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With development of renewable energies worldwide, power system is seeing higher 

penetration of Utility-scale photovoltaic (PV) farms at distributed level as well as 

transmission level. Power electronics converters present negative incremental impedance 

characteristics at their input while under regulated output control, which brings in the 

possibility of system instability. Recent evidence suggests that large-scale penetration of 

PV inverters increases the probability of instability. While IEEE standard 1547 newest 

version requires PV inverters to have reactive power control, there have been few 

investigations into the small-signal stability impact of PV inverters on distribution 

systems especially with reactive power control.  

In addition, the existing studies either use the conventional way of state space 

equations and eigenvalues or use time-domain simulation methodology, which are based 

on the assumptions that detailed models of the grid and the PV inverters are accessible. 

Different from the previous literatures, this research employs Generalized Nyquist 

Criterion (GNC) method based on measured impedances in d-q frames at connection 

interfaces. GNC method has the advantage that interconnection stability can be judged 

without knowing the grid and PV generator model details. This work first demonstrates 

the advantage of volt-var droop mode control among all different local reactive power 

control modes for PV inverters in the aspects of static impact on grid voltage profiles and 



power loss in a 12kV test-bed distribution system. Then it is discovered that d-q frame 

impedance of PV inverter under volt-var droop mode control shows a significant 

difference from other reactive power control modes. The d-q frame impedance derived 

from the small-signal model of PV generator is validated by both MATLAB simulation 

results and hardware experiments. Based on the d-q frame impedances, GNC is utilized 

to analyze the stability connection of a single PV farm and multiple PVs into the grid. 

GNC stability assessment results match with time-domain simulations and reveal the 

stability problem related to volt-var droop mode control. Furthermore, considering the 

unbalance of the distribution system, a new impedance model in d-q frame is proposed to 

capture both the dynamics of PV inverter operating in unbalanced points and the 

dynamics of three-phase unbalanced grid. The new impedance model is a combination of 

positive-negative sequence impedance and conventional d-q frame impedance. A 

procedure is designed for the measurement of the extended d-q frame impedance and the 

GNC application to predict small-signal stability of the unbalanced grid, which are 

justified by both time domain simulation and hardware experiments.
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GENERAL AUDIENCE ABSTRACT 

 

To overcome the limited fossil fuel reserve on the earth and global warming, 

renewable energies become more and more popular worldwide. Centralized thermal 

power generators in the transmission system are gradually being replaced by distributed 

energy resources (DER) which are connection to the distribution system, bringing more 

challenges to the safe and stable operation of the power system. This work focuses on the 

small-signal stability impact of photovoltaic (PV) generators in the distribution system, 

which basically analyzes into whether the connection of PV generator to the distribution 

system will end up in an expected steady operation state with high resistance to any 

relatively small disturbances. The stability assessment tool is based on impedance 

measurement which treats both sides as black boxes and bridges the information gap 

between Utility operators and PV generator vendors. A major finding of this work is that 

while PV generators in the distribution system help to provide grid-support functions of 

voltage regulation, they may cause voltage small-signal stability problems due to the high 

grid impedance, which is worse if more PV inverters are put in parallel. Even PV farms 

connected to different branches of the complicated radial distribution system may have 

interactions with each other. So the design of control strategy and parameters of PV 

generator should consider the impact of other PV generators. GNC method based on 



v 

 

impedances measurement is feasible and accurate for stability assessment of a 

distribution system with multiple PV farms. The impedance based method is upgraded 

and extended to be applied for the connection of power electronics devices to the three-

phase unbalanced distribution systems. 
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Chapter 1. INTRODUCTION 

1.1  Small-Signal impact of PV generation in distribution system 

Due to the global warming caused by carbon dioxide and the limited stock of fossil 

fuels, solar energy generators are developing rapidly worldwide. The solar PV 

deployment was boosted up more than 10 times in United States from 2010 to 2020, 

showing the increasing trend of PV generators over the years 150[1].  

PV generators are divided into three categories according to the power rating, namely 

residential PV, non-residential PV and Utility PV farms. Residential PV systems are 

generally 2–10 kW and installed on sloped roofs, while commercial (non-residential)  

systems may be between 10 kW and multi-megawatts and are most often installed on flat 

or low-slope roofs. Utility PV farms are usually bigger than 1MW. 

According to the data from U.S Energy Informaiton Adminstration (EIA), most of 

these Utility PV plants are relatively small and are between 1 MW and 5 MW. Of 2,500 

utility-scale solar photovoltaic (PV) facilities in Unites States, about 80% of them are 

below 5 MW based on data through November 2018 [2]. 

The utility PV farms of 5 MW or even smaller size are mostly likely to be connected to 

the distribution system, which is considered to be weaker than the transmission system 

because of the high impedance. In other words, the distribution system is seeing higher 

and higher penetration of utility PV as well as the transmission system, a fact that makes 

the impact of PV generation on the distribution system non-negligible. Besides the power 

quality issues of voltage flicker and voltage profile as a result of irradiance inconsistency 

and harmonics problems as PV inverter is a switching power electronics device, there’s 
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concern that the dynamic control of PV generator will influence the power system small-

signal stability significantly. Large-scale penetration of PV inverters increases the 

probability of instability [3]-[11]. N. Pogaku first pointed out that the detail dual loop 

control modeling of power inverters is necessary in the power systems small-signal 

stability analysis to capture the several hundred Hz of oscillation modes caused by the 

interactions between the converter close loop control and the grid [1]. J. L. Agorreta 

found a resonant mode of 2.6 kHz because the multiple grid-tied PV inverters are coupled 

due to the grid connection, and the design of the multiple PV inverters need to a full 

small-signal model of all converters and the grid to get rid of the oscillation [4] . [5] 

found that the voltage stability can be affected by the PV inverters and their allocations 

(whether scattered or centralized). In [6] and [7], it was found that the PV penetration can 

have a detrimental effect on small signal stability of the power system because of lack of 

inertia. [8] showed the possibility of some low-frequency oscillations when PV inverter is 

connected to a weak 0.4 kV system. [9] not only admitted the possibility of instability of 

PV connection to the distribution system, but also proved that the control parameters of 

PV inverter influence the possibility of instability a lot using the damping ratio of 

eigenvalues. [10] emphasized the importance of detailed modeling of DC side 

components of Utility PV when doing small-signal stability analysis of distribution 

system. [11] confirmed that low-frequency eigenvalues are introduced by considering PV 

primary DC side dynamics and the dual loop controllers, and that interconnecting PV 

may lead to system interactions and instability. 

Another reason to pay close attention to the small-signal stability impact of PV to the 

power system is the increase of control complexity in PV inverters in the distribution 
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system. Originally PV inverter only needs to meet the goal of maximum solar power or 

active power harvesting by controlling the DC side voltage to be the maximum power 

point. But as PV capacities increase, the maleficent impact on distribution system voltage 

profile urges the grid to negotiate with PV farms to help resolve this problem. The 

incremental requirement of providing grid support functionalities is revealed by recent 

updates of IEEE standard 1547. In the 2003 version, it was written that the distributed 

resources (DR) shall not actively regulate the voltage at the point of common coupling 

(PCC). In the 2014 version, it was updated as coordination with and approval of the area 

power system, DR operators shall be required to actively participate to regulate the 

voltage by changes of reactive power. While in the latest version published in 2018, the 

DR shall be capable of injecting reactive power and absorbing reactive power with a 

reactive power capability of 44% of nameplate active power. The utility PV inverter 

should offer the local reactive power control modes of (1) Unity Power Factor (2) 

Constant Reactive Power (3) Constant Power Factor (4) Watt-var Mode and (5) Volt-var 

Droop Mode. The mode 4 Watt-var mode is illustrated by Fig.1-1 that reactive power is a 

function of active power, the curve of which is defined by agreement of PV farm and the 

Utility. The mode 5 Volt-var droop mode is exhibited by Fig. 1-2 that reactive power is a 

droop function of PCC voltage magnitude. The execution of reactive power control will 

change the dynamics of PV generators, especially under the mode 5 that the PV generator 

is regulating its terminal AC voltage directly and acting more like a voltage source 

instead of a current source. The different reactive power control modes will be modeled 

in detail and compared in this work.  
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Figure 1-1 Watt-var control curve 
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Figure 1-2 Volt-var doop control curve 

1.2  Small-Signal stability assessment approach 

1.2.1 State space modeling  

The most widely used method to assess the power system small-signal stability is the 

state space modeling [12]. The dynamic analysis of a balanced three-phase electrical 

power system comprised of a finite set of synchronous generators, inductors, capacitors 

and so on, which are analyzed by use of the state variable approach. Each component is 

described by its own state model. These state models for all the components are then 

interconnected according to the topology of the power system to form a full state model 

for the total system. And linearization around a balanced steady state operation point 

yields a linear time invariant (LTI) system as below: 
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( ) ( ) ( )

( ) ( ) ( )

t t t

t t t

    

    

x A x B u

y C x D u
                                                 (1-1) 

in which Δx is the state vector, Δy is the output vector , Δu is the input vector and A is 

the state matrix. Then the small-signal stability can be studied by observing the 

eigenvalues of the state matrix A. The real and imaginary parts of the eigenvalues can 

provide the damping ratio and oscillation frequency information of all the oscillation 

modes during small disturbances. There have been some literature papers utilizing this 

approach for small-signal stability impact of PV inverters on the power system. 

The limitation of the state space representation is that the size of the state matrix gets 

much bigger with the increasing number of components in the power system. And more 

importantly, this method requires the full knowledge of state space equations and models 

of every component in the system. In reality, most of the grid-connected power 

electronics devices are working as black boxes. The Utility users don’t have access to the 

detailed information of the converters including hardware design and controller principles 

and parameters, nor do the power electronics vendors know the power system 

information. Both sides don’t have a full model of the whole complete system.  

1.2.2 GNC based on d-q frame impedances 

As a more practical alternative compared to the state space modeling, impedance-

based stability analysis has been a very useful tool in DC systems for a long time [13], 

where the stability is assessed by Nyquist stability criterion based on the measured 

impedances on both sides of the connection interface. Fig 1-3 is the small-signal 

representation of a DC system. The small-signal dynamics are represented by impedances 
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of both sides Zs and Zl. The load voltage is related to the source voltage by the equation 

below of (1-2). 

(1 / )l l s sv Z Z v                                                   (1-2) 

 

Figure 1-3 Impedance model of DC circuit 

Then the system stability can be predicted by applying Nyquist stability criteria to the 

minor loop-gain (L= Zl/Zs). The main advantage of this approach is that no model is 

needed from either side, while the measured impedances intrinsically model all the 

dynamics within frequency of interest, including circuit components in the power stage 

and all the controllers. Stability criteria guidelines can be formulated then by establishing 

requirement of phase margin or gain margin on the bode plots of minor loop-gain to 

ensure a stable operation [14]-[16]. This allows for new devices to be added to the system 

easily as black boxes while making sure that system is still stable after the connection. 

Different from a DC system, a three-phase AC system’s operation point is a 

trigonometric function in terms of time, so the linearization cannot be done directly in the 

stationary (abc) frame. But after the Park transformation from abc frame to d-q frame, 

three phase time variant systems become two coupled DC systems, namely the d-axis 

circuit and q-circuit, as shown in the example of Fig.1-4. All the variables in the figure 

are DC values, so that small-signal model can be obtained very easily after linearization 



7 

 

around the steady state. But different from the DC system, the impedance looking from 

AC side is a 2 by 2 matrix as in (1-3) instead a scalar in a DC circuit. 

 

Figure 1-4 D-Q frame average model a three-phase PV inverter 

( )
dd dq

qd qq

Z (s) Z (s)
s

Z (s) Z (s)

 
  
 

dqZ                                                  (1-3) 

Similar to a DC system which can be represented by Fig.1-3, the small-signal model of 

a balanced three-phase AC system can also be transformed to the impedance model in Fig. 

1-5. 

 

Figure 1-5 Impedance model of a three-phase balanced system 
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   
    
   

s lZ Z                     (1-5) 

The interface voltage vector is related to the source voltage by 

1( ) [ ( ) ( )] ( )s s s s   
l S l s

V I Z Y V                                    (1-6) 

Minor loop-gain is defined as Eq. (1-6), which is the product of the source impedance 

matrix and the load admittance matrix in d-q frame. 

     s s s 
s l

L Z Y                                         (1-7) 

As discovered by Ref. [17], the small-signal stability for a balanced three-phase ac 

system stability can be predicted by applying Generalized Nyquist Criterion (GNC) [18] 

to the minor loop-gain L(s). Here the dimension of L(s) is two by two, so for each 

frequency L(s) has two eigenvalues. Let {l1(s), l2(s)} be the set of frequency-dependent 

eigenvalues of L(s). These traces of the two eigenvalue in the complex plane form 

characteristic loci of matrix L(s) as the variable s traverses the standard Nyquist contour 

in the clockwise direction. Then the Generalized Nyquist Criterion can be formulated as 

below: 

“Let the multivariable system shown in Fig. 1-5 have no open-loop unobservable or 

uncontrollable modes whose corresponding characteristic frequencies lie in the right-half 

plane. Then the system will be closed-loop stable if and only if the net sum of 

anticlockwise encirclements of the critical point (–1+j0) by the set of characteristic loci 

of L(s) is equal to the total number of right-half plane poles of Zsdq(s)and Yldq(s).” 
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Compared to the positive sequence impedance method used in [19]-[22], d-q frame 

impedance matrix method is more accurate for stability assessment of system with power 

electronics devices with unsymmetrical control on the d-q frame [23]. For example, PV 

inverter that has non-symmetrical control in d-q frame because of the DC voltage loop 

and phase locked loop (PLL). For this type of converters, one positive sequence 

frequency fp of perturbation may result in not only the same frequency fp of response but 

also another frequency of |2f1-fp|, where f1 is the line frequency .This frequency coupling 

effect is shown in Fig.1-6, which is due to the different dynamics in d-axis and q-axis in 

the synchronous reference frame, which is mentioned in [24]-[26] and mathematically 

proved in [27]. 

 

Figure 1-6 Excitation and response sequence components of power electronics device that is 

unsymmetrical in d axis and q axis 

Ever since the creation of the GNC method based on d-q frame impedances in the 

electrical system, it is being used a lot for small-signal assessment of connection to power 

electronics devices to the electrical systems. B. Wen discovered the negative incremental 
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resistance in grid-tied inverters because of grid synchronization and current injection 

based on phase-locked loop (PLL). The frequency range of the negative incremental 

resistance behavior is determined by the bandwidth of PLL, and the magnitude of the 

resistance can be calculated by the power rating of the inverter, thus forming some design 

oriented guideline to avoid this type of instability [28]-[39]. This same type of problem 

caused by grid-synchronization was further explored by d-q frame impedances method in 

the later papers of [40],[41]. C. Li found the stability interactions of multiple 

STATCOMs which are very close in the power system and used the GNC method to 

pinpoint that the ac voltage regulation was the main reason of instability [42]-[48]. The 

interactions between power grid and HVDC were brought into attention by [49]-[56] 

using GNC based on d-q frame impedances. And the stability problem of wind farm 

connected through HVDC was covered in [57]-[60]. While [61]-[66] covered the stability 

connection problem to the grid of VSC three-phase converters including electric vehicles. 

1.3  Single-Phase d-q frame impedance method 

The aforesaid frequency coupling effect not only exists in three-phase balanced system 

but also appears in single-phase circuit under d-q frame control. One example is the 

single-phase railway AC/DC converter with DC voltage loop based on synchronous 

reference frame [67] and another example is the single-phase PFC load also with DC 

voltage loop [68]. But for a single-phase circuit, the operation point is time variant and 

only single phase information is available. To solve this modeling problem, the single-

phase d-q frame impedance modeling and measurement method is recently created for 

stability assessment of such kind of single-phase circuit [69]-[70]. In this kind of 

approach, a fictitious balanced three-phase is constructed. Single phase sinusoidal 
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variables are regarded as α axis component, on which 90 degree of delay is added to form 

a fictitious β axis. After α-β to d-q transformation, a DC operation point is formed for 

system steady state, based on which perturbation is introduced and measured to get the d-

q frame impedances. Basically speaking, the single-phase impedance measurement 

method builds a three phase balanced system based on the original system. The original 

system is the Phase A system, based on which virtual circuits of phase B and phase C are 

created by adding 120 and 240 degree of delay. The single-phase circuit is the simplest 

unbalanced three-phase circuit, and its d-q impedance model and measurement method 

gives some hints about the impedance modeling of three-phase unbalanced systems. 

1.4  Motivation and objectives 

As mentioned forehead, little work was done to fully understand what impact the high 

penetration of Utility PV will bring to the distribution system in the aspect of small-signal 

stability, and the approach in the previous literature papers is state-space model which 

requires the full models of the PV farms and the grid.  

This research researches into the small-signal stability impact of PV of very high 

penetration level, at the distribution system level, and using d-q frame impedance based 

GNC method. The impedances of the Utility PV farms under analysis include all details 

of the generator, so as the DC and AC sides power stage, the inner-current loops, the 

outer-DC voltage loop and the reactive power control. All local reactive power control 

modes mentioned in most updated IEEE 1547 will be compared about the potential 

detrimental influence on the whole system stability. Furthermore, the case of multiple PV 

farms will be looked into thoroughly to explore the possible interactions between 

multiple PV farms in the same distribution system.  
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In addition, as the three-phase loads and voltages may be unbalanced in the 

distribution system where the three-phase Utility PV farms are connected, the previous d-

q frame impedance based GNC methods is no longer applicable. To solve this problem, 

this work will upgrade the d-q frame impedance matrix to make the GNC method 

applicable to the three-phase unbalanced distribution system. 

1.5  Dissertation outline 

 

The dissertation is organized as follows: 

Chapter 2 compares different local reactive power control modes for PV inverters in 

the aspects of static impact on grid voltage profiles and power loss in a 12kV test-bed 

distribution system. It is discovered that the impact of active power or reactive power on 

the voltage magnitude is almost linear, thus the rate by which the voltage increases at 

different geographical locations can be estimated accurately by the proposed sensitivity 

matrix, which was shown to be related to the system impedances. Volt-var droop mode is 

preferred compared to other reactive power control in aspects of voltage profile and 

system power loss. 

