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(ABSTRACT)

A numerical study of electromagnetic scattering by one-dimensional perfectly
conducting randomly rough surfaces with an ocean-like Pierson-Moskowitz spectrum is
presented. Simulations are based on solving the Magnetic Field Integral Equation (MFIE)
using the numerical technique called the Method of Ordered Multiple Interactions
(MOMI). The study focuses on the application and validation of this integral equation-
based technique to scattering at low grazing angles and considers other aspects of
numerical simulations crucial to obtaining correct results in the demanding low grazing
angle regime.

It was found that when the MFIE propagator matrix is used with zeros on its diagonal
(as has often been the practice) the results appear to show an unexpected sensitivity to the
sampling interval. This sensitivity is especially pronounced in the case of horizontal
polarization and at low grazing angles. We show — both numerically and analytically —
that the problem lies not with the particular numerical technique used (MOMI) but rather
with how the MFIE is discretized. It is demonstrated that the inclusion of so-called
“curvature terms” (terms that arise from a correct discretization procedure and are
proportional to the second surface derivative) in the diagonal of the propagator matrix
eliminates the problem completely. A criterion for the choice of the sampling interval
used in discretizing the MFIE based on both electromagnetic wavelength and the surface

spectral cutoff is established. The influence of the surface spectral cutoff value on the



results of scattering simulations is investigated and a recommendation for the choice of
this spectral cutoff for numerical simulation purposes is developed.

Also studied is the applicability of the tapered incident field at low grazing incidence
angles. It is found that when a Gaussian-like taper with fixed beam waist is used there is a
characteristic pattern (anomalous jump) in the calculated average backscattered cross
section at incidence angles close to grazing that indicates a failure of this approximate
(non-Maxwellian) taper. This effect is very pronounced for the horizontal polarization
and is not observed for vertical polarization and the differences are explained. Some
distinctive features associated with the taper failure are visible in the surface current
(solution to the MFIE) as well. Based on these findings we are able to refine one of the
previously proposed criteria that relate the taper waist to the angle of incidence and

demonstrate its robustness.
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Chapter 1

Introduction

Studies of wave scattering by rough surfaces date back to ‘theebfury and the
pioneering works of Rayleigh who considered scattering of sound waves by a sinusoidal
surface [Rayleigh, 1896]. In the mid®2@entury the inventions of radar and underwater
sonar renewed the interest in this problem, with the emphasis being put on the irregular
surfaces. Since then, fueled by advancements in radar technology and expanded
applications, interest in the problem of rough surface scattering has been ever-growing.
Depending on the type and the purpose of a radar system, surface scattering may either
constitute an unwanted “clutter” (target-detection radars) or be a source of useful
information (remote sensing systems). In either case, a study of rough surface scattering
(i.e. establishing the relationship between the properties of the surface and the properties
of the scattered signal) is necessary to either minimize the impact of the surface “clutter”
on the system performance or enhance the extraction of information about the surface
features and related environmental parameters.

Numerical simulations emerged as a tool in studies of surface scattering as early
as 1970s, e.g. [Lentz, 1974]. With the introduction of increasingly powerful computers
and the invention of advanced numerical techniques, numerical simulation is quickly
becoming one of the principal tools in this area of study. Not only can numerical
simulations confirm be used to confirm theoretical findings, they also often lead the way
to new theory or provide the results for the problems where no closed-form analytical
answers are available or feasible.

One of the problems that has to rely extensively on numerical simulations is
surface backscattering at low grazing angles (LGA). This problem is of interest in many
practical radar applications, one of the important examples being radar systems operating
on naval ships and designed to provide protection against low cross section sea-skimming
anti-ship missiles. However, analytical studies of surface scattering at low grazing angles



have so far met with little success. ldentifying the physical phenomena (multiple
interactions) that need to be accounted for and the quite complex mathematical
description hinder the progress in this direction. Approximations that are usually made in
analytical approaches to make results tractable lead to significant errors for this
demanding LGA geometry.

Numerical studies of LGA scattering also prove to be a challenging problem. As
the direction of incidence approaches horizontal, surfaces of increasingly large size are
required for simulations (the reasons behind this requirement will be discussed in detail
in in Chapter 5). Larger surfaces mean, in turn, larger matrix sizes and higher
computational and storage expenses. Until recently, these considerations forced
researchers to consider only 2-dimensional problems with incident angles far away from
grazing where the requirements on the surface length are far less prohibitive. Only
recently have advances in computer technology and, even more importantly, the
development of new numerical techniques began to remove these limitations. In
particular, a new integral equation-based technique called the Method of Ordered
Multiple Interactions [Kapp and Brown, 1996] reduced the computational and storage
requirements dramatically thus making studies of LGA scattering, though still restricted
to a 2-D space, conceivable. Another remarkable feature of this technique is that since it
inherently accounts for multiple scattering, its performance does not deteriorate at low
grazing angles where multiple scattering is significant. The MOMI technique is described
in Chapter 2; it was used extensively to obtain the results reported in this work.

Another trend in surface scattering research in general and numerical scattering
studies in particular is to use surfaces that more closely resemble those that appear in the
real-world problems. The interest is increasingly shifting from simplistic surface models
(e.g. surfaces with Gaussian spectra) that were used due to the analytical convenience to
obtain closed-form results and to test these analytical results numerically, to models that
bear more resemblance to natural surfaces. An important class of surfaces that are
understandably of large practical interest, are ocean-like surfaces. This study focuses on
such surfaces characterized by the Pierson-Moskowitz (P-M) spectrum; details on the
description of randomly rough surfaces and the definition of the P-M spectrum are given

in Chapters 3 and 4.



In running LGA scattering simulations with ocean-like surfaces we found that the
results may be sensitive to quite a number of factors and parameters many of them not
studied and some not even anticipated previously. Therefore, the purpose of this study
was to investigate the problems that may adversely affect or completely invalidate the
results of scattering simulations and formulate the solutions and recommendations to
allow future researchers to apply numerical simulation techniques with confidence. The
following issues were found to be of critical importance for LGA scattering simulations
and were investigated.

We examine the discretization of the integral equation that is usually employed
for the surface scattering problem (the Magnetic Field Integral Equation, or MFIE). Such
a discretization should be performed before this governing equation can be solved
numerically; unless done correctly, it can have an adverse impact on the precision of the
results no matter what particular numerical technique is used to solve the discretized
MFIE. It is shown that certain terms that were previously regarded as additional optional
corrections must appear in the discretized kernel (propagator matrix). The results of
simulations confirm that failure to include these terms leads to distorted values of the
calculated scattered field and this effect is especially pronounced at low grazing angles
and horizontal polarization. The choice of the sampling interval for the MFIE
discretization is proposed based on the electromagnetic wavelength and the spectral
cutoff of the ocean-like randomly rough surfaces. Such a cutoff occurs for natural ocean
surfaces and is due to certain physical mechanisms that may vary depending on
circumstances, but for numerical purposes a much lower, artificial cutoff is often
introduced. We study the sensitivity of the scattering simulation results to the value of
this cutoff and develop recommendations for its choice.

Another factor that affects the precision and validity of numerical simulation
results is the form of the incident field used in the simulations. Usually numerical
simulations use surfaces of finite length and tapering of incident field towards the surface
ends is necessary. Such tapering, in particular, prevents distortions in calculated average
scattering cross sections that are associated with a finite surface size (usually referred to
as “edge effects”) and makes the results relatively insensitive to this parameter. The most

commonly used form of the incident field is a plane wave with a Gaussian-like envelope.



However, such a field satisfies Maxwell equations only approximately and this can also
be a factor in the scattering calculations. It has been previously noted ([Ngo and Rino,
1994], [Kapp, 1995]) that as the incident angle approaches grazing, the waist of the
tapered incident field should increase. Consequently, criteria for the beam waist size as
function of the incident angle have been proposed for both a pure Gaussian tapering
function and more detailed, but still approximate, taper proposed by Thorsos [Thorsos,
1988]. However, these criteria, being somewhat heuristic, involve arbitrary and ill-
defined constants which limit their usefulness. Also, their robustness has never been
rigorously checked. In our simulation results we observed distinctive anomalous patterns,
both in cross section and surface current (solution to the MFIE) that we were able to
identify with the failure of the approximate Gaussian-like taper. Based on this finding we
refine one of the above-mentioned “beam waist - angle of incidence” criteria and
demonstrate its reliability at LGA for the case of the P-M surfaces. Various related
guestions such as sensitivity of the results to taper levels at the surface edges and use of a
tapered incident field that satisfies the wave equation exactly are considered as well.

Our study is restricted to the 2-D case. Full-scale 3-D numerical simulations of
rough surface scattering still presents a challenging problem although attempts are being
made into this area as well, e.g. [Rdkal 1995]. However, no extensive 3-D numerical
simulations are yet conceivable, especially in the LGA mode where surfaces have to be
large. This is in part because of the restrictions posed by a current computer technology
(we used a state-of-the-art multiprocessor SGI “Power Challenge” computer), but more
importantly, the absence of such efficient and reliable numerical techniques like MOMI
for the 3-D case. However, 2-D simulations can be used as an important guideline giving
an insight into the full 3-D scattering problem; under certain circumstances the 2-D
results can be related to their 3-D counterparts [Thorsos, 1990]. The factors affecting the
results in 2-D simulations such as sampling interval and tapering of the incident field will
play a role in 3-D situation as well. We expect that most of our findings and methods of
analysis will remain valid and useful for the 3-D simulations as well.

The dissertation is organized as follows. Chapter 2 provides the “electromagnetic
background” of the scattering simulations reported in this work. It reviews the derivation
of the MFIE for the surface scattering problem and discusses how the quantities of



interest such as the scattered field and normalized radar cross section can be obtained
once the MFIE is solved. This chapter also discusses ways to solve the MFIE numerically
and gives an overview of the numerical technique used throughout this study — the
MOMI.

Chapter 3 considers another issue of importance to the Monte Carlo simulations:
the statistical description and generation of randomly rough surfaces. There we give a
detailed development of the so-called spectral method of random surface generation. It is
shown that this method is very convenient and efficient in generating realizations of
spatially homogeneous surfaces with the Gaussian statistics and a given spectrum or
correlation function; it allows easy generation of higher surface derivatives as well.

Results of scattering simulations with the ocean-like Pierson-Moskowitz surfaces
that show discretization-related problems are presented and discussed in Chapter 4. They
are followed by the examination of the procedure of discretizing the MFIE. This analysis
confirms the numerical finding that certain terms proportional to the second surface
derivative (“curvature terms”) previously regarded as an additional correction must
appear on the diagonal of the propagator matrix. The choice of the sampling interval and
effects of the surface spectral cutoff on the calculated cross section are also considered in
this chapter.

Chapter 5 focuses on the question of using the tapered incident field in LGA
simulations. It reviews Gaussian-like tapers most often used in numerical scattering
simulations and “beam waist — angle of incidence” criteria that have been proposed for
such tapers. Based on simulation results that consistently show certain anomalous pattern
in the backscattered cross section, one of these criteria is refined and its robustness is
demonstrated. It is shown that the failure of the Gaussian-like taper due to insufficient
waist results in the distinctive patterns in the calculated surface current (solution to the
MFIE) as well. Simulation results demonstrating the sensitivity of the average cross
section at LGA to the taper levels at surface ends are also presented.

The summary of the results and findings is given in Chapter 6 of this dissertation.

In several chapters, it was deemed appropriate to arrange some of the supportive
material in form of appendices. These appendices appear at the end of the relevant
chapter. The background and related work is usually reviewed and referenced in chapter



bodies as becomes necessary through the course discussion; the list of the references

completes this dissertation.



Chapter 2

Development and Solution of the Integral Equations for

Rough Surface Scattering

This chapter establishes the "electromagnetic background” for the results reported
in Chapters 4 and 5. Here we focus on the development of the integral equation method
for solving rough surface scattering problems, discuss the numerical solution to the
magnetic field integral equation (MFIE), and consider the associated question of
calculating the scattered field and normalized radar cross section (NRCS). We limit our
discussion to the two-dimensional geometry and perfectly conducting surfaces.

First, we outline the derivation of a useful integral formula, i.e. the Helmholtz
integral formula, and then use it to develop the integral equations for the electromagnetic
field or its derivative on the surface. We then briefly discuss possible numerical
techniques to solve the MFIE and give a detailed description of the method of ordered
multiple interactions (MOMI) — a recently developed, very robust, and efficient solution
technique that will be exclusively used in our simulations. Finally, the task of calculating
the scattered field from the solution to the MFIE is addressed and the NRCS is defined.

All fields, currents and charge densities are assumed to be time-harmonic, with

the time dependeno&eﬂmt suppressed.

2.1 Scattering from an Irregular Boundary: Two-Dimensional Case

2.1.1 Helmholtz Integral Formula

In deriving the integral equations for surface scattering we will rely on the
Helmholtz integral formula e.g. [Ogilvy, 1991, p. 40]. It can be derived following the
steps outlined below [W. C. Chew, 1995].

Consider a scalar fielg/(r in the regionV; bounded by the surfacé and the

infinitely remote surfaceS,,, as shown in Fig. 2-1. This region can also contain some

sources with the charge dens@r) . The equation that govergs in this region is
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Figure 2-1 Geometry for the derivation of the Helmholtz integral
formula.

(0% + k) (F) = Q(F) (2.1)
where k is the wavenumber in the regidf. For the regiorV;, one can also define the
Green's functiorG(r,r") that satisfies the equation

(0% +k?)G(F,F") =-5(F —F") (2.2)
This statement implicitly assumes that the propagation properties in the part of the region
V, occupied by the source&3 are no different from the rest of this region. If this is not

the case, a more careful treatment may be required, but we will continue with this

assumption.

i

Let us now multiply equation (2.1) b®(r,r" , quation (2.2) by(r ,)subtract

them and integrate the result over the regipnThis yields

Idv{G(r,r')Dzw(r)—w(r)DZG(r,r')}:Idve(r,r')Q(r)+Lp(r'), oV, (2.3)
Vi Vi

Applying the Green's theorem to the left-hand side of (2.3) and identifying the volume
integral on the right as the incident field (the field that would be present in the Mgion

in the absence of the scattexgyr):

Y'(r)=- [dVG(F QM. (2.4)
Vi



we obtain
- [ASAG(.MOY() ~¢(MOG.M}= ' (M) +y(), 'OV (25)
S+S,
The minus sign on the left-hand side appears because of the chosen direction of the
normal n. If we further require that the fields and the Green's function satisfy the
radiation condition [Ishimaru, 1991, p. 124], the contribution over e can be
neglected. Thus, we finally get

aG(r r)

o, OB vov, (28
on

Y(r) =y’ (f')+IdSEqU( ) —— .

which is the Helmholtz integral formula. This equation is valid for three (3-D) and two

(2-D) dimensional geometries.

2.1.2 Integral Equations for Scattering from 2-D, Rough, Perfectly
Conducting Surfaces

We now use the Helmholtz integral formula to obtain the integral equations for
rough surface scattering. We consider a 2-D case and assume the surface to be a perfect
electric conductor (PEC) with the free space above it. The geometry in Fig. 2-1 that we
considered when deriving the Helmholtz formula can be modified for the rough surface

scattering problem; it is shown in Fig. 2-2. Here, the effect of the soQdess already

Figure 2-2 Application of the Helmholtz integral formula to the

rough surface scattering.



been replaced by the incident fie}d that they produce in free space.

In the 2-D case there are no depolarization effects, so the problem becomes
essentially a scalar one and the Helmholtz integral formula (2.6) developed for a scalar
field can be applied. The two polarization cases are illustrated in Fig. 2-3. In this Figure,
a Cartesian coordinate system is introduced, withxtkexis in the mean surface plane
and thez-axis pointing upwards. In the 2-D case, there is no variation alorygatkis.

In each polarization case, we will work with the field that is directed parallel to

z={(x)
X
Horizontal polarization (TE case)
z=4(x)
X

Vertical polarization (TM case)

Figure 2-3. Polarization cases in 2-D situation.

they -axis; so, in the TE case we choage E. Further, since the surface is assumed to
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be a perfect conductor, we require that on the surtaeed, i.e. the field satisfies the
Dirichlet boundary condition. Then the Helmholtz formula (2.6) becomes
OE(r")

on’

EF)=E'(F) - IdS’ G(F',T) (2.7)
S

In (2.7) we have switched (as compared to (2@))and I so that the integration is

performed over the primed variableS. is a 2-D free-space Green's function (Green's

function of the infinite line source):

G(F',F) :4in52>(k|r—r'|2) (2.8)

where H(()Z) is the zeroth order Hankel function of the second kind.

For the TM case, we choogg =H . Now for the PEC surface we have the

Neumann boundary condition and the Helmholtz formula (2.6) will yield

aG(”' r)

H(F)=H'(F) +J'dS’ H () (2.9)

In (2.7) and (2.9) the observation pointis located in the upper half-space (cf.
Fig. 2-2) while the source points lie on the surface. To develop the integral equation
for the surface scattering we bring the observation point to the surface. Since the Green's
function in (2.8) and its derivative have a singularityrat i’ , some caution should be
exercised.

If we move the observation point to the surface in (2.7) and then use the Dirichlet
boundary condition, we obtain

aE( ) (2.10)

E'(F) = IdS’G(F' P —1
S
which is an integral equation of the first kind, or the electric field integral equation
(EFIE). Note that its kernel has an integrable singularity (sometimes called a "weak
singularity” [Thorsos, 1988]) at =1". This property can be used when solving the EFIE
numerically, as is done, for example, in the banded matrix iterative approach (BMIA)
[Donohueet al, 1997].

11



Now we consider (2.9) and again move the observation goitd the surface.
This time the singularity in the derivative of the Green's function can be removed [e.g.
Morita et al, 1990] resulting in

aG( fls

H(F)=2H'(F)+ ZIdS' H() , (2.11)

which is the integral equation of the second kind, or the magnetic field integral equation
(MFIE).

A similar integral equation of the second kind can be developed in the TE case for
the normal derivative of the electric field. By letting the observation point in (2.7)
approach the surface and taking the normal derivative, one obtains (cf. for example,
[Thorsos, 1988])

aE(r)
on

aG( 1) 0E(")
on’

(ﬂ) 2J'dS (2.12)
Since the derivations of (2.11) and (2.12) involve the removal of a singularity, the
principal value of the integral should be taken in those expressions. However, in the 2-D
case the integrals with such kernels always converge and taking a Cauchy principal value
is not necessary [Moritet al, 1990, pp. 131-134]. More details on the limiting procedure
used to obtain (2.11) and (2.12) can be found in the same reference.

In our studies of the scattering from 1-D, PEC, randomly rough surfaces we will
rely solely on the MFIE formulation, both for the TM and the TE polarizations, because
of the very efficient solution technique available for the MFIE. This technique, called the

method of ordered multiple interactions (MOMI) is described below.

2.2 MFIE for Two-Dimensional Scattering Problem and the MOMI

2.2.1 Details on the MFIE Method for the TE and TM Cases

As was mentioned earlier in Section 2.1.2 and is depicted in Fig. 2-3, it is
convenient to introduce a Cartesian coordinate system and choose the horzarisl
in the mean surface plane. The surface height above the mean surface plane is given by a

function z={(x). For such a PEC surface both (2.11) and (2.12) can be rewritten in the

following generic form:

12



J(¥) = 3" (x) + J'P(x, X')J(x')dx’ (2.13)
X

In (2.13) J(X) is the surface current to be determin@dx, x') is a kernel or propagator,

and Ji(x) is a forcing term due to the incident field. The domain over which the
integration is performed and where all functions are defined should in principle be
infinite. However, if some taper for the incident field is assumed, in practice one can

usually choose it to be finite.
Comparing (2.13) to the earlier established equations (2.11) and (2.12) we make

the following identifications. For vertical, or TM, polarizatiom-lk tangential to the

surface, cf. Fig 2-3) the quantities involved in (2.13) are:

I =2H (x, z)‘ (2.14a)
z={(x)

P(X,X) = 2%1/“ 22(x) (2.14b)

For horizontal, or TE, poIarizatiorE( tangential to the surface) we have the following:
_ i

31 (x) = 225 %2 (2.15a)
z={ (x)

P(x,X) = —2%4% Z2(x) (2.15b)

The factor4/1+ Zf(x‘) included in the propagator results from converting an integration
along the surface to integration along the mean surface plane. In the case of vertical
polarization the currend(x Js actually the total magnetic field on the surface, while in

the case of horizontal polarizatiah(x) is the normal derivative of the total electric field

on the surface. The forcing terd (x i9 often referred to as the “Kirchhoff current”.
The normal derivatives of the Green’s function are (also cf. [Kapp, 1995] and
[Kapp and Brown, 1996]):
WG(xX) -k =L)x=X)+L(9-4(x)
N A 20O -X)? + @ (0 -4 (x))? (2.16)

< HO (ky(x=x)2 +(Z () -2 (X))?),
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B(xX) - K ~500x-x¥)+E(0-¢(X)
N A2V (= X)2 (9= (X))? (2.17)

x H (ky (x=X)2 +(Z (0 = (X))? )

where Hl(z) is the first-order Hankel function of the second kind &ww/c is a free

space electromagnetic wavenumber.

2.2.2 Numerical Solution of the MFIE

In the case of an arbitrarily rough surface no exact analytical solution of the MFIE
(2.13) is available, but for each given surface and incident field it can be solved
numerically. To do this, the equation (2.13) should be discretized, i.e. put in the vector-
matrix form:

J=J"+PJ (2.18)

In (2.18)J and J' are vectors and is a square propagator matrix. For rough surfaces
it is common, e.g. [Kapp and Brown, 1996], [Thorsos, 1988], to discretize the MFIE by
taking values of the surface height, current and propagator at discrete{pq;]r}tsvhich
form a uniform grid with some spacinfx. That is, them-th element of the surface
current vector, therth element of the Kirchhoff current vector and thenj-th element

of the propagator matrix are respectively :
I =3 (%), I =3(x) and Py, = P(Xp, X)X (2.19)
The diagonal termsni=n) of the propagator matrix may require separate treatment, as
will be described and studied in Chapter 4. Following the discretization, a number of
numerical techniques can be applied.
The traditional Method of Moments (MoM) solution to (2.18) would be
J=0-P) 1 (2.20)
Due to the identity matrix which is the result of the extraction of a self-tern{) thé)

matrix is likely to be well-conditioned (of course, a number of factors like surface type
and sampling interval size can influence this property) but it is not guaranteed. Instead of

14



resorting to the direct matrix inversion, it is usually more practical to solve a set of linear
equations(l -P)J =J'.
Another approach is the iterative solution of (2.18). In fact, the MFIE (2.13) or its

discretized version (2.18) readily lends itself to iteration in a straightforward manner:
JO =y
IO =3"+p1O@ =3 + pJ
3@ =31 +p3® =3 +p3' + P(PI")

or

J=J3"+PJ +P23 .. (2.21)

This formal solution to the MFIE is called the "Neumann series”. It turns out that for
rough surface scattering problems a significant number of terms in (2.21) may be
required to achieve a suitable precision, especially if there is substantial multiple
scattering present on the surface. In fact there is no guarantee that the series in (2.21) will
always converge, and indeed it sometimes fails to do so [Wingham and Devayya, 1992].

A Neumann series is not the only iterative scheme possible; other techniques can
be developed by reformulating (2.18) or (2.13). One such technique is the method of
ordered multiple interactions (MOMI) [Kapp, 1995], [Kapp and Brown, 1996] described
below. A remarkable feature of this technique is that for rough surface scattering
problems it demonstrates extremely rapid convergence. This property stems from the fact
that the mathematical formulation follows the physics of the scattering processes taking
place on the surface: each next iteration picks up the next order of multiple scattering
[Kapp and Brown, 1996]. Also, MOMI eliminates the necessity to store the whole
propagator matrix, which significantly relieves computer memory requirements. A
similar technique called "forward-backward" has been independently proposed by
Holliday, DeRaad and St-Cyr [Hollidat al, 1996]

2.2.3 Overview of the MOMI

In MOMI, the propagator matrixP is split in the lower and upper triangular

matricesL andU :
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P=L+U (2.22)
The lower triangular matrid. represents the contributions of all surface points located to
the left of the observation point and the upper triangular matrixorresponds to the
contributions of all surface points to the right. By going through the following
consecutive term rearrangements in (2.18) with (2.22)

[1-(L+U)J =7,
[(1 -L)(1 —U)-LU]I =J',
(1 -L)(1 -U)J=J3"+LUJ
and multiplying the last result b —U)'l(l - L)'l one obtains
J=0-U)2 -0+ -0 -0l g (2.23)
This is the new integral equation that is similar to (2.18) but has a new forcing term (the

so-called "new Born term") and a new kernel matrix. It can now be iterated with the new

Born term
Jg=(1-U) - (2.24)
serving as the zeroth-order iterate. The formal iterative solution in the form of a series

can be written as
J= i {(l - -0t }p (-u)ta -0 (2.25)
p=0
Using the fact that for any matriik the following identity holds:
Al -A=(-0-A)(I-At=-A1-1, (2.26)
one can write

u(-u)?t=0-u)yt-i

(2.27)
La-L)t=0-L)2-]
This allows (2.25) to be cast in the form
J=( —U)'li {((| —L)‘1—|)((| —U)‘1—|)}p(| —u)y (2.28)
p=0
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that contains only(l —L)™ and (I —U)™ matrices and no separate and U matrices
as in (2.25). Note that due to the triangular nature of mat(cedJ and)(l —L ) no

actual matrix inversion is necessary; forward or back substitution can be used and this
eliminates the necessity to store and invert the propagator matrix. In fact, it turns out that
very few terms in the sum in (2.28) are needed to achieve sufficient accuracy. For the
rough surfaces we worked with, we found that the new Born term (2.24) often gives a
reasonable answer and that two iterations above the new Born term are more than
adequate. Following the outlined steps, one can develop the equations similar to (2.24),
(2.25) and (2.28), with the matricds and U interchanged. This modified iteration
scheme will have same convergence properties and will lead to the same results [Adams,
1998].

2.3 Calculation of the Scattered Field. Normalized Radar Cross Section
Once the MFIE (2.13) is solved and the surface curdérj is known, the field

off the surface can be found from equation (2.7) or (2.9). They are applicable
immediately if one recalls that, according to our notation, in the TM case the cudrrent
corresponds to the totaH field on the surface, and in the TE case the current
corresponds to the normal derivative of the tdtalfield on the surface. The scattered
field is by definition the total field minus the incident field:

Yo =w() -y (1) (2.29)

In our studies we will be interested mostly, if not solely, in the scattered field in
the far-field zone. Then, a large-argument approximation can be used for the Hankel
functions that appear i and dG/on" in (2.7) and (2.9). The expression for the far-
zone scattered field at a distancdrom the center of the illuminated part of the surface
can be written as

e T4 o ikr

Y= (0s,r) = mTlQ(Xﬁs)J(X)dX (2.30)

For the vertical polarization (TM case) we solve for magnetic figldl= H®, and the

integral kernel is
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Q(x,8,) = jk(-, (x)sinbg + cosh )exd jk (xsinbg + ¢ (X) cosh, )} (2.31)

In the case of horizontal polarization (TE case) we work with electric fieldyTt.es E®,

and
Q(x,05) = —exd jk(xsinb + (x) coshg) W1+ 2(x) (2.32)

Once again, the factqf1+ { f(x) associated with the conversion of integration along the
surface to integration along the mean surface plane was included in the Qerfbke
scattering anglég appearing in (2.30)-(2.32) is defined with respect to the vertical (z)

axis and is assumed to be positive in a clockwise direction. The choice of incident and

scattering angles is once again illustrated in Fig. 2-4. Of course, if the discretized

X

Figure 2-4 The choice of incident and scattered angles
positive convention.

numerical solution to the MFIE (2.18) is used, the integral in (2.30) should be replaced by
a sum. The appropriate way to do this will be further discussed in Chapter 4.

To describe scattering from a particular irregular surface a bistatic normalized
radar cross section (NRCE)0 (6;,65 can be introduced:

S |2
0°(6,,6,) = lim 2" 1¥”|

: , 2.33
e [l (x0) > dx @39
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where(® is given by (2.30). The backscattered NRCS is
Tpsc(6;) =0°(6,,65 = -6,) (2.34)
For randomly rough surfacesr,o(ei ,8; can be averaged over an ensemble of several

surface realizations to obtain an average NRES]
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Chapter 3

Statistical Description of Randomly Rough Surfaces and

Generating Surface Realizations

In this chapter we consider mathematical aspects of a statistical description of
Gaussian randomly rough surfaces and, based on this analysis, present a consistent
development of the spectral method for generating realizations of such surfaces. These
surface realizations will be used in numerical Monte Carlo simulations of scattering by
randomly rough surfaces.

Depending on the statistical model and formulation used for the surface, various
surface generation techniques can be considered [Ogilvy, 1991]. For the Gaussian
randomly rough surfaces, a so-called spectral technique is usually the preferred one.
Probably one of the first uses of this technique for substantial numerical scattering
simulations was by E. Thorsos [Thorsos, 1988] (for references to a few earlier works cf.
[Ogilvy, 1991]). At present, this technique is used extensively in numerical scattering
simulations [Johnson, 1998], [Donohetkal, 1998], [Toporkowet al, 1998]. Since to our
knowledge there has been no detailed description of the development of this method
readily available in the literature on numerical scattering simulations (the brief
prescription given in [Thorsos, 1988] probably being the most complete and detailed
one), it is useful to present such a discussion. For example, there is some lack of
understanding as to what extent the generated “model” (inherently finite-extent) surfaces
correspond to the “real” (supposedly infinite-extent) surfaces. Also, we will set our
discussion in a somewhat general framework showing why the spectral representation for

Gaussian surfaces are frequently preferred.
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3.1 General Remarks on the Description and Generation of the Randomly
Rough Surfaces

In studies of scattering from rough surfaces, it is customary to treat the irregular
surfaces in a statistical manner. That is, the surfaces are assumed to be realizations of a
random process and then averages of electromagnetic scattering parameters (like NRCS
introduced in the previous Chapter) over an ensemble of such surface realizations are
considered.

