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Ionic polymer cluster energetics: Computational analysis of pendant chain
stiffness and charge imbalance
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In recent years there has been considerable study of the potential mechanisms underlying the
electromechanical response of ionic-polymer-metal composites. The most recent models have been
based on the response of the ion-containing clusters that are formed when the material is
synthesized. Most of these efforts have employed assumptions of uniform ion distribution within
spherical cluster shapes. This work investigates the impact of dispensing with these assumptions in
order to better understand the parameters that impact cluster shape, size, and ion transport potential.
A computational micromechanics model applying Monte Carlo methodology is employed to predict
the equilibrium state of a single cluster of a solvated ionomeric polymer. For a constant solvated
state, the model tracks the position of individual ions within a given cluster in response to ion-ion
interaction, mechanical stiffness of the pendant chain, cluster surface energy, and external
electric-field loading. Results suggest that cluster surface effects play a significant role in the
equilibrium cluster state, including ion distribution; pendant chain stiffness also plays a role in ion
distribution but to a lesser extent. Moreover, ion pairing is rarely complete even in cation-rich
clusters; this in turn supports the supposition of the formation of anode and cathode boundary
layers. © 2005 American Institute of Physics. �DOI: 10.1063/1.1937475�

I. INTRODUCTION

It has been over a decade since the transduction proper-
ties of ionic-polymer-metal composites �IPMCs� were
observed.1–5 In that time there has been considerable conjec-
ture over the potential applications of these soft
transducers2,3,6–8 and considerable fruitful investigation to-
wards these ends.9–11 However, many aspects of their elec-
tromechanical behavior still are not understood, impeding
full exploitation of these devices. For instance, because these
devices �for most polymer and associated counterion forms�
display a fast response followed by a slow “relaxation” re-
sponse when fully solvated, it is clear that at least two dif-
ferent electromechanical response mechanisms are stimu-
lated by the application of an electric field. The nature of
these mechanisms is still under investigation.

Most models of the transduction behavior rely on the
cluster morphology of the ionic polymer layer as proposed
by Hsu and Gierke,12 where the material has been solvated
with water. In brief, the backbone of the ionic-polymer chain
is hydrophobic while the side chains terminate in hydrophilic
ionic groups. Hsu and Gierke propose that these hydrophilic
ionic side groups and the water that has been taken up by the
material cluster together. The model further suggests an ide-
alized structuring whereby the clusters are of essentially con-
stant radius, uniformly distributed throughout the material,
and interconnected by channels. Subsequently, many have
sought to quantify the cluster radius and spacing as functions
of polymer equivalent weight, hydration level, counterion,

etc. See, for instance, the modeling works of Datye and
co-workers13,14 and the experimental work of Lehmani
et al.15

Early transduction models proposed an entirely hydrau-
lic description of the electromechanical response. In this ap-
proach counterions and water migrate through the thickness
of the material in response to electric field; this in turn results
in differential swelling of the clusters and the observed bend-
ing response. Because these models are consistent with a
substantial proportion of the experimentally observed re-
sponse, considerable strides have been made in the effort to
develop them.16 However, it has since been noted that these
models are in conflict with certain aspects of recently ob-
tained experimental observations.8 A subsequent hybrid
model proposed by Li and Nemat-Nasser17 and Nemat-
Nasser and Li18 addresses the above-noted multimechanisms
by considering the interplay of multiple contributions to the
overall energy state including elastic, electrostatic, and os-
motic effects. The first of these efforts17 focuses primarily on
the clustering, in which they conclude the clusters within the
ionomer studied will be oblate in the presence of an applied
electric field, and spherical in its absence. In each of the
efforts17,18 they also assume uniform and paired distribution
of the ionic side groups over the surface of each spherical
cluster, while in the later effort,18 the formation of anode
and cathode boundary layers during IPMC actuation is
hypothesized.

Based in part on the aforementioned studies by Nemat-
Nasser and Li, as well as the results of earlier works by the
current authors,19,20 this effort seeks to address the impact of
pendant chain stiffness and charge imbalance as they may
relate to the formation of electrode boundary layers. In thea�Electronic mail: lweiland@engr.pitt.edu
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first of these works,19 results suggest that the pendant chain
stiffness, cluster surface boundary, and locally increased
electric field may play significant roles in boundary layer
response. In the subsequent, more detailed study20 a Monte
Carlo style computational approach is developed and applied
to the identification of cluster equilibrium states in order to
assess the assumption of uniform charge distribution, per-
fectly spherical cluster shape, and the impact of varying clus-
ter surface tension. One significant result of that work is the
prediction of incomplete pairing; this prediction not only
suggests that the clusters within an ionomer are predisposed
to ion transport, but also suggests that application of the
assumption of uniform and paired ion distribution will lead
to an underprediction of IPMC actuation response. A second
significant result of that work is the significant role that the
cluster surface plays in the predicted equilibrium state.

