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(ABSTRACT) 

Friction induced vibration of an epoxy coated shaft rotating in an elastomeric bushing is 

investigated. This study investigates the manner in which system dynamics and friction 

mechanisms are responsible for friction induced vibration and noise generation. A test method 

was developed to measure the friction torque and the system and acoustic response of the sliding 

system. Several materials including a fluorocarbon elastomer, a polydimethylsiloxane, and a 

natural rubber were tested. 

Three friction regimes were observed which were stick-slip oscillations, quasi-harmonic 

oscillations, and steady sliding. System stiffness and load were varied to observe changes in the 

critical velocities bounding each regime. System parameters were varied to determine sliding 

conditions leading to self-induced vibration, to establish how the character of vibration is affected, 

and to correlate friction torque with system and acoustic vibration for each elastomeric material. 

A two degree-of-freedom, lumped parameter model was developed to simulate the effect 

of system dynamics on the sliding behavior of the elastomeric bushing. The comparison of 

simulated and experimental response using analyses in the time and frequency domain indicate 

the predictive model provides an excellent representation of stick-slip behavior at various 

operating conditions.
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1.0 Introduction 

This study investigates friction induced vibration that results in audible noise when 

elastomeric materials slide on hard painted steel surfaces. The origin and nature of the 

self-excited oscillations is studied between a shaft rotating in an elastomeric bushing such 

as that which supports the stabilizer bar in an automotive suspension system. The main 

thrust of this research was to determine the manner in which the system dynamics 

influence friction behavior, the friction mechanisms responsible for the self-excited 

oscillations, and to find sliding velocity/interference fit/material relationships leading to 

friction induced vibration and noise generation. 

To accomplish the research goals it was necessary to fabricate a rotary test 

apparatus with variable system dynamics operating under a range of conditions. A digital 

measurement system was incorporated with the apparatus to measure the response of the 

system and to provide a means of numerically evaluating the unstable sliding behavior 

and audible noise. 

Initially, it was necessary to characterize different types of friction phenomena 

and verify the operating conditions required for each. The friction/velocity relationships 

were determined experimentally for each material to establish if the kinetic friction was 

responsible for the sliding instability. This basic understanding of the friction behavior 

was extended by examining how the system input, the shaft velocity, and other system 

parameters including load and system dynamics influence the frequency content of 
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friction. From these measurements it was possible to characterize and correlate system 

inputs with mechanical and acoustical responses of the system subjectively and 

quantitatively in terms of frequency content, vibration amplitude, and mean levels of 

oscillations. 

To aid in developing a set of guidelines to predict conditions required to avoid 

frictional oscillations and acoustic noise generation, a discontinuous stick-slip model was 

developed. This simulation was used to illustrate the interaction between the system 

dynamics and other system parameters with the sliding behavior at the elastomer/shaft 

interface. 

This thesis will develop and extend the interaction between the tribology and 

dynamics of a sliding pair during friction induced vibration. Section 2 is a review of 

previous research related to elastomeric friction and friction induced vibration. The 

investigation of system dynamics and acoustics during frictional vibration are also 

surveyed. The experimental equipment, instrumentation, materials, and procedure are 

described in depth in Section 3. In Section 4, a numerical stick-slip model is developed 

incorporating the inertia, stiffness, and damping of the elastomer and supporting 

structure. This model will be used to evaluate the interaction of system parameters and 

the sliding behavior. These parameters are experimentally determined and presented in 

Section 5. Also included in Section 5 are the results from the friction/velocity, vibration, 

and acoustic studies of the frictional oscillations. The results of Section 5 are interpreted 

in Section 6 and actual and simulated behavior using the model developed in Section 4 

are compared. In Sections 7 and 8, conclusions and recommendations are drawn from 
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experimental and theoretical investigations to summarize the cause of friction instability 

and noise generation and methods of avoiding it. 
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2.0 Review of the Literature 

2.1 Friction Theories for Elastomers 

Although sliding friction between an elastomer and hard counterface behaves 

according to the basic laws of friction, factors influencing the mechanism of friction 

differ distinctly from metal-on-metal friction. Differences result from viscoelastic 

properties, mechanisms of adhesion, reduced hardness, melting temperature, and elastic 

modulus of the elastomer. Several theories have been developed to explain the 

mechanism of dry rubber friction on molecular and macroscopic levels, each with its 

critics. However, four points are generally agreed upon. 

First, adhesion between the crosslinked chains of the elastomer and a hard surface 

is due to the formation and shearing of weak interfacial bonds. Part of the friction force 

results from the energy required to shear these bonds. Tabor [1], Roberts [2], and others 

agree this process requires a net loss of energy, dissipated as heat, during dry rubber 

friction. 

Second, a contribution to the friction results when the energy of deformation is 

not fully recovered. Greenwood and Tabor [3] conducted friction experiments by 

ploughing a spherical metal slider over lubricated rubber. The rubber was lubricated in 

an attempt to observe the friction due to deformation and alleviate friction by other 

mechanisms. They noted that the friction increased with increasing normal pressure and 

that this correlated with the effect of hysteresis losses of the rubber. Schallomach [4] 
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observed that soft elastomers sliding on Perspex form waves of detachment which 

traverse the interface. The energy required to buckle and unpeel the elastomer from the 

harder substrate is not fully recovered in a manner similar to the energy dissipated by 

shearing adhered junctions. 