In chapter 3, the terminal impedances in d-q frame are derived of utility-scale PV farm 

based on small signal model of PV inverters. It is discovered that d-q frame impedance of 

PV inverter under volt-var droop mode control shows a significant difference from other 

reactive power control modes. The PV terminal impedance matrix model derived from 

small-signal model is proved by MATLAB time domain simulation and validated by 

scaled-down hardware experiments. 



13 

 

In chapter 4, GNC is utilized to analyze the stability connection of a single PV farm 

and multiple PVs into the grid based on the d-q frame impedances. The reactive power 

control of volt-var droop mode is the first mode to cause instable connection as the 

number of PV inverters increases. For the instability problem caused by volt-var droop 

mode control, comparison is done for different PV allocations, different PV capacities 

(different number of PV inverters) and different irradiance condition.  GNC stability 

assessment results match with time-domain simulations and reveal the stability problem 

related to volt-var droop mode control.  

And in chapter 5, considering the unbalance of the distribution system, a new 

impedance model in d-q frame is proposed to capture both the dynamics of PV inverter 

operating in unbalanced points and the dynamics of three-phase unbalanced grid. The 

new impedance model is a combination of positive-negative sequence impedance and 

conventional d-q frame impedance. A procedure is designed for the measurement o 

extended d-q frame impedance and the GNC application to predict small-signal stability 

of the unbalanced grid. 

Finally, Chapter 6 concludes the whole dissertation and discuss about the possible 

future work to be explored. 
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Chapter 2. IMPACT OF PV INVERTER PENETRATION 

ON VOLTAGE PROFILE AND POWER LOSS
*
 

2.1 Introduction 

Due to environment problems caused by fossil fuels, installation of photovoltaic (PV) 

systems is increasing rapidly worldwide. The impact on voltage profile is the most 

commonly recognized problem caused by high PV inverter penetration in distribution 

systems. Accordingly, a significant effort has been devoted to assess the static problems 

produced in distribution systems. The impact on voltage profile is bigger as the PV 

capacity increases, which has a limit in the amount of PV power to be installed with 

respect to the over-voltage problem [71]-[76]. Actually, the PV inverter penetration limit 

is influenced by the system original voltage profile, where for instance a lightly loaded 

case has the least PV penetration limit. The penetration threshold also depends on how 

PV inverters are located. The threshold decreases as the distance from the feeder source 

to the PV system increases, or the feeder impedance increases [72][75][76]. But so far no 

comparison has been made between busses of different branches of the radial system, or 

busses of a meshed system. After the release of the revised IEEE 1547 standard [77], 

different local reactive power control strategies have been designed and compared for PV 

inverters to regulate the system voltage [76]-[77], but similarly, the voltage impact and 

 

* © 2016 IEEE. Reprinted, with permission, from Y. Tang, R. Burgos, C. Li and D. Boroyevich, “Impact of PV inverter 

penetration on voltage profile and power loss in medium voltage distribution systems”, 17th Workshop on Control and Modeling for 

Power Electronics (COMPEL), Trondheim, Norway, 27-30 June 2016. 
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penetration limit of PV inverters with reactive power control has not been fully analyzed 

yet.  

The uncertain variables in PV impact analysis include PV location, PV capacity and 

reactive power control strategies, which yield numerous cases to be analyzed and 

compared. In this paper, a voltage sensitivity analysis is conducted to prove that the 

voltage variation is almost proportional to the PV capacity, analyzing voltage impact 

quantitatively without solving power flow equations. Sensitivity matrices are used to 

compare PV inverters connected at different locations. Different from the sensitivity 

matrices in [80]-[81], which are dependent on the system operating state, and the 

matrices in [82], which are only valid for radial systems, the matrices in this paper are 

shown to be only related to the system topology and its impedance, being also valid for 

meshed systems. Finally, from the sensitivity analysis conducted, guidelines are 

formulated for PV inverters in terms of location and reactive power control. 

Further, contrary to the PV impact on voltage profile, system power loss forms a U-

shape trajectory as the PV inverter capacity increases [83]. Accordingly, the optimal PV 

size differs for different systems [77],[84],[85]. Regarding the comparison of different 

local reactive power control strategies, [86] and [87] did not consider the impact on 

power loss, and [76] took the network power loss into consideration but neglected the 

reactive power control. Alternatively, centralized reactive power control has been shown 

to reduce network power losses the most [88]-[90], at a cost in communications that 

however is not practical. 

This chapter analyzes the impact of PV generators on the voltage profile and power 

loss in distribution systems, taking into considerations PV inverters of different 
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capacities, installed at different locations, and with different local reactive power control 

strategies. For voltage impact, sensitivity matrices are used to compare PV generators 

connected at different locations. After some approximations, is shown how these matrices 

are only related to the system topology and impedances, results that are also valid to 

meshed systems. Guidelines are formulated for PV inverters in terms of geographical 

location and reactive power control scheme.  

2.2 Test-Bed medium voltage power system 

One of Southern California Edison (SCE)’s distribution feeders with very high 

penetration of photovoltaics is chosen as the test bed. It’s a 12kV and very lightly loaded 

rural distribution feeder, with a radial topology and a PV integration that can be as high 

as 5MW. This paper assumes that the PV generator can be injected at any bus of the 

system. The circuit diagram of the distribution system is shown by Fig.2-1, and 

parameters for the system are given in [91], a typical day time loading of 20% of the peak  

 

Figure 2-1 One-line diagram of the distribution system 
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with power factor 0.9 is chosen as the base operation point [91]. The system has 56 

buses, and bus 1 is the slack bus with voltage of 1.0 p.u. , all the other buses are load 

buses when PV generators are not connected. The base capacity for the system is 1 MVA. 

2.3 Impact on voltage profile 

Voltage contouring function of PSS/E is utilized to visibly analyze the impact of PV 

injection on voltage profile. The color of the buses and surrounding area is determined by 

the voltage magnitude of the power flow calculation results. Fig.2-2 is the voltage 

contouring results along with the color setting when active power injected from PV farm 

varies because of the irradiance change. The color is warmer when the voltage is higher. 

Blue corresponds to voltage magnitude of 0.975 p.u., which is the lower limit by the 

standard. In the other hand, yellow corresponds to voltage magnitude of 1.05 p.u., which 

is the upper limit. And dark red corresponds to voltage magnitude even higher than the 

upper limit. 

 

Figure 2-2 Voltage contouring of the distribution system  
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As the irradiance increases from 0% to 100% with the step of 20%, the active power 

injected adds up by 1 MW from case to case. It can be observed clearly that the active 

power injected boosts up the voltage profile of the whole distribution system, and higher 

the capacities, bigger the impact on the voltage profile. 

2.3.1 Sensitivity analysis about impact on voltage profile 

As mentioned before handed that the voltage impact is higher as PV capacity increases. 

Actually the voltage boost and the active power injected are linearly related illustrated by 

the curve of Fig.2-3, which is the voltage curve of several typical buses in the system in 

terms of active power injected from PV farm on bus 45. All the voltage curves are almost 

straight lines with different slope rates, which induces the interest of sensitivity analysis 

about voltage increase over active power injection. Through the results of sensitivity 

analysis, the impact of one PV farm on all buses in the same distribution system can be 

compared very easily as well as the cases of different PV connection locations. 

 
 

Figure 2-3 56 bus system voltage profile with PV at bus 45 
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The system voltage profile variation due to PV injection is determined by nonlinear 

power flow equations. Sensitivity analysis is the linearization of these power flow 

equations, which seeks to exchange solution accuracy for efficiency. The linearization 

process is described below: 

There are n busses in the system, in which there are m load busses. The power flow 

equations are  
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where Pi and Qi are the injected active and reactive power at bus i, Gij and Bij are real and 

reactive components of system admittance matrix Y = G + j B. Linearization of (2-1) is 
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Once J is known, the variation of voltage can be estimated by 
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In medium voltage distribution systems, bus voltages are within [0.975 p.u., 1.05 p.u.] 
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according to standard [92], so Vi ≈ 1 p.u. For any line in the system, the angular 

difference between two busses θij is very small, so sin θij ≈ 0, cos θij ≈ 1. In addition, Pi 

<< Gii and Qi << Bii, so Hii ≈ -Bii, Nii ≈ -Gii, Mii ≈ Gii, Lii ≈ - Bii. After this approximation, 

(2-3) is transformed to  
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In (2-6), B1 and B2 are formed by elements of B, and G1 and G2 are formed by elements 

of G. The dimension of B1, B2, G1 and G2 is (n-1)×(n-1), m×m, (n-1)×m, and m×(n-1) 

respectively. It can be concluded from (2-6) that  
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The sensitivity matrices in (2-9) can be used to estimate voltage impact of PV active 

and reactive power injection. For a radial distribution system without shunt devices, 

including fixed or switched capacitors, it can be proved that the sensitivity matrices in (2-

9) match the sensitivity matrices in [82], which were obtained from radial power flow 

models, with the advantage that the elements of the matrices in (2-9) are directly related 

to line impedances. Additionally, whereas the sensitivity matrices in [82] are only 

applicable to radial systems, the matrices in (2-9) also apply to meshed distribution 

systems. 

For a radial system, there is one slack bus at the substation which can be set as bus 1, 

the other busses are treated as load busses (constant active power and reactive power 

injection), which means m = n – 1, B1 = B2 = B (2:n,2:n), G1 = G2 = G(2:n,2:n), where 

the bus number is based on its respective distance to bus 1. Further, when there are n 

branches between the busses, set the bus with smaller number as the starting bus for each 

branch, and number the branches based on their starting bus number. Set YL as a n×n 

diagonal matrix formed by the admittances of all branches, YL= YG + j YB. Set YZ as a 

n×n diagonal matrix formed by impedances of all branches, YZ = YR +j YX  





















 ),,,(),,,,(

              ),,,(

),,,(),,,,(

           ),,,(

2121

2211

2121

2211

nn

nn

nn

nn

xxxdiagrrrdiag

jxrjxrjxrdiag

bbbdiaggggdiag

jbgjbgjbgdiag









XR

Z

BG

L

YY

Y

YY

Y

             (2-10) 

 

gk + j bk and rk + j xk is the admittance and impedance of branch k, and gk + j bk =1/ (rk + j 

xk). 

The node-branch incidence matrix [93] is defined below to keep track of the way 
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branches and nodes are connected, for a radial system without shunt devices, the 

dimension of A is n×n. In consequence of the way the busses and branches are 

numbered, A is a lower triangular matrix and 
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Substituting (2-12) to (2-9) yields, 
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so that the voltage sensitivity matrices in terms of active power and reactive power are 
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The voltage sensitivity matrices in terms of active power and reactive power are 
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The sensitivity matrices of (2-15) match with sensitivity matrices in [82], which are R = 

[Rij]n×n = VP and X = [Xij]n×n = VQ  
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Here ζi is the set of lines on the unique path from bus 1 to bus i, ζi ∩ ζj is the set of lines 

which are both in the unique path from bus 1 to bus i and the unique path from bus 1 to 

bus j. rhk + j xhk is the impedance of the line from bus h to bus k. The results of (2-8), (2-

15) and (2-16) can be used to study the impact of active power and reactive power 

produced or consumed on voltage magnitude of the whole system.  

For meshed system, (2-16) is no longer applicable as there is no unique path from bus 

1 to bus i. But Y = G + j B can still be obtained from the system topology and 

impedances to be substituted to (2-9) to obtain the sensitivity matrices. 

The sensitivity matrix of VP is composed by the resistive part of the lines while the 

sensitivity matrix of VQ is composed by the inductive part of the lines. One big 

advantage of the sensitivity matrices is that their values are only related to the line 

impedances and independent of the load status or operation points of the system. 

2.3.2 PV under unity power factor 

To test the feasibility of linearizing the impact on voltage profile and accuracy of the 

sensitivity matrices, voltage profile change of the several typical buses is estimated using 

the increasing ratios of (15) and (16) and compared with accurate power flow results 

from PSS/E in Fig.2-4. The solid curves are from PSS/E power flow calculation which is 

accurate and the dashed lines are linear estimation based on the original voltage profile 

without PV injection added by the increasing rates from (15) and (16) times the PV active 

power injection. It can be observed that the estimation results match with accurate results  
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Figure 2-4 System voltage profile with different capacities of PV at bus 45. 

very well, proving that the sensitivity ratios are reliable and useful as an index for voltage 

profile impact.  

Part of the sensitivity matrix VP which is the sensitivity index of voltage increase over 

active power injection for 56 bus is shown in Table 2-1. 

Table 2-1 Elements of sensitivity matrix VP of 56 bus system 

VPij     j 

   i 
19 31 41 45 56 

19 0.0414 0.0021 0.0021 0.0021 0.0021 

31 0.0021 0.0296 0.0189 0.0189 0.0189 

41 0.0021 0.0189 0.0216 0.0216 0.0216 

45 0.0021
 

0.0189
 

0.0216 0.0233 0.0216 

56 0.0021 0.0189 0.0216 0.0216 0.0255 

 

It can be concluded that: 



25 

 

(1) The sensitivity matrices of has the highest value in diagonal elements, which 

means that the highest voltage impact is at the injection location. For example, the 

same injection capacity at bus 45 will cause biggest voltage raise at bus 45 than 

other buses in the test-bed system as shown in Fig.3. This is because that the 

increasing rate in the diagonal elements of VP is the added resistors along the 

path all the way from bus 1 to bus 45 ( The path is bus 1-2-4-20-23-25-26-32-34-

41-42-45). While the increasing rate at other buses, bus 56 for example, is the 

added resistors of path ( the path of bus 1-2-4-20-23-25-26-32-34-41) which are 

both in the unique path from bus 1 to bus 45 i and the unique path from bus 1 to 

bus 56. Unity power factor PV generators will increase all bus voltages. The 

highest impact is at the injection bus.  

(2) The sensitivity matrix VP is symmetrical. For radial 56 bus system, define bus j as 

behind bus i when bus i is on the unique path from bus 1 to bus j. Voltage 

increasing rates are the same at bus i and buses behind bus i, but higher than 

increasing rates of other buses, because the intersection part of ζi and ζj has more 

lines when j = i or bus j is behind bus i.  

(3)  To avoid system under-voltage and overvoltage profile, PV generator should be 

connected as close to the substation as possible. Sensitivity matrix element serves 

as the electrical distance, which is dominated by active part of line. The impact on 

voltage profile is more severe if PV farm is connected to the grid with further 

electrical distance from the substation. In the case of connection to bus 45, 5 MW 

of PV will cause the connection bus voltage to exceed the upper limit as shown in 

Fig.3. Bus 45 is an eligible location for 3 MW of PV, but not for 4 MW or 5 MW 
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of PV. The eligible maps for different capacities of PV are shown by Fig.2-5. 

Buses eligible for 5 MW of PV are labeled with red flags, buses eligible for 3 

MW but not for 5 MW are labeled with yellow flags, and buses eligible for 1 MW 

but for 3 MW or above are labeled with green flags. As the PV capacity increases, 

more and more buses are excluded from eligible locations. When PV capacity 

increases to 5 MW, PV generators can only be connected to buses very close to 

the substation to avoid overvoltage problems. So to reduce the impact of voltage 

profile, the PV farm is better to be connected to the substation as close as 

possible. 

 
 

Figure 2-5 Eligible allocations for different PV capacities in 56 bus system 

2.3.4 PV under different reactive power control 

With rapid development of PV penetration, the impact on voltage profile is not 

ignorable as confirmed by last section when PV connection bus voltage exceeds the 

upper limit. Consequently, the IEEE 1547 standard has been updated which requires the 
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PV in the distribution system to help regulate voltage by utilizing its reactive power 

capability. 

The commonly used photovoltaic generator local reactive power control modes 

include mode 1 unity power factor, mode 2 fixed reactive power, mode 3 fixed power 

factor, mode 4 reactive power as a function of active power (Watt-var mode) and mode 5 

reactive power as a function of bus voltage (Volt-var mode) [78],[94]. Mode 4 and mode 

5 are illustrated by Fig.2-6. 
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(0,0)
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Figure 2-6 (a) Watt-var mode curve (b) Volt-var Q= f(V) mode droop curve 

 

All five modes are applied on the PV farm connected to bus 45. Fig.2-7 is the voltage 

profile of PV farm terminal bus 45 when the PV active power increases from 0 to full 

power in correspond to irradiance variation. In mode 2, reactive power reference is set to 

be 1.5 MVar inductive to compensate the voltage boost caused by active power injection 

shown by mode 1 curve, but this setting has the problem of under-voltage when 

irradiance is low, showing that this mode is lack of flexibility for voltage regulation as a 

local control strategy. In mode 3, power factor is set to be 0.91 lagging. In mode 4, P1 = 

3.5 MW and the slope is -1 in the curve in Fig.2-6(a). In mode 5, V1 = 0.975 p.u., V2 = 

1.00 p.u., V3 = 1.025 p.u., V4 = 1.05 p.u. and Qmax = 2.5 MVar. Mode 3 to mode 5 are all 
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able to regulate the PV bus voltage within the limit of ASIC standard [92]. While Mode 1 

unity power factor and mode 2 constant Q are not able to regulate the voltage within 

range.  

 

Figure 2-7 Voltage of PV injection bus under different Q control 

When PV generator is working on mode 2-mode 4, voltage variation of all the load buses 

because of PV power injection can be estimated by (2-8). When PV generator is working 

on mode 5, reactive power injected by PV is the function of Q = f (V) shown below  
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The ratio of ΔQ/ΔV is a discrete function as in (2-17). There are two steps to estimate the 

voltage variation.  

Step 1 apply Q = f (V) control assuming no active power injection. Before Q = f (V) 

control the voltage of bus i is V0, if V0 ≤ V2 or V0 ≥ V3, ΔQ = f (V0) ≠ 0, illustrated by the 

black curve in Fig.2-8.  

Step 2 Looking from PV inverter to the grid, bus i voltage variation ΔV in terms of 

reactive power injection ΔQ also follow the yellow lines in Fig.2-8 according to the 

sensitivity analysis in section II, so the new operation point V0’ for bus i is the cross point 

of the yellow curve and the black curve. Without irradiance, Q = f (V) control moves bus 

i voltage from V0 to V0’, which helps prevent voltage to exceed upper and lower limit. 

