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Discrete Small Sample Asymptotics

Steven J. Kathman Jr.

(ABSTRACT)

Random variables defined on the natural numbers may often be approximated by Poisson
variables. Just as normal approximations may be improved by saddlepoint methods, Pois-
son approximations may be substantially improved by tilting, expansion, and other related
methods. This work will develop and examine the use of these methods, as well as present
examples where such methods may be needed.
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Chapter 1

Introduction

One of the oldest limit theorems in probability is the Poisson ‘law of small numbers’. In it’s
simplest form, it states that the binomial distribution converges to a Poisson distribution
as n approaches infinity, if p = λ/n for some λ > 0, see Barbour(1992). This suggests that
the Poisson distribution may be used to approximate binomial probabilities, and that the
approximation works better if n is moderate to large and p is small. Similar theorems exist for
other discrete distributions. One of the most appealing features of Poisson approximations
is that they only require the mean of the distribution being approximated. Unfortunately
Poisson approximations often prove to be inadequate, especially for points that are not near
the mean of the distribution.

It will be shown that given some extra information, it is possible to improve Poisson ap-
proximations. The extra information will usually be obtained from generating functions,
and thus they are the focus of chapter 3. Since many of the techniques are analogous to
those used to improve normal approximations, a brief literature review summarizing some
of the advances in improving normal approximations is presented in chapter 2. Chapter 2
also mentions what has previously been done to improve Poisson approximations.

Chapter 4 is the beginning of the development of the techniques used to improve Poisson
approximations. This chapter is devoted to expansion methods, one of which is analogous to
the Edgeworth expansion. Chapter 5 continues the development of techniques by examining
the use of tilting. One form of tilting that is discussed is exponential tilting. Chapter 6
explores the possibilities of combining the techniques of chapters 4 and 5. The saddlepoint
methods are the result of combining these methods for normal approximations. Thus chapter
6 may be viewed as forming methods that are analogous to saddlepoint methods for Poisson
approximations. Throughout these chapters simple distributions, such as the binomial or
hypergeometric, are used to illustrate how the techniques work. Each technique is followed
by a simple example.

Chapter 7 is devoted to more complicated examples. Most of the examples in chapter 7 are
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important to the area of applied probability. Chapter 8 discusses some possible future work,
which includes the possibility of improving binomial approximations. Chapter 9 consists of
the conclusion, which contains a brief summary of some of the key issues, as well as discusses
which techniques to use in various circumstances.

An important issue in this work is approximating P (X ≥ y) or P (X ≤ y) where X is
the random variable from the distribution being approximated. These two probabilities are
referred to as right tail and left tail probabilities respectively. Also, points that are not close
to the mean are referred to as being in the tails of the distribution. Since this is the region
where Poisson approximations tend to be the least accurate, it receives the most attention
in this work.



Chapter 2

Literature Review

The Gaussian distribution plays a large role in asymptotic theory. One of the oldest asymp-
totics results is the Central Limit Theorem, which in it’s simplest form states that the
distribution of the sample mean is asymptotically Gaussian. As is well known in statistics,
the sample mean is not the only statistic with an asymptotic Gaussian distribution. Asymp-
totic normality is used in almost every area of statistics. However for finite sample sizes,
Gaussian approximations often prove to be inadequate. In these situations statisticians have
found methods for improving them.

One of the oldest methods for improving Gaussian approximations is the Edgeworth expan-
sion. The Edgeworth expansion is discussed thoroughly in Hall (1992), Bederick and Hill
(1992), and Barndorff-Nielsen and Cox (1979). It is most useful for improving approxima-
tions for points near the mean of the density. The approximation is easy to implement since
all that is required are the cumulants, which may be readily obtained from the moments
of the distribution. Unfortunately, the approximations due to the Edgeworth expansion are
usually not accurate for points in the tails of the distribution, and using it may also lead
to negative probability estimates. The Edgeworth expansion is mentioned again briefly in
Chapter 4.

One method for obtaining accurate approximations in the tails of a distribution is exponen-
tial tilting. Exponential tilting is discussed thoroughly in Terrell (1999), Reid (1988), Daniels
(1987), and Barndorff-Nielsen and Cox (1979). The idea behind exponential tilting appears
to have originated with Esscher (1932), see Reid (1988). The basic idea behind exponential
tilting is to transform the density to have a mean at the point of interest. Then approxi-
mate the transformed density with some common distribution, usually the Gaussian. After
the approximation, transform the density back to obtain an approximation to the original
density. Exponential tilting has been shown to lead to accurate approximations for points in
the tails of the distribution. Jin and Robinson (1999) discuss performing exponential tilting,
and choosing different distributions to approximate the transformed density. Exponential
tilting will be discussed more thoroughly in Chapter 5.

3
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Daniels (1954) was one of the first to use saddlepoint methods to improve Gaussian approx-
imations. Daniels’ methods were derived using methods of integration through the complex
plane. Later it was discovered that saddlepoint methods may be derived by combining expo-
nential tilting with the Edgeworth expansion. Reid (1988), Daniels (1987) and many others
discuss this approach. The idea behind combining exponential tilting and the Edgeworth
expansion will be discussed again in Chapter 6.

The original application for saddlepoint methods was to improve the Gaussian approximation
to the distribution of the sample mean. Since then saddlepoint methods have been used in
many applications, and advances have been made in the methods used. Lugannani and Rice
(1980) developed a method for improving Gaussian approximations to tail probabilities.
Their approximation is much simpler in form then the methods developed by combining
exponential tilting and the Edgeworth expansion. Skovgaard (1987) generalized the work of
Lugannani and Rice so that it may be applied to conditional distributions. Wood, Booth,
and Butler (1993) generalized the Lugannani and Rice approach so that other continuous
distributions may be used in place of the Gaussian. There they use the Inverse Gaussian
and the Chi-Square distributions. Easton and Ronchetti (1986) and Wang (1992) discuss
methods for generalizing the saddlepoint methods so that the only data needed are the
moments of the distribution being approximated.

Although the methods for improving Gaussian approximations have advanced in the past
forty years, little has been done to improve Poisson approximations. Some progress has
been made using continuity corrections with the saddlepoint methods, see Daniels (1987).
Barbour and Jensen (1989) discuss the development of an expansion method that is based
on the Poisson distribution as opposed to the Gaussian. They also discuss combining it
with exponential tilting to obtain accurate point probabilities, and then computing all the
necessary point probabilities to obtain tail probabilities. Barbour (1992) reviews this infor-
mation. The focus of this work is to discuss settings for which the Poisson approximation
is appropriate. An alternative derivation of the expansion will be presented in Chapter 4.
Other improvements to the techniques will be presented in Chapter 6.



Chapter 3

Generating Functions

Generating functions serve many useful purposes in both statistics and mathematics. In
statistics they are used primarily to represent distributions. They often lead to simple com-
putations of probabilities, moments, or factorial moments. The purpose of this chapter is to
review and develop the generating functions needed for the approximations to be presented
in later chapters. Generating functions that will be omitted from this chapter include the
moment generating function and the cumulant generating function. These generating func-
tions are important to the improvement of Gaussian approximations, but do not serve a
useful purpose for improving Poisson approximations.

3.1 Probability Generating Function

Perhaps one of the oldest and most popular generating functions is the probability generating
function. The probability generating function may be presented in the following way:

πx(q) = E(qx) =
∑
x

qxf(x).

Many common distributions on the non-negative integers have probability generating func-
tions that may be expressed in terms of elementary functions. For example, the probability
generating function for the binomial distribution is (1−p+pq)n. The probability generating
function for the Poisson is important for the development of the techniques in later chapters.
It is simply eλ(q−1). Note that the form is an exponential of a linear expression, which will
be important later.

When the probability generating function is known, and is expressed in its simplest form, it
may be expanded in a Taylor series about q = 0 to obtain the point probabilities. This leads
to the following relationship for point probabilities:

5
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f(x) = π(x)
x (0)/x!

where π(x)
x (0) refers to the xth derivative of the probability generating function evaluated at

q = 0. This may be useful for cases where the probability generating function is a simple
expression, but the density does not have a simple form. However, it may be tedious for
large values of x, where higher derivatives are needed.

Another important feature of the probability generating function is that it may be used to
obtain the mean for the distribution. It is easy to verify that E(X) = π′

x(1). The probability
generating function may also be used to generate other factorial moments by the following
relationship:

E(X(k)) = π(k)
x (1)

where X(k) = X!
(X−k)!

. This suggests that factorial moments are usually easy to obtain for
discrete distributions.

An important feature of probability generating functions involves the sum of random vari-
ables. Consider the following independent discrete random variables: X1, X2, · · · , Xn. Let
Z = X1 +X2 + · · ·+Xn. Then the probability generating function for Z is the following:

πZ(q) = πX1(q)πX2(q) · · ·πXn(q).

An example where this is useful is for computing probabilities for the sum of independent
Bernoulli random variables with different values for p. The probability generating function
for a Bernoulli random variable is simply (1 − p + pq). Using the relation given above for
a sum, and then expanding in a Taylor series about the point q = 0 gives all of the point
probabilities.

Probability generating functions are easy to obtain for many discrete random variables. They
are often used for random variables in Engineering applications as well as many others. Some
probability generating functions will be discussed, as needed, in the later chapters.

3.2 Factorial Moment Generating Function

As seen above, the probability generating function may be used to obtain factorial moments.
For this reason, little attention has been given to the factorial moment generating function.
It will be shown here that factorial moments may be used to obtain point probabilities.
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Let m(k) represent the kth factorial moment. Again let πx(t) represent the probability gen-
erating function. Now let ψx(t) represent the factorial moment generating function. The
factorial moment generating function takes the following form:

ψx(t) = 1 +m(1)t+
m(2)t2

2!
+

m(3)t3

3!
+ · · · .

Now the probability generating function and the factorial moment generating function are
related by ψx(t − 1) = πx(t). Thus the probability generating function takes the following
form:

πx(t) = 1 +m(1)(t− 1) +
m(2)(t− 1)2

2!
+

m(3)(t− 1)3

3!
+ · · · .

Consider the following basic observations:

(t− 1) = t− 1

(t− 1)2 = t2 − 2t+ 1

(t− 1)3 = t3 − 3t2 + 3t − 1
...

(t− 1)k =
k∑

i=0

tk−i

(
k
i

)
(−1)i.

Matching the powers of t yields the following:

P (X = y) =
m(y)

y!
−

m(y+1)

(
y + 1
y

)

(y + 1)!
+

m(y+2)

(
y + 2
y

)

(y + 2)!
+ · · ·

=
n∗∑
i=0

m(y+i)(−1)i
y!i!

(3.1)

where n∗ is the population size, or the maximum value for X, minus y. Now consider a
trivial example to illustrate this computation. Compute the probability that X = 3 where
X follows a binomial distribution with n = 5 and p = .1. For the binomial distribution
m(k) = n(k)pk. For this computation: m(3), m(4), and m(5) are needed. These values are .06,
.012, and .0012 respectively. So the probability that X equals 3 is as follows:

P (X = 3) =
.06

3!
− .012

3!
+

.0012

3!2!
= .0081.
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Notice that this is the exact probability, not an estimate.

Consider getting point probabilities for the hypergeometric distribution. This is an important
example since it relates to contingency tables. The kth factorial moment for a hypergeometric
random variable may be written as:

W (k)n(k)

(W + B)(k)
.

So the point probability at y may be obtained by:

f(y) =
n∗∑
i=0

W (y+i)n(y+i)(−1)i
(W +B)(y+i)y!i!

.

where n∗ is the minimum of W − y and n − y. If W = 10, B = 10, n = 8, and y = 6, then
the point probability obtained by using this technique is .0750179. Again notice that this is
the exact point probability. In this example n∗ = 2.

This method of obtaining point probabilities may be used repeatedly to obtain tail proba-
bilities. However, this approach may become tedious if many point probabilities are needed.

3.3 Factorial Cumulant Generating Function

Another lesser known, but very important generating function is the factorial cumulant
generating function. The importance of it will be demonstrated in later chapters. The
factorial cumulant generating function, which will be denoted by kx(q), is simply the log of
the probability generating function. This generating function should not be confused with
the cumulant generating function, which is the log of the moment generating function.

Expanding the factorial cumulant generating function about the point q = 1 leads to the
following expression:

kx(q) = (q − 1)k(1) +
(q − 1)2k(2)

2!
+
(q − 1)3k(3)

3!
+
(q − 1)4k(4)

4!
+ · · ·

where k(i) is the ith factorial cumulant. Now noting the relationship between the factorial
cumulant generating function and the probability generating function leads to the following
relationship between the factorial cumulants and factorial moments:

k(1) = m(1)
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k(2) = m(2) − (m(1))2

k(3) = m(3) − 3m(1)m(2) + 2(m(1))3

k(4) = m(4) − 4m(1)m(3) + 12m(2)(m(1))2 − 3(m(2))2 − 6(m(1))4

...

Thus the factorial cumulants may be obtained directly from the factorial moments.

The factorial cumulant generating function for the Poisson distribution is λ(q − 1). Note
that it is linear in q, making all of the factorial cumulants beyond the first one equal to
0. Thus factorial cumulants are important in the study of Poisson approximations. One
way to check whether or not a distribution is nearly Poisson is to examine the factorial
cumulants. The fact that the factorial cumulant generating function for the Poisson is linear
will be important in the development of the Poisson approximations to be presented in later
chapters.

The factorial cumulant generating function for the binomial distribution is n ln(1− p+ pq).
The factorial cumulants are as follows:

k(1) = np

k(2) = −np2

k(3) = 2np3

...

k(j) = (−1)j−1(j − 1)!npj .

From this it may be seen that the Poisson approximation is better for small p since this will
lead to small factorial cumulants. Notice that the second factorial cumulant is simply the
variance minus the mean. For the binomial this is negative, thus revealing that the binomial
distribution has shorter tails.

3.4 Finite Population Probability Generating Function

Finite population settings are common in many areas of statistics, especially in Categorical
data analysis. Other problems under the heading of finite populations include Urn models
and Occupancy problems. Unfortunately the probability generating function for most fi-
nite population distributions cannot be represented by simple or elementary functions. For
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example, the probability generating function for the hypergeometric distribution is a hyper-
geometric function. The probability generating function for a cell of a two-way contingency
table is therefore a hypergeometric function. The purpose of this section is present a dif-
ferent probability generating function, which will be referred to as the Finite Population
Probability Generating Function from now on, that may be used to represent distributions
associated with finite populations.

3.4.1 Forming the Generating Function

The generating function presented here is a variation of the one from Terrell (Personal
Communication, 1999). The sampling model being considered here is as follows: an urn has
W white marbles and B black marbles that are indistinguishable in every way except color.
A single trial will consist of removing a marble at random from those remaining in the urn,
without replacing it. If n marbles are removed one at a time without replacement, then the
number of white marbles selected follows a hypergeometric distribution. Thus the focus here
is on finite populations where the trials are not necessarily independent.

Recall that the probability generating function may be written as πx(q) = E(qx). For the
hypergeometric distribution and the distribution for the cell of a contingency table, the
parameters are related to the size of the population or a part of the population. For the
hypergeometric described above, the parameters are W + B, W , and n. The form of the
generating function being considered here will modify one of these parameters, say W , to a
new value Q. The generating function is defined as:

ϕx(Q) = E

(
Q(W−X)

W (W−X)

)
(3.2)

where

Q(W−X) =
Q!

(Q− (W −X))!
.

Consider ϕx(W − 1):

ϕx(W − 1) = E

(
(W − 1)(W−X)

W (W−X)

)
= E

(
(W − 1)!X!

(X − 1)!W !

)

= E
(
X

W

)
=

E(X)

W
.

In general:
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E(X(k)) = W (k)ϕx(W − k). (3.3)

Probabilities can be generated from this in a manner similar to that of a probability gener-
ating function. By definition, ϕx can be written as:

ϕx(Q) =
∑
x

Q(W−X)f(X)

W (W−X)
.

Using Newton’s forward difference formula, ϕx can also be expressed as:

ϕx(Q) =
∑
x

Q(X)�Xϕx(0)

X!

=
∑
x

Q(W−X)�W−Xϕx(0)

(W −X)!

where� is being used to represent a forward difference. Newton’s forward difference formula
is presented briefly in section A.3. Matching the appropriate terms leads to:

f(x) =

(
W
x

)
�W−xϕx(0).

The generating function, ϕx(Q), behaves very much like a probability generating function.
However, it is designed to represent densities for finite populations in a simple form. It is
also designed in such a way that it will be simple to use for tilting. Tilting is the topic of
Chapter 5.

3.4.2 Example: Hypergeometric

The hypergeometric distribution will be considered here to illustrate the use of the generating
function ϕx(Q). Recall that the probability generating function for the hypergeometric
distribution is a hypergeometric function, and that this function cannot be expressed in
terms of elementary functions. The form of the probability density function being considered
here is as follows:

f(x) =

(
W
x

)(
B

n− x

)
(

W +B
n

) .
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The ϕx(Q) generating function is derived as follows:

ϕx(Q) = E

(
Q(W−X)

W (W−X)

)
=
∑
x

(
Q(W−X)

W (W−X)

)
(

W
X

)(
B

n−X

)
(

W +B
n

)

=
∑
x

(
Q!X!

[Q− (W −X)]!W !

)(
W !B!n!(W +B − n)!

X!(W −X)!(n−X)!(B − n +X)!(W +B)!

)

=
∑
x

(
Q

X −W +Q

)(
B

n−X

)
(

Q+B
n −W +Q

)
(

(Q+B)!n!

(W +B)!(n−W +Q)!

)

=
(Q+B)!n!

(W +B)!(n−W +Q)!

=
n(W−Q)

(W +B)(W−Q)
.

The expected value of X may be computed as follows:

E(X) = Wϕx(W − 1) =
W (W − 1 +B)!n!

(W +B)!(n−W +W − 1)!

=
Wn

W +B
.

Thus this generating function gives a simple way of representing the hypergeometric distri-
bution.



Chapter 4

Expansion Methods

4.1 Edgeworth Expansion

As mentioned, the Gaussian distribution plays a large role in asymptotic theory. However,
Gaussian approximations often prove to be inadequate. In these situations statisticians tend
to rely on methods for improving them. One such method is the Edgeworth expansion.

A derivation of the Edgeworth expansion is given in Hall(1992). The derivation involves an
expansion of the characteristic function. Then an inverse expansion is used which leads to
the Gaussian approximation plus some correction terms. The Edgeworth expansion is used
to approximate the distribution of a statistic, which is usually expressed in the form of a
sum. Thus it is usually expressed in terms of n1/2(θ̂ − θ), where n is the sample size or the
number of terms in the sum. Using the notation of Hall(1992), the Edgeworth expansion
may be expressed as:

P (n1/2(θ̂ − θ)/σ ≤ x) = Φ(x) + n−1/2ζ1(x)φ(x) + · · ·+ n−j/2ζj(x)φ(x) + · · · (4.1)

where φ(x) is the standard normal density and Φ(x) is the cdf for the normal density. The
ζj functions are polynomials with coefficients depending on the cumulants of (θ̂− θ). These
polynomials often involve the Hermite polynomials. Bedrick and Hill (1992) and Barndorff-
Nielsen and Cox (1979) also discuss the Edgeworth Expansion.

13
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4.2 An Edgeworth-Like Expansion for Nearly-Poisson

Probabilities

4.2.1 Derivation of the Expansion

A second expansion has been developed that is similar to the Edgeworth expansion, but is
based on the Poisson distribution as opposed to the Gaussian distribution. The expansion
is presented in Barbour (1992), but a different derivation and form will be presented here.

