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(ABSTRACT)

We study a parameter identification problem for the steady state diffusion equations.
In this thesis, we transform this identification problem into a minimization problem by
considering an appropriate cost functional and propose a finite element method for the
identification of the parameter for the linear and nonlinear partial differential equation.
The cost functional involves the classical output least square term, a term approximating
the derivative of the piezometric head u(z), an equation error term plus some regularization
terms, which happen to be a norm or a semi-norm of the variables in the cost functional in
an appropriate Sobolev space. The existence and uniqueness of the minimizer for the cost
functional is proved. Error estimates in a weighted H!-norm, L?>-norm and L'-norm for
the numerical solution are derived. Numerical examples will be given to show features of
this numerical method.
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Chapter 1

Introduction

1.1 Statement of the parameter identification prob-
lem

We are concerned with the identification of the coefficient function for the linear elliptic
partial differential equation defined below on the basis of an observed source term and state
function,

-V - (a(x)Vu(z)) = f(x), for x € Q C R", (1.1.1)
with boundary conditions given by,
u |p= 0, or g% lr= 0, where I' = 9§, (1.1.2)
or 3
u
u [y = o I, =0, (1.1.3)

where  is a bounded domain in IR" with smooth boundary 9 = I'yUTl;, Iy and I’y
are open disjoint subsets of 92 and 7 is the unit outer normal to 9€2. We also consider
the parameter identification problem for the nonlinear elliptic partial differential equation
which is defined by,

=V - (a(u(z))Vu(z)) = f(x), for x € Q C R" (1.1.4)

with similar boundary conditions. The partial differential equation (1.1.1) corresponds to
the steady state case of the parabolic partial differential equation below,

b% =V - (aVu) + f, (z,t) € Q x[0,7] (1.1.5)



supplemented with appropriate initial and boundary conditions. The partial differential
equation (1.1.5) happens to be a basic model equation in many applications such as, oil
reservoir and groundwater flow simulation. The quantity u represents pressure or “piezo-
metric head”, f is a source term, and a and b are coefficients which are often referred to
as the “transmissivity” and “storage coefficient”, respectively. These coefficients are com-
monly taken as functions of the space coordinates. A detailed discussion of the various
terms and a derivation of equation (1.1.5) can be found in [§].

We say that a problem is well-posed (in the sense of Hadamard) if

1. there exists a solution,

2. the solution is unique,

3. the solution depends continuously on the data.
If any one of these conditions does not hold, a problem is said to be ill-posed. Of course,
the meaning of the term continuity with respect to the data has to be made more precise
by a choice of norms for each problem at hand. To see that in general the parameter iden-
tification problem is not well-posed, we rewrite equation (1.1.1) as a first order hyperbolic
partial differential equation in the unknown a(z), which reduces to

Vu-Va+aAu = —f. (1.1.6)

As we can see, the problem of identifying a(z) from equation (1.1.6) becomes ill-posed
when Vu = 0 on some open set, since equation (1.1.6) provides no information about a(z)
on this set and consequently we have no uniqueness of the transmissivity (or diffusion)
coefficient a(x).

Now if a(z) is prescribed along that portion of the boundary where g—’; < 0, the
so-called inflow boundary, then in the article [35], it was proved that equation (1.1.1) can

be solved for a(z) uniquely under the condition
igfmax{]Vu],Au} >0 (1.1.7)

We adopt the view that a good approximation to the transmissivity coefficient
a = a(x) is the one which yields a good solution to the elliptic forward problem. More pre-
cisely, let u and v be two solutions of the following boundary value problem corresponding
to differing coefficients a and :

=V - (aVu) = =V - (Vo) in Q2

u=wvonl or ag—% = ﬁg_g onT, (1.1.8)

where 7 is the unit outer normal to I'. Then, if we assume § > 0, an integration by parts
against u — v gives us
_ 9l

[V o)l <

[ = B)llo- (1.1.9)



In view of (1.1.9), we shall think of a “good” reconstructed transmissivity as one
that is close to a(z) in the L? norm.

If the goal were an accurate reconstruction of a(x) in the L> norm, then the prob-
lem would be ill-posed in the sense of Hadamard. This is due to the smoothing property
of elliptic operators, on account of which rapid oscillations in the transmissivity coef-
ficient are suppressed in the forward solution. The following one-dimensional example,
which was taken from [26], demonstrates this phenomenon: let a(z) = 3, u(z) = 22,
and consider ay(z) = (2 + cos Nz)™!, with the corresponding noisy observation zy(z) =

z? + (£)sin Nz + (§z) cos Nz(= u + ). It is easy to see that for every N
(a)" = (anzy)" on (0, 7)

(au)0) = (an2i) ), (0) ) = (an2y) (m)
1
and ||zy — ul|pe < % — 0, while ||ay — al|z=~ = 5 for every N.

In summary, zy — u, yet ay / a and a is therefore not a continuous function of the data
with respect to the L> norm. In a more general way, the ill-posedness of the identification
problem can be shown by arguments from the homogenization theory [9].

On the other hand, one can show that the identification problem is well-posed with
respect to the H'-norm. We have taken the following example in two-dimension from
[26]. Indeed, we can show (with some reasonable hypotheses) that if v solves

-V - (aVu) = =V -(bVwv)in Q, (L.1.10)
Ju _ ;0v 1.
Gy = b% on 0,
then
lla = bl < flu—wvll1, (1.1.11)

where H~! is the dual of H'(2). Assume that u € C%(Q) and ||Vul| # 0 in Q. Lemma 5
in [26], shows that for each ¢ € H'(Q2), there is a 1, with

Vu-Vipg = ¢,
Yol < Cl8l1, (1.1.12)

where C'is independent of ¢. Using (1.1.10) and integrating by parts against 1, gives

/Q(a—b)Vu-v%:/QbV(u—u).v%.



Using (1.1.12), this gives

| Jola—10)o | | Jo bV (u—v) - Viby |
1] 0]|V (w = ) [0 Vg lo (1.1.13)

Cllu—v|1ll¢l:

IANIA

since ¢ was an arbitrary H' function, this gives (1.1.11). Unfortunately, this way to get
well-posedness is not practicable since a good approximation in H~! of the diffusion co-
efficient is physically useless. For our identification problem we are interested in special
identification methods that are well-posed with respect to the L? norm.

Since the list of all the contributions that have recently been made to parameter
identification problems and which are predominantly mathematical or numerical in nature
is huge, we prefer to explain with some detail those that are closely related to our method.
There are different methods which have been proposed in the literature for parameter
identification problems such as least-squares methods [12], [20], Tikhonov regularization
methods [6], [19], [27], [41], equation error methods [17], [26] or quasi-inversion methods
3], [28], a singular perturbation technique [3], the augmented Lagrangian technique and
the large time asymptotics of an associated dynamical system [23]. We will give a more
detailed description of these approaches in the next section.

The thesis is arranged as follows. In Chapter 2 we present the model boundary
value problem and formulate the parameter identification (PI) problem as a minimization
problem. The existence and uniqueness of the minimizer for the cost functional is proved.
The finite element method to be used for the identification of the parameter is presented,
along with error estimations of the approximations realized in a weighted H~! and L? norm
for a two point boundary value problem with Dirichlet and Dirichlet Neumann boundary
conditions. We also present some numerical examples which corroborate our theoretical
results, along with interesting features when the state has singularities. Chapter 3 is de-
voted to the PI problem for the nonlinear steady state diffusion equation. The algorithm
to recover the nonlinear coefficient is formulated. The finite element method for the re-
construction of the nonlinear coefficient is presented. Error estimates in the weighted H 1
and L? norm are derived. Very interesting features for the identification of the nonlinear
parameter are displayed. Chapter 4 is devoted to the PI problem in two dimension. The
minimization scheme is stated. A weighted error estimate in the L' norm is obtained for
the model equation with homogeneous Dirichlet boundary conditions. A weighted error
estimate in the H~! and L? norm are derived for the model equation with Dirichlet Neu-
mann boundary conditions.



1.2 REVIEW OF METHODS

In this section we discuss some of the methods that have been used for solving parameter
identification problems.

A. Finite difference scheme

The author in the article [36] proposes a finite difference approach for the identification
of the coefficient in equation (1.1.1) under condition (1.1.7) as long as a(z) is prescribed
along the “inflow” portion of the boundary I" of Q (essentially that portion of I" where the
outer normal derivative of u is negative). For this scheme, equation (1.1.1) is viewed as
a first order hyperbolic partial differential equation in the unknown transmissivity a(z),

which reduces to
Vu-Va+aA=—f ze€QC R (1.2.14)

This scheme has two characteristics, first it is explicit in the direction of increasing
grid values of u (the characteristics of (1.2.14) are curves of steepest ascent in u), and
secondly it is self-starting in the vicinity of a relative minimum of u (where (1.2.14) is
degenerate and a(x) is given by —f/Au if Au # 0). First we describe the numerical
method in [36] on the unit square (0,1) x (0, 1).

We define a uniform grid as follows,

1
n+1

(xi,y5) = (ih,jh),0<i,7<n+1h =

denoting by €, the set of interior grid points,
Qh = {(xhyj)’l < Z?J < TL},

We also have to define a discrete inflow boundary I'?. A grid point in I" is in I'? if its nearest
neighboring grid point in €, has a higher u value; e.g., (x;,y0) € '} for i € {1,---,n} if
(i, y1) > u(wi, yo). We shall denote grid values of a(z,y), u(x,y) and f(z,y) by a;;, u;;
and f;;, respectively.

We approximate the differential equation (1.2.14) by £"(a;;;ui) = —fij, 1 < 4,5 <
n, where

Qij — Qg Wi — Uk | Qig — Qg U5 —

h h h h

Eh(aij; uij) = il + ainuij, (1215)

with + + v 1
Ui41,5 T Ui—1,5 T Ui j41 T Ujj—1 — FUsy
Huij = J J h; J J, (1216)




where
k is the first index of the minimum of {u;_1 j, wij, wit1,5, }
[ is the second index of the minimum of {w; j_1.wij, Wi j+1.}
Solving the equation £"(a;j;u;;) = — fi; for a;j, we obtain

u., _u . u., _u.
(M) + (M) — n,
YT T g — gy — Ui ’

— (1.2.17)
2 + L i -+ hHuij

Now we want to make three points:

(i) This difference scheme is explicit in the direction of increasing w;; since a;; is given
in terms of ax; and a;, where ug; and w; are < w;;. Thus, the discrete solution is
developed in a manner consistent with the characteristics of the continuous problem,
which are curves of steepest ascent in w.

(ii) If us j+ is a relative minimum grid value of u, the associated a;; is given by

fir g
Hui*,j*

a/i*aj* =

This corresponds to the case of degeneracy in the continuous problem, Va-Vu+aAu =
—f, where if Vu(P) =0 and Au(P) # 0, then

(iii) Initial data for {a;;} is required along T'%.
A condition equivalent to (1.1.7) is that the domain € can be divided into subregions €2
and €9 in which |Vu| and Aw, respectively, are uniformly positive:

Q= QlUQ2>
V| > ki > 0 in Qi (1.2.18)
Au2k2>0in§22,

To establish a uniqueness and convergence result, for the difference scheme

Eh(aij; uij) = _fij> 1 S Z,j S n, ai; given on F]f, (1219)



for the unit square under the assumption that (1.2.18) holds, we have to postulate a discrete
analog of (1.2.18). We assume that the interior grid points Q" can be divided into two sets
Q" and Qf such that

Q=0 yQs,

maxc{ <k BB > B> 0, (2,y5) € QF (1.2.20)

Huij > k2 > 0, (.%'i,yj) S Qg

It can be shown that if condition (1.2.20) holds and hq} < 1, then the discrete problem
(1.2.19) has a unique solution {a;;} satisfying,

ol < CH) [maxtmalogl, 111y + L] (1221)
1
where
p=1/(1—hg"), CMu)=max{l,p}/" [u] = sup,u — infqu.
Now we are in condition to formulate the convergence result. It can be shown that if
u € C?(Q) satisfies the condition (1.2.18), then for h sufficiently small, the discrete problem
(1.2.19) has a unique solution {a;;} assuming prescribed values on T'?. It satisfies the bound

lailloo < (Ci(u))? lmaX{maX! aijl, ”f”m} 2u ]Hfl\oo] (14 o(h)). (1.2.22)

where

C1(u) = max{1, exp( L)},

Moreover, if u € C3(£) and the solution a(z,y) of the continuous problem (1.2.14) is in
C%*(Q), then
|ai; — a(wi, y;)| = O(h) as h — 0

max
0<i,j<n+1

assuming a;; = a(x;,y;) on ['*. The author in [36], was able to extend the applicability of
this difference scheme to irregular domains and to problems in which the basic condition
(1.1.7) does not hold but Vu and Au do not simultaneously vanish anywhere in §2. A direct
numerical method to solve a parameter identification problem within the finite difference
approach can be found in [30].

B. Output Least-Squares Minimization

To the best of our knowledge, it was first applied to the boundary value problem,
=V - (a(x)Vu(z)) = f(z) for z € Q C R",

a(x)g% = g on 01}, (1.2.23)



in the article [21]. The least-squares approach says that if u(b) is the solution of (1.2.23),
with the coefficient a replaced with b, then b is a good approximation of a if the difference
of a measurement z of u and u(b), is small in L?(Q). For practical purposes, we need
to define finite dimensional spaces to implement this approach. Let {Ap}, 0 < h < 1,
be a triangulation of () with triangles 7' of diameter less than or equal to h. Given an
L? measurement z of u, select finite dimensional subspaces A, and V},. To each coefficient
ap € Ap, we associate a u(ap) € Vj,, where u(ap) solves (1.2.23) in a Galerkin approximation:

/QahVuh(ah) - Vopdx = /vahdx + /nghds (1.2.24)
for all v, € V3, and
/Quh(ah)dx = /dex (1.2.25)
To state this numerical approach, we need to define the following cost functional:
T (bn) = [lun(br) — =I5,

where b, € Aj. The least-squares approach to the approximate determination of a is to

solve the following problem,
(Pn) Find a; € A such that

j(ah) = inf j(bh)

bheKy,

where
Kh:{bEAh’0<Cogb§61}

is the set for admissible parameters, ¢y, ¢; € IRT are given constants.

We would like to present an interesting error estimate for the approximation scheme
(Py,) found in [20]. To this end, we need to formulate some hypothesis,

(A1) There exists a constant unit vector 7 and a constant ¢ > 0 such that Vu -7 > o >0
Vx € Q.

(A2) u e WrT>*(Q) and Ty = {x € T': g—% > 0} C C""2, where r > 1.
(A3) Suppose that a € H™(Q), u € H™2(Q), with A, = S} and V;, = S, where
S]Z = {U < CO(Q) ) ’TE PNT € Ah},

where P, is the space of polynomials of degree less than or equal to r in the variables x;
and xs.



(A4) The observation error is of the form
lu—z|lo <e.
Then, for all h sufficiently small, we have
lla —anllo < C[A" + h 2],

where aj, is any solution of problem (F,) and C' is a constant independent of h and e.
Another Numerical method related to the output least squares method to solve an inverse
problem for a time dependent initial boundary value problem can be found in [32].

C. Equation error method

For this method we also replace u by z in (1.1.1). With z and f given, we consider the
affine mapping ¢ (b) = V- (bVz) + f and solve ¢(b) = 0 for the “true” coefficient a = a(x)
by means of

. A 2
Join [V (0V2) + fllz, (1.2.26)

where Q,4 is the set of admissible parameters and H is a Hilbert space chosen appropriately.
Differently from the least squares method, (1.2.26) is convex in a and existence of the
unique minimizer follows. The major drawback of the equation error method seems to be
the necessity of differentiating the data twice. Boundary conditions on z or b can easily be
incorporated into (1.2.26).

Under an identifiability assumption the equation error method is realized with H =
L*(Q) in [39]. A multigrid algorithm is devised to solve the linear matrix equation which
arises from discretization of (1.2.26) and application of a necessary optimality condition.

An alternative approach can be based on the weak formulation of (1.2.26). In the
case of homogeneous Dirichlet boundary conditions z |go= 0 it is given by

min |V - (bV2) + FllF-1, (1.2.27)
Observe that (1.2.27) is equivalent to
min[|ATH(V - (0V2) + f)l

where A denotes the Laplacian from Hj to H~' with homogeneous Dirichlet boundary
conditions. Since

IATHV - (bV2) + )l = sup [(—bVz, Vo) + (f, )],

peH]
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it is evident that the data are only differentiated once in the weak formulation of the equa-
tion error method (1.2.27) as opposed to two differentiations which are required in (1.2.26)
with H = L?(2). The analogue of the weak formulation with the Dirichlet boundary con-

dition replaced by the assumption of the availability of flux boundary data bg% = g on 0f2

and its numerical treatment for smooth as well as for discontinuous coefficients b is given
in [1]. Here n denotes the unit outward normal derivative to 0.

D. Variational approach

Another numerical scheme for the reconstruction of the coefficient a(z) in (1.2.23) is a
variational method. This approach was first developed in the article [26] and is motivated
by the simple observation that for any positive weights v; and ~s,

lo = a- Vul[f: +ylldive + fl[7: +2llo -0 = glli2@) 2 0, (1.2.28)

for any choice of a(x) and any vector field o, the minimum being achieved only when
o = aVu with a(z) a solution of (1.2.23). This variational method for reconstructing the un-
known coefficient involves minimizing (1.2.28) numerically over suitable finite-dimensional
spaces of coefficients and vector fields, replacing w, f, and ¢ in (1.2.28) by their mea-
surements interpolated on a triangulation of €2, with the well sites as the vertices of the
triangles.

Let {Ax}, 0 < h < 1, be a family of regular, quasi-uniform triangulations of €2, a
domain with a Lipschitz continuous boundary. Given an L? measurement u™, f™, g™ of
u, f and g, select finite dimensional subspaces A, Kj for the coefficient and the vector
field variables. The variational method to identify the unknown coefficient a in (1.2.23),
involves minimizing the cost functional

J(a,0) =llo —a-Vu™|i +nlldive + f"[[7. +llo-n—g"Tom 20, (1.2.29)

over the finite-dimensional spaces of coefficients A;, and vector fields K} by using the mea-
sured data u™, f™, and ¢™. The advantage of this method is that we are dealing with a
quadratic minimization problem which is extremely easy to implement. The disadvantage
of this method is the large number of variables it uses, for example if o and a are piecewise
linear on a triangulation with N? nodes, then the functional to be minimized depends on
3N? variables. Another disadvantage is that we have to differentiate the data u™. The
weights v, and 7, are chosen so that each term of the sum in (1.2.29) has the same mag-
nitude after the finite dimensional spaces have been fixed.

We can also implement other variational methods by defining variations of the cost
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functional (1.2.29). For instance, one might consider using o - = ¢™ and dive = — f™ as
constraints and minimizing ||o — aVu™||2, or perhaps |0 — aVu™||%. + €||al|?. for some
small positive e. Another interesting possibility includes minimizing

1 1 1
J(a,0) = 3 /Q la"20 — a2Vul*dx (1.2.30)

with respect to a(x) > 0 (by hand), then with respect to o satisfying dive = —f™ and
o-n = g™ (numerically). Minimization over a(z) leads to the choice

_ 9]

a(z) = W>

which on substitution into the cost functional (1.2.30) gives the convex functional
E() = [ (llVul = (7, Vu))da
In order to state the main results in [26], we need to make some assumptions.

(A1) Let @ and u satisfy equation (1.1.1) with boundary condition

ag—z =g, on 0f2, (1.2.31)

and let them have the following regularities: a € H?(2), u € H*(2), Au € C°(Q).

(A2) Set ng) = {w € C%N) : w |r€ P, VT € Ay}, where P, is the set of polynomi-
als of degree less than or equal to k,

Ah:{wEQg):0<a§w§B},
K= QY < Q).

where « and (3 are positive constants.

(A3) Let u™, f™, and ¢"™ be measurements of u, f and g corresponding to equation
(1.1.1) with boundary condition (1.2.31), where [[u — u™[1 < €, ||f — f™]o0 < A1, and
lg = 9™ lz200) < 2.

(A4) Assume that u™ € ng) for some fixed k.
(Ab) Let 0, € K, a. € Aj, be such that,

J(0x,ax) = min  J(o,a),

O'EKh,aEAh
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where J is a cost functional appropriately defined.

(A6) Assume that: u € C?(Q) and |Vu| # 0 on Q. Then for each ¢ € H(f), there
exists a v, € H'(Q) satisfying
Vu - VU¢ = ¢ in

and the estimate
[vpllr < Clb]]1,

where the constant C' is independent of .

If (A3-5) and infg max{|Vu|, Au} > 0 hold, then

lax —allo < C{h+eh™ + A\ +h Y2\, }.

