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It is shown that the dominant nonlinear effect makes the evolution of whistler turbulence essentially
three dimensional in character. Induced nonlinear scattering due to slow density perturbation
resulting from ponderomotive force triggers energy flux toward lower frequency. Anisotropic wave
vector spectrum is generated by large angle scatterings from thermal plasma particles, in which the
wave propagation angle is substantially altered but the frequency spectrum changes a little. As a
consequence, the wave vector spectrum does not indicate the trajectory of the energy flux. There can
be conversion of quasielectrostatic waves into electromagnetic waves with large group velocity,
enabling convection of energy away from the region. We use a two-dimensional electromagnetic
particle-in-cell model with the ambient magnetic field out of the simulation plane to generate the
essential three-dimensional nonlinear effects. © 2010 American Institute of Physics.
�doi:10.1063/1.3420245�

I. INTRODUCTION

Turbulence facilitates transport and distribution of en-
ergy and momentum in a collisionless plasma medium.
Therefore, evolution of electromagnetic turbulence is
important to both space and laboratory plasmas and has been
a topic of intense research for decades. Electromagnetic
whistler turbulence in the intermediate frequency range,
�i����e, where �i�e� are ion �electron� gyrofrequency,
continues to be of interest to ionospheric,1,2 magnetospheric,
and solar wind plasmas3–5 as well as to laboratory plasmas.6,7

The purpose of this article is to show that the dominant non-
linear �NL� effect makes whistler turbulence in a low �
plasma, similar to that found in the near-earth space environ-
ment, a three-dimensional �3D� phenomenon in which the
evolution of the turbulence is characterized by induced NL
scattering. NL scattering arises due to a slow density pertur-
bation resulting from the ponderomotive force acting along
the ambient magnetic field lines. Induced scattering can re-
sult in a large change in propagation angle of the waves and
consequently in conversion of quasielectrostatic waves into
electromagnetic waves, and vice versa. Since group veloci-
ties of quasielectrostatic and electromagnetic waves are very
different, this conversion can lead to a significantly different
final NL plasma state.

In Sec. II we first discuss the linear electromagnetic dis-
persion relation of the waves in the intermediate frequency
range. Then we discuss the NL properties of the turbulence
due to these waves and provide the NL growth rate of the
induced scattering. In Sec. III we describe our electro-
magnetic particle-in-cell �PIC� simulation and employ it to

examine the NL scattering properties of the intermediate
frequency waves. Finally in Sec IV we provide our conclu-
sions.

II. THEORY

In the intermediate frequency range there is a relative
drift between the effectively unmagnetized ions and the mag-
netized electrons resulting in a total current, j�, which in-
cludes the displacement current and can be expressed as

j� = −
c

4�
�2A�

= − en0� cE� � b�
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− i

eE�b�0

me�
+
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For simplicity we consider a dense plasma, �pe
2 ��e

2, and
ignore the last term in Eq. �1�. E� is the wave electric fluc-
tuation, A� is the vector potential, B0 is the background mag-

netic field along the z-axis, b� =B� 0 / 
B0
, �LH=��e�i is the
lower hybrid �LH� frequency, and �pe is the electron plasma
frequency. Maxwell equations along with the Coulomb
gauge yields for plane waves �exp�−i�t+ ikxx+ ikzz�,

Ex = − ikx�
k̄2

k̄�
2

, Ey = Ex
i�

�ek̄
2
, Ez = − ikz�

k̄2

�1 + k̄2�
,

�2�

where � is the electrostatic potential. Ey is of purely electro-
magnetic origin while Ex and Ez can become electrostatic fora�Electronic mail: gurudas.ganguli@nrl.navy.mil.
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short wavelengths and k��k�. Wave vector is normalized by

the electron skin depth, i.e., k̄=kc /�pe, k̄2= k̄�
2+ k̄�

2 , k�=kx,
and the subscripts “�” and “�” are with respect to B0. Setting
� · j̄=0 and using Eq. �2� to eliminate the electric fields we
obtain the dispersion relation for the intermediate frequency
range waves in a cold plasma,

