ
0,0, o, o, S, S,
—s —sT. 1 I/in
e e
Z,)=1 s, T . s, T +s T ] S s T -1l
(5,48, + 2L Yt (=s, 45, =285, + L0y 4 (g s, e
‘ Co Co ‘ RCo Co 2RC0 Cu
1
(R, +——
( Co CUS)
(R, C,s+1 1
Zo(s) =1 s s’ s sg (s )—s )R, C —s T /2 _1]'(Rco+a)
(1+ +72)(1+ +72)_ n e Co ™~ o n’ on T;w 'S2 o
70, @, 10, @, Sy TSy
1 R ()CO _TVVV
0, =[G + ——C=e "y
2 T,s;/(s,+s,)+T,

96




Jian Li Chapter 4. Proposed Model for V. Current-Mode Control

Peak voltage control is used as example for further illustration. The parameters are:
input voltage Vi, = 12V, switching frequency f; = 300KHz, and external ramp s, = 0. The
control-to-output transfer function is plotted based on different duty cycles and different
capacitor parameters, as shown in Figure 4.22 and Figure 4.23. One common
characteristic of peak voltage control and peak current-mode control is that subharmonic
oscillations occur when the duty cycle is larger than a critical value. The difference
between these two control structures is that this critical duty cycle value is 0.5 for peak
current-mode control, while this value for peak voltage control is less than 0.5 which is
related to the capacitor parameters. As shown in Figure 4.23, different capacitor
parameters may result in subharmonic oscillation in the peak voltage control even when D
= 0.1. It is clear that subharmonic oscillations are more likely occurs when using peak

voltage control due to the influence of the capacitor ripple.

Based on the duality principle, the properties of constant off-time control and valley
voltage control can be easily found based on the previous analysis on constant on-time

control and peak voltage control.
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Figure 4.22. Control-to-output transfer function with different duty cycles: capacitor

(560pF/6mL2)
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Figure 4.23. Control-to-output transfer function with different capacitor parameters: D = 0.1

4.5 Multi-phase Model for V> Current-Mode Control

As mentioned before, multi-phase topology is widely used to improve the transient
response, and distribute power and heat for better thermal performance. The model for the
multi-phase converters can be obtained from the extension of the single-phase converter
model. V? constant on-time control is used as an example to illustrate how to derive the

multi-phase model.

A multi-phase buck converter with the V* constant on-time control is shown in
Figure 4.24. The total output voltage ripple information is fed back to the modulator, and
the on-time pulse is distributed to each phase. Interleaving can be achieved automatically.
Generally speaking, this implementation can be used to the case of no duty cycle
overlapping. Based on the previous analysis in Chapter 2, the multi-phase buck converter
is equivalent to a single-phase buck converter, as shown in Figure 4.25. The switching

frequency is n times of original f;. The output voltage is n times of original V.
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Figure 4.24. A multi-phase buck converter with V2 constant on-time control
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Figure 4.25. Equivalent single-phase buck converter
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Therefore, the control-to-output transfer function and the output impedance can be

derived as:
v,(s) _ 1 _ (R, C,-s+1)
v (s) e ) (4.27)
10 @ (%)(na)z) (nw,)
Z,) =L RS e+
A0 NPT S as o SR - o (4.28)
10 @ (73)(,10)2) (nw,)

Based on the control-to-output transfer function, it is found that the position of the
high frequency double poles is located as half of the equivalent switching frequency. And
the critical condition for stability keeps the same. Following the same methodology, the
multi-phase models for the cases with different ramps can be easily obtained. Figure 4.26

shows the validity of the extended model.
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Figure 4.26. Control-to-output transfer function comparison for multi-phase buck converters with

V? constant on-time control
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Following the same methodology, the control-to-output transfer function and the

output impedance in the case of with the inductor-current ramp can be derived as:

vo (S) ~ 1 . (RCo o S+ 1)
v (s) s s’ s°
c I+ +7) 1+ + 2) (4.29)
00, (Q3 Ynw,) (nw,)
RACON 1 ‘ (R, C, -s+1) . 1
Z,(5)= i(s) ~1 s s? s s? 1 (Re, + os)
(I+——+—) (I+—; + ) (4.30)
10 O, (%)(na)z) (no,)

The control-to-output transfer function and the output impedance in the case of with

the external ramp can be derived as:

2

a+y S " o)’ (R, C,s +1)
v, (s) 1 71(”0’2) @2
v,(s)~ s . K s? s s? §2
¢ a+—- +—) I+ + )1+ + )+ ERUCO
Qla)l w1 Q3 (na)2) (na)z)z %(nwz) (na)z) Sy : n
n n
(4.31)
1+ D(R,Co5+1)
| a - (ny) (” @,)* |
Z,(9)=1 s s 2 B 52 s —1]- (R, +a)
1+ +— + 1+ + +CR,C, .2 0
( 0,0, (01)( Q3 (no,) (na)z)z)( %(nwz) (na)z)z) S, n s
n
(4.32)
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4.6 Experimental Verification

The experimental verification is done based on the LM34919 evaluation board from
National Semiconductor. The experiment setup is shown in Figure 4.27, and the
parameters are: Vi, = 12V, V, =5V, F, = 800kHz, L; = 15puH, Ry =R, =2.49KQ, and R =
10Q. Experiment verification for adding the inductor-current ramp is done based on the
same evaluation board with some modifications as shown in Figure 4.28. The inductor

information is sensed using sensing resistor R;, and the feedback information is the sum of

the inductor current and the output voltage.

- /. Y

d
A NN
TE<] :
Ton fm
I Vref
Figure 4.27. Experiment setup (1)
/ iL Ri VO
Ls — |
Vin RL =; Rx
I I Co :E RY
= = -

Figure 4.28. Experiment setup (2)
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Experimental results with different values for C, are shown in Figure 4.29. The

proposed model can accurately predict the double pole at half of the switching frequency.
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Dashed line: proposed model; Solid line: measurement
Figure 4.29. Control-to-output transfer function comparison: (a) Rc, = 0.39Q, C,=2x10pF, and

(b) R¢o = 0.39Q2, C,=2x0.47pF
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Experiment results with different values for R; are shown in Figure 4.30. The

experiment results agree with the model results very well.
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Figure 4.30. Control-to-output transfer function comparison: (a) R; = 0.15€, C,=2x10pF, and (b)

R; = 0.39Q, C,=2x10pF
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4.7 Summary

This chapter presented a new modeling approach for V* current-mode control. The
power stage, the switches and the PWM modulator were treated as a single entity and
modeled based the describing function method. The model for V> current-mode control
achieved by the new approach can accurately predict subharmonic oscillations due to the
capacitor ripple. Two solutions were discussed to solve the instability issue. Simulation

and experimental results verify the proposed model.
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High-resolution digital pulse-width modulator (DPWM) is considered to be
indispensable for minimizing the possibility of unpredicted limit-cycle oscillations, but
results in high cost, especially in the application of the voltage regulator (VR) for
microprocessors. This chapter firstly introduces several DPWM modulation methods to
improve the DPWM resolution. And then, a fully digital current-mode control architecture
which can effectively limit the oscillation amplitude is presented, thereby greatly reducing
the design challenge for digital controllers by eliminating the need for the high-resolution
DPWM. New modeling strategy is also used to model the proposed digital current-mode
control in this chapter. Simulation and experimental results are used to verify the proposed

concepts.

5.1 Challenges to Digitally-Controlled DC-DC Converters

Recently, digital power supplies have become more and more popular in the field of
power electronics [89]. Power supplies with a digital controller can overcome many
drawbacks of those with an analog controller, and provide more functions that can improve
the system performance, such as noise immunity, programmability and communication

capability.

However, the design of a low-cost and high-performance digital controller is still a
challenge. One of the keys to solving this issue is the selection of suitable digital control
architecture. At present, the voltage-mode control architecture is widely used in the design
of the digital controller [90][91] as shown in Figure 5.1. The digital voltage-mode control
architecture evolved directly from its analog form. The difference between the analog
structure and the digital structure is that two major quantizers, the analog-to-digital
converter (ADC) and the digital pulse-width modulator (DPWM), are added into the
system.  Unfortunately, unpredicted limit-cycle oscillation may occur due to the
quantization effects of those two quantizers [92]. Hao Peng et al. introduced a modeling

method mainly for sinusoidal limit-cycle oscillation in the digital voltage-mode control
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structure [93]. Based on [92] and [93], we found the high-resolution DPWM is
indispensable for minimizing the possibility of the limit-cycle oscillation. However, the
DPWM with high resolution is expensive and introduces more challenges to the digital

controller design, especially in the application of the voltage regulator (VR) for the

Microprocessor.

ref

PWM

A ————— -
; Ve M pigital
_| |\Compensator]

(b)

Figure 5.1. Voltage-mode control architecture: (a) the analog form, and (b) the digital form
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Different DPWM implementation methods have been proposed to solve this issue
[94][95][96][97][98][99][100][101][102]. The counter-based DPWM [94] is one of most
common practices. In the counter-based DPWM, a counter is used to count the system
clock cycle to determine the on-time and switching cycle. In this modulator, the duty cycle

resolution is determined by:

AD:f;/f;lock (51)

where, f; is the switching frequency of the power stage and f.,c is the system clock
frequency of the controller. Taking the Buck converter as an example, the output voltage

resolution 4V, in the continuous conduction mode (CCM) is determined by:
AV, =V, -AD (5.2)
where, V, is the input voltage.

Figure 5.2 shows the clock frequency requirement to achieve 3mV output voltage
resolution under different switching frequencies in the VR application (assuming V;, =
12V). As shown in the graph, even for a 300-KHz switching frequency VR, the system
clock frequency has to be 1.2 GHz to meet the resolution requirement. Over GHz clock
frequency is not feasible for practical implementation due to the large power consumption.

When the switching frequency goes higher, the situation becomes worse.