 

Figure 2-8 Voltage magnitude setting point acquisition 

The voltage impact of PV generator working on mode 5 is estimated by step one 

illustrated by Fig.2-8. Fig.2-9 shows voltage of bus 45 in terms of active power injected 

by PV after reactive power control is applied on PV generator, which reveals that these 

reactive power control strategies are effective to prevent overvoltage problems. The 

accuracy of voltage sensitivity analysis in last section about different Q modes is proved 
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by comparison in Fig.2-9 as well, in which accurate full power flow results (solid lines) 

are from PSS/E and estimated results (dotted lines) are from MATLAB using sensitivity 

analysis. Fig.2-10 of eligible map of 5 MW of PV under reactive power control further 

confirms overvoltage relief due to reactive power control.  

 

Figure 2-9 Bus 45 voltage with PV under different Q modes 

 

 

Figure 2-10 System eligible allocations for 5 MW of PV under mode 3,4 or 5 
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In Fig.2-10, bus 18 and bus 19 are still not eligible locations even after making use of 

full reactive power capability because these two buses have high R/X ratio, the voltage 

increase caused by active power can be not compensated enough by PV generator 

reactive power, other voltage regulation devices needed to be involved including OLTC 

and SVC. 

2.3.5 Conclusions about impact on voltage profile 

A known broad statement is that active power injected by PV inverters increases the 

system voltage. This paper showed that the rate by which the voltage increases at 

different geographical locations can be estimated accurately by the proposed sensitivity 

matrix, which was shown to be related to the line impedances. The diagonal elements are 

the resisters of the path from substation bus to the connection bus. And the sensitivity is 

diagonal dominant and symmetrical. The highest increasing rate is at the injection bus, 

which means that voltage variation caused by active power injection is biggest at the 

connection point compared to impact on other buses. To reduce the impact on voltage 

profile, connect PV as close to the substation as possible and make use of the reactive 

power capacity of the PV inverters. Further, in what regards the reactive power 

compensation capability of PV inverters, this paper showed that the reactive power 

control mode Q = f (V) is preferred over power factor control modes because Q = f (V) 

provides voltage regulation service when there’s no sun, and Q = f (V) is effective to 

mitigate overvoltage and under voltage whereas power factor control cannot achieve at 

the same time. Nonetheless, there still will be a PV penetration limit even under reactive 

power control since PV inverters have a limited reactive power control capability at full 

active power, which is also limited by applicable standards and grid codes. 
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2.4  Impact on system power loss 

2.4.1 PV under unity power factor 

In Fig.2-11, as the capacity of PV generator at bus 19 in 56 bus system increases, 

system power loss trajectory forms a U-shape curve. The explanation is that when PV 

injection is very small, power flow of all lines is reduced, resulting in power loss 

decrease, as PV injection increases, reversed power flow in certain lines will increase 

system power flow instead.  

 
 

Figure 2-11 System loss when PV generator is connected to different buses 

It also shows that the U shape curves of different injection locations have different 

optimal PV percentage, because threshold to cause reverse power flow is different for 

different buses as the load upstream and downstream is different for each bus, the optimal 

PV injection location which causes least system power loss is different. Comparison of 

power loss of cases in which PV is connected each case provides the optimal allocation. 
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The optimal allocation for PV capacity of 0-1MW in 56 bus system is listed in Table 2-2. 

For a fixed amount of active power injection by PV generator, the optimal location is the 

bus which has half of the PV capacity of load downstream.  

Table 2-2 Optimal allocation for different PV capacity 

PV capacity   (MW) 0.2 0.4 0.6 0.8 1 

Load behind optimal 

bus (MW) 
0.1032 0.2248 0.375 0.4386 0.4907 

Optimal location 

Under mode 1 
Bus 51 Bus 41 Bus 34 Bus 32 Bus 23 

2.4.2 PV under different reactive power control 

The impact on the power loss in terms of reactive power injected is also a U-shape 

curve (system only has inductive load). Comparison of different reactive power control 

shows that mode 4 and mode 5 only become inductive when voltage is boosted by the 

active power from solar power, so is preferred to reduce the impact on power loss.  

Different amount of active power and reactive power is injected to bus 45 in 56 bus 

system, System power loss is plotted in Fig.2-12, which reveals that for the typical load 

condition of 56 bus system, optimal P is not dependent on Q, and optimal Q is not 

dependent on P. Optimal P and optimal Q are positive, which means certain amount of 

active power and reactive power should be injected to achieve minimum power loss. 

To analyze the impact on system power loss, different amount of active power and 

reactive power is injected to bus 45 in 56 bus system. System power loss is plotted in 

Fig.2-13, Fig.2-13 reveals that for the typical load condition of 56 bus system, system 

power loss forms a U shape curve both for active power injection and reactive power 

injection, optimal P is not dependent on Q, and optimal Q is not dependent on P. 
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Figure 2-12 System loss in terms of P and Q injected to bus 45 

Optimal P and optimal Q are positive, which means certain amount of active power and 

reactive power should be injected to achieve minimum power loss and help to understand 

the comparison of impact on system power loss of different reactive power control modes 

in Fig.2-13. Power loss under unity power factor is set as base value of 100% in each set 

of bar curves. Mode 2 and 3 cause higher power loss than other options because PV 

inverter in mode 2 and 3 is consuming reactive power all the way. In contrast, PV under 

mode 4 and mode 5 is only inductive when needed (the active power injected exceeds P1 

or PV terminal voltage is over the threshold of V3). In addition, when irradiance is zero, 

mode 5 injects reactive power because voltage bus 45 is below V2=1.00p.u., which 

reduces system power loss compared to other modes.  
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Figure 2-13 System power loss comparison of different Q modes 

 

In sum, mode 5 volt-var mode is the best option considering voltage regulation and 

system power loss because 

(1) Mode 1 unity power factor and mode 2 constant Q are not able to regulate the 

voltage within range.  

(2) Mode 3 costs more system power loss than mode 4 and mode 5.  

(3) Mode 5 is only inductive when needed and is able to deal with both overvoltage 

and under voltage. 

2.4.3 Conclusions about impact on power loss 

As PV capacity increases, system power loss forms a U shape curve, which indicates 

that the impact on power loss is nonlinear and cannot be studied by using sensitivity 

analysis as in section 1.3. A certain amount of active power and reactive power should be 

injected to reduce system power loss. The optimal values of injection depends on 

injection buses and the optimal active power is independent of reactive power. Optimal 
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location of PV connection for minimum system power loss depends on load distribution. 

And the comparison of different reactive power control modes shows that reactive power 

control of mode 4 voltage-var or Q =f(V) and mode 5 watt-var P = f(Q) are preferred to 

reduce the impair on power loss because of inductive reactive power. 

2.5 Conclusions 

A static analysis based on distribution system power flow regarding PV as a load bus 

is done to research into the impact of PV on system voltage profile and power loss. 

Comparison is done between PV farm of different capacities, different locations and 

different reactive power control modes.  

A broad known statement is that active power injected by PV inverters increases the 

system voltage. It is discovered that the impact of active power or reactive power on the 

voltage magnitude is almost linear, thus the rate by which the voltage increases at 

different geographical locations can be estimated accurately by the proposed sensitivity 

matrix, which was shown to be related to the system impedances. The biggest voltage 

influence is at the injection bus, the increasing ratio of which is dominated by the 

resistors between the substation and the PV bus. The voltage boost because of active 

power injection will cause a limitation of maximum PV capacity, which can be mitigated 

by connecting PV to a bus as close to the substation as possible or making use of the 

reactive power capability of PV. Further, in what regards the reactive power 

compensation capability of PV inverters, this paper showed that the reactive power 

control mode Q = f (V) is preferred over power factor control modes because Q = f (V) 

provides voltage regulation service when there’s no sun, and Q = f (V) is effective to 

mitigate overvoltage and under voltage whereas power factor control cannot achieve at 
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the same time. Nonetheless, there will be a PV penetration limit even under reactive 

power control because PV has limited reactive power control capability at full active 

power and the high R/X ratio in the distribution system. 

Furthermore, it is shown that as the capacity of PV inverters increases, the system 

power loss will find an optimum operating point that will vary both with the physical 

location of the PV inverter unit and with the amount of power injected, and that the use of 

reactive power compensation to mitigate the impact on the system voltage profile will 

detrimentally affect the system power loss, in what is then an operational tradeoff. 

Accordingly, and in what could be considered a guideline for PV inverter allocation, to 

reduce the impact on voltage profile PV these units should be connected as close to the 

substation as possible (electrical distance indicated by sensitivity matrix), where the 

optimal allocation to reduce network power loss will depend on the distribution of load. 

Q =f(V) is preferred compared to other reactive power control in both aspects. 
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Chapter 3. PV Inverter Impedances in D-Q Frame 

under Different Q Control Modes
*
 

3.1  Introduction 

With development of renewable energies worldwide, power system is seeing higher 

penetration at distributed level as well as transmission level. In addition, IEEE 1547 

newest version requires PV inverters to have reactive power control, thus increasing 

inverter control complexity .As negative incremental resistance caused by constant power 

behavior of power converters may bring stability problem, stability of PV integration to 

distributed system attracts more and more attention. Different from real-time simulation 

or character root method, which require full models of all components in distributed 

system, the generalized Nyquist stability criterion (GNC) for stability analysis of three-

phase AC power system only uses measured d-q Frame impedances. Compared to the  

positive sequence impedance method used previously, d-q frame impedance matrix 

method is more accurate for stability assessment of system with PV inverter that has non-

symmetrical control in d-q frame including DC voltage loop and phase locked loop 

(PLL).  

The goal of this chapter is to observe how the d-q frame impedance of utility-scale 

PV inverters is shaped by the power stage and the controllers. For the purpose of the 

* © 2018 IEEE. Reprinted, with permission, from Y. Tang, R. Burgos, C. Li and D. Boroyevich, “Utility-Scale PV Inverter 

Impedances in D-Q Frame Under Different Q-Control Modes”, IEEE Energy Conversion Congress and Exposition (ECCE) , Portland, 

OR, USA, 23-27 Sept. 2018. 
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impact study, the d-q frame impedance model is derived from small-signal model of the 

PV generator, which is validated by MATLAB simulation and hardware experiments as 

well.  

3.2 Derivation of d-q frame impedance of PV generator 

The configuration of a utility PV generator testbed is shown in Fig.3-1. The switching 

model is built in Simulink with switching frequency set to be 3 kHz. The rated capacity is 

250 kW. The topology contains PV arrays, a DC capacitor, a single stage DC/AC inverter, 

a three phase LCL filter and a step up transformer. The PV arrays have 29 PV panels in 

series in each string and 40 strings in parallel. The rated DC voltage is 870 V, which is 

also the MPPT point of PV arrays under standard weather condition ( 1000 W/m2 and 

25 ℃ ). The DC capacitor is chosen to be 8.2 mF to keep DV voltage ripple under ±5%. 

Parameters of LCL filter with resistor in series with cap are L1 = 0.32 mH, L2=0.32 mH, 

 

Figure 3-1 Switching model of the PV generator 
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C=70.3 µF, Rc = 0.50 Ω. The parameters of LCL filter are set to make sure that PV 

inverter output voltage and current harmonics are within standard limit. For three phase 

step up transformer, the rms values of line to line voltages of primary and secondary side 

are 330 V and 12 kV separately. Dual loop control strategy is applied in which inner 

current loops regulate output current in d-q axis separately and outer DC voltage loop 

regulates DC voltage. Reactive power can be regulated based on reactive current loop. 

The controller may have an outer AC voltage loop or reactive power loop according to 

different reactive power control strategies. 

3.2.1 Open loop power stage model 

With switching ripple ignored, average model of the PV generator in d-q axis is 

formed in Fig.3-2. Fig.3-2(a) is average model of DC side, while Fig.3-2(b) and Fig.3-2(c) 

are average models of AC side in d-q axis separately based on primary side voltage of 

step up transformer. 

 

 

Figure 3-2 Average model of the PV generator power stage 
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Based on the average model of PV generator power stage of Fig.3-2, linearization can 

be made around the DC operation steady state. In small signal perturbation model of 

Fig.3-3, PV arrays can be equivalent to a voltage source with a resistor, while resistor and 

voltage source values are dependent on PV panel operation point [95].  

 

Figure 3-3 Small-signal model of the PV generator power stage 

The I-V curve of the PV array is defined by the four parameters of Voc = 36.3 V, Vmpp 

= 30 V, Isc = 7.1839 A and Impp = 7.84A. For maximum power point, the small-sginal 

equivalent resistor RPV=3.0269 Ω and VPV = 7140 V. After PV array is represented by a 

voltage source with a resistor, seven order state space equations can be formed for power 

stage in Fig.3-3, while the state vector is  
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Solving the state space equations yields 

sss
vGdGi ivid


~~~
                                                 (3-4) 

ss
DCV vGdG DvDd


~~~
                                               (3-5) 

 

Figure 3-4 Transfer function diagram of PV inverter power stage dynamics 

Equation (3-4)-(3-5) related to power stage dynamics are shown by red arrows and 

blocks in Fig.3-4,which is the diagram of small-signal model of PV inverter if only the 

dynamics of the power stage is considered and the output impedance is 

1 ivZ G                                                             (3-6) 

The impedance matrix of open loop power stage is a seven-order transfer function 

which includes the dynamics of DC capacitor and AC side LCL filter. The bode plots are 

shown in Fig.3-5.  

At high frequencies (kHz), the bode plots are showing pure inductor dynamics, which 

is the AC side inductors. The resonant frequency of LCL filter is 1.5kHz. And there is a 

resonance at 10-100 Hz which is caused by DC side capacitor and AC side inductors and 

also influenced by the duty ratio as well. The dynamics change from capacitive to 

inductive at this resonant frequency. And below this frequency it’s more impacted by DC 
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side capacitor and PV array equivalent resistance in small-signal model. The dynamics 

below100 Hz will be shadowed by the current controllers discussed in section 3.2.3. 

 

Figure 3-5 Bode plots of PV inverter terminal impedance with constant duty ratio control 

3.2.2 Effect of PLL 

Phase Lock Loop (PLL) track grid voltage phases to do transformation between d-q 

axis and abc axis. PLL bandwidth is set to be 6 Hz with PI block parameter to be 

kp_pll=0.1, ki_pll =1. 

As mentioned by [35], the dynamics of PLL causes phase difference between grid d-q 

axis and controller d-q axis. 
s

d
~ , s

v

~ , s
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
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
~  are variables in grid d-q axis while 

c

d
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v

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
~ , refi


~  

are the variables in converter d-q axis. (3-7)-(3-9) are the conversion between 
s

d
~ , s

v

~ , s

i


~  

and 
c

d
~ , c

v

~ , c

i


~ , refi


~ , which is shown by blue in Fig.3-6 
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V
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)s   d s c
del PLLd G (G v + d                                                   (3-9) 
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Figure 3-6 Transfer function diagram of PV inverter with constant duty cycle and PLL control 

The loop in Fig.3-6 is solved to get PV impedance so that  

s s
v = Z i                                                            (3-15) 

 
1

  d
iv id PLLZ G G G                                                  (3-16) 
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Fig. 3-7 shows how the PV inverter d-q frame impedance is influenced by PLL 

control. The bode plots have a clear difference below the PLL Bandwidth of 6 Hz. And 

negative sign of Zqq is observed because of PLL synchronization. 

 

Figure 3-7 Comparison of PV inverter terminal impedance with and without PLL 

3.2.3 Effect of current controller 

For PV controller in Fig.3-1, AC current regulator is a PI controller with parameter of 

