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We propose a novel optical method to display a complex Fresnel hologram using a single spatial light
modulator (SLM). The method consists of a standard coherent image processing system with a sinusoidal
grating at the Fourier plane. Two or three position-shifted amplitude holograms displayed at the input
plane of the processing system can be coupled via the grating and will be precisely overlapped at the
system’s output plane. As a result, we can synthesize a complex hologram that is free of the twin image
and the zero-order light using a single SLM. Because the twin image is not removed via filtering, the full
bandwidth of the SLM can be utilized for displaying on-axis holograms. In addition, the degree of freedom
of the synthesized complex hologram display can be extended by involving more than three amplitude

holograms. © 2011 Optical Society of America
OCIS codes:

1. Introduction

In holography, the phase as well as the amplitude of
anobject light is encoded in the interference fringes as
holographic gratings [1]. The object light can be re-
trieved by illuminating the hologram with the refer-
ence light involved in the recording process. Because a
hologram contains the complete information of the ob-
ject light, it is able to show a real three-dimensional
scene, in contrast to photography or multiview paral-
lax techniques. However, the amplitude-type on-axis
hologram contains not only the desired object light
but also the annoying zero-order light and the twin
image. In conventional holography, thanks to the off-
axis recording scheme [2], the object light, the zero-
order light, and the twin image can be separated
spatially (or in the viewing angle) so that the recon-
structed three-dimensional scene can be observed
with little disturbance.

Although static holograms with high fidelity have
been demonstrated for a long time, the display of
high-quality digital holograms is a challenge. The
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display of digital holograms demands an array elec-
tro-optic device, such as a spatial light modulator
(SLM). An ideal SLM should have a large clear aper-
ture with uniform optical properties; the pixel pitch
should be as small as possible to ensure a large band-
width for displaying an off-axis hologram. A liquid
crystal (LC) SLM is the most general type of SLM
for holographic display. However, the size and pixel
pitch of the commercially available LC SLMs are
about 1cm x 2 cm and 10 ym, respectively, which lim-
it the field of view, the bandwidth of the hologram,
and the display quality.

There are some ways to overcome the limitations of
SLMs, such as using a single SLM in conjunction
with a scanning module or using multiple SLMs
[3—7]. Suitable optical filtering is also able to achieve
a single-sideband hologram [8,9]. But the limitation
of the bandwidth is the same as that in displaying an
off-axis hologram. Another way to remove the zero-
order light and the twin image is to create a complex
hologram. The reconstruction of the complex holo-
gram is free of the zero-order light and the twin im-
age [10]. Unfortunately, current SLMs can modulate
either phase or intensity of an incident light, but not
both [11,12]. Some methods are proposed to alleviate
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the practical limitation in modulation [13—21]. But,
in these methods, the holograms need to be recalcu-
lated to match the specific display systems. Using
two SLMs can display a complex hologram directly.
This can be implemented by cascading two SLMs,
one for amplitude modulation (AM) and the other for
phase modulation (PM) [22-24]. Alternatively, a
beam splitter can be applied to combine the beams
from two SLMs, one for displaying the real part
and the other the imaginary part of the complex
hologram [25-27].

In this paper, we propose a method to display a com-
plex hologram using a single SLM. The method
involves a standard coherent image processing sys-
tem with a grating at the Fourier plane. Two position-
shifted amplitude holograms displayed on a single
SLM can be coupled via the grating and automatically
overlapped at the output plane of the system to
synthesize a complex hologram. The paper is orga-
nized as follows. In Section 2, we introduce the con-
cept of complex hologram and the proposed system.
We then investigate that the system can combine
not only two holograms but also multiple holograms.
In Section 3, we carry out a series of simulations to
verify our proposed method. The tolerance analysis
and experimental demonstration of the synthesis of
a complex hologram are provided in Section 4. Finally,
we make some concluding remarks in Section 5.

2. Display of Complex Fresnel Holograms: Principle

A. Complex Fresnel Hologram

A conventional amplitude hologram is a collection of
gratings with amplitude transmittance proportional
to the interference fringes formed by the object light
and the reference light. Mathematically, the ampli-
tude hologram can be expressed as

H=|0+R|?=|0%+ R?+OR"+OR, (1)

where O and R are the complex amplitudes of the ob-
ject light and the reference light, respectively, and
the asterisk stands for complex conjugate. In Eq. (1),
the first two terms are the zero-order light, and the
third and fourth terms are the stored original object
light and the twin image, respectively. Thus, there is
always the zero-order light and the twin image upon
holographic reconstruction. If we can somehow re-
move the zero-order light and the twin image, we will
get a complex-value hologram

