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IV. SYMBOLS AND DH"ZL'I\YITION§3

A aspect ratio, bg/S

a speed of sound, feet per second

b wing span, feet

c wing local chord, feet
E. wing average chord, feet

er wing root chord, feet

ct wing tip chord, feet

d spanwise distance from wing centerline to center of

rotation of yawing wing

Fi force vector
L lift, pounds
L’ rolling moment, foot pounds

M free·stream.Mch number

M' pitehing moment, foot pounds

N yawing momnt, foot pounds

P rate of roll, radians per second

p' pressure, pounds per square foot

q pitching Velocity, radians per second

R universal gas constant

r ynwing angular Velocity, radians per second

S wing area, square feet

S' perpendicular distance to vortex line for case of zero

sideslip

T absolute temperature, degrees Bankine

·

I
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t time, seconds

u wind velocity in x—direction, feet per second

ui velocity vector

V free-streem.wind velocity, feet per second

Vb velocity at moment center for yawing wing, feet per

second

v wind velocity in y-direction, feet per second
v‘ specific volume, cubic feet per slug

w wind velocity in z-direction, and also downnash velocity

feet per second
Ä,

ohordwise distance between aerodynamic center (a. c.) and

moment center (or center of gravity, c. g., in flight),

positive when c, g. is npstreem of a. c., feet

xi dieplacement vector

x,y,z displacements along reference axes, feet

(x)C/L x—distence to quarter·chord line, feet

(x)C x—distance to wing trailing edge, feet

Y side force, pounds
5,

spsnnise position of centroid of the angle—of-attack span

loading, feet
‘;

radios of gyration of angle-of—attach span loading, feet

a angle of attack (or incidence), radians

ai fndnced angle of attack, radians

ß sideslip sngle, radians

P circulation or vortex strength

I
I
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I

Fm circulation strength related to spanwise position

oirculation strength related to displaceezaent along
Ö Ö

Quarter-chord line
V del operator

A sweep angle of quarter-chord line, radiane

7%. wing taper ratio, ot/cg,

ä distance along the quarter-chord line, measured from

wing centerline, feet

o mass deneity, slugs per cubic foot m

Ö Velocity potential

I lift per unit length of vortex

Z1 lift per unit span of <;_1_uarter»ohord~line vortex, pounds

im lift per unit length of chordaise—’tound vortex, pounds

angle·-of-·attack span-load parameter at zero Mach number
L O(oc1)··-—-· span-load parameter associated mtb yawing

EL r

span-load parameter associated with sideslip

CD drag coefficient, D/gg ¤ V2?
CL lift ooefficient, Q V2?
C1 rolling-moaxent coefficient, L'/é Q V2Sb
Cm pitchingmoment coeffioient,

M’/ät;
o

V2S‘€:"

m Cm yawing moment coefficient, o V2Sb
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A, The Pzthiee

Tha eefety ef en eircrhft em ritt mceupeete ziepmme te e

mr: the etmetumfä. imherezzt etehiLity che:·ecter·-

ietiee ef the eirczweft, Beth the etmetmel reemrmmxte am the

ihheemt (ea? mtaamii) etehility ehemsxrteräetiee aiieegamxe en the hexe-

:3t;,¤.¤„m¤£.a: ehexeeterietiee eine the expectee mr pmtehte i”i.i;5,ht eawelepe

mf the ai1·x:i*e£t• Thaexvefmre, ih emee mt te eteeeeiwei.y t~mmE.iee

the «:;e:emmimz betet am meeczteietiee mt eeremwmie

léüttähhg, mm! im mmm tm prehict etahzziity eheeeccteriatiee iähring the

arämigh stame, ma eeemzete mmeietige mf e.ehe·e;mmee ef the prepeeeä

eiremft ie necessary, 'Ihaeimeeftexe
mgietee ty eetimtiug the ehezeeteztetiee mf the eireeeft Cääißwüßßää

(vim, üxeelehe, teil, etc,) tüllä by pmmxa eäéitieu mi? the che:·ecte1···
ietiee ef the ccemmtt with dee reggem fer iszxterf e mfeete,

Ia: thie pmceee, the weiß imaeimt ie the ßwwete predictiee es?

the ce ef the eircreft ccmeemte, The iiiting eurfeem
teil euxfeeee) gmmelly prmme the preemeiuemt

foecee , thmefme meh effert het tm exzpaxäee. im

ef p:·emet2.xm the ee er iifum eurfeem, Beust ef

thie erfurt, hevever, hat hm theme eetamaiuetiem ef ee1~::·-—

eymaie cherecterietiee eeeoeietem with eegie ef attach, Aermgeemce

eeeeeaeaee mm ever hemmen mtieea (miwh, stweve, ettetäee, Z
eiemiippieg} have imwtimteai teeby

zsxzeewhet cmaäm methcém This ie pexticulerla true fee the lew
E

epeed rugime, The rmtum mf the gwe1:*n$.1·:e;·, eeuetioxm for eupertehie :
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spaces is such that it has been possible to obtain equationsforand

aerodymmic derivatives for wings performing various modes of

motion (see rare. CL through 1+, for example).

The purpose of the present paper is to ezcsmine the problem of

wing charaoteristics in subsonic compressible flow and to develop a

theory and method for computing these characteristics.

B. Background for the Present Stuoy

There are a number of problems associated with attwpting to

predict aerodynamic characteristics of wings pe1·i‘or¤aing the possible

modes of motion. Gne problm is that of finding an aaequate mathe-

matical model for the wing, and the second is that associated with

solution of the equations which arise from use of the Mathematical

models. Throughout the years, various methods for preclicting cer-

tain aerodynamic characteristics of unswcpt wings having fairly high

aspect ratio, and taper ratios in the range from about 0.25 to 3...0

have been developed by a number of investigators , and nwxerous reports

published from which certain charactcristics can be obtaineo. for

specific wings (see reis. 5 and 6, for example).

The usaof high-aspect ratio, unswept mngs for aircraft was

aeceptable for s number of years , primarily because the low thrust•·to··

weight ratio of aircraft engines seriously limitei the speed of air-

craft. As engine efriciency increased, however, aircraft velocities

increasec and reached the region where Mach number effects become im-

portant. The riesiger was now faceö. with a new phexzomexaon, the

s
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”tre.nee11ic :11-64; riee” {fig. 3.). Aereclynamac üzeeeg that wing [
6.1-eg (fer 6 epecifie incidenee) meld begin te 1·i.·1e quite mpidly

aa the meh mmher increeeezä heyend. about G. , and wem.:} hecesae infi.-

eitely great et äeach mutter IL. ante ehewed tremle ,

hut the mzdzauu äre coefficient reaehee ae:-.1e finite limit, ee ehem

in the wetmple cf figure 1. Exe treheezxie xiee wee eu.fff.eiex1tl.y

great that it appeex-ee 1:.at Z5'.i1‘C1‘&T?£« w<;111II..·:E. he iimteä te Eexeh

maabera lese them unity uhleee (sz) eeme Iä¤%.2'1f:l'• were fahne te reence the

traneenic: rise, er (1:1) wb:-eamly 3a:·~ae1·i‘ul light-teeiglzt earereft

px-cpeleion eyetwze could be eevelcrped.

1*. eleee e‘:xami11«·1tä.e11 ef aemeynesaie theery ieziieated that the hach

mmher of the flow __,t_e the wig lee.cE„-mg edge, rather than the
free-etrmm Heeh number, tee the 1.mrta.:1.t mraeeter in Cetexmxang

cmmreeaihility effects. In other 16::1-:16, the treheenic rise

emtléä he dzelayed te h:i.gl1er eircreft egeeede hy rwertizxg te ewejpthach

wiege (eee ref. 7, fer ezcamle).

The aereemmneeiet ehe 8i1‘C1"ßf"G designer were new fatal with an

additional we.1*iehJ.e, eweep, im predictiug the a.e1·0<l;,111a.e:i<: Ch&1"$.O°b8T•

ietiee ef einge. Three general app:-eaehee were need

ihthee„e1·oe„:,¤m1.ce of ew-apt sringe , thesewere:(e.)

011 matha”e2„ticeJ. reedele eeeocieted with

the nee of vorhieee , ee<11.1-eee, eizzhe , er ether cehcepte te

repreeeut the wing. 12, fer e:.1:e.~a;_1le.) i
(11) Betemtmüen ef eppmmmte eqaetierze heaeä. an treeting

eeuztepen ae one ef an enewgzat wing. TheI

I
I

I
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"uz1ev·ept'* peheis exe sheewlä relative te eech

other te eieuiste :1 evept —e:;m. (here. li': threugh 3;,3,

fer ehemals.}

(cz) IDeve3.rt of design clmrts es tests ef s green:

mmher of mmm ef verieus sweep , espect

rette,teperretic„ (Ref, 3,6, fer ezeeepie.)
Sitze first sf thwc eppreechee is very eiffichit, she this weh

ehiy s. few eemdyreeic (priee„r:%.iy BLS? she #3;,9) heve heeh

etteehed hy ieiriy rigc1:·c>v.smethmticeiEhe

seeehe eepmech has been quite seccee—si‘c1 ih meictirsg tremie

end, with some mcdificstices, has beer; used. te ehtein gem} cyueetetive

results fer certeie eereeymeer§.e cherec*terietice.. (See 2.% ier

These eggmadmete metheee , hewever, ere het eethem.tieeJ„iy

zägercris ehe do het give e. gced ihsight ietc the hesic ewodgmeeies

ievoived.

{we thirri epproech ie sdecgjeste fer engiheerihg stets. previdee the

eveiltehie Seth ehveleqpe the rexzge er geeeetralc verie’bi'aes ef interest.

Uhikzartuzieteiy, the ezeeimt of derbe. eveilehle ich of

thecierivetivesie very hecme ef the schreit}-; ef erperimehteii

i‘eci,litim for clieterxeirizxg such eerivetives. Ges might eek, for

emmpie, hsv scehy fe.ei1i.tiee ere mzrreehiy eveiiehle wich cm: he used

te mee.sm·e yevisg er pitchixug cierivetives?’

Euere is, then, e fßqdifüilüüt ier e theory which vii}; perhit

eechrete äßtiläßvtißä of the ixshcrteht sieg derivetivee hy e rigercme

methoé: which previees es iesight the erigic sf the <ierivst.ives„
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C. rurpose of the Present $tusy· ä
The processing discussion points out the deeirehility of the E

eeveloent er s theory which will pereit the use of s fuirly simple, E
consistent nethoe of preeicting the serosynunis chsreeteristiee er

wiege or srhitrery platform with little computetionsl etfort„ The E
present lhe~‘~ ievelops such e theory uns mthod, busen on s sinlifiee

vortex system renreseutstion of s wing. It is shown thet the theory

sus methos see spplicshle to wiege of srhitrery·plenfosm. In eseition,

the developed methods ure uses to prepere chsrts fro sich various ·

seroeynenle peremeters of ertitrsry wiss een he ohteines. humerous

eosperisons tween results of the theory esvelepeu herein, uns those

of other theories uns experimental results ers shown, host of the

experimental results uses in the cemesrisons were ohtsinee in the former

Leugley·Stehility·Tunnel. This facility; which is preeently lehnten Oh

the VPI campus in Bleckshurg, Virginis, is unique in thet it sen he uses

to ohtein erpertsentsl sets nner oonuitions simulsting linear, rolling,

pitching, or yewing flight user stes&y—stste conditions. In eesition,

several mechenisms heve been eevelepee which nernit teste er sirplene

mel coponeuts unser oscillsting coueitione. References containing

sescrtptions of the tunnel uns cosplesentsry·nechenisns will he mentionei

in those sections conerneä with eomsrisous ef experimental uns theo·

reticsl results.



ä
..59..VI.

REVIEW OF THE LITERATUBE

A. Aerodynamic Forces and Moments

In classical aerodynamic theory; the forces and moments on a

body immereed in a moving fluid are assumed to depend on the fluid

velocity and the angle between the free-stream·velocity and some

reference plane or references places in the body. For example, the

lift on a wing is dependent on the airspeed and on the angle of attack.

If one assigns a set of orthogonal axes to the body, then there is

the possibility of obtaining a force and a moment comhonent related

to each axis es shown in figure 2. In determining the motions or

stability of a body in a moving fluid, one is generally concerned with

motion following a small disturbance from an equilibrium condition.

A basic assumption mda in such an analysis is that the resulting

additional forces and moments acting cn the body are linear functions

of the resulting change in incidence of the airstream relative to the

body. The six equations of motion of the rigid body can then be written,

that is · one force and one moment equation related to each axis. The

equstions of motion for a purely arbitrary body can be quite complex.

However, because aerodynamio shapes of interest, particularly·aircraft,

have a plane of symmetry, some simplifications are possible. A full

development of the equations can be found in many publications on the

dynamic stability of aircreft (ref. lo, for example). The equations

show that the forces and mmnts acting cn the aircraft are functions

of certain aerodynamic derivatives, nemely, Cßü, Qqm, Cnm, CYB, Cgß,

Cnß, CYP, Cup, C;P, Üyé, CRT, Cgx, CLQ, Cmq, CDQ. The imortance of

._____ l
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the verletzt zlerivetivee :7.:1 estimstfmg eixplezxe etehil:7,t;~¢ depends te e
large extent on the eizplene gemetry end the flight 'mäe se

peizrted, out quite clmrlg; in reference 1,9, which ie en excellent szmsmrg

cf the cerrexxt state ef the ext in estieetion ef derivetivee. Sinee the
gemtry of current eircmft verriet free that ef hig;h—espect—retie-etlmg,
thxln-bedy, lm: speed cresft, to lee-ecg:ect—1·etie—trir:g, thich-‘c>ee_y ereft
lt is epperexst that there exists e fer eethoéze ef e.cc¤.x•nte?;;;‘
preäictixxg meet, if mt eil, ef the clerivetivee.

B. Zäetieetien ef the Aexedynemic Ferces, lecerente , end

Berivetives

1. Govemigg äwetiots of fluid zeetien. - The fercee meexeete

eating on e body imewed in e mcving fluid, een he ecbemzzizzed hy nee es?
the cleeeieel ä.nviec:id~flui¤1•£leer equetiene. The pertinent eqeetäczxs

ere given here in index er erwtieh eotetim es e matter ef ecnvezaience.

*13::7.: netetien ie mt need. eleeehere in the theeis. The pertimeht

equeticme ste:
Eelex·'s equeticus ef netten

ml 1 ät ·F§_=~—·—···•··-·¤·····—······-§f_1“" ;L=-l,£‘;:,ji7Dt t ex.;

Ccmtizmuity equetzlon

Z} • 3.*...£.+...££.£.2.e.g) 1:*+,1,,2,E;

ieendthe equetzien of state fer e perfect gee

19
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The following essusptioas are eoenly made in classical aero·

dynseicsz

l. Re hoey forcss exist, therefore, the eqwstions of motion

reeuee to

1=—;1,e,3;

Q. The flow le ieentropic, so that e unique pres are-äensity

relationship exist, that is

5. The fluiä is initielly et rest er.eovlag with uniform veloe-
A

ity aaa ls, therefore, initially irrotetional„ Censeqsestly,

frea.Kelvin’s circuletion theores, the flow will resin

irr¤tatiosal• The flow, therefore, is always irrotetiesel,

anc the concept of the Velocity potential is applieehle•

_Hlth these assueptiess, the eqaeticns of motion aus coatinwity

een he menipulateä to yielä the gevernihg eeustien for the velocity

potential

er chte:

which is the vector form of the three—eiensionel wave eesatiea„ For

steeay flows, which is of primary interest in this study, the above

eqaation reüecs to Leplace‘s eqestion

Q
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The henndery ccnditiche which ere need with the

gnvermingeqeeticnetc selve specific flow prehiees ehe:

1. There ie ne ceepenent ci ficw·we1ecity·nernei te the wing.

2. The £lew·hee fihite velccity·in£initeiy ter free the wing.

The Leplece qention end the ehcve twe heenäery eeneiticne ere,

in prineipie, eeftieient te naive npecitic fine prehleee (end hehe teen

used fer e lerge number ef flew·prehiees)„

2. .herodä;gg;c fernen GH nneggpt wi§ße•» The direct ngpreech

er sttepting to eelve the iiner Lepiece equetice ter eteeiy—etete

flewe, euhject tc the preper heeneery eeneiticne, in quite cnehien.

Theretere, e emnnnzgeeetice ie tc ettenpt e eeietien hy inventigeting

the eherecterietice cf tiere heilt up hy edditrcc et eieeentery ec1e·

tiene ct the Lepleee egnetien. The verter gtentiei.ie e eeiwtien er

the Lepleee eqeetien ehe eetietiee the eeccne heeneery Cüäßitiüä eteted

ehcve. hinee the Lepiece equetien ie e liüßäf ditierentiei eenetien,

the principle er ewperpositien cf ecintiene is epghicehie„ In eeeiing

with litting wiege, the genen; sppreech ie te eenetrect e eclwtien hy

use ef e free—etreem petentiel end e enitehie dietriheticn ct vertieee.

In eieesieel eeredyneeice eeiwticne ere nhtninee ter·very thin wiege et

lew snglee ef etteeh, end theee restrietiens pereit placement ef the

werticee in the pisse et the free etresn, nee permit the heeneery ccn•

äitich,
;>• h?e O, te'he eetiefied in the nene pleee. The heendnry

ceneitien een he reeteteä ee reqniring thet the tiew direction ever

the wing he pernilei te the eetnei wing enrtece• ·Thie ceneitien is te

be eetisfied ever the wing eurtece. Betere preceeding with the eeiwtion

cf wing eeredynenics, e few fnndeeehtei geeetiene het he eneweree

I III
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A

(a} what vertan eäatrihatten eheele he nee te renreeent the

ring, an hen ehenlä the vertteee he planet relative to

the nig!

(h) In it necessary te eettety the heuneary eenaitinneeeneition

at all teleth mn the ereg?

(e) ßen teen ene determine the etrength ef the vertteea, ana
(e) Bew in the vertan etrength reletee te the hing lift?

er gEQ:gg§§gatonal_alrteäle
Gne er the arlieet eereeyemie probleme attenptee een that nf

lift er a wing et eeae eagle ef tneieenee„ the runeenental lee

relattng lift, etrean veleeity, ana etrealatten in given hy the Khtta~

Jeehennhi lan g

1 e (:2.)
there Z te the lift per unit length er vortex, V in the velncity

eamhenent normal te the Vertex, ana P ie the etrength er the vertan.

