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(ABSTRACT)

We consider the problem of optimal evasion when the pursuer is known to em-
ploy fixed gain proportional navigation . The performance index is a measure of
closest approach. The analysis is done for planar motions at constant speed . The
kinematics are first linearized around a nominal collision course. The dynamics
of the opponents are modeled by first order systems and their accelerations may
be bounded.

Three cases are studied : unconstrained optimal evasion ( where the cvader is not
subjected to any path constraint ) against a single pursucr, optimal evasion with
a terminal path angle constraint for the evader and optimal evasion against more
than one pursucr.

The optimal controls are shown to be ‘bang - bang’ with the number of switches
depending on the pursuer’s navigation gain and on the particular constraints of

each case.
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1. Introduction

1.1 Historical Background

Pursuit-evasion problems have been traditionally classificd among the classical
examples of differential game theory. In the last 15 years a differcnt approach
has been applied to these problems, namely, to fix the pursuer’s stratcgy and to
form a one -sided optimal control problem for the evader. This approach, bcing
conceptually simpler than the former, enables more realistic models to be applied
for the dynamics of the opponents. In gencral the fixed pursuer’s strategy has
been taken as constant gain proportional navigation which,under some formu-

lations, is an optimal strategy for the pursuer.

The problem, so formulated, was solved by Julich and Borg [2] who applied a
two-dimensional non-linear model and used a direct numerical technique for the

solution.
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Slater and Wells [3], followed by Shinar and Steinberg [4], used lincar Kincmatics
to model the two-dimensional problem. Accordingly the associated two point
boundary value problem (TPBVP) has been solved, and in some cases an ana-

Iytical solution has bcen obtained.

Additionally, Shinar, Rosenzstein and Bezner 5], studied a 3-D linearized model
by which a solution to thc problem was formulated defining the optimal evasive

mancuver in three dimensional space.

The optimal control analyses have demonstrated, ’by applying a more realistic
model for the pursuer’s dynamics, (such as pure time delay in [3] or some finite
order system in [2],[4]) that the evader can guarantee a finite miss-distance cven
in conflict with a pursuer of unlimited maneuverability, for which a zcro miss

distance was predicted by the differential game theory {6].

It is important to note that complete information concerning the pursuer’s sys-
tem has been assumed, sometimes implicitly, to be possessed by the evader. This
information contains knowledge about the future behavior of the pursuer (or
about its present time derivatives) which is more than generally assumed in the
differential game formulation [1]. Conscquently, the above result does not ncc-

essarily hold for the zero sum differential game even under more realistic models.
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1.2 Objectives and Motivation

The optimal control approach for the evasion problem [2-5] indicated the impor-
tance of applying a realistic model for the pursuer, and demonstrated that either
a finite order system or pure time delay leads to an optimal evasivc mancuver

that guarantees a non-zero miss-distance.

However, the formulations employed in [2-5] do not treat the evader with the
same degree of accuracy as the pursuer. Evader dynamics arc either ignored

(assuming an ideal system ) or approximated by imposing some bounds.

In the present work our first objective is to provide an analysis for the optimal
evasion problem by applying equally realistic models for the pursucr and the
evader, and to carry out a parametric study considering the more important pa-
rameters of these models and their influence on the optimal strategics and the

payoffs.

The second problem to be considered in this work is the optimal evasion with a
terminal path angle constraint. The motivation for this problem is derived from
cases where the evading vehicle is a missile, guiding toward fixed target, and the
pursuer is an interceptor trying to protcct this target.Thus, the evasive maneuver
is constrained by a terminal path (or hcading) angle constraint to guarantee
capture of the fixed target. The interceptor is successful if the cvader is de-

stroyed or if it is made to deviate significantly from its course.
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It will be shown that this problem has some interesting features whose impor-

tance may excced the bounds of the pursuit-evasion conflict.

The motivation for the next -and last- problem is self evident. We shall consider
the problem of optimal evasion against more than one, starting with two,
pursuers. Again the question of guaranteeing a miss-distance shall be investi-
gated allowing the pursuers to select their launch time so as to minimize the

closest approach.

The models to be used are all linear, due to the relative complexity of the prob-
lems. Conscquently, the results will be valid in the vicinity of the nominal colli-

sion courses.
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2. Optimal Evasion Against a Single Pursuer

2.1 Basic Assumptions and Equations

We shall make the following assumptions:

1. The pursuit-evasion conflict is two-dimensional, in the horizontal plane.

2. The specds of the pursuer (P) and the evader (E) are constant.

3. The trajectories of P and E can be lincarized around their collision triangle.
4. P applies a fixed gain proportional névigation .