Third, the relative contribution of adhesion and associated deformation losses to 

the friction force depends on sliding velocity and temperature. The result is the well 

known viscoelastic peak when the coefficient of friction is plotted versus sliding velocity. 

Grosch [5] showed that the frictional behavior of elastomers depends on the 

temperature/velocity relationship of the viscoelastic properties. Grosch conducted sliding 

experiments at similar velocities but different temperatures. Using the Williams, Landel, 

& Ferry (W.L.F.) transform, Grosch found the coefficient of friction was co-dependent 

on the sliding velocity and the temperature at the interface. The coefficient of friction 

is plotted versus the logarithm of the velocity which has been shifted by the amount 

log,4,. Equation 2.1 is the W.L.F. transform into which the test temperature, 7;, and 

a reference temperature, 7;, are substituted to find the shift factor. 

-8.88(T, = T,) (2.1) 
101.5 + (Tp - To) 
  loga, - 

He showed the data collapsed on a single master curve for a given reference temperature 

and confirmed the viscoelastic nature of friction. 

Finally, one would expect the surface roughness and hardness of the elastomer 

and hard substrate to affect friction force magnitude. Moore [6] explains that roughness 

is the primary factor which determines the real area of contact (and thus adhesion) when 
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a normal load acts on an elastomer. 

2.2 Friction Induced Vibration 

Three classifications of frictional vibration have been reported in the literature. 

These are (1) stick-slip, (2) self-excited harmonic oscillations, and (3) vibration induced 

by random surface irregularities. Each of these frictional phenomena have been 

correlated with system vibration and noise generation. The nature of the surfaces in 

contact as well as operating conditions (normal load and sliding speed) dictate which type 

of vibration will occur if any. 

Stick-slip motion, ideally characterized by a periodic sawtooth wave form, was 

observed for various sliding pair combinations including elastomer, metal, and glass 

(7,8,9,10,11,12,16,17,18]. Emphasis has been directed primarily to metal-on-metal 

sliding systems. Stick-slip sliding motion begins with no relative motion between the 

sliding pair, followed by a sudden slip at the interface. Ludema [7] provides an 

explanation of the intermittent motion with a one degree-of-freedom, lumped spring-mass 

model. The model consists of a mass resting on a stationary surface and the mass is 

connected by a spring to a prime mover. At time ¢ = 0, the velocity of the mass is zero 

and the velocity of the prime mover is equal to V. The motion of the prime mover 

causes the spring force to increase until it equals the static friction force, F,,,. Further 

motion of the prime mover will cause the spring force to exceed F,,,,, and the mass will 

slip relative to the stationary surface. If the kinetic friction force, F;,,, is equal to F,,.,, 
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the mass will slide steadily. However, if F,,, is less than F,,,,, the potential energy stored 

in the spring at F,,,, minus that at F,,, causes the mass to slip and accelerate about the 

equilibrium position determined by F;,,. Then the spring exerts a force on the mass 

which is less than that required to sustain sliding causing the mass to decelerate and stick 

when the velocity of the mass is zero. 

Stick-slip friction is generally attributed to a difference in the static and kinetic 

coefficients of friction by researchers Bowden and Leben [8], Rabinowicz [9], and 

Brockley, et al [10,11,12]. Rabinowicz and Brockley assert that an additional 

requirement is the increase of p,,,, with time, during which the area of contact increases, 

thus allowing the support of a larger tangential load. Once the shear strength of the 

junctions is reached, decreased contact area or cohesive failure of the softer material 

causes a discontinuity in the forces acting on the supporting structure of the substrates. 

As the sliding surfaces accelerate to their new equilibrium state, F,,, opposes motion of 

the surfaces until the relative velocity returns to zero. 

Several controlling factors influence the magnitude and frequency of stick-slip 

vibration. Increased sliding velocities elevate the rate of shear loading and thus the slip 

frequency. Rabinowicz [9] and Brockley, Cameron, and Potter [10] observed a reduction 

in stick amplitude for steel-on-steel systems with increased sliding velocity. After a 

critical velocity was reached, any further increase in sliding velocity produced steady 

sliding. Velocity variations can also dictate the amplitude and rate of slip. Material 

properties, including melting temperature of the metal, can also regulate the magnitude 

and frequency of stick-slip. Bowden and Leben’s experiments show a 50-fold increase 
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in slip amplitude for Wood’s Alloy (melting point 70°C) on steel as compared with 

molybdenum (melting point 2470°C) on steel. Similar observations for elastomer sliding 

on metal or glass are not reported directly in the literature. However the temperature 

effect on the viscoelastic nature of adhesion may have a similar effect on stick amplitude. 