The litt, ana eirenlatinh, can he relatee te the eagle er ineleenee er

a te¤·atmenaienal atrretl ae relleee. Ehe litt per enit nnen er a ten-

etneneional airfeil ie relateü te ineiaenee hy

Z n egh
E ITheretere, the cireulatten ta xelatee te ineieenee hy

F =‘· Ve czü cx, {Z3} h

herneynaeie theery given a value·fer the tae·etmeeeienal litt-enrve· I

einen ez? er ee, therefore, the eirealatien strength in given hy

P = eVea (5)
1

A fee eheernatlene eheela nee'he·hae„ Ennerreentel preeaere * e l’ en tee-eimeneienel atrteila have ahnen that the eentreie er lift te i

I



located. close te the eine quertee-e}ee··:i line. 7.1: egxpeewe emcemme,
‘ the.ce:€?*c2:·e , to lehnte the 1.:L:;"t.¤.‘·’ng vc;:*§:.e;: esttheGne

ce·e.3.d new ec}: ehem, iz? exxy piece, the hc1mde1·;; ccnd;;¥.t:Lon

eetiefied Ecr e eixzglewecrtee ef the wing? wie ccc hc

eenei<?9,ei*ed ee cllsitinätxeticzi
tchtcx in bg;

ggTherefcre,in the the five eagle ie given hy

V 2:::23 "J

Cmxfeimng eq1w„·t;§,c2·z.c (jä) end. {$2-} 1·eeu3.tc in

’V'

which

S '
1*.

chewe thet the i‘;Le·e diteetiee tc: et cnc-he3„E I
werd :€‘::»:xe the vcxtex, ee et :2. dietmxcc chend

I
Emsa. the 3.ce„din.g came, Ehe epgxiieetréezx cf this: eheewetien tell

he peinted em. in ierter eecticn.
I

theeiw
Q s N · um- A ~! • II2: the cute GI e twwéirameiorm. wing, the ztlmr ie im

ei;}. plmnee tc the span. ie net tzme Eos? I

th:·icz·1cCL einge since the 3„i£‘·t ie tc I

I
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near the tips. A treatment of the problem of the threc—dimensional Z
flow over an.unswept wing of finite spanlwas given hy Prendtl in ldlö, Z
although the basic concepts were diseussed.hy·hin in 1911 and realized Z
still eerlier by·Lancaster. Prandtl*s wing theory is closcly related Z

to the important laws for vorticea Z
l. A.vortex filament cannot have an end, hat anat continue to Z

infinity or form a closed path. Z

2. Te strength of a vortex filament is conatent along its Z
length. Z

j. Vorticea in a fluid always remain attached to the same Zparticles cf fluid. Z
hess are the Helmholtz vortex theoreaa and were first given hy him in

eighteen fifty-sight.

The vortex filaaent which replaces the wing in two—dimcnaionel

wing theory was called the ”lifting line" or "bound vortex” hy Prandtl. Z
His basic concepticn was to realiae that Helmholtz vortex laws applied Z
to auch bound vortices just es if they were ordinary vortices having a Z
physical existence in the fluid. Vortex theorens l and 2 indicate that Z
the house vortex nennt end at the wing tip, nor can the vortex hecoee Z
weaher es the wing tip is approached. The only possihility of making Z
the load drop to zero at the wing tip appeered to he to permit the vor- Z
tex to turn soo and exten downstreem.parallel to the free·streem.velo¢· Z
lty. This resulted in the Pranatl horseshoe vortex shown in figure 3. Z

It is epperent that the "bnnd” vortex will prouce constant lift across Z
the span, end that the "trai1ing" er free vortices will produce no lift. Z
This simle representation of the wing has two glaring feults, (1) the Z
constant spanwise load which is to that of an two-—dimc*nsiona.lu
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werten, and (h) the lnfinite downwesh at the wing tape. The first cf I

these difflcultles was net, in part, hy·aesuming that the dcwnwssh due
to the tip vcrtlces reduced the effective eagle ef attach. Since the

dceneashvvaried with eanwiae pcitlcn, a value arten used ls that

associated with the center cf the hcund vortex, The section lift on

the wing new remeined ccnstant, but had a lower magnitude, and was

givan.hy

cz =·· 2¤(¤¤ ·· sg) (23)
where ai is the induced eagle at te wing (henna vertan center) and

numerically·eeual to

eThechjectiens regarding censtant lift screen the span and lnflnite

dcwnwesh at the wing tips rmeined.

Pranntl's greup was finally able te resclve these difflcnltlas by

prepcsing that a series ef hcrseshee wertiees he used te represent the

wing. The wertlcea were pleced so that the liftlng lines were ccluci·

dent (see fig. t}. Ehe circulatlen strength alcng the quarter·churd

line at any position alcng the span ls then equal tc the sum sf the

eirnulations nf the individual vertlces at that spenwdse pesitlnn.

The superpcsiticn principle can be carried tc the limit in which an

infinite number ef herseshee wortices, each af infinitesimsl strength

is used tc represent the wing. This results in a tniling werten sheet

instead ef a number ef diecrete vartices, aus in n cantinucus distri-

vhutfen ef clrculaticn ever the span. Since the strength cf each werten

is infiniteslnal, there is n infinite value cf dewnwash cn the wing.

Thun the difficulties associated with the nne4hcrseshee·vcrtex
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..represehtetiohwere elimieeted. E
The vortex. pattern described above ie very i‘3.e:o,b3.e eau be E

used to determine e circulatiom dietr3.batioe which correepocds to any
dwired lift distribtxtion ever the vieg. The epamsiee circelatioe

distribution detexmiues the distribution of the atzrexzgth ai? the :

trailing vorticea , ehe aleo the local dovevaah e:Lstriba‘tioe. I’here:E‘ot*e ,
the lift, dovmzesh Velocity, and ezäfective of attach are all
cloaely related. äéäorhihg eat this cozgulex set of iaterreletioztshipe to
ohteiu the chaz·actex·iatics of a gives ring iuvolve very leegthy aed
eiaborate calculatioas.

The lif*tiog•line theory described above hee beer: used e:,».ter.siv·ely—

to determine the charecteristice ot ringe of fairly large aepect

ratio (sec ref. , for example) . However, the vortexeyettezabove

cemzot adeqazately preeict the chaxecterftatica of visgs having

sveep azid low aspect ratio. Coheeque:1tl;,*, it has been loved necessary

to tem te reore complex theori.es er r1odi:$iee·tlox1e to
the lii’tiug—lihe theory.

C. Liftiegeäurface 'üeoriee forCompxttirgLoada

due to Angle ofhttechA.

number of methods have been. developed for predxlctihg the load
E

due to eagle of attach (amd eomaeeuently the 3;ii^ti‘og~em·ve—elope

CL3!)forringe of plehfom amd eveep. of theee, three have been I
used quite e¤<:tez1eivel.y; tlmt of V. M. Falkrxer (1·e:’t‘. 3.0), of Eh. Ä

I
ähzttezperl (ref. ll), aaa. of Weieaimger (rh'. L2). These
methodeiavolvevortex: ayetwxe to 1:-epreeexit the , with the hmm}. vortex ;
proüucixm ’* trt. However, the methode depart; i“z·om }.I¥„f"¥3i33§§•}„i.!1E.‘ conceptsI

I
I
II

,„__„ _ _ __;.....__.I
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hy consiöeratien of äoanwash away free the listing line, ana satisfying Ü
boundary oonnitiens at various locations. These nethoes can he eonsie·
area to be 1ifting·aurfsce methode er·moeifiee lifting~line theories.

are again the basic assumptions of the theories are:
(l) The fluie.is incompressible Ü

(2) the flcw is potential
(Ö) The circnletion is steh that the Kette condition exists at

the trailing edge

(M) The wing is representee by e thin worten sheet in the wing

plane
(5) All vertical äisplacenents are ignoree

In these eethds, the wing is replaeea hy a vortex system ann the

strength cf the vnrticity is relatea to the eiffereattal pressure er

lift at any point hy the Khtta«Jouhowshi quation

Z ce pv?

The problem ef deteraining the leasing er pressure eistrihnticn is that

cf fishing the distribtion of verticity T within the wing platform.

The hounäsry conition is that no flow can occnr through the vortieity

sheet · that ie, the reealtant flow direction is parallel to the sang

surface. This means that the local eownwsh velooity·eest he anal

ans of apposite sense to the normal velocity·ceaponent aus to eagle of Eattach• The äeterainetion ef P would be exact if its sistrihution E
were considered to he continnoas ans if the bounesrycconäition sera Ü
satiafiee at all points on the sing. nach an exact eeterninstion is i
rapractieal (if net impossible), hence stapllfying assenptione must he Ü
mes. The usual szänplifylng sssueptioms src thoseerp„

-1



ä
- Ag

-
:

(1) conceutrating the continuous vorticity qpauwise and/or

choxüwise

(2) rcpreaentimg the vorticity distribution by—a mathamatical

expression, usually a series ceutaimimg a fiuite number of

uuknuwu coafficieuts
(5) limiting the number ¤f points at which

thetianis S&$iSfi&ä•

The difference; in the varicus mathcds which have been developed far

Qatermiuing vorticity distribution, therefore, arise frum

(a) the manmer of concentratiug the vorticity

(b) the &if£era¤cas in the form.of the mathematical expression

for vorticity distribution

(c) the choice in number and location of the control pints

(d) the mathematical procedure used to dbtaiu a solution.

The vortex distribution and control points used in the mcthmds of

Fßlkner, Mutterperl, and Wéissiuger are ähcun in figuxes 5, 6, und 7,

r6¤pective1y« Tha mathematics of the three methods is qpita complex.

These methods ama explained in some detail amd cumpared in reference 20.

Note that the control points for the methods ofweissimgerare

at the thrae·quaxter chord line. Tha comparison presented im raf6r· E
euca 20, based on comparing experimental spauload distribuxious of five

swept uings with distxibuxious cemputed by·each af the three mcthads,

inéicated that the Fßlknar method gave the best accux¤cy·but at a con- [

siäerabla axpeuse im computing effart. The weißsingar method wuuld ba
EI

best suitad far averall studies of wing chaxacteristics and gave gcod E
results with by far the least computing afforta The Mmttamparl mathaü E
offered mo advautagas in accuracy or facility avcr either of the ¤ther Emethods.
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ihm ääetesinger azxethod, thereztore, hat ezztmivelgy iz;

cmgrautieg Spee lache che to os? attach (rei’. 3, rer mazmle} , am

spar: loade due to roll (ref, Q3,) . h;E.rect oec oz? the aeethee

or other aveil.eIcle methods to the C$€.’x?Z‘i;§)¥,t}G€ä-'€Ü}l?.€}I2 of =::1tJoer rszäog acce-

clymie eheracterietics provec. tc ho gelte <2;i.5?t“lce.lt acc! aeometiam

inaccmate, consec;eer:t3„y' other zaethocle ;£“or
theee <„:ha1·e.cter—

iatice (er aerlvativee) were scught.

K}. hpproximte Reletim tor ££¤tah;älit3r Iäerltativee

055SwejptChe
er the eerhimt giving epproscshtate teqaeticne for the

äerivamvee of e-weht rings ms enrthored hy Toll and Qeezhßo (1’äl€‘• li} ) .

Ehe basic concept ef refermce ia that a rough apprcairation of any

wing cleaatative can he C>'¥Z7°i'§8„lI’1üÜ; hy strip theory (loch chistzrlhution in

proportional to local geoaetric eagle er attach) „ Further, althcugh
atxrip meer? yielde cruee results , the ratio of a cerlvative of e

eveggt tc an unawept one cf the teoer rette acc aspect ratio

should he tairly aocurete. im exxelogga tc thie coeceprt, for ezzaaple,

ie that iz? ooe has a ruhher scale mich hat teen ezctemäecl eo that the
inch rserke no lower r„;—;gxz·eeent iechee , one my still obtazta the ccrretzt 1

ratio of the lemgthe of two objects evee ooe cannot fimi the :
actual length of either object. If one e„·:>w· hat the cozmcect ratio of

tEczätetäve of eeezet artigef for anc A lBemrivative xasewcapt wlng iior A axel ?~„ 1
1

he coole ratzio aaa acccrete values character- :
etlcc (ohte;§..o·:hÜä hy a better theory) tc ohtain steht wing character- :

ietlce• Aoe·¤.2;·ato axzewept wing, charectezitotieo were available in several.1

1p_____ _ _ 1
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papers (ref, 5, fer example). hltheugh this eetheadgenerally preeicted
preper trends, it was net es aecurate es might he desired in.aany cases.

Gne cf the hsic eiffiealties cf the eethed was that strip theory

predicted certain derivetive fer which there were se eerreapenelng

values for unswet wings„ Anther difficulty, which eppeered sasc-

what later aus which will be eentiesed in e later section, was in the

aethcd ef detcraining the wing aspect ratis an which lnductien effects

eheuld he nasse. Nevertheless, reference li preved te he suite useful

aus is still used fer eetiates ef certain derrvatives fer which.nore

exact methods are net available (see ref. le). The strip analysis

method has been extended te study effects ef dihedral (ref- lt), twist

and caaher {ref. 22) end is a very useful tcel•

.a survey cf current literature cn eersdyuamie derivatives indieates

that rigereus eatiaates cf certain derivetives are still lachlng, anc

tht there is ne general wertet rapresentatien which has teen used fer

cstiaating all er seat ef the wing derivativesw an initial start in

this direction was made hy the author in hhüh T late (ref. E5), fer

te estiatien ef the derivative C2g• The phrase ef the present

thcsis is te eatend the theory ef reference 25 und develsp it to penit

estiaatica cf several other atehility derfvatives. In säditisn, the
i

present thesis includes the effects cf ceapreasihility,·whcrees refer•

enee 25 was limited to ineeapressihlc flewvI

I
I
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A. General Ceteisäerartiasn

'J.‘he i‘i1·n·t etcp in devieing sx theemr zaethotä. ehteihtng wing

ehareßtmietiee ia that of eeßecxtiug eeitahätc v:e'?:e;·: agent-am fer

retpreemztihg the mm.

1, §x_;e;eg‘1: wiege,. .·- At thin point, it ie weil, te Iretiew vortex ·

eyetete ae need to repreeent tmawept times et some email of?

attack in etxnight fligmt. Aa a geneml , 1;%*2 he repre·-

aanted bz: e eyeteerrz of mw epmmiee amt eherdwiee wortieee ehmm in

figure $(6,}. For zartem of high aspect rette, the epemrtä ee werticae are

genereily replaceö. by a vorteez, ehrt the ie the

Gflälßü liittiog-3im»theory 1·eprm¤m1tati.an of the (tig. ?E(’¥;¤)). I1;

aheulcl he hoteä that the chorziwiee vorttcea te the tree-

etraee ciireetien amt, therefore, aan pprmhxce no preeemwei fferazttrtet

(ae 3,12%.).
At this; poim, one migxt eek how theae vortex eyeteea ehoele he

changed if the wing some mtion other than straight etric

Comeider, for mezupla, the wing in eiäeetip. One ;>§.ea.sih§.c

vortex arrangment mi.:} be that whom; im :?:i„5;ere $(6 } . Here the treiiing

'verbicea clepart the liftiug line te the t
free stream. {Che lifting line proeineee lift per c;n;S.t epeh mzcomiirg to

the mention

1 e ot'}; V eos 3 :
'ihe enly factor which ceele produee e. reezxitteet rotizimg eement mm?.a he :
caused by the eowsrmeh &iatributi·oa·z to the ekewed :

I
I
I

_ _ _ _ t I
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„vertziees.arrelsgesemmt need hy Eleni; (ref. Sah) 1, however, tim

eetieated resultisg; rolling zosesczrbs were not verifiec}. eitherinor

mittels hy experiment.

A different vortex systme wan hy täeissinger (ref. E:) end

this ie illttstrated in figure
€3(d)• In this case, it was esaaeed that

the trailing vortices reeeined parallel to

thevortexposition (c/M) to the ·sf.mg edge, and. then were test so

es tc he parallel. to the sirstreesh The feet that part es the trailing

vcrticee were esscntislly fixed to the wing rmmt that could

develop lift due to the lateral (or sideelip) welccity com»oneht• ihie

vortex system yielded selling zseaezrts eine to sideslip which were in

agmmt with expex·is;ent„

2. · 'üie mrly miyscs of swept wiege cheractezistice

rewerted to use cf the 'édeissingm method end wertet system cf refer-·

coca 12, where the vor·bic·es from the quaxtermhorl line were permitted

to follow the f2*ee·•st:.*eam veloeity hirection. Exe success of the

tfeissinger appmnch fer eagle-wettaci; load cospetatioxzs led to its

use in estiseting the rollim msxerzt cf rollic.g in reference 23.,

which also permitted the trailing vorticea to he parallel to the free

stem. Ihre results of reference 23 coemrei fevorshlg; with

esperimesxtel results. However, the range cf investigaterl was

scmewhat , and the ccmpariscns with ezapewhzzexut generell; were

for sizes of moderate ami high aspect ratio. Refmensce 223. also pre-

smrts rolling moreets due to sideslip for einge With gccmetric dihedrel,

hut does mt prediet the rellizsg moechte of plane in sideslip.

A ghxerel vortex sgetas applicahle tc wiege of srhitrexrgr plsnztoes which

<::—ow.ld. be used. to estimte various dex·iva•tivee still was
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3. Selectzlon of e. Vortezt Syetw;
{Exe ehove ctioceeelozx ot voxrtmc sgetmo ehe to EZOZIÖGT if e

egmtee heeeiä cm szxhälfiecl. Ä.Z$..i”‘&lÄ1.IL;§~•.»Ä.I§.2’?.€i‘·€ä;“%11CZ$ä¥7?3$ , et;i.I=.¤’.::$.z=.;_; the
veaeticee ez;oeec.vlxoge

mglit ou.i1te.hZä.e ter «ie‘be2‘xrz.i2rx:~;r~.gqv, eetmhmehtc chezectesrietzlee of
eeept . äiwirh o. ventex eyetee ee;. eo. the :h1th¤x· ( 23}}
ßflü is.: sheet in 1‘igux*e i}. 'This eyete:1 te wiege

im mfexezzce 23 , prevee. to he vom eeeceszezfmä. ih ;:.^e«:‘%.;äc:t;l::·.;; veluez;

ox? the ;2ez*emete:c· CZ
Ü

Eier 2 zriüe heizt:

x·eee;lte3 were eveileizie. The ;;e·:?.o::·¤L*'c.;_,« other rzovri-; gare-

vemteä the e:o.;exzoi.oh of the ::01*2; veczent
of vortex; Sfyßllaäältte

the eet:Lme.·2;i.e11 og? oeveml other: *316 vortee: szyetee

ehmm ih ie meat im the gmpege.

