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Let X be a real reflexive locally uniformly convex Banach space with locally uniformly convex dual space X*. Let T : X 2 D(T) —
2X" be maximal monotone of type ¢ (i.e., there exist d > 0 and a nondecreasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such
that (v*, x — y) > —d||lx| — ¢([ly||) for all x € D(T), v* € Tx,and y € X),L: X > D(L) — X" be linear, surjective, and closed such
that L' : X* — X is compact,and C : X — X" be a bounded demicontinuous operator. A new degree theory is developed for
operators of the type L+ T +C. The surjectivity of L can be omitted provided that R(L) is closed, L is densely defined and self-adjoint,
and X = H, a real Hilbert space. The theory improves the degree theory of Berkovits and Mustonen for L + C, where C is bounded
demicontinuous pseudomonotone. New existence theorems are provided. In the case when L is monotone, a maximality result is
included for L and L+T. The theory is applied to prove existence of weak solutions in X = L0, T; Hé (Q)) of the nonlinear equation
given byau/at—Zﬁl((a/axi)Ai(x, u, Vu))+H, (x,u, Vu) = f(x,1), (x,t) € Qps u(x,t) =0, (x,t) € 0Qp; and u(x,0) = u(x, T), x €
Q,where A > 0,Q = Ox(0,T),0Q; = 0Q2x(0,T), A;(x,u, Vu) = (0/0x;) p(x, u, Vu) +a;(x,u, Vu) (i = 1,2,...,N), Hy(x,u, Vu) =
—AAu + g(x,u, Vu), Q is a nonempty, bounded, and open subset of RY with smooth boundary, and p,a;, g : OxRxRY - R
satisfy suitable growth conditions. In addition, a new existence result is given concerning existence of weak solutions for nonlinear

wave equation with nonmonotone nonlinearity.

1. Introduction and Preliminaries

Throughout the paper, (X,| - ||) denotes a real reflexive
locally uniformly convex Banach space with locally uniformly
convex dual space X*. For x € X and x* € X", the duality
pairing (x*, x) denotes the value x*(x). Let ] : X — 2X" be
the normalized duality mapping given by

Jx)={x" e X" : (x",x) = I«l”, |« = Ixl}. @

It is well-known that J(x) # 0 for all x € X because of
the Hahn-Banach Theorem. Since X and X" are locally uni-
formly convex reflexive Banach spaces, it is well-known that
J is single valued and homeomorphism. For a multivalued
operator T from X into X", the domain of T' denoted by D(T')
is given as D(T) = {x € X : Tx # 0}. The range of T,
denoted by R(T), is given by R(T) = (J,cp(r) Tx and graph

of T, denoted by G(T), is given by G(T) = {(x,v") : x €
D(T), v* € Tx}. The following definition is used in the squeal.

Definition 1. A multivalued operator T : X 2 D(T) — 2% s
called

(i) “monotone” if, for all x € D(T), y € D(T), v* € Tx,
and u” € Ty, we have (v* —u*,x - y) >0,

(ii) “maximal monotone” if T is monotone and (u* —
Uy, x — xo) > 0 for every (x,u”) € G(T) implies
X, € D(T) and u, € Tx,. This is equivalent to
saying that T' is “maximal monotone” if and only if
R(T + AJ) = X" for every A > 0,

(iii) “coercive” if either D(T') is bounded or there exists a
function y : [0, 00) — (—00, 00) such that y(t) — oo
ast — oo and

(hx)yzy(x) lIxl VxeD(T), y" €Tx. (2)



It is the goal of the paper to develop a topological degree
theory for classes of operators of the type L + T' + C, where L,
T, and C satisfy one of the following conditions:

(i) L: X > D(L) — X" is linear, surjective, and closed
such that L' : X* — X is compact, T : X > D(T) —
2% is maximal monotone of type r%,andC: X — X*
is bounded demicontinuous operator.

(ii) X = H, a real Hilbert space, L : H > D(L) — H is
linear, densely defined, self-adjoint, closed, and range
closed such that L™! : R(L) — H is compact, T : H >

D(T) — 29 is maximal monotone of type I‘;b, and
C: H — H is bounded demicontinuous operator.

The main reason for the need of such a theory is the
existence of nonlinear problems (i.e., nonlinear equations and
variational inequality problems) which cannot be addressed
by the existing theories under minimal assumptions on L, C,
and T. In addition, considering the classes of operators of
the type L + T + C, it is an essential contribution to have
a theory useful to drive existence theorems to treat larger
class of problems. Therefore, Section 2 gives a preliminary
lemma, which will be useful to extend the definition of
pseudomonotone homotopy of maximal monotone operators
initially introduced by Browder [1, 2]. Section 3 deals with the
construction of the degree mapping along with basic proper-
ties and homotopy invariance results. The main contribution
of this work is providing a new degree theory for treating
nonlinear problems involving operators of type L + T + C,
where L, T, and C satisfy condition (i) or (ii). In this theory,
the operator L might not be pseudomonotone type and C
is just bounded demicontinuous operator. The well-known
degree for monotone type operators, which is attributed to
Browder [1, 2], is for operators of type T + C, where T :

X > D(T) — 2%" is maximal monotone and C : G —
X" is bounded demicontinuous operator of type (S,). In
view of this, the degree mapping constructed herein allows
C to be bounded demicontinuous operator not necessarily
compact, bounded of type (S, ), or pseudomonotone. To the
best of the author’s knowledge, this degree mapping is new
and has the potential to address new classes of problems
such as wave equations with nonmonotone nonlinearities.
As a consequence of the theory, new existence results are
given for the solvability of operator inclusions of the type
Lu+Tu+Cu > f*,u € D(L) n D(T). In the last section,
examples are provided proving existence of weak solutions
for nonlinear parabolic as well as hyperbolic problems in
appropriate Sobolev spaces. For degree theories for bounded
demicontinuous (S,) perturbations of maximal monotone
operators, the reader is referred to the papers of Browder
[1, 2], Kobayashi and Otani [3], Hu and Papageorgiou [4],
Berkovits and Mustonen [5, 6], Berkovits [7], Kartsatos and
Skrypnik [8], and Kien et al. [9] and the references therein.
For recent topological degree theories for bounded pseu-
domonotone perturbations of maximal monotone operators,
the reader is referred to the recent papers of Asfaw and
Kartsatos [10] and Asfaw [11]. Basic definitions, properties,
and existence theorems concerning operators of monotone
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type can be found in the books of Barbu [12, 13], Pascali and
Sburlan [14], and Zeidler [15].

2. A Preliminary Lemma

The following lemma is useful towards the extension of
the definition of a pseudomonotone homotopy of maximal
monotone operators introduced by Browder [1, 2].

Definition 2. A family {T"},c() is said to be uniformly of
type

(i) I‘f if there exist d > 0 and a nondecreasing function
¢ : [0,00) — [0, 00) such that ¢(0) = 0 and

(Vox—y)z=dlxl - (ly]) (3)
uniformly for all ¢ € [0,1] and x € D(TH, v' € T'x,
and y € X,

(ii) T, if there exists d > 0 such that (+',x) > —d|x]|
uniformly for all t € [0,1] and x € D(T*) and v' €
T x.

IfT" = T forall t € [0, 1], then the operator T is said to be of
type 1“;/’ or I; if it satisfies either (i) or (ii), respectively.

It is easy to see that a family of monotone operators
{Tt}te[o,l] is uniformly of type I'; if 0 € T'(0) for all ¢ € [0,1].
Itis also true that the class I; includes the class Fd¢. The lemma
below is used in the construction of the degree.

Lemma 3. Let {T"},c() be a family of maximal monotone
operators uniformly of type I;. Then the following four condi-
tions are equivalent:

(i) For any sequences t, in [0,1],u, € D(T") and w, €
T'u, such that u, — uin X, andt, — t, € [0,1] and
w — wy in X" asn — oo withlimsup,_, . (w;,u, —
u) < 0, it follows that u € D(T"), w; € T"u, and
(wy,,u,) — (wy,u) asn — oo.