If (A3) and (A5) hold, then

/Q |a. — a||[Vu|? < C{h+eh™ + X\ +h 20}

If (A3), (A5) and (A6) hold, then
llax —allo < C(h+ €+ A1 + h—1/2)\2)1/2‘

All the constants C' in these error estimates are independent of h, €, A; and As.

F. Modified equation error and least-squares method

This approach was introduced in [24]. The method in this article considers the identification
of the coefficient function in the homogeneous elliptic boundary value problem

—V - (b(z)Vu(z)) = f(x)in Q,

u(’F( ): _QS’E) _ 0( ) (1.2.32)

0 877 1 )

where  is a bounded domain in IR", with smooth boundary Q2 = I'yUTL';, 'y and I'; are
open disjoint subsets of 92. The main idea of this method is to include an extra term to
the least-squares cost functional which takes into account the underlying equation (1.2.32),
times a weight chosen according to the finite dimensional spaces, to balance the different
amount of differentiation on both terms. This approach combines the output least least
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squares method with the equation error method to transform the identification problem
into a minimization problem.

Let {7} be a family of triangulation of 2 of mesh 0 < h < 1. If the boundary of
is curved, we use triangles with one edge replaced by the curved segment of the boundary.
It is assumed that the family {7} is regular and quasi-uniform. Given an L? measurement
z of u, select finite dimensional subspaces Bj, and U, for the coefficient and the state,
respectively. To each coefficient by, € By, we associate a up(by) € U, , where up(by,) solves
(1.2.32) in a Galerkin approximation:

/Q bV un(by) - Vondz = /Q fonds (1.2.33)

for all v, € U, € H' = {v € H'v |r,= 0}. The cost functional is defined through the
following formula:

T (bn) = llun(br) = 2l[5 + YNV - (0rVun(br)) + £II5 (1.2.34)

Here wuy(by,) is the solution of equation (1.2.33), which corresponds to a given parameter
by, € Bp. The advantage of this method over others found in the literature is that, it does
not substitute the observation z by u directly into the operator V - (b,Vu), which is a cause
of a huge error in the numerical implementation. To find an approximation of b , we select
that b; € M), which minimizes (1.2.34) over M}, where

My ={be Byl0 <A <b< )y, in Q}

is the set for admissible parameters.
The error estimates in [25] were derived under the following assumptions,

(A1) Let z(z) be a distributed L? observation of the state u with an observation error

lu—z|lo <e.

(A2) The functions in (1.2.32) have the following regularity,
u(z) € HY(H ?(\W>>,b(z) € H" (W™ and f € H,
where ' = {v € H': v |r,= 0} and r > 2.

(A3) We take
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where

Sy ={veC" Q) : v |re P, VT € Tp}.

Here, P, is the space of polynomials of degree less than or equal to r. We denote by S,’;:?,
the subspace of S} ; of functions which vanish on T’y C 950

For h small enough, the minimizer b and the original parameter b satisfy

/ b — b||Vul?dz < O(h" + h™2e).
Q

We can get better estimates for the case n = 1 if we change the cost functional
(1.2.34) to

T (bn) = l[un(bn) = 2[[5 + VI (brrey (br))" + 1124 (1.2.35)

Moreover, we have to take at least one of the boundary conditions to be Neumann. In
(1.2.35), " denotes differentiation with respect to z and the norm in the second term is
realized in the dual space H~! of the test function space H*.

Under these new assumptions, for h small enough, we have the error estimate
(07, = 0)'llo < C(A™ + 17 7e),

which holds if b} is the minimizer of (1.2.35).

G. Output-Least-Squares Method to identify a nonlinear parame-
ter

The authors in [40] proposed an interesting approach to identify a nonlinear parameter
through the identification of a linear one. The method consists in identifying the nonlinear
parameter in the nonlinear elliptic system:

-V - (a(u)Vu) = fin
a(u)au ~ gon A0 (1.2.36)
an
where 2 is an open bounded domain in IR? with a Lipschitz boundary, the state u
and the parameter a(u) are scalar functions. In this approach, the nonlinear parameter is

regarded as a linear spatially varying parameter defined by:

b(x1,x2) = a(u(zy, x2)), (1.2.37)
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and the scheme uses the finite element method to identify it. Under this assumption, the
nonlinear system (1.2.36) becomes a linear one which can be rewritten as follows:

{—V~@vm = finQ (12.38)

ou _
b oy = gon oN.
In order to implement this method numerically, let {A} be a triangulation of 2 of mesh h.
Given an L? measurement z of u, select finite dimensional spaces S, and T}, of coefficients
and state variable. Since the least squares method is used to identify the linear parameter,
the approximation of the true linear coefficient is defined to be the minimizer of the following
problem:

Find by(-, ) € M}, such that
. = 1.2.39
{ Tn(br) = ming, cp, Tn(bn), ( )
where } }
T (bn) = [lun(bn) — 2[5, (1.2.40)

Mh:{bETh’0<60§b§61}

(with co, ¢1 given bounds for the transmissivity), and wy(b,) € S” is the solution of
/ Z;hVuh(gh)Vvh dx = / fupdx +/ gup, ds for all v, € S* (1.2.41)
Q Q o0

along with the compatibility condition

/Quh(gh) dx:/zdx. (1.2.42)

Q

In order to prevent the linear parameter by, from being a multi-valued function when
it is regarded as a function of u, the following constraint will be imposed

Oby, Ou _ Oby, du
83:1 83:2 - 83:2 8:61'

(1.2.43)

This constraint will be taken as a penalty term into the cost functional (1.2.40). To
this end, the cost functional that is minimized is given by,

Trbr) = [ Vun(Bn) = = dw 4 p [ [z, Bns = b | v

where p is the penalty term. Finally, after the identification of the linear parameter from
(1.2.39), the nonlinear parameter a(s) can be recovered from (1.2.37), since b(x) and u(z)
are known.
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1.3 Some related methods

In this section we discuss some of the methods (other than numerical methods) that have
been used for solving parameter identification problems.

A. Integrating along characteristics

In fact it is easily seen that (1.1.1) can be interpreted as a first order hyperbolic partial
differential equation for the unknown coefficient a. In this case, the equation reduces to

L(a,u) =Va-Vu+aAu = —f inQC R (1.3.44)

We found some interesting results in [35] for the identification of the diffusion coeffi-
cient in (1.3.44). It can be shown that under the assumption (1.1.7) or its equivalent form
(1.2.18), the equation (1.3.44) has a unique solution a for any f, subject to specification of
appropriate initial data, and that a depends continuously on f, Vu, and Au. In order to
state the existence, uniqueness, and continuous dependence results for the diffusion coeffi-
cient a, we need to make some assumptions,

(Al) u € C%(Q), f € L=(Q).

(A2) By a “solution” to the hyperbolic equation (1.3.44), we mean a function a € L>(Q2)
which is continuous and differentiable along the characteristic curves of (1.3.44), and which
satisfies the ordinary differential equation to which (1.3.44) reduces along such curves. Now
the main result in [35] says that

If condition (1.2.18) holds, then for any f, L(a;u) = —f has a unique solution
a = a(x) assuming prescribed values along the inflow boundary I';, and

lalls < Ci(w) max{s;lp]al,%}—i—[%]ﬂfﬂm : (1.3.45)
1 1 (1.3.46)
where
[u] = sgpu—igfu (1.3.47)
Q= sup{—ﬂ} (1.3.48)

o |Vul
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Ci(u) = max{l,exp(qlk[f])} (1.3.49)

Now, suppose that L(b;v) = —g, where b is the diffusion coefficient produced by a
perturbed solution v ~ u and forcing function g ~ f. Applying the previous result to the
identity

L(b—a;u)=—L(b;v—u)+(f —g),

we obtain the following continuous dependence

C
la —bllse < Ci(u)[max{sup|a—b|,~—2} + [EJCQ], (1.3.50)

where

Co = [[[Vb]oo][V (v = w)|oo + [[blloc | A0 = w) |0 + [|lg = Flloo]-

B. Singular Perturbation

In the article [3], a singular perturbation technique is proposed to determine the spatially
varying coefficient in the special case f = 0 in the partial differential equation (1.1.1), when
the boundary condition is

u =g, on 0f),

where € is a simply connected, C?-smooth, bounded domain in IR? and g is a smooth
function which is precisely known. Moreover it is assumed that a satisfies the ellipticity
condition

0< A <a(z)< A, z€Q,

along with the following regularity hypothesis
ld'(z)| < E, z€Q,

where A1, Ao, E are fixed positive numbers. It was also proved that, if g has a finite number,
N, of relative maxima and minima on 0f2, then the gradient of u vanishes only at a finite
number of interior points, and only with a finite multiplicity. Moreover, the number of
interior critical points and their multiplicities are controlled in terms of N. This algorithm
consists of an approximation procedure. It can be shown that as ¢ — 0, the solution a. of
the elliptic boundary value problem

eAa.+V - (a:Vu) = 0in (1.3.51)
a: = aonl (1.3.52)
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converges to a in L} (Q) for every p < co. Thus an approximate identification is performed
solving the problem (1.3.51), (1.3.52) with a suitably chosen value of €. It is worth men-
tioning that under very smooth hypothesis for a, a., u, g and €2, the following estimate
holds

/Q la. — a||Vul*dz < Ce?

C. Long-time behavior of an associated dynamical system

The authors in [23] have proposed a new and ingenious technique to reconstruct coefficients
in elliptic equations. An algorithm is developed to identify the unknown coefficients without
a minimization technique. This method is based on the construction of certain time-
dependent problems which contain the original equation as asymptotic steady state. The
specific problem is formulated as follows;

(P) Given an open and bounded set Q@ C R™, n > 1, u* € H}(Q?) and f* € H'(Q), find a
pointwise symmetric matrix function A* € L*(2) such that

=V - (A*(z)Vu*) = f*. (1.3.53)

The main idea of this method is to regard (1.3.53) as an asymptotic (for ¢ — o)
steady state of the following system of parabolic equations;

u—V - (A{t)Vu(t)) = f*, ae. on (0,7), (1.3.54)
u(0) = v’ € HXQ),
Alt) = (Vu(t) ® V(u(t) —u*)), ae. on (0,T), (1.3.55)
A(0) A° € L>(Q), symmetric .

Here for u, w € IR™ the (n X n) -matrix u ® v is defined by

1
(U®v);; = §(inj +uw;), i, =1,---,n (1.3.56)

In this method, equation (1.3.54) is replaced by a regularizing equation which will yield an
a-priori estimate that will enable us to get some convergence results.
For € > 0, we consider the following dynamical system

—eéAu — V- (A(t)Vu(t)

T = f*, ae. on (0,7), (1.3.57)

)
) = W e H(9)

A(t) = (Vu(t)® V(u(t) —u*)), ae. on (0,7), (1.3.58)
) A € L>=(RQ), symmetric .
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Clearly (1.3.57), (1.3.58) have (1.3.53) as a steady state. After considering the weak for-
mulation of (1.3.57), (1.3.58) and under the hypothesis that (P) has at least one positive
definite solution A* € L>(£2), it can be proved that for each sequence t,, — 0o, there exists
a subsequence {t,, } such that A(t,,) — As weakly in L*(Q) where A, satisfies (1.3.53).
The key tool in this result is the a-priori estimate:

sup;o{ [ Vu(t) — Vurllg + [[A(t) — A5} + 5~ [ Vu(t) — Vu'|[§dt < C < oo, (1.3.59)

where C' = C(u®, A%, A*). For practical purposes it is necessary to replace (1.3.57), (1.3.58)
by a finite-dimensional scheme. To this end, a semidiscrete Galerkin approximation is
proposed. Under more assumptions, it can be shown that the a-priori estimation (1.3.59)
holds in the finite dimensional case. This estimate is used again to show that A7 =
lim; o A™(t), with A" € L>®(Q), and A" — A, weakly in L*(£2) where A, satisfies
(1.3.53), A"(t) is the n-dimensional Galerkin solution of (1.3.57), (1.3.58). It is worth
noticing that this method gives a matrix coefficient, not a scalar one. Besides, in this
context the solution of (1.3.53) is not unique. This method picks a particular solution, but
it does not say which one.



Chapter 2

Parameter identification of a two
point boundary value problem

2.1 Introduction

In this chapter we are concerned with the identification of the unknown coefficient a(x) for
the elliptic boundary value problem with homogeneous Dirichlet and Dirichlet-Newmann
boundary conditions defined below. We present a least-squares mixed finite element method
to identify the coefficient a(x). We describe the problem here, and in later sections we spec-
ify more precisely our assumptions.

Let € be the open interval (0,1) in IR. We consider a two point boundary value
problem with a differential equation

L(a)u = —(a(z)u'(z)) = f(z) in Q, (2.1.1)

with boundary condition
u(0) = u(1) =0, (2.1.2)
" u(0) = u'(1) =0, (2.1.3)

where f € L?(Q), and A < a(z) < A for some positive constants A and A. The parameter
identification (PI) problem is to recover a parameter a = a(z) within some suitable set,
from an L? observation z(z) of u(x) such that a(z) and u(z) satisfy (2.1.1) along with the
boundary condition given by either (2.1.2) or (2.1.3).

20
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Equation (2.1.1) corresponds to a steady state solution of the parabolic partial
differential equation below,
a—?; = (au') + f. (2.1.4)
This equation is important in hydrology, where it describes the flow of water through an
aquifer. In equation (2.1.4), u is the pressure or piezometric head and a is the transmissivity,
the function of proportionality in Darcy’s law which measures the ability of the water to
move in the aquifer. The quantity f represents a source term. A detailed discussion of
equation (2.1.4) can be found in [8]. Because f represents a source term, an analysis of
equation (2.1.1) when f is a delta distribution is very important and such a case was
considered in [2]. In this chapter, we focus on the parameter identification problem for the
linear elliptic partial differential equation (2.1.1).

To describe the method, we let H*(0,1) be the standard Sobolev space. We use
Il - ||s to denote its norm, and use | - |; to denote its usual seminorm. The inner product of
H*(0,1) will be denoted by (-,-)s with (-,-) = (+,+)o for the inner product in L*(0,1). We
set
10,1y = { H3(0. 1), if (2.1.2) holds,
)7\ {ve HY(0,1) : v(0) = 0}, if (2.1.3) holds.

As a matter of fact, our PI problem has two unknowns: a(z) and u(z). Following the
standard set up in the mixed finite element method, we introduce the flux o(z) = a(z)u'(z)
as an additional unknown. These unknowns satisfy the equivalent first order system:

{_Ui =/ (2.1.5)

au = 0.

We then try to find an approximation to the solution of the PI problem by minimizing
the following cost functional,

| Ji(a,u,0), if (2.1.2) holds,
J(a,u,0) = { Tola,u,0), if (2.1.3) holds, (2.1.6)
over the space }
H = H"0,1) x H'(0,1) x H*(0,1), (2.1.7)
where
Jia,u,0) = |lu— 2[5+ allo —au'|[§ + Bllo" + 3+
YMall?, + pllull?, + éllell?,. (2.1.8)

Jo(a,u,0) = Ji(a,u,0)+&(0(1))* +0(a(l)w'(1) — (1)),
where the integers r,, 7y, and r, depend on the Sobolev spaces in which the regularization
takes place. Usually, they take the following values

T =Ty =75 = 1.
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The nonnegative numbers a, 3,7, p, 6, &, 0 can be considered as regularization parameters
whose choices will be given later according to the error estimates. It is not necessary to use
p, 6 for both the computation and the error estimation. However, as we will see in the next
section, choosing appropriate values for these terms may give the cost functional certain
preferable features.

The first term in J (a, u, o) represents the least-squares fit to data, the second and
third terms are the residuals (equation error) of the involved differential equation in the
mixed formulation, the rest of the terms are added for the regularization purpose. Note
that if the data is perfect, i.e., there exist u(z) and a(x) satisfying (2.1.1) with boundary
condition (2.1.2) or (2.1.3) such that z(z) = u(z), then (a,u,0)’ with ¢ = au’ can make
zero the first three terms (and the last two terms if the boundary condition (2.1.3) is
required) of J(a,u,0), and makes J(a,u,o) small if the regularization parameters are
small. Therefore, the solution to the PI problem seems to be in a neighborhood of a
minimizer of J(a,u, o). In other words, minimizing the cost functional here may give an
approximation to a solution of the PI problem.

Our method is related to those in [25], [26], it is a combination of the least-squares
method and the equation error method, but is formulated in a least-squares mixed approach.
It is interesting to notice that a similar least-squares mixed/FOSLS (first order system
least-squares) formulation has been used to develop finite element methods for linear and
nonlinear forward problems in [10], [44], [45], [11], [16].

2.1.1 Existence and uniqueness issues for the minimizer in 1d

In this section, we intend to prove existence and uniqueness of the minimizer for the
continuous case of our PI problem.

Let ‘H be the following triple product
H = H"(0,1) x Hy(0,1) x H*(0,1) (2.1.9)

and let us assume that H is equipped with the usual norm of the product space, i.e., for
any w = (a,u,0)T € H, we have

Wl = y/llall? + lull? + [lo]12. (2.1.10)

We first notice that J(w) is weakly lower semicontinuous on ‘H and weakly coercive. Then
the standard existence theory in [46] leads to the following results.

Theorem 2.1.1 The cost functional (2.1.6) must have a minimizer in H.



23

The minimizers of (2.1.6) have interesting features stated in the next lemmas which even-
tually lead to the uniqueness of the minimizer under certain conditions.

Lemma 2.1.1 Assume the data function z(z) is such that there exist a(x) and u(x) sat-
isfying (2.1.1) and boundary condition (2.1.2) or (2.1.3), z = 4, and w = (a,4,5)" € H
with & = au’. In addition, assume

min{vy, p,6} > 0.
Then all the minimizers of J(w) in H belong to the set,

maz{7, p, 0},
= . < _—
P={weH:|w|x< minty. p. 6} W2}

Proof. Let w, = (ax, ux,0.)" be a minimizer. Then
J(w.) < T (W) = 7llalli + pllall} + 6|15
On the other hand,

min{y, p, 6} ullf < T(w.),
min{y, p, 6}l < T(ws).

Combining the above four inequalities, we get that

min{y, p, 6}[|w. ||, < max{y, p, 6}||W|%

which implies that w, € P. The following lemma gives a necessary condition satisfied by
a minimizer.

Lemma 2.1.2 Let w, = (ax, U, 04)" be a minimizer of J(a,u, o), then
A(w,,v) = B(w,,V)
for any v = (a,a,5)" € H, where for any w, v € H,

A(w,v)

V[(d, @) + (a,a)] + p(u', @) + (p + 1) (u, u)+
6+ B3)(o',5") + (6 + a)(o,5),
B BY(w,v), for boundary condition (2.1.2) ,
(w,v) = { B%(w,v), for boundary condition (2.1.3) ,
Bi(w,v) = —a(u(av —o0),a)— alalaw’ — o), d)+
a(aul> &) + (27 &) - B(.ﬂ &/)7
B (w,v) = BYw,v)—¢o(1)a(1)
—0(a(1)u'(1) — o(1)) (v (1)a(l) + a(1)@'(1) — o(1)).

(2.1.11)
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Proof. The above forms are Euler’s equations in its weak form satisfied by the minimizer.

The functional A(w, v) satisfies the following

Lemma 2.1.3 A(w, V) is a bilinear form on H X H satisfying the following estimates:

[ A(w,v) | < max{y,p+1,6 + 5,6+ Wl V],

A(w, w) § min{y, p, § + 3,6 + a}||w|j3,. (2.1.12)

The form B(w, v) satisfies the following
Lemma 2.1.4 For each w € H, B(w, V) is a continuous linear functional in v.

Proof. The linearity is easily seen. Now let {v,}2>, = {(a@n, @, 7,)} be a sequence in H
converging to 0. Then we have a, — 0, @, — 0, &, — 0 in the H! norm. By Sobolev’s
embedding Theorem in one dimension, we have the following estimates

| (a(w)?,dn) | + | (v, an) |
llalloollwllEllanlloo + lullllollylldn]loo
(Nallolullf + ol 1]

| (a*/, @) | + | (a0, ) |
lla®[|oo [t ll1 [ n] 1 + llallo |11
(lall3llully + llall ol )12
lallool[wllrllanlly < llaflllwll1]lon]l

| (W(av’ = ), an) |

| (aav’ =), ) |

VA VARVARVA VAN VAR VAN

| (e, 65) |
All three terms approach zero as v,, — 0. Hence B(w,v) is a continuous linear functional

n v.

From Lemma 2.1.3 and Riesz Representation Theorem, there exists a bounded linear
operator A : H — H* such that

Aw,v) = (Aw, v)y
Moreover, A" exists and A~! € L(H*, H) with

1
min{v, p,6 + 3,6 + a}’

M) <

From Lemma 2.1.4, there exists a nonlinear operator B : H — H* such that

B(w,v) = (Bw,vV)
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By Lemma 2.1.2, a minimizer Wy = (a4, U, 0x)7 of J(a,u, o) is a solution of the following
operator equation: 3 3
Aw = Bw, (2.1.13)

i.e., w, should be a fixed point of the nonlinear operator A-1B.
Lemma 2.1.5 Let us assume that (2.1.2) is used in the boundary value problem, and
o
max{y, 0,0} _ o
min{v, p, 6}
then the operator A~'B is a contraction on P if o is chosen small enough.