kpi= 0.0011 and kii=0.33, making the current control bandwidth to be 250 Hz. The 

measured output of power stage ,
T

d qi i   y  goes through current regulator as shown by 

black lines and blocks in Fig.3-8. For controller related blocks, 

)
~~~~ ccc
ii(GiGd refcidei
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Solving the transfer loop yields 

    
1

            
d i

iv id PLL dei ci PLL id dei ciZ G G G G G G I G G G                      (3-18) 
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Fig.3-9 is the comparison of impedances with and without current controller. It can be 

observed that with the current loop bandwidth of 250 Hz , the inverter is regulated as a 

constant current source, so the terminal impedance magnitude is boosted up a lot by the 

current controller by its control bandwidth. The non-diagonal elements of Zdq and Zqd 

represent the coupling between the d axis and q axis. The decoupling block Gdei of 

current controller is able to reduce the magnitude of Zdq and Zqd compared to open loop  

 

Figure 3-8 Transfer function diagram of PV inverter with closed current loop control 

 

Figure 3-9 Bode plot of terminal impedances with and without current loop controller 
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case. As the LCL type of filter is used here and the measured and controlled currents are 

located at the grid side inductor, so the decoupling block Gdei of current controller is not 

able to completely remove the interactions of the d channel and q channel. 

3.2.4 Effect of DC voltage controller 

For PV controller in Fig.3-1, DC voltage regulator is a PI controller with parameter of 

kpv=-3, kiv=-30, making the DC voltage control loop bandwidth to be 22.2 Hz. Vdc_ref is 

the DC voltage reference given by maximum power point tracking (MPPT) block. The 

most widely used MPPT principle is perturb and observe (P&O), which perturbs PV 

array voltage to find the right direction of adjusting DC voltage to increase PV array 

output power . For utility scale single stage PV inverter, the frequency of MPPT block to 

change Vdc_ref is smaller than DC voltage loop bandwidth. The time interval to perturb PV 

array voltage is less than 1 second as environmental condition changes not very fast in 

PV farms. So in this paper, Vdc_ref is considered to be constant, which means that 

impedance derived is only valid above MPPT perturb frequency which is less than 1 Hz.  

The measured output of power stage , ,
T

dc d qv i i   y  goes through current regulator 

and voltage regulator blocks as shown by black lines and blocks in Fig.3-10. For 

controller related blocks, 

ref dcv cvdi = G                                                (3-19) 

in which 
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Solving the transfer loop yields 
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  
 

1
1

1       






        
     

d i
iv id del ci cvd Dd PLL dei ci PLL ci cvd Dv

id del ci cvd Dd dei ci

Z G G (G G G G I) G G G G G G G

I G (G G G G I) G G
 (3-20) 

Fig.3-10 is the comparison of impedances with and without DC voltage controller. It can 

be observed that with the current loop bandwidth of 22 Hz , the inverter is regulated as a  

 

Figure 3-10 Transfer function diagram of PV inverter with dual loop control 

 

Figure 3-11 Bode plot of terminal impedances with and without DC voltage loop controller 
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constant power source ( as the active power output stays the same as DC voltage stays the 

same), the terminal impedance magnitude is reduced a lot by the DC voltage controller 

within its control bandwidth. And the at very low frequencies, the magnitudes of Zdd and 

Zqq are the same, both are equal to Vd/Id, but Zdd has a positive sign and Zqq has a negative 

sign because of PLL effect. 

3.2.5 Effects of digital delay 

The switching frequency is fsw . The measurement and duty cycle update is done every 

switching period and executed next switching period. And the PWM modulation will also 

add some time delay which is averaged to be half the switching period. So the overall 

digital delay is 1.5 switching period and can be model as below 
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





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sT

sT

sT

sT

del

del

del

del

5.01

5.01
0

0
5.01

5.01

delG                                             (3-21) 

In which 
sw

swdel f
TT 5.15.1   

Fig.3-12 is close-loop transfer function diagram of the PV inverter with digital delay. 

Solving the close loop yields 

  
 

1
1

1       






        
     

d i
iv id del ci cvd Dd del PLL dei ci PLL ci cvd Dv

id del ci cvd Dd del dei ci

Z G G (G G G G I) G G G G G G G G

I G (G G G G I) G G G
  (3-22) 

And Fig.3-13 is the bode plot of the terminal impedances with and without digital delay. 
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Figure 3-12 Transfer function diagram of PV inverter with dual loop control and digital delay 

It can be observed that the impact is within 30 Hz to around 2kHz. The bigger change is 

the phase not the magnitude, because the digital delay transfer function doesn’t change 

the magnitude but the phase.  
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Figure 3-13 Bode plot of terminal impedances with and without digital delay 
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3.2.6 Effects of reactive power control 

Reactive power control is achieved by an outer reactive power control loop that the 

error of reactive power goes through a PI controller (kpq=-6.6×10
-5

, kiq=-0.66) to generate 

iqref. So the current reference dynamics are not only related to DC voltage control but also 

influenced by reactive power control. The current reference vector dynamics are 

represented by 

c c
ref dcv     cvd cvq qii = G G v G i                                       (3-23) 

Considering the dynamics brought by the reactive power control, the transfer function 

diagram of PV inverter is updated as Fig. 3-14.Table 3-1 lists meanings of all the transfer 

functions in Fig.3-3 and the corresponding dynamics.  

 

Figure 3-14 Transfer function diagram of PV inverter with reactive power control 
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Table 3-1 Meaning of each block in the transfer function diagram 

Transfer function Meaning of transfer function Dynamics for 
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The loop in Fig.3 is solved to get PV impedance so that ss iv
 ~

•=~
PVZ . The terminal 

impedance is updated as 
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    (3-24) 

For mode 1 unity power factor or mode 2 Q constant 
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k
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 
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 
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  

cvqG                                               (3-26) 

For mode 3 constant power factor or mode 4 Watt-var mode shown in Fig.3-15 (a), the 

ratio of reactive power over active power is  
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For mode 5 droop mode control shown in Fig. 3-15 (b) 
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Q
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V
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k
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The four d-q frame impedances in Fig.3-15 are PV impedances under mode (1)-mode 

(4). In mode (2-4), PV inverter is inductive in steady state. PV farm is composed of 12 

inverter modules. For each module, P = 250 kW, Q = –75 kVar (Generator convention,  

Q(p.u.)

(0,0)
P1

P(p.u.)

-Q0

1

Capacitive

Inductive

 

Q

Qmax
Q(V)

V1 V2 V

V3 V4

-Qmax

 
Figure 3-15 (a) mode 4 Watt-var mode curve (b) mode 5 Volt-var droop mode curve 
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Figure 3-16 Bode plot of terminal impedances under mode 1 – mode 4 

output as positive direction). In mode 4, P1= 200 kW (0.8 p.u.), ratio of slope is –1.5 in 

Fig.3-15 (a). 

In all four curves, PV impedances in d-q frame are diagonal dominant, which means 

Zdd and Zqq are much bigger than Zdq and Zqd in magnitude. And all four curves are almost 

the same at high frequencies over 200 Hz. At lower frequency, blue curve of unity power 

factor is different from other curves, Zdq and Zqd are zero in magnitude as Q is zero, while 

the other three curves are almost the same. So mode (2-4) can be represented by mode 2 

in dynamics. 

Fig.3-16 is the impedance of PV inverter under mode 1, mode 2 (as it can represent 

mode 2, mode 3, and mode 4) and mode 5. In mode 5, the steady state operation point is 

the same as other modes, P = 250 kW, Q = –75 kVar (Generator convention, Output as 

positive direction). V1 = 0.0975 p.u., V2 = 1.0 p.u., V3 = 1.025 p.u., V4=1.05 p.u., Qmax= 

110 kVar in Fig.3-15(b). Compared to mode 1 and mode 2, one obvious difference of 

mode 5 is that signs of Zdd and Zqq in zero frequency are inverted in mode 5. The 
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magnitude of Zdd is decreased, while the magnitude of Zqd is increased obviously. This 

will cause unstable PV integration case, which can be proved in chapter IV. 

 

Figure 3-17 Bode plot of terminal impedances under mode 1, mode 2 and mode 5 

To double check and also understand how the reactive power control change the signs 

of impedances and the diagonal dominance at very low frequencies, two approaches are 

utilized to compare the five control modes. First approach is to substitute frequency of 

zero to the small-signal model and the second approach is the phasor diagram illustration.  

In the first approach, active power and reactive power equations can be expressed in 

terms of PV interface voltage and current in d-q frame. Linearization of the equations 

yields the PV impedances at very low frequency, the polarity of which can be validated 

by phasor diagrams of the second approach. 

When deriving the impedance of a PV inverter, motor convention is used (injection is 

defined to be positive direction). At very low frequency, the difference between d-q 

frame of converter controller and d-q frame of the grid can be ignored. cv

~  is equal to sv


~  

and ci

~  is equal to si


~ . The active power and reactive power can be expressed in terms of 
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terminal voltage and current as 
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At low frequency, DC voltage of the inverter keeps the same, so does active power 

output. At unity power factor mode, linearization of equation (3-33) yields 
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Substitute Vq = 0 to (3-34) to get 
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At unity power factor, Iq = 0. And Id < 0, so 
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 
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The phasor diagram can be used to analyze the polarity of the impedances at low 

frequency. As PV inverter is basically a current source, so the perturbation is on voltage 

phasor and the response is on current phasor. For example, Fig. 3-17(a) shows how much 

voltage perturbation (from v


 to 'v


) is needed to change current vector by di
~

 only at d 

axis. Under unity power factor, originally v


 and i


 align with each other but have 

different polarity as injection is defined to be positive direction of current. The reactive 

power stays zero, so 'v


 still lies on d axis. At low frequency, DC voltage of the inverter 

keeps the same, so does active power output. 
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Figure 3-18 Phasor diagram under unity power factor mode (a) current response at d axis (b) 

current response at q axis 

' '   v i v i                                                         (3-38) 

It can be concluded from (3-38) that vv


<'  and 0>~
dv . To cause current response of 

0>
~
di  , the voltage perturbation 0>~

dv  and 0~ qv  , so 0
~

/~  dddd ivZ  , 0
~

/~  dqqd ivZ  . For q 

axis, Fig.3-17 (b) illustrates voltage perturbation from v


 to 'v


to get current response of 

qi
~

 at q axis (from i


 to 'i


). Under unity power factor with the effect of PLL, 'v


 will align 

with 'i


 so that 0~ qv  , 0
~

/~  qqqq ivZ  causing negative impedance at q channel. The 

polarity analysis from phasor diagram matches with results from (3-37). 

If PV inverter is under Q constant, PF constant and watt-var control modes, similar 

analysis can be done as well. At very low frequency perturbation, DC voltage can be 

considered to be constant, so active power output is constant, reactive power is constant 

too under mode 2 Q constant, mode 3 constant power factor and mode 4 watt-var control. 

Equation (3-35)-(3-36) can be applied in these three modes to get the results of 

0
)( 22





qd

dd
dd

II

IV
Z                                                    (3-39) 

0
)( 22







qd

dd
qq

II

IV
Z                                                     (3-40) 

If original operation steady state is inductive, 0Q  , 0qI  , 
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Phasor diagrams of Fig.3-18 can be used to look into polarity of impedances under these 

three modes of control. In Fig.3-18, the original operating point of PV inverter is 

inductive (Q > 0, injection to PV inverter is defined to be positive). As active power and  

 

Figure 3-19 Phasor diagram under mode 2- mode 4 (a) current response at d axis (b) current 

response at q axis 

reactive power stay the same before and after perturbation, the phase difference of 

voltage phasor v


 and current phasor i


 stays the same. In Fig.3-18 (a), 'i


 leads i


 by , so 

'v


 leads v


 by   too, so 0~ qv ,  

0
~

/~  dqqd ivZ                                               (3-43) 

In addition, 
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Then 0~ dv ,  

0
~

/~  dddd ivZ                                            (3-47) 

For q axis impedances showed in Fig.3-18(b), it is similar that phasor angle difference 

and multiply of magnitude phasors keep unchanged, so 0~ dv , 0~ qv , 

0
~

/~  qddq ivZ
                                           (3-48) 

0
~

/~  qqqq ivZ
                                           (3-49) 

The polarity results from phasor diagrams match with results from equation (3-43), (3-

47) - (3-49) when PV inverter is working in inductive zone. When PV inverter is working 

in capacitive zone, similar phasor diagram as Fig.3-18 can be drawn to predict impedance 

polarity. The only big difference is the initial angle between voltage phasor and current 

phasor.  

From equation (3-43), (3-47) - (3-49) it can be concluded that impedance matrix is 

diagonal dominant at low frequencies, Zdd is always positive, Zqq is always negative, and 

the polarity of non-diagonal elements is dependent on original operating state (inductive 

or capacitive). 

If PV is working under volt-var mode in the droop curve of Fig.3-15(b), (3-34) and (3-

36) should be changed to 

0d d d d q q q q

d q d q q d q d v d

V i v I V i v I P

V i v I V i v I Q k v

     

     

                                       (3-50) 













IdIqK

IqId

IIKI

V
s

vqqvd

d
js

)(
)(

20Z                                     (3-51) 

The polarity of impedance matrix is related to the absolute value of the droop slope kv, 

as listed in Table 3-2. 
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Table 3-2 Impedance polarity in terms of droop slope 

 0 ≤ Kv< -Iq -Iq  < Kv < -(Id
2
+ Iq

2
)/Iq Kv > -(Id

2
+ Iq

2
)/Iq 

Zdd + + - 

Zqd + - + 

Zdq + + - 

Zqq - - + 

The polarity change in Table 3-2 can be illustrated by Fig.3-19. As shown in Fig.3-

19(a), if droop control curve ratio is zero, then it is the same case as Fig.3-18 Q constant 

control. 'v


 is at point A. No matter how Kv changes, the end of phasor 'v


 will lie on the 

line L, which crosses point A and is perpendicular to the reverse extension of 'i


. This is 

because that active power output stays unchanged, so the projection of 'v


along 'i


 keeps 

unchanged compared to point A. When Kv starts to increase, 'v


will end at point A’ which 

is at right hand of point A because 0>Δ v


 , 0Q . After Kv increases to the threshold of 

-Iq, point A’ is below d axis, making qv~  negative, and Zqd to be negative. If Kv is bigger 

than -(Id
2+ Iq

2)/Iq, 'v


will end at point A’ which is at left hand of point A. In this 

case, 0<Δ v


, 0Q , making dv~  negative, Zdd negative, qv~ positive and Zqd positive. 

Similar methods can be used in the phasor diagram of current response in q axis for 

polarity of Zdq and Zqq. The analysis from phasor diagram match with results in Table 3-2 

when PV is working in inductive zone (PV terminal AC voltage is within V3 and V4 in 

Fig.3-15(b)).  

When AC voltage is within V1 and V2 in Fig.3-15(b), PV is working in capacitive 

zone, (3-50)-(3-51) are still valid. 0>qI , so it can be observed from (51) that impedance 

polarity is not affected by value of droop slope Kv, Zdd>0, Zdq<0, Zdq<0, Zqq<0. 

In conclusion, at very low frequencies, PV impedance is seeing negative polarity only 

at Zqq element because of PLL effect under unity power factor. The polarity of 
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impedances under Q constant, power factor constant or watt-var mode are the same, Zdd is 

positive, Zqq is negative and Zdq and Zqd are dependent on whether PV is capacitive and 

inductive. In addition impedance matrices are diagonal dominant under these mode 1- 

mode 4. While PV impedance in DQ frame under mode 5 Volt-var control may change  

  

  

Figure 3-20 Phasor diagram of volt-var mode (a) Kv =0, (b)0 < Kv< -Iq, (c) -Iq  < Kv < -(Id
2
+ Iq

2
)/Iq, (d) 

Kv > -(Id
2
+ Iq

2
)/Iq 

polarity according the magnitude of droop curve slope Kv when PV is in inductive zone, 

the threshold of which are expressed as a function of PV inverter steady state operation 

point. 

3.3 Validation through simulation 

Average model shown in Fig.3-2 is built in Simulink with PV controller shown in 

Fig.3-1 including a PLL. With PV arrays running under standard weather condition and 

MPPT state. The output impedance of PV generator is obtained by two approaches. One 

approach is using linearization function of Simulink. After adding grid voltage 

perturbation and setting PV output current to be measurement, PV output impedance 
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under steady state is achieved by simulation. The other approach is to calculate the 

terminal impedances according to the closed-loop expression (3-24). If the PV terminal 

impedances obtained through the two approach match very well, it is proved that the 

derivation process for (3-24) is mathematically correct. 

The impedance check is done for PV local reactive power control modes of  

(1) Unity power factor. Impedance matrix plotted in Fig.3-21. 

(2) Constant reactive power. Impedance matrix plotted in Fig.3-22. 

(3) Constant power factor. Impedance matrix plotted in Fig.3-23. 

(4) Watt-var mode, or Q as a function of P. Impedance matrix plotted in Fig.3-24. 

(5) Volt-var mode, or Q as a droop function of AC voltage. Impedance matrix plotted 

in Fig.3-25. 

The impedances calculated by using (3-24) for unity power factor is plotted as blue 

curve in Fig.3-21. And the orange curve in the Fig.3-21 is the simulation results using 

 

Figure 3-21  PV d-q frame impedance under mode 1 unity power factor 
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linearization function of MATLAB. It’s clear that simulation results match with 

derivation results. There is some mismatch in the phase Zdq below 10 Hz. That can be 

ignored because the magnitude of Zdq below 10 Hz is very small, under -60 dB. 

 

Figure 3-22  PV d-q frame impedance under mode 2 constant Q 

 

Figure 3-23  PV d-q frame impedance under mode 3 constant PF 
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In mode 2-mode 5, the power outputs are the same, P = 250 kW, Q = - 75 kVar. In mode 

4 shown by Fig.3-24, P1= 200 kW (0.8 p.u.), ratio of slope is –1.5 in Fig.3-15 (a).  

 

Figure 3-24  PV d-q frame impedance under mode 4 Watt-var mode 

 

Figure 3-25  PV d-q frame impedance under mode 5 volt-var mode 
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In mode 5, the steady state operation point is the same as other modes, P = 250 kW, Q 

= –75 kVar (Generator convention, Output as positive direction). V1 = 0.0975 p.u., V2 = 

1.0 p.u., V3 = 1.025 p.u., V4=1.05 p.u., Qmax= 110 kVar in Fig.3-15(b). 

For all five reactive power control modes, the derived impedance plots match with the 

simulation results very well, which means that our impedance model is true in the aspect 

of including all the dynamics of the power stage and the controllers. 

3.4 Small-Signal model validation through hardware 

Hardware experiments are done to measure the PV inverter impedance. The main 