1% 1%

/ Fclock—4G Hz
0.1% 0 1%

AD %/ @ \\\Lfclock—BG Hz

: 0.01% | N\
0.001% / 0.001%

I
I
[ : Fclock—1.2GHZ
i AVo =3mV
1
0.1mV 1mvV 10mv 100mVv 0.1GHz 1GHz 10GHz 100GHz
AVo Feclock

U0 7]

Figure 5.2. System clock frequency requirement for digital controllers with voltage-mode control

To deal with this problem, the hybrid DPWM [94]~[98] is proposed to lower the

system clock frequency by adding the delay-line structure, which consists of a series of
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delay cells. A delayed clock is generated after each delay cell. This time delay fdeiy is
much shorter than the system clock cycle 7eciock. Considering the multi-output of the delay-
line, the clock frequency has been equivalently increased by n, times with about n,; delay

cells. The resolution of the hybrid DPWM, 4Djyp4, 1s determined by:
A‘Dhybrid = fv /(fclock ’ na’) (5.3)

Generally speaking, the hybrid DPWM is usually used in the digital controller design
since the required equivalent clock frequency is too high to be achieved by the oscillator
along. However, extra silicon area is required by the delay-line, which results higher cost
than the counter-based DPWM. Other than those two structures, dithering technique is
introduced to increase the effective resolution of the DPWM [92][99][100], but the
additional voltage ripple caused by the dithered duty cycle limits the benefits of this
technique. Therefore, it is worth paying more efforts on the resolution improvement of

DPWM for digital controlled power converters.

5.2 Proposed High Resolution Digital Duty Cycle Modulation Schemes

A. Conventional DPWM schemes

Similar to the analog PWM modulation scheme, digital PWM has several schemes,
such as trailing-edge modulation, leading-edge modulation and double-edge modulation, as

shown in Figure 5.3, where v, is the control signal.

Digital
Ramp ‘111LL
Ve ,_LL
P W M -l- 1 r r r ﬁ b 1

Trailing-edge Leading-edge Double-edge

Figure 5.3. DPWM modulation schemes
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The difference is that digital ramp is used in the digital PWM while the analog ramp
is used in analog PWM. The digital ramp is updated every time slot (#r), which is equal
to Teiock (in the counter-based DPWM) or tdeiay (in the hybrid DPWM).

All of those DPWM schemes are based on constant frequency modulation. In the
following analysis, the counter-based DPWM with trailing-edge modulation is used as an

example. The digital duty cycle can be express as:
D:(m'Tclock)/(n.T::lock):m/n (54)

where m and » are positive numbers. Because of constant frequency modulation, 7 is fixed
for a given switching frequency, while m is variable for different duty cycle values. The

resolution can be easily calculated by:
AD=m/n—(m-1)/n=1/n (5.5)
The higher the clock frequency is, the higher the n value, which means the higher the
duty cycle resolution.
B. Proposed high resolution DPWM schemes

Different modulation schemes may give different duty cycle resolution. In the

following paragraphs, three different modulation schemes are investigated.
(a) Proposed method #1 (Constant on-time modulation)

Method #1 is the constant on-time modulation, as shown in Fig. 6. In the method #1,

m is constant and 7 is variable, and the duty cycle is expressed by (5.4).

L
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Figure 5.4. Method #1: constant on-time modulation
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The duty cycle resolution is obtained as:

AD, = __m __m _p.1
Ton on+l nm+1) n (5.:6)

Comparing with the constant frequency modulation, the smaller the duty cycle is, the
higher the resolution of the constant on-time modulation. For the VR application, the
steady state duty cycle is around 0.1, which means that about 10 times improvement can be

achieved by changing the modulation scheme with the same system clock frequency.
(b) Proposed method #2 (Constant off-time modulation)

When the duty cycle is small, much higher resolution can be achieved in the method
#1. However, when the duty cycle is close to 1, this advantage is not so promising. In
order to overcome this problem, the method #2 is proposed. Method #2 is constant off-

time modulation, as shown in Figure 5.5.

L

{4————— N*tclock

Ve

Ramp |«— p*tciock —»i

PwM | H

Figure 5.5. Method #2: constant off-time modulation
In the method #2, p is constant and 7 is variable, and the duty cycle is expressed as:
D=n-p)/n (5.7
The duty cycle resolution is obtained by:

(n+l)-p n-p p
AD = — =
2 (n+1) n n(n+1)

z(l—D)% (5.8)

Assuming f.,cx= 150 MHz, f; = 300 KHz, duty cycle resolution comparison is shown

in Figure 5.6. Comparing with the constant on-time modulation, constant off-time
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modulation can achieve higher resolution when the duty cycle is close to 1. Method #1

and #2 are complementary with each other.

DPWM resolution vs. Duty cycle

1%

| — — — — T
Conventional DPWM Method 0.1% = ———
- ~=
AD - ~
Proposed Method #1 7’ N\
/ \
Proposed Method #2 0.01% 17 \
/ \
0.001%
0.01 0.2 0.4 D 0.6 0.8 0.99

Figure 5.6. Duty cycle resolution comparison

(c) Proposed method #3 (Nearly constant frequency modulation)

One concern about constant on-time and constant off-time modulation is the
switching frequency variation. For different duty cycle value, the switching frequency is
different. This situation is severer in the laptop VR application, where the input voltage
varies from 9V to 19V. In order to overcome the drawback of variable switching
frequency, Method #3 is proposed. Assuming the duty cycle is small, comparing (5.5)
with (5.6), it is found that changing m results in larger variation of duty cycle, while
changing n results in achieve smaller variation. Therefore, the method #3 is proposed
based on the combination of constant frequency modulation and constant on-time
modulation. In this method, the duty cycle is expressed by (5.4), and m & n are both
variable: changing m for coarse regulation; changing » for fine regulation. Because there
is only a small variation on variable n, the switching frequency is almost constant for

different duty cycle value. An example with D = 0.2 is shown in Figure 5.7.
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Figure 5.7. Method #3 (D = 0.2)

Figure 5.7 shows the relationship between the output voltage Vo and the duty cycle.
Dq and D,+1 are two adjacent values achieved by coarse regulation, where m is variable.
Therefore Dy = m/n, Dg+1 = (m+1)/n. According to (5.6), the resolution can be increased
about 5 times by changing n, since the duty cycle is about 0.2. Therefore, fine regulation is
achieved as shown in Figure 5.7. The variation of » is only 5, which guarantees the
smallest switching frequency variation. For different duty cycle values, the variation of 7 is
different. Similarly, when duty cycle is close to 1, the method #3 is based on the

combination of constant frequency modulation and constant off-time modulation.
C. The benefits of proposed schemes

Proposed modulation methods can greatly reduce the design challenge of the DPWM,
especially for the VR application. Assuming D is about 0.1, for the counter-based DPWM,
the duty cycle resolution can be increased about 10 times based on the same system clock
frequency; for the hybrid DPWM, due to 10 times higher resolution, delay cells can be
reduced from the cost point view: with the same resolution, about 90% delay cell reduction

can be achieved, which means significant cost reduction.
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D. Additional benefits in DCM operation

Continuous conduction mode (CCM) and discontinuous conduction mode (DCM) are
two basic operation modes for power supplies. This section investigates additional
benefits of the proposed method #3 in DCM operation. For the Buck converter, Vo can be
expressed by:

v.-D CCM

vV, = L1 DCM 5.9
o2, -1+ /1+—8VS 0.%)—1 (59)

where /o is the load current, Ls is the power stage inductor. And the duty cycle can be

expressed by:
ZD , CCM
D={ - 5.10
2L f.1, v (5-10)

DCM

Vin Vo V I/in O_ Vo ’

The duty cycle becomes smaller when load decreases at DCM operation. Assuming
fs = 300KHz, Vin = 12V, Vo=1.2V, fecok = 150MHz, Ls = 600nH, Figure 5.8 shows the duty
cycle resolution comparison between the constant frequency modulation and proposed

modulation method #3.

The relationship between output voltage resolution (4V,) and duty cycle resolution

(4D) is expressed by:
AV,=AD-0V, /0D, (5.11)

where Dss is the steady state duty cycle. Based on (5.9), it can be obtained as:

- CCM
gV” = 2V, -V, /v, )" (5.12)
D 0 . 0 in N
VLLE, ViV, 2=,y e PM

According to (5.9)~(5.12), AV, can be calculated and shown in Figure 5.9. Proposed
method #3 can achieve identical and much finer A Vo in both CCM and DCM, which is

very promising for digital control system design.
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Figure 5.8. Duty cycle resolution comparison at CCM and DCM
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Figure 5.9. Output voltage resolution comparison at CCM and DCM
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5.3 Proposed Digital Current-Mode Control Architecture Eliminating
the Need for High Resolution DPWM

The high-resolution DPWM does not change the nonlinearity of the quantizers, and
so it cannot completely eliminate the unpredicted limit-cycle oscillation. Once the limit-
cycle oscillation occurs, which is not necessarily the sinusoidal type as shown in Figure
5.10, it is very hard to predict the oscillation amplitude and frequency in the digital

voltage-mode control architecture.
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Figure 5.10. Unpredicted limit-cycle oscillation

Current-mode control provides more opportunities for the digital implementation
[103][104][105][106]. In current-mode control, the equivalent series resistor (ESR) of the
output capacitor can be used as the sensing resistor, so that the output voltage ripple, which
includes the current information, can be directly used as the ramp for the duty cycle
modulation. Later, the control structure can be implemented with an additional
compensation loop, which is called V* current-mode control, as introduced in the previous

chapters.

Based on the different modulation schemes, these two architectures consist of
constant-frequency peak voltage control, constant-frequency valley voltage control, V2
constant on-time control, V> constant off-time control and hysteretic control. The common
characteristic of these control structures is that the instantaneous output voltage is limited

by the control signal v, which provides an opportunity for limiting the limit-cycle
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oscillations in their digital forms. Among all those control structures, constant on-time
control is the most widely used to improve the light-load efficiency, since the switching

frequency can be lowered to reduce switching-related loss. Therefore, constant on-time

control is used for further illustration.

Direct digitization is taken by using the ADC to sample the output voltage v,

including the ripple information, as shown in Figure 5.11.

