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Computer modeling and simulation reveals a grain size- and composition-dependent behavior
of phase coexistence around the morphotropic phase boundaries in polycrystals of ferroelectric
solid solutions. It shows that the width of phase coexistence composition range increases with
decreasing grain sizes; phase-coexisting domain microstructures effectively reduce elastostatic,
electrostatic, and domain wall energies; and grain boundaries impose internal mechanical and
electric boundary conditions, which affect the phase-coexisting domain microstructures in the grains
and give rise to the grain size effect of phase coexistence. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2896612�

Phase coexistence is a phenomenon commonly observed
around the morphotropic phase boundaries �MPBs� in ferro-
electric solid solutions, e.g., Pb�Zr1−xTix�O3 �PZT�,1

Pb��Zn1/3Nb2/3�1−xTix�O3,2 and Pb��Mg1/3Nb2/3�1−xTix�O3.3

The MPB is a nearly vertical �i.e., almost temperature inde-
pendent� phase boundary in the temperature-composition
phase diagram, separating rhombohedral and tetragonal
ferroelectric phases at low and high Ti contents, respectively.
Because the best piezoelectric properties of these materials
are obtained at compositions near their MPBs,1–4 the origin
of MPB phase coexistence and its effect on the increased
piezoelectric response is a topic of both scientific curiosity
and technological importance and has been investigated from
different perspectives.5–12 Recently, intermediate MPB
phases were reported based on high-resolution x-ray and
neutron diffraction observations,13 which renew the interest
in the MPB phases. More recently, theoretical14,15 and
experimental16,17 investigations reveal nanodomain aspects
of the MPB structures and coherent scattering and interfer-
ence effects in nanodomain diffractions, underscoring the
importance of domain microstructures and mechanisms in
the vicinity of MPBs.

Our recent computer modeling and simulation studies of
polar domain microstructures in single crystals of MPB-
based ferroelectric solid solutions showed that electrostatic
and elastostatic interactions play important roles in the MPB
phase coexistence phenomenon through the formation of
coupled ferroelectric and ferroelastic domain microstructures
which are produced by either displacive phase transforma-
tion �diffusionless�11 or coherent phase decomposition
�diffusional�.12 The phase-coexisting domain microstructures
effectively reduces the total system free energy, including
bulk free energy, domain wall energy, and long-range elec-
trostatic and elastostatic energies. Similar phase coexistence
phenomenon is also reported in the computer simulation of
epitaxially strained ferroelectric thin films.18 In this work, we
study ferroelectric polycrystalline ceramics. The purpose of
this letter is to report grain size-dependent behavior and un-
derlying mechanism of phase coexistence in polycrystals,
where the width of phase coexistence composition range in-

creases with decreasing grain sizes. In particular, we inves-
tigate the effects of internal mechanical and electric bound-
ary conditions imposed by grain boundaries, which affect the
phase-coexisting domain microstructures in the grains. Since
diffusion kinetics in the complex oxide solid solutions is
slow at room temperature and diffusional process plays only
a minor role, we focus on the displacive �diffusionless� evo-
lutions of spontaneous polarization and domain microstruc-
tures without local composition change.

The state of a ferroelectric polycrystal is described by a
polarization field P�r�. The total system free energy is19
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which is the same as for a ferroelectric single crystal11 except
that P�r� here is defined in a global coordinate system at-
tached to the polycrystalline sample instead of in a local
coordinate system aligned with �100	 lattice axes of single
crystal. Rij�r� is a grain rotation matrix field that describes
the geometry �size, shape, and location� and crystallographic
orientation of individual grains in the polycrystal, as in the
phase field models of martensitic,20 ferromagnetic,21 and
ferroelectric22 polycrystals. The operation RijPj in the
Landau–Ginzburg–Devonshire23 �LGD� function f trans-
forms P�r� from global sample system to local crystallo-
graphic system in each grain. The gradient, electrostatic, and
elastostatic �within isotropic elasticity� energy terms in Eq.
�1� as well as the kinetic �time-dependent Ginzburg–Landau�
equation are essentially the same as in the model of ferro-
electric single crystals.11 In this work, we use the material
parameters experimentally determined for PZT.24 PZT is the
current material of choice for a wide variety of high-
performance electromechanical devices. Since PZT is intrac-
table for single crystal growth, polycrystalline ceramics are
the material form for practical applications, where grain size
effect of phase coexistence is a particularly important issue.

The computer simulations reveal a grain size effect of
phase coexistence around the MPB in ferroelectric polycrys-
tals, as shown in Figs. 1 and 2. Two-dimensional polycrys-
talline structure of 16 grains is generated by using Voronoi
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tessellation20,21 with random grain orientations. In order to
separate grain size effect from other effects, the same poly-
crystalline grain structure �i.e., grain shape, location, and ori-
entation� is used in all simulations. Different grain sizes are

simulated by using different numbers of discrete computa-
tional grids N�N with N=128, 256, and 512, respectively. A
range of composition around MPB, 0.40�x�0.56, is simu-
lated. For better comparison with experimental results, sta-
tistical average is performed among ten phase volume frac-
tion values that are individually simulated with different
random initial conditions for same specific composition and
grain size. This procedure is necessary because the simula-
tion volume only represents a small portion of polycrystal-
line ceramic or powder samples used in diffraction experi-
ments �a conventional technique for phase characterization�,
where different parts of the samples develop different do-
main microstructures and diffraction experiments measure
the average phase volume fraction.