�2 = � k̄�
2

�1 + k̄�
2 �

+
�LH

2

�e
2 � k̄2�e

2

1 + k̄2
. �3�

For short perpendicular wavelengths, k̄��1, and small
propagation angles, k� /k���LH /�e, Eq. �3� reduces to
�2=�LH

2 , the dispersion relation for the LH waves. In the LH
limit Ey→0 and Ex,�→−�x,��, implying that the waves
are electrostatic in character. For long perpendicular wave-

lengths, k̄�	1, and k̄� 
�LH /�e, Eq. �3� reduces to

�2= k̄�
2k̄2�e

2, the dispersion relation for the whistler �W�
waves. For long perpendicular wavelengths, k̄�	1, and

k̄� 	�LH /�e, Eq. �3� reduces to the dispersion relation for
the magnetosonic �MS� waves, �2=k2VA

2 , where VA

=B0 /�4�nimi is the Alfven speed. Clearly, the LH, MS, and
W waves belong to the same branch but at different propa-
gation angles and are formally electromagnetic. As we shall
see this fact is quite important in understanding the nature of
turbulence in the intermediate frequency range.

In a nonuniform plasma the intermediate frequency
mode structure is significantly altered. To clarify this we re-
place n0 by n0+�n in Eq. �1�, where �n represents the inho-
mogeneity that may be external or self-consistently gener-
ated by the ponderomotive force. With this substitution and
� · j̄=0 Eq. �1� gives
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Solving Eq. �4� the new dispersion relation is
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If �n /n
max��me /mi�1/2 , �k� /k��� then Eq. �5� yields a drift
mode-like oscillation

�
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. �6�

When �n is self-consistently generated by the pondero-
motive force along the magnetic field, the new term propor-
tional to �n in Eq. �4� becomes 3D and is the source of the

so-called vector nonlinearity,8 which can significantly affect
the turbulence dynamics by making it a 3D phenomenon and
inducing strong NL scatterings. This vector nonlinearity re-
lated �n dependence on the real frequency �Eq. �5�� is much
stronger than the scalar nonlinearity related �n dependence
that would appear through the plasma frequency, as in the
NL evolution of Langmuir waves.9

We calculate this second order electron density perturba-
tion �ne

�2� by using the Vlasov equation in drift approxima-
tion and assuming a Maxwellian distribution. Ions are treated
as a fluid and their motion under second order ambipolar
electric field maintains quasineutrality. This leads to
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where 
k1−k2
i , 
k1−k2

e are the low frequency ��k1−�k2��k1�
ion and electron susceptibilities. Superscript “ �” implies
complex conjugate, and subscripts “1” and “2” denote
mother and daughter waves respectively. Substituting Eq. �7�
in Eq. �4� we obtain the rate of NL scattering ��NL�.

For a narrow band wave spectrum �����NL� the NL
rate is given by
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which represents parametric decay of the intermediate fre-
quency waves. However, in a broadband turbulence with in-
coherent wave spectrum �����NL� the growth rate is aver-
aged over the spectrum of wave vectors. This leads to the NL
rate applicable to a broadband turbulence to be
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Equation �9� is the induced NL scattering rate for both wave-
wave and wave-particle scattering. The first term gives the
scattering rate of the mother wave into a daughter wave
through radiation of a lower frequency ��k1−k2� wave. In
such wave-wave scattering event energy and momentum are
conserved within the waves, i.e., �k1=�k2+�k3, k�1=k�2+k�3,
and the plasma serves as an oscillating medium with no ex-
change of momentum and energy with the waves. The en-
tropy of the waves Sw=ln�kNk, where Nk=Wk /�k is the plas-
mon number density, increases but their energy �kWk is not
dissipated.10 The second term in Eq. �9� gives the scattering
rate of the mother into a daughter wave through resonance
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with plasma particles. In each such wave-particle scattering
event the wave frequency decreases and the balance of wave
energy is dissipated as plasma heating. As a result the plasma
entropy increases and the process is irreversible. In addition,
the number of plasmons do not change and the momentum
conservation involves the principal momentum of magne-
tized electrons �mev��e+eA� /c�, which includes the external
magnetic field. The external magnetic field can absorb
wave momentum and facilitate large change in scattered
wave vectors.