. / Y

Vin Ct) DrIrer-Ir \ Reo

Ve

Figure 5.11. Digital constant on-time control

As shown in Figure 5.12, limit-cycle oscillation occurs due to the sampling of the
ideal ADC without quantization effects. However, the pattern of the oscillation is quite
different from that shown in Figure 5.10, which occurs in the digital voltage-mode control
structure. As had been expected, the control signal v, limits the oscillation amplitude cycle

by cycle through the voltage ripple feedback in the PWM modulator.
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Figure 5.12. Voltage waveforms in the digital constant on-time control

In addition, by assuming that the output voltage ripple is dominated by the ESR

ripple, even the maximum oscillation amplitude Vosiiation.max Can be easily calculated as:

Voscillation.max = Tsample ' Sf (5 . 13)

where Tsampie 1S the sampling period and sr is the magnitude of down-slope of the voltage
ripple. It is found that (1) is also true for a non-ideal ADC with quantization effects and a

certain conversion time.

In this group of digital current-mode control structures, the oscillation amplitude is
easily controllable, and the resolution of the DPWM is no longer critical. Therefore, it is
not necessary to follow the usual rules [92][93] in the digital voltage-mode control
architecture. A straightforward way to reduce the oscillation amplitude is to increase the
sampling rate of the ADC. However, this will increase the design challenge for the ADC.
Referring to the solution of eliminating the subharmonic oscillation in the analog peak
current-mode control, the external ramp is used as the compensation ramp. Although the
oscillation in the digital current-mode control is quite different from the subharmonic
oscillation, the concept can be applied here too. The external digital ramp starts to count at
the end of the on-time period and resets at the beginning of the on-time period in every

switching cycle, as shown in Figure 5.13.
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Figure 5.13. Proposed digital current-mode control architecture

In the proposed current-mode control architecture, the oscillation amplitude
calculation is quite different from the previous analysis. For the case of using the ideal

ADC, as shown in Figure 5.14, the maximum oscillation amplitude is calculated by:

Voscillatio n.max Tclock ’ Sf (5 14)

where, Tk 18 the system clock period. Comparing this with (5.13), it is apparent that
Teiock 18 much smaller than Tsampie 1n the digital controller, which means that the oscillation

amplitude becomes very small due to the effects of the digital external ramp.

- Tsamp\eg"

Vosample

(b)

Figure 5.14. Voltage waveform in the proposed digital current-mode control architecture: (a) the
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ideal ADC case, and (b) the non-ideal ADC case

When using the non-ideal ADC, as shown in Figure 5.14, the maximum oscillation

amplitude is calculated by:

oscillation.max [A VADC /Sd ]T[,m ’ Sf (515)

where, AV spc is the resolution of the ADC, and s, is the magnitude of slope of the external
ramp. In (5.15), sq 1s designed according to a given AV apc, so that (AVapc/sq) is less than
Tsampte.  The expression [AVapc/sq J1clock means the value of (AVapc/sq) 1s quantized by
Teock- This result is also true when there is a certain time delay due to the conversion time

of the ADC.

Based on (5.13)~(5.15), it is found that, with a given AVpc, the reduction of
oscillation amplitude can be achieved only when sq4 is larger than a certain value, which
makes AVapc/Sq < Teample. The oscillation amplitude can be further reduced by increasing

the s4 until it reaches the extreme case in which the value [AVapc/sd J1eiock 18 €qual to Tejock-

In the proposed digital current-mode control architecture, oscillation always happens
intentionally in order to achieve equivalent high resolution output based on the average
effects from the power stage low-pass filter. At the same time, the instantaneous output
voltage is also limited through the current information feedback in the proposed structure.
It is different to achieve these two characteristics at the same time through the dithering

techniques in the voltage-mode control architecture [92][99][100].

The MATLAB simulation tool is used to do preliminary simulation. The simulation
parameters are: inductor Ly = 300nH, capacitor: 8 OSCON capacitor (560uF/6mQ), input
voltage Vi, = 12V, load resistor Ry, = 0.1Q, on time T,, = 0.33us, sampling frequency
Fsampe = 1.2MHz (about 4 times the switching frequency), AVapc = 3.125mV, and system
clock Fgeox = 12MHz. Simulation results are shown in Figure 5.15. From the simulation
results, the improvement is obvious: the oscillation amplitude of the output voltage is

greatly reduced due to the effects of the external ramp.
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Figure 5.15. Steady-state simulation results: (a) no external ramp, and (b) with the external ramp

(sq = 4sy)

5.4 Modeling of Proposed Digital Current-Mode Control Architecture

In the previous chapter a new modeling approach has been proposed to model the

current-mode control and the V? type current-mode control. The power stage, the switches

and the PWM modulator are treated as an entity to model. The describing function (DF)

method is used to derive the transfer function from the control signal v, to the output

voltage v, directly. A similar modeling concept can also be applied in the proposed digital

current-mode control architecture. As shown in Figure 5.16, a small magnitude sinusoidal
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perturbation at the frequency f,, is injected through control signal v, then based on the
perturbed output voltage waveform, the describing function from the control signal v, to
the output voltage v, can be determined by mathematical derivation. The quantization
effects of the ADC and the digital ramp are ignored during the derivation, and the ramp is
assumed to intersect with the sampled output voltage vosampie at the ky, sampling period in

each switching cycle. For the detailed derivation process please refer to previous chapters.

. /. P’ 'a o S Vo °
‘t Ls —
Rco
Vin Ct) Driver=» \
r Y
- d -
- "l_l: + Vc
m
- -+ Vok
Ton source

The k* sampling cycle

Vosample )

Vc+Ramp

Pwm_..l_ .I““

Figure 5.16. Modeling methodology for the control-to-output transfer function
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The small-signal transfer function is derived as:

L(l — T )(1 —e T )(1 + 1 ) V:’n RL (RCoCo S+ 1)

v,(8) _ s, RCs Ls (R, +R.,)C, -s+1
VC(S) (k—l)T _i_Tan+va (k—l)T )_va_Tnn
KY S . sample 2 T S . S . sample 2 o7
1-2--L-"L Yo — (L -1+ Ye 2
Sa Sq C,Re, Sq Sq C,Re,
(5.16)

where, Ty is the switching period, f; is the switching frequency, L is the inductance of
inductor, R¢, is the ESR of the output capacitors, C, is the capacitance of the output

capacitors, Vi, is the input voltage, R; is the load resistor, and s, =R. -V /L. . The
p p g ya Co o s

result is not applicable to the frequencies when f,, = n*f; where n is positive integer.
Without losing generality, the results at those frequencies will not be shown in this paper.

This can be further simplified as:

2
(I+—"+ 2 )R, C,s5+1)
v, (s) ~ 1 ) o, o (5.17)
2 2 2 .
LGS W R N TR B 2 S L WL Gl
Qo o 0,0, o, O, w, Sy
Where’ a)l :72./]:);1 ’ Q :2/72-9 a)2 :ﬂ/nw’ and Qd = Tsw /[RCoCo +Ton /2+(k_1)Tsample]7[ :
This approximation is valid up to half of the switching frequency.
When the duty cycle is small, the transfer function can be further simplified as:
S S2
1+ +—5WR,C,s+1)
vo (S) ~ Qla)z a)z
v.(5) - s s? s s s (5.18)
¢ A+—"—+)(1- +-)+"%“R,C,T, s’
0,0, o, Q0, o Sy

The Simplis simulation tool is used to verify the model. The quantization effects of
the ADC and the digital ramp are ignored. The model can predict the system response

very well as shown in Figure 5.17.
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Red curve: proposed model; Blue curve: Simplis simulation (= measurement)
Figure 5.17. Control-to-output transfer function comparison: (a) sq = s, and (b) sq = 4s¢
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The stability of the system can be determined by the location of the system poles

based on (5.18). The location of the system poles and zeros is shown in Figure 5.18.

r !m 1 ’m
<.,<.,‘_'..'G::t:< sgn 0 "'<-,___..'°§:<
P Increasingsd a
| ersiase g
- = 2gF e
Xz 11, Sa=2st™|_jz /T,
(a) (b)

Figure 5.18. Location of the system poles (x) and zeros (0): (a) sq = 0, and (b) sq = 2s¢

It is found that when s4 is very small, there are two poles at the right-half plane which
means the system is unstable. When sq4 is increased, the two poles will move to the left-
half plane. In a word, the selection of the external ramp is not only related to the amplitude

of the limit-cycle oscillation, but also very important to the stability of the system.

The output impedance can be modeled as shown in Figure 5.19. Following the same
methodology, a small magnitude sinusoidal perturbation at the frequency fi, is injected
through the output current i,, then based on the perturbed output voltage waveform, the
describing function from the output current i, to the output voltage v, can be found out by

mathematical derivation.
The output impedance can also be derived as (5.19) and simplified as (5.20):

Sy 1 .V

(1 _ efsTm, )(l _ e’STw )e*[Tw’Tan ’(k*I)T.mmply]“ (RCO + C )Li
s .8 Ls
Zo9)=1 : T, +T T, -T ~b
s S . (k_l)Tsampl@ + = = s Ky (k_l)Tsumple - 2 =
1-(2--L-2L Yo (L1421 Ye 2T
Sa Sa C,Re, Sq Sa C, R,
1
(Re, +——)
WS
(5.19)
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Figure 5.19. Modeling methodology for the output impedance

The model can accurately predict the output impedance of the system as shown in

Figure 5.20.