(ii) For each & > 0, the operator defined by y(t,w) = (T* +
&) wis continuous from [0,1] x X* to X.

(iii) For each fixedw € X", the operator defined by y,,(t) =
(T' + &) twis continuous from [0, 1] to X.

(iv) For any given pair (x,u) € G(T") and any sequence
t, — t, asn — 0o, there exist sequences {x,} and {u,}
such that u, € T'"x, and x,, — x and u,, — u as
n — 0o.

Proof. The proof for the implications (ii) = (iii)) = (iv) =
(i) follows from the result attributed to to Browder [1, 2]
without requiring the condition 0 € T*(0) for all t € [0,1].
Next we give the proof of the implication (i) = (ii). Fix
e > 0. Let (t,,w;) € [0,1] x X" such thatt, — f, and

(T + 8])_1w:
and u, = (T" + s])flwg. It follows that w, = z,, + Ju,, for
some z; € T'"u,, for all n, and wy = z; + eJu, for some

w, — w, asn — ©oo. For each n, let u,,

*
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z; € T"u,. We shall show that {,,} is bounded. By applying
I; condition on the family {T*},¢o}, we see that
(w, — w1y, = ug)
= (z, +¢&Ju, — zy — eJug, u, — ty)
= (2, — 2q» 1y, — thy) + & {Jut,, = Jutg, 11, — 14g)
> (2, = 29>ty — thy)
e (lunl® = 2 el ol + uol*)
= (2} = 2ty — ) + & (Jt | ~
= (2, ) = (2, t1g) = (295 1) + (25 o)
+ e (] — uol))’
2 =d [, = llz5 [ luoll = N1z | 4]l = o
+ e (]l = uol)’
2 —d (Juy ]| + o)) = (lwn |l + & ) s
=Lz el + & (sl = lisol)* ¥
that is, we get
e (luall = letoll)” < (sl + 1)
+ (lwnll+ € leeall) ol + o [ sl )
+ lwy —wo et = ] n.

Since {w} is bounded, (83) implies the boundedness of the
sequence {u,}. Assume, without loss of generality, that u,, —
u,Ju, — zasn — oo. Since w,, = z, + ¢Ju,, it follows that
z, — y, = W, — €z as n — 00. By the condition in (i) and
monotonicity of ] and w;, — w; asn — oo and boundedness
of {u,}, we obtain that

limsup (z,,u, —u) = limsup (w, — &Ju,,u, — u)
n—00 n—o00

= lim sup (w,,, u,, — u)
n—-00

(6)
- eliminf (Ju, - Ju,u, - u)
- eliminf (Ju,u, - u) <0.
Consequently, we arrive at
lim sup (z,.,u,) < (yg,u) . @)
n—00

Thus, by using conditions in (i), it follows that u € D(T*),
yo € T"u,and (z,u,) — (y;,u) asn — co, which implies

lim sup (]un, u, — ”) =0. (8)

n—00

Since ] is of type (S,) and continuous, we have u,, — u and
Ju, — Juasn — co, which implies y; = w, — eJu; that is,

wy € (T" + e])u, implying in turn that u = (T + s])flwg;
that is, y(t,, w,,) — w(t,w,) as n — oo. This shows that y is
continuous from [0, 1]xX " into X. Therefore, the equivalency
of the four statements is proved. O

A larger class of pseudomonotone homotopies of max-
imal monotone operators is introduced below. The original
definition of pseudomonotone homotopy of maximal mono-
tone operators {T*},¢(o,; is attributed to Browder [2] which

requires the family to satisfy 0 € T*(0) for all ¢ € [0, 1].

Definition 4. A family {T'},;o, of maximal monotone oper-
ators uniformly of type F;b is called a “pseudomonotone

homotopy of type Fj” if one of the equivalent conditions of
Lemma 3 holds.

3. Degree Theory in Reflexive Banach Space
with R(L) = X~

The section deals with the main contribution of the paper. A
new topological degree mapping is constructed for operators
of type T + C + L, where T : X > D(T) — 2% s
maximal monotone of type 1%, C : X — X" is bounded
demicontinuous operator, and L : X > D(L) — X" is
linear, surjective, and closed such that L™ : X* — X is
compact. The construction is based on the Leray-Schauder
degree mapping for the operator I + L™ (T, + C), where T :
X — X" is the Yosida approximant of T'. Since L is surjective,
L' is compact, and T, is bounded continuous operator, it
follows that L_I(Te +C): X - X" is a well-defined compact
operator. Next we prove the following theorem.

Theorem 5. Let G be a nonempty, bounded, and open subset of
X. Let {Tt}te[o,l] be a pseudomonotone homotopy of maximal
monotone operators uniformly of type l"f and {C' = tC, +
(1 = )Cylyepoq) with C; (i = 1,2) : X — X" is bounded
demicontinuous operator and let L : X > D(L) — X" be
linear, surjective, and closed such that L' : X* — X is
compact. Assume, further, that0 ¢ (L+T*+C")(D(L)ND(T*)n
0G) for all t € [0, 1]. Then there exists &, > 0 such that

ds (I+L17 (T +C"),G,0) ©)

is well-defined and independent of ¢ € (0,¢,] and t € [0,1],
where d;g denotes the Leray-Schauder degree mapping for
compact displacement of the identity and T' : X — D(T")
is the Yosida approximant of T*.

Proof. Suppose the hypotheses hold. Assume to the contrary
that there exist g, | 07, x,, € dG, and t,, € [0, 1] such that

x, +L7" (T‘:”xn + Ct"xn) =0 Vn (10)

Since L is surjective, it follows that x,, = ~L ™ (T"x,+C"x,,) €
D(L) and Lx, + Tst:xn + Chx, = 0 for all n. nThe uniform
boundedness of the family {C'}, (o ,; implies the boundedness
of {C'x,}. Since T* is of type %, letd > 0 and ¢ be as in



Definition 2. Let v} = T!x,,. It is well-known that Ji"x, €
D(T), v, € T"(Jo'x,), and J{x, = x, - €,J 7' (v;) for all n.
For each x € X, we see that

(Lxyx, —xy == (v, x, — x) — <Ct”xn,xn - x>
=- <v:,xn - ];:xn + ];:xn - x>
- <Ct"xn, X, = x>
<= (Ve () = (v Jix, = x)

t
+ "C”xn

<, = x|

< -¢, ||v:l||2 + d|

+¢ (llx[)

Je %,
<

* 2 *
< =& [val” + d x| + de, v, (1)

<.l

* |2 *
= (=eulvall” + de, Jvil) + d 1)

A

= (—snzfl + dsnzn) +d x| + ¢ (lxI)
<.l
2

de,
7 T4 call + ¢ Ul

t
+ "C"xn

+ ¢ (Ixl) + |Cx,

+ ¢ (Ix]) + |Cx,

t
+ "C"xn

<

t
+ "C”xn

x| < Ky (x),

where z, = ||v; | for all n and K| is an upper bound for {d* +
o(lxll) + dllx,|l + ||Ct"xn|| llxc,I}. Now, setting x,, — x in place
of x, we obtain that

(Lx,,x) = (Lx,, x, — (x, — x)) <k +¢(|x, - x|) (12)

for all n. Since ¢ is nondecreasing and {x,,} is bounded, we see
that

(Lx,, x) < K, (x), (13)

where K, (x) is an upper bound for {k+¢(|lx,,—x||)}. By similar
argument, setting x,, + x in place of x, we get