For the derivation, recall the following:

πx(q) = ekx(q) = ek
(1)(q−1)+k(2)

(q−1)2

2
+···

= ek
(1)(q−1)ek

(2) (q−1)2

2
+···.

Notice that ek
(1)(q−1) is just the probability generating function for a Poisson random variable.

The remaining exponential term can be expanded in another Taylor Series.

An important issue arises at this stage of the derivation. A rule is needed for the size of the
cumulants. In the Edgeworth expansion, this is determined by working with the distribution
of a sum of i.i.d random variables. The approach here will be to think of approximating
binomial probabilities. The rule of thumb when approximating binomial probabilities with
Poisson probabilities is that it is appropriate when p is small and np is moderate. This will
be taken to mean O(np) = 1 or that O(n) = p−1. Then O(k(2)) = p, O(k(3)) = p2, and in
general, O(k(k)) = pk−1. Thus the terms in the expansion will be grouped so that the terms
of the same order in p are put together.

Notice that leaving out the terms from the expanded exponential leads to the usual Pois-
son approximation. Including correction terms involves multiplying the Poisson probability
generating function by powers of (q − 1). For (q − 1)k, this will look like:

∞∑
y=0

qy
k∑

j=0

(−1)j
(

k
j

)
p(y − j).

Notice that the inner sum is the kth backward difference (See equation (A.1)). Matching the
coefficients with equal powers of q yields the following approximation:

f(x) = p(x) +
k(2)

2
∇2p(x) +

[
−k(3)

6
∇3p(x) +

(k(2))2

8
∇4p(x)

]
+ · · · (4.2)

where f(x) is the true density, and p(x) is the Poisson density with the mean taken to be
the mean for f(x). k(i) represents the ith factorial cumulant, and ∇jp(x) represents the
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jth backward difference of p(x). See section A.1 for information regarding the backward
difference formula.

In statistics, tail probabilities are usually more important than point probabilities. Tail
probabilities can easily be obtained by summing both sides of equation(4.2). Using the
information in section A.1 regarding the sum of a backward difference leads to the following
approximations:

P (X ≤ y) = R(y) +
k(2)

2
∇1p(y) +

[
−k(3)

6
∇2p(y) +

(k(2))2

8
∇3p(y)

]
+ · · · (4.3)

P (X ≥ y) = R∗(y)− k(2)

2
∇1p(y − 1) +

[
k(3)

6
∇2p(y − 1) − (k(2))2

8
∇3p(y − 1)

]
+ · · · (4.4)

where R(y) =
∑y

x=0 p(x), and R∗(y) =
∑∞

x=y p(x).

These expansion methods work best when computing probabilities near the mean. Caution
should be used when using these methods in the far tails of a distribution. It is possible
to obtain negative probability estimates for points far enough out in the tails. This will be
illustrated in an example in the next section.

4.2.2 Example: Binomial Distribution

The binomial distribution will be used here to illustrate the methods. More examples and
applications of the methods presented above will occur later. The binomial distribution is
being presented here for several reasons. One is to show that the methods work at least for
a simple case. Another is that the Poisson approximation to the binomial is discussed in
many textbooks. So it is interesting to see if the approximation can be improved.

In order to use the expansion, the factorial cumulants are needed. For the binomial distri-
bution the factorial cumulants are k(j) = (−1)j−1(j − 1)!npj . Table 4.1 shows the results
for approximating the point probabilities of a binomial distribution with n = 50 and p = .1.
This table and the following tables present the approximations with the relative errors in
parenthesis. The relative errors are computed by subtracting the approximation from the
exact probability, and then dividing by the exact probability. In this table Expand1 and
Expand2 refer to the expansion using one and two correction terms respectively. In this
example k(1) = 5, k(2) = −.5, and k(3) = .1.

From the table it is easy to see that the approximations due to the expansion are better than
the usual Poisson approximation. Although in this example the approximations resulting
from the expansion are accurate in the tails, the accuracy is still far better near the mean.
To illustrate the problem with negative probability estimates, consider approximating the
probability that y equals 16. The approximation using the expansion with one correction
term would be -.000002.
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Table 4.1: Approximating the Binomial Distribution with n = 50 and p = .1 using the
Expansion Method

y Binomial Poisson Expand1 Expand2

2 .077943 .084224 .078329 .077957
(-.08) (-.005) (-.0002)

4 .180903 .175467 .180731 .180904
(.03) (.001) (−5.3 ∗ 10−6)

5 .184923 .175467 .184240 .184869
(.05) (.004) (.0003)

6 .154102 .146223 .153534 .154058
(.05) (.004) (.0003)

8 .064277 .065278 .064625 .064324
(-.02) (-.005) (-.0007)

10 .015183 .018133 .015413 .015188
(-.19) (-.02) (-.0003)

12 .002215 .003434 .002164 .002200
(-.55) (.02) (.007)

As mentioned throughout, interest is usually in obtaining tail probabilities. Table 4.2 displays
the results for right tail approximations using the binomial n = 50 and p = .1. The notation
for this table is the same as that used in the previous table.

From table 4.2, it becomes clear that the expansion methods continue to improve the Poisson
approximations for tail probabilities. It also becomes clear that the accuracy of the expansion
methods diminishes, along with the Poisson approximation, for points in the far tails. Again
the expansion method may lead to negative probability estimates.

Table 4.3 displays the results for left tail probability approximations. A binomial with n = 50
and p = .4 is used. This table shows the same trends previously seen. Here the expansion
methods perform very well near the mean with the accuracy diminishing in the tails. In
this example the accuracy of the expansion method is much less favorable compared to the
accuracy seen in the previous tables. The reason for this is that the conditions are less
favorable for the Poisson approximation. Here p is no longer small. Thus it appears that the
accuracy of the expansion method diminishes in the tails at a faster rate as the conditions
become less favorable for the Poisson approximation.

In the previous two examples it has been shown that the expansion method with one correc-
tion term can give unreasonable estimates. However, in these cases the expansion method
with two correction terms has given at least positive estimates. To show that the expansion
method with two correction terms can also give negative estimates, consider a binomial with
n = 50 and p = .5. The right tail approximation for y = 35 using the expansion methods
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Table 4.2: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
using the Expansion Method

y Binomial Poisson Expand1 Expand2

6 .383877 .384039 .384039 .383893
(-.0004) (-.0004) (-.00004)

8 .122145 .133372 .122927 .122196
(-.09) (-.006) (-.0004)

10 .024538 .031828 .024575 .024509
(-.30) (-.0015) (.0012)

12 .003220 .005453 .002980 .003200
(-.69) (.075) (.006)

14 .000285 .000698 .000170 .000289
(-1.45) (.40) (-.014)

16 .000017 .000069 −9.61 ∗ 10−6 .000022
(-3.06) (1.57) (-.29)

18 7.60 ∗ 10−7 5.42 ∗ 10−6 −3.26 ∗ 10−6 2.12 ∗ 10−6

(-6.13) (5.29) (-1.79)

with one and two correction terms are -.002018 and -.001932 respectively. The true probabil-
ity is .003302. In section 4.2.1, it was shown that the order of the correction terms depends
on p. Thus as p increases or approaches one, the accuracy of the expansion methods will
also start to diminish. This was also seen in the previous examples. One possible method
for obtaining better approximations is to add more correction terms.

4.2.3 Comments: Edgeworth-Like Expansion

The Edgeworth-Like expansion has been shown to lead to an improvement over the usual
Poisson approximations. The idea behind the use of the expansion is to simply add back
some of the error incurred while using the Poisson approximation. The hope is that the
portion of the error added back is the larger portion. Another way to view the use of the
expansion is to recall that the factorial cumulants, beyond the first one, are zero for the
Poisson distribution. Thus using the expansion is accounting for the fact that the factorial
cumulants may not all be zero for the distribution being approximated.

Perhaps the most appealing feature of the expansion is it’s simplicity. All that is required to
perform the approximation are the factorial moments. For most discrete distributions, the
factorial moments are easy to obtain, even if the density is complicated.

The only major disadvantage is that the accuracy of the approximation diminishes in the
tails of the distribution. It may also lead to negative probability estimates. This presents a
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Table 4.3: Approximating the Left Tail of a Binomial Distribution with n = 50 and p = .4
using the Expansion Method

y Binomial Poisson Expand1 Expand2

18 .335613 .381422 .347665 .339338
(-.13) (-.04) (-.01)

16 .156091 .221074 .169425 .159096
(-.42) (-.09) (-.02)

14 .053955 .104864 .058380 .053629
(-.94) (-.08) (.006)

12 .013251 .039012 .010812 .011893
(-1.94) (.18) (.10)

10 .002197 .010812 -.000821 .001738
(-3.92) (1.37) (.21)

8 .000231 .002087 -.001054 .000335
(-8.03) (5.56) (-.45)

6 .000014 .000255 -.000258 .000104
(-17.21) (19.42) (-6.43)

serious problem since cut-off values for p-values are usually in the tails of the distribution.

4.3 Density-Based Tail Probability Approximation

4.3.1 Derivation

The methods obtained above adjust Poisson approximations using information involving
factorial cumulants. An alternative method of deriving an approximation to a tail probability
is to approximate the density rather than the probability generating function. Here the focus
will be on the upper tail. The derivation will only be outlined here. See section B.2 in the
appendix for detailed derivations for the upper and lower tails.

The idea here is to write f(x) as a product of p(x) and g(x), where p(x) is the Poisson
density and g(x) is a function that is nearly constant. So approximating

∑∞
x=y f(x) will

involve working with
∑∞

x=y p(x)g(x). To prevent g(x) from being negative, g(x) will be set

equal to eh(x). Thus f(x) is being set equal to p(x)eh(x).

Solving for h(x) yields h(x) = ln(f(x))− ln(p(x)). So ∇h(x) = ∇ ln(f(x))−∇ ln(p(x)). Now
-∇ ln(p(x)) = ln(x)− ln(λ). This yields the following formula for the backward difference of
h(x):
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∇h(x) = ∇ ln(f(x)) + ln(x)− ln(λ). (4.5)

In general, the formula for the kth backward difference of h(x) is as follows:

∇kh(x) = ∇k ln(f(x))−∇k−1 ln(x). (4.6)

Later it will be beneficial to have ∇h(y) equal to zero. This can be accomplished by setting
equation (4.5) equal to zero and solving for λ. This leads to:

λ =
yf(y)

f(y − 1)
.

This is a case where it is useful to take the mean of the Poisson to be something other than
the mean associated with f(x).

Now expand h(x) about y using Newton’s backward difference formula (See Appendix A sec-
tion A.3). Newton’s backwards difference formula expands the function using the backward
difference of the function as opposed to the derivatives. The resulting form is the following:

f(x) = p(x) exp

[
h(y) + (x− y)∇h(y) +

(
x− y + 1

2

)
∇2h(y) + · · ·

]
.

Recall that λ can be chosen to make ∇h(y) equal to zero. So this can be simplified to the
following expression.

f(x) = p(x)g(y) exp

[(
x− y + 1

2

)
∇2h(y) +

(
x− y + 2

3

)
∇3h(y) + · · ·

]
.

In order to make it easier to take summations of both sides, the exponential can be expanded
in the usual power series.

After expanding with the power series, the issue of how to group the terms arises again. That
is, what is the relative size of each term. As with the Edgeworth-like expansion method,
this will be addressed by considering the approximation to the binomial distribution. The
details for this technique are addressed in section B.2.3.

The next issue deals with summing both sides of the expression in order to obtain approxi-
mations to the tail probabilities. Thus the following expression needs to be computed:
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∞∑
x=y

p(x)g(y)

([
1 +

(
x− y + 1

2

)
∇2h(y) +

(
x− y + 2

3

)
∇3h(y) + · · ·

]

+1/2


( x− y + 1

2

)2

(∇2h(y))2 + · · ·

+ · · ·


 .

This will be accomplished by summing term by term and using summation by parts. Let
L∗
k(y) =

∑∞
x=y(x−y)kp(x). Also let z = y−λ. Then the first few L∗ functions are as follows:

L∗
1(y) = λp(y − 1)− zR∗

λ(y)

L∗
2(y) = λR∗

λ(y)− zL∗
1(y)

L∗
3(y) = λR∗

λ(y) + 2λL∗
1(y)− zL∗

2(y)

L∗
4(y) = λR∗

λ(y) + 3λL∗
1(y) + 3λL∗

2(y)− zL∗
3(y). (4.7)

Notice that the L∗ functions may be obtained recursively using the previous L∗ functions
and the binomial coefficients. Using the L∗ functions and the fact that g(y) = f(y)/p(y)
leads to the following approximation:

P (X ≥ y) = (f(y)/p(y))[R∗
λ(y) + (1/2)(∇2 ln(f(y)) +∇ ln(y))(L∗

2(y) + L∗
1(y))

+ [(1/6)(∇3 ln(f(y)) +∇2 ln(y))(L∗
3(y) + 3L∗

2(y) + 2L∗
1(y))

+ (1/8)(∇2 ln(f(y)) +∇ ln(y))2(L∗
4(y) + 2L∗

3(y) + L∗
2(y))]

+ · · ·]. (4.8)

Approximating the left tail probabilities only requires adjustments to the L∗ functions. Let
Lk =

∑y
x=0(x− y)kp(x). Again let z = y − λ. The first few L functions are as follows:

L1(y) = −λp(y) − zRλ(y)

L1(y − 1) = −λp(y − 1) − zRλ(y − 1)

L2(y) = λRλ(y − 1)− zL1(y)

L2(y − 1) = λRλ(y − 1)− zL1(y − 1)

L3(y) = λRλ(y − 1) + 2λL1(y − 1)− zL2(y)

L4(y) = λRλ(y − 1) + 3λL1(y − 1) + 3λL2(y − 1) − zL3(y). (4.9)

Notice that these L functions may also be derived recursively in a way similar to the L∗

functions above. The only adjustments needed to obtain approximations to the left tail is
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to replace the L∗ functions with the respective L functions, and replace R∗
λ with Rλ. The

approximation is as follows:

P (X ≤ y) = (f(y)/p(y))[Rλ(y) + (1/2)(∇2 ln(f(y)) +∇ ln(y))(L2(y) + L1(y))

+ [(1/6)(∇3 ln(f(y)) +∇2 ln(y))(L3(y) + 3L2(y) + 2L1(y))

+ (1/8)(∇2 ln(f(y)) +∇ ln(y))2(L4(y) + 2L3(y) + L2(y))]

+ · · ·]. (4.10)

4.3.2 Example: Binomial Distribution

The binomial distribution is examined in the appendix in section B.2.3,where it was used
to determine the relative size of the correction terms. Here the binomial distribution will
be used to assess how well the density based approach works. The results from the density
based approach will be compared to the results using the Edgeworth-like expansion method.

First consider the example from section 4.2.2 for right tail approximations. There the meth-
ods were used to approximate the tail probabilities for a binomial with n = 50 and p = .1.
Table 4.4 displays the results for the techniques of section 4.2.2 as well as the density based
approximations. Den0, Den1, and Den2 will represent the density based approximation with
no correction terms, one correction term, and two correction terms respectively. Recall that
λ was chosen to make what would have been the first correction term equal to zero. So no
correction terms refers to using the approximation in equation (4.8) up to the R∗

λ(y) term.
No additional correction terms are included for the approximations labeled Den0 in the table.

Table 4.4 reveals that the density based methods are very accurate in the tails of the distri-
bution. The density based method with no extra correction terms was reasonably accurate.
This suggests that given two point probabilities, f(y) and f(y − 1), it is possible to obtain
a reasonable estimate for the tail probabilities. Given a little extra information, such as the
recursive formula for obtaining other probabilities, or one or two more point probabilities,
then the approximations become very accurate. These methods become more accurate for
points further out in the tails. Recall that the basic idea behind this method is to match
the Poisson density to the density being approximated. This is more feasible in the tails of
the density.

Table 4.5 compares the methods for approximating the left tail of a binomial distribution.
As in section 4.2, the binomial being approximated will be the binomial with n = 50 and
p = .4. The same trends appear to occur in the left tail as in the right. The density based
methods are very accurate in the tails. Their accuracy increases as the point moves further
out in the tails.

In section 4.2 it became clear that the accuracy of the expansion methods would start to
diminish slightly as p increased. To determine the reaction of the density based approaches
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Table 4.4: Comparing Density Based Methods and Expansion Methods for the Right Tail of
a Binomial Distribution with n = 50 and p = .1

y Bin. Poi. Exp1 Exp2 Den0 Den1 Den2

6 .383877 .384039 .384039 .383893 .404738 .382499 .384002
(-.0004) (-.0004) (-.00004) (-.05) (.004) (-.0003)

7 .229773 .237817 .230505 .229835 .239320 .229272 .229814
(-.04) (-.003) (-.0003) (-.04) (.002) (-.0002)

8 .122145 .133372 .122927 .122196 .126153 .121977 .122158
(-.09) (-.006) (-.0004) (-.03) (.001) (-.0001)

9 .057867 .068094 .058302 .057872 .059409 .057815 .057871
(-.18) (-.008) (-.00009) (-.03) (.0009) (-.00007)

10 .024538 .031828 .024575 .024509 .025082 .024523 .024539
(-.30) (-.002) (.001) (-.02) (.0006) (-.00004)

11 .009355 .013695 .009162 .009321 .009531 .009351 .009355
(-.46) (.02) (.004) (-.02) (.0004) (0.00)

12 .003220 .005453 .002980 .003200 .003272 .003219 .003220
(-.69) (.07) (.006) (-.02) (.0003) (0.00)

14 .000285 .000698 .000170 .000289 .000289 .000285 .000285
(-1.45) (.40) (-.014) (-.01) (0.00) (0.00)

16 .000017 .000069 −9.61 ∗ 10−6 .000022 .000017 .000017 .000017
(-3.06) (1.57) (-.29) (0.00) (0.00) (0.00)

to such a situation, consider approximating the right tail of a binomial distribution with
n = 60, p = .8, and y = 55. The true probability and the Poisson approximation are
.012106 and .173167 respectively. The approximations based on the expansion methods are
.082430 and .038573. Thus the accuracy of the expansion methods has diminished. The
approximations using the density based methods are .014173, .011523, and .012495 for no
correction terms, one correction term, and two correction terms respectively. Thus it appears
that the density based approaches are not affected by increasing p in the same way as the
expansion methods.

4.3.3 Example: Hypergeometric Distribution

As another illustration, consider approximating the hypergeometric distribution. This ex-
ample is important because it is a simple example of a distribution that is associated with a
finite population. The form of the hypergeometric being considered here is as follows:
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Table 4.5: Comparing Density Based Methods and Expansion Methods for the Left Tail of
a Binomial Distribution with n = 50 and p = .4

y Bin. Poi. Exp1 Exp2 Den0 Den1 Den2

18 .335613 .381422 .347665 .339338 .361504 .329415 .337462
(-.14) (-.04) (-.01) (-.08) (.02) (-.006)

17 .236876 .297028 .251456 .240924 .249649 .234413 .237484
(-.25) (-.06) (-.02) (-.05) (.01) (-.002)

16 .156091 .221074 .169425 .159096 .162011 .155165 .156281
(-.42) (-.09) (-.02) (-.04) (.006) (-.001)

15 .095502 .156513 .104864 .096773 .098061 .095176 .095558
(-.64) (-.10) (-.013) (-.03) (.003) (-.0006)

14 .053955 .104864 .058380 .053629 .054979 .053848 .053970
(-.94) (-.08) (.006) (-.02) (.002) (-.0003)

13 .027988 .066128 .028166 .026756 .028364 .027956 .027992
(-1.36) (-.006) (.04) (-.01) (.001) (-.0001)

12 .013251 .039012 .010812 .011893 .013376 .013242 .013251
(-1.94) (.18) (.10) (-.009) (.0007) (0.00)

10 .002197 .010812 -.00082 .001738 .002207 .002197 .002197
(-3.92) (1.37) (.21) (-.005) (0.00) (0.00)

8 .000231 .002087 -.00105 .000335 .000231 .000231 .000231
(-8.03) (5.55) (-.45) (0.00) (0.00) (0.00)

f(x) =

(
W
x

)(
B

n− x

)
(

W +B
n

) .