The control-to-output transfer function and the output impedance are plotted for
different external ramp cases, as shown in Figure 5.21 and Figure 5.22. It is clear that the
control-to-output transfer function can be approximated as a second-order transfer function.
Furthermore, when the amplitude of the ramp is increased, the output impedance becomes

larger which means the transient response becomes worse.
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Figure 5.20. Output impedance comparison: (a) sq = 2s;, and (b) sq = 4s¢

127



Jian Li Chapter 5. Digital Application of Current-Mode Control

20,
_——
[} 0f "
. :
£ ¥
M - 20 :
O :
- 40 :
100 1107 1 10* 1.‘m§ 1x10°
9 Ll
Tg‘ :
g} *e"::*‘_‘ .
= et
h‘ '. hd;..
Q "r'r
0 -9 :
&
Q
- 18
100 110° 1x10* 1107 1:10°
Frequency (Hz)

Figure 5.21. Control-to-output transfer function

—
[41]
3
£
©
U]
'
)
D T
Qe 5
E 1 II'\ :‘
@ Al
%— 180 i
£
m -
100 1107 110" 1107 110t
Frequency (Hz)

Figure 5.22. Output impedance

128



Jian Li Chapter 5. Digital Application of Current-Mode Control

Again, the MATLAB simulation tool is used to simulate the transient response, as
shown in Fig. 18. As has been predicted, the voltage spike during the load step-up and

step-down becomes larger with the larger external ramp.
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Figure 5.23. Transient simulation results: (a) sq = 2s;, and (b) sq = 6s¢

Based on previous analysis, we prefer the external ramp with relatively large
amplitude in terms of the reduction of the limit-cycle oscillation, but the transient response
suffers with this condition. In other words, the single inner loop is unable to compensate
the steady-state (limit-cycle oscillation) and transient response at the same time. One way
to solve this issue is: to design the inner loop to reduce the amplitude of the limit-cycle

oscillation and to design the outer loop based on (5.17) to improve the transient response.
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One thing to be aware of is that we need to make sure that outer loop compensator is not

influenced by the limit-cycle oscillation. An example is shown in Fig. 19.
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Figure 5.24. Transient simulation results (s;=4s¢): (a) no compensation, and (b) with outer loop

compensation
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5.5 Adaptive Ramp Design and the Extension of Proposed Structure

A. Adaptive ramp design

The previous section presents the inner loop and the outer loop designs to deal with
different aspects separately. However, with the help of the flexibility of digital control, an
adaptive ramp design is proposed so that the single inner loop can handle not only the
steady-state but also the transient response. As shown in Figure 5.25, in the original
design of the external ramp, the ramp starts to count at the end of the on-time period,
which means that the ramp exists for the entire off-time range; in the adaptive design, the
slope of the external ramp stays the same but the ramp only exists in a very small range of

time around the steady state off-time ending point (for example, Tramp = 10~20%Tsy).

Vosample Aﬁ-\lﬁ
Vc+Ramp .
Ve+tRamp — L ‘ _
TDI‘I
Pwm_.l_l_ r PWM _I__

(@) (b)

Vosample

Figure 5.25. External ramp design: (a) original design, and (b) adaptive design

The benefit of the new design is that the inner loop can reduce the steady-state limit-
cycle oscillation and the voltage spike when the transient occurs at the same time: at the
steady state when the limit-cycle oscillation is relatively small, the sampled output voltage
will intersect with the external ramp which is good for the reduction of the limit-cycle
oscillation; when the transient occurs, the sampled output voltage will directly intersect
with the control signal instead of the external ramp, which can boost the transient response.
As shown in Figure 5.26, the steady-state limit-cycle oscillation is similar for both cases,

but the adaptive ramp design can greatly reduce the voltage spike when the transient occurs.
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Figure 5.26. Transient simulation results (sq = 4s¢): (a) original ramp design, and (b) adaptive

ramp design

In order to implement the adaptive ramp design, we must know the approximate duty
cycle value at the steady state. Therefore, in an application with a large steady-state duty
cycle range, the additional feed-forward loop is necessary for the digital controller to

calculate the duty cycle value for a certain input voltage and output voltage.
B. Extension of proposed structure

All of the previous analysis in this study is based on the assumption that the output
voltage ripple is dominated by the ESR ripple. This assumption is true for the OSCON
capacitor and the SP capacitor with a low ESR zero. For some types of capacitors, e.g. the

ceramic capacitors, the ESR zero is very high, and the current feedback information is
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diminished by the capacitor ripple. In order to implement the proposed digital control
structure, the current information can be obtained from a sensing network other than the

ESR. The DCR sensing network is shown as an example in Figure 5.27.
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Figure 5.27. Extension of the proposed digital current-mode control architecture

Multi-phase implementation can be achieved as shown in Figure 5.28. The

additional current information is used to guarantee current sharing among different phases

by adjusting the on-time.
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Figure 5.28. Multi-phase implementation
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5.6 Experimental Verification

Experimental verification has been done through the buck converter power stage and
Xilinx Spartan II FPGA board with an additional ADC, as shown in Figure 5.29. In the
power stage, inductor L = 300nH, and the capacitor is thel0 SP capacitor (390uF/10mQ).
The input voltage is 12V, and the output voltage is 1.2V. The switching frequency is about
300 KHz.

-

Figure 5.29. FPGA-based digital control platform

In order to verify the proposed high resolution DPWM modulation method, The
ADC resolution AVapc is set to be 8 mV and the system clock frequency is 150 MHz. For
the conventional counter-based DPWM: AV, = V;,,*4D = 24mV, which is larger than
AV pe (8mV); Severe limit cycle oscillations occur in this case, as shown in Figure 5.30.
However, for the proposed DPWM method #1 and #3: 4V, = 2.4mV, which is less than

AVype (8mV); Limit cycle oscillations can be greatly reduced.
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Figure 5.30. Output voltage waveform: (a) conventional DPWM, (b) proposed method #1, and (c)

Il 1.0ms 250KSs  4.0usdr

(c)

proposed method #3
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The switching frequency variation for different methods is shown in Figure 5.31.

Proposed method #3 can achieve nearly constant switching frequency operation.

M 2 0us 125M3%  8.0nsmt

Vin=8.7V Vi =19V
(2)
____________ T -
Vin=8.7V Vin =19V
(b)

Figure 5.31. Inductor current waveform: (a) proposed mothed #1, and (b) proposed method #3

In order to verify the proposed digital control structure, the ADC resolution AVapc is
3.2 mV, and the sampling rate is about 4 times the switching frequency. The clock
frequency is 18MHz. The steady-state experiment results are shown in Figure 5.32. The
oscillation amplitude is reduced due to the effects of the external ramp. Moreover, the

steady state is very similar for two different ramp designs with the same sq.

The transient response is shown in Figure 5.33. Comparing the two ramp designs, it

is apparent that the adaptive ramp design can greatly improve the transient response.
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Figure 5.32. Output voltage steady state experiment results: (a) no external ramp, (b) original

ramp design (sq = 8sy), and (c) adaptive ramp design (sq = 8s¢)
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Figure 5.33. Output voltage transient response experiment results(sq = 8sy): (a) original ramp

design, and (b) adaptive ramp design
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5.7 Summary

High-resolution digital pulse-width modulator (DPWM) is considered to be
indispensable for minimizing the possibility of the unpredicted limit-cycle oscillation, but
results in high cost, especially in the application of the voltage regulator (VR) for the
microprocessor. In order to solve this issue, several DPWM modulation methods are
proposed to improve the DPWM resolution. Furthermore, a fully digital current-mode
control architecture which can effectively limit the oscillation amplitude is presented,
thereby greatly reducing the design challenge for the digital controller by eliminating the
need for the high-resolution DPWM. New modeling strategy is also used to model the
proposed digital current-mode control in this chapter. Simulation and experimental results

are used to verify the proposed concepts.

139



Chapter 6. Conclusion

6.1 Summary

Due to unique characteristics, current-mode control architectures with different
implementation approaches has been widely used in power converter design to achieve
current sharing, AVP control, and light-load efficiency improvement. Therefore, an
accurate model for current-mode control is indispensable to system design due to the
existence of subharmonic oscillations. The fundamental difference between current-mode
control and voltage-mode control is the PWM modulation. The inductor current ramp, one
of state variables influenced by the input voltage and the output voltage, is used in the
modulator in current-mode control while an external ramp is used in voltage-mode control.
The peculiarity of current-mode control results in the difficulty of obtaining the small-
signal model for current-mode control in the frequency domain. There has been a long
history of the current-mode control modeling. Many previous attempts have been made
especially for constant-frequency peak current-mode control. However, few models are
available for variable-frequency constant on-time control and V* current-mode control.
It’s hard to directly extend the model for peak current-mode control to those controls.
Furthermore, there is no simple way of modeling the effects of the capacitor ripple which
may result in subharmonic oscillations in V? current-mode control. In this dissertation, the
primary objective to investigate a new, general modeling approach for current-mode

control with different implementation methods.

First, the fundamental limitation of average models for current-mode control is
identified. The sideband components are generated and coupled with the fundamental
component through the PWM modulator in the current loop. Moreover, the switching
frequency harmonics cannot be ignored in the current loop since the current ripple is used
for the PWM modulation. Available average models failed to consider the sideband effects
and high frequency harmonics. Due to the complexity of the current loop, it is difficult to
analyze current loop in the frequency domain. A new modeling approach for current-mode

control is proposed based on the time-domain analysis. The inductor, the switches and the
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PWM modulator are treated as a single entity to model instead of breaking them into parts
to do it. Describing function method is used. Proposed approach can be applied not only
to constant-frequency modulation but also to variable-frequency modulation. The
fundamental difference between different current-mode controls is elaborated based on the

models obtained from the new modeling approach.

Then, an equivalent circuit representation of current-mode control is presented for the
sake of easy understanding. The effect of the current loop is equivalent to controlling the
inductor current as a current source with certain impedance. This circuit representation

provides both the simplicity of the circuit model and the accuracy of the proposed model.

Next, the new modeling approach is extended to V* current-mode control based on
similar concept. The model for V? current-mode control can accurately predict
subharmonic oscillations due to the influence of the capacitor ripple. Two solutions are

discussed to solve the instability issue.

After that, a digital application of current-mode control is introduced. High-
resolution digital pulse-width modulator (DPWM) is considered to be indispensable for
minimizing the possibility of unpredicted limit-cycle oscillations, but results in high cost,
especially in the application of voltage regulators for microprocessors. In order to solve
this issue, a fully digital current-mode control architecture which can effectively limit the
oscillation amplitude is presented, thereby greatly reducing the design challenge for digital
controllers by eliminating the need for the high-resolution DPWM. The new modeling
strategy is also used to model the proposed digital current-mode control to help system

design.

