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Abstract

In this dissertation a simple algorithm is given for calculating minimal projective res-
olutions of nonprojective indecomposable modules over Brauer tree algebras. Those
calculated resolutions lead to an algorithm for calculating a minimal set of genera-

tors for the cohomology ring of a Brauer tree algebra.
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Chapter 1

Introduction

Let G be a finite group, K a splitting field of characteristic p # 0, and B a p-block
of KG having a cyclic defect group where KG is the group ring. We note that
a block is an indecomposable direct factor of KG. In 1941 in [2] Richard Brauer
began using trees, or planar nondirected graphs with n edges and n + 1 vertices, as
a notational tool for describing the various characters, modules, and other objects
associated with B.

In [12] D. Higman showed that if K is a field of characteristic p which divides
the order of a group G, then KG is of finite representation type if and only if the
p-Sylow subgroups of G are cyclic. Here finite representation type means that there
are only a finite number of nonisomorphic indecomposable modules over KG. Later
Kasch, Kneser, and Kupisch [14] and G.Janusz [13] provide detailed information
about the number of nonisomorphic indecomposable modules in this case.

In [5] E. Dade describes the character theory developed by Brauer for B when B
has a cyclic defect group. This includes the case where G contains a cyclic p-Sylow
subgroup. It is in that case that G. Janusz in [13] used Dade’s results to construct
the complete set of nonisomorphic indecomposable modules over B, a two sided

ideal direct summand of K'G. He also showed how to build the multiplication table



for B from the Brauer tree and the character theory for G. Furthermore, he proved
that once the multiplication table is known, the indecomposable modules can be
determined without knowing the character theory.

A few years later, in [1] J. Alperin and G. Janusz began considering resolutions
and periodicity. In particular, they proved that if G is a finite group with a cyclic
p-Sylow subgroup for a prime p and F' is a splitting field of characteristic p for G,
then each term of the minimal projective resolution of F' over F'G is indecomposable.
Actually they constructed the resolution and showed that it is periodic of period 2n
where n is the number of edges in the Brauer tree corresponding to B the principal
block of F'G. From the construction of that resolution, they also obtained minimal
projective resolutions for a few other indecomposable modules. In particular they
obtained minimal projective resolutions for the socle of the projective indecompos-
ables vA where v is a looped vertex of a Brauer quiver and A is the associated
Brauer tree algebra both of which we define in Chapter 2. For a definition of a
looped vertex see section 5.1. We note that at about the same time J.A. Green [11]
obtained similar results.

About a year later P. Gabriel [6] summarized many of the preceding results
using, for the first time, a Brauer quiver, I', and the category rep(T’, p) which I also
define in chapter 2. He credits Dade and Janusz with proving that if G is a finite
group and B is a block of the group algebra K G, where K is an algebraically closed
field of characteristic p > 0, then if B has only finitely many indecomposable B-
modules, then B is either semi-simple, or the category of B-modules is equivalent to
the category rep(T’, p) for some Brauer quiver I' and some exceptional cycle. Thus
in this paper we will focus on the category rep(T, p) which is Morita equivalent the

category of modules over the Brauer tree algebra corresponding to I". These ring



became known as Brauer tree algebras and are our focus in this thesis. We refer to
them as Classical Brauer trees in the title since in recent years the term Brauer tree
algebra has occasionally taken on different meanings.

Gabriel goes on to credit Janusz and Kupisch with showing that all of the in-
decomposable representations for B in that case correspond to the set of string
modules available for that Brauer quiver. We define those modules in Chapter 3.

Continuing to use the quiver approach M.C.R. Butler and C.M. Ringel [4] gen-
eralize the quiver approach. They defines a large class of algebras called string
algebras. This class of algebras contains the Brauer tree algebras. They also gives
a complete description of the indecomposable modules over string algebras. As an
immediate consequence of their results we have that the set of string modules for
the Brauer tree algebras is a complete set of nonprojective indecomposable mod-
ules for the Brauer tree algebra. So in studying the string modules over a Brauer
tree algebra we will be studying the nonprojective indecomposable modules over the
Brauer tree algebra.

In this thesis we will extend the resolution results of Alperin and Janusz. In
particular we will give a simple constructive algorithm for computing the minimal
projective resolutions for all indecomposable modules over a Brauer tree algebra. We
will show that the periodicity is either n or 2n where n is the number of vertices in
the Brauer quiver. We will use those results to compute a minimal set of generators
for the cohomology ring of the Brauer tree algebra with respect to the Jacobson
radical. We define the Jacobson radical ana the cohomology ring in chapters 5 and
6 respectively. We note that in [3] P. Brown, using different techniques, determined
these minimal generating sets less algorithmically for a larger class of algebras,

namely representation-finite biserial algebras.



The basic layout for this thesis is as follows: In Chapter 5 we give an algorithm
for constructing minimal projective resolutions of string modules over a Brauer tree
algebra with exceptional number N > 1. In Chapter 6 we use those resolutions
to compute a minimal set of generators for the cohomology ring of a Brauer tree
algebra with exceptional number N. On some occasions we compute minimal pro-
jective resolutions for an indecomposable module over a Brauer tree algebra with
exceptional number N > 1 by computing a minimal projective resolution for an
indecomposable module over a Brauer tree algebra with exceptional number 1. We
justify this technique using covering theory which was developed in [7] and [8] which
we present in section 3.2. In Chapter 2 we define both path algebras and Brauer
tree algebras which are quotients of certain path algebras.

In [15] H.Meltzer and A.Skowronski gave a short time line describing some of
the events above and it was instrumental in the organization of this introduction.

Although not explicitly referred to, we list the related works [10], [17], and [16].



Chapter 2

Preliminaries

2.1 Path Algebras

We recall the definition of a path algebra. By a quiver path or directed path P we
will mean a finite sequence of arrows aja; - - - a, such that #(a;) = o(a;41), where r
is a positive integer and 1 < 7 < r. We will frequently leave off the word ‘quiver’
when referring to a quiver path. We also define ¢{(P) = the terminus of the path P,
and o( P) = the origin of the path P. The K-basis for KT is the set of all vertices
(i.e. paths of length zero) together with the set of all finite paths. We define the
multiplication on basis elements and extend linearly. Recall that we are thinking of
vertices as paths of length zero. Let P and @ be paths. Then

[ PQ iH(P) = o(Q)
P-@= { 0 ift(P) # o(Q).

2.2 Brauer Tree Algebras

We define a Brauer tree algebra, A, as a quotient of a path algebra, KT /- In this
section we describe the quiver T' that is associated with the Brauer tree and give
a set of relations (or generators) which generate the ideal /. We will illustrate the

construction with an example.



A Brauer tree is a finite connected undirected tree that has been placed in a
plane with a clockwise orientation. The tree also has one exceptional node, i.e., one
node that has a positive integer (the exceptional number) associated with it. In the
diagrams we will place the exceptional number close to the exceptional node. Using
the (underlying) Brauer tree we construct a quiver. For our example we use the

underlying Brauer tree in figure 2.1.

Figure 2.1:

As in figure 2.2 we label each edge (approximately at the midpoint), vy, vy, . .., v,.

These will be the vertices of the directed quiver I' that we will build.
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Figure 2.2:

We enclose each node within a cycle of directed segments (arrows) which connect
the midpoints (vertices) of the edges that have that node as an endpoint. These
directed segments (which are the arrows of I') must follow the orientation of the
plane. Label the arrows that have just been created. See figure 2.3.

From now on when we use the word cycle we will mean one of these cycles of
arrows surrounding a node. We will call the cycle surrounding the exceptional node
the exceptional cycle. And in diagrams we will place the exceptional number in the

center of the exceptional cycle.
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Figure 2.3:

Thus, given a Brauer tree, we have constructed the quiver I' that we will associate
to that tree. To present the relations for the ideal I, the set of which we will call
p, we need some terminology. A path, P, will be called a mazimal path if a) P lies
entirely within a cycle and b) if that cycle is not the exceptional cycle, the length of
P is the number of arrows in the cycle and c) if that cycle is the exceptional cycle,
length of P is N - (the number of arrows that are in the exceptional cycle) where N
is the exceptional number.

There are three types of relations that generate I.

Type A: Any path of length two that doesn’t lie entirely within one cycle.

Type B Any path lying entirely within a cycle that contains a maximal path and
is one arrow longer than that maximal path.

Type C The difference of any two maximal paths that have the same origin (and

hence the same terminus).



For the example that we have been working with
I = < ad,db, be, ec, cf, fh, hk, kn,nl, lo,om, mi,ip, pj, jg, aa, bb, cc, gdefg,defqgd,
efgde, fgdef, hijhijhijh,ijhijhijhi,jhijhijhij, nn, oo, pp, kimk, Imkl, mkim,a —
defg,b—efgd, c — fgde, hijhijhij — gdef,p — jhijhijha,
tjhighigh — klm, n — lmk, o0 — mkl >

2.3 rep(QUIV,p)

For the definitions we follow [7]. We let QUIV be a directed graph and we let p be a
set of generators of an ideal I in K QUIV. Also let QUIV;, be the set of vertices in
QUIV,and QUIV! be the set of arrows in QUIV. A K-representation of QUIV is a
tuple X = (X,, a(a))vequive aeQuiv; , Where each X, is a finite-dimensional K vector
space, all but a finite number zero, and if @ is an arrow from vertex v to vertex w, then
a(a) is a K-linear map from X, to X,,. We will write the maps «(a) on the right.
The category of K-representations of QUIV, denoted rep(QUIV'), has as objects
the K-representations of QUIV and as morphisms B : (X,,a(a)) — (V,,B(a))
tuples B = (B,).equrv, such that each B, is a K-linear map from X, to Y, such
that if a is an arrow from vertex v to vertex w then B, o a(a) = S(a) o B,.

We will say that the K-representation X satisfies the relations p if when-
ever [I*, ainaip---a,, € p, we have ]_[f=l alaq)a(an) - alay,) = 0. We let
rep(QUIV, p) denote the full subcategory of K-representations of QUIV satisfy-

ing the relations p.



Chapter 3

String Modules and Covering
Theory

3.1 Strings and String Modules

Given a quiver, QUIV, which is either I" or I'* and a set of relations rel, we define the
formal inverse of an arrow a to be ¢~ and define o(a™!) = ¢(a) and t(a™!) = o(a).
We also define (a™)™! = a. A formal path, a; - - - an, is a sequence where for 1 <7 <
n , a; is of the form a or a™! and ¢(a;) = o(a;y,). We define (a; -+-a,,)™! = a7!---a7’,
t(a1---an) =1t(an), and o(a; - - - a,) = o(ay).

A string is a formal path a; - --a, where a;y; # a7 for all 1 < i < n, and no
subpath nor its inverse is a maximal path, no subpath nor its inverse is in rel. We
also define strings of length zero. For any vertex, v, of the quiver define 1, to be a
string of length zero. We define and always reduce

P R e b PN LA o bk

undefined otherwise undefined otherwise.

Following [4], given a string of length greater than zero S = a, - - - a,, we define a
string module M(S). We define it by giving its representation in rep(QU IV, p). Let

u(z) = o(a;41) for 0 <7 < n and u(n) = t(a,). Then if v is any vertex in QUIV,

10



we let I, = {i|u(i) = v}. M(S), will be a vector space of dimension the cardinality
of I, with basis vectors z;,7 € I,. If a; = a, define a(z,_;) = 2;, and if ¢; = a™ !,
then define a(2;) = z;—1. If v : w — w' is an arrow and z; is one of the basis vectors
of M(S) and 7(z;) has not yet been defined , let 4(z;) = 0. Note that M(S) and
M(S™') are isomorphic.

If S =1, for some vertex in v then we define M(1,) to be the simple repre-
sentation corresponding to the vertex v in QUIV. In other words M(S), is a one
dimensional vector space, M(S), is a zero dimensional vector space for u # v, and
all maps are the zero map.

In figure 3.1 we give a quiver I'. Letting the relations be the Brauer tree relations,
we give an example of a string S and the representation for M(.S). In our illustration
of the representation we will write v when we are refering to a one dimensional
subspace of M(S),. To distinguish two different one dimensional subspaces of M(S),

we would write v once and v/ another time. We have drawn the nonzero maps which

we note always map one dimensional subspaces to one dimensional subspaces.

11
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Figure 3.1:
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These modules are nice to work with since up to isomorphism they are deter-
mined by only a few pieces of information. We will show that this is the case where
the exceptional number is 1 by showing that string functions can be determined us-
ing only a few pieces of information. We introduce string functions in Chapter 4 and
show that every string module is isomorphic to the image of some string function.

But more than just another pretty module, Butler and Ringel [4] prove

Theorem 3.1 {M(S) : S is a string} is a complete set of the nonisomorphic

nonprojective indecomposable modules over A.

Therefore if we find the minimal projective resolutions for all string modules over
A we will have found all of the minimal projective resolutions for the nonprojective

indecomposable modules over A.

3.2 Coverings

The covering theory that follows was developed by E.L.Green and can be found in
[7] and [8]. Let I" be the quiver for a Brauer tree algebra with exceptional number N.
We will construct a second Brauer tree, T, and its associated Brauer tree algebra,
A™, with exceptional number 1. The theory works more generally but we only
concentrate on Brauer tree algebras. We define I'g to be the set of vertices of I'; and
I’y be the set of arrows of I'. Let W be an arbitrary set function from I'y to a group
G. For us G will be the group of integers modulo N which we denote Z.