C. Coäxeisiezvztiozxe oz? Eteletiohe.22i3¤e

Ci.rc1£.*;etice _,

wich Velocity Ü£FsLI}}*32'h&3T‘ä3 , ehe. hietdhutiom

The vortex eyetm edopteö. fer this eteéty the ;g<>¤oih2.l5;ty of
gazeteting l§.:€‘t ty the homae verticw , zzhzicizz mc:

6.. the quex·tex·—·cho2~€*.·l:§.x1e vertex, which e;:·;tem2e ecrcoho the

h. the €h01"£°?„'iJ'i•€$·8•}}0Lb”x£‘}, vosrticee , *..¤hä.ch have pc.1·eT$.3.ol tothejglame

ei? egemhetry

tetheThe

vorticee the arlzzg erm ";’c‘1‘·ee"¤re1*t;2cee ch

exe parallel te 3Ä”3;’&€’„%•·•~·üt1'%111 veloeity em?. hence eevelep mo lift. Exe
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strength of the ohordwise-bound vortices is determined by the strength

distribution of the quarter—chord·line vortex; therefore the lift die-

tribution of the wing can be determined if the‘vortex strength die-

tribution of the querter•chord·line is known, and if the win velocity

cepnents are known, The distribution of the wind velocity eoponets

relative to the wing can be determined easily for each possible motion

of the wing, The basic problem in determining wing load distribution,

therefore, is that of determining the vortex (or circulstion) distri-

bution for all wing mtions, The three types of motion to be con—

sidered in this paper are sideslip, yawing, and rolling, The problem

now is to determine the ciroulstion distribtion associated with each

of these motions,

1, Ciggglgtion distribution for wiggg in sideslig,— This case was

studies in reference 25, however, e review of that study is helpful in

subsequent discussions, „

Asume e wing at see eagle of attack and at zero sideslip, The

cireulstion distribution can be determined.by·the methods of refer-

ences 10, ll, or 12, or by use of available charts generated from these

methods (see refs, 3 or 9, for enample), 0ne·now·ashs, "Hbw will the

eirculetion distribution be sltered if the wing nsintains its geometric

eagle ef attach, but is given s leterel (sideslip) velocityi” The

following arguments inicte that for small sideslip sngles (oonsistent

with linear theory) the gggggg in cireulstion due to sideslip is vegg

gggll, The vortex system for e wing in sideslip is shown in figure 10,

Ccnsider an element of the qusrter—chord•line vortex of the right sing

semispen, The lift per unit length of worten of a swept win in side-
slip is garen by

•
. •

••
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ZI =- QV ehe {:*2 - 3)% (25)

am egtee hy
~, „ CL ·•·•

these eqmtiozw Ziff? im seem that the c:i1~<e··;;‘Le*65„e:1 Iii ie

V *2 (e 2 ) (II}.2 ·· IE C ·c, ZG, ·· ei V

the 241:25 et zam zs:1,iic.~eE.:?._v;> emglie ,, the ia

given hy

. 3,¤ ·;_-· VG Cz,__(¤ "'
¢‘·~:)„.„

...The

xewtiohehiga et e eieeelip engle ehe eizeeitetien

et zae.„.~·¤ , therefem, ie älverz

<•• GQ

~·¥ ‘—«·-6 wi xc

It , th·ex·m"o1·e, that the l¤·;:e.?. c·:21~ee;1etie:: ef the €§}2';3JC"‘Ü$•&'.Z’•C‘Ä"A1'>I£.’{°¥,•
I

lime vertan: et e given eagle ef ettecie @..}.:1 ?„:e· ei.¢:'?.ee3„ip I
if siäeszlip changes ·me £..neuceä zm53.e ef ettachh I

I
lcmirxg ergphtvemtet I

sa. 5*2 ämäemenmß, zeemumtierz 01* Przmätlt. 'e ;!;;¥.:§’ti:25 linetheezwgsale

thet the Iiamzmmeh veE.oc.5;t;;· very 6:226,31 _(2:,ee hä mf ref. . I
I

ESÄIIÜG the mrthechs we for cemggtztirg epsm loezäe en e;;;p11·-
I

cetäome es- ef Pzezxüti 'sz- theo1·;:, the eeevzxptten I
I
I
I
I
I
I
I
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nhouitd he velie. There eoee eraziet e ;2+one1h13.1ty that *61116 eeene;>— '
tion might he vioietecä. tor ver; lee eepeet 1rnt1oe. At infthite

aspect retten the ximncoe eegie ie, of oenree, ecgyeeä. te zero eince

the cireeietion 16 eonetent ncroee the einen ehe there we no

If ei ie in cmerieoh with ol, then
“·‘?Ce

·-h.In ZL1.£"t1ng··line theory, the Lnenee:1 eesgle of etteoh ot enge

mint en the trim; ie chze to the deeznmeh et thet point eeueed hy eil

of the vortieee .·:>1’* the eyetme, in eeconieeace ·~;»:1th Biet-:3eve.1·t

Lev. In meet current methode of computing; epen loeaie Q, the hanmdery

condition :12 eetiefieaz et the ämreewgiaeenter-ehnz~:i 11ne. '1“heee.t’o1·e, i
one meet coneiee1· how emervneh et the thx~ee··qnexter·011o1¤1 Lehne

mißt he eittereä hy eidee3..ip„ ÄC¢C}I'Ü.i„I35 to the vortex. eyetm

edoptee in thin etudy, the onl.y change in vortex pnttezm eeueee

hy eieeelip in thet the tmiiing verticee "szmizei the ezlxgg tre.13„1„z~£
to follow the tEx*ee-etreem direction. he e cruee- eetihete

of the e.t‘i’eet of the heut verletzen , eoreider the two eete ce?

tmiumg eerticee in the following ehetch, end n control point ,ehem
*IIII
I
I
I
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Ia this oase, the clozawash at the coatwl point tc the two 5.afi-·· I
zxitely 1cm; vosticcs is g;:§.vez1 hy

I
Fm: the same control point, am a sialeslip aug;l.e B, the following;
skate}: iss ajpplicahle

—-——i.._

I
I
I

Ia this case, the slowaassh velccity is gives hy

2.‘·s<$3’ cos 53 II
or far small sääeslip sxagses I

I
is aß °Is (1 + fig-) II

0 I
It app that that the cimmuash amgis.e is affectesä as st am these- I

I
fore aag3.igi‘ä:s3.e ehem $3 ie smau. Este that ssscossioa asgaects I

I
the saztzsal iotexactioh between F aus 53 hat this effect shoalcs he I

I
qüte @11 am was, im fact, iavsst.ig;att¤¤l hg E«¥eissia5;e1~ aa still ha I

Ipoisatad. out heat. I
I
I
I
I
I

- - _I
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cx. Emma the aa.·th:;>1z· aaa

theerregteinge (a·ef. $:1*5) he aegiectezi. aüäeete hexat ra:c·...

tieea „ ifa then checker?. his: thecm; hy ;_aTLett;ärsg#

02,2 ehe the eati.a;e.te& ttalue
thezaaehtai.*»:·a3:ca i"c:::· a reawsta gaiaatteci aa er ¥=·fji$

läisae aa mcpecteöi ’he·wevex*,

thementalareuxaä aa lizae which aaa a3.:eea~t exiactiy 0.0;;

tee awative, that ia tar al?. amiga the average eatiaatefa va.3.e.a

of tee ammtive hg; 0,0;,;. At· title zutage, ‘äviei.eei.aager‘e

repeat; am aa·;.aaa«;;t wiege ih aiciaaiip treaght te the a.eth0a·‘a

attahtiea. A ca1c·efm;¤. etaiy ef the repeat the aimi3.erit;¢

ia eezaecw af the pattezme _, §‘¢,§.I'”Ü’3é?„*Z‘, i.z»:»:E.ieateti that
0 .

heiaeiager had Ct>2.¥’iZ-£“3Öi the effecte =:;¤::”.’ the hzmt tz·aiIii:·g verticee

ea the ci:·cu3..atiea aaa ea i’caz• e. elite range ea? aegpect
ratie ami tape: ratie ef His reeafita

the m‘.t‘acte 022* the heat t1=a.i3.:§.ag tertiem aaa to haha cl?/cg}
mare poaitive (er iaaa amative) hy a. which aaa , ier

eil:

« practical pazpeaee , imiepmzaeet ci retic am tegear ratio ,

egal im mare peaitive a value ef 0,0%

ie a. z·e»3.ative3.y @.3. eerr·ec“bie1a, ami again iaeicatee that Ithe effect ei the Üülü im the vczzticea ea the eixeaiatiea :3„:1.at;·i·· !huticm ia meat?. am the it ie a. mic

aamamtieaa ef the preamt theeaty that th c:Z.2.·ea3.atio·a äatrihatzlea :
fg; a. gw:‘ . ig aieealig ie eeeexxti the sata ea that ef the eige, I
at egQ eiciealig Ve. I
2. Cgrcxslatiea äiatrimüea ifer The beugt?

vartexgatternaz? e. yavircg aing ia, af camera, the Letzte agyetea ehaee ir

i
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figure 9. The free trailing vortices , however, are curved to catch the 1

air flow stream lines (fig. ll) • The gemtry of the flow shows that

there ie e lateral velocity component over the wing, and that the mg-

nitude ef the comonent varies over the wing surface. The wire,

therefore, can he considered to be in sidmlip, where the effective

sideslip eagle varles over the wing. The eimnts presented with

rmme to the circulation distribution of the wing in eideslip eau he

mmm over in principle to the yawixg sang. üerefore, the eon··

clusion end ssswwtion of the present theory in that the eircnletion

Qgßtribution for a Egg gg ie essentiall;g the same es that of the

gog@wiw_ wig.

5. Circulation distribution for a z·oll;Lgg wiggt1 . The rolling

wing presmts a scmewhat different prohlen than do the sideslipping

and yawing wing with rma1·d to circnlation distribution. ns pointed

out above, the geometrie angle of attach is not effectm by side·· N

slipping er yawing, it is only the induced angle which might be
N

slightly eltwm. Howevm, in the mse of the rolling wing, the local N

gecmetric engle of attack in inereased hy N

an2
Iherefore the mim cause of eirculetion and henee the eirculation N

itself is eltered hy rolling. me net eireulation of a rolling wing g
therefore is made up of

N
N
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el. Circulatlon cue to the eynmetric nngle of attack, ami

h. C1eculntion eine to the entiegnmeetric angle of attach

üietribittion aaeociateci with rolling Velocity.

The eaaumeä wing vortex eyetem, end the circuletion eztetrihutiozxe

äiecueeee above form the betie for the yrreeent theom for the emu- ,
tetion of certain wing eeroöqynenicehexectexeetice.I3.

1>ez··l—va·t:ion of Equetione fer Various Aenoeyzxeeic

Derivetivee for Wings in Ine¤mg_:¤reeeib3.e Flow

1. Sidealiyig wimu- ihn equatiene perteirxing to einge in 4

eideelip were clerlveä by the author in reference 25 , hat will be

repmwc in emwtxat more eetail. here since it will am in the c'tevelo;m··

ment ef the more cmliceted yawing wing eoneepta end also for the ecke

of cmzpletenwe.

e. General eeuetione

In the following clerivetione, all eguntiene zrefer to the

right wing eemiepen xmleee otherwise netee. Aa pointee out in the

aeetien entitlee '*Gene1·e.l Coneieeretien of Reletimwhsiw Between

Circuietion Distribution, Wine Velocity C@nez1te, anc} Load

Diet:·ä.bution," ferew can be ebteinee from irrteraetion of the wine

Velocity components with the que1·ter•cleone·line ann the ohoz·dw;iee·»
N

toene vorticee. By referring to figure 12, it ie aeen that

theliftper elment of length of the quarter—chorcl—line vortex ie

given hy the intereetion of the vortex ana the etrmn velncity

norm}. to the vortex;

Z1 ¤~ pv ooe (A -· ß)l";; (ll}
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ex, pear unit Itength es? wing span, hg;

_ 1Z1 5 QV Ctüä (fx•¤""
lx

The 1.11*2:. dee to ehe chezwieieeteuhé veztesa $6 ceneeä by inter-
e.et§.on ef the vente: ann the latemt veftncity cempozxerzt

5 @1;, 3Ze; =·" ••;‘:¤V $$.12CFer

s:-mai}. aiäeelip anglea, auch that ein $3 een ß te 3..0,

the tee Stift cmzxpenente can be written an

pv 1*,; (1 + gs nm 11} (111)

ezt:}.

Zn ä • · ’ V r„, K nV aß (12)
tling nmz: lead. éiietritxutiens are ggenemlly given in ternxe ef apan-
viee peaitinn, :1, eather than in äiewmce along the qu.e.1·te:6·•c11e1·«3.-

line vortex ä. Ehe next tte? in te recent the eqnatiena fer the

lift eezepenexzte in tema ef epentrtae lead 11:1etr£butien„ Ceneieer
a wing at zero. ezäneelip engle• The 31.1.1% per unit Sfpßü is given by

av{Z} Q ce; J;. I
I

ef these that 13,. end fg are eqea.1 I
I1301* the ·aIri.x·ng; :;z.·t here illfäüfb :1 °%;>e.a:3.e preniee ef the I
I
I
I
I
I
I
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I
••

*

~
theery 16 that aidenlhip @:13.1 mt e.3.te2·.· the spexwiee ,

<::ix·¢u1.eti¤n dintributiau, them ET5, amd E} exeelätwthe

v1m; im e:1dee3.;Lp„ Eqnetiame (llt) end {12} therefere een be

mitten es

Z1 =— gi? E"„,(}.. + 55 tm: F.) }

T, ;’F.Ü.,.
€•• 9,;-;)

Tee C—i]i'*€i'<l·iE%':€«iG!l c¥.:·l.e·h1*1Eat2tios*1 ET5. ;ä‘m· e tief; et wie of etteck
=..„„21‘—~= be detertzined 1:1 ·te1·ee of .2,;;:;:1*; .;.;„::„.;• aßpexz loed eintri-

CC;baxtioms man gwnäiy of the pexenmtev Ehe

quezatitiee iäf amd 1*3, can be 1*e3.e1te«;iä equetiom (1*3)

es2.

T
cpä ¤V"C: =·¤ p? ey

IJ .:.2

GI"
*2 gal

P5 V”<.?C·;· ·r•·-··tg .;..1 ~~ 2.

thin izets; ecjgueträoms {T; Q} em?. { ) rettäztn $.31

2 _3.Ü?."‘
g

end :;;:2

ag ,_ 5 EZEÜL ,

5 (eo)

_ _ _ _ I
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The los.:} parameter coz·re„eponr1eng to Zi am Zä can new he fezmed

ce; eil Bü;) (3- + B ab A} (21)

ec;)
d

mllgß &L(%pv&c)

tThetote}. load per wait span of the right wing eemiapan is given

hy the man of these two terms, tlmt ia

ggg;—-·-··—

=·-i-·· (l+ßtt¤f&)-?¢ß~··.;- (23)FCL B FBI, C
‘ Q}

Siailerly, the lead parameter fer the left eesxiepan in garen hy
CC;

zi„,ce5*3;,
B

ÜÜL Y

Exe span load for e wing in ezldeelip therefere, aan he eetereineci

hy une of equatione (23:) ana (21;).
lhe rolling moment of 6. wing can he eeternztned by an inte- ·

gration of the epen load mxltiplied hy the preper moment ern. ix

general form of a rollingwexzt equetiorz mn he ohtaineä from

eqeatioxze {25) ehe. (Eh), te which meet be nähen the increment

äetermined enelytically by Heieeinger in reference E5, and hy the

author frm enpiriml data (see eectien on "öirexeletion I}ietrihu~

tion for Wings in Sic'&er1ip"}• The ro3J.ing—mment equation

(negleeting the correction geht nentiorxee) een he nerived er folloee:



ln ••

2:/2

Üor,im coefficiemt fom

~' IG/{il CC
cczjydzy-=-~e%;2‘~

7
‘ „_

ÜÜUILIZ.,

füge Cäißlüßäiüh y cam be os;

so that the cqeetiozx 'becomee

cc;
ni -3;. UCI; b/E; biéi

How

é.> ==· ifa?

21:1:*therefore

ag
LÜ! "‘

e'

gzvvezz by eq„u·.e·ä:ioxa„e (23%) em, ($2%} cezx mov be

tämizcs equetiou (iaiä) to meld the mlling mmaeht oz? e
#111,;: :222 eiöeelip

„ OCZ
—— *9 43{3. ·- éä ilüßl li} ··C
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_ CC; V
1. 1 CC; ä O E

• 0L (1 + s am A) - {:*11 1. y* dy* (27)E 0 EQL O t

This equation om be simplified hy physica.l cons:i.deration•

P mz
First consider the terms J ·-·--· 3* dy* on each panel. It is

obvious that this load tem ls symmetric over the and

therefore, will produce no resultant moment. The terms

F CC}
J ·é__E-- (ß tan A) 3;* dy* result in a negative (downvard) load on

L Q
the left panel end henee, a negative moment increnent; and in e.

positive load on the right panel and hence, also a negative

moment increment. These terms therefore, are additive The termsü(<x Z)
, mx, 0 _ gc B y'* 0.y* are a little more complex; however, the

following sketch showing a typical vortex pair end leteral

velocity direction indicates that a negative rolling moment will

be dotained from each smaiepen.
Force’

Ä sd 7L W Farce I
[ -—v V

Cl col ÖL col IE EC 0 ECL 0 V
am am I

I
I
I
I
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hquetioh (Q?) therefere, wax be wzitteh ae (C62 )ii .—¤-·—-
61 6 tee A ·· @6* (65)

The islree. eqaetioe fer Clß CL eau new be ebtaiwee hy clifi’er·

ehtrletieg exlh respect to 6, alvielilg through by CL, ee:}.

seeing the iherweat 0.65 te aeczeiezrt fer the effectss ef the shewed
treilizxg vertieee. {the geaeml ecpaetion ‘hh&1‘¤&Ä‘0Y&,6 is

ee;

Egg _ i 6 <=<=1 5°
(@.6}

In e. very ggalerel eaee, if swap A is 6 fuzaetien ef spamzise

position, then the above eqgletioh will probably leve to be eolveö;

hy 6. sxechsaaical ietemtien er a nsmmtioa process (ref. 25}.
V

There are et lwst two feailiw of wing for which V

equatioa (29) cazz be ixxtegrateé. reedily, ami these are the

elliptie wing ami the wing with lizeear teper (that ie, straight

_ leasing ana smiling lage).
b, Mumie Wing

Khese wiege have 1:lte:·eeting gwbrle ami eeroöyxxwcle

ehaxecterieties . They have elliptie plahfem ehe therefore, e.

verying qverterwhorä swap eagle (es will be shewn), ana. also

have elliptie span load diatzilmtion eine to anale of ettaoh. “

'mese ehereeteriletiee eeahw te wire equatioh (QS:) reeaily V
intwrable. First, it is iretmchive to derivs the terre



l

remxirezi in equetion (é’·Z9)•
Gomsiäezs the spam lem; ä;$,et:ibutin:2„ Z

Since the &:§.etr·3.hw.t;€.<;m ie e3.1.1pt:§.c, one ce.11 zinmiiately write

IL

I: EUL Wg .

er

e, ee (ws
(zw}

tem ef eqmtioxx (50) een be eveäseeteii.

byeiéerringthe lift am am ex·b1t1·e,r;1· wing:

pw/e ,·~::»/2 1 Ä 2L==>£j Zäyää ·;-········gg·—· ·;·{>VGÖJ'
V0 V0 wi2

LL

9; QVCS 6 Jo 6 ,,1 C ,1

then by CL, wad 11¤‘¥::!.z‘1g thatS1

=" J **'* @41** (353.)G 'CCL



_ a

hate that aqneties is Stlll perfectly general see heat hat anply

to any specific plaeferm• This eqeatlen will he ÜQHBÖ very use-

rel in latex develapmesta„

If ehe ear specifäes am elliptle leaä äiatrthuties,

eeeatisn (BG) can be substiteteé inte eqeatiea (El) ehe the

result is1

== JG 3. ·· (:,1*) ¤ly*
Ä:

iategral is a etaasre farm ehleh can be evaleeted ieme•

äiatelyy aus results in

FE.; 1.1 ii „(EC „ es
Camhimiag eaeetlees (50) ems (32} results in

CC ! ,1 _·.;.···¥·=··¤"“+- x/1 ·<y*>·=1 {315)
CÜL x

The equatäon fer the local ahorn er ah elliptle wing is ef
Z

the same farm es equatiee (5G) aus ls

·¤ =· (¤}y„Ü 1/ 1 ·- (;«**}‘? (5*1)
ee the area sf an elllptic sieg is given by

1
"
e„„ br

:r{Selvimgfor ehe eehstitutihg late eqeatlos

_1
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I„ 6;; -

ik>:1c3i0:ax„siar.aa3;Lsi:;;; :2 bg; émlvtiäairzgg *0;;.·=·..2.¤.6;‘6that

aspect .62 is 22;; 22 ama ohtaims_„ Ü 53 „„ ..¤ = ig 1 ·- (24*) (2:2)

Hm ta.m;au*t 0:63 the swap af tim qusmar-mäaaa lim is, ars'?

ta the nwwsiva oz? tina alope of that ima. iäzc

a¢;_¤at;2<m 0:2 tha qamxaaawhom 3.:Laa ia abtaixzaä (35)
aw:}. ia

ä 156. Ü

ham:-a,
3. *262* E* W? .

M .. (:.;*}:2
Fzvm aqustdoa ($5} am csbtsizas

4%) 16 p4
x/l ·

(T9°*}‘“

zsqasusm (363), (532), (50), 6.:.:3: (ga?} aaa aa sutscztuasa
into aqustiom (**3*3} to cfbtaim

C Z_ 2, ~ ..
C1. E 0 "

‘ 3. — (¤»**)‘*

F { « **4** ..
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Etuis equeticu cam he ezärwäified end irxtegmtm to ebteie tim J

fellcezieg eizwle eeuetiou fer elliptic tdmgge
l¢z _,

JJL Z“>¤‘*A
cz. Swwt wege I

If the 3.w.d:¥.¤g edge amd treiiazsg edge of e wing are

etreight 3.1:1es, thw the qu„erher~ch¤rd·1ine etzedght else,
,

that ie, the ewew eagle is eomstmzt ever :1.