As a conclusion, a new modeling approach for current-mode control is fully
investigated. The describing function is utilized as a tool in this dissertation. Proposed
approach is quite general and not limit by implementation methods. All the modeling

results are verified through simulation and experiments.
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6.2 Future Works

In the dissertation, the new modeling approach is applied to current-mode control and
V? current-mode control separately. The models results are quite different for different
implementations. It could be interesting to summarize them and form a unified model for
all current-mode controls. Furthermore, the equivalent circuit model could be extended to
boost converters and buck-boost converters with current-mode control. Average current-

mode control could be another application of the new modeling approach.
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Appendix A. Describing Function Derivation

The appendix provides the detail derivations for the describing function used in peak

current-mode control and constant on-time control.

A.1 Derivation for Peak-Current-Mode Control

(a) Control-to-inductor current transfer function

As shown in Figure A.l, a sinusoidal perturbation with a small magnitude at
frequency f,, is injected through the control signal v; then, based on the perturbed inductor
current waveform, the describing function from the control signal v, to the inductor current

1. can be found by mathematical derivation.

. /.
Vin @-’ L Rco R
1 l Co
d
/; NSNS .
~— f
m

Figure A.1. Modeling for the influence of the control signal v, in peak current-mode control

Because the switching cycle Ty, is fixed, the on-time and the off-time is modulated
by the perturbation signal v¢(t): v.(¢) =7, +7sin(2zf, -t — ), where, 1 is the steady state
value of the control signal, 7, is the magnitude of the signal, and & is the initial angle.

Based on the modulation law, it is found that:
Vc (ti—l + Ton(i—l) ) - SeTon(i—l) - Sf (Tsw - Ton(i—l)) = Vc (tz + Ton(i) ) - (Sn + Se )Ton(i) (Al)

where, Tong) is the in cycle on-time, s, =RV, =V,)/L,, s, =R}V, /L, s. is the amplitude

of the external ramp, L; is the inductance of the inductor, and R; is the current sensing gain.
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Assuming T, . =T +AT,

oty = Lo > Where Ton is the steady-state on-time and ATong) is the im

cycle on-time perturbation, t; can be calculated as: ¢, =(i—1)T,,
Based on (A.1), it is found that:
(S +s )A on (i) + (Sf )A on (i—1) vc (tl + Ton(i)) - Vc (tl on(l l)) (A2)

Hence, AT, can be calculated as:

(Sn +S£’)A on(i) +(Sf N )A on(i-1) — =V (t +T;)n(i))_v (tifl on(z l))
= Fsin[27f,, - (t; + T,,,)) — 01 = Fsin[27f, - (t._, +T,,.,) — 0]

(A.3)
- 72 COS[# (t + on(i) + tifl on(z l)) 0 Slnﬂf (t + on(i) ti*l _T:)n(ifl))
~r2cos[af, [(2i-3)T,, +2T, 1-0)sinf, T,
The duty cycle d(t) can be expressed by:
M
d(t) 0<t<ty 4T 1)+ Ton Z[”(tl) —u(t,—T,,)] (A4)
i=1
where u(t)=1, when t>0, and i is the initial value of the inductor current.
Then, Fourier analysis can be performed on the duty cycle:
m Tonci) —j2nf,t ]de & i+ Ton o —J27f
Cotty = ZJ, d(t)-e " de == le e dt
1 —j2af, () =728 (44T i)
_ e./,m,_e m\LiTLon(i)
~ ;( )
M
_Z(e—jZ/;fm(ifl)Tw _e*jzﬂfm[(f*I)Tq‘¢-+Tun+A7;;,1(i)])
(A.S5)

M
_ 1 Z[eﬂzzzﬂ,[<ul>nw](1_ ¢ oAl

N”Z[ e PPN (L — e 2 (1 - j2f, AT, )]

M
_J 27, o2 T z (e IDT) AT,.)
Nr

where cm(q) 1s the Fourier coefficient of the duty cycle at perturbation frequency fi,.

The inductor current i, (t) can be expressed by:
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i,(1)

ossne Tyt = o7 L =d(0)

on

v, _
0<t<ty +To vty +Ton L_]dt +1 (A6)

Then, Fourier analysis can be performed on the inductor current:

J2f, < j"f*Tonm . —j2af 1 'n o2, 12D, ]
c, = i, (t)y-e’""dt = ! wlon N (e AT ) A7
N ; 2 L Nr L Z ) (AT)

where cp, is the Fourier coefficient of the inductor current at perturbation frequency f,.

Based on (A.3) and (A.7), it is found that:

—j24,T,,
(Sn +Se)cm +(Sf _Se)cme J2 Al

1 V. . Moo . )
= e (€ P (72 008, [(20 = )T, +2T,,] - O)sin 1,T,,)
’ .
| 7277, [G- >TM+T0,,J . —jzzzfm[o— DA
— o Lm JZﬂf’"T””I’Sln ﬂfm SWZ(e J27f,[(-1) m](e e Jjo + 10))
S
1V Mo (AT, —jzf.zﬁ,,[<2l—f>rm+nn] »
— ~ Lm JZfomTonrsm 7#»1 SWZ(e 2 e Jjo +e ./9)
72' S
1V PRI g ST : (A.8)
Zin o —j24f,T, o gin . sw(M' e’ te Ze /4lﬂ7’mee/9)
N7T L -1
1V 27, (— Tm+TM) o
_ Zin o= 124, M,,smiyvm - (M / Jjo +0)
Nr Ls
. V. . ) J27Z7' T
= r+‘]2fﬂ' Sln meS‘W : e 1'9
L.X‘ : .]27#‘7)1
.V . IV » »
— in ﬂ(e/ﬂfT _ mfme) e /Tl p=i0 _ 1 in fs (l1-e T2 T )e jo
L -j2+, L -j2#,
So, ¢, can be found out as:
=728 T,
m 2 m S‘M : *

The Fourier coefficient at perturbation frequency f,, for the control signal v(t) is

;e '9’ so the describing function from control-to-inductor current can be calculated as:
i) fl=e) Y,
VC(S) (Sn +Se)+(sf _Se) T L s

(A.10)
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(b) Input voltage to inductor current transfer function

In order to consider the variation of the inductor current slopes, similar methodology
is used to derive the feed forward gain that represents the influence from the input voltage

Vin, @s shown in Figure A.2.

A / P L P Vo
Vin L Ls g
Rco
1 Co
a I
/; TAYAY .

Figure A.2. Modeling for the influence of the input voltage v;, in peak current-mode control

Because the switching cycle Ty is fixed, the on-time T,, and the off-time Ty is

modulated by the perturbation signal vi,(t): v, (t) =V, +7sinQaf, -t —6), where, Vi, is
the steady state value of the input voltage, 7, is the magnitude of the signal, and @ is the

initial angle. Based on the modulation law, it is found that:

1; Vo . i+ (i) Vin (t) — Vo
ST+ J.t,-,wru,,(‘,n 3 R, -dt = L L—Ri dt+s,T,,. (A.11)

Then, AT can be calculated as:

(s, +s,)AT

on (i) + (Sf - Se )A]:)n(i—l) - [(Sn + Se )ATon(i—]) + (Sf - Se )A]:)n(i—Z) ]

T T
Vin (ti + T()n(i) +279(72) Vi (ti—l +]:)n(i—1) + 27#72)
- 27f, L./ R, - (A.12)
T T
v. (. + —-v. (f_, +
[ m(: 2792’12) m(z—l 27yl;n2)]
27, - L, IR,

The perturbed duty cycle d(t) and the perturbed inductor current ir(t) can be
expressed by:
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M
d(t) 0<t<ty +Tog iy +Ton Z[u(tl) _u(ti - Tnn(i))] (A-13)
i=l
. ! I/in };\Sin(27y{m - 9) VO /
i, (1) 0<t<ty +Tyr iy + Ty _[0 {L_d(t)+ I d(t)_L_ -t +ip, (A.14)

Then, Fourier analysis can be performed on the inductor current:

12 M T .
c =15 m f’”z_[ i () e P dt
" N T

. (A.15)
1 2 T R i2af i
- ! T, 1T (g SALIAT 4 D]
L, -j27f, Nz =1
Finally, the transfer function in the s-domain can be expressed as:
i(s) 1 I 1—e™
== ‘ ( )y, + D] (A.16)

v, (s) - Ls™ (s, +s,)+(s, —s, Ye ' s-L /R, e

(¢) Output voltage to inductor current transfer function

Similar methodology is used to derive the feedback gain that represents the influence

from the output voltage v,, as shown in Figure A.3.

‘ ‘l'/’\’\ v

Figure A.3. Modeling for the influence of the output voltage v, in peak current-mode control

Because the switching cycle Ty is fixed, the on-time T,, and the off-time T is

modulated by the perturbation signal vo(t): v,(#) =V, +7sin2af, -t —0), where, V, is the
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steady state value of the input voltage, 7, is the magnitude of the signal, and & is the

initial angle. Based on the modulation law, it is found that:

I 1% (t) f+T()V V (t)
SeLoniiny .[ s L, ——R, -dt = .[ I ——"=R,-dt +s,T,,. (A.17)
Then, AT,y) can be calculated as:
(s, + se)ATon(l.) + (sf —se)ATon(H) =
r r
\% (t[ + n(i) + 277;” ) \% ( i—1 + on(i-1) + 2‘77;” .2) (A18)

24, L/ R,

The perturbed duty cycle d(t) and the perturbed inductor current ir(t) can be

expressed by:
M
d(t) 0<t<tM+T/](VI)+ n Z u(ti)_u(ti _Ton(z‘))] (A19)
i=1
' |, V., rsinQ2af, -t—6) .
ZL(t) OSZSZMW‘TO”'(M)JrTO” - J‘O {L_Sd(t)_L_s— LS .dt+lL0 (A.20)
Then, the Fourier analysis can be performed on the inductor current:
i Mo (i .
Cpn :%ZL ' iy (1) dr
=1
_ (A.21)
Ly 2 i (e 7HDLIAT )]
Ls J27y(‘m in Nﬂ' - on(i)
Finally, the transfer function in the s-domain can be expressed as:
i(s) 1 1—e™ 1

v,(s) Ly (s, +s)+(s,—s)e"™ s-L /R "
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A.2 Derivation for Constant On-time Control

(a) Control-to-inductor current transfer function

As shown in Figure A.4, a sinusoidal perturbation with a small magnitude at

frequency f,, is injected through the control signal v; then, based on the perturbed inductor

current waveform, the describing function from the control signal v, to the inductor current

1. can be found by mathematical derivation.