A regular covering of T', I'*, is constructed in [7]. We give review that construction
below. The quiver is given as follows: I'y = {v/|v € 'y, and g € G} T = {a%a €
I';, and ¢ € G} where if v = w in T' then v¢ <, w"@, Since T and T*

are locally homeomorphic it is clear that I'* is a quiver associated to some Brauer

13



1"*

Figure 3.3:
Theorem 3.2 A* is the Brauer tree algebra with exceptional number 1 assoctated
to the quiver I'*.
Proof. Since I' and I'™* are locally homeomorphic it is clear that I'* is a quiver

15



associated to some Brauer tree. Therefore we only need to show that p* is precisely
the set of relations of types A,B, and C that define the relations for the Brauer tree
algebra.

We first show that p* contains all of the relations of type A,B, and C. Since the
quivers are locally homeomorphic it is clear that p* contains the relations of type
A, products of arrows not lying in the same cycle.

To see that all of the relations of types B and C are contained in p* we first
show that each maximal path in I'* lifts from a maximal path in I'. Note that each
nonexceptional cycle in I'* lifts from a homeomorphic nonexceptional cycle in T'.
Thus it is clear that each maximal path that lies in a nonexceptional cycle in I'*
lifts from a maximal path in T.

The exceptional cycle C' with exceptional number N in I lifts to an exceptional
cycle C* with exceptional number 1 in I'*. These cycles are not homeomorphic. In
fact C* has N times the number of arrows that appear in C. We illustrate this in
figure 3.4. Where we are letting C be the cycle with arrows ay, .., a,, and W(a;) = 1.

We construct C*.

16
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Note that the maximal path in C*,

(a?-ag. . .aZ)(a%—ag. .. aZ) R (AR A aﬁ’_l)(a{\’"lag. ..a?),

projects to the maximal path in C

J

Lmag cocan)(araz...ay) - (araz ... an)(araz . . . a,)

~
Ntimes

Similarly we see that each maximal path in C* lifts from a maximal path in C.

Now that we have every maximal path in C* lifts from a maximal path in C, we
can easily see that all of the relations of types B and C are contained in p*. This
is because they are all either an arrow times a maximal path, or the difference of
two maximal paths. It is also now clear that p* only contains relations of type A,
B,and C. =

We will let Mod(A) and Mod(A*) be the categories of modules over A and A*
respectively. We let rep(I', p) be the category of K-representations of I' satisfying
the relations p that generate I, which we defined in Section 2.3. In a similar fashion
we define rep(I'*, p) where p* are the relations that generate I*. We let F' and J be
the standard functors: F' : rep(I',p) — Mod(A) and J : Mod(A*) — rep(I™, p*).
See [7]

Let X be a tuple in rep(I'™", p*) given by (X,:, @(a”))vers,irec,aers Where afa) is
a linear map from the vector space X,(q) to X¢(). Then we define H : rep(I'™*, p*) —
rep(I’, p) to be the functor given by H((X)) = (V,,5(a)) where Y, = [,c¢ X, and
B(a) = Y,eq a(a™). It was shown in [9] that since A and A* are finite dimensional
over K, H is exact and additive. We define the functor F to be the composition of

functors, Jo H o F'. Gordon and Green also showed that £ maps simple A*-modules

18



(respectively A*-projective covers) to simple A*-modules (respectively A-projective
covers). In addition they showed that if r and r* are the Jacobson radicals for A
and A* respectively, then E(r*M) = rE(M) for any A*-module. They proved these
results in the case where G = Z, but the proofs remain the same in the case where
G = Zn. Thus E maps A*-minimal projective resolutions to A-minimal projective
resolutions.

We add to the results above by by showing that £ maps indecomposable A*-
modules to indecomposable A-modules. In other words we will show that E maps
A*-string modules to A-string modules. More than that we will show that given a
A-string module, M, there is a A*-string module M* such that E(M*) = M. In
Proposition 3.3 we will construct M*. However, we begin with an illustration (see
section 3.1 for the notation) of the action of E by drawing part of the representation
for a A*-string module R and the corresponding part of the representation for the
A-string module E(R). That R* is a string is an immediate consequence of the fact
that maximal paths and relations in A lift to maximal paths and relations in A*.
Later when we discuss the homomorphisms that appear in the minimal projective
resolutions we will also describe the image of the homomorphism under E. In
this way any constructive algorithms that we develop for computing the minimal
projective resolutions of A*-string modules will automatically become a constructive

algorithms for computing minimal projective resolutions of A-string modules.

Proposition 3.3 Given a I'-string S = s, - - - s, where the s; are quiver and formal

arrows, there exists a I'*-string S* such that E(M(S™)) = M(S).

Proof. We make the following definition: if s = p~!, where p is a quiver arrow,

and T € Zy, we define s' = (p/)~!. We let a be the arrow in I such that W(a) =1T1.

19



Then, if for each ¢, w(s;) = 0, then we define S* := s?---sz. If {Styy..-,S¢,} is
the set of all arrows in S* such that either s, = a or a~', then we define S* =
ELR stﬁls-}-ﬁl .- '515;2—2+1 e SFSEH 2L 95 In either case E(M(S*)) = M(S).

Remark: We could have begun the construction of S* with s{_' instead of s? and
changed the proof accordingly. We also could have used the inverses of any of the
strings that we construct in this fashion. However, those are all of the strings 5*

such that E(M(S5*))=M(S). =n

20
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Chapter 4

String Functions and their Images

In this chapter we introduce string functions and show that for every string module
there is a string function with an isomorphic image and vice-versa. We will also
introduce h-strings and underlying strings two convenient notations for describing a
string function. In Chapter 5 we will show that string functions are the homomor-
phisms that appear in a minimal projective resolution of a string module.

For the remainder of this paper we define a loop to be an arrow with the same
origin and terminus. Suppose the number of vertices in the quiver for a classical
Brauer tree algebra is n, then we are going to form a set of n paths. We will call
this set the set of fired mazimal paths. Recall that a maximal path, p, with origin v
is a path which is not a relation, yet every path properly containing p is a relation.
These paths always have the same origin and terminus, and there is always exactly
two of them with the same origin. The set of fized mazimal paths will contain exactly
one maximal path, which is not a loop, with origin v for each vertex v in the quiver.

Given a string .S we are going to define a new formal path, an A-string hS. While
the notation seems to suggest that an h-string is a string it is not always the case.
There are formal paths that are strings but not h-strings and vice-versa. Using

an h-string, h.S, we will construct a homomorphism AS whose image is isomorphic
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to M(S). (The abuse of notation will cause no confusion.) We will call these
homomorphisms string functions.

We define an h-string in the same way that we define a string, except that we
do not allow formal paths of length less than 1, and we do allow formal paths that
are in the set of fixed maximal paths. However, we do not allow any formal paths
that contain maximal paths as proper subpaths.

Before we can create h.S, we must first partition S. We say that a formal path,
S, of length greater than 1, is partitioned if it is written in the form S = s;---s,
where s; is a formal path lying entirely within one cycle and for 1 <2 < n, s; and
Si41 lie in different cycles. If S = 1, for some vertex v, then S is also partitioned.

Note that, since any quiver path lying in two cycles contains a relation, if s; is a
quiver path, then s;;; is a formal inverse of a quiver path. Also if s; is an inverse of
a quiver path, then s;;; is a quiver path. This means that all of the formal paths
s, where k is odd are paths in I', and all of the formal paths s; where j is even are
formal inverses of paths in I, or vice-versa. But there is a one to one correspondence
between strings and h-strings.

Given a partitioned string S = sy - -s,, we define the partitioned h-string, hS
to be s, ---s]. Where s! is defined as follows. For 1 <7 < n, if s; is a quiver path,
then we define s to be the quiver path such that s;s! is a maximal quiver path. If
s; is a formal inverse of a quiver path then define s’ to be the formal path such that
s;s; is the formal inverse of a maximal quiver path. If s; = 1,, then we define s! to
be a fixed maximal path such that o(s;) = t(s;) = v. It is easy to see that hS is
indeed an h-string.

We show that there is a one to one correspondence between strings and h-strings.

Given a partitioned h-string, hS, we show how to construct a string function. A
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partitioned h-string hS can be written in one of four different ways which we list

below:

hS = PIQIIPZQ‘Z_I T P’INQ;II or

hS = PQ7'PQ3" -+ Py, or

kS = Q7' PQ3' -+ PrQ;! or

RS = QT PQ5 -+ Py where P; and (); are quiver paths

w

> [N
e A S g

For each of these four h-strings we define a string function hS. We do this
in figures 4.1 - 4.4. Along with each definition we provide a diagram called an
underlying string which assists in visualizing the string function. Also, whenever
they are used, ¢; and d; are in the field K, ¢;, d; # 0, v; and w; are vertices in T’
(or T*), P; and Q; are the images of P; and Q; in A, and p; = ¢;P; and ¢; = d;Q..
Also, for brevity, we identify (0,...,0,7;,0,...,0) of ;A @ --- ® v, A with 7;. After
understanding the definition of a string function the reader should note that the
functor E introduced in Section 3.2 maps string functions to string functions, and
that the corresponding h-strings are identical if the coefficients in Mod(A*) are

ignored.
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To the h-string P,Q7'P,Q5" -+ P,Q;}, and to the constants ¢; and d;, we asso-
ciate a homomorphism hS: v;A@ - - ® v, A = WA D ® w, 41 A where hS(vy)
= (a1 P1,d1@,,0,...,0), fori = 2--- (m —1) AS(T;) = (0,...,0,¢P;,d;Q;,0,...,0)

where ¢; P; is in the (¢)** coordinate, and AS(%,,) = (0,...,0,cm P, dn@,,)-

U V2

Y41 71 P2 92

Wy Wy w3 Wy -1 W, wm+l

Figure 4.1:

To the h-string P,Q7'P,Q3'--- P,, and to the constants c¢; and d;, we associate
a homomorphism hS: v;A & - - ® v, A = WA D - ® w,A where hS(T;) =
(a1 P1,d1Q4,0,...,0), for ¢ = 2---(m — 1) AS(T;) = (0,...,0,¢P;,d;:Q;,0,...,0)

where c; P; is in the (1) coordinate, and hS(T,,) = (0,...,0,c, Pn:).

(%1 (%] Um-1 Um

P q P2




To the h-string P,Q7'P,Q5"--- P, and to the constants ¢; and d;, we associate a
homomorphism hS: vA®- - -Dv,A = hS: AD---Dv, A = W AP - -Pw,, A where
RS(T1) = (d1Q,,0,...,0),fori =2--- (m—1) AS(T) = (0,...,0,¢P;, d;Q;,0,...,0)
where ¢;P; is in the (: — 1)* coordinate, and hS(T,,) = (0-..,0,¢; P, @@,y )-

%1 U2 Um—-1 VUm
q1 P2 q2 . Pm-1 \9m-1 /" Pm qm
wy wy Wm-2 Wm—1 Wi

Figure 4.3:

To the h-string Q7' P,Q5" -+ - P,,, and to the constants ¢; and d;, we associate a ho-
momorphism AS: vAD- - -Bv,A = hS: viAD- - -Bv,A > W AB- - - Dw,,_1 A where
RS(T1) = (d1Q4,0,...,0),fori =2--- (m—1) kS(7;) = (0,...,0,¢:P;,d;Q;,0,...,0)

where ¢;P; is in the (: — 1)* coordinate, and hS(T,,) = (0,...,0,c, Py ).

U1 v2 VUm-—1 Ui
q1 P2 q2 R Pm-1 Im—1 Pm

wq wa W —2 Wm—1

Figure 4.4:

We next prove that all of the string functions associated with a single h-string are

isomorphic.
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Lemma 4.1 If f and g are string functions that are both associated with the same

h-string, hS, then Im f ~ Img.

Proof. Without loss of generality we can assume that the coefficients in the
definition of f are all 1. We will only prove the lemma for string functions of the
type described in figure 4.3. The proof is similar for string functions of the other

three types. In figure 4.5 we give an underlying string for f and g.

V1 V2 Um

cm Pm dm Qm

wn Wwo Wopp—1 Wy,

Figure 4.5:

To prove the lemma it suffices to show that there are isomorphisms X and Y

such that the following diagram commutes.
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AP - Dv,A - wA®-- D w, A
Y X

wA® - @ v, A & WA D B wnA

Figure 4.6:

We define the isomorphisms X and Y by defining them on the idempotents
Viy.--,Um. For 1 < i < m we will define X(v;) = z;v; and Y (v;) = y;v; where
z;,y; € K™ need to be determined. To ensure that the diagram commutes it suffices
to choose the z;’s and y;’s so that the diagrams commute on the v;’s.

For that to happen we need z,d; = y; and for 2 < 2 < m, z;,¢; = y;—; and
z;d; = y;. Simplifying we get that for 2 < : < m, z;d; = r;11¢;41. Thus by choosing
z1 = 1 and solving recursively we can find the necessary homomorphisms X and Y.
|

Unfortunately using our definition two different h-strings can have associated
string functions that have isomorphic images. So we need to identify when this can

happen. We do this without proof in Lemma 4.2.
Lemma 4.2 The string function hS is assoctated with only the h-strings hS and
(RS)™. =
We conclude the chapter by proving
Proposition 4.3 The image of the string function hS is M(S).