·1;he1*efere, ee $6110%. Thefirst tem seh he zzritteu es
1 cez Ä 1

pm A · ....„. ·» 2+r*Jo Sc, J JJ 1·‘·‘ G

The ietegreit is e::e.ct3.y the defieition ef the first moseeut of ,

the epeu lee:} ehcut the O lime, that

ie'J„lCi„Z'1.iÄ····-·-
dJ- ==·ter1A J ··-··—·~· *

The imtegrel een he eveleeted by ehe ef equetiem (33.) ami therefore

fl »—
Jüdaäfä 1 -········· 3 L»3'*-,5JéßlkhJoec;}

1
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mteggini 0:*.3 eq;n.sv·..ti.<sz%s 9) can 7:0 penis

1 {KIZ ÜÜ 1j _•§
' if- J} g,. 5 °L*1 .4, ***""‘* -··· {,0 J "•F""*'••

0 00 0 mit '=?¤;,

Yg 1

zfinst tem in bmckets is 0000 nt the upper limit since

when mnt. is, mespmimämst cirnptn

0:0 the wing tip. the 3.mit is 03.00 :::020

einen 5* in sem. neenm, intngzral. of eqvntion (Q?}

becmrzes
CC;

V Ü V1

gsm (59) 0.22:2 {MOM

C. 1 .,

0
The x·0s¤¤.£ming ixxtmzzl be in the follcwizzg

mmcm First, me 3:.000:, Chüäfti mm be nmniml 0.0 0. function cs?
\

syemcise position fmm ,

CT ·— u)$3-'J3C.Y, ··--7-—-•_b
E

_y Cl, J. •• A
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er

0* =- c:I.*[ E. ·— (JL ·- 7~,)y*] (bz?)

Hevever, the: wing sres. in given by

Cs + ct gg
S ==bE'¤l:>(····«i-E-··-·-5===··ä°·c:t, {1+%) epg-cx.* (I.-!-A)

so that

+ A

mr, finally

A 1. + TA

Substituting into equetien (112) results in

c* = --··ä·-··—···· 3. · {3. ·~ 70};* (M3)A(1 + Pe}

Equetions (kl) end (laß) een now be cumbined, end this results in

the fellescing

--äcz·-
läemns —-—-«-T jl fe ‘ 2(* ;x)*sy*+00¤C S? 2m(1+?«)JO ECL LJLL

o

The intwrsl can be evelunted. :·ee,«lily using equetion (53.) sncl

the concept sf first moment uses in eerivzmg ecgusticm (59). The

finn}. equetion becomes

U1 fg .. 6 1 - Vx L
CL 2A(J.+?~.) Al+?x ,

h
\l
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„ $35 ..

2, Y2!.*«'i§$„eg wi:·L·.• Exe analysis sf the wing fellews clcn-*61;,*

that ei? the wing in smealip , but in s«>newha.t aware crsmlex because the

sind velecity ana direction relative tc the vertfnes very with both,

the spsmriae aus chersmse gassätizzn an the sang.

a. General Exgxxatixwns

The pertinexut wrimi velscrity CCBEIQGIIEHÜS een he <;°£etez·—

g mineä from the geenebm sf 1.3, The tsta.3, wind velacity at

am; point an the wing is given hy

eat E

The the wing päsme of symetw

are

u ¤ ··V can F: == -1* (ci ·• 5*) (bfß)

mai

w = -V six; E =· ·-:=.* (G. -· tan 5 a -1*:; (ßaii)

Cnna:Lclez·ing the tight of the teilw;} the eemzpenent sf velncity

annual to the wing c;„warte1*~ehera¥. line is given by

Vx Y- ~·Ll GGS Ä •- T 5* Ä,

er, u.sing eqaatiezm (hä) ana (M3)

VN -= er (:1 ·-

-1-Denetfmgthe ve3.¤c:5.t:,* st the wing center of gmvity by VG, then

VL 2. ’;^*r3
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and equation (1+7) can be revritten es

VN = (VO ·- rg) cos A + xreinThe

lift per unit length of the qua;:*ter—ohor:3.—line vortex is

given by use of the Kutta~·Joukot1slci equation (Z =+ oVE1"‘) and.

equation {hö), so that

Using this equation end. equation (8) one obteins

. ll ¤ 0 cos A + r sin VO ·· :1.%
per unit length 01** vortex, or

. @$1
p r tan A VO 0, (MS-)

per unit of span.

The lift of each chordxdse-bouncl vortex must he founii through

an integration since the latexal velecity (which, is the velocity

component normal to the vortex) varies in magnitucle along the

length of the vortex. The lift is given by

Ct)

or, using equetion (ho) am the relations of page ill;
CP. “Z

(X) „ 1___1
Z- C/lr 2)-2

V Q••-..„..&;„.„...g•2gg O „‘(¤¤)C W



I

- .2%*; ..

The local load. coefficient ie given by

(cc,) C (Z., + Z2 .
*1* Y 2 QVO cz

or, using eqnatione (R9) anc?. (50)
cc; ·..i . A . ii . AAAAEA. V0 V0 E 0

X cc;C —-~·_g·_•·-·
rx C 0 dx (M)(MA V0 dy

Similarly, for the left wing span, it can be shown that

ee . cc..,2, .-. A

V0 er

The rolling moment can now be determineci by

b/2 cc *11LV . - f AA-b/2 C r E

and the rolling moment coefficient in given by A

C L. M Lb/2C1“’f“°'{.'“ä?=°£“'{.“ä°
LJ ab
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avm mim mmm mms in tm xmmml the mm 2: 2.6
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Xuaz am SEE G mz )(X} V E G VV G/VZ
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Umm aqumxmm (iii), (52), aquaticzz (55) mmxäw
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mwtiazz E-ma md:-am Erwphwiwägmmtwc

wwäziwmw-::·:w„ßdßtmgwvw

rwatoapositivafomxasmtäwlwßpunalaaé

:1
rw-altam11:

be www

vamciby am wmiww mw
thema tw cm ygmriw Evalmcmy,

eqawtäsu (S55) mu M mwättm ass

1 E (@1) gg vc

·- 1**
31 3: cazxvwtzmg tm mwor?1*

im

0
cc

4- ..c/lg c °‘

i



1 Ä
L
E

•• an
Ä

the éerivetive with mepect to tizrougäxdv;)

hy CL reexzlhte :%,1*1 the ·:1eeix·eö. general ecguetiem

{3*;: 2 1 (H1'?
:2 1;_:CL

2 Jg Ä} Q/ät gg,
0

i?:>··

1**"I

b. Swwt hing

Eqeetierz (236) ie

iecezzxplextee eh ee pee-

eible for ewegpt Ih this came the

äzädliätüääöiöäüß cm: he resmitte:1 Ill'?. terms of :5** ic";¤;·¤a·1 ge·::>··

eetmc aemeemeeeem (aaa mg. :.3;).

•Z•te11A 3 „er1’1 .1

01*

tw 11 - 1::* (61:)

s
-----_-1



V «

I
- Y1 ..

Alm, ’

. 6 3; 6(¤¤*)„ ~= ··· 6 <=*

therefore it is easy te show that

V „,„_ Q
V — „ $ * q ' Q Ä g Ev Ü L:

K*sueezazutxegequeuxem (:67) end (68) ifltü equemaen (:66} ae um
following

CL ·}- .„ :2 —
== tenzfx) ··· (57* tan A ·— X*}·tsx1 eilCL " O CZCL U

6*
.. .. ~» .. ~* er+ 2, [2(Y" :{*)“¤e¤A 2 X 16 ü] (.6,,, WW (.2})

Evsiuntios of equatioxx (59) is quite tedieus, tmt can be acceewplismd

step by step. Crmsider the first inteyal, whieh een be written es

(1+ tau‘éA J ·€·~C···~
(y‘*) 6357** ·· (y* ts.uA·-· X*)tanA J ·i·é···»

y‘*·”ö.y+*
0 L Q O L Q

Hate that the ztntemel
L

{*1 ct: gp
J

dy* . S};
Q cCL O

,„«

als in the form of the definition cf the moment ef inertie of the spam

load permeter ebcmt the exit y* =¤= O, end therefore em he written es



I

I
I

A { l CS2 r" :1
'‘‘IJI

<·é·E····> (Y*}däü‘* == (2**} JI I (6G)
0 1. O 0 wt Ü

This last :3.:3 aqua}. tounityJ

:‘* (3*) ¤ä:>·"’ ·‘= (5**} (@3-}
O cCL Q

*1 CC;
ALLS0 hate that bm iutcgral wa.6 avaluataeä

O L .3

(ag. (519)). Tmaßaza, using, aqaatiaaa ($9) amd {62.), tha tzzaat

ixztagml}. af aquatiaa (59) hccczmaa

1 V Ä 2 ___
y*(l + taz: A) •- 6** tem A • X°‘*)taa A ;;··~··——· ;y*d;,r*

4... JG CCL Ci

¤= + 1:-au2A)
($*,*):2

··· (3*** taz:. A — ~?ÄE%I):5·z‘=* taz:

fx.]Thasecond iatagaal. of equaticm ($59) can ha xamtittam, ao that
0 ELfi.3.

.. 0 Q ‘ Qlf}’·’*··*’°'Ü

.:‘s.···X°“’ ü····················•····‘I‘°3 JA aß JO <’= dy} J"‘@.f"
cc ::0

U1? rg ,__C-°

tm A I Cä '“’“YT'3?'Q(:’“)¢ ä¥‘·’* " il (WV ·~·····*··*····*‘·..I. O s~”‘*@.Y‘* (*5.3}
a.The

fixsat ixx"•:.ag;2‘·0l cm the rsiglxt was z;:m;ij1.«a3.aL:c=:·;‘%. p::·0—v§.¤u2;3;; (eq. ($3)),

to that maß eau ‘0*1Iit0
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.. *;*5..l

G6:
.:} an J

___. Yi UÄL
0 V '?”a·(2¤#"‘° tw} A · XA} ¢“ "*"‘":‘”Y,;"”” ä‘°“‘A3’°‘°

{Ä ~,,
Ü

E-g£‘J
Q, °“‘. ., . (,_C,”f“’ I' „, - ,·"}.gg; E. LJ

am ffm :·1g2.·xt eiüe ef equamer: (65) car: ba :£m:bag:·a‘teä

ääy §?äRI“”1‘¤}S es YFJÄÄLGWS

Z _ ri*la·l * l==··*—l
°<=*z1‘*'°··~·—···—·-··¤1*:x<*'*·==lJoW Jg M

~ .ä~„l:iäi*.„<>."’*;i,>l}’Äl„ M40 EcL O dw

few uhieh

Q ••«••¤••••«

4- gg arr:

O

M• J :2**** F-<<>*N*‘*‘{¥**) *******—*ö§'*Q ¤::CL O 53*

The firm; tem :2:1 right im equal M: zero. (See *;:34, ATL) Tlxemfom,
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OCZ„ 1 A ‘g,"§”“ Y• ta.11 A. c;*{y**‘)‘£{§„y**Y

11. cc Y Y _“ é' tm A "* (65} 1
Q

CCLThelast iutegml on the right side of equzaxiou (G3;) also can he i11te·—

grated by parts es follow
cc1 QLélläl ew

ohü
CC:

*

3* *‘ ..**7*** *7******* (GM ‘
* Q 1, G O O QCL Q Q—lY*

Substituting equatious (614), {65), 6.1*1ö. into eqeution (63) xeeulte
in



fig;6 ÜÜMÄ
Q- Fl

·· ··Jo26

__ ___ cc:
6 -6* @@1+ Ü

/"2::*y*+
Q cCL ÖÜW0

fl? CQ]4-

61- 6666-61666 (62) 666 (67) 1666 +666,66166 {,69} -66661-66 16

2 . 2 ·- ..(1+ :.666

2
tr·~@2W JÜ ° W 6+-- 66L Q W

4
fl mz

5;-66-yw 6-JG

‘° W dw 66; W W
O

of eqmtimm (öä) um by of

equmüiozz {ig;) , mi: 123111%-;



..nl
Ü

O üb"' UCI, 0
"‘** jfl., (1;4.0A(1+A) 0 J} dy

J @1*.¤.(1. + A) JG CCL 0
01*, finally,

1.O

ckyf öüho A{3„+?») Al+A

im www am ‘ch:L;·:~& inmgvms of ecgum;10000im

csammr, amd tm 10003.02; am
(lliilJO

äh

¢~16

„ . ·—« „ 1 2 ~ E? ,.1 - #(1 —· ?¤}Y" '* JU- ·· fk} (W} (fl)
A l +

cucekweeecieee of equextious (60), (*70}, Aec (71) Aexee emeckee (60)
yialö.0, 01*1*26:1* ausm msznipulntiou, bm deaims?1 eqmmcäaiozz 1‘¤:r~ Ch1



... ;*7.„CL

2 gg 2. + A gg;} 1 + A

+ A -· Jé- te¤2A](§**)‘?

+ {—····—····~—···wi(§°1“ii) · ,;—*··—~*-i¤i;§*i; ich
*__________ == n- —— ,„LjI>„

Heilig w:I.g.— @*2 ehslysie ef the rolling; wing; must consider

the basic circulhtieh sad the eclöitiohni circcleticm

associletaeä with rellihgp It is therefere necessary to eessicler the

;hossibi2.ity ef ferces sm mczmuts froh two wexarces

(sr} Interaction cf tte free-stress: vclccity with the odrii-

tiehsl circuietien des te rellxlacwg.

(B) Ihte1··h„ction cf the >:olliug;·-wclocity corzzpehehts with the

az1g,3.e—ef~ctteeh circuletieh dietz~ibutie12„
az. Schere}. Equatiem;

The sechste? oc? figure lf; shews thst tg first ci? tmse 7
intcrecticm: remts in er rolling; scheut. this is essehtislly e

chsßä in leading associated; with s; in lecel with itlüiüüßüä,

ami is the type cf leading which cam he hshäleä weil hy tte

h'eissihger· method (ref. 9 fer e:~tss2p1.e} .

Ih. this study, therefere, the ehjghssis will he es the inter-

ectioh of the basic eirczziatien mad. the

welccitycewg:~»ehehtsnsseciated with rolling veiecitgn The odditiehel

veiocity compmzeht is simply
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which ie, of cmwee, umcnel tn the wing er vortex pizme. Hebe

that the
‘¤·y

coeüition of ue fine }§»@i’Q'3·éHÖÄ.CU.“?„%33“ te tm vcsrtea:

gelene pzeclnéee eng interemztiozx of the enditioneß. velecity with

the ChO2"Ü."£ä'i8&~b¤„1HÖ1 vnrticem Süaerefore, it ie Ißüéößzllßf tc: emu

einer om.}; the fercee erieiug ihrem intemctinn ar? the <3_nnx·tez~«·

·„::he1·‘ä··3.i:1e vortex end the edüiticnel velhcity ?y„ This foree ie

given by

Z °

unit vmctex length, or

unit ehem. Gzezhining eqnntienn (TW) nee (Z3) menite ift!}.

W 1 _ ce;E1—· 1; ¤PyV< E lx ms 1,1 (:2)

hate ishet thin i‘c~1··=ee 16 ncmzxnl. tn the vnzetex am

ie 1:1 the wing p3„e.z1e• The foxrce iscnäineteü hy egnetien ('ßä) neeultn

in zi side zäorce which ie given by

fb/2% I.Y e [ Z ein A ay

or, equntißu

1~’
ah/2 ¤¤ e

!

.1 „__ 1
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Geomstric ami jgztqrsical Cüflßiäßfßtiühß (see fig- 15} shcvw that this

ferne for tm entire 1:5415; is t·„rJ.cs that af om semispam, so that

it ia pmger ta write

ac == eg prvt fb/ci tat AwayT 0 ü G
This aqustiom sah bs rrouöjmsasioasiized sxxä the aids fame czseffi-

cismt 1%::*:26., so tha.t

CY » —-ta ~ 0 ‘= 0
Ta.’hix1g the cwzriwative with magzmtt to Ph/E! zmä éiiviäirxg thxmgh

hy CL rssußsts in

tl es: . ,0,-tax: (fü}
Tha force imlicsted by equaticm

(‘i'ä+} also mwst rise to a yawizag

zsiätäht which ba äatemdmü r(‘1·c:=#::; tha

zzzlso)

H ¤ T
ab/E

;·:»(?y)(1"Q) (r) am A -·
·* cos »' ~—·—·l’·-~—~· T r

:’92.*
gv A —·

7;*Thiscam he mmäimsxmsicmslisaä, amt the grawiug ssazxmztcsefficieutsbsmma

ss [
ga L ..„.„..§...„.„ L L [fact} tm A -· y+r*¢3;v“" ‘
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Taking the derivative with respect to Ph/QV and dividing through

by CL results in
l

tan A (77)L g ECL g c 6

This equation can be integrated, in part, by use of equaticn (63.),

so that
C

~
l gcE-TL - - 3- (wg + 3 f J (ax /,, es A aaa (veL A 0 'GCL 0 g ·‘

Equations (76) and (78) are quite general for the paremeters

CYP/CL and GHP/CL, respectivelyu
h. Swept Wings

The usual swept wing has a straight leading and trailing

edge, and in auch a case the sweep of the quarter—ch0rd line is

a constant across the span. In auch cases equations (7-6) and (78)

can be rewritten as

“· tw A (79)CL O ECL 0
and.

cn „ 1 gg!
Ei a .. (S0)

L ‘" O FCL 0 C ‘
I

Equation (79) can he integrated, immediately (see eq, (39)) , so that I
IC I

-F-E = 5:* tan A I
I

which is the deaired equation for the side force ccefficient I

associated with rolling velocity.
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The yawing moment eqmetioa can be extended, by nee of equa-
tioh (Ö?) to obt-ein

jhlifl1.2 ~== Q aol, 0
er .