Vin

Ton

Nk
Tl
<3

Rco
RL

Co

Ve

fm

Figure A.4. Modeling for the influence of the control signal v, in constant on-time control

Because the on-time is fixed, the off-time is modulated by the perturbation signal

ve(t): v.(t) =7, +7sin27f, -t —6). Based on the modulation law, it is found that:

vc (tifl +

where, Tor) 1s the 1g cycle off-time.

off (i-

Assuming T

off (i)

1)) +s,T, =v.(t + Zﬁ‘(l‘)) + SfTaﬁ‘(i)

(A.23)

=T, +AT; ., where Ty 1S the

steady-state off-time and ATz is the 14, cycle off-time perturbation, t; can be calculated as:

=i~ +T

Oﬂ) + 2:1 A

sz

oA (k)

7 = Velli

Hence, AT, can be calculated as:
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I . .
~ __rzcos[dm .(ti—l +tl +27;ff)_0]81n(7jm 'T;‘w)
g !
S

ro. . T, —T,
~ 2 sinlf, (T, + T, ))-cos(27, [ = (T, +T,y) == =]
s
The perturbed duty cycle d(t) can be expressed by:

d(?)

M
0<1<ty + Ty 1)+ Ton Z[u(t -1 - Toff(i)) —u(t—t, - Ty —T,, )]
-1

1

Then, Fourier analysis can be performed on the duty cycle:

2 M Gt o iyt lon 9
] Ig{m I e J Wmtdt
t

m(d) ~
Nr T+ Tpa

M
— 1 Z(eiiz’?ﬁn(ti*To//m) _e*ﬂ’?ﬂz(fi*To//a)*Ton))
Nz '3

1 & gt —j2af,T

_ Ze J2nf, (1 u/f(t))(l_e J27f, on)
Nr ‘5

*jzﬁhEIATu//m

1 —j2q,T, < — 27, [G-D)Ty 4T, 5 ]
(l—e J27f 0 Ton )z (e m wtlop] o
Nz i1

1 . A M ot i
~ Ee 724, Ty (1 _6712%% )Z[eﬁzm[(z—l)m](l_jzigrmkzlAj;mk))]
i=1 =

— »]27#;}'1 ’jzﬂfmToff 1 =27 Ton S =j27,[(i-DT, ] d AT
= _—Nﬂ e (I1-e )Z[e k; oﬁ‘(k))]
i=1 -

The inductor current i (t) can be expressed by:

d V[I’l d(t)

0<t<ty +Top )+l .[0 [ L
s

i, (1)

y
” :

0<t<ty + Ty s +Ton L_]dt T
s

Then, Fourier analysis can be performed on the inductor current:

2 1 +T:)ﬂ +Tun . -7 y
¢y =J —f;'” [ @ e

1 7,
—e
Nr L,

o ' M ) . I
727 Ty (1— e /nTon )[Z (e kzlAnﬂ(k) )]
=1 B

I . . .
AT,y = - r{sin[2xf, -(t,_, + Tqmi_l)) —0)—sin[27f, - (¢, + Tyiy)— o1}
;

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

where ¢y, is the Fourier coefficient of the inductor current at perturbation frequency fy,.
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Based on (A.25) and (A.29), it is found that:

1 Vm e-ﬂ’zf Lo (1
Nr L,

m

M i
Z {e—jzm(i-l)ﬂw - Y cos[27f, [(k-1T,,
k=1

i=1

> P
e /Pl y D Zsin[af, -

T,1}-

Sy

on

T, Ty
— 10l

1V, - oAt o
=- e T A= e P 2 —sinlAf,, - T, 1}
N L Sf'
o A.30
1&g aonr, o SR kDT, ZT‘"’ ROl 2, (DT, ZT‘”] -01 ( )
EZ{e « : kzl {e te 1
1 Vi iam, -
— Nﬂ- Lm J ff(l J27fT, m,) {2 sin @r SW]}
Sy
T,-T, : T,-T.
1 iR eDT, 0] (N iR, kDT, 0]
- {e J24, (i-DT,,, { e 2 + e 2 }}
25 k=1 =1
M i o . Ton=Toy
i (DT ji2af, (-1, ~——21-0]
Z{efﬂfm(t )m_{ze 2 }}
i=1 k=1
o I, T Ty M i2af,, (i-1)T, - i2af, (k—1)T,
X " - = ) m - W
— 0, . {e J27f, m_[;ej 7 ]}
i=l1 =1
T,-T, Ty A3l
R P - .i{e—jﬂlﬁn(i—l)ﬂw ,l_eﬂdmmw ( )
P 1— eJZfzfme
YRESLS AL
-jo € . 2 (-DTyy _ j2af, Ty _ -0 € .
¢ Z te ¢ j= | — o 72l M
-
M i . . ToyﬁToy
—j2af,, (i-)T,, —Jj27, [(k-DT,,,———1-01]
DAy e o
i=1 k=1
0 fz’zf fo T” i 24, (i-)T Zl: i24f, (k=D)T,
=e/. " —Jj24, (i-DT, [ e /2 lk= ]}
i=1 k=1
—oll o = i 27, (1T, -l_e_j%ir“”]
p= 1 — e /2 nTw (A.32)
o € & 24f,, (i=1)T, 27T,
- m U= sw - m g
= Z[e P (e )
—e Tl
L
— o0 22Dy ()

1

Finally, it can be found that:
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T,-T,;
—j2nf, L
1 1 V -j2af, Ty —j2af,T. f . _ig € 2
=———te T (1—e /) {2—sin e’ —ee—M
m 2 Nﬂ' LS ( ) { Sf (79(‘ sw)} 1 ei_/z;_zfm]‘w
T,
—j2qf, = i
_ V., Jj2nf, M 7  sin(af, T )-e‘je-e 2 (1_? Azzrzf,”Ton)
L ]27# Nr Sf m T sw 1_67127_27,”7;”,
Vm (1—e A33
21 ]2f _Sln(d Rw) e /'ﬂfme. _e*fﬂf‘mT\-w ( )
=27 Ton _
/H—mmu)”ﬁe—ﬂ
27.17” 2jsin(#f,T,,)
_ I/in ot (1= 72T )10
L -j2nf, P

The Fourier coefficient at perturbation frequency f,, for the control signal vc(t) is

Foe”’ 9’ so the transfer function from control to inductor current can be calculated as:
i(s) _f st Vi
- = A 1 —e on) __ 1N
() s, ( ) Ls (A.34)

(b) Input voltage to inductor current transfer function

Similar methodology is used in the constant on-time control, as shown in Figure A.5.

Vin

Figure A.5. Modeling for the influence of the input voltage v;, in constant on-time control

Because the on-time T, is fixed, the off-time T is modulated by the perturbation
signal vin(t): v, (t) =V, +7sin(2zaf, -t —6) . Based on the modulation law, it is found that:
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li V. (t) V L+ T (i V
m—R -dt = e R - dt
J" Lo (i-1y L I (A35)

Then, AT can be calculated as:

AT AT

SpBLogiy =SB op v
T
z( +Toff(z ot 27# 2) Vi (t +Tff(1) 27# .2)
- 21f, L /R - (A.36)
T T
v. (f, + —v. (., +—
[m(z 27yfm2) m(H—l 27#;”2)]
27y(‘n1'Ls/Ri

The perturbed duty cycle d(t) and the perturbed inductor current ip(t) can be
expressed by:

d(t)

M
0<t<ty +To sty +Ton = Z[u(tl) - u(ti - Ton(i) )] (A.37)
i=l

i, (1)

rsin(2af,, -t —
L

N

‘) Vin 0)
0<t<ty +To5 vy +Ton = J.O {L_d(t) + d(t) } dt + lL() (A38)

Then, the Fourier analysis can be performed on the inductor current:

_J2 o DT it
= Zj i, ()¢ dt

: (A.39)
1 2 . . Mo " i
= 7 ]2@[ [Vm[_ ]N:{m e 727, T (l—e J27 T )Z_I:[e 727, [(-DT, ] Z=: ()ff(k))]]+D]
Finally, the transfer function in the s-domain can be expressed as:
i (s 11— f —(1-¢"™
) _ L 1 = ). D] (A.40)

v,(s) Ls 1-e™ s, s-L/R "

(¢) Output voltage to inductor current transfer function

Similar methodology is used to derive the feedback gain that represents the influence

from the output voltage v,, as shown in Figure A.6.
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Vin

Ve

Figure A.6. Modeling for the influence of the output voltage v, in constant on-time control

Because the switching cycle Ty is fixed, the on-time T,, and the off-time T is
modulated by the perturbation signal vo(t): v,(¢) =V, +7sin2zf, -t —6), where, V, is the
steady state value of the input voltage, 7, is the magnitude of the signal, and & is the

initial angle. Based on the modulation law, it is found that:

t; % (t) ti+Togiy V (t)
Sez—:)jf(i—l) * '[i—l +Tf?/f(i -1) L R d '[ L R dt +S67—;ﬁ @ (A41)

S N

Then, AT,y can be calculated as:

T
vt + Toff(i ot —— )V (1 +Tff(z) )
“ 27? -2 27f, -2
s AT, & = (A42)

7o o 27y{m ’ Ls /Rl

The perturbed duty cycle d(t) and the perturbed inductor current ip(t) can be
expressed by:

d(?)