The most common model for randomly rough surfaces is the Gaussian surface,
i.e. the surface is treated as a Gaussian random process. It is very attractive for several
reasons. First, its analytical simplicity permits many closed form theoretical results (that
are developed, for example, within the Kirchhoff theory or the perturbation theory).
Second, for a vast class of irregular surfaces of interest to us, namely ocean surfaces, the
assumption of Gaussian nature presents a quite reasonable first approximation if one
considers the linear theory of wind-generated waves [Longuet-Higgins, 1963]. Recent
attempts to formulate a statistical theory of ocean surface waves using a
Hamiltonian/Lagrangian form of fluid dynamical equations include for example [Allen
and Joseph, 1989, 1990]. Though deviations from the Gaussian statistics are likely to
occur for the oceanic surfaces and can appreciably affect the backscatter from such
surfaces and their radar imaging (e.g. [Toporkov and Brown, 1996]), here we will limit
the scope of our consideration to the surfaces with the Gaussian statistics. Finally, it turns
out that realizations of Gaussian surfaces are relatively easy to generate, as will be
discussed in this Chapter.

A review of the most commonly used techniques to generate samples of random
surfaces (not necessarily Gaussian) can be found in [Ogilvy, 1991]. They include moving
average processes, autoregressive processes and the spectral method. All these methods

involve generating independent random numbgergthis capability is a standard feature

of almost every computational platform) and then applying some transformation to obtain

samples of a random surface realizatfyn For the moving average processes such a

transformation has a generic form of
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M
{n= mZOamyn—m (3.1)

(a,, are coefficients and/l is a constant that defines the order of the process). For the

autoregressive processes the transformation is

M
Zn = Z a-mZn—m *tVn (3-2)

m=1
and M again defines the order of the process. In the case of the spectral method the

random numbery,, are transformed as

M/2-1  _i2m
(n= Z ane M ¥y (3.3)
m=-M/2

and M in (3.3) is a number of points in the spectral domain. It can be observed that
expressions in (3.1) and (3.2) describe an output of the linear system with a random input.
In particular, (3.1) corresponds to a system without a feedback and in (3.2) a linear
system has a feedback. Therefore methods of analysis and results developed in the area of
linear of filtering/spectral estimation of stochastic processes (e.g. [Van Trees, 1968, Ch.
6], [Papoulis, 1991, Ch. 13]) can be readily applied.

The choice of a particular method may depend on several factors, the main
consideration probably being what surface statistics is desired. For example, the first-

order (M =1) autoregressive process in (3.2) is a linear Markov process [Beckmann and

Spizzichino, 1963] and is certainly a choice if Markovian properties of the surface are to
be emphasized. In general, autoregressive processes are non-stationary, even when the

input y; is a stationary random process; however, under certain conditions these methods

become asymptotically stationary [Ogilvy, 1991]. Unlike two other methods, (3.2) is very
limited as to what correlation function or spectral density can be implemented and is not
as much convenient with respect to generating surface derivatives [Thorsos, 1988]. The
methods (3.1) and (3.3) in principle have similar capabilities in generating stationary
random surfaces with given correlation function or power spectral density and their
derivatives, with the spectral method probably being more flexible. The use of the Fast
Fourier Transform (FFT) algorithm makes the spectral method very efficient

computationally. In contrast, the moving average process, being essentially a
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convolution, can be computationally competitive only for low ordkts i.e. for very
narrow correlation functions. Indeed, to generate a surfacd gfoints, (3.1) would

require O(NM) operations. Evaluation of (3.3) is performed by the FFT; this usually
involves settingM = N, but the number of operations goesG(N log, N  (foy a radix

2 FFT). Of course, one could consider computing the convolution in (3.1) in the spectral
domain with the transfer between domains accomplished by the FFT, but then it might be
wiser to choose the spectral method in (3.3) from the very beginning. The moving
average process may offer some advantage in “constructing” surfaces with a given height
or slope probability density function (pdf); an example of the recent work in this area is
[Leskovaet al 1998]. Since we will work with surfaces that are traditionally specified in
terms of their spectrum (and, besides, have quite broad correlation functions, as shown in
Chapter 4), the spectral method is very convenient, efficient and thus emerges as a natural
choice.

If the spectral method is used, it is easy to show that no matter what particular

probability density functions random numbears have, the power spectral density and
correlation function of the surface generated will remain the same as lopg ase
uncorrelated and their first two moments do not change. This can be seen, for example,
by forming a correlatior(Zan> from (3.3). However, both marginal (single-point) and
joint pdf's of the surface height will depend on the pdf'sygf and may not be easy to
determine and control, especially the joint pdf. Yey,if have the Gaussian pdf's it can

be shown that the generated surface is Gaussian, which as was mentioned before, will be
our goal.

In this Chapter, however, we will present a more general discussion. We consider
representing Gaussian, in general non-stationary surface in different bases and find that
there exists the basis where this description significantly simplifies. For stationary
surfaces such a basis will be composed of complex exponentials suggesting a spectral
representation as a convenient analytical tool. This will also explain why the emphasis is
usually put on developing analytical models of the surface spectrum rather than surface
correlation function (of course, for stationary surfaces the two are related by the Fourier
transform, cf. (3.16)-(3.17), but a tractable closed-form expression is usually available
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only for one of them). We develop the spectral method of surface generation as a logical
extension of this concept. Since our surfaces will be defined exclusively in terms of their
spectrum, this method will suit us ideally. In the process we will develop important
details regarding the application of this method, i.e. generation of the surface derivatives,
representing the surface and its derivatives with a discrete set of values and efficient
calculation of the surface samples. It should be pointed out once again that our ability to
calculate (3.3) efficiently via the FFT is an important practical factor in deciding to use
the spectral method. Indeed, it can be shown that under certain conditions the spectral
method for the Gaussain surfaces can be cast in the form (3.1), but as we have discussed
this would offer neither convenience in surface description nor computational advantage.
The development presented in this Chapter may be useful in devising methods of
generating surfaces with controlled deviations from the Gaussian statistics.

The layout of this Chapter is consequently as follows. In Section 3.2 we discuss
statistical preliminaries. This includes a review of the concept of probability density
functional through which our Gaussian randomly rough surface will be defined, followed
by a discussion on a stationary (spatially homogeneous) random surfaces and their
description. Section 3.3 presents the development of the spectral method. First we
consider a more general case of non-stationary Gaussian random surface and find that its
description significantly simplifies if the eigenfunctions of the correlation function

C(xq,X,) viewed as a kernel are used as the new basis. In this new basis the Gaussian

surface will be represented by a discrete set of independent Gaussian random variables.
In Section 3.3.3 we turn our attention to a subclass of stationary Gaussian surfaces and
find that in this case the basis functions are easily found and turn out to be Fourier
exponentials. Up to this point the surface is assumed to be continuous, which allows to
consider its derivatives as well (for our simulations we will need first and second surface
derivatives — cf. Chapters 2, 4). Sections 3.3.4 and 3.3.5 consider stationary surfaces
with band-limited spectra and discuss how they and their derivatives can be represented
by a discrete set of values based on the sampling theorem. The outcome of this discussion

is essentially the spectral method as given in (3.3) (wjitlbeing independent Gaussian

random numbers). We cast the derived expressions in a form suitable for application of

the FFT and list the steps of a practical algorithm to generate samples of a Gaussian
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random surface and its derivatives. The developments in this Chapter also reveal what
requirements should be set on certain parameters involved and what the method’s

limitations are.

3.2 Some Aspects of the Statistical Description of Gaussian Rough Surfaces

3.2.1 A Description of a Continuous Random Surface through a Probability
Density Functional

We will define our Gaussian randomly rough surface through a probability
density functional. One of the benefits of this description is that it allows to deal with
continuousfunctions describing the random surface height. This will permit us to readily
consider surface derivatives when necessary. Alternative descriptions of the Gaussian
random process can be found, among others, in [Van Trees, 1968] and [Davenport and
Root, 1987]. Though probability density functionals are extensively used in many
physical and engineering disciplines (radar detection theory, statistical and quantum
physics being just a few examples), it is helpful to review this concept. We will refer to
the results of this Section in our further developments. More details about probability
functionals and related questions can be found for example, in [Feynman and Hibbs,
1965] and [Mandel and Wolf, 1995].

Consider a joint multivariate Gaussian probability density function (pdf) of real

random variable§;,....{} with zero means

s
{ = 0' 0 (3.4)
HnE
and a covariance matrig :
C=[C;]=[L;¢;0 (3-5)
This density has the form
1 17_5
P 3 dnY) = ————expd- -1
v JemNdetc O 2 O
(3.6)
_ 1 pEL 1NN E
= exp=— 414
(27T)N detC % 2;121 ! JE
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In (3.6), " is the inverse covariance matrix:
r=c™
or,
rc=1, (3.7)
where, as usual, denotes the identity matrix.
In order to introduce the concept of the probability density functional, it is helpful

to consider the situation depicted in Fig. 3-1. Imagine that random var@bles...,{ y

{
¢
(3
{
- ¥
< > iX:L X
AX {na

Figure 3-1 Samples of a stochasticqdependent)
process.

are located along thg-axis with some spacingx. Let us increase the number of these
variablesN and decreaséx while keeping their product constant:

NAX = L (3.8)
Regardingd; and{; in (3.6) as values of random process at points witbordinates
iAxand jAx, we replace a&x — O discrete indices and j by continuous variableg;

and x, ; consequently, the summation in the exponent in (3.6) is replaced by integration:
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Nz (i)
(8x)?

N N N N
Nll_r.noo Z ZZ(le)FijZ(ij) = Nll_r,noo ZAXZ AXZ (I0X)
Nax=L '=11=1 NAx=L =1 J=1

LL

:J-J.Z(Xl)r(xl, XZ)Z(Xz)dxldXZ,
00

(3.9)

For our purposes it is more convenient to define the ker(el,x, thaf)we formally

substituted in (3.9) for the limit of; /(Ax)2 as Ax - 0 in the way analogous to (3.7).

To do this, we rewrite (3.7) as

N
> oz CdX =

(0j is a Kronecker delta) and take the limit of both sidedvas- 0 (N - «). Note
that in the continuous limit the covariance mat@Xx in (3.5) becomes a correlation
function

C(Xq, %2) = [ (%) (%2)0 (3.10)
andd / Ax is replaced by & -function. Thus the equation definifg(x;, x, i9

L
J-r(xl' X2)C(Xp, X3)dXy = O (X — X3) (3.11)
0

In what follows we will have no need to solve (3.11), rather we will find it helpful in
establishing certain properties of the eigenfunctions and eigenvalues of thelkernel

With (3.9), in the continuous limit the multivariate joint pdf becomes

(Z(x})=D pELlLL r dxgdix, 3.12
p{d (x)})=Dex E E‘!).-!;Z(Xl) (X1, X2){ (X2)dx XZE (3.12)

with the normalization factoD being understood again as a limit

D= fim — % (3.13)

Ncoe J@emN detC

As the multivariate pdf in (3.6) contains the most detailed description of statistical

properties of N discrete random variables, the functional in (3.12) presents the most
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complete description of statistical properties of a continuous random process. We will

later find that in a certain basis this description simplifies significantly.

3.2.2 A Stationary Random Process: Its Correlation Function and Spectrum

An important class of random processes is the stationary random processes; for
the case of randomly rough surfaces where the surface height is a function of spatial
coordinates rather than time, the term "spatially homogeneous random process" may be
somewhat more appropriate. The rigorous definition of stationarity can be found, for
example, in [Middleton, 1960]. Concisely put, this property implies @liaprobability
measures of the process remain unaffected by the change of the coordinate r'.
This is often called a "strict" or "complete" stationarity. A less restrictive form of
stationarity is a "wide sense" stationarity when one requires that the correlation function
depend only on the coordinate difference; ;. For the 1-D surfaces (interfaces in a 2-
D space) that we are considering this means

C(Xq, X2) = C(Xz = %q) (3.14)

Since the zero mean Gaussian process is entirely defined by its correlation function, it
can be easily shown that for such a process the "wide sense" stationarity is equivalent to
the "strict" stationarity. Because we are dealing exclusively with Gaussian processes, in
the future we will simply use the term "stationary" or "spatially homogeneous" keeping in

mind that it means both types of stationarity as noted above. Also, Gipgex, in )
(3.10) should be symmetric [Papoulis, 1991, p.28%k, — X, in (8.14) is even:
Cxo = %) =C(% = X2) (3.15)
For a stationary random process one can introduce a Fourier transform of the

correlation function, which is called a power spectral density
W(K) =+ [Coeiax (3.16)
2 J

In (3.16) we have used a new variable x, — x; in the argument oC and the factor

1/2mr was incorporated to follow [Thorsos, 1988]. Conversely, given the power spectral

density one can recover the correlation function as
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C(x) = J'W(K)e_jKXdK (3.17)

Expressions in (3.16) and (3.17) obviously form a Fourier transform pair. So, if a random
process is stationary, one can specify either its correlation function or its power spectral
density. It turns out that it is often more convenient to characterize and classify the
randomly rough surfaces by their power spectral density (which we sometimes will refer
to as the "surface spectrum").

It should be noted that the infinite limits of integration in (3.16) presume that the
random process has an infinite support, and this leads to an infinite energy process.
Application of the probability density functional in (3.12) wheénis infinite requires
special care and is likely to be plagued by divergences. However, the assumption of the
infinite surface extent has its advantages (one of them, for example, being an analytical
simplicity of the Fourier pair (3.16)-(3.17)) and can be viewed as a limiting case of
situations where the surfaces have finite supports. For our simulations, we will be
generating finite-extent surfaces, so we will eventually have to discuss in what sense and

to what extent such are surfaces described by the spedtf{lmn in (3.16).

3.3 Generation of Realizations of Gaussian Rough Surfaces
3.3.1 Preliminary Considerations
If one needs to generate random numbers that are described by a single-variable,

zero mean, Gaussian probability density function

_ 1 {?

o’ being the variance, the task is relatively simple and straightforward. Almost all

computers have built-in random number generators and virtually all compilers and
libraries provide tools to generate random numbers with the uniform if not the Gaussian
pdf. The former can then be transformed into Gaussian random numbers through change
of variables and corresponding probability transformations, as is described in the
Appendix at the end of this Chapter. Generation of several independent sets of Gaussian

random numbers (corresponding to independent random variables) also does not present
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a problem. However, if one wants to generate random numbers according to the
multivariate pdf in (3.6), the necessity to account for specific correlation properties
makes the problem less straightforward.

One possible solution is to find a new basis in which the inverse covariance
matrix I is diagonal. Then in this new coordinate system the multivariate Gaussian pdf
in (3.6) can be factorized in a product of single-point Gaussian pdf's indicating that the
new random variables anedependent These independent random numbers can be
generated using the available tools that we just discussed. They define a random vector
with respect to the new basis; we need to find the coordinates of this vector in the old
basis (wherd™ is not diagonal) and this is accomplished by multiplying this vector by
the transition matrix relating the two coordinate systems.

The very same idea can be applied to generating the realizations of the continuous

Gaussian random process described by the probability density functional in (3.12).

3.3.2 Factorization of the Gaussian Probability Density Functional
Since the 1-D surfaces that we will use in our simulations will inherently have
some finite lengthL , we will consider the Gaussian random process defined on the finite

interval xd[-L/2,L/2] and described by the probability density functional of the type
(3.12):

JEL 1 L/2 L/2 E
P{{ (x)}) = Dexpy > [ JEOT 04 %) (x)dxdx o (3.19)
U -Lr2-L/2 L

In contrast to (3.12), in (3.19) we used symmetric limits of integration.
Suppose that we know the eigenfunctions of the correlation funCione. the
functions ¢, (x ) that satisfy the following equation

L/2

JC0xe)n (x)bg = T5pn (%) (3.20)
-L/2

where aﬁ are the corresponding eigenvalues. In principle, there will be an infinite

number of the eigenfunctions and eigenvalues. Under certain conditions which the kernel

C most often satisfy, namely if the kernel is real, symmetric and positive definite, its
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eigenfunctions form a complete orthonormal set for the class of functions square-
integrable on[-L/2,L/2 ][Middleton, 1960, p.726], cf. also [Courant and Hilbert,

1953]. The corresponding eigenvalues are real and positive, which we underscore by
writing them as squares. These functighgx will be also the eigenfunctions of the
kernel I . To demonstrate this, let us use the definition (3.11Yfomultiply both sides

by ¢,(X3) and integrate ovexs:

L/2 L/2 L/2
J-r(xl' X2)C(Xa, X3)¢ (X3)dXpdxg = I5(X1 — X3)Pn (X3)dXg (3.21)
-L/2-L/2 -L/2

The integration with the delta-function on the right-hand side yi¢lgs; ; on)the left-

hand side we use (3.20) (together with the symmetry property of the correlation function)
to get

L/2

o4 [T 04 %)80 (%2)ebxe = 9 (1) (3.22)
-L/2

or, dividing both sides bwﬁ:

L/2

[T 0% )80 (o) = ¢4 () (3.23)
-L/2 Un

The equation in (3.23) is similar to (3.20) and demonstrates that the Kerhak the
very same eigenfunctions as the ker@elwith the eigenvalues being the reciprocals of
the corresponding eigenvalues©f

Assuming the completeness of the eigenfunctions{ gei(x in)lhe class of

square-integrable functions, let us write a realizat{dqix of )the random process in

terms of theg,(x )i.e.

209 =5 Nodn(¥) (3.24)
n=1

Series in (3.24) is often referred to as the Karhunen-Loeve expansion [Van Trees, 1968,
p.182]. The expansion coefficienfs),, as well as the eigenfunctiof,(x #an, in

principle, be complex. However, to illustrate the idea of factorizing the probability

density functional, let us assume that they are real. As we will see in the next Section, the
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case when complex eigenfunctions are used to expand the real function requires some
additional care.

Consider now the exponential in (3.19). With the use of the expansion (3.24) we

can write:
04 L/2 L/2 0
eXpE‘ I IZ(Xl)r(Xl,Xz)Z(Xz)dxldxzm
-L/2-L/2 (3.25)
0, L2 L2 o
= expd-— =Zr’m¢m(xl) (Xl’XZ)EZ Nndn (Xz)gjxldxzD
E -L/2-L/2m=1

We further make use of (3.23) to simplify the,-integration and recall that the

eigenfunctions{¢,(x)} are (or can be chosen to be) orthonormal, i.e.

L/2

I¢m(X)¢n(X)dX = Omn» (3.26)

-L/2
with d,,, being a Kronecker delta. Then we have for the exponential:

2

% 1 L/2 L/2 E
expo- - I IZ(Xl)r(XLXZ)Z(XZ)dxldXZD
B “-Lr2-L2 =
O 1221 L/2 E
=expo- - Nedln [P (X))@ n (X)X O (3.27)
& szleaz -tr/z e
_ Hlee B 2 < ni @

Let us examine the normalizing fact®r in front of the exponential in (3.19) as
well. In (3.13) we defined it as a limit of the corresponding normalization factor for a
discrete multivariate pdf, and that factor contains a determinant of the covariance matrix.

Noting the fact that if &N x N matrix has eigenvalue§),, then its determinant is equal

to the product of these eigenvalues:

N
detC=|]4,,
I

we can write
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D= lim — 2 = jim ! H# (3.28)

N-wo JomNdetc N-= N n=1+/ (2m)o?2
(2m) |_| An
n=1

where {aﬁ} are the eigenvalues of our “infinitely large covariance matrix”, i.e. the

correlation function.

Combining (3.27) and (3.28) we see that in the new eigenfunction basis set for the

of the kernelC the probability density functional in (3.19) assumes the form
na
2

- 1
pn.})= Dl —m ex% 2° E (3.29)

Actually, in order to write down (3.29), we should also consider (by analogy with the
transformations of multivariate pdf's) multiplying the product of (3.27) and (3.28) by the
absolute value of the Jacobian of the transformation [Papoulis, 1991, p. 183]. However,
because of the orthonormal property (3.26) we are essentially dealing with an orthogonal
linear transformation, and the above-mentioned Jacobian will have unity absolute value.
Expression in (3.29) has the form of a product (although an infinite one) of single-

point Gaussian probability density functions of random varialplgswhich implies that

these variables are independent. This means that we have formally achieved our goal.
Now we can generatedependenrandom numbers according to single-point pdf’'s in
(3.29) and then use (3.24) to obtain a realization of the random process specified by the
probability density functional in (3.19).

Of course, to be able to apply the scheme outlined above we need to know the
eigenfunctions ofC . Another problem from the practical point of view is that so far we
still need to sum an infinite number of terms in (3.24). In the following Section we will
address these questions. We will show that for the stationary Gaussian random process
such eigenfunctions are easily found and turn out to be the Fourier exponentials, which

relates the eigenvalue:sﬁ to the power spectral density. We will also discuss the use of

band-limited spectra, and this will allow us to represent the surface in (3.24) with a finite

number of terms.

33



3.3.3 Generation of Realizations of a Stationary Random Process

Let us consider applying the formalism developed in the previous Section to a
stationaryrandom process. In order to consider the finite-extent surface and be able to
maintain the stationarity property (3.14) let us assume that our random process is periodic
with the periodL , with the correlation function that is-periodic, and still depends only
on the differencex = x, — X;. From the developments that follow it will be clear that
such a choice effectively imposes periodic boundary conditions on the surface height and
all existing surface derivatives (i.e. if the process haslttle derivative, it will be
continuous across the boundary). We will denote such statiobapgriodic correlation
function asC, (x )

In the literature the Gaussian stationary surfaces are usually specified on the
infinite interval as non-periodic. NamelyC(x , Jf given explicitly, is defined for
X[ (—,) and is non-periodic (nor does it include any finite-amplitude periodic
function as one of its terms). A popular form of the correlation function is, for example, a

Gaussian correlation function [Thorsos, 1988]:

C(x) =h2e ¥ !° (3.30)
with h being a root mean square height anbleing a correlation length. Alternatively, if
the surface is specified through its spectrum in (3.X\M8)K) is usually continuous and
does not contain any singularities. For example, the spectrum corresponding to (3.30) is

2
W(K) = N g KA% 1 (3.31)

2Jn
Another example of the spectrum is given in (4.2). When generating our finite-length
(periodically extended) surfaces, we would like to use this information and be able to
claim that our surfaces are representative of the given correlation fur€fion or )
spectrumW(K )
Since the approach described in the previous Section starts from the correlation
function, let us consider a way to construct a periodic stationary correlation function

CL(x) from C(x) in (3.17). One condition that we would like this new “constructed”
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correlation function to satisfy is that ds - «, C, (x) should becomeC(x). One

possible way to do it is

CL(X1, %) =CL(X = %) = ZC(Xz - X —kL) (3.32)

k=—-00
The reason we have chosen such a form is that it will lead to an especially simple relation

between the eigenvalues @ and the spectrumV(K )n (3.16). As we discussed,
C(x) is non-periodic and for all cases of interest to us goes to zgmo|as . In fact,
when a spectruriV(x) is non-singular, the decaying behavior of the correlation function
follows from the properties of the Fourier transform [Bracewell, 1965, p. 147]. As
L - oo, all shifted replicas of the correlation functi@nin (3.32) move to plus or minus
infinity, and we have that in this lim{€ (x) - C(x .)Also, if L is chosen large enough
compared to the correlation length, the tails of the shifted replic&swill not cause too
much interference so that on the intervell[-L/2,L/2] functions C(x) and C, (X))

will differ only slightly.

A possibility that we would like to mention is wheZ(x) is non-periodic, but
contains a finite-amplitude periodic (with a peribg) componentC,(x )
C(x) =Cp(X) +C,(X) (3.33)
(C, denotes a residual non-periodic part). This means, in particularC{ixqtdoes not
go to zero asx goes to infinity. The spectrunwW/(K) in this case will contain
singularities (delta-functions). Such a situation can occur for example when one considers
a sinusoidal surface with a roughness on it. In this €seshould be constructed as

follows:

CLXa =%) =Cp(xp —x3) + Z Ch(X2 =% —kL) (3.34)
k=—00

with L now being a multiple of the period,. However, if several periodic finite-
amplitude component€ ;, Cp,, etc. with arbitrary periods are involved in (3.33), it

may be impossible to findl that is a multiple of each period. In this case one might want
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to reconsider the model (3.32) f@, to include some windowing (tapering) function

T, (X) which broadens ak increases:
k=—00

In general, from what follows we will see that the problems with (3.32) might arise only

if the spectrumW (K )has singularities (cf. (3.52)). The solution to this complication is
then either to adjust. to “hit” all of these singularities exactly or spread them out by
tapering C(x) . In what follows we will assume thaV(K)is non-singular and proceed
with (3.32); the results can be generalized without any problem for the case in (3.34);
however for the model in (3.35) some modifications to the analysis presented would have
to be considered.

Let us now consider the probability density functional (3.19) with the kernel
M. (X, X2) corresponding, through (3.11), to a stationarperiodic correlation function
CL(X, %) =C (X, —X1). So far we will not make use of a specific form Gf
suggested in (3.32). As the first and the major step, we need to find the eigenfunctions of
the C, . It turns out that for a stationary periodic kernel these functions can be readily

guessed based on the properties of complex exponentials:

.2m

1 -1x
X)=——e L |, n=-w,..,0 3.36
$n(X) L (3.36)
Indeed, let us consider the equation (3.17). On the left-hand side we will have:
L/2 1 L/2 _j2ﬂxl
J-CL(XLXZ)‘I’n(Xl)XmEf ICL(Xz‘Xl)e L Tdx
2m_ L/2 2m
:ie_JTXZ C (x)eJTde
R

To obtain the last expression in (3.37) we performed the change of integration variable

X1 =X, —% and used the fact that both functions in the integrand Lasgeriodic.
Comparing (3.37) to (3.20) we see that (3.36) are indeed the eigenfuncti@psveith

the eigenvalues being
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L/2 2m
_[ C.(xe L dx (3.38)
-L/

We will see that that the kerndl(x, —x; Being positive definite (or non-negative

definite) assures that adiﬁ >  (br arzl > 0). It is well known [e.g. Arfken and Weber,

1995] that the complex exponentials in (3.36) form a complete orthonormal set, with the
orthogonality relation being
L/2

j¢:;(x>¢n<x>dx: Sn (3.39)

-Lr2
Since now we deal with complex functions, the scalar product has been appropriately
modified to include a complex conjugate; (3.39) is clearly an extension of (3.26) that was
formulated for real functions.

As the next step, we write the expansion in (3.24) for a realization of a randomly
rough surface:

0 _.2m

Z(X)=% Se - (3.40)

Now we can follow the procedure discussed in Section 3.3.2, albeit with some
modifications due to the fact that now the eigenfunctions and the expansion coefficients
in (3.40) are complex. Let us notice that siqde) is real we can write

2m

(0= (x)-f Z me' v (3.41)

n=-o0

Then in (3.27) we use (3.24) fdr(x, and (3.41) for{ (x; ) so the probability density

functional expressed in the new basis becomes

p{,))= D' exp- 2 L5 b :

5 205 0 B

Let us now examine the additional constraints on the coefficlenik resulting

(3.42)

from the fact that the surfacg(x i3 real. Consider (3.41) and change the summation

index asn — —n. This results in
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Z(x) :%nz_:i”e_JLX (3.43)
Comparing (3.43) to (3.40), we conclude that the following should hold:
No = ’76 (3.44a)
M =N-n (3.44b)
We can also show that
02=02, (3.45)

This comes from considering (3.38) and the fact @a{x is even (cf. (3.15) and
(3.32)):

L/2 _.271nx L/2 .2nnX L/2 .me
GRS JCue " tidx = [Ci(-xje b dx= [C(xe * dx=02
X—- =X
-L/2 -L/2 -L/2

(3.46)
Let us consider the exponential in (3.42). Because of (3.44) and (3.45) it can be rewritten
as

2 £ o2 20 = o?
@ n= n @ E 0 n=1 n ﬂ (3.47)
- exprr 101§ Mn+1in
E 200 2 n=1 (Un /2) E

where ng, andn,, are the real and imaginary partsrpf respectively, andy, is real as
follows from (3.44a). From (3.47) we conclude that:

- all ng,’s, N\y’s andng are independent Gaussian variables;

- ng has avariance, while ng,, andn,, have variances?/ .2

In fact, one can show in a manner similar to (3.28) that the normalization coefiiXient
in (3.42) is consistent with these variances, i.e. is equal to

1 21

D' = ;
J@mo 1l o

(3.48)
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This time there will be some contribution from the transformation Jacobian that will not

be equal to 1.