H,, = OR* (2)

with which the reconstruction is free of the zero-order
light and the twin image. Because the reconstruction
is usually implemented by Fresnel diffraction, this
kind of hologram is referred to as the complex Fresnel
hologram. The complex hologram can be represented
as areal amplitude function multiplying a pure phase
function,

Hcp = |Hcp| x eicD7 (3)

where @ is the phase difference between the object
light and the reference light and i denotes v/~1. Thus,
we can use two SLMs, one in AM mode and the other
one in PM mode, to control the amplitude and the
phase of the light, respectively. This is what has been
done in [22—24], but cascading the two SLMs demands
precise alignment. Alternatively, H., can be sepa-
rated into two parts,

Hcp = Re{Hcp} + l X Im{Hcp}a (4)

where Re{-} and Im{-} stands for the real and the ima-
ginary parts, respectively. It should be noticed that
Re{H.} and Im{H,} are bipolar, i.e., the amplitude
transmittance can be either positive or negative. The
negative value means that the transmitting light
suffers a 7 phase shift. Therefore, Re{H.} and
Im{H_,} cannot be faithfully displayed on AM SLMs.
To avoid negative values, we define two amplitude
holograms,
Hr:Re{Hcp}+IOa Hi:Im{Hcp}+IOa (5)
where [ is a positive constant to bias the values of the
holograms to be positive. In the previous method, one
uses two SLMs both in the AM mode to respectively
display the real and the imaginary parts of the com-
plexhologram and uses a beam splitter to combine the
two holograms so that a complex hologram can be
synthesized [25—27]. In the Subsection 2.B, we show

a new method to display a complex hologram using a
single SLM.

B. Synthetic Display System

Figure 1 depicts the system for displaying a complex
Fresnel hologram. We use a collimated laser light to
illuminate the input pattern #(xy,y,) displaying on
the SLM, and the transmitting light is Fourier trans-
formed by lens L;. The complex amplitude at the
Fourier plane is given by [28,29]

1
u(x1,y1) = Ef{l xt0.Y0)} £, = x, /2f

fy:yl/lfl
T = T2 @
e it U M)

where F{-} stands for Fourier transform operator, 1
is the wavelength of the laser, and T'(f,,f,) is the
Fourier transform of ¢(xy,y,) with f, and f, being the
spatial frequencies along the x and y directions, re-
spectively. At the Fourier plane, we interpose a sinu-
soidal amplitude grating. The complex amplitude at
the output plane is then given by
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where A is the period of the grating, and m(0 < m <
1) is the modulation depth of the grating. After some
mathematical manipulations, Eq. (7) can be repre-
sented as

1 1 X m x
waterss) = 3\ Geo )+ 50+ R )

m_ (xg . f1 Y2

+4t<M AA,M>}, ®)
where M = —f5/f1 is the magnification of the system.
We observe that three duplicates of the input pattern
appear at the output plane. In Subsection 2.C, we
design an input pattern with which the complex ho-
logram can be synthesized at the output plane. Sub-
sequently, the desired reconstructed real image can
be observed behind the output plane.

C. Two Amplitude Holograms as the Input Pattern to
Form a Complex Hologram with a Bias Constant

To realize the display of a complex hologram, the in-
put pattern is designed as

t(x0,50) = H,(xo ~ d,y0) + Hi(xo +d,y0) x /%, (9)
where the 7/2 phase can be introduced with a tilted
optical flat in front of H;. By substituting Eq. (9) into

Eq. (8), we obtain the optical field at the output plane
as

g (g L (B2 g 2
uQ(xz’yZ)M{Z[Hr(M_d’M>+lXH‘<M+d’M>]

m | X9 1 Y2
+7 _H,(—d+,1,>
. X9 f1%2
+szl<—+d+/1—,—N>]
m [ X9 f1Y2
+Z -Hr(_nr_d_/’{_',_ar)

+ixH,-<;—;+d—/1’%,yA—;)]}. (10)

If the condition d = Af1/A is held, Eq. (10) can be
rewritten as
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(Color online) Schematic setup of the proposed display system for displaying a complex hologram.
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where the first term is proportional to the magnified
complex hologram plus a constant value, i.e.,
H,(3,3) +1o(1+1), by recognizing the definition
in Eq. (5), and other terms are higher diffraction or-
ders. Thus, the window size w of H, and H; should be
smaller than 2d (w < 2d) to avoid the interference
between adjacent diffraction orders, and the desired
optical field can be filtered through an aperture stop
with width |[M|w at the center of the output plane.
Finally, the constant value I(1 + i) can be easily re-
moved by superimposing a plane wave on the synthe-
sized complex hologram by a beam splitter because
there is no alignment problem on it.

