Appendix A

Derivation of the scattering matrix of a general
symmetrical condensed node

In this appendix, the scattering matrix of a general symmetrical condensed node will be
derived. The method for deriving the scattering matrix of a general node is based on first
obtaining expressions for three nodal voltaggswand V, and three loop currentg I, and
l,. The scattering equations can then be expressed in terms of these voltages and currents.

The link line impedances are assumed to be different and given by
Z, (Y,) is the impedance (admittance) of a j directed line polarized in the k direction.

The x directed equivalent voltage &an be obtained from the expression
Vx2 Ci =2 ViC (A.1)

expressing the capacitance in equation (A.1) in terms of the link line admittances, equation
(A.1) can be rewritten as

VS 2Y y +2Y 2+ Y o = S (Vo + Vi + Y oV e+ Vand + YoV o] (A.2)

From the conservation of the charge associated with thielel component, the following
expression can be derived

Y yx[V iynx-Vglnx‘FVipr'Vglpx]‘FYZX[V bV 5nx+Visz'V zpx]+Y ox[V ox —V ox] =VxCx =0
(A.3)

Rearranging equation (A.3) gives
Y yx[Vynx + Vipx] +Y 2x[Viznx +Vipx] +Y oxVox =
ny[Viynx + Viypx] +Y 2x[Vonx + Visz] +Y oxVox = VxGyx (A.4)
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expressing the voltage in terms of incident and reflected voltages and writing the reflected
voltages in equation (A.4) in terms of the incident voltages gives

Vx[2Yyx +2Y 2x +Yox] = [2ny(Viypx + Viynx) + 2sz(Visz + Viznx) + 2YoxViox -V xGy«]
(A.5)

From equation (A.5), the node voltagedan be expressed as

_ [2ny(Viypx + Viynx) +2Y x(V ipr + Viznx) +Y oxV iox]

V
X [2Yyx +2Y 2x + Y ox]

(A.6)

by writing equations similar to (A.1) and (A.3) for ®nd \, , similar expressions to that in
(A.6) can be obtained for \and V, and are given by

_ [2Yxy(Vipy *+ Viny) +2Y29(V bpy + Vimy) +Y 0V ]

Vv A7
y [2Yxy+2Y2y+Y o (A7)
_ [2sz(Viypz + Viynz) + 2sz(Vixpz + Vixnz) +Y oV ioz]
V;= (A.8)
[2sz + 2YXZ + Yoz]
To get the loop curreny, Ifirst apply the conservation of magnetic flux principle
> Ln(lh+15)=0 (A.9)

considering the current bnd expressing each link line inductance in terms of the link line
impedance and delay

%[ZyzU Yz + 1inz =19z = 19p2) + Zay(Izpy + 1 2py = Lzny = I 5ny) + Rl x + Zsxlx] =0 (A.10)
expressing currents in terms of voltage pulses and rearranging
V{/nz - V{/pz + Vgpy - VEny"‘ Rxlx +Vsx = _(Viynz - Viypz + Vizpy - Vizny + Visx) (A.11)

The equivalent current tesponsible for the x directed component of the magnetic field can be
obtained as

Ix2 1i =2 liL; (A.12)

expressing the inductances in terms of the link line impedances, equation (A.12) can be written
as
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% I x[ZZyZ + ZZZy + st] = _% [Zyz(l ynz - Iypz) + Zzy(l Zpy_ I Zny) + stl )(] (A13)

Vinz—Vrnz . VIZH _V;n
but lynz= M and similarly | zny = LU AL
Zyz Zzy

substituting in (A.13) and expressing the reflected voltages in terms of the incident voltages
from (A.10) gives

1x[2Zyz + 272y + Z 5] = ~2[(Vynz = Vipz) + (Vzpy = Vimy) +Vsx] =~ Rxlx (A.14)
From equation (A.14), the currentclan be written as

[ZZyZ + ZZZy + ZSX + RX]

(A.15)

I

By writing similar expressions to (A.10) and (A.13) for the currents in the y and z directions,
similar expressions to (A.15) can be obtained for the curreatsl I, and are given by

_ 2[Vixnz —Vixpz +Visz—Viznx —Vsy]

Iy = [2Zxz +2Z2x + Zsy+ Ry] (A-16)
e A7)
Writing continuity equations for the electric field in the x direction gives
Viny + Viny + Vipy + Vipy = Vhny + Viny + Vipy + Vipy (A.18)
and writing field continuity equation for the lgives
(Vinx = Vi) = (Vipx = Vipx) _ (Viny = Viny) = (Vipy + Vipy) (A.19)

Zyx Zxy

Equations (A.18) and (A.19) together with conservation of charge equatior) ord&he
equation for the conservation of the magnetic flux fgrthe four equations can be solved

simultaneously for . and \, to give expression in the form

Vink =V =1 2Zyx = Vinx (A.20)
Vipx = Vi +12Zyx = Vi (A.21)
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Similar expressions for other pairs of voltages can be obtained by writing the appropriate
charge and flux conservation equations, electric and magnetic continuity equations for the
corresponding electric and magnetic fields. The expression for the scattered voltage will in
general take the from

Vipj :Vj _IkZij _Vinj Vinj :Vj +|kZij _Vipj If] Ok=i (A22)
Vipj :Vj +|kZij _Vinj Vinj :Vj _IkZij _Vipj If] Ok=-i (A23)
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