To use the Edgeworth-like approximation, the factorial moments are all needed. For the
hypergeometric distribution described above, the factorial moments are as follows:

E(X(k)) =
W (k)n(k)

(W +B)(k)
.

The factorial moments are then used to obtain the factorial cumulants. Then the approxi-
mation is simply obtained from equation (4.4) and (4.3).

To obtain the density based approximation, ∇ ln(f(x)) needs to be computed. For the
hypergeometric distribution, this simplifies to the following:
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∇ ln(f(x)) = ln

(
(W − x+ 1)(n− x+ 1)

x(B − n+ x)

)
.

So the pieces needed for the approximation may be computed in the following way:

∇2 ln(f(y)) +∇ ln(y) = ∇ ln

(
(W − y + 1)(n− y + 1)

(B − n+ y)

)

∇3 ln(f(y)) +∇2ln(y) = ∇2 ln

(
(W − y + 1)(n − y + 1)

(B − n+ y)

)

...

Once these are computed, the method proceeds as in the binomial examples.

Table 4.6 displays the results for the right tail approximation to the hypergeometric distri-
bution with W = 40, n = 25, and B = 60. Note that the mean for this distribution is
10.

Table 4.6: Comparing Density Based Methods and Expansion Methods for Approximating
the Right Tail of a Hypergeometric Distribution with W = 40, n = 25, and B = 60

y Hyp. Poi. Exp1 Exp2 Den0 Den1 Den2

11 .404086 .416960 .41696 .41203 .580647 .256220 .561096
(-.03) (-.03) (-.02) (-.44) (.37) (-.38)

13 .119710 .208444 .156745 .134018 .141853 .110413 .125378
(-.74) (-.31) (-.12) (-.18) (.08) (-.05)

14 .050277 .135536 .075884 .055212 .056840 .048241 .051256
(-1.70) (-.51) (-.10) (-.13) (.04) (-.02)

15 .017484 .083459 .026647 .013113 .019158 .017091 .017638
(-3.77) (-.52) (.25) (-.10) (.02) (-.008)

16 .004978 .048740 .001398 -.00369 .005340 .004913 .005000
(-8.79) (.72) (1.74) (-.07) (.01) (-.004)

17 .001147 .027042 -.00847 -.00675 .001212 .001138 .001150
(-22.58) (8.38) (6.88) (-.06) (.008) (-.003)

18 .000211 .014278 -.01009 -.00449 .000220 .000210 .000211
(-66.70) (48.82) (22.28) (-.04) (.005) (0.00)

19 .000030 .007187 -.00829 -.00151 .000032 .000030 .000030
(-238.6) (277.3) (51.33) (-.06) (0.00) (0.00)
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The example in Table 4.6 reveals that the density based methods are at their best in the tails.
The first row of the table shows that these methods can have problems at points very close to
the mean. This example also reveals that the Poisson approximation may lead to incorrect
upper 5%, 10%, and 1% values. These values are important to statisticians carrying out a
test of a hypothesis. Thus the improvement over the Poisson approximation in the tails of
the distribution is crucial. The Edgeworth-like expansion performs well near the mean of
the distribution, but quickly breaks down for points in the tails of the distribution.

Table 4.7 presents the left tail approximations for the same distribution used in table 4.6.
The results from this table once again reveal the accuracy of the density based approach in
the tails of the distribution. However, in this example, the approximation near the mean is
at least reasonable. In fact, the density based approximations at y = 9 are more accurate
than the Poisson approximation. Thus it appears that the density based approach is more
accurate when estimating the left tail probabilities of a distribution, especially near the mean.
The Edgeworth-like approximations show the same trends seen previously. The methods are
accurate near the mean, but break down for points in the tails.

Table 4.7: Comparing the Density Based Methods and Expansion Methods for Approximat-
ing the Left Tail of a Hypergeometric Distribution with W = 40, n = 25, and B = 60

y Hyp. Poi. Exp1 Exp2 Den0 Den1 Den2

9 .409988 .457930 .423809 .414725 .450240 .395386 .416150
(-.12) (-.034) (-.012) (-.10) (.04) (-.02)

8 .241306 .332820 .271402 .253077 .253305 .238271 .242224
(-.38) (-.125) (-.05) (-.05) (.01) (-.004)

7 .118515 .220221 .146520 .127719 .121508 .117973 .118633
(-.86) (-.24) (-.078) (-.03) (.005) (-.001)

6 .047404 .130141 .061354 .049488 .048002 .047324 .047416
(-1.75) (-.29) (-.044) (-.01) (.002) (-.0003)

5 .015040 .067086 .015495 .012513 .015131 .015031 .015041
(-3.46) (-.03) (.17) (-.006) (.0006) (-.00007)

4 .003667 .029253 -.0017 .00098 .003677 .003666 .003667
(-6.98) (1.46) (.73) (-.003) (.0003) (0.00)

3 .000658 .010336 -.0041 -.00036 .000659 .000658 .000658
(-14.71) (7.24) (1.55) (-.002) (0.00) (0.00)

4.3.4 Comments: Density Based Method

The density based approach has shown remarkable accuracy in the examples presented. Per-
haps the strongest advantage of this method is its simplicity, especially since the correction
terms may be computed recursively from the previous terms. This makes it simple to add
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additional correction terms. The backwards differences of the log of the density may some-
times be computed from a recursive relationship for successive point probabilities. This was
done for the binomial and hypergeometric example. If such a relationship does not exist,
then it may be computed from using a few point probabilities. Usually only two to four
point probabilities will be required to obtain accurate results.

Another advantage of the density based approach is that the basic idea leading to it is simple
to understand. This approach is basically matching the density of a Poisson random variable
to that of the density being approximated. This approach also allows for the flexibility of
choosing λ in such a way to make the approximation easier to compute and more accurate.
This is an idea that does not require a strong statistical background to understand. Most of
the mathematical tools involved in the derivations are related to ones taught in a Calculus
course.

The major disadvantage of the density based approach is that it does not perform well near
the mean. However, most statistical applications require accurate approximations to tail
probabilities. For example, in hypothesis testing, the null hypothesis is rejected if the test
statistic is far enough out in the tails. At least in the examples considered up to this point,
the density based approach has always lead to the correct .05, .1 , and .01 quantiles.

4.4 Discussion

Two different expansion methods have been presented in this chapter. The first expansion
is based on approximating the probability generating function. The result was an expansion
that led to accurate results near the mean of the distribution. Unfortunately the results
were not usually accurate in the tails of the distribution. The point at which the expansion
breaks down is related to the appropriateness of the Poisson approximation.

The second expansion is based on approximating the density. The result was an expansion
that led to accurate results in the tails of the distribution. The density based expansion had
it’s problems for points near the mean of the distribution. Thus the two expansions have
their strengths in totally different parts of the distribution. One advantage of the density
based expansion is that it appears to work in some cases where the Poisson approximation
may seem inappropriate.

Although these expansions seem to be very different, they are derived using similar tech-
niques. The Edgeworth-like expansion was derived by first rewriting the probability gener-
ating function as an exponential of the factorial cumulant generating function. Then Taylor
series expansions were used, followed by grouping the terms. The density based expansion
was derived by first rewriting the density as a product of the Poisson density and an exponen-
tial term. The term in the exponential was expanded using Newton’s Backward difference
formula followed by a Taylor series expansion of the exponential. This was followed by
grouping the terms. Thus the ideas behind the approximations are very similar. The main
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difference comes from the term being approximated. In the first case it was the probability
generating function. In the second case it was the actual density. Also the Edgeworth-like
expansion involves expanding around q = 1, which is associated with the center or mean of
the distribution, as shall be seen in the next chapter. The density based expansion involves
expanding around y, the point of interest.



Chapter 5

Tilting

The usual Poisson approximation and the Edgeworth-like expansion tend to work better for
points near the mean of the density. These methods tend to lose their accuracy for points in
the tails of the distribution. The tails of a distribution are important since they often relate
to p-values. The density based expansion is one approach to obtaining accurate probability
estimates for points in the tails of a distribution. Unfortunately it may have problems for
points near the mean. Thus a method for obtaining accurate probabilities in the tails, while
still yielding accurate estimates near the mean is needed.

The method to be explored in this chapter is tilting. As with the Edgeworth-like expansion,
the main mathematical tool used here will be the generating functions. However the basic
idea is similar to that of the density based expansion in that the focus is on the point of
interest, not the center or mean of the distribution.

5.1 Exponential Tilting

5.1.1 Conjugate Density Approach

The idea behind exponential tilting appears to have originated with Esscher(1932), see
Reid(1988). Since then it has been discussed in many sources including Barndorff-Nielsen
and Cox (1979), Daniels (1987), and Reid (1988). Terrell (1999, Ch.13) gives a thorough
discussion of exponential tilting, including its use in discrete cases. The basic idea behind
exponential tilting is to transform the density so that the mean of the transformed density
is the point of interest. If the distribution is a member of the exponential family, then the
transformation is performed in such a way that the transformed density is from the same
family as the original density. The transformed density is often called the conjugate density.
The conjugate density takes the following form:

28
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ft(x) =
e−xtf(x)

mx(t)
(5.1)

where again f(x) is the density we are trying to approximate and mx(t) is the moment
generating function. For discrete cases it may be more convenient to express this in the
following way:

fq(x) =
qxf(x)

πx(q)
(5.2)

where πx(q) is the probability generating function. Since the emphasis here is on discrete
distributions, the main focus will be on equation (5.2).

Let xq be a random variable from the distribution fq. Then Terrell (1999) derives the
following p.g.f. for xq:

πxq(r) =
πx(rq)

πx(q)
.

Now let kx(q) = ln(πx(q)) represent the factorial cumulant generating function. Then the
mean of xq is E(xq) = qk′

x(q).

So to tilt the mean to the point of interest, say y, solve for q in the equation y = qk′
x(q).

Then approximate the conjugate density by some known distribution, usually the normal
or Poisson distribution. The approximation to the transformed density should be fairly
accurate since the approximation is at a point that is equivalent to the mean. This leads to:

qyf(y)

πx(q)
= py(y) (5.3)

where py(y) is the Poisson density with mean y. Jin and Robinson(1999) discuss performing
tilting, then using different distributions to approximate the transformed density. This work
will focus exclusively on using the Poisson distribution. To obtain an approximation for
f(y), simply solve for it in equation (5.3). The resulting approximation is:

f(y) = πx(q)(1/q)
ypy(y). (5.4)

After a little algebra, the approximation becomes:

f(y) = πx(q)e
−y(1−1

q
)py/q(y). (5.5)
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As mentioned previously, statisticians are often interested in tail probabilities. Using the
notation from equations (4.3) and (4.4), the tail probability approximations are obtained by
summing over the necessary regions, and are as follows:

P (X ≤ y) = πx(q)e
−y(1−1

q
)Ry/q(y) (5.6)

P (X ≥ y) = πx(q)e
−y(1−1

q
)R∗

y/q(y). (5.7)

Exponential tilting works well for values that are in the tails of the distribution. Very little
is gained by using these methods close to the mean. These methods reduce to the traditional
Poisson approximations when the point of interest is the mean of the distribution.

5.1.2 Another View of Exponential Tilting

The previous section discussed exponential tilting from the view of forming a conjugate
density. In this section, exponential tilting will be formed by means of an expansion. For
this discussion, let q̂ denote the solution to the expression y = qk′

x(q).

Recall from chapter 3 that the factorial cumulant generating function for the Poisson dis-
tribution is linear. Thus when considering Poisson approximations, one possibility is to
approximate the factorial cumulant generating function for the distribution of interest by a
linear function. Note that expanding the factorial cumulant generating function with a first
order Taylor series about the point q = 1 leads to the following:

kx(q) ≈ kx(1) + (q − 1)k′
x(1)

= (q − 1)k(1).

This suggests using a Poisson approximation with mean k(1), which is just the usual Poisson
approximation.

Instead of expanding about the point q = 1, consider expanding about the point q = q̂. This
leads to the following:

kx(q) ≈ kx(q̂) + (q − q̂)k′
x(q̂)

= kx(q̂) + qk′
x(q̂)− q̂k′

x(q̂)

= kx(q̂)− y + qk′
x(q̂) + k′

x(q̂) − k′
x(q̂)

= kx(q̂)− y + k′
x(q̂) + k′

x(q̂)(q − 1).
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Notice that taking the exponential of both sides leads to the following:

πx(q) ≈ Exp[kx(q̂)− y + k′
x(q̂)](Exp[(q − 1)k′

x(q̂)])

= πx(q̂)e
−y(1−1

q̂
)(e(q−1)k′x(q̂)).

Now observe that e(q−1)k′x(q̂) is just the probability generating function for a Poisson random
variable with mean k′

x(q̂) = y/q̂. This suggests the following approximations:

f(y) = πx(q̂)e
−y(1−1

q̂
)py/q̂(y)

P (X ≤ y) = πx(q̂)e
−y(1−1

q̂
)Ry/q̂(y)

P (X ≥ y) = πx(q̂)e
−y(1−1

q̂
)R∗

y/q̂(y).

Note that this is the same approximation obtained from exponential tilting. Thus exponential
tilting may be thought of as expanding the factorial cumulant generating function about a
value of q that is associated with the point of interest, instead of about the point q = 1,
which is associated with the mean.

5.1.3 Example: Binomial

A starting place for using the approximation methods is to determine what q should be for
the exponential tilting. Recall that this is done by solving for q in the equation y = qk′

x(q).
For the binomial distribution it turns out that:

q =
(1− p)y

p(n− y)
.

Recall that the probability generating function for the binomial is (1−p+pq)n . The factorial
cumulant generating function is just the log of this.

Table 5.1 displays the results for approximating point probabilities from a binomial with
n = 50 and p = .1. Here Tilt refers to the approximation due to exponential tilting. Expand
refers to the approximation due to a first order expansion.

From the table it is easy to see that exponential tilting continues to perform well for points
in the far tails. It also performs well for points near the mean of the distribution. However, it
does not perform as well as the expansion until the points are in the tails of the distribution.
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Table 5.1: Approximating the Binomial Distribution with n = 50 and p = .1 using Expo-
nential Tilting

y Binomial Poisson Expand Tilt

2 .077943 .084224 .078329 .076373
(-.08) (-.005) (.02)

4 .180905 .175467 .180731 .173543
(.03) (.001) (.04)

6 .154104 .146223 .153534 .144595
(.05) (.004) (.06)

8 .064278 .065278 .064625 .058930
(-.02) (-.005) (.08)

11 .006135 .008242 .006182 .005421
(-.34) (-.008) (.12)

13 .000719 .001321 .000647 .000619
(-.84) (.10) (.14)

15 .000056 .000157 .000024 .000047
(-1.80) (.57) (.16)

16 .000014 .000049 -.000002 .000011
(-2.50) (1.14) (.21)

Table 5.2 presents the results for right tail probabilities. Again the distribution being ap-
proximated is a binomial with n = 50 and p = .1. This table shows the same trends as the
previous table. Exponential tilting appears to be at least reasonably accurate for points in
the far tails of the distribution.

Table 5.3 presents the results for the left tail of the binomial distribution. Here the binomial
with n = 50 and p = .4 is used. From the table it may again be seen that the approximation
due to exponential tilting is highly accurate for points in the tails of the distribution. In
this case they are much more accurate than the previous cases. To see why, recall that the
conjugate density for the binomial distribution is also a binomial distribution, with the p
being replaced by y/n. Thus when approximating points in the left tail of the distribution,
the p gets smaller. It is well known that the Poisson approximation is better for small p, thus
the approximation of the conjugate density is highly accurate. For right tail probabilities
the method performs well since the conjugate density is being approximated at it’s mean.
However the p = y/n is getting larger, and thus moving away from the ideal setting for a
Poisson approximation.

The results in this section may be compared with the results from chapter 4 to see how
tilting performs compared to the density based expansion. However, it should be noted
that exponential tilting is easier to perform for this example. In general, if the probability
generating function has a simple form, then exponential tilting will be easy to perform.
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Table 5.2: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
using Exponential Tilting

y Binomial Poisson Tilt Expand

6 .383877 .384039 .369148 .384039
(-.0004) (.04) (-.0004)

8 .122145 .133372 .113397 .122927
(-.09) (.07) (-.006)

10 .024538 .031828 .022114 .024575
(-.30) (.10) (-.0015)

12 .003220 .005453 .002821 .002980
(-.69) (.12) (.075)

14 .000285 .000698 .000243 .000170
(-1.45) (.15) (.40)

16 .000017 .000069 .000014 −9.61 ∗ 10−6

(-3.06) (.18) (1.57)
18 7.60 ∗ 10−7 5.42 ∗ 10−6 6.09 ∗ 10−7 −3.26 ∗ 10−6

(-6.13) (.20) (5.29)

5.2 Tilting with Constraints

As seen previously, the usual Poisson approximation and Exponential tilting may come about
by approximating the factorial cumulant generating function with a first order Taylor series.
Consider another linear approximation to the factorial cumulant generating function. Let
L(q) represent the approximation to kx(q), and again let q̂ denote the solution to y = qk′

x(q).
Now impose the following two constraints:

1. L(1) = kx(1) = 0.

2. L(q̂) = kx(q̂).

Then it may easily be found that L(q) = kx(q̂)(q−1)
q̂−1

. Notice that the first constraint is satisfied
by the approximation leading to the usual Poisson approximation. The second constraint is
satisfied by the approximation leading to exponential tilting. Thus this approximation is an
attempt to satisfy both of these conditions.

Approximating the factorial cumulant generating function in this way leads to the following
approximation:

f(x) ≈ Pλ1(x) (5.8)
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Table 5.3: Approximating the Left Tail of a Binomial Distribution with n = 50 and p = .4
using Exponential Tilting

y Binomial Poisson Tilt Expand

18 .335613 .381422 .308519 .347665
(-.13) (.08) (-.04)

16 .156091 .221074 .139358 .169425
(-.42) (.11) (-.09)

14 .053955 .104864 .047985 .058380
(-.94) (.11) (-.08)

12 .013251 .039012 .011886 .010812
(-1.94) (.10) (.18)

10 .002197 .010812 .001999 -.000821
(-3.92) (.09) (1.37)

8 .000231 .002087 .000214 -.001054
(-8.03) (.07) (5.56)

6 .000014 .000255 .000013 -.000258
(-17.21) (.07) (19.42)

where λ1 = kx(q̂)
q̂−1

. Thus the approximation is similar to the usual Poisson approximation.
The only difference is the choice for the mean. The resulting approximation due to tilting
with the constraints is analogous to work done in Lugananni and Rice(1980).

Notice that the approximation to the factorial cumulant generating function associated with
exponential tilting is not zero when q = 1. Thus the sum of the approximation to the density
will not equal one. So the approximation due to tilting with the constraints is in essence
renormalizing the approximation due to exponential tilting so that the approximation to the
density will sum to one.