M
0<[<[M+T/f(w)+T Z[u(tl)_u(tl _Ton(i) )] (A43)
i=1

i, (1)

r81n<2f§‘m~f—0>}.dt+iw (A4

N

! K}’l VO
0st<ty + Ty iy +Tow -[0 {L_d(t) - L__

Then, the Fourier analysis can be performed on the inductor current:
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12 M i+ o) | i
¢, =Ly [0 1)y

SN A (A.45)
1 2 oAt . Mo - i )
A ! N’f;m e I (1 g 2T )2 [T RAT )] 1]
Finally, the transfer function in the s-domain can be expressed as:
i,(s 1 1—e 1
L( )_ _[fv( ) I/m_].] (A.46)

VO(S)_LSS S, .S'LS/R[.
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Appendix B. Model for Boost and Buck-Boost converters
with Current-Mode Control

The general model for boost and buck-boost converters with current-mode control is

shown in Figure B.1, where DF =i (s)/v.(s) , k(s)=[i,(s)/v, ([, (s)/v.(s)] ,

ky(s)=[i,(s)/v,(s)]/[i,(s)/v.(s)], and i, is the diode current.

Vin(s) 1

k1is]
o0 pp. RR,Cs D) ve(s)
4 (R, +R.)C, s+1

k2(s)

Figure B.1. General model for boost and buck-boost converters with current-mode control

A boost converter with current-mode control is shown in Figure B.3.

IYYY\_A L ip L Vo
LS L~ J "l—’ =4
Rco

Vin R
] s, 1™

L

I CO
3 d - - -
NN
| PWM Ve

Modulator _/I/l

Figure B.2. A boost converter with current-mode control
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The model results are as follows.

Table B.1. Model for boost converters with constant on-time control

i) f-e™) ¥,
v.(s) (s,+s,) —seefsTS“’ Ls

i) _ 1 f0-e)

—sT. ' 0 + 1]
v,(s) Lgs (s, +s,)—se ™ s-L /R
i(s) 1 fd=e™) (d-e"™) ¥, 1-D
v,(s) (I1—-e”") (s, +sf)—see_ST’”’ s-L /R Ls Ls
i,(s)  f(l-eTr) .VO(I—D)[l_ Ls !
v.(s) (s, +sf)—see_STS“’ Ls R, (l—D)2
L) fill=e’y 1 Va-D)y _ Ls ,,0-D)
vin (S) (Se + Sf) _See_sryw s Ls /Rl LSS RL (1 _D)2 LSS
i,(s) 1 f=e?™)  (1-e")¥,(1-D) - L.s ]_(1—D)2
v,(s) (I—e™) (s, +s,)-se" ™ s-L/R  Lgs R, (1- D)’ Ls
D (1LiSD)2]
L+ +—) L
10, @
TR V)R
1Rt
2Ls I/[n]eL

A
I/in]eL

where 2 Zi’ Ql =£aD: Vo _Vin > S, :Ri Vm and Sy :R,’ Vo_Vin .

on 7[ VO LS LS
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Jian Li
Table B.2. Model for boost converters with constant off-time control
i) fill=e"y v,
v.(s) (se4—sn)——seefsnw Ls
. 1— =T,y
W) L L0=e™) L,y
v.(s) Ls (s, +s,)—se ™ s-L /R
i) 1 fid=e)y e (l—eﬁYT"”’)L_ 1-D
v(s) (-e™) (s, +s,)—s,e"" s-L/R.Ls Lgs
i, (s) _ f(-e""") V,(1-D) - Ls |
v.(s) (s, +s,)—s.e"" Ls R,(1-D)’
i)  fd-e™) 1 V,(1-D) - L.s ]+(1—D)
v, (5) (s, +sn)—see7ST“" s-L /R Lgs R, (l—D)2 Ls
B -l fl-e™) e(-e™)V,(-D)y  Ls  (-D)
v,(s) (I—-e” ™) (s, +s5,)—s,e"" s-L /R, L R, (1- D)’ L,s
L
DF = v (=D =]
i (1+ § +S72) L( - )
103 s
~ Q[f'Ri + I/OZR[
1 2Ls szRL
_ TR VR,
AL ety
2Ls V;nRL
7 5 and 5, =R, Vi

V4 2
where 0, =—, 0, =—
Vs
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Table B.3. Model for boost converters with peak current-mode control

i) fa=ey

v.(s) (s, +s,)+(s,—s Ye ' L s

; =T,
ZL(S) :L[_ f‘s(l e ) — V0+1]
v, (s) L (s, +s)+(s,—s)e"™ s-L /R,

i(s) 1 f.(1=e"") (=e") ¥, 1-D
v(s) (1-e"™) (sn+se)+(sf—s€)e_ST”‘ s-L /R Ls Lgs
i,(s) f(d—e>") 7, (1-D) 1 Ls !
v.(s) (s, +s€)+(sf —Se)e_ST‘W Ls Ls R, (1- D)’
6 f0=e™ 1 v=D)y Ls L (-D)
v, (s) (s, +s,)+ (Sf —se)e_ST“'W s-L /R Ls R (1 —D)2 Ls
i,(s) 1 f.(l—e™™) (=€) V,(1-D) - L.s - (1- D)
v,(s) (1-e™) (s, +5,)+(s, ~s)e’™ s-L /R Lgs R, (1- D) Ls
L
DF:%. Sl S (-D) [ (IS_SD)Z]
L+ +) L
200, W,
~ ]-;wRi (Zl/in _I/o) + ]-;wse + V02Ri
‘ 2LV, V, ViR,
T.V,s, T.V.R VR
k2 z_( SW 12}’[ e SwWIn 21 + 0 1 )
v, 2LV, VR,
wherea)zzi,sz 1 ,D:—V”_I/i”,s,7:RiI/i” andsf.zRi—VO_I/i’7.
T S +5, V L ' L
SW 71.( n e _0'5) o N N
s, +5,
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Table B.4. Model for boost converters with valley current-mode control

i) fa=ey

v.(s) (s, +s,)+(s,—s, Ye ' L s

: ~sT,,
ZL(S) :L[_ f‘s(l e ) — V0+1]
v, (8) L (s, +s,)+(s,—s,)e o5 L /R,

i) 1 fi(1=e"") e (1-e™) ¥, 1-D
v, (s) (1-e™) (s, +s,)+(s, ~s))e’™ s-L /R Ls Lgs
i,(s) f(d—e>") 7, (1-D) 1 Ls !
v.(s) (s, +s5)+(s,—s)e ™ Ls Lys R,(1-D)’
B(6) ___ f0-e™) 1 KA=D),  Ls  (-D)
v, (s) (Sf +s5,)+(s, —se)e_ST“'W s-L /R Ls R, (l—D)2 Ls
i) 1 L) =™ B-D)  Ls (=D
v,(s) (I-e™) (s, +s,)+(s, —5,)e" " s-L /R, Ls R, (1- D)’ Ls
L
DF = g DMl
i (1+ 'S +S72) L( - )
200, W,
~ va(Vo _2I/m )Rl + vase + VozRi
1 2L5V:) Vo VzZRL
T.V.,s, T.V.R VR
k2 z_( SW lzl’l e _ SW' in 2[ + 0 1 )
I/o 2LSV0 I/vinRL
Wherewzzijgéz 1 ,DzVo_Vin,Sn=R[Vm al’ldsf:RiVo_Vm-
sw Sf + Se Vo Ls s
7( -0.5)
s, S,
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A boost converter with current-mode control is shown in Figure B.3.

PWM

Modulator _/I/l

Figure B.3. A buck-boost converter with current-mode control

Ve
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The model results are as follows.

Table B.5. Model for buck-boost converters with constant on-time control

i(s) __ fl=e™) V,+V,

m

- —sT,,
v.(s) (s,+s,)-se”™ Lgs

. -sT,, _ sT,
ZL(S) :L_ Tfs(l € ) — (1 e )'(I/ln+l/())+D]
v,(s) Ls  (I1-e")[(s, +s,)-s.e""]s L /R,
i(s) 1 fd=e™)y  (d-e")V,+V, 1-D
v(s) (I-e”"™) (s, +sf)—see"ST”‘ s-L /R Lgs Ls
() f0-e)  (,+V)A=D)  D-Ls |
v.(s) (s, +sf)—see_ST‘”‘ Ls R, (1- D)’
6 f=e™)  (=e™) ¢, +¥,)1=D) 4 D-Ls . D(1-D)
v, (5) (l—eSTS“’)[(sf +s,)-s.e"™]s-L /R Ls R,(1-D)’ Ls
1,(s) _ 1 fid=e*) (=) (¥, +V,)1-D) - D-Lgs - (1-D)?
v,(s) (I—e™) (s, +s,)—s.e"™ s-L /R Ls R,(1-D)’ Ls
Pl ———+) L
1@ 0
TR VR
ky = =2+ 2
2Ls I/in]zL
b~ LR
V;nRL
where o, -7, 0, :E,Dz , , s, =R, 4 and s, = R, s :
on 71- Vin + VO LS A LS
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Table B.6. Model for buck-boost converters with constant off-time control

i(s) _ fil=e") V4V,
v.(s) (s,+s,)— seefsrm Ls

. 1_ 7sTD// 57;)# _ sT,,
R rfS( - e A=), +7,)+D]
Vin (S) LSS (l—es SW)[(S" +Se)_Sge s sw] s 'LS /Rl

() 1 f=e*") (1= ™)V, +V, 1-D

v,(s) (- (s, +s,)—s,e"" s-L /R Ls Ls

B f=e™) (4, +V)=D)y  D-Ls |

v.(s) (s,+s,)—s.e" " Ls R,(1- D)’

B0) A=) eMame™) (,+8)0-D) ( D-Ls | D1-D)
V() (=G5, +5)-s.e ] s-L/R Ls R(-Dy Ls
() 1 fd=e™)  e-e ™) (7, +V,)(1-D) n_2Ls o (=D
v(s) (I-e’™) (s, +s,)—s.e "™ s-L /R, Ls R, (1- D)’ Ls