5. E has complete information on P’s system and on the collision course.

6. Each vehicle’s acceleration is subject to a first-order lag.
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7. E’s lateral acceleration is bounded. (P’s lateral acceleration may or may not

be bounded.)

It is of importance to note that although the lateral accelerations are state vari-
ables, they are by no means small and will not be taken as such in the

linearization process.

Referring to Fig 1, by assumptions 1-3 we get the following equations:

sin(ye, + Ye) = sin(Ye,) + cos(¥e,) Ye

R=—V,=V,cos(y,) = V, cos(y,,) = const.,

and

V=Y —Vp = Ve c0s(Ye) Ye = V) €Os(Yp,) Yp -

Since the nominal course leads to collision we have the relation :
Vesin(ye,) — Vp sin(yp,) = 0.

P’s commanded acceleration is by assumption 4)

Vo, =NV, 6 ; N =N(V,/V,) cosy,,

where the line of sight (LOS) rate is determincd by
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. d Y y y
=L (=) = +
6= R

Vi, — ot V=0 '

E is free to choose its required acceleration based on the information available to

it by assumption 5).

The dynamics of P is by assumption 6)

where j, is P’s commanded acceleration. A similar equation applics for E.
Finally, in applying the last assumption we shall distinguish between P whose
actual acceleration shall be bounded by y, and E whose commanded acccler-
ation shall be bounded (and by the sixth assumption so is its actual acceleration)
by y._ . Evidently the miss distances under this assumption arc smaller than in

the other possible combinations of the bounded accelcration problem.

2.2 Problem Formulation

We shall define the following state vector X :

X = CO[("Ye, Yer Vs Yp’ Yp)

2. Optimal Evasion Against a Single Pursuer 7



and , the control function u

Ve,
Y

where y. = 7., V, cos Y.,

The linear state equations relating x to u are :

. . u
X = '—+'Ye,,,?e"

-y _
X3—Vex2 Vp

.X.'4=X5

The equation for x; is complicated by the limit imposed on the pursuer’s turn

rate.
. NI Vle N;
Xs = ; Xy + X3 T
Tp Vp([f - t) tp V’p (tf - I)
N’ | _
X4 T T Xs fOrlxsl <Ym
Tp (tf - t) Tp P
XS=O f‘OrIXSI =7Pm
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In the above equations the following notation has becn used:

V’p = Vp COS Yp,

Vi, =V, cosy,,

The optimal controi problem is to find u that minimizes the payoff:
2
J = = x3(tp

subject to the differential equations for x,(f) — x;(f) with specificd initial condi-
tions x,(0) — x40) and to the control bound |u(#)| < 1. The terminal time ¢

is fixed and is equal to the nominal collision time.

2.3 Problem Analysis
We shall define the Hamiltonian :
H()\.,X,U) = .X.'l )\.1 + J&'z)\.z + .X.'3)\.3 + J&'4)\.4 + X.'S}\,S

where x, denotes the right hand side of the associated state equation. The adjoint

variables should satisfy:

2. Optimal Evasion Against a Single Pursuer 9



The transversality conditions are :

Aft) =0 for i = 1,2,4,5

Ayt = —2x3(tp)

And at the discontinuity point ¢, where the right hand side of x; changes, we get
Aty +)=A(t; =) i=1234

ks(td + ) = A‘S(td - ) + c

H(ty+)=H(t; —).

A derivation of the maximum principle for control problems with discontinuous

system of equations is given in [10](sce pp.311-312). The optimality condition

requires
u(t) = — sgnh(t)

Hence, A, is the control switching function . (The linearity of the system rules out
singular arcs.) Thus, the solution is a bang-bang typc of control for E’s com-
manded accelcration similarly to the ideal system casc [4], where its actual ac-

celeration was bang-bang.
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2.4 Computational Results

The solutions for the TPBVP were obtained numerically using a multiple shoot-
ing algorithm (MSA)[11]. The initial states are all zero and the following nu-

merical values are used:

N =3
V', = 1000 f.p.s.
V', = 500 f.p.s.