5.2.1 Example: Binomial Distribution

To see how this works, consider approximating the binomial distribution. All that is required
is q̂ = (1−p)y

p(n−y)
and kx(q̂) = n ln(1− p + pq̂). Table 5.4 presents the results for approximating

point probabilities for a binomial with n = 50 and p = .1. Here New Tilt refers to the tilting
with the constraints.

From table 5.4 it appears that the tilting with the constraints is comparable to exponen-
tial tilting. It is much more accurate than the usual Poisson approximation. Tilting with
constraints is a little easier to implement than exponential tilting.

Table 5.5 presents the results for approximating the right tail probabilities of a binomial
with n = 50 and p = .1. Again the tilting with the constraints is comparable to exponential
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Table 5.4: Approximating the Binomial Distribution with n = 50 and p = .1 using Tilting
with the Constraint

y Binomial Poisson Expand Tilt New Tilt

2 .077943 .084224 .078329 .076373 .076294
(-.08) (-.005) (.02) (.02)

4 .180905 .175467 .180731 .173543 .173501
(.03) (.001) (.04) (.04)

6 .154104 .146223 .153534 .144595 .144540
(.05) (.004) (.06) (.06)

8 .064278 .065278 .064625 .058930 .058651
(-.02) (-.005) (.08) (.088)

11 .006135 .008242 .006182 .005421 .005270
(-.34) (-.008) (.12) (.14)

13 .000719 .001321 .000647 .000619 .000582
(-.84) (.10) (.14) (.19)

15 .000056 .000157 .000024 .000047 .000042
(-1.80) (.57) (.16) (.25)

16 .000014 .000049 -.000002 .000011 .000010
(-2.50) (1.14) (.21) (.29)

tilting. For points in the near tails, tilting with constraints is slightly more accurate. For
points in the far tails, exponential tilting is more accurate. This suggests that imposing the
constraints is helpful for points in the near tails, but not beneficial for points in the far tails.

Table 5.6 presents the results for approximating the left tail probabilities for a binomial
with n = 50 and p = .4. The trend is the same as that seen in the previous table. Just as
in Exponential tilting, the tilting with the constraints seems to perform better for left tail
probabilities than right tail probabilities.

As seen in the examples in this section, the tilting with the constraints is comparable to
exponential tilting. It sometimes performs better in the near tails. However, it does not
perform as well as exponential tilting in the far tails. One benefit to this modified version
of tilting is that it is a very simple approximation. It also shows that the mean of the
distribution being approximated is not necessarily the best choice for the mean of the Poisson
being used to approximate it.

5.3 Tilting for Finite Populations

In exponential tilting, the probability generating function was used to form the conjugate
density. The conjugate density was formed in such a way that it was a member of the same
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Table 5.5: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
using Tilting with the Constraint

y Binomial Poisson Tilt New Tilt Expand

6 .383877 .384039 .369148 .374219 .384039
(-.0004) (.04) (.025) (-.0004)

8 .122145 .133372 .113397 .116181 .122927
(-.09) (.07) (.05) (-.006)

10 .024538 .031828 .022114 .022525 .024575
(-.30) (.10) (.08) (-.0015)

12 .003220 .005453 .002821 .002810 .002980
(-.69) (.12) (.13) (.075)

14 .000285 .000698 .000243 .000232 .000170
(-1.45) (.15) (.19) (.40)

16 .000017 .000069 .000014 .000013 −9.61 ∗ 10−6

(-3.06) (.18) (.24) (1.57)
18 7.60 ∗ 10−7 5.42 ∗ 10−6 6.09 ∗ 10−7 4.89 ∗ 10−7 −3.26 ∗ 10−6

(-6.13) (.20) (.36) (5.29)

family as the original density, so long as the original density is a member of the exponential
family. Here a conjugate density will be formed in the same way as in exponential tilting.
The focus of this section will be on the hypergeometric distribution. This technique will be
illustrated for other distributions in later sections.

Notice from the derivation of ϕx(Q) for the hypergeometric distribution in Section 3.4.2 that:

(
Q(W−X)

W (W−X)

)
Hypergeometric(W +B,W, n)

ϕx(Q)
= Hypergeometric(Q+B,Q, n−W +Q).

Refer to this as the conjugate density. The mean of this conjugate density is Q(n−W+Q)
Q+B

. The
random variable with the hypergeometric distribution is now X −W +Q as opposed to just
X. Close inspection of the conjugate density reveals that it can be formed from the original
density by removing W −Q subjects from the cell of interest.

Consider a generalized version of this. Let f(x) be the density of interest. Then let the
following represent the conjugate density:

fQ(x) =

(
Q(W−X)

W (W−X)

)
f(x)

ϕx(Q)
.

The generating function for the conjugate density is derived as follows:
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Table 5.6: Approximating the Left Tail of a Binomial Distribution with n = 50 and p = .4
using Tilting with the Constraint

y Binomial Poisson Tilt New Tilt Expand

18 .335613 .381422 .308519 .328291 .347665
(-.13) (.08) (.02) (-.04)

16 .156091 .221074 .139358 .148992 .169425
(-.42) (.11) (.045) (-.09)

14 .053955 .104864 .047985 .050164 .058380
(-.94) (.11) (.07) (-.08)

12 .013251 .039012 .011886 .012030 .010812
(-1.94) (.10) (.09) (.18)

10 .002197 .010812 .001999 .00196 -.000821
(-3.92) (.09) (.11) (1.37)

8 .000231 .002087 .000214 .000204 -.001054
(-8.03) (.07) (.12) (5.56)

6 .000014 .000255 .000013 .0000124 -.000258
(-17.21) (.07) (.11) (19.42)

ϕ(X−W+Q)(T ) =
∑
x

T (Q−(X−W+Q))

Q(Q−(X−W+Q))
fQ(x)

=
∑
x

(
T (W−X)Q(W−X)

Q(W−X)W (W−X)

)
f(x)

ϕx(Q)

=
∑
x

T (W−X)

W (W−X)f(x)

ϕx(Q)

=
ϕx(T )

ϕx(Q)
.

Let XQ represent a random variable from the conjugate density. The mean of XQ is:

E(XQ) =
Qϕx(Q− 1)

ϕx(Q)
.

For the hypergeometric this will yield Q(n−W+Q)
Q+B

, the same expression as above. This seems
to suggest tilting by choosing Q such that

Qϕx(Q− 1)

ϕx(Q)
= x−W +Q (5.9)
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where x is the point where the density is to be estimated. Note that x− W + Q is needed
instead of x alone since, as mentioned above, the random variable for the conjugate density
is X − W + Q, not just X. This is analogous to exponential tilting where q is chosen such
that

qπ′
x(q)

πx(q)
= y.

For the hypergeometric distribution, this simplifies to

Q =
B(W − y)

B − n+ y
. (5.10)

To perform tilting, approximate the conjugate density with the Poisson density. That is:

(
Q(W−x)

W (W−x)

)
f(x)

ϕx(Q)
= Px∗(x−W +Q)

where Px∗(x − W + Q) is the Poisson density at point x − W + Q with x∗ = x − W + Q.
Solving for f(x) yields the following:

f(x) = ϕx(Q)
W (W−x)

Q(Q−x)
Px∗(x−W +Q)

= ϕx(Q)

(
W !(Q−W + x)!

x!Q!

)
e−x∗

(x∗)(x−W+Q)

(x−W +Q)!

= ϕx(Q)
W !

Q!
(x∗)Q−W e−x∗

(x∗)x

x!

=
ϕx(Q)W !(x∗)Q−W

Q!
Px∗(x). (5.11)

Tail probabilities may be found by summing both sides of the expression. This leads to the
following approximations:

P (X ≤ y) =
ϕx(Q)W !(y∗)Q−W

Q!
Ry∗(y) (5.12)

P (X ≥ y) =
ϕx(Q)W !(y∗)Q−W

Q!
R∗

y∗(y) (5.13)

where y∗ = y −W +Q here.
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5.3.1 Example: Hypergeometric

Now consider this method for approximating the hypergeometric distribution. Section 3.4.2
showed how to obtain the generating function. The previous section showed how to ob-
tain the value of Q needed to obtain the desired mean. Table 5.7 displays the results for
approximating right tail probabilities for W = 20, B = 30,and n = 15.

Table 5.7: Approximating Right Tail Probabilities of a Hypergeometric Distribution with
W = 20, B = 30,and n = 15 using Tilting

y Hypergeometric Poisson Tilted Approx.

7 .373808 .393697 .309841
(-.04) (.18)

8 .172229 .25602 .137661
(-.49) (.20)

9 .058293 .152736 .045854
(-1.62) (.21)

10 .013985 .083924 .012689
(-5.00) (.09)

11 .002288 .042621 .001976
(-18.12) (.11)

12 .000243 .020092 .000204
(-81.78) (.16)

Table 5.8 displays the results for approximating left tail probabilities for W = 75, B = 100,
and n = 25. From the previous two tables, it can be seen that the tilting using this new
generating function can lead to substantial improvements over the Poisson approximation.
It may also be seen that the approximation works a little better for right tail probabilities
than for left tail probabilities. The reason is similar to the reason that exponential tilting
works better for approximating the left tail probabilities of a binomial. Recall that the
Poisson approximation to a hypergeometric is better when W and n are less than B. For a
discussion on this, see Terrell (1999). Here the conjugate density is hypergeometric with W
being replaced by Q. For right tail probabilities Q is less than W , thus moving into a setting
where the Poisson approximation is better. For left tail probabilities Q is greater than W .
Thus the approximation benefits from being for a point at the mean of the distribution,
but it suffers from moving away from the setting where Poisson approximations work their
best. However, in both cases the tilting leads to a considerable improvement over the usual
Poisson approximation.
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Table 5.8: Approximating Left Tail Probabilities of a Hypergeometric Distribution with
W = 75, B = 100, and n = 25 using Tilting

y Hypergeometric Poisson Tilted Approx.

9 .300313 .372304 .22868
(-.24) (.24)

8 .167092 .258345 .121977
(-.55) (.27)

7 .078667 .162619 .055816
(-1.07) (.29)

6 .030699 .091143 .021348
(-1.97) (.30)

5 .009696 .044446 .006416
(-3.58) (.34)

4 .002405 .018296 .001575
(-6.61) (.35)

5.4 Discussion

Several different forms of tilting have been presented in this chapter. Exponential tilting has
been shown to lead to accurate approximations for points in the tails of the distribution. It
also performs well for points near the mean of the distribution. It is most useful when the
probability generating function can be expressed in terms of simple functions. Although it
is not always the most accurate method, it is one of the most consistent in that it does not
lose its accuracy rapidly in any part of the distribution.

Viewing exponential tilting as the result of a linear expansion or approximation to the
factorial cumulant generating function leads to the idea of tilting with the constraints. The
approximation resulting from imposing the constraints is very simple. The accuracy of the
method is comparable to that of exponential tilting. Like exponential tilting, it is also
most useful when the probability generating function can be expressed in terms of simple
functions.

Distributions associated with finite populations do not always have simple probability gen-
erating functions. In these cases the finite population probability generating function turns
out to be useful. The form of tilting using this new generating function is very similar in
form to exponential tilting. Like exponential tilting, it is accurate for points that are in the
tails of the distribution. It also performs well for points near the mean of the distribution.

Observing the parameter that is being tilted may lead to knowing when tilting will be
most effective. In some cases the parameter will be tilted in such a way that the Poisson
approximation to the conjugate density will be more appropriate. This was the case for
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using exponential tilting in the left tail of the binomial distribution, and for using the finite
population version of tilting in the right tail of the hypergeometric distribution. In some
cases the parameter is being tilted in such a way that the Poisson approximation to the
conjugate density is less appropriate. In these cases, the approximations of the original
density due to tilting is still more accurate than the usual Poisson approximation.



Chapter 6

Combining Tilting and Expansion

Highly accurate approximations may be obtained by combining the ideas of tilting and
expansion. When exponential tilting is combined with the Edgeworth Expansion, the sad-
dlepoint approximations are obtained. Thus the work in this chapter will be analogous to
the development of the saddlepoint approximations.

6.1 Exponential Tilting and Expansion

Barbour and Jensen (1989) suggest that exponential tilting and the Edgeworth-like expansion
may be combined to yield highly accurate results. The basic idea behind combining the
approaches begins with performing exponential tilting. However, instead of approximating
the conjugate density with a Poisson density, it is approximated using equation (4.2). This
approximation is as follows:

qxf(x)

πx(q)
=

(
p(x) +

k(2)
q

2
∇2p(x) +

[
−

k(3)
q

6
∇3p(x) +

(k(2)
q )2

8
∇4p(x)

]
+ · · ·

)

where k(i)
q is the ith factorial cumulant of the transformed density. Solving for f(x) leads to

the following approximation for point probabilities:

f(x) = πx(q)q
−x

(
p(x) +

k(2)
q

2
∇2p(x) +

[
−

k(3)
q

6
∇3p(x) +

(k(2)
q )2

8
∇4p(x)

]
+ · · ·

)
. (6.1)

Usually when Poisson approximations are performed, the mean of the Poisson is taken to be
the mean of the distribution being approximated. Equation (6.1) seems to suggest a different
value for the mean of the Poisson. If the mean is chosen such that ∇2p(x) = 0, then the

42
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first correction term will equal zero. Thus the accuracy obtained by using up to the first
correction term in the expression in equation (6.1) may be obtained through exponential
tilting alone. The expression ∇2p(x) = 0 may be rewritten as:

∇2p(x) = p(x − 2)

(
λ2

x(x− 1)
− 2λ

x− 1
+ 1

)
.

Setting this equal to zero and solving for λ leads to λ = x−
√
x and λ = x+

√
x. Thus it

appears that setting qk′
x(q) = x −

√
x and solving for q, and then performing exponential

tilting in the usual way will lead to a more accurate approximation. In fact, empirical results
suggest that this method is more accurate than using equation (6.1) with one correction term.
Using x+

√
x leads to slightly less accurate results.

Tail probability approximations may be obtained by several methods. One method is to
approximate the necessary point probabilities, and then add them. This is the approach
discussed in Barbour and Jensen (1989), and is analogous to the normal setting where the
density is approximated, and then numerical integration techniques are used. A simpler
approach is to perform exponential tilting and the expansion method one time, and then
take the summation of the results. This leads to a simple expression for the tail probability.
The derivation is contained in section B.1. The derivation involves using the properties of
backward differencing and summation by parts, which are discussed in Appendix A. The
end results are as follows:

P (X ≤ y) = πx(q)e
−(y−y

q
)

(
Ry/q(y) +

k(2)
q

2
L2(q)−

k(3)
q

6
L3(q) +

(k(2)
q )2

8
L4(q) + · · ·

)
(6.2)

P (X ≥ y) = πx(q)e
−(y−y

q
)

(
R∗

y/q(y) +
k(2)
q

2
L∗
2(q)−

k(3)
q

6
L∗
3(q) +

(k(2)
q )2

8
L∗
4(q) + · · ·

)
(6.3)

where Ry/q(y) and R∗
y/q(y) are as defined in equations (4.3) and (4.4). Lk(q) and L∗

k(q) are
defined as:

Lk(q) =

(
q − 1

q

)k

Ry/q(y) +

(
y!ey

qyy

)
Py/q(y)[∇k−1p(y) +

(
q − 1

q

)
∇k−2p(y) + · · ·+

(
q − 1

q

)k−1

p(y)] (6.4)

L∗
k(q) =

(
q − 1

q

)k

R∗
y/q(y)−

(
y!ey

yy

)
Py/q(y)[∇k−1p(y − 1) +

(
q − 1

q

)
∇k−2p(y − 1) + · · ·+

(
q − 1

q

)k−1

p(y − 1)] (6.5)
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where Py/q(y) is the probability that a Poisson random variable with mean y/q is equal to
y. Since highly accurate approximations are obtained with one or two correction terms,
there is seldomly a need to compute the L functions beyond L4(q) or L∗

4(q). Thus these tail
probability approximations are fairly easy to compute.

An interesting observation about combining exponential tilting with an expansion in the
Poisson setting is that the end result can be expressed as a series where the terms are ex-
pressed as a function involving Poisson information multiplied by the factorial cumulants.
This holds for both the point probability approximations and the tail probability approx-
imations. Thus the factorial cumulants are an important factor when considering these
approximations. As mentioned previously, the factorial cumulants for a Poisson are all zero
beyond the first one. The first is simply the mean of the Poisson distribution. Thus an
important criteria for Poisson approximation methods to be successful is that the cumulants
are at least decreasing. In deriving the expansion method in section 4.2, it was assumed that
the cumulant were decreasing by some order of magnitude. An example is presented later
which reveals that this method has problems when the cumulants are increasing as opposed
to decreasing.

6.1.1 Example: Binomial

To illustrate the use of combining exponential tilting with the Edgeworth-Like expansion,
consider approximating the binomial distribution. The information needed to perform the
approximations is the same as what was needed to perform exponential tilting and the
Edgeworth-like expansion. Only now for the expansion, the factorial cumulants from the
conjugate density will be needed. These will not be difficult to obtain since the conjugate
density for approximating a binomial is a binomial with p being replaced by y/n.

Table 6.1 shows results for approximating the point probabilities of a binomial distribution
with n = 50 and p = .1. In the table Expand refers to the expansion method alone, Tilt
refers to exponential tilting alone, Tilt2 refers to exponential tilting where the mean of the
conjugate density is set to y−√

y as opposed to y, and Comb refers to combining exponential
tilting with the expansion method. The combination method here only uses one correction
term.

From the table it is easy to see that the second form of tilting and the combination method
give highly accurate results, even far out in the tails. The second form of tilting yields
a considerable improvement over exponential tilting, while still maintaining the simplicity.
Unfortunately it does not lead to a useful approximation to tail probabilities.

Table 6.2 displays the results for right tail approximations using the binomial n = 50 and
p = .1. Exp1 and Exp2 refer to the expansion method using one and two correction terms
respectively. Comb1 refers to using the combination method with only one correction term,
and comb2 refers to using two correction terms.
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Table 6.1: Approximating the Binomial Distribution with n = 50 and p = .1 by Combining
Tilting and Expansion

y Binomial Poisson Expand Tilt Tilt2 Comb.

2 .077943 .084224 .078329 .076373 .077950 .077901
(-.08) (-.005) (.02) (−9 ∗ 10−5) (.0005)

4 .180905 .175467 .180731 .173543 .181044 .180484
(.03) (.001) (.04) (-.0008) (.002)

6 .154104 .146223 .153534 .144595 .154422 .153271
(.05) (.004) (.06) (-.002) (.005)

8 .064278 .065278 .064625 .058930 .064554 .0636448
(-.02) (-.005) (.08) (-.004) (.01)

11 .006135 .008242 .006182 .005421 .006195 .006017
(-.34) (-.008) (.12) (-.01) (.02)

13 .000719 .001321 .000647 .000619 .000730 .000700
(-.84) (.10) (.14) (-.02) (.03)

15 .000056 .000157 .000024 .000047 .000058 .000054
(-1.80) (.57) (.16) (-.04) (.04)

16 .000014 .000049 -.000002 .000011 .000014 .000013
(-2.50) (1.14) (.21) (0.00) (.07)

From table 6.2, it becomes clear that the combination methods are highly accurate even in
the tails. The expansion method with two correction terms does well until the values move
further out in the tails. Once again, the expansion method with only one correction term
has problems, which is evident from the negative values. Exponential tilting does well even
in the tails. Although it is not the most accurate method, it always seems to perform at
least reasonably well.