circuit is shown in Fig. 3-26. A single stage DC-AC inverter is built to deliver active 

power from PV emulator to AC grid. Agilent E4360A PV emulators working as PV array 

is connected to the DC side of the inverter. And an Impedance measurement unit (IMU) 

introduced by [95-101] is used to inject perturbation and obtain response. The parameters 

of the circuit is listed in Table 3-3.  

  

Figure 3-26 Impedance measurement hardware circuit diagram. 

The bode plots of Fig.3-27 to Fig.3-31 are PV terminal impedances from derivation 

(solid lines) and measurement (star lines) under different Q control modes. For all modes, 

P= 2640 W. For other mode, the steady state Q = –800 Var (Inductive). In volt-var 

control, droop slope Kv =160 and Q = - Kv (V-125). It is observed that the derivation 
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Table 3-3 Parameters of the PV impedance measurement hardware circuits 

Parameter Value 

PV 

array 

Voc 55 V 

Vmpp 50 V 

Isc 4.5 A 

Impp 3.6 A 

DC voltage 250 V 

DC capacitor 600 µF 

LCL 

filter 

L1 250 µH 

L2 250 µH 

Rc 1 Ω 

C 35 µF 

Switching frequency 20 kHz 

Line frequency 60 Hz 

AC line-to-line rms voltage 130 V 

 

results and measurement match very well in Zdd and Zqq, but there is some mismatch at 

Zqd and Zdq when Zqd and Zdq are much smaller than Zdd and Zqq in Fig.3-27, which is due 

to measurement error and may be resolved later. For mode 5 in Fig.3-31, the signs of Zdd 

and Zqq are really flipped, and the impedance matrix is no longer diagonal dominant 

compared to other control modes as predicted by derivation results. 

 

Figure 3-27  PV d-q frame impedance under mode 1 unity power factor 
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Figure 3-28  PV d-q frame impedance under  mode 2 Q constant 

 

Figure 3-29  PV d-q frame impedance under mode 3 PF constant 
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Figure 3-30  PV d-q frame impedance under mode 4 Watt - var mode 

 

Figure 3-31  PV d-q frame impedance under  mode 5 Volt - var 

3.5 Conclusions about comparison between different reactive power 

modes 

A switching model and its corresponding average model are built for Utility PV farm 

generators. The terminal impedances in d-q frame are derived of utility-scale PV farm 
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based on small signal model of the PV generator, which include the dynamics from the 

PV array, the power stage and the controllers in the synchronous reference frame. The PV 

terminal impedance matrix model derived from small-signal model is proved by time 

domain simulation and validated by scaled-down hardware experiments. 

A comparison is done among impedances of PV inverters under 5 different reactive 

power control modes. The terminal d-q frame impedance matrix shows least coupling 

between d axis and q axis at unity power factor control compared to other modes. The 

sign of Zdd is positive at low frequencies because of constant active power output. The 

sign of Zqq is negative at low frequencies because of PLL synchronization. And the 

constant Q mode, constant power factor mode and watt-var control mode add some d-q 

coupling compared to unity power factor due to the non-zero reactive power at steady 

state. These three modes have similar d-q frame impedances. While the volt-var control 

mode changes PV terminal impedance signs and magnitudes significantly. The signs of 

Zdd and Zqq are flipped compared to other modes and the magnitude of Zqd is much 

higher than other three elements. As the d-q frame impedance matrix turn non-diagonal 

dormant, it’s impossible to judge the system stability by purely looking at the impedances 

of the PV farm and the grid. The application of GNC is need to predict connection 

stability. 
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Chapter 4. GNC for the Connection of PV Inverters 

to the Distribution System 

As introduced in chapter 1, the small-signal stability for a balanced three-phase ac 

system stability can be predicted by using GNC to the minor loop-gain L(s). Here the 

dimension of L(s) is two by two, so for each frequency L(s) has two eigenvalues. Let 

{l1(s), l2(s)} be the set of frequency-dependent eigenvalues of L(s). These traces of the 

two eigenvalue in the complex plane form characteristic loci of matrix L(s) as the 

variable s traverses the standard Nyquist contour in the clockwise direction. 

For the specific case of this work, the power system with PV generator can be 

modeled as Fig.4-1 for small-signal stability analysis: Zgrid and YPV are the grid d-q 

frame impedance and PV generator admittance separately and neither of the two has any 

right-half plane poles. Accordingly, PV terminal d-q frame voltage is related to grid 

source voltage by 

1( ) [ ( ) ( )] ( )s s s s  
PV grid PV grid

v I Z Y v                                 (4-1) 

And the return ratio matrix is 

( ) ( ) ( )s s s 
grid PV

L Z Y                                        (4-2) 

* © 2017 IEEE. Reprinted, with permission, from Y. Tang, R. Burgos, C. Li and D. Boroyevich, “Stability assessment of utility PV 

integration to the distributed systems based on D-Q frame impedances and GNC”, 18th Workshop on Control and Modeling for Power 

Electronics (COMPEL), Stanford, CA, USA, 9-12 July 2017.  

© 2018 IEEE. Reprinted, with permission, from Y. Tang, R. Burgos, C. Li and D. Boroyevich, “Stability Impact of PV Inverter 

Generation on Medium Voltage Distribution Systems”, International Power Electronics Conference (IPEC-Niigata -ECCE Asia), 

Niigata, Japan, 20-24 May 2018. 
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Figure 4-1 D-Q frame impedance model of grid with PV 

The total number of right-half plane poles of Zsdq(s)and Yldq(s) is zero. Then the 

system will be closed-loop stable if and only if the net sum of anticlockwise 

encirclements of the critical point (–1+j0) by the set of characteristic loci of L(s) is equal 

to zero. This chapter applies GNC on the d-q frame impedances of the grid side and the 

PV farm side at point of common coupling (PCC) to assess the interface small-signal 

stability. 

4.1  Introduction of test-bed distribution system parameters and 

modeling tool 

To make use of the GNC method, the first step is to acquire impedances of grid side 

and PV generator side at the power common coupling (PCC) point. Grid test-bed is 

shown in Fig.4-2, which is a rural lightly loaded radial 12kV distribution system that has 

56 buses. The parameters are included in [91]. An average model in d-q frame is built in 

Simulink to do time domain simulation and impedance measurement using linearization 

function. The load is modeled as passive constant impedance load in the model. It is 

known that impedance for a single line in d-q frames is 
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0

0

LineR LineL s LineL

LineL LineR LineL s





    
  

   
line

Z                (4-3) 

In which LineR and LineL are the resistor and the inductance of the line. For a 

complicated system in Fig.4-2, the impedance measured in d-q frames at one bus can be 

estimated by 

0

0

PathR PathL s PathL

PathL PathR PathL s





    
  

   
grid

Z                            (4-4) 

In which PathR and PathL are sum of resistors and inductances of all lines along the path 

from substation to measured bus.  

This grid d-q frame impedance estimation is validated by Fig.4-3. The red curves are 

from estimation using equation (4-4) at bus 45, the path goes along bus 1 – bus 2 – bus 4 

– bus 20 – bus 23 – bus 25 – bus 26 – bus 32 – bus 34 – bus 41 – bus 42 – bus 45. And 

blue curves are from linearization function of Simulink based on the d-q frame model. 

 

Figure 4-2 One-line diagram of the distribution system 



73 

 

It can be observed from Fig.4-3 that the estimated d-q frame impedance from path 

impedance of the orange curve match the accurate linearization terminal impedance of 

the blue curve. The accuracy of estimation of (4-4) means that the impedances of the grid 

side is dominated by the lines on the path of the measured bus to the substation, the lines 

on other branches and all the loads can be ignored in the test-bed. 

 

Figure 4-3 Grid impedance in d-q frame 

4.2 Small-Signal stability assessment of the system with a single PV 

farm 

4.2.1 Different Q control modes 

PV generator impedances in d-q frame can be derived from small signal model of PV 

modules that considers dynamics of power stage, digital controllers and PLL effects. The 

five modes in comparison are  
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(1) unity power factor,  

(2)constant reactive power,  

(3) constant power factor,  

(4) Watt-var mode shown in Fig.4-4 (a) . 

(5) Volt-var droop modes shown in Fig.4-4 (b).  

In mode 2 to mode 5, PV inverter is inductive in steady state. PV farm is composed of 

12 inverter modules. For each module, P = 250 kW, Q = –75 kVar (Generator 

convention, Output as positive direction). In mode 4, P1= 200 kW (0.8 p.u.), ratio of 

slope is –1.5 in Fig.4-4 (a). In mode 5. V1 = 0.975 p.u., V2 = 1.00 p.u., V3= 1.025 p.u., V4 

= 1.05 p.u.in Fig.4-4 (b). 

Q(p.u.)

(0,0)
P1

P(p.u.)

-Q0

1

Capacitive

Inductive

 

Q

Qmax
Q(V)

V1 V2 V

V3 V4

-Qmax

 
Figure 4-4  (a) mode 4 Watt-var mode curve (b) mode 5 Volt-var droop mode curve 

Fig.4-5 shows PV terminal impedances of the mode 1 to mode 4 for 3MW PV farm 

(twelve 250 kW power modules in parallel) and the impedance of the grid. For these four 

modes, PV impedance matrices are diagonal dominant and have almost same values in 

diagonal elements. And PV impedance under mode 2- mode 4 have very similar values in 

the non-diagonal elements of Zdq and Zqd as well. GNC is applied based on the grid 

impedance and PV impedance. Fig.4-6 is the Nyquist plots of eigenvalues of return ratio 

matrix calculated from (4-2). It can be seen that PV connection is stable under these four 

modes. The small-signal dynamics of mode 2 to mode 4 are almost identical, so mode 3  
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Figure 4-5  Bode plots of PV impedance under mode 1- mode 4 and the grid impedance 

 

Figure 4-6  Comparison of characteristic loci when PV impedance is under mode 1- mode 4  

and mode 4 can be represented by mode 2.So in the later comparison, only mode 1 

unity power factor, mode 2 Q constant mode and mode 5 Volt-var droop mode are 

compared. Fig. 4-7 is bode plot of the PV impedances and grid impedance. Volt-var 



76 

 

droop mode control of Q = f(V) flips the signs of PV impedance elements of Zdd, Zdq, Zqq 

and increases the value of Zqd so that impedance matrix becomes non-diagonal dominant. 

Because the matrices are not diagonal dominant, so it’s not possible to predict small-

signal stabiltiy, GNC needs to applied to get the Nyquist plots of the two eigenvalues. 

Fig.4-8 is the Nyquist plots of eigenvalues of return ratio matrix calculated from (4-2) for 

the three modes. From Fig.4-8 it can be seen that different from mode 1 and mode 2, 

when PV inverter is under volt-var droop mode, one of the eigenvalues encircles (-1,0) 

two times clock wise. Combined with the known fact that grid impedance and PV 

admittance don’t have RHP pole, the small-signal stability assessment for the 

interconnection is unstable according to GNC.  

 

 

Figure 4-7  Bode plots of PV impedance under mode 1, mod 2 and mode 5 and the grid impedance 
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Figure 4-8 Characteristic Loci under different Q control modes 

The stability assessment is validated by time domain simulation results in Fig.4-9. 

which is output current of 3 MW PV farm (12 modules) under droop mode in d-q frame.  

 

Figure 4-9 Time domain simulation of PV output currents in d-q frame under droop mode 
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At the time of 1 second, PV inverter is shifted from mode 2 to mode 5 and the current 

outputs start to oscillate. The oscillation frequency is 260 Hz. Oscillation magnitude is 

limited by Q magnitude – Qmax in droop mode curve in Fig.3 before 1.4 s. To further 

prove the instability problem, the Qmax limiter is removed at 1.4s and the oscillation of 

current starts to increase exponentially. 

Fig. 4-10 to Fig. 4-12 are the PV curents in abc frame to show the instaibity from 

another aspect. Fig.4-10 is the three-phase currents when PV is under mode 2 constant 

reactive power. Fig 4-11 is the three-phase currents when PV is under mode 5 with a Q 

limiter, while Fig. 4-12 is the three-phase currents when the Q limiter is removed. 

 

Figure 4-10 Time domain simulation of PV output currents in abc frame under droop mode 
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Figure 4-11 Time domain simulation of PV output currents in abc frame under droop mode 

 

Figure 4-12 Time domain simulation of PV output currents in abc frame under droop mode 

The comparison of all the modes leads to the conclusion that with the PV capacity of 

3MW, only the mode 5 volt-var droop mode control will cause connection instability. To 

pinpoint the main dynamics that affect this instability problem, further mathematical 
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analysis is done to dig out what transfer functions in the diagram of Fig.3-14 causes the 

eigenvalue λ1 to encircles (-1,0).  

Set the name of elements of grid impedance matrix and PV admittance matrix as 

dd dq

qd qq

Z Z

Z Z

 
  
 

gridZ ,
dd dq

qd qq

Y Y

Y Y

 
  
 

PVY .According to the magnitude comparison in Fig.4-

13, Ydd>>Ydq and Yqd >>Yqq, so L11 >>L12 in the return ratio matrix L in (4-6).  

11 12

21 22

dd dq dd dq dd dd dq qd dd dq dq qq

qd qq qd qq qd dd qq qd qd dq qq qq

Z Z Y Y Z Y Z Y Z Y Z YL L

Z Z Y Y Z Y Z Y Z Y Z YL L

           
                     

  (4-5) 

Then the first eigenvalue of L can be estimated by λ1=L11, as shown in Fig. 4-14. The 

reason is because the two eigenvalues of L are basically the solutions of equation (4-6) 

 

 

Figure 4-13 Magnitude comparison of four elements of PV admittance matrix 
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Figure 4-14 Bode plot comparison of λ1 and L11 

11 12

21 22

0
L L

L L









                                             (4-6) 

And because L11 >>L12 and L11 is comparable to L21 , the eigenvalue λ1 which is more 

related to the d axis or first row elements of L can be estimated to be L11. L11 is related to 

grid impedance and PV admittance by  

11 dd dd dq qdL Z Y Z Y                                          (4-7) 

The oscillation frequency is between 200 Hz and 300Hz, which is much higher than the 

DC voltage loop control bandwidth and the PLL loop control bandwidth. If the dynamics 

of DC voltage loop and PLL are igored, then the admittance of PV can be estimated by  

   
1

         
 id del dei ci ci qi iv id del ci cvqY I G G G G G G G G G G G               (4-8) 
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Fig.4-15 is the comparison of estimation from (4-8) and accuate result from (3-24) 

between 100 Hz to 1000Hz for each module. It is observed that the esimtation result is  

 

Figure 4-15 Bode plot comparison of estimated and accurate Ydd and Yqd 

very close to the accurate model. So between this range of frequency interest, the first 

row of PV admittance is mostly influenced by the power stage, the inner current 

controller, the digital delay and the reacitve power controller, which are the main 

dynamics involved in the stability problem discovered. 

4.2.2 Different PV locations 

If the location of the single PV farm changes from bus 45 to other locations within the 

grid, the stability results of connection are different. Fig.4-16 shows the scatter diagram 

of connection stability of all buses for all buses in the system while PV inverter is under 

reactive power control mode 5. The horizontal axis is PathR and the vertical axis is PathL. 
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It can be concluded that bigger the electrical distance from the substation, it’s more 

likely for PV connection to be unstable. It’s because that higher grid impedance will 

increase the grid impedance matrix elements of Zdd and Zdq in (4-7). 

 

Figure 4-16 Connection stability in terms of electrical distance 

4.2.3 Different PV capacities 

The PV capacity or the number of PV module in parallel is also a very important 

factor in the integration stability. Fig.4-17 shows characteristic loci of L(s) when number 

of PV modules changes, as PV capacity increase from 1 MW to 3 MW, PV integration 

becomes unstable. In Fig.8, all the PV modules are under Q control mode 5 of volt-var 

droop mode with Q loop.  

As PV capacity increases, it’s more likely to cause system instability. The first reason 

is that as more PV inverters are connected, the voltage magnitude of PCC point is 

boosted up more so that it’s more likely to settle down in the inductive zone of the droop 
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curve instead of the dead band. And the second reason is that as the number of PV 

inverters increase, more PV inverters are working in parallel, which increase the ratio of 

the equivalent admittance of the PV farm over one PV module. And higher PV 

admittance will positively affect the magnitude of L and its eigenvalues. 

 

Figure 4-17 Characteristic loci when PV capacity increases (under mode 5) 

4.2.4 Different irradiances 

In all the previous results shown, PV generators are running at rated power, which is 

under 100% irradiance. Fig.4-18 shows the characteristic loci of L(s) when irradiance 

reduces from 100% to 80% then to 60%. Fig.4-19 is the zoomed in view of Fig.4-18 

around the critical point of (-1,0).  

 In three cases, PV is running at MPPT and at Q mode 5 volt-var droop mode for each 

inverter. 12 inverters are connected in parallel. At full irradiance, P = 250 kW. At 80% 

irradiance, P = 200 kW. At 60% irradiance, P = 150 kW.  
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Figure 4-18 Characteristic loci with different irradiances (under mode 5) 

 

Figure 4-19 Zoomed in characteristic loci with different irradiances (under mode 5) 
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It is shown in Fig.4-19, in the cases of 100% irradiance and 80% irradiance,  

characteristic locus of λ1 encircles (-1,0) , but for the irradiance of 60%, λ1 no longer 

encircles (-1,0). In other words, as the irradiance reduces, the characteristic locus of λ1 is 

shrunk and finally no longer encircles (-1,0). The trend is the same as the last section of 

reducing the PV capacity or the number of PV inverters, even though the number of PV 

inverters in this section keeps the same. It means that as long as the total active power 

and reactive power and Q control of the PV farm keep the same, the terminal impedance 

keeps the same even though the numbers of PV inverters are not the same. 

4.2.5 Solutions for the instability 

The instability is due to interaction of multiple inverters. If the number of PV 

inverters in parallel reduces, the unstable case becomes stable. And the instability will 

only happen when PV inverter is working in inductive zone of droop curve. If PV is 

working in capacitive zone, the connection of PV inverter and the grid is stable. 

Modifications can be made on the PV inverter controllers to solve the stability 

problem under the control mode of volt-war. The solutions include reducing current loop 

bandwidth, reducing reactive power loop bandwidth and reducing controller delay by 

increasing switching frequency.  

Fig. 4-20 shows the Nyquist diagrams of eigenvalues if one of the solutions is applied. 

Compared to the blue curves of original Q= f(V) droop control, 1(s) doesn’t encircles (-

1,0) in red, yellow and purple curves, which shows that the system is stable after the 

modifications. 
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Figure 4-20 Proof of solution of the unstable case 

4.3 Small-signal stability assessment of the system with two PV farms 

In this section, 3MW of PV generator is split evenly into two PV farms to analyze the 

stability of multiple PV connection. One PV farm is at bus 45, and the other PV farm 

may be connected to any bus of the system. For all the grid side and PV side impedances 

shown below, they are measured at PCC point of bus 45, so the grid side impedance 

includes dynamics of the second PV farm. 

4.3.1 Different Q control 

To compare the interactions of two PV generators under different Q control modes, 

three cases are compared in which both PV farms are under mode 1 unity power factor, 

mode 2 Q constant and mode 5 volt-var droop mode separately. Mode 3 and mode 4 can 

be represented by mode 2 as shown in section 4.3.1. For all three cases, the two PV farms 
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are connected to bus 45 and bus 56. And when PV are under Q constant mode, the Q 