(11)

D. Multiple Amplitude Holograms as the Input Pattern to
Form a Pure Complex Hologram

In Subsection 2.C, we use two holograms to synthe-
size a complex hologram. The principle can be easily
understood from Egs. (10) and (11). The sinusoidal
grating at the Fourier plane produces three dupli-
cates of the input patterns at the output plane. The
first-order duplicate of H, and the minus first-order
duplicate of H; overlap at the center of the output
plane while we carefully shift the two holograms H,
and H;. Based on this idea, we can also combine mul-
tiple patterns by involving more diffraction orders of
light. For example, we design an input pattern as

t(x0,50) = H,(xo — d,y0) + Hi(xo + d,y0) x e"/?

+Hdc(x07y0> Xei5ﬂ/47 (12)
where Hy, = ml,/+/2 is a designed neutral density
aperture at the center of the input plane. Meanwhile,
the window size of the three amplitude holograms
should be smaller than d (w < d) in order to avoid in-
terference between adjacent diffraction orders. Con-
sequently, at the output plane, the first diffraction
order of H,.(xy—d,yy), the minus first order of
H;(xy +d,yo), and the zero order of H 4.(xg,y) overlap



at the center of the output plane to obtain a pure
synthesized complex hologram given by

1 (m X9 Yo .m Xo Y2 1
A_J{ZH’<H’H ) e

m X2 Y2

T aM ot (M M )
which is free of not only the twin image but also the
zero-order light. In the above analysis, a sinusoidal
amplitude grating is applied so that only three orders
of the diffracted light as well as three patterns can be
involved. If a sinusoidal phase grating or a Ronchi
grating is applied, there will be more than three or-
ders of diffracted light [29]. Thus, more than three
patterns can be included in the system. The degree
of freedom can be extended by involving more pat-
terns. Nevertheless, the design of the input pattern
becomes complicated because the diffraction effi-
ciency varies at different diffraction orders. Besides,
the total light efficiency of the system decreases be-
cause only a single order of the diffracted light is se-
lected for each amplitude hologram to synthesize a
complex hologram.

3. Simulations

A. Two and Three Amplitude Holograms as the Input
Pattern

In this section, we show the simulations using two
and three amplitude holograms as the input pattern.
Our simulation parameters are described as follows.
The wavelength is 0.633um and the pixel size is
12.66 um. The size of a single amplitude hologram
is 500 x 500 pixels, and thus the window size is
500 pixels (w = 6.33 mm). The shift of the holograms
at the SLM is also 500 pixels (d = 6.33 mm). The size
of the SLM is 2000 x 2000 pixels and hence either
two or three amplitude holograms can be displayed
on it. We set f{=f9=10cm so that M =-
Finally, the grating period is calculated to be
A =Jf1/d =10 ym.

Figures 2(a)-2(c) show the object pattern, the am-
plitude hologram H,, and the corresponding recon-
structed image, respectively. The hologram, H,, is
obtained by adding a bias level I, to the real part of
the diffraction field propagated from the object
pattern, i.e.,

H,=Re{O} +1y=Re{u @ h} + I, (14)
where u is the light field just behind the object pat-
tern, & is the spatial impulse response in Fourier op-
tics [28,29], and “®” stands for the convolution
operator [28,29]. So the hologram in Eq. (14) is an

on-axis Fresnel hologram (taking R* = 1). The diffrac-
tion distance is 8 cm, and thus the reconstruction dis-
tance z, is also 8 cm. With reference to Fig. 2(c), the
desired reconstructed image is blurred with the twin
image and the zero-order light when a single ampli-
tude hologram is reconstructed. We can use similar
way to obtain H;, and finally produce a complex pat-
tern consisting of two holograms, shown in Fig. 3(a),
on the input plane of the image processing system,
where the two holograms have been displayed accord-
ing to the design of Eq. (9). At the output plane, there
are multiple diffraction orders, and we choose the cen-
tral order of light, which is marked with the square in
Fig. 3(b), for reconstruction. The reconstructed image
is shown in Fig. 3(c). The object pattern is clearly re-
trieved without the twin image noise. However, the
contrast (the intensity ratio of the reconstructed im-
age and the background) is only 1.93 because the uni-
form bias persists. The bias light can be removed by
involving a third uniform hologram, as described in
Subsection 2.D [see Eq. (12)]. Figures 4(a) and 4(b)
show the devised pattern, including three amplitude
holograms and the synthesized complex hologram at
the output plane, respectively. The bias light is suc-
cessfully removed from the central order of light,
and thus the contrast of the reconstructed image
shown in Fig. 4(c) is ideally infinity.