Now let us take a closer look at the eigenval&e,% . At}this point we will use

the specific form ofC, (x )given in (3.32). Before using (3.38) to calculaxé let us

consider the following. We can rewrite (3.32) as a convolutio@@f with a comb of

J -functions:
CL(x)= C(x-kL) = C(xXNO(x—=x"—-KkL)dx' = [ C(X') ) o(x—x —kL)dx'
k:z—oo ——ool[o I Z
(3.49)
and recall the Poisson summation formula [Papoulis, 1991, p. 395]
o _.2m
Za(x kL) = = " e L (3.50)
p_—oo
Then, plugging (3.50) in (3.49) and invoking (3.16) we get
00 00 .21p , . 2P o .2mp
_1 , ‘JT(X‘X) ,_1 Sl nal L 5
CL(X)= C I C(x) Zooe ax’' = C :Zooe J'C(x)e dx
—c0 p p —00 (351)
o & o, o
== e W
L p:Zw oL O

Now we can substitute (3.51) in (3.38) and use the orthogonality property (3.39) of the
complex exponentials to get

L/2 _ 2np . 2m
02 = I CL(x)e '— “dx =21 z W&HJ’ L X%%ej L Xgix
-L/2 [ L O (352)

_ L _ mr
- 2npzwwél%ébnp _2nwéz%§_ 21V (nAK ),

where we have introduced for convenience

AK = Z—L’T (3.53)

The expression in (3.52) shows that once a particular model (3.32) far-@ariodic

correlation functionC, is chosen, the variances of the independent variables in the new
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basis system will be (up to a constant) just samples of the power spectral density (3.16)
defined for the infinite-extent non-periodic surface. The result (3.52) can be interpreted
the other way around as well: if we decided to generate our finite-extent random surfaces

using samples of the surface spectrWi(K , the resulting ensemble would have the

correlation function (3.32) rather than (3.17). Let us note that the power spectral density

W(K) as defined in (3.16) is an even function (because the correlation function is even,
cf. (3.14)) so that (5.52) does not contradict the property (3.45) we have established for
{Uﬁ}. Also, W(K) is a non-negative function [Papoulis, 1991] (as in fact it should be if
C(x, — %) is specified as a non-negative definite kernel; this can be shown directly from
the definition of the definiteness property [Courant and Hilbert, 1953, p. 123]) which
assures thatr? > 0
We can now combine (3.42), (3.47), (3.48) and (3.52) to yield
ng H

_ 1 B 0
P1n}) = Loz T 22w (o)

(3.54)

HIn

i 1 1< Nan*NG

* !:ll n(ZnVV(nAK))engr 2 nZl (Z\i/n(nglén))
This expression suggests the following steps to “construct” a realization of the randomly
rough Gaussian surface provided that we know the spedtf(ik)) :
- generate a Gaussian random numfpewith the varianceriv(0) ;
- generate independent pairs of Gaussian random numfggrsand g, (n>0) with

variancestW(2rm/ L )(in principle, an infinite number of such pairs is necessary);

- combineng, andny, in N, =Ngry+ jNin for n>0 and use (3.44b) to gef, for

n<o0;
- calculate a realization of the randomly rough surface according to (3.40).
The choice of the surface length will be dictated, in general, by a particular scattering
problem, but as we have already pointed out it should be larger than the surface

correlation length, i.e. the width @(x .)
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3.3.4 Surfaces with Band-Limited Spectra and Further Practical
Considerations

In the previous Section we developed an approach which is capable of generating
realizations of a zero mean, Gaussian, rough surfaces. However, so far it is of little
practical use as we are faced with the necessity to deal with an infinite set of random
numbers, which is not feasible in applied computer simulations. Also, a surface
realization calculated in accordance with (3.40) is continuous while for computer
simulation purposes we need to represent it by a finite humber of points. Both these

problems can be resolved if the spectrM#{K) is band-limited i.e. vanishes outside
some cutoff wavenumbeK,. As will be discussed in Chapter 4, for the ocean-like

surfaces such a cutoff occurs naturally and it is also possible to consider an artificial

cutoff for simulation purposes. In any case, let us condd@f thaf has a property of
being identically zero for alK|> K.
For a band-limited spectrum, we will have a finite number of non-zero

eigenvaluesrfﬁ of C, in (3.32), as is evident from (3.52). The largest value of index

for which a§ is still not identically zero is from (3.46)

M = EKZLHLE (3.55)

where [ ] denotes a truncation operation (taking an integer part). Let us now write

(3.54) as follows:

_ ; ng B
P} = o p@ 22(0)
M
y H 1 1 r’Rm +’7Im EE

HL @ 1’7Rm+’7|m§H
m|:/I|+1BnUm g—z (0 12) EH

In the above expression ajlr%, in the second product are identically zero. Let us recall

the following definition of thed -function [e.g. Arfken and Weber, 1995]:
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1 8 x*8_
;Irjlo% expg— ?E_ d(X) (3.57)

In fact, (3.57) can be extended for more than one variable in the exponential [Jackson,
1975, p. 50]:

fim L expe X +2y2 2 5(03(y) (3.58)
a? E

a-07mr?

which is more applicable in our case. Considering the terms in the second product in

(3.59) in the sense oflim one can use (3.58) to rewrite (3.56) as

_ ; 6
P) = o p@ 2(2nW(0))E
M 1 5 nem*nim EH F -
5 Rm ™ /im 5 o
rllﬁﬂ rv(maK)) T 2(w(maK)) E =M +1 (e

It is clear now that (3.53) contains onBM + randomvariablesng, Ngre, N1, ---»

Nrm» M ; due tod -functions all other variables adeterministi¢c each having a value
of zero. Thus, (3.40) contains ordyinite number of terms:
M —j@x

Z(x) = % Sime | - (3.60)
m=—-M

Of course, it should be remembered thats in (3.60) are complex numbers and those

with negative indices are constructed according to (3.44). Furthermore, (3.60) shows that

realizations ¢ (x) of the random process do not contain harmonics with spatial
frequencies higher than
KL=2m\/L (3.61)
This means that each realization is band-limited, which is probably not very surprising
and could be intuitively expected given the band-limited natuk& (@) .
Note thatK_ is in principle slightly different fronK that we defined as a cutoff
of a continuous spectrut(K) , note a truncation operation in (3.55). From (3.61) and

(3.55) they are related as

42



K. = AK E‘%E (3.62)

with AK defined in (3.53). Once again, square brackets in (3.62) indicate taking an

integer part. Of course, if one specifig€s as a multiple ofAK , as is often the case when
the cutoff is artificially introduced in numerical simulatiorts, and K_ are equal. For
what follows we will needK;. in (3.61). However, the difference betwekp and K, if

any, is quite minute (not more thaxK =27/ L) and for almost all practical purposes
can be disregarded.

We can now use the band-limited property along with the sampling theorem to
represent our random surface realizations by a finite number of discrete points in the
spatial domain as well. However, we should point out the follovsagiar we based our
derivations only on the statistical properties of the randomly rough surfaces; at no time
were we concerned about any specifics of the scattering problem that we ultimately need
to solve. Any further simplifications (8.60) involving discretization of the continuous
surface height¢ (x) should be based on the requirements posed by the electromagnetic
problem.Here we will use the sampling theorem as a guideline in determining the largest
allowable discretization interval fof (x i) (3.60); however we will formulate the
technique that is not limited to that particular interval but enables generating surface
samples with smaller intervalsx if necessary.

The sampling theorem states that if a functibfx is pand-limited with respect

to some wavenumbef ,, i.e. its Fourier spectrum is identically zero outside the interval

up?

[-Kyps Kypl, it can be represented as [e.g. Brigham, 1974, p. 83]

- sinrr(x/ Ax - n)
f(x) = f (NAX 3.63
) nzz_oo (néx) mT(x/Ax —n) (3.63)
provided that the sampling intervAkis chosen as
AV (3.64)
Kup
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It is important to realize that while for such band-limited function its samples
{f (nax)} contain all the information about this function, the funcitself still has to be

“assembled” from these samples using (3.63).

While (3.64) provides an upper limit ofix, the actual choice of this sampling
interval will be studied in Chapter 4 based on the analysis of the MFIE. Right now this
point can be illustrated as follows. When dealing with the scattering problem, we will
have functions that, for example, depend on the surface height as follows:

b(x) = B({ (%), X)
(this is the case of dependence in the Kirchhoff current in the vertical case). Following

the analysis, we will determine thiatx should be sampled at some intera,, i.e. we
will need its values at points = nAx,,

b(nAX,) = B({ (NAX, ), NAX,)
The above expression means that we will need to know the samples of the gxpace
taken at the interval\x,, while from (3.64) one might conclude, for example, that a
larger intervalAx, would suffice to properly represegt(x) . To avoid a cumbersome
re-sampling procedure (i.e. representing the surface samplieg aby a series in (3.63)
and then calculating new samples /&%, spacing) it is desirable to generate surface

samples at the intervaix, from the beginning.
Let us consider applying the sampling theorem to surface realizafipnsin )

(3.60). The Fourier spectrum gf(x i3, using (3.60):

o0 M
S, (K)= [Z(0e™dx=2" 1 5(K-2mi/L) (3.65)
‘ _J; \/Emzz—M

As we noted in (3.61) and as (3.65) confirngy,x) is bandlimited with all
spectral components outside2rM / L = K. being zero. So, to apply (3.63)-(3.64), we
use

Kyp = K¢ (3.66)

The sampling interval corresponding to the equality sign in (3.64) is sometimes called the

critical sampling interval:
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T
Mg =—+ 3.67
0=y (3.67)

Because of the fact that the Fourier spectrum (3.65) of our function has impulsive

behavior att K, the exact recovery af (x) sampled at the critical interval (3.67) is not

possible unless some additional constraints are enacted (nagggelghould be real)

[Bracewell, 1965]. Because of this we will avoid using the critical sampling interval.
When necessary, a slightly smaller interval can be used, as will be discussed.
The samples of (x) in (3.60) evaluated at =nAx(n=0,£1,+2,...) are

M -

Z(nAx)=% ane L (3.68)
m=—-M

As has been assumed and as is evident from (36R), is L -periodic. It is desirable to

choose
L = NAX, (3.69)
where N is an integer (we will discover later that if we want to use the radix 2 Fast

Fourier Transform (FFT)N should be a power of 2) . Then (3.68) is rewritten as

M —jggnm

Z(nAx):% Zr]me N (3.70)
m=—-M

and the sequencgl (nAx)} is also periodic with the period. Note that (3.70) together

with (3.64) and (3.66) means that the following should hold (we use only the inequality
sign to avoid the problems with the critical sampling interval mentioned above):

L 2K,
N > 2K, =—C 3.71
o F A (3.72)
Recalling (3.61) we get
N >2M (3.72)

We can now determine the largest allowed value of the sampling interval that still does

not exceed the critical intervéix, in (3.67). Setting\ =2M +2 (we add 2 and not 1 to

keep N even, a property that we will eventually need) and using (3.69), (3.53) and
(3.61), we find:
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L _ m _ m _ s
2M +2  (2rm/L)(M +1) AK(M +1) (K. +AK)

DXy = (3.73)

Though a straightforward computation of (3.68) or (3.70) is possible, it is rather
expensive computationally, especially whidnand M are large. This problem could be
alleviated considerably if we were able to apply the FFT technique. To do this, we need
to reformulate (3.70) as the Discrete Fourier Transform (DFT) type sum [Brigham,
1974].

Keeping in mind (3.72) let us extend the limits of summation in (3.70) to

+ (N -1). This can be done because M> M all n,,’s should be zero as we discussed

following (3.59). We get:

N-1 —jgnm

Z(nAX)=% Mme ' N (3.74)
m=—(N-1)

Fig. 3-2 illustrates how this extension of the limits is performed. As we mentioned

earlier, the sequencb((nAx)} is periodic. We will confine our interest to the samples

17wl

e

-(N-1) M 0 M N-1 M

Figure 3-2 |lllustration of the extension of the
summation limits in (3.70) for the case & =3 and
N=8.

with nAxO[-L/2;L/2]. Assuming thatN is even this means that the indax varies
from =N /2 to N/2. Also, due to the periodicity,
Z(-(N/2)ax)=Z (N /2)Ax) (3.75)
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So, we need to consider only samples, say (- (N/2)Ax),...,{ (N/2-1)Ax). This
situation is illustrated in Fig. 3-3. The indexin (3.74) now assumes the values
n=-N/2,...,N/2-1 (3.76)

Further, in order to cast (3.74) in the DFT form, it is convenient to turn to an index that

{(nAX)

o7 ?e 9
St el o® * O

-(N/2)Ax T (N/2)Ax

Figure 3-3 Periodic sequence of samples of a random surface
realization. We will consider onlyN samples shown with
solid circles. In this example\l =8.

runs from O toN —1:
p=n+N/2 (3.77)

Then, on the left-hand side of (3.74) we will have

Z(ax)=Z((p-N/2)ax)={, (3.78)
where we have defined the new sequenﬁcf% . Fgr example, from (3.78) one can see
that , corresponds td (=N /2)Ax) = (- L/2). Now (3.74) can be rewritten as

- 2m - 2m
~ 1 N-1 —JW(p—N/Z)m_ N 1A —]me

Zp == Nme Nme
\/E m=—(N -1) m=-(N -1)

where we have defined

(3.79)
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. _Npe™ _ (=)

m_\/t_\/trlm

(3.80)

(at this point the factot/+/L was also absorbed i), for convenience). We point out
that since each of these neyy,’s differs from the corresponding,, by areal factor,
they still satisfy the same complex conjugate relationships that we had in (3.44) $or

In particular,n is real. Let us now write (3.79) as follows:

- 2 - 2
A N = Lo -iem
Zp =dlo* Zr’me + Zr’me N

D m=1 m:—(N—l) [
.81
NIH -2 pm P27 pmfEH -
=gl t mee N t-mé N [
mzla Eﬁ
Using (3.44b) that holds faj,,,’s as well, we continue with (3.81):
H U 21T . 21T . DH
N-1
~ R 0. ~IgPm M-l PmH
{p=Uio+ ) Oime M +nm§ﬂ N HDD
0 fap . afes
O [ (3.82)
-1 2 -1 21T
R . Tl pm ., Tipm
= %70 +2 Re@zrvme N §H= 2 Re@Z Nme N E
= = B 5
where we have introduced yet another definition
., _Onp/2, m=0
=0, | (3.83)
0N otherwise

Now within the rightmost curly bracket {i3.82) we have a DFT-type symwith both
indices (p and m) running from O toN —1. It can be calculated (for all values pf
simultaneously) very efficiently using FFT algorithms. In particulaiifis a power of

2, a rather simple and commonly used radix 2 FFT can be applied. This was the major

reason why we sought to recast (3.68) into the form in (3.82).
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Now we can recall the intermediate steps and auxiliary definitions we have made

to arrive at (3.82) and summarize the procedure to generate the samples of the random

surface realizations.

1.

Decide on the surface length and the sampling intervahx. L should be larger
than the surface correlation length; other requirements can and will arise from
considering the electromagnetic problefix is determined from the electromagnetic
problem and should be subject to the constraint in (3.64). Alsand Ax should be
chosen so tha in (3.69) is a power of 2.

Generate a Gaussian random numbgrwith the variance2riV(0 ) GenerateM
pairs of independent Gaussian random numbgs, and 1, with variances
™W(2rm/ L) . The numbemM is determined from (3.55).

Combine ngy,’'s and n,,’s into M complex numbers n, =nNgrm=* INm:
m=1..,M.

Complete this sequence with — M -1 zero termsn,, = Om=M +1,...,N - 1.

Calculaten,’s (cf. (3.80) and (3.83)):

[ No _
—, m=20
o= 2L
m =
D(_l)mr’m — -
——F, m=1..,N-1
B VL
CalculateN (complex) numbers’Ab, p=0,..N:
N-1 21T
AI A1 _Jipm
Zp = Zr’me N
m=0

(cf. (3.82)) using the FFT.
Take the real part of eaa:ﬁJ and multiply results by 2 (again, cf. (3.82)):

{,=2RdZh}, p=0,..,N
Associate p 'S With the surface samples (from (3.78)):

(AX)=Cen 2, N=-N/2,..,N/2-1
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The outlined algorithm contains a number of multiplication operations that occur
at different steps. These operations can be aggregated to make the algorithm more
efficient. Another useful point to recall is that if one has sevedidpendentGaussian

random variablegy; With unit variances, the random variables obtained by multiplying

eachy, by someg; will also beindependenGaussian random variables each having a

variance ofaiz. This can be confirmed, for example, from the multiplicative probability

transformation [Papoulis, 1991]. In fact, since each single-variable Gaussian pdf is even,

factors o; can be negative as well. We will use these considerations in the next Section

where the problem of generating surface derivatives will be discussed and the algorithm

for calculating both surface height and two first surface derivatives will be outlined.

3.3.5 Calculation of the Surface Slope and Higher Surface Derivatives

In Chapter 2 we noted that currents and propagators in the MFIE depend not only
on the surface height but also on the surface slope. In fact, as we will discuss in Chapter
4, the MFIE propagator matrix will contain so-called “curvature” terms that are
proportional to the second surface derivative. So we need to address the question of how
to generate derivatives of realizations of randomly rough surface.

Let us start with expression for a surface realization in (3.60). Finederivative
of {(x) will be:

| M _ o M |
Z(I)(x)EdZ(lx)zi Z E_Jzﬂ nmej L :i Z(—jAKm)ll’]me_JAKmx

(3.84)
From (3.84) it is obvious that derivatives are also band-limited functions, with the same

cutoff K, as in (3.61). This means that the sampling theorem (3.63)-(3.64) can be

applied to the derivatives in (3.84) in the very same manner that we di¢xjoitself.

The derivatives{ (')(x )can be reconstructed according to (3.63) from their samples

calculated as (compare to (3.68))

<

1 . 2r1Axnm

Z(')(nAx):—L (- jakm) e L (3.85)
-M

m
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Because the cutoff wavenumber remains the same, the sampling inerviidat is

sufficient for reconstruction of (x) will be equally sufficient for all derivative&o, the

same Ax can be simultaneously used both(#68) and (3.85). In fact, (3.68) can be
viewed as special case of (3.78) whien 0. It should be remembered that the actual
requirement om\x comes from the electromagnetic problem.

Of course, some caution should be used when deciding if the original surface

spectrumW(K )can be treated as band-limited when surface derivatives are of interest.

This is because the higher the derivative, the more the spectral components with high
wavenumbers are emphasized, as can be seen in (3.84). So even though some spectral
components are considered negligible in the representation of the surface height, they
may be important for higher derivatives. In our studies we will need the surface
derivatives of order no higher than 2 and will assume that the same spectral cutoff holds
for all of them.

We can recast (3.85) into the DFT-type sum, just as we did with (3.68). This will
allow us to apply the FFT technique. Following exactly the same steps that led to (3.82)

we obtain
_ 271
ZS)=2Re?Z inkm'e N (3.86)
Em=0 H

The j;,’s that appear in (3.86) are defined in (3.83). It should be stressed that the same
set{n, }should be used while generating samples of the surface height and its derivatives
for any particular surface realization. The seque(léé) , PFO,...,N-1 can be
associated with the samples of th¢h surface derivative in the manner similar to (3.78):
W) =2V ((p-N72)ax)=L (3.87)

Finally, we can rewrite (3.86) for the cases of the first and the second derivatives

that we will be interested in:

-1 21
o :2Re§\lzr7;n(—jAKm)e N pm§=2|m@2nmm<me N pm% (3.88)
=0 a ET‘I:O @
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Z(Z)—ZReDan( jAKm)2e 0= -2Re0Y fin(aKm)? e 'N""H(3.89)

E Fn=0

The algorithm for generating surface realization and its first and second

J%Dmg E\‘ -1 npmg
E

derivatives could then be as follows. It resembles very much the procedure outlined in the
previous Section; we also implemented some changes (like combining most of
multiplications at a single step) discussed at the end of that Section.
1. Decide on the surface length and the sampling intervahx. L should be larger
than the surface correlation length; other requirements can and will arise from
considering the electromagnetic problefix. is determined from the electromagnetic
problem and should be subject to the constraint in (3.64). Alsand Ax should be
chosen so thal in (3.69) is a power of 2.

2. Generate2M +1 independent Gaussian random numbgrswith unit variances,
i=1..2M +1.
3. Combine them in thé/1 +1 complex numberg,, as follows:
Yo=y1+i0
Vm =Yom * [Yomer, M=1..,M

4. Calculate

%

m=0

O]
. W (2rm/ L
D ( ))’/‘m’ m= .,M

5. Complete this sequence witli — M -1 zero termsfij;,, = Om=M +1,...,N -1.

6. CalculateN complex numberé’},, p=0,..,N:

L NZL
= > Mme
m=0
using the FFT.

7. Multiply eachny,’s by AKm, m=0,...,M and calculateN complex numbers;;,(l) ,
p=0,..,N
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.271

S anAKme NP

using the FFT.

oy B |

8. Multiply eachn,’s by (AKm)Z, m=0,...,M and calculateN complex numbers

ZA;O(Z), p=0,..N:
N -1 21T
R —j—pm
= An(aKm)%e N
m=0

using the FFT.

9. Take the real part of ea(zﬁ) and multiply results by 2:
{,=2Rd{L}, p=0,..N
10.Take the imaginary part of eaeflj)(l) and multiply results by 2:
{0 =21m{Z:®}, p=0,..N
11.Take the real part of ea(zﬁj(l) and multiply results by -2:
(P =-2 Re{fgz)} , p=0,..,N
12. Associatefp’s, fé,l) 's and ZAEZ) 's with the samples of the surface height, first and
second derivative according to (3.78) and (3.87):
2(ax)=Cnansz, (P ax) =28 5, 2P (ax) =3y 2,
n=-N/2,..,N/2-1

As we mentioned, the factof(s1)™ were dropped (or “absorbed” in the random numbers

Ym) Since the corresponding probability transformation will still lead to independent

Gaussian variables.
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Appendix 3.A Generating Random Numbers Having a Gaussian PDF from
Uniformly Distributed Random Numbers

We will assume that a computer can generate random numbers that are uniformly
distributed on the interval [0,1]. Virtually all computer platforms and programming
language compilers provide such a tool.

Consider a random variabte with the pdf

03, O<a<l1

a) = 3.A1
Pa (@) EO elswhere ( )

Our goal is to obtain a random varialffewith the Gaussian pdf:

2
Ps(B) =ﬁexr%fa—2% (3.A.2)

There are several ways to achieve this, one being the transformation of a random
variable. Suppose we have a random variabhath the pdf p,(x ) and form the new
variabley through a transformation

y = f(X) (3.A.3)
Let f(x) be a monotone function so that the inverse function f *(y) exists.

Consider the normalization relation:

b B max(A, B)

lzfpx(x)dx=Ipx(f _1(Y))df;—1(y)dy= J'p(y)dy (3.A.4)
a A y min(A,B)

Note that if f ™ is decreasing, then the derivative is negative. But then, Bigb,(we

have assumel>a) and we should switch the limits of integration, which would result in
another minus sign and the overall result will again be positive. So, the pdf of the random
variabley is then

df ~(y)
dy

o, (F(v) (3.A.5)

Py (Y) =‘

We would like to attempt to find a transformatigh= f (a to)transform the uniformly
distributeda into the normally distributeg . A straightforward approach would suggest
that since p,(X) = p,(a) = 1it is desirable to have am that satisfies the following

equation (from (3.A.5))
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dp_ 1 0B
B 2no % %

However, the solution forf () will be in terms of the error functioarf (3) and this

would further complicate finding the inverse function. So, a direct application of (3.A.5)
apparently does not lead to any simple algorithm. However, let us use it to obtain a

helpful result. Consider the following inverse transformation:

f _l( = y_2
y) = ex o y>0 (3.A.6)

Then, from (3.A.5) withp, = p, as in (3.A.1), we have:

df 1(3’)‘ % E B.A7)
20?2

which is the Rayleigh pdf. So, the transformation (from (3.A.6))
y=1(x)=0+v-2InXx (3.A.8)

applied to the uniformly distributed random varialgle in (3.A.1) gives the random

py(y) =1

variable with the Rayleigh pdf.

Let us now take a different approach. Constderindependent Gaussian random

variables, 3, and 8, with the same variancg? and the pdf

2, 2
P2(B1, B2) = P(B) Po(B2) = 312;2[;2 @ (3.A.9)

Consider this pdf in polar coordinatés,¢ : )
B = pcosp, B, = psing (3.A.10)

with 0< p<oo and0< ¢ <. To get the expression for the pdf in the polar coordinates

let us again write the normalization condition in both coordinate systems, noting that

B+ B2 =p?anddB,dB, = pdpdg:

1= ex Bl BZ 8,08, = Zmo dodg (3.A.11)
I-[OZHU !

The integrand on the right-hand side represm];s(p,cl) . Clearly, it can be written as
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Pog (0,8) = P, (P) Py (), (3.A.12)
which means thap and¢ are independent random variables with

01/2m, 0<¢<2m

EO elswhere (3.A13)

Py () =

and
P p*
= ——expr—— =0 3.A.14
Po(P) 2 % ZGZE P ( )

One can see:

- py(¢) is the uniform distribution that is very similar tp, (o ; pne can use the
transformationp = 2rra to get py (¢ ) from p, (@);
- Pp,(p) is the Rayleigh pdf that can be obtained frpg(a usjng (3.A.8).
So, assuming that we can generate two independent sequences of the uniformly
distributed random numbers corresponding to random variablesda, , the algorithm
for generating the Gaussian random numbers is as follows:
1) generate two independent random numiogrand a, with the pdf in (3.A.1);

2) form ¢ =2my;

3) form p =0-2Ina, ;
4) calculate B, = pcosp, and B, = psing , which are two independent Gaussian

random numbers with varianee.

More discussion on this and other methods to generate Gaussian random numbers

can be found in [Papoulis, 1991].
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Chapter 4

Discretization of the Integral Equation Describing

Scattering by Rough Conducting Surfaces

In this chapter we present the results of numerical simulations of scattering from
one-dimensional randomly rough surfaces with an ocean-like Pierson-Moskowitz (P-M)
spectrum. The simulations were based on a recently proposed numerical technique, the
method of ordered multiple interactions (MOMI) described in Chapter 2. Extensive
simulations including the low grazing regime that was not quite feasible with previous
less efficient techniques have been completed. However, the results appeared to show an
unexpected sensitivity to the choice of the sampling interval, especially at low grazing
angles. Further numerical studies showed that the problem was not with the numerical
technique but rather with the way that the magnetic field integral equation (MFIE) was
discretized. In a sense MOMI, due to its efficiency, allowed us to check the results using
much smaller sampling intervals than are normally used (the smaller intervals result in
larger matrices which can be handled by MOMI but are prohibitive for other methods) to
isolate the problem. With regards to the MFIE, we demonstrate that the inclusion of so-
called “curvature terms” (terms proportional to the second derivative of the surface
height) in the diagonal of the propagator matrix completely eliminates this problem.
Previously, there had been different views on the role of these terms, with some authors
regarding them as an additional correction (e.g. [Kapp and Brown, 1996]) and some
ignoring them altogether [Tran and Elson, 1997]. Also, it was noted [Kapp, 1995] that at
least for surfaces with the Gaussian spectrum inclusion or exclusion of these terms does
not make any difference. We settle these diverse issues with our results.

Having found numerically that for P-M surfaces the curvature terms are
important, we examine the discretization procedure for the MFIE analytically and
demonstrate that the “curvature terms” should be included in the propagator matrix. We

also formulate a criterion for choosing the sampling interval as a function of
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electromagnetic wavelength and the surface spectral cutoff. Finally, the choice of the

surface spectral cutoff for the scattering simulation purposes is studied numerically.

4.1 Introduction and Preview of the Results

Before any numerical technique can be applied to solve the integral equation, it
must be discretized, i.e. recast in a matrix form. Clearly, the discretization can affect the
accuracy of the computed solutions. When studying scattering from one-dimensional
random surfaces with an ocean-like Pierson-Moskowitz (P-M) type spectrum, we found
that questions regarding the stability of the solution with respect to sampling interval
needed to be addressed and that these questions are tied to an understanding of a role of
the so-called “curvature term” in the propagator.

In regards to the MFIE, there has been some discussion [Kapp, 1995], [Brown and
Kapp, 1996] on whether the curvature term (a term which is proportional to the surface
curvaturé) should be included in the diagonal of the propagator matrix in the discretized
equation and how this term affects both the traditional Method of Moments (MoM) and
MOMI solutions. For P-M surfaces, we observed that using a propagator matrix without
the curvature term can result in a significant sensitivity in the calculated field to changes
in the sampling interval - an effect that is not present for surfaces with Gaussian
spectrum. This effect is pronounced in the case of horizontal polarization for
backscattering at low grazing angles and is not very evident for vertical polarization. It
appears to be tied to the small-scale (high-frequency) surface curvature which is
characteristic of the P-M spectrum. A stable result can eventually be achieved by
decreasing the sampling interval, which, of course, increases the matrix dimension and
computational expense of the algorithm. If, however, the curvature terms are included in
the diagonal of the propagator matrix, the stable result is obtained at much larger
sampling intervals and no drastic increase in a sampling rate is necessary.

This finding prompted us to take a more in-depth look at how the discretization of
MFIE is performed, what the role of the curvature term is, and if it should appear in the

propagator matrix as a result of discretization. The behavior of the spectra for the currents

! For 1-dimensional surfaces curvature is classically definéd, a1+ 2)*'2; however, as used herein,
the term "curvature" will refer to the second surface derivagyg,
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and the propagator entering the MFIE for P-M surfaces suggest that they can be treated as
band-limited functions, with the upper wavenumber (or spatial frequency) beyond which
the spectra are assumed to effectively vanish being related to the cutoff in P-M spectrum.
Consequently, the sampling theorem can be applied to discretize the MFIE. This
consideration suggests choosing the sampling interval based in genepathotihe
electromagnetic wavelength and the surface spectral cutoff. Also, it shows that the
curvature term, in fact, should appear in the diagonal of the propagator matrix that results
from its discretization by sampling and that no higher-order corrections should be
included in either the off-diagonal or diagonal terms. It should be stressed that although
we used MOMI as the core of our numerical algorithm, the discussion of discretization
refers to the original MFIE before it is reformulated into MONlhat is why we fully
expect that similar problems with sampling stability, when the curvature terms are left
out of the diagonal of the propagator matrix, will be observed no matter what numerical
method is used to solve the discretized MFIE.

Our result relates the sampling interval to electromagnetic wavelength and the
surface spectral cutoff. In Chapter 3 we briefly discussed that in natural ocean surfaces
such a cutoff occurs due to viscous damping mechanisms and can vary if, for example,
pollutants or surfactants are present. However, one can expect that the surface spectral
components with the wavenumbers much larger than the electromagnetic wavenumber
may have little or no effect on the surface back scattering, and for scattering simulation
purposes a lower, an artificial surface spectral cutoff can be introduced. We study how
the spectral cutoff affects the NRCS at different angles of incidence and give the
recommendation for a choice of such artificial cutoff.