In the present work a Monte Carlo style computational
approach is applied to the study of cluster equilibrium states
to assess the impact of varying pendant chain stiffness and
charge imbalance; introduction of an energy barrier to ion
motion is also considered. The intent is to facilitate the ap-
plication of larger length scale models, such as those noted
above, through identification of sources of error and their
impact, as well as facilitate ionomer fabrication and experi-
mental studies aimed at optimizing the transduction re-
sponse. In this effort no assumption of uniform ion distribu-
tion is required, and subsequent response may lead to
nonspherical cluster shapes. Ion movement occurs in re-
sponse to ion-ion interactions, elastic constraint of the pen-
dant chains, cluster surface energy, and externally applied
electric field.

The paper is organized as follows. Section II discusses
the theoretical basis and construction of the model. Section
III provides model predictions for a range of parametric stud-
ies. Section IV presents discussion of the predictions. Section
V concludes the work.

II. MODELING APPROACH

This work applies the modeling approach developed and
validated by Weiland and Leo.20 This section provides a brief
review of the approach. The approach is focused on under-
standing the interactions within the clusters that are formed
in ionomer materials. These clusters consist of an aggrega-
tion of charged side groups, counterions, and solvent, and it
is commonly believed that a network of clusters is connected
through “channels” that facilitate the transport of the coun-
terion through the polymer. It is this ion conduction property
that gives rise to electromechanical transduction.

Our goal is to understand the interactions of ions within
a cluster as a function of relevant polymer properties as il-
lustrated in Fig. 1. The cluster model consists of a specified
number of negatively charged ionic groups �“anions”�, and
positively charged counterions �“cations”�. We assume that
the cluster is solvated with a liquid and that this liquid cre-
ates a surface tension at the boundaries of the cluster which
will restrict the motion of cations and anions. Further, we
assume that this cluster surface, or hydrophobic-hydrophilic
boundary, is defined by the location of the anions.

This development is based on static energy states and
assumes a reversible process, where losses due to solvent
viscosity and pendant chain reconfiguration are fundamen-
tally dynamic processes. This model concerns itself with
identifying the low-energy state of a cluster for a specified
distribution of ions, and thus no transport of ions outside the
cluster is considered. Transport is considered indirectly
through identification of the low-energy state with variations
in charge imbalance; the impact of osmotic-pressure varia-
tions due to water transport is not considered so that electro-
static contribution to transduction response may be consid-
ered in isolation. The introduction of cluster charge
imbalance necessarily results in a local, nonzero charge den-
sity. In this work the charge density is calculated over the
spherical volume defined by the ion with the largest radial
position.

We hypothesize the existence of cations located outside
the anion boundary shell, which are termed “outer cations”
in this work. Further, we define ion pairing as the close prox-
imity of a cation and an anion. Unlike some previous models
which have assumed that ion pairing is complete, the present
model allows the existence of “unpaired ions,” i.e., those
anions that are not in close proximity to a cation.

A. Theory

The model is constructed such that the ions are allowed
to move independently in a manner governed by the summa-
tion of electrostatic, elastic, and cluster surface forces, where
this summation dictates the proposed stepping direction. A

FIG. 1. Identification of the region of study �a single cluster� as it relates to
an IPMC.
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step in the same direction and of maximum magnitude
0.002 nm is tested.20 If the step leads to ion overlap, the step
size is reduced or rejected depending on the proximity of the
conflicting ion. The step is then tested to confirm that it leads
to a lower-energy state via the summation of corresponding
energy terms; if it fails this test the step is rejected. In both
summations, it is assumed that no direct coupling exists
among the critical terms. The system is considered con-
verged only when all ion steps are rejected. These summa-
tions are given by

Ftot = Fext + Fion-ion + Fpc + Fs, �1�

Utot = Uext + Uion-ion + Upc + Us, �2�

where the subscript “ext” refers to response driven by exter-
nally applied electric field, “ion-ion” refers to electrostatic
ion-ion interactions, “pc” refers to pendant chain response to
motion of the attached anion, and s refers to the interaction
of ions with the cluster surface. In the application of Eqs. �1�
and �2�, each ion is considered individually. Convergence
�equilibrium� of the system is reached when all ion steps are
rejected as inadmissible, thus the total system energy has
been minimized for the given step size.