B. Two Binary Holograms as the Input Pattern

In the previous discussions and simulations, the am-
plitude holograms are assumed to be gray tone. But,
in Section 4, we use two binary holograms for experi-
mental demonstration because binary holograms can
be produced swiftly with printers. In addition, with
binary holograms, we could enhance the storage
capacity of digital holograms and facilitate more

(b)

()

Fig. 2. (a)Original object pattern, (b) the amplitude hologram H,,
(c) intensity of the reconstructed optical field.
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efficient transmission of holograms [30]. To accom-
plish the binarization process, we first add a random
phase to the object pattern, and then calculate the
corresponding diffraction field. The binary holo-
grams are obtained by binarizing the real and the
imaginary parts of H., by the sign binarization
method [30], i.e.,

B, = B’{Re{(u-e"”) @ h}},
B; = B{Im{(u-e"”) @ h}},

where 6 is a random function between 0 and 2z and
B%{-} is the binarization operator with the threshold
value being set to zero, i.e., if the input value is larger
than zero, then the output value is 1; otherwise the
output value is zero. The random phase can help
expand the spectrum of the object light and reduces
the edge effect caused by binarization [30]. The two
binary holograms B, and B; are shown in Figs. 5(a)
and 5(b), respectively. Figure 5(c) is the reconstruc-
tion of a single binary hologram B,, while Fig. 5(d)
shows the reconstruction of the synthesized complex
hologram. Although some artifacts due to the binar-
ization process exist, most of the background noise,
such as the noise due to the twin image, has been
removed.

4. System Tolerance and Experimental Demonstration

The quality of the reconstructed image decreases as
the proposed system is not ideally aligned. First, the
separation between the two amplitude holograms
should be well controlled so that they can overlap at

(b)

(©)

Fig.3. (Color online) Modulus of the (a) designed input pattern at
SLM and the (b) optical field at the output plane. The central por-
tion of the light, which is marked with a yellow square, is the
synthesized complex hologram. (c) Intensity of the reconstructed
image at the reconstruction plane.

H132 APPLIED OPTICS / Vol. 50, No. 34 / 1 December 2011

()

Fig.4. (Color online) Same as Fig. 3, but in (a) the designed input
pattern at SLM contains three amplitude holograms.

the output plane. Apparently, the separation error
should be much smaller than 1 pixel to avoid the mis-
match error. However, it should be noticed that the
optical complex summation is at the (xg,y5) plane,
but the separation distance is adjusted at the (xq,y0)
plane. Besides, there can be a magnification between
the two planes. Thus, it is possible to have a smaller
pixel size at the (x9,y5) plane while the pixel size of
the SLM at the (xj,y9) plane is larger for easy

(b)

(d)

Fig. 5. (a) Binary hologram B,, (b) binary hologram B;, (c) image
reconstructed using a single hologram B,, (d) image reconstructed
using two binary holograms and the proposed system.
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Fig. 6. (Color online) RMSE as a function of the reconstruction
phase difference between two gray-tone holograms. The horizontal
dashed line indicates the RMSE for a single gray-tone hologram.

alignment. The absolute transverse location of the
amplitude holograms is not significant. It results
in only a transverse shift of the synthesized complex
hologram, but no mismatch error.

If the orientation of the grating at the Fourier
plane is not along the x; axis (Fig. 1), the orientation
error also results in a relative shift between the two
images at the (x5,y9) plane. In the small-angle ap-
proximation, the relative shift is only along the y,
axis, and its magnitude is about WT”’, where ¢ is the
angle between the grating vector and the y; axis.
Again, the quality of the reconstructed image de-
clines when the mismatch is larger than 1 pixel.