Proof. For any v = (a,u,0)” € H and wy, wy € P with

aq a9
Wi = (VA1 , Wy = U9
01 (o)

By Sobolev’s embedding Theorem in one dimension, we have

| (ui(a1uy — 01),a) — (up(agus — 02),a) |
<| (a1(u))? — az(uh)?,a) | 4 | (uyor — uhos, a) |

<| ((a1 — a2)(uh)? @) | + | (ao(u) + uh)(uj — up), a) | +

—02),a) | + | (v} — up)o9,a) |

< lwall3llar — azllsollalloo 4 llazlloollur + wall1llur — us|[1]lal o+

[uillillor = o2lillalle + [lo2l[1][ur — uell1lalleo

< lwalFllar — azllillally 4 llazllallu 4 well1|lur — uall1[lalli+

uillillor = o2llillalls + [lo2[l1][ur — uzll1]lall

< (Jluslllally + llazllllur + usllillalls 4 luallillally + lloallllall)[[wi — wallx

< (Jluslillally + Nlazlly(lualls 4 luall)lally + ludllillalls + lozllllall) Wy — wal#
< Cllal1][w1 — wal|x

N
_~

Q
i

| (a1(aruy — 01),u') — (az(aguy — 02),u’) |

< | (aju) — aduh, ') | + | (@101 — azos, ') |
< Cllufli[[wr — wa[»

| (a1u, 0) — (aguy, o) |
< Cllofliflwi — wal[x

All the C’s in these estimates depend only on the diameter of P and lead to the following
inequality } }
[Bwy — Bws |3+ < aLp|lwi — wal|x,
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Here Lp is a constant depending only on the diameter of P. Hence we obtain

A Bwy — A Bwallre < | A7[[[Bwy — Bws [l
< AT laLp|[wy — wall

and this inequality implies that A~'B is a contraction mapping if « is chosen small enough.

Similar results can be withdrawn for the boundary value problem (2.1.1), (2.1.3).

Lemma 2.1.6 Assume that (2.1.3) is used in the boundary value problem, and

maz{y, p, 8} o
min{y, p,6}
then the operator A~'B is a contraction on P if a, &, and 0 are chosen small enough.

Finally, we have the following uniqueness result for the minimizer.

Theorem 2.1.2 If the conditions of Lemma 2.1.1 and 2.1.5 or 2.1.6 are satisfied, then
J(a,u,0) has a unique minimizer in H.

2.2 Finite Element Method

In this section, we formulate a finite element discretization of the cost functional and
discuss the related minimization problem. To avoid repeating ourselves twice, we present
computation formulas only for the PI problem with boundary condition (2.1.2). Minor
modifications lead to formulas for boundary condition (2.1.3). In our estimations, we regard
C as a generic constant, which may vary in different contexts, but is always independent of
h, unless specified otherwise. For the sake of completeness, we first give some definitions
in IR™.

In order to define the finite element spaces, let {Ap}, with h € (0,1), be a family of
regular, quasi-uniform partitions of 2 C IR". That is, for each triangle T" € {A},

h h
—Tgaand—gy,
Pr T

where hy =diameter of T' < h, and pr = sup {diam(S); S is a ball contained in T}. For
fixed integers r > 1, 1 > 0, we let

Spi={veC™Q):v|r € P forall T € Ay}, (2.2.14)
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be a Lagrange type finite element space, where P, is the space of polynomials of degree less
than or equal to r and C~1(Q) is interpreted as L?(2). By S,’;:?, we denote the subspace of
functions of S} ; which vanish at z = 0 and x = 1. By the results in [14], we know that for
all v € W™P(Q), there is (an interpolant) v, € S}, such that

v —vnllep < CR™ F|[0||lmp for 0 < k<L k<m<r+1,1<p<co. (2.2.15)
Also, these spaces satisfy the following inverse inequalities,
valliy < Ch™Huplloyp for all v, € Sp ;1 < p < oo (2.2.16)

and
[vnlloo < Ch™2|Juy]|o for all vy € S, (2.2.17)

We denote by H'= H~(Q) the dual space (H'(Q))* equipped with the norm

vem( 1Yl

(2.2.18)

Let us now introduce those finite dimensional spaces needed to define the compu-
tational procedure. We need altogether three different discretization spaces, namely, U,
for the forward solution u, A, for the parameter a, and finally ¥, which will be used to
discretize the flux variable o. We assume that these finite element spaces are,

A, = S, here [ =0, 1,
U = SpynHY0,1), (2.2.19)
Eh = S/(zi,ab

where d,, dy, d, are integers that we will fix later.
Now we are ready to define the numerical method to solve the PI problem:
(Pn) seek aj, € Ap, uj, € Uy, 0}, € p, such that

In(ay,uy,, or) = min In(a,u,0) (2.2.20)

a€Ap,ueUp, 065,

where J}, is defined by,

| Tna(wy), if (2.1.2) holds,
In(Wn) _{ Tna(wn), if (2.1.3) holds, (2.2.21)
where
Tna(wr) = lup — 2|3 + allon — apuy 3 + Blloy, + flls+
Manllz, + pllunll?, +6llonllz, (2.2.22)

Tna(Wn) = Tni(wn) +&(on(1))? + 0(an(1)uj,(1) — oa(1))%.
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where wy, = (an, un, 01) € Ap X U X 3. As we can see, the cost functional (2.2.21) consists
of several terms, the first term represents the usual output least squares formulation with
L?-observation, the second term is the approximation of aw’ with the flux variable o, while
the third term takes into account the actual state equation (2.1.1) where we have replaced
au’ by the flux variable 0. The remaining terms are regularization terms. The advantage
of this variational approach is that we allow all variables (a,u, and o) to vary in the
corresponding discrete subspace without differentiating any kind of error corrupted data z.
The weights v, p, and ¢ will be chosen so that all terms of Jj,(w},) are balanced.

2.3 Some error estimates in weighted norms

In this section, we establish some error estimates for an approximate solution to the PI
problem generated by the finite element method in the previous section. The estimates
and the arguments are influenced by [20], [25], [26] and [29], but our presentation here
leads to important applications such as the choice of the regularization parameters and the
choice of the finite element spaces for the optimal convergence rates. In all the discussion
below, C denotes a generic constant which may take a different value at different places
and is independent of h unless specified otherwise. Let I, I and I be the interpolation
operators in the finite element spaces Ay, Uy, and X, respectively. The regularization
spaces are chosen so that

1SraSda+171Srugdu—i_l?lgro'gdo'—i_l‘
Moreover, there exists a constant C' such that the interpolation operators satisfy,
17zallr, < Cllallrys, 1 Lullr, < Cllwllrurr, 11501l < Cllollr+1,
for any a € H™*1(0,1),u € H™(0,1),0 € H™™(0,1). We first derive an estimate for a
minimizer of J,(w).

Lemma 2.3.1 Let us assume the following hypothesis,

x Let z(x) be a distributed L* observation of the state @ with an observation error of
the form
|t — zllo <e.

x Let a, U satisfy the differential equation (2.1.1) together with the boundary condition
either (2.1.2) or (2.1.3). Moreover, a, 4, and & = at', have the following regularities:

ac H%M(0,1),a € H*™(0,1),6 € H**(0,1).
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x The finite element space Uy, is such that
I(Za) | < C,
for h small enough.
x The regularization parameters ~y, p, and 6 are chosen such that
Y4 p4 6 ~ C{e + Bt g (p2(detl) 4 p2du 4 p2(datl)y o gp2de)
with a constant C' independent of h.
« If the boundary condition (2.1.3) is used in (2.1.1), we assume
£=1,0=h (2.3.23)

Let w; = (a},u},0r) be a minimizer of Jy(a,u, o) defined by (2.2.21) in Ap x U, X Iy,
then we have the following estimate for the cost functional Jp,

Th(wi) < C{e® + hH bt o (p2datl) 4 p2du | p2(dotl)y 4 gp2doy (2.3.24)
here C' is independent of € and h. Moreover, we get the following bounds,

loy, = ai(up)llo < Jzle+h®™F + a(htt! + hts + hie*t) 4 /Bhte},

[(ah)" + fllo < %{e + Rt Ja(hetl 4 pde - pdetty 4 /BRA )

Proof. We treat the case in which the boundary condition is (2.1.2). Similar arguments
can be applied for boundary condition (2.1.3). Let (a,u}, 0};) be a minimizer of Jj,, which
will be denoted by w}, and let I"a, I"a, and I"G be the interpolates of a, i, and & = au’
on Ay, respectively. Now
Tn(wi) < Tu(l3a, 134, 105),
and then
Inllaa, 1, 136) = |1y — 2|§+ a|| 156 — Iza(Iya)'|[§ + Bl (156)" + flI§+
YIEGall?, + pllLzall?, + ollgs|?,

The first three terms of the equality above have the following bounds,

1130 — 2|l 112a — allo + [|z — 2[lo

Chd“"'lHﬁHdu_,_l + €,

1126 — &llo + llad’ — a(I}a) o + la(Zya) — Lra(1ra)|lo
Ch¥* 15 )lay+1 + llalloll@ — (L3a)[lo + [I(110) |clla — Liallo
Ch¥ 6| d,4+1 + Ch¥[[al|a,+1 + CheT [l a,41,

1(126)" = &"llo

Ch¥ || d,+1-

156 — Iga(Tya) [l

I(Z55)" + fllo

VA VAR VAR VAN VAN VAR VAN



Then, so far

jh(wl’;) S C{hQ(du+1) + 62 + a(hQ(da+1) + h2du + h2(da+1)) + /Bh2da}+

since

and choosing 7, p, and ¢ as in the hypothesis, we get the main assertion of the lemma:

Tn(wr) < C{h¥dtD) L & 4 q(h2dotl) L p2du | p2(datl)y 4 gp2doy

YIEgal?, + el Lyal?, + ollIgall,

|Zll, < Cllale,
|il, < Cllllin,
12550, < Clolhsn,
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We can get the next two bounds from the definition of Jj(a,u, o) and the bound above,

oy —aj(ur) o < %{6 Rttt 4 Ja(hett 4 hde - platl) 4 /Bhde)
[(or) + fllo < %{e + ht L 4 Ja(hde Lt 4 pe 4 pdatl) 4 \/Bhde )

As a consequence of this lemma, it can be shown that under certain conditions, the
minimizer of J,(wy,) is uniformly bounded with respect to h. The result is stated in the

following

Corollary 2.3.1 If all the conditions of Lemma 2.5.1 hold, and

0 < v =
0 < p =
0 < 6 =

then there exists a constant C' such that,

|Will3 < C, for all h.

Proof. In this proof, C' denotes a generic constant.

Since v, p, and 6 are positive and finite,

vl\ail\ga
pllupllz,
Sllarll?,

lazlI7,
luillz,

o717,

INIA

IN

Let wj be a minimizer of J.
according to the definition of J}, and the bound (2.3.24), we have that

<

<
<

C,
C.

INIA

IN

Then
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Therefore ||w} ||« < C, for all h.

The following theorem establishes our basic error estimates.

Theorem 2.3.1 Suppose that all the conditions in Lemma 2.5.1 and Corollary 2.3.1 hold.
Let 3 be chosen such that
1<
vB T VB
for some constants C' and C' independent of h. Then the minimizer w; = (a},u},o5)" of
Tn(wy) satisfies the following weighted H*-norm estimation,

(2.3.25)

1@ = aR)@Y oy < ClG+ 5+ w)e+ A%+ alh®™ 4 bt 4 ™) + /Ght)

Proof. The boundary condition satisfied by % and integration by parts give us the following
estimation,

1@ —ap)@) [l a1y = SWPuemron To]lx
ol (2.3.26)
] a—ap)u',v)|
oo o],

We now estimate the term [y (@ — a})@/'v’ dz when v € H'(0,1). By using the variational
form of equation (2.1.1) with the boundary condition (2.1.2), adding and subtracting vari-
ous terms and integrating by parts, we get

((@—ap)w', ") = (a' — aj(up)',v") + (aj,(uj, — @), v)
= (f+(03),v) + (oh — aj(u)’, v

((@—ap)w', o) = (at/

By Lemma 2.3.1 and (2.3.25), we have

| (f + (07),v) | C fe 1 plutl (ot du do+1 do V([
r<f+<a;>',v>r+raz<1>v<1>r} S pte TR Vel A R >(+¢Bh) Hiolls
2.3.27

| (o5 —ap (), v) | < S{e+h™H 4 Va(hdet 4 bt 4 h&*t) 4 /Bhi=}[o']|o
(2.3.28)
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By Lemma 2.3.1 and Corollary 2.3.1 and the inverse inequality (2.2.16), we get
Hail\ool\(uzh—wﬁ)’l\oI\U’Hoh~ ~

(H(uh Lya) o + [ (Lya — @) llo)[[v]lx

(h”uh Iyallo + h [lailla,«1)llv ]
(;i(l\uh zllo + [z = dllo + [l — Ltallo) + h®||alla,+1) vl
C{g(e+h® ™ + Ja(h®tt + bt + ™) + /Bhi) o]
Finally, we get the assertion of the theorem by combining the above three estimations,

(@ = ap)@) oy < Cl7m \[ e+ hht 4 a(hdoth 4 bt 4 At ) 4 /Bhée)

The estimate in Theorem 2.3.1 becomes more meaningful for the boundary condition
(2.1.3), as is indicated by the following result.

| (aj,(uf, — @), v') |

VAN VAN VAN VANRVAN

Corollary 2.3.2 Suppose all the conditions in Theorem 2.3.1 hold and that the boundary
condition in the PI problem is (2.1.3), then a minimizer w;, of Jn(a,u,0) satisfies the
following weighted L*-norm estimation,

l(@—ai)illo < Clys+ ﬁ + ) (e + AT 4 /a(hdot 4 b 4 hdetl) 4 \/Bhie)

Proof. Let 1 be the solution of the following initial value problem,
P'(x) = (a(z) — aj(2)d'(z), = € (0,1),
$(0) = 0.

The solution to the above initial value problem is ¢(x) = [y(a(t) — a;(t))@'(t) dt, so ¢ €
H'(0,1) and by (2.3.26) and theorem 2.3.1, we have

((@—ap)a’,¢") < ((@—ap)@) |l g0y 1¥1h,
((@—aj)u MW) < (@ = ap)@)'ll 20,17+ 1¥'llo by Poincare’s inequality,
Ja',¢') < (@ = ai)@) gyl (@ = ag)illo-
It follows that
1@ —az)'llo < [1((@ = a) @) ll 10,1+
and the assertion of the Corollary follows straightforward from Theorem 2.3.1.

Corollary 2.3.3 Assume that the boundary condition (2.1.2) holds in the PI problem.
Then under the conditions of Theorem 2.3.1, we have the following weighted estimation in
the H='-norm,

”((&—GZ)&/)/”—l < C«(ﬁ_i_ _i_%)(e_i_hdu—l—l_i_\/a(hda—l—l_i_hdu_i_hda—i—l)_i_\/ﬁhda)

Sk
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Proof. The result follows from theorem 2.3.1, since in this case H'(0,1) = H{}(0,1), and
(F(0, 1)) = H-(0,1).

Unfortunately, the error estimation in the weighted norm above is not practicable
since a good approximation in H~! of the coefficient a(z) is physically useless. That is why
we pursue a weighted L' norm error estimate for the PI problem with Dirichlet boundary
condition in the next section.

2.4 A weighted-L! error estimation

In this section, we want to get a weighted L'-norm estimation for the error ¢ = a} —a. Here
a is the solution to the equation (2.1.1), and a}, is the first component of the minimizer of
the cost functional (2.1.6) with homogeneous Dirichlet boundary condition. Then we have
the following

Theorem 2.4.1
1
[ lai = allw'Pde < C{8 + co + a8 + 1)}
0

for any 6 > 0, where
co = |If + (a1)llo
and
c1 = |loy, — aj(u) llo + a7 |oc, 0,01 (uf, — u)'llo

Proof. Remember that the variational form of equation (2.1.1) reads as,

1 1
/ au'v'dr = / fvdz for all v € H(0,1) (2.4.29)
0 0

Set ¢ = a, — a. Now, we estimate the term
1
] /o pu'v' dx |,

where v is a test function in HJ(0,1). To this end, we add and subtract suitable terms and
integrate by parts, to get

— ffouv'de = [y(f+ o) vdr + [y (0. — anul)v dot

(e )l (2.4.30)
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Now taking the absolute value of — [) ¢u'v' dx, we get the following estimation:

| Jo ou'v'dz | < |If +olllollvllo + llow — atil[lol|v/llo+

2.4.31
aulociom (e — ) olle'll (2.4.31)
which leads to the following inequality,
1
] /o ou'v' dz | < collvlo + cl|v']|o (2.4.32)

for all v € H}(0,1), where ¢ = a. — a, and
co = |[f+oullo

and
c1 = [|ow = aut Jlo + |au]os,0,1) || (e — 1) [0

We shall rewrite the left side of equation 2.4.32 as a sum of several terms. First, we
approximate ¢ by a sequence of smooth functions ¢, € C*°([0, 1]) with

[tr — ¢lli — 0 as r — oo. (2.4.33)
Next, for 6 > 0 and r fixed, we consider the following test functions,
vy =6 W Ad)u, vy =61 (=)t Ad)u, (2.4.34)

where ;7 = max{,,0}, ;" A é = min{¢);,6}. Since ||¢.]]1 < C as a consequence that
¢ € H*(0,1) and the convergence in H'(0, 1), we have

[villo < [lullo,

ol < C+1), (2:4:39)
with C' depending on u and for ¢« = 1,2. We claim that
"2 < 1 1o,/
f’g[)rZ(S Yelu'|? < Co+ | fy thru'vy | (2.4.36)

~Jpems UrlW'P < C8+ | fg vy |,

We will only prove the first inequality, since the second one is parallel in every respect.
The definitions (2.4.34) give

fol Yru'vy = f¢T>6 Yplu'|? 4671 f0<¢r<6 ¢3!u'!2+
fr2 . (2.4.37)
6 f0<¢q~<6 rhrun.

The second term on the right satisfies

51 P2(u')? < O6. (2.4.38)

0<thr<6
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In estimating the third term, we shall suppose (without loss of generality) that 0 and § are
regular values of ¢,.. Then

ot f0<¢1»<6 Yppun! de = (46)7 f0<¢q~<6(w12*)/(u2)/ dx (2.4.39)

It is very easy to see that, the set O = {z € (0,1) : 0 < %, < ¢}, can be written as a
countable union of disjoint open intervals, i.e., O = U I;, where each I; = (a;, b;).

(48) ™ fiocg,<apyr, (W2 (2) o = (40) {22 |1y -

2.4.40
f{0<¢r<6}ﬂ1i P2 (u?)" dx}. ( )

Now, the factor 12 in the integrated terms may be zero or §2. So in either case,
[ V7 () fal< CF,
We proceed to estimate the integral on the right hand side. Clearly

20,2\ 2
u”) dr < C6%,
/{0<¢r<6}ﬂ1’i wr( ) B
Combining all these results with (2.4.39) gives,
—67t Yeplun de < C6,
0<tpr <6

Putting all these inequalities together, we get;
1
/ Uplul? de < C5+ | / v de |,
Pr26 0
Assembling (2.4.36) and (2.4.37) with the obvious result,
[ el < ce,
[¢r| <6
We conclude that
1 1 1
|l P de < C{o+ | [ vntvide |+ | [ v de [}
By taking the limit of the expression above when r — oo, we get:
1 1 1
/o o)/ |? dx < C{6+ | /0 ou'vydr | + | /o ou'vy dz |}
Applying (2.4.32) with v = v; and v = vy, and using (2.4.35), we conclude that
1
| ol de < {6+ e+ a6 + 1))

This concludes the discussion of this Theorem.
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2.5 Applications of the error estimates

One of the important applications of these error estimates is the suggestion for the choice
of the regularization parameters. Lemma 2.3.1 implies that the regularization parameters
v, p, and ¢ are decided by a and (3. The error estimates in Theorem 2.3.1 and its corollaries
indicate that we should pick a and 3 so that all the terms in

e+ h® '+ Va(h%tt 4 bt 4 pPeth) + |/ Bh%

are not greater than h®*!  since this is the leading term when the observation z(z) equals
u = u(x). On the other hand, the smaller the @ and (3, the weaker the regularization
effect. Therefore for the finite element method here, it seems to be natural to choose the
regularization parameters according to the following rules:

1. Choose the largest possible a and ( such that

\/ahda—I—l S thdu—f—l7
Vah® < Ch&t
\/ahdg—i—l S Chd“+1,
V/Bhie < Chdutl,

2. Then use corollary 2.3.1 to decide regularization parameters -, p, and 6.
3. Use (2.3.23) to choose ¢ and 6 if boundary condition (2.1.3) holds.