(Lx,,—x) = (Lx, x, — (x, + x)) <k + ¢ (|x, + x]) (14)

for all n; that is, (Lx,,x) > —k — ¢(llx, + x||) = -K;(x),
where K5(x) is an upper bound for {k + ¢(|x, + x|)}. For
each x € X, combining these two inequalities shows that
there exists N(x) > 0 such that [{Lx,,x)| < N(x) for all n.
By applying the well-known uniform boundedness principle,
we conclude that {Lx,} is bounded. Consequently, we obtain
the boundedness of {v}}. Since {C"x,,} is bounded and L™
is compact, we assume without loss of generality that there
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exists a subsequence, denoted again by {L! (v, +Cln x,)}, such
that L™ (v + C'"x,)) — x, as n — oo; that is, x,, — x, € 3G
as n — 00. Assume without loss of generality thatt, — ¢, €
[0,1],v; — v;, Lx, — y;,and C"x,, — Chx,asn — oo.
Since x,, — x,, it follows that ]st:xn =x,-¢&,] ' (v}) = x, as
n — oo; that is,

limsup (v, x,, — x,) = 0. (15)

n—00

Since {T'},¢(o,; is @ pseudomonotone homotopy of type r?,
(iv) of Lemma 3 implies that x, € D(T™), v; € T*x,, and
(v, x,) — (vg,xy) asn — 00. Since L is closed, we conclude
that x, € D(L) and Lx, = y,, which implies that 0 € (L+T +
C)(D(L)ND(T)NOG). However, this is impossible. Therefore,
there exists &, > 0 such that d;g(I + L! (Tst +C", G, 0) is well-
defined for all € € (0,¢,] and ¢ € [0, 1]. Next we prove that
there exists €, € (0, &y] such that d; (I + L (Tst +CH,G,0)is
independent of € € (0,¢,] and ¢ € [0, 1]. Suppose this is false;
that is, there exist g, | 07,6, | 0%, and ¢, € [0, 1] such that

dig (I+L17 (Tl +C"),G,0)

t (16)
#dis (L7 (T3 +C™),G,0)
for all n. For each n, we consider the homotopy
H,(s,x) =x+ L! (sTst"x +(1-y9) Tg"x) +L7'Cx,
' ' (17)

(s,x) € [0,1] xG.

. -1 . t
Since L' is compact and T, Ty, and C' are bounded con-
n n

tinuous operators, we observe that {H,(s, )}, is Leray-
Schauder type homotopy. We shall show that {H, (s, -)};¢[o,1) i
an admissible homotopy for all large #; that is, for all large #,
we have 0 ¢ H,(s,0G) for all s € [0, 1]. Suppose there exists a
subsequence of {n}, denoted again by {n}, such that there exist
x, € 0G, t, € [0,1], and s, € [0, 1] such that

x,+ L7 (snTé’:xn +(1=s,) T x, + Ct”xn) =0 (18)
for all »; that is, we have
t t, t
Lx,+s,T7x,+(1-5,)Tgyx,+C"x, =0  (19)

for all n. Assume without loss of generality thats, — s, €

[0,1] and t, — t, € [0,1] asn — oo. For each n, let v, =
£, .

Tst:xn, u, = Ty'x,, and z, = s + (1 - s,)u,. It is well-
tu ( Ttn by ( Tin tn —

known that v, € T"(J;x,), u, € T Us'xp)s Joi% = X, =

e,J ' (v}), and ]é”xn = x, - 6,] "(u}) for all n. Let x € X. By
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the definition of pseudomonotone homotopy of type F;b and
uniform boundedness condition on {C'},¢ (), we see that

(L 2, = ) = =5, (v, %, = x) = (1 = 5,) (w40 X,
= x) = (C"x 3, = ) = =5, (Vs % = JE2 %,
0%, =) = (1= 5,) 2 = 520 + T35,

il = =5 (vl (7))

=5, (v T x, = x) = (1=s,) (uy, 8,07 (uy))

-(1-s,) <uZ,]§:xn - x> + "Ct*‘xn

t,
- x> + HC "X,

< (—snsn ||v::||2 + snd|

T + 6 l1x1D)

(= (1=5)8, Jus P+ (1= 5,)d|

T %,
+ 9 (D) + [ = (=s,ea [ (20)
+s,de, vil) + (= (1=5,) 8, Jur |

(1= 5,)d8, g ) + 26 (i) + d x|

F G < (- IVsalP + dew v )

+ (=0, VT =5, VI=s.))

+ 26 (Il + d o + || = (=272 + dey,)

P ds,

+ (=8,A% +d8, M) + 2¢ (xl) + d |1, | + |[Cx, |

2 2
< d:" + df” +26 () + |, | + |C o,

<2(1+ ¢ (Ixl) +d x| + [Cx, | = Ky (),

where 7, = [\5vil, A, = [\/1-s,u,l, and K,(x) is
upper bound for {2(1 + ¢([|x[)) + dllx,| + [IC"x,[}. By
following the argument used in the first part of this proof,
it follows that {Lx,,} is bounded; that is, {z,} is bounded. By
the compactness of L™, there exists a subsequence, denoted
again by {x,}, such that x,, — x, asn — 0o. Assume without
loss of generality that Lx, — hy and z;, — z; asn — 0o0.
Since L is closed, we have x, € D(L) and h; = Lx,. Since
{z;} and {C'x,} are bounded and x,, — x, as n — ©o, we
get (z,,x,) — (z;,x,) asn — 00. To complete the proof, we
consider the following cases.

Case 1. {s,v,} is bounded. Since {z, } is bounded, {(1 - s,)u,,}
is also bounded. Since {T*},¢o , is of type l";b (e, of type L),
it follows that (v, x) > —d||x| for all x € D(T*) and V' €
T'x forall t € [0,1]. Let (x, y) € G(T*™). Since {T*},¢(o, is 2
pseudomonotone homotopy of type Fd¢, by (iv) of Lemma 3,
there exists a sequence (y,, y) € G(T*) such that y, — x

and y, — yasn — co. On the other hand, the monotonicity
of T* implies

(vi=yixg—e (V) =) 20 ¥m  (2)
that is,

s x) = Vs V) + s X — V) + &g ”V; "2

(22)
—eulyallval - vn
In a similar manner, we get
(o %) 2 (s 30 + (v 0 = ) + 8, i
(23)

=871

for all n. Multiplying (22) and (23) by s, and (1 - s,),
respectively, and adding the resulting inequalities, we get

*
un

(s %) 2 (2> Yn) + V> Xn = In)
#]|2 * *
+5,&, (“Vn " - ”yn ” ”Vn ") (24)

+(1_Sn)8n( 2_l

*

un

wallnl) - vn
Since {z,,} is bounded and x,, — x,, it follows that (z,,, x,,) —
(zg,%,) as n — co. Consequently, using (24), we obtain

(zpx0) = lim (5,%,)

> ligglf((zz,yn> + (V> X0 = V)
25)
= Limsup (s, [v, [ [ + (1 = 50) 8y [ s )

= (20, x) + (3 x0 = %)

forall (x, y) € G(T*), which yields (zg —y»x9—x) > 0. By the
maximal monotonicity of T%, we conclude that x, € D(T*)
andz; € T"x,. Therefore, we obtain that x, € D(L)ND(T")n
dGand z; € T"x, such that Lx,+z; +t,C,x+(1—£,)C,xo =
0. However, this is a contradiction.

Case II. Suppose {s,v,} is unbounded. Then there exists a
subsequence, denoted again by {s,v}, such that s, |v, | —
+00 as n — oo. Then {(1 - s,)u },{v;} and {u } being
unbounded. Assume without loss of generality that [|v, | —
oo and [lu,| — ocoasn — oo. If either {g,s,[lv; 1%} or
{8,(1 = s,)ll*]*} is unbounded, (24) implies

<Z:’xn> 2 <Z:’yn> + <y:’xn - yn>
1y

%112
+ Snsn ||vn " <1 - "VZ“ ) (26)
- bal
+(1_5n)8n“un" e i B

un




Assuming &,,s,[lv;, > - oo ord,(1 - sl > - oo and
taking limits in (26) imply that

(29 = 3% = x) 2 00, 7)

which is impossible. Thus, {snsn|lv2||2} and {8,,(1 — s,)l|lu, 1%}
are bounded. Consequently, we get

2

:
seea il = 2o — 0 (23)
n

asn — co. Similarly, we have (1 - s,))8,[lu; || — 0 asn — co.
In all cases, (24) and (25) yield a contradiction. Therefore, by
using the compactness of L' and boundedness of T'" and

T;” , we proved that the family {H,,(t, *)}c[,1] is an admissible

homotopy of Leray-Schauder type; that is, d(H, (s, ), G, 0) is
independent of s € [0, 1] for all large n; that is,

dps (I+L7" (T2 +C"),G,0)
) (29)
= dis (1+L17 (T3 +C").G,0).