Proof.  This is a sketch of the proof for a particular case. The proof clearly

generalizes. However, the general case requires an even more burdensome notation.
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We consider a graph QUIV and a particular string, S. In figure 4.7 we have drawn
a part of the graph QUIV. We want to show that the string function AS which
corresponds to the h-string hS = ((f1--- fa,)(c1+ - ¢n. )7 (@1 - - @p,) has image iso-

morphic to M(S).

We let S = (by---b,,)(d1---dy,) (€1 €5,) which is a sufficiently complicated
to demonstrate all of the necessary proof techniques for the general case. We
give the underlying string for AS in figure 4.8, and note that hS is a map from
t(fa,)A @ t(an,)A to t(e,, )A @ t(dy,)A. Tt is defined as follows AS((¢(fs,),0)) =
(fr-- “fagre1-0-cn,), and hS((0,%(an,)) = (0,a1---ay,). After unwinding the defi-
nitions one can see that the image of this map is isomorphic to M(S). We give a
representation of M(S) in figure 4.9. There we have drawn all of the nonzero maps
between basis elements. Note that each time a vertex v appears in the diagram it

represents a different basis element in M(S),. W

bl ny (5] Cnc €1 enc

NN
NP/ N A N

a ax dnd dl fnf fl

Figure 4.7:
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t(ene) _ t(dnd)

Figure 4.9:
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Chapter 5

The Minimal Projective
Resolutions of String Modules
over Classical Brauer Tree
Algebras

In this chapter we will prove that the periodicity of a string module is either |T|
or 2|l'|. To accomplish this we will develop algorithms for computing minimal
projective resolutions for string modules over A. We remind the reader that |T'| is

the number of vertices in T'.
Let 7 be the Jacobson radical for A. Then we will be using the following definition

for a minimal projective resolution of a module Mj: the exact sequence
Y XL T YL VA

1s a minimal projective resolution of the module M, if Ker(f;) C 7P,y and P, is

projective for ¢ > 1.
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5.1 The Picture Algorithm

Our goal is to give a simple ‘walking’ (or follow the arrows) algorithm for calculating
the minimal projective resolution of an indecomposable module over A. But, before
we are able to give the ‘walking’ algorithm we must first develop an intermediate
algorithm which we will call the ‘picture algorithm’. This algorithm can be applied
to string modules over A. Hence it can also be applied to A* since A* is a Brauer
tree algebra with exceptional number 1. The algorithm can in fact be applied to any
path algebra whose quiver consists of cycles of arrows and employs the same type
of relations that we have been using. In other words, we can relax the restriction

that we look at a graph that is a tree of cycles.

Lemma 5.1 Given a string function hS. The string function hT that is found
using figures 5.1 - 5.10 is such that Im(hT) = Ker(hS).

Proof. We define two types of vertices looped and nonlooped. We say that a
vertex, v, is a looped vertex if there is arrow, a, with o(a) = t(a) = v. We say that
a vertex is a nonlooped vertez otherwise. The proof is broken up into ten cases.
These ten cases correspond to ten different forms that an underlying string might
assume. In each case we have given the underlying string for AS and directly above
it the underlying string for A7". Immediately following each diagram we prove that
Im(hT) = Ker(hS). We do not concern ourselves with using only fixed maximal
paths in the underlying strings. They are only used for ease of notation in other
parts of the paper. Here it would be inconvenient. This will cause no problem when
we return to examining h-strings. For if a maximal path does appear in an A-string

our algorithms will only be concerned with the origin of the path.



Since our main concern will be in resolving simple modules, we can restrict our
attention to the string functions where the field coeflicients in the underlying string
are all ones or alternate between +1 and -1. By that we mean ¢;,d;,c;,ds,. ..
alternate between +1 and -1. The proof then becomes somewhat less burdensome
with respect to notation. However, the approach remains the same for the more
general case. After we have proven the lemma we will note the changes that occur
when the sequence ¢, d;, ¢z, d,, ... alternates between +1 and -1.

We keep the same notation that we have been using in previous chapters. If P
is a path which lies entirely in one cycle in I', then P’ is the path such that PP’ is

a maximal path.

Case 1:
t(a) w;
\
\
KT : \Qa @ \H
\
1 V2
hS : 3 Py Qn-1 P

wi Wy -1

Figure 5.1: We let a be the arrow with origin v; which does not lie in the same
cycle as () (or w;). We let 3 be the arrow with origin v, which does not lie in the
same cycle as P, (or wy,—1). Assume n > 1. The left (resp. right) dotted in portion
of T will be present if vy (resp. v,,) is a nonlooped vertex.



For the remainder of the proof, when defined, we let ¢; (resp. pi+1) be a linear
combination of distinct paths leaving v; (resp. v;41) in the same cycle as Q; (resp.
P;;1). We first assume that v; and v, are looped. Then to prove AT maps onto

Ker h.S we will show that

—r =

{(0,...,0,Q;,—P;;;,0,...,0) : 0 < ¢ < nand Q; is in the ;th component} is a
generating set for Ker hS.
Let x € Ker hS. Then

T = (71’52 +?1-2a"'vﬁn—l +?I-n—1?-ﬁn) = ::11(0"",0"‘71'aﬁi+1’0""70)' Since the

product of two paths lying in different cycles is in I, we have that

hS(.’E) = (Ql—l 2(?2 + 72)’ Q2(ﬁ2 + (_1.2) + 753(?3 + -q-3)7 e a@n—l (p-n—-l + ﬁ'n—l) + F’Il-pn)

So, in particular, for 0 <2 < n we have that

hS((O’ . ',O)qiaﬁi-f—l,oa“"o)) = (01 . ,O,Q'ZI} +Fi+lp—ia0" .- ’0)

(0,...,0).

Therefore, if we define hS; = {y = (0,...,0,7;,7,41,0,...,0) : y € KerhS},
then UX;'hS; is a generating set for KerhS. So we only need to show that
for a fixed  {y = (0,...,0,G;,7,41,0,...,0) : y € KerhS} is generated by
(0,-~,0,_Q_:-,—_F:+],O,---,0).

For the remainder of the proof for 0 < ¢ < n, we let b; be the first arrow of Q;,

and we let a;4; be the first arrow of P,4;. If one of the terms of Q,q; (resp. Piy1piy1)

is zero in A*, then it must be a A*-multiple of Q,Qb; (resp. 75,~+1F;+1E,-+1) and hence
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generated by G (resp. PoyrPlaaons).
So if we subtract from Q,7; + Pi41P;4; all terms that are zero in A*, then we

either have nothing left or we have a linear combination of terms that is zero in w; A*.

Up to a scalar multiple there is only one such combination. It is @;Qj - _P_,-.HF; +1

Since we also have for 0 < i < n (Q,Q, — -Fiﬂfi-_” )b; = Q.Q.5; and

Q.0 —Fi-’r]?:-{-l)( @) =Pt P, i+1Gi, We have @1@: _Fi+1?:'+1 generates {Q;7; +
Piy1Pipr ¢ (0,...,0,G;,P:41,0,...,0) Ker h.S}. Therefore we have that the element
,0)

— =1

(07" "07Qi7 P;+1a %
that AT maps onto KerhS.

generating hS; for each z 0 < 7 < n. We conclude

We now deal with the case where v; is nonlooped. We leave the case where v, is
nonlooped to the reader. We will deal with this case by briefly going back through
the the preceding proof, noting the places where the proof changes.

First we must define p; and a. p; will be any linear combination of distinct
paths starting at v; but not in the same cycle as Q;. « will be the arrow leaving v,

not in the same cycle as ().

If z € KerhS, then

r = (p + %15+ -y Ppoy + Tp1,Py), and

hS(z) = (Qi(Pr +T) + Pa(P + 0), Qa2 + @) + Ps(Bs + Ta)s - -+ Qe (Bact +Tuy) + P
= (6171 + ?252, Qz% + FSI_’&» e 7@71—1771,—1 + Fnﬁn)

= (0,...,0).

This implies that (p;,0,...,0) € Ker hS. So if we define bS5y = {y = (5,,0,...,) :
y € Ker hS}. Then U;! AS; is a generating set for Ker .S.



Finally if p is a path beginning with o then @;p = 0 in A. So (—<,0,...,0)
generates hSy. This completes the proof for case one.
Note that we used (—@, 0, ...,0) when we could just have easily used (@, 0, .. .,0).

We do this for the sake of consistency and ease of notation.

Case 2:
t(al) w2 Wn t(bn)
/
\ /
\ ! 1 ! / i
hT : :P{al Ql _PZ’ T n—1 Pﬂ / ann
\
V1 v2
hS : P, h P,
wy waz Wy Wn41

Figure 5.2: The left (resp. right) dotted in portion of AT will be present if P, (resp.
@») is not an arrow. Assume (n > 1).

Case 2 uses the same format as Case 1 so we will move quickly through the proof
noting only the differences.

If x €KerhS, then

r = (-171 + 71,92+ G-+, Dy, +?]-n)

n—1

= (P1,0,...,0)+ > (0,...,0,G;,Piyq) + (0,...,0,7,)

=1
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Hence we have

-+

hS(z) = (Pi(P+0), Q1P +T) + P2y + T)s- o3 Q1 Bt + Tuer) + Pr(Bp +70)s @l

= (Pip1, Q% + Paby, - -, Quy T + PiP, Q,7,.)

So once again for 1 < ¢ < n we have (0,...,0,;,P,41,0,...,0) €EKerhS. But in
addition we have that (7,,0,...,0) and (0,...,0,7,) €KerhS. Therefore, if we let
So = {(7,,0,...,0) €Ker hS}, S, = {(0,...,0,7,) €Ker hS}, and for 1 <z < n we
let S; = {(0,...,0,;,Pi41,0,...,0) €Ker hS}, then U, S; is a generating set for
Ker hS. As before for 1 <2 < n (0,... ,O,GZ-FZ,H,O, ...,0) generates \S;. All that
remains is for us find generators for Sy and S,,.

If P,p, (resp. Q,7,) is zero in A, then since Pyp; (resp. Qngn) contains only paths
lying in a single cycle it must be that each of the paths in Pyp; (resp. @,¢,) contains
Py Pja; (resp. @Q,Q"b,). Therefor Sy (resp. S,.) is generated by (—F;al,ﬂ,. ..,0) (resp.
(0,...,0,Q.b,)). We have that AT maps onto Ker S in either the case where P

(resp. @,) is an arrow or not.

However, if P; (resp Q),,) were the arrow a; (resp. b,), then P, (resp. @,) would

be a maximal path. Thus the map AT including the doted portions would not be a

string function. Luckily, the dotted portions become unnecessary in that case. For

then P,a; = Q,Q, (resp. Q.,b, = P, P,). Hence,

-

(—Plalaos---’o) = ( ls_?‘lzvo,---’o)(_—Q—l)

(resp.([],...,ﬂ,a;bn) = (0,...,0,Q,_1, P,)(P.))

and so (@], ~P,,0,...,) (resp. 0,...,Q,Q._,,P.)) generates SoU S

(resp.Sn—1 U Sn)-

37



Note that we used (—-F;al,O,. ..,0) instead of the more obvious (lelal,(),. ..,0).

Again we do this for the sake of consistency and to ease later notation.

Case 3:
t(a) wy
\
\
KT - \Qa @ P,
\
m V2

hS : 1 Py

wy

Figure 5.3: Once again « is the arrow leaving v; not in the same cycle as Q;. The
left dotted in part of AT is included if v; is a nonlooped vertex. The right dotted in
part of AT is included if @), is not an arrow. Assume (n > 1).

This case as well as the remaining cases use proof techniques similar to the ones

presented in Cases 1 and 2. Hence we list the Cases without proof.
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Case 4:

t(a1) t(b1)
/
/
hT . —Pllal/ Qllbl
/
U1
hS Py @
w1 ws

Figure 5.4: We assume that v; nonlooped. We also assume that if exactly one of P,
or (), is an arrow, then it is };. The dotted in part will appear only when @, is
not an arrow.
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Case 5:

t(a) t(b1)
/
/
hT : a /6'151
/
Uy
hS : @1
wy

Figure 5.5: We assume that v; nonlooped. The dotted in part is included only if (),
is not an arrow. If Q; is a maximal path, we define ()} to be the vertex v,.
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Case 6:

t(b1)

AT : Qib

hS : Q1

Figure 5.6: We assume that v; looped. If @; is a maximal path, we define @)} to be
the vertex v;.
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Case 7:

t(al) wa

hT . —Pllal Qll PZ,

U1 V2

h;g: Pl Ql P2 e Qn-—l Pn

Figure 5.7: We assume that (n > 1). The left dotted in part of 2T is included if P
is not an arrow, the right dotted in part is included if v, is a nonlooped vertex.
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Case 8:
t(a;) t(b1)
\

\
RT : \-\-P{al Qb
\
v
hS : P Q1
wh wa

Figure 5.8: We assume that v; nonlooped. We assume that ), is never an arrow.
The dotted in part of AT will be included if P; is not an arrow.
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Case 9:
t(a1) t(B)
\

\
hT : \\ifﬁal B
\
U1
hS : Py
wy

Figure 5.9: We assume that v; nonlooped. The dotted in part will be included if P,
is not an arrow. If P, is a maximal path, we define P| to be the vertex v;.