Table 6.3 displays results for left tail probability approximations. The table is set up in the
same way as table 6.2. A binomial with n = 50 and p = .4 is used. The table shows the
same trends previously seen. Again the combination methods perform very well. Here the
expansion methods perform very well near the mean with the accuracy diminishing in the
tails. In this example the accuracy of the expansion method is much less favorable compared
to the combination method. The reason for this is that the conditions are less favorable
for the Poisson approximation. Recall that the expansion method does not perform as well
as the conditions become less favorable for the Poisson approximation. The combination
methods tend to continue performing well. Also note that these are approximations for
points in the left tails, thus the probability of a ”success” for the conjugate density is getting
smaller as the points move out into the left tail.
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Table 6.2: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
by Combining Tilting and Expansion
y Binomial Poisson Tilt Exp1 Exp2 Comb1 Comb2

6 .383877 .384039 .369148 .384039 .383893 .382906 .383796
(-.0004) (.04) (-.0004) (-.00004) (.003) (.0002)

8 .122145 .133372 .113397 .122927 .122196 .121227 .122036
(-.09) (.07) (-.006) (-.0004) (.008) (.0009)

10 .024538 .031828 .022114 .024575 .024509 .024195 .024484
(-.30) (.10) (-.0015) (.0012) (.014) (.0022)

12 .003220 .005453 .002821 .002980 .003200 .003150 .003206
(-.69) (.12) (.075) (.006) (.022) (.004)

14 .000285 .000698 .000243 .000170 .000289 .000276 .000283
(-1.45) (.15) (.40) (-.014) (.032) (.007)

16 .000017 .000069 .000014 −9.61 ∗ 10−6 .000022 .000017 .000017
(-3.06) (.18) (1.57) (-.29) (0.00) (0.00)

18 7.60 ∗ 10−7 5.42 ∗ 10−6 6.09 ∗ 10−7 −3.26 ∗ 10−6 2.12 ∗ 10−6 7.18 ∗ 10−7 7.47 ∗ 10−7

(-6.13) (.20) (5.29) (-1.79) (.055) (.017)

6.2 Tilting and Expansion with a Constraint

Consider rewriting the factorial cumulant generating function in the following way:

kx(q) = (q − 1)m(q)

where m(q) = kx(q)
(q−1)

is a function of q. Now approximate m(q) by expanding it with a Taylor

series about the point q = q̂, where q̂ is again the solution to qk′
x(q) = y. For now, consider

only a linear expansion. This leads to the following:

kx(q) ≈ (q − 1)[m(q̂) + (q − q̂)m′(q̂)].

The approximation to the factorial cumulant generating function now has the constraint that
it is equal to zero when q is equal to one. Now this leads to approximating the probability
generating function in the following way:

πx(q) ≈ exp[(q − 1)m(q̂) + (q − 1)(q − q̂)m′(q̂)].

Notice that m(q̂) = kx(q̂)
q̂−1

, which was called λ1 in section 5.2. This leads to the following:

πx(q) ≈ πλ1(q) exp[(q − 1)(q − q̂)m′(q̂)]
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Table 6.3: Approximating the Left Tail of a Binomial Distribution with n = 50 and p = .4
by Combining Tilting and Expansion

y Binomial Poisson Tilt Exp1 Exp2 Comb1 Comb2

18 .335613 .381422 .308519 .347665 .339338 .330462 .33434
(-.13) (.08) (-.04) (-.01) (.02) (.004)

16 .156091 .221074 .139358 .169425 .159096 .152980 .155391
(-.42) (.11) (-.09) (-.02) (.02) (.004)

14 .053955 .104864 .047985 .058380 .053629 .052915 .053743
(-.94) (.11) (-.08) (.006) (.02) (.004)

12 .013251 .039012 .011886 .010812 .011893 .013038 .013212
(-1.94) (.10) (.18) (.10) (.02) (.003)

10 .002197 .010812 .001999 -.000821 .001738 .002171 .002193
(-3.92) (.09) (1.37) (.21) (.01) (.002)

8 .000231 .002087 .000214 -.001054 .000335 .000229 .000230
(-8.03) (.07) (5.56) (-.45) (.009) (.004)

6 .000014 .000255 .000013 -.000258 .000104 .000014 .000014
(-17.21) (.07) (19.42) (-6.43) (0.00) (0.00)

where πλ1(q) is the probability generating function for a Poisson random variable with mean
λ1. Now expand the exponential in a power series. Again consider only the first order series
for now. This leads to the following:

πx(q) ≈ πλ1(q)[1 + (q − 1)(q − q̂)m′(q̂)].

Now consider the following:

∞∑
x=0

pλ1(x)q
x(q − 1)(q − q̂)m′(q̂) = m′(q̂)

∞∑
x=0

pλ1(x)q
x(q2 − (q̂ + 1)q + q̂).

If the approximation is at the point x, this suggests the following approximation:

f(x) ≈ pλ1(x) +m′(q̂)(q̂pλ1(x)− (q̂ + 1)pλ1(x− 1) + pλ1(x− 2))

= pλ1(x) +m′(q̂)(q̂∇pλ1(x)−∇pλ1(x− 1)).

Now m′(q̂) may be found in the following way:

m′(q̂) =

(
kx(q̂)

q̂ − 1

)′
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=
(q̂ − 1)k′

x(q̂)− kx(q̂)

(q̂ − 1)2

=
x/q̂ − λ1

q̂ − 1
.

Thus the approximation for f(x) is as follows:

f(x) ≈ pλ1(x) +

[
x/q̂ − λ1

q̂ − 1

]
(q̂∇pλ1(x)−∇pλ1(x− 1)). (6.6)

To obtain approximations for tail probabilities, sum both sides of the expression to obtain
the following:

P (X ≤ y) ≈ Rλ1(y) +

[
y/q̂ − λ1

q̂ − 1

]
(q̂pλ1(y)− pλ1(y − 1)) (6.7)

P (X ≥ y) ≈ R∗
λ1
(y) +

[
y/q̂ − λ1

q̂ − 1

]
(pλ1(y − 2)− q̂pλ1(y − 1)). (6.8)

Notice that the first term of the approximations are the results obtained from tilting with the
constraints, presented in section 5.2. Thus this may be viewed as incorporating an expansion
with the tilting with constraints. The resulting approximations are simple. To determine
how the methods works, they will be used to approximate the binomial distribution in the
following section.

6.2.1 Example: Binomial

To use the methods in the previous section, q̂ and kx(q̂) are needed. For the binomial

distribution, q̂ = (1−p)y
p(n−y)

and kx(q̂) = n ln(1 − p + pq̂). Table 6.4 displays the results for
approximating binomial right tail probabilities with n = 50 and p = .1. In the table,
TilExpCon is being used to denote tilting and expanding with a constraint.

From table 6.4 it appears that the method in equation(6.8) leads to very accurate results. It
is more accurate than the combination method using one correction term, and often performs
better than the combination method using two correction terms. It should also be noted
that tilting and expanding with a constraint leads to an approximation that is easier to
implement than the previous combination methods.

Table 6.5 displays the results for approximating binomial left tail probabilities with n = 50
and p = .4. This table reveals that the approximation in equation(6.8) is very accurate.
However it is not as accurate as the combination methods presented earlier. As mentioned
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Table 6.4: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
by Combining Tilting and Expansion using the Constraint

y Binomial Poisson Comb1 Comb2 TilExpCon

6 .383877 .384039 .382906 .383796 .383409
(-.0004) (.003) (.0002) (.001)

8 .122145 .133372 .121227 .122036 .122047
(-.09) (.008) (.0009) (.0008)

10 .024538 .031828 .024195 .024484 .024581
(-.30) (.014) (.0022) (-.002)

12 .003220 .005453 .003150 .003206 .003239
(-.69) (.022) (.004) (-.006)

14 .000285 .000698 .000276 .000283 .000288
(-1.45) (.032) (.007) (-.01)

16 .000017 .000069 .000017 .000017 .000017
(-3.06) (0.00) (0.00) (0.00)

18 7.60 ∗ 10−7 5.42 ∗ 10−6 7.18 ∗ 10−7 7.47 ∗ 10−7 7.50 ∗ 10−7

(-6.13) (.055) (.017) (.01)

earlier, the combination methods are very accurate for binomial left tail probabilities due
to the fact that the probability of success for the conjugate density is decreasing. Thus
the constraint being imposed by the methods in this section is not as useful. However, the
approximation in equation(6.8) is of a simpler form than the combination methods.

6.3 Tilting and Expansion for Finite Populations

To combine tilting and expansion for finite population settings, begin with equation(5.3).
Instead of approximating with a Poisson distribution, use the expansion of equation(4.2). For
simplicity, the approximations will be presented using the expansion with only one correction
term. This leads to the following approximation:

(
Q(W−x)

W (W−x)

)
f(x)

ϕx(Q)
≈

px∗(x−W +Q) +

k
(2)
Q

2
∇2px∗(x−W +Q)




where k
(2)
Q is the second factorial cumulant from the conjugate density. Now solve the

expression for f(x) to obtain the following approximation:

f(x) = ϕX(Q)
W !(Q−W + x)!

x!Q!


p(x −W +Q) +

k(2)
Q

2
∇2p(x −W +Q)


 .
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Table 6.5: Approximating the Left Tail of a Binomial Distribution with n = 50 and p = .4
by Combining Tilting and Expansion using the Constraint

y Binomial Poisson Comb1 Comb2 TilExpCon

18 .335613 .381422 .330462 .33434 .337789
(-.13) (.02) (.004) (-.006)

16 .156091 .221074 .152980 .155391 .159537
(-.42) (.02) (.004) (-.02)

14 .053955 .104864 .052915 .053743 .056155
(-.94) (.02) (.004) (-.04)

12 .013251 .039012 .013038 .013212 .014041
(-1.94) (.02) (.003) (-.06)

10 .002197 .010812 .002171 .002193 .002364
(-3.92) (.01) (.002) (-.08)

8 .000231 .002087 .000229 .000230 .000251
(-8.03) (.009) (.004) (-.09)

6 .000014 .000255 .000014 .000014 .000015
(-17.21) (0.00) (0.00) (-.07)

To form the approximations for tail probabilities, again sum both sides of the previous
equations. Summing the right side of the expression involves using summation by parts.
The details of this are presented in the Appendix in Section B.3. Taking the sum leads to
the following approximations:

P (X ≤ y) ≈ ϕX(Q)
W !

Q!


(y∗)Q−WRy∗(y) +

k
(2)
Q

2
L2(Q)


 (6.9)

P (X ≥ y) ≈ ϕX(Q)
W !

Q!


(y∗)Q−WR∗

y∗(y) +
k
(2)
Q

2
L∗
2(Q)


 (6.10)

where L2(Q) and L∗
2(Q) are defined as follows:

L2(Q) = (W −Q+ 1)(2)(y∗)Q−W−2Ry∗(y + 2) +
(y∗ + 1)!

(y + 1)!

[
∇p(y∗) +

(W −Q)

(y + 2)
p(y∗)

]

− (Q−W )[∇p(Q∗) + (W −Q)p(Q∗)]

L∗
2(Q) = (W −Q+ 1)(2)(y∗)Q−W−2R∗

y∗(y + 2)− y∗!

y!

[
∇p(y∗ − 1) +

(W −Q)

(y + 1)
p(y∗ − 1)

]
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with Q∗ = Q−W − 1, Ry∗(y + 2) =
∑y

x=0 p(x+ 2), and R∗
y∗(y + 2) =

∑∞
x=y p(x+ 2).

Note that the form of the approximations here is similar to the saddlepoint approximations
presented in Daniels (1987). The important thing to notice is that the approximations to tail
probabilities have a closed form. Thus if there is a way to easily obtain Poisson probabilities,
then approximations will be quick and easy to perform. Section B.3 of the appendix shows
the form of the approximations for using more than one correction term.

6.3.1 Example: Hypergeometric

The hypergeometric distribution will be used here to illustrate the use of combining tilting
and expansion for distributions associated with finite populations. Section 4.3.3 illustrated
the use of the expansion to approximate hypergeometric probabilities. Section 5.3 illustrated
the use of tilting. Table 6.6 displays the results for approximating right tail probabilities
for a hypergeometric with W = 20, B = 30, and n = 15. In the table Tilt/Exp1 refers to
using an expansion with one correction term along with tilting. Tilt/Exp2 refers to using an
expansion with two correction terms. From the table it may be seen that combining tilting
and expanding continues to lead to highly accurate results. These methods continue to do
well for points in the tails of the distribution.

Table 6.6: Approximating Right Tail Probabilities of a Hypergeometric Distribution with
W = 20, B = 30, and n = 15 by Combining Tilting and Expansion

y Hypergeometric Poisson Tilt Tilt/Exp1 Tilt/Exp2

7 .373808 .393697 .309841 .361887 .376551
(-.04) (.18) (.032) (-.007)

8 .172229 .25602 .137661 .164329 .172242
(-.49) (.20) (.046) (-.00008)

9 .058293 .152736 .045854 .054737 .057346
(-1.62) (.21) (.061) (.016)

10 .013985 .083924 .012689 .013127 .013707
(-5.00) (.09) (.061) (.020)

11 .002288 .042621 .001976 .002252 .002321
(-18.12) (.11) (.016) (-.014)

12 .000243 .020092 .000204 .000231 .000237
(-81.78) (.16) (.049) (.025)

Table 6.7 presents the results for approximating left tail probabilities with W = 75, B = 100,
and n = 25. The notation in this table is the same as that in the previous table. From this
table it may also be seen that combining tilting and expanding may lead to highly accurate
results.
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Table 6.7: Approximating Left Tail Probabilities of a Hypergeometric Distribution with
W = 75, B = 100, and n = 25 by Combining Tilting and Expansion

y Hypergeometric Poisson Tilt Tilt/Exp1 Tilt/Exp2

9 .300313 .372304 .22868 .268629 .280929
(-.24) (.24) (.106) (.065)

8 .167092 .258345 .121977 .148076 .157001
(-.55) (.27) (.114) (.060)

7 .078667 .162619 .055816 .069225 .074019
(-1.07) (.29) (.120) (.059)

6 .030699 .091143 .021348 .026889 .028660
(-1.97) (.30) (.124) (.066)

5 .009696 .044446 .006416 .008482 .008515
(-3.58) (.34) (.125) (.122)

6.4 Generalized Approximations

6.4.1 Generalizing Tilting and Expansion with a Constraint

In certain applications neither of the generating functions may have a simple form. It is also
possible to have a generating function that is useful, but the value of the tilting parameter
(either q or Q) is difficult to obtain. For these cases, it may still be possible to use the
methods presented previously by approximating the necessary terms.

Consider using the approximations presented in equations (6.8) and (6.8). The only terms
needed to perform the approximations are q̂ and kx(q̂). If kx(q) is unknown, then it may be
approximated in the following way:

kx(q) ≈ (q − 1)k(1) +
1

2
(q − 1)2k(2) +

1

6
(q − 1)3k(3) +

1

24
(q − 1)4k(4). (6.11)

Recall that q̂ is found by solving qk′
x(q) = y. This could be accomplished by simply solving

the polynomial, but this has been shown to lead to problems (see Wang (1992) for example).
Consider a different approach to the problem. Let h(q) = qk′

x(q). Now let g(x) = h−1(x).
Notice that h(1) is the mean of the distributed being approximated, call it µ. Then g(µ) = 1.
So g(x) may be approximated in the following way:

g(x) ≈ 1 + (x− µ)g′(µ) +
1

2
(x− µ)2g′′(µ) +

1

6
(x− µ)3g′′′(µ). (6.12)

Now
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g′(µ) = (h−1(µ))′ =
1

h′(h−1(µ))

=
1

k′
x(q) + qk′′

x(q)

∣∣∣∣∣
q=1

=
1

k(1) + k(2)
.

g′′(µ) and g′′′(µ) may be found in a similar way to be the following:

g′′(µ) =
−(2k(2) + k(3))

(k(1) + k(2))3

g′′′(µ) =
−(3k(3) + k(4))

(k(1) + k(2))4
+
3(2k(2) + k(3))2

(k(1) + k(2))5
.

Now solving qk′
x(q) = y leads to solving h(q) = y which implies that q = h−1(y), or q = g(y).

Thus q̂ may be approximated by plugging y into equation (6.12). Approximating q̂ in this
way only requires the first four factorial cumulants, which may be obtained from the first
four factorial moments.

6.4.2 Example: Binomial

The binomial distribution will be used to determine the impact of estimating q̂ and kx(q̂).
q̂ will be estimated by the technique in equation (6.12) while kx(q̂) will be estimated using
equation (6.11). Thus there are two separate approximations being used to obtain the parts
needed to approximate the probabilities.

Table 6.8 presents the results for approximating right tail probabilities for a binomial with
n = 50 and p = .1. TilExpCon still refers to the approximation due to tilting and expanding
with the constraint. GenApprox refers to the generalized approximation. In the table it
appears that the generalized approximation does very well. In a few cases it performs better
than the approximation without approximating the necessary components. This happens
in very few examples. In most other cases the generalized approximation is slightly less
accurate. However the loss is usually small, and thus this method may be useful in cases
where the terms must be approximated. More examples will be presented later.

6.4.3 Generalizing Tilting and Expansion for Finite Populations

In most finite population cases, if the factorial moments are easy to obtain, then the finite
population probability generating function will also be easy to obtain. However in some
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Table 6.8: Approximating the Right Tail of a Binomial Distribution with n = 50 and p = .1
using the Generalized Approximation

y Binomial Poisson TilExpCon GenApprox

6 .383877 .384039 .383409 .383408
(-.0004) (.001) (.001)

8 .122145 .133372 .122047 .122027
(-.09) (.0008) (.001)

10 .024538 .031828 .024581 .024553
(-.30) (-.002) (-.0006)

12 .003220 .005453 .003239 .003225
(-.69) (-.006) (-.002)

14 .000285 .000698 .000288 .000284
(-1.45) (-.01) (.004)

16 .000017 .000069 .000017 .000017
(-3.06) (0.00) (0.00)

cases the factorial moments may only be estimated as opposed to being obtained exactly.
In these cases it may be necessary to have a means of obtaining the necessary pieces for the
approximations presented in section 6.3.

Recall that solving for Q involved solving the following expression:

Qϕx(Q− 1)

ϕx(Q)
+W −Q = y.

In the calculations for right tail probabilities that have been observed, Q is less than W .
So now let Q = W − k for some k. Then finding the value for Q will involve finding the
appropriate value for k. Solving the above expression now leads to finding k to solve the
following expression:

(W − k)ϕx(W − k − 1)

ϕx(W − k)
+ k = y.

Now let m(k) denote the kth factorial moment. Using the relationship between the finite
population probability generating function and the factorial moments leads to the following:

ϕx(W − k) =
m(k)

W (k)

ϕx(W − k − 1) =
m(k+1)

W (k+1)
.
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Now

(W − k)ϕx(W −K − 1)

ϕx(W − k)
+ k =

(W − k)m(k+1)W (k)

W (k+1)m(k)
+ k

=
(W − k)m(k+1)W !(W − k − 1)!

m(k)(W − k)!W !
+ k

=
m(k+1)

m(k)
+ k.

Solving for Q now involves finding the value of k that solves the following expression:

m(k+1)

m(k)
+ k = y.