However, this is impossible. Therefore, there exists & > 0
such that dis(I + L™ (Tf + C'),G,0) is well-defined and
independent of ¢ € (0,¢] and ¢ € [0,1]. The proof is
completed. O

Next we give the definition of the required degree map-
ping.

Definition 6. Let G be a nonempty, bounded, and open subset
of X.LetT : X > D(T) — 2%" be maximal monotone of
type 1"3, C: X — X" be bounded demicontinuous operator,
and L : X > D(L) — X" be linear, surjective, and closed

such that L' : X* — X is compact. Assume, further, that
f* ¢ (L+T+C)D(T) n D(L) N 0G). Then the degree of
L+T+Cat f* € X" with respect to G is given by

d(L+T+C,G,f")

30
:lilmdLs(I+L_1 (T.+C- f*),G,0), G0
elot

where d; ¢ denotes the Leray-Schauder degree mapping for
compact perturbations of the identity and T, is the Yosida
approximant of T.

The degree d satisfies the following basic properties and
homotopy invariance result.

Theorem 7. Let G be a nonempty, bounded, and open subset
of X. Let T : X > D(T) — 2% be maximal monotone of type
l"f, L:X > D(L) — X" be linear, surjective, and closed such

that L' : X* — X is compact, and C : X — X* be bounded
demicontinuous operator. Then

(i) (normalization) there exists « > 0 such that d(L +
a],G,0) =1if0 e Gandd(L +«],G,0) =0if0 ¢ G.
If L is monotone, then d(L + ],G,0) = 1if0 € G and
d(L+]’G)O) = OIJCO ¢ G}
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(ii) (existence) if 0 ¢ (L +T + C)(D(L) N D(T) N 0G) and
d(L+T+C,G,0) #0,then0 € (L+T + C)(D(L) N
D(T) N G);

(iii) (decomposition) let G, and G, be nonempty and
disjoint open subsets of G such that e L+T+
C)(G\ (G, UG,))). Then

d(L+T+C,G, f*)=d(L+T+C,Gy, f")
(31
+d(L+T+C,G,, f7);

(iv) (translation invariance) let f* ¢ (L + T + C)(D(L) N
D(T) N 0G). Then we have

d(L+T+C-f",G,0)=d(L+T+C,G, f*); (32)

(v) (homotopy invariance) let {Tt}te[o,u be a pseudomono-
tone homotopy of maximal monotone operators uni-
formly of type I‘;p and C; : X — X"(i = 1,2)is
bounded demicontinuous operator. Let

H(t,x) = Lx+ T'x +tC,x + (1 - t) C,x, (33)

(t,x) € [0,1] x (D(L) n D(T") N G). Then d(H(t,"),
G,0) is independent of t € [0,1] provided that 0 ¢
H(t,D(L) N D(T") N 0G) for all t € [0,1].

Proof. (i) Suppose the hypotheses hold. Since L™ : X* — X
is continuous, there exists d > 0 such that | Lx| > d|x|| for
all x € D(L). Let « € (0,d) and H(t,x) = x + tL Y (a]x),
(t,x) € [0,1] x (D(L) N G). If there exist t, € [0,1] and
x, € 0G such that 0 = x, + t,L""(Jx,), then it follows that
X, € D(L) and Lx, + tyaJx, = 0. Since dllxyll < [Lx,ll <
tollxoll < allxll (e, (d — a)llx,ll < 0), this gives d < « or
X, = 0. But these are impossible because 0 € Gand d > «a.
Since {tL ™" (o] )} efo,1) is @ family of compact operators from
G into X such that H(t, x) = tL™" (a]x), (t,x) € [0,1] x G, is
uniformly continuous in ¢ € [0, 1] uniformly for all x € G, it
follows that {I + tL™" (a] )}tefo,1) is an admissible homotopy of
Leray-Schauder type; that is,

d(H(t,),G,0) =dis (I+tL7 (a]),G,0)  (34)

is independent of ¢ € [0, 1]. Therefore, we obtain that d(L +
af,G,0) = d(H(1,-),G,0) = d(I,G,0) = 1if0 € G and
d(L +«J,G,0) =0if0 ¢ G.

(ii) Suppose 0 ¢ (L + T + C)(D(L) n D(T) N 9G) and
d(L+T+C,G,0) # 0. By the definition of the degree mapping
d, we see that d; (I + L™ (T, + C), G, 0) # 0 for all sufficiently
small € > 0; that is, for each ¢, | 07, there exists x,, € D(L) N
D(T) N G such that

x, + L7 (Tsnxn + an) =0 Vn (35)
By the arguments used in the proof of Theorem 5, one can

easily show that 0 € (L+T +C)(D(L) N D(T) N G). The details
are omitted here.
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(iii) Suppose the hypotheses hold. The definition of the
degree mapping d and decomposition property of the Leray-
Schauder degree d; ¢ imply

d(L+T+C,G, f")
=dis(I+L7 (T, +C- f*),G,0)
=dis(I+L7 (T, +C~- f*),G},0) (36)
+dpg (I+L’1 (T£+C—f*),G2,0)
=d(L+T+C,Gy, f)+d(L+T+C,G,, )

for all sufficiently small ¢ > 0. This completes the proof of
(iii). The proof of (iv) follows from the translation invariance
property of Leray-Schauder degree.

(v) Let C'(x) = tC,x + (1 - t)C,x, (t,x) € [0,1] x G. The
proof of Theorem 5 confirms the existence of ¢, > 0 such that
dig(I + L"l(Tst + C'),G,0) is well-defined and independent
oft € [0,1] and & € (0,¢,]; that is, by the definition of the
degree, we get that

d(H (t,-),G,0) = hl%q dis(I+L7(TE+C),G,0) (37)

is well-defined and independent of t € [0, 1]. The details are
omitted here. O

Consequently, we prove the following new existence
result.

Theorem 8. Let T : X > D(T) — 2% be densely defined

maximal monotone with 0 € T(0) and of type % L:X>
D(L) — X" be linear monotone, surjective, and closed such
that L' : X* — X is compact, and C : X — X* be bounded
demicontinuous operator. Let f* € X*. Assume, further, that
there exists R > 0 such that

(Lx+v" +Cx— f*,x) >0 (38)

forall x € D(L) N D(T) N 0Bg(0) and v* € Tx. Then [~ €
(L+T + C)D(L) N D(T) N Bg(0)). In addition, L+ T + C is
surjective if L+ T + C is coercive.

Proof. By the continuity of L™, there exists d > 0 such that
d| x|l < |Lx|for all x € D(L). Let ¢ € (0,d) and

H(t,x)=Lx+Tx+t(Cx - f*) +¢Jx,
39
(t,x) € [0,1] x (D (L) N D (T)). 9

Since 0 € T(0) and L(0) = 0, we see that H(t,x) can be
rewritten as

H(t,x)=t(Lx+Tx+Cx+eJx— ")
(40)
+(1-t)(Lx+Tx + ¢Jx),

(t,x) € [0,1] x (D(L) n D(T)). Since L and T are monotone
with 0 € T(0), we get

(Lx +v" +t(Cx— f7) + eJx, x)

={t(Lx+v" +Cx— f"),x)
(41)
+{(1-1t)(Lx+v") + eJx, x)

>{((1-t)(Lx +v*) +eJx,x) > e||x|* > 0

forallt € [0,1], x € D(L) N D(T) N 0Bx(0), and v* € Tx; that
is, we have

(t(Lx+v" +Cx+eJx— ")
(42)
+(1-t)(v" +Lx+¢Jx),x) >0
for all x € D(L) N D(T) N 0Bg(0), t € [0,1], and v* € Tx;
thatis, 0 ¢ H(t, D(L) N D(T) N 0Bk(0)) for all t € [0, 1]. Since
{T" = T}iepo,1) is @ pseudomonotone homotopy of maximal
monotone operators of type I j, (v) of Theorem 7 implies that
d(L+T+C+¢J,Bg(0), ")

(43)
=d(L+T+¢J,Bz(0),0).