Figure 1 plots the volume fraction of tetragonal phase
versus the composition x for different grain sizes. It shows
that the tetragonal phase fraction smoothly increases across
the MPB from rhombohedral side to tetragonal side. Thus,
tetragonal and rhombohedral phases coexist over a composi-
tion range around the MPB. The simulated data �open sym-
bols� are widely scattered for near-MPB compositions and
become narrowly distributed for compositions away from the
MPB. Nevertheless, the average data �filled symbols� well
follow the following function:

f�x0,�;x� =
exp��x − x0�/��

1 + exp��x − x0�/��
, �2�

where the parameter � measures the width of phase coexist-
ence composition range. Most importantly, Fig. 1 reveals a
grain size effect of phase coexistence around the MPB in
ferroelectric polycrystals. The width of phase coexistence
composition range increases with decreasing grain size, as
quantified by the fitted values of � in Table I. Further analysis
by using asymmetric fitting function g�x0 ,�1 ,�2 ;x�= �1−h�x
−x0��f�x0 ,�1 ;x�+h�x−x0�f�x0 ,�2 ;x�, where h�x� is Heavi-
side step function, shows �1����2, as listed in Table I. This
behavior is consistent with the fact that the energy gap be-
tween metastable and stable phases increases slightly faster
with composition deviation from MPB on rhombohedral side
than on tetragonal side, according to the LGD polynomial24

used in our simulations. A larger energy gap increases the
energy cost for the formation of metastable phase and de-
creases its volume fraction faster on the rhombohedral side

FIG. 1. �Color online� Computer
simulation of grain size-dependent
phase coexistence phenomenon
around MPB in ferroelectric polycrys-
tals. The volume fraction of tetragonal
phase is plotted vs the composition x
for various grain sizes, as indicated by
simulation size N. The open symbols
represent individual simulation results
from random initial conditions. Each
of the filled symbols represents the av-
erage of ten simulation results for
same specific composition and grain
size. The solid and dashed lines are the
fitting curves by using symmetric and
asymmetric functions, respectively.

FIG. 2. �Color online� Computer simulation of grain size- and composition-
dependent phase-coexisting domain microstructures around MPB in ferro-
electric polycrystals. Same polycrystalline grain structures with different
grain sizes and compositions are simulated. Smaller grains are enlarged four
and two times, respectively, in visualization for clarity. Arrows represent the
in-plane components of polarization vector, and the out-of-plane component
is represented by color, where green domains are tetragonal phase, red and
blue domains are rhombohedral phase.
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of MPB. The underlying mechanisms are revealed in Fig. 2.
Figure 2 shows representative phase-coexisting domain

microstructures in polycrystals from individual simulations
for different compositions and grain sizes. As in the case of
single crystals,11 due to the small bulk free energy gap be-
tween metastable and stable phases in the vicinity of MPBs,
minor domains of metastable phase spontaneously coexist
with and bridge major domains of stable phase and together
form mosaic domain microstructures. The existence of minor
phase as bridging domains provides extra configurational de-
grees of freedom for domain self-accommodation and re-
duces elastostatic, electrostatic, and polarization gradient
�domain wall� energies of complex domain microstructures,
which arise from the frustrations caused by both the crystal
lattice misfit and polarization distribution among multiple
polar domain variants. With compositions deviated from the
MPB, the bulk energy gap becomes large, thus, the energy
cost of minor phase formation is high and the volume frac-
tion of metastable phase decreases. This mechanism gives
rise to the composition-dependent phase coexistence behav-
ior, as described by Eq. �2�. In polycrystals, the grain bound-
aries impose internal mechanical and electric boundary con-
ditions, which affect the phase-coexisting domain
microstructures in the grains. High internal stresses usually
develop around grain boundaries and especially their junc-
tions, where electric charges also accumulate. As a result,
minor domains of metastable phase preferably form at grain
boundaries and their junctions, as shown in Fig. 2. It also
shows that the effects of grain boundaries are more signifi-
cant for smaller grains. This mechanism explains the grain
size-dependent phase coexistence behavior. Phases coexist
over a wider composition range around MPB in polycrystals
of smaller grains, where the larger internal stresses and
charge accumulation tend to stabilize the bridging domains
of minor phases.

The simulation results presented in Figs. 1 and 2 show
that the domain microstructures and phase volume fractions
vary widely from grain to grain. Thus, experimental obser-
vations based on imaging of local domain microstructures
may not provide a reliable measurement of the volume frac-
tions of coexisting phases in the whole polycrystalline
sample. The conventionally used diffraction method is the
appropriate technique to characterize phase coexistence and
measure the average amount of each phase. The findings also
suggest that MPB phase coexistence could be engineered
through control of grain sizes, i.e., phase coexistence can be
stabilized in fine-grained polycrystalline ceramics, while
suppressed in coarse-grained materials.

In summary, computer modeling and simulation reveals
a grain size- and composition-dependent behavior of phase
coexistence around the MPBs in polycrystals of ferroelectric
solid solutions. This phenomenon arises from the long-range
electrostatic and elastostatic interactions in complex domain

microstructures and the internal mechanical and electric
boundary conditions associated with grain boundaries.
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