If the difference between y,,,, and yu, 1s small, or if the friction force varies 

inversely with velocity, self excited harmonic oscillations may occur for metals and 

elastomers. The development of frictional excitations may arise in both linear and 

nonlinear systems. Aronov, et al [13,14,15], Rabinowicz [9], and others state that at 

sliding velocities which ensure a negative slope of the friction-velocity curve, negative 

damping will cause energy input to the sliding system. Energy input maintains or 

elevates the amplitude of the friction induced vibration. Brockley shows phase plane 

plots of velocity versus displacement. These plots indicate quasi-harmonic vibrations for 

steel-on-steel sliding, and show there are lower and upper limits of velocity where these 

vibrations can occur. 

2.3 Role of System Dynamics 

Theoretical and experimental investigations have been undertaken to suppress 

stick-slip and self-excited harmonic oscillations in metal-on-metal and elastomer-on-metal 

systems. These studies reveal that the dynamic characteristics of the supporting structure 

influence the amplitude and frequency of these friction induced vibrations. The level of 

system stiffness, damping, and mass or inertia dictate this. Less obvious effects arise 
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from system geometric and modal constraints. Researchers have shown that energy 

feedback to the interface from vibrational modes in the supporting structure has been 

shown to incite unsteady sliding. Similarly, the addition of a normal degree of freedom 

with insufficient stiffness will provoke frictional fluctuations. Bulk properties of the 

sliding pair must be considered as well as the supporting structure. 

Several investigations confirm correlation between natural resonances of the 

system and frequency of friction induced vibration for a variety of sliding configurations 

and materials including metals, elastomers, and ceramics. Kiryu, et al. [16], while 

observing ringing phenomena in automotive water pump seals, discovered frequency of 

torque fluctuations correspond to the fundamental frequency of the experimental rotating 

shaft system. They later learned [17] torque vibration was constrained by fundamental 

bending and torsional modes of the shaft during the stick period of the oscillation. 

During the slip portion, torque fluctuations resulted from free vibration of the stationary 

support structure. Bhushan [18] modeled propeller shaft bearings using a glass slider and 

Buna-N rubber stave. He discovered that stick-slip motion was coupled with mechanical 

resonances of the bearing supporting components. 

In an effort to suppress vibration in sliding systems, several researchers varied 

system parameters while observing amplitude and frequency of friction induced vibration. 

Rabinowicz [9] conducted sliding steel-on-steel experiments. He observed stick- 

slip amplitude as a function of sliding velocity for various spring stiffnesses. His 

findings showed that stiffer configurations reduced stick-slip amplitude and that increased 

velocities diminished amplitudes abruptly. He attributed the need to slide through a 
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critical distance (not allowed by stiffest springs used) before the static coefficient of 

friction drops to the lower kinetic value [9]. Similarly, Kiryu et al. [17] eliminated 

higher frequency vibration with increased spring rate. They observed that friction 

induced vibration for softer spring rates was more sensitive to changes in velocity and 

load. 

Aronov, et al. [13] extended Rabinowicz’s work to eliminate self-excited quasi- 

harmonic oscillations for a steel-on-steel sliding configuration. They concluded that as 

stiffness increased, the frequency of vibration in the frictional direction increased and the 

range of steady state friction before self-excited oscillation occurs also increased. 

Kato, et al. [19] were able to diminish amplitude of machine tool slideway 

vibration by decreasing the mass of the slider. This change effectively prevented the 

natural resonance of the system from exciting frictional oscillations that were inherent 

at the sliding interface. Kiryu, et al. [3] were able to eliminate higher frequency 

vibration by increasing the inertia of the rotating shaft system. 

Brockley, Cameron, and Potter [10] conducted a study of the existence of a 

critical velocity when stick-slip vibrations appear to die out. They related V,,,, to the 

degree of damping in the system and the time and velocity dependent friction 

characteristics of the surfaces. Their theory revealed that the degree of damping in the 

system reduced amplitude of stick-slip vibration at any given surface velocity, and also 

reduced the maximum velocity at which vibration ceased. 

Brockley and Ko [11] applied theory to experiment for quasi-harmonic frictional 

vibration. They demonstrated that sufficient increase in damping will suppress vibration 
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over the entire velocity range in reasonable agreement with theory. 

2.4 Acoustics and Friction Induced Vibration 

Correlation between frictional characteristics produced during stick-slip motion 

and noise generation have been reported in the literature. An immediate drop in friction 

at the beginning of slip provides an exciting force which initiates system vibration and 

acoustic output. Methods of suppressing friction induced vibration discussed in Section 

2.3 also seem to attenuate or eliminate acoustic output. 

Relationship of Noise Generation and System Natural Frequencies 

Bhushan [18] studied the fundamental mechanism of noise generation in water 

lubricated compliant bearings for marine propeller shafts. He discovered low frequency 

chatter was generated by frictional vibration when the lubrication film between the 

bearing and shaft deteriorated and the noise generated was due to mechanical resonances 

of the bearing support. Vibration generated squeal at the elastomer/glass interface. The 

squeal frequency was a function of the elastomer’s elastic and shear modulus and the 

specimen thickness. Kiryu, et al. [16,17,20] also found the relationship between ringing 

phenomena and frictional and resonant frequencies of the experimental system once fluid 

lubrication sliding conditions transitioned to non fluid. 