Case 10:

t(al)

hT : —Pla;

hS : P

wy

Figure 5.10: We assume that v; looped. If P; is a maximal path, we define P to be
the vertex v;.

It can easily be shown that in each of the 10 cases above whenever the underlying

string for A.S has coefficients that are all +1, the coefficients in AT alternate between
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+1 and -1. If instead the coefficients of AS alternate between +1 and -1, then we

would have the coeflicients of AT being all +1. ®
Lemma 5.2 If f : M — N s a string function, then Ker(f) CTM.

Proof. Without much work it can be shown that 7 is generated by {@: a is an
arrow in the quiver}. By Lemma 5.1 ker(f) = Im(g) for some string function g. By
the definition of a string function it is clear that Im(g) C 7M. =R

The Picture Algorithm
Given hS, we construct the minimal projective resolution of M(Sp) recursively.
hS;41 1s found by letting AS; play the role of AS in Lemma 5.1. Use the appropriate
case to find AT which is AS;y;. Lemmas 5.1 and 5.2 prove that the algorithm

constructs the desired resolution.

5.2 A Simpler Notation

In this section we will restrict our attention to classical Brauer tree algebras with
exceptional number 1. In other words, we will be considering A*. For in this case
we can simplify the notation. Since we are able to construct the minimal projective
resolutions for A-string modules from A*-string modules this is a worthy endeavor.
It will primarily be beneficial when we are constructing the minimal set of generators
for the cohomology ring of A.

We define a string-tuple to be a 4-tuple (z,l,y,r) where z,y € {up,down} and [
and r represent vertices of ', or the edges in the underlying Brauer tree on which
the vertices lie. We also insist on a certain relationship between z and y. Recall
that the quiver for a classical Brauer tree has an underlying Brauer tree, where each

vertex lies on an edge of the underlying Brauer tree. Recall also that we use the
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same name for the edge and the vertex lying on it. Let w; ---w; be the edge walk
from the edge ! to the edge r (wy; = [ and w; = r.) Then y = down if and only if =

= up and j is even or x = down and j is odd.
Proposition 5.3 There is a 1-1 correspondence between string-tuples and h-strings.

Proof. Let hS = s,---5s, be a partitioned h-string. We describe the string-
tuple (z,l,y,r) that corresponds to AS and show how we will use the information
in the string-tuple to uniquely determine hS. Let | = o(s;), r = t(s,), = up if
s1 is the formal inverse of a quiver path and down otherwise, and y = up if s,, is a
quiver path and down otherwise.

Recall that each vertex in I'* sits on an edge of the underlying Brauer tree for
I'*. These vertices and the edges that they sit on share the same name. The edges
o(s1)t(s1)t(s2) - - - t(sy) form a connected edge path. Since the exceptional number
is 1 and since no s; is a maximal path, the walk never doubles back on itself. Since
this walk takes place on a tree, it is the unique walk from the edge o(s;) to the edge
t(s,) with no repeating edges. So, given | = o(s;) and r = (s, ), we can build the
sequence o(sy)t(s1)t(s2) - - - t(sy). It this sequence together with the variable z that
will allow us to build AS.

In our construction whenever we are choosing a maximal path we will always
choose from our collection of fixed maximal paths. We build the h-string s ---s/.
If £ = down, we choose s} to be the quiver path lying in one cycle from o(s;) to
t(s1). If £ = up, we choose s to be the formal inverse of that quiver path. Clearly
s = s1. For 2 <7 < n, we choose s! to be either the quiver path lying in one cycle
from o(s;) to t(sq) or its formal inverse. Beginning with s| we alternate between

/

choosing a formal inverse and a quiver path. By construction the A-string, s} --- s/,

is the h-string s; - - - s,,.
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Note that we did not use y. The information contained in y could be used in a
similar fashion to the way z was used to complete the description of AS. The two
different approaches do not yield contradictory conclusions. In fact the variable y
is unnecessary. However, its presense simplifies later proofs. So we leave it in. W

Lemma 4.2 now takes the form of Corollary 5.4.

Corollary 5.4 A string function associated with (z,l,y,r) can only be associated
with the string-tuples (z,l,y,r) or (y,r,z,l). Hence up to an isomorphism of the
image of a string function we have that each string function has only these two

string-tuples associated with it.

Using the string-tuple notation we are going to restate some of the results of the
picture algorithm in Corollary 5.5. But first we need some new notation. We will
say that the vertex v is one arrow away from the vertex w if there is an arrow from
w to v. If QUIV is a quiver for a classical Brauer tree algebra, v is a nonlooped
vertex in QU IV, and w is any other vertex in QUIV, then we define a new smaller
quiver QU1V,,,. We do this by considering the underlying Brauer tree. There are
two subtrees that contain each edge. The quiver constructed using the subtree
that contains v and w we will call QUIV,,,. We illustrate the idea in figure 5.11.

Definition: We will let |QU 1V, | be the number of vertices in QUIV,,.
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Corollary 5.5 Given that {(z;,l;,y:,7:)}2, is a minimal projective resolution of
the image of (zo, lo, yo,70), we give selective information about (z4,1;,yi,r) in terms
of (i1, liz1,Yic1,7i21). We do this by allowing (z;_1,li_1,Yi—1,7i-1) to play the role
of hS in Lemma 5.1 and carefully considering the ten different cases. For each case
we will list the cases that would need to be considered. We will be assuming the

notation of Lemma 5.1.

A Ifl;_y = ri_y when [; is a nonlooped vertezx, then the next string-tuple will be
(up,l;,up,r;) where I; and r; will be the two vertices, say v and w, one arrow
away from l;_y. We are free to choose l; to be u or w. We make a particular
choice when we present the ‘walking algorithm’. To verify this consider cases
5 and 9 of the picture algorithm. For B — F below we will assume that we do

not have l; = r; when l; is a nonlooped vertez.

B If z;_y = down and l;_, is looped, then l; is one arrow away from l;,_; where
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the arrow is not a loop. Consider cases 2,4,7,8,9, and 10. We have that l; = v,
when p; is an arrow, and otherwise l; = t(a;) where ay is the first arrow in

Py. In either case we have the result.

C If z;_y = down and l;_; is nonlooped, then ; is one arrow away from l;_; in

Iy The same argument used in B works here if we also note that Py lies

i-1Ti—1 "

*

wm I _ .,

D If ;1 = up and l;_y is nonlooped, then xz; = up and l; is one arrow away
from l;_y not in T}_ . . Consider cases 1, 3, and 5. Note that a is an arrow

leaving vy not in the cycle containing Q; and hence not in I'},

—1Ti—1"

E If x;_y = up and l;_, is looped, then x; = down and l; = l;_;. See cases 1, 3,

and 6.

F If l; is looped and I; # I;_y, then x; = up. We only get ; = down if [; = 1;_4

where l; ts looped or if I; = vy is nonlooped. Consider all cases.

G All of the (obvious) analogs for B — F concerning z;_y, l;_1, x;, and l; hold
for y._1, ri_1, y:;, and r;. The proofs look at different cases but the symmetry

makes this easy.

Let v « w represent the connected edge path in the underlying Brauer tree for

I'™ from v to w that contains no edge twice. Then we have the following corollary.

Corollary 5.6 Let {(z:,1;,y:,7:)}2, be the minimal projective resolution of the im-
age of (zo, lo,Yo,70). Then provided l; # r;, x; = up if and only if |; does not appear
in li_y & ri_y. Also y; = up if and only if r; does not appear in l;_y & r,_1. If

; = 1;, then we may choose x; = up and y; = down or vice-versa.
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The reader should examine the picture algorithm to see that this proposition 1s
valid. Do this by noting that the edges in [; & r; are the vertices that appear from

left to right in the underlying string corresponding to (z;, ;, y;,7;)-

5.3 The Walking Algorithm

Let QUIV be the quiver associated with a classical Brauer tree algebra. If there are
m vertices in QUIV then we are going to label 2m evenly spaced points on a unit
circle using the m vertices of QUIV. We will call this the QU IV-unit circle. Each
vertex will be used exactly twice in the labeling process. Definition: We define
any sequence that is formed by recording the labeled points in a clockwise direction
as a QUIV-walking sequence. We will give two different algorithms for labeling the
QU IV -unit circle the closed curve algorithm and the arrow algorithm. We will need
to refer to each from time to time.
The Closed Curve Algorithm

We fix an embedding of QUIV in a plane with a clockwise orientation. In other
words we insist that every cycle has the arrows moving in a clockwise direction. A
point will be considered to be in the exterior of QUIV if it is not on the graph or
bound by the graph. If d is the smallest distance between any two verticesin QUIV,
then we place in the plane a simple closed curve, C, with a clockwise orientation.
We insist that C follows the boundary of the exterior of QUIV at a distance of d/8.

See figure 5.12.



| |
|\'\\ C//'I
N
?//\\?
NEZNNY
P4

Ni
Figure 5.12:

Place the center of a circle, D, of radius d/4 any where on the curve C such that
no vertex of QU IV lies within D. Then, keeping the center of the circle on C, begin
to slide the circle D in a clockwise direction. Choose any point on the QU IV -unit
circle and label it the name of the first vertex to enter D. Continue to label the
points on the QU IV -unit circle in a clockwise fashion using each successive vertex
that enters D. Stop recording when D returns to its starting location.

Consider figure 5.13 and note that every vertex enters D exactly twice as it
traverses C. Thus as we claimed we have labeled exactly 2m points on the QUIV-

unit circle.

Figure 5.13:
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The Arrow Algorithm

1. e Choose a looped vertex v.
e Label any two successive points on the QU IV -unit circle v.

e Choose the vertex one arrow away from v. We insist that the arrow not

be a loop.
e Go to step 2.
2. e If the chosen vertex is v, then stop. We have recorded every vertex twice.
Otherwise
e If the chosen vertex is a looped vertex, go to step 3.
o If the chosen vertex is a nonlooped vertex, go to step 4.
3. e Continuing in a clockwise direction we label the next two points on the
QU IV -unit circle as the chosen looped vertex.

e Choose the vertex one arrow away from that looped vertex. We insist

that the arrow is not a loop.
e Go to step 2.
4. e Continuing in a clockwise direction we label the next point on the QUIV-
unit circle as the chosen nonlooped vertex.

e Choose the vertex one arrow away the nonlooped vertex not in the same

cycle as the previously recorded vertex.

e Go to step 2.
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The Walking Algorithm
Recall that a I'-walking sequence is any sequence formed by recording the points
on the I-unit circle in a clockwise direction. A minimal projective resolution,
{(z4, iy yiy 1:) }20, for the image of some string function hSy € A* can be computed

by using the following algorithm.
1. Choose a string-tuple (zo, lo, Yo, 70) that corresponds to hSq.
2. Use Corollaries 5.5 and 5.6 to construct (or choose) (z1,l1,y1,71)-

3. Construct the I'™*-walking sequence {l;}32, which begins with the I'*-walking

sequence {ly, 1 }.

4. Construct the I™-walking sequence {r;}2, which begins with the I'*-walking

sequence {ro,7}.
5. Use Corollaries 5.6 to construct the sequences {z;}32, and {y;}2,.
To validate this algorithm we only need to prove prove Proposition 5.7.

Proposition 5.7 If Corollary 5.5 is used to construct the sequences {l;}2, and

{r:}2,, then those sequences can be chosen to be I'™*-walking sequences.

Proof. We will show that for 0 < ¢, that {lo,{1,...,L41} and {ro,ry,..., 741}
are I'*-walking sequences. The proof will proceed by induction on ¢. Using Corollary
5.5 to construct {;}32, (resp. {r:}2,), it is clear that for i > 0, ; (resp. r;) is always
one arrow (possibly a loop) away from [;_; (resp. r;_;). Since any two vertices one
arrow (possibly a loop) away from each other appear successively in a clockwise
direction somewhere on the I"™-unit circle, we have that {lo,l;} and {ro,r;} are I'*-

walking sequences. We now assume that {lo, l},...,;} {ro,r1,...,7;} are I*-walking



sequences and show that {lo,ly,...,l;,l;11} and {ro,71,...,7:, 71} are I*-walking
sequences. We do this by showing that the choice of /;11 (resp. ;1) using Corollary
5.5 is consistent with the choice of [;, (resp. r;41) using the arrow algorithm.

We will first consider the proof when /; # r;. We note that when [; # r;, Corollary
5.5 allows no flexibility in the choice of /;4; and r;;;. In that case by symmetry we
can simply show that the choice of /;;; using Corollary 5.5 is consistent with the
choice of I;4; using the arrow algorithm. We consider case where [; is a looped vertex

separately from the case where [; is a nonlooped vertex.

1. I; is looped. If [;_; = [;, l;4, is one arrow away from /;. On the other hand,
if l,_1 # [l; then l;;; = [;. In either case the looped vertices appear in {l;}32,

in a way that is consistent with the arrow algorithm.

2. I; is nonlooped.

Figure 5.14:

Using figure 5.14 as a reference for our notation, our goal here is to show that

Corollary 5.5 chooses [;;; to be the vertex v. We consider two cases.

(a) We assume r;_; is in I}, but that r;_; # ;. Therefore [; is not in

liozy & ri21. So by Corollary 5.6, z; = up. Corollary 5.5 chooses [;4,



to be one arrow away from [; not in T}, . Since r; must be at most one
arrow away from r;_;, r; must be in I']; . Therefore since r; # [;, we
have I'; . =TT, . Hence l;;; = v.