reference is set to be the same value as droop mode. As the system is under light load 

condition (20% of the peak load) and PV generator is at full active power harvest,  PV 

generators are inductive at bus 45 and bus 56. 

GNC based on d-q frame impedances is applied at the first PV farm terminal of bus 45. 

Impedances of grid side and PV side are shown in Fig.4-21. So the PV impedance only 

contain the dynamics of the first farm and the grid side impedance includes the dynamics 

of the lines and the second PV farm as well.  

Fig. 4-22 shows Nyquist plots of eigenvalues of return ration matrix of three cases. 

Only 1 of case three encircles (-1,0) which indicates unstable of system operation of 

these two PV generators under mode 5 volt-var droop control. 

 

Figure 4-21 d-q frame impedances of the PV and the grid, case 1: Unity power factor, case 2: Q 

constant, Case 3: Droop mode. 
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Figure 4-22 Characteristic loci for multiple PVs under different Q control 

And the GNC application result is validated by the time domain waveforms of Fig.4-23 

and Fig.4-24. At mode 1 or mode 2, the three-phase currents of first PV farm terminal are 

of pure sinusoidal shapes while the currents are distorted and twisted because of system 

oscillations when PV is under mode 5 control 

 

Figure 4-23 Three-phase currents of first PV farm under Q control under mode 1 or mode 2 
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Figure 4-24 Three-phase currents of first PV farm under Q control mode 5 

 

Fig. 4-4(b) is the droop control curve Q = f(V) that is applied on PV generators under 

droop mode. For previous cases of droop mode, PV generator terminal voltages are above 

V3 (1.025 p.u.), so the generators are working in inductive zone. In another case, system 

load increases to peak load, system voltage profile is at low level, the two PV farms 

terminal voltage drop below V2 (1.0 p.u.), so the PV generators work in capacitive zone. 

Fig.4-25 is the impedances of grid and PV generator for the inductive case and the 

capacitive case. And Fig.4-26 is the corresponding Nyquist plots of eigenvalues of return 

ratio matrix. The inductive case is unstable because 1 encircles (-1,0), while the 

capacitive case is stable.  
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Figure 4-25 PV and grid impedances in d-q frame. Case 1: inductive zone, case 2: capacitive zone 

 

 

Figure 4-26 Characteristic loci when multiple PVs are at different zones of droop curve 
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At inductive operation zone, grid and PV impedances have opposite polarity until 

several hundreds of Hz, while at capacitive zone, grid and PV impedances don’t have too 

much phase difference. So it’s more likely to see unstable interconnection when system 

voltage profile is very high and makes PV inductive in droop mode. 

4.3.2 Second PV farm connected to different locations 

To compare the interactions of two PV generators at different locations, three cases are 

compared in which the second PV farm is at bus 56, bus 41 and bus 19 separately. For all 

three cases, the first PV generator is connected at bus 45, where impedances are 

measured in d-q frames for the grid side and the PV side and shown in Fig.4-27. In Fig.4-

27, solid curves are grid impedances and dashed curves are PV impedances. And Fig.4-

28 is the Nyquist plots of the two eigenvalues of the return ration matrix.  

 

Figure 4-27 PV and grid impedances in d-q frame, Case 1: second PV at bus 56, case 2: second PV at 

bus 41, Case 3: second PV at bus 19. 
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Figure 4-28 Characteristic loci with different allocation for the second PV farm 

In case one, Nyquist plot of   encircles (-1,0), so the connection is not stable. While in 

case two and case three, neither eigenvalue loci encircles (-1,0), the operation of second 

PV farm at bus 41 or bus 19 is stable. 

The results of the cases of different locations show that PV generators connected to 

different branches of the radial system may have interactions and cause instability when 

they are regulating the AC voltage together, the possibility of interaction decreases if one 

PV farm move closer to the substation or if the common path of the two buses is 

shortened. 

4.3.3 Different capacities of PV penetration 

This section compare the cases when the total capacity of two PV farms changes. 

Fig.4-29 and Fig.4-30 are comparison of impedances and eigenvalues of 1MW, 2MW  
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Figure 4-29 PV and grid impedances in d-q frame Case 1: 1MW, case 2: 2MW, Case 3: 3MW. 

 

Figure 4-30 Characteristic loci when total PV capacity increases 
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and 3MW. All PV capacity is split evenly at two physical locations of bus 45 and bus 56. 

And in all three cases, PV generators are working in inductive zone of droop mode. 

The case of 3MW of PV is not stable, as 1 encircles (-1,0) two times clockwise. From 

the changes of eigenvalue loci shown in Fig.4-30, it can be concluded that as PV capacity 

increases, it’s more likely for the PV connection to be unstable. 

4.3.4 Different irradiances 

This section compares the cases when local irradiance changes for the two PV farms. 

Fig.4-31 and Fig.4-32 are comparison of impedances and eigenvalues of irradiance of 

100%, 80% and 60%.. All PV capacity is split evenly at two physical locations of bus 45 

and bus 56. And in all three cases, PV generators are working in volt-var droop mode 

control. 

 

 

Figure 4-31 PV and grid impedances in d-q frame Case 1: 100% iradiance, case 2: 80% irradaince, 

Case 3: 60% irradiance. 
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Only the Cases of 100% irradiance is not stable, as 1 encircles (-1,0) two times 

clockwise. From the changes of eigenvalue loci shown in Fig.4-32, it can be concluded 

that as irradiance increases, it’s more likely for the multiple PV farms in the same 

distribution system to have interactions with each other. 

 

Figure 4-32 Characteristic loci when irradiance changes 

4.4 Experimental verification on the scaled-down test-bed 

4.4.1 One PV Inverter  

A hardware experiment is done to measure PV generator and grid impedances in d-q 

frame, based on which GNC is applied to assess connection stability. The hardware 

circuit is shown in Fig.4-33 with the converter specification the same as Table 3-3. 

Agilent E4360A PV emulators working as PV array is connected to a DC/AC inverter 

which is tied to AC source (representing grid) through a line. The line impedance is 

composed of a resistor of 0.7 and an inductor of 5.7 mH. Impedance measurement unit 
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(IMU) introduced by [96]-[102] is located between the line and the converter to measure 

the impedances of the PV inverter and the grid to apply GNC. Fig.4-34 is a photo of all 

the hardware components. 

 

Figure 4-33 Hardware experiment circuit of a single PV inverter case 

 

Figure 4-34 Picture of the hardware components 

In Fig.4-35, initially PV generator is working under Q control mode with power output 

of 2640 W and -800 Var. the system is working stably. After Q control mode is shifted to 
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volt-var control mode Q = - Kv (V-125) and Kv =160, DC voltage starts to oscillate and 

the AC side voltages and currents become distorted. Fig. 4-36 is a zoomed in view of AC 

side line-to-line voltage and line current at stable operation state and during the process 

of going unstable.  

 

Figure 4-35 Recorded waveform of PV inverter transients on the scope 

Figure 4-36 PV inverter Vab and Ia waveform on the scope for the stable and unstable cases 
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Actually all the five reactive power control modes are tested both in steady state 

waveform and also GNC based on d-q frame impedances, which include (1) Unity power 

factor, (2) Constant reactive power, (3) Constant power factor, (4) Watt-var mode and (5) 

Volt-var mode. Mode 1, mode 3 and mode 4 can be represented by mode2, so here only 

the GNC results of mode 2 and mode 5 are shown in Fig.4-37 and Fig. 4-38. 

For the stable case of mode 2 constant Q control, GNC is applied on impedances 

measured of PV generator and the grid. Fig.4-37 is the Nyquist plots of the two 

eigenvalues. Neither eigenvalues encircles (-1,0), as grid impedance and PV admittance 

don’t have RHP poles, the encirclement condition leads to the conclusion that the 

connection is stable, proving the results from hardware experiments. 

 

Figure 4-37 Characteristic loci for the Q constant control 
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For the unstable case of volt-var droop mode control, there’s not a stable operation 

point for impedance measurement on both sides together. So the grid side impedance and 

PV impedance are measured separately. While grid impedance is being measured, PV 

reactive controller PI parameters are reduced by half to make the connection stable. And 

when PV terminal impedance is being measured, the inductance of the line in the grid is 

reduced from 5.7 mH to 3.3 mH.  

Fig.4-38 is the Nyquist plots of the two eigenvalues. The first eigenvalue λ1 encircles 

(-1,0) counter-clock twice. While grid impedance and PV admittance don’t have RHP 

poles, the encirclement means the connection is not stable, proving the results from 

hardware experiments. 

 

Figure 4-38 Characteristic loci for volt-var droop control 
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4.4.2 Two PV Inverter  

Hardware experiments were also done for the interaction of multiple PV generators in 

the same distribution system. Fig.4-39 is the main circuit of the two PV generators. 

 

Figure 4-39 Circuit of the two PV inverter hardware experiment 

For the first Silicon IGBT converter as in PV generator 1 in the circuit, the operation 

parameters are changed to Table 4-1 with 5 PV modules in series in the DC side. 

Table 4-1 Parameters of the first PV generator 

Parameter Value 

PV 

array 

Voc 60 V 

Vmpp 55 V 

Isc 5.4 A 

Impp 4.5 A 

DC voltage 250 V 

DC capacitor 600 µF 

LCL 

filter 

L1 250 µH 

L2 250 µH 

Rc 1 Ω 

C 35 µF 

Switching frequency 20 kHz 
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A second Silicon-Carbon MOSFET converter is added to work as the second PV 

generator in Fig.4-39 with the operation parameters of Table 4-2. 

Table 4-2 Parameters of the second PV generator  

Parameter Value 

PV 

array 

Voc 60 V 

Vmpp 55 V 

Isc 5.4 A 

Impp 4.5 A 

DC voltage 250 V 

DC capacitor 600 µF 

LCL 

filter 

L1 150 µH 

L2 300 µH 

Rc 1.5 Ω 

C 30 µF 

Switching frequency 20 kHz 

 

And the AC side line-to-line rms voltage is 112V and frequency is 60 Hz. Fig.4-34 is a 

picture of all the components in the circuit. The impedance measurement unit is put at the 

terminal of PV generator 1, where impedances are measured and GNC is applied. 

 

Figure 4-40 Picture of the hardware components of two PV inverter test 
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In Fig.4-41, initially both PV generators are working under Q control mode, the system 

is working stably. After Q control mode is shifted to volt-var control mode Q = - Kv (V-

105) and Kv =75, DC voltages of both PV generators start to oscillate and the AC side 

voltages and currents become distorted. The two generators are tripped after the DC 

voltages are too low. 

 

Figure 4-41 Recorded waveform of PV inverter transients on the scope 

For the stable case of mode 2 constant Q control, Fig.4-42 is the Nyquist plots of the 

two eigenvalues. Neither eigenvalues encircles (-1,0), as grid impedance and PV 

admittance don’t have RHP poles, the encirclement condition leads to the conclusion that 

the connection is stable, proving the results from hardware experiments. 
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For the unstable case of volt-var droop mode control, Fig.4-42 is the Nyquist plots of 

the two eigenvalues. The first eigenvalue λ1 encircles (-1,0) counter-clock twice. While 

grid impedance and PV admittance don’t have RHP poles, the encirclement means the 

connection is not stable, proving the results from hardware experiments. 

 

Figure 4-42 Characteristic loci for the stable case of Q constant control 

 

Figure 4-43 Characteristic loci for the unstable case of volt-var control 
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4.5 Summary and conclusions 

A radial medium voltage distribution system is modeled in MATLAB to analyze the 

impact of PV generator penetration using GNC method based on impedances in d-q 

frames. The increase of number of PV inverters in parallel will also lower the PV 

impedance and increase the possibility of instability. The reactive power control of volt-

var droop mode is the first mode to cause instable connection as the number of PV 

inverters increases. The discovered instability problem caused by volt-var droop mode 

control is highly related to the inner current controller, the reactive power loop controller 

and the digital delay and not quite related to DC voltage controller and PLL block.  

Time domain simulation using SIMULINK yields the same conclusion about the 

stability of the PV connection to the grid under volt-var droop mode. In unstable cases, 

PV output currents have oscillation in d-q frames and have more harmonics in ABC 

frames. The time domain simulation proves that application of GNC is accurate to predict 

system stability. The GNC application results are also proved by scale down hardware 

experiments.  

The PV farms connected to different branches of the complicated radial distribution 

system may have interactions with each other when they are under droop mode control. 

So the design of control strategy and parameters of PV generator should consider the 

impact of other PV generators. GNC method based on impedances measurement is 

feasible accurate for stability assessment of a distribution system with multiple PV farms. 

The GNC application results of the case of multiple PV farms are also verified by time-

domain simulation and hardware experiments. 



106 

 

For the instability problem caused by volt-var droop mode control, comparison is done 

for different PV allocations, different PV capacities (different number of PV inverters) 

and different irradiance condition. No matter it’s a system with single PV farm or with 

multiple PV farms, moving any of the PV farm closer to the substation reduces the 

possibility of instability. Higher capacity of PV penetration makes this stability problem 

worse and so does higher solar irradiance condition. 
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Chapter 5. Stability Assessment of Three Phase 

Unbalanced Distribution System 

5.1  Introduction and state of art 

For a three-phase balanced system, voltages and currents become DC values in steady 

state operation after performing the Park transformation.  An AC system becomes two 

coupled dc systems, from which d-q frame impedances can be extracted using the 

traditional linearization method. The aforesaid method is not feasible for three-phase 

unbalanced system because three-phase variables are no longer DC values in d-q frames. 

Compared to balanced three-phase systems, modeling of unbalanced converter systems is 

more complicated due to the negative-sequence trajectory that is impressed on the ac 

system by the unbalanced condition. The first approach that comes out intuitively is to 

positive-negative-sequence impedance method that takes both positive and negative 

sequence components and their interaction into account [103]-[107]. But this method 

assumes that single frequency perturbation on the system only creates the same frequency 

responses, which is not true even for three-phase balanced system with d-q frame 

asymmetrical control ( phase lock loop control or DC voltage loop ) [23], needless to say 

the cases of unbalanced system.  

A more accurate impedance model for three-phase unbalanced system is Harmonic 

State Space (HSS) model based on Linear Time Periodic (LTP) theory [108]-[111]. An 

unbalanced system is a time-periodic system that is time variant with the line frequency. 

According to the LTP theory, a frequency of input to this system will induce responses of 

an infinite vector of frequencies. The vector of frequencies includes the original 
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perturbation frequency and all frequencies that are shifted from the perturbation 

frequency by integers of the line frequency, the latter of which is considered as harmonic 

frequency. The terminal dynamics are represented by harmonic transfer functions (HSF). 

The order of the HSS model or the HSF is truncated to a certain integer to be applied in 

practice without sacrificing the accuracy of predicting system stability. Although this 

method is conceptually clear, its application to the stability analysis of an unbalanced 

grid-VSC system is still challenging. [112] suggests a much further truncation of the HSF 

so that it’s much easier to be applied in reality. Only the dynamics relevant to the first 

coupling cycle (FCC) is of most concern and should be modeled in detail. In other words, 

the inputs of the grid at ±fp+f1 will result in two new responses at ∓fp-f1. The source 

and load impedance matrices are shrunk to be four-by-four matrices. But [112] assumes 

that the source side only has passive components but no converters. 

This work proposes to use the concept of single-phase d-q frame impedance method to 

measure the terminal dynamics of the unbalanced system and assess system stability by 

applying Generalized Nyquist Criterion (GNC). It basically creates two virtual circuits 

from the original three-phase unbalanced system by adding 120 degree of delay and 240 

degree of delay. The original system and the virtual two systems are perturbed and 

analyzed as a whole. As the stability results of two virtual systems are the same as the 

original system. In addition, a DC operation point can be achieved by applying Park 

Transformation on the three systems. A new d-q frame and new Park transformation is 

defined using just the phase information of the first circuit. In the new d-q frame, the two 

independent line-to-line voltages and two independent line currents have the same 

frequency spectrum and the ratios are also constant so that a transfer function can be 
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derived. The impedance matrices in the new d-q frame of the source and load come in the 

dimension of four by four. And GNC can be applied to assess system stability with four 

characteristic loci.  

Analysis and simulation are done for both three-phase unbalanced systems with 

converters. The time domain and frequency domain simulation results in Matlab 

Simulink show that the frequency domain analysis results using this method can predict 

system dynamics and stability problems accurately for all kinds of three-phase 

unbalanced systems. Compared with the methods in [112], this approach only needs one 

Perturbation Injection Unit (PIU) instead of three PIUs which work simultaneously and 

need complicated cooperation. The method of this work will reduce the cost of the 

impedance measurement unit for three-phase unbalanced system significantly. In 

addition, the proposed method is applicable even when the source side has other 

converters connected. 

5.2 D-Q frame impedance modeling of three-phase unbalanced 

system 

The 56 bus system testbed may become three-phase unbalanced. The unbalance may 

come from the unbalanced three-phase AC voltage source at the substation station at bus 

1 or the loads that are connected to the system. This section discusses how to model the 

impedances each components in the unbalanced system in the d-q frame. 

5.2.1 Modeling of the three-phase converter in the unbalanced system 
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Figure 5-1 Three-phase converter in unbalanced system. 

The topology of the three-phase converter in an unbalanced system under analysis is 

shown in Fig.5-1, in which a PV inverter working under d-q frame control is connected to 

the grid through a line. The power stage of the converter three-phase balanced, but the 

converter is working in unbalanced condition as its terminal voltages are three-phase 

unbalanced.  

                                                                           (a) 

                          (b)                                                                                   (c) 

Figure 5-2: The modeling of PV inverter 

The original inverter of Fig.5-2 (a) are three-phase unbalanced, the transformation to 

d-q frame will not end up with a LTI system as the components in d-q frame are not DC 