C G G *1 co #*1 mx ··=5%* = · *ä·G"")‘° + %*>t¤2A ?* J! y*ä:s¢* · J; (Y“)C<l¥*‘*L G L 0 O CGI.: Q

.„ vl cc-· ·§·¤¤* *~=-etc /1
etw

U 0 §„vL
O

Tw three intemels have been integmted previous}; {see eqs• (39)

am {60)), ami ne rem result 1s

S „. „ <=· e‘**
· §(1v"*}2 + ·$(I°7*)2*>@·¤2A

-· ·?_;.,j(y‘*)°te¤2d ~· ä?X**$*** tan A

The terms can be oeczhieed to yield

Cup 1 -·„ 2 2 •• 2 Q ~—·- ..(ä"'} + ($7*) ·-(3**) te¤A+K“Y*ter:A (cc)

E. Equatious for Span Load D3.at:·ibut1o¤e

Tw equetions derived time far have been for pazremetere which are
imvortmt from coneideratione os? elrcraft static end dynamic stahilcity.
Since the der1vat1ves·a1¤«_a1.y tc the sing ae a whole, they can be used to
obtain foarces axel mceaents at the root choréo The structure!. eegineer,

lhowever, is also interested in local forces and mcneats, hence the sten
1

__ _ J
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load distribution should he of use. Very little theoreticel or ex;:—»ex·i-

meatal work exists on the estimatioa of spam load distrihutions for the

side-slippixxg or yawing wing. ärperimeatally, auch information is

obtaiaed from pressure distrinxztim iuvestigatioas. Euch investiga-

tions are very time cmsusiag frau construction of the model, through

testing and data reduction. Existing theoretical methods for ocmputing

span loads appear to be restricteö. to span loada associa·€>esö. with local

changes ia anale of attach. Thus, for example, reference he used

to determine additional span laws due to rolling velocity, aileroa

deflecticm, or sideslip of singe with dihedral. Since sicleslip or

yawing does not cause a local chanw in single of attach Tor a plane

wing, it appears that aerodynamicists have wnsrally aeglected this

area. The equatioaa derived herein can he used to estisate spanloadsfor

sicleslippiag or yawing wiege. T12 loacls oa rolling singe are )

associated with local www in mit of attach due to roll, and can

be obtained from several papers (ref. 39 for example) .

l. Sideslippimg wing

a. General Equatioas

Tb: total local span. load parameter for a wing ia side- [
slip is given hy equatiou (25) for the right seaispsn, and hy

l

equation (226) Tor the mit semispaa

'

CC; _

cc: ii G

~
(1 + 6aaa33

O

I

I

I



II .. 1;*}* .1’ I*I:**I
so cc · ü€§L „(ri (1 · ß tw A} · ¤*3 ———··-·····-··§· (21+)6cL 5 cC':L O 1 6;;*

The eöäitiozxal loading due to eidesligv the:r¤e:.€‘¤x·e is 555.%:1 hy {for

right semispau)

‘aa _.,„1„„„„¥„aßac Es an 1+ 66*L B L Q

OT

ff}, Ö ***12
ECL #:1;:; ·

=== tax .21 •- 1:* ($5})
B cCL G 4 <i‘Q[1"

Tha lead eine to aids-slip is &I1"&2¥„£S'Jä«’§ä%}°äT·E;‘lC O"v’ü1" the wing.
'b• Szaeäzt wizxg

Fw wiege having cozxstam; swesp azxgle, equatiaa (113}) ::6.6.

ha used tc: elaiminate 1:* fach; the geaaxm.1 equationa (232) and (21),

thezsefozca cms obtaius fm: the total 10:::11 load

C66-%) I
**1 **1 L 6 I1* ·····•··· 1 Ü A L ··········*·····•'·"··•······ Ä. •¤ 1 ·~ 1 1 ····*··········~··—·····—1*1

‘*fortlm rigitxt semiepan, ami ‘
_ C L O I-·—···—· 1.. 1- t A--—---·1- 1- ·*·¤---—-1(LCL)3 <°·‘Cz„>6( L am ) **1 1** I(662I
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for 'Eiw nc'i.<11.*t:äc>nn.3. 3.nn.é%.1n537 dnn tn iss, 1

£’c;>;:· tm :.·i.g.ht snnlsjissm 1

wa nc 1
<=¤~ 1 cn L . _1**1 *1wä)

„....,‘Ä"...E ,·. ._„,....?. um A .. ..........—:*......,......[;„ .. gl .. ;\};,~:¢~]......„.......:.„....‘Ä‘. (535,)
** *:*83, O 11(1 + A) ä2f“’

2. Ynwing wing

6.. Gemrnl Esguntions

The total local span lonö. fn; n. ynwing wing in

givensqnntion(51), which can be written ns (fo: sight nemisnnn)

cal rb 1*%;} ml·‘*·‘* l ·~
“*‘

···•·····<.s 1* 1 TG X ;·;•······1 Wo W Wo
I
1

Using equntion (5%) tc: nlinimtn tim zsntegxnl rnnsuitn in the 1
following I

@*3 „ „ cc 1. b 1* .
:""°"';’ ga }. ** + ‘/Ä;

‘:":("§'

cCL T äg *==‘V(} ‘·
II

Es:., ..........%...*2. (ggg . (X}? 1ZV;) dy c/il c'
I

This equatinn cnn be uondimnsionnliseä tn yinl:1 tm fnllwing
1

fon the right Säféißpäil
. 1

1
1
1



„oc.· .;« +343== ye'} + ä—“$E(a*y}Ü/Ä am IA]<;£ä«>O

__ 9 Ö :2CL
·· §·i,%i5[(Iä*);/Ä} -··· (K‘*);]·~—ä·:rj;„*£_·~F:$¥ (GW)

Similmly, for the left sssslsgmn,

gs -— ,„ ts:1am <=/~+ sel} G
AL<CCz

The spez: loss) associated with yaslag is gives by (fer rzzgxt
weissen)

Yx “ ("$°°/** fm "I<*‘+"“¤“>@ " §I‘”°==/*1 ' ‘““”$“}“'?¤'§»‘“'
(Ö3)

The séfiitiuuel loading due to yawimg is osrer the

1;. steps wing ,
The spam load equatious syplicable to meeggt wixxgs cam be I

ebtaixaed zfrom-equatioas (il?) am?. (tät?) by using equatloas ($+5} ,(57),ausl
(iää) to gast the is factors :1:1 terms of spsmrise position,
sothatthe total local load is given by (for right zemispam)

I
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****1 an rb - 1 **1"‘ gnu={ IE

1*11 Zi „ .,·,.... { „.,,..,„, ,„ ,,7\‘·'¤_•••}i* ..,,1* ,-„· •{;·•3(l3_EC

9 0
5äy*

(U9)

ä additional local luading due to yavixxg is givan by (£'oz~ 1*1,511%:

aaaispan)(2*)LCL T » . ****1
~···-·~«;····-··- === ·• FL ·-· · yiütan A · Xi tan ;——···—

{2

- . Ü? ·~..••¤~••~¤•••·•‘•••·••••¤•••¤•¤1_••• ”•• ä **1 ••"Ä”°*Q~(1 J) aß 2
ac n

Ö,_ 4:CL Qij
1ÜEE}.

Rolling nina;

Tha additional local Span load gsroducaai hy rolling ia asso-

ciated with :£za:x·a.1^a1antal local angla of attack dan to srollmg

valocitgp ihia tyga of loading has: baan atudiad, aztaaaivaly by

vaarious azzthona (aaa na?. Q, for awala), and. oil}. not ba

covered in 13112 pzaaant papazr.



A57.

VII!.A.
Gammsxéowaaßnzutxms

1.2.

x¤¤n·•¤·e.e¤¤ ct

uwIatuantmxmuthawlauwomummuwwmucqnma
«m¤¤»¤¤·¤¤m namen,

It

wuuuctttaea
··Ihsatßuwntmwmsstbüiwmtbawumumvtwewaubm

Ousotthntvzmuafthe

utwßaqocißdiwißuemnmastinsudbgrumningthnttm
ungaecuauutasewwshupcuimuadwtmßmtwzum



... -
,

or, since the inoidence cz. is constant,
9

(¤ T) L ..
J, ••¤ ßäq

The spm load parameter can also he formed

CCFCL

0

At zero sideslip angle, the Mach number normal to the q,uarter—-chord

line is M cos A, so that equation (92) can he written as

This fundamental relationship can he used to determine compressihility

effects on the various derivatives and span loads as shown in the

following sections.

The simplest procedure of incorporating the cozepressibility

effects in the incomp1‘essihle•flow equations derived thus far is to

note that only the forces or span load due to the q3iar'ter·chord—line

vortex is to have a compressibility correction. The span load of the )
oc

quarterwhord line appears in the various general equations es ·—~—-Ä
EUL 0

multiplied hy certain geometric parameters of the wing, hence this

span load factor must be inoreeßed by ··—··-—····--l·-·—-•··—·-- es ehem by
\/ l ·- Ii? ooeg A

equation (95)• The forces and loads on the chordeise-hound vortices
gcc

J
are associated with the parameter CL and have no ooxzrpressihility eL L 0 e

ay*effect. ,
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B. Aeroäynamio Derivatives

The procedure for incorporating compressihility effects in the

equations for the various seroüynamic derivatives in straight·forwer&,

and is shown in the next few sections.

1. Siäesligpigg wigg.~ The parameter derived fer the wing in

siäeslip was clß/cg.

a. General Equations

The general equation for czß/cL in incompresaible flnw

is given in equation (29), that is,

(29)L G man *
Application of the compressibility correotion accorsing to

equstion (95) is straightforwara, except for treatment of

the constant 0.05 which occurs in equation (29). As üiscussed

in the section "Circulation Distribution for Wings in Sides1ip“

(pages R6-51), the term 0.05 represents an increment to Czß/CL

due to alteration of the span load distribution causeä by shewing

the trailing vortices behinä the wing. Perhaps the simplest

way of assessing the cempressibility effect on this term is to

note that the Prandtl-Glauert correction for compressibility

effects can he treated in any of several ways for wings in

~

symmetric flew. In the present case an applieahle treatment is
I

to assume that comressibility effects can be accountee for by

steting that a wing in compressible flew at Mech number M has
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the ewe charactezdsticsasitvoudbevemim
eseib1e if its dimensions in the fz·ee·strean direction
were shzunkhythe factor \/1 ·~!&2 .

. In other werde wing x-dimnsions exe changed. so that

(X} gz tßimomressihle
coepresnibleThe

change in um t„:x1,+· therefore would accomt for man
mmhcr effects on the aeroänmic chamcteriaties. The1·efore,
am could prcsuxae that if a certain wing cfumcteristic {in
incwmr·c·seib1e flow) vnrieü with it would
also very with Mesh number. Eomaersely, if a ie
independent of wing ge<metr3·, it should also be independent
ofthchmmber. Aswaegpointäoutintlaediscrzseionofthe
origin of the ineremmt {M35 (pages -« V ), the von
fcum to be i:xleut (for all practical purposes) of wing
geooacfcry. Ened on the above ergvrnente, the tem 0435 qn3_:>car···

‘

ing in the eqrmtion fer will mt be aJ.tm·ed
bycom;:,z·cssib5.3.ity.

The general cquatrcn for: Czß/CL therefore became

ch 1 1 <=<=z tee A5···«·-·=¤ ·· -~ ··-··-· ·—-·-····-·—•—··-·-····—·······~—····· ·· ·~· e + 0.¤1. C5 w9 (9*+}
h. Svept Wim;

The essible~£1ov eqvaticn fer swept wiege eau be



Ü
Ü Ü

.. .. Ü

ohteiueä from eqrmtion (9-*4). Since swap ie cozwterxt for the

wime under eonsiäeration, tax: A und the comreewibility factor
ereconsth¤t¤o.¤d.d¤m1:effeot·the1¤d1ceted\/J.

·· ä cos? A '
snwmzxm. wm mmguß er equaem (9*+} am mmeme be *
evalmted es done previcualy (see work fx-om equations (59}

2

·bh1·o¤@(*1·!4), am'}. the zesult is

E.]iä„.„„~?.·. ..„„.?„.....„...§•1.„.„..t?ÜÄ..{.&.„....„-§(.$*:..:..?°'.*; 2;,;;; (gg)°1„ (/1-zaäeoäh2.

Theparameterdezivedforymvimviugswae
cz,/cx,.

e. Gem:1.1 Eqmtiom

The gemul eqmtiou for C11-/°L in ixxcowreesihle flew

ie given by equstion (,*36) , which ia xapeateö. here for cowiezxce

cz 1 ,1 ac 22....:2.;.[yI¤·...(g¤)w_¤1.,:l<_„=.].)+l.[(x%) ,(x¢)Ü...E..¤ Y-say:.2. 2 Ü ·§ 22 O 2 §— 2 22
(56} :

Applieation of equutioh (95) to axzcezmt for compmeeibüity effects Ü
resultsin(SL

1. x/1-1-1·¢=-*e¤¤ä (FCL.; Ü
Q Ü

·· (96} Ü2 11 - ay E4;
Ü
Ü
Ü
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mt Wing
A auitnble cqzmtion fon applicatiron oz? co:zpz·csaihälity cßfccts

far the avcpt wing is aquatioa (59), which in xcpcatcö. 212::2 fox
ccuvcniamc.

Eilclf kv2 0 wr, 01
ä· c In 2*2*2 2 2 16

(29)
Application of thc conpzcasibiuty comwnction @$*213 by cquatiou
(95) maama in

G2! l
2 4* A A \/3. 2

142_____ 5_
t¤¤A ··2(X*) ·· 2-ß*] lmhlg r•**<‘1;1r*2 2 2 16

(2*1)
im mim ixxtewala cs aqmtion (97) have nachavnlrxatmvicualy

(acc cquations (62) and (67)), ao that cquatiou (97)canbc
rmarittcuan21-

2 V1 -5 A j
··daf"*2

I 2* 98* I_ ‘=+ -5 ·¥· 12*I
I
I1
I
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Tue intwals of 2qus1:„io¤(%} also how lasen evuluarbad E
pwviwslv (was ¤sv¤‘·=1¤¤¤ (697s

bsecms

E-?£==·J‘·[(1 +'¤¤¤2A)(;*)2· (‘§‘*ta¤A··—i*} ‘§‘·
‘Ü&l'&A}··········*······ä_¥··················•··••·CL 2 \/.1.-¤12¤s>¤2A

,__ ... J.···7« ___
2 M1+7„) A 1.+2.

__ l···7s M 2+?·m¤A[·~£—~ y*·ä(~#~)(Y*}2]2 M1+70 1+2 «

+?·[~·—-·}·-—~Ml~‘l(1—l·)‘v7'*5(l·7~)‘·;ir s(‘§””‘)%
ls $(17+702

Varicusbsxusofthsaboveequatiouaaabecosxbiusdtoxwssxut :
iuthafollcuirzgsqzntisu

E

21-A
sanßn. „

Ä „..............) _. A., ··-es)? „
+[A(1+7x tan §1·—M2o¤s2A yw l

:•·¤¤¤A 9(l·—?~) 1
+70 A2(1 j

t¤¤A 1-Ju ‘
7(Äz)·{2;7:.-äcoszß $1+7

igy
j

§*9*‘”""‘“""""*********2;; (99} —
2M:. +70 l·1·A2(1 +70 j
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The äerivatives which were datemiaeü for
the rclling wing were degpendezzt only oa the lead associated with the
qvzaz-tcr~ch¤e¤d·1i¤s v¤:··t-ex, ttxexefcze the effects cf cwmssibmw

Y mn bc det@.1aeä easily.
a. General Equatieus

‘fbege¤e1·a1eqxaati¤usäete1w.11«w£e1—thewzimchs:·scter·
istics in incmwssible flow were presexxted aa eguatieas (76)
ßtli (TI):

CY 1 masse umGL 6 cGL 0

am 2 3* 3* *73* (T'?}

Applyim the cuwressibüity comection meults in

CY -1 gg $823 A. yadya (lm)ÜL ···*¤ wine ~/1-m2¤ss·’%A
¢ilcL

2 o ect ,4 /1-azcsszg

tm}
h. Swept Wim

1*heeqm.ti¤n.s<te:·1vedfca·tI1e sweptwLmLa1mm1•ees·
ihlc flow were

tan A. (83,)GL
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I

aan?.

g 1 au *4* — ••5*3: = ·· $6112 A * X*3**In

this case, the simleet my of detwmmng the cm_:ress1bi3.ity
e£‘£‘ectsism¤¤tethetf¤rco¤ata:xtsveeptheg@·a1equatio¤e
(eqzmtione (100) am (113.)) ehow that the

xwltipliea the deriwatiwes. wexefera, the equnticme
forthe t·ain.ginees$.hJ.a flcmeanbe mdiately
witten ae

I
I

Icup 1 „. „. I
GL 2Jl ·· M2 cos? A I(M5} I

I

C. Span Loaä Biatxibutinu I
I

Cwmeeihzility effects am the span load. cäiatximtion can be I
éetenmiaeä hy the concept that only the lead associated. with the Iqmz·te1··ch.¤a·d line in effecteä. I

l• am .3;* · •···
I

a. Ge¤e1·¤.'i.

Eqgaationsßmwwlhwlwulßnäonetiüneftipgingwiäih I
ilßäßfüßäiblü ilcm is mveza hy equatztea Appiwixzg
theeweeeihiädweoxxectähn ae mtä previously xesxzlte in I

I
I
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IEb; **
the right sem:I.epa„n, und in

Ü , ·2~=2z)° „2 ct ß eg {MI
eek 5 EQ 2r eye

fer the The edditienel loadiw due to eideelip
therefeare ie given by

CCT}

tag-·-···-5-··-·L Q 4. ·· 1·.F· cue ,1; $4 dy

fer the right eemiepzm. This edditieml leading ie nutiegrmtric

ever the wing
b. swept Eßiivge

T‘he sgmxz lead equetiene fn: eeept wiege eau be detemim
Ied them the geeeml €2€f'§L%&tiG1°18• Eqnaticn (dj;) ie used eiäizzzizxete
I

c*, thwefere the total leeal lead sm the ewept wizzg in eideäiga I
ie I

cc;
>

I

.. je I2 „(2 -— Iaw I
(te?}I

I

I
I

I
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Tw: eäoitiemß. Loan am to eieemigs ie given by

oc; <cc;)O
*···••*'··· CC Üälkß 3) 3_ ..1 °é‘c1, C,/1 — aß oosä A A0. + A} cw

(1031

a. Gemma}. Equatione

‘1*‘m;· total local apem Load 0:1 a in cm1·e6a·-

ible 111:0*:: can be •0bt by the aweanibüiw co1~x·ec··

tion to eqxzation (87), am the want is, far the xight eemiepan,
CCcc;1**:1·········-=·*= 1 ··· ······-·~

y‘*
·· X* 'ta.11 1**: 0 ——

_„ 2% 3, ~— E12? con?} 1*1” Ä (oc;

The aösäitioml man to ymring in given by(£o1* right

mxrizsgnau)

CCZ(ei (T)
gt, L „/1 - ze? ew:2 A
2%

,(<=~=:)
1 2 :_ ä-» —-



.„

ta the

'b„

parmters fur im cemmaeible
mm be mbtmlmsd bv the eomwctiene

to **1

fw lcmd,

cc; fb rb .... ___
SVG SVG 1 ··

—- 1 • (1 —A)M1
+ 1) fi'Vü za

S

the eäditieml 1::163 äwa to

1 -— ?«1~ m·1.s·„- A,BVG G ...
·- «—··•·-·~···««·~····— I;1 ··· {1.. ·· E- ~· 42M1 + 71) 2

ÜÜ;1 —— 9 @(



.. gaga ..

H. f W @L£S

A. General Remarks

'1'he theory and methods developed in this thesis permit the

computation of certain serowäc dcrivatives and span load char-

acteristics tor sidcslippim, yswing, and rolling singe of sr‘b1t:·ary

planform in subsonic flow. The method rewres tmt the sogle-o·f·»

attack loading be known in i:·essibl.e flow for the wing under

considerstion. This information is available for a wide range of wing

planforss, home auch a requlrmnt should not seriously restrict the

qplication of the present method. Span loads for rings of unusml

auch as M or W, wings can 'be obtained by the method of

finitewpan horseshoe vortices as cutlined in references 26 or 27.

Most of the equations derived herein invnlre the spanvise

position of the centroid and radios of wration of tim angle-of···

attack loading of the wing senispan. Ehe centroid position for

smls-of·attaek loadings has been deternined for a wide range of

wingplanforms and is readilyavailable inthe literature (see

references 8, 9, 28, and 29 for eawle). The present theory
qpurstohe the onlyoae inthe literature inwh1chthers.d.ius of

gyration appears as a factor in deternining serodynsmc character-

isticn. The centroid aü radius of wration were determined for

use in this thesis an ined in the two following sections.

1. 1* m. 4 As azalaame steve, E
thecentroidofwingspanloadingsazesvsilahleforsweptwings 1

in various references. This informtion is replotted in figure

16iuaformsuitable feruseiuthemthodsandeqxmtions of this•
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paper. Tw apamrise position of the eentroid,. äh is given ae a
function of stup, aspect ratio, and tw ratio.