(b) We assume r;_y is in I';,,. Then [; is in r;_; « [;_; and so z; = down.
Therefore I, is one arrow from /;_; in I},,,. Since r; is at most one arrow
away from r;_; which is in I'j,, and r; # l;, we have that r; is in I'j,, and
therefore I'},. = liv. So since z; = down, ;41 is one arrow away from I;

in I, =TI7,. Hence [;;; = v.

We now consider the proof when I; = r;. It is clear from Corollary 5.5 that the
I'*-walking sequences {l;_1,[;} and {r;_,,r;} are distinct with /; = r; a vertex one
arrow (not a loop) away from each of /;_; and r;_;. Since ; = r;, we may apply part
A of Corollary 5.5. It says that we may choose [;1; to be either of the two vertices
that are one arrow away from [;, and choose r;;; to be the other vertex. Therefore
using Corollary 5.5 we can choose [;;; and r;;; to be consistent with the choice that
would be made by the arrow algorithm. This completes the inductive step of the
argument. We have the result. B

Let {(ZTm,lm, Ym,Tm)}oo—o be the sequence of string- tuples corresponding to the
string functions in the minimal projective resolution of the module M(S) € T*
which 1s constructed using the walking algorithm. Definition: We will call such a

sequence a walking sequence for the module M (S).

5.4 The Periodicity of a String Module

Let {hS;}2, be a minimal projective resolution of the string module M(S,) in
A. If k is the least positive integer such that M(Sk) ~ M(Sp), then we say that

the periodicity of M(Sp) is k. Our main goal in this section is to give a method for
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determining the periodicity for any string module. We will prove that the periodicity
is either |I'| or 2|T'| for all string modules. In Theorem 5.13 we will give a test to
determine the periodicity of a string module M(.Sy).

For the remainder of the chapter we will let N be the exceptional number for
I'. We let ¢t be the number of times the arrow of weight T appears in Sy. Then
using the construction of Proposition 3.3 we find S has associated to it a string-
tuple of the form (zo, 18, yo,73). We let {hS7}32, be the sequence of string functions

in the minimal projective resolution of M(S%). Also let {(z;, ™, y;,71)}2, be a

[*-walking sequence for M(Sg).

Lemma 5.8

1. If 1 is the least integer greater than 0 such that E(M(S?)) = M(Sy), then the
pertodicity of M(So) = 1.

2. 1 satisfies (1) above if and only if S} corresponds to a string-tuple of the form

1o+ 7 47 9%
0 0]

,Y0,70 ") or (Yo,Tg ~ 5 To, ) where j is an integer.

(-'1707

Proof. (1) follows from the fact that the functor E preserves minimal projective

resolutions. (2) follows from the proof of Proposition 3.3 m

Lemma 5.9 Ifthe superscripts of the vertices in a I'*-walking sequence are removed,
then the I'*-walking sequence becomes a I'-walking sequence. Also given the super-
script of the first vertex of the '™ -walking sequence we can construct the I'*-walking

sequence from the I'-walking sequence.

Proof. The first statement is an immediate consequence of the fact that I'* and

I’ are locally homeomorphic. Letting 775 be the superscript of the first vertex of a



I'*-walking sequence. Then if {w;}2, is the I'-walking sequence that we construct
by dropping the superscripts from a I'*-walking sequence, we construct the original
I'™-walking sequence recursively.

For : > 0, if o(a) = w;_; and t(a) = w;, then M; = m;_; + 1. Otherwise

™, =m_;. N

Lemma 5.10 IfT" consists of a single vertex and two loops, then the periodicity for

all string modules over A is 1 when the exceptional number is 1, and 2 otherwise.

Proof. If the exceptional number is 1, then there is only one string module. If
the exceptional number is 2, then there are two string modules with the image of

one being the kernel of the other. M

For Lemmas 5.11 through 5.13 we assume that I' is not the degenerate case that

we just handled in Lemma 5.10.

Lemma 5.11 Let k be the periodicity of the string module M(S;), then k divides

9T

Proof. It suffices to show that E(M(Syr|)) ~ M(So). Since the number of

labeled points on the I'-unit circle is 2|I'|, by Lemma 5.9, we have that l;’lllf'lr' =1
(resp. r;lllf'l” = rm). Suppose © = ri. Since I3 = rf by Lemma 5.8 we only need

to show that xgr) = 2o and yyr| = yo or Tyry = Yo and yyr| = zo. But when we
are looking at strings-tuples in I'*. If we have (z,v,y,v), either z or y is up and the

other is down. So we have E(M(S3r)) = M(So).

20|

Suppose I # rf. At the beginning of this proof we showed that Lirf' = I and

o I . .
that 7'2“3"” = r¢t!. Therefore, if we prove that Tor| = To and yor| = Yo, we will have

proven that E(M(S5r)) = M(So). However, since the number of edges in 2o rlis



the same as the number of edges in l})- — 7-377‘, and since that number together with

To (resp. zar|) determines yo (resp. ygyr|), we only need to show that zgr = .
Since, I3 # 13, [ can be determined by zo and 8 & ri. Similarly, since l;m #

41 gM2iri+1 ; T t+1 Qs 1 A1
o lori41 can be determined by zo and Il > ryjpy. Since Ly > vy can be

found by adding T to each of the superscripts in lg “ 7%, and since l;’llli'll::;" = I we

must have z,r| = zo. In other words, since those portions of I'" are homeomorphic,

. we must have zyr| = zo. In either case we have the result. ®

Lemma 5.12 If 0 < k < 2|T|, then for k # |TI'|, E(M(S})) is not isomorphic to
M(So). If E(M(S})) is not isomorphic to M(So), then the periodicity of M(So) is
2|1).

Proof. The second statement follows from the first statement and Lemma 5.11.
We prove the first statement. We first consider the case where Iy = ro = v where v
is some vertex. We assume that ¢ is such that E(M(S})) is isomorphic to M(.Sp).
Hence, we must have [; = r; = v. Also using Corollary 5.5 we can see that sequences
{6320 and {r;}32, have different starting places on the I'-unit circle. Hence, the
walking sequences lo, Iy, ..., l;_1,71,72,...,7;and ly, I, . .., lyr| are identical. There-
fore 1 = @ = |['|. (Note that this could only happen if v is a nonlooped vertex, or
I" is the degenerate case we are not considering here).

Suppose lp # ro. Then we will assume that ¢ is such that E(M(.S})) is isomorphic
to M(S) and proceed to identify the ¢’s for which this can be true. The sequence
lo,l1,-..,lyr|—1 appears on the I'-unit circle if we record the points in a clockwise
direction. Recall that although there are 2|T"| points on the unit circle, we only use
the |I'| vertex labels to label them. Thus the label I, appears twice in the sequence

lo,l1,...,1yrj-1. We locate the point labeled Iy which is not the first point in the
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sequence. For the remainder of this lemma we refer to the point that we have just
located as Lg. So that now we will refer to the vertex Iy as o or Lo. We define Ry
in a similar fashion. We have then that the second time the vertex v = l; appears
in the I'-walking sequence it will be labeled Lo. The third time it appears it will be
labeled I, once again. With this new notation we can now describe the four possible
scenarios that would lead to having the set of vertices {lo,7,} being the same as the
set of vertices {l;,7;}, a necessary condition for E(M(S})) = M(So).
Case 1: [, =Ly, m;, = Ry

Since I; = Loy appears in a different location on the I'-unit circle than ly, l;41 # L.
Similarly we have ;41 # 1. Yet if the periodicity of M(So) is ¢, then we must have
E(M(S7.,)) = M(Sy). So it must be that r;y; =}y and l;y; = r;. We have four
cases to consider. They each address what happens when only some of the equalities

of equations 5.1 - 5.4 hold.

b = L (5.1)
L = L (5.2)
ro = m (5.3)
Moo= T (5.4)

Case 1a: Suppose none of the equalities of equations 5.1 — 5.4 hold. In this case
it must be that part of I' must have the form given in figure 5.15. Since no tree of

cycles can have such an arrangement, we see that this case can not occur.



lo?li
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o =T1;

r1=1liy1 0

Figure 5.15:

Case 1b: Suppose exactly one of the equalities of equations 5.1 ~ 5.4 holds.
Then part of I' will have the form given in figure 5.16. No tree of cycle can have

this form, so this case can not occur.

Figure 5.16:

Case 1c: Suppose exactly one of the following four pairs of equations hold:5.1
and 5.2, 5.3 and 5.4, equations 5.3 and 5.2, or 5.1 and 5.4. Then part of I' will have
the form given in figure 5.17. No tree of cycles can have this form, so this case can

not occur.

Figure 5.17:

Case 1d: Suppose exactly one of the following two pairs of equations hold: 5.1

and 5.3, 5.2 and 5.4.
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Then it must be that I' is the graph given in figure 5.18. Since |I'| = 2 and ¢ must
divide 2|T'|, we know that : = 2 or ¢ = 1. We need to show that ¢ can not be 1.
Suppose it is 1. Then we have Iy = I; = l; and 7y = r; = 1. Since ly and 7 are
looped vertices, by Corollary 5.5 we have that o = yo = up and z; = y; = down.

So in that case E(M(S?)) is not isomorphic to M(Sy). We are finished with Case 1.

QY \
VU

Case 2: [; =rgand r; =[5
Then l;;; # r; while r,;; = [;. So that the set of vertices {l;,7} is not the same
as the set of vertices {li11,7i41}. Hence E(M(S},;)) is not isomorphic to M(S).
Which gives us that E(M(S?)) is not isomorphic to M(S).

Case 3: ;= Ry and r; = Ly
This forces liy1 # 7o and ri41 # l;. So to have E(M(Si41)) = M(S1). This in turn
forces l;4; = {; and r;4; = r;. Just as in Case 1 there are four cases to consider.
But the cases and the arguments are the same as they were in Case 1.

Case 4: [; =rpand r; = [,
This implies that the walking sequences [y, ly,...,0_1,71,79,...,7; and
lo,l1,...,12|T'| are identical. Therefore i = Zgl = |I'|. (We note again that this
could only happen if v is a nonlooped vertex, or T is the degenerate case we are not
considering here). W

For Lemma 5.13 we continue to use the notation that we developed in Lemma

5.12: the second time the label I appears on the [-unit circle as we read the sequence
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{1;}32, clockwise we relabel the point Lg. Similarly we define Ro. Thus if we say
lirj = ro we mean more than the two vertices are equal we mean that those two

labels correspond to the same point on the I'-unit circle.

Theorem 5.13 The periodicity of M(So) is |I'| precisely when lirj = ro and rr) = lo

and the exceptional number is 1. The periodicity of M(Sy) is 2|T'| in all other cases.

Proof. The second statement follows from the first and Lemma 5.12. We prove
the first statement. We have already shown that this is true when I' contains only
one looped vertex and when I contains exactly two vertices both of which are looped
vertices. So we assume that we do not have either of these cases. We first let the
exceptional number be 1. Then there is no need to form the graph I'*. Our walking
algorithm works for string modules over A, and we can denote the string-tuples in
the minimal projective resolution of M(Sy) without using superscripts.

If the vertex [ is the vertex rg, then by arguments that we made in Lemma 5.11
we have E(M(Sj)) =~ M(So). So assume that the vertex o is not the vertex ro.
Then for the result to hold we need z)r) = yo and y;r| = xo. Since ljr = 7o and
rir) = lo, we know that the point ljr|4, is the point r; and that the point rr4; is the
point /;. Again using similar arguments to those used in the proof of Lemma 5.11
we know that this can only happen if zr| = yo and yjr; = xo. So we have that if the
points [jr| = r¢ and r|r| = lp and the exceptional number is 1, the periodicity is |T'|.

We now show that if the exceptional number is not 1, the periodicity can not be
n. By hypothesis and using Lemma 5.9 we have that the two I'-walking sequences
lo,...,lyrjand o, ..., lip, 71, ..., 7yr) are identical. Let a be the arrow in I' of weight
T. Since there is a unique i such that o(a) = [; and #(a) = l;41, it must be that

there is a k < n such that either o(a) = [} and t(a) = l;41 or o(a) = r; and
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t(a) = lgy1. Thus the string-tuple for ASjr has either the form (zjr), TI?FI’ Yir) lﬁ“l) or
(zry, rﬁ,ym, l%). By Lemma 5.8 we know that in both of these cases E(M(Sjr))
is not isomorphic to M(Sp). We have the result. ®

We define a short I'-walking sequence, {v,vy,...,v,,w}, to be a I'-walking se-

quence in which v,w ¢ {vy,...,v,}.

Corollary 5.14 Letv € T'. Let 1, be the string Sy that we have used in the lemmas
for this section. Keeping the same notation that we have been using throughout, the
periodicity of M(1,) is |T| of and only if [Lig1,| = |T'ror,| and the exceptional number

s 1.