4.2 Scattering Simulations for 1-D Pierson-Moskowitz Surfaces

4.2.1 The Discretized MFIE and the “Curvature Term”

The development of the integral equation for rough surface scattering and its
numerical solution were discussed in Chapter 2. There we wrote down the MFIE in its
discretized form (2.18)-(2.19). The discretization of the MFIE can affect the accuracy of
its solution and the calculated scattered field. One parameter that can obviously have an
impact and whose choice should be addressed is the sampling imervalso, there
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have been different treatments of the diagonal elements of the propagator matrix in
(2.19). In the original version of MOMI [Kapp and Brown, 1996] the diagonal elements
of the propagator matri®,,,, were set to be zero. Other authors [Thorsos, 1988] include

in the diagonal a term that is proportional to the second derivative of the surface height

and is often referred to as the “curvature term”:

— ZXX()(IT])
T 2 @4

In (4.1) the upper sign corresponds to the case of vertical polarization and the lower to

Pm m

the horizontal polarization. [Kapp and Brown, 1996] argued that this term can be
neglected if it is small compared to one, which can always be achieved by chagrsing

sufficiently small. The question about the inclusion of this term was also addressed in
[Kapp, 1995] and [Brown and Kapp, 1996]. One of the conclusions was that the
curvature term does not affect the rate of MOMI convergence. It was also reported that

for one sample sinusoidal surface with high curvature and the field inciddst awith
respect to the normal, the inclusion of the curvature term did permit an increase in the
sampling interval resulting in the same scattered field as would be obtained without the

curvature term but with tighter sampling. Nevertheless, for a randomly rough surface
with Gaussian spectrum and root mean square (rms) slopes as High disminated at

the incident angle oB5’ , no effects related to inclusion or exclusion of the curvature
term were observed. The study in [Kapp, 1995] regarded the curvature term as an
additional correction to the already extracted self-term and pointed out that it may be
inconsistent to include this correction on the diagonal of the propagator matrix and not
include similar corrections proportional to higher surface derivatives in off-diagonal
terms.

In the subsequent sections we present the results of numerical calculations of
scattering from randomly rough surfaces with P-M spectra and these results suggest that
for such surfaces the curvature term can play an important role and should be included in
the diagonal of the propagator matrix. In Section 4.3 we discuss the procedure that leads
to the discretized MFIE (2.18)-(2.19) and suggest a choice of the sampling interval for P-

M surfaces. It will be shown thaince the proper sampling interval is chosen, the
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curvature term in(4.1) must appear on the diagonal of the propagator matrix, the off-
diagonal terms should be samples of the propagator as giv€én.1§), and there is no

need for any higher-order corrections to either the diagonal or the off-diagonal.terms

4.2.2 “Pierson-Moskowitz” Randomly Rough Surfaces

We used MOMI to calculate the scattering from ocean-like randomly rough
perfectly conducting surfaces described by a P-M spectrum. For the 1-D surfaces we used
a one-dimensional version of the P-M spectrum proposed by E. Thorsos [Thorsos, 1990]:

o« B pg? 8
W(K) = 4{K|3 expg—K2U45 (4.2)

In (4.2) K is the spatial wavenumber (which can be both positive and negétiigjhe

windspeed at a height of 19.5 ng;:9.81m/s2 is gravity acceleration and other

constants arer =8.10x10°3 and 8 =0.74. The spectrum in (4.2) is shown in Fig. 4-1

for several windspeeds. The spectrum (4.2) has a peak at the wavenumber

_ 2B 9
Ko=% 2 (4.3)
which can be interpreted as corresponding to the dominant wave having the wavelength
2
/\p:ﬂ:'r[ §U— (4.4)
Kp B g

This dominant surface wavelength turns out to be closely related to the surface

correlation lengthL.. . Indeed, ifL; is defined as

1 7
L.=——— [C“(x)dx (4.5)
° CZ(O)_L
the correlation length turns out to be directly proportional o
Le=— [|——=—=—A (4.6)

Details regarding the definition in (4.5) and the calculatiorLofin (4.6) are given in

Appendix 4.A at the end of this Chapter. An alternative to the definition in (4.5) is also
considered there. The mean square surface height is
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Figure 4-1 1-D Pierson-Moskowitz spectrum in (4.2) for
several values of the wind speed.

The P-M spectrum (4.2) has only one variable parameter, the winddpedtch
controls both the mean-square surface height and the dominant surface wavelength as can

be seen from (4.4) and (4.7). The surface correlation fun@ipf), which is related to
the surface spectrum as in (3.17), is shown in Fig. 4-2 for a windspeefim/s. It is

instructive to examine how well the correlation lendth and the related dominant
wavelength/A , describe the width of the correlation function. Rér=5m/s, A, is
228m. We can see from Fig. 4-2 that outside= +2A , the correlation function is

essentially zeroL for this windspeed is 4.3 m and is smaller tigg. It may serve as a
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good indicator of the width of the main peak in Fig. 4-2. Howexy is obviously more

handy in determining when the correlation function drops to a negligible level.
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Figure 4-2 Normalized correlation function for a P-M surface.
WindspeedJ =5m/s.

A characteristic feature of the P-M spectrum in (4.2) is its power-law behavior at
large surface wavenumbeis (as|K |‘3). In fact, due to this behavior integrals of the
type

I (o]
dxfg = J’KZ'W(K)dK (4.8)

describing the mean-square slope=(L), mean-square curvaturé £ 2) and all higher
derivatives (cf. [Middleton, 1960, p. 153]) will be divergent unless some cutoff

wavenumberK, is chosen, i.e. the spectrum becomes:

W(K), [K|<Ke

(k) = £ (4.9)

otherwise

This means that for Pierson-Moskowitz surfaces the short-wave surface structure is the

major contributor to the mean-square surface slope and higher derivative statistics. In
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most of our simulations we fixed the cutoff to be five times the electromagnetic

wavenumber, i.e.

K, =5k, (4.10)
which definitely includes all potential Bragg scatterers. Later we will study the influence
of this choice on the scattering simulation results.

4.2.3 Other Simulation Details

The electromagnetic wavelength we used in these calculatiohs B3cm. We
also chose to work with surfaces corresponding to the windspeed® m/s. The
dominant surface wavelength, calculated earlier to be 22.8 m, is given in teAmsyof

Ap=99.1 (4.11)

We use surfaces with sizes that include several dominant wavelengths, as will be
discussed later in this Section. It should be pointed out that as one moves towards
grazing, other considerations come into play and require increasingly larger surfaces to
be used in the simulations. The rms surface height corresponding to the 5 m/s windspeed
is (from (4.7)) [ ?I}/? =0.133 m or 0.581 andk{?('2=3.6

The incident field is taken to be a plane wave with a modified Gaussian taper

suggested in [Thorsos, 1988]:

B (x+ztan6)?(E
2

W' (x,2) = exg- jk(xsinB, —zcosd, )1+ w(x, z))}expg (4.12)

where, again, is either thek or H field, depending on the polarization considered. The
incident anglef; is defined in Fig. 2-4; & the parameter that controls the tapering (not
to be confused with gravity acceleration in (4.2)), and

W(x, 2) ={2(x + ztan6,)? / g* - 1} /(kgcos, )>.
The choice ofg=L/6 (L = finite surface length) gives an acceptable tapering of the

incident field at the edges. Further considerations regarding the use of the incident field
(4.12) can be found in Chapter 5 where the applicability of Thorsos/Gaussian taper is
studied. In the case of horizontal polarization a normal derivative of (4.12) is needed to
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calculate the Kirchhoff currend'; an analytical expression for the derivative can be
easily obtained from (4.12).

Scattering from each surface realization will be described by either bistatic or
backscattered NRCS that have been introduced in (2.33)-(2-34).

Surface realizations were generated using the spectral technique developed in
Chapter 3. Here we briefly recall the procedure. First we need to decide on what
sampling interval and the surface length to use. The critical (maximum) sampling interval
for the cutoff K. in (4.10) is, from (3.64),

Axg =11/(5k) = A/10 (4.13)

In the simulations reported in this Chapter we chdsg to be the basic sampling

interval; if smaller intervals were needed, they differed framy by a factor of 2

(i =some positive integer) as will be explained below. To avoid the problem with

sampling at exactly the critical interval discussed in Section 3.3.4, in préogicshould

be chosen slightly larger or, conversely, the spectral cutoff may be chosen slightly
smaller. Since it was appealing to use the basic sampling interval that is exactly a one-
tenth of the electromagnetic wavelength, the actual value of the surface cutoff used was

K. =4.99 . For all other practical purposes we will use the expression in (4.10).

The surface length. is a multiple of the sampling interval. In particular, for the

interval Axy from (4.13) we have:
L = NoAX, (4.14)
As discussed in Chapter 8|y in (4.14) should be a power of 2 since we use a radix 2

FFT in our surface generating technique. The choiceNgt=8192=2" provides a

surface lengthL =8192 A . This surface length was deemed to be acceptable for our
study for various reasons but primarily because it contained several dominant surface

wavelengths. Referring to (4.11) we see that such a choice Jietd26A ,. From the
discussion following Fig. 4-2 we concluded tl@¢x) is essentially zero fofx > 2A .
This means that if we choose>4A ;, the shifted replicas o€(x n (3.32) do not

interfere with each other, which was specified in Chapter 3 as one of the considerations in
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choosingL . Another reason to make the surface length to be at least several dominant

wavelengths is as follows. The P-M spectrum in (4.2) has a pelk athich moves

closer to zero and becomes sharper as the winddpaadreases. One would like to
choose the increment in the spectral domaik,= 277/ L, small enough to represent this

peak adequately and certainly not to miss it altogether. This means cha#singK ,
or, equivalently, L >>A . Finally, this surface length permitted use of the tapering
parameter valug = L/6 =1365A which is sufficiently large to use the tapered incident

field in (4.12) safely for incident angles up to 88>. Should we decide to study
scattering at incident angles closer to grazing, the required beam waist must be larger (as
discussed in Chapter 5) and we would require a larger surface.

Having decided on the surface length, sampling interval and the number of
surface samples, we apply the algorithm stipulated in Section 3.3.5. Briefly put, it
consists of generating independent Gaussian random nun{lgrs with }variances
proportional to the samples of the surface spectifl in (4.9) taken at discreet points
Ky, with a stepAK =277/ L . These random numbefgj,, rgpresent a Fourier spectrum
of a particular surface realization. Spectra of first and second surface derivatives can be
obtained by multiplying thej;,’s by (-jK,,) and (—ij)2 respectively. FFT is then
applied to obtain the samples of the surface realization and its derivatives. If a smaller
sampling interval was needed, we retained the random spectral vajyes alreajly
generated (cf. Section 3.3.5), added zeros to this sequence so that it contained a new,
larger numberN of terms and then took the FFT of this newly constructed sequence.
This resulted in the generation of the same (but tighter sampled) surface realization (the
details are given in Chapter 3; in particular, we have seen tmtt@muousband-limited
surface realization is completely defined in a spectral domain by a finite set of random
numbers). Again, due to the radix 2 FFT used it was convenient to dedrasach
time by a factor of 2 so that the total number of surface pdintemained a power of 2.

The result of the surface generation procedure are sample values of the surface

height {{ (x,,) }, slope{{(Xy)} and second derivativg{,,(X)} at discrete values of
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X, Xym =(m-N/2)Ax, m=0,1...,N -1 By substituting these values in expressions
(2.14) and (2.15) (and using (2.16), (2.17) and (4.12)) we get discretized values of the
current and propagator shown in (2.19). To calculate a scattered field from (2.30), we
also take the values of a kerr@@lonly at points{x,,} , so the integral in (2.30) is also
replaced by a discrete sum.

An example of a P-M surface realization for a windspeed of 5 m/s is given in Fig.
4-3 (note the difference in horizontal and vertical scales), together with the superimposed
absolute value of the incident field in (4.12) wigh=1365A (as can be seen from (4.12),

|w' (x,0) | does not depend on the incidence angle).

2 T T T T T T
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Figure 4-3. A sample P-M surfac&) =5m/s. Also shown is
the absolute value of the tapered incident field in (4.12).
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4.2.4 Simulation results
We started by applying MOMI with its propagator matrix containing zeros on its
diagonal. Fig. 4-4 shows the calculated backscattered cross section for one surface

10 | —— Sampling Ax=Ax,=0.1A o L h
| ------ Sampling Ax=Ax,/8=0.0125A 1 : 1

70 ‘ ‘
-80 -70 -60 -50 -40 -30 -20 -10 0

6,=-6,, degrees

Figure 4-4 Normalized radar cross section in the backscattered
direction (for a single realization of a P-M surface). Horizontal (TE)
polarization, one MOMI iteration, curvature term not included.

realization for horizontal polarization. One curve on the graph corresponds to the
sampling interval Ax, =A/ 10and another to the interval eight times smaller:
Ax =Ax, /8 (the spectral cutoff wavenumber is given by (4.10)). It can be seen that at

moderate incident angles the two curves are on top of each other, but as one moves
towards grazing, the calculated NRCS'’s start showing significant differences. The same
effect can be seen for the bistatic cross section as shown in Fig. 4-5 for a horizontally
polarized field incident at80° (only negative scattering angles corresponding to

backward scattering are shown). It can be observed that cross sections calculated for

intervals Axgand Axy /8 start showing some differences even at moderate scattering
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Figure 4-5. Bistatic normalized radar cross section (for a single
realization of a P-M surface). Horizontal (TE) polarization,
6, =80, two MOM I iterations, curvature term not included.

angles and as the observation direction moves towards grazing these differences become
more pronounced. Similar behavior is observed for bistatic cross sections corresponding
to smaller incident angles, although the differences in dB are in general smaller.

A typical behavior of the backscattered field as the sampling interval changes is
shown in Figs. 4-6 and 4-8,(=80"). Fig. 4-6 shows the NRCS which is proportional to
the square of field magnitude and Fig. 4-7 shows the phase of the scattered field with the

factor e that is present in (2.30) ignored. Each figure displays results calculated using
0, 1 and 2 iterations of MOMI above the new Born term. One can see that points
corresponding to 1 and 2 iterations of MOMI practically coincide,M8@MI does
converge no matter what sampling interval is chosen, but for different sampling intervals
it converges to different valueBig. 4-7 suggests that even for the sampling interval of

Ax = Axy /16 = Ay /160 the phase of the scattered field still has not reached its final value

and would change if we reduced the sampling interval further.
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Figure 4-6. Normalized radar cross section in the backscattered
direction (6; =80°, single realization of a P-M surface) vs.
sampling interval. Horizontal (TE) polarization, curvature term
not included.
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Figure 4-7. Phase of the backscattered fie§] €80°, single
realization of a P-M surface) vs. sampling interval. Horizontal
(TE) polarization, curvature term not included.
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This dependence of the calculated NRCS on the sampling interval appears to be
tied to the short wave structure on the surface. Fig. 4-8 presents bistatic cross sections for

horizontal polarization calculated with sampling intervAlg, and Ax,/8 for a surface
with a spectral cutoff wavenumbé€; =k which is five times smaller than the cutoff

K. used in previous simulations. This Figure should be compared to Fig. 4-5 and one can

see almost no differences except for a few nulls near grazing where some discrepancy is
not surprising given the extremely low levels. This apparent cause and effect relation

between the observed changes in calculated NRCS with the sampling interval and the
short-wave components suggests that the effect should not be seen if a surface with
Gaussian spectrum is used because it effectively contains no short-wave components

since they are exponentially suppressed.
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Figure 4-8 Bistatic normalized radar cross section (for a single
realization of a P-M surface with spectral cutoff wavenumber
reduced tok =2m/A). Horizontal (TE) polarizationfg, =80°,

two MOMI iterations, curvature term not included.
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As has been mentioned, it is the short-wave components that are the main
contributors to the rms slope and especially the rms curvature of the P-M surface.
Consequently, including the curvature terms (4.1) in the diagonal of the propagator
matrix may be one possible remedy to the problem. NRCS calculations with the curvature
term included are shown in Fig. 4-9. The surface is the same as was used for calculations
in Figs. 4-4 — 4-7; its spectral cutoff is given by (4.10). These new results show that the

bistatic NRCS calculated with the sampling interved, is virtually the same as the

NRCS obtained from calculations with a much smaller intervabxf/8. This presents
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Figure 4-9. Bistatic normalized radar cross section (for a single
realization of a P-M surface). Horizontal (TE) polarization,
6, =80°, two MOMI iterations, curvature term included.

quite a different picture from the situation shown in Fig. 4-5. The behavior of the

scattered field versus the sampling interval is again examined in Figs. 4-10 and 4-11 for

backscattering aB0’ . Fig. 4-10 shows that once the curvature term is included, there is
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Figure 4-10 Normalized radar cross section in the
backscattered directiond(=80", single realization of a P-M
surface) vs. sampling interval. Horizontal (TE) polarization.

no noticeable change in the NRCS. In Fig. 4-11 a slight change in the phase of the
calculated backscattered field can be noticed as one moves from the sampling interval of
Axy to Axg/2, but after that its value remains constant. As the sampling interval is
decreased both the NRCS and phase of the scattered field calculated without curvature
eventually converge to their counterparts calculated with the curvature term. Note that the
phase of the field calculated without curvature term does not reach this stable value even
at a sampling interval as small &%,/16. This demonstrates that with the inclusion of

the curvature term one indeed achieves stability with respect to the sampling interval and
obtains the correct values of the scattered field without resorting to the heavy

oversampling that would have been necessary otherwise.

74



190 T -
; 3 —o— With curvature term ||
: 3 --0-- No curvature term
180 e T PO :
. : .
" e i i
& 170 b N O SO PSP
() < : :
5 RN 3
-8 160 [ U‘ """""""""""""""""""""""""""""
) ' .. i
(7] ~ .
(G D50 [ A
T . = |
140 e ......... “.7.~~,.;; ......... .........................
: : \"lj ______
130 b _________________________
0 1 2 3 4
-log, (AX/AX,)

Figure 4-11 Phase of the backscattered fiellj € 80°, single
realization of a P-M surface) vs. sampling interval. Horizontal
(TE) polarization.

So far we addressed only the case of horizontal polarization. For vertical
polarization, we found that when the propagator matrix without the curvature terms is
used, the calculated NRCS does not appear to possess the same degree of sensitivity to
the size of the sampling interval that was observed in the case of horizontal polarization.

This fact is demonstrated in Fig. 4-12, where calculations of the bistatic NRCS for

vertical polarization and an incident angle 80° are presented for two different

sampling intervals.
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Figure 4-12 Bistatic normalized radar cross section (for a
single realization of a P-M surface). Vertical polarization,
6, =80°, two MOMI iterations, curvature term not included.
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However, if one examines tladsolute differencen the scattered field calculated
without the curvature term at two different sampling intervals, this difference is usually
larger for vertical polarization than for horizontal polarization. Such an absolute

difference in the scattered field calculated with sampling inter&a}s and Ax,/ 16is
shown in Fig. 4-13 for both TE and TM polarizations &hd-=80". Again, only one

surface realization is considered; the field is calculated according to (2.30) with the factor

e K disregarded. One can see that for the TM-polarized field this difference

exceeds the similar measure for the TE-polarized field for almost all scattered angles.

—— Horizontal polarization (TE)
------ Vertical polarization (TM)

0.02

0.00

6., degrees

Figure 4-13 Absolute difference in the scattered field calculated
with intervals Ax, and Ax,/ 16 (6, =80°, single realization of a
P-M surface). Two MOMI iterations, curvature term not included.

However, since the magnitude of the field scattered in the backward directions is

significantly larger in the case of vertical polarization, taktive changes in the field
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(and, therefore, NRCS) are negligibly small compared to what was observed for the
horizontal polarization. Inclusion of the curvature terms in the diagonal of the propagator
matrix in the case of vertical polarization also significantly reduces variation in the
calculated field and the NRCS as one changes the sampling interval but, again, this
variation is relatively small from the beginning.

It is interesting to look at the behavior of the relative mean-square error in the
current vs. sampling interval. Assuming the current calculated at the smallest sampling
interval of Axy/16 with the curvature term included to be the “exact” currégnt we
define the relative mean square error in the current calculated with some sampling

interval Ax as

_1Hg _ 2
s(Ax)—mHN rIZlIJAX(xn) Jo (%) - (4.15)

In (4.15) the valuegx,} are taken with the sampling intervalx, J,, denotes the

current calculated with this sampling interval (with or without the curvature term) and
1 2 2

JAll= — JA(X 4.16

ol 343 o) (4.16)

where M = Ny x16= 217 and {x, }are taken with the sampling intervak,/16. Only
one surface realization is considered. Fig. 4-14 she{@s) for the current calculated

with and without the curvature term for both horizontal and vertical polarizations and
6, =80°. When the curvature term is not included, the relative mean square error in the

current is essentially the same for horizontal and vertical polarizations. Yet, as we have
seen, in the case of horizontal polarization this error does produce significant relative
variations in NRCS while for vertical polarization these variations are negligible. This

once more confirms the well-known fact that an error in the current does not necessarily
translate into a significant error in the scattered field. Each time the sampling interval is

divided in half,e(Ax ) for the current without curvature term decreases by approximately

6 dB, which means that root mean square error in the current decreases by a factor of 2.

When the curvature term is includeé(Ax is yeduced dramatically, with the relative

mean square error for horizontal polarization being smaller than that for vertical
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Figure 4-14 Relative mean square error in the calculated
surface current vs. sampling intervé).= 80, single realization
of a P-M surface.

polarization. Note that(Ax, Jor the currents with curvature is well bel@fAx,/8) for
the currents without curvature.

Finally, let us address the question of how the inclusion or omission of the
curvature term affects the average NRCS. Fig. 4-15 displays the average bistatic NRCS
(the average is taken over 100 surfaces) for horizontal polarization and an incident angle
of 80° that was calculated with and without curvature term; the mean field was not
extracted, so it shows up in the specular direction. The sampling intended,p2 was
used. For most of the scattering angles the two curves run on top of each other but as the

scattering angle approache90°, the differences start showing up, with the NRCS
calculated without the curvature term having larger values. Around the grazing scattering
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Figure 4-15 Average bistatic normalized radar cross section
(average over 100 surfaces with P-M spectrum). Horizontal
(TE) polarization, 6, =80°, two MOMI iterations,

Ax =Dxg/2=2/20.

angle of —90° calculations without the curvature term result in an overestimation of
average NRCS by more than 10 dB. Fig. 4-16 shows the ratio of the average NRCS
calculated without the curvature term to the average NRCS with this term. Expressed in
dB, this ratio corresponds to the distance between the curves shown in Fig. 4-15. For
comparison, the similar ratio is plotted in Fig. 4-16 for only one surface realization. One
can see that, in general, the average NRCS shows much less sensitivity to the inclusion or
exclusion of the curvature term than the NRCS for a single surface realization. Still, at
scattering angles near grazing even the average NRCS is very sensitive to the presence or

absence of the curvature term.
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Figure 4-16 Ratio (expressed in dB) of average bistatic
normalized radar cross sections calculated without and with the
curvature term (average over 100 surfaces with P-M spectrum).
Also shown is a similar ratio of normalized radar cross sections
corresponding to one P-M surface. Horizontal (TE) polarization,
6, =80, two MOMI iterations,Ax = Axy/2 = A/20.
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4.3 Discretization of the MFIE: the Necessity of the Curvature Term and the
Choice of the Sampling Interval

In the previous section it was shown that when the MFIE is solved for P-M
surfaces with the diagonal of the propagator matrix set to zero, in some cases very tight
sampling is required to obtain a stable value for the scattered field. However, inclusion of
the curvature terms in the diagonal appears to remedy this problem. We now examine the
details of discretization to find out why curvature terms should be included in the
diagonal of the propagator matrix and whether there should be any higher-order
corrections, as well as to develop some recommendations for choosing the sampling

interval when discretizing the MFIE for P-M surfaces.

4.3.1 Method of Moments Formalism and Its Application to the MFIE

In Chapter 2 we derived the MFIE (2.13) and wrote down its discretized form in,
(2.18)-(2-19), that is usually used. Here we reexamine in detail how this discrete
representation can be obtained from the continuous MFIE and what assumptions are
involved. The classical Method of Moments approach described in [Harrington, 1993]
can be applied to discretize the MFIE in (2.13). Two sets of linearly independent
functions,{e,(x )} and{t,(x) } (called expansion and testing functions, respectively) and

a scalar produc( DE} are introduced. The reasonable scalar product of two possibly

complex-valued functiond and g can be defined as

(f(x),9(x) = [f (%) g(x) dx, (4.17)
X

with the asterisk denoting the complex conjugate. Assuming that théeget is )}
complete for the class of functions that the unknown cudreqt belongs to, one can

write

J(X) = Z J, e, (X) (4.18)

where {J,, } are the expansion coefficients. This expression is substituted in (2.18), and a

scalar product is taken of both sides of this equation with each of the testing functions:
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S In{tm00:€09) = Bn0,3' (AT 3 In [(tm(0. PO, X)) e (X) X' (4.19)

X

It can be seen that in order for (4.19) to assume the matrix form (2.18)Jwthd ,]

from (4.18), an additional multiplication of both sides of (4.19) by the matrix inverse

[(tm(x),en(x)>]_l is, in general, necessary. However, if we require that

<tm(X)!en(X)> = 3m9mn (4.20)
(a,, are some positive constants adg, is a Kronecker delta), i.e. testing and expansion

functions should be mutually orthogonal, the goal is readily achieved with the quantities

appearing in (2.19) being:

. 01 .
J=1J , JI = [ﬂm ,JI d
[9,] 7 (9 (x)ﬁé an
(4.21)
P=[P,]= Eliﬂt (X), P(x x'))en(x')dx'g
?m X H

Furthermore, if the expansion functiofi, (x gke chosen to be orthogonal and
{t(x)} are chosen to belong to the same class of functions then the completeness of

{&,(x)} for this class together with (4.20) means thgk) = c,e,(x wherec, are non-
zero constants so the expansion and testing functions are essentially the same. If the

testing functions are chosen outside the class{dx be)png to (one can use-

functions as an example), this, of course, is not true.

Our goal is to apply the formalism described above to see how and under what
conditions a simple discretization such as (2.19) is possible. It is tempting id-use
functions as expansion and testing functions because this would immediately formally
give the discretized equation (2.18) with sampled quantities (2.19). However, in this case
one cannot write an expansion (4.18) for any reasonable continuous or square-integrable
function such as we exped(x) to be. Another choice, which we will review in the
following Section is to use -functions as testing functions together with rectangular
pulse expansion functions (in this case, for example, (4.20) can be satisfied). This
approach was shown to yield the curvature terms in the diagonal of the propagator matrix
[Kapp, 1995]; however a correct interpretation of this result is needed. Then, in Section
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4.3.3 we consider the usesihctype sampling functions and show that such an approach
leads naturally to recovering the curvature teamdallows for determining the sampling

interval Ax.

4.3.2 Rectangular (Pulse) Expansion and Delta Testing Functions
Consider the following choice for expansion and testing functions:

e,(x) = rect(x/Ax-n)

4.22
t(X) = 3(x — mAx) (4.22)
In (4.22), the rectangular functions are defined as
<1/2
rect(x) = 2 Ix] (4.23)
0, |xpu2

This approach was pursued in [Kapp, 1995]; however, it seems to have its own
deficiencies. For example, rectangle pulse functions do not form a complete set for the
class of continuous functions, so (4.18) cannot be exact and (2.18) will involve some
error from the start. Further, elements of the discretized propagator will contain

integration over the pulse width i -coordinate:

Xn +AX/2
P = I P(Xm, X') dX'; (4.24)
X —OX/2

to obtain a simplified form as given by (2.19) some additional approximations of these
integrals will be necessary. For the off-diagonal terms, integrals in (4.24) can be

calculated by expanding the propagator in a Taylor series arquadd integrating them

term by term as follows

Xn+AX/2 Xn+AX/2 0 alp(x X,)| (X’ X )l H
P = J’P(Xm,x’)dx’: J‘ 0 p ”l“ | T N2 X' =
X ~Ax/2 xn—~Ax/2 H=0 X X=X, "~ B

(4.25)
i EﬁzqP(Xm,x')

=2

:2q
d4=0[ ox

(Ax)%a+L H
. 22q(2q+1)!g

X'=
The assumption in (4.25) is that the series converges, which may in fact depArg on

in principle this question can be investigated closer using the expressions for the
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propagator in (2.14)-(2.17). For practical purposes, only the few first terms in (4.25) are

retained. If only the first term correspondingde  isQused, we have

Pin = P(X, Xn ) AX (4.26)
This is exactly the expression for the propagator matrix elements in (2.19). For the
diagonal fmn=n) terms, however, extra caution should be taken since the propagator
contains a Hankel functiohil(z) (cf. (2-16)-(2-17)) which is singular &, = x,,. While
it can be readily shown that the limit ¢¥(x,x’) as x' - x exists and is finite (see
below), one will need to examine similar limits for all higher derivatives involved in
(4.25) as well.

Kapp [Kapp, 1995] chose a different way of looking at the diagonal terms. He
expanded all functions in the numerator and denominator of the propaatot) (cf.
(2.14)-(2.17)) in Taylor series and used a small argument approximation for the Hankel
function. He was able to recover the leading term of this expansion that did not depend
on x'; upon the integrating of this leading term as in (4.24), he got the expression in
(4.1), i.e. the curvature term for the diagonal matrix elements. In a sense, Kapp has
shown that

lim P(x,x) = iL(XZ) (4.27)

X=X 2m(1+ {5 (X))
with the plus sign corresponding to the TM and the minus sign to the TE polarization.
Mathematical details on the derivation of (4.27) are given in Appendix 4.B at the end of
this Chapter. Referring to the discretized MFIE in the form

J=(1-pP) Ly

(cf. (2.20)) the curvature term was then interpreted by Kapp as an additional correction to
the already extracted self-term represented by the identity matrikwas then argued
that it is not consistent to account for this correction for the diagonal terms and not to
account for the higher order corrections to the off-diagonal terms (4.26) that arise from
(4.25). However, careful comparison of (4.1) to (4.26) reveals that both curvature terms
and the leading terms for off-diagonal entries into the propagator raatriaf the same

order in Ax (our small parametern the series expansions reviewed. This means that the
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curvature terms in (4.1) have the “same right” to be in the propagator nkates the
off-diagonal terms in (4.26), as has been also verified by our simulation results.