Automotive braking systems are a tribological system with undesirable squeal 

noise. Investigators consider the primary brake components as well as the friction 

materials. Schwartz, et al [21] describe methods of "quiet" brake design considering the 
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rotor and pad assembly. Their approach stems from experimental modal analysis which 

reveals squeal noise frequency generally corresponds to one of the rotor natural 

frequencies. They suggest that stiffness and vibrational modes of the pad backing plate 

influence the tendency of squeal noise. 

Earles and Soar [22] investigated brake system squeal using a pin-on-disc 

configuration. They varied pin contact angle, stiffness of the pin support, radius of pin 

contact, and disc thickness. Theory and experiment revealed that disc mode shapes that 

were excited when the pin support vibrated torsionally and produced squeal were not 

excited when the support vibrated in a translational mode. 

Relationship of Noise and Load, Velocity, Mass, Temperature, and Surface Roughness 

Having identified the cause of noise generation, Kiryu, et al. sought to identify 

the relationship between the ringing phenomena and contact load, sliding velocity, and 

lubricant temperature. They determined that lower frequency ringing varied with these 

parameters plus the torsional stiffness of the shaft. Frequency spectra of noise and 

torque variations changed in relation to shaft speed. As shaft speed and surface load 

increased, the amplitude of ringing increased. Increased shaft speed also resulted in 

shorter stick periods, causing an impulse to the system. The longer slip period following 

allowed the system to vibrate freely giving more time for acoustic emission. Higher 

frequency ringing was associated with torsional stiffness and mass moment of inertia of 

rotating parts but was not affected by speed variations. Raising the temperature of the 

lubricant broadened the sliding velocity range in which stick-slip and noise generation 

occurred. 
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Bhushan [18] noted several conditions which encouraged squeal and chatter. 

Roughened counterfaces were more likely to squeal. His explanation was that smooth 

sliding surfaces stick, and thus require a greater build up of force in the sliding direction 

in order to slip. Fewer sticks will occur and only lower frequency resonances will be 

excited producing low frequency chatter. Squeal was generated at low load and high 

speeds due to high frequency of slip. Chatter had greater acoustic intensity and resulted 

at high loads and all speeds because larger stick amplitudes excited the supporting 

structure. 

Relationship of Noise Generation to Material 

Investigators have also attempted to correlate acoustic noise generation with 

materials and material properties. Othman, et al. [23], while investigating the 

relationship between surface roughness, contact load, and frictional sound properties, 

concluded that sound pressure levels increased with increasing roughness and load for 

steel, brass, and aluminum. Note that, for each sliding system, frequency of acoustic 

emission did not vary with load. The dominating frequency varied linearly with the 

sonic speed of each material. Symmons and McNulty [24] also studied frictional sound 

properties. They investigated the correlation between vibration of the stick-slip type and 

noise generation. They found material pairings having an immediate drop at the start of 

the stick period were able to give an exciting force for the onset of noise generation. 

Previous research has shown that many factors contribute to the sliding behavior 

and the character of self-excited oscillations. In this investigation the relative 
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contribution of adhesion and deformation terms will be examined. It will be necessary 

to identify the velocity dependence of frictional oscillations for various degrees of normal 

load and system stiffness. Finally, it will be necessary to examine the friction and 

acoustic behavior to see if they are dominated by vibration modes of the system. 
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3.0 Experimental Technique 

3.1 Description of Apparatus 

A test apparatus was designed and fabricated providing rotary sliding motion 

between an epoxy painted shaft and a concentric elastomeric isolator. The apparatus was 

used to measure the friction force and system response of the sliding pair as well as the 

acoustical characteristics associated with the friction induced vibration causing the noise 

generation. 

3.1.1 Configuration 

The conceptual design is illustrated in Figure 3.1. The components of the test 

apparatus and their functions are as follows: 

The primary shaft turns with constant velocity in the bushing specimen. The shaft 

is supported by two self-aligning, isolated, pillow block bearings. The shaft was 

manufactured from Schedule 80, 0.5" ID, 304 stainless tubing to provide enough 

flexibility for strain measurements while maintaining strength requirements. It was 

necessary to ensure the resonant frequencies of the primary shaft were much higher than 

the friction induced vibration. The range of natural frequencies were determined for the 

fixed-free and fixed-fixed boundary conditions. It was assumed the actual frequencies 

would fall within this range. The torsional modes of vibration for fixed-free and free- 
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Figure 3.1 — Rotary test apparatus 
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Figure 3.2 — Clamping assembly providing variable interference 
fit and coupling between the bushing and beams. 
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free boundary conditions are listed in Table 3.1. The resonant frequencies are derived 

in Appendix A. 

Table 3.1. Torsional natural frequencies of the primary and secondary shaft. 

Mode Fixed-Free Free-Free 

1 1568 Hz 8131 Hz 

9 8462 Hz 16262 Hz 

3 16433 Hz 24393 Hz 

  

A replaceable secondary, hollow shaft was pressfit and pinned at the end of the 

primary shaft. The outer diameter of the shaft was 3 cm. The epoxy coated steel 

secondary shaft was manufactured from a 1988/1989 Ford Crown Victoria stabilizer bar. 

Original sections of the stabilizer were used to maintain the actual surface chemistry and 

roughness conditions. 