Next we show that d(L + T + €], Bz(0),0) = 1. We consider

K(t,x) = Lx+tTx + eJx,
_ (44)
(t,x) € [0,1] x (D (L) n D(T) N Bx (0)).

Following the above arguments, it is not difficult to show that
0 ¢ K(t,D(L) n D(T) N 0Bg(0)) for all t € [0,1]. Since
T is densely defined, it is well-known that {T* = tThefon

is a pseudomonotone homotopy of type I ¢. that is, (v) of
Theorem 7 gives

d(L+T+¢J,Bg(0),0)=d(L+¢e],Bz(0),0)=1. (45)
Consequently, we get
d(L+T+C+¢J,Bg(0), f")
=d(L+T+¢J,Bg(0),0) =d(L+¢],Bg(0),0) (46)
=1

that is, for each ¢, | 0%, there exist x,, € D(L) N D(T) N Bx(0)
and v, € Tx,, such that

Lx,+v, +Cx, +¢,Jx,=f Vn. (47)

By using Fj condition on T and boundedness of C, we can
follow the arguments used in the proof of Theorem 5 to
conclude that f* € (L + T + C)(D(L) n D(T) N Bg(0)).
Furthermore, L + T + C is surjective provided that L+ T + C
is coercive. The proof is completed. O

Next we give the following important theorem on max-
imality of L and L + T without requiring (i) T or L to be
quasibounded and 0 € D(L) N D(T) and (ii) D(L) N D(T) #
0. The maximality condition (i) and (ii) are attributed to
Browder and Hess [16] and Rockafellar [17], respectively.



Theorem 9. Let T : X > D(T) — 2% be densely defined
maximal monotone of type I‘;P and 0 € T(0)and L : X >
D(L) — X" be linear monotone, surjective, and closed such
that L' : X* — X is compact. Then L + T is maximal
monotone.

Proof. Let f* € X". By the boundedness and continuity of J
and monotonicity of L and T' with 0 € T(0), it follows that
there exists R > 0 such that (Lx +v" + Jx - ™, x) > Ixl? =
I £* x|l forall x € D(L)ND(T) and v* € Tx;thatis, L+ T +]
is coercive. By Theorem 8, we conclude that R(L + T + J) =
X*;thatis, L + T is maximal monotone. The maximality of L
follows by setting T' = {0}. O

4. Degree Theory in a Real Hilbert Space with
R(L)# H

The content of this section outlines the construction of the
degree mapping for operators of the type L + T' + C in the
setting of a real Hilbert space, where T and C are as in
Section3and L : H 2 D(L) — H is linear densely defined,
self-adjoint, closed, and range closed. The closedness of R(L)
is achieved if we assume R(L) = N(L)*, where N(L) denotes
the null space of L. Under this condition, one can easily see
that the restriction of L to D(L) N R(L) is one to one and onto
R(L). Let P : H — N(L) be the orthogonal projection onto
N(L). In addition, it is well-known that H = N(L) & R(L).
For each € > 0, it follows that L, =eP+ L : H > D(L) - H
is linear and surjective. For further properties of operators
of type L, the reader is referred to the paper by Brézis and
Nirenberg [18]. In the following lemma, we shall show that
L.': H — H is compact for suitable & > 0.

Lemmal0. Let L : H 2 D(L) — H be linear, densely defined,
and self-adjoint and L™ : R(L) — H be compact. Then there
exists o« > 0 such that, for each ¢ € (0,«), the operator L, :
H > D(L) — H is surjective and L,' : H — H is compact.

Proof. By the property of the orthogonal projection P onto
N(L), it is well-known that P is nonexpansive; that is, ||Px —
Pyl < lx—y| forallx € Hand y € H.Since L' : R(L) —» H
is compact (i.e., it is continuous and linear), there exists « > 0
such that

|Lx-Ly| 2 alx-y| VxeD(L), yeD(L). (48)
For each ¢ € (0, a), we see that
|Lex = Ley] = |(Lx + ePx) = (Ly + ePy)
= [(Lx - Ly) + & (Px - Py)|
2 |[Lx - Ly - &|Px - Py| (49)
zafx-y|-elx-y]
=(a-g)|x-y|

for all x € D(L) and y € D(L), which implies that L, is
expansive; that is, L;l : H — H is continuous. Next we
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show that L;l is compact. Let {x,} be bounded in H and
y, = (¢P + L)™' x, for all »; that is, (eP + L)y, = x,, for all
n; that is, y, = L' (x, — ePy,) for all n. The boundedness of
{y,} follows because of the expansiveness of (¢P + L)L Since
L7 is compact, we assume by passing to a subsequence that
v, = L' (x,—€Py,) — y,asn — oo; that is, the compactness
of L' is proved. O

As a consequence of Lemma 10, it follows that L;'B
is a compact operator provided that B : H — H isa
bounded operator. Theorem 11 gives analogous result like that
of Theorem 5.

Theorem 11. Let G be a nonempty, bounded, and open subset
of H. Let C'x = tC,x + (1 - t)C,x, (t,x) € [0,1]x € G,
where C;(i = 1,2) : H — H is bounded demicontinuous
operator. Let L : H > D(L) — H be linear, densely defined,
self-adjoint, closed, and range closed such that L' : R(L) — H
is compact. Suppose {T'},co ., is a pseudomonotone homotopy
of maximal monotone operators uniformly of type 1"5. Assume,
further, that 0 ¢ (L + T" + C")(D(L) n D(T") N 9G) for all
t € [0, 1]. Then degree dLS(I+L;1 (Tst +CY,G,0) is well-defined
and independent of sufficiently small e > 0 and t € [0, 1].

Proof. Since L' is compact and C and T, are bounded
demicontinuous operators, it follows that L;l (T.+C):H —
H is a compact operator. Suppose there exist x,, € 0G and
t, € [0, 1] such that x,, + (¢,P + L)_I(Tsnxn +Chx,) = 0 for
all m; that is, ¢,Px, + Lx,, + Tet:xn + C'x,, = 0 for all n. Since
&,P + L is surjective, it follows that x,, € D(L), Lx,, € R(L),
and g,Px,, + Tg"x + C'x,, € R(L) for all ; that is, we get

x,+ L7 (sann + Tst”x + Ct"xn) =0 Vn (50)

Since Cy, C,, and P are bounded and {Tt}te[o,l] is uniformly
of type I“;p, we can follow the arguments in the proof of
Theorem 5 to conclude that {Lx,} and {Tst:xn} are bounded.
As a result, the compactness of L™" implies the existence of a
subsequence, denoted again by {L™' (¢, Px,, + Tﬁ:x +Chx,)},
such that

x,=-L" (s,,Pxn + Tet”x + Ct”xn) —
' (51)
X, €0G asn— 00.

Since C and P are bounded and the family {T"} is

uniformly of type Fj, the proof can be completed by following
exactly similar arguments as in the proof of Theorem 5. The
details are omitted here. O

Based on Theorem 11, the definition of the degree map-

ping is given below.

Definition 12. Let G be a nonempty, bounded, and open
subset of H. Let T : H > D(T) — 2 be maximal monotone
of type 1"3, C : H — H bebounded demicontinuous operator,
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and L : H > D(L) — H be linear, densely defined, self-
adjoint, closed, and range closed such that L' R(L) - H
is compact. Assume, further, that f* ¢ (L + T + C)(D(T) n
D(L) N 0G). Then the degree of L + T + C at f* € H with
respect to G is defined by

d(L+T+C,G, ")

52
=limds (I+L; (T.+C- f"),G,0), &2
elot

where L, = ¢P + L, P : H — N(L) is the orthogonal
projection onto N (L), d; ¢ denotes the Leray-Schauder degree
mapping for compact perturbations of the identity, and T, is
the Yosida approximant of T'.