The force exerted on any given ion due to the total ex-
ternal electric field is found by multiplying the charge of that
ion, c, by the externally applied field.

Fext = cEext. �3�

The corresponding change in the potential energy associated
with ion movement due to uniform external fields is given by

Uext = − Fext · p , �4�

where p is the ion position in three-dimensional space.
Similarly, the force exerted on any ion due to every other

ion may be expressed as

Fion-ion = cEion-ion. �5�

Eion-ion is given by

Eion-ion = �
j=1,j�i

�nan+ncat�

Ei−j

= �
j=1,j�i

�nan+ncat� 9 � 109cj

� · ri−j
3 �1 − � ro

ri−j
�10� · ri−j , �6�

where Ei−j is the electric field acting on ion i due to ion j, �
is the net effective dielectric constant, cj is the charge of the
jth ion, ro is the equilibrium separation between atoms, and
ri−j,

ri−j = pi − p j , �7�

is the vector distance separating ion i from ion j, while ri−j is
the magnitude of ri−j.

The first parenthetical term of Eq. �6� is consistent with
classic electrostatic theory.21 The second parenthetical term
derives from the nature of an ionic bond where Pauli repul-
sion prevents overlapping ion clouds and the exponential
value is found experimentally to vary between 3 and
12.20,22,23 By applying this expression, cation-anion pairs

necessarily respond in a manner consistent with dipole re-
sponse without having to explicitly account for the pairing.

The corresponding potential for ion-ion interaction is
given by

Uion-ion = �
j=1,j�i

�nan+ncat�

Ui−j

= �
j=1,j�i

�nan+ncat� 9 � 109cjci

�
� 1

ri−j
−

1

11ri−j
· � ro

ri−j
�10� .

�8�

The resistance/assistance to anion motion due to the covalent
bond to the pendant chain is approximated by a linear revers-
ible spring, such that

Fpc = kpcx = − kpc�p − po� , �9�

where po is the initialized anion position and kpc is estimated
from the models of Datye and co-workers.13,14 For the case
of constant kpc, where it is understood that a constant pendant
chain stiffness represents a simplifying assumption, the
change in energy associated with anion displacement from
position po to position p is given by

Upc =
1

2
kpc�p − po� · �p − po� . �10�

The surface energy of the cluster is the mechanism
which separates the hydrophobic and hydrophilic regions in
ionic polymer morphology. In the absence of all external
stimuli �gravity, ion motion, etc.� the cluster shape minimiz-
ing cluster surface energy is spherical. However, because the
cluster surface acts as the hydrophobic/hydrophilic barrier,
ion-surface interaction can distort this shape away from this
spherical, low-energy state. The expression for the force im-
posed on an ion due to cluster surface distortion is given by

Fs = − 2���‖p‖ − rcl� ·
p

‖p‖
, �11�

where � is the cluster surface-tension constant and rcl is the
radius of the cluster. The point at which an ion is just in
contact with the cluster surface corresponds to zero force.
Further, this force is active for all anion motions, but only
acts on cations when the cation position is at or beyond the
initial cluster boundary �i.e., outer cation of Fig. 1�. The
corresponding variation in energy is given by

�Us
2 = ���‖p‖ − rcl�2. �12�

B. Implementation

The model is initiated by uniformly distributing the an-
ions on the surface of a spherical cluster, where the number
of ionic groups, their size, and the cluster size are all input
parameters. The cations, where their number, their charge,
and their size are all input parameters, are then randomly
distributed within the cluster.

Once distributed, the anions and the cations are allowed
to interact with one another until equilibrium positions are
established. Only after the equilibrium positions are estab-
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lished �“equilibrium 1”� is an external electric field applied.
In response to this field, the ions are again allowed to find
equilibrium �“equilibrium 2”�. Table I provides the base line
input parameters which correspond to Nafion® �DuPont�
fully solvated with water and with sodium as the cation. All
but two of the values provided in Table I are based on Datye
and co-workers.13,14 The exceptions are the values for the
dielectric constant and surface energy constant, where these
are based on typical values for water;24–26 application of
these constant, macroscopically determined values represent
a simplifying assumption.20