Yo = 0.3rad] scc

T, = 0.5 sec

t = 3.75 sec

A two-parameter family of solutions has bcen obtained by varying (y, /y. ) and
(t,/t,) i.e. the relative maneuverability and the relative time response of the op-
ponents are used as parameters. The miss-distance results are presented as a
function of these paramcters in Fig 2. Note that E’s time constant need not be
smaller than P’s for evading with a significant miss distance ,and that a non-zero

miss distance is guaranteed even when the pursuer has unlimited

maneuverability.
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The problem as formulated has a closed form solution for 1, =0 ,y, = o which
has been obtained in [4]. For this case E applies a bang-bang type of control with

two switching points , (for N = 3 ), the first of which is at time ¢ = 0 and the

I

second is at 0 = = 2. For other values of 1, and j, the solution still has

P
two switching points , the first is at t=0 and the corresponding € parameter is
shown in Fig 3. In all these results the guidance parameter N’ is three.
In [4] E’s system was approximated by a ramp function with ¢, as the ramp

time ( the minimum time to change the lateral acceleration from — y. toj. ).

Their results may be compared to ours by approximating :

In general the comparison is satisfactory for both the miss distance and the
switching point.For “slow” evader ( 1,/t, > 1 ) but with relatively high
maneuverability ( y, /¥, > 0.25) the ramp time approximation results arc more
optimistic (for E ) and the predicted miss distances are greater than the first order
model ones. For “fast” evader and/or for less mancuverable one the results are

in a very good agreement.
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3. Optimal Evasion With a Path Angle Constraint

3.1 Problem Formulation

We shall continue to employ assumptions 1)-5) of the previous section. However,

assumptions 6) and 7) will be further restricted to:
6") P is a first order system, E is an idcal system (no time lag)
7") E’s lateral acceleration is bounded while P’s is unbounded.

As will be shown, these assumptions simplify the problem by reducing the di-

mension of the model.

Fig 4 presents the relative gecometry of the problem. T is a fixed target to which
E is homing. P is an interceptor that defends T. Therefore E’s mission in gencral

is to first evade from P and then to destroy T. If, however, EC is larger than

ET (C is the collision point ) then the evasion problem is irrclevant.

3. Optimal Evasion With a Path Angle Constraint 13



In general the heading error of E’s velocity vector from its line of sight to T will

determine the miss-distance of its homing mission. Thus, our linear model im-

plies a terminal path (or heading )angle constraint on the optimal evasion

problem.

The state vector for this case is :
x = col(Yes ¥, Ypr ¥p)

and , the control u

The linear state equations relating x to u are :

.X"l = Yemu

. n o
xZ—VeXl VPX3
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NI V’e N}

; X + > Xy —
BV =0 U

.X.'4=

N' X 1 X
N3 T T A

The optimal problem therefore is to find u that minimizes the payoff
J = — x}(t) subject to |u(®)} < 1andto |y(s)l <y,. The terminal time

is fixed and is determined by the nominal collision time of P and E.
3.2 Problem Analysis

We shall define the Hamiltonian :
H()&,x,U) = .5('1 }\.1 + .X.'z}\.z + .X.'3A.3 + .X.'4}\.4
The adjoint variables should satisfy the following equations :

_OH

i, =
0x;

]

The transversality conditions for this problem are [9]:

A(t) =0 for i =34

Ao(t) = —2x5(tp)
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(vz0 if vt) =7

Mty =0 if =1 <7veltp <7

\v=~0 if Yty = — ¥

The last condition is a Kuhn-Tucker like condition for our inequality end-
constraint which implics that violating the constraint would yicld a better per-

formance indcx.

From the maximum principle we get (similarly to the previous section)
u(t) = — sgn i ().

Hence, A, is the control switching function. Thus, the solution is a bang-bang

type of control for E’s actual acceleration.

The problem without the path-angle constraint was solved analytically in [4] by
Laplace transforms. For this problem A,(¢) = 0

Let 0 = (4 — £)/1,. (normalized time to go). The adjoint equations are :

0~ &Y Jhy t (tpV’pO s,
o, N’
= ( g

40 Y
tpre
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dh W'
—2 = = (VM — (g
P

il
-
)

37 Mg
The solution for A,(0) has the form

%1(0) = p(0) exp( — 0),

where p is a polynomial of order N’-1(for an integer cffective gain N’). Conse-
quently thcre are N’-1 switching points (including the final time). The more

general result (for any N’, integer or not) is the inverse Laplace transform of :

(s + l)N
This result is valid for our problem only if
1Y) | = 7o, | [fsgno(e) dt] < vy

We now consider the case where the terminal path angle constraint is binding and
note that the solution for the last three adjoint equations is unchanged ( sincc this
set is independent of the the first co-state variable). However, the first co-state

(the switching function) is now

(0) = 2, (0) + v,

3. Optimal Evasion With a Path Angle Constraint 17



where v will be determined by

- j('{sgn(f.l + v)dt = YY/ .