The basic properties and homotopy invariance results
like that of Theorem 5 and existence theorems analogous to
Theorems 8 and 9 can be proved in Hilbert space setting by
using the surjectivity of eP + L instead of the surjectivity of L.
The degree satisfies the following properties.

Theorem 13. Let G be a nonempty, bounded, and open subset
of H. Let T : H > D(T) — 2" be maximal monotone of type
F:f, L: H > D(L) — H be linear, densely defined, self-adjoint,
closed, and range closed such that L™" : R(L) — H is compact,
and C : H — H be bounded demicontinuous operator. Then

(i) (normalization) there exists « > 0 such that d(L +
«f,G,0) = 1if0 € Gand d(L +aJ,G,0) = 0if0 ¢ G.
If L is monotone, then d(L + J,G,0) = 1if 0 € G and
d(L+],G,0)=0if0¢G;

(ii) (existence) if 0 ¢ (L+ T + C)(D(L) N D(T) N 0G) and
d(L+T+C,G,0) #0,then0 € (L+T + C)(D(L) N
D(T) N G);

(iii) (decomposition) let G, and G, be nonempty and

disjoint open subsets of G such that f* ¢ (L+T+C)((G\
(G, UG,))). Then

d(L+T+C,G, f*)=d(L+T+C,Gy, ")
(53)
+d(L+T+C,G, f*);

(iv) (translation invariance) let f* ¢ (L + T + C)(D(L) N
D(T) N 0G). Then we have

d(L+T+C-f",G,0)=d(L+T+C,G, f"); (54)

(v) (homotopy invariance) let {Tt}te[o,l] be a pseudomono-
tone homotopy of maximal monotone operators uni-
formly of type F:f andC; : H — H (i = 1,2) is bounded
demicontinuous operator. Let

H (t, x) =Lx+Ttx+tC1x+(1 -1)C,x, (55)

(t,x) € [0,1] x (D(L) N D(T") N G). Then d(H(t,-),
G,0) is independent of t € [0,1] provided that 0 ¢
H(t,D(L) n D(T") N 0G) for all t € [0,1].

Proof. The proofs can be easily completed as in the arguments
used in the proofs of Theorems 5 and 7. O

This part of the theory improves the degree theory
developed by Berkovits and Mustonen [19] for operators
of the type L + C, where C is bounded demicontinuous
pseudomonotone. In the present paper, we only assumed
that C is bounded demicontinuous operator. Berkovits and
Mustonen [19, Theorem 10, p. 959], gave an existence result
for solvability of operator equations of the type Lx + cx +
Cx = h, where C is bounded demicontinuous operator
with bounded range, ¢ > 0 such that —¢ € (L) (where
o(L) denotes the set of all eigenvalues of L), cI + C is
pseudomonotone, and the recession function (cf. Brézis
and Nirenberg [18]) corresponding to C given by Jo(u) =
liminf, |, (C(tv),v) satisfies (h,v) < Jo(v) forall v €
Ker(L +cI) with ||v]| = 1. However, for ¢ = 0, these conditions
on C and L exclude the possibility that Ker L = {0}. If R(C) is
bounded and c is any constant, we can easily see that cI + C
is sublinear for all x satisfying [x] > 1 (ie., lex + Cx| <
cllxll + (d/lxDllxll < (¢ + d)lxll = 7llx]| for all [lx|| = 1, where
T =c+dandd = sup{||Cx|| : x € H} < 00). As a result of
Theorem 14 below, the surjectivity of L + cI + C follows under
mild assumption on the constant ¢ omitting both conditions
such that cI + C is pseudomonotone and —c € o(L).

Theorem 14. Let L : H 2 D(L) — H be linear, densely
defined, self-adjoint, closed, and range closed such that L' :
R(L) — H is compact and C : H — H be bounded
demicontinuous operator. Assume, further, that there exist
nonnegative constants T € (0,«) and 0 such that |Cx|| <
Tllxll + 6 for all x € D(L) with sufficiently large ||x||, where
« is the largest positive constant satisfying al|x|| < ||Lx| for
all x € D(L). Then L + C is surjective. If a reflexive Banach
space X is used instead of a real Hilbert space H, then the same
conclusion holds provided that L is surjective.

Proof. Let f ¢ Hand e € (0, — 1) (i.e, € € (0,)). Consider
the homotopy equation given by

H(t,x)=Lx+t(Cx— f)+e(1-1)Jx,

(56)
(t,x) € [0,1] x D(L).
Consequently, we have
IH (£, )|l = |Lx +t (Cx - f) +e(1 - 1t) Jx||
> |Lx|| -t |Cx - f|| - (1 —=t) e|lJx]
> |Lx| - |Cx — f]| - el
> lLxl ~ 7 ] - 6~ | £] - elx] 7)
1L (1 _@ralxd | +9)
| L] [ Lx|
(-2 U1
o [ Lx]|

forall x € D(L) \ {0} and t € [0,1]. Since ¢ € (0, — T)
(i.e., 1 > (7 + &)/) and the right hand side of this inequality
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is independent of t € [0, 1], letting [|x|| — co implies that
there exists R = R(f) > 0 such that [|[H(t,x)| > 0 for all
x € D(L) N 0BR(0) and t € [0, 1]. Consequently, by using (i)
and (v) of Theorem 13, we conclude that

d(H(t,"),Bg (0),0) = d (H(1,), B (0),0)

:d(L'f‘C_f)BR(O)’O)
(58)
=d(H(0,"), B (0),0)
_d(

L+¢],Bg(0),0) = I;

that is, f = Lx + Cx is solvable in D(L). Since f € H is
arbitrary, we conclude that L + C is surjective. The proof is
completed. O

In the case when R(C) is bounded, we can apply Theo-
rem 14 to conclude that L + cI + C is surjective because of
the sublinearity of cI + Cwitht = ¢ +d € (0,a) and C
is demicontinuous operator. As a result, it follows that ¢ can
be zero and L + C is surjective if « > d without C being
pseudomonotone. In [19], Berkovits and Mustonen gave an
existence theorem for the surjectivity of operators of the type
L+C, where L satisfies conditions of Theorem 14 andC : H —
H is bounded demicontinuous pseudomonotone satisfying
the following: (i) (Lx,x) > —(1/a)|Lx|* for all x € D(L),
where « is the largest positive constant, (ii) there exist ¢; > 0
and # > 0 such that |Cx|| > #llx|| — ¢, for all x € D(L), and
(iii) there exist y € (0,«) and ¢, > 0 such that (Cx,x) >
(1/)/)||Cx||2 — ¢, for all x € D(L). By combining (ii) and (iii),
we can easily see that

ICxI < ylIxll + ve, (59)

for all x satistying |lx|| > (1 + ¢;)/%, which is a sublinearity
condition used in Theorem 14. This shows that conditions
(ii) and (iii) used by Berkovits and Mustonen [19, Theorem
8, p. 957] give stronger conditions on C as compared with
the sublinearity of C. However, Theorem 14 does not need
condition (ii) or (iii). The last but the main improvement
of Theorem 14 over that of Berkovits and Mustonen [19] is
dropping the requirement of C to be pseudomonotone. It is
worth mentioning here that the same conclusion holds in
Theorem 14 if the sublinearity condition on C holds for all
x € D(L) with sufficiently large |lx||. As a result, we get the
following corollary.