Thus if higher factorial moments may be approximated, then this may be used to find the
value of Q needed for the right tail approximations presented in section 6.3. The other
term needed for the approximation is ϕx(Q). Recall that this may be found by ϕx(Q) =

ϕx(W − k) = m(k)

W (k) .

Other methods for generalizing these approximations is currently being investigated. The
need for such methods has not been fully determined for this setting.



Chapter 7

Examples

The goal of the previous chapters has been to develop methods that may be used to improve
Poisson approximations. Throughout those chapters, simple examples have been used to
illustrate the use and accuracy of the methods. The goal of this chapter is to illustrate the
use of the methods for more complicated examples.

7.1 Sum of Bernoulli Random Variables

The sum of Bernoulli random variables with the same probability of success is simply the
binomial distribution. This setting has been treated throughout to illustrate the use of the
methods. Approximating binomial probabilities is not very useful since the exact probabili-
ties are not difficult to obtain. However approximating probabilities for the sum of Bernoulli
random variables with different probabilities of success is much more useful since obtaining
exact probabilities is more difficult.

Barbour and Jensen(1989) discuss using the combination of exponential tilting and the
Edgeworth-Like expansion to obtain approximations. However in their work they approxi-
mate the point probabilities individually and sum them to obtain tail probabilities. Thus
their method is tedious and may also be time consuming. The value for the tilting parameter,
q, must also be determined numerically.

Here the method of tilting and expansion with a constraint will be used to approximate
tail probabilities. Since q must be determined numerically, the method presented in section
6.4.1 will be used to approximate it. Since the exact cumulant generating function is not too
difficult, it will not be approximated here. The first four factorial cumulants are as follows:

k(1) =
∑
i

pi

56
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k(2) = −(
∑
i

p2i )

k(3) = 2(
∑
i

p3i )

k(4) = −6(
∑
i

p4i ).

The factorial cumulant generating function is
∑

i ln(1 − pi + qpi). Now consider approx-
imating right tail probabilities for the sum of twenty Bernoulli random variables where
pi = (.5)(.8)i−1. The results are presented in table 7.1. In the table Gen. tilt is using the
generalized approach for tilting with constraints while Gen. Tilt/Exp. refers to using the
generalized approach for tilting and expansion with a constraint.

Table 7.1: Approximating Right Tail Probabilities for a Sum of 20 Bernoulli Random Vari-
ables with pi = (.5)(.8)i−1

y Exact Poisson Gen. Tilt Gen. Tilt/Exp.

1 .9474 .9155 .9365 .9475
(.034) (.012) (-.0001)

2 .7573 .7067 .7235 .7536
(.067) (.042) (.005)

3 .4651 .4487 .4218 .4592
(.035) (.093) (.013)

4 .2107 .2362 .1756 .2055
(-.121) (.167) (.025)

5 .0698 .1050 .0514 .0665
(-.504) (.264) (.047)

6 .0170 .0401 .0106 .0154
(-1.358) (.376) (.094)

7 .00306 .01339 .00155 .00256
(-3.38) (.493) (.163)

From table 7.1 it may be seen that the generalized approximations are better than the usual
Poisson approximation. In this example the relative errors stay below ten percent until the
points move far enough into the tails. Even then there is a large improvement.

7.2 Compound Poisson

Let Y =
∑N

i=1 Xi where Xi has a Poisson distribution with mean λ and N has a Poisson
distribution with mean µ. Then Y has a compound Poisson distribution. The compound
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Poisson distribution, and other compound distributions are discussed in Douglas(1980). The
density of Y is as follows:

f(y) =
∞∑

N=1

(
e−µµN

N !

)(
e−Nλ(Nλ)y

y!

)
+ e−µI(y=0).

I(y=0) is an indicator function which equals one if f(0) is being computed, and zero other-
wise. Thus it is difficult to obtain point probabilities and even more difficult to obtain tail
probabilities.

The probability generating function for a compound Poisson distribution is fairly easy to
obtain. It is as follows:

πy(t) = exp[µ exp(tλ− λ)− µ]

= πN(πXi(t)).

This suggests that the combination of exponential tilting and the expansion method with or
without the constraint may be used here. Solving for q does not lead to a simple formula
here. One possibility is to use the method suggested in section 6.4. In the examples presented
below, q will be solved for numerically.

Another possibility for approximating the distribution is to use the density based approach.
All that is required are two or three point probabilities. This is not a simple task since the
density does not have a closed form. However they may be obtained by finding convergence
in the infinite sum. The density based method is beneficial in that only two or three point
probabilities are required as opposed to all of the point probabilities needed for the exact
calculation.

Table 7.2 presents the results for approximating the compound Poisson with λ = .2 and
µ = 10 with the combination method of chapter 6 and the density based method of chapter
4. Here the column labels are as before, except now CPoi will be used to refer to the
compound Poisson and Constr refers to using tilting and expansion with the constraint.

The table shows results similar to the ones seen previously. The density based methods are
very accurate, but they are also the most difficult to perform. The tilting and expansion
with the constraint is the simplest method to use, but its accuracy diminishes a little sooner
for points in the tails of the distribution.

In the previous example λ was chosen to be less than one. It is well known that this is the
setting that the Poisson approximation is most appropriate, see Douglas(1980). Table 7.3
displays the results for approximating a compound Poisson with µ = 1 and λ = 2.

It can easily be seen from the table that the combination methods break down when λ
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Table 7.2: Comparing Density Based Methods and Combination Methods for the Right Tail
of a Compound Poisson Distribution with λ = .2 and µ = 10

y CPoi. Poisson Comb1 Comb2 Constr. Den0 Den1

4 .159016 .142877 .154439 .159869 .157216 .149383 .159327
(.101) (.029) (-.005) (.011) (.061) (-.002)

5 .069101 .052653 .066072 .069834 .068971 .065885 .069193
(.238) (.044) (-.011) (.002) (.047) (-.001)

6 .027120 .016564 .025508 .027591 .027701 .026114 .027147
(.389) (.059) (-.017) (.021) (.037) (-.001)

7 .009770 .004534 .009027 .010001 .010349 .009464 .009768
(.536) (.076) (-.024) (-.059) (.031) (.0002)

8 .003260 .001097 .002964 .003372 .003633 .003176 .003262
(.663) (.091) (-.034) (-.114) (.026) (-.0006)

9 .001020 .000237 .000911 .001065 .001206 .000997 .001020
(.768) (.107) (-.044) (-.182) (.023) (0.00)

10 .000301 .000046 .000026 .000318 .000380 .000295 .000301
(.847) (.123) (-.056) (-.262) (.020) (0.00)

is greater than one. To see why this is the case, consider the factorial cumulants for the
compound Poisson:

k(1) = µλ

k(2) = µλ2

k(3) = µλ3

...

k(n) = µλn.

Thus if λ is greater than one, then the factorial cumulants are increasing instead of decreasing.
The combination methods rely on the fact that the factorial cumulants of the distribution
being approximated are decreasing. Recall that the factorial cumulants for a Poisson random
variable are all zero after the first one. The density based approach still gives at least
reasonable estimates. Thus the density based methods may be useful in some situations
where a Poisson approximation does not seem reasonable.

The compound Poisson example reveals much about the nature of the approximation meth-
ods presented in previous chapters. Other compound distributions are currently being in-
vestigated as well as some examples of their uses.
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Table 7.3: Comparing Density Based Methods and Combination Methods for the Right Tail
of a Compound Poisson Distribution with λ = 2 and µ = 1

y CPoi. Poisson Comb1 Comb2 Constr Den0 Den1 Den2

4 .227117 .142877 .072019 .468602 .214644 .159105 .190754 .219358
(.371) (.683) (-1.06) (.055) (.299) (.160) (.034)

6 .095444 .016564 -.002965 .280870 .179694 .073094 .090737 .098899
(.826) (1.03) (-1.94) (-.883) (.234) (.049) (-.036)

8 .036828 .001097 -.012353 .139209 .101274 .030318 .035677 .035930
(.970) (1.34) (-2.78) (-1.75) (.177) (.031) (.024)

10 .013126 .000046 -.007832 .060079 .040654 .011235 .012788 .013009
(.996) (1.60) (-3.58) (-2.10) (.137) (.026) (.009)

12 .004384 1.36 ∗ 10−6 -.003605 .023329 .012687 .003860 .004308 .004367
(1.00) (1.82) (-4.32) (-1.89) (.120) (.017) (.004)

7.3 Occupancy Problems

Occupancy problems have been discussed in many places, and thoroughly in Johnson and
Kotz(1977). They are examples of distributions associated with finite populations, and thus
the methods associated with finite populations will be the main focus of this section.

7.3.1 Classical Occupancy: Number of Empty Boxes

The classical occupancy problem has received a fair amount of attention in various types of
literature. Chakraborty(1993) presents an application in genetics, while Mertz and Davies(1968)
discusses applications for predator-prey models.

The setting considered is as follows: Suppose there are W boxes lined up in a row. N balls
are then thrown at the W boxes. Each ball is equally likely to land in each box. The random
variable of interest here is the number of empty boxes after all N balls have been thrown.
Computing exact probabilities may be time consuming, especially for tail probabilities. The
problem will get worse as N and W get large. The density function is as follows:

f(x) =

(
W
x

)
W−x∑
j=0

(−1)j
(

W − x
j

)(
1− j + x

W

)N

Many variations of the occupancy problem have been discussed. Menon and Prasad (1985)
discuss the probability generating function for a variation of the occupancy distribution. The
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probability generating function for the occupancy distribution may be obtained from their
work. Unfortunately it is not simple enough for use in exponential tilting.

The finite population probability generating function for this setting may be found analyti-
cally, and is as follows:

ϕx(Q) = E

(
Q(W−x)

W (W−x)

)

=
∑
x

(
Q!x!

W !(Q−W + x)!

)(
W
x

)
W−x∑
j=0

(−1)j
(

W − x
j

)(
1− j + x

W

)N

=
∑
x

(
Q

x−W +Q

)
W−x∑
j=0

(−1)j
(

W − x
j

)(
1− j + x

W

)N

=
(
Q

W

)N ∑
x

(
Q

x−W +Q

)
W−x∑
j=0

(−1)j
(

W − x
j

)(
1− j + x−W +Q

Q

)N

=
(
Q

W

)N

.

Thus the finite population probability generating function again has a very simple form.
The value of Q needed to perform tilting in this example must be determined numerically.
However, given the simplicity of the generating function, this is not too difficult a task.

Table 7.4 presents the results approximating right tail probabilities for the Occupancy dis-
tribution with W = 200 and N = 650. In the table Tilting refers to tilting using the finite
population probability generating function. Tilt/Expand refers to the approximation due to
using the tilting and the Edgeworth-like expansion with one correction term.

From table 7.4 it may again be seen that the tilting and expansion combination leads to
accurate results. The approximation not only produces accurate results, but does so within
a very short period of time.

7.3.2 Classical Occupancy: Number of Boxes with k Balls

Amore complicated calculation for the classical occupancy problem is to examine the number
of boxes with k > 0 balls. Here the joint distribution for the number of boxes the different
possible number of balls is known, but the marginal distribution of the number of boxes
with a specified k number of balls can not be expressed in simple terms. Let nj denote the
number of boxes with j balls. Then the joint distribution for nj with {j = 0, 1, 2, · · · , N} is
as follows:

f(n0, n1, · · · , nN) =
W !N !

WN
∏N

j=0(j!)
njnj !

.
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Table 7.4: Approximations to the Right Tail of an Occupancy Distribution with W = 200
and N = 650

y Exact Poisson Tilting Tilt/Expand

9 .359682 .364530 .320174 .335888
(-.013) (.11) (.07)

10 .230923 .245956 .210855 .222419
(-.065) (.09) (.04)

11 .135289 .154751 .126212 .133551
(-.14) (.07) (.013)

12 .072365 .090974 .068851 .072971
(-.26) (.05) (-.008)

13 .035389 .050094 .031816 .034092
(-.42) (.10) (.04)

14 .015853 .025906 .014371 .015385
(-.63) (.09) (.03)

The finite population probability generating function for the number of boxes with k balls
may be found analytically using the joint the distribution in the following way:

ϕx(Q) = E

(
Q(W−x)

W (W−x)

)

=
∑
allnj

(
Q!x!

W !(Q−W + x)!

)
W !N !

WN
∏N

j=0(j!)
njnj !

=
∑
allnj

Q!N !

WN
∏N

j=0,j �=k(j!)
njnj !(k!)x(x−W +Q)!

=
N !QN−k(W−Q)

[N − k(W −Q)]!WN(k!)W−Q

∑
allnj

Q!(N − k(W −Q))!

Qn−k(W−Q)
∏N

j=0,j �=k(j!)
njnj !(k!)x−W+Q(x−W +Q)!

=
N !QN−k(W−Q)

[N − k(W −Q)]!WN(k!)W−Q
.

The value of Q to be used in tilting must be determined numerically. The factorial moments
may be obtained easily from the generating function. Table 7.5 displays the results for
approximating some right tail probabilities for the distribution of the number of boxes with
k = 1, 2,and 3 balls given W = 25 and N = 100. Here the results for using the tilting and
expansion with two correction terms is presented as well. The exact values were obtained
using the method in equation(3.1).

From table 7.5 it may be seen that the methods produce accurate results. It appears that in
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Table 7.5: Approximations to the Right Tail of an Occupancy Distribution with W = 25,
N = 100 and k = 1, 2,or 3

y Exact Poisson Tilting Tilt/Expand1 Tilt/Expand2

k=1
3 .245461 .257980 .215693 .237614 .240241

(-.051) (.121) (.032) (.021)
4 .074542 .101950 .067023 .072230 .072907

(-.368) (.101) (.031) (.022)
5 .015545 .033401 .014403 .015094 .015317

(-1.15) (.073) (.029) (.015)
k=2
5 .281554 .298249 .247689 .270704 .274143

(-.059) (.120) (.039) (.026)
7 .041099 .075312 .035274 .038309 .038763

(-.832) (.142) (.068) (.057)
8 .010659 .031842 .009361 .009959 .010039

(-1.99) (.122) (.066) (.058)
k=3
7 .203893 .228133 .177329 .193411 .195690

(-.119) (.130) (.051) (.040)
9 .037541 .063828 .032420 .035350 .035769

(-.700) (.136) (.058) (.047)
10 .012410 .029474 .010732 .011516 .011616

(-1.375) (.135) (.072) (.064)

most of the cases presented, the tilting and expansion with one correction term is sufficient.
There appears to be little gained by using and additional correction term. Perhaps the most
appealing feature of the approximations is that they lead to simple and accurate results for
a setting where the exact probabilities are difficult to obtain.

7.3.3 Occupancy with Leaks

Consider extending the classical occupancy problem in the following way: there are still N
balls and W boxes, once the ball lands in the box, it has probability p of staying in the box,
or 1− p of leaking out of the box. Interest now returns to the number of empty boxes. This
distribution does not have a probability generating function that may be written in terms of
simple functions. The finite population probability generating function is difficult to obtain
analytically. However, recall that for the classical occupancy problem:
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ϕx(Q) =
(

Q

W

)N

.

Notice that if we start with W boxes, and mark Q of them as being special, then this
is simply the probability that no ”nonspecial” box gets a ball. For the current setting of
allowing leaks, this would lead to the following:

ϕx(Q) =

(
1− p(W −Q)

W

)N

.

Using this to compute factorial moments would lead to the following:

E(X(j)) = W (j)ϕx(W − j) = W (j)
(
1− pj

W

)N

which is the same as was obtained in Johnson and Kotz(1977) through different methods.

The value of Q needed to perform tilting must again be found numerically. However this is
not difficult since the generating function has a simple form. Table 7.6 presents the results
for approximating the distribution with W = 200, N = 700, and p = .9. The notation in
this table is the same as that used in the previous table. From this table it appears that the
methods for improving the Poisson approximation are very effective.

7.3.4 Extended Occupancy Problem

The occupancy problem may also be extended in the following way: there are still W boxes,
but now there are N sets of m balls that are thrown into the boxes. For each of the N
trials, the m balls must go into different boxes. However two or balls from different sets may
occupy the same box. This setting is discussed in Johnson and Kotz (1977). The density
function is as follows:

f(x) =

(
W
x

)
W−x∑
j=0

(−1)j
(

W − x
j

)

(
W − x− j

m

)
(

W
m

)



N

.

The finite population probability generating function may be determined analytically, and
is as follows:
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Table 7.6: Approximations to the Right Tail of an Occupancy Distribution with Leaks with
W = 200, N = 650, and p = .9

y Exact Poisson Tilting Tilt/Expand

10 .341559 .348288 .314502 .328860
(-.020) (.079) (.037)

11 .221906 .237711 .209088 .219838
(-.071) (.057) (.009)

12 .132592 .152168 .127532 .134530
(-.148) (.038) (-.015)

13 .072890 .091505 .065023 .069386
(-.255) (.108) (.048)

14 .036906 .051796 .033324 .035556
(-.403) (.097) (.037)

15 .017238 .027659 .015739 .016783
(-.605) (.087) (.026)

16 .007440 .013966 .006870 .007318
(-.877) (.077) (.016)

ϕx(Q) = E

(
Q(W−x)

W (W−x)

)

=
∑
x

(
Q!x!

W !(Q−W + x)!

)(
W
x

)
W−x∑
j=0

(−1)j
(

W − x
j

)



(
W − x− j

m

)
(

W
m

)



N

=
∑
x

(
Q

x−W +Q

)
W−x∑
j=0

(−1)j
(

W − x
j

)

(
W − x− j

m

)
(

W
m

)



N

=
Q!(W −m)!

W !(Q−m)!

∑
x

(
Q

x−W +Q

)
W−x∑
j=0

(−1)j
(

W − x
j

)

(
W − x− j

m

)
(

Q
m

)



N

=

(
Q!(W −m)!

W !(Q−m)!

)N

=

(
Q(m)

W (m)

)N

.

The value of Q needed for tilting must again be determined numerically. Table 7.7 presents
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the results for W = 25, N = 10, and m = 4, 5,and 6. It may be seen that the methods for
improving Poisson approximations prove to be effective for this setting as well as the others.

Table 7.7: Approximations to the Right Tail of an Extended Occupancy Distribution with
W = 25, N = 10 and m = 4, 5, or 6

y Exact Poisson Tilting Tilt/Expand1

m=4
6 .218735 .275462 .179312 .209169

(-.259) (.180) (.044)
7 .075879 .152973 .061357 .072283

(-1.02) (.191) (.047)
8 .018568 .076460 .015937 .018132

(-3.12) (.142) (.023)
m=5
4 .255736 .282462 .222523 .249705

(-.105) (.130) (.024)
5 .084890 .134773 .075474 .088159

(-.588) (.111) (-.039)
6 .019294 .055483 .016962 .019063

(-1.88) (.121) (.012)
7 .002962 .020009 .002676 .002910

(-5.76) (.097) (.018)
m=6
3 .197289 .218510 .174431 .192179

(-.108) (.116) (.026)
4 .049851 .079812 .046166 .049724

(-.601) (.074) (.003)
5 .008144 .024083 .008104 .008549

(-1.96) (.005) (-.049)



Chapter 8

Future Work

There are some unanswered questions and other research ideas that are a result of this work.
The goal of this chapter is to present some of the ideas that are currently being investigated,
or may be investigated in the future.

8.1 Binomial Approximations

The main focus of this work has been improving Poisson approximations. However there
are certain instances where binomial approximations may be more appropriate. Some of the
methods for improving Poisson approximations center around the fact that the log of the
probability generating function, or the factorial cumulant generating function, is linear for
the Poisson distribution. The form of the probability generating function for the binomial
distribution is not that simple. However the finite population probability generating function
for the binomial distribution is simple. It is derived in the following way:

ϕx(Q : n) = E

(
Q(n−x)

n(n−x)

)

=
∑
x

Q!x!

n!(Q− n+ x)!