€m

Consequently, the solution contains up to N’ switching points that are the zeros
of A, . (N’-1 from the polynomial term and an additional one from the expo-
nential term.) Since these zeros determine its integrand, the last integral is con-
tinuous with v ( from the continuous behavior of the roots ) but is not, in gencral,
differentiable. Conscquently the implicit function theorem is not applicable and
the solution for v may not be unique.

In Fig 5 two alternatives for the solution are presented ( N”=3 ).Both of them
satisfy the terminal constraint and both are locally optimal, however only one of
these is the global optimum. The other solution can be climinated by the termi-

nal sign of A, (i.e. the sign of u(t), as required by the transversality conditions).

3. Optimal Evasion With a Path Angle Constraint 18



3.3 Computational Results and Problem Decomposition

The problem was solved using the data given in 2.3 for two terminal times :
t, = 101, and t; = 61,. Fig 6 and Fig 7 present the payoff as a function of the
terminal constraint, while Fig 8 and Fig 9 present the switching points of the

optimal control function for those values.

As it is shown in Fig 7 for ¢, > > 1, the original switching point hardly moves
as the constraint is tightened and the additional switching point is the one that
is responsible for satisfying the path angle constraint. This fact is true in general

for any N’.

To explain this interesting phenomena we shall present two considerations: the
first will be purely mathematical and the second will be of a more physical and

heuristic type.

The adjoint system analysis, as indicated in [4], interprets A, as the influence
function of the control u on the miss distance. From the Bode represcntation of
A, (Fig 10) we conclude that it behaves as a band-pass filter, hence the low fre-
quency content of the control has little effect on the payoff. The path-angle is
an integral of the control and is effected by the control history {rom £ onward(as
a low-pass filter). Thus, in the optimal control the constraint is satisficd by
appropriatetly selecting the early switching point. Altering the constraint causcs

the early switching point to move but has little effect on the late switches.
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The physical interpretation is more obvious. The basic principle of the evasion
maneuver, under our assumptions, is to take advantage of the finite time lag of
P, hence only the last few time-constants are of importance. E however, knows
“the future” ( assumption 5 ) so it can adjust the terminal path angle to the
constraint by adding the initial switching point without significantly affecting the

payoff.

As a result, the constrained solution can be composed from the optimal uncon-
strained one, plus one more switching point to satisfy the constraint. Unless # is
of the same order as t, this will be a good approximation for the solution.
Moreover, we can conclude from Fig 10 that the higher is N’ the better will be

the approximated solution.
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4. Optimal Evasion Against Two (or more)

Pursuers.

4.1 Problem Formulation

We shall consider the problem of optimal evasion against two guided missiles
under the simplifying assumptions of the previous chapter for each of the
pursuers and for the evader. Thus ,each pursucr constructs its own collision tri-
angle around which we may linearize the kinematics.

For simplicity we will further assume that the pursuers are identical i.e. they

have the same time dclay 7, and the same gain N'.

Let A denotes the nominal time difference between impacts, let P, be the first of

the two pursucrs and let the state vector be

X = CO[(Ye, Y1 Ypps Yp;’yZ’ Ypy YPZ)

4. Optimal Evasion Against Two (or morc) Pursuers. 21



and the control u

Ve
Yem

Uu=

The linear state cquations relating X to u are :

J’Cl = ?emu

s )
Xy = V’e X1 Vpl X3
X3 = X34
N’ V’ N[
. e
X4 1+ X2

= " x 2
B Vip (tp =D T, Vi (tr = 1)

N X l.x
—— X3 T X4
T, 1) Tp

Xs = (V,exl - V'p2x6) h(tf —A-10)

x6 = (X7) h(ff - A - t)

4. Optimal Evasion Against Two (or more) Pursuers.
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Nf Vle
T, Vi (tp = t = A)

N’
+ le(tf—A—t)xS -
TP V’pZ (tf -t - A)

N’
T~ t— A)

h(ty — A = 1) xg ——Tl—-h(tf—A - 1) x7
p

Where h(z) is defined by the Heaviside step function

1 ifz=0
M”‘{o ifz<0

Hence, after P, finishes its mission, only the first 4 equations remain active .
The optimal control problem is to find u that minimizes J,

J= =yl

subject to

lu] <1
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and to
2 _
- 4a)=c

where 0 < ¢ < y2 , and y2 is the optimal performance index in the case of the
single pursuer.Consequently, a simple survey over the parameter ¢ will provide
the solution for the problem of maximizing the smaller of the two miss distances

in our case.