The foregoing development of force and energy expres-
sions relies largely on continuum �macroscale� concepts, and
subsequently, the macroscopically determined surface-
tension coefficient, �, is applied. However, theoretical and
computational studies on the length scale of nanometers pre-
sents an interesting challenge in that it is not truly continuum
in nature, nor is it quantum. Moreover, this is the length scale
studied in molecular dynamics, where quasicontinuum ball-
and-spring approaches are typically applied,27,28 as has been
done in this effort. Recognizing that the constant surface-
tension coefficient derives from the intermolecular forces of
a pure substance, one should expect that this constant will be
locally altered when a single cation or anion group is acting
upon the cluster surface. A detailed study of this effect is
beyond the scope of this work; however, an indirect
assessment20 illustrates that application of the macroscopi-
cally determined value for cluster surface-tension constant,
�b leads to “stiff” surface response while application of
0.05�b is the largest value for which the pendant chain force
may have any significant impact on cluster size and re-
sponse, and thus allows further insight into the role of each
of the key parameters �cluster surface, pendant chain, elec-
trostatic, and external field effects�.

Because initial ion distributions are random, a large
number of cases must be considered in order to adequately
assess trends. In the parametric studies considered here, 1000
runs of each case are considered.20

III. PARAMETRIC STUDIES

Three parametric studies are considered: variation in
pendant chain stiffness, introduction of various energy barri-

ers, and introduction of charge imbalance. Each of these
cases is considered for two cluster surface-tension constants:
�b, as noted in Table I, and 0.05�b.

For clarity and brevity, predictions for each study are
provided in graphical form showing only the equilibrium 1
response �the first equilibrium reached based on the ran-
domly initialized state�. Any variations in response due to the
application of external field are described in the text. While
additional figures are presented where warranted, in all para-
metric studies there are graphs displaying the number of cat-
ions positioned at the outer extremes of the cluster �outer
cations�, the number of anion-cation pairs �“pairs”�, and the
average cluster radius �rave�. The significance of each of
these categories is as follows.

It is assumed that cations positioned at the outer ex-
tremes of the cluster facilitate transport, either by leaving the
cluster when given the appropriate stimulus, or by occupying
an anion in a pair, thus opening a neighboring region for
another cation to pass. For a cation to be identified as having
an outer position its radial position value must at least equal
rcl-ran �Fig. 2�.

Anion-cation pairs are considered to address the com-
mon assumption of complete pairing. In all studies consid-
ered here, 26 anions are used. Thus, if 26 cations are also
present, then traditional approaches assume that 26 pairs will
form. Unpaired cations are assumed to be more likely to
transport to a neighboring cluster than paired cations.

Cluster size and shape are taken to be dictated by anion
position. If all anions have the same radial magnitude and are
uniformly distributed, the cluster will be perfectly spherical.
Any anion motion away from this perfect case will introduce
variations to the classically assumed spherical shape. Thus,
the cluster size and shape are considered in terms of the
average radial position of the anions. It is found that the
standard deviation away from this average radius is consis-
tently two or more orders of magnitude smaller than the
prediction itself, and is thus omitted from reporting.

A. Case 1: Variation of pendant chain stiffness, �b

This study �Fig. 3� considers the effect of varying the
pendant chain stiffness for the case of surface-tension con-
stant of �b �Table I�. It is first noted that pendant chain stiff-
ness has moderate impact on the predicted number of ion
pairs and outer cations. The number of predicted pairs in-
creases for the increased pendant chain stiffness. Decreasing

TABLE I. Input parameters, symbols, and values.

Parameter Symbol Value

Cluster radius rcl 2.105 nm
Maximum separation of ion pairs rmax 0.361 nm
Number of anions nan 26
Anion radius ran 0.24 nm
Ion charge c ±1.602�10−19 C
Number of cations ncat 1–50
Cation radius �Na+ � rcat 0.097 nm
Pendant chain stiffness kpc 0.0125 N/m
Effective dielectric constant � 78
Surface energy constant � 0.0729 and 0.0036 N/m
Perturbation range �per 0°
Maximum step size 0.002 nm
Externally applied electric field Ea 1�104 k̂ V/m

FIG. 2. �a� An ion pair, with an outer cation. �b� An unpaired anion and
cation, with an outer cation. �c� An unpaired anion and cation. �d� An ion
pair.
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pendant chain stiffness predicts the largest number of outer
cations of the parametric studies conducted in this work; Fig.
4 illustrates a single view of the initialized and final states for
a sample case. This figure not only highlights the increasing
number of outer cations at equilibrium, but also predicts the
significant anion motion in the formation of “ion chains.”
Despite significant motion of all ions, pendant chain stiffness
has virtually no effect on the predicted cluster size.