Although we will not pursue this matter any further, we would like to note the
following. If the approach used by Kapp to recover the “curvature terms” is extended to
find the higher-order corrections for the diagonal element8 pbne may well find that,
unlike the off-diagonal elements, this expansion will not result in terms involving only
integer powers ofAx. Consider a series expansion for the Hankel function that is a part
of the propagatoP(x,x" ]JGradshtein and Ryzhik, 1994]:

n+ n- n-— 1
H(Z)(Z) — (Z)% J Hn +C 2] Z ( 1) 1(2/2)2 1 al z |:|(4 28)

nz T n'(n—-1)!
In the above expression

Z 0 ( 1)n 2n
2n 52770l (n +1)!

J1(29) =

is a first-order Bessel function ar@ = 0.577215..is the Euler constant. Az — 0, the

leading term in the expansion (4.28) is, of courdg/(/z) and it was used to obtain
(4.27) and (4.1); however if one investigates higher-order correctidis,ipother terms

in (4.28) should be considered as well, and the logarithmic terms are likely to appear in
the result. Finally, when considering including the corrections beyond the leading terms
(4.26) or (4.1), it is important to realize that even if the integrals (4.24) are evaluated
exactly(or, equivalentlyall terms in the series expansion of the propagator are accounted
for), there will still be some error in the solution due to the poor approximation of the

continuous currend(x) by rectangular pulses.

4.3.3 Sampling Functions as Basis Functions

In our approach we will use the sampling theorem and the concepts related to it.
The P-M surfaces that we will work with have a distinct spectral cutoff as stated in (4.9).
This leads to the suspicion that the current and propagator, being functionally dependent
on the surface height, might also have their spectra located predominantly within some
finite range of wavenumbers and can therefore be reasonably regarded as belonging to

the class of band-limited functions. Let us also note the following; for well-behaved
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surfaces the limit in (4.27) exists (cf. also Appendix B) so the functions in (2.14b) and
(2.15b) can be defined at= x' to be equal to this limit and thus the propagator in (2.13)
is a continuous function.

It is known that for band-limited functions that have zero spectral content beyond

some wavenumbeK, , the functions

sinT(x/Ax —n)

S, (X) = , Ax=1/K 4.29
0= ) WKy (4.29)
form a complete set (cf., for example, [Middleton,1960, pp.210-212]). These functions
are orthogonal with respect to the scalar product in (4.17) wkeré¢—o; oo : )
(Sm(X),5p (X)) = A3y (4.30)

Any function f of this class of band-limited functions can be expanded in this basis,

f(x) = z fr, $h(X) (4.31)
n
with the expansion coefficients
f, = Ai<sn(x), f(x)) = f (nAX) (4.32)
X

The previous two equations are essentially the main result of the sampling theorem
indicating that a band-limited function can be reconstructed from properly taken samples

usingsinctype basis functions.
The spectra ofy! (¥), J(X) and P(x, X) have a characteristic shape that can be
regarded as band-limited and suggests the choice of the waventmberyond which

the spectra of all these functions are essentially zero.

Fig. 4-17 shows a two-dimensional Fourier spectrum of the propa@dtorx')
as given by (2.15b) for horizontal polarization and one random surface realization. The

spectral cutoff of the surface in this particular case was chosenKq be2.5k. Fig. 4-

18 displays the spectrum of the propagator given in (2.14b) for vertical polarization and

the same surface. The spectrum of the propagator consists of two narrow “blades”, each
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Figure 4-17. Two-dimensional Fourier spectrum of the
propagator P(x,x') (linear scale, single realization of a P-M
surface, horizontal (TE) polarization, surface spectral cutoff is
2.5k).
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Figure 4-18 Two-dimensional Fourier spectrum of the
propagatoP(x, x") (linear scale, single realization of a P-M
surface, vertical (TM) polarization, surface spectral cutoff is
2.5k).
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having a half-length ofK;, that are centered &tk,k) and at(k,—k). In the case of
horizontal polarization (Fig. 4-17) these two blades are oriented along theis which

is the dual to the&-coordinate. This is also obvious from Fig. 4-19 which is a contour plot
of the propagator spectrum in Fig. 4-17. Clearly, the spectrum is essentially non-zero
only in the rectangular domain witvarying within = (k + K; ) and K' varying within

the range somewhat larger thark (by the thickness of the “blades”). Certainly the
spectrum can be considered band-limited within a larger, square domain (which is more

convenient for our consideration) defined b, < K < K,, - K, < K'< K, and
Ky =k+K,. (4.33)
The same discussion applies to the vertical polarization propagator with the same result

(4.33) for the wavenumber domain upper lirdi .

K'/k
o

Figure 4-19 Contour plot of the two-dimensional Fourier
spectrum of the TE propagator shown in Fig. 4-17.

90



Fourier spectra of Kirchhoff currentd’ (x galculated according to (2.14a) or
(2.15a) and (4.12) in general have a pealKat ksin8, accompanied by a “pedestal”
that is centered at the same wavenumber and has the half¥idtExamples of such

spectra (normalized to their peaks) are shown using a logarithmic scale in Figs. 4-20 and
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o

w
o

A
o

-70
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Normalized spectrum, dB
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130 i I i I i I i i i I i i i I

Figure 4-20 Example of the Fourier spectrum of the Kircltthof
current (horizontal (TE) polarizatio), =80°, surface spectral
cutoff is 5k).

4-21 for horizontal and vertical polarizations, respectively, #hd80. In these
examples surface realizations with the “usual” spectral cutdbkofvere used. Averages

[ﬂji(K) |2D (ji is a Fourier transform of a Kirchhoff current for a particular surface)

calculated from 100 surface realizations are shown also. The level of the pedestal can be

different depending on the incident angle and polarization. In the case of horizontal
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polarization it is higher because a derivative is involvedlii(x in §2.15a) and as one
moves towards grazing, this pedestal can contain an appreciable fraction of the spectral

energy. The pedestal is contained within the wavenumber range bekseeh + K, .

So if we want to treaﬂi(x fs a band-limited function, (4.33) is also a reasonable choice

for all incident angles.

10 ——————
| —— Single surface
| — Average over 100 surfaces
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Figure 4-21 Example of the Fourier spectrum of the Kircltthof
current (vertical (TM) polarizationg, =80, surface spectral
cutoff is 5k).

Spectra of the “exact” currentd(x (¥olutions to the MFIE) for horizontal and

vertical polarizations are shown in Figs. 4-22 and 4-23, agaiél fei80°. These currents
also exhibit the pedestal mentioned above and can be considered band-limited functions

with K, given by (4.33). Examination of the 100-surface avere@éi{K) |2D also
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support this conclusion. In fact, the MFIE in (2.13) can be rewritten in the spectral

domain as (symbols with tilde sign denote spectra of the corresponding quantities)
J(K) =TI (K)+-- [R<AK)I (KK (4.34)
2mJ

which indicates that ifP(x, x") and J! (x ) are band-limited,J(x) must also be a band-

limited function since the right-hand side in (4.34) is then zerdforK, .
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Figure 4-22 Example of the Fourier spectrum of the surface
current (horizontal (TE) polarizationg, =80°, two MOMI
iterations, surface spectral cutoff5k).
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Figure 4-23 Example of the Fourier spectrum of the surface
current (vertical (TM) polarization,6;, =80°, two MOMI
iterations, surface spectral cutoff5k).

Let us point out once again that at moderate incident angles away from grazing

the pedestal described above is still observed in the spectra ofJbpth and J(x),
although this pedestal may now contain a lesser fraction of energy compared to the main

peak atksing, . In any case, these spectra may indeed be regarded as band-limited with
the choice of the upper spectral lint, from (4.33) being adequate or even more than
adequate for all incident angles.

Once P(x,x"), J (x)and J(x) are treated as band-limited functions, a moment
method approach described at the beginning of this section can be applid,\{xth )}
from (4.29) serving as both the expansion and testing functiopss taken from (4.33)

and this in turn determines an appropriate sampling inté&xah (4.29) as
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T A
AX = =
k+K:, 21+K./k)

(4.35)

Elements of vectors and matrix in (4.21) can be rewritten using (4.32) (with
ay =Ax, as can be seen comparing (4.20) to (4.30)). The expressidh,fan (4.21)

involves a two-dimensional scalar product defined similarly to (4.17) as

(F (%X, 90x X)) = [ F5(x X)g(x,x') dxak’,
Il

and it then can be related to the sampleB@f X' thrgugh a two-dimensional version of

(4.32), namely(sy,(X)s,(X), f (X, x’)>/(Ax)2 = f (MAX, NAX) :
— 1 ! ' '=i ' ' '
Prn —as[@m(x), P(x, X)) € (X)dX' = AXJ;)J('%(X)P(X,X)%(X)dXCk

= i@m(x)sn(x’), P(X, x')> = P(mAX, NAX) AX

Thus we finally do arrive at the discretization shown in (2.19).
Note that this approach clearly requires that the diagonal terms of the propagator
should be just the samples of the propagator taken at the same poixt;: ke= mAXx:

Pnm = P(MAX, mAX)Ax. As was mentioned, though the value Bfx, xX') from (2.14b),

(2.16) or (2.15b), (2.17) at such points is indeterminate (behaving as 0/0), the limit does
exist and is given by (4.27). Upon multiplying (4.27) bdxand substituting

X = mAX = X, we obtain (for the diagonal elements of the propagator matrix) exactly the

“curvature term” given in (4.1). So, another important conclusion of the sampling
approach outlined abovse that the curvature term should appear on the diagonal of the
propagator matrix and it is not an additional correctiowhen we leave the curvature
terms out, we in fact solve the MFIE with an altered kernel, and this is bound to produce
the kind of differing results we noted in Section 4.2.4 no matter what particular numerical
technique is applied to solve the MFIE. Indeed, we saw (cf. Figs. 4.6 and 4.7) that if the
curvature term is not included, MOMI still converges rapidly but it converges to different
answers. This means that for each different sampling interval MOMI finds the solution to
the MFIE with a perturbed propagatorAnother important conclusion is that the off-

diagonal terms should be just samples of the propagator with no additional curvature
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correction being necessary. That is, once the proper sampling interval such as given in
(4.35) is chosen, there is no reason to include any additional correction terms like ones
that may arise from the evaluation of (4.24) by expansion of the integrand in a Taylor
series or to expect that these higher-order terms will improve the accuracy of the solution.

It should be pointed out that the inclusion of the surface curvature in the
numerical algorithm is almost trivial since the values for surface curvature can be easily
generated together with surface heights and slopes using the spectral technique described
in Chapter 3.

Let us finally address a question of calculating the scattered field. The far-field
propagators) (given by (2.31) and (2.32)) also can be treated as band-limited functions

with a spectrum concentrated within the limits#0K,, as given in (4.33). Their Fourier

spectra

10 : T ! f T T 5
| —— Single surface ‘ : ‘ ! :
| — Average over 100 surfaces

=
o

~ [ w
o o o

Normalized spectrum, dB

-110

130 i I i I i I i I i I i i i I

Figure 4-24 Example of the Fourier spectrum of the far-field
propagator Q in (2.32) (horizontal (TE) polarization,
85 = -80°, surface spectral cutoff Bk).

96



Q(K.65) = [Q(x,65)e*dx

for 65 = -80° are shown in Figs. 4-24 and 4-25. Note that although the “pedestal” in Fig.

4-24 is not as much pronounced as in other examples within this Section, the spectrum in

this figure has a relatively broad central peak (compare to Fig. 4-25) that contains the
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Normalized spectrum, dB
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Figure 4-25 Example of the Fourier spectrum of the far-field
propagatorQ in (2.31) (vertical (TM) polarizationfg = —80°,
surface spectral cutoff iSk).

bulk of its spectral energy. Upon substitution of the expansion (4.18)xXprand

applying (4.32), the integral in (2.30) can be written as a discrete sum:

IQ(X, 05)J(x)dx = Z J, Isn(x) Q(x,0,)dx = sz J, Q(nAX, 6s) (4.36)
X n X n

So, the scattered field can be calculated from the sampled surface current and the
similarly sampled far-field propagat®y.
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We can compare the sampling interval suggested in (4.35) to that used in Section

4.2. The largest sampling interval there was, from (4.A8),= A/10, while for K, =5k

(4.35) gives a smaller value dix = A/12. Indeed, in Fig. 4-11 we noticed a slight
change in the phase of the calculated field (with the included curvature term) as the
sampling interval decreased from/10 to A/20 (which is less tham/12). Still, the

change is very small and this suggests that quite accurate results may be possible with
somewhat larger sampling intervals than given by (4.35). Indeed, from Fig. 4-14 we saw

that relative mean square error in the currenbgf = A/10 for the surface with a cutoff
given by K. =5k is still below -60 dB. However, we believe that the sampling interval
should not be larger tham/K, (=A/10 for K;=5k) since otherwise the surface

structure will not be represented correctly (due to spectral aliasing effects). Also, we
would like to point out that (4.35) should not be applied to surfaces with spectral cutoffs
below 2k especially if the backscattered field at low grazing angles is of interest. This is
because for such low cutoffs it will be mainly the spectral components of the current
outside the pedestal, which becomes narrower due to the small cutoff, that are responsible
for the low grazing scattered field, and these components will be sensitive to the spectral
aliasing due to their extremely small amplitude. In fact, some differences in NRCS that
were observed in Fig. 4-8 are probably due to these effects. In a sense, these “low-cutoff”
surfaces might prove to be “tougher” for low grazing backscattering calculations and

require even tighter sampling than P-M surfaces with high cutoffs sul€h a$k .

Our recommendation for the choice of the sampling interval given in (4.35) is
based on examining the shapes of the spectra in Figs- 4-2B8. As noted, these plots
correspond to @3cmelectromagnetic wavelength and P-M surfaces with the windspeed
of 5 m/s. A legitimate question is whether these plots retain their shape in the case of a
smaller wavelength and/or larger windspeed and, consequently, if (4.35) remains valid.
Our simulations with a shorter wavelength £10cm) and windspeeds as large as
U =10m/s show exactly the same spectral patterns; we are confident that our
recommendation foAx is robust for other wavelengths as well provided that the spectral

cutoff is still chosen to be several times ti@gsvelectromagnetic wavenumber.

98



The discretization of the propagator considered in this Section gives the same
result that would be obtained if only the leading terms were retained in the expansion
(4.25) in the case of rectangular expansion functions. One might wonder if there could be
any advantage in accounting for the higher-order terms in (4.25), for example, if one
could afford a sampling interval larger than that given by (4.35). We tried to include the
expansion terms beyond the “curvature term” in the diagonal of the propagator matrix
(while leaving the off-diagonal terms the same as in (4.26)). This was done for the
sampling interval ofAx = A /10 and the error was calculated from a comparison to the
results with a much tighter samplingX = A /160) considered as “exact” (the propagator
matrix elements in the latter case were as given by (4.1) and (4.26)). It was found that the
error in both the scattered field and the surface current acinatBasedas compared to
the case when the sampling interval was also= A /10 but only the curvature terms
were used in the diagonal. It can probably be argued that the higher-order corrections
should be included in the diagonal and off-diagonal terms simultaneously. However, the
results of this Section suggest that even if the integrals in (4.24) are calculated exactly
(all terms in the expansion (4.25) are accounted for), the error may still be larger than
when only the samples of the propagator are used. Indeed, calculating the integrals like
(4.24), e.q.

Xn +AX/ 2
f, = f(x)dx’
= A0

is equivalent to convolving (x With rect(x) (cf. 4.23)),
g(x) = I f (xX)rect((x - x') / Ax)dx’

and taking samples of the resulting functigfx : )

fo=9(x,) -
Because of the convolution, the spectrungéx wil) be a product of the Fourier spectra
of f(x) and rect(x), the latter of course being sinc function (cf., for example,

[Bracewell, 1965]). On one hand, such a multiplication suppresses spectral components

with large wavenumbers and reduces the errors due to spectral aliasing when the function
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g is discretized. However, we found that for the P-M surfaces the spectra of the currents
and the propagator are manifestly band-limited, so these aliasing effects are probably not
a significant factor. On the other hand, the multiplication Isma function alters the

spectrum off (x )at other, smaller wavenumbers as well. So, we essentially end up with

solving the MFIE with an altered kernel, which may lead to some error. We believe that
for P-M surfaces, it is advisable to use the leading expansion terms (4.26) and (4.1) (that
are just the samples of the propagasomithe correct sampling interval in (4.35), rather
than to account for the higher-order expansion terms in (4.25) or even to evaluate the

integrals in (4.24) exactly.

4.4 A Choice of the Cutoff in the P-M Spectrum for Scattering Simulations

In the previous section we developed a criterion (4.35) for sampling the MFIE
currents and propagators for P-M surfaces; it suggests that the sampling idverval
should be chosen based on both the electromagnetic wavelength and the surface spectral
cutoff. This choice assures that we obtain correct results for the scattered field for a given
cutoff even at low grazing angles where the tolerance to any error is especially small.
Usually the natural spectral cutoff for the ocean-like surfaces is very high. With no

surfactants, the molecular dissipation mechanism sets this cutoff at about
Keg 06.3010° m_l[ApeI, 1994]. For an electromagnetic wavelength of 23 cm used in
our simulations, this amounts 8.4y 123Xk, which is about 46 times larger than the
cutoff in (4.10). Retaining such a large cutddf.,; would in accordance with (4.35)

require extremely fine sampling and, as a consequence, matrices and vectors of enormous
sizes. However, there is good reason to expect that surface wave components much
smaller than electromagnetic wavelength will not have any significant impact on the
scattered field. Indeed, approximate theories like first order perturbation theory predict
that the cross section will be affected mostly if not solely by the spectral components

around the Bragg wavenumblgy = 2k sing; [Ogilvy, 1991].

In this Section we study how an artificially introduced cutoff in the P-M spectrum
(4.9) affects our scattering calculation results. We againius3cm andU =5m/s.

Unless otherwise specified, all other simulation details are the same as used in Section
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4.2.3. The highest spectral cutoff usedkis = 5k ; to obtain surface realizations with a

lower cutoff, we used a higher cutoff realization and filtered out high-frequency Fourier
components while keeping the lower-frequency Fourier components the same. This was
especially easy to accomplish since we used the spectral method of surface generation
(Chapter 3). Such a procedure allowed meaningful comparisons of the NRCS vs. spectral
cutoff on realization-per-realization basis. It was convenient to use the same sampling
interval for all spectral cutoffs studied. In order to use some of the results from the

previous Sections, we fixed this intervallaty /2=A/  @B. (4.13)).

Fig. 4-26 shows a general behavior of the average backscattered NRCS for P-M

surface with a spectral cutoff equal 5. In what follows we will examine how a few

10 | — Vertical (TM) polarization ,,,,,
| ------ Horizontal (TE) polarization | ' ! ‘

-80 -70 -60 -50 -40 -30 -20 -10 0
6,=-6,, degrees

Figure 4-26 Average backscattered NRCS. The average is
taken over 100 P-M surfaces with a spectral cutoBkof

selected points on this graph, corresponding to certain incident angles, behave as the

spectral cutoff changes. The dependence of the average backscattered NRCS on the
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spectral cutoff for several incident angles ranging from normal incidence to near grazing

is shown in Figs. 4-27 and 4-28 for horizontal and vertical polarizations respectively. One
can see that the average NRGSI?SSCED corresponding t@, =0 and 6, =30 are not
sensitive to the cutoff wavenumber within the range shown, for both horizontal and
vertical polarizations. Fof, =60, the NRCS starts showing change at cutoffs below

K. =1.8k in the horizontal case and at cutoffs bel&w=1.9k in the vertical case. For
reference, the Bragg number for backscatterin@,at 60° is k, = 2ksin60° 01.73k.

The horizontal and vertical NRCS values correspondingfte 80" and 6, =85
experience an abrupt drop &, =20k while staying essentially constant for larger
wavenumbers. Fof, =85, slight changes can be noticed as earl)Kas: 2.2k . Again,

as a reference we note that the Bragg numbers for backscattering at these angles are very

close to2k: for 6, =80° one hask, [01.97k and for8;, =85", k, 01.99 .
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Figure 4-27. Average backscattered NRCS as a function of the
surface spectral cutoff (horizontal (TE) polarization, average is
taken over 100 P-M surfaces).
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Figure 4-28 Average backscattered NRCS as a function of the
surface spectral cutoff (vertical (TM) polarization, average is
taken over 100 P-M surfaces).
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Figs. 4.29 and 4.30 are similar to Figs. 4.27 and 4.28 and concentrate on the
behavior of the average backscattered NRCS with the cutoff at incident angles close to
grazing, for horizontal and vertical polarizations respectively. One can see that the

average NRCS for large cutoffs remain fairly constant and start showing some changes

m ,A_.—---‘:u-_—--a ------ Y S y S A -4
) : :
/\‘ .

3 E’ o — -<> O — —<>————-<>————<>————-<>———q
obn It S AU ........................................................................
v 5

8=81° |
- 9=82°
6=83° |
- 8=84°
6 85O
5.0

Figure 4-29 Average backscattered NRCS vs. surface spectral
cutoff: low grazing angles (horizontal (TE) polarization,
average is taken over 100 P-M surfaces).

at K. <2.2k; this change seems to become somewhat more pronounced as the incident

angle increases but not by much. All NRCS’s in these Figures experience a significant

drop at K. =2k . This observation suggests that cutoff valueKef=2.5k or even as
low as K. =2.2k should suffice as long as the moments of the scattered field (like

average NRCS) are of interest. It remains to be seen if this conclusion holds for lower
grazing angles (the extensive Monte Carlo simulations for larger incident angles required

significantly larger beam waist and surface size). However, the fact that the point where
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Figure 4-30 Average backscattered NRCS vs. surface spectral
cutoff: low grazing angles (vertical (TM) polarization, average
is taken over 100 P-M surfaces).

the NRCS starts varying with, (which we determined to be arourak) does not

noticeably depend o, seems encouraging. Fig. 4-31 compares the average bistatic

cross sections fof, =85  obtained with the surfaces with the spectral cutofSlofand

2.5k for the horizontal case. The cross sections for vertical polarizations are compared in
Fig. 4-32. In both figures, the plots corresponding to different cutoffs virtually coincide
once again confirming our speculation th&t = 2.5k in (4.9) is sufficient for average

NRCS calculations even at low grazing angles.
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Figure 4-31 Average bistatic NRCS for two different surface
spectral cutoffs, (horizontal (TE) polarizatid#,= 85", average
is taken over 100 P-M surfaces).
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Figure 4-32 Average bistatic NRCS for two different surface
spectral cutoffs (vertical (TM) polarizatiol; =85, average is
taken over 100 P-M surfaces).
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Let us finally investigate how the NRCS of a single realization behaves as we
filter out the high-frequency components of the surface. This dependence is analyzed in
Figs. 4-33 and 4-34 for horizontal and vertical polarizations. These Figures are similar to
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Figure 4-33 Backscattered NRCS as a function of the surface
spectral cutoff (horizontal (TE) polarization, single realization
of a P-M surface).

Figs. 4-27 and 4-28 except that now no average is taken and just one surface realization is
considered. These are typical results and we observed a similar behavior for all
realizations that we computed. In general, these figures confirm the conclusions drawn

from analyzing the averages in Figs. 4-27 and 4-28. For moderate incident angles there is

no significant variation in NRCS. Fd#, =0° there is no variation at all; fof, =30

there is a minute variation beloW, =2k; for 6, =60° there is somewhat larger

variation asK, moves below2k. For larger spectral cutoffs the NRCS value remains

stable. For the angles closer to grazifg£80°, 85 ) the variations become larger and,
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Figure 4-34 Backscattered NRCS as a function of the surface
spectral cutoff (vertical (TM) polarization, single realizatidn o
a P-M surface).

in contrast to what we observed for the average NRCS, are now visible even at the cutoff
wavenumbers as high &k .

Figs. 4-35 and 4-36 examine the NRCS at low grazing incidence angles for both
polarizations; they can be regarded as counterparts of Figs. 4-29 and 4-30 for a single
surface realization. A general conclusion (based also on similar plots for other surface
realizations studied) is that at large incident angles the single surface NRCS is sensitive
to the surface spectral cutoff for values as larg& as 3.5k — 4k, and apparently there
is only a weak tendency for this no-variability threshold to increase as one moves down
to grazing. This means that if the calculated field or cross section for a single surface
realization is of interest or simulation results are used to calculate more intricate
statistical moments of the scattered field (or, for example, its pdf), one might want to

consider using a cutoff as high & =4k . Our choice in (4.10) seems to be more than

sufficient for the range of incident angles considered.
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Figure 4-35 Backscattered NRCS vs. surface spectral cutoff:
low grazing angles (horizontal (TE) polarization, single
realization of a P-M surface).

110



-10 T T T T T T T T T T T T

R T L Or--------- [F---m----- --mmmme- -D/[g
I F Sy ,,,,,,,,,,,,,,,Z,_,',_,',’,'f',_,',,_,',_,',,_,',_,',‘,',',_,'f,'f'f,'?’,-:,;f,_,'f,',_,'f,',_,‘ﬁf,_,',_,f,_,',_,f'_i

6=81°]
--0-- 9=82°
4= §=83°
w-- 9=84° ]
—e- 0=85°
_50 | | | | | I I I
15 2.0 2.5 3.0 3.5 4.0 4.5 5.0

Figure 4-36 Backscattered NRCS vs. surface spectral cutoff:
low grazing angles (vertical (TM) polarization, single
realization of a P-M surface).
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To investigate this issue further, let us examine a relative root mean square error

in the field defined as follows. We assume that for each surface realization the scattered
field ° calculated with the highest spectral cutéff =5k represents the “true” or

“exact” value of the scattered field that we will denoteya$. The rms relative error in

the field incurred due to an insufficiently high spectral cutoff is defined as

/2
ws _l/"S 2
sw(KC):EI Ke - 2°| Eg (4.37)
H Ouol’'d 4

where L//f<C refers to a scattered field corresponding to the same surface with a lower than

K. =5k cutoff. As usual, the average is taken over an ensemble of surfacesg) The
that is calculated according to (2.30) is a function of a scattering &ghexd we will
consider only the backscatterindds =-6,. The relative rms error (4.37) for

backscattering at low grazing angles is plotted in Figs. 4-37 (horizontal case) and 4-38
(vertical case). Only the region &t larger than2k is shown; for smaller cutoffs the

relative rms error rapidly becomes substantially greater than one, as could be expected
from the previous figures. We observe that both in horizontal and vertical cases the

curves corresponding to differefif group together and there is no dramatic increase in

gy, as we go fromg; =81 to 6, =85, especially for highK.. At K, =25k the

relative rms error is about 0.10 - 0.15 for the horizontal polarization and about 0.06 for

the vertical polarization. FoK =4k, &, decreases to approximately 0.02 - 0.03 for the

horizontal case and 0.01 for the vertical case, with the values corresponding to different

6, grouping closer to each other than in tKe =2.5k case. Thus, the choice of

K. =4k in (4.9) will result on the average in 3% error in the field for horizontal
polarization and 1% error for vertical polarization for the incident angles as |85 as
From the behavior of the plots we do not expect that these values will increase

significantly for the larger incident angles. Figs. 4-37 and 4-38 provide a guideline for the

choice of the spectral cutoff depending on the degree of precision required in the
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scatteredield. We feel that the choice ok, =4k should be adequate for all but the

most critical purposes.

Figure 4-37. Relative rms error in the backscattered field vs.
surface spectral cutoff (low grazing angles, horizontal (TE)
polarization, average is taken over 100 P-M surfaces).
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Figure 4-38 Relative rms error in the backscattered field vs.
surface spectral cutoff (low grazing angles, vertical (TM)
polarization, average is taken over 100 P-M surfaces).
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4.5 Conclusion

A brief summary of the new results reported in this Chapter is as follows.
Numerical simulations of scattering from Pierson-Moskowitz surfaces show that if the
curvature term is not included in the diagonal of the propagator in the discretized MFIE,
the results can exhibit excessive sensitivity to the sampling interval and may require very
tight sampling to reach a stable value. This effect is especially significant for the
scattering at low grazing angles in the case of horizontal polarization and has an impact
on average quantities such as the average normalized radar cross section. However, when
the curvature terms are included in the diagonal of the propagator matrix, the calculated
scattered field reaches a stable value using a much larger sampling interval. Careful
consideration of the discretization of MFIE shows that curvature terms indeed must be
included in the diagonal of the propagator, being simply the sampled values of the
propagator, just as the off-diagonal elements; there is no need for additional correction
terms once a proper sampling interval is chosen. The recommendation for choosing such
an interval when calculating scattering from Pierson-Moskowitz surfaces is given and is
based on the electromagnetic wavelength and the surface spectral cutoff. Subsequent
analysis of the influence of the cutoff in the Pierson-Moskowitz spectrum on the
scattering simulation results reveals that for the average NRCS calculations this cutoff
can be chosen as low 2% times the electromagnetic wavenumber. If the field or NRCS

from individual realizations is of interest, a cutoff of 4 times the electromagnetic

wavenumber seems sulfficient for incident angles dowdbto
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Appendix 4.A Surface Correlation Length

The surface correlation length., which is a measure of the “width” of the
surface correlation functio€(x), can be defined in a number of ways. One possible

definition is
Lclz% ICZ(x)dx (4.A.1)
C(0) 2

which is the definition that we considered in (4.5). The reason for using the square of the

correlation function rather tha@(x ijself is that the latter can assume negative values,

as can be seen in Fig. 4-2. Another possible definition is

- /2

EJ’XZCZ(X)de[

L, =02 [ (4.A.2)
U U

H J'Cz(x)dx ﬁ
We will evaluateLy and L., for the surface with the P-M spectrum in (4-2) and will
show that they both are proportional to the dominant surface waveléngth (4.4). In

the developments that follow our goal will be to calculate all integrals in (4.A.1) and

(4.A.2) in K-space (where we know the expression (4.2)\{K ) rather than inx-

space (where we do not have an explicit analytical expressid(fon. )

ConsiderL,, first. We recognize that?(0) = [{ 2(% and from (4.7) have

CZ(O) _ aZU8

- ayv (4.A.3)
1682g*

Let us turn our attention to the integral in (4.A.1) which we will denote for brevity as
| = J'Cz(x)dx (4.A.4)

Using (3.17) to relate the surface correlation function to the surface spattfdm we

can write
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| = j dXEidKW(K)eJKXg = Iodxi _]ideK'W(K)W(K')e—j(K+K')X (4.A.5)

Interchanging integrations ovex and K’'s and using the relation (e.g. [Arfken and
Weber, 1995, p.852])

Ie‘JKde: 2 (K) (4.A.6)
we obtain in (4.A.5):
| = ZITI IdeK'W(K)W(K')J(K +K') = ZHIdKW(K)W(—K) (4.A.7)

In Section 3.3.3 we mentioned that in gen&&K shpuld be an even function. This
follows immediately from the fact tha€(x is even and from the properties of the

Fourier transform (e.g. [Brigham, 1974, p.40]) sinCeand W form a Fourier pair
(3.16)-(3.17). Of course, one can verify by inspection that the P-M spectrum in (4-2) is
indeed even, so we can further rewrite (4.A.7) as

| = 4ITJ'dKW2(K) (4.A.8)
0

Let us now substitute the expression (4.2) for the P-M spectrum in (4.A.8). We obtain

2 00
o 1l K? -6
| =——fdK e*'™ K (4.A.9)
|
where we have defined
2
y= 28 43 (4.A.10)

(the quantitiesar, B, g andU that appear in (4.A.9)-(4.A.10) are defined just after
equation (4-2)). With the change of varialsle 1/ K (4.A.9) becomes

2 (o]
o — 52
== [dse"rs* (4.A.11)
4 !