Note that the parameters chosen according to these rules will make all the terms in
JIn(wp) to be the same power of h, i.e., all the terms in the cost functional are balanced
in the involved finite element spaces. The authors in [44], [45] also used similar balancing
ideas in the FOSLS method for forward problems, but balance in their work was realized
through the cost functional in the continuous case.

The error estimates also suggest the choice of the finite element spaces. Most of the
finite element spaces in one dimension can satisfy the conditions required by Lemma 2.3.1.
However, the spaces used for ay, up, and o, should be selected in a collective way so that
the rate of convergence in the approximation to the PI problem can be optimal from the
point of view of the finite element space used for a;,. This can be seen in the next corollary.

Corollary 2.5.1 Assume that all the conditions required by theorem 2.3.1 are satisfied,
and the finite element spaces are chosen such that,
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Then choosing the regularization parameters according to the above rules, we have the fol-
lowing estimations,

+ h?), for the boundary condition (2.1.3) ,

1@ = ak)@[lo §
Cy + h?), for the boundary condition (2.1.2) ,

1((@ — ap)@") |- (2.5.41)

<
<

Proof. It is well known, see [37], that the involved finite element spaces satisfy the conditions
of Lemma 2.3.1. According to the approximation capability of these finite element spaces
and the rules above, we should choose

a=Ch? 3 =Ch?,

and other parameters accordingly. Then the two estimates follow from Corollary 2.3.2 and
2.3.3, respectively.

For the finite element spaces configured in this corollary, the choice of the regular-
ization parameters such that & = Ch?, 3 = Ch? seems to be the optimal since the error
bound in the approximation for the PI problem has reached the best possible approximation
capability of the finite element space Ay = S ,ﬁﬂo,

(@ — a3)i'llo < CP?,

in a weighted L?-norm sense when the data is perfect (¢ = 0). On the other hand, if we
use A;, = S/%,o for ay, but use the same finite element spaces for uy, and o, then the same
argument as that in the previous corollary leads to the following choice of the regularization
parameters,

a=Ch? 3 =Ch?,

and consequently, we should have
(@ — ap)u[lo < CR,

when the data is perfect (¢ = 0). In this case, the error estimate is not the optimal in a
weighted L2-norm sense for the related finite element space A, = S/%,o-

2.6 Some implementation issues

The evaluation of J,(wy) can be done by a standard numerical quadrature formula to-
gether with the interpolation over the involved finite element spaces. Here we present an
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alternative approach which can reduce the time of evaluating J,(wy,) during a minimiza-

tion iteration. Let {¢;(x)}iz12. N., {¥i(%)}iz12. N, and {n;(x)}i=12. ~, be the basses
for the finite element spaces Ay, Uy, and X, respectively, and let

l m
Apim = ((¢§(;)> ¢§( ))))i,jl,...,Na
Apim = ((1% ﬂﬁ(j) ))ii=1,....N.
Apme = (07, 1,"))ij=1,....N,
with [,m = 0,1. The matrices for the regularization terms are formed according to the

regularization Sobolev spaces we use. For instance, if the H'(0,1) norm is used for the
regularization of ap, then r, = 1, and we set

Ay, = Agoo + Agi,
Similar definitions hold for A,, and A, . Then the cost functional (2.1.8) becomes,

jh(Wh) = ﬁ£A¢ooﬁh — Qﬁg . gh;i- ”Z”(Q) + fol(ahu% — O'h)2 d.%'—i-
B(Gh A0 + 265 - Fi + | fII) + 7@}, Ar,@n + pill, Ay, tin + 607, A, G,
(2.6.42)
where wj, = (ap, up, op) and,

an = i ahpi(x), un =S uii(e), on = S oj(),

aj, uj, o
B a, | up o
h — . , Up = . yOp = 5
ahNa ufzv“ a,]f"
and /
(27 %) (f> 771)
Z? g ) 5
| G | v ]
(2,¢n,) (fs7v,)

We also need to compute the gradient of J,(wy) if a gradient type (such as the steepest
descent) algorithm is used to find its minimizer. The simple structure of the cost functional
leads to the following formula for the gradient of Jj,(wy):

Va, In(wp)
VIu(wy) = | Va,In(wn) |,
Vi, In(Wh)
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with
(up (anu), — on), ¢1)
Vo Tn(wn) — 2 | Al - 9 oA,
(u h(ahuh on)s ON.)
(un — 2,¢1) (an(anuy, — on), 1)
Vo) 2| T g | (TR 0
(= 2 (an @, — on) Wy,
(anuy, — on,m) (o7, + fym)
Vo Tulwn) = 20 (anuj, - onte) | 28 (o +:f, | WA 5.
(anup, — on, M, ) (oh + f1,)

Notice that all the matrices mentioned above can be assembled by a standard finite
element program at the same time in a minimization procedure. In each iteration, J,(wy)
can be formed by a numerical integration and several matrix(sparse)-vector multiplications.
The gradient V J,(wy) can be formed by calling the load vector assembling routines in a
standard finite element program only four times plus several matrix(sparse)-vector mul-
tiplications. Therefore , the method here is rather less time consuming even though for
the same discretization parameter h the cost functional have three independent variables
compared to only one in the output least squares method. Moreover, the method has a
convergence feature stated in the following

Theorem 2.6.1 Lte {w}}° be a sequence generated by applying the steepest descent method
to Jn(wr). Then {w?1}$° must have an accumulation point, and every accumulation point
wi of {w!}$° satisfies

VIh(w;) = 0.

Proof. This result is the consequence of the fact that J,(wy) is a C' functional and the
level set

{wi|Tn(wn) < Tn(wy)}
is bounded.
If the Hessian matrix of the cost functional is available, an algorithm faster than

the steepest descent method might be used to compute a minimizer. While it is rather
difficult to form the Hessian for the cost functional in the output least squares method,
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we can show that the cost functional here has the following simple formula for its Hessian
matrix;
Vi T Vi.Tn Vi
ViTu(a,u,0) = | V2,Tn V2.Tn V2. Th
VieTh ViuTn VigTh

where we have the following symmetry for the Hessian matrix;
Veadh = (Vaudi) ", VaaTh = (VaeI)'s VouTh = (Ve Tn)"
and then, the Hessian of J}, reduces to

Vidh (Ve Tn)" (V2. Tn)"
VI(a,u,0) = | Ve, T Ve, Jh (V2,07
Vil ViuTu VieTh

each submatrix above is defined by
2 1\2 Na,Ng
vaajh = Qa(((uh) ¢k>¢l))k:1,l:1 + 27"47};7
V2. Th = 20(((2anu), — 0n)dr, V1) Rt

v?zcrjh = _Qa((u§1¢k> nl)]\)jfvza]\’}],\lfazl
Voudn = 20((aitr, ¥1))eiis + 2400 + 2pA,,

Viedn = =20((anty, m)tiiy
V?mjh = QOéAn00+2ﬂAn11+26ATJ

Note that the Hessian V27, (a,u, o) is a sparse matrix which can be formed effi-
ciently by any standard finite element program. In fact, all the matrices involved in the
Hessian can be formed by the matrix assembling subroutines in a standard finite element
program and the rest of the matrices can be prepared before the minimization iteration
is carried out. Due to this reason, a minimization algorithm utilizing the Hessian seems
to be a preferable choice. We do not use Newton’s method in this implementation since
its local convergence property requires a good initial guess for the minimizer. Also, the
straightforward Newton’s method may fail if the Hessian turns out to be singular or in-
definite at one of the iteration points. There have been algorithms developed to overcome
various shortcomings of the straightforward Newton’s methods, (see [7], [18], and [33]).
The following modified Newton’s algorithm is one of them:

Initialization Step
Choose a scalar € > 0 as a tolerance, and supposed that w¥ is given. To generate W,],“L+1 go
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to the main step.

Main Step

1. Compute VJ,(wF) and V27, (wr). If VJ,(wF) = 0, then stop and output w} as the
solution. Otherwise, go to step 2.

2. If V27, (wF) is singular, then let

Wlli—H = WII—CL - vah(Wlli%

where 7 minimizes the function ¢(s) = Jn(wF — sV T (wF)), for all s > 0. Otherwise, go
to step 3.
3. Let

p = —(V2Tu(W},)) 'V ITu(Wh),

and use one of the following three ways to form wjt:
(a). If [P'VIL(WH)] < €||pl[VIn(WE)|l, where € is a constant chosen according to the

accuracy requirement, then let
wi = wi = PV Tu(wy),

where 7 minimizes the function ¢(s) = Jp(wf — sV Jn(wF)), for all s > 0.
(b). If p'V T (W) > €||pl|VTn(wF) ||, then let

k+1 _ Lk oo

where 7 minimizes the function ¢(s) = Jy(wf — sp), for all s > 0.
(c). I p'VIL(WE) < —€||p[[VTn(WF) ]|, then let

with = wi 4+ 7p,
where 7 minimizes the function ¢(s) = J,(wF + sp), for all s > 0.

The convergence feature of the above algorithm is given in the following

Theorem 2.6.2 Let {w} }3° be a sequence generated by applying the above modified Newton
algorithm to Jn(wy). Then {w'1}$° must have an accumulation point, and every accumu-
lation point w; of {wi}$° satisfies

th(WZ) =0.

Proof The result follows from Zangwill’s convergence theorem (see [7], [43]) plus the fact
that the level set

{Wn|Tn(Wn) < Tn(wy)}
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is bounded.

Like many nonlinear problems [4], [5], [34], the discretized cost functional here seems
to have a mesh independent property, i.e., the number of iterations for Newton’s method
to converge within a given tolerance is nearly independent of the mesh size. A multi-
level Newton iteration can be derived to take advantage of this property so that a good
approximation can be obtained quickly from a rather crude initial guess. The basic idea
here is to find a good initial guess for a fine grid computation by interpolating a minimizer
generated in a coarse grid to the fine grid.

2.7 Numerical examples

We present some numerical examples which display interesting features of the finite element
method in this chapter. To describe the accuracy of a finite element solution ap(x), we let
a(x) and u(x) be the functions satisfying the differential equation (2.1.1) and the boundary
condition (2.1.2) or (2.1.3) and let

1
Ean) = (/ (an(z) — a(2))*(@ (x))* dz)"/?, (2.7.43)
0
E*(an) = [Pllo; (2.7.44)
where the function p(x) is the solution of
(P, v") = ((@ — ap)@,0"), for all v € HY(0,1). (2.7.45)

Now we prove that [|p/[lo is equivalent to ||((@ — an)@')'[| z1p,1))-- There exists a one to one
correspondence between H'(0,1) and L?(1)

ve HY(0,1) — v = ¢ € L*(Q)
since for each ¢ in L?(Q) there exists a function v € H'(0,1) defined by,

v(z) = / o(s)ds
0
and by Poincare’s inequality we get

vl = 1[¢llo, (2.7.46)

dividing both sides of (2.7.45) by ||¢/||o and taking the supremum over all v € H'(0,1) and
by the equivalence (2.7.46) we have

p/
HT = SUPgLpef11(0,1) N
((a—ap)u',v')|

Soseiron Ty Peseon T

)|
llo

Sup0¢¢€L2
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The left most side is [|p'[lo and the right most side is |[((@ — an)@)'[|(71(0,1))- and the
equivalence between the two norms is proved.

Obviously, a(z) can be considered as the exact solution of the PI problem, E°(ay)
and E*(ay,) can be considered as a weighted L?(0,1) and H~!(0, 1) norms of the error in a
finite element solution a;, respectively. All the numerical results presented in this section
were carried out with the finite element spaces such that

dy=1,1=1,d, =2,d, =2,

and they were obtained by a two-level or three-level Newton method with initial guesses
generated by perturbing the exact solutions with a random variable of magnitude 5.

Let us not forget that in all our calculations, we are calculating not only the coeffi-
cient function a(x), which is one of our unknowns, but also the state function u(x), as well
as the flux o(x). The weighted L? and H'-error for various values of h are shown in the
data tables below along with some pictures.

Example 1: The first problem consists in identifying a(z) = 1 + %COS(?T.CL‘) from the data
function z(z) = sin(7wz) + 7z in the boundary value problem,

—(au) = f
u(o)(: ) ol (2.7.47)

We assume that the data is perfect, i.e., z(x) = u(x) and f(z) = %7‘(’2(3 sin(mz) +sin(27z)),

so that u(z) is the exact solution of (2.7.47) with the given a(z). The errors in the weighted
L? norm (2.7.43) for the finite element solutions with various h are given in Table 2.1.
To see the rate of convergence, we assume that the error obeys

Eo(ah) =Ch".
Then the data in Table 2.1 satisfies

0 2.00131551208585
FE (ah) =Ch 5

which corroborates the result in Corollary 2.3.2.

In all the numerical examples below, we consider the PI problem for the partial
differential equation (2.1.1) with boundary condition (2.1.2),
Example 2: In this example, we identify a(z) = 1 + %sin(%m:) from the data function
z(z) = cos(4mz)—1 in the boundary value problem (2.1.1) with boundary condition (2.1.2).
We also assume that the data is perfect and f(z) = 272(8 cos(4nz) —sin(2rz) + 3sin(67x)).



Table 2.1

h | weighted L?-error | h | weighted L2-error
1/30 | 1.7662646 = 10~3 [ 1/110 | 1.1686027 * 10~*
1/40 | 9.2132820 % 10~* | 1/120 | 9.8173945 % 10~°
1/50 | 5.7633162 « 10~* | 1/130 | 8.3642902 % 10~°
1/60 | 3.9649014  10~* | 1/140 | 7.2121541 % 10~°
1/70 | 2.8998400 * 10~* | 1/150 | 6.2827951 % 10~°
1/80 | 2.2148973 x 10~* | 1/160 | 5.5225451 % 10~°
1/90 | 1.7477196 * 10~* | 1/170 | 4.8921647 % 10~°
1/100 | 1.4145962 % 10~* | 1/180 | 4.3644275 * 10~°
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Table 2.1: Errors in finite element solutions with various A for the PI problem with bound-

ary condition (2.1.3)

The errors of the finite element solutions in both the weighted L? and H~! norms are listed

in Table 2.2 and 2.3, respectively. The data listed in Table 2.2 indicates that the actual
error in this example obeys

EO (ah) — Ch2'09368629170294

Y

This implies that the method can produce an approximation for the PI problem with

boundary condition (2.1.2) within the expected accuracy in the weighted L? norm even

though no theoretical error estimate has been established yet. The data listed in Table 2.3

Table 2.2

h | weighted L?-error | h | weighted L2-error
1/30 | 7.4469581 x 1072 | 1/110 | 1.0693435 * 103
1/40 | 2.0250231 = 1072 | 1/120 | 8.8690251 * 10~*
1/50 | 8.0845654 x 1072 | 1/130 | 7.5256289 * 10~*
1/60 | 4.5401557 x 1072 | 1/140 | 6.4417956 * 10~*
1/70 | 3.0140973 x 10~2 | 1/150 | 5.5994340 * 10~*
1/80 | 2.1546992 x 1072 | 1/160 | 4.8990444 % 10~*
1/90 | 1.6563471 x 1073 1/170 | 4.3340711 1074
1/100 | 1.3063933 * 10~® | 1/180 | 3.8541150 * 10~*

Table 2.2: Errors in finite element solutions with various A for the PI problem with bound-

ary condition (2.1.2)

indicates that the actual error obeys

E* (ah) — Ch2.62812273008935

Y
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which is within the prediction of Corollary 2.3.3.

Table 2.3
h H'-error h H'-error
1/30 | 3.9895322 x 10™% | 1/110 | 4.4503722 * 10~°
1/40 | 9.8899125 x 10~ | 1/120 | 2.5717919 * 10~°
1/50 | 5.2377479 x 107> | 1/130 | 2.9168802 * 10~°
1/60 | 2.0951958 x 10~ | 1/140 | 1.7530075 * 10~°
1/70 | 1.6400521 x 107> | 1/150 | 2.0694999 * 10~°
1/80 | 8.0347477 10°° 1/160 | 1.2793015 = 10°°
1/90 | 7.6810592 x 107¢ | 1/170 | 1.5503353 * 10~°
1/100 | 4.1775909 % 1075 | 1/180 | 9.7356926 x 10"

Table 2.3: Errors in finite element solutions with various A for the PI problem with bound-
ary condition (2.1.3)

Notice that the first derivative of u(z) = cos(4mx) — 1 vanishes at the points in
the set S = {0,1/4,1/2,3/4,1}. Even though the finite element solution converges in a
weighted norm, the approximation is less accurate at these singular points. However, the
smaller the h, the better the accuracy in the finite element solution even at these singular
points, as indicated by the plots in Figure 2.1.

Example 3: In this example, we identify the discontinuous coefficient function,
1
1, for0<z< 3
from the data function

2(z) =

in the boundary value problem (2.1.1), (2.1.2). We assume again that the data is perfect
and

f(x) 4(1 — x)e(_%), for0 <z < %
€T =
6re2@-1), for % <zx<1

is chosen so that u(x) = z(x) is the exact solution of (2.1.1), (2.1.2) with a(z) defined above.
Notice that the exact solution a(x) of the PI problem has a jump discontinuity at x = 1/2
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0.5 1 "0 0.5 1
X X

Figure 2.1: The approximation is less accurate around the singularity points of the state
u, but the accuracy improves as h becomes smaller
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which coincides with the only one singularity of the state u(x). In this experiment, we have
chosen a(z) and u(x) such that both functions satisfy the necessary condition below,

a(1/2—)u'(1/2—) = a(1/2+)u'(1/2+),

As we can see in Figure 2.2, the approximation as(z) becomes better as h tends to 0,
which means that this singularity of u(z), right at the jump discontinuity, does not spoil
the identification of a(z). The approximation ap(x) gets even steeper at z = 1/2 as h gets
smaller trying to match with the jump. In this example we get a very good qualitative
behavior of the true coefficient function a(x).

Example 4: In this example, we identify the discontinuous coefficient function,

1, for0<z<
a(r) = 1
1.5, for 5 <z <

for the boundary value proble (2.1.1), (2.1.2) from the data function

1
D)
1

(2) xsin(bix + ¢1), for0<z< %
2(z) =
(1 — z)sin(bex + ¢2), for % <zr<l1

where by, be, ¢1 and ¢y, are defined as follows, by = 27, by = 4/3(5/2 4+ 7), ¢c; = —3 /4w and
¢ = —5/3 —5/12m. We assume that the data is perfect, i.e., z(z) = u(z) and

—(2b;y cos(biz + ¢1) — b2z sin(bix + 1)), for 0 <z
f(x) = .

1
2
3bg cos(baw + ¢2) + 3/2b2(1 — z) sin(byw + ¢3) for % <z<1

<
<

is chosen so that u(z) is the exact solution to the boundary value problem with the given

a(x).

In this experiment, a(z) and u(x) are chosen such that both functions satisfy the
necessary condition

a(1/2-)'(1/2—) = a(1/2-4)u' (1/2+).

As we can see in Figure 2.3, the approximation ap(z) has a jump at the discontinuity point,
as before. The smaller the A, the better the approximation. The numerical results have
an oscillation around the discontinuity point of a(x), but the oscillation region seems to
shrink as h gets smaller, though the error in the approximation (in the supremum norm)
does not reduce with h. We observed again that at the singularities of the state u = u(z),
which are x = 0.22, = 0.57, x = 0.9, the approximation a,(z) has a bump that reduces
in width but does not disappear completely as h approaches 0.
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Figure 2.2: Numerical solutions compared against the exact solution with a jump discon-

tinuity
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Figure 2.3: Numerical solutions plotted against the exact solution. There is an oscillation
around the jump discontinuity whose width shrinks with hA. The approximations have a
bump at the singularities of the state that reduces in width but do not disappear as h
approaches 0.
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Example 5: In this example, we identify the coefficient
a(x) = —z(x —1) + 1,
for the boundary value problem (2.1.1), (2.1.2) from the data function
z(x) = cos(4mzx) — 1,
We assume again that the data is perfect (¢ = 0) and
f(z) = 167%*(1 + 2 — %) cos(4mx) + 47 (1 — 2x) sin(4nx))

is chosen so that u(x) = z(x) is the exact solution of (2.1.1), (2.1.2) with the given a(x).
In this numerical example we want to focus in the features of the numerical approximation
when the state u(z) has many singularities. The singularities of the state are at © =
0,1/4,1/2,3/4,1. Even though the state has more singularities in this example than in the
previous ones, the approximation ap(x) has still a bump at the singularity points, which
shrinks in size but does not vanish as h gets smaller. We have displayed our results in
Figure 2.4.

The next example was taken from the joint paper [31].