The time difference A will also be a parameter which may be adjusted by the
pursuers to maximize J. (We may think of two A/A missiles launched by the

same aircraft.)

4.2 Problem Analysis

We shall define the Hamiltonian to be
H(k,x,u) = xl }\.l + .X.'2>\.2 + X3>\.3 + .X"4>\,4 + xS}\'S + 5(67»6 + .X"7}\.7
and introduce, as before, the non-dimensional time to go

(tr— 0

W

O =

The adjoint system is now (redcfining A to be in T, units)
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o

d\;

(4 (4

c{/\'l — ’ N € »
—_— = (tpVe)A'Z + (‘;7l—e)>\.4 +tpVeh(e - A)}“S +

(4

pVp

NI

db

(
2y, 02

wn
¥ m

ey , N’
- (T, V'p)Aa — (—t;o—)h
d)\.4
W ‘Cp7\.3 - }\.4
ds _ _NHO=8)
7
o 2r,0 - Ay
dhg N'R(® — A)
— D - V' -— — ——
de Tp pzh(O A)}\.s ‘tp(e — A) X-/'
dhq
=L = 540 = Mg = h(O = A,

The transversality conditions for our case are :

A(0) =0 for i #2

A(0) = = 2y(0)

4, Optimal Evasion Against Two (or more) Pursuers.

NV’ h(0 — A)

T,V p(0 — 4)
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At the time of the first nominal impact 6 = A we shall have the following con-

ditions:
As(A+)=As(A =)+ v.

From the maximum principle, as in the preceding scctions, the first adjoint pa-
rameter A, is the switching function. Notice that the adjoint equations 2-4 and
5-7 are independent, thus the solution described in 3.2 applies to both. Morcover

the solution for the first adjoint variable is a superposition of the form:
A = cp(®) exp( — 0) + cp(8 — A)exp( — 6 + A) (D — A)

To illustrate the solution we let N'=3 and V7, = V', = V, ,then the solution for

the co-state vector is:

M = o,V exp( — )0 - 0%/2) + cy1,V, exp(a = 0)((0 — A) — (6 — AR — A)

>
[ 54
!

= ¢y exp( — 0)(1 — 6/2)
Ay = — o V,T,exp( — 0)(0 ~ 6%/2)

e = — iV, exp( — 0)(0%/2 — 6%/6)

>
wn
I

= cyexp(A = 0)(1 = (8 — A)/2) h(0 — A)
Ae = — &aV,T,exp(A = 0)(® — &) — (0 — A)*/2) h(B — A)
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Ay = = eV, T exp(a — 0)(exp(A — 0)%/2 + exp(A — 0)3/6) h(0 — A)

We may draw now two conclusions regarding the switching points. First, there
will be no more than 2(N’-1) of them, and the second conclusion is that any
switching point of the single pursuer case that takes place after ¢ — A1, will
be also a switching point for our present case. Both the conclusions may be

verified by checking the roots of A, .

We can use now a simple parameter optimization procedure to find out the exact
location of the switching points, from which the miss-distance may be obtaincd,

as suggested in [4], by the simple rclation
n(t) = e, (&(00) +22g(0)),

where
g(x) = [k (x")dx’

This relation is based on the observation made about A, ( the solution for the
single pursuer case ) as the impulse response function relating control to miss-
distance. In general, as indicated in [4], the first term in the above expression for

the miss distance can be neglected because of strong damping of exp( — 0) .
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4.3 Computational Results

The solution can be completcd by employing a parameter optimization technique
to locate the switching points. To illustrate the procedure let N’=3, thus the

payoff to be maximized is
3 .
J = (E(~1)" exp( = 0) 07,

where 0, is the i-th switching point and J is the the square of the miss distance
of P,. However, this should be subjected to a constaint on thc other miss dis-

tance

(-1 exp(a = 0) (& = )8~ &) ~ ¢ 0.