2. of an Since the
radius of gvation of span Lw has. not prevlously been used. es a
factor in aerohrwc äerivatives, its valme tor

various wings do mt appear in the J.1terature» It was necessary,
thmefore, te smarte the radiaa of mratioa, '$i*, for use in this
wr. The values were de by plottiug the a¤g1a•of·atts¢k
span loadizg (Le., plotted against y"') for a large znmbu

of vim az!}. perfozming a mcchanical in‘te;p.~ation to obtain
,5;*

by
use of eqnation (61),

·· 1 as: ». ce.)

A total of 160 i·ations were to obtain the desircd.
coverage of wing values of are plottecl 5.:1 figxne 17

as functions ot map, aspect ratio, andi tape: ratio ihr use in this
wer and. for general information. Hate. for the span loeds wma ob···
tained from reference 8.

B. !£BI‘O¢{¤F.l'ßiC Derivatitres

1. gf gg.tigen for the sig; Ö€%’l’lE“BiVE8•~ The equae

tions derived. for the varimxs serohmmic der-ivatives are preaenteé
in tables 1 am 2 for oonveaicnt reference. The eqnations of Table >

I are general equations which are spplicable to wlngs of arbitrary
These eqnations should he used if sweep mies across l
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the wing span. If wap is conetcmt, the equstions ef: Tama II are

ayplieeble.
_2. ggg; fgr ä gg ;dggt*atites ss äfunetions

ofgacvmegghund Mae}; ::•mber.—- The equations ox? Table II. have been used

to construct a series of figures which mzmerical values of the

various derivative can be ebtained es functions cf sweegp. aspect ntie,

tape: ratio, and Mach znmbers from zero to about @.95.. 'Ehe dex<!.va·-·

tives have been wted fer s value of iii of sem, und exe present-
ed in the rsumw names:

Parameter Figxres
czß/CL 1.8 tlamxgh 22

cz,./¤,, es thzwsh sz
· ¢xp/8:. 28 west 52

8

es/¤1. aß thrweh er
Two er the wmmse, cz,./cl, am cg?/cz mw www with

8

E2 fee a given wing ss cam be seen by exuednetion of the eqmtions

of Table II. It would. be a sizmle matter to e~:el=.2ate the dependeenee

of the peramters Oz?/CL am Cup/Ü; on iii. Eimeever, es will
be pointed out in the discussion, this is not rsquirm since these

I
inezvmnts can be evaluated very sieg-Ey in terms ei? the parameters

c. span Lead mstrztutioas l
tbhe span-load equatiovs derived in this thssis are applicable }

fer the detemumum of the additional load. due to sideslip and
yaw-ingvelocityofawimforvhichthespauloedinwrmuetrieflight u
iskncmxatzemihchmwex. Sßbespan-load eqmtiomueswized

t
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in Table III and Table IV. The eqxmtions of Table III are very
general, and should be use:}. if the sseep angle varies across the wing

mn. In auch instances it may not be possible to find in the litera-
ture the correspondiug argle·o£~·atta<:k loadim of the wing. In these
instaoces, as notes. previously, the a.¤gJ.e·of-attack loading can be

detemined in a st1•a§ght—i'or¤rard m.nne:· (solution. of simxltaneous
algebraic eqmtiom} by tm method of reference 26 or 27.

If sweep is constaut across the span, which is so in by far the
mäority of cases, the eqjaatione of Table IV are applicable and
eouvenient. In these nasse the angle-ef·atta4:1·; span-load clistribution

can be obtaineü aus a. mmber of sources, auch as reference 8.
Most of the theoreticsl ssgle•of-attach spsn··loa& eistribu·tions

available in the'lite1·s.t1Ir‘e have been eeterzsineü by use of the

Mef.ssin@1· methoä. It is of interest she sig:1:*.i‘icance to note that

the use of finite horseshoe vortices to determine an.g.te—o£-attach
span loadings (ss in ref. 26 27) will sloeely approscimste losclings

free: the Weicsingr sethoö. if a minizsusz of 20 hersesthee vorrtices
are used to represent tte wing (sea ref. 25). The fzmite-horaeshoe

vortex methoö. is epgelicsble for representiug singe having elscontinuities
I

in sseep distr~ib·stion (for example M- or t1'-singe) , wmne the appli-
cability of the äéeissingr neethocl in <iosb^tf*nl. Tms method ass uses.

kin reference Ei? to detemlne the span loaüs of es- sse w-wizxgs, l
ans. can be used. for rings of srbitrascy plsxzferzs. hohe that the system :
of finite herseshoe vortices ess also used in reference 2; te obtain

E

II
I
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the lemi cm singe im siäeelipu In such s esse, the leeäs sm obteirzeä
55*msz eitlcver 6 mehenical integration er frcez za. series ezrperxsicm I
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L BISGUSSIM ®' ,
A. General Rmzrks

'me eqnntiens derived herein pemit the er the nero-·
chmnnie derivntives Cgß, G11-, Grp, end tor einge of arhitmry
plenfem. One might ask at thin point why the theory peedicte these
particular derivetivee hat the rmeining Mies. me xeesonn here
mt GÖVIGBB, hut een be e:@1n1|.1xed an fullmrs. ße Ifereee vhich result
in the above derivetives ariee from intemction nf the vericme wind

veleoiüv twmntn am the vertiees need te 1'E'§1'&SEI1Ü the wing. Ehe

1e ezreeclrr 1>r¤wr·bxen¤1 to the wing 1m e¤er——·
fi¢iE311$•, Henne the verieue forces are directly prcpcärtiunnl tc the
total wing litt (or lift eoeftieient). Ehe various dex~?.·v·~·
atives obtained by use of the present nettmdß are these

directly P1‘¤I¤¤1"*5.one3. to CL. Zhin is the reeeäzg thatctäe eeuntiens

fo¤··thederivnt1veeareez*trmted$.nthefo:m Ef', E"; äe emd
. Eemination of the eqmtinne for wing derivativee an givm by

ctcäxer methode (nee tor exwple refermace 1}) shcws that inöeed the
above derivetztvee am the only • derivetives liheexly dependent
on CL. ine other derivetivee are either independent of ÖL (for

:
1e, Gr?} er we dependent en GL? (for exmle, Gap). I

I
I
I
I
I
I
I
I

I
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B. Gmparison of Vaxioxis 'Iheories and y
hcperinentel Results for the hexochmazsic Berivatives of

Wings in Immressible Flow

Various methods have been used in the past in detemining
nathmtical expressions for estimtizg wing derivatives in isses- t

pressible flow. In general, the methods result in sini1.a.r wiations
of each derivctive with any particular variable. However, the methods

generally M not give identical results es will be shown.

l. {the derivative determined for the wing
in sideslip is Cgß. 'ihis derivetive hat been the subject of several

analytical studies (references 6, 135, and 3.5 for example). It is

interesting to the results of the various methods. älzis has

been done to a ml}. extent in reference 2% 'Hiat cowarison will he

repeated here briefly, and brought xn: to date.

a. Elliptic Wims

'lha vsrietion of Özßfcjg with aspect ratio for elliptic

wiege is shown in figure 38 es detemined by the present theory

end also by equntion (fz-) of reference 6 with K == 1.5. hate t
thst the values germ hy reference 6 are scmeehat lower then i

those given by equation (39) of this thesis. Ehe primary reason

for this is that reference 6 die net include the contrihutiezz °?

the qu.ax‘ber·chord·line vortex. If this ccxrtrihution is neglected

in the present analysis, the agreement with reference 6 in much

clcser. %e fact that the quarter~ehord—li.ne vortex was not
considered in reference 6 is not sznpz·isi„ng_„ since elliptic wiege

r
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are mt generelle created es swap?. wiege. If cne places tm

bcund vertan along the q„n.s.rter·-ch¤r¢l·line, hcvever,. the elliptic

vim must he trested es a swept wing with the sweep vszrying

across the wing span es was dame in reference *25 und this thesis.

h. Svept Wing

{Exe tem '*swept sing" es used herein is else used to
include the wing having zero es a limiting case. This is
pointed cut because there are certain thecries which apply

specificelly tc unsvept sims end are net epplicahle tc svept

singe. 'Ihere are currently at lust three sources farm which
theoretical values of C15/CL meer be ohtained fer unswept singe,.
and these are references 6, 15,. anal 1.5. It is instmwtive tc
exemine the sppliceble equaticns of each cf these references to

determine why differences exist.

üe equatztcn for Cgß/CL given in reference 6 is

cha x o.71;x + 0.29···C·;·· *= ··· ··•·······I·-;···X···-····· * G•O’Ä¤

rmerhs concerning this eeuetion are in ercier. according

tc ¥·¥ei.<:.six>gm*, the thecreticel value fer K is 3..5. Iäewever,

when Weisaixger cmered his estimsteai values azith aveil®le
data, the thecry gave values which were ten negative. Re there•

Ifore suggested an eusaieccel. value of EE e 1.0 tc p1~eviäe einser
“

agreement wth date,.
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*2:116 unsreptwzing values ef referenee 3.5 are those given

by the Weissiuger equation (eq. (3.13)) with K ·~= LOL hence the

applicable equatien for reference 15 is

_ g 6.7:311.++ 6.261 + mg (uh}
me masvepterirg velues of Ogg/CL er reference 15 were

äetermixreä eepiricelly frm evailsble date end ers given es

rsmctiene of aspect resin for teper retiss er 1.0 end zero in

figure 8 of reference lfm

'Ihe epplicable equation frm the tlxeery presented in this

thesis is equatich (95), with M == O, and. A =—= O; that is,.

E~„§*“=e ew er
Hote that equetione {3.3.5) ana?. (115) idestieel fer ?» 1.0

if velue of K —~= 1.5 ie used. in equsrtiozz (115}. In other
11¤¤1·§.s_, the preseaxt theozrgr agrees riet}; I~?eissi11ge1·'s metheeä 113 the

thecret5.czüJ„v value ea? K =—· 1.5 is nse:1 ‘€e$o1ssirger‘s

eeq;éuation„ and if the wiege are wntapered. ääeference 3.5 emule
L

also have given identiceß. results e:~:<;:e;>t fer ä«¥eise·§.nger‘s

reeunzzehdnt1011 thst n value ef K ==·· 1.0 he nseää in his qnsttlon.

A ecmpezümn ef the results ebteined free the *v::n·1.m1s

theoeües rasierer} efbave is shown in figure 59 fer 1.mtspe1·ec2 wiege.
Also er:per£men‘ts.1 values taken frcm reference 30. Two
points are to be noteä flüll C@?L‘$.3’.‘iSO'Z°l• First;. eguation (95)

&7
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of the present theory, Wei.ssingsr’s ecguaticn (115} with X e 1.5,
end the method cf reference lf} all agree closely with the e:xperi···

mental date. The heissingw ecpiatioh with K ==·· 1. values

of Czß/CL which are substautielly lower than the sscperteental

points. One is tzen led to whyheissiagerwwith

date lead hie to recd that s. value K == LG he used
in his equation. Om plsusible emleneticm is that the wing

planrorms generaliy in uns et the time Weissiager developed his

theory (1958) had tips which were rmmded (viewed rem the top),

wherees current wiegsy end those of reference 30 have essentially
straight tips. Roundixrg the tips would tend to redhc-e tip leading

« end therehy also the derivat_iwe Cgg.

Swept wim values of Cgß/CL een he eshiested by the
methods developed in references 13, lf; and eeuation (95) of the

present theory. hesvlts from the theoriee are shown in
figure MJ for zmtepered wiege. Also shoem are eaperhaentsl values

rrm reference E30. Ehe results er reference 15 amd eausties (95)

are in good with experiment; whersast values predicted

hy reference 13 are m·whst low. 'Ihe poor @·eesent shown hy A

reference 13 in trsxzeoble to the fact that the opplicehle equation i

cf reference 13 is given hy I

I
I

ÖL Q, AM} A + eg css A 22

I

I
I
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where; es mted. previously, is the un.ew·ept-wing value
aml was ohtained from Weiseinger*eAF4etC;oation with K e 3.. O. Note
that if eaeetiee (95) is erraten 11: a rom corresgaonding te
eqwenm (116) aw wma aa

·— gtrm A (ll'?)

ine equations now differ in rom only in that the sweep effect
ae modified ey the aeee in eewaxee (115). nee
term had its origin in the concept that since the additional

load chze to sideslip is entisymetric, inmeotion effects should
he based on the aspect ratio of the wing emaispan rather then
of the entire the present theory has no effect because

it was argued that the circulatioe is symaetrie even when the wing
is aicleslipping.

The theories of reference 3.13 and. 15 are limited to taper
ratlos close to 3..0. Re present theory does not this

restric·tion. the theory prediets the effects of taper ratio es
hy sz. marison of the theory with e:q;»~eri¤zezxt:::J. data from

reference (see figure *+1). ima theory also predicts the

_ proper veriation of with aspect ratio for triengular wiege

es shown in figure 2+2 whme a cmperison ie made with data from
references anc! 355. fädnugular have s unique relationship
between sweep of the qoarter-chorö.·line anc! the ratio. l”
üis relationship, which will be used in s later section; is given

'

er Pten A
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2. ·· me ämuvetive ertrected for the yawimg wing
nes. czr. In fte er the impsrtanee er this derivative in the
an-nein laterel. stebllity er eircraft, there 1e little pnbliehea
information on theorretieel or experimental values of CZ?. A review
of the l:!.terette*e indicetea that thmxeticel values he ehtaixzezl
from referezwcesi 5, 15, 3.6, Bh, end 35. References Bh and Ef} are
tmpuhlisheö. end. therefore ef little value to the eero<3;{¤maic·iet.
References 1} end. 3.6 apply enly to unswept wings. the vxxnrepterixzg
values of need in reference 33 rare ebtainerl from reference fi,
ami are essentielly the (hut slightly higher in value) than
the values given in reference 16. ine net eituation therefore, in
that the only theeretieel values for conperieon with the present
theory are those of reference 15. Gonaioer mw the eppliceble equation
ef refmenee 13, which is

¤ .„.·é"*°”’·6·*‘[····w.·······ii-"2Z'.i..if?.] ev
For unswwt wiege, thin results in a eosnstsnt value of
Ch,/CLem?.ie inéepenéent nf wing gmtry. üe elucnre equntion can also be

es

EZFLLCL e ~„_·: er QL L _
me values of need in reference 135 were thoee ef referenee
5.'Ihevalues of regergxucoe 5 are eppliceble for aspect ratios geeter
them 6. The values of reference 5 were exctrepolebeé to leerer aspect
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ratios in reference 15. üntrapolation of dcrivatives in the
lowaspectratio regina can be dsngerous in that certain derivatives are
very sensitive to this pter at low aspect ratios.

Equation (3.19) shows certain trends of interest. Firm (for

Y ·=¤ O) , the effect of sveep is prdmrily to add on incraaent to
-;;-5- which is vezy nearly independmt of aspect ratio.czBecanse of
this, eeuation (119) indicates that the variatinn of E5; with

aspect ratio (for a given sweep eagle) is essentially the Variation

shmm 'by the nnswept wing. Ea cnrves obtained. from reference 5
show very little variation of

gi}.-
with aspect ratin for unssept

rings having aspect ratios greater than 6.0. The extrapolations
of reference 15 to low ratios are auch that Schi; rexsaixäs
about constant. this net result is that for any sweep eagle, ~c-is-

in very nearly independent of aspect ratio. ihis has been pointed

out in detail because the theory of this thesis indicates soexewhat l
different trends at low aspect ra':-ion. Eqnation (99} of this thesis
end figtwe 26 (for untapered wings, in order to be cmpsrable with

reference 15) also show little variation of -gä-X-: with a@ct ratio
in the high aspect ratio range. However, cquatio!1 (99) indicatcs a
rapid positive increase in es the aspect ratio is rehzcedbelowatm3.0. I

Which theory, then predicte the proper trends at lowaspectratios?

The present theory can be defended to some extent by eating
I

that the vortex system and wind velocity components in yawing flow
‘

bear a mrhed reswxblance to the vortex pattern and velocity components I

I
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associated with sideslip. It might logically be expected therefore,
that the tregds in äé-I: would be similar to those of ääg. The
trends for Egg are well substantiated by mmerous experimental
results. the trends for rsriation of gl; are similar to those of

according to the theory of the preggnt thsis.

'lhe two theories are compared with eeperilaerrtal data in figure R5.
Ehe thaoreticsl values of are agpplicable only in the linear
range new CL = 0, Eile fom of ccm1pa,u··ison chosen to show actual
data points (fw refermuee 15) in order to point out a. number of
facts with regard to erperahmeutsl detemnation of the parameter E-LET-.

First it io poiuted out that the present theory to he somewhst
more coasistent in deteraiweg than the theory of reference 15.

Detc.rz¤int;tioa of ·§~·Lk esperimexrtally can be accmqalished by

several means;

(a) cmww am www past sse www (nettes. used in sse
staremlty Sweet).
(b} TE‘a:ts.ti::1g a model cm a long bocxm

(c) Straight flow past s curvsd model.
(d) Oscillating a model about its vertical amis (reference 56).
(e) Pure yasing oocillation mecmaisms (see reference 57'L
Method (b} is not attraoti,~re or used because of the turhuleuce

set up msg the first circuit of the model and because of 'boom
interference problems. thtmd (c) has been ¤ug;=;ested_„ hat the mxthor
has newer seen results, if any exist. Method (d) grields cwbinstions
of derivatives, in particular (Ck, + Cgä), instead of the desired
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6
lsolated d.erivat:I.ve C;I,. ääethod (e) recguires a special mechanim {
end data redzuction equizmxent. Method (a) is cxmberscme in that {

curving the requires certain equiw.ent changes so that the

primary variable rb/QV cannot be veried convcnien·i=J.;,*„

mthcds (a} anc?. (cz), which zmpesr to he the better means of

deteminim Ck, have a came: öifficulty in that the primary
variable rb/QV can be changed over only a very small range Tihie

results in ml}. measures forces and makes accurate öetemuination of
@5.% äerlvatives quite cltfficult. Ea net result is that asta
points teen to scatter, and fairing the data points to cbtain first

0;,:, and. then ·;·E-ré, for eamle, is by no means an exact process.

'me above is pointec out pmizuariw to indlcete that the data of

figure *43 for the
60°”

avept vim can be faires to shmr reasonable ,

with either of the two theories. {

3. Tec dezivntives were äerived for the rolling
vim, and these were CYP and Cup, In general, the derivative

CYP has no effect on the éynmc lsteral stability of an aircrm,
ana bence is mt hmortent pm: se. Hovevery its value ic of ama ,

imortance in transformm certain of the other nerivatives to different :

erstens cf reference area. me only available reference for theoret-· {
ical values of this pcrwter is reference l3„ Ehe app3.:!.cable {equation of reference 13 is {

CY + I Y Itan A (120) :
I
I
I
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„Theegention derived in the preent thesie in

U

ec?-I?·
== §* tan A ' (83}C1.

Beth eqnatiens indiente that ie a linear zhmetion of the tangent
of the sweep eagle, so that fox- unwept einge CYP is theoretically
zero. She equatiom: are dztffwent in other reepecte however. For
ermle, equation (1230) Ladicates no effect of teper ratio, ami only
a sign change if the sweep emgle changes 65.5:1. Fqvetion (85) shows
an ef1"eet of all gemetric changes (A, A, ix) an reflected through

in 5** (see figure 3.6).