Example 6: The error estimates in the previous section indicates that the error
bounds depend on the error in the data linearly for a fixed h. To observe this, we carried
out computations for the PI problem for the boundary value problem (2.1.1), (2.1.2) with
the following data

z(x) = sin(mx) + mag x rand(x),

where mag is the magnitude of the error in the data, rand(z) is a random function with
range between —0.5 and 0.5. The function f(z) was chosen so that u(z) = sin(7x) is the
exact solution of the boundary value problem with

1
a(x) =1+ 3 cos(x).
The weighted L? norm errors are listed in Table 2.4 which indicates that for this example

we have
E%(ap) = 3.2369(mag)" 17",

which implies that the accuracy in the numerical solutions depends linearly on the magni-
tude of the error in the data function.
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Figure 2.4: Numerical approximation plotted against the exact solution. The finite element
solution has a bump at all singularities, as in the previous cases, which reduce in size but

do not disappear
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Table 2.4
magnitude | weighted L2-error
0.01 0.23991473506168
0.005 0.10400176567014
0.0025 0.0587257149189
0.00125 0.03403396156303
0.000625 | 0.01232753115644

Table 2.4: The error in the numerical solution in weighted L? norm become smaller as the
data becomes more accurate.



Chapter 3

Parameter identification of a
nonlinear two point boundary value
problem

3.1 Introduction

In this chapter we are concerned with the identification of the unknown nonlinear coeffi-
cient a(u) for the nonlinear elliptic boundary value problem with homogeneous Dirichlet
and Dirichlet-Neumann boundary conditions defined below. We present a least-squares
mixed finite element method to identify the nonlinear coefficient a(u). We describe the
problem here, and in later sections we specify more precisely our assumptions.

Let © be the open interval (0,1) in IR. We consider the two point boundary value
problem with a nonlinear differential equation

L(a)u = —(a(u(x))u'(x)) = f(x) in Q, (3.1.1)

with boundary condition
u(0) = u(1) =0, (3.1.2)
" u(0) =u'(1) =0, (3.1.3)

where f € L?(2), and A < a(s) < A for some positive constants A\ and A and s € IR. The
parameter identification (PI) problem is to recover the parameter a = a(s),s € IR within
some suitable set of admissible elements, from an L? observation z(z) of u(z) such that

53



o4

a(u) and u(z) satisfy (3.1.1) along with the boundary condition given by either (3.1.2) or
(3.1.3).

Equation (3.1.1) corresponds to a steady state solution of the nonlinear parabolic
partial differential equation below,

%% — (a(w)) = f, in Q, t >0,

. 0 (3.1.4)
plus appropriate boundary conditions

Typically (3.1.4) models heat conduction with a temperature dependent heat conductivity
given by the function a = a(s). To describe the method, we let H*(0,1) be the standard
Sobolev space. We use the standard notation to denote its norm and seminorm, as well as
the inner product in L?(0,1). We set

- [ HL0,1), if (3.1.2) holds,
H°(0,1) = { {ve HY0,1) : v(0) = 0}, if (3.1.3) holds.

As a matter of fact, our PI problem has two unknowns: a(s) and u(z). In our scheme,
we regard the nonlinear parameter a(u) as a spatially varying parameter, by denoting
b(x) = a(u(x)), and carry out all our numerical implementation in terms of this “linear
parameter”. Following the standard set up in the mixed finite element method, we introduce
the flux variable o(z) = b(z)u/(z) as an additional unknown. These unknowns satisfy the
equivalent first order system:

/o
{ —o =) (3.1.5)

b/ = o.

We then try to find an approximation to the solution of the PI problem by minimizing
the following cost functional,

| F(b,u,0), if (3.1.2) holds,
J(b,u,0) = { Jo(b,u, o), if (3.1.3) holds, (3.1.6)
over the space 3
H = H'0,1) x H(0,1) x H*(0,1), (3.1.7)
where
Jilb,u,0) = |lu—z|§+allo —bu'[l§ + Bllo" + fll5+
YWolz, + pllull?, + 8]l (3.1.8)

Ja(b,u,0) = Ji(bu,0) +&(0(1)) +0(b(1)u' (1) — o(1))?,
where the integers 7y, 7,, and r, depend on the Sobolev spaces in which the regularization
takes place. Usually, they take the following values

Ty =Ty =7T¢ = 1.
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The choice for the regularization parameters «, 3,7, p, 6, £, 8 will be given according
to the error estimates. The meaning of each term in the cost functional (3.1.6) is the
same as that for Chapter2. Note that if the data is perfect, i.e., there exist u(z) and a(s)
satisfying (3.1.1) with boundary condition (3.1.2) or (3.1.3) such that z(x) = wu(z), then
(a,u,0)T with 0 = a(u)u’ can make zero the first three terms (and the last two terms if
the boundary condition (3.1.3) is required) of J (b, u, o), and makes J (b, u, o) small if the
regularization parameters are small. Therefore, as it happened in Chapter 2, minimizing
the cost functional may give an approximation to a solution of the PI problem.

Our method for this nonlinear case is a combination of the least-squares method
and the equation error method, but is formulated in a least-squares mixed approach.

This Chapter is organized as follows: we formulate the identification problem as
an optimization problem by discretizing the cost functional, which is minimized in the
computational procedure over a discrete space. This is followed by error estimates in the
approximation. In the very last section, we present some computational results, which are
calculated with the proposed scheme.

3.2 Finite element method

In this section, we formulate a finite element discretization of the cost functional (3.1.6)
and discuss the related minimization problem. In our estimations, we regard C as a generic
constant, which may vary in different contexts, but is always independent of h, unless
specified otherwise. In order to define the finite element spaces, let {A}, with h € (0, 1),
be a family of regular, quasi-uniform partitions of Q C IR!. For fixed integers » > 1, [ > 0,
we let S;; be the space defined in (2.2.14), C~'(Q) again is interpreted as L*(€2). By S,Z:?,
we denote the subspace of functions of Sj ; which vanish at = 0 and z = 1. The bounds
(2.2.15), (2.2.16), (2.2.17) hold. H~' stands for the dual space (H*(2))* equipped with the
norm (2.2.18).

Three different discretization spaces are needed for the computational procedure:
Uy, for the solution u, By for the parameter b and 3, for the flux variable o, we assume
that these spaces are:

B, = S, here [ =0, 1,
U = SN HY0,1), (3.2.9)
o= Sp,

where dy, d,, d, are integers that we will fix later.
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Now we are ready to define the numerical method to solve the PI problem:
(D) seek b, € By, uj, € Uy, 0} € 3y, such that

beBp,uclUy,0€%y,

where J}, is defined by,

) Tna(wy), if (3.1.2) holds,
Tn(wn) _{ Tna(ws), if (3.1.3) holds, (3.2.11)
where
Tna(wn) = lun — 2[5 + allon — buug 1§ + Bllor, + fIIG+
YIbulI2, + pllunll?, + dllowll2,, (3.2.12)

Tna(Wn) = Tna(wn) 4+ &(on(1))? + 0(bn(1)uj, (1) — oa(1))%.

where wy, = (bp, up, 01,) € By X Uy X Xp,. The advantage of this variational approach is that
we allow all variables (b, u, and o) to vary in the corresponding discrete subspace without
differentiating any kind of error corrupted data z. The weights =, p, and 6 will be chosen
so that all terms of J,(wy) are balanced. Another advantage of our numerical approach
to recover the nonlinear coefficient is that the same code can be used for both linear and
nonlinear cases with no modifications at all.

The next algorithm shows how to construct the nonlinear coefficient a(s), s €
[ming @, maxgq 4| from b} (x) and uj(z) in the case that d, = 1, d, = 2, and the Dirichlet
boundary condition is used in the boundary value problem (3.1.1).

(Step 1) After the minimization procedure, we get the following functions,

Na
=1

Ny
(o) = S5 uli(a)
i=1
where {¢;(x)} X% are the basis functions for the linear finite element space By, and {4; ()}
are the basis functions for the quadratic finite element space Uy,.

(Step 2) Define @ = (uy, Ug, - -+, Upm)” by arranging {0,ul,uf, -, uf 0} in an as-

cending order, repeated entries counted only once.

(Step 3) Let {¢i(s)}™, be the basis functions for the linear finite element space
defined over the interval

[ min_ u? max ul]
i=1, Ny i=1,. Ny
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with the partition {u1, @g, -, U}

(Step 4) Form the vector b = (by, by, - -+, b,,)T by applying the same arrangement to
(b, b5, - -+, bk ) as that applied to {0, uf, uf, -+, uk 0} to define @

(Step 5) Define the finite element approximation to a(@) as follows,

m
ap(s) =Y bigi(s), s € [minj—y,... n, ul, max;— ... n, ul']
i=1

In the next section, we derive some error estimates which demonstrate that b} (x) is
a reasonable approximation to a(@(x)) as a function of x.

3.3 Some error estimations for the nonlinear param-
eter

In this section, we establish some error estimates for an approximate solution to the PI
problem generated by the finite element method presented in the previous section. This
approach leads to the best choice of the regularization parameters and the choice of the finite
element spaces for the optimal convergence rates. Let If'; I" and I" be the interpolation
operators in the finite element spaces By, U, and Y5, respectively. The regularization finite
element spaces are chosen so that

1§7’b§db+1,1Srugdu—i_l;lgragda—i_l-
Moreover, there exists a constant C' such that the interpolation operators satisfy,
1758llry < Cllbllrys1, 150l < Cllullrys, 12501, < Cllollry+1,

for any b € H™**(0,1),u € H™™(0,1),0 € H™"(0,1). We first derive an estimate for a
minimizer of Jj.

Lemma 3.3.1 Let us assume the following hypothesis,

x Let z(x) be a distributed L* observation of the state @ with an observation error of
the form
|t — zljo <e.
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x Assume that b = a(i) and @ satisfy the differential equation (3.1.1) along with the
boundary condition either (3.1.2) or (3.1.3). Moreover, b, & and & = bi' have the
following regularities:

Hdu—f—l(
Hdu—f—l(

1), if (3.1.2) holds

~ do+1
AW, 1), if (3.1.3) holds "0 € (0,1),

be HbT(0, 1),&6{ 8
x The finite element space Uy, is such that
I(Lya)' |l < C,
for h small enough.
x The regularization parameters v, p and 6 are chosen such that

v, p, and 6 ~ C{e® + h¥ &+ 4 o(p2de+D) | p2du 4 p2(dtl)) | gp2de | gp2duy

with a constant C independent of h. The term containing 6 above is dropped in the
choice of the regularization parameters and in all the estimations after now if the
boundary condition (3.1.2) holds.

Let w} = (b, uy, 07) be a minimizer of Jy(bn, un, on) defined by (3.2.11) in By, x Up, X 3y,

then we have the following estimate for the cost functional

Tn(wh) < C{e® + 2t 4 o(p2dotl) o p2du | p2(detD)y 4 gp2de | gp2duy

here C' is independent of € and h. Moreover, we get the following bounds,

llos, = bh (i)' llo

1(@h)" + Fllo

C{e+ h A 4 Ja(hHD 4 bt hldHD) 4 \/Bhde 4 \/Oh}

<
< %{e + Rt (Rt D) 4 pdu 4 (At D)) 4 /BRde 4 /R )

Proof. We treat the case in which the boundary condition (3.1.3) holds. Similar estimations

can be obtained for boundary condition (3.1.2) by dropping all the terms containing 6. Let

(b5, up, 07;) be a minimizer of Jp,, which will be denoted by wj}, and let Iﬁ), I"i and I''G
be the interpolates of b = a(a), 4, and & = a(a)@’ in By, Uy, and X, respectively. Now

jh( Z,UZ,O'Z) < jh(jl?a 13&7121&)7

and

T, 1}, 156) = |1t — 2|5 + allIpe — Bo(Iha) |3 + B[ (155) + flis+
YIIGBIE, + pllLyall?, + 6115617, + 0(Iyb(1) (1ya) (1) — 156(1))*.
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The first three terms on the right hand side of the inequality above have the following
estimates,

bt = zllo < [y —dillo + [|@ — zlo
3 < Chutt Hqu 11t € 3 3
1226 — (1) o < 136 —b(@) [lo+ [1b(a — L2@)'||o + I|(b — I80) (L) ||o
< 1226 — (@) lo + 1bllooll (@ — L2@)'[lo + [[b — IEbllo| (13@)' [l
< C{n |Gl dp 1 + A fliflaur + AT [Blla41 3,

I(I55) + fllo < [I(Z36 — a(@)a)'[lo
< Ch®||6]l4, 1.

For the last term, since Lagrange type finite elements are used here,

| pp(V)(Iya)' (1) — Ipe(1) | = [a(a(1))(Iya) (1) —&(1) |
= la(a(1)(Iya)' (1) — a(a(1))a' (1) |
= C|(Iyu)(1) —a(1) |
< Oy —a) o
< Ch™|lilla, 41,00,

Then, so far

jh( Z,UZ,O';;) < C{hQ(du—f—l) 4 62 4 a(hQ(dJ—f—l) h2d“ h2(db+1 ) 4 BthJ}_i_
I, + pllZzall?, + 6111257, + COR?®,

since 3
1130l ry 13l | 125 ]|y, < comstant

and choosing 7, p and ¢ as in the hypothesis, we get the main assertion of the lemma,
Th(wy) < COfé® + h¥dutD) 4 q(pHdetD) 4 p2du 4 p2(det1)) 4 gp2de 4 gp2du}
We can get the next two bounds from the definition of Jj,(bp, un, 1) and the bound above,

oy, = i (ui) o < F5{e+ AWt 4 a(htD) 4 htv 4 hldAD) 4 (/B 4 v/ht}
(o) + fllo < %{e + hdutD) 4 Ja (Rt 4 pdu 4 b)) 4 /Bhde 4 /Ohd}

As a consequence of this lemma, the minimizer of J,,(wy,) is uniformly bounded with respect
to h. This result is stated in the following

Corollary 3.3.1 If all the conditions of Lemma 3.53.1 hold, and

o

0 <
0 < C{e® + h2tl) (R tD) o p2du 4 p2(AH1)) 4 gp2de 4 G2},
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then there exists a constant C such that

W% < C, for all h.
Proof. This proof is identical to that in Corollary 2.3.1.

Theorem 3.3.1 Suppose that all the conditions in Lemma 3.53.1 and Corollary 3.3.1 hold.
If (b}, up, 07) is a minimizer of Jn(bn, un, on), then we get the following estimation in the
weighted Ht-norm,
(@@ ~ BV gy < Ol + 5+ 7 + Dle+ A4
Ja(hetD) 4 pdu 4 pFDY 4 /Bhde 4 \/Ghde}

where C is independent of € and h. The term containing V0 is dropped if the boundary
condition (3.1.2) holds.

Proof. Due to the boundary condition satisfied by % and integration by parts the following
holds,

[((@(@) = b3)a) Il aroay = SUWPyeiron Tollx

SUPyefr1(0,1)

We now estimate the term ((a(a) — b%)@',v') when v € H'(0,1). By using the weak form
of equation (3.1.1) with the boundary condition (3.1.2), adding and subtracting various
terms and integrating by parts, we get

((@(a) = op)a', o) = (f +(a3)"s0) + (o} = b (up)'s 0") + (0, (uj, — @)', ")
By the same reasons as above, but with boundary condition (3.1.3), we get

((@(a) = bp)a', ") = (f + (o), 0) — o (Do(1) + (o7, — by (uz)’, v) +
(b5 (uf, — @)’ ")

We proceed to estimate each term in the equality above. By Lemma 3.3.1

| (f + (a7),v) | L1 ) sD) s L ()
'<f+<02>’>v>!+!oz<1>v<1>r} S O+ JpHe+ W) o ya(het) b )
VBhY + VOREY[v]s,

| (o7 = b (up) o) | < Go{e+ ROF 4 /a(hlttt) 4 pte 4 i)

VBh + V/Oh®}v];.
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By Lemma 3.3.1 and the inverse inequality (2.2.16) we get

| (07, (uj, — @), 0') | Cl|(uj, —-ﬁ)thHvﬂl L

(W% w)'llo+ [|(1y @ — @)'llo)[[v]l:

Qﬂuh—fWMo+h%HMMwamvh

C((lu = 2llo + 12 = allo + 17 — Leallo) + hé[|alla, 1) vl

%(e + R e (RldetD) g g DY 4 /BRG]y

Finally, we get the assertion of the Theorem by combining the above three estimations,

I(@(@) = )@ | i) < Clym +VF+vr+@@+h@ﬁn+¢MMWW+W%+h%“D+
VBh 4+ \/Gh).

VAN VAN VANRVARRVAN

Corollary 3.3.2 Suppose all the conditions in Theorem 3.3.1 are satisfied and that the
boundary condition in the PI problem is (3.1.3), then a minimizer wj = (b, uj,05) of
Tn(bn, un, o) satisfies the following weighted L* norm error estimation,

|(a(@) — b)) |lo < C@E+j§+i@+@@+h%“%+wamwﬂ+h%+h%ﬂh+
VBh +VOh).

Proof. Let x be the solution of the following initial value problem,

X'(z) = (a(a) = bp)u'(z), = € 2= (0,1)

x(0) = 0
The solution to the above initial value problem is x(z) = [y (a(@) — b, (7))’ (1) d7, so
x € H'(Q) and by Theorem 3.3.1, we have

((a(a) —bp)a',x") < |[((@(@) = 0,)@") || a0,y x5
(@)~ )i, ) < [1(@(@) = 5)@) [ sgoy- [ o by Poincare’s inequality,
((a(a) —op)w',x') < [[((a(@) = 0p)&') [l 10,1yl (@l@) — 03) W [|o-
It follows that
[(a(@) — by)a'lo < [1((a(@) — b;)a") || a1 (0,1))»

and the assertion of the Corollary follows straightforward from Theorem 3.3.1.

Corollary 3.3.3 Assume that the boundary condition (3.1.2) holds in the PI problem.
Then under the conditions of Theorem 3.3.1, we have the following weighted error estima-
tion in the H=' norm,

AN X A VYAV, < 1 1 1 (du—f—l)
[((a(a) —b)a')[|+ < Clz +'\/5 Tt e+h
\/a(h(da+1 + hdu + h(db+1 ) + \/_hdcr}.



62

Proof. The result follows from Theorem 3.3.1, since in this case H'(0,1) = H}(0,1), and
(F(0, 1)) = H-(0,1).

3.4 Numerical examples

We present some numerical examples which display interesting features of the finite element
method in this chapter. To describe the accuracy of a finite element solution b, = an(up),
we let a(s) and a(x) be the functions satisfying the differential equation (3.1.1) along with
the boundary condition (3.1.2) or (3.1.3). Let

E'an) = (/Ol(d(ﬁ)—ah(Uh))Q(ﬁ'(x))2d$)1/2> (3.4.13)

Obviously, a(s) can be considered as the exact solution of the PI problem, E°(aj) can
be considered as a weighted L? norm of the error in a finite element solution b, = ax(up).
All the numerical results presented in this section were carried out with the finite element
spaces such that

dy=11=1,d, =2,d, =2,

and they were obtained by a two-level or three-level Newton method with initial guesses
generated by perturbing the exact solutions with a random variable of magnitude 5. Let us
not forget that in all our calculations, we are calculating not only the coefficient function
a(s), which is one of our unknowns, but also the state function u(z), as well as the flux
function o(z). The weighted L? errors for various values of h are shown in the data tables
along with some pictures.

Example 1: In this last example, we identify the nonlinear coefficient a(s) = e~*,
from the data function z(z) = sin(wz) 4 7wz for the boundary value problem (3.1.1), (3.1.3).
We assume that the data is perfect, i.e., z(x) = u(x) and f(x) is chosen so that u(z) is the
exact solution of the two point boundary value problem with the given a(s). The errors in
the weighted L? norm for the finite element solutions b, = ap,(u) with various h are given
in Table 3.1. To see the rate of convergence, we assume that the error obeys

Eo(ah) =Ch'".
Then the data in Table 3.1 satisfies

EO (ah) — Ch2'00042895934973.
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This power of h agrees with the theoretical rate of convergence given by Corollary
3.3.2 which should be 2 with no observation error.
The same rate of convergence will be obtained for the next PI problem with ho-

Table 3.1

h | weighted L?-error | h | weighted L2-error
1/30 | 6.4394614  10~3 [ 1/110 | 4.7778042 + 10~*
1/40 | 3.6177598 x 10~3 [ 1/120 | 4.0145181 x 10~*
1/50 | 2.3141633 * 10~3 | 1/130 | 3.4205410 * 10~*
1/60 | 1.6066215  10~° | 1/140 | 2.9492553 % 10~*
1/70 | 1.1801810 * 10=3 [ 1/150 | 2.5690657 * 10~*
1/80 | 9.0347604 x 10~ | 1/160 | 2.2579088 * 10~*
1/90 | 7.1380052 % 10~ [ 1/170 | 2.0000498 * 10~*
1/100 | 5.7814271 » 10~* | 1/180 | 1.7839625 » 10~*

Table 3.1: Errors in finite element solutions with various A for the PI problem with bound-
ary condition (3.1.3)

mogeneous Dirichlet boundary conditions by using the same finite element spaces in the
approximation. A rigorous proof for the weighted L? norm error estimation for the next
PI problem still remains an open issue that needs further investigation.