Now consider the evolution of 3D broadband LH/W tur-
bulence in an isothermal �Ti=Te�, low � plasma which is
representative of the near-earth space environment. In this
situation NL scattering by plasma particles dominates be-
cause there is no ion sound wave and hence the decay
through radiation of ion sound wave is not possible. The NL
scattering results from the Landau resonance of beat waves
with magnetized electrons, i.e., ��k1−�k2�= �k1� −k2��v�e. In
principle, resonance of the beat waves with ions is also pos-
sible. However for 
�k1� −k2��
vti	�i, which is likely in a
low � plasma, the ion motion in the presence of high fre-
quency ��k1−�k2��i� waves can be treated as unmagne-
tized but with no ion Landau damping.11 This makes the NL
scattering through thermal electrons to be the dominant scat-
tering mechanism in a low � isothermal plasma.

Parametric decay of LH waves was extensively studied
in fusion plasmas in connection to plasma heating in
tokamaks.12 A comprehensive analysis of this decay process
for the more general case was given by Tripathi et al.13

Hasegawa and Chen14 investigated the NL scattering of the
LH waves by thermal electrons in a broadband turbulence
using an electrostatic formalism. For LH→LH scattering
rate in the electrostatic limit Eq. �9� simplifies to

�NL = �LH
mi

me
�
k1

�k�1 � k�2��
2

k1�
2 k2�

2 �� Im Z���
Wk1

n0Te
, �10�

where Wk���pe
2 /�e

2��
E� k
2 /8�� is the LH wave energy den-
sity, which is primarily due to energy of the electron E�B
drift, �= ��k1−�k2� / �k1� −k2��vte, vte=�2Te /me is the electron
thermal speed. In Eq. �10� subsonic condition ��k1−�k2�
	 �k̄1−k�2�cs is assumed where cs=�Te /mi.

The LH wave frequency obtained from Eq. �3� in the

electrostatic limit �k̄��1 and k� /k��1� becomes �=�LH

��1+k�
2mi /k�

2 me�1/2, and has a minimum at �=�LH. Since
�k2	�k1, repeated scattering decreases k� /k� and moves a
LH plasmon toward a dispersion less condition �=�LH at
which point the scattering ceases because frequencies below
�LH does not exist for the intermediate frequency waves in
the electrostatic limit. This implies that within the electro-
static framework an ensemble of LH plasmons behaves as a
“Bose gas,” whose ultimate NL fate is to condense to the
lowest energy state at �=�LH and remain there as time sta-
tionary condensate. In a nonisothermal �Te�Ti� plasma the
condensate may be unstable to modulation instability result-
ing in the formation of coherent structures, which may col-
lapse and dissipate the energy as plasma heating. Langmuir
wave evolution is an example of such behavior.9,15

For narrow band LH waves isotropically distributed
across magnetic field in the subsonic ion condition the real
parts of Eqs. �4� and �7� lead to the nonlinear Schrodinger
�NLS� equation. It has been suggested that LH coherent
structures described by the solutions of the NLS equation
may collapse and dissipate energy, which is of particular in-
terest to the ionospheric plasmas.16 However, for waves in an
incoherent broadband spectrum, which is usually the case in
space plasmas, it is difficult to maintain the phase coherence
necessary for the NLS equation solutions because of compe-
tition from induced wave-particle scattering. The induced
scattering rate is comparable to the rate of creation and col-
lapse of LH coherent structure. Scattering may remove the
waves from the density cavity that traps the LH waves and
thereby impede in the formation of coherent structures. This
important wave loss mechanism is not included in a fluid
theory based analysis of the phenomenon.8,17 Perhaps due to
these impediments to the formation of coherent structures
unambiguous evidence of the LH collapse phenomenon in
the ionosphere is absent.18 Hence, we seek an alternate and
credible description for the evolution of LH turbulence.