Integrals of this type are well known [Gradshteyn, Ryzhik, 1994, p.382] and
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* —1)I

Ids ghs g2 = M\/E (4.A.12)
5 2(2p) H

Using (4.A.12) for the case of =2 we obtain

| = 3m® [m
32 u5

(4.A.13)

or, recalling the definition fou in (4.A.10)

2 10
Jgmt B [m (4.A14)
128 58228

Substitution of (4.A.14) (by virtue of (4.A.4)) and (4.A.3) in (4.A.1) leads to

2
_sr U (4.A.15)

Lg=— —,
o~ g2 B g
which is the result shown in (4.6). A comparison to the dominant waveléngtin (4.4)

shows that

V3

L =75 Ap DO, (4.A.16)

Let us now turn our attention to the alternative definition of the correlation length
given in (4.A.2). Note that the integral in the denominator of this expression is, in fact,
(cf. (4.A.4)) which we have just evaluated in (4.A.13). Hence, we focus on the integral in

the numerator,

|, = Ixzcz(x)dx (4.A.17)
Once again we use (3.17) and rewrite (4.A.17) as
I, = I olx%fclKW(K)e‘iKXHz (4.A.18)
O
Zo 0w N
Consider the expression in the brackets in (4.A.18). First, we write it using a derivative:
“ LKk d(e” %)
X [dKW(K)e M = j [dKW(K)——2 4.A.19
_L (K) J:[o (K) K ( )

The right-hand side in (4.A.19) can be integrated by parts:
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oIk dW(K)E

deKW(K) ( ROl J%N(K)e JKX IdK 5 (4.A.20)

Since the P-M spectrum in (4-2) vanisheskat +c the first term in the curly brackets
in (4.A.20) is zero. Noting this and substituting (4.A.20) in (4.A.19) we obtain

” _ ik AW(K)
X [dKW(K)e M = —j [ dK e I* 22002 4.A.21
[k w(K) || T (4.A.20)
(4.A.21) can, in turn, be used to write (4.A.18) as
- dxH dK e‘jKXMﬁ
J ] dK 0
o0 N (4.A.22)
AP dK K

In fact, (4.A.22) is quite similar to (4.A.5) and we can use essentially the same technique
to simplify it. We exchange integration ovewith integration overK'’s, use (4.A.6) and

the fact thatW(K )is even (and, consequently, its derivative is odd) to arrive at the

following expression
1, = 4m[dK W(K) [f (4.A.23)
; U dK [

The derivative of the P-M spectrum in (4.2) is (r>0)

dW(K) _a -usex )BH 3
e -— 4.A.24
dK 4 K® K4@ ( )

where we again usegt defined in (4.A.10) for compactness. The square of the

derivative that we need in (4.A.23) is

W) _a® cunceu® 6w O (4.A.25)

Substituting (4.A.25) in (4.A.23) and introducing a new integration variablé/ K we

obtain

1——jd$(u281° Bus® +9S) ps’ (4.A.26)
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We use (4.A.12) and integrate (4.A.26) term-by-term. This yields:

(4.A.27)

Recalling (4.A.2) and the auxiliary definitions (4.A.17) and (4.A.4) we recognize that
/2
Leo = Bl—lg (4.A.28)
al O
Substituting (4.A.27) fol; and (4.A.13) forl results in

/12
w@ﬂ@ (4.A.29)
8 u

Finally, using (4.A.10) foru we obtain

2
L,=2 |39 (4.A.30)
4\B g
Le, can also be expressed in terms\gf in (4.4) as
_5J2
Leo _QAF’ J0.28A (4.A.31)

Expressions in (4.A.16) and (4.A.31) demonstrate that the surface correlation lengths
defined according to either (4.A.1) or (4.A.2) are proportional to the dominant surface

wavelengthA , in (4.4). These expressions also indicate that valuesfoand L., are

close to each other and both are smaller m@n

Appendix 4.B The Limit of P(x,x’) as x’ - X

In this Appendix we demonstrate how the limit in (4.27) can be evaluated. We
will perform a sample calculation for the vertical case only; similar procedure can be
repeated for the horizontal-case propagator.

An explicit expression for the vertical propagator is obtained combining (2.14b)
and (2.16):

k=G (x=x) +L(x) —4(X)

21 (=X + € (0 =4 (X)) HD (y(x=X)? + (00 =C (X)°)

P(x,X') =
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(4.B.1)
To calculate the limit asx' » x, we expand all functions in series arourdusing

(x—=x') as a small parameter. For the surface height and surface slope we use Taylor

expansions (for the surface height in the numerator, accounting for the second-order

terms is necessary):

C(4) =0 (0 + (X =X + 2 (X =X)° volx-%2)  @B2

and
7x(X) =50 + o)X = %) +0((X = X)) (4.B.3)
For the Hankel function we use (cf. (4.28),~ 0)
(27 =21
H{%(2) — +0%@ (4.B.4)

The notationf (¢) = o(g(¢)) means that
lim f(g)
e-09(&)
With (4.B.2), we write for (4.B.1):

lim P(X,X')‘Lhm E‘Z (X)(x=x)+{(x) —{(X)
7 JX*XEJ(X X')? +(Z (x) - (X))?
[

x [ 2] +oH 1 %
T -X)2+ @ (0 -2 I(x=X)2 +(Z () =Z (X))

L= (X)(x=X) +{(x) - Z(X)B

li 4.B.5
nx'Txm (x-x)2+@ (-2 O 489
Using the expansions in (4.B.2) and (4.B.3) we continue as:
fim P(x,x) = L lim F ! y
TX X=X+ (£ (00 =2 (9~ (X —X) +0((X = )P
x %ZX(X)(X- X) + (X = %)%+ (¥) = () =L (3)(X = %) = (4.B.6)

- 22000 =32 +ol(x - x)z)%

Collecting similar terms in the numerator and denominator of (4.B.6) we obtain
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im PO x) = fim S =012 () (4.8.7)
X x (X =) 2 (L+{F(K)  2mL+{(X)
The resultin (4.B.7) is the one we are looking for.

In a similar manner one can show that for both horizontal and vertical
polarizations

lim P(x,X) = lim P(x,x’) (4.B.8)

X' =X X X

Finally, using essentially the same steps as above one can show that the following, more

general limit
lim P(x,Xx")
X = Xp
X' - Xg
exists and is still equal to
lim P(x,x) =+ Zxx(><20) (4.B.9)
211+ 2(%0))

X' = Xg
As in (4.27), the upper sign corresponds to the vertical case and the lower to the

horizontal case.
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Chapter 5

Effects of Tapered Incident Field in Rough Surface

Scattering Simulations

When presenting the simulation results in Chapter 4 we noted that the incident
field taper that guards against the “edge effects” due to a finite surface size can affect the
precision and validity of the scattering calculations. This is especially true at low grazing
incident angles. This chapter studies the suitability of the tapered plane-wave incident
field using both the Gaussian and the more advanced Thorsos tapers for low grazing
angle (LGA) rough surface scattering problems. For surface scattering problems, it is
known that as the angle of incidence approaches grazing, the tapered beam waist should
be made larger and several criteria relating these two parameters have been proposed for
both the Gaussian and Thorsos tapers. Our 2-D scattering simulations with the ocean-like
Pierson-Moskowitz surfaces show that the failures of both the Thorsos and Gaussian
tapers for TE polarization are characterized by a distinctive and consistent anomalous
jump in the backscatter cross section as grazing incidence is approached. These
observations have led to a refined version of one of the above mentioned “beam waist —

angle of incidence” criterion and its robustness is demonstrated below.

5.1. Introduction

Numerical studies of extended surface scattering usually require a tapering of the
incident field because the integral equations for surface scattering problems are
formulated assuming infinite surfaces. In practice, tapering the incident field effectively
truncates the surface to a finite size and thus makes the problem amenable for numerical
solution. Failure to taper the incident field may result, in particular, in noticeable errors in
the calculated average normalized radar cross section (NRCS) especially at low grazing

angles (e.g. [Marchand, 1998]), the phenomenon commonly referred to as “edge effects”.
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Probably, the simplest and the most popular “incident beam” used in such
problems is the plane wave modulated by a Gaussian taper function. Unfortunately, such
an incident field does not exactly satisfy the Helmholtz scalar wave equation. This
prompted E. Thorsos to derive a modified Gaussian taper which more “closely satisfied”
the wave equation [Thorsos, 1988]. This form of tapered field has found a broad
acceptance within the electromagnetics community (e.g. [Kapp and Brown, 1996],
[Donohueet al, 1997], [Johnson, 1998]) and will be referred to herein as the "Thorsos
taper".

It is generally known that as the angle of incidence moves down to grazing, the
beam waist should be made larger, regardless of whether the Gaussian or the Thorsos
tapers are used. A number of different criteria have been proposed relating the beam
waist to the incident angle. For the Gaussian taper, this is the "resolvability criterion”
suggested in [Ngo and Rino, 1994]. For the Thorsos taper, a similar criterion was
proposed by D. Kapp [Kapp, 1995, p. 112] and further discussed by R. Marchand
[Marchand, 1996]. Our simulations of scattering from 1-D Pierson-Moskowitz (P-M)
surfaces have shown a very characteristic signature associated with the "failure” of the
Thorsos taper, both in the backscattered cross section and the surface current. We found
that for such surfaces the Kapp criterion is quite robust and we were further able to
specify the value of the constant involved in this criterion. In addition, we found that for
the cases studied the use of the Thorsos taper offered little advantage over the Gaussian
taper in the sense that they yielded very similar values for the radar cross sections and
failed at about the same incident angle while moving toward grazing. Still, the results do
demonstrate that the Thorsos taper is somewhat more robust and is therefore preferable to

its Gaussian counterpart.

5.2 Gaussian-Like Incident Field Approximation

5.2.1 Gaussian and Thorsos Tapers

As we discussed in Chapter 2, rough surface scattering simulations are usually
based on the repeated numerical solution of an integral equation which gives the total
field or its normal derivative on the surface. In particular, we showed that when scattering
from a perfect electric conductor (PEC) is of interest, either the electric field integral
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equation (EFIE) or the magnetic field integral equation (MFIE) can be set up and used. In
the derivation of these integral equations, the surface is assumed to have an infinite
extent. This follows from the fact that the equations are formulated for a closed body and
in the case of the surface scattering such a closure is usually accomplished by the
auxiliary surface of infinite radius on which the field vanishes and thus its contribution is
zero (cf. Fig. 2-2, and the discussion preceding (2.6)). Then, in principle, the limits in the
integrals in either the MFIE or EFIE should be taken to plus and minus infinity. To make
the problem amenable for a numerical solution, the region of integration must be
truncated. This can be justified if the incident field (and, consequently, the total field) on
the surface is localized i.e. the beam is tapered. Briefly put, the taper is necessary to
guard against the "edge effects" associated with a finite surface size.
In a 2-D Cartesian coordinate systeriZ) introduced in Chapter 2 (cf. Fig. 2-3)

the expression for an incident field that is a tapered plane wave is as follows

L/Ji (X,2)=T(x,2) exp{—jRi [F} =T(X, 2) exp{- jk(xsinB, — zcosb,)} (5.1)
The incident angle@; is defined with respect t@-axis and is positive in the
counterclockwise directiork = w/c, andT(x,2) is a taper function. The taper function

T(X,2) in (5.1) is often assumed to be Gaussian and of the form;

B (x+ztan6,)?H

T (X,2) =exp 5 (5.2)
g

In (5.2), g is the parameter that controls the beam waist. Thorsos pointed out [Thorsos,
1988] that the incident field in (5.1) with the taper in (5.2) satisfies the wave equation

only approximately with one of the consequences being that for the TE case the solutions
obtained using the MFIE differ from those obtained using the EFIE. Consequently, he

proposed the modified Gaussian taper, which we will call the "Thorsos taper":

B (x+ztan0) . k(xsin@; —zcosh;) (x+ztan9)
Tr(x,2) = expE 7 (kgcosh )2 % (5.3)

This taper was used for the incident field in Chapter 4, cf. (4.12). The incident field (5.1)
with such a taper satisfies the wave equation more closely resulting, in particular, in a
better agreement between the solutions to the MFIE in (2.12) and the EFIE in (2.10) in
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the TE case. This taper was obtained by considering the following integral representation
for the incident field [Thorsos, 1988];

i/
Wixg=—+ IZ ex%w%xp(— jIZDf)dB , (5.4)

Jrne J (06)?
with
AB =2/Kkgcosh; (5.5)
and
k [F = k(xsin6 — zcosh). (5.6)

Being a superposition of plane waves, the incident field (5.4) completely satisfies the
wave equation. Such an incident field can be calculated numerically and used in
simulations as well. In what follows we will refer to (5.4) as to the incident field with an
“integral taper”, or simply an “integral taper”. Other linear superpositions of plane waves
are possible as well giving rise to somewhat different expressions for the incident field
that completely satisfy the wave equation (e.g. [Tran and Maradudin, 1994], ¢Calan
1998], [Wagneret al, 1997]). However, it should be remembered that numerical
implementation of (5.4) or a similar superposition-based expression is far more
computationally expensive than an approximate closed-form incident field such as in
(5.12).

Fig. 5-1 gives examples of the absolute value of the incident ﬂéld(,z: 0 )

for different types of taper. The beam waist parametes the same that we used in

Chapter 4, i.e1365A (A =23 cm). For Gaussian or Thorsos tappﬂé(x, z=0) dog¢s

not depend on the incident angle, as can be readily seen from (5.2) and (5.3) (also, the
absolutevalue of both (5.2) and (5.3) is the same). In contrast, the field with the integral

taper in (5.4) does depend éh and as the incident angle increases this taper provides

increasingly poorer suppression at the edges. This is further demonstrated in Fig. 5-2
which compares the levels (with respect to the center of the beam) of the

Thorsos/Gaussian tapers and the integral taper witt1365A at the ends of the flat

surface of lengthL =8192A. The edge levels are calculated using (5.1)-(5.4) as

lw' (L/2,0) F/1¢' (0,0) P (the level at the opposite edge= —L /2 is the same).
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Figure 5-1 Examples of the amplitude of the incident field in the
mean surface plane & 0) with different types of taper. (a) Linear
scale; (b) dB scale. Beam wargtis 13654 .
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Figure 5-2 Relative level (with respect to the center of the bedm) o
the incident field at the edges of a flat £0) surface of length
L =8192A . The beam points at the center of the surface and has the

waist g =L/6=1365A.
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5.2.2 Criteria for the Beam Waist
As a condition for the validity of the taper (5.3), Thorsos set
kgcosg, >>1
or, equivalently,

1
k cosf,

g>> (5.7)

However, Kapp later proposed the following criterion for the taper applicability [Kapp,
1995, p. 112]

A
k(rr/2-6,)cosh,

g> (5.8)

where A is some constant. This restriction emerges naturally when one considers the
derivation of the approximate taper in (5.3). Some details of this derivation are given in
the original paper [Thorsos, 1988], and it is examined in much greater detail in
[Toporkovet al, 1998] (with the credit going mostly to the second author R. Awadallah).
If A6 in (5.5) is large as is assured by (5.7), the first exponential in (5.4) is highly

peaked around =6,, which suggests an asymptotic evaluation of the integral via the

Laplace’s method [Bleistein and Handelsman, 1986]. It should be noted, however, that at
large values ofx the second exponential in (5.4) becomes highly oscillatory and
Laplace’s method will fail. The deviation of the tails of the integral taper from the
Gaussian behavior in Fig.5-1 is a manifestation of this fact. It is shown in [Topetrkov

al, 1998] that at largex one should rather apply the method of stationary phase which
predicts al/~/x decay of the tails of the field with the integral taper. If one proceeds

with the Laplace’s method, the exponeji (f is then expanded in a Taylor series

around@; retaining the terms up to the second ordg@ir 6, : )
iK [F = j%i D’f|9=9i + d(geﬁ) ©6-6) +%d2(§;2m 6 —ei)zg (5.9)
6=6, 6=6,
If one recalls (5.6) and introduces a new variabk6 -6, (5.4) becomes:
| 1 . /26, ,
Y (x,2)= NN, exp{- jk; D’}_m‘g_e:p{—ad — jbd} dd (5.10)
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with
b =k(xcosB, +zsing, )

and
= 1 >+ jh(zcosei - Xsing,), (5.11)
(A0) 2
In (5.10) the factor
exp{- jk; F} = exp{- jk(xsin6, — zcosH: )} (5.12)

represents the plane wave (compare to (5.1)); other factors, upon further manipulations,
are supposed to yield the tapir(x,z a9 given in (5.3). The next step in the application

of Laplace’s method is to extend the limits of integration in (5.10% ¢@. However, if

6, which we assume to be positive is closert62 such an extension may result in

picking up significant contributions not present in (5.10). Referring to (5.4), we can

interpret this extension of limits as including contributions of plane waves propagating at

angles greater tha@0’ , i.e. coming from beneath the surface. To guard against this, we
chooseA# such that the amplitude of these contributions is very small. Specifically, we
require that in (5.10)

Re@)(r1/2-6,)*> >B (5.13)
where B is some constant. This assures thab atrr/2-6,, i.e. at the upper limit, the
integrand will have an amplitude that does not excead(-B . Al) contributions

included as a result of extending the integration limits to infinity will have smaller,
exponentially vanishing amplitudes. Recalling (5.11) and (5.5) we rewrite (5.13) as

2B

> (5.14)
k(rr/2-6,)cosb,

g

If we make a replacemerﬂ\/gz A, we obtain the criterion in (5.8). It should be
emphasized that the development outlined above does not provide a clear value for the
constantB in (5.14) or A in (5.8). The choice may depend on various considerations
such as surface statistics, polarization, etc. Studying the overall applicability of the
criterion in (5.8) for P-M surfaces and determining what the constant in (5.8) should be is

the subject of this Chapter.
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Another “angle of incidence — beam waist” criterion called “a resolvability
criterion” was formulated in [Ngo and Rino, 1994] for beams with Gaussian tapers (5.2).

They first introduce a quantity called “resolvability”:
k .
ILZT' (K,; 0)dK,,
p =k

=t , (5.15)
ju‘f‘ (Ky; 0)dK,

with Lﬁi (K4;0) being a Fourier transform of the incident field in (5.1) in #ve0 plane.

Unlike its counterpart in the numerator, the integral in the denominator of (5.15) allows

the inclusion of the evanescent component&,(>k); the less the evanescent

components contribute to the beaqmi(x,z , the closer the resolvabilitf? is to unity.

Ideally, the fully Maxwellian beam as in (5.4) should not contain any evanescent
components and will have = . 1In this senseP supposedly serves as a measure of the
quality of the approximate beam. It is shown in the same reference [Ngo and Rino, 1994]

that to achieve a given resolvability for the Gaussian beam (5.2)-(5.1) one should have

0> (1*_?; o) (5.16)
with the constanjy related to the resolvability? as
1 ¥ )
P=P(x)= E:[oexp{—t / 2}dt (5.17)

The authors, however, do not provide any definite recipe for the choiee(ahd hence

of the constanty in (5.16)); they cite a broad range of values (from 0.85 to greater than

0.99) that might be necessary depending on factors such as the surface roughness. In this
regard, the “resolvability criterion” (5.16) as introduced in [Ngo and Rino, 1994] was

more useful to illustrate that the beam waist should rapidly increade agproaches

grazing and provide a motivation for the method of beam simulation (synthesis of a large

beam from a number of smaller subbeams) used in the cited reference.
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One can show that at large incident angles the resolvability criterion (5.16) and

the Kapp criterion (5.8) are essentially equivalent. Indeed, for large incident angles (say

larger than70° ) the cosine in the denominator of (5.8) can be approximated as follows:

cosd, =codrr/2-(r/2-6,))=sin(r/2-6,) Om/2-6, (5.18)
This is well justified since the criteria (5.8) and (5.16) are mainly of interest at low
grazing angles. Consequently, we can rewrite (5.8) approximately as

A
> m (5.19)
We can use a similar approximation for the sine in the denominator of (5.16) to rewrite
the “resolvability criterion” as:
2\2x

L 5.20
>k(n/2—9i)2 520

We see that (5.19) and (5.20) predict the same dependerge ®he constants in the

numerators are so far arbitrary and must be determined. Since the criteria (5.19) and

(5.20) were derived for different tapers (given in (5.3) and (5.2), respectively), the
constantsA and 2\/5)( may differ. However, the similarity of the two criteria exhibited

in (5.19) and (5.20) is encouraging. In fact, it has been shown [Topetladv1998] that
the Gaussian taper in (5.2) can be obtained from the integral form in (5.4) with some
additional approximations beyond those leading to the Thorsos taper in (5.3). In what
follows, we will focus on the criterion (5.8) (or its approximate form in (5.19)) for the
Thorsos taper. However, on many occasions we will examine the Gaussian taper as well
and find that the same criterion (5.8) can be applied to it with only a slightly larger
constant in the numerator.

From (5.19) one can also see that at large grazing angles the Kapp criterion is
stricter than the Thorsos requirement in (5.7). Indeed, for large incident angles we can
approximate (5.7) as

1

> PETEE (5.21)

g>
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This expression behaves (5V$/2—9i)_1 and should be compared to (5.19), which goes

as (n/2—9i)'2. Since we will find that the constai in (5.8) or (5.19) is larger than

one, the compliance with (5.8) will enforce (5.7) for all incident angles of interest to us.
For (5.8) to be of practical use, the valuefokhould be determined. Also, for the
criterion to be robustA can depend on the type of the surfaces used in simulations but

should not depend on eithéy or the electromagnetic wavelength. There have been some
recommendations for the value &. In particular, Kapp in [Kapp, 1995] suggested the

value A=32. Marchand stated that the valuesAfin (5.8) ranging fron8v2 to 4+/2

appear to be an effective threshold [Marchand, 1996]. In later publication he arbitrarily

increased this estimate by/i [Marchand and Brown, 1998]. However, to our
knowledge, there has been no dedicated study of the applicability and the robustness of
the criterion (5.8) and the above-mentioned recommendations for the chokeacd

rather heuristic.

5.3 The Taper and Scattering Simulations at Large Incident Angles

5.3.1 Taper-Induced Effects in the Average Cross Section and the Kapp
Criterion

In this section, we present the simulation results for scattering from perfectly
conducting ocean-like P-M surfaces that demonstrate a pattern of failures at low grazing
angles for the Gaussian-like taper. We show that the Kapp criterion (5.8) is quite robust
and we determine a value for the constAnthat turns out to be larger than the ones cited
above. Unless stated otherwise, the simulation details are the same as described in
Section 4.2 of Chapter 4. In particular, we use the surfaces with the spectrum in (4.9),

(4.2); the windspeed is 5 m/s and the surface spectral dtofifi (4.9) is always chosen

to be five times the electromagnetic wavenumber.

We start with the analysis of the horizontal polarized backscatter cross section
calculated using the Thorsos taper. It is established that an anomalous jumﬁbiﬁsgﬁb

at low grazing angles can be associated with the failure of the Thorsos taper and that the
angle at which this anomaly occurs is predicted by the Kapp criterion. The same anomaly
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is observed for the Gaussian taper, while the behavior oféije.] with the “exact”

integral taper is quite different. We closer examine the results obtained with the integral
taper and find that some distortions in the cross section observed for this taper are due to
insufficient incident field suppression at the surface ends. We further establish the range
of incident angles where the results with the integral taper are not affected by edge effects
and are valid. This, in turn, allows a more detailed investigation of the distortions
introduced in the bistatic cross section by the approximate Gaussian-like tapers by using
the results with integral taper as a check. Finally, we study the effects of the approximate
tapers in the case of vertical polarization and find them negligible for the incident angles

under consideration. It is also found that the poor edge suppression by the integral taper

that distortesl@r®0 at low grazing angles in the horizontal case does not have these

consequences in the vertical case. To facilitate navigation through the material of this
Section, Table 5-1 gives a summary of the examples considered and the parameters used

therein.
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Table 5-1. A summary of the examples in Section 5.3.1

o
o
.| Quantity (2 5'| Beam | Surface -
Fig. Shown [N emA S |waist g | Length L Description
'__5:
Ay =23cm| 13654, 18842m An anomalous pattern (a
5-3| [pse(6))0 |H and |7 4934, (=8192) Jump) n wbscmét I.OW.
and =18842),) grazing angles indicating a
A =10cm| 131404, 2’| failure of the Thorsos taper.
T A comparison of the failure
) H 0
5-4| w0 (6)0 |H|A =23cm|G, 13651, | 81921, | Pattemnsin thédpg.Ufor
| Thorsos, Gaussian and
integral tapers.
A demonstration that the
jump in the integral taper
8192\, | result in Fig. 5-4 is due to
5-5 EJO(86°,95)[]H Ap=23cm| | |1365A; and edge effects. The longer
16384/, | surface results in a strongg
taper suppression at the
edges.
A demonstration that the
Orer o 81924 edge effects are not a factdg
5-6 |l (84°,0,)H|A; =23cm| | [13654 | and | for the integral taper at
163844, 6 =84 .
This figure is a reiteration g
Fig. 5-5, but for the Thorso
8192, | taper (thatis in the failure
5-7 |w°(86°,6,)JH|A, =23cm| T |13651;| and | mode at this, ). °0
163844; | shows an unexpected

growth with the increase in

—h

2

the surface length.

Polarization:
Taper:

H=horizontal, V=vertical.
T=Thorsos, G=Gaussian, I=integral.
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Table 5-1 (continued).

g
o
. uantity |® —| Beam | Surface .
Fig. Qshowny N Em A -;.2 waistg | length L Description
o
A study of thebistatic cross
sections for Thorsos and
T, Gaussian tapers & =84
5.8 (the analysis of thback-

w°(84°,6,)0H|M =23cm|G,[1365), | 8192),

scatteredcross section in
Fig. 5-4, identified thig,
as a “pre-breakdown”

angle). Integral taper serve
as a check.

o T, Same as Fig. 5-8a, but for
5-9 |[@°(85,6,)JH|A, =23cm |G, 1365\, [ 8192A; 0 =85
I e
T, Same as Fig. 5-9, but for
5-10/w°(85',65)H| A =23cm| G, 1365 | 81924 | g -g6.
I
T, A study of [&r [ similar to
5-11 BTSSC(Qi)D VA =23cm|G,|1365A; | 8192\ | gpe presented in Fig. 5-4
' but forvertical polarization.
An investigation if poor
8192\, fe(:tige sILJ{)pressionfbytthef
i 0/0p _ integral taper is a factor for|
5-12|[& " (86°,0,)(V |A, =23cm| | [1365A and thevertical polarization.
163844,

This figure is similar to Fig.
5-5.

5-13|w°(86°,6,)(V |\ =23cm | | |1365), | 8192\

A study of the bistatic cros$
sections for Thorsos and
Gaussian tapers for the
vertical polarization; the
integral taper servs as a
check. This figure is similal
to Fig. 5-10.