Example 2: The first problem consists in identifying a(s) = s*—s?+ 3 from the data
function z(x) = sin(27z) in the boundary value problem (3.1.1), (3.1.2). We assume that
the data is perfect, i.e., z(z) = u(x) and f(x) is chosen so that u(x) is the exact solution
to the boundary value problem with the given a(x). The errors in the weighted L? norm
for the finite element solutions with various h are given in Table 3.2. To see the rate of
convergence, we assume that the error obeys

Eo(ah) =Ch".
Then the data in Table 3.2 satisfies

EO (ah) — Ch1'99373239302467,

This example strongly suggests that the inequality in Corollary 3.3.2 should also
hold for boundary condition (3.1.2) as was the case for the PI problem with boundary
condition (3.1.3). We displayed the identification of a} in the figure 3.1.

In the next example, we want to explore the features of our method as to identify a
discontinuous coefficient.
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Table 3.2
h | weighted L?-error | h | weighted L2-error
1/30 | 2.1774801 102 | 1/110 | 1.7014844 % 1073
1/40 | 1.2536272 % 1072 | 1/120 | 1.4306409 * 102
1/50 | 8.1097540 * 10~ | 1/130 | 1.2196122 % 103
1/60 | 5.6652307 * 10~ | 1/140 | 1.0520232 % 1073
1/70 | 4.1769626 * 10~3 | 1/150 | 9.1672019 * 10~*
1/80 | 3.2054390 * 10~3 | 1/160 | 8.0592304 * 10~*
1/90 | 2.5366946 * 10~3 | 1/170 | 7.1405110 * 10~*
1/100 | 2.0570738 » 10~% | 1/180 | 6.3703234 » 10~*

Table 3.2: Errors in finite element solutions with various A for the PI problem with bound-
ary condition (3.1.2)

Example 3: Finally, we identify the piecewise constant coefficient

1.2 for wup, < s <2
R mwm = _— 8
d@—{lem%<sgum$ (3.4.14)
from the data 5 )
Sx for0 << 2
z(x) = { 68 2 0 7 2 1 o (3.4.15)
—%1'24-537—% forz<x§1

for the boundary value problem (3.1.1), (3.1.2). We assume that the data is perfect and
f(z) = —(a(u)u’)’. We carried out this example so that the nonlinear constraint,

a(u_)u’ = auy)u,

holds. Some pictures are depicted below in figure 3.2. As we can see, our method does not
provide us with a good approximation to the nonlinear coefficient in this case.
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Chapter 4

Parameter identification of two
dimensional elliptic boundary value
problem

4.1 Introduction

In this chapter we are concerned with the identification of the unknown coefficient a(x)
for a two dimensional elliptic boundary value problem. We present and analyze a finite
element method based on the mixed least-squares idea.

Let € be a bounded polygonal domain in IR" with a Lipschitz continuous boundary
I'. We consider a boundary value problem (BVP) with a linear partial differential equation

-V - (a(x)Vu(z)) = f(z) in Q C R", (4.1.1)
or nonlinear partial differential equation

-V - (a(u(z))Vu(z)) = f(z) in Q C R", (4.1.2)

with the Dirichlet boundary condition

or Neumann boundary condition

ou
—Ir = 4.14
5ol =0, (414

67
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where f € L?(Q), and A < a(z) < A for some positive constants A and A. The parameter
identification (PI) problem is to recover the parameter a = a(z) within some suitable set,
from an L? observation z(z) of u(x) such that a(z) and u(z) satisfy (4.1.1) along with the
boundary condition given by (4.1.3).

The differential equations here correspond to a steady state solution of the parabolic
partial differential equation below,

Ou(z,t)
ot
supplemented with appropriate initial and boundary conditions. This differential equation
models the flow of oil in a reservoir, a(z) is the transmissivity of the porous medium, the

dependent variable u represents pressure and f accounts for the withdrawal or injection of
fluid in the reservoir.

=V - (a(u(z,t))Vu(z,t)) = f(z,t) + , (x,t) € Q x (0,7, (4.1.5)

To describe the method, we let H*(£2) be the standard Sobolev space. We use || - ||s
to denote its norm, and use |- |5 to denote its usual seminorm. The inner product of
H?*(Q) will be denoted by (,-)s with (+,-) = (-, )0 for the inner product in L?(Q2). Another
space we will need throughout this chapter is the Sobolev space W™>(Q), for m a positive
integer, equipped with the norm

aa
[0]lm,c0 = max || z—=v(z) |

la|<m " Oz®

4.2 The linear BVP with Dirichlet boundary condi-
tion

In this section, we consider the PI problem for BVP formed by the linear partial differential
equation (4.1.1) and the Dirichlet boundary condition (4.1.3).

As before, our PI problem has two unknowns: a(z) and u(x). Following the standard
set up in the mixed formulation, we introduce the flux o(z) = a(z)Vu(z) as an additional
unknown. These unknowns satisfy the equivalent first order system:

{‘V'U =/ (4.2.6)

aVu = o.

We then try to find an approximation to the solution of the PI problem by minimizing
the following cost functional,

J(a,u,0) = |lu—2z|§+alo —aVul§+ Bldive + [+

4.2.7
a2, + pllull2, + 8|2, (4.27)
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over the space H'(Q) x (H}(Q) N Wh>(Q)) x (H' () x (H*(2)), where the integers r,,
ry and r, depend on the Sobolev spaces in which the regularization takes place. The
nonnegative numbers «, 3, 7, p and 6 can be considered as regularization parameters. The
meaning of each term in (4.2.7) is the same as that for the previous two chapters.

4.2.1 Finite element method

In this section, we formulate a finite element discretization of the cost functional (4.2.7)
and discuss the related minimization problem. We regard C as a generic constant, which
may vary in different contexts, but is always independent of h, unless specified otherwise.

In order to define the finite element spaces, let {Ap}, with h € (0,1), be a family of
regular, quasi-uniform partitions of 2 C IR". For fixed integers r > 1, [ > 0, we let

S ={veC™Q):v|r € P forall T € Ay}, (4.2.8)

be a Lagrange type finite element space, where P, is the space of polynomials of degree less
than or equal to r and C~(Q) is interpreted as L*((2). By S,Z:?, we denote the subspace
of functions of Sy ; which vanish on 9€2. By the results in [14] and [38], we know that for
all v € W™P((2), there is (an interpolant) vy, € Sy ; such that all three inequalities (2.2.15),
(2.2.16), (2.2.17) hold.

We denote by H'= H~!(Q) the dual space (H}(Q2))* equipped with the norm

o= sup M2

1. w)} (4.2.9)
ozveri@ ¥l

Let us now introduce those finite dimensional spaces needed to define the computa-
tional procedure. We need altogether three different discretization spaces, namely, U}, for
the solution u, A, for the parameter a, and finally >, which will be used to discretize the
flux variable 0. We assume that these finite element spaces are,

A, = S,
U = S, (4.2.10)
Eh = Sltziflxsl(zifrl?

where d,, d,, d, are integers.

Now we are ready to define the numerical method to solve the PI problem:
Py) seek a; € Ap, ui € Uy, o} € Xy, such that
h h h

TInay, up, 03,) = Tn(a,u, o), (4.2.11)

min
a€AR uEUR,0€8, X2
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where J}, is defined by,

Tn(wn) = |lun — 2|[§ + allon — anVus || + B||divey, + I3+

4.2.12
anl, + pllunll?, + 8ol (42.12)

for wy, = (ap, up, o) € Ap x U, X Xp. As we can see, the cost functional (4.2.12) consists
of several terms, the first term represents the usual output least squares fit of the data
measured in L?*(Q)) , the second and third terms are the equation error residuals of the
involved differential equation in mixed formulation. The remaining terms are for regular-
ization purposes. The advantage of this variational approach is that we allow all variables
(a,u, and o) to vary in the corresponding discrete subspace without differentiating any
kind of error corrupted data z. The weights v, p, and 6§ will be chosen so that all terms of
JIn(wp,) are balanced.

4.2.2 Some error estimates in weighted norms

In this section, we establish some error estimates for an approximate solution to the PI
problem generated by the finite element method in the previous section. The estimates
and the arguments are influenced by [20], [25], [26]. In all the discussion below, C denotes
a generic constant which may take a different value at different places and is independent
of h unless specified otherwise. Let I, I" and I be the interpolation operators in the
finite element spaces Ay, Uy, and ¥, respectively. The regularization spaces are chosen so
that
1<r,<d,+1,1<r,<d,+1,1<r, <d,+1.

Moreover, there exists a constant C' such that the interpolation operators satisfy,
IZzallr, < Cllallras, 1 Z3ullr, < Cllwllrurr, 11501l < Cllollr+1,

for any a € H™(Q),u € H*(Q),0 € (H™(Q) x H"™(Q)). We first derive an
estimate for a minimizer of Jj,(w).

Lemma 4.2.1 Let us assume the following hypothesis,

x Let z(x) be a distributed L* observation of the state @ with an observation error of
the form
|z —allo <e.

x Let a, 4 satisfy the differential equation (4.1.1) together with the boundary condition
(4.1.3). Moreover, a, @, and & = aVa, have the following regularities:

= Hda—f—l(Q)’& e Hdu‘f’l(Q)’& e Hda+1(Q) > Hdo"f’l(Q).
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x The finite element space Uy, is such that
V(i) < C,
for h small enough.

x The regularization parameters ~y, p, and 6 are chosen such that
y 4 ) + § ~ 0{62 + h2(du+1) + a(hQ(da—i—l) + h2du + h2(d0+1)) + BthU}7
with a constant C' independent of h.

Let wy, = (a,,uy,05) be a minimizer of Jy(a,u,oc) defined by (4.2.12) in Ap x U X 3y,
then we have the following estimate for the cost functional Jp,

Th(wi) < C{e® + hH bt o (p2datl) 4 p2du | p2(dotl)y 4 gp2doy (4.2.13)

here C' is independent of € and h. Moreover, we get the following bounds,

[V(up —a)llo < Q{hd“+1 + € + /a(hde Tl 4 pdatl 4 pdu)y 4\ /BRde}
oy — aiVuillo < Se{e+h®t 4 yJa(hdott + bt 4 htett) 4 \/Bhi-}
Idivoy + fllo < G{e+h%H 4 a(h®t + bt 4 %) + /Bh}

NG

Proof. Let (a},u},0}) be a minimizer of [, which will be denoted by w;, and let I"a, I"a,
and I"G be the interpolants of a, @, and & = aVa in Ay, Uy, and ¥y, respectively. Now

jh(w;;) < jh(IZ;E% 13&7 I£6)7

and

Tulga, Iia, 106) = |[Iva— 2|§ + ol 126 — [;aV (Lya) | + BlldivIge + fll5+
yIzally, + el Zyall?, + o1l 155]17,
The first three terms of the equality above have the following bounds,
110 — 2[lo 1156 — dllo + || — 2[lo

Chd“"'lHﬁHdu_,_l + €,
1126 = &llo + [aVa — aV(Ia) o + [|aV (1ya) — I;aV (1ya)|e
Chiot 6| a, 1 + lalloo [V (@ — TR0 + [V (13@) | ll@ — I3allo
Chi Y&, 41 + Ch[[@]la,+1 + Ch* ||, 41,
[div(I36 = &)lo
Che |6 la,+1,

156 — I3aV (Iya) o

[divIzs + fllo

VA VAR VAR VAN VAN VAR VAN
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Then, so far

Tn(wi) < C{h¥dtD) 4 2 4 o(h2datD) 4 p2du 4 p2(datl)) 4 gp2de) 4
yIzally, + el Zyally, + 611155117,

since
17allr. < Cllallr+1,
Il < Clliflr,+,
11551, < Cl16 1,

and choosing 7, p, and ¢ as in the hypothesis, we get the main assertion of the lemma:
Tn(wr) < C{h¥dut) 1 e o(h2dotl) - p2du | p2(datl)y 4 gp2doY

We bound ||V (u},
/2(

— @)||o by applying the inverse inequality (2.2.16) to it and the bound
above for J,/*(w}).

IV —@)lle < IV (u;— @) |lo + V(12 — @)|o

C{Huj, — Lhallo + h* 1] g1}

C{3(lup — 2llo + |2 — @llo + |1 — 12alo) + hé}
C{F(lluj, — 2llo + €+ A1) + b}

C{3 7By, uf 07) + £ + b}

%{e + htH 4 Ja(hdott 4 pte 4 pdet) 4 /Bhie .

VAN VAN VANRE VAN VAN VAN

We can get the next two bounds from the definition of Jj(a, u, o) and the bound above for

TIn(Wp,)

ok — aiVuillo < Fefe+ A 4 a(hiott 4 it 4 it 1+ /Bhte},
[divay; + fllo < %{e Rt Ja(R%e Tt 4 pde o pdatl) o /Bhde ),

As a consequence of this lemma, it can be shown that under certain conditions, the
minimizer of J,(wy,) is uniformly bounded with respect to h. The result is stated in the
following

Corollary 4.2.1 If all the conditions of Lemma 4.2.1 hold, and

then there exists a constant C' such that,

lwrllx < C, for all h. (4.2.14)
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Proof. In this proof, C denotes a generic constant. Let wj be a minimizer of J,. Then
according to the definition of J}, and the bound (4.2.13), we have that

Va2, < Ju(wi) < C,
plupll2, < Ju(wp) < C,
Sllopll2, < Ju(wi) < C.
Since v, p, and ¢ are positive and finite, then

* 1 1/2/ &

”ah”ga < —,yjh/ (Wh) < C,
* 1 F1/2/ 4
Jupllz, < NGl (w) < C,
* 1 +1/2/ «
lozl?2, < L7Pw;) < C©

Therefore ||w} ||« < C, for all h.
Corollary 4.2.2 Assume the hypothesis of Corollary 4.2.1 and take H? to be the Sobolev
space for the regularization of ap. If Ap = S,‘ffl with 1 > 2, then
[[ah]leo < 00
Proof. The proof follows from the fact that A, C C*(Q)N H?(Q2), the boundedness of w}

in the norm of H in the Corollary 4.2.1, and by the Sobolev’s embedding Theorem in two
dimension under the hypothesis we have assumed for §2.

The proof of the following result is motivated by the work in [26] and [3].

Theorem 4.2.1 Assume all the hypothesis of Corollary 4.2.2. Let a(x), u(x) satisfy equa-
tion (4.1.1), where both have the same reqularity as in the Lemma 4.2.1, in addition to this,
w(x) has to be in WhH>(Q). Let w; = (a},u},0}) be a minimizer of the cost functional
(4.2.12), then we have the following error estimation in the weighted L' norm,

Jola; —a||VaPde < C{6+ %(hduﬂ + e+ Ja(hdetl 4 pdatl 4 ) 4\ /Bhde )+

(57 + (g + R+ e+ Va4 e bl Bl

where C' is independent of € and h, and 6 is just any positive parameter.
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Proof. Recall that the weak form of equation (4.1.1) reads as,
/ aVia - Vodr = / fvdz for all v € H(Q) (4.2.15)
Q Q

Set ¢ = aj, — a. Now, we estimate the term

]/QqﬁV&-Vvde

where v is a test function in Hg(£2). To this end, we add and subtract suitable terms and
integrate by parts, to get

— [qoVu-Vodr = [o(f +divey)vde + [o(or —a;Vuy) - Vodz+

Jo ayV(uj, — @) - Vv dz, (4.2.16)

Now taking the absolute value of — [, pVu - Vv dz, we get the following estimation,

| Jo ¢V - Vude | < |divay + flollvllo + llof, — a; Vuillo][Vollo+

! [Vllo - 4.2.17
Il oll V25, — @) o[ Vo o, 42.19)
which leads to the following inequality,
| /QqﬁV& Vodz |< collvllo + e | Vlo, (4.2.18)
for all v € H}(Q), where ¢ = a}, — a, and
Co = ”leO';; + f”0> (4219)
and
&1 = |log, — apVugllo + [laglloc.l |V (uj, = @)fo- (4.2.20)

Next, we rewrite the left side of the inequality (4.2.18) as a sum of several terms. First, we

approximate ¢ by a sequence of smooth functions ¢, € C*°(Q2) with
[tr — ¢lli — 0 as r — oo. (4.2.21)

Next, for 6 > 0 and r fixed, we consider the following test functions,
vy =6 (W A8, vy =6 (—)T A ), (4.2.22)

where ¢ = max{¢,,0}, .7 A é = min{yF,6}. Since [|¢or]1 < C as a consequence of
(4.2.14) and (4.2.21), we have

[villo < lallo,

[Vuillo < C(67'+1), (4.2.23)
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for i = 1,2. We claim that

/ GViPde < C6+ | / ¥, Vi - Vo dz | (4.2.24)
Yr26 Q

- GValPde < O6+ | / Y Vi - Vg dz | . (4.2.25)
Yr<—6 Q

We will prove the first inequality, since the proof for the second one is similar. The defini-
tions (4.2.22) give

Jo Vi - Vorde = [, 50|Vl de + 67 [y s V2Vl do+

(4.2.26)
6_1 f0<'¢)r<6 ¢TV¢T * ﬁVﬁ d.CIZ'
The second term on the right satisfies
5t V2Val® < C6. (4.2.27)

0<thr<6

In estimating the third term, we shall suppose (without loss of generality) that 0 and § are
regular values of ¢,.. Then

07 Jocyras YrVipr - aVade = (40)7 fooy, o5 V(¢7) - V(0) da

_ O(u? -
= (46 o <sy V225D ds — focy < VAE) o}
(4.2.28)
where 7 stands for the unit outer normal Now, the boundary 0{0 < v, < 6} can be written
as follows,

8{0 < wr < 6} =14 UFQUFg,
where

Ty = {tr = 0} (AT = {th, = 8} (U Ts = {0 < ¢, < 630

Now, we proceed to estimate each boundary term. Clearly

~9
fai ds = 0.
r, | 0n

As for I'y,

~2 ~2
Jr, 07 %Qf? ds = 67 Jogw, <630 %Ln ds,
(4.2.29)
~2

= & f¢T<6 AW dr — 6? fa{¢r<6}ﬂag %% ds.
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Hence, we have the following estimations,
2 0u> 2
a7 @ < Cé 4.2.30
’ ng w’l’ /r’ S ’ — Y ( )
using that 9u%/0n is bounded on 9. Similarly, we get

ey uthds| < o8

(4.2.31)
| Jocyes ViA(T%) dz | < C6%
Combining all these results with (4.2.28) gives:
—571 .V, - aVidz < C6. (4.2.32)

0<thr <6

Putting (4.2.27), (4.2.32) together, we get:
/ G| Val?de < Co+ | / 0, Vi - Vo dz |
Yr>6 Q
Assembling (4.2.24) and (4.2.25) with the obvious result:
[ eIVl de < os,
[¢r| <6
we conclude that
/ 0, ||Val? de < C{6+ | / Vi - Vorde | + | /Qw,nva Vuydz |},
Q Q
By taking the limit of the expression above when r — oo, we get:
/ 6||Vaf2 dz < C{6+ | / SV - Vo do | + | /QqﬁV& Vs dz |}.
Q Q
Applying (4.2.18) with v = v, and v = vy, and using (4.2.23), we conclude that
[ 1611V dz < C{8 +co +ea(67 + 1)},

which concludes the proof of the Theorem.

We can also derive an error estimate in the H~! norm for aj. According to the
definition, we have

|(div((a — a;)Va), v)|

[div((a —ap)Vu)|l-1 = sup,epy o) :

. vl
= SUPyeni(q) ol | ((@ = a},)Va, V) |,
1
< SUDyemi(o) ”U”l(CO”U”O + c1||Vvllo),
< ¢+ oa,
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where ¢o and ¢; are given by (4.2.19) and (4.2.20), respectively. The following theorem
follows from the previous theorem.

Theorem 4.2.2 Under the same assumptions as in Lemma (4.2.1), we have the following
weighted error estimate in the H=* norm,

[div((a — aj)Va)[ . <

O+ g+ B et Valht 4 bkt 4 i) 4 /B,

4.3 The linear BVP with a mixed boundary condition

In this section, we are concerned with the identification of the unknown coefficient a(x) for
the elliptic boundary value problem with mixed boundary conditions

—div(a(z)Vu(z))
o o, = 0, (4.3.33)
@Bl = o

|
=
S
5
o

where f € L*(Q), and A < a(z) < A for some positive constants A and A. Here
0 = T'yUT'y, where I'y and I'; are open disjoint subsets of 9) with positive measure
each. The PI problem is to recover a parameter a = a(x) within some suitable set of

admissible elements, from an L? observation z(z) of u(z) such that a(x) and u(z) satisfy
(4.3.33).