values in steady state. To model the PV inverter in d-q frame, the original inverter is 



111 

 

regarded as the phase A circuit with three terminals numbered 1, 2 and 3. And a fictitious 

phase B and phase C circuit by adding 120 degree of delay and 120 degree of lead in the 

terminal voltage inputs as shown in Fig.5-2(b) and (c).  
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The variables on the same terminal number in the three converters are three-phase 

balanced. A new abc to d-q transformation is defined as  
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                  (5-13) 

While the phase θ in the transformation in 1dq / abcT  and 2dq / abcT  is the phase of v13a , so 

basically these two transformations are the same, but just distinguished by the set of 

variables in transformation. Then the steady state values of v13d1, v13q1 , v23d2, v23q2, i1d1, 

i1q1, i2d2, i2q2 are DC values as shown in Fig.5-3  

 

Figure 5-3: The modeling of PV inverter 

Assume that there’s a perturbation at terminal 1 in all three circuits. vpa , vpb and vpc 

are three-phase balanced at the frequency of fp+f1.  

vpa = Vp cos [2π × (f1+fp)t ]                                       (5-14) 
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vpb = Vp cos [2π × (f1+fp)t -120⁰]                                   (5-15) 

vpc = Vp cos [2π × (f1+fp)t +120⁰]                                  (5-16) 

In which f1 = 60 Hz, fp = 40 Hz, Vp= 489 V (0.05 p.u.). In the circuit of Fig.5-4(a), a 

single-phase perturbation is equal to a positive sequence perturbation, a negative 

sequence perturbation and zero sequence perturbation. Zero sequence perturbation is 

ignored as the converter is not grounded. It can be proved mathematically using LTP that 

for the frequencies of interest in the currents responses in Fig.5-4(a), Fig.5-4(b) and 

Fig.5-4 (c) are three-phase balanced in |±fp+f1| (have 120 degree of phase difference). 

The magnitude ratio and phase difference between the output current responses and the 

input voltage perturbations are irrelevant of time. The balanced current responses are also 

illustrated in Fig.5-4 by small-signal perturbation simulation results of the PV inverter 

circuit working under unbalanced condition. Terminal 1 voltage is 9% higher than 

terminal 2 and terminal 3, which is equal to 3% of overall unbalance.  

 

Figure 5-4: The current responses of PV inverter in ABC frame 
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The current responses of frequencies in concern are shown in Fig.5-4. Only the 

frequency components of |±fp+f1| are included in the analysis. It can be observed that the 

current responses of the three terminals (Δi1a, Δi2a , Δi3a as an example) are not balanced. 

But the current responses of the same terminal (Δi1a, Δi1b , Δi1c as an example) are three-

phase balanced at the two frequencies of |±fp+f1|.  

The rest of this section takes the PV inverter as an example to demonstrate that if 

there’s a perturbation of frequency fp on Δv13dq1 = [Δv13d1, Δv13q1]
T
, the response of the 

terminal currents Δi1dq1= [Δi1d1, Δi1q1]
T
 , Δi2dq2= [Δi2d, Δi2q]

T
, will only have frequency 

component of the same frequency fp. Assume phase of v13a  (θ in equation (5-13)) is zero 

at time zero and the voltage perturbation vpa on the terminal 1 is 

 vpa = Vp cos (2π× (fp + f1)t+δ) (5-17) 

Vp is the perturbation magnitude. And δ is the relative angle of vpa over v13a. There are 

voltage perturbations of vpb and vpc in the virtual phase B and phase C systems too as in 

(5-18) and (5-19). The perturbations of vpa , vpb and vpc are three-phase balanced. 

 vpb = Vp cos (2π× (fp + f1)t+ δ -120⁰ ) (5-18) 

 vpc= Vp cos (2π× (fp + f1)t+ δ +120⁰) (5-19) 

 

Without loss of generality, it is assumed the current response of Δi1a, Δi1b , Δi1c can be 

written as (5-20)-(5-22). 

 Δi1a = I1 cos (2π× (-fp + f1)t+ δ1 ) + I2 cos (2π× (fp + f1)t+ δ2 )    (5-20) 

 Δi1b = I1 cos (2π× (-fp + f1)t+ δ1-120⁰ )+ I2 cos (2π× (fp + f1)t+ δ2 - 120 ⁰) (5-21) 

 Δi1c = I1 cos (2π× (-fp + f1)t+ δ1+120⁰ )+ I2 cos (2π× (fp + f1)t+ δ2+120 ⁰) (5-22) 

Park transformation of (5-9)-(5-12) are applied on the voltage perturbations of (5-17)-

(5-19) and current responses of (5-20)-(5-22) to get the results of (5-23)-(5-26). 
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 Δv13d1 = 
2

3
 Vp cos (2π× fp·t+δ ) (5-23) 

 Δv13q1 = 
2

3
 Vp sin (2π× fp· t+δ ) (5-24) 

 Δi1d1 = 
2

3
 I1 cos (2π× fp·t- δ1 )+ 

2

3
I2 cos (2π× fp·t + δ2 ) (5-25) 

 Δi1q1 = -
2

3
 I1 sin(2π× fp·t- δ1 )+ 

2

3
 I2 sin (2π× fp·t + δ2 ) (5-26) 

The same analysis can be done for response on Δi2dq2. The frequency spectrum of 

Δi1dq1 , Δi2dq2 and Δv13dq1 are the same, which only have non-zero magnitude at the 

frequency of fp. And the transfer ratio of current responses over voltage perturbation are 

constant and irrelevant of time. The perturbation can be done at terminal 2 to show when 

there’s only perturbation at Δv23dq2, the frequency spectrum of Δv23dq2 and Δi1dq1 and 

Δi2dq1 are the same.  

According to KVL and KCL, in the stationary abc frame or d-q frame, the equations 

(5-27) and (5-28) are all valid 

    13 23 12Δv Δv Δv 0  (5-27) 

   1 2 3Δi Δi Δi 0  (5-28) 

There are only four independent inputs of voltage perturbations and four independent 

current responses in the d-q frame. In this way, it is proved that the three-phase 

converters in the unbalanced system can be modelled as (5-29), in which Ydq12 is a four-

by-four matrix. 

( )

( )

s

s

   
   

   

1dq1 13dq1

dq12
2dq2 23dq2

Δi Δv (s)
Y

Δi Δv (s)
                                            (5-29) 

5.2.2 Modeling of the unbalanced three-phase lines 

The imbalance of the three-phase systems may also come from the asymmetrical 

impedances of the lines between the source and the load. The asymmetrical lines can be 
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modeled in the similar way as unbalanced loads in last part. The original system is shown 

in Fig.5-5 (a) as phase A circuit. Virtual phase B circuit of Fig.5-5(b) is created by adding 

120 degree of delay to the circuit of Fig.5-5(a). And virtual phase C circuit of Fig.5-5(c) 

is created by adding 120 degree of delay to the circuit of Fig.5-5(b). Line 1 in Fig.5-5  

(a), Fig.5-5(b) and Fig.5-5(c) forms a three-phase balanced system. So does line 2 and 

line 3. A three-phase balanced system is constructed from each line separately.  

 

(a) 

 

(b) 

 

(c) 

Figure 5-5: Unbalanced lines in ABC frame 

After Park transformation of the three-phase balanced circuits in Fig.5-6, a d-q frame 

model can be built for the unbalanced lines as Fig.5-6. 
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Figure 5-6: D-Q frame model for three-phase unbalanced lines 

 in which besides the variables of v13dq1 = [v13d1, v13q1]
T
, v23dq2 = [v23d2, v23q2]

T
 i1dq1= 

[i1d1, i1q1]
T
 and i2dq2= [i2d, i2q]

T
 obtained by (5-9)-(5-12), v12dq1 = [v12d1, v12q1]

T
 and  i3dq1= 

[i3d1, i3q1]
T
 are from equations below 

12
12 1

1 12
12 1

12

a
d

dq / abc b
q

c

v
v

T v
v

v

 
   

   
    

                                             (5-30) 

3
3 1

1 3
3 1

3

a
d

dq / abc b
q

c

i
i

T i
i

i

 
   

   
    

                                               (5-31) 

 

Linearization around the DC operation point for the model of Fig.5-6 results in the 

small-signal impedance matrix as  
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1 3 1 3 1 3 3 3 3

11 3 1 3 1 3 3 3 3

23 3 3 2 3 2 3 2 3

3 3 3 2 3 2 3 2 3

( ) ( )

( ) ( )

( ) ( )

( ) ( )

R R s L L L L R sL L

L L R R s L L L R sL

R sL L R R s L L L L

L R sL L L R R s L L

 

 

 

 

   
   

   
       

 
      

  
        
 

     

13dq1 13sdq1

23dq2 23sdq2

1dq

2dq

Δv Δv

Δv Δv

Δi

Δi



 (5-32) 

Define the 4×4 matrix Zdq12 as 

1 3 1 3 1 3 3 3 3

1 3 1 3 1 3 3 3 3

3 3 3 2 3 2 3 2 3

3 3 3 2 3 2 3 2 3

( ) ( )

( ) ( )

( ) ( )

( ) ( )

R R s L L L L R sL L

L L R R s L L L R sL

R sL L R R s L L L L

L R sL L L R R s L L

 

 

 

 

       
 

    
 
       
 

     

dq12
Z (5-33) 

Then the terminal dynamics of the unbalanced load can be represented by 

 
     

      
     

13dq1 13sdq1 1dq1

dq12

23dq2 23sdq2 2dq2

Δv Δv Δi
Z

Δv Δv Δi
 (5-34) 

5.2.3 Modeling of the unbalanced three single-phase loads  

The imbalance of the three-phase system mainly comes from the unbalanced line-to-

line loads and the asymmetrical impedances of three-phase lines between the source and 

the load. One example of unbalanced line-to-line loads is the residential distribution 

system in the power systems. Most residential loads are line-to-line loads that are 

connected to only two phases. And the imbalance is unavoidable as the loads are 

fluctuating from time to time. 

The unbalanced line-to-line loads are illustrated by Figure 5-7(a). The three loads are 

connected to the three terminals in delta shape. Similar to the process shown in Fig.5-2, 

the original circuit is considered as phase A circuit. A virtual phase B circuit in Fig. 5-

7(b) is constructed by adding 120 degree of delay on circuit of Fig.5-7 (a). And virtual 
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phase C circuit in Fig. 5-7(c) is constructed by adding 240 degree of delay on phase A 

circuit of Figure Fig.5-7 (a). Take load 1 as an example, 

 120

1 1

j

b ai i e     (5-35) 

 240

1 1

j

c ai i e     (5-36) 

So 1ai , 1bi  and 1ci  are three-phase balanced. Load 1 in Figure 5-7(a), Figure 5-7(b) 

and Figure 5-7(c) forms a three-phase balanced system. So does load 2 and load 3. A 

three-phase balanced system is constructed from each load separately.  

 

(a) 

 

(b) 

 

(c) 

Figure 5-7: Unbalanced loads in ABC frame 
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For each load, the three-phase balanced system variables can be transformed to the d-

q frame by multiplying the matrix of (5-13). Figure 5-8 are the circuits in d axis and q 

axis after applying the transformation. All variables in the d-q frame become DC values 

in steady state operation point. A linear time invariant system is created. There may be 

coupling between d axis and q axis within each load but not d-q coupling between load 1, 

load 2 and load 3. Figure 5-8 can be simplified to be Figure 5-9 combing d axis and q 

axis. 

 

Figure 5-8: Unbalanced loads in d-q frame 

 

Figure 5-9: Unbalanced loads in d-q frame 



121 

 

Yload1, Yload2, Yload3 are the admittance matrices of the three loads in the d-q frame 

separately. It can be derived according to KCL and KVL that  

 
    

    
    

1dq1 13dq1load1 load3 load1

2dq2 23dq2load1 load1 load2

i vY + Y Y

i vY Y + Y
 (5-37) 

Define the 4×4 matrix Ydq as 

 
 

  
 

load1 load3 load1

dq12

load1 load1 load2

Y + Y Y
Y

Y Y + Y
 (5-38) 

Then the terminal dynamics of the unbalanced load can be represented by 

 
   

   
   

1dq1 13dq1

dq12

2dq2 23dq2

i v
Y

i v
 (5-39) 

5.3 D-Q frame impedance measurement and application in three-

phase unbalanced system 

5.3.1 Impedance measurement for the unbalanced system 

In a single-phase system, the single-phase d-q frame impedance measurement is 

widely used for stability assessment [67]-[69]. In this kind of approach, a fictitious 

balanced three-phase is constructed. Single phase sinusoidal variables are regarded as α 

axis component, on which 90 degree of delay is added to form a fictitious β axis. After α-

β to d-q transformation, a DC operation point is formed for system steady state, based on 

which perturbation is introduced and measured to get the d-q frame impedances. 

The single-phase d-q impedances can be obtained via current injection in shunt or 

voltage injection in series. The measurement procedure is shown in Fig.5-10. For each 



122 

 

desired injection frequency fp, two injections are needed to form two sets of equations in 

d axis and q axis to solve for the four unknowns of impedance matrix [69]. The original 

system sinusoidal voltages and currents is considered to be α axis component, based on 

which a fictitious β axis is created. Then all variables in αβ axis are transformed to d-q 

frame. Two kinds of approaches can be used for fabrication of β axis, which are time shift 

of one fourth of fundamental period and Hilbert transformation. The two approaches are 

validated by [69]. To reduce the time of perturbation, the time shift of one fourth of 

fundamental period is chosen to form the fictitious β axis. 

 

Figure 5-10: Flow chart of single-phase measurement. 

Basically speaking, the single-phase impedance measurement method builds a three 

phase balanced system based on the original system as shown by Fig.5-11. The original 
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system is the Phase A system, based on which virtual circuits of phase B and phase C are 

created by adding 120 and 240 degree of delay. 

  120j
ab evv  (5-40) 

  120j
ab eii  (5-41) 

  120j
ac evv  (5-42) 

  120j
ac eii  (5-43) 

Phase A, Phase B and Phase C circuits form a three phase balanced system. So after 

applying the transformation of ABC frame to αβγ frame, the coordinates on γ axis are 

zero and only the α axis circuit and the β axis circuit are needed.  
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/ abcT                (5-44) 

tTdq 









 




 ,

)cos()sin(

)sin()cos(
/                   (5-45) 

  

Figure 5-11 Basic algorithm of single-phase measurement method 
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In addition, the voltage and current in α axis circuit are 3/2 times the original system. 

 avv
2

3
  (5-46) 

 aii
2

3
  (5-47) 

And the β axis circuit delays the α axis circuit by 90 degree. 

  90jevv   (5-48) 

  90jeii   (5-49) 

If the original Phase A circuit is process as virtual α axis circuit as in (5-50) and (5-51) 

 avv '  (5-50) 

 aii '  (5-51) 

a virtual β axis coordinate is formed by adding ¼ of line period of delay (90 degree of 

delay)  on α axis coordinate. 

90' 'jv e v 
   (5-52) 

 90' 'ji e i 
   (5-53) 

 

And the d-q frame coordinates are obtained through (5-54) 



















'

'
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'
/




 v

v
T

v

v
dq

q

d
     (5-54) 

Assume Zdq is the impedance matrix that needs to be measured for the three-

phase balanced systems. 

 dqdqdq iΖv   (5-55) 

In which  Tqd vvdqv  ,  Tqd iidqi , 
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Then it is proved in [69] that (5-57) is also valid because the ratio and phase shift of 

vdq’ = [vd’, vq’]
T
 over vdq = [vd, vq]

T
 is the same as the ratio and phase shift of idq’ = [id’, 

iq’]
T
 over idq = [id, iq]

T
. 









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







q

d

q

d

i

i

v

v
dqΖ                                                         (5-56) 
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i

v

v
dqΖ      (5-57) 

According to the modeling analysis of the components in the three-phase unbalanced 

system in the previous sections,  the impedance matrix Zdq for the load and the source 

can be measured through single-phase information using single-phase measurement 

method. 

The impedance that needs to be measured is a four-by-four matrix, 16 elements in 

total. Although in the model for unbalanced single-phase loads or line impedances, there 

are only 12 unknowns, but for three-phase converters there are 16 unknowns. For each 

perturbation, four equations can be obtained for solving the unknowns. Without loss of 

generality, four perturbations are needed to measure the matrix. Either voltage 

perturbations in series or current perturbations in shunt can be applied according to the 

impedance characteristic of the device under test (DUT). If DUT is a source with 

relatively low impedance, the perturbation injection unit should be connected in shunt to 

the main circuit to inject current perturbations. If DUT is a load with relatively high 

impedance, voltage perturbation should be the choice instead. 

The flow chart of measurement process using voltage perturbation is shown in Figure 

5-12 . Four injections are evenly done on two terminals of the system. On either phase, 

two frequencies of signals are perturbed leading to the same perturbation frequency in dq 
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frame. For current shunt perturbation, the process is similar except that for the first two 

perturbations, current is injected between terminal 1 and terminal 3, and for the third and 

fourth perturbations, current is injected between terminal 2 and terminal 3.  

 

Figure 5-12 Flow char of the impedance measurement for three-phase unbalanced system 

5.3.2 GNC application based on the measured d-q frame impedances 

In the model that has been set forth, the dynamics of the source can be modeled as (5-

34), and the dynamics of the load can be represented by (5-29) and (5-39). In other 

words, the source impedance is Zsdq12 and the load admittance is Yldq12. For each 

frequency s = jω , both Zsdq12 and Yldq12 are 4×4 matrices. 
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( )
( ) ( ) ( )

s s s
s

s s s
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       

13dq1 13sdq1 1dq1

sdq12

23dq2 23sdq2 2dq2

v v i
Z

v v i
 (5-58) 
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2dq2 23dq2

i v
Y

i v
 (5-59) 

A small-signal representation in d-q frame can be built as Fig.5-13 for the three-phase 

unbalanced system based on (5-58) and (5-59), in which 
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13 1 13 1 23 2 23 2( ) ( ) ( ) ( ) ( )
T

d q d qs v s v s v s v s      loadv  , 

13 1 13 1 23 2 23 2( ) ( ) ( ) ( ) ( )
T

sd sq sd sqs v s v s v s v s      sourcev   

 

Figure 5-13  Small-signal representation of the three-phase unbalanced system in d-q frame 

And it can be derived that 

 1( ) [ ( ) ( )] ( )s s s s  
load sdq12 ldq12 source

v I Z Y v  (5-60) 

Define the return ratio matrix L(s) as 

 ( ) ( ) ( )s s s 
sdq12 ldq12

L Z Y  (5-61) 

The return ratio matrix L(s) is a four-by-four matrix which has four eigenvalues for 

each frequency s = jω. Assuming that there’s no unobservable right half plane poles for 

the source and the load, the system stability is assessed by the number of net encirclement 

of the four characteristic loci around (-1,0) in the Nyquist diagram. If the net 

encirclement is zero, then the system is stable. If the net encirclement is bigger than zero, 

then the system is unstable. 
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5.4 Simulation results of the proposed d-q frame impedance based 

small-signal stability assessment in the unbalanced system 

To prove the proposed d-q frame impedance model and measurement method, the 56 

bus system is utilized to the testbed for small-signal stability assessment under 

unbalanced operation state. A dynamic model of the system with the PV inverter is built 

in MATLAB Simulink with PLECS block set. A virtual perturbation injection unit is 

added to the model to do desired small-signal perturbations. And then the collected 

waveforms are processed in MATLAB code to extract the d-q frame impedances. Fig. 5-

14 shows the one-line diagram of the whole system. 3MW of PV inverters (12 inverters 

each rating 250 kW) are connected at bus 45. Compared to the balanced case, the PLL of 

PV inverter is added by a second order low pass filter in the frequency loop to be immune 

to the imbalance. The impedance measurement and GNC application point is at bus 45. 

The grid impedance and the PV impedance are measured separately.  

 

Figure 5-14  Small-signal representation of the three-phase unbalanced system in d-q frame 
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The return ratio matrix for GNC is 

( ) ( ) ( )s s s 
sdq12 PVdq12

L Z Y                                          (5-62) 

1( ) ( )s s 
PVdq12 PVdq12

Y Z                                          (5-63) 

5.5.1 Unbalance comes from source voltages 

In the first case, the unbalance come from the substation voltage, the three phase 

voltages are 1.04 p.u. , 1.04 p.u. and 0.95 p.u. separately, which causes a 3% unbalance at 

the substation.  

Fig.5-15 is the Nyquist diagram of the four characteristic loci of the measured return 

ratio matrix of (5-62) when reactive power controller is kp = 3.3×10
-5

and ki = 0.33. None 

of the eigenvalues of encircles (-1,0). Zsdq12 and the load admittance YPVdq12 don’t have  

 

Figure 5-15  Four characteristic loci for the stable case when substation voltage is unbalanced 
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Figure 5-16  PV output currents for the stable case when substation voltage is unbalanced 

RHP poles. So the system is stable according to GNC, which is validated by the time 

domain waveform of PV output currents in Fig. 5-16. 

In contrast, Fig.5-17 is the Nyquist diagram of the four characteristic loci of the 

measured return ratio matrix of (5-62) when reactive power controller is kp = 6.6×10
-5