The only detected effect to the application of an external
electric field is for the case of the softest kpc, where the
average number of outer cations drops from 8.7 to 7.8. Be-
cause the prediction is counterintuitive, the cations with ±z
positions are considered separately; the majority ��65% � of
the ions moving toward the interior are those with −z coor-
dinates, and are thus moving in the direction of the applied
field. Also of interest, the typical internal fields are on the
order of 108 V/m, but for the softest case these fields drop
by almost an order of magnitude.

B. Case 2: 26 Variation of pendant chain stiffness,
0.05�b

To allow closer inspection of the effect of kpc, this study
repeats that of case 1, but for the case of the reduced cluster
surface energy. Referring again to Fig. 3, the pendant chain
stiffness now affects the predicted cluster size. Moreover,
there is an unexpected prediction of increased cluster size for
decreased pendant chain stiffness. In comparison to the �b

case �case 1�, variation of kpc again has moderate impact on
the predicted number of ion pairs, but a lesser impact is
noted on the predicted number of outer cations. Only the

highest stiffness appears to impact the predicted number of
outer cations, and in a reversed sense from the �b case.

Again, the only notable effect to the application of an
external electric field is a reduction in the predicted number
of outer cations for the softest stiffness; in this case when the
±z-positioned cations are considered separately, it is found
that the slight majority ��55% � of the ions moving toward
the interior are moving in the direction of the applied field.
The typical internal fields continue to be on the order of
108 V/m for the two stiffer pendant chain cases, but drop by
almost an order of magnitude for the softest case �again�.

C. Case 3: Introduction of an energy barrier, �b

By making energy reduction the only criterion for ac-
cepting a proposed ion step, losses such as the dissipation
associated with pendant chain reconfiguration are neglected.
In order to qualitatively assess the impact of this assumption
on model predictions, introduction of various barrier energies
is considered. The barrier energies tested, as noted in Fig. 5,
are arbitrarily selected as 5�10−27, 5�10−24, and 1
�10−23 J, where the energy drop associated with ion steps in
this model can be as high as 10−22 J.

The lowest-energy barrier considered, 5�10−27 J, is the
only case where any response is predicted to the application
of an external electric field �equilibrium 2�; however, the
results predicted are negligibly different from the case with
no barrier. For the two higher barrier energies, the model has
no response to the application of an external electric field �all
ion steps are rejected in the first iteration�. However, for
these higher-energy barrier cases there is an increase in the
predicted number of outer cations as compared to the zero
barrier case. The increase is pronounced at the intermediate

FIG. 4. Sample prediction of ions at the outer positions for parameters �b

and 0.1kpc. �a� Initialized state with two outer cations shown. �b� Predicted
equilibrium state showing appearance of additional outer cations and the
formation of an “ion chain.”FIG. 3. Variation of pendant chain stiffness. �a� The predicted number of ion

pairs �1.4�standard deviation�2.6� and outer cations �1.2
�standard deviation�2.2�. �b� The predicted average cluster radius.

123530-5 L. M. Weiland and D. J. Leo J. Appl. Phys. 97, 123530 �2005�

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

128.173.126.47 On: Tue, 05 May 2015 15:58:07



barrier of 5�10−24 J. Conversely, the predicted number of
ion pairs peaks and then drops below the predictions with no
barrier. Lastly, only small variations in the predicted cluster
size are observed.

D. Case 4: Introduction of an energy barrier, 0.05�b

When the impact of various energy barriers is considered
for the 0.05�b case �Fig. 5�, the same trends noted for case 3
in the predicted number of outer cations are again observed.
Further, the same trends in response to the application of
external electric field are again observed as compared to case
3. However, the predicted number of ion pairs and average
cluster radius both decrease as the barrier energy increases.

E. Case 5: Charge imbalance, �b

It is well established that ion transport occurs in ionic
polymers under the application of external electric field. This
study �Fig. 6� considers the cluster response to the resulting
charge imbalance. The first significant prediction is that there
is no case, not even those of extreme imbalance, where ion
pairing is complete. Next, the number of predicted outer cat-
ions increases faster than the charge imbalance itself. Lastly,
the introduction of charge imbalance has a modest impact on
the predicted cluster size, where the charge-balanced case
�26 cations� is the smallest. Figure 7 graphically illustrates
the predicted charge density, where the volume considered is
based on the position of the ion with the largest radial com-
ponent. When comparing Figs. 7�a� and 7�b�, a distinct linear

trend is observed in the charge density with respect to charge
imbalance, while the volume over which it is calculated is
highly nonlinear. Further, this linear trend is directly related
to the application of a spherical volume dictated by the ion
with the largest radial position rather than the average radial
value.

FIG. 5. Introduction of barrier energy. �a� The predicted number of ion pairs
�1.8�standard deviation�2.2� and outer cations �1.4�standard deviation
�1.6�. �b� The predicted average cluster radius.