Proof. By Theorem 5.13 we only need to show that when the exceptional number
is 1, ly = rr) and g = {jpy if and only if [y, | = |T'yyr, |- Since in this case I = ro,
this is equivalent to proving that lo = [jrj and ro = ryp) if and only if [Ty, | = |Tyor, |-

Suppose |['jy1,| = |Tror,|- Then since Iy = rg and I; # r1, by a simple counting
argument it is easy to see that 2|T';,,| = |T'| + 1. It is also not hard to see that
the short I-walking sequence {lo,l1,...,lp} has length 2|T';,;,| — 1 = |T'|. Therefore
lo = liry. Similarly we have ro = TIry-

Suppose lp = ljr| and ¢ = 7). Since in every I-walking sequence of length 2|I|
every vertex appears exactly twice, and since we know by previous experience that
lyr) = lp experience, we have that {ly,l;,...,/r|} is a short I-walking sequence.
Therefore it must be that the vertices of that walk are completely contained in
[io1,- In fact the sequence must have each of the vertices of I'lpl; appearing exactly
twice. Thus [I'| = 2|T,,| — 1. Similarly |T'| = 2|T,,,,| — 1. Thus we have that

|F1011| = |FT07'1|' n
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Chapter 6

A minimal set of generators for
Ext(A)

In this chapter we construct a minimal set of generators for the cohomology ring or
Ext-algebra of a classical Brauer tree algebra with respect to the Jacobson radical

of A. By minimal we mean that there is no subset of the generating set that is also

a generating set.

6.1 Definitions and Notations

For each v € Ty, M(1,) is a string module. So we can apply the algorithms of
Chapter 5 to compute DY, a minimal projective resolution of M(1,). We present

the notation that we will use to describe D? below.

hSY hSY hSY

D':-.. — D! =5 DV 2 Dy 2% M(1,) — 0
In this chapter unless otherwise stated a bar over a symbol will mean the equiv-
alence class of that element. Though there will be more than one equivalence class
appearing in the chapter no confusion should arise. Let r be the Jacobson radical

of A. Then r is generated by {a: where a is an arrow in I'.}. It is not hard to show
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that A/r ~ Ilser, vA/z(UA), and that for each v € Ty, vA/g(vA) ~ M(1,). Let
A = 1lyer, M(1,). Since the (natural) sum of two minimal projective resolutions is
a minimal projective resolution, a minimal projective resolution of A >~ A/y is D =
Llver, P*. In other words, if for £ > 0, we define dy = Y"1, AS{ and for 2 > 0, we

define D; = [[,¢r, D}, then we have
do dy do T
D:---— Dy~ Dy — Dp—>A—0

is a minimal projective resolution of A.

We are now in a position to define the Ext-algebra of A with respect to r. As an
abelian group we define Ext(A) = [12, Ext*(A/r, A/r). To construct Ext*(A/r, A/r)
we begin with a projective resolution of A/p. Since in our case A is artinian, we
begin with a minimal resolution D. We replace the module A/r in the resolution

with the zero module. We then form the complex

Hom(0,A/r) 4, Hom(Do, A/r) 4, Hom(Dy,A/r) 4, ..
where dj is the zero map and df(a) = aod; for : > 1 and a € Hom(D;,A/r).
For i > 1 we define the abelian group Ext'(A/r,A/r) = Ker d}‘“/lmd;f. If e €
Ext'(A/r, A/r), then we will say that e is of degree i.

Since D is minimal, and since A is artinian, general theory gives us that
Ext‘(A/r,A/r) ~ Hom(D;,A/r). Hence Ext(A) ~ [[32,Hom(D;,A/r). Next
we use the Yoneda product to place a multiplicative structure on Ext(A). Let
f € Homa(D;,A/r) and g € Homy(Dj, A/r). Since the all D;’s are projective, we
can find a collection of homomorphisms {u;}2, that make the diagram of figure 6.1

commute. We call these homomorphisms liftings. We define f * ¢ = g o u;. Since



{f € Homa(D;,A/r) : © > 0} is a basis for Ext(A), we can extend this definition

linearly to complete the definition of multiplication of any two elements of Ext(A).

digj dig2 dit1
Dy; — Dijoqy — -+ — Dy — i
f
Uy ! Uj-1 ! up | uo l N\
d; dp dy do
D; — i — o = Dy — Dy —
Figure 6.1:

6.2 A minimal set of generators

Lemma 6.1 Let hS : v;QUIV & --- v, QUIV — v, QUIV & --- ®w,,QUIV be

a string function.
1. If QUIV =T, then the vertices vy,...,v, are distinct.

2. If QUIV =T and we do not have both n = 1 and m = 1, then the vertices

VlyeooyUp, W, ..., Wy are distinct.

Proof. Recall that for each of the vertices vy,...,v,, wy,. .., Wy, there is a corre-
sponding edge in the underlying Brauer tree on which that vertex lies. The edges
ULy« -+ U, Wi, .. ., W, are the edges in some connected edge walk from o(v;) to t(w,,).
The edge walk can be found by reading the vertices that appear in the underlying
string for hS from left to right. We let e; <= €,,4., represent that edge walk. Since
the walk i1s occurring on a tree, if that edge walk never doubles back on itself, the
edges vy,...,U,,wy,...,w, are clearly unique and we have the result. If the walk
doubles back on itself we will have some edge E appearing in the walk twice in a
row. This implies that hS contains a formal path, P, lying in one cycle that had

the same terminus and origin.
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If P lies in a nonexceptional cycle, then P must be a maximal path or an inverse
of one. So if P lies in a nonexceptional cycle or is a maximal path in an exceptional
cycle, (or an inverse of one), hS = P. Therefore we have (1) in the case where
P lies in a nonexceptional cycle. Since every cycle in I'* is a nonexceptional cycle
this constitutes a proof of (2). We now prove (1) in the case where P lies in an
exceptional cycle with exceptional number not equal to 1, but is not a maximal
path, nor an inverse of one. In this case the vertex E must also lie in the exceptional
cycle. By the definition of a string function EEE can not be an edge walk contained
in e; <= e,4+m Therefore, since this is a connected edge walk occurring on a tree
of edges, if e, < ey, = € <= VEEw < €,4n,, then the edge walks e; <= v
and w <= ey, must not contain any edges (or vertices ) that lie in the exceptional
cycle. Hence the walks e; <= F and F <= e,,, are both connected edge walks
that do not double back on themselves. If an edge z a,ppears‘ in both of those walks,
then the unique connected edge walk that doesn’t double back on itself from z to
E has the same number of edges as the one from E to z. Thus if z = ¢; = ¢;, and
if ¢ 1s odd, 7 must be even and vice-versa. Therefore, since the vertices vy, ..., v,
appear in e; <= €,4,, as every other edge, they must be distinct. W

For each k > 0 and each v € T, we will define D} = Il,eqy wA where G} is the
appropriate set of vertices. If w € G, then we will say that w appears in D}. We
also define an index set G = {(v,w) : (v,w) is a formally defined symbol, v € Ty,
and w € G}}. Using this notation we have that D, ~ (vw)eq, wA. To identify the
term sitting in the (v, w) component of Dy we will append the subscript (v, w) to
that term.

We are now ready to create a very nice basis for Ext(A). Let v,y € I'y, w € G%,

and z € G}, then we define the function f,gv’w) : Dy — A/y to be the function such
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that

f,gv’w)((O, e 30, Wy, 0,...,0)) = (0,...,0,w,0,...,0) where and on the right w
is in the M (w) component

of A/y, and
LE0,-,0,7(,0),0,...,0) = 0 where (y, ) # (v, w)

By Lemma 6.1 the component wA appears only once in D}. Therefore, this function

is well defined. We say that f,gv’w) only nontrivially projects the vertex w that appears
in D} to A/p.

Lemma 6.2 {f,g”’“’) :v €Ty, £ 20, and w € G}} is a K-basis for Ext(A).
Proof. Consider the paragraph above and note that all homomorphisms, g, from
vA to A/r are defined as follows ¢(7) = ¢(0,...,0,v,0,...,0) where v is a vertex in
the M(1,) component of A/r and cis a constant. W

We call the basis of Lemma 6.2 the standard basis and we refer to the vectors in

this basis as standard basis vectors.

Lemma 6.3 Let z,v,w € 'y with w € G¥. Then

(‘U"U) y —
féu,v) * fé‘w,w) - { go fv=w } and

otherwise

(z,w) . _
f{()u,u) * fi(x,w) — { gi fo = v } and

otherwise

(z,w) (viv) _ fi(a:,w) 'L:f w=v

0 o~ { 0 otherwise }

Proof. This is a good exercise to get the reader acclimated to the notation for

subsequent arguments. W
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Lemma 6.4 Let g € Homa(Dj,A/y). Then a collection of liftings {u,}22, for the
product f*) x g may be chosen so that for 0 < k < j, uk(DyYyy) sits in the Dy
component of Dy, and up(D?, ) = {0} for z # v.
Proof. The proof is by induction on k. We define D_; = A, and for z € T,
D, =M (:r,) We first prove the result for & = 0. By definition f{**)(D?) = {0} for
z # v, and ﬂ(”’w)(Dg') sits in the DY, component of D_;. Hence uo must be chosen
so that do(ug(D?)) = {0} for  # v and do(uo(D?)) sits in the D¥, component of
D_;. Therefore, since dy = 3_,¢r, Sy, hSY(D3) = {0} for ¢ # w, and ASY (DY)
sits in the D, component of D_;, ug(D?) is forced to lie in the Dy component of
Dy, and uo may be chosen so that uo(D¥) = {0} for z # v.

We now induct. Assume that we have the result for £ = s. Then the proof for
k = s+1 is nearly identical to the one just given for k = 0. Simply replace fi(v’w) in
the argument with d;; ;1 o u; and adjust the indices accordingly. ™

We call the lifting of Lemma 6.4 a standard lifting for the product.
Corollary 6.5 f"% « f}y‘w) =0 when z # y.

Proof. Let {ux}$2, be a standard lifting for the product. By Lemma, 6.4

u;(DZ, ;) = {0} for z # v, and w;(D}, ;) sits in the D¥ component of D;. Therefore,
since fj(y'w) only nontrivially projects the vertex w that appears in DY to A/r, when

()

y # w, we must have u; o f;"’ = 0. This gives us the result. H

Corollary 6.6
Let {ur}2, be a standard lifting for the product fi(v’z) * fj(x'w) € Ext(A). If
u;(0,...,0,W(yw),0,...,0) = (other components, Wz v, other components) where c

is a nonzero constant, then f,»(v’x) * f}x’w) =c i(_:_"jw) . Otherwise f,-(v'z) * f}z’w) =0.
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Proof. This follows from Lemma 6.4 and because the only elements not in the
kernel of f}x’w) must have a scalar multiple of w in the wA component of D7. N

It is well known that A is self-injective and of finite representation type and
hence Ext(A) is finitely generated as an algebra. Therefore we can define H to be
a minimal set of generators for Ext(A) which is also a subset of the standard basis.

We will show that H is unique.

Lemma 6.7 f,f.v’w) ¢ H if and only if cflgv’w) = ) « f;r’w) for some i,j with

t+j =k, and c#0.

Proof. This follows from Corollaries 6.5 and 6.6 and because H is a subset of a

basis. W

Corollary 6.8 All standard basis vectors in Homp(Do,A/y) and Homp(Dy,A/y)

are in H.
Proof. Apply Lemmas 6.3 and 6.7. ®H

Lemma 6.9 Let {u;}2, be a standard lifting for f,-(a’ﬁ) * f}ﬂ’v) € Ezt(A). For
some fized k, 0 < k < j, suppose v € Gy, w € Gy, T € G,
y € G€+1, ur((0,...,0,9(a),0,...,0)) = (other components,(c1@) s ), 0ther compo-
nents), dizk41((0,...,0,Waw),0,...,0)) = (other components,(czb)(a,s),0ther com-
ponents), and di41((0,...,0,y54),0,...,0)) = (other components,(cs7)g,z),0ther
components) where a is a path of any length (including 0) that does not contain a
relation, and b, g are paths of length greater than 0. Also assume that v,w,z,y,a,b, g

all lie in the same cycle, and c,,cy, c3 are constants not equal to 0.
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1. If ab is a path that does mnot contain a mazimal path,
then uk41((0, - - -, 0, W(aw), 0, - - -, 0)) = (other components,(cah)( ), 0ther com-
ponents) where h is the path such that gh = ab, and c4 is the constant such

that czcqy = cic;.

Proof. We have up(dijr4+1((0,...,0,9uw),0,...,0))) = (other
components,(c;c;ab + P) 5., other components) where P is a path not in the same
cycle as ab. Also, since hSj +1 is a string function di4; maps at most two compo-
nents of DY +1 to the zA component of D?. However, only one of those (possibly)
two components, zA, is such that z is in the same cycle as ab. That component
is the yA component. Therefore, since ab does not contain a maximal path, and
since dg11((0,---,0,9y,,0,...,0)) = (other components,(c57).,,0ther components),
we must have ux41((0,...,0,wy,,0,...,0)) = (other components,(cﬂ?)yﬁ ,other com-
ponents), where h is a path such gh = ab, and ¢4 is a constant such that czcq = ¢;1¢5.
n

Let hS be a string function. Then we will say that the vertices o(.S) and ¢(.5)
are the end vertices of hS. We will refer to all other vertices, w, appearing in the
underlying string for hAS, and with vA appearing in the domain for ~S as middle
vertices of hS. We note that we will allow a vertex that appears twice in the
underlying string to be both a middle vertex and an end vertex. However, we will
say that an end vertex, v, is an upper end vertex if vA appears in the domain for
hS. You will note that by Lemma 6.1 upper end vertices are never middle vertices.
Note also that both of the cycles that a middle vertex lies within must have length
at least 2. By the length of a cycle we mean the number of arrows in the cycle if
the cycle is not exceptional and N-(the number of arrows in the cycle) otherwise.