Corollary 15. Let L : H 2 D(L) — H be linear, densely
defined, self-adjoint, closed, and range closed such that L™" :
R(L) — H is compact and C : H — H be bounded
demicontinuous operator. Assume, further, that there exist
nonnegative constants y and [3 such that 0 < yu < o — 1 and

(Cx,x) = BlICx|I”> - x| Vx € H, (60)

where af3 > 1 and « is the largest positive constant such that
alx|l < IILx|| for all x € D(L). If |[Cx|| — oo as ||x]| — oo,
then L + C is surjective. If a reflexive Banach space X is used
instead of a real Hilbert space H, then the same conclusion
holds provided that L is surjective.
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Proof. By the side condition on C, we see that

BlCxI* < pllxll +(Cx, x) = x| + |ICx]l | x| (6D
Vx € H.

Consequently, we get

Ixl 1
ICxl < 2L 4 2

BlCx B

Since |Cx|| — oo as ||x|| — o0, there exists R > 0 such that
[Cx]|| = 1 for all |x|| > R; that is, we have

Vx € H\ {0}. (62)

ICxl < Fllx|l Vx with x| = R, (63)

where T = (u + 1)/p. Since T € (0, «) by the hypotheses, we
can apply Theorem 14 with 6 = 0 and 7 = 7 to conclude that
L + C is surjective. The proof is completed. O

We can observe that the largest positive constant o used
in the hypotheses of Theorem 14 satisfies the condition

(Lx, x) > —i ILx|*> VxeD(L). (64)

In [18], Brézis and Nirenberg [18, Theorem IIL.2, p. 270]

proved that f € R(L°+ C) provided that the following
conditions hold:

(i) dim N(L) < co and there are positive constants y < «,
u, and A such that

(Cx— fix) = i ICxI? — el = A (] +1)5 (65)

where u = u; + u,, u; € N(L), and u, € R(L).

(ii) Jo(v) > (f,v) + glvll for all v € N(L) with v # 0,
where ¢, > 0,y < a(1+/c,) ", and J- is the recession
function of C.

In view of these, Corollary 15 does not require dim N(L) <
00 or (ii). In conclusion, Theorem 14 and its corollary gave
new surjectivity results with weaker assumptions on L and C.
In addition, we note here that Berkovits and Mustonen [19]
proved surjectivity of L + C under weak coercivity condition
of the type |Cx|| = #llx|l — ¢, for all x € D(L), for some # > 0
and ¢, > 0, and condition of type (i) with the possibility of
having infinite dimensional null space of L.

5. Applications

In this section, we shall apply the abstract existence results
to prove existence of weak solutions for nonlinear parabolic
and hyperbolic problems such as wave and minimal surface
equations. In these examples, the main contribution is that
the Leray-Lion condition which guarantees pseudomono-
tonicity of the nonlinear term(s) is dropped. This will help
to treat larger class of nonlinear equations and inequalities
in appropriate Sobolev spaces. In the following examples, the
norm of u € H, where H = L2(0, T;V), where V = Hé(Q), is
denoted by [|u].



Journal of Function Spaces

Example 16 (nonlinear parabolic equation). Let H = L2(0,
T;V), where V. = Hé(Q). We prove the existence of weak
solution for the nonlinear parabolic problem given by

ou

0
i <a_x,»Ai (x, u, Vu)) + Hjy (x,u, Vu)

i=1

= f(x1)
u(x,t)=0

in Qr, (66)
(x,t) € 0Qr,
u(x,0)=u(xT) xeQ,

where Q; = Q x (0,T), Q) is a nonempty, bounded, and open
subset of RY with smooth boundary, 0Q; = 0Q x (0,T),
A > 0, A(x,u,Vu) = (9/0x;)p(x,u, Vu) + a;,(x,u, Vu),
H, (x,u,Vu) = —AAu + g(x,u, Vu), and b; = dp(x,n,&)/0x;
(i=1,2,3,...,N) forall (x,7,&) € QxR x RY. Suppose the
following hypotheses are satisfied:

(i)a (G = LN), b(i=12,..,N),andg : Q x
R x RN + R are Carathéodory functions; that is,
x = a;(x,1,8), x - bi(x,1,8), and x — g(x,n,&) are
measurable functions for almost all (,&) € R x RN

and (17) E) = ai(x’ ’7’ E)) (7]> E) s bi(x) 17) f)> and
(n,&) — g(x,n,&) are continuous for almost all x €

Q.
(ii) There exist k; € L*(Q) and ¢ = 0 such that

max {|p (x,7,8)|, |Vp (2,7, )|}
<ky (o 0) + o (Jn] + ),

(67)
el
;a—le X&) & > |n°
for all (x,7,8) € O x R, where x = (x,x,,...,xy) €
RY and
p (51,8 \"
\% &)= ————= . 68
ol - (20 (69)
(iii) There exist k, € L*(Q) and ¢, = 0 such that
|a; (.7, €)| < &y (x,8) + ¢, (|| + [€]) (69)
foralli=1,...,Nand (x,,&) € Q xR x RY.
(iv) There exist k; € L*(Q) and ¢ > 0 such that
|9 (6,1, 8)] < ks (x,8) + ¢ (] + [8]) (70)
forall (x,7,8) € QxR x RN,
(v) There exists k, € L*(Q) such that
N
Y a; (.1, 8) & = —k, [¢] (71)
i=1

forall (x,7,8) € QxR x RY, where & = (E,i)f\:]l.

1

LetL: H 2 D(L) — H be given by Lu = u = AAu, u € D(L),
where A > 0 and

D(L) ={u e L*(0,T; H* (Q) N Hy () : o/
(72)
€ 12(Q), u(0) = u(T)};

that is, we have
(Lu,¢) = (u',¢) + A J Vu (x, )V (x,t) dxdt,  (73)
Q

¢ € H,u € D(L), where 4 is understood in the sense that

T T
I o (t)qb(t)dt:—J w(t)¢' (1) de (74)
0 0

for all ¢ € C;°(0,T) and <, > is the inner product in L*(Q).
The norm of u in H is given by

1/2

flull = (LT lu @)l dt> ) (75)

where [u@®)lly = (U@l + IVu®lp@)*t € 0,11,
It is well-known that L is surjective maximal monotone and
L' : H — H exists and is continuous. As a consequence
of the compact embedding of Hé(Q) into L*(Q), it is not
difficult to show that L™" is compact. In addition, the maximal

monotonicity of L implies the closedness of graph of L; that
is, Lis closed. Let A : H — H be given by

(Au, ¢) = JQ Vp (x,u, Vu) V¢ (x,t) dx dt, (76)

¢ € Hyue Hand B: H — H be given by

N
(Bu,(/))zZJ a; (x,u, Vu) ¢( )d dt, (77)
i=1-Q

¢ € H,u € H. By conditions (i) through (iv), it well-known
that A and B are bounded continuous operators; that is, C :
H — H given by C = A + Bis bounded continuous operator.
A weak solution in H of (66) is understood in the sense of the
following definition.

Definition 17. Let f € L*(Q). An element u € H is called a
“weak solution” of (66) if

(Lu+Cu,¢) = (f,¢) V¢ € H; (78)

that is, u satisfies the functional equation

(4 g) + IQ <Vu (x0,1) Vo (x,1)

+ Za (x, u, Vi) 8¢> (. 1) ) dxdt (79)

1

= J (f (e, t) = g (x,u, Vi) ¢ (x, 1) dx dt
Q

for all ¢ € H. The following existence result holds.
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Theorem 18. Suppose conditions (i) through (v) are satisfied.
Then, for each f € L3(Q), (66) admits at least one weak
solution in H.