(
n
x

)
px(1− p)n−x

=
∑
x

(
Q

x− n+Q

)
px(1− p)n−x

= pn−Q
∑
x

(
Q

x− n+Q

)
px−n+Q(1− p)n−x

= pn−Q.
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Notice that ln(ϕx(Q : n)) = (n − Q) ln(p), which is linear in Q. Now consider expanding
ln(ϕx(Q : n)) for any distribution about Q = n, using Newton’s backward difference formula.

ln(ϕx(Q : n)) ≈ (Q− n)∇ ln(ϕx(n : n))

= (Q− n) ln

(
ϕx(n : n)

ϕx(n− 1 : n)

)

= (n −Q) ln

(
ϕx(n− 1 : n)

ϕx(n : n)

)

= (n −Q) ln(ϕx(n− 1 : n)).

This suggests using a binomial approximation with p = ϕx(n − 1 : n). As an example,
consider the hypergeometric distribution. The generating function is as follows:

ϕx(Q : n) =
W !(W +B − n+Q)!

(W − n+Q)!(W +B)!
.

Note that n is being tilted here, as opposed to W . Now notice the following:

ϕx(n− 1 : n) =
W !(W +B − n+ n− 1)!

(W − n+ n− 1)!(W +B)!
=

W

W +B
.

This suggests approximating a hypergeometric with a binomial with p = W
W+B

, which is the
usual form of the approximation.

Since the natural log of the generating function is linear for a binomial, it seems possible
that methods analogous to the ones used to improve Poisson approximations, may also be
used to improve binomial approximations. As a simple illustration, consider tilting with
constraints. The idea here will be to let L(Q) denote an approximation to ln(ϕx(Q : n)).
Then the two constraints will be as follows:

1. L(n) = ln(ϕx(n : n)) = 0.

2. L(Q̂) = ln(ϕx(Q̂ : n))

where Q̂ denotes the solution to the following:

Qϕx(Q− 1 : n)

ϕx(Q)
= y − n+Q.
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It may be easily verified that L(Q) = (Q−n) ln(ϕx(Q̂:n))

(Q̂−n)
= (n−Q)[− ln(ϕx(Q̂:n))]

(Q̂−n)
. This suggests

using a binomial approximation with p = exp
[
− ln(ϕx(Q̂:n))

(Q̂−n)

]
.

Table 8.1 presents some results for approximating point probabilities for a hypergeometric
with W = 20, B = 22, and n = 10. The table presents the exact probabilities, the results
for the usual binomial approximation, and the results for tilting with the constraints. The
results from the table seem to suggest that methods analogous to the ones used to improve
Poisson approximations may also be used to improve binomial approximations.

Table 8.1: Approximating Point Probabilities for a Hypergeometric with W = 20, B = 22,
and n = 10

y Exact Binomial Tilt w/Const.

6 .192688 .184330 .195228
(.043) (-.013)

7 .081132 .095756 .084819
(-.18) (-.045)

8 .019776 .032644 .020213
(-.651) (-.022)

9 .002511 .006595 .002608
(-1.626) (-.039)

Very little has been done on improving binomial probabilities. This work is currently being
investigated. Improving negative binomial approximations is also currently being pursued,
since the methods or techniques will probably be very similar to the ones needed for binomial
approximations.

8.2 Categorical Data Analysis

8.2.1 Introduction

Statisticians have become interested in exact procedures, or at least better approximate
procedures for the analysis of categorical data. There has been, and continues to be some
concern about the usual chi-square procedures. Haberman(1988) gives a warning about the
use of chi-squared statistics when the expected cell counts are small. This paper shows that
under some circumstances it is possible to have a test in which the power of the test is less
than the size. Haldane(1940) derives the mean and variance of the chi-square test statistic
when sample sizes are small. Haberman(1977) discusses situations in which chi-square pro-
cedures are still valid, despite small sample expected cell counts. Cox and Plackett(1980)
discusses some methods for improving the asymptotic procedures. Among the methods they
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propose is enumerating all the tables with the observed marginal totals. They also propose a
simulated random sampling procedure for cases where exact enumeration is impossible. Gail
and Mantel(1977) also discusses exact enumeration. They also discuss a normal approxima-
tion to the number of tables. However, their work only involves two-way tables. Stumpf and
Steyn(1986) discuss the exact distributions associated with three-way tables. Agresti(1992)
surveys methods for exact inference in contingency tables.

All of the papers mentioned above involve improving or developing a test for the fit of a
particular model. Very little attention has been given to cell residuals. Cell residuals are
used for similar reasons as residuals in other forms of analysis. Cell residuals are useful for
determining whether or not a cell may be labeled as an outlier. It is possible for omnibus
tests to yield significant results because of a small subset of outlier cells. Cell residuals are
often useful for suggesting another model when one fails to fit well. If there is some pattern
exhibited by the cells that don’t fit well, then this may suggest an additional term for the
model. Thus it appears that accurate methods are needed for determining how unusual a
cell is for a given model.

The next section will present methods that are currently available for analyzing cell residuals.
Section 8.2.3 will propose using the methods developed in the previous chapters. Much of
the material for this chapter is currently being developed. The work here will also be based
on conditional inference. For a discussion of conditional inference and it’s advantages, see
Agresti(1992) and Reid(1995).

8.2.2 Current Methods

Much of the information presented here may be found in Agresti(1990). In contingency
tables, the residuals are usually defined as ni − m̂i. These residuals are not very useful since
a difference of fixed size is more important for smaller samples. What is often used are the
standardized residuals. The standardized residuals are defined as:

ei =
ni − m̂i

m̂i
1/2

.

These residuals are important since the sum of these squared makes up the Pearson chi-
squared test statistic. So analyzing these is essentially determining which cells contribute
the most to the chi-square test statistic. The standardized residuals are asymptotically
normal with mean 0. Agresti(1990) argues that comparing these to the standard normal
distribution often leads a conservative indication of lack of fit.

The adjusted residuals are the standardized residuals divided by their estimated standard
errors. These residuals take simple forms for two-way tables and some three-way tables.
Fuchs and Kenett(1980) suggest using these residuals to form a test for outlier cells. Haber-
man(1973) suggests plotting these to highlight unusual cells. The problem with these residu-
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als is that their form is no longer simple for more complicated models. Also, their distribution
is only asymptotically normal.

Another method for analyzing individual cells involves cell deletion. The idea here is to
remove the cell from the table. Re-fit a model to the remaining cells. Then the effect of
removing the cell is measured using something like the Pearson’s chi-square or the generalized
likelihood ratio test statistic. The difference between the statistic for all cells and the statistic
computed after the cell is removed is usually compared to a chi-square with one degree of
freedom. Simonoff(1988) suggests using a backwards stepping procedure with the deleted
residuals to determine which cells are outliers.

Stumpf and Steyn(1986) shows that the conditional distribution of a cell is asymptotically
Poisson. This suggests comparing the cell to a Poisson distribution as opposed to the normal
distribution. However, conditioning on the marginal totals leads to simple forms for the
factorial moments. These may be used to obtain the conditional mean and variance of the
cell. The cell may be standardized using this mean and variance, and then compared to a
standard normal distribution. These methods are asymptotic, and only valid if the marginal
totals corresponding to the cell are large.

Another approach is to enumerate all the possible tables to obtain information about the
cells as well as omnibus tests. The problem with this approach is that it is only feasible for
small tables. Even though there has been remarkable advances in computing power recently,
it is still not enough to handle most situations.

8.2.3 Proposed Methods

Most of the methods currently being used tend to have problems if all or some of the marginal
totals are not large. The distributions associated with the residuals are all asymptotic.
However, a method that does not require asymptotic techniques for obtaining the distribution
or tail probabilities for the cells or residuals is often needed. The methods proposed here will
be for the conditional distributions of the cells. The discussion will first center around the
cases that have relatively simple distributions. Then some comments will be made regarding
the case where the distributions are not simple. These are the cases where a technique such
as iterative proportional fitting is needed to obtain maximum likelihood estimates for the
cells.

For the cases where the distribution takes a relatively simple form, the methods presented in
section 6.3 should be applicable, since it is possible to obtain the generating function ϕx(Q).
Once this is obtained, it may be used to perform tilting for the distribution of a cell. Since
the factorial moments for the cell may be obtained using the conditional distribution, then
it seems reasonable to suggest combining the tilting method with the expansion method to
obtain accurate results.

The cases where the distribution does not take a simple form appears to involve a little
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more effort. The methods being proposed here will involve some algorithm like iterative
proportional fitting. Some work will need to be done to determine the accuracy of this
technique for obtaining estimates of the mean. Factorial moments may also be estimated
using this technique. Notice that for the cases where the distribution takes a simple form,
the factorial moments may be computed in the following way:

1. Compute the mean for a given cell.

2. Reduce the observed marginal totals corresponding to the cell by one.

3. Compute the mean for the cell in the adjusted table.

4. Return to step two and continue if necessary.

Once all the necessary means are computed, then they are multiplied together to obtain
the estimate for the factorial moments. The procedure above works for the cases where
the distribution takes a simple form. It seems reasonable to use this in the cases where
the distribution does not take a simple form. Only now the mean at each step would be
computed using iterative proportional fitting. Terrell(Personal Communication, 1997) gives
a probability argument for the procedure above. Some work needs to be done to verify that
this will give accurate estimates. Assuming that it does, this will enable the use of the
expansion method as well as computing probabilities from factorial moments.

A reasonable approach to tilting may be possible using the methods of section 6.4.3. The
idea here is to consider Q = W − k where k is a positive integer. Find k through trial and
error. That is, start subtracting numbers from the cell of interest until Q = W − k is found
such that the mean of the cell for the new table plus k is equal to the value of interest, say
y, or at least as close to y as possible. Once Q is found, ϕx(Q) may be computed using the
following relationship:

m(k) = w(k)ϕx(W − k).

Once these pieces have been computed, then the tilting may be performed. Thus the methods
proposed in this work should apply to all models and all dimensions.

8.3 Other Future Work

Other areas of future work include error analysis. Very little has been done as far as devel-
oping the theory necessary for error analysis in cases involving Poisson or normal approxi-
mations. An upper bound for the relative errors would be very useful. The issue is currently
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dealt with by examining the order of the error. However this is inadequate since the ap-
proximations often perform well, even when the arguments based on order would suggest
that the methods would not work well. The classic examples of this are based on normal
approximations where the order is based on the sample size. The methods often continue to
perform well, even when the sample size is one.

Another area of future work is to continue to examine other methods of improving approx-
imations. Although many techniques have been presented in this work, there still may be
others.



Chapter 9

Conclusion

The Poisson distribution has been studied by many statisticians. It is the limiting distribu-
tion for many other distributions, thus suggesting that it may be used to approximate them.
The most appealing feature of Poisson approximations is their simplicity, all that is required
is the mean of the distribution being approximated. Unfortunately Poisson approximations
often prove to be inadequate. However, it has been shown in this work that if some more
information is available, then it is possible to improve the usual Poisson approximations.

Many distributions have been approximated throughout this work. For all of these examples
it has been possible, though often difficult, to obtain exact probabilities. In practice, these
methods are probably most useful in cases where it is too difficult to obtain exact probabil-
ities. In some cases it may be possible to work with an easier version of the distribution to
determine which technique is the most accurate. This was the approach commonly used for
the examples in this work. Unfortunately this is not always possible or even desirable.

When determining which method to use, the first step should be to determine what infor-
mation is available. If the probability generating function and moment generating function
are available, then some form of tilting and expansion should be used. If it is not obvious
which distribution to use, then a method similar to that of Jin and Robinson (1999) may
be used. That is, form the conjugate distribution: if it is best approximated by a Poisson
distribution, then use the methods presented in this work. If it is best approximated by a
normal distribution, then the methods of Daniels (1987) should be used. If other continuous
distributions are more appropriate, then the methods of Wood, Booth, and Butler (1993)
should be used. Using other discrete distributions, like the binomial or negative binomial is
the subject of future research. One method for determining whether or not the Poisson is
appropriate is to examine the factorial cumulants. If they are small and decreasing, then the
methods of this work should be appropriate. An improved Poisson approximation should be
used if approximating a non-negative integer valued distribution when appropriate since it
does not involve a continuity correction and it uses the factorial cumulants as opposed to the
usual cumulants. The factorial cumulants are slightly easier to obtain. In the cases where
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the Poisson approximation is appropriate, then the tilting and expansion with the constraint
is probably the easiest method to use.

If the distribution being approximated is associated with a finite population, then the tilting
and expansion using the finite population probability generating function may be the only
option. Note that often in this case there is no known way of improving the normal approx-
imations. For most approximations, using this technique with only one correction term in
the expansion will be sufficient. If a Poisson approximation seems to be less appropriate,
then a second correction term may be needed. For cases where the Poisson approximation
is inappropriate is an area for possible future work. It is possible that an improved binomial
approximation may be useful here.

If generating functions are too difficult to work with, then the methods of section 6.4 should
be used. Analogous methods for normal approximations have been studied by Wang (1992)
and Terrell (personal communication). Determiningwhich distribution to use is more difficult
here since the conjugate densities resulting from tilting would be more difficult to assess.
Here the distribution most appropriate for the original distribution is probably the one that
should be used.

If the generating functions and moments are difficult to obtain, but the density is obtainable
and has a shape similar to that of a Poisson distribution, then the density based approach
should be used. This method is most appropriate for cases where the density is known, but
taking the sum is difficult or time consuming. Density based approaches based on other
distributions is another area of possible future research.

For most non-negative integer valued distributions, at least some of the information needed
to use these methods is obtainable. How to handle cases where none of the information
is available is currently unknown. However, as has been shown in this work, if some of
the information is available, it may be used to lead to drastic improvements over the usual
Poisson approximations.



Appendix A

Mathematical Preliminaries

This paper presents results that were derived using techniques that may not be familiar
to many statisticians. Thus some of these methods are presented here to assist in the
understanding of the derivations in this work.

A.1 Backward and Forward Differencing

Backward differencing is analogous to differentiating in the continuous setting. The first
backward difference is defined as ∇p(x) = p(x)− p(x− 1). The kth backward difference may
be computed as follows:

∇kp(x) =
k∑

j=0

(−1)j
(

k
j

)
p(x− j). (A.1)

These may be computed recursively as ∇kp(x) = ∇(∇k−1p(x)). A fact regarding backward
differencing that proves to be useful is the following:

n∑
x=y

∇kp(x) = ∇k−1p(n)−∇k−1p(y − 1). (A.2)

Forward differencing is very similar to backward differencing. Forward differencing is dis-
cussed in Davis and Rabinowitz(1975). The first forward difference is defined as �p(x) =
p(x+ 1) − p(x). The kth forward difference may be computed as follows:

�kp(x) =
k∑

j=0

(−1)k−j

(
k
j

)
p(x + j). (A.3)
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These may be computed recursively as �kp(x) = �(�k−1p(x))

A.2 Summation by Parts

Summation by parts is analogous to integration by parts. It is presented briefly in Goldberg
(1976). Let {an}∞n=1 and {bn}∞n=1 be two sequences. Let Sn =

∑n
1 an. Then, for integers n

and m:

n∑
k=m

akbk = Snbn − Sm−1bm +
n−1∑
j=m

Sj(bj − bj+1). (A.4)

Another way of presenting summation by parts is to let Sn =
∑∞

j=n. Then, for each integer
m:

∞∑
k=m

akbk = Smbm +
∞∑

j=m+1

Sj(bj − bj−1). (A.5)

This form for summation by parts is useful for the derivation of the density based tail
probability approximation. For a proof of summation by parts, see Goldberg (1976).

A.3 Newton’s Backward Difference Formula and For-

ward Difference Formula

Newton’s backward difference formula is analogous to a Taylor Series. The Taylor series is a
very useful tool when a complicated function needs to be approximated, especially if the inte-
gral of the complicated function is needed. Likewise, Newton’s backward difference formula
is useful when the sum of a complicated function is needed. This is used in the derivation of
the density based tail probability approximation. To present Newton’s backward difference
formula, consider a function h(x) that needs to be expanded around some point y. Then the
expansion is as follows:

h(x) = h(y) + (x− y)∇h(y) +

(
x− y + 1

2

)
∇2h(y) + · · ·

+

(
x− y + n − 1

n

)
∇nh(y) + · · · . (A.6)
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The derivation of Newton’s backward difference formula is similar to that of the Taylor series.
Begin with h(x) = h(y) +

∑x
t=y+1 ∇h(t), and then proceed by repeatedly using summation

by parts.

The forward difference formula is discussed in Davis and Rabinowitz(1975). The formula
will be expressed as expanding a function about zero since that is how it is used in this work.
The expansion is as follows:

f(x) =
∞∑
k=0

�kf(0)x(k)

k!
. (A.7)



Appendix B

Derivations

B.1 Derivation of Tail probabilities for Exponential Tilt-

ing / Expansion Combination

A detailed derivation for the right tail will be given here. Then the modifications needed for
deriving the left tail formula will be presented.

B.1.1 Right Tail Approximation

Start with equation (6.1):

f(x) = πx(q)q
−x

(
p(x) +

k(2)
q

2
∇2p(x) +

[
−

k(3)
q

6
∇3p(x) +

(k(2)
q )2

8
∇4p(x)

]
+ · · ·

)
.

Then sum both sides of the equation for x going from y to ∞. The first term on the right
hand side is just the result from exponential tilting:

∞∑
x=y

q−xp(x) = e−y(1−1/q)R∗
y/q(x).

∑∞
x=y q

−x∇2p(x) can be computed using summation by parts. The result after performing
summation by parts one time is as follows:

∞∑
x=y

q−x∇2p(x) = −q−y∇p(y − 1) +

(
q − 1

q

) ∞∑
x=y

q−x∇p(x).
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Perform summation by parts again on the last term to obtain:

(
q − 1

q

) ∞∑
x=y

q−x∇p(x) = −q−y

(
q − 1

q

)
p(y − 1) +

(
q − 1

q

)2 ∞∑
x=y

q−xp(x).

The last term in this expression is exactly the same as what was obtained in exponential
tilting alone, and it was obtained above. If the first correction term was the only one of
interest, then this information would be sufficient. To obtain more terms, notice that in
general:

∞∑
x=y

q−x∇kp(x) = −q−y∇k−1p(y − 1) +

(
q − 1

q

) ∞∑
x=y

q−x∇k−1p(x).

Continue inductively to obtain:

∞∑
x=y

q−x∇kp(x) = −q−y

(
∇k−1p(y − 1) +

(
q − 1

q

)
∇k−2p(y − 1) +

(
q − 1

q

)2

∇k−3p(y − 1) + · · ·+
(
q − 1

q

)k−1

p(y − 1)


 +

(
q − 1

q

)k

e−y(1−1/q)R∗
y/q(x).