To describe the method, we let
f[l(ﬂ) ={ve HY(Q) : v |r,= 0}.

be the standard Sobolev space. We use the same notation for its norm and seminorm.
Since we are going to use the mixed least-squares ideas again, we introduce the flux vari-
able o(z) = a(x)Vu(z) as an additional unknown, and reduce the given linear differential
equation in (4.3.33) to the equivalent linear system in (4.2.6).

As before, we try to find an approximation to the solution of the PI problem by
minimizing the following cost functional,

J(a,u,0) = |lu—z|§+alo —aVulg+ Blldive + 5+

Yall?, +PHUH35 +6lloll?,+ , (4.3.34)
£llg —aVu- 77”1:2(1“1) + ull(o = aVu) - 77HL2(F1)>
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over the space
H=H'(Q) x (f[l(ﬂ) NWH*(Q)) x (H(Q) x H(Q)), (4.3.35)

where the integers r,, ry, and r, depend on the Sobolev spaces in which the regularization
takes place. The nonnegative numbers «, 3,7, p, 6, &, i1 are the regularization parameters as
in the previous Chapters. The meaning of the first six terms in (4.3.34) is the same as in the
previous chapters, but now the boundary conditions are incorporated in the last two terms
in (4.3.34). Note that if the data is perfect, i.e., there exist u(z) and a(x) satisfying (4.3.33)
such that z(z) = u(z), then (a,u,0)” with 0 = aVu can make zero the first three and
the last two terms of (4.3.34), and makes J (a,u, o) small if the regularization parameters
are small. In other words, minimizing the cost functional may give an approximation to a
solution of the PI problem.

4.3.1 An estimate for error |v — Il1v|, 400

At this point, we intend to give an estimation of the interpolation error |v — v, 4 00 for
an affine family of finite elements. Since we are going to work with a triangle T, it is easy
to show that 7" is a domain which has a Lipschitz continuous boundary 97'. For domains
2 C IR™ with Lipschitz continuous boundaries, there is a continuous embedding (see [22],
page 151)

WEP(Q) C CE(Q) for 0Sm <k —F

where CEF(Q) = {u € C™(Q2) : D*u € L>®(Q) for |a] < m}. In our situation, the following
inclusion holds: R R
WHLP(T) € CR(T)

provided that 0 < m =0 < k+ 1 — %, which is always true with p = 2 in IR?. The
continuous embedding R X
WHEHLP(TY € W™4(T)

holds with ¢ = oo, m = 0,1, k > 1, and p = 2 in IR%. The double inclusion
Po(T) c P c W™(T)

is always true for m = 0,1, ¢ = oo in IR%. Then by Theorem 16.1 on page 126 in [15], there
exists a constant C(T', P, X)) such that, for all affine equivalent finite elements (7', P, ¥) and
all functions v € WHL»(T),

B hk+1
[0 = Tl g < C{meas(T)H/ TP =L 0]

m
T
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where II7v denotes the Pr-interpolant of the function v, and

meas(T) = dx-measure of T,
hy = diam(T), (4.3.36)
pr = sup{ diam(S); S is a ball contained in T }.

If we are working with a regular family of finite elements, then the above inequality reduces
to
lv = Tgvlm gz < C{meas(T)} I PRgH =" |v]l 1.

For the particular case n = 2, p = 2, ¢ = 0o, we are left with
v = L0 |mcor < CRE |0l ks1,2,7,

Since we are working with a continuous finite element, we can extend the inequality above
all the way up to the boundary,

[0 = 30|l 000 < CR 0|11 2.0,
In particular, over the boundary I' = 0f2 we have,
[v = Thvllmoer < CHE 0]k,
Therefore, for m = 0, 1, the inequality
[0 = T30 lm2r < CRE 0|1,

holds for all v € H*((Q).

4.3.2 Finite Element Method

In this section, we formulate a finite element discretization of the cost functional and discuss
the related minimization problem. In order to define the finite element spaces, let {Ay},
with h € (0,1), be a family of regular, quasi-uniform partitions of Q C IR". We consider
the finite element spaces Sy ; as in the previous section. By S,’;:?, we denote the subspace of
functions of S}, ; which vanish on I'g. For all v € W™P(Q), there is (an interpolant) v, € S},
such that the inequalities (2.2.15), (2.2.16) and (2.2.17) hold. We denote by H—'= H~'(Q)
the dual space (H'(2))* equipped with the norm

o= sp M2

. (4.3.37)
ozperm(@) ¥l
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Let us now introduce those finite dimensional spaces needed to define the computa-
tional procedure. We need three different discretization spaces, namely, U}, for the solution
u, Ay for the parameter a, and finally 3, which will be used to discretize the flux variable
o. We assume that these finite element spaces are,

A, = S,
Up = SpynHY(Q), (4.3.38)
Eh = Sltzi,alxsl(zi,ah

where d,, d,, d, are integers.

Now we are ready to define the numerical method to solve the PI problem:
Py) seek a; € Ap, up € Uy, o} € Xy, such that
h h h

In(ay,uy, or) = min In(a,u,0), (4.3.39)

a€ApuelUy,0e¥y,

where J}, is defined by,

Tn(wn) = |lun — 2|[§ + allon — anVus||§ + Blldivey, + fII3+
Yanl2, + pllunll?, + 6llonllZ + (4.3.40)
Ellg — anVup - nllZoryy + pll(on — anVur) - nllZ2ry,

where wy, = (ap, up, o) € Ap X Up, X Xy,

4.3.3 Some error estimates in weighted norms

In this section, we establish some error estimates for an approximate solution to the PI
problem generated by the finite element method in the previous section. In all the discussion
below, C denotes a generic constant which may take a different value at different places
and is independent of h unless specified otherwise. Let I, I and I be the interpolation
operators in the finite element spaces Ay, Uy, and X, respectively. The regularization
spaces are chosen so that

1SraSda+171Srugdu—i_l?lgro'gdo'—i_l‘
Moreover, there exists a constant C' such that the interpolation operators satisfy,
117allr, < Cllallryrs, 10, < Cllullv,sa, 110, < Cllo]lr,41,

for any a € H™"(Q),u € H™(Q),0 € (H™(Q) x HT(Q)). We first derive an
estimate for a minimizer of Jj,(wy).
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Lemma 4.3.1 Let us assume the following hypothesis,

x Let z(x) be a distributed L* observation of the state @ with an observation error of
the form
[a = z[lo <.

x Let a, U satisfy the boundary value problem (4.3.33) which have the following regu-
larities:

= Hda—f—l(Q)’& e Hdu+1(Q) ﬂWl’OO(Q),& c Hda+1(Q) > Hdo"f’l(Q).

x The finite element space Uy, is such that
IV(Iya)s < C,
for h small enough.

x The regularization parameters vy, p, and 6 are chosen such that

f(tha + hQ(du_l)) + Iu(thg + h2da + hQ(du—l))}. (4341)

with C independent of h.

Let w; = (a,uy,07) be a minimizer of Jy(a,u,o0) defined by (4.3.40) in Ap x U X 3y,
then we have the following estimate for the cost functional Jy,

Tn(wi) < C{h¥ et 4 2 4 q(hdetl) 4 p2datl) 4 p2du) 4 gp2de

g(h2e 4 20 (R 4 e 4 pAAD)Y (4.3.42)

here C' is independent of € and h.

Proof. Let (a},u},o;) be a minimizer of Jj,, which will be denoted by w}, and let I"a, I"a,
and I"G be the interpolates of a, i, and & = aVi in Ay, Uy, and ¥y, respectively. Now

Tn(wh) < Tn(Iha, I'a, I'5),
and

Tnllya, Iya, I36) = |1y — 2|3 + el I35 — 136V (Iya) || + Blldivige + flI3+
Ylzall?, + pllIyal?, +ollgal? +
Ellg — I2av(13a) - nlfar,) + ul (156 — 13aV (1) - nllZz, ).
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The first three terms of the equality above have the following bounds,

[ Lha — allo + ||z — z[[o

Chd“"'lHﬁHdu_,_l + €,

1156 = Gllo + [[aVa — aV (L) o + |aV (12a) — 12aV (1)l
Ch 6 | ay1 + llalloo |V (@ — Lia) lo + |V (13)]|]la — IZallo
Ch¥ 6|4, 1 + Ch¥ ||l g, 41 + ChYF @l g 41,

[div(126 — &)[lo

Ch¥6|d,+1,

”1—371 —2|lo

156 — 13av (1) o

[divIzs + fllo

IA A IA TN IAIA

For the next two bounds, we use the results from section (4.3.1),

lg = 18aV (1}a) -l e,y = [[(@Va-n = 18aVa-n) + (I3aVa - g — 12aV (1) - )| )

< @ 1@ G aqry + 12a(V (@ — I20) - ) 22y

< C{lla - Ll | G2ller + V(@ = 120) - nllpzqey 122 )
< C{lla— Il + [V~ 1) -z}

< C{h"falla 1 + A [l g0}

< C{h% + h®1},

and

1(I}6 — 1;avV (1) - nlleey < U6 — &) nll2ey) + 1@ — 12@) V- | g2, +
112aV (@ — I12a) - nll L2y

Ih~ = ~ Ih~ ou
156 = &llz2qry) + lla — Liall raey I gy oo+
19— 10 2o | 2 o
C{IlIg6 — &l + [la — I3al 2y + |V (@ = L) | 2y }
C{h% (|5 ldy+1 + h%|all g1 4+ % [l g, 11}
C{hde + h 4 pdu—1}

IN

VAVANIVAN

in the above two estimations on the boundary I', we have used that di/0n and I"a are
bounded on 0f2, where 7 is the outer unit normal to I'. Then,

jh(a27u270.]>;) < C«{hQ(du—l—l) +62+a(h2(d"+1) +h2(da+1) —i—th“)—l-ﬁth"—i-
YWIgall?, + el Lyall?, + ol1185 |17, +
f(tha +h2(d“_1)) _i_lu(thJ +h2da +h2(d“_1))}.
Since
[1zallr, < Cllallr,+1,
[1yallr, < Cllaflr,1,
11250, < Cli&llror1,

and choosing 7, p, and ¢ as in the hypothesis, we get the main assertion of the lemma:

Tn(wy) < C{RH WD) 4 & 4 q(h2(dotD) 4 p2(datD) o p2du) 4 gp2do
f(tha +h2(d“_1)) _i_lu(thJ +h2da +h2(d“_1))}
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The proof of the lemma is completed.

Lemma 4.3.2 Under the same hypothesis as in Lemma 4.3.1, we get the following bounds,

of —aiVuillo < Rt e 4+ Ja(hdo Tt 4 patt o pdu) 1\ /Bh4e 4-
h h h

{
Ja
VER®S + ) Ja(he 4 Bt 4 b)),

|divay, + fllo < e+ Va(hdet 4 hlett gty 4 [aRde 4

C pdun
ek
VER®™ 4+ h® ) 4 (ke 4 Bl 4 pt1)Y,

C
lg = aiVui nllzeey < AR et VAT H BT 4 1) + VB +

VER® 4+ ) (ke 4 Bt 4 pte )Y,

* * C
apVup) -l < N/

VER®S + ) b ik + e 4 pte Y,

*

o Wt e+ ya(hft! 4+ttt 4 ) 4\ /Bht +
h

Proof: This follows immediately from the definition of Jj(a,u,c) and the previous lemma.

Corollary 4.3.1 If all the conditions of Lemma 4.5.1 hold, and

0 < yo= 0{62+h2(d“+1) +Oé(h2(da+1) +h2d“ +h2(d“+1))+ﬁh2d“+
f(tha +h2(d“_1)) _i_lu(thJ +h2da +h2(d“_1))},

0 < p = 0{62+h2(d“+1) +Oé(h2(da+1) +h2d“ +h2(d“+1))+ﬁh2d“+
f(h2da +h2(du—1)) +,U(h2da +h2da +h2(d“_1))},

0 < § = 0{62+h2(d“+1) +Oé(h2(da+1) +h2d“ +h2(d“+1))+ﬁh2d“+
f(tha +h2(d“_1)) _i_lu(thJ +h2da +h2(d“_1))}.

then there exists a constant C' such that,

|Will3 < C, for all h.
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Proof. The proof is identical to that in Corollary 4.2.1.

Corollary 4.3.2 Assume the hypothesis of Corollary 4.5.1 and take H? to be the Sobolev
space for the regularization of ap. If Ap = S,‘ffl with 1 > 2, then

lahlloo < o0

Proof. The proof is identical to that in Corollary 4.2.2.

We state a preliminary result that we will need in the next Theorem.

Lemma 4.3.3 If v € HY(Q), then for any triangle T € Ay,

[9llz2ory < CLET2 |2y + B2V 20y}
where C' is independent of h and T. Additionally,

191|200y < C{A7Y2[[Wllo + 22 V) o},

Proof. Both inequalities are standard results from the theory of finite elements, they can
be found in [13] for polygonal domains.

In our next Theorem, we obtain a weighted H~! norm estimation for the error
¢(z) = aj(z) — a(x), when g = 0 in (4.3.33).

Theorem 4.3.1 Suppose that all the conditions in Corollary 4.3.2 hold and g = 0 in
(4.3.33). If wi, = (a},u}, 07) is a minimizer of Jn(a,u, o), then we get the following error
estimation in the weighted H=' norm,

ldiv((@ — ap) Va1 < C(F+—= + o+ (L= + =) x (07172 + h1/2))
(e + hdu@+ \/\é(ﬁhdff“\/f hda—\’—/l/j—i— h*) + /Bh +
\/g(hda + hdu—l) 4 \/ﬁ(hda + hda + hdu_l)).

Proof. Due to the boundary conditions satisfied by @ in (4.3.33) and integration by parts,
the following holds

|(div((@ — a}) V@), )|

(6 a9 T0)
a—ay)Vu, Vv

= SUPyefi(q) HhUH1 )

[div((a —ap)Va)[-1 = sup,epq)

Y
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The equality below
((a —a;,)Vu,Vv) = (aVa — a;Vuy, Vo) + (a;,V(uy, — @), Vo),
holds for all v € H'(Q) = {v € H(Q) : v |p,= 0}. Now we estimate the term
(aVa — apVuy, Vv),

when v € H'(Q). By using the weak form of equation (4.3.33), adding and subtracting
various terms and integrating by parts, we get

(aVi — a;Vuy, Vo) = ((f +divey),v) + ((o — a;Vuz), Vo)
—((oh = a;Vug) - m,0) 2y — (a3 VU - 0, 0) 2y,
which holds for all test functions v € H'(Q). Then
(Vi — apVuy, Vo)l < |[f +divoglollvllo + loh — a;, Vug[of[Vollo+
C{n ol — i Vi) - il +
W2 (Volloll(oh — ayVus) - nll 2 3+
h=2 |vllolla; Vug, - 0l 2y + h2 [V ollolla; Vg, - nll 2wy},
whence,
[(aVa — a;Vuy, V)| < C{||f + divalo + [loy, — a, Vg [lo+
h=2) (o3 — aiVu) - e,y + B2 (07 — ai Vug) - nlle,)+
h=2|a; Vug, -l 2,y + B2 a; Vg, - nll 2 Yol
Let IZ}& be the interpolant of 4 in U,. By the inverse inequality (2.2.16), we have

(@} V (uj, —a), Vo) 1aiV (uf, = @) [lol Vollo

C(IV (uj, = Lya)llo + |V (Lya — @) o) [ Vollo

IA A IN INIAIA

Q
S

C(”lv(ui = Iya)llo + h* |l a,42) [ Vol

C(gllui, = Lyallo + h*)[[Vollg

C (g lur, = 2llo + llz = @llo + [z = Lyallo) + h*)[[Vollo
(

1 2 * * * U
T (ajuq, 05) + £ + b)Yl
Therefore,

(@ = aj)Va, Vo) < C{|f + divajllo + [lof — a; Vg o+
W2 (o, = aiVug) - nllzqy) + B2 (0% — @i Vug) - 0l ey +
f{—l/Q/Ha;Vu; llzaey + 120V, pllzaey) +
1/2 * * * U
7T (ah, uhy 07) + 7 + ]

Finally, applying the estimates in the previous Lemma to the above inequality leads to the
estimate of this theorem.
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4.3.4 An H ! norm error estimation in 2d

According to the definition of the H~! norm, we have that for the boundary value problem
(4.3.33) with ¢ = 0 and Iy being the inflow boundary (i.e., g% < 0 where 7 is the unit

outer normal to 952), the following inequality holds,
| Jo(a —a}) V- Vode | < |[div((a — a;)Va)||-]fv]h, (4.3.43)

for all v € H'(Q). In order to obtain an H~' norm error estimation, we proceed in the
following way. First, we have to make the following assumptions:

(A1) © has to be a bounded Lipschitz domain with smooth boundary 0f2.

(As) u € C*(Q).

(As3) infq |V > 0.

(A4) The inflow boundary I'y and the outflow boundary I'y (i.e., g—% > 0) have to be

smooth and both can not be disconnected on 92 in order to prevent @ from being discon-
tinuous in €.

The next technical Lemma has been taken from [20]

Lemma 4.3.4 For each ¢ € H'(Q), there exists a unique vy, € H'(Q) satisfying the
hyperbolic initial value problem

{VU-VU = 1, in ), (4.3.44)

v ’FO = 0.
where 'y is the inflow boundary, along with the estimate

[[oglly < Il

where C' is independent of ¢ and vy.

Sketch of the proof: Since g—% > 0 on I'g, I'g is not a characteristic. Hence for I'y and @

sufficiently smooth, we get a unique smooth solution of this initial value problem. Since
IVal| > a > 0 for all z € Q, we can take as local coordinates @ and v, where v is a
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coordinate along the lines @ = constant. Write I'g in the form u = G(v). Then the solution

1S given bY>
) ° P(s,v)
Uy U, V) = vape . %
1!’( ) /G(v) HVUH%s,v)

All the constants C' after now are independent of v, and 1. By looking at {2 in the
(@, v)-plane and using Holder’s inequality, the given hypothesis on @ and 1 yield that

[ogllo < Cllllo

Secondly, %— is given by
0 @ 0 5,)
ﬁ — w( )dS + ~ ’2 ~ ~112
o Jow) 0z [V, IVl 0 IVlligw). O
By using the hypothesis that @ € C?(Q2) and Holder’s inequality, the L?(2)-norm of the

first two terms in the expansion for % are both bounded by |[1]|; up to a constant which

is independent of vy and . The L?(Q)-norm of the last term is bounded by |[+||; by a
Trace Theorem. Working in a similar way, it can be shown that

15, Ho < Ol

holds. Finally putting all these estlmatlons together, we get
IVoyllo < Cll¢b]la

Yaw O Ve 0G(v)

8%

which concludes with the proof.

Substituting Vi - Vo for 4 in (4.3.43) and using the H' norm estimation above, we
get that for all ¢ € H*(Q), the following holds;

| ol = ap)de | < [div((@ - a) V)| o). .
< Clldiv((a = ap)Va)l| 9]
Dividing both sides by ||¢||; and taking the supremum over all such 1, we get the H~*
norm estimation,

1@ —ap)ll < Clldiv((a - ai)Va)[ . (4.3.46)

Theorem 4.3.2 Under the same conditions as in Theorem (4.5.1), we have the following
H=' norm error estimation:

1 1 1 1 —1/2 1/2
la—ailla < COh+ et g+ (Jg+ ) x (/24 k) x
(e+hdu+ \/_( dotl 4 pdatt 4 ) 4 \/Bh+
VE(RS 4 B )+ /a(h® + b + hET)).

Proof. The proof follows immediately from the inequality (4.3.46) and Theorem (4.3.1).
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4.4 A nonlinear BVP with the Neumann boundary
condition

In this section we are concerned with the identification of the unknown nonlinear diffu-
sion coefficient a(u) for the nonlinear elliptic boundary value problem with homogeneous
Newmann boundary condition:

{ —div(a(u)Vu(z
Ju

o) (4.4.47)
)

) = f(z), inQcCR?
I 0.
given  a domain in R?, f € L*Q), is known exactly on Q, and A < a(u) < A for
some positive constants A and A. The parameter identification (PI) problem is to recover
a nonlinear parameter a = a(u) within some suitable set of admissible elements, from
an L? observation z(x) of u(x) such that a(u) and u(z) satisfy (4.4.47). In this section,
we consider the nonlinear parameter a(u) as a linear spatially varying parameter b(z1, z2)
defined below:

b(x1,x2) = a(u(zy, x2)), (4.4.48)

along with the constraint equation,

db Ou  Ob Ou
83:1 83:2 - 83:2 8:61'

We will see in the next technical lemma, that this constraint is used to guarantee the
identified parameter b is not a multi-valued function when it is regarded as a function of
the state u. First we need to impose some smoothness on u. Assume that

u € CY(Q), |Vul #0on Q (4.4.50)

(4.4.49)

The next technical Lemma can be found in [42], p.277.