The elastomeric bushing was clamped to the specimen mount with the clamp 

assembly as shown in Figure 3.2. Clamping the bushing produced a radial deflection and 

a normal contact pressure at the interface. The load was varied by adjusting shim 

thickness between the clamp flanges. This changed the interference fit between the 

bushing and the shaft. The elastomer was glued to the interior of the clamp housing to 

prevent slip between the elastomer and clamp while torque was transmitted to the beams. 

Two stainless steel beams were attached to the bushing to provide an interactive 

system for the friction induced vibrations to excite and to act as radiating surfaces for 
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acoustical energy. Active beam lengths were adjusted by securing the beam anchors at 

their minimum and maximum distances from the shaft to effectively increase (or 

decrease) beam stiffness. The torsional beam stiffness, k,, is derived analytically later 

in Section 4.3 as the ratio of applied torque to the angular displacement of the clamp 

assembly. The beams were modelled as cantilevered beams with applied end load and 

end moment. Beam lengths of 9.2 and 12.3 cm were used for testing. This provided 

control of system stiffness and natural frequencies while observing friction and acoustic 

output. 

To observe friction behavior without transmission of beam vibration to the 

interface, the beams were removed and the clamp was rigidly fastened to the baseplate. 

The torsional stiffness for this case is very large compared to the 9.2 and 12.3 cm beam 

length conditions. Table 3.2 lists the torsional support stiffness for these three stiffness 

conditions. 

Table 3.2. Theoretical torsional spring rates of the support structure. 

  

  

  

  

Beam Length Torsional Stiffness 
[cm ] [ Nm/rad ] 

12.3 2,214 

9.2 3,745 

0 cot         
Very large compared with other stiffness conditions 

The natural frequencies of the beam/clamp system were determined analytically 

via the transfer matrix method. The following modeling assumptions were made: 
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(1) | Beams and clamps are modeled as sections with uniform cross-section and 
Young’s modulus. 

(2) | Clamps and bushing have concentrated mass and rotary moment of inertia. 

(3) Bushing has a lateral bearing stiffness of 3500 Ib/in and torsional spring 
constant of 750 Nm/rad. 

(4) Beams have continuous distributed mass. 

(5) | Beam anchors provide infinite stiffness. 

The first four modes of vibration are tuned in the range of interest—140-2100 Hz. 

Higher mode frequencies shown in Figure 3.3 are strong functions of beam length. 

In addition to serving as a mounting surface, the baseplate acts as an acoustic 

radiator when excited by vibration transmitted through the beam anchors from the beams. 

Isolators for the beam anchors were fabricated to determine whether attenuating 

transmitted vibration to the baseplate affected acoustic output. 

3.1.2 Instrumentation and Data Acquisition. 

Measurements of angular velocity, frictional vibration, audible noise, and system 

response were possible using the following instrumentation: 

A ten-turn radial potentiometer provided a measure of shaft angular displacement. 

Angular velocity was found from its time derivative. The potentiometer retained its 

linearity well above the 90° displacement test range. The calibration and instrumentation 

for this signal are Appendix B. 

Strain gages mounted on the primary shaft measured frictional torque. Since two 
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Figure 3.3 — Theoretical natural vibration modes of beam/bushing system. 
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perpendicular, 45-degree helixes define the principle stress directions for a circular shaft 

subjected to pure torsion, two 45°-rosettes (four strain gages) were used. The gages 

were wired in a Wheatstone bridge configuration and could detect positive and negative 

torques. Transient friction force frequencies were well below the maximum frequency 

response for this type of transducer. Linearity was maintained through the torque range 

of interest to + 40 Nm. The calibration and instrumentation for this transducer are in 

Appendix C. 

Piezoelectric accelerometers placed on the beams and plate sensed response of the 

beam system. A 1:1 charge amplifier energized the transducer. Resonant frequency of 

the accelerometer was measured at 70 kHz. Specifications and calibration are in 

Appendix D. 

A ¥%-inch microphone sensed audible noise from the interface, beams, and 

baseplate. The microphone was suspended from the ceiling to isolate it from apparatus 

vibration. Calibration and instrumentation for this transducer are in Appendix E. 

All signals were sent through low-pass filters for anti-aliasing purposes. Signals 

were captured on a Data Translation DT2821-F-16E digital acquisition board. The board 

employs 12-bit A/D converters with quantization error of +0.625 mV for a input range 

of +1.25 V. Each signal voltage was multiplied by the transducer’s constant gain factor 

and sampled at 30 kHz/channel. 

3.1.3 Operation. 

The apparatus operates in the following manner. An angular displacement caused 
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by manual rotation of the primary shaft (at a specified velocity) initiates motion between 

the secondary shaft and bushing. The tangential friction force at the interface deflects 

the bushing and clamps thus storing potential energy in the elastomer and the beams. 

When the bushing slips at the interface, the beam system will vibrate at its natural 

frequencies causing the bushing and clamp to rotate about the shaft until the vibrations 

damp out. Noise, if any, will be generated from the interface, the beams, and the 

baseplate. In the sections that follow, an understanding of the functions and the 

dynamical interactions between the individual components of the apparatus is required. 