Notice that both the payoff and the constraint are analytically differentiable .
Fig 11 presents the results (payoff versus constraint) for various A as obtained
by an optimization program which employs a gradient projection algorithm [12].
The optimal switching points as obtaincd by the program are in agreement with

the prediction of the previous section.

As expected, the payoff is changed monotonically with the constraint. In order
to maximize the closest approach of the pursuers we nced to take the results from

the 45 degree line on which the two miss - distances are the same.
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Fig 12 presents the optimal miss distance against A. Notice the existence of an
optimum A, from the pursuer point of view, for which the maximal miss dis-
tance is minimized. The results for N'=4 have been obtained in the samc way
and a different optimal A was found as illustrated in Fig 12. For more than two
pursuers the analysis is virtually the same, and we end up with n(N* —1) as the

maximal number of switching points in the case of n pursuers.
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5. Conclusions

By applying linearized kinematics to the optimal evasion problem solutions for
some relatively complicated cases have been obtained. The optimal commanded
lateral acceleration is, in general, a ‘bang- bang’ non-singular one governed by a
switching function. The number of switching points and their location is de-
pendent on the dynamics of the pursuer and the evader and on the particular

constraints of the problem in hand.

The validity of the results is restricted by the assumption set given in section 2.1.
It is of interest to examine briefly the sensitivity of the solution to those assump-

tions.

The first assumption restricted the discussion to the planar case. In [5] the 3-D
casc was investigated and as it turns out thec optimal strategy may be decomposed

into two phases. The first is lift orientation to an optimal plane, and the sccond
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phase comprises of ‘bang-bang’ maneuvers of 180 deg bank angle (for a bank to

turn vehicle) governed by a switching function similar to the 2-D one.

The second assumption fixed the speed of the opponents. Removing this as-
sumption may change the nature of the solution since in general the control
function does not appear linearly in the state equations. However, the solution
may still be valid for the last few time-constants where the velocity change may
be negligible. This is an important problem which requires further investigation,

since in many realistic situations the constant speed assumption is not applicable.

In removing the third assumption, which allowed us to lincarize the state
equations, we get either a ‘bang-bang’ type of solution [2],[4](8] or a singular

behavior.In general, the computations are significantly more involved.

Assumption (4) imposed the fixed-gain proportional navigation strategy for the
persuer. In general, different pursuit strategics imply different evasion strategics
and therefore the results for the proportionally guided pursuer problem arc not

applicable to other problems.

In assumption (5) we required that E has complete information on P. Fig 13
presents the sensitivity of the expected payoff to the uncertainty in the terminal
time. A uniform distribution between ¢ — Aandt, + A has been assumecd and
the optimal deterministic strategy was applicd (assumptions 6 and 7 were re-

placed by 6’ and 7" for simplicity) using the mean value. The results of this sim-
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ple analysis are sufficient to illustrate the importance of this assumption. Full

stochastic treatment should be employed once we dccide to remove it.

In the sixth assumption a first order dynamic model has been assumed for P and
E. In [4] it was found out that changing the order of P’s system has a slight affect
on the switching points but the payoff is significantly increased as the order of

P’s system increases. No analogous analysis has been done yet for E’s system.

It is of interest to release the fixed control bounds imposed by the scventh as-
sumption and to introduce velocity dependent bounds (for non-constant speed
cases). This has been done for the differential game approach [7], and its appli-
cation to the one sided optimal control formulation is recommended for future

investigation of this approach.
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Figure 1 : Problem Geometry

35



Figure 2 :
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Figure 3 : Switching Point versus Time Lag Ratio
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Figure 4 :

Constrained Problem Geometry
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Figure 5: Control Options for the Constrained Problem
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Figure 7 : Miss Distance versus Terminal Path Angle for ¢ = 101,
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Figure 8 : Switching Points versus Terminal Path Angle for ¢ = 61,
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Figure 9 : Switching Points versus Terminal Path Angle for ¢ = 101,
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note: The miss distance is normalized by V, 12y,

Figure 11 : Payoff versus Constraint for the Two Pusuer Problem
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Figure 12 : Payoff versus Nominal Time Between Impacts for the Two

Pdrsucr Problem.
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Figure 13 : Expected Payoff versus Terminal Time Uncertainty
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