Now consider the following observation:

ey(1−1/q)(1/q)y = eye−y/q(1/q)yyyy−y = eye−y/q(y/q)yy−y

= eyy−ye−y/q(y/q)y1/y!y! = ((y!)y−yey)Py/q(y)

where Py/q(y) is the probability that a Poisson random variable with mean y/q is equal to
y. Now define L∗

k(q) in the following way:

L∗
k(q) =

(
q − 1

q

)k

R∗
y/q(y)−

(
y!ey

yy

)
Py/q(y)[∇k−1p(y − 1) +

(
q − 1

q

)
∇k−2p(y − 1) + · · ·+

(
q − 1

q

)k−1

p(y − 1)].
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This leads to:

P (X ≥ y) = πx(q)e
−(y−y/q)(R∗

y/q(y) +
k(2)
q

2
L∗
2(q)−

k(3)
q

6
L∗
3(q) +

(k(2)
q )2

8
L∗
4(q) + · · ·).

B.1.2 Adjustments to Approximate Left Tail Probabilities

The derivation of the approximation for the left tail probability requires a few minor adjust-
ments to the previous section. The formula for

∑y
x=0 q

−x∇kp(x) becomes:

y∑
x=0

q−x∇kp(x) = q−y−1∇k−1p(y) +

(
q − 1

q

) y∑
x=0

q−x∇k−1p(x).

Continue inductively to obtain:

y∑
x=0

q−x∇kp(x) = q−y−1

(
∇k−1p(y) +

(
q − 1

q

)
∇k−2p(y) +

(
q − 1

q

)2

∇k−3p(y) + · · ·+
(
q − 1

q

)k−1

p(y)


 +

(
q − 1

q

)k

e−y(1−1/q)Ry/q(x).

Using these minor adjustments and proceeding as above leads to the results of equation (6.2).

B.2 Density Based Tail Probability Approximation

A more detailed derivation of the formulas in chapter 4.3 will be given here. The detailed
derivation of the right tail probability approximation formula will be given first. Then details
regarding the adjustments for the left tail probability will be given.

B.2.1 Right Tail Approximation

First consider the derivation of the L functions given in equation (4.9). Define L∗
k(y) to be∑∞

x=y(x−y)kp(x) where p(x) is the density function for a Poisson random variable. Consider
first L∗

1(y):
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L∗
1(y) =

∞∑
x=y

(x− y)p(x) =
∞∑
x=y

[(x− λ)− (y − λ)]p(x)

= −zR∗
λ(y) +

∞∑
x=y

(x− λ)p(x)

= −zR∗
λ(y) +

∞∑
x=y

λ[p(x− 1) − p(x)]

= −zR∗
λ(y) + λp(y − 1)

where z = y − λ. Now consider L∗
2(y), for simplicity, let z∗ = x− λ:

L∗
2(y) =

∞∑
x=y

(x− y)2p(x) =
∞∑
x=y

(z∗ − z)2p(x)

=
∞∑
x=y

(z∗ − z)(z∗ − z)p(x) = −zL∗
1(y) +

∞∑
x=y

(z∗ − z)zp(x).

Now use summation by parts on the last term. The form of summation by parts used here is
that of equation (A.5). To match the formula, let ax = z∗p(x) and bx = (z∗ − z) = (x− y).
Notice that by = (y − y) = 0. So the last term becomes:

∞∑
x=y

(z∗ − z)z∗p(x) =
∞∑

x=y+1

λp(x − 1)[(x− y)− (x− 1− y)]

=
∞∑
x=y

λp(x)[(x+ 1− y)− (x− y)]

= λR∗
λ(y).

Putting this together with the above terms yields L∗
2(y) = λR∗

λ(y)− zL∗
1(y). Now consider

L∗
3(y):

L∗
3(y) =

∞∑
x=y

(x− y)3p(x) =
∞∑
x=y

(z∗ − z)3p(x)

=
∞∑
x=y

(z∗ − z)(z∗ − z)2p(x) = −zL∗
2(y) +

∞∑
x=y

(z∗ − z)2z∗p(x).

Now proceed as above by using summation by parts. The last part of this equation becomes:
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∞∑
x=y

(z∗ − z)2z∗p(x) =
∞∑

x=y+1

λp(x − 1)[(x− y)2 − (x− 1− y)2]

=
∞∑
x=y

λp(x)[(x+ 1− y)2 − (x− y)2]

=
∞∑
x=y

λp(x)[2(x− y) + 1]

= 2λL∗
1(y) + λR∗

λ(y).

Putting all the terms together yields L∗
3(y) = −zL∗

2(y) + 2λL∗
1(y) + λR∗

λ(y). Using the same
techniques, it can be shown that L∗

4(y) = −zL∗
3(y) + 3λL∗

2(y) + 3λL∗
1(y) + λR∗

λ(y). Other
L∗ functions can be derived recursively using the previous L∗ functions and the binomial
coefficients. These L∗ functions will be useful later.

The form of the approximation being considered here is
∑∞

x=y f(x) =
∑∞

x=y p(x)g(x). Now

let g(x) = eh(x). This will prevent g(x) from taking negative values. So f(x) = p(x)eh(x).
This implies that h(x) = ln(f(x)) − ln(p(x)). Consider taking the backward difference of
h(x). This is necessary in order to expand it using Newton’s Backward difference formula.
The first backward difference of h(x) is as follows:

∇h(x) = h(x)− h(x− 1)

= ln(f(x))− ln(p(x))− ln(f(x− 1)) + ln(p(x− 1))

= ∇ ln(f(x))−∇ ln(p(x)).

Now −∇ ln(p(x)) can be simplified as follows:

−∇ ln(p(x)) = ln(p(x− 1))− ln(p(x))

= ln

(
p(x− 1)

p(x)

)

= ln
(
x

λ

)
= ln(x)− ln(λ).

Now the first backward difference of h(x) becomes ∇h(x) = ∇ ln(f(x)) + ln(x) − ln(λ).
The second backward difference can be found by taking the first backward difference of the
first backward difference. This yields ∇2h(x) = ∇2 ln(f(x)) +∇ ln(x). In general, the kth

backward difference of h(x) is ∇kh(x) = ∇k ln(f(x)) +∇k−1 ln(x).
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Notice that λ can be chosen to make ∇h(y) equal to zero. Consider the following:

∇h(y) = ln(f(y))− ln(f(y − 1)) + ln(y)− ln(λ) = 0.

Solving for ln(λ) yields:

ln(λ) = ln

(
yf(y)

f(y − 1)

)
.

So λ becomes:

λ =
yf(y)

f(y − 1)
.

Working with this value of λ will lead to a simpler version of the tail probability approxi-
mation.

Now back to f(x) = p(x)eh(x). Expanding h(x) about the point x = y using Newton’s
backward difference formula leads to:

f(x) = p(x) exp

[
h(y) + (x− y)∇h(y) +

(
x− y + 1

2

)
∇2h(y) + · · ·

]
.

Now expand the exponential in the usual power series. Recall that ∇h(y) is now equal to
zero. The resulting form is as follows:

f(x) = p(x)g(y)

([
1 +

(
x− y + 1

2

)
∇2h(y) +

(
x− y + 2

3

)
∇3h(y) + · · ·

]

+1/2



(

x− y + 1
2

)2

(∇2h(y))2 + · · ·

+ · · ·


 .

The issue of grouping the terms will be addressed in the next section. The terms needed for
the approximation with two correction terms are given above. That is, the largest correction
terms are presented in the previous equation.

In order to obtain the approximation to the tail probability, both sides of the previous
equation need to be summed over the appropriate region. The expression will be summed
term by term. This yields the following:
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∞∑
x=y

f(x) = g(y)

[
R(y) +∇2h(y)

∞∑
x=y

(
x− y + 1

2

)
p(x)

+

[
∇3h(y)

∞∑
x=y

(
x− y + 2

3

)
p(x)

+(1/2)(∇2h(y))2
∞∑
x=y

(
x− y + 1

2

)2

p(x)


+ · · · .

Consider part of the first correction term:

∞∑
x=y

(
x− y + 1

2

)
p(x) = (1/2)

∞∑
x=y

(x− y)(x− y + 1)p(x)

= (1/2)(
∞∑

x=y

(x− y)2p(x) +
∞∑
x=y

(x− y)p(x))

= (1/2)(L∗
2(y) + L∗

1(y)).

Similarly it can be shown that:

∞∑
x=y

(
x− y + 2

3

)
p(x) = (1/6)(L∗

3(y) + 3L∗
2(y) + 2L∗

1(y))

∞∑
x=y

(
x− y + 1

2

)2

p(x) = (1/4)(L∗
4(y) + 2L∗

3(y) + L∗
2(y)).

Using this information and making a substitution for the backward differences of h(y) leads
to the final approximation. The final form of the approximation with two correction terms
is the following:

P (X ≥ y) = (f(y)/p(y))[R∗
λ(y) + (1/2)(∇2 ln(f(y)) +∇ ln(y))(L∗

2(y) + L∗
1(y))

+ [(1/6)(∇3 ln(f(y)) +∇2 ln(y))(L∗
3(y) + 3L∗

2(y) + 2L∗
1(y))

+ (1/8)(∇2 ln(f(y)) +∇ ln(y))2(L∗
4(y) + 2L∗

3(y) + L∗
2(y))]

+ · · ·].

B.2.2 Adjustments for Approximating Left Tail Probabilities

The only adjustments needed to approximate left tail probabilities involve changing the L∗

functions. Let Lk(y) =
∑y

x=0(x− y)kp(x). First consider L1(y):
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L1(y) =
y∑

x=0

(x− y)p(x) =
y∑

x=0

[(x− λ)− (y − λ)]p(x)

= −zRλ(y) +
y∑

x=0

(x− λ)p(x)

= −zRλ(y) +
y∑

x=0

λ[p(x− 1) − p(x)]

= −zRλ(y)− λp(y)

Now consider L2(y):

L2(y) =
y∑

x=0

(x− y)2p(x) =
y∑

x=0

(z∗ − z)2p(x)

=
y∑

x=0

(z∗ − z)(z∗ − z)p(x) = −zL1(y) +
y∑

x=0

(z∗ − z)zp(x).

Now use summation by parts on the last term. The form of summation by parts used here is
that of equation (A.4). To match the formula, let ax = z∗p(x) and bx = (z∗ − z) = (x− y).
So the last term becomes:

y∑
x=0

(z∗ − z)z∗p(x) =
y−1∑
x=0

−λp(x)[(x− y)− (x+ 1− y)]

= λRλ(y − 1).

Thus L2(y) = λR(y − 1)− zL1(y). Before computing L3(y), define L1(y − 1) to be equal to∑y−1
x=0(x−y)p(x). It is easy to show that L1(y−1) = −λp(y−1)− zRλ(y−1). Now consider

L3(y):

L3(y) =
y∑

x=0

(x− y)3p(x) =
y∑

x=0

(z∗ − z)3p(x)

=
y∑

x=0

(z∗ − z)(z∗ − z)2)p(x) = −zL2(y) +
y∑

x=0

(z∗ − z)2zp(x).

Now proceed as above by using summation by parts. The last part of this equation becomes:
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y∑
x=0

(z∗ − z)2z∗p(x) =
y−1∑
x=0

−λp(x)[(x− y)2 − (x+ 1− y)2]

=
y−1∑
x=0

λp(x)[(x+ 1− y)2 − (x− y)2]

=
y−1∑
x=0

λp(x)[2(x − y) + 1]

= 2λL1(y − 1) + λRλ(y − 1).

Thus L3(y) = −zL2(y) + 2λL1(y − 1) + λRλ(y − 1). L4(y) can be derived in a similar
fashion. The end result is L4(y) = −zL3(y)+ 3λL2(y− 1) + 3λL1(y− 1) +λR(y − 1), where
L2(y−1) = λR(y−1)−zL1(y−1). Replacing the L∗ functions in the right tail approximation
with the respective L functions will produce the left tail approximation.

P (X ≤ y) = (f(y)/p(y))[Rλ(y) + (1/2)(∇2 ln(f(y)) +∇ ln(y))(L2(y) + L1(y))

+ [(1/6)(∇3 ln(f(y)) +∇2 ln(y))(L3(y) + 3L2(y) + 2L1(y))

+ (1/8)(∇2 ln(f(y)) +∇ ln(y))2(L4(y) + 2L3(y) + L2(y))]

+ · · ·].

B.2.3 Size of the Correction Terms

The size of the correction terms is used to determine which terms should be grouped together.
It also determines which terms are added or left out. To determine the size or order of the
terms, the case of approximating the binomial distribution will be considered here. In the
tilting / expansion approximation, the cumulants were used to determine the size of the
terms. The analogous thing here is to examine the size of the ∇kh(y) or the ∇k ln(f(y)) +
∇k−1 ln(y) terms. For the binomial distribution,∇h(y) = ln(n−y+1)+ln(p/(1−p))− ln(λ).

Now consider ∇2h(y):

∇2h(y) = ∇ ln(n− y + 1) = ln
(
n− x+ 1

n− x+ 2

)

= ln
(
1− 1

n − x+ 2

)
.

If this expanded in a Taylor Series, then it is easy to see that O(∇2h(y)) = 1/(n− x). Now
consider ∇3h(y) and ∇4h(y):
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∇3h(y) = ln

(
1− 1

(n− x+ 2)2

)

∇4h(y) = ln

(
1− 2(n− x) + 5

(n− x+ 2)3(n− x+ 4)

)
.

If these to are expanded in a Taylor Series, then it is easy to see that O(∇3h(y)) = 1/(n−x)2

and O(∇4h(y)) = 1/(n − x)3. Higher orders of differencing will produce terms at least as
small as the fourth backward difference. These are the only ones needed to produce the
approximation with two correction terms.

B.3 Derivation of Tail Probabilities for Tilting with

ϕx(Q) / Expansion Combination

B.3.1 Right Tail Probabilities

The derivation here will be very similar to the derivation considered in section B.1. Start
with the following approximation to a point probability:

f(x) = ϕx(Q)
W !(x−W +Q)!

x!Q!


p(x−W +Q) +

k(2)
Q

2
∇2p(x −W +Q)

+


−k(3)

Q

6
∇3p(x −W +Q) +

(k(2)
Q )2

8
∇4p(x−W +Q)


+ · · ·


 .

The mean for the Poisson densities is x−W +Q. Here k
(i)
Q is the ith factorial cumulant for

the transformed density. From this point on, let x∗ = x−W +Q and y∗ = y−W +Q. Now
sum both sides of this equation for x going from y to ∞. The first term on the right hand
side is just the result for exponential tilting:

∞∑
x=y

ϕx(Q)
W !(x−W +Q)!

x!Q!
p(x−W +Q) =

ϕX(Q)W !(y∗)Q−W

Q!
R∗

y∗(y).

Now
∑∞

x=y

[
(x−W+Q)!

x!

]
∇2p(x−W +Q) can be computed using summation by parts. To use

summation by parts, notice that if we let bx =
(x−W+Q)!

x!
then
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bx − bx+1 =
(x−W +Q)!

x!
− (x+ 1−W +Q)!

(x+ 1)!

=
(x−W +Q)!

x!

(
1− x+ 1−W +Q

x+ 1

)

=
(x−W +Q)!(W −Q)

(x+ 1)!
.

Using this, the following is obtained by performing summation by parts one time:

∞∑
x=y

[
(x−W +Q)!

x!

]
∇2p(x−W+Q) = −y∗!

y!
∇p(y∗−1)+(W−Q)

∞∑
x=y

(x−W +Q)!

(x+ 1)!
∇p(x−W+Q).

Now perform summation by parts again on the last term. This time notice that if bx =
(x−W+Q)!

(x+1)!
, then

bx − bx+1 =
(x−W +Q)!

(x+ 1)!
− (x+ 1−W +Q)!

(x+ 2)!

=
(x−W +Q)!

(x+ 1)!

(
1− x+ 1−W +Q

x+ 2

)

=
(x−W +Q)!(W −Q+ 1)

(x+ 2)!
.

Using this leads to the following results for summation by parts:

(W −Q)
∞∑
x=y

(x−W +Q)!

(x+ 1)!
∇p(x−W +Q) =

−(W −Q)
y∗!

(y + 1)!
p(y∗ − 1) + (W −Q)(W −Q+ 1)

∞∑
x=y

(x−W +Q)!

(x+ 2)!
p(x−W +Q).

Now the last term of the previous expression may be expressed as follows:

∞∑
x=y

(x−W +Q)!

(x+ 2)!
p(x −W +Q) = (y∗)Q−W−2R∗

y∗(y + 2).

Thus the first order approximation due to combining the tilting and expanding may be
expressed as:
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P (X ≥ y) ≈ ϕX(Q)
W !

Q!


(y∗)Q−WR∗

y∗(y) +
k(2)
Q

2
L∗
2(Q)




where R∗
y∗(y + k) =

∑∞
x=y p(x+ k) and

L∗
2(Q) = (W −Q+ 1)(2)(y∗)Q−W−2R∗

y∗(y + 2)− y∗!

y!

[
∇p(y∗ − 1) +

(W −Q)

(y + 1)
p(y∗ − 1)

]
.

To obtain higher order terms for the approximation, proceed in the following way:

L∗
k(Q) =

∞∑
x=y

(x−W +Q)!

x!
∇kp(x−W +Q)

= −y∗!

y!
∇k−1p(y∗ − 1) + (W −Q)

∞∑
x=y

(x−W +Q)!

(x+ 1)!
∇k−1p(x −W +Q).

Continue inductively to obtain the following:

L∗
k(Q) = (W −Q+ k − 1)(k)(y∗)Q−W−kR∗

y∗(y + k)

− y∗!

y!

[
∇k−1p(y∗ − 1) +

(W −Q)

(y + 1)
∇k−2p(y∗ − 1) + · · ·

+
(W −Q+ k − 2)(k−1)

(y + k − 1)(k−1)
p(y∗ − 1)

]
.

Thus the right tail approximation becomes

P (X ≥ y) = ϕX(Q)
W !

Q!


(y∗)Q−WR∗

y∗(y) +
k(2)
Q

2
L∗
2(Q)

−
k(3)
Q

6
L∗
3(Q) +

(k(2)
Q )2

8
L∗
4(Q) + · · ·


 .

B.3.2 Adjustments to Approximate Left Tail Probabilities

The derivation of the approximation for the left tail probability requires a few minor adjust-
ments to the previous section. The formula for

∑y
x=0

(x−W+Q)!
x!

∇kp(x −W +Q) becomes:



91

y∑
x=0

(x−W +Q)!

x!
∇kp(x−W +Q) =

(y∗ + 1)!

(y + 1)!
∇k−1p(y∗) − (Q−W )∇k−1p(Q−W − 1)

+ (W −Q)
y∑

x=0

(x−W +Q)!

(x+ 1)!
∇k−1p(x−W +Q).

Continue inductively to obtain:

Lk(Q) = (W −Q+ k − 1)(k)(y∗)Q−W−kRy∗(y + k)

+
(y∗ + 1)!

(y + 1)!

[
∇k−1p(y∗) +

(W −Q)

(y + 2)
∇k−2p(y∗) + · · ·

+
(W −Q+ k − 2)(k−1)

(y + k)(k−1)
p(y∗)

]

− (Q−W )[∇k−1p(Q−W − 1) + (W −Q)∇k−2p(Q −W − 1)

+
(W −Q)(W −Q+ 1)

2
∇k−3p(Q−W − 1) + · · ·

+
(W −Q+ k − 2)(k−1)

(k − 1)!
p(Q−W − 1)]

where Ry∗(y+ k) =
∑y

x=0 p(x+ k). Thus the L-functions are slightly more complicated than
the L∗-functions. Using these L-functions leads to the following approximation for left tail
probabilities:

P (X ≤ y) = ϕX(Q)
W !

Q!


(y∗)Q−WRy∗(y) +

k
(2)
Q

2
L2(Q)

−
k(3)
Q

6
L3(Q) +

(k(2)
Q )2

8
L4(Q) + · · ·


 .
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