Although the placement of the elastomer bushing was briefly mentioned in this 

section, a more extensive description of the chemical formulation and mechanical 

properties will aid in understanding the tribological and dynamical behavior of each 

material. This will be the topic of the next section. 
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3.2 Material Selection 

Three different elastomers were chosen for this investigation. The elastomers 

represent a broad range of mechanical and chemical properties including adhesion, 

abrasion resistance, tensile strength, hardness, tear strength, chemical resistance. Two 

of the materials were special purpose elastomers and one was natural rubber. 

3.2.1 Fluorocarbon Elastomer 

A fluorocarbon was investigated first. It has the highest elastic modulus, 

hardness, and strength of the materials tested. This particular fluorocarbon is a Fluorel 

which is a copolymer of vinylidene fluoride (CH,CF,) and hexafluoropropylene (C,F,). 

Its structure is shown in Figure 3.4. 
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Figure 3.4 — The chemical structures of Fluorel Copolymer. 

The materials were mixed and cured by Ford. The recipe is shown in Table 3.3. The 

cylinders were molded at 160 °C for 30 minutes. 
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Table 3.3. Chemical composition of fluorocarbon cylinders. 

  

  

  

  

  

  

  

Fluorocarbon Cylinders pphr* 

Fluorel FT-2481 Fluoroelastomer 100 

MgO 3 

CaOH 6 

N990 Carbon Black 30 

DuPont Curative 20 3 

DuPont Curative 30 4           
*pphr is the abbreviation for parts per hundred relative 

3.2.2 Polydimethylsiloxane 

Polydimethylsiloxane (PDMS) was chosen because of its unique molecular 

structure and mechanical properties. PDMS samples were soft, had less strength, more 

flexibility, and possessed good vibration damping characteristics. PDMS absorbs 

vibrational energy over a wide temperature range. It also has excellent non-stick/non- 

adhesive properties [25]. The Si—O backbone provides a saturated structure resistant 

to ozone and oxidation attack. The structure is shown in Figure 3.5. 

CH, CH, CH; 

| | | 
Polydimethylsiloxane: — Si — O — Si — O — Si — 

| | | 
CH, CH, CH, 

Figure 3.5 — The chemical structure of PDMS. 
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The cylinders were molded at 160 °C for 30 minutes and then post cured for 24 hours 

at 200 °C. The recipe for PDMS is shown in Table 3.4. 

Table 3.4. Chemical Composition of PDMS. 

  

  

  

  

PDMS Cylinders pphr 

PDMS 100 

Perkadox 14 1 

Hi Sil 233 10         

3.2.3 Natural Rubber 

The last material to be experimentally evaluated was a Natural rubber compound. 

Natural rubber was chosen as a basis for comparison with the other special purpose 

materials that were evaluated. This material provides intermediate Shore A hardness and 

tensile strength properties as compared to the fluorocarbon and the PDMS. The chemical 

structure shown in Figure 3.6 is similar to polyisoprene minus chemical impurities. 

H H H 

| | | 
Polyisoprene: — C — C—C—C — 

| | | 
H CH, H 

Figure 3.6 — The chemical structure of Polyisoprene. 

The natural rubber cylinders were mixed and cured by The Gates Rubber Company. The 
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recipe is shown in Table 3.5. 

Table 3.5. Chemical composition of Natural rubber cylinders. 

Experimental Technique 

  

  

  
  

  

  

  

  

    

Natural Rubber Cylinders pphr 

Natural Rubber 100 

N550 Carbon Black 50 

Zinc Oxide 5 

Stearic Acid 2 

Aminox 1.15 

Amax 0.63 

Rubbermaker 0.10       
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3.3. Experimental Procedure 

The experimental work was divided into three phases to investigate various 

physical conditions contributing to friction induced vibration and noise generation. The 

first phase was undertaken to determine which types of frictional phenomena occurred 

and at what shaft velocities they were encountered. The relative effects of system 

stiffness and interference fit were also examined. The second phase was a vibration 

Study to observe how system dynamics influenced frictional character while constant 

velocity and pressure were maintained. Phase three provided a measure of the static 

torsional stiffness of the elastomer and beams and a measure of system damping. These 

mechanical properties could then be related to noise generation and would be 

incorporated into a computer model simulating vibratory motion and forces at the 

interface. 

3.3.1 Friction/Velocity Study 

Regimes of Frictional Behavior 

This study was conducted to determine the possible types of vibration induced, 

such as stick-slip or harmonic oscillations for each elastomer. Thus, at constant pressure 

and beam stiffness, changes in friction and beam acceleration behavior were noted as a 

function of velocity. At each combination of beam stiffness and interference fit, the shaft 

was rotated at constant velocity. The transition velocity, V,,,,,, was noted when frictional 

vibration changed from one type to another. Transition velocity, V,,.., was noted when 
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frictional oscillations of any type ceased. 

Initially, friction regimes were determined subjectively through observation of 

changes in the audible noise content. Then the friction torque, the beam acceleration, 

and the angular displacement time histories were acquired digitally at 30 kHz. Tests 

were repeated as necessary until the velocities of transition were confirmed. 