and 

ki = 0.66. Two of the eigenvalues of encircle (-1,0). λ1 and λ2 both encircle (-1,0) twice 

close wise. So the net clockwise encirclement is 4. Zsdq12 and the load admittance YPVdq12 

don’t have RHP poles. According GNC, the system is unstable when PV farm is 

connected, which is proved by the time domain waveform in Fig. 5-18. 

Fig. 5-18 is the waveform of PV output currents in the time domain simulation. There 

are a lot of harmonics in the current waveform, making it very distorted from the original 

sinusoidal shape. The unstable simulation waveform doesn’t go exponentially increasing 

because there’s still current limiter in the controller.  
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Figure 5-17  Four characteristic loci for the unstable case when substation voltage is unbalanced 

 

Figure 5-18  PV output currents for the unstable case when substation voltage is unbalanced 
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If the system unbalance is ignored and the original GNC based on two-by-two matrix 

d-q frame impedance as discussed in chapter 4, the two characteristic loci for the unstable 

case are shown in Fig. 5-19. It can be observed that neither eigenvalues encircles (-1,0), 

resulting an assessment result of stable, which is not correct. The comparison of Fig. 5-17 

and Fig. 5-19 clearly shows the advantage of the proposed d-q frame mode over the 

original d-q frame model. 

 

Figure 5-19 Two characteristic loci for the unstable case when substation voltage is unbalanced 
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5.5.2 Unbalance comes from loads 

In a second case, the unbalance comes from the load, 0.7 MW of load are only 

connected between phase A and phase B . PV terminal voltage unbalance is 1% as the 

system is very lightly load. 

Fig.5-20 is the Nyquist diagram of the four characteristic loci of the measured return 

ratio matrix of (5-62) when reactive power controller is kp = 3.3×10
-5

and ki = 0.33. None 

of the eigenvalues of encircles (-1,0). Zsdq12 and the load admittance YPVdq12 don’t have  

RHP poles. So the system is stable according to GNC, which is validated by the time 

domain waveform of PV output currents in Fig. 5-21. 

 

Figure 5-20  Four characteristic loci for the stable case when load is unbalanced 
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Figure 5-21  PV output currents for the stable case when system load is unbalanced 

 

Figure 5-22  Four characteristic loci for the unstable case when load is unbalanced 
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In contrast, Fig.5-22 is the Nyquist diagram of the four characteristic loci of the 

measured return ratio matrix of (5-62) when reactive power controller is kp = 6.6×10
-5

and  

ki = 0.66. Two of the eigenvalues of encircle (-1,0). λ1 and λ2 both encircle (-1,0) twice 

close wise. So the net clockwise encirclement is 4. Zsdq12 and the load admittance YPVdq12 

don’t have RHP poles. According GNC, the system is unstable when PV farm is 

connected, which is proved by the time domain waveform in Fig. 5-23. 

 

Figure 5-23  PV output currents for the unstable case when system load is unbalanced 

5.5  Experimental verification 

5.5.1 Unbalance comes from source voltages 

A scaled-down hardware experiment was done To test the proposed impedance modeling 

method and the impedance measurement process. The main circuit is shown below in 
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Fig.5-24. The impedance measurement unit (IMU) is located between the line and the 

converter to measure the impedances. And Fig 5-25 is a picture of all the components in 

the hardware experiments. 

 

Figure 5-24  Hardware experiment main circuit when the unbalance comes from AC source 

Figure 5-25  Picutre of the hardware circuit 

The specifications of the main circuit is shown in Table 5-1 But the AC source is 

deliberately set to be three-phase unbalanced. The PV emulator is composed of 15 PV 
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modules which is divided into three strings in parallel. The I-V curve of each module is 

defined by the parameters of Voc = 55 V, Vmpp = 50 V, Isc = 4.5A and Impp = 3.6A. 

Table 5-1 Parameters of the hardware circuits with unbalanced source 

Parameter Value 

Va 71 V 

Vb 64 V 

Vc 64 V 

Line impedance 0.7 Ω + 5.4 mH 

AC frequency 60 Hz 

Active power output 2.6 kW 

DC voltage 250V 

 

The PV is under volt-var droop mode control of Q = - Kv (Vd – 110). Fig. 5-26 is the 

recorded waveform when Kv  increases from 30 to 35. The system becomes unstable after 

 

Figure 5-26  Recorded waveform of PV inverter on the scope 
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the change. The blue curve of DC voltage starts to oscillate until the low DC voltage 

triggers the controller protection. Fig.5-27 is the characteristic loci of the four by four 

return ratio matrix when Kv =30. The Nyquist diagram on the right is a zoom in view 

around (-1,0). The net encirclement is zero, so the system is stable. While Fig.5-28 is the 

characteristic loci of the return ratio matrix when Kv =35. The net encirclement is four, so 

the system is unstable. The GNC application results match with hardware test results. 

 

Figure 5-27  Four characteristic loci for the stable case when AC voltage is unbalanced 

 

Figure 5-28  Four characteristic loci for the unstable case when AC voltage is unbalanced 
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5.5.2 Unbalance comes from load 

In another case in the hardware experiment, the unbalance comes from the line-to-line 

loads in between the AC source and the PV inverter. Fig. 5-29 is the main circuit of the 

experiment. And Table 5-2 lists the parameters of the circuit. 

 

Figure 5-29  Hardware experiment main circuit when the unbalance comes from line-to-line load 

Table 5-2 Parameters of the hardware circuits with unbalanced load 

Parameter Value 

Va / Vb/ Vc 64 V 

Rab 10 Ω 

Rbc 15 Ω 

Rca 15 Ω 

Line 1 impedance 1.2 mH 

Line 2 impedance 0.7 Ω + 4.5 mH 

AC frequency 60 Hz 

Active power output 2.6 kW 

DC voltage 250V 

 

The PV is under volt-var droop mode control of Q = - Kv (Vd – 100). Fig. 5-30 is the 

recorded waveform when Kv  increases from 25 to 30. The system becomes unstable after 

the change. The blue curve of DC voltage starts to oscillate until the low DC voltage 

triggers the controller protection. Fig.5-31 is the characteristic loci of the four by four  
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Figure 5-30  Recorded waveform of PV inverter on the scope 

 

Figure 5-31  Four characteristic loci for the stable case when the loads are unbalanced 



141 

 

 

Figure 5-32  Four characteristic loci for the stable case when the loads are unbalanced 

return ratio matrix when Kv =30. The Nyquist diagram on the right is a zoom in view 

around (-1,0). The net encirclement is zero, so the system is stable. While Fig.5-32 is the 

characteristic loci of the return ratio matrix when Kv =35. The net encirclement is four, so 

the system is unstable. The GNC application results match with hardware test results. 

5.6  Summary and conclusions 

Generalized Nyquist Criterion (GNC) based on d-q frame two-by-two impedance 

matrices is widely used on three-phase balanced systems for small-signal stability 

assessment at the AC interface of power electronics devices, which is not applicable for 

three-phase unbalanced systems. An algorithm is developed to model the terminal 

impedance of the source and the load in three-phase unbalanced system at AC interfaces 

and predict the small-signal stability after the connection based on the measured d-q 

frame four-by-four impedance matrices. This algorithm can be used in all kinds of three-
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phase unbalanced systems including distribution systems in utility and three-phase 

electrical systems on ships and planes. The four-by-four impedance matrix measurement 

process is designed according to the single-phase d-q frame impedance measurement 

method. Compared to the existing approach of positive-negative sequence impedance, the 

proposed method is more accurate because the dynamics of d-q frame controllers are 

taken in consideration. And compared to the existing harmonics transfer function method, 

this model has done some reasonable truncation so that it's feasible to be easily applied in 

the real system. Time domain simulation and scaled-down experiments have been done to 

prove the accuracy and feasibility of the proposed method. 

A per-phase expanded d-q frame impedance model was proposed for the three-phase 

unbalanced system. In the proposed frame, a DC operating point is obtained, around 

which linearization can be done to extract terminal impedance matrices. GNC can applied 

at the connection interface based on the expanded terminal impedance matrices to predict 

system small-signal stability using the fourth order return ratio matrix. A procedure was 

developed to measure the 4×4 impedances using single-phase impedance measurement 

method and verified through simulation. The proposed procedure and stability method 

was verified through a scaled-down hardware experiment. 
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Chapter 6.  Conclusions and Future Work 

With development of renewable energies worldwide, power system is seeing higher 

penetration of Utility Scale PV farms at distributed level as well as transmission level. 

This work first does a static analysis of the impact of PV on system voltage profile and 

power loss in a distribution system. Comparison is done between PV farm of different 

capacities, different locations and five different reactive power control modes of 

(1) Unity power factor mode 

(2) Constant reactive power mode 

(3) Constant power factor mode 

(4) Watt-var mode 

(5) Volt-var droop mode.  

A known broad statement is that active power injected by PV inverters increases the 

system voltage. This work contributes to existing knowledge by doing a sensitivity 

analysis. It is discovered in this work that the impact of active power or reactive power 

on the voltage magnitude is almost linear, thus the rate by which the voltage increases at 

different geographical locations can be estimated accurately by the proposed sensitivity 

matrix, which was shown to be related to the system impedances. The voltage boost 

because of active power injection will cause a limitation of maximum PV capacity, which 

can be mitigated by connecting PV to a bus as close to the substation as possible or 

making use of the reactive power capability of PV. With the assumption of the same 

reactive power compensation capability, the reactive power control mode of volt-var 

droop mode is preferred over other modes because it provides voltage regulation service 
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even when there’s no sun, and volt-var droop mode is effective to mitigate overvoltage 

and under voltage whereas power factor control cannot achieve at the same time. 

Nonetheless, there will be a PV penetration limit even under reactive power control 

because PV has limited reactive power control capability at full active power and the high 

R/X ratio in the distribution system. Furthermore, it was shown that as the capacity of PV 

inverters increases, the system power loss will find an optimum operating point that will 

vary both with the physical location of the PV inverter unit and with the amount of power 

injected, and that the use of reactive power compensation to mitigate the impact on the 

system voltage profile will detrimentally affect the system power loss, in what is then an 

operational tradeoff. Accordingly, and in what could be considered a guideline for PV 

inverter allocation, to reduce the impact on voltage profile PV these units should be 

connected as close to the substation as possible (electrical distance indicated by 

sensitivity matrix), where the optimal allocation to reduce network power loss will 

depend on the distribution of load. Volt-var droop mode is preferred compared to other 

reactive power control in both aspects. 

A major finding of this study is that although volt-var droop mode control is most 

favorable local reactive power control strategy for voltage regulation and power loss 

minimization, it may adversely affect system small-signal stability. A radial medium 

voltage distribution system is modeled in MATLAB to analyze the impact of PV 

generator penetration using GNC method based on impedances in d-q frames. Before 

applying the GNC methods, a d-q frame impedance model is built for Utility PV farm 

generators to observe how the impedance matrix is shaped by the controllers. The 

terminal impedances in d-q frame are derived of utility-scale PV farm based on small 
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signal model of the PV generator, which include the dynamics from the PV array, the 

power stage and the controllers in the synchronous reference frame. The PV terminal 

impedance matrix model derived from small-signal model is proved by time domain 

simulation and validated by scaled-down hardware experiments.  

A comparison is done among impedances of PV inverters under 5 different reactive 

power control modes. The terminal d-q frame impedance matrix shows least coupling 

between d axis and q axis at unity power factor control compared to other modes. The 

sign of Zdd is positive at low frequencies because of constant active power output. The 

sign of Zqq is negative at low frequencies because of PLL synchronization. And for the 

impedance matrices of modes of constant reactive power, constant power factor and watt-

var modes, the non-diagonal elements become comparatively larger but still much 

smaller than the diagonal elements. The first four modes have similar d-q frame 

impedances. While the volt-var control mode changes PV terminal impedance signs and 

magnitudes significantly. There is a stronger d-q coupling because reactive power 

reference which is the source of Q axis current reference is mapped from a droop curve of 

D axis terminal voltage. The matrix becomes non-diagonal dominant and the negative 

incremental resistance behavior occurs in D axis instead of Q axis.  As the d-q frame 

impedance matrix turn non-diagonal dormant, it’s impossible to judge the system stability 

by purely looking at the impedances of the PV farm and the grid. 

For the grid with a single PV farm connection, GNC is applied at PV connection 

terminal. The increase of number of PV inverters in parallel will also lower the PV 

impedance and increase the possibility of instability. The reactive power control of volt-

var droop mode is the first mode to cause instable connection as the number of PV 
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inverters increases. The discovered instability problem caused by volt-var droop mode 

control is highly related to the inner current controller, the reactive power loop controller 

and the digital delay and not quite related to DC voltage controller and PLL block.  

For the distribution system with multiple PV farms, GNC is applied at one of the PV 

farm connection point. Interestingly, PV farms connected to different branches of the 

complicated radial distribution system may have interactions with each other when they 

are under volt-var droop mode control. So the design of control strategy and parameters 

of PV generator should consider the impact of other PV generators. GNC method based 

on impedances measurement is feasible accurate for stability assessment of a distribution 

system with multiple PV farms. 

For the instability problem caused by volt-var droop mode control, comparison is done 

for different PV allocations, different PV capacities (different number of PV inverters) 

and different irradiance condition. No matter it’s a system with single PV farm or with 

multiple PV farms, moving any of the PV farm closer to the substation reduces the 

possibility of instability. Higher capacity of PV penetration makes this stability problem 

worse and so does the higher solar irradiance condition.  

The GNC application results of the case of multiple PV farms are also verified by 

time-domain simulation and hardware experiments. Time domain simulation using 

SIMULINK yields the same conclusion about the stability of the PV connection to the 

grid under volt-var droop mode. In unstable cases, PV output currents have oscillation in 

d-q frames and have more harmonics in ABC frames. The time domain simulation proves 

that application of GNC is accurate to predict system stability. The GNC application 

results are also proved by scale down hardware experiments. 
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Generalized Nyquist Criterion (GNC) based on d-q frame two-by-two impedance 

matrices is widely used on three-phase balanced systems for small-signal stability 

assessment at the AC interface of power electronics devices, which is not applicable for 

three-phase unbalanced systems. This research provides a band-new view of the 

unbalanced system by looking at the original circuit as phase A and by adding a fictitious 

phase B and phase C circuit so that Park transformation to get a DC operation point 

becomes feasible.  

An algorithm is developed to model the terminal impedance of the source and the load 

in three-phase unbalanced system at AC interfaces and predict the small-signal stability 

after the connection based on the measured d-q frame four-by-four impedance matrices. 

A per-phase expanded d-q frame impedance model was proposed for the three-phase 

unbalanced system. In the proposed frame, a DC operating point is obtained, around 

which linearization can be done to extract terminal impedance matrices. GNC can applied 

at the connection interface based on the expanded terminal impedance matrices to predict 

system small-signal stability using the fourth order return ratio matrix.  

A procedure was developed to measure the 4×4 impedances using single-phase 

impedance measurement method. Time domain simulation and scaled-down experiments 

have been done to prove the accuracy and feasibility of the proposed method.  

One known limitation of the proposed method for the unbalanced system is that the 

unbalance is relatively small, as limited by the standard to be below 3%. It is not tested 

on the highly unbalanced system yet.  

This work focuses on the identification of the instability problems of the PV 

generators based on synchronous reference d-q frame in the distribution system, 
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compares how the instability is influenced by factors including different reactive power 

control modes, different allocations, different irradiance and so on. The question of how 

and to what extent does the virtual synchronous generator (VSG) control help with this 

problem needs to be explored.  

In addition, only the reactive power control to support AC voltage profile regulation is 

applied in the utility PV inverters in this research assuming that peak active power is still 

achieved all time for maximum energy harvest, it’s definitely worthwhile to look into the 

cases when PV generators also provides grid-support functionality of frequency control, 

namely the active power – frequency droop curve be executed at the same time as well as 

reactive power – voltage droop. 

As introduced by the first chapter that PV generators are divided into three categories 

residential PV, commercial PV and Utility PV farms according to the power rating. Only 

the three-phase Utility PV generators are discussed in this work. But actually the number 

of commercial PV generators and residential PV generators (three-phase or single-phase 

on AC side) far exceeds the number of Utility PV farms, and are connected to low 

voltage parts of the distribution system which have relatively higher per unit impedances 

than the medium voltage parts as the 12 kV system used in this research. It can be 

foreseen that if commercial PV generators and residential PV generators are required to 

provide grid-support functionalities as the Utility PV generators, they are much more 

vulnerable to this type of instability problems, which should be analyzed before the 

control of commercial PV generators and residential PV generators is updated to be more 

complicated.  
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One more direction for future work is that the connection of only two PV farms is 

simulated and studied in this research, what if a large number of PV farms are connected 

to the same distribution system, or like the case of hundreds or thousands of single-phase 

residential PV inverters in the same feeder? The impedance network may be a good 

solution for this topic, which needs further investigation and validation. 
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