FIG. 6. Introduction of charge imbalance. �a� The predicted number of ion
pairs �1.2�standard deviation�1.9� and outer cations �0.4
�standard deviation�1.4�. �b� The predicted average cluster radius.

FIG. 7. �a� Variation in predicted charge density with charge imbalance for
�b cluster surface case; line provided to guide the eye. �b� Variation of
predicted spherical volume-based rmax and rave, where rmax is used in the
calculation of charge density and is the ion with greatest radial magnitude.
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F. Case 6: 26 charge imbalance, 0.05�b

This study �Fig. 6� considers the cluster response to
charge imbalance for 0.05�b. In all but the cation-depleted
case, ion pairing is predicted to be incomplete at equilibrium.
All of the same trends discussed for case 5 are repeated, but
have magnitudes which are either translated or magnified.
For instance, the same trend in the predicted number of outer
cations is observed for this case, but with fewer total at each
increment. Similarly, the charge-density predictions �Fig. 8�
and cluster size predictions display identical trends, but with
variation in magnitude. For instance, the variation in the av-
erage cluster size �rave� for the case of a single cation dis-
plays significant increase from the charge neutral case �26
cations�, as illustrated in Fig. 9.

IV. DISCUSSION

This discussion will skip the bulk of the “intuitive” pre-
dictions, such as reduced anion movement in response to
increased pendant chain stiffness. The less intuitive, or some-
times counterintuitive predictions are discussed and include
general tendencies, as well as case by case observations. Fur-
ther, in some instances the discussion will relate the current
predictions to those of Weiland and Leo.20

A. General tendencies

The first significant observation from these model pre-
dictions is the pervading tendency for incomplete ion pair-
ing, while simultaneously a nontrivial number of cations are
predicted to assume equilibrium positions at the outer ex-
tremities of the cluster. When taken together, this suggests

that cluster equilibrium states are predisposed to cation trans-
port. This is consistent with the transport mechanism pro-
posed by Datye et al.,13 where the nontrivial number of pairs
at the cluster surface still provide the impetus for transport,
but with the added understanding of how it is possible that
free cations are available for transport. The net effect of this
prediction is to suggest that the larger length scale models
which assume complete pairing will tend to underpredict
transport. This result is consistent with and reinforces the
results of the previous studies.20

Further, considering both the previous studies20 and the
current studies, the number of predicted pairs for the charge-
balanced cases is relatively insensitive to variations in cluster
parameters. For all cases except the energy barrier studies the
predicted number of pairs is between 18.6 and 20.6; for the
energy barrier cases, where the barriers are chosen arbitrarily
to assess trends and do not necessarily correspond to physi-
cal predictions, this range shifts to 16.2–19.1. Moreover,
even for the charge-imbalanced cases with excess cations,
the maximum predicted number of pairs only increases to
23.6 of the possible 26 pairs. It is believed that this predic-
tion is related to the inclusion of the Pauli repulsion effect
addressed in the electrostatic interaction �Eq. �6�� in combi-
nation with restricted anion mobility.

The number of cations predicted at the outer extremes of
the cluster is sensitive to variations in cluster parameters,
with a low prediction of 3.1 and a high of 11.0. It is pre-
sumed in this effort that a large number of cations positioned
at the outer positions corresponds to a state that is transport
facilitated. The rationale is that an outer cation is positioned
favorably for transport to a neighboring cluster; in the event
that cation is inhibited from transport by pairing it opens a

FIG. 8. �a� Variation in predicted charge density with charge imbalance for
0.05�b cluster surface case; line provided to guide the eye. �b� Variation of
predicted spherical volume-based rmax and rave, where rmax is used in the
calculation of charge density and is the ion with greatest radial magnitude.

FIG. 9. Sample prediction of variation in cluster size based on anion posi-
tions for parameters 0.05�b and one internal cation. �a� Initialized state. �b�
Predicted equilibrium state showing anion position relative to initialized
position �represented by sphere�.
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neighboring vicinity for other cations to transport with mini-
mal interference. The parameters having the most dramatic
impact on the predicted number of outer cations are cluster
surface-tension constant, �,20 pendant chain stiffness, kpc,
and barrier energy. In general, a stiffer � leads to increased
cations at the surface, while the impact of kpc depends also
on �. The value in this prediction is that by varying both �i�
the solvent or the cation introduced �and thereby altering ��,
and �ii� the ionomer fabrication �altering kpc�, significant con-
trol over this parameter is envisioned. The challenge here is
that introduction of alternate solvents or cations, will neces-
sarily impact the self-organized cluster size and shape. This
value is one over which little control may be exercised at
present. To establish reliable control over the number of cat-
ions positioned at the outer extremities of the cluster, and
facilitate transport, an optimization of various fluid/polymer
interactions would be required.