As remarked earlier, the LH waves are not purely elec-
trostatic and hence it is inappropriate to treat their NL evo-
lution within an electrostatic framework. To address this
problem we must generalize the Hasegawa and Chen14 for-
malism to the electromagnetic regime. Electromagnetic gen-
eralization of Eq. �10� is

�NL �
�pe

2

�k2

k̄2
2

1 + k̄2
2
�
k1

�k�1 � k�2��
2

k1�
2 k2�

2

k̄1
2

1 + k̄1
2

�
�� Im Z���

�1 + ��k1 − �k2�2/�k�1 − k�2�2cs
2�2


Ek1
2

4�n0Te
. �11�

Figure 1 is the electromagnetic dispersion plot �Eq. �3�� for
the intermediate frequency waves. The electromagnetic dis-
persion character is significantly different from that obtained
from the electrostatic approach, �=�LH�1+k�

2mi /k�
2 me�1/2,

which indicates a minimum at �=�LH. Now there is no
minimum at �=�LH and hence the NL evolution does not

FIG. 1. The dispersion surface of the intermediate frequency electromag-
netic whistler waves. The isofrequency lines indicate that there can be large
change in the wave propagation angle due to NL scattering without much
change in the frequency. Note that there is no minimum at �=�LH.
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lead to the formation of condensates. Isofrequency lines in
Fig. 1 indicate a variety of paths through which the mother
wave can be scattered into a daughter wave with large
change in 
k
 and in the propagation angle k� /k� but with
small change in frequency, ��k1−�k2�	 
k�1−k�2
cs. This is
similar to the diffraction phenomenon. The density irregular-
ity, �ne

�2� �Eq. �7��, acts as an efficient diffraction grating with
slit width equal to the wavelength of the beat wave.

For a broadband turbulence ���� k̄1cs� the rate for a
mother wave �k�1 ,�k1� to scatter into a daughter wave
�k�2 ,�k2� is obtained by adding the contributions from
all possible mother waves within the frequency interval

�k2+��, where ���
k�1−k�2
cs��k̄1+ k̄2��e
1/2�LH. This

leads to an estimate for the rate

�NL �
�pe

2

��

�LH

�
� 1

�e
�1/2 k̄2

2

1 + k̄2
2
�
k1

Ek1
2

B0
2

k̄1
2�k̄1 + k̄2�

1 + k̄1
2

. �12�

Here the summation is with k�1 along the characteristic
��k�1�=��k�2�.

Since �NL� �k�1�k�2� ·b�0 �Eq. �11��, large angle scattering
is more likely. Consequently, quasielectrostatic waves scatter
into electromagnetic waves. Electromagnetic waves have
large group velocity, which allows the energy to convect out
of the region of creation. While the wave vector spectrum
changes substantially due to repeated scattering the fre-
quency spectrum remains relatively unaffected. As a result, it
is not possible to glean the trajectory of the energy flux in the
whistler turbulence from the wave vector spectrum. There-
fore, in whistler turbulence the wave vector spectrum is not a
surrogate for the frequency spectrum. A steady state may be
achieved by a balance between the pump and convection of
energy. Redistribution of energy globally in the physical
space rather than local dissipation emerges as the NL end
stage of the LH turbulence instead of condensation or cre-
ation and collapse of coherent structures. Most of the energy
may convect away instead of being dissipated locally. In con-
trast, however, for the purely electrostatic Langmuir waves
with small group velocity, there is good experimental evi-
dence for condensation and collapse.19,20 Hence, as remarked
earlier, the formally electromagnetic nature of the LH waves
leads to a significantly different saturation mechanism for the
LH turbulence.