Polarization: H=horizontal, V=vertical.
Taper: T=Thorsos, G=Gaussian, I=integral.
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Consider the incident field (5.1) with the Thorsos taper in (5.3). Fig. 5-3 shows
(solid and dashed curves) the calculated average backscattered NRCS

<agsc(6i ) = <00(9i .65 =-6,)) (cf. (2.33) and (2.34)) for the horizontal (TE) polarization

of — A=23cm,g=1368, | . i
I A;=23cm,g=49.3, : : : ==

of ~=~ A=10cm, g=3140, | o T S

B T o e
20 e T

R S i e R S

0
<0 bsc>’ dB

wp\ v
V7SN IS W ES SRS S S S

L R S IS St AU S S

-70 ‘ ‘
-80 -70 -60 50 -40 -30 -20 -10 0

6,=-6,, degrees

Figure 5-3 Average normalized radar cross section in the
backscattered direction demonstrating an anomalous pattern at
low grazing angles. Horizontal (TE) polarization, plane-wave
incident field with the Thorsos taper. The average is taken over
100 realizations of P-M surfaces with a wind speed of 5 m/s.

at the electromagnetic wavelengtWl; =23 cmThe surface length was
L =8192A; =188.42n. The solid line corresponds to the beam waist
g=L/6=1365A4; such a choice ofjy provides a —78 dB suppression of the incident

field at the edgesx=+L/2 and was used in our simulations in Chapter 4. The plot

shows a very characteristic jump after one moves fé&pm 84° to 6, =85 (the step
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used in the near-grazing region whH9. Attributing this jump to the failure of the taper
(5.3), we can try to determine the const&nin (5.8). Assuming that the largest incident
angle for which the taper holds & =84" and writing (5.8) as an equality we get

A=9.4. To convince ourselves that the jump observed is really related to the taper failure
and that the criterion (5.8) works, let us consider the average backscattered NRCS for

simulations with different beam waists. For example, the criterion (5.8) Witho.4
predicts that, all other parameters being the same, the beam that fail®, aft8€°

should have the waist off = 49.3A,. This prediction is tested in Fig. 5-3 where the

dashed plot corresponds to the average NRCS calculated with this sgall&gain, it

demonstrates a characteristic jump, this time right éfer 80°. So, the jump in the

backscattered NRCS as the incident angle moves down to grazing is indeed an indication
of the taper failure and the criterion (5.8) with the value Aodetermined above seems
to be quite practical.

Let us check if the criterion (5.8) works for another electromagnetic wavelength,
say A, = 1@cm. We will still use an ensemble of the randomly rough P-M surfaces
corresponding to the windspeéd=5m/s and the spectral cutoff again being five times
the new electromagnetic wavenumber. Due to the smalleour surfaces are now
rougher in an electromagnetic sense; the rms height is givarBBy, in this example

as compared to the valu@.58%; for the previous example. The surface length is

L =188416A, and the beam waist is chosen to §y& L/6=3140A,. The criterion

(5.8) with A=9.4 predicts that the Thorsos taper will hold as fabas 86.0° (we used

an approximate form (5.19) to solve fér). Indeed, the dash-dotted curve in Fig. 5-3

corresponding to this example exhibits the jump as the incident angle goe86toin

86.5° (this time the step d.5° was used in the near-grazing region).

Further proof that this jump is due to the approximate nature of the taper in (5.3)
can be seen from Fig.5-4. This Figure compares the average backscattered NRCS
calculated with the incident field (5.1) and the taper (5.3), with the integral representation

of the incident field in (5.4) for TE polarization. Also shown is the average NRCS for the
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incident field having the Gaussian taper in (5.2). We again consider the electromagnetic

wavelength wavelengthA; = 28n; the beam waisty is 1365A; =L/ 6. The solid

SO - T
: | : :| —— Thorsos taper
—+-- Gaussian taper ||

--0-- "Integral” taper

POy IRUR S AT S S S S i

-70
-86 -85 -84 -83 82 -81 -80 -79 -78

6,=-6,, degrees

Figure 5-4 Failure patterns in the average backscattered normalized
radar cross section for different types of taper. Horizontal (TE)

polarization, em wavelengtii; = 28, beam waistg =1365A4;.

The average is taken over 100 realizations of P-M surfaces with a
wind speed of 5 m/s.

curve is the same plot that we had in Fig. 5-3, with the axes scales expanded. It
corresponds td& (6, )0 calculated with the Thorsos taper (5.3). The dashed curve

corresponds to the average NRCS with the integral-taper incident field (5.4). The Figure

shows that although in both cases the beam waist is the same, the average NRCS for the

incident field (5.4) keeps decreasing f@r>84" while the NRCS obtained with the

Thorsos taper experiences the anomalous jump. Dﬁrﬁgc(ei)m for the integral taper
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does exhibit the jump afted; =85, but, as will be discussed shortly, these jumps are

due to different mechanisms. As for the Gaussian taper, its NRCS (dash-dotted curve) has
the jump at the same incident angle as the NRCS for the Thorsos taper. The criterion in
(5.8) is thus applicable to the Gaussian taper as well.

The jump observed in the average NRCS curve corresponding to the integral taper
in Fig.5-4 occurs because of the increasingly poor tapering at the edges provided by the

incident field in (5.4 ) at large incident angles. Indeed, Fig. 5-2 shows that the integral
taper at large incident angles provides increasingly poor suppression at the edges; at

6, =86 this level is about —28 dB, while & =85 and 6, =84" these levels are

R o e —— Surface length L=819.2 A, |
o 3 : N Surface length L,=1638.4 A,
_70 i 1 | | i L 1 L | L | L |
-80 -60 -40 -20 0 20 40 60 80
0., degrees

Figure 5-5 Effects of poor edge suppression by theegral
taper in the average bistatic normalized radar cross section. The
longer surface results in stronger edge suppressipr.86°,
horizontal (TE) polarizationg =1365A;. The average is taken
over 100 realizations of P-M surfaces with a wind speed of 5 m/s.
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approximately —44 dB and -56 dB, respectively. Fig. 5-5 compares average bistatic

NRCS'’s for86" incidence calculated with the integral taper with the wagistL36.5A;
using different surface lengths. The solid line corresponds to the surface length

L =8192A; used in the simulations shown in Fig. 5-4; as we mentioned, it provides —28

dB suppression at the edges. The dashed line corresponds to the MFIE solved with twice
as large a surface length,(=163844,). The incident beam still points at the center of

the surface and now provides —38 dB suppression at surface ends. We observe that for

large negative scattering angles the average NRCS for the longer surface has noticeably
smaller values. In particular, 8 = -86" (backscattering) the two curves differ by 5 dB.

This clearly suggests that the abnormally high backscattering level observed in Fig. 5-4
for the integral taper af, =86 is due to the poor tapering of the incident field at the

edges. In fact, it is quite possible that even the tapering level of —38 dB achieved by
elongating the surface to twice the original size may be insufficient and further extension

of the surface size will result in even smaller value [nf,(86°)(1 For a reference, the

average bistatic NRCS fd#, =84" calculated using the integral taper and surfaces of

two different lengths are compared in Fig. 5-6. As can be seen from Fig. 5-2, at this

incident angle the integral taper with=1365A; provides a —-56 dB edge suppression for
the surface with the length df = 8192A;. Doubling the surface size results in —121 dB

tapering level; however, there is virtually no difference in two NRCS curves in Fig. 5-6
and this suggests that the original =56 dB tapering is acceptable.

Although we are certain that for the Gaussian/Thorsos taper it is not the
insufficient edge suppression that causes the jump in the NRCS observed in Figs. 5-3 and

5-4, let us examine how the surface length affects the results in this case. In particular, let
us again choosé, =86 as we did for the integral taper in Fig. 5-5 (from Fig. 5-4, we

concluded that for this incident angle the Thorsos taper is well in the failure mode) and

examine the average bistatic NRCS for the surfaces with the lehg#&192A, and
L, =16384A; while keeping the beam waist the same and equdl3&bA,. This g

results in a —78 dB suppression at the edges for the surface wig192A,; extending
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Figure 5-6. Examination of the edge effects in the average
bistatic normalized radar cross section for ititegral taperand

6, =84°. Horizontal (TE) polarizationg =1365A,. The average

is taken over 100 realizations of P-M surfaces with a wind speed
of 5 m/s.

the surface to twice that length assures a —313 dB level at the edges. The average bistatic
NRCS'’s are shown in Fig. 5-7 and, in fact, they do display a dependence on the surface
length. However, in contrast to the situation depicted in Fig. 5-5 for the integral taper,
this timesurface extension resulted in the increased level of the calculated cross.section
We will further discuss this somewhat surprising result in the next Section where the
effects of the taper on the surface current (the solution to the MFIE) will be examined.
Right now, we can conclude that the increase in the surface length in the case of the
Thorsos taper does not eliminate or alleviate the anomalous jump in the average
backscattered NRCS as it does in the case of the integral taper (cf. Fig. 5-5). On the
contrary, for such an incident field this surface extension seems to make this jump even

worse. The same effect is observed for the Gaussian taper in (5.2).
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GO e e —— Surface length L=819.2 \,

T R bt Surface length L,=1638.4 A,
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0., degrees

Figure 5-7. Effects of the surface length on the average bistatic
normalized radar cross section for fieorsos tape(this figure

is similar to Fig. 5-5 where the integral taper was studied).
6, =86°, horizontal (TE) polarizationg =1365A,. The average

is taken over 100 realizations of P-M surfaces with a wind speed
of 5 m/s.
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We have established that the criterion (5.8) witlr 9.4 does tell how close to
6, =90° one can go before there is a taper “failure” (the jump in backscattered NRCS

plots). It would be useful to check if at this largest incidence angle the NRCS we get is

valid or incorrect. Let us turn our attention once again to Fig. 5-4. There we established
that the Thorsos and the Gaussian tapers failed &ftei84°. At this incident angle the
average cross section obtained with the integral taper is free from “edge effects” (in Fig.
5-6, the difference between the two curvedat —84" is 0.03 dB) and can be used as a

gauge. It can then be seen that at this incident angle the result obtained with the Thorsos
taper is very close to the “true value” (differing by only about 0.3 dB) while the Gaussian
tapered NRCS is approximately 1 dB off. This suggests that at the pre-breakdown angle
determined from (5.8), the Thorsos taper still provides valid results in the backscattered
direction, and it is somewhat superior to the Gaussian taper. In fact, it may well be that
the Gaussian taper fails a fraction of a degree earlier than the Thorsos taper (and, hence,
somewhat larger value of the constant is required in the criterion (5.8) or (5.19)), but the

step of1° used in this example does not allow pinpointing this effect.

Let us further examine the bistatic cross sections corresponding to the tapers (5.2)
and (5.3) at the pre-breakdown incident angl84ffor the example considered in Fig.
5-4. Fig. 5-8 shows{ao(ei :84",93)) for the Thorsos, Gaussian and the integral taper,
the latter again serving as a check (Fig. 5-8a gives the overall picture while Fig. 5-8b
focuses on the region of scattered angles clog® to-90"). The Thorsos taper yields
values for the average NRCS that follow the integral-taper results very closely until about
6, =885 at which point they deviate by approximately 0.8 dB. The results with the

Gaussian taper display greater discrepancies when compared to the integral-taper results

and once again suggest that the Thorsos taper is somewhat preferable.
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Figure 5-8 Distortions in the average bistatic normalized radar
cross section due to approximate taper at the “pre-breakdown” point
6, =84" (cf. Fig. 5-4). The integral taper serves as a check.
Horizontal (TE) polarization; em wavelength; = @8, beam
waist g =13654;. The average is taken over 100 realizations of P-
M surfaces with a wind speed of 5 m/s.
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For comparison, Figs. 5-9 and 5-10 show similar graphs &ox 85 and
6, =86, respectively, where the Thorsos/Gaussian tapers have already failed (cf. Fig. 5-

4). The calculatediw 0 for the integral taper aB6’ is definitely affected by the
insufficient tapering at the edges (we used surfaces of ldngt19.24,) and thus does

not present the correct value for large negafly€cf. the discussion regarding Fig. 5-5).

|| 6=85

GO/ A P | —— Thorsos taper |7
N L S |- Gaussian taper | |
o ? : : i | e "Integral” taper
g—_ a S W
-80 -60 -40 -20 0 20 40 60 80
0., degrees

Figure 5-9. Distortions in the average bistatic normalized radar cross
section due to the approximate taper6at=85". The integral taper
serves as a check. Horizontal (TE) polarization; em wavelength
AL =23cm, beam waisty =1365A;. The average is taken over 100
realizations of P-M surfaces with a wind speed of 5 m/s.

However, it can still serve as a good reference to illustrate the distortion that the cross

section with the Thorsos or Gaussian taper suffer if the incident angle and the beam waist

do not agree according to the criterion (5.8).
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Figure 5-1Q Distortions in the average bistatic normalized radar cross
section due to the approximate taperat86". The integral taper,
although corrupted nedt, = -90° by edge effects, still can serve as a
useful check (cf. Fig.5-5). Horizontal (TE) polarization; em
wavelengthA; = 28m, beam waisg =1365A;. The average is taken
over 100 realizations of P-M surfaces with a wind speed of 5 m/s.

All examples considered so far are for horizontal (TE) polarization. For the
vertical (TM) polarization, we observed no indications of the taper breakdown effects at
the angles where Thorsos and Gaussian tapers failed in the TE case. The average
backscattered NRCS’s with Thorsos and Gaussian tapers are shown in Fig.5-11 (all

simulation parameters except for polarization are the same as used in Fig. 5-4) and they

clearly display no anomalous jumps for the incident angles as lar§é’asAlso, the
results obtained with the approximate tapers remained virtually identical to those
obtained using the integral taper. The latter appear to be valid even at such low incident

angle, as the comparison to the results for larger surface length and the same waist
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g =1365A; shown in Fig. 5-12 indicate. In particular, &t = -86" (the backscattering

direction) the difference between two curves is less than 0.1 dB.

0 T T T T : : : T :
—— Thorsos taper
—+-- Gaussian taper ||
---0-- "Integral" taper

0] R e e SRR b R

e

40— ‘ ‘
-86 -85 -84 -83 82 81 -80 -79 -78

6,=-6,, degrees

Figure 5-11 Average backscattered normalized radar cross section
for vertical (TM) polarization, unlike its horizontal counterpart in
Fig. 5-4, shows no signs of taper failure. Em wavelength
A1 =23cm, beam waisg =1365A4. The average is taken over 100
realizations of P-M surfaces with a wind speed of 5 m/s.
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Figure 5-12 Study of the sensitivity of the average bistatic
normalized radar cross section to the edge suppression levels
provided by theintegral taper The longer surface results in
stronger edge suppressiof}. =86°, vertical (TM) polarization,

g =1365A,. 6, =86’. The average is taken over 100 realizations
of P-M surfaces with a wind speed of 5 m/s.
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As in the case of horizontal polarization, we can look at the effects of the

approximate taper on the bistatic cross section as well. Fig. 5-13 examines the average
bistatic NRCS for the Thorsos and Gaussian tapeé ai86°, the result obtained with

the integral taper again serving as a check. All simulation parameters except polarization

are identical to those used in Fig. 5-11. In contrast to what we observed at this incident

wyerMm—m— - - - - T T T
| 6.=86"| ' ' ‘ ‘ : L

-30[ P P | —— Thorsos taper |

: : : : : |- Gaussian taper

|- "Integral" taper

i L | L | L | L i L | L | L | L |

-80 -60 -40 -20 0 20 40 60 80
0., degrees

-40

Figure 5-13 Comparison of the average bistatic normalized radar
cross sections& =86") obtained with approximate tapers to a
“check-case” result with the integral taper. for. Vertical (TM)
polarization; em wavelengtii; = 28, beam waistg =1365A;.

The average is taken over 100 realizations of P-M surfaces with a
wind speed of 5 m/s.

angle in the case of horizontal polarization (Fig. 5-10), for vertical polarization the
average bistatic NRCS remains virtually unaffected by the approximate nature of the

taper. We do observe some discrepancy around the specular peak and somewhat higher

150



levels of Thorsos/Gaussian-taperul’ [ close tof; = 90°. These deviations from the
reference result with the integral taper disappear at smaller incident angles (they are
already not present & =85") and are probably the only observable effect introduced

by the approximate nature of the Gaussian-like tapers in (5.2) or (5.3) as far as the NRCS
is concerned.

This observation again underscores the fact that the applicability of the criterion
(5.8) depends on such factors as polarization and also the type of rough surfaces. For
example, for smooth surfaces characterized by Gaussian spectra (when the levels of
backscatter are very low) a much larger constanmay be required, or the criterion in
(5.8) might not work so well. Nevertheless, the above examples show that for P-M
surfaces this criterion is very robust with= 9.4 in the case of horizontal polarization.
Failure to follow this criterion, which can serve as a guideline for the Gaussian taper (5.2)
as well, may result in severe distortions in the average backscattered and bistatic cross

sections for horizontal (TE) polarization.

5.3.2 Taper-Induced Effects in the MFIE Current
The distinctive features associated with the breakdown in the Thorsos/Gaussian

taper can be observed in the surface curti) (which is the solution to the MFIE
(2.13)) as well. While, in general, errors in the current do not necessarily translate into
errors in the NRCS, the latter being of greater practical interest, the analysis of surface
currents can provide some useful insights. For example, we will be able to give a
gualitative explanation to the behavior @f°Ovs. the surface length observed in Fig. 5-

7.

Fig. 5-14 examines the surface current for a single surface realization in the case

of the Thorsos taper witly =1365A;. Fig. 5-14a show$J | for the field incident at

0, =84’ while Fig. 5-14b and Fig. 5-14c show the same quantity in the case of
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Figure 5-14 Examples of the surface current for a single realization
of P-M surface (windspeed = 5 m/s). Thorsos taper, horizontal (TE)

polarization, em wavelengthy = 281, beam waisg =13654;.

6, =85 and 6, =86, respectively. For the latter two incident angles, as we concluded

earlier, the Thorsos taper with this value of the beam waist fails. The remarkable feature
of the current in Fig. 5-14b is the noisy "tail* on the right (the incident field is coming

from the left). And this tail is especially pronounced in Fig. 5-14c. The same "tail" effect
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is observed when the Gaussian taper (5.2) is used. For comparison, Fig. 5-15 shows the

surface currents for the same incident angles when the integral taper is used. This time no

1 J1, linear scale

1 1 I 1 1 L
-400 -300 -200 -100 0 100 200 300 400

=85 ||

1 J1, linear scale

L Il 1 L 1
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Figure 5-15 Examples of the surface current for a single realization
of P-M surface (windspeed = 5 m/s). Integral taper, horizontal (TE)
polarization, em wavelength; = 281, beam waisg =13654;.
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appreciable tail is evident fo84° or 85 incident angles. The current in Fig. 5-15¢

corresponds to the incident angle & and has quite noticeable levels at the edges,
especially on the left side. Those high levels appear to be the result of the insufficient
tapering at the edges provided by the integral taper, as we discussed in the previous
Section.

The tail observed in Figs.5-14b and 5-14c is thus yet another anomalous effect
associated with the failure of the Gaussian-like approximate tdpdet, it is this tail

that caused the average bistatic NRCS to increase with the increase in the surface length,

16,=86°, L=819.2), [

6,=86", L=1638.4\, |

Figure 5-16 Rms surface current for two different surface lengths.
Thorsos taper,g =1365A;, horizontal (TE) polarization. The
average is taken over 100 P-M surfaces with a windspeed of 5 m/s.
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as we observed in Fig. 5-Fig. 5-16 shows the root mean square MFIE currents
calculated with the Thorsos taper@t=86" using the surfaces of the length= 819.2);
(Fig. 5-16a) and extended surfaces with the lerigtk 163844, (Fig. 5-16b), all other

parameters including the beam wagst- 1365A; being the same. From the Figure we

see that when the larger surfaces are used, the anomalous tail in the current continues
further to the right, decaying only slowly. When we calculate the cross-section using
extended surfaces, we include more of this tail and this is likely to introduce additional
error in the average NRCS. To see if this is the case, let us comp%ﬁﬁ:alculated for

the surfaces of the length =8192A, to the average NRCS obtained from the MFIE
currents solved for the extended surfaces of the lebgth16384A; with the integration

in (2.30) performed ovex[-L/2,L/2]. That is, when calculating the scattered field

for the extended surfaces, we do not use the values of the current for

| x|>L/2=4096A, cf. Fig. 5-16. By doing so, we cut off the part of the current tail that
continues to the right in Fig. 5-16b. The two average cross sections are shown in Fig. 5-
17. This Figure should be compared to Fig. 5-7 where the NRCS for the extended surface

was calculated using the MFIE current on the whole intdrvl| /2,L,/2 . Th]s time,

unlike the situation in Fig. 5-7, the two curves show virtually no differences except for a

small region close tdd, =-90°. Of course, it should be remembered that for this

incidence anglé]rODshown in Figs. 5-7 and 5-17 is already a distorted one (cf. Fig. 5-

10) and this analysis merely explains why the extension of the surface in Fig. 5-7 results

in even more distorted cross section for the Thorsos taper.
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Figure 5-17. Average bistatic normalized radar cross section for
6, =86". Horizontal (TE) polarization, incident field with the
Thorsos taper,g =1365A;. Only the values of the surface
current with xO[-L/2, L/2] are used to calculate NRCS in the
case of the extended surface. The average is taken over 100
realizations of P-M surfaces with a wind speed of 5 m/s.
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Let us turn again to Fig. 5-15. We have noticed that while the surface currents in
the case of the integral taper lack the tail on the right side so characteristic of the
approximate Gaussian-like taper (Fig. 5-14), they exhibit a noticeably high level on the
left side, especially at large incident angles. This is apparently a consequence of poor

tapering at the edges provided by the integral taper at these angles. This is demonstrated

in Fig. 5-18 which shows (on a dB scale) the mean square surface cﬁrﬂelﬁﬂ
calculated by solving the MFIE with the integral-taper incident fiel@®; at 86° and the

mean square Kirchhoff currerﬁﬂJi Ofor the same taper. (Recall that is related to
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Figure 5-18 Mean square surface current (solution to the MFIE)
and mean square Kirchhoff currents. Horizontal (TE)
polarization; em wavelength Ay = 28&, beam waist

g =1365A4. The average is taken over 100 realizations of P-M
surfaces with a wind speed of 5 m/s.
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the incident field through (2.15a)). The mean square Kirchhoff current for the Thorsos
taper is also shown for comparison. First, one can see that the edge levels of the
Kirchhoff current for the integral taper are much higher than those for the Thorsos taper.

On the other hand, the levels of the surface curf@dtf’Od at the edges are quite
consistent with the edge levels of the Kirchhoff current with the same integral taper. In
particular, the high level of the integral-taper Kirchhoff current obviously drives up the
level of the MFIE current at the left surface end.

The behavior of the current levels at surface edges vs. incident angle is further

examined in Fig. 5-19 (Thorsos taper) and Fig. 5-20 (integral taper). Ideally, we would
like to study the quantities]J(-L/2)P00J(0) 0 and OJ(L/2) [P JI(0) PO
However, since the mean square current estimates that we obtain from 100 realizations
are still somewhat noisy (cf. Fig. 5-16 for example) we took an additional spatial average
over the intervals o20A; to get more robust estimates [GfJ |2D near the edges and at

the center. In both cases the edge level of the appropriate taper is also shown for a
reference using the data from Fig. 5-2.

In case of the Thorsos taper, the current levels at both surface ends are essentially
equal at small angles of incidence, as can be seen in Fig. 5-19a. As the incident angle
increases, the right-edge current level slowly increases (according to our convention in

Fig. 2-4, the positived, correspond to the field coming from the left). In contrast, the
current level at the left edge remains unchanged and basically follows the constant edge
level of the Thorsos taper. However, at ab8ut84° the current levels at both edges

start increasing rapidly with the incidence angle (Fig. 5-19b), with the level at the right
edge being much higher. This is a manifestation of the anomalous right “tail” in the

current that we observed in Figs. 5-14 and 5-16.
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Figure 5-19 Relative levels of the mean-square MFIE current at the

edges (edge level of the taper is also shown). Thorsos taper,
g =1365A¢, horizontal (TE) polarization, surface length

L =8192A,. The average is taken over 100 P-M surfaces with a

windspeed of 5 m/s. (a) Total range of incident angles; (b) close-up at
low grazing incident angles.
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Fig. 5-19b can be compared to Fig. 5-20 that displays the current levels when the
integral taper is used (we ran simulations with the integral taper only for the range of

incident angles shown; however at smallerthe approximate Thorsos taper is virtually
identical to the integral taper, cf. Figs. 5-1 and 5-2, and we expect the currents for these

smaller angles to behave no different than shown in Fig. 5-19a)8, ABO" the edge

{ = MFIE current, right edge ||
e MFIE current, left edge |l
—— "Integral" taper

KR
o
! 1
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Figure 5-20 Relative levels of the mean-square MFIE current at the
edges (edge level of the taper is also shown). Integral taper,
g =1365A¢, horizontal (TE) polarization, surface length

L =8192A,. The average is taken over 100 P-M surfaces with a
windspeed of 5 m/s.

levels of the current and the taper are roughly equal to those in the case of the Thorsos
taper. However, their behavior as the incident angle increases is quite different from what
we saw in Fig. 5-19b. Now the edge levels of the integral taper increase, and the current

level at the left surface end also increases while obviously following the taper level. At
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6, =85 it exceeds the current level at the right surface end, as we have already noticed

in Figs. 5-15 and 5-18.

For vertical (TM) polarization, where we did not see any significant effect of the
approximate Gaussian-like taper on the average NRCS (cf. Section 5.3.1), manifestations
of the approximate nature of the taper in the MFIE current are also not as pronounced as
in the TE case. Fig. 5-21 gives examples of the MFIE currents for a single surface
realization in the case of the Thorsos taper and vertical polarization; it is similar to Fig. 5-
14 that we had for the horizontal polarization case. Examples of the current for the same

surface realization and the integral taper are considered in Fig. 5-22. For the Thorsos

taper, one can notice that the current correspondirfj 036" in Fig. 5-21c decreases

rather slowly towards the right end of the surface. However, the effect is not nearly as
pronounced as for the horizontal polarization (Fig. 5-14), and for vertical polarization the
current is decaying rather slowly to the right when the integral taper is used as well (Fig.
5-22c). As in the case of horizontal polarization, visibly high levels of the currents near

left surface end in Fig. 5-22 are attributed to the poor edge suppression of integral taper.
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Figure 5-21 Examples of the surface current for a single realization
of P-M surface (windspeed = 5 m/s). Thorsos taper, vertical (TM)

polarization, em wavelengthy = 281, beam waisg =13654;.
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Figure 5-22 Examples of the surface current for a single realization
of P-M surface (windspeed = 5 m/s). Integral taper, vertical (TM)
polarization, em wavelengthy = 28, beam waisg =13654;.
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The edge levels of the mean square surface current for vertical polarization are
shown in Fig. 5-23 for the Thorsos taper and in Fig 5-24 for the integral taper. All
parameters used are the same as in Figs. 5-19 and 5-20 where we examined same
guantities for the horizontal polarization. From Fig. 5-23, one can notice that the edge
levels of the current for vertical polarization are higher than for horizontal polarization
(Fig. 5-19). Similar to the TE case, the current at the left edge remains virtually constant
through the whole range of incident angles while the current at the right edge grows

slowly as@; increases, cf. Fig 5-23a. For the Thorsos taper the current level at the right

edge displays quite rapid growth af@r=85" staying higher than the current at the left

surface end that still remains essentially constant (Fig. 5-23b). For the integral taper (Fig.
5-24), the picture is quite similar to that in Fig. 5-20 for the horizontal polarization case.
Namely, at low grazing incidence angles the edge levels of the current start increasing
apparently following the increase in the taper edge level, with the current at the left edge
becoming larger than its counterpart at the right edge would like to point out once
again that the current features associated with the Thorsos or integral taper in the
vertical polarization case, though identifiable, are not as pronounced as for the
horizontal polarization And, in contrast to the horizontal polarization case, at the

incident angles studied (up 86° ) there are virtually no visible distortions in the vertical
polarization cross section (cf. Section 5.3.1) with which these features in the current

could be correlated.
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Figure 5-23 Relative levels of the mean-square MFIE current at the
edges (edge level of the taper is also shown). Thorsos taper,

g =136544, vertical (TM) polarization, surface length= 81924, .

The average is taken over 100 P-M surfaces with a windspeed of 5
m/s. (a) Total range of incident angles; (b) close-up at low grazing

incident angles.
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5.3.3 The Effect of the Thorsos Taper Edge Levels on the Average NRCS for
P-M Surfaces

In Section 5.3.1, we established that the Kapp criterion in (5.8), that requires an
increase in the beam waist as the incidence angle approaches grazing, is quite robust and
should be followed to avert severe distortions in the calculated cross sections. This in turn

requires a larger surface length Once the required value @f is obtained from (5.8),
the surface length is determined from the condition that a certain suppression level at the
edges is assured. For example, setling 6g assures a —78 dB tapering at the edges.

Indeed, using (5.1), (5.2) for the Gaussian taper or (5.1), (5.3) for the Thorsos taper we
can write for the edge suppression level

Sus =10l0go(1' (L/2,0) /|y (0,0) ) =10log,o(exp{-L? / 2g%}) = (5.22)
=-2.17(L/ g)?

and for the ratioL/ g = @&his yields Syg [1-78.1 dB In the simulations that we carried

out in Chapter 4 and in most of the simulations involving Gaussian/Thorsos tapers in this

Chapter we kept thé./ g ratio equal to 6. However, the results with the integral taper

indicated that much weaker edge suppression resulted in little effe %n (cf., for
example, Fig. 5-6). In this Section, we study in detail how the edge suppression level
affects the average NRCS in the case of the Thorsos taper. Since, according to (5.22), for
the Thorsos taper this edge level is defined entirely by the lrdtgp, this would tell how

large the surface should be, provided that the beam waist is chosen appropriately. From
the results we have already seen in this Chapter, one should expect that the average
NRCS will be more sensitive to the edge suppression in the case of horizontal
polarization and large angles of incidence.