Effect of System Stiffness on V., 

To determine whether system dynamics affected the types of vibration observed 

or the transition velocities, the beam stiffness, k,, was increased from 2,214 Nm/rad to 

3,745 Nm/rad. This was accomplished by shortening the beam lengths from 12.3 cm to 

9.2 cm while maintaining constant pressure. The beam elements were then removed 

from the system and the clamp was rigidly fastened to the base plate to prevent clamp 

vibration. Changes in friction behavior were observed without the stiffness or inertia of 

the system affecting the torque at the elastomer/shaft interface. 

Effect of Interference fit 

The load was then changed via constant strain by adding (or removing) 0.127 mm 

shims between the clamp flanges. Before mounting the clamp assembly on the secondary 

shaft, the ID of the compressed bushing was measured with a dial caliper. This provided 

a measure of the interference fit between the compressed bushing specimen and the 

secondary shaft. Transitions from one friction regime to another were recorded as a 

function of velocity. 

Summary of Test Conditions 

Operating conditions between the elastomer and secondary shaft are summarized 
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in Table 3.6 with regard to material, beam stiffness, and interference fit between the OD 

of the shaft and the ID of the clamped bushing. All of the combinations were tested. 

Table 3.6. Test conditions for the Friction/Velocity study. 

  

  

  

    

Elastomeric Beam Stiffness Interference Fit 

Material [ Nm/rad ] [ mm ] 

Fluorocarbon 2,214, 3,745, o 0.179, 0.278, 0.381 

PDMS 2,214, 0.254, 0.381 

Natural Rubber 2,214, 3,745 127         

3.3.2 Vibration Study 

This phase of the investigation was undertaken to characterize and correlate 

frictional, system, and acoustic vibration for various materials. This was done to 

determine how system dynamics interact with load and velocity to affect the character 

of friction and the noise produced. The measurement of changes in vibration amplitude 

and frequency would allow the investigator to determine whether friction was controlled 

by modal frequencies via system feedback to the interface. 

For each material tested, shaft displacement, frictional torque, beam acceleration, 

and acoustic pressure were captured digitally at 30 kHz per channel for shaft 

displacements of 0.5-3 rad. Measurements were acquired at velocities of approximately 

1.0, 2.5, 5.0, 7.5, and 10.0 rad/s. The same three stiffness conditions used in the 

Friction/Velocity study were used for these tests. Any pressure (in 0.127 mm 
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increments) at which noise was produced were tested at the angular velocities mentioned 

above. A summary of the test conditions is included in Table 3.7. All of the 

combinations were tested. 

Table 3.7. Test parameters for the Vibration Study. 

  

Elastomeric Angular Velocity Beam Length Interference Fit 
Material [ rad/s ] [cm ] [mm ] 
  

Fluorocarbon 1.0, 2.5, 5.0, 7.5, 10.0 | 12.3, 9.2,0 | 0.178, 0.279, 0.381 

Natural Rubber | 1.0, 2.5, 5.0, 7.5, 10.0 12.3, 9.2 0.127 

  

            

3.3.3 Measurement of Torsional Spring Constants and Viscous Damping Coefficients 

This investigation had three objectives. The first was to produce static torque 

versus deflection curves to determine experimentally the torsional spring rate of the 

elastomer, k,, and the effective torsional spring rate, k,,,, of the entire beam/bushing 

system. The beam stiffness at a given beam setting could then be determined using the 

relation 

2.1 1 (3.1) 

and compared with theoretical values. The second goal was to establish the linearity of 

k, and Kp. The third goal was to determine k, as a function of pressure. This 

permitted determination of the shear and Young’s modulus, G and E, as a function of 

interference fit or pressure. 
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Since the resolution of the radial potentiometer was too large to make the 

necessary angular measurements, a Talysurf surface profilometer was used to measure 

the angular displacement. A flat was glued to the end of the secondary shaft with one 

edge of the flat coincident with the diameter of the shaft. This provided a surface normal 

to the stylus of the profilometer. Small angular deflections and constant radius were 

assumed. The radial deflection 6, of the interface was determined by dividing the linear 

deflection of the Talysurf stylus by the radius from the shaft centerline to the location of 

the stylus. 

The Talysurf was calibrated using a roughness standard. The standard has three 

grooves nominally 2.5 um deep. The gain of the Talysurf amplifier was 55.5 pm/V at 

500x magnification. Using a radius of 5.55 mm from the shaft center made the 

sensitivity of the measuring system equal to 0.01 rad/V. 

Static deflection and torque were collected for the three stiffness cases and 0.279 

and 0.381 mm interference fits. The fixed case provided a measure of the torsional 

stiffness of the elastomer and measurements at the 12.3 and 9.2 cm beam length settings 

provided a measure of the effective torsional spring rate of the beam and elastomer acting 

in series. Data was collected until slip occurred. A summary of test conditions 1s shown 

in Table 3.8. 