III. TWO-DIMENSIONAL ELECTROMAGNETIC PIC
SIMULATION

For self-consistent numerical assessment of the above it
is necessary to include the new term proportional to �n, ide-
ally in a three-dimensional electromagnetic PIC simulation.
However such simulation is still impractical, therefore we
use a two-dimensional �2D� �x ,y� electromagnetic PIC
model but with B0 in the �x ,z� plane at an angle � such that
�=0 implies that B0 is directed along the x axis. This
activates the �E� ��� �n� ·b�0 term in Eq. �4� that would be
lost if B0 is in the simulation �x ,y� plane. If �=90° and
k� =kx cos �=0 then this important term would also be lost
because there will be no �n due to pondermotive force along
B0. Thus, it is possible to demonstrate the crucial 3D NL

effect in a relatively simple 2D PIC simulation by choosing
0	�	90°. Even with this simplification it is not trivial to
simulate a fully developed whistler turbulence involving
many waves. We therefore focus on the properties of NL
scatterings which is the essential ingredient that characterizes
whistler turbulence. By appropriately choosing parameters
we can study the roles of both the wave-wave and wave-
particle scatterings arising due to the vector nonlinearity in
the simulation. In general, dimension of the simulation box
and symmetrical boundary condition restrict the wave spec-
trum generated because of quantization of the waves. Be-
cause of this limitation three wave resonance conditions, i.e.,
�k1=�k2+�k1−k2, k�1=k�2+k�3, are more difficult to satisfy in
the simulation box than the Landau resonance with electrons,
i.e., ��k1−�k2�− �k1� −k2��vt,� =0.

The simulation model is described in detail by Wang
et al.21 We choose a simulation plane �x ,y� with dimension
�512�256��De, where �De is the electron Debye length.
This is equivalent to �51.2�25.6�c /�pe. The cell
size �De=0.1c /�pe and we use 81 particles/cell. The param-
eters chosen are mi /me=100, �pe /�e=�5, vte=0.14c,
�e�nTe / �B0

2 /8��=0.1, and Te=Ti. The waves are initiated
in the system self-consistently by a perpendicular ring distri-
bution. We choose “heavy electrons” as the ring species with
mass mr= �3 and 10�me, ring velocity of Vr=0.2c, and a
ring density of nr=0.25ne. A ring distribution can trigger
both oblique and parallel propagating whistlers. The highly
oblique whistlers are triggered at ring cyclotron harmonics in
a manner similar to that described by Ganguli et al.22 for the
lower frequency shear Alfven waves, while the parallel whis-
tlers are triggered due the temperature anisotropy23 intro-
duced by the ring distribution.

Figure 2 is the frequency spectrum for waves when
�=60° and mr=3me. Initially whistler waves in this param-
eter regime is generated for �=0.15�pe�3.3�LH. Linear
analysis for the simulation parameters shows that oblique
whistlers with large k� can be triggered self-consistently
by the ring distribution at first harmonic of the ring cyclotron
frequency. At �pet=830 the frequency spectrum shows
the mother whistler decaying into a daughter whistler at
��0.1�pe along with the radiation of a lower frequency
��0.5�LH MS/LH wave. Figure 3�a� and 3�b� are the k
spectra for the wave electric fields. At �pet=470 the initial

FIG. 2. Frequency spectrum at �pet=830 of wave magnetic field for whis-
tler waves for B0 at �=60° and mr=3me. The initial whistler decays into a
daughter whistler by radiating a lower frequency MS/LH wave.
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wave is generated for k̄x�1.3, k̄y �0.8, and k̄� = k̄x /2�0.65.
At a later time, �pet=750, signatures of a daughter whistler

at k̄x�0.75, k̄y �1, and k̄� = k̄x /2�0.38 and a lower fre-

quency MS wave at k̄x�0.15, k̄y �0.9, and k̄� = k̄x /2�0.07
are visible. This is an example of NL W/MS/LH wave-wave
scattering through parametric decay process in the simula-
tion. However, wave-particle scattering is also prevalent in
the simulation.