Figure 6.2 we supply as a reference for Theorem 6.10 and Lemma 6.11. We never
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refer to it and simply intend for the reader to use it as a thinking device.

d dj—
Dy =5 Dy, == Dy

1 ug 1 1 uo \flgi';u)
D, = D, 4 D, b, R
Figure 6.2:

For the following lemma we let the length of a cycle be the number of arrows in
the cycle when the cycle is not the exceptional cycle, and N-(the number of arrows

in the cycle ) when the cycle is the exceptional cycle with exceptional number N.

Theorem 6.10 Let v € G with v a middle vertez of hSy. Then fzu’") ¢ H if and

only if one of the two cycles that v sits in has length two.

Proof.  Since v is a middle vertex of hSY, each cycle that v sits in must have
length greater than 1. Let a and b be the two arrows with origin v. Let a’ and
b’ be the paths (not vertices) such that aa’ and bb’ are maximal paths. Using this

notation we draw part of AS} and S in figure 6.3.
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hSY : \\ a b //
\ /
z Y
hSY : a
v
Figure 6.3:

To argue both directions of the ‘if and only if’ statement we will use the following
fact. By Lemmas 6.3 and 6.7 f{"" ¢ H if and only if f{"* = cf*) % f{**) for
some w € 'y and some constant ¢ # 0. Without loss of generality we first assume

that the cycle containing aa’ has length two. Then a’ is an arrow and we have figure

6.4.

Figure 6.4:

Let {u;}$2, be a standard lifting for £ x f{=¥,
Since up((0,...,0,7(,),0,...,0)) = (0,...,0,2(;4),0,...,0), by Lemma 6.9
u1((0,...,0,944),0,...,0)) = (0,...,0,9(.),0,...,0). Hence by Cbrollary 6.4
o)y f=) = ) This gives us that f{"*) ¢ H.
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We now assume that both cycles which v sits in have length greater than two.
Let o and 3 be the first arrows of the paths a’ and &', and let A and B be the paths

such that aA = o’ and BB = V. Using this notation we give ST and hS} in figure

6.5.

t(a) t(8)

hST \ @ hSY y

Figure 6.5:

Therefore, f{* will be in H unless either f{"* = cf{"® x &) or
i) = o)y g0 Ghere ¢ # 0. We show that the first equality is not
possible, and symmetry gives us that the second equality is not possible. Let
{ur}2, be a standard lifting for l(u‘x) * fl(x'u). Since uo((0,...,0,2(2),0,...,0) =
0,...,0,2(s),0,...,0), by Lemma 6.9 we have u;((0,...,0,v(,),0,...,0) =
(other components, A(, ., other components). Thus by Corollary 6.4 we have fl(“’z) *

1(1?,11) — 0. -

Lemma 6.11 For k > 2, if w € G}, where w is a middle vertez of hS}, then

flod = o)y o) Hence f*) ¢ H.

Proof. We first address the existence of f;(w,w) and f,?i;" ). Since w is a middle
vertex, a quick study of its resolution using Corollary 5.1 establishes the existence
of féw’w). Similarly, Corollary 5.1 can be used to see that if the middle vertex w

appears in D}, it must also have appeared in D}_,. Thus ,gi’;” ) must exist.
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In figure 6.6 we illustrate a portion of the string functions hSy_,, hSE, RSy, hSY.
There we are letting P, @ be paths of length greater than zero in the same cycles
as the arrows a and b respectively. P',Q’,a’, and b’ will be the paths such that
PP QQ’,ad’, and bl are maximal paths. Also we let ¢ = £1. As you consider the
figure recall that if we choose all of the coeflicients in the underlying string for the
first homomorphism of a resolution to be +1, then the coefficients of all subsequent

underlying strings are either all +1’s or alternate between +1 and -1.
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hsz . \ QI _CP’ /

hS’lZ—l . / Q cP \

hSY :

hSY : b @

Figure 6.6:
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From figure 6.6 we see that

d]((o,...,O,E(w,x),ﬂ,...,())) = (O,...,0,2(,,,71‘,),0,...,0),
d2((0,...,O,E(w,w),o,...,(])) = (0,...,O,b(w@),—“azw,—y),o,...,0),
dk-1((0,. - .,0,M(ym),0,...,0)) = (other components, @, ), other components)
and
— —t —
di((0,...,0,W(ww),0,...,0)) = (0,...,O,Q(v,m),—cP(v,n),O,...,0).

Note that wug((0,...,0,Www),0,...,0)) = (0,...,0,B(ww),0,...,0), and apply
Lemma 6.9 to see that
u1((0,...,0,M(ym),0,...,0)) =
(other components,_B-(w,x),other components) where B is the path such that
bB = wQ = (. Since BQ' = I/, we can reapply Lemma 6.9 to see that
u1((0,...,0,@(y,w),0,...,0)) = (other components, W, ), other components). By
Corollary 6.4 we have the result. ®H

Following Lemma 6.11, the only standard basis vectors whose presence in H have
not be determined algorithmically are of the form f,ﬁ”’“’) where w is an upper end
vertex of hSY for k > 2. Those algorithmic conditions are given in Corollary 6.19.

Actually the conditions given in that Corollary are for determining when a standard

oo

basis vector of the form f,f_l"’l") (or f,£r°’”‘)) is in H where (o, L, Yms Ton Jpeo 18 @

walking sequence for M(1,) and z,, = up (or y,, = up). However those are exactly
the vectors of the form f,f_v'w) where w is an upper end vertex of hS};. To obtain
Corollary 6.19 we are going to construct algorithmic conditions for determining when
the standard basis vectors of the form f,£l°’l") (or f,ﬁ’”*’) are elements of the minimal
generating set H* for Ext(A*) where (Zm, lin, Y, Tm)meo 15 a walking sequence for
M(1,,) € Mod(A*) and z4 = up (or y, = up). Lemma 6.12 justifies this approach.

From Lemma 6.13 to Theorem 6.18 we are are going to leave off the superscripts for

the vertices of I'* when no confusion can arrise. For that portion of the paper all
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standard basis vectors will be assumed to be in Ext(A*).

Lemma 6.12 Let w e Gy CT,ze€ G! CT, and w € Gf C T. Then cflgv.w) —
) & f(zw) if and only if cf;’ %) _ f(v z%2) f( T2ut) e T and T; are the

unique elements of Zn such that wh € 7",; CT* and 22 € G’}’o crI-,

Proof.  Note that by Lemma 6.1 7; and 7; are unique. Let {ASY}2°_, and

{h 9'” %_. be the string functions in a minimal projective resolution of M(1,) €
Mod(A) and M(1,5) € Mod(A*) respectively. Let {un}3_, and {u} }%_, be stan-
dard liftings for f) « f(x *) and f(” %) fj(x ) respectively.

By the proof of Lemma 3.3 if we disregard the superscripts in a string 5'; , then
the strings S"F and Sy, are the same. Similarly if we disregard the superscripts in
the h-string hS'};l , then the h-strings hS’,’jla and hS?, are the same. Since by Section

E(M(Sy

v )) = M(Sy) for all v and m, u;, and u,, will be the same if we disregard

superscripts, and that is the essence of the proof. ®

Lemma 6.13 Let {(Tm,lnsYm,"m)} 0o be a walking sequence for M(1,,) €
Mod(A*).

1. l5 is not in l;_y & 7, if and only if ro_y is not in FT,L«,y

2. rsis not inl,_y & 15y if and only if I,y is not in T}, spr®

Proof. Since l,_; & r,_; is an edge walk on the underlying Brauer tree, and
since jt never doubles back on itself, it is clear from the diagram in figure 6.7 that
the vertex r,_, € FI‘JS“ if and only if [, € I,_; < r;_y. The proof of the second

statement follows in a similar fashion. B
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N
VRN

Figure 6.7:

i

Recall that a short T*-walking sequence {v,vy,...,v,, w} is a [*-walking sequence

in which v,w ¢ {vy,...,v,}.

Lemma 6.14 In the construction of the walking sequence, {(Zm,lmyYmsTm)} oo,
for M(1;,) € Mod(A*) we may choose x, = up if and only if [T}, | > [T, I

Similarly we may choose y, = up if and only i [Ty | > |T5 . . |

Proof. We prove the first statement. The second statement can be proven
similarly. By Corollary 5.6, whenever I, = r;, we may choose z; = up. Us-
ing the definition of a short I'*-walking sequence, one can see that [, = r, if and
only if the short I'*-walking sequence {I, l;41,...,{s} and {ls,{s41,...,7s} have the
same length. However, the length of {l,,l,,,,...,7,} is the same as the length of
{lo, &y, .., 7o} which is |}, |, and the length of {,,l11,...,1} is [T*ll41. There-
fore we have that I, = r; if and only if [T}, | = T7},,,, |.

Suppose I, # r,. Then by Corollary 5.6 x, = up if and only if I, does not
appear in [,_; < r,_;. Using Lemma 6.13 we then have z; = up if and only if
rs—1 is not in I'7, . . In addition, rs_; not appearing in I, ,, is equivalent to r,_;

not appearing in the short I'*-walking sequence {l;,{;41,...,l;}. However, r,_; is

not in the sequence {l5,ls41,...,0} if and only if the short I'*-walking sequence
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{ls,ls41,...,7s_1} has length greater than the length of {l,,ls41,...,ls} which is
2|T7,,,,|- Since {l;,ls41,...,75-1} has the same length as {I3,13,...,70,71} which is
2|7, | = 1, we have z, = up if and only if 2T}, | —1 > 2|}, . |- Hence, z, = up
if and only if [T, | = |T7,.,, |-

Combining our results when [, = r, and those we just obtained when [, # r,, we

have that we may choose z, = up if and only if [T}, | > [T, ,,| ™

Corollary 6.15 If we keep the same notation as in Lemma 6.14, and assume that
ITh | < ITr.,, |, then fUole) ¢ H*. In the same way we have that if |T7,, | < |T7,,...|

then frors) ¢ H*,

*
I.lls+l

Proof. The result follows immediately from Lemma 6.14. ®

Lemma 6.16 Let v € ™. Let {(Tm,lmyYmsTm) o be a walking sequence for
M(1,) = M(1;,)) € Mod(A™). Letk > 1,7+ j =k, and let ¢ be a nonzero scalar. If

Iy # 1 and cf,f_"’l") = ) *fj(z’l") and if {(Zm, b G ) }0_o 1s a walking sequence

1

for M(z), then
1. We may choose l} = I}, with T; = up,
2. Tl 2 1T gigal,
SRRV - | T

Ifly # ri and cf"™ = f") & f}x'r") and if {(Zm,bm, Gy Fm)} o is @ walking

sequence for M(z), then
1. We may choose 7; = 7 with &; = up,

2. IF* I Z |F:¢ri+l|)

ToT1
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N N |

TiTig1

Proof.  We prove the first set of statements. The other set can be proven us-
ing symmetry. Let {u,,}°_, be a standard lifting for the product f{*® * f}x'l“').
We first prove (1). For ease of notation we let w = I;. Since the product f,-(v'x) *
f}x’l") = cf{") # 0, we know by Corollary 6.6 that w;((0,. .. y 0, W(y),0,-..,0)) =
(other components, ¢W(,,.), other components). Since [, is an upper end vertex of
kS, we know that di((0,...,0,Www),0,...,0)) = (0,...,0,c18w,0(a)),0,- - -,0) for
some nonzero scalar ¢; and path a. Hence u;_;(di((0,...,0,T(yw),0,...,0))) =
(O,...,O,CQ;I/_b(,U,O(a)),O,...,0) for some nonzero scalar ¢, and some path b. If
w is a middle vertex of ASY, then we know d;(u;((0,...,0,W(w),0,...,0)) =
0,...,0, c3Z(I,O(A)), c4-B_(x,o(B)), 0,...,0) where c3, ¢y are nonzero scalars, and A and
B are paths that do not contain relations, i.e., A, B # 0. This leads us to the con-
tradiction d;(u;((0,...,0,W4w),0,...,0))) # u;—1(dc((0,...,0,T(w),0,...,0))).
Thus we can choose i]- = w with Z; = up.

We now prove (2) and (3). Using (1) we now choose the walking sequence,
{(f:m,im,ﬁm,fm)}ﬁﬂ, for M(z) so that l} =w = l;; = lt. And Z; = up. We will
show that the walking sequence {(Zm, I, §im, #m )} = can in fact be chosen so that
the sequences {I,,}%_o and {liynm}2_, are identical with z; = up. Since they are
walking sequences, it suffices to show that the sequences {ij_l, iJ} and {l;_4,0;} can
be chosen to be identical.

In figure 6.8 we draw part of the underlying strings for ASY,;, and ASY
we do this by appealing to the following facts: w = [, and z, = up,
we may choose ij = w with &; = up, while u;((0,...,0,W(w),0,...,0)) =
(other components, W, .,), other components) by Corollary 6.6. In the figure c;

and cg are nonzero scalars. Since I # r + k, P is not a maximal path. If @ is not a
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maximal path, then by Lemma 6.9 P and @ must lie in the came cycle. Hence, by
Corollary 5.1 liy;_y (resp. ;_;) must be the unique vertex such that l;;; (resp. iJ)
is one arrow away from /;;;_; (resp. ij_l) in the same cycle as P (resp. Q). Since P
and () are in the same cycle and since ij = liy;, we have ij_l = li4j—1. Therefore the
walking sequence {(&m, b, G Fm ) }°_o can be chosen so that {I,,},_o = {lizm Haco
are identical.