In the simulations reported below we once again considered scattering from P-M
surfaces characterized by the windspeed of 5 m/s at the electromagnetic wavelength
AL =23cm. The surface length was fixed at the “usual” valud ef819.2A;; the taper
level at the edges was varied by changing the beam waist. We considered the vglues of

in the range of L/6=1365A; to L/3=2731A;. According to (5.22), the taper

suppression at the surface ends varied correspondingly from —78.1 dB to —19.5 dB. From
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the criterion (5.8) and Section 5.3.1, the smallest valug ofL3654; allows for the

incidence angles as large &§ .
Fig. 5-25 shows the average backscattered NRCS for several incident angles vs.

the taper level at the edgeS,z as defined in (5.22). In this figure we also included the

-40 T T T T T T
[|[—— e=81°] 1 a 1 r
42 M --0-- 6 82° [ o e CT
[|-a- 0=83°| | : | ]
44 | _ .. 6—840 --------------------------------------------------------------------------------
[ | —o-- 6 85°
M 46 [
o
A -48 <
[8)
-
o 8-50 ""'D--\—\&----D--- O----0- —-—DA--—D L B EEE N SE =L .‘.(.. ;//.
B N . . I /
vV 52 “_'-'_""—"_5'-"—'_-'x-{_f'"‘“"u"‘\H“"A'-_‘-"‘_'-_‘-'-E“-qu-t "--‘-‘ '/ ,;> e
- . h . . ]."
] AN O SO R ,....Y.?f..... _@*’________;
'54V—---—-v B At e it it SlntiA -—-V- i 1/0// 1
i \ : . .
56 [ <>“\ """""" /<>/ """"""""""
Ui
T T s R R
-60 | | ] | | I
-70 -60 -50 -40 -30 -20

Incident field taper level at surface ends, dB

Figure 5-25 Average normalized radar cross section in the

backscattered direction vs. the taper edge level. Thorsos taper,
horizontal (TE) polarization, the average is taken over 100

realizations of P-M surfaces with a wind speed of 5 m/s.

NRCS plot for6, =85  for which the Thorsos taper with =1365A, fails, cf. Fig.5-4;

we will discuss the behavior of this plot below. For other incidence angflés 84°) we

observe that the average backscattered NRCS remains quite insensitive to the taper edge
levels over a broad range of values of the latter. In particulag. fer84’ (& ..[starts

showing some variation only foS;z above —40 dB (from (5.22)L./g O4. )3 For
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smaller incidence angles the threshold is even higherf.fer81° noticeable variation

occurs only after the taper level exceeds —30ldBy(03. ). 7

Let us consider the behavior dr),(85)C1 As we mentioned, the value of

g = L/6=1365A; that provides —78.1 dB tapering is insufficient for this incident angle.

The Thorsos taper is failing and this results in abnormally high values of the cross

section. As we weaken the taper edge suppression by incregsitige taper failure

effects are reduced, and the average backscattered NRCS decreases. The criterion in (5.8)

with A=9.4 predicts that for this incident angle the beam waisshould be at least
1967, . When combined with the surface lendti+ 8192, this results in, from (5.22),
a —37.6dB taper level at the edges. Indeed, in Fig. 5-25 the line corresponding to

EIISSC(85°)D keeps descending until the taper level is about —38 dB. However, at this
point it apparently starts being affected by the insufficient tapering at the edges and
begins rising immediately. If we regard the value Ertgsc(85°)D: -58. dB4obtained

with the integral taper (cf. Fig. 5-4) to be the “true” one, the average NRCS in Fig. 5-25

never reaches this “true” value: at its lowest point it is equal to —57.4 dB. The plot
corresponding tdd, =85 in Fig. 5-25 is thus a good example how, for a fixed surface

length, either taper failure effects or edge effects come into play and prevent us from
obtaining the correct result.

We can further examine how the edge tapering affects the bistatic cross section.

Fig. 5-26 showsElro(Qi,HS =-89")[ i.e. the average NRCS for different incidence

angles and one particular scattering anjle= -89°. At this scattering angle the cross
sections have smaller values and, as should have been expected, are more sensitive to the

taper edge levels, with the NRCS f@r=81" starting to show changes for as small taper

level as-45 dB. The average NRCS fd =85 this time apparently does not even
approach the correct level, remaining abnormally higher than all other cross sections.

E{TODcorresponding t®, =84° now exhibits the behavior that we observed in Fig. 5-25

for E{TSSC(85°)D This is not surprising since in Fig. 5-8 we concluded that at such large
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Figure 5-26 Average bistatic normalized radar cross section (for
6, =-89°) vs. the taper edge level. Thorsos taper, horizontal (TE)
polarization, the average is taken over 100 realizations of P-M
surfaces with a wind speed of 5 m/s.

scattering angle the NRCS even fr=84" can be influenced by the approximate taper

effects.
Similar results for backscattering and bistatic scattering in the case of vertical
(TM) polarization are presented in Figs. 5-27 and 5-28. Not surprisingly, the TM results

show much less sensitivity to the taper edge levels.
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Figure 5-27. Average normalized radar cross section in the
backscattered direction vs. the taper edge level. Thorsos taper,
vertical (TM) polarization, the average is taken over 100 realizations
of P-M surfaces with a wind speed of 5 m/s.
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Let us finally discuss the following question. We have seen that as the incident
angle increases, the Thorsos/Gaussian taper fails and several solutions to this problem
can be considered. One can:

(1) continue to use the Thorsos taper with largechosen in accordance with (5.8);
(2) use the integral taper with the same fixgd since, unlike its Thorsos/Gaussian

approximation, it is not subject to a failure;

(3) use the integral taper with the increasipgwith the latter not necessarily satisfying

(5.8)).

All these solutions, however, would eventually require an increase in the surface length
to guard against poor edge tapering. Indeed, if the surface length is fixed, the option (1)
results in insufficient edge tapering by the virtue of (5.22). The increase in the edge level

of the integral taper with a fixed (option (2)) as; increases is depicted in Fig. 5-2.

Since we find that the integral taper always provides poorer edge suppression as

compared to the Thorsos approximation with the sgmeéhe option (3) will also have
increasingly higher edge levels for lar@g with (5.22) providing the lower bound for

any given beam waist value. Consequently, a larger surface length will be required to

assure a proper edge tapering and eliminate edge effects.

For example, the correct value for the Thorsos taper wait aB6" is, from
(5.8), g =307.2A,. However, for our “standard” surface length=8192A; such ag
would result in the —15.4 dB taper level at the edges (cf. (5.22)). From Fig. 5-25 we see
that such edge level is insufficient even for smaller incident anglesj; fo86° it is
definitely unacceptable. Increasing the surface length by a factor ol.24d6384A,

will result in —61.7 dB edge suppression level (cf. again (5.22)). Although we do not have
the relevant data in Fig. 5-25, from the behavior of the curves for smaller incident angles
it seems likely that this edge level may be sufficient, or otherwise an even longer surface

should be used.

On the other hand, we found earlier that using the integral tapergwith36.54;

at 6, =86 (which in the context of the example of Fig. 5-4 corresponds to option (2)

above) provides only —28 dB suppression at the edges of the surface of length
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L =81924;, and this high edge level affects the result (cf. Fig. 5-5). We found it

necessary to double the surface lengthL{o=16384A; and this still resulted in the

relatively high —38 dB taper level at the edges with apparent impact on the NRCS. Fig. 5-
29 compares the average bistatic NRCS calculated using the integral taper with

— “integral'; taper, g=136.5}\1 l
------ Thorsos taper, g=307.2A,;

g-= 136.5A1
g =3072),.

curves are

-80 -60 -40 -20 0 20 40 60 80
0., degrees

Figure 5-29 Average bistatic normalized radar cross section for
6, =86°. Horizontal (TE) polarization, the average is taken over
100 realizations of P-M surfaces with a wind speed of 5 m/s and
surface lengthL; =163844, .

(the curve is borrowed from Fig. 5-5) and the Thorsos taper with
The surface length in both cased {s=163844;. One can see that the two

almost identical for the most of scattering angles; however, close to

6, = -90° the curve corresponding to the Thorsos taper has noticeably smaller values.

While we did not have the data to check if the result with the Thorsos taper is a “true”
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one (this would involve simulations with even larger surfaces), the general pattern of

behavior in the vicinity of-90° suggests that the dashed curve in Fig. 5-29 is closer to to
the “true” answer (cf. Figs. 5-6 and 5-9).

The example in Fig. 5-29 and the preceding discussion suggest that when one
needs to go to the larger incident angles, it is more advantageous to use the Thorsos taper

with a g that satisfies the Kapp criterion and increase the surface length accordingly than
to use the integral taper with a smaligrand still be forced to use larger surface to

reduce the taper edge levels. This means that if only the options (1) and (2) were
considered, the preference should be given to the option (1). In Fig. 5-29 one can also
notice a sharper specular peak in the case of the Thorsos taper which is due to a larger

spotsize. This brings yet another consideration in favor of using the taper with adarger

(i.e. options (1) and possibly (3)): the larger spotsize allows determining the NRCS with a
finer angular resolution, as was pointed out by [Ngo and Rino, 1994].
As was noted, the integral taper provides higher edge levels compared to its

Thorsos/Gaussian counterparts with saeeg (as can be observed in Fig. 5-2, cf. also
[Toporkovet al, 1998]). So, ifg in option (3) varies witlg, as in (5.8), then the integral

taper would have no apparent advantage to the Thorsos taper which will remain valid for

such g’s . However, the question of using the integral taper with the waist that increases
with 6; in a fashion other than in (5.8) may be of interest and probably deserves further
study. Here we will give an example illustrating the possible issues involved. Fig. 5-30
shows the edge levels for the integral taper as a function of the beam w#st186’

and three surface length819.24,, 163844, and 32768A; (while we used\; =23 cm

the results as shown in Fig. 5-30 are valid for any electromagnetic wavelength used in
place of A;). For smallg’s, high edge levels observed in Fig. 5-30 are understandable
given the raised “tails” of the integral taper visisble in Fig. 5-1; at |larigethe integral

taper is well approximated by the Thorsos taper and we see the edge level rising as
(L/g)2 as predicted for the Thorsos/Gaussian taper by (5.22). It is evident from the
figure that for every surface length considered there is a certain valuwp tfat

minimizes the edge level. For example, for the surface of the lehgtl6384A;

175



a1
o
L
-
P
2
\
\;
N
1

Edge level, dB

QG
o
T
-
N
N
|

o

o
T
-
!

|

©
o
1
:
<

A RV —— Surface length 819.2 X,
_100?......€ ....... \ / ........... .............. Surface Iength 16384)\1 i
' RTRPR SUUUUN RE e - Surface length 3276.8 A, |. |

IPPTS] A AN S -

] ‘ ] ‘ ] ‘ ] ‘ i ‘ ] ‘ i ‘ ]
200 3 400 500 600 700 800 900
136.5 307.2 aA,

-120

Figure 5-3Q0 Suppression levels at surface ends provided by the
integral taper vs. the beam waist parametef6, =86°). The values

of g used in other examples in this Sectid3§5A; and 307.24;)

are marked for reference.

(dashed curve) this minimum occurs at approximately 225\, and is about —56 dB.
For comparison (we continue to follow the dashed curveLfor 163844, ), should we
used a smalleg =1365A; (as we did in Fig. 5-5) this would have resulted in —38 dB
edge level. The use of =307.2A; predicted by (5.8) for the validity of thEhorsos
taper would result in about —47 dB edge suppression. Both these values are higher than
the minimal —56 dB. Note also that this minimal edge level is still higher than —61.7 dB
what would be achieved if the Thorsos taper with a “correct 307.2A; were used
with the same surface of the lendth=163844;, .

This example demonstrates that for a given surface length there is an optimal
beam waist, sayg* that results in the lowest integral taper edge level possible. This

“optimal waist” is different from the one predicted by (5.8) for the Thorsos taper. The
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dependence off on 8, and L, as well as achievable suppression levels, deserve further

investigation. This knowledge will be of certain use if the integral taper has to be
employed; indeed, in some problems (like propagation over rough surfaces) the exact
Maxwellian nature of the incident field is of a paramount concern and the integral taper
emerges as a logical choice [Toporlaial, 1998].

Although our understanding of the application of the integral taper is not yet
complete, the discussion above indicates that in the rough surface scattering problems it
is preferable to use the Thorsos taper with the waist governed by the Kapp criterion. In

this case, tapering levels at the edges seem to be smaller than for the integral taper with

even the “optimal” waistg* and they are more controllable. Switching from Thorsos to
integral taper while retaining the sargeand the surface length doescasionallypermit

obtaining valid results for incident angles larger than the limit set by the Kapp criterion

(cf. Fig. 5-4 for example). This happens if the increase in the edge levels resulting from

such a switch is not large enough to afféa®1 However, due to the reasons cited

above the Thorsos taper seems to be the preferred chogemeral It should also be
remembered that one of the most important considerations in favor of the Thorsos taper is

its computational simplicity.

5.4 Conclusion

In this Chapter we have considered the applicability of the Gaussian and the
Thorsos tapers to rough surface scattering a low grazing angles. In our scattering
simulations with the ocean-like Pierson-Moskowitz surfaces we saw a distinctive
signature of the Thorsos and Gaussian taper failure for the horizontal polarization (TE
case): as the incident angle approaches grazing, the backscattered cross section
consistently exhibits an anomalous jump. From these observations, we determined the
value of an arbitrary constant involved in the Kapp “angle of incidence-beam waist”
criterion and showed that this criterion is very reliable. We find that Gaussian and
Thorsos tapers with the same waist fail at about the same incident angle, with the Thorsos
taper being somewhat more robust. Once the incident angle is in the region where the

taper fails, the surface current, which is the solution to the magnetic field integral
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equation (MFIE), also displays quite distinctive features such as a slowly decaying “tail”.
For the vertical polarization (TM case), we find virtually no indication of a Gaussian-like

taper failure either in the cross section, or in the MFIE current. These effects might,
however, be present at larger incident angles that have not been studied.

The above effects associated with the failure of the approximate taper for
horizontal polarization are not present if the exact Maxwellian integral taper is used.
However, this taper provides poorer suppression at the surface edges and, as the incident
angle increases, the results obtained with such a taper become invalid because of the
insufficient edge tapering. This effect limits the applicability of the integral taper at large

6, for a fixed surface length.

When either the integral taper or Thorsos taper that follow the Kapp criterion are
used, the surface length has to be increased as the incidence angle moves to grazing, the
reason being the deterioration in the edge tapering. The influence of the edge suppression
provided by the Thorsos taper (or, equivalently,g ratio) on the average NRCS of P-M

surfaces has been considered. It was found that in the horizontal case the valid

backscattering cross section for the incident angles as I&4 as84° can be calculated
with the tapering levels as high a80 to —40 dB. However, this threshold grows with

6, and lower incident angles will require stronger edge tapering, as should be expected.
Stronger tapering at the edges may be required if the values of bistatic cross section at

scattering angles close te 90° are of interest. For the vertical (TM) case, both
backscattering and bistatic results display much larger tolerance to the taper edge levels.
Although the integral taper probably requires further study, its comparison to the
Thorsos taper suggests that the latter (with the appropriate beam waist) provides lower
edge levels. Also, in the case of the Thorsos taper the edge levels are easier to control.
Combined with the fact that the Thorsos taper is much less computationally expensive,
these considerations indicate that in general the Thorsos taper should be given a

preference provided that the Kapp criterion is satisfied.
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Chapter 6

Summary and Conclusions

This study considers 2-D numerical simulations of scattering from randomly
rough perfectly conducting surfaces with the ocean-like Pierson-Moskowitz spectrum.
The purpose of this work was to investigate and report on several issues found to be of
importance relative to the validity of numerical scattering simulations, especially at low
grazing incidence angles. These issues include the discretization of the integral equation
for surface current and properly accounting for all terms that should result from such a
procedure, and the choice of the sampling interval and the effect of the artificially
introduced surface spectral cutoff. Another important factor that can affect simulation
results at low grazing angles (LGA) is the use of an incident field having a Gaussian-like
taper. The approximate nature of such an incident field (it does not satisfy the wave
equation exactly) can result in significant distortion of the results unless certain
precautions developed here are followed.

The electromagnetic and statistical foundations of Monte Carlo scattering
simulations used in this study are reviewed in Chapters 2 and 3, respectively. Chapter 3
also presents a detailed development of the spectral method of generating realizations of
randomly rough surfaces together with their higher derivatives. This ability to generate
first and second surface height derivatives is important since the knowledge of these
derivatives is required when solving the discretized Magnetic Field Integral Equation
(MFIE) that constitutes the basis for the scattering simulations.

The main results of this dissertation are presented in Chapters 4 and 5. Chapter 4
addresses the questions of discretizing the MFIE, choosing the sampling interval and a
related issue of selection of the surface spectral cutoff for simulation purposes. Chapter 5
focuses on the application of the incident field with a Gaussian-like taper in LGA
simulations. The most important findings are listed at the end of each chapter in the

“Conclusion” sections. Here we summarize these findings once again.
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The results of numerical scattering simulations with Pierson-Moskowitz surfaces
demonstrate that the so-called “curvature terms”, previously regarded by many
researchers as an optional correction must be included in the diagonal of the propagator
matrix of the discretized MFIE. Otherwise, calculated values of the normalized radar
cross section exhibit strong sensitivity to the sampling interval and very small intervals
(such as a hundredth of an electromagnetic wavelength) may be required to achieve a
stable and presumably correct value. This effect is especially pronounced in the case of
the horizontal polarization at low grazing angles. For average quantities like the average
normalized radar cross section, the observed discrepancies are not as dramatic as for
single-realization cases but are still significant. An inclusion of the “curvature terms” in
the propagator matrix remedies this problem completely. Subsequent analysis of the
discretization of the MFIE reveals that these “curvature terms” must indeed appear in the
diagonal of the kernel matrix as a result of the correct discretization procedure. This
conclusion does not depend on the type of the surface spectrum; however the effect of
neglecting these terms when P-M surfaces are used is especially strong since high local
curvature is characteristic of such surfaces. The above finding regarding “curvature
terms” also does not depend on what particular numerical technique is used to solve the
discretized MFIE. Following this analysis, we develop a recommendation for the choice
of a sampling interval to be used in simulations with P-M surfaces that is based on the
electromagnetic wavelength and the surface spectral cutoff. Such a cutoff is present in
natural ocean-like surfaces due to physical mechanisms and can have different values
depending on several factors like the presence of certain surfactants. For numerical
simulation purposes some artificial, much lower value of such a cutoff is usually
assumed. The sensitivity of the scattering simulation results to the choice of this cutoff
was studied. It was found that for both single-realization and average backscattered cross
section this sensitivity increases at large incidence angles. At LGA significant changes in
the averagecross section are observed once the spectral cutoff falls Kok =the
electromagnetic wavenumber). The spectral cutoff can be chosen as RSk a®r the
average normalized radar cross section not to be affected. At moderate incident angles,
these thresholds become lower. For single-realization cross sections, variations are

observed until higher values of surface cutoff are reached; these values for low grazing
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incident angles may be as high 3s to 4k . Further analysis of the relative rms error in

the scatteredield reveals that the cutoff value dk results in only a few percent error

for incidence angles as low &5 . Consequently, while the cutoff @5k seems to be
completely adequate for average cross section calculations, one should consider using a
higher cutoff like 4k if quantities other than average cross section are of interest. Such
choices will permit obtaining valid results that are representative of realistic surfaces with
much larger natural spectral cutoffs. The conclusions regarding the choice of surface
spectral cutoff remain much the same for both horizontal and vertical polarizations.

To guard against “edge effects” associated with the finite surface size used in
numerical simulations, a taper is often applied to the plane-wave incident field thus
reducing field levels towards the surface ends. The most popular taper functions are the
Gaussian and Thorsos tapers. These Gaussian-like tapers provide strong suppression at
the edges that can be easily controlled by choosing the taper waist/surface length ratio.
However, the incident field with either taper satisfies the wave equation only
approximately, with the Thorsos taper providing better compliance. Our simulation
results show that for the horizontal polarization the average backscattered cross section
obtained with these approximate tapers displays a characteristic anomaly that is
associated with the taper “failure” at LGA. We used this observation to investigate the
“beam waist — angle of incidence” criteria that have been proposed by several authors.
These criteria sought to limit a fraction of evanecsent waves or wave components that can
be interpreted as coming from below the surface by increasing the taper waist with the
angle of incidence; at LGA they predict essentially the same dependence. For P-M
surfaces, we refined one of the criteria by determining the value of an arbitrary constant
involved and showed that this criterion is very robust. It was also shown that if one
chooses the beam waist in accordance with this refined criterion the valid results are

obtained not only in backscattered direction but for all scattering angles, except maybe

those very close te- 90°. The Gaussian and the Thorsos tapers having same waist were
observed to fail at about the same incident angle with the Thorsos taper being somewhat
more robust. The effects of the taper “failure” in the horizontal case were also observed

in the surface current (the solution to the MFIE) as an abnormally large “tail”. As far as
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the vertical polarization is concerned, for the range of incident angles studied§éip) to

we saw no indications of taper failure in either the average cross section or the surface
current. During this study we investigated the application of the “exact” tapered incident
field which, being a weighted superposition of plane waves, satisfied the wave equation
exactly (this was done mainly to have a check case to which the approximate taper results
could be compared). It was found that the main problem associated with such an incident
field was an increasingly weak suppression at the finite length surface edges at large
incident angles that eventually lead to the distortions in the calculated cross sections. For
both the “exact” incident field and the field with the approximate Gaussian-like taper that
satisfies the beam waist criterion, the edge suppression level is controlled by the surface
length, and at large incident angles the increasingly long surfaces are required. While for
Gaussian-like tapers the relationship between the beam waist, surface length and the edge
levels is simple, for the incident field with the “exact” taper such a relationship seems to
be more complex and this issue may deserve further study.

This work uncovers the problems associated with numerical simulations of rough
surface scattering, especially in the demanding LGA regime, and presents solutions and
recommendations to avoid or eliminate these problems. These results provide further
progress in the newly emerging area of numerical studies of surface scattering at low

grazing angles.

182



References

Adams, R. J., Private communication, 1998.

Allen, K. R., and Joseph, R. ., “A canonical statistical theory of oceanic internal waves”,
Journal of Fluid Mechanigsvol. 204, pp. 185-228, 1989.

Allen, K. R., and Joseph, R. I., “A canonical statistical theory of surface wind waves”,
EOS Transactions AGWpl. 71, p. 73, 1990.

Apel, J. R., “An improved model of the ocean surface wave vector spectrum and its
effects on radar backscattedournal of Geophysical Researchol. 99, no C8, pp.

16269-16291, 1994.

Arfken, G. B., Weber, H. JMathematical Methods for Physicistdcademic Press,
N.Y., 1995.

Beckmann, P., Spizzichino, AThe Scattering of Electromagnetic Waves from Rough

SurfacesPergamon Press, N.Y., 1963.

Bleistein, N. and Handelsman, R. AAsymptotic Expansions of Integrals, Dover
Publications Inc., N.Y., 1986.

Bracewell, R..;The Fourier Transform and Its ApplicatigidcGraw Hill, N.Y., 1965.

Brigham, E. O.,The Fast Fourier TransforpPrentice-Hall, Inc., Englewood Cliffs, NJ,
1974.

Brown, G. S. and Kapp, D. A., “The effect of surface curvature on the sampling interval

and convergence rate of the Method of Ordered Multiple InteractitBEE Antennas

183



and Propagation International Symposium and URSI Radio Science Mdgditighore,
MD, p. 144, July 1996.

Chan, C. H., Tsang, L., and Li, Q., “Monte Carlo simulations of large-scale one-
dimensional random rough-surface scattering at near-grazing incidence: penetrable case”,
IEEE Trans. Antennas & Propagavol. 46 no 1, pp. 142-14QJanuary 1998.

Chew, W. C.Waves and Fields in Inhomogeneous Mgeti&E Press, N.Y., 1995.

Courant, R., Hilbert, D.,Methods of Mathematical Physjcssol.1, Interscience
Publishers, Inc., N.Y., 1953.

Davenport, W. B., Root, W. LAn Introduction to the Theory of Random Signals and
Noise IEEE Press, N.Y., 1987.

Donohue, D. J., Ku, H.-C., Thompson, D. and Sadowsky, J., “Direct numerical
simulation of electromagnetic rough surface and sea scattering by an improved banded
matrix iterative method”Johns Hopkins APL Technical Digesbl.18, no 2, pp. 204-

216, 1997.

Donohue, D. J., Ku, H.-C., Thompson, D., “Application of Iterative Moment-Method
Solutions to Ocean Surface Radar ScatterifgEE Trans. Antennas & Propagatol.

46,n0 1, pp. 121-132]January 1998.

Feynman, R. P., Hibbs, A. RQuantum Mechanics and Path IntegraldcGraw Hill,
N.Y., pp.322-356, 1965.

Gradshteyn, I.S., Ryzhik, I. MT.able of Integrals, Series and Produdtsth Edition, A.
Jeffrey, Editor, Academic Press, Inc., N.Y., 1994,

Harrington, R.Field Computation by Moment MethodEEE Press, N. Y., 1993.

184



Holliday, D., DeRaad, L. L. and St-Cyr, G. J., “Forward-Backward: a new method for
computing low-grazing angle scatteringZEE Trans. Antennas & Propagatol. 44 no
5, pp 722-729, May 1996.

Ishimaru, A.Electromagnetic Wave Propagation, Radiation, and Scattefirgntice-
Hall, Inc., N. J., 1991.

Jackson, J. DClassical Electrodynami¢gohn Wiley & Sons, Inc., N. Y., 1975.

Johnson, J. T., “A numerical study of low grazing angle backscatter from ocean-like
impedance surfaces with the canonical grid methd&EE Trans. Antennas &
Propagat.,vol. 46 no 1, pp. 114-12Qlanuary 1998.

Kapp D. A., A New Method to Calculate Wave Scattering From Rough Surfaces at Low
Grazing AnglesPh.D. dissertation, Virginia Polytechnic Institute and State University,
Blacksburg, VA, 1995.

Kapp, D. A. and Brown, G. S., “A new numerical method for rough surface scattering
calculations” JEEE Trans. Antennas & Propagatol. 44 no 5, pp711-721, May 1996.

Lentz, R. R., “A numerical study of electromagnetic scattering from ocean-like surfaces”,
Radio Scienge9, 1139-1146, 1974.

Leskova, T. A., Maradudin, A. A., Schegrov, A.V., Mendez E. R., “Numerical generation
of a one-dimensional random surface with a prescribed pdf of slog&S) National

Radio Science Meetingoulder, CO, p. 174, January 1998.

Longuet-Higgins, M. S., “The effect of non-linearities on statistical distribution in the

theory of sea wavesJournal of Fluid Mechanigsl7, pp. 459-480, 1963.

185



Mandel, L. and Wolf, E.Qptical Coherence and Quantum Opti€ambridge University
Press, N.Y., p. 44, 1995

Marchand, R. T.Numerical Study on the Validity of the Quasi-Specular and Two-Scale
Models for Rough Surface Parameter Estimation: One Dimensional Syrfabes.
dissertation, Virginia Polytechnic Institute and State University, Blacksburg, VA, pp. 87-
89, 1996.

Marchand, R. T. and Brown G. S. “On the use of finite surfaces in the numerical
prediction of rough surface scattering”, submittetBBE Trans. Antennas & Propagat.,
1998.

Middleton, D.,An Introduction to Statistical Communication ThedcGraw Hill, New
York, 1960.

Morita, N., Kumagi, N. and Mautz, Jntegral Equation Methods for Electromagnetics
Artech House, Boston, 1990.

Ngo, H. D., and Rino, C. L., “Application of beam simulation to scattering at low grazing
angles. 1. Methodology and validatiorRadio Sciencevol. 29 no 6, pp. 1365-1379

1994.

Ogilvy, J. A., Theory of Wave Scattering from Random Rough Surf#@wtesm Hilger,
N.Y., 1991.

Papoulis, A.,Probability, Random Variables, and Stochastic Proces8dsEdition,
McGraw-Hill, Inc., N.Y., 1991.

Pak, K, Tsang, L, Chan, C. H., and Johnson, J., “Backscattering enhancement of

electromagnetic waves from two-dimensional perfectly conducting random rough

186



surfaces based on Monte Carlo simulatiodstyrnal of the Optical Society of America A
vol. 12, no. 11, pp. 2491-2499, November 1995.

Rayleigh, Lord;The Theory of Soun@® edition, MacMillan, London, 1896.

Thorsos, E., “The validity of the Kirchhoff approximation for rough surface scattering
using a Gaussian roughness spectrurh&Journal of the Acoustical Society of America
vol. 83, no 1, pp. 78-92, Jan. 1988.

Thorsos, E., “Acoustic scattering from “Pierson-Moskowitz” sea surfadegJournal of
the Acoustical Society of Amerjosl. 88, no 1, pp. 335-349, Jul. 1990.

Toporkov, J. V., and Brown, G. S., “Radar Imaging of a Simple Model of Non-Gaussian
One-Dimensional Random SurfacdEEE Antennas and Propagation International
Symposium and URSI Radio Science MeeBaffimore, MD, pp. 2171-2174, July 1996.

Toporkov, J. V., Marchand, R. T., and Brown, G. S., “On the discretization of the integral
equation describing scattering by rough conducting surfaltleEE Trans. Antennas &
Propagat.,vol. 46 no 1, pp. 150-161]anuary 1998.

Toporkov, J. V., Awadallah, R. S., and Brown, G. S., “Failure of Gaussian-like incident
angle field approximation at low grazing angles”, submittedaornal of the Optical
Society of America,A998.

Tran, P., and Elson, J. M., “Banded method of ordered multiple interaction for the
scattering of electromagnetic waves from a rough surface”, submittémlitoal of the

Optical Society of America,A997.

Tran, P., and Maradudin, A. A., “The scattering of electromagnetic waves from a

randomly rough 2D metallic surfaceDptics Communicationd 10, pp. 269-273, 1994.

187



Van Trees, H.Detection, Estimation, and Modulation Thepdohn Wiley and Sons,
Inc., N.Y., 1968.

Wagner, R. L., Song J., and Chew, W. C., “Monte Carlo simulation of electromagnetic
scattering from two-dimensional random rough surfac8SEE Trans. Antennas &
Propagat.,vol. 45 no 2, pp. 235-245February 1997.

Wingham, D. J. and Devayya, R. H., “A note on the use of the Neumann expansion in
calculating the scatter from rough surfacéBEE Trans. Antennas & Propagavol. 40

no 5, pp. 560-563May 1992.

Zinn-Justin, JQuantum Field Theory and Critical Phenome@xford University Press,
N.Y., 1989.

188