Evidence for wave-particle scattering becomes clearer
for mr=10me and �=78°. Figures 4�a�–4�d� show the fre-
quency spectra at four different time intervals. Initial whis-
tler wave in this parameter regime is generated as in the
previous case at the first harmonic of the ring cyclotron fre-
quency but with �=0.044�pe��LH. Figures 4�a�–4�d�
show generation of the initial whistler and then subsequent
multiple scatterings from plasma particles into daughter

whistlers. Absence of a low frequency satellite,
which was present in the previous case, is a confirmation
of wave-particle scattering. Inspection of Fig. 4�d� indi-
cates that ��k1−�k2��0.005�pe�0.1�LH while 
k�1−k�2
cs

� k̄1��e�1/2�LH�0.15�LH. Thus, the subsonic ion condition
��k1−�k2�	 
k�1−k�2
cs is satisfied. Also �k1� −k2��vte

=�k̄x cos ��mi /me�1/2�1/2�LH�0.25�LH is of the same order
as ��k1−�k2� and hence the Landau resonance condition
���k1−�k2���k1� −k2��vte� is also satisfied. In addition, Figs.
5�a� and 5�b� indicate large angle scattering in the simulation
as expected. This shows that NL scattering alters the wave
vector spectrum significantly but the change in the frequency
spectrum is mild.

To unambiguously establish the dominance of the vector
nonlinearity in determining the course of evolution of the
whistler turbulence, we eliminate the term proportional to �n

FIG. 3. �Color� �a� The wave vector spectrum corresponding to Fig. 2 for the initial whistler electric field at �pet=470 and �b� same figure as in �a� but at a
later time at �pet=750 that shows a well developed daughter whistler and the lower frequency wave.

FIG. 4. Frequency spectra for time intervals �a� 0	�pet	1000, �b� 0	�pet	2000, �c� 0	�pet	3000, and �d� 0	�pet	4000 of the wave electric field for
whistler waves for �=78° and mr=10me. The initial whistler decays into a daughter whistler through the Landau resonance with the thermal electrons.
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�in Eq. �4�� from the simulation model by making �=0° so
that B0 is in the x direction in the simulation plane. This
configuration is identical to that of Saito et al.5 In this case
the strong temperature anisotropy of ring distribution species
drives whistlers, as shown in Figs. 6�a� and 6�b�. Figures
6�a�, 6�b�, 7�a�, and 7�b� indicate that the initial whistler
grows in amplitude with time but without the signatures of
NL scatterings even at �pet=5000, which is much longer
than the previous cases with tilted B0 ���0°� that included
the vector nonlinearity and showed evidence of scattering at
�pet=750 �Figs. 2 and 3� or at �pet=2000 �Figs. 4 and 5�.

This leads to the conclusion that the vector nonlinearity in-
troduced through the term proportional to �n �in Eq. �4��
dominates the physics of whistler turbulence and determines
its character. This dominant physics is lost in a 2D PIC simu-
lation if B0 is maintained in the simulation plane or in a 3D
fluid simulation, which is based on an incompressible fluid
model. Even in a 3D compressible fluid simulation contribu-
tion from the wave-particle scattering will be lost.

It should be noted however that if the �=0° simulation
was run longer, then the scalar nonlinearity would have
eventually introduced NL effects. The general expression for
NL scattering by electrons that includes both vector and
scalar nonlinearities is estimated as

�NL � �
k1

�e

2

�

k̄2
2

1 + k̄2
2

k̄1
2

1 + k̄1
2

��k�1 � k�2� · b��2

k1�
2 k2�

2 +
n0 � �

�n0
�

�
�e Im Z��e�

�1 + ��k1 − �k2�2/�k�1 − k�2�2cs
2�2

�pe
2

�e
2


Ek1
2

4�n0Te
.