One of the goals of this effort is to investigate the impact
of the classically assumed spherical cluster shape. In the
studies considered, even when significant ion movement re-
sults in the average cluster radius changing by almost 10%
�the cation-depleted case of Fig. 9 or nonuniform anion
distribution20�, the standard deviation in position from anion
to anion is two orders of magnitude lower than the prediction
itself. Thus, for an initialized spherical shape, even under
significant ion motion, the shape remains essentially spheri-
cal. It is of course understood that the assumption of spheri-
cal clusters, even as an initialized condition, is an idealized
assumption as compared to the anisotropic nature of actual
clustering; however, in the absence of a universally accepted
morphological model,29 it is assumed that this basis remains
the most practical of the available options.

Some of the cases reported reduced internally generated
electric fields. Because the result is unexpected, it is re-
ported. However, because these calculations are done only at
six specific points in space �at x, y, and z= ±Rcl�, it is pos-
sible that the prediction is not general enough to be treated as
a global prediction. It is, of course, conceivable that signifi-
cantly different electric fields will be generated at points ex-
terior to the cluster based on the cluster state.

B. Transport „electric field and charge imbalance
response…

In light of transport, the inability of this model to predict
significant variations in cluster state upon the application of
external field has been explored in order to be thorough, but
the result is not entirely unexpected. Because the current
model offers no cation transport paths, while their existence
is implicitly assumed in allowing the clusters to expand/
contract, none of the cations available for transport are able
to move a significant distance. Thus, the second iteration
associated with the application of field likely serves only to
refine the predicted low-energy step via the application of the
reduced step size. What is significant, however, is the ab-
sence of a predicted cluster shape change; it can be shown
that this continues to be true even in the presence of in-
creased externally applied electric fields consistent with the

dendritic nature of electrode morphology.19,30 This is con-
trary to an earlier hypothesis of the reformation of clusters to
a penny shape.17

While the construction of this model does not directly
allow for ion transport, it is addressed indirectly by consid-
ering the cluster state for the case of charge imbalance. Two
issues from the charge imbalance study warrant discussion—
the variation in cluster radius and the corresponding varia-
tion in charge density.

First, with respect to variation in cluster radius, it is
noted that the charge-balanced case takes on the smallest
cluster size, while the cation-depleted case takes on the larg-
est cluster size; this is consistent with the works of
Nemat-Nasser.8,31 This result not only supports the supposi-
tion of the formation of boundary layers at the electrodes, it
also supports the supposition that differential expansion due
to electrostatic effects may be playing a significant role in the
actuation of specific IPMCs.

In addition, it is because the cluster size is nonlinearly
variable that the predicted linear charge density with respect
to charge imbalance is interesting. As noted earlier, the vol-
ume used for charge-density calculation is spherical and
based on the position of the ion with largest radial compo-
nent, rather than rave. Figures 7 and 8 illustrate the variation
in calculated volume for these two cases. �Naturally, calcu-
lated charge-density values would be much lower if consid-
ered over the surrounding charge neutral region as well.�

When Figs. 7�a� and 8�a� are compared, the linear re-
sponse is a function of both charge imbalance and surface-
tension stiffness. While not tested, it stands to reason that
this relationship will be a function of multiple model param-
eters such as ion size and pendant chain stiffness. No physi-
cal explanation is currently offered for the cation reorganiza-
tion necessary to predict this linear trend.

C. Pendant chain stiffness

In case 1 the base line cluster surface tension, �b, is
applied while pendant chain stiffness is varied. In this case
variation of pendant chain stiffness has negligible predicted
effect on the cluster shape and size. This is because the rela-
tive stiffness of the cluster surface overpowers the pendant
chain effect. However, in case 2, where the surface tension of
0.05�b is applied, the prediction for the softest pendant chain
case is counterintuitive. In all other cases, the tendency of the
cluster is to contract from its initialized state; thus one would
expect more contraction when pendant chain stiffness is re-
duced. However, the reverse is predicted; as compared to the
base line pendant chain stiffness, less contraction is observed
for the very soft case. It is proposed that the result is due to
the interplay of pendant chain stiffness and electrostatic ef-
fects as illustrated by “ionic chain” formation shown in Fig.
4. It has been proposed that the effect of pendant chain re-
sistance is to rotate the ion pairs to positions that approach
normality with the surface while in the absence of these ef-
fects the pairs will tend to be tangential to the cluster
surface.13 This prediction further suggests that the reduced
stiffness also facilitates pair alignment on the surface. This
prediction results from the initialized random placement of
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cations, where this initialized state is a reasonable estimate
for the way in which cations are introduced to a cluster dur-
ing the fabrication process. This prediction also illustrates
that even when anion position is “encouraged” to maintain
an outer spherical shell at the cluster surface via a large
cluster surface tension, electrostatic effects alone do not lead
to the prediction of a nested cation sphere; however, it still
stands to reason that electrostatic effects lead to a significant
contribution to the internal cluster pressure.