As an immediate consequence we have that [; = b = z. By Lemma 6.1 the
vertices appearing in an underlying string for a module in Mod(I'*) are distinct.
Therefore, since f,-(v‘r) is defined, we know that z; = up. By Lemma 6.14 we conclude
that I, | > |7y, |- We have proven (2).

We had shown earlier that Z; = up. So again using that {im}fnzo = {lizm o

are identical and Lemma 6.14 we have that IFI:MIHP?O&, > |l"3.‘,]».v+1| = |Thikiy, |- We
have now proven (3).
w w
/\ /\
/ N\ /N

hSY, . : P/ \ hSe : @ \

i / \ j / \

/ \ / \
Figure 6.8:
|

Lemma 6.17 Letv € T and let {(zn, oy Yms T ) } oo be a I -walking sequence for

m=0

M(1,) € Mod(A™).

1. If in accordance with Corollary 5.6 we can choose x; = up and for some i < k,

~

we can choose x; = up. Let j = k — 1. Choose {(&,, ln, Gm, Tm )} oo, be the
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walking sequence for M(1,,) such that {lm}m_o {lism}S . If in accordance
with Corollary 5.6 we can choose the sequences {Zm,}2_g and {Tiym }ooeg to be

) ) . l
identical with x; = =, = up, then for some nonzero scalar ¢ we have cf( ohe) —

ﬂ(zo,z.-) *fJ(io,i,») _ i(zo,z.-)*f}z.,zk).

to

If in accordance with Corollary 5.6 we can choose y, = up and for some ¢ < k,
we can choose y; = up. Let § = k — 1. Choose {(Zm, lmy ImsPm) } oo e the
walking sequence for M(r;) such that {7,}°_o = {rism}Z_o- If in accordance
with Corollary 5.6 we can choose the sequences {Um }oosy and {Yiym }ooep to be

) 3 ) T0,T
identical with y; = yx = up, then for some nonzero scalar ¢ we have cf,g ork) —

fi(ro,r.') *fj(ro,rj) — L_(To,ri) " f]("'iﬂ'k)'

Proof. We prove (1). (2) follows using symmetry. For notations sake we let w =
Ip=1;. By Corollary 6.6 we only need to show that u;((0,... ,O,E(U,Ik),(), ...,0)) =

(other components, CE(W,zk), other components). Using induction on m we will prove

the following more general statement. For 0 < m < j if z;,, = up, then
Um((0,-++,0,lipmiys, ) 050+ -,0)) =

(other components,cmm(w,_+ y,other components), and if z;;,, = down, then
Um—1((0, -, 0, ligmy ) 05+ -, 0)) =

(other components,c,,l_ll,-+m(w’,i+m),other components). We know from experience
that uo((0,...,0, l (w1i)>0,---,0)) = (0,... ,O,I_,'(w,li, 0,...,0). Since z; = up, we have
that the general statement when m = 0. We now assume that it is true for m = ¢,
0<t<y.

We consider four cases, and, in each case, we appeal to figures 5.1 — 5.10 of
Corollary 5.1 to create parts of the underlying strings hSY,,,hS?,,,;,hSY, and RS},

that occur in that case. We draw these in figures 6.9 — 6.12. Figure 6.9 represents
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the case where z;4;, = up and z,;,4; = down. Figure 6.10 represents the case where
Ziy+ = up and Tiyi4q1 = up. Figure 6.9 represents the case where z,4; = down and
Z;3141 = down. Figure 6.9 represents the case where z;;; = down and z;;447 = up.
In the first case the inductive assumption gives us the result immediately. In the
next two cases only one application of Lemma 6.9 gives us the result. In the last
case we need to apply Lemma 6.9 twice in order to obtain the result. We will only
write down the proof for the last case.
In this case since z;,; = down, we know that

Ut—1 ((O, ceay 0, l(t+i)(v,l,+¢)’ 0, ceay 0)) =

(other components,ctl(t+,~)(w 3 4),other components). By Lemma 6.9 we have that

Ut((U,--wU’y(uy)» ’" O)) -

(other components,kgB(w,Z),other components). where k3 is some nonzero scalar
and B is the path such that P = QB. Note that (BP')a = (Q')a. Hence,
we can reapply Lemma 6.9 to see that w,,;41((0,.. "0’7(t+i+1)(v,1,+.+,)’0""’0)) =
(other components,ct+,-+17(t+,-+1) (z‘,‘““),other components). Since z;4;+1 = up, we

have proven the inductive step of the argument.

\ \
\ \
hSyisn \\ hStys : , \\
\

lt-l-i = It+,'+1 lt - lt+]

hSty; - hSy : \/

Figure 6.9:
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ligigr 41

h t‘U+1+1 . 10 / hStu+1 : 2¢ /

hSy, , : / RS} : /

Figure 6.10: We let k,, k; be nonzero scalars, and let o be an arrow.

hStiv - hSY,

hS;U_H' : 14 \ hS';l : 2t \

Leyi i

Figure 6.11: We let k;, k; be nonzero scalars, and let a be an arrow.



liyiva liy1

/
/
k2Q'a /
RS i : hSY, 2 a/
/
Yy
\
\
hS;’_{_i . hS.zJ . 2Q \
\
\
liyi ,

Figure 6.12: k;, k, are nonzero scalars, and P and () are paths lying in the same
cycle which do not contain any relations. a is the first arrow of P, and P’ and @)’
are the paths (or vertices) such that PP’ and Q@' are maximal paths.

Theorem 6.18 Let {(zn,lm,Ym,"m)}o=e be a walking sequence for M(1,) €

Mod(T™).

1. f,f.l"’l") ¢ H* if and only of [T, | < |T7,,,,| or there is an ¢, 0 < 1 < k such

that [Ty, | 2 [Tfpial 2 1T, |-

lilegr

2. f;ETo’rk) ¢ H* if and only if T | < |I: | or there is an i, 0 < ¢ < k such

TOT1 TkTh41

that |3, | > |Uoisa] 2 [Ty,

ToTY ThkTk+1

Proof.  We will prove (1). (2) follows from symmetry. Suppose |I';, [ < |I7,, . |-
Then by Corollary 6.15 f,E,l"’l") ¢ H. Suppose, on the other hand, that there is an 1,

0 < ¢ < k such that |7, | > [T, > [T Then we can find a t,0 <t < k

Tklk_*.ll‘
such that [T, | 2 [I7,141] 2 |7, | for all j where 0 < j <k, and [Ty, | = |T7 ., |

Let { (£ b Gim> Fm ) } oo be the walking sequence for M(1,,) such that {I,,}°°_, and
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{Inse}°_, are the the same sequence. By Lemma 6.17 we can show that f,E"”’") ¢ H*
by showing that we can choose the sequences {&,}FZt and {z,4,}%25 to be the
same. Let 0 < a < k —t. By our choice of ¢t we have |I}, | > |T7, ,..,,| if and
only if |7, 2 IT7, atyay,]- Therefore we have |1"}1‘01~1| > |F’Ifal~a+l| if and only if
T30, | 2 IT7, stiyay: |- Hence by Lemma 6.14, for 0 < a < k—t, we can choose 244, =
up if and only if we can choose £, = up. In addition since [}, | > [T7,,,, |, we can
choose &j_y = xx = up. Since I}, | > |F7:1¢+1|’ we can also choose z; = &y = up.
Finally, since we can always choose £, = up, we have f,£‘°”'=) ¢ Hx. We have one
direction of (1).

Suppose f,ﬁl"’l‘) ¢ H and [T}, | > |T . If Iy # ry, then by Lemma 6.16 we

et |
have for some i, 0 < i < k, |I7,| = Tyl 2 IT7,,,,]- So suppose Iy = r, and
that ¢ f,ﬁ“’"*’ = flo®) 4 fJ(x’l“). Then by (1) of Lemma 6.16 we may choose I; = I
with #; = up. Therefore partial underlying strings for AS7, and hS; and hS? are
as given in figure 6.8 with the dotted portions ommitted. By Lemma 6.9, since
u;((0,..., O,E(,O,,k), 0,...,0)) =(0,...,0, c.i;(zylk), 0,...,0), and since P is maximal,
we have @) is maximal. Thus ASy = hS? and hence hS},, = hS} for 0 <t < ;.
Thus the walking sequence for M(z), {(Z.., i, Um,Tm)}, can be chosen so that the
sequences {(Z,,, lAm, Umo T ) }oo_o and {( @iy lnis Ymotis T ) Joop are the same with
L=1Iy=1y =7 By the proof of Lemma 6.14, since [; = r; and [, = rg, we have

5| = T3

il and [T | = |T7,,. |- Thus we also have the result when I = ry.

|
Let N be the exceptional number for I'. We define

Tl = ITyw| if Ty does not contain the exceptional cycle
VI Tow| + (N = 1)|T| otherwise.
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Corollary 6.19 Let {2, [y, rtm}%_ be a walking sequence for M(llgm) €

Mod(A*). Then

1. f{o') ¢ H C Ext(A) if and only if Ty, | > ITtt5y, | o7 there is an i, 0 <1 <k

such that
“Floh” > ”F[ili+1” > ”F1k1k+1”'

2. flrom) ¢ g C Ext(A) if and only if |Tiy,| > Tty | or there is ani, 0 <12 < k

such that

(L = (| S [ LY B

Proof. It follows from the definition of ||y ;... || that ||Tii.. | = lrrfn"'l?,,"ﬁl |
Thus by Theorem 6.18 and Lemma 6.12, we have (1). (2) follows similarly. ®

Corollary 6.19 is stronger than it appears at first. It seems to imply that we need
to calculate a I'™*-walking sequence for M(1 o ). However, that is unnecessary. We
can derive the sequences {[,,}5°_, and {r,}%_, without calculating the sequences
()2 and (B},

Let dyp be a A-string function corresponding to the h-string So where Sp is a
maximal path with origin and terminus ly. Let S; be the h-string corresponding
to d; the string function acquired by applying the picture algorithm to do. Then
let &; = o(.S1) (the origin of S;). Similarly let §; = ¢(.51). Our choice for these
two vertices may be the reverse from the choices that we would have made had we
gone to A~ for our calculations. However, the symmetry makes this irrelevant. The

reader should review Lemma 5.3.

Since A*-walking sequences and A-walking sequences are identical when we ignore
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the superscripts, the A-walking sequences {Z,}:>_y and {Jnm }o— are the walking

sequences {T, }%_, and {ym }2_,-

6.3 Summary and Examples

We can view Ext(A) as a quotient of a path algebra, KT. Below we describe how to
use Theorem 6.10 and Corollary 6.19 to construct Y. It is clear from Corollary 6.6
that the generators of the form fk"’w), for k > 1, behave like arrows from a verex v
to a vertex w, and that the generators fév’u) behave like a vertex v. Even though we
have used the label v in the graph T' we will use it again without confusion in the
graph T. We will use the label f,ﬁ”*‘”’ for the arrow from the vertex v to the vertex
w corresponding to fkv’w).

It is clear from Corollary 6.8 that, for each vertex v € T, fév’v) € H. Hence, each
of the vertices appearing in T" will also appear in T. Using Theorem 6.10 we now
decide which of the vertices v will be an origin for an arrow of the form f{"*). We
do this by considering the lengths of the two cycles in which v lies in I'. According
to the theorem the arrow f;v’v) must be included in T whenever both of the cycles
have length greater than two. Recall that for the theorem we defined the length of
a cycle to be the number of arrows in the cycle unless the cycle is the exceptional
cycle. In that case, the length of the cycle is N-(the number of arrows in the cycle)
where N is the exceptional number.

Let v (= lp = ro) be a vertex in I'. Let {l;}2, and {r;}2, be the two I" walking
sequences that begin with v. Then we now need to use Corollary 6.19 to determine
when an arrow f,f.l"’l") Or an arrow f,ﬁ’”k’ is to be included in T. We know by
Lemma 6.11 that after doing this for each vertex v € I' we will have completed the

construction of the graph of T. We warn the reader that the algorithm may yield
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the following: f,g”‘l") € H and f,ﬁ"'r") € H where [, = r;. This does not mean that
there will be two arrows of degree k from v to [;. The notation for the generators
was well defined. It simply means that f{*'*) = f{*™),

The reader will be pleased to note that for any I'-walking sequences {l;}%,,
lajepek = bk Thus Tip,, | = Tiypppatopisess S0 by Corollary 6.19 fi202H) ¢ H for
k > 1. Thus the algorithm terminates rather quickly.

Example: In figure 6.13 we give a graph I' and in figure 6.14 we give the
constructed graph Y. We give the reader that one of the I'-walking sequences for
v is vowwzyyr. We also list the sizes of the partial graphs in the order in which
they should be considered for determining the arrows leaving the vertex v using that
walk.

ITwll=14+2|T|=1+2-4=9

”Fvw” =4

[Tuwul =1

ITwz]| =4+ 2|1 =12
[Tz = 2

”Fyy“ =1

”Fyz“ =12

[Tz = 11
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