Lemma 4.4.1 Suppose that d(z1,x2) and w(zx1,x2) are continuously differentiable func-
tions of x1 and x4 such that

O(w,d) _ 9d dw _ dd dw _
O(e1,22)  Ows Oy~ Omi Oy O (4.4.51)

holds in a neighborhood of the point (x19,220) € 2. Suppose that w satisfies condition
(4.4.50). Let ug = w(x19,x20). Then there exists an interval of the u-axis centered at uy,
and a C* function c(u) defined thereon, such that

d(z1,x2) = c(w(xy, z2))

throughout a neighborhood of (x10, T20).
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Before taking up the proof, we comment on the Lemma. Condition (4.4.51) is a
necessary condition for the existence of such a function c. It is a local result, for the
Lemma does not deal with a fixed region R, but with neighborhoods of a single point. It
can be shown that a Theorem similar to this technical Lemma holds for a fixed region.

Proof. Consider the equation u = w(z1,z3). Without loss of generality we can
assume that gxﬂl # 0 at wy = (Z10, T20); then the implicit-function theorem guarantees the

existence of a solution z; = f(u,z2), f € C* giving all triples (z1, T2, u) near (z19, Z20, Uo)
for which u = w(x1, z2). Moreover,

ow

0
gL ~Gzz. (4.4.52)

Jx,

All this applies when (x1, 22, u) is close enough to (x19, 220, up). Consider the function
d(x1,z2) as a function of u and xo, with z; = f(u,z3). The partial derivative of d with
respect to s is
O(w, d)
od 0f . od _ Oz, x3) _
0x1 0xa ' Oxy ow ‘
Oy

because of (4.4.51) and (4.4.52). Thus d(f(u,z2),x2) is actually independent of z5. Let us
write c(u) = d(f(u, x3), x2). Since x1 = f(u, x2) is equivalent to u = w(xy, x2), for the val-
ues of the current variables, c(u) = d(f(u, z2), z2) is equivalent to d(z1,z2) = c(w(x1, z2)),
which holds throughout a neighborhood of (x19, 2).

Under this approach, our nonlinear equation (4.4.47) reduces to:

—div(bV ?(L z)) - fl), inQC R (4.4.53)
a_’ - 0.

To describe our approach, we let H*(2) be the standard Sobolev space on ) along
with the standard notation for its norm and seminorm. Following the same ideas as we
did for the one dimensional case, we introduce the flux variable o(z) = b(z)Vu(z) as
an additional unknown. In this way, the differential equation in (4.4.53) reduces to the
following equivalent first order system.

—dive = f,
bVu = o.
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Again, we try to find an approximation to the solution of the PI problem by mini-
mizing the following cost functional,

J(bu,0) = |u—z|§+allo —bVul|§ + Blldive + f]I§+
YOI, + pllal?, + el +
¢l|(o = bVu) - 77”1:2(1“) + ploVu - 77”1:2(1“)""
9”uwlbw2 _uwbwl”(Q)

(4.4.54)

over the space
H=H'(Q) x (H(Q W) x (H'(2))%,

where the integers 7y, 7,, and r, depend on the Sobolev spaces in which the regularization
takes place. This method as in the one dimensional case is formulated in a least-squares
mixed approach.

At this time, it is not clear to us how to identify a(u) in the two dimensional case.

4.4.1 Finite element method

In this section, we formulate a finite element discretization of the cost functional (4.4.54)
and discuss the related minimization problem. In our estimations, we regard C as a generic
constant, which may vary in different contexts, but is always independent of h, unless
specified otherwise. In order to define the finite element spaces, let {A}, with h € (0, 1),
be a family of regular, quasi-uniform partitions of {2 C IR". For fixed integers r > 1,1 > 0,
we let S}, be the space defined in (2.2.14), C~'(Q) again is interpreted as L*(Q2). By ,7;:?,
we denote the subspace of S} ; of functions which vanish on I' = 9. The bounds (2.2.15),
(2.2.16), (2.2.17) hold, H~* stands for the dual space (H'(€2))* equipped with the norm,

ozperi@) ¥l

(4.4.55)

Three different discretization spaces are needed for the computational procedure: U, for
the solution u, By, for the parameter b and >, for the flux variable o, we assume that these
spaces are:

Bh - S](_ff’l,
U = S, (4.4.56)
Eh = Sl(zi,al X Sltzi,ah

where dy, d,, d, are integers.
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Now we are ready to define the numerical method to solve the PI problem:
(D) seek b, € By, uj, € Uy, 0} € 3y, such that

Tn(bh, uh, 04) = min _ Ju(b,u,0) (4.4.57)

beBp,uclUy,0€%y,

where J}, is defined by,

Tn(wn) = lup — 2[[§ + allon, — baVup[[§ + Blldivey, + 5+
YNoullZ, + pllunll?, + ollonll?, +
&ll(on — baVua) - 77”%2(1“) + pl[bn Vuy, - 77”%2(1“)""
9”uhﬁwlbh,$2 — Uh,zy bh,wl ”(2)

(4.4.58)

where wy, = (bp, up, o) € By, X U, x ¥p,. The advantage of this approach is that we do not
differentiate the noisy data z. The weights v, p, and § will be chosen in the error estimation
so that all terms of Jj(wy,) are balanced.

4.4.2 Some error estimates

In this section, we establish some error estimates for an approximate solution to the PI

problem generated by the finite element method in the previous section. Let I}, I, and

I" be the interpolation operators in the finite element spaces By, Uy, and Xy, respectively.
The regularization spaces are chosen so that
1§7’b§db+1,1Srugdu—i_l;lgragda—i_l-
Moreover, there exists a constant C' such that the interpolation operators satisfy,
1250llr, < Clbllnyr, 1wl < Cllullrsrs 150, < Cllollrya,
for any b € H™*™(Q),u € H*™(Q),0 € (H"™(Q) x H™*(Q)). We first derive an
estimate for a minimizer of 7.

Lemma 4.4.2 Let us assume the following hypothesis,

x Let z(x) be a distributed L* observation of the state @ with an observation error of
the form
|t — zljo <e.
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* Assume that b= a(t) and u satisfy the differential equation (4.4.53). Moreover, b, i
and 0 = bVu have the regqularities:

5 e Hdb+1 (Q) ﬂ Wl,oo(Q% = Hdu—l—l (Q) ﬂ Wl’OO(Q)7 = Hda-f—l (Q)7

x Assume that b and @ satisfy the constraint (4.4.49).
x The finite element space Uy, is such that
V(i) < C,
for h small enough.

x The regularization parameters v, p and 6 are chosen such that

v,p0, and § ~ C{e® + hHdutD) 1 q(pHdotD) 4 p2du 4 p2(de+1)) 4 gp2do y
f(thJ 4 h2db 4 h2(du—1)) +,U(h2(d“_1) 4 h2db) +9(h2db 4 thU)}
(4.4.59)
with a constant C' independent of h.

Let wi = (by, up,03) be a minimizer of Jn(wy) defined by (4.4.58) in By, x Uy, X Xy, then
we have the following estimate for the cost functional

Tn(wi) < {hHFD) 2 g (p2det) o g2y p2detD)y 4 gp2de |
é—(thJ +h2db +h2(du—1)) +,u(h2(du_1) +h2db) +9(h2db +h2du)}

here C' is independent of € and h.

Proof. Let (b}, u},o;) be a minimizer of 7, which will be denoted by w%, and let I/'b, I
and I"G be the interpolates of b= a(a), a, and 6 = a(a)Va in By, U, and X, respectively.
Now

jh( 27 u27 UZ) < jh(jl?a 13&7 161715_)7

and
Tn(IPb, I, 116) = || Ihi — 2|3 + o126 — IPOV IR} + B||diviie + fl3+
YNIPOIZ, + pllLpall?, + 8 Lha 7 +
(12— BV L) - nlZaqey + p BV I 2+
9”11]}&$1[l?b$2 - Izlfﬁzzfélbm”(%
and so,

bt = zllo < [y —dillo + [|@ — zlo
< Ch*Hilg,41 + €,



1125 — LDV I 1126 — &llo + [|(@(@) — IfD) Vo + |17V (@ — Ia)lo
1136 = &llo + [ Villss,allb — I5bllo + [ 10l el V (@ — I3) [lo
Ch¥ 15l a,+1 + Ch®*H[blay+1 + Ch% (|l 4,11
C«{hdg—i—l + hd“ + hdb-f—l}7
IdivIge + fllo = [div(I;o —a(@)Va)llo
[div(Z36 —5)lo
Ch|5||d,+1
Ch,
(136 — BBV ILa) - nllr2ey < (126 = 6) - nllz2ey+ X
1(b = I§0)V @ 1l ey + I3V (@ — I3@) - nll caqry
< |36 = olleeyt )
IVtl|oo,r 15 = bl z2ry + [ 150lloo,r ||V (132 — @) || r2qr)
< C{h%||6]ldp+1 + h®|bllg,+1 + h* | dlla, 41},
POV (L5 — @) - nll 2y + 17D = b)YV - |2y
125 blloo,r IV (Lt — @) - | 2oy + 1250 = bl 22 [V 7l oo,
C{h™ ]l aur1 + A% (bl a1}
In this last estimation, we have used the results from section 4.3.1.
”Izlzﬁmjl?ng - I£ﬁ$21£5$1|‘(2) < |‘I’L]Z&$1(I£L[;$2 - sz)”o + ”sz(ﬂzﬁm - &m)”(ﬁ‘
”bwl(Iz]Z&w - &332)”0 + ”Izlzﬂw(jl?bwl - bwl)”o

VAN VANRVANNVAN

INIA I

1Z50% (1) -l 2y

VAVANI

< VI o a[ V(1D = D)o + [1basllocl| V(I2E — @)[lo+
160, oIV (5@ — @)lo + IV I3l V (150 = b)llo

< Ch®|bllg,+1 + Ch[[it]|a,+1

< C{h% + hd}

Then so far,

Tn(b, g, 08) < C{R¥ &+ &2 4 q(pHdotl) - p2du 4 p2(dH1)) 4 gp2do 4
WIPOIZ, + pllLhall?, + sl 17517 +
f(thJ +h2db +h2(d“_1)) +,U(h2(d“_1) +h2db) +9(h2db +h2du)}.

Since ||1}0||,,, | I%|,, and ||I%G||,, < constant, choosing -, p, § such that,

y,dand § o~ C{h2( @t &2 4 o(h2(detl)  p2du y p2Ad+1)) 1 gp2do 1
f(thJ +h2db +h2(d“_1)) +,U(h2(d“_1) +h2db) +9(h2db +h2d“)}

leads to

Tk, up, 01) < C{R2 A 4 2 4 q(h2(datl) 4 p2du 4 p2dtD)) 4 gp2do
f(thJ +h2db +h2(d“_1)) +,U(h2(d“_1) +h2db) +9(h2db +h2du)}.

The proof of the lemma is completed.
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Lemma 4.4.3 Under the same hypothesis as in Lemma 4.4.2, we have the following bounds,
ioh
Va
VER® 4 h® 4 B ED) (R by GRS 4 b)Y,

log = biVuillo < (At e /(R 4 ple 4 p@FD) 1 [ghde 4

|divey + fllo < %{h(du“) e+ Va(hldet o pe gDy 1 3Rt 4

VER + b 4 D) /(R @D 4 gy VB(hS b)),

C
[(oh = 0aVup) - nll 2y < ﬁ{h(dﬁl) + e+ Va(hlhHD 4 gy pBFD) 4 \/Bhd‘r +

VER®S + h% 4 D) Ji(R@D 4 ph) 4 VB(RY + b)Y,

C
10, Vg -l < —=
h h (1) \//_L

VER® b 4 p@D) (R gy VGRS 4 k)Y,

(A 4 e (Rl tD 4 ple 4 @) 1 3Rt 4

C
IV(up — @)oo < ﬁ{h(d”” e+ a(hld ) g pde 4 p@0) 1 [gpde 4
VERS 4+ B 4 h@ D) (RS 4 ) 4 VB(R% 4 b))

Proof. The first four estimates follow immediately from the definition of J4(b, u, o) and the
previous lemma. The the last one, by the inverse inequality (2.2.16), we have

IV, = @)lle < C{IV(uj, — Lyi)llo + IV (L3 — @) o}

1, . . -
< {gllui = Ll + b lla.sa}

IN

1 _ -
CL5 (k= 2llo + 12 = @llo + lla — Lafo) + ~™}

IN

1
C{E(Hu; — zllo + € + h® ) 4 e}

IN

1 * * * 6 w
C{Ejhlﬂ( Iy Up, ) + 7 + A%}

%{h(du“) + e+ Va(hl @t ¢ pde 4 pdetDy o Japde 4

IN

\/E(hda—i-hdb—i-h(du_l))—i-\//_,L(h(du_l)+hdb)+\/é(hdb‘i‘hdu)}
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This completes the proof of the Lemma.

It can be shown that the minimizer of J,(w) is uniformly bounded with respect to
h as for the one dimensional case.
Corollary 4.4.1 If all the conditions of Lemma 4.4.2 hold, and

0 < yo= 0{62+h2(d“+1) _i_a(hQ(dJ—f—l) +h2d“+h2(db+1))+ﬁh2d“+
f(thJ +h2db+h2(d“_1))+u(h2(d“_1) +h2db)+9(h2db+h2d“)}

0 < p = 0{62+h2(d“+1) +Oé(h2(da+1) +h2d“+h2(db+1))+ﬁh2d“+
f(thJ +h2db+h2(d“_1))+u(h2(d“_1) +h2db)+9(h2db+h2d“)}

0 < § = 0{62+h2(d“+1)—i—Oé(hQ(d"—H)+h2d“+h2(db+1))+ﬁh2d"+
f(thJ +h2db+h2(d“_1))+u(h2(d“_1) +h2db)+9(h2db+h2d“)}

then there exists a constant C' such that,

1w l|lx < C, for all, h.
Proof. The proof is identical to that in Corollary 4.2.1.
Corollary 4.4.2 Assume the hypothesis of Corollary 4.4.1 and take H? to be the Sobolev

space for the regularization of ap. If Ap = S,‘ffl with 1 > 2 then

lahlloo < o0

Proof. The proof is identical to that in Corollary 4.2.2.
We will state a Lemma that will be needed in the next error estimate. It has been
taken from [26].
Lemma 4.4.4 Suppose that ti(x) € C*(Q) and || Vii|| # 0 on Q. Then for eachp € H'(Q),
there exists a vy € H'(Q) satisfying
Vi - Vg =1 in Q,

and the estimate
[vpllr < Cllb]]1,

where C'is independent of 1.
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Proof. For its proof, see Lemma 5 in [26].

We now present an estimate of the error in the space H*(Q).

Theorem 4.4.1 Suppose that all the conditions in Corollary 4.4.2 hold, along with the
hypothesis in Lemma 4.4.4. If w; = (by, uf, 0}) is a minimizer of Jn(b,u, o), then we get
the following estimation in the H=' norm,

16h —a(@)l| < C{eo+ e}

where ¢y and ¢y are defined by,

1 11
co < O(—=+h2x (—=+ —=)) x {h®™) 4 e+ Ja(hletD) 4 pd 4 p(B+0) 4 /3Rt +

VB VL
VE® 4 b 4 D) SRR by 4 R(R% 4 h)Y,

1 1 1 1
< S R V2 g (= 4~ (dut1) (do+1) du (dp+1) do
o < Olggt gt W (et ) ) (B et V(b D b 4 )+ \/Bh +

VERS 4+ 1% 4 h@) 1 (@D ) 4 VAR 4 h)},

Proof. Set ¢(z) = bj(z) — a(u(x)). Now, we estimate the term — [, pVa - Vo dz when
v € H* (). By using the variational form of equation (4.4.47), we get

— JooVi-Vvde = [qa(@)Vi-Vodr — fobiVi- Vude
= Jofvdz — [ob3Vi- Vvdz

Adding and subtracting various terms and integrating by parts, we get

— [ooVu-Vodr = [o(f+divey)vde + [o(or — biVuy) - Vodz+
o UiV (up — ) - Vode — [p(of — biVu;) -nuds — [ b)) Vu} - nuds

which holds for all test functions v € H'(€2). To bound the left hand side, we use Lemma,
4.3.3,

| JodVi - Vudz| < | f+divogllollv]lo + llog, — b Vugllol[ Vollo+

103 |00l V (uh, — @) [lo]| Voot

C(h2||vllo + K2V ollo) (I (oh — b5V uf) - 1l 20y +

103 loo, | Vg, - nll £2(ry)

C{Ilf + divajllo + h72(|[(o7 — b5 Vu;) - nll L2y +

105 oo, I Ve, - 1l 2(ry) Hlv llo+

{lloh = b Vuillo + (|04 llooel V (uh, — @) [lo+

W2 (||(o5 = 05V us) - ll 2y + 165 oI VU - 1l 20) HIV Lo
collvllo + 1l Vollo

IN

IN
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for all v € H (), ||b}]| is bounded by the previous Corollary and ¢y and ¢; are defined
below,

co = |If +divojllo+h 2 ([[(o}, = Vi) - mll o) + [bhlloo | Vit - 0l o)),
¢ = ”?722— 03V ujllo + (107 lloo,oll V (uf, — @)[lo+
W2 (I (o5 = b V) - 1l zaey + b5 ool Varg - mll 2.

Equating Vu - Vo to %, invoking Lemma 4.4.4 and replacing v by vy, we get that

y/qu dz| < C(co + e)||[o||y for all ¥ € HY(Q)

Dividing both sides by ||¢]]1, we get the following H~! norm estimation,
16 = a(@)] -1 < Cleo + ).

The proof is complete by applying Lemma 4.4.3 to the above inequality.

Theorem 4.4.2 Under the hypothesis of Theorem 4.4.1, we have the following L* norm
error estimation,
167, — a(@llo < Clco+e1)'/?

where ¢y and ¢y are defined in Theorem 4.4.1.

Proof. The proof follows immediately from the inequality below, which was taken from
[26], pg. 146.
1b; —a(@lle < C|b; — a(@)| 2o, — a@)y’”, (4.4.60)
which reduces to
Ib;, —a@)lle < C|lby — a(a)| . (4.4.61)



Chapter 5

Future work

We would like to list some projects we think are worth mentioning and need further inves-
tigation.

The identification of two or more parameters in the most general elliptic partial
differential equation

— S0 (@i, ), + S0 bitty, + cu= [ in ©, (5.0.1)
with boundary conditions given by,

u|p=0, or g% lr= 0, where I' = 09, (5.0.2)

is a problem we would like to work on to define an algorithm and get error estimates for
the approximations to the unknown coefficients, in appropriate weighted norms, by using
a finite element method. Here, €2 is a bounded domain in R", with smooth boundary.

The identification of a discontinuous spatially varying parameter including the lo-
cation of its discontinuities seems to be quite a challenging problem as to what numerical
technique should be used to recover such parameter. We wonder whether we should use
discontinuous finite elements with a step by step adjustable partition (or triangulation) to
recover the coefficient or not.

Another topic that needs further study is an algorithm to define a(u) for the non-
linear boundary value problem (4.4.47).

Another interesting problem is the identification of the parameter for the following
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parabolic partial differential equation:

% —V-(a(z)Vu) = f(z,t) inQ,t>0
g% = g(x,t) onl,t>0 (5.0.3)
u(0,z) = wp(z) in Q.

where (2 is a bounded domain in IR" with smooth boundary I', f and ug are given data,
a: IR — IR" is the unknown coefficient function satisfying

p<a(r)<AforalreR",
for some positive constants p and A.

The problem of identifying the coefficient a = a(x) (or both a = a(z) and g = q(x))
in the wave equation below,

q(x)& -V (a(x)Vu) = f(z,t) in Q x[0,7],

atQ ) ’
u(x,0) = gz in Q,
8u( ) 9() _ (5.0.4)
5i(@,0) = h(z) in €,
u(z,t) = k(x,t) on 9Qx [0,7].
from additional observations z;(t) = w(z;,t), z; € Q, i =1,---,n, t € [0,7], is interesting

in its own right. Here 2 C IR™ denotes some bounded domain with a smooth boundary
and q, f, g, h and k are given sufficiently smooth functions.

We would like to extend our mixed least squares numerical approach along with a
discrete-time scheme to recover the coefficients in the boundary value problems (5.0.3) and
(5.0.4) and get weighted error estimates for the approximation of the coefficients in the
H~! and L? norms. These last two problems are potential research topics, since they have
applications in, for instance, seismology, glaciology, population dynamics, climatology and
in the elastic body theory.

Finally, a rigorous proof for the weighted L? norm error estimation for the parameter
identification problem with homogeneous Dirichlet boundary condition still remains an
open issue that needs further investigation.
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