Next, the variation in trends observed for the predicted
number of outer cations and ion pairs is considered. For the
�b case �case 1�, the predicted number of outer cations de-
creases while the predicted number of pairs increases as the
pendant chain stiffness increases. This case suggests that
softer pendant chain values facilitate transport. However, for
the 0.05�b case �case 2�, the predicted number of outer cat-
ions and ion pairs are at local minima and maxima, respec-
tively, in comparison to variations in pendant chain stiffness.
Thus for case 2 �and unlike case 1�, the prediction suggests
that there is an ideal, or optimized pendant chain stiffness.
This suggests that the cluster surface-tension effects domi-
nate over the pendant chain stiffness effects. This conclusion
is drawn because reducing the cluster surface tension always
predicts the same trend, namely, a decrease in the number of
outer cations and ion pairs.20 This is a rather interesting pre-
diction because cluster surface tension impacts only radial
motion, while pendant chain response is to all anion move-
ment. However, it is consistent with the postulate that the
nature of the cation plays a dominant role in IPMC
actuation,31 given that variation in the cation is expected
to have varying influence on the effective cluster surface
constant.

D. Energy barriers

This model assumes reversible behavior. However, it is
expected that dissipation will occur in response to ion mo-
tion; for instance, in response to the reconfiguration of the
pendant chain and viscous losses. Therefore, in order to ad-
dress this reality, a few arbitrary energy barriers are intro-
duced corresponding, say, to increasingly viscous solvents.
Increases in the barrier energy lead to predictions of further
decreased cluster size. Predicted cluster size is dramatically
decreased for the largest barrier and 0.05�b; it is proposed
that this barrier is unnaturally large for this case. However,
the 5�10−24-J barrier appears to further facilitate cation mi-
gration based on the increased number of cations predicted at
the outer extremities of the cluster. Thus, it appears that ap-
plication of the assumption of reversible ion motion will tend
to underpredict the transport-facilitated state of a cluster.
Clearly this is a point worthy of further study, but is best
implemented in conjunction with electrodynamic effects.

It should be noted that this set of results on the impact of
barrier energy must be considered with caution, and should
only be used for qualitative assessment because the model is
not modified to account for the effects of varying step
lengths �for instance, when the step length is reduced be-
cause of ion overlap conditions� as well as the issue of as-
signing different barriers for different mechanisms.

V. CONCLUSIONS

In this work the impact of assuming spherical cluster
shapes with uniform ion distribution is investigated in the
presence of pendant chain stiffness variations, energy barri-
ers, and charge imbalance. The model predicts that, due to
inhibited anion motion via elastic and surface energy effects,
combined with Pauli repulsion, ion paring is rarely complete,
thus facilitating cation transport. Overall, this model suggests
that application of the assumption of uniform charge distri-
bution over a spherical cluster shape will tend to underpre-
dict the observed macroscopic transport response. The ini-
tialized spherical cluster shape is essentially maintained
throughout the various case studies, including during the ap-
plication of locally high external electric field. Further, the
methodology employed in this study provides a potential
mechanism for informed control over transport properties by
manipulating pendant chain stiffness in conjunction with
cluster surface tension, where pendant chain stiffness plays
an important but secondary role to cluster surface tension.

Transport effects are studied indirectly through the intro-
duction of cluster charge imbalance. Net cluster size tends to
increase for clusters that are cation depleted; cluster size for
a surplus of cations also tends to increase, but to a lesser
extent. Thus, the electromechanical bending response for the
base line case studied here �hydrated Nafion in salt form with
Na+ cation� may have significant electrostatic contribution.
This is consistent with the formation of anode and cathode
boundary layers; no assertions are made with regard to the
role of electrostatics versus solvent transport for the general
case. Further, despite a nonlinear variation in the cluster size
with respect to charge imbalance, the charge-density predic-
tions are linear with respect to charge imbalance.
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