In practical optical system, the phase difference
between the two amplitude holograms may deviate
from 90°. The phase error also introduces error in
the reconstructed image. Figure 6 shows the simula-
tion results of the rms error (RMSE) of the recon-
structed image when comparing with the original
image as a function of the phase difference between
two holograms in the reconstruction. In Fig. 6, we
have used two bipolar gray-tone holograms to form

14 T T T T T T T T T T T T T T T

—m—complex hologram ./.\
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Fig. 7. (Color online) RMSE as a function of the reconstruction
phase difference between two binary holograms. The horizontal
dashed line indicates the RMSE for a single binary hologram.

a complex hologram so that the zero-order light is
directly removed. The minimum RMSE (best recon-
struction quality) is achieved when the phase differ-
ence in the reconstruction is 90°. And, the minimum
RMSE for the synthesized hologram is only one
fourth of the RMSE for a single gray-tone hologram
(marked with the red dashed line in Fig. 6). In Fig. 7,
we have also plotted the RMSE of the reconstructed
image as a function of the phase difference between
two binary holograms. It is shown that the minimum
RMSE is achieved while the phase difference is 150°,
not 90° (RMSE = 0.2389). It is argued that the error
due to binarization can be partially cancelled by de-
liberately introducing a phase-difference error. How-
ever, the ability of such error reduction by using
binary holograms is worse than that by using a single
gray-tone hologram. Finally, in both cases (Figs. 6
and 7), the RMSE for a complex hologram is lower
than that for a single amplitude hologram in a wide
range of phase differences. Therefore, an accurate
phase control is not critical in our proposed system.

In the experimental demonstration, we used an
He—Ne laser operated at 1 = 0.633 um as the source;
the focal lengths of the two lenses are respectively
f1=10cm and 5 = 10cm, and thus the magnifica-
tionis M = —1. We interpose a Ronchi gating with per-
iod A = 10um at the Fourier plane. Therefore, the
transverse shift of a single hologram is d = 6.33 mm,
and the window size at the input plane should be
smaller than 12.66 mm. We have devised an input
pattern consisting of two binary amplitude holo-
grams, and printed it on a holographic plate (Slavich:
VRP). The pixel pitch of the hologram is 2.67 ym, and
the size of the two binary hologram is 1200 x 1200
pixels so that the window size is about 3.20 mm. Be-
cause the magnification of the image processing sys-
tem is —1, the pixel size and the size of the aperture
stop at the output plane are the same as those at the
input plane. The photographs of the reconstructed
images for a single binary hologram B, and the
synthesized complex hologram are respectively
shown in Figs. 8(a) and 8(b). We have captured the
photographs by directly acquiring the diffraction
pattern at the reconstruction plane with a lensless
camera (Nikon D3100) at a fixed exposure time. In
Fig. 8(b), we see that the reconstructed image is

(a) (b)

Fig. 8. (Color online) Photographs of the reconstructed images for
(a) hologram B, and the (b) synthesized complex hologram. The
original object pattern is the same as Fig. 2(a).

1 December 2011 / Vol. 50, No. 34 / APPLIED OPTICS H133



enhanced and the background noise is partially
suppressed and the contrast is improved.

5. Conclusion

We have proposed to use a single SLM to display a
complex hologram that is free of the twin image
and the zero-order light. The display architecture
is a coherent image processing system in conjunction
with a sinusoidal grating at the Fourier plane. The
input pattern displayed on the SLM contains two
or more transversely shifted amplitude holograms.
The complex hologram can be synthesized at the out-
put plane of the image processing system when the
condition d = Af{/A, as discussed in Subsection 2.C,
is held where 2d is the separation between the two
amplitude holograms. If the two amplitude holo-
grams are used for synthesizing a complex hologram,
the window size w of each hologram should satisfy
the condition w < 2d. If more than two amplitude ho-
lograms are used, the window size should satisfy
w < d. The limitation of the window size reduces
the field of view, but does not reduce the bandwidth
of the holograms. Thus, the full bandwidth of the
SLM can be utilized for displaying the two holo-
grams. We have also analyzed the system tolerance
of the proposed system. We found the quality of the
reconstructed image is not really sensitive to the er-
ror of the phase difference between the two ampli-
tude holograms. On the other hand, serious error
always occurs while the relative shift between the
two amplitude holograms is larger than 1 pixel. Con-
sequently, a larger A and a smaller /5 can be selected
to avoid the difficulty in alignment.

Although the proposed system is for displaying a
complex hologram, it can be applied to combine two
arbitrary holograms or patterns. For example, we
can use the system to combine one hologram of the
background and the other hologram of the fore-
ground. Then the foreground and the background
can be directly reconstructed in the same scene with-
out additional calculation. We can also use the pro-
posed system to increase the quantization levels of
the displayed image. For example, any 8bit image
can be separated into two 7 bit images, and be dis-
played in a single 7bit SLM. Then the original 8 bit
image can be synthesized in our system. These pos-
sible applications are interesting and worth further
investigation.

This work is supported by National Science Coun-
cil of Taiwan (NSCT) under contact NSC 99-2221-E-
035-065. The authors thank C.-C. Lee for preparing
the figures.
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