Proof. Let L, A, and B be as defined in (73), (76), and (77),
respectively. It is well-known that L : H 2 D(L) —
H is surjective maximal monotone (i.e., graph closed) and
L' : H — His compact and C = A + B is bounded
continuous operator. By applying Holder’s inequalities along
with conditions (i) through (v), monotonicity of u', and
coercivity of L we can see that

(Lu+ Cu - fyu) = (Lu,u) + (Cu — f,u)

= <u',u> - JQ Au (x,t) u(x,t) dx dt

+ J- (Vp (x,u, Vu) Vu (x,t)) dx dt
Q

ul ou
+ ; JQ a; (x,u, Vu) a—xidx dt

- ”f”LZ(Q) "””LZ(Q)
(80)

zj IVu(x,t)lzdxdt+J (6, O dox dt
Q Q

_ jQ Ko IVail dx dt = | ] 2.0 Il 200

> lul* - ”k()”LZ(Q) IVall 2 = ||f||L2(Q) lleell 2
> flul)® - |lk0|lL2(Q) [lell - ||f||Lz(Q) [leel

= ul? (1 B “f||L2(Q) + "kollLZ(Q) )

el

for all u € D(L) \ {0}. Since the right side of the above
inequality tends to co as ||u]| — o0, there exists R = R(f) > 0
such that

(Lu+Cu- fu) >0 (81)

for all u € D(L) N 0Bg(0); that is, the boundary condition
in Theorem 8 is satisfied with linear operator L, maximal
monotone operator T = {0}, and bounded continuous
operator C. Therefore, we conclude that the problem f* =
Lu + Cu is solvable in D(L), where f* is a functional on H
generated by f € L*(Q). Since f € L*(Q) is arbitrary, there
exists u € D(L) such that

(Lu+Cu,¢) = (f,¢) V¢ €H, (82)

that is, (66) admits at least one weak solution in D(L). The
proof is completed. 0

One of the main advantages of this theory concerning
parabolic problems of type (66) is dropping the requirement

Journal of Function Spaces

for C to be pseudomonotone type, that is, dropping the
condition

(¢ (xn&)—a (xn.8)(§-&) =0, (83)

M=

I
—_

for all (x,#,&") and (x,7,&) in Q x R x RY.

Example 19 (minimal surface equation). Let H, Q, Qp = Q X
(0,T), and 0Q = 0Q x (0, T) be as in Example 16. Let 3; :
QxR x RN — R be given by

g V(x%,7,8) e QxR xRN

foralli = 1,2,...,N. It follows that ; (i = 1,2,...,N)
satisfies (i) and | B;(x, 7, &)| < €] < Il + |€], that is, condition
(iv) of Example 16 with k;(x,t) = 0 for all (x,f) € Q and
¢; = 1. We notice here that

Bi (x,1n.8) =

Vu

1+ |[Vul?

N
0 10
L A [ ueH.

;axi s v )’

LetL =0/0t-AA,A:H - H,B:H— H,andC=A+B
be defined by

—div

— N 0¢ (x, 1)
<Au, ¢> = ; JQ Bi (x,u, Vi) ¢aj:,

dx dt,
(86)

<1~S’u, ¢>> = J g (x,u,Vu) ¢ (x,t) dx dt.
Q

u € H and ¢ € H. By using the operators L and C
and following analogous arguments used in the proof of
Theorem 18, for each f* € H, we can show that f* = Lu+Cu
is solvable in D(L); that is, u € D(L) satisfies (Lu + Cu, ¢) =
(f, ¢) for all € H provided that f € L*(Q). Equivalently, we
conclude that the minimal surface equation, given by

a_u — Au — div

3 + g (x,u, Vu)

1+ |Vul?

= f(xt) (87)

u(x,t)=0

in Qp,
(x,t) € 0Qr,

u(x,0)=u(xT) xe€Q,

admits at least one weak solution in H provided that A >
0, f € L*(Q) and g satisfies conditions (i) and (iv) of
Example 16, and g(x, 7, &)y > |5|* forall (x, 7, &) € QxRxRYN.
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Example 20 (nonlinear wave equation). Let H = L*(Q), Q=
(0, 277) x (0, 7). We shall show existence of weak solutions in
H of the wave equation given by

Uy — U+ g(xu) = f(xt) (t,x) e,
u(t,0)=u(t,m)=0 te€(0,2m),
(88)
u(x,0)=u(x,2n) xe€(0,m),
u, (x,0) = u, (x,2m) x€(0,m),

where f € L*(Q) and
(a) g: QxR — R is Carathéodory function;
(b) there exist ¢, > 0 and k, € L*(Q2) such that

|g(t, x,u)| <k,(t,x)+¢qlul V(i x)eQ. (89)

A weak solution u € H of (88) is understood in the sense of
the following definition.

Definition 21. Let f € L*(Q). An element u € H is called a

“weak solution of (88)” if u satisfies

(¢ — ¢ux) + (Cud) = (£4) Ve CL(Q), (90)

where

C2(Q)={peC’(Q):¢(0,t) = ¢ (m,1)

(91)
=0, $(x,0) = ¢(x,27), ¢ (x,0) = ¢ (x,27m)} 5
that is,
2 e
J‘ J u (¢tt - (pxx) dxadt
o Jo
2 e

92
+J-0 Jo gt x,u) pdxdt (92)

- LG r Flot)pdxdt

0
for all ¢ € C2(Q).
Next we prove the following existence theorem.

Theorem 22. Suppose g satisfies conditions (a) and (b), and
let C: H — H be given by Cu = g(-,-,u), u € H. Then, for
each f € H, (88) admits at least one weak solution in H.

Proof. By the sublinearity of g, we can easily see that C : H —
H is bounded continuous operator and [[Cul| < [lkoll;2(q) +
Gllull for all u € H. The abstract representation of the wave
operator 0%/0t* — 0%/0x” in H = L*(Q) is the linear operator
L:H > D(L) — H given by

Lu =

meZ,neZ,

2 2
n =m Uy, Pmn

(93)
U= Z UpinPrmn>

meZ,nez,

13

where t,,,, = (U Qp)> Pon(t, x) = 7T exp(imt) sin(nx), and

D(L)=4uecH: Z 'nz—m2|2|umn|2<oo . (94)

meZ,nez,

If u € H*(Q), then, by using successive integration by parts,
we see that u € D(L) is a solution of Lu + Cu = f if and
only if u satisfies (90). It is well-known that L is linear densely
defined, self-adjoint, and closed and R(L) = N(L)* (i.e., R(L)
is closed), the restriction of L to D(L) N R(L), denoted again
by L, is one to one onto R(L), and L' . RL) > His
compact. Since L' is continuous, there exists d > 0 such
that d|lull < ||Lu| for all u € D(L). Let « > 0 be the largest
positive constant to satisfy this condition. If ¢, € (0, &), then,
by applying Theorem 14 with 6 = [lk;l;2(q) and T = ¢, we
conclude that there exists u € D(L) such that

(Lu+Cu,¢) = (f,¢) V¢ € H; (95)
that is, (88) admits a weak solution in D(L). The proof is
completed. O

It is important to notice that the monotonicity assump-
tion on g is not required to establish existence of weak
solutions for (88). For existence of weak solutions under
the requirement that g is monotone, the reader is referred
to the papers by Rabinowitz [20], Brézis and Nirenberg
[18, 21], Brezis [22], and Barbu and Pavel [23] and the
references therein. In an attempt to remove the monotonicity
assumption on g, Coron [24] used additional assumption
on N(L); that is, he assumed the existence of a closed
subspace H; of H such that N(L) n H; = {0} and H, is
invariant under L and g. For further results on nonmonotone
g» the reader is referred to the papers by Coron [24] and
Hofer [25]. Consequently, Theorem 22 provides a new result
concerning existence of weak solution for the nonlinear wave
equation with lower order nonlinear part g satisfying only
continuity and sublinearity conditions. In conclusion, we like
to mention that various examples of pseudomonotone type
operators under Leray-Lion type growth conditions along
with (83) can be found in the papers of Landes and Mustonen
[26], Mustonen [27], and Mustonen and Tienari [28] and
the references therein. Existence results for perturbations of
maximal monotone operator T by bounded demicontinuous
operator of type (S,) or bounded pseudomonotone can be
found in the papers of Browder and Hess [16], Kenmochi
[29], Kartsatos [30], Asfaw [31-33], and Le [34] and the
references therein. For detailed study of ranges of sums of
perturbed operators in Hilbert space and more examples
and properties of elliptic, parabolic, and hyperbolic linear
operators, we mention the papers by Brézis and Nirenberg
[18] and Berkovits and Mustonen [19] and the references
therein.
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