D-L
DF = =D -
i (1+ o +S72) L( - )
105 @

VR,
ky = —2—
I/inRL

Taff‘Ri VoRi

by m (e
2Ls I/mRL
where o, -7 0, :g,Dz v, , S, =Rl.ﬁ and s, =R, df .
off T I/in + Vo Ls Ls
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Table B.7. Model for buck-boost converters with peak current-mode control

i,(s) _ fi(l=e™) ViV,
v(s) (s, +s,)+(s, - s)e’™ L
' 1 1—e™
W) L L2 Dy r)yen)
v, () Ls  (s,+s)+(s,—s,)e"™ s-L/R
i(s) 1 fl-e") A=)V, +V, 1-D
v.(s) (1—e"™) (s, +s,)+ (s, — s)e™ s-L /R Lgs Ls
i) f0=e™) 0¥ )1=D)y DL
v.(s) (s, +s,)+ (Sf - se)e_ST‘“’ L R (1- D)
i) £ (=) (4, +¥)A=D)  D-Ls . D(-D)
vin (S) (Sn + Se) + (Sf - Se )e_ST\‘W S LS /Rl LSS RL (1 - D)2 LSS
i(s) 1 fi(l—e") ‘(l—eST“”)(Vm+VO)(1—D)[1_ D-Ls ]_(1—0)2
v(s) (1—e") (s, +s,)+ (s, - s)e ™ s-L /R Ls R,(1-D)* Ls
D-L
DF = 1= Dl
i (1 + s + Lz) L( - )
200, W,
vaVose vaRi V02 + V02 Ri
LAV 2L, V)T VAR,
vaI/inSe val/ini Vn R[
k, = ~( -+ >+ )
(Vo + I/in) 2Ls (I/o + I/m) I/in]zL
Wherea)zzi,Q = ! ,D= v, ,saniﬁ andssziV”.
, 2 s 45, V. +V L L
sw 7[( n e _0.5) in o s s
s, +58,
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Jian Li
Table B.8. Model for buck-boost converters with valley current-mode control
i,(s) _ f(l=e"") ViV,
v(s) (s, +s5,)+(s, - s)e’™ L
j 1 | B
20 1 L2 Do iy
v, (s) Lgs (sf +5,)+(s, —s,)e ™ s-L /R
i(s) 1 fd=ey (=) V,+V, 1-D
v(s) (1-e™) (s, +s,)+(s, - s)e™ s-L /R Lgs Ls
06 fa=e)  (,+V)1-D)y  D-Ls
v.(s) (s, +5,)+(s,—s,)e" Ls R,(1-D)’
i) 7 M me ) (,4V,)4=D)  D-Ls | D(-D)
v, (s) (s, +s,)+(s,—s, e T s-L /R, L.s R, (1- D)* Ls
i(s) 1 fi(1—e") e (1l —"y (V, +V,)(1-D) . D-Ls - (1- D)
v,(s) (1=e") (s, +s,)+ (s, — s,)e ™ s-L /R Ls R, (1-D)? Ls
1 1 D-L
DF =—. —(1-D)-[1-——= ]
: s S R,(1-D)
P+ )
0,0, o,
Tsw Vo2 Ri Tsw Vo Se V02 Ri
1 F > T PR
2Ls (Vo + I/m) (Vo + I/vm) I/in RL
~ ( T'swlfinse T;wVvthz + VoRi )
TV LW, V)Y VLR,
_ V
wherew2=L,Q£: ! , D= v, ,sn=R,.V’” and s, = R, —*.
SW Sf +Se I/in +V0 Ls » L?
7( —-0.5) : ‘
S, +58;
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Table B.9. Model for buck-boost converters with charge control
i(s) _ fil=e") Vi +V,
VC(S) lSi’lT;m +1LRi (lsn +Sf)Ton _ILRi LSS
( 2 +5,)+[ —s,]e”"
Cr Cr
ip(s) _ fil—e?™) Vi £V,
VC (S) l Sn]:m + ILRi (l Sn + Sf )T:)n - ILRi LSS
( 2 +5,)+[ —s,]e”"
C, C,
f (1 _ e_STSW )(e—STM _ 1) 1 _ D(e_STO" _ e_STSW ) - 1
sy 1 .77 s-s-L /R, s-L /R,
LR — - — L, +7,)+ D]
V() LS (R 4 B Crs ) (s, 45 )y~ LR = = Cps Je
i,(5) _ f0-e™) (V) 1=D) D-Ls |
2
VC(S) lSnT;m +[LRi (lsn +Sj')Ton _ILRi LSS RL (I—D)
( +5.)+1 —s.Je™
C, C,
T T i i
i(s) 7 s-s-L /R, s-L,/R, '(Vm+Vu)(1—D)_[1_ D-Ls ]+D(1—D)
O IR+ Gy )+, )T LR = e R,(=D)'"" Ly
—sT, —sTy, 1
, D(e™™ —e™T) ,
0,(s) _ s-L /R, (V,.n+V0)(1—D)[1_ D-Ls ]_(l—D)
vo(s) (IR + sn;;” +Crs, ) +[(s, + Sy )7, —1,R - il - Crse]eﬂTm Ls R~ D)Z Ls
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Appendix C. Derivation of the Equivalent Circuit Model

This appendix presents the process of obtaining the equivalent circuit model for

current-mode control.

The complete model for peak current-mode control is shown in Figure B.2.

V.'.-:{ISZ} 1
Ki1(s)
| 1 1 R,(R.C s+1)

+ o LA Co g vt,(s)
"‘-‘fs)—"p_’ RS . & ) (R +Re,)C s +1 .
QE(’")E mEE

K2(s)

Figure C.1. Complete model for peak current-mode control

where,

DR, 1 —%J

k(s)~k ~—:
Ok T .1
R
ky(s)=k, = — :
,(8) =k, L.0.0, (C.2)
The control-to-output transfer function can be calculated as:
1 1 R, (R.,C,s+1)
2
P14 +s72(RL+RC0)Cos+1
() _ 0.0, o 3
VC(S) l_k i 1 RL(RC0C0S+1) '
2 2
R, 145 +L2(RL+RC0)C0S+1
0,0,

Then, based on the equivalent transform, it is found that:
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R, (R.,C s+1)
v,(s) 1 (R, +R.,)C,s+1
RCASE A —
VC(S) Ri 1+ S +S72+ k2 RL(RCOC0S+1)
0, o, R (R +R,)C,s+1

(C4)

R, (R, C s+1)
Vo (S) — L (RL + RCo)CoS + 1
v.(s) R 1+ Ls N -k, R, (R.,Cs+1)
L, R, (R, +R.)C,s+1
1 S

2
0,0, o

(C.5)

Let Z,(s)=L,/[1/(Q,w,)+s/®;], then:

R, (R, C,s+1)
Vu (S) _i (RL +RC0)C0S+1
Vc(S) R,‘ 1+ LSS +_k2 RL(RC0C0S+1)
Ze(s) Ri (RL +RC0)C0S+1

(C.6)

7G5y FuRe,Cs+D)
vc (S) (RL + RCO)COS +1

Ze (S) RL (RCOCOS + 1)
R; /(_kz) (RL + Rca)CaS +1

v,(s) =

(C.7)

i Z,(s)+Ls+

Ze (S) . RL (RCaCaS + l)
Vc (S) (RL + RCo )CUS + 1
Ze (S) _1) RL (RCOCOS +1) +L9S + RL (RCOCOS +1)
R /(-k,) (R, +R.))C s+1 ° (R, +R.)C s+1

v,(8) =

(C.8)

b Z(9)+(

Let Zx(S)=( Ze(S) _1) RL(RC0C0S+1)

, then
R; /(_kz) (RL + RCo)COS +1

7 (). RRe,Cs+D)

¢ R +R.)C s+1
vo(s)=vf) (&, ng (‘}; CsiD) (C.9)
i Z,()+Z (s)+L,s+ LY Co~o
(R, +R.,)C, s+1

Comparison between Z¢(s) and Z(s) is shown in Figure C.2. Since the magnitude of

Zx(s) is much smaller than Z.(s), so Z(s) can be ignored.
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d=FAH=E Bl e oS - Zafs)
— :
Q' -2 x
A
L - :
© : |
GO RIS Zx S)
= 100] =TT E
-12¢ -
100 1x10° 110 110’ 1c10°
Frequency (Hz)

Figure C.2. Comparison between Z,(s) and Z,(s)

Finally, the output voltage can be calculated as

Z.(5)- R, (R.,C s+1)
b (s) = v.(s) (R, +R.,)C s+1 (C.10)
0 , R (R.,Cs+1) '
i Z,(s)+Ls+ o
" (R, +R.)C,s+1

Based on the same concept, it also can be calculated as:

2 BB
+ +
,(5)=7,,(5) k- RIS (C.11)
Z,(s)+Lys+—1—C—o
(R +R)C s+1

where, k,, =k /R, =D/{L[1/(Q,0,)~T, /2]}. The equivalent circuit is shown as in
Figure C.3.

A A Ls A A
S T ' V')
Vin*Kvin Ve/Ri Y'YV IL o °

(D Ze(s) +ch $RL
I I 1 I Co 1

Figure C.3. Equivalent circuit representation of peak current-mode control
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For the case of considering the DCR of the inductor, the control-to-out transfer

function can be calculated as:

1 1 R, (R, C,s+1)
R, s +i (R, +R.,)C,s+1

(C.12)

VC(S) l_kzi 1 5 [DCR+ RL(RC0C0S+1)

R, s s (R, +RC0)C0S+1]

Following the similar derivation, it can be found that:

2 (). ReRaCos D)

v, (s ¢ R, +R,)C s+1
%a(8) = CR() & Czae) (R.Cs+D) (C.13)
P Z,(s)+L,s+DCR+——Lt—c—°
‘ (R, +R.,)C s+1

Z.(s5): R, (R.,C,s+1)

¢ (R, +R.,)C,s+1

R, (R, C,s+1)
(R, +R.,)C, s+1

v, (8) =, (s)-k,, -

(C.14)

Z,(s)+L.s+DCR+

The equivalent circuit with the DCR is shown in Figure C.4.

A A
Vin*Kvin Ve/Ri

Figure C.4. Equivalent circuit representation (w/ DCR) of peak current-mode control
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