Ehe theory of reference and values frm equation (85) are

mnaared with experimental results in figure lsb. Both theories generelle:

¤md.eresti:na·*ee the mrical value of CYP for any specific lift o¤ef···

ficient, with the values of equetion (85) showing the power agreement.
'me lach of good eorrelation betwwn the theory er refereme 13 and

available data had. been mted previmxaly in reference 58, ami an

imperieal mthod for izmroving the oorrelation was exweeted. The

suggested modification was tc add a tern ie to eqaetion (3.20) to

obteln

(121)
Han euggestiozn wenn based cm a theory developed in reference 59 for

low e„q_>ee·E: ratio triangular einge. Reference 3:9 derives an emreseion

°Yr t (me)
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fer low aspect ratio triangular rings. Reference ze suggesta a

value of

EFA a .2;.
CL Aec A

for zmsvept rings, and aseuees that this value is also to he

added tc the theoretical value cf reference 3.5 for svept wiege. It

is interesting tc: see what h@ns tc equaticm (121) for trianguler

sieger In this case, eqnation (11.8) can be used with equaticn (:1.21)

to ebtain

E_Y_g_¤rA+eaeA _;_+_2_;
A A

üe cvs A can be replaced bj

cos A e —--—é-·-—
x/A2 + 9

so tmt equaticm

(3.25)9-‘?l»§[1+6’**“"·2*9) aa;e.Here
we have an interesting aitueticm. Equatien (122) uns derived

hy Eihner fm- Im aspect ratie triehgular rings. Reference (58)

used the ccmcepta cf reference 59 (Bibner) to modify an equatzlcn,

which becms equatdcn (12h) for triangular wiege. A cmarison of

results equatiens (120), (,122) end (12*+) are stamm in figuare A5.
The point tc be made here ia that equation {120) cf reference 15

approaches the value predicted by reference 59 •.zr3.enau.ler tanga.
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!Ü}Öii’iC&‘5lGI1 ef equation (120) es was done to obtain equation. (3.2 2}

yields results which de mt agree with the equatien for which it

was modeled. Ehe point to be made is that adaption of mperical

corrections based cn a few date points and a theoay which is not
applicable to the situation may sid the correlation ihr a specific
family cf wiege, but can give iwzzcrrect 1·e·sultas when applied to other

fmilies of singe. Ehe equatioh of this thesis (equation (85}} egrees

well with equatien (3.22). At present, there appears to be no theory

to aecurately preüct CYP for a1·bitra7a·y rings.

wing contribution to the yawing aaasent due te rolling c¤P

is quite imca-tanzt with md to ahrnamic lateeal etability ox? an
aircraft. here again vcey little theeretical work exists for prediction

of this aierivative for wixgs. One available reference is reference
lf}, end the wplicable equation is

Y A +AK+c}¢;e KI; + 6< 1 Y(126)

a MII I·°·’tI
A direct cmarison of equatichs (lg?} and the corresponding eaguation

of this thesis, equatiom (103) ,. is mt possible because cf the differences

in terms. Hwever, tm imrclwing sweep angle appear in approeime,te}y

the sense form.
Results of the tw theoreies are c·¤mpe:::ed with experimental

data (frau 1*m‘e¤:·e„uce 133} in figure 246 fer several represeaxtative einge.

I
E I

I



9 9
A

Both thecriee show feirler good wrewent mtb the dete., with the

present theory generelly showing the better wewexrt. It might

have been expected tmt the poor egprewt mted. for CY? would

effect the cßp oorreletim„ This did not oocw because the

centroid. of the CYP force epperezrtilqv fells nesr the mm moment

center,

We °¤1>C, Variation of end 6-Ö?-—· with EE the Displscwent

Between the Yw Aerodgmwic Center sind the Origin of

the wixg Axis www (or water of wrevity Position in Flight)

Two of the derivatives for which equetione hcve been derived sre

depezxdent on end these derivetztvee ers- Ch- end crxpr Both

pweters very lineerly with Y es een he seen from equetions (99)
(103). Ehe verietion. of the derivetives with Y een be found

by tslcing the derivetives with respect tc Y. {Exe results ers es

follows

Mc} E9:} tone ·ä<g_.,,,,·g) y*+ 3 (126)a':§* e„]1-wette A

e „. „„„„„..„..}.„............. $5% ggm pg (gg?)
B TA 2\| 1 ·-

Mt cosge
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Equeticn (126) een be reeritten in the fhllmring fern W

ggczrßywk 5 taufe
E3 M1 + Ä) V 3. ·· E2? coeq;

‘ ·• Ä _. _ .;AsfmNew
mte that the first tm teme cn the right are exactly the

¤znegative of equetztcm (95) which ie the equetzton for henee
equetiau (3.26) can be witten es

C

(
c L ¢z

xn .. „....ä + 9,05 (3,,98)a 2* CL
Another mm fer eqneticn (99) tlmre in

92 ¢ z (129)
It

Ylhiää ecguaticm pemxte evaluaatich af the derivative CZ! for einge
hevizg the center äcteplaeced free: the mmm (or aazie)
center,

Gcxnpmieoh of egueticma (127 shows that equntima(127)can
be writtenan2

ze .. E):. Q.c.¥.€ (339)
1za 2* C CL „

2
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Another ibm of equstion (103) therefore is

e .. (lg;}CL CL CL

Equetious (129) und (3.51) can be used with the charts presented herein
to obtsin the various cierivahives for einge havirh the
weis systm (or center of grevity am Flight) displeceä from the mrxg
eerochmemic center.

I1. Hfects of Ocumreeeibility on the Aeroöynsnzic Berivetives

Very little theoretical work has been done in detersaining
com_1ressib·ility effects on the der:!.va‘tives investiggateä in theeim
gif! Prs.ud.tl·Gla1xert ti·exxsfozns;:.tion is eppliosble for s;m¤e.etrie flow,
hut there are s number cf fimnte.1, questions regermng its applieetion ·‘

if the flow about the mim ie net e;,=metz·ic• es has been Ihüütiößüä
previouely, the Prendtb-Glmmrt trensfozseetion can be applied either
es s charme in section lift curve alone, or es a change in wing gemxetry
in smzsaetric flow. In unsymetric flow, a geouxetric change in ecoor6;··
suse with the Prauütl—Glauez“c transfoisaation results in a. soreewhet
distozcteö, wire; ahw ·· that ie, the 'Ü3.‘&11•€‘¤i‘f)}!‘!f2,f2C-i. sing; eeebspans are
different from each other. This basic problem of ep;_>3,icatiox1 can be
igmred, es was done in mfereme lf}, by sssming that each wiwi;
se·¤1··span is one half of a wing in flm:. 'Ihe ecmpressibility
correctionzs are then agplied to auch wing semi -·spe.n and the loeds of
each emi··spen er- used to obtein the sing chsrenterietice. Ehis

I
I



process is Illustrated graphically es followa. Assume a event wing A

at e sideslip ang„'Le B 66 shown by I.

V) (A "‘ —‘ ÜN+I
II III

Replace the original wing by two wims (II and III), one having a
sweepzmgle (n' ¤A+a) andtheotherasrweep eagle (A' =A·ß).
Apply the Prandtl-Glauert correctione to wims II and III, which are
in symmetric flow. Gompzxte the loeds on wing panels (1.) ana (2) cf
wings II and III respectively. Use these loacis to compute the aero··-
dynamic characteristics of wing I et eideslip amle B.

A somewhat simler approach was used in reference RO. Here the
author siagaly chose to modify the section lift: curve slope es if the

, actual vim were in sywtric flow. The section lift cnrve slope ia
increesed ae indicated by the equation of page e

A6 steted previously there has been very little work done on
the effects of cmresaibihty cn the aerodynmic derivatives derived
herein. The available references are those quoted above, i.e. ,

reference 15 which egvpliec only to CZB, and reference ho which
ettempts to predict comreasibility effects on all the common wing
derivatives.

(
l(
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1.. ··· me effects of Mach umher en the
öerivative are shown in figure 1+7* fer a repreaentative wing.
Exe experimexxtal resulte are from reference 35. Ehe yrediction cf
references 15, 1r·0, and the present theory are shown. Reference
15 end the preeent theeia ccrrectly preäict the effect cf Mech
number. heference #0 does mt predict prcper trends.

:2. · hefereuce 1:-0 and eecatica (99) of this thesis
hcth predict increase in gz; with thch member for e specific
wing. Reeulta cf the two t11eere~;:ee compereä in figure 148 for
several urrtcpereä wiege. Both methode preäict about the same effect
of tech mech-er cm the iherivative.

ia no ezrmrimexxtal date. available for ccmsariscn mtb the
theczries with regard tc cmreesibillty effects. the reason fer the
lack of auch hate ie that experimental techmexeee fer ebteining
äcriwativea for ;<,*am.ng wiege, aeaticneä in a previous aection are
mt aeeahle at high apeeala. lhc two techxxiqhes which were suiteü for
law speed. teste have rather eevere reatricticnc an them. Ewa curwed.
flow techxxique requires curving the tunnel welle end cäöition of
drcg ecreene tc chtein the preper velocity Giatributicn in the tunnel.
ähxe screens limit the epeeda available in the tuxxaely ami in the case
of the etehility liaxael (which is the only hmmm facility cf ita type),
the thch mxeher available was lese than 0.2* with cmw·ee—flcw ecreens
iaatalled. Ehe apeede available fer the pu1•e—yawing—escillati¤e
aechauism were net limited in this mabber, hat were reetricted hy
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the available rortational speed ef the oscillaticn mechanism und a
funmental relationship between wind velocity and model oscillation
frequem·y (see reference 57).

,3. . — There is little that can be said with regsrd
to the effects of compressibility on the parsmetersandthe

present theory predicts an increase of these parsaseters with
increase in Mach nmber whereae the theory of reference (lx-0) predicts
a decrease with increase in Mech mmer. Ehe author could find no
data tc substantiste either theory. She ezrperimental techniques for
neesuring these parameters are hy

(a) Rotating the flow past a. staticnery modell es done in the
Stability Tunnel {see reference hl)
(h} Mtating the model in a steady, rectilinear flow
(c) Gscillation techniques.

Methods (a) and {hl have been used at low however the Stability
Tunrml is speed limited to Nhch mzzzbers below about {L2 when used
with the z·ol1ing~f1o=v epparatus. ine nechanias required inside a
tunnel to use method (b) can result in severe interference effects
if not properly designed, and was mt appear to have been used. at
speeds sufficiently high to obtain Mach mmber effects. Method(c)is

quite complex if one attmpts to extraet individualderivativesrather
than ccnsbination derivative (see references hä

andAlthoußthe method is valid in theory und shoxüd be ¤I>’pli¤¤”¤l@ tt
high speeds, there appears to he insufficient published datafromthis

technique for use here. Also note that the mechanim used in
this technique requires a how for proper shielding of strcin gage ‘

balance and drive mechanian, so that ieolated vim charncteristics ‘

would probably be unobtainable.
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E. Span Load mstributions l

The present theory permitted the derivation of equatione for
the additional span loaäng due to sideslip end due to yaving.
There appear to be no other methow available in the literature to
obtain these loadings for plane einge. Ehe additional load due to
sideslip was investigated by the author for singe in im¤mpres„sib1e
flow in reference 25. Emerimental detexzainations of span loadings
for sideslipping and for yawing rings also appear to be nonesistant
except for the sideslip date. given in reference H1;. übe reason for
lack of span load data in general is the very tedione work inW
neaming span load distributions by use of pressure orifices and
the fact that the integrated effects are generally desired and

obtainable ffm: force teste.

Exe span load in sideslip obtained from refezrenoe HH ie cmared
with the present theory in figure H9. Ghe eyemnt is quite good,

*231ere is m available data for cmparing the span loads inI
yawivg flow.

I

I
I

I
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F. Variation of the Various Aerodynamic Derivatives
With Sweep Angle and Mach Number

The discussion thus far has been concerned p2."iII18.l‘Ü.l§?‘ with
comparing results of the theory developed herein with results iron.
other theories and with experimental data. It is of interest to
examine some of the results of the theory itself to detemaine the
effects of the various geometric parameters Mach nuriber on the
derivatives. These effects could be noted by cxmmination of @16
design charts (figs. 18 through 57), however, these effects can 'be

shown more clearly by plotting the deriva'tives as functions of various
parameters. The factors having the largest effects on the derivatives
developed in this thesis are aspect ratio, sweep mie, und Mach
number. Figures 18 through show curves of the dcrivatives plotted
against aspect ratio. In this section a few figwres are presented
showing typicsl curves of the derivativos plotted against sweep eagle
and Mach number. The figures are presented, but will not be discussed
since the trends shown are seJ.f-evident. The curves in the figurenare as follows:

·
ä1w;¤.—s¤.;

Variation of gi-B- with sweep angle 50

·

Variation of with Mach number 51 ”

Variation of with sweep angle 52
d

lLczVariation of öl! with Mach number 55
1
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Ew
CYPVariationof öl- with swap aug;16 5*+

Variation of g-iz üth Mach number 55
cvamaziap ar E2? wma swaep aa.p,1a 566L
C1

Variation of ·é·§§· with Mach mxmbar 57
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A theory and method have been developed, and denim charts

drum, for the estimation of certain stability derivntives for wings

ot arbitrsry plan tom in subsonic flow, The derivatives obtained
are those which are linearly dependent on the wing lift coefticient,

and are Cgß, Clr, CYP, and CAP, The method is generally appli-

eable to wings ot any plan form provided the angleeof-attach load

distribution in knosm Such information is available in the

literature for a great variety of wing planrorms, henee the require-

nent for this inßormation should not he a serious limitation on the

method, Further, for wings of oda planfom, the angle-of·attack

load distribzxtion aan 'be determined by straightforward methods, after

which the present method is applioahle tor determining the above-
xsentioned öerivatives.

The theory developed herein is based on e. vortex representation
of the wing, The (vortex strength distribution in sideslip and yawing

is;}ustifiedasbeingthesmnea,storthewingatangl.eoi'attach,

and nero sideslip and yawing velocity, the velocity components

associated with eidaslip and yawing are then used with the vortex

system to ohtain the desired derivatives, A similar method is used
for the rolling wing, however, in this oase the cireulation strength

mst be altered because rolling velocity omas an inmntel change
in eagle of attack across the wing span, _

The estinated by the methods darm in this theeis
are md with results tzen. other theories (where available) and
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also with %rimental data. In general, the various theories are

in aggrewt with regerd to trends, at least for wiege in iZlCQ1?§_Ql’@E8i1Jl6

flow Tee present method @¢I2GJl*&„l].y appears to provide better eorrcla-

tion with data than other theories. The derivative which does not
show very correlatioh with experiment is CYP, hat fortxznetelgr

this derivative is not partiewlr important with regs.rc3„ to the

dgvuwic stability of aircraft.

Compreseibility effects were also inälnciee in the method.

Cozsparisons with data for the de1·ivetive show that the method

predicts the pxoper trends with to Mech Number effects. ‘lI'here

were so data available for verification of the theoxy with rcggard

to the other derivatives.
Equntions have been derived for the additional span loaidmg

associated with sideslip and yawlhg. There appear to be no other

theeries available in the literature for co¤1ps.1·iso11 with the present
theory, end the available am load data appear to he lhztitecl. to one

eouree for loads in sideslipa In this case tim present theorggr ehowed
very mod ayrement with ,

In general, the developed herein agz·ec· woll with em:>eri· I

mental results- The method ia, however, subject to certain limitation

by the zxatore of the assumptione in the development, es follow:

(1} It will mobably decreaae in validity es wing ,thicl~:nesa•to—chord ratio inereases. :
(2) It should not be used at Mach numbers for thehachnumber
componmt mzml to the wing qus:c·ter·cherd·li1¤e approaches 1,.0. {

h
s
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(3) It should be used with cauticn if the wing tips I
hmm meh mundiug (planfom) , ainee the methnds were develcped

für straight wing tips.

I
I
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XII. SUIMFQ

A theory end method have been developed, md shorts braun,
Tor the estinetion of eertain stability derivativee 1*::: singe of
arbitrery plan Tom in subsonic flow; The derivatives obtained are
these which am linearly dependent en the wing lift: cee:<;&‘dcie,nt, and
are Gjß, Ggf, CYP, end Cup. The method is eppllnahle
to wiege ef eng; plan Tom previcled tm az1gle·oT—atteeh cni.:6tri·-
brution is lmown. &:.ch infoxeatioa ie available in the lltessetwe Tor
a gest variety of wing plenfemxs, hence the
Torinformationshould mt be a serious llzeitation on the aethoeb Fm:the1··,
for wiege oT ed.:} planform, the ang;l.e·o.t'····at1se.ei: load d;E.st.rib—e·tin.;1 een
be dete:c‘ained by straightrorwexd methods, after which the present
method is appliesble Ter cleteming the above-mentioned derivatives.

The theory developed herein ia based on s, vortex; 1"&}§I‘&8G}l¥l&lä}lO£i
of the win,<g;. The vortw strength distribution in eideslipandis

justified es being the BERG es Toe the wing ab angle el: atteeh,
and zero sideslip and ywiug veloeity. The ve.l.o.ci·¤y cotepexxente
associated with sizleelip und ymaing are then used witäl the vortex
system to obtain the deeired <ie1·iv~atives• A eimilem method is need
Tor the rolling wing, however, in this case the circnlatzäbn stxezxgth
eezet be e.l:be:c·ed because rolling velooity ceuees an inereznexxtel cixehge I
in ahgle oT attack eoross the wingspan.The

derivatives estimated by the methods in this chesis
I

are comered with results free other theories (where available) end.
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also with data., In general, the ve:#.2:;i,·¤0s ‘th.<~z0x·é.es sm:

111 at least; 2*0: 1—r;.m„g;,0 Lili'} iacoexpressible

flow TM mtßsßt wttwé asgwgweme

totiouwith date. The ds2·:Lv‘at;E.ve 'séudcäz hose hot

ehem withisthis

Ösrivativodqynamic

atabilitg 02 ai:¤:6.1*t;.

C<>grsse:Zbili‘ty 01*200% we:0 also LJ00 ,;;¤2=:„;;·„·;>·iE.„

Comparieons mtl; date, fo: theCeaävativepredicts
the 3,2130*3;%::* troehiäs with

tosodata available for oc? the witiu the

other <?—.0r:1v*s„·%;ives:.

wmtaors have been :ie::·1ve<3. fo:

theassociated·s::£·th eidesliy

sadtheorieeszvezäleäule in the 20:

span apgvear t-0teoss

source 20:* losde 5,22 eidea3.i„;2„ la th5.s case the ,;::000;:1;: ä,,22,e··:>:c“~,7

shower}. ve:·;3··good,P
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IXIII.The
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TABLE II. SUMMARY OF EQUATIONS FOR AERODYNAMIC DERIVATIVES OF SWEPT WINGS

Sidesligging wing:

C
.E.-l...2..+‘3;*..i:¤1.1L1*.._-éL; +0,0;CL ‘CA(l+7*7 ‘\/1-M2c¤s2A Al+7*

Yawing wing:

C -2. 2 (;*)2
CL 2 2A l+7x LLA2 ]_+A

tan2A §*
A 1 + A gw/l _ M2 Cosg A 2A(1 + A) A2(1 + A)2

+ tan A _ 2 (1 - A) E-X.?-* + 5i* + __2___
2—\/l - M2 CGS2 A A l + 7* CA(l + 7*7 uA2(1 + A)2

Rolling wing:

Cfg _ $7* tan A
CL Vl - M2 cos2 A

CJ2 = - -—-L-—— 6*12 + {(3}*12 - (37’*)C] m2 A + 22+ um ACL 2 1 - M2 c¤S2A1

1
1
1
1
1

1

- - - J



¤
A l

•• IB-Ä. • ,

l
TABLE III. SUMMARY OF GENERAL EQUATIONS FOR ADDITIONAL LOCAL SPAN LOADING ,

Sidesligging wing:(oel) cc?)
-.°.°L ..ß. 2 E2 ..Ä°.‘ä‘i.._ - 2 C++ °CL <>

B BGL Q \/1 - M2 cos? A B dY*

Yawing wing:
(cc;) (cc;) dgcc-L)
EC EC 2 EC-1%*- = - y* - (X*)C um A -L‘?-- - ä (x*)C - (x*)ä EO

V1 - M2 c0s2 A F dy
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Figure l.- Illustration of the transonic drag rise. Data takenfromNACATN 51+69.
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Figure 2.- Force and moment nomenclature and convention. Arrows
indicate positive directions of forces, moments, and .displacements.X



l
..11+5..