�13�

The first and second terms in the curly bracket represent the
vector and scalar nonlinearities, respectively. The scalar non-
linearity is smaller than the vector nonlinearity by a factor
that scales as �� /�e�2.

We also point out that in a broad frequency bandwidth
turbulence the NL scattering rate �NL�1 /�e

1/2, as long as

�e
 �me /mi� / �k̄1+ k̄2�2, which is necessary for maintaining
the condition of unmagnetized and subsonic ion motion in
beat waves. Thus, the NL LH→W scatterings are expected
to be intense in the low �e near-earth plasma environment.
For narrow frequency bandwidth waves, parametric decay in
isothermal plasma is possible through the generation of
low frequency MS/LH waves. The rate for this process is
�NL���Ek1 /B0� �Ref. 24� and is independent of �e.
However, for the broadband case Eq. �9� indicates that the
decay rate through the generation of MS/LH waves is
�NL���Ek1 /B0�2, which is smaller by a factor �e

1/2 than the
competing rate of scattering through resonance with thermal
particles in a �e	1 plasma �Eq. �12��.

FIG. 5. �Color� The wave vector spectrum for the waves described in Fig. 4
at �a� �pet=1000 and �b� �pet=2000. The mother wave �a� experiences a
large angle scattering �b�.

FIG. 6. Frequency spectra for time intervals, �a� 0	�pet	3000 and �b� 0	�pet	5000, of the wave electric field for whistler waves for �=0° and
mr=10me. The initial whistler wave amplitude grows in time but signatures of NL scattering are not there.
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IV. CONCLUSIONS

We have analyzed the nature of electromagnetic turbu-
lence in the intermediate frequency range ��i����e� in a
low � and isothermal plasma, which is typical in the near-
earth space environment. We find that the vector nonlinearity
dominates and gives rise to slow electron density irregularity
due to the pondermotive force along the magnetic field,
which induces strong NL scattering that changes the propa-
gation angles of the waves substantially. Consequently, wave
scattering converts quasielectrostatic waves into electromag-
netic waves and vice versa, and thereby determines the char-
acter of the turbulence. Conversion of quasielectrostatic
waves into electromagnetic and vice versa from a pre-
existing density structure is well known.25–27

NL wave coalescence and decay in homogeneous weak
turbulence leads to cascade and energy flux toward higher
frequencies. NL scattering on the other hand leads to inverse
cascade toward lower frequencies. It is possible that in a
certain range of plasma parameters and intermediate fre-
quency range the wave-particle scattering primarily deter-
mines the evolution of the turbulence and the fate of the
energy flux. As discussed earlier, the wave-particle scattering
can convert quasielectrostatic waves with low group velocity
into electromagnetic waves with large group velocity, which
can convect the energy away from the region. This represents

a possibility of wave energy loss without significant local
plasma heating and may have applications in both terrestrial
and extra-terrestrial plasmas. This is fundamentally different
from neutral turbulence where forward cascade implies en-
ergy flux from long to short wavelengths until dissipation
and the wave vector spectrum is a good surrogate for the
frequency spectrum.

Typically whistler turbulence has been analyzed in a 2D
simulation with the ambient magnetic field in the simulation
plane. We established that the development of whistler tur-
bulence is essentially a 3D phenomenon and the dominant
vector nonlinearity is lost in a 2D simulation if the ambient
magnetic field is maintained in the simulation plane. To dem-
onstrate this we first used a 2D �x ,y� PIC simulation in
which the consequences of the crucial 3D NL effects were
simulated by maintaining the ambient magnetic field in the
�x ,z� plane. Subsequently we repeated the same simulation
with the ambient magnetic field in the simulation �x ,y� plane
and found that the vector nonlinearity related effects disap-
peared. Because of the practical constraints a comprehensive
3D electromagnetic PIC simulation of the intermediate fre-
quency turbulence remains beyond the scope of this article.
However, the essential physics of induced NL scattering that
dominates the dynamics and determines the character of the
turbulence could be studied in sufficient detail using our
simple 2D simulation model.
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