’

lb?‘—‘—ä——-P-].?' ·§T—·Wing leading edge 4
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-vorex T,

C
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T7 (Circulation)

Trailing free vortices

(a) Vortex pattern.
A

b ————··—————————————¤Ä

(b) Span-load distribution.

r-•—-———-—--- b -—--—-—-—-—;>1

Downwash
Velocity l

I
(c) Downwash distribution.

l
Figure 5.- Pertinent characteristics of a single horseshoe vortex. b
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11 Bound vortices

17 T’

L1?-—————————·b ·——————————————————¤l

Trailing vortices
(a) Vortex distribution. Bound vortices should be coincident.

L*‘*"‘*""‘"" b ‘”"‘**”*"""‘”“*4 4

(b) Span load distribution. . Ü
4

Downwash
velocity

Lee----- b·—————————————-——-————~4(c)

Approximate downwash pattern.
Figure M.- Pertinent characteristics of the vortex system used in thePrandtl lifting—line theory.

4



- 1¤+7 .. 8

Simple horseshoe A- Control P°i¤tS
vortices' · L <„*‘ 4 •

zi" Ü il *E 4**· .*

·

·' I
~

LQL!*
___

äqäin.8 B:. C8 lg- ·| -•· Q . EI! —.„ A 9.88 8 - !.-· ==• ge
8

.*2.. 9...——>' I4-- 20 _'H°“ 80

Figure 5.- Vortex distribution and control points used in Falkner
method of determining span loads.
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Figure 6.- Vortex distribution and control points used in Mutterperl

1method of determining span loads.
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Figure 7.- Vortex distribution and control points used in Weissinger fmethod of determining span loads. ‘
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chmawise I
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free vortices

(a) General arrangement for zerosideslip.V

l

Spanwise vortex

Chordwise
free vortioes

(b) Lifting—line theory arrangement for zero sideslip.
Figure 8.- Vortex systems used for representing unswept wings.

j

1



I

II
I• •
I

B

V Spanwise bound vortex

Trailing free
vortices

(c) Blen.k'e arrangement (ref. 2II) for sideslip.

B
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Spanwiee bound vortex

Chordwise
bound vortices

I
I

~ I
Trailing free
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(cl) Weissinger'e arrangement (ref. 6) for sideslip. I
IFigure 8.- Concluded. I
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IIFigure 9.- Bound vortex system used to represent a wing in all typesof flow. _

I

I



u
• 155 ••

Wing leading edge

Quarter-chord—line vortex/

'

Chordwise-bound vortices
X 5

Trailing freevortices

Figure lO.— Complete vortex system for a wing in sideslip.
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. Wing leading edge

»
Quarter—chord-line vortex

Chordwise-bound vortices

Ü 'l ‘—·———————> To center ofcurvature
I Trailing freevortices

Figure ll.- Complete vortex system for the yawing wing.
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x,u

(u) = Quarter—chord·1ir1ey O vortex
W

rW
To "’“"’“"°“’ """’"'”°°"'"“'—“°'“>'po

+ lift •• lift

u = - 1·(d-y) (see equation 45)

u = (¤)y=0 + rv

r CC?.
(a) Geometry involved in term äx -;— y*dy*.o C O

Figure 1)+.- Geometrie eonsiderations involved in determining direetionsee
of forees on a yawing wing. Note that FO is proportional toe o
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•1)Quarter-chord-line vortex

V
r

—>—— «779 Y’7/0

- lift + lift
v = - rx (see equation 46)

(b) Geometry involved in term -?— tan A -:~—— y*dy*.o c Q

·

Figure lh.- Continued.1
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V V

I
I y (cfg dl?)dy - lift dy+ lift

Chordwise-bound vortex

v = -· rx (see equation L6)

CC

2 2(c) Geometry involved in term fi- ————i’-[(><)C/L2 · (x)C]y*dy*-2VO dy

Figure llt.- Coucluded.
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1. Additional loading due torolling·

'7

- lift + 1111,
2. Geometrie details

(a) Interaction of free-stream Velocity with the additional circula-tion (loading) due to rolling Velocity.
Figure I5.- Concepts involved in analysis of the rolling wing.
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l. .A¤gle-of·-attack load distribution

v

ä
0 T7°

Tw

W = Py

2. Geometrie details

(b) Interaction of rolling Velocity component with angle-of—attack
circulation.

Figure 15.- Concluded.



• ••
J, —*···~·IIIE!l!II ~MI1 - ·—-—--1III ll¤¤«-3

I-.- II
,IIIIIIIIIIII ll

!
!MIIIIIIIIII==M”I

MIIIIII“""" ‘
”IIIIIIIIIIIII I-3

MIIIIIIIIIIIIII|||IlIIIIIII”I 1

MIIIIIIIIIIIII M
-[-¤lllIllII»II
MIIIIIIIIIIIIIII„III---!!!!!!EII

0 1 2 3 4 5 6 '7
Aspect ratio,A(6;)

Ä = O.

Figure 16.- Spanwise location of centroid angle-of-attack loading on
a wing semispan.



1
. 165 -

/\, dm:
J, - .., -..._V.

-/+5

ÖIIIIIIIIIIIIIII
,Ill!!ll!!!!!lIIIIIIIIllllll«1I1 JIIIIIIIIIIIIIII
ÄIIIIIIIIIIIIIIy'

-
IIIHII„II-!!!!!!- 2111

ÖIIIIIIIIIIIIIII“--I-111 I_, Il.--------- BO
”IIIIIIIIIII···——* |==„lII--nnllß

•5

nlll 10 1 2 3 /+ 5 6 *1 IAspect ratio, A

(b) 1+ = 0.25. I
Figure 16.- Contiuued.1

1
I



Q $

-5 IIIIIIIII II~wI
„III-IIII IIIIIIIIIIIIMII
„IIIIIIIIIIII I
.5 —·

,5-4

ÖIIIIIIIIIIII 7
—_—ll--¤-...........-IIIEIIIIIIIIWII-4

.5
4 w“w—45 *;I

.4 wwwwww Mw

° IIIIII!-HIIIIIIIIIIIIIIIIIIII-4O
1 2 3 4 5 6 7

Aspect ratio, A

(c) 7x = 0.5.
4 Figure 16.- Continued.



• 169 ·
.5 lIIIIIIIII=II~6=„III!!!!!!_!!6I
JIIIIIIIIIIIIIII
_ ,+1 1 XI .
-5

O
-4

.5IIIIIIIIII BO I-III'ülIIIIIIIII__)

_

-5IIIIII----¤¤»
)IIIlIIIIIIIIIII
-5 F"¤II IIIIIII-«n. IIIIIII IIIIII

O 1 2 3 1. 5 6 *1
Aspect ratio, A

(6) 1 = 1.0.
Figure 16.- Ccmtinued.



I
4

I• 1.66 „ I_5 /\ , des

IIIIIIIIIII

IIIÖIIIIIIIIIIIIIII$———————— -„III-- 11¤”II
IIIIIIIIIIIIIIII
„II¤¤:lllIII~III

37-xs
·5IIIIII.----¤».
„IIIlIIIIIIII I
.5 gk _________

45

·4

éIIIF’II¤IIAn IIII.IIIIIIIIII IIII0 1 2 3 4 5 6 7
Aspect ratio, A

(6) 7. = 1.5.Figure 16.- Coucluded. :
I
I
I



I=
I• 167 --5IIIIIIIIlIll^a‘ ‘—--¤--II

I5IIllln------“
.5 F AIIIIIIIIIII al5Il Ihn--IiÜIÜ“""'lI
-5

5IIIIIIIIIIIlIl37*

III¤¤¤¤-----»5IIIIIIlIIlIIIl
-5 —-¤-¤-—————— 5 I...-lll--¤-- I
5IIIIlIIIlllIl„
°5 ··-·-¤¤11iIi§-llIlll¤¤n¤¤¤@= I5!l§l- 345Ö5{ IAspect ratio, A

I
I(a) 7x = O. I

Figure 17.- Location of radius of gyration of angle-of-attack span 10ad.
:III
I
I
I

I



I
I

I

- 1.68 - I
.5 ·IIIEEEE IIII~@IIIIIIIIIIIMI-4

-5III¤--------”
„IIIIIIIIIIIIII'5.IIllllIIIIIIII

Q';
,5 _______l___i_i___l__l__„„-. ..IIIIlIllllII”I
„IllIllIIIIIIII
..6IIIIIIIIIIIIMI
.III!!!!!!lIIIIßIIIIlIIIIIII¤l
.III!!!-IIIIIII0 1 2 3 4 5 6 7

Aspect ratio, A

(b) 1 = 0.25.
_ Figure 17.- Continued.

QI
I
I
I



... 150 ..

III¤¤¤------~@I IIIIIIIIMI„II I
°5 _3O .---I————
„IIIIIIIIIIIIII
ÖIIIIIIIIIIIIII1IIIIIIIIIIIIII

*5%+
.6IIIIIIIIIIIIAI.III!!!!!!!!-II
.6IIIIIIIIIIIIMIIIII-*-I1IIII!I------
.6IIIIIIIIIIII¤I ·j UI" IIIIIII0 1 2 3 4 5 6 7

Aspect ratio, A
h

(c) 7x = 0.5.
:

Figure 17.-Continued.7

U
· U

U

U- - 1



I

I

.. 179 .. I
. I

°5 44444444 IIll¤¤¤¤¤¤¤¤i~sIIIIIIIIIIIIMIJ, . . . . „ t

°5

""‘*"*""'i4——Illlllllllllel.IIIIIlIIIIIIIl
.6IIIIIIIIIIIIOI
„III!!!!!!!!!--

.6llIIIllIIIlI»IIIIIlII¤"ilII
.6IIIIIIIIIIIIMI__, .41*Ill nlllllll
.6lIIlIl!lIIII¤l I
_, i·lIl"lIIIIIIlI

0 1 2 3 4 5 6 *7
Aspect ratio, A

((1) A = 1.0.
Figure 17.- Continued.

I
I
I
I

I



.5 .—................._................._..............._...IIIIIIIIIIII^rIlIIllIIIIII6I·/+

_•5 ..-__._..._...._.....___...._IIIlIIllIIII2I„IIIlIIIIIIIIII
_.6IIIIIIIIIIIIGI

’§,'*

.6lIlIIllIlIII2I

.5III- IIIÜII
.6llllllllll M I1IIl-nlllll III
.6IlII!!-lIIlI¤I

'5 o 1 2 2 1. 6 6 v
Aspect ratio, A

(6) 7. = 1.5.
Figure 17.- Concluded.



.2 ."'!!!!!2!=§~»0 "'-¤=;==;;;;;"‘!!!===;;; 0·a-Illlägaggglg
E ...!!n__-lll2_„III!!l!!!---¤IIIIAIIIIIIIIII2IIIIIllIIIIIII

(a) M = O.

.2 IIIIIIII
--

·ff.,¤"‘¢!;g;;;;;--
IIIII I O-.rjiiE!!!!-,

C -.2 .4,,, -ag-1§§.!! ,5*
CLA Illll -nIIII· 2IIIIIIl!!!!!EIIIIIEÜIIIIIIII2IIIIIlIIlIIlII

0 1 2 3 4 5 6 '7

Aspect ratio, A

(b)

MFigure18.- Variation of gig with aspect ratio, sweep, and Mach
Lnumber. 7x = O. l

N



N— 173 •
/\ , dag

.2

Ü5.-”!!!E====;
6,, IIId!!„--n-ll5** ' ll5 __,„ IIId!!!!........!!KIIIlnlIIIIIIII-,.6 IIIIIIIIIÜIIII

(c) M = 0.6.

.2 K11; -

===!!§!!„-0--gg
_;;

° I-I!1...-n-nlllüIIll!!I.!!E§E 5.
Czß -IIlgl!!!--- 55F 1ÜIIEIIIIIIIIKi====äii§=====l N

M6
0 1 2 3 1+ 5 6 7

Aspect ratio, A N
(0) M = 0.8.

Figure 18.- Ä = 0. Contiuued.

N



II
I

- 1721 - A

·

d

4 lllllllO !-—l1n-an---......III!!!4-¤¤ll¤l„Illl!!!!ll==»
CÖ1 Ill!4;l!!!-46L IIIEEIIIIIII”IIIIF"’”’ F„44¤llIIIMIIIIIIIIIIIIII

(6) M = 0.9.

llI!gEg=====»¤IIIEIIIIIIIIIIO
________„„

III!!!4-nlllll„IIllI=!!!!!%„ ;35 IIlI!4•¤;!!-„7 Ä""LL IIIQEIIIIIIII--*+ -——-—-- 60
_?""'

Iläääällllänu I
‘°6

0 1 2 3 M 5 6 7
Aspect ratio, A

(1*) M = 0.95. IFigure 18.- 71 = O. Concluded. 1
I
I
I



I
I

• 175 ·· '
A , dag I

7IIII..!!!#5 I. ”
.IlII!E!"' 5«
Illllgll-Eäiiü„Ill!ll!!!!l=„Illlljlllw

E MIIIIEIIIIIIII5 IIIÜQEEHEEHE5M-IIIIII--III-.-II-IIIII I..Ü
-.8(a)

M = O.

.2 ·III-.!-!!;__%
C OIl.!§!!===!!__g III¢d!!!!•¤ll#„-IIlll!l!!ll„

II-IlIIÜ!!!!!==!55
°IIIllIIlIIIIIlI III--II-I-II-78 O 1 2 3 /+ 5 6 7

Aspect ratio, A

n
(b) M = 0.l+.
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number. 7x = 0.25.
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Figure 5M.- 7x = 0.25. Concluded.
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Figure 56.- Variation of with aspect ratio, sweep, and Mach

number. i* = O, 71 = l.O
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Figure 59.- Comparison of experimental and theoretical values ofCz6-E for untapered, unswept wings in incompressible flow.L
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Ü Data from reference 30
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Figure I+0.- Comparison of eyqerimental and theoretica.1 values of Gig-
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for untapered, swept wings in incompressible flow. I
I

I
I



.. :255 .. I
I
I———————— Equation (95) I———· Reference 15——— ——— Reference 13

C) Data from reference 30

OIIIIIIIIIIIIAIIIIIIIIIIII
C AIIIIIIIIIQ!-II IIIIAZIÜIIIIQQ

IIIIIIIIIIII-.6 0

AIIlI!¤’IlIII
..,8 A IIIIIIIIIIIII

4IIWIIIIIIIII I.6IIßIIIIIIIlI IIIIIIIIIIIII I-1.2 IO 1 2 3 4 6 6 I
Aspect ratio, A

(b) A = 602.
Figure MO.- Concluded. |I

I
I
I
I
I
I
I



I
I

)
• 256 •

——— Equation 95
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Figure )+1.- Comparison of theoretical and experimental effect of taper
C2

ratio on values of -(E-E for wings in incompressible flow. A = 2.61,

A = M50.
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Figure M3.- Comparison of theoreticaland experimental values of the
Variation of 07,1, vdth CL for several representative wings
inincompressibleflow.
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Figure M3.- Concluded.
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Figure 11)+.- Comparison of theoretical and eimerimental Values of the

Variation of CYP with CL for several representative wings in
incompressible flow.
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Figure AM.- Concluded.
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Figure #5.- Variation of with %_ for triangular planform wings in
incompressible flow as predicted by several theories.
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Figure M6.- Comparison of theoretical and experimental Values of the . IVariation of CH with CL for several representative wings inincompressible fäow.1
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Figu.re M7.- Comparison of theoretical and e>@erimenta1 values of the
C1effect of Mach number on
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Figure 50.- Variation of with sweep angle as predicted by equa-

81811 (95). 1 = 1.0.



.. am . i

A, dag
O „A5LL

CL

··L„!!!!!!!!!«IlII
(A) A = 2.

“IIIIIIIIIAIIII-§§1ii¤¤¤¤-···**
E.22-—-¤——— °°----"·IIII

QL IIII
-°80 0.2 0.4 0.6 0.8 1.0

Mach number, M

(b) A = 6.
Figure 51.- Variation of with Mach number as predicted by

equation (95) . 7x = 1.0.
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Figure 52.- Variation of with sweep angle as predicted by€Q_”ll&.tiOYl = Ä = l'O'



u
i ¢ 2jQ C

L
.8| IIIIIII ^MIIII
IIIIIIIIIAIIII
sv“iiii'iIP' *I AAI IIII""""""""I ’5°IIII·2 !!%!!!=!;-——_——-_

**5" · IIIIOIIIIIIIIIIIIII
(a) A = 2.

ÄIIIIIIIIIIIIII
Ozä,IIIIIIIH%IIlII

IIII

OIIIIIIIIIIIIII
0 0.2 0.4 0.6 0.8 1.0

Mach number, M

(b) A = 6.
Figure 55.- Variation of with Mach number as predicted by
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MIIIIIIIIIIIIIß===IIIIIIII1I
% IIIIIIIIIIIIIV AL“IIlIIIlII!IIIr' ‘OIIIIIQIAIIIII. IIIIIAIIIIIIIIIIIIIIIIIIII“IÜIIIIIlIIIII
„IIIIIIIIIIIII

(a) M = 0.

MIIIIIIIIIIIIIßIIIIIIIIIII!I
E IIIIIIIIIIHII%“IIIIIIIIVÜIIIIIIIIIP”IIIII°IIII!II IIIII_ A„=E=alIIIIIIII
„IIIIIIIIIIlII

-60 -1,0 -20 0 20 1,0 60

Sweep angle,/\, deg

(b) M = 0.8.
CY

Figure 5M-.- Variation of gl)- with sweep angle as predicted by equa-
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tion (102) . Results are shown only for aspect ratio 2 since E-ig is

very nearly independent of aspect ratio. 7x = l.O.
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rellirzg Velocity causes an incrtetental in sszgle cf attach
across

theThetterivatives estiesxted by the xeethowtt developed this
thesis are with 1·esu3.ts other theories (where

available) she also with experimmtel asta. In general. , the various
theories are ie amemnt with to trencis, at least for wing
in incmessihle f3.ow• The presmt sethoä gezxesally ssppes.1·s to

V proviéte better corralatioh with cteta than other theoriem üfhe
cterivatiwo which does not show Very good CO‘X"3.”€9l8.J&liO11withis

CYP, hat forttmatelgr this demvative is rat peeticularly itpoxtmt
with to the Qmmic etahility

ofCompxessihilityeffects are also ihelaösct io the These
effects were hasse on the mimtioh of the h·a.o+.itl-Glauextt oorrectioh
to sectioh l:i.ft··ou1·ve sloge for those passte of the zierivative which
were eahgect to a large eomoheat gi the £‘m·ee···stx·eaa: weloscity. Coszparxt-
sons with äata for the show that the methoä preäicts
the pmper trewäs with mmm to oowwessibility effects. There were
no data available for weriücation of the theory remrd to the
other derivatives.

l

themes agopesrs to be ooly cms other thmry published in the
literature which estisates comessihility effects 021 the various
stsbility äerivatives. This theory also is taeei oh apglieetio:1 of V

the Prsaetl-Glaaexta cowectioa to the section lift•cau·ve slope. In
this case, however, the oorrectioh is aggplieä wherever the sectioh
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