System damping coefficients were found for the same conditions (beam length and 

interference fit in Table 3.8. These values could be used to simulate the viscous 

damping of the two-degree-of freedom model. This was accomplished by using a modal 

hammer to excite the first torsional mode of vibration of the system. The second mode 
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Table 3.8. Test parameters for the torsional spring constant measurements 

  

  
  

  

    

Elastomeric Beam Length 6 
Material [cm ] [ mm ] 

Fluorocarbon 12.3 0.279 and 0.381 

9.2 0.279 and 0.381     

The first torsional mode of vibration is the second vibration mode of the system shown 

in Figure 3.3. The damped response of the system was acquired digitally. Anti-aliasing 

filters (600 Hz cut-off) eliminated higher mode frequencies. 
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4.0 Theoretical System Model 

A lumped parameter model of the torsional sliding system was developed to more 

fully understand the interaction of the dynamic characteristics, the amplitude and 

frequency of friction induced vibration, and the damped oscillations of the system. The 

influence of system parameters, load, and velocity on friction behavior is to be compared 

with experimental data acquired from the test apparatus. The simulation allows the 

identification of friction mechanisms during stick-slip and the nature of the kinetic 

friction during the slip cycle. Theoretical prediction of second mode beam vibration was 

correlated with frictional vibration as an indicator of incipient noise. In Section 4.1, the 

apparatus is modeled as a two degree-of-freedom system. The discontinuous equations 

of motion are derived in Section 4.2. In Section 4.3 the torsional stiffness of the 

supporting structure is derived. It will be used to measure the accuracy of the 

experimental torsional spring constants of the elastomer and beams. 

4.1 Lumped Parameter, Two Degree-of-freedom Model 

The lumped parameter model is shown in Figure 4.1. The mass moments of 

inertia, J, and J,, account for the rotary inertia of the elastomer and clamp. 6, denotes 

the angular displacement of the bushing counterface and @, represents the angular 

displacement of the clamp assembly. The fundamental natural frequencies observed in 

experiment were used with system spring rates to back solve the eigenvalue problem in 
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where: J; = mass moment of inertia of the elastomer bushing 

Jc = effective mass moment of inertia of clamp, elastomer, and beam 

k, = torsional spring rate of elastomer 

Cr = torsional damping of system 

k, = torsional spring rate of beams 

w = shaft angular velocity 

W = load due to interference fit 

Figure 4.1 —- Lumped Parameter Model of the Torsional Test Apparatus. 
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order to obtain the lumped inertias. The damping of the system was lumped evenly 

between the elastomer and beams since the relative contribution of each was not known. 

It was assumed J, is connected to the mass moment of inertia of the clamp, J,, by the 

elements k, and 14c, representing the torsional spring rate and damping of the elastomer. 

The torsional stiffness and damping from clamp to ground is taken into account by k, and 

‘4c,. A theoretical derivation of the system parameter, k,, is included in Section 4.3. 

The shaft surface rotating at angular velocity w (modelled as the belt drive) is the 

dynamic input to the system. 
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4.2 Equations of Motion 

The model incorporates two sets of differential equations governing motion. The 

first set is relevant when the bushing is stuck implying § = Wrap These equations 

govern motion throughout the stick phase until the forces in the elastomers spring and 

damper elements equal a critical torque, T,,,, which instigates slip. The value of T.,,, is 

derived from torque data at the specific operating conditions from each experiment. 

The forces acting in the system are shown in Figure 4.2(a). While the bushing 

is stuck, the initial conditions are 

6,(0) = 0, 0,(0) = Wenarer 9, - Wt (4.1) 

Solving the equations of motion for the rotary mass moment J, 

YT = 56,2 0* Terare - | (J e2(6,-6,) + ky (8,-6,)| (4.2) 

and the equation for mass moment J, is 

T- TB, : Tb, = [ee (< 6,-6,) + kg (8,-6,) - ,6,] (4.3) 

The second order differential equation (4.4) is then rewritten for solution until slip 

occurs as 

6, - = Cy (s 6,-0,) + k,(0,-0,) - k,0, (4.4) 
c 

Once Tye = Teriss 6, will no longer equal w. The constant kinetic frictional 

torque, 7,,,, will be the equilibrium torque about which J, and J, will oscillate until 6, 

again equals w. 7;,, is obtained from the mean value of torque data at the operating 
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Figure 4.2 — Free body diagram of forces acting on system 
during (a) stick phase and (b) slip phase. 
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conditions from each experiment. The forces acting on the system during elastomer slip 

is shown in Fig 4.2(b). The ordinary second order differential equations of motion are 

8, - Zz Tn - 4c, (6,-8,) - ky (8,-6,)] (4.5) 

6, - z les (46,-6,) + kg(0,-6,) - k,6,| 

The simulation continues using the final values of @,, 6,, 6,, and 6, during 

elastomer stick as initial conditions for elastomer slip. Once 6, = w, the final values 

from the slip phase of the simulation are returned as initial conditions for equations (4.2) 

and (4.3) to complete the solution for the stick-slip cycle and resume the solution of the 

stick phase. 

A computer program was written to solve the equations of motion and friction 

torque under the constraints described above. A fourth order fixed time step Runge- 

Kutta computational procedure [26] was used. The program requires input of system 

parameters k,, k;, Cz, angular velocity w, and levels of T,,,, and 7,,,. The time step 

chosen was 0.00002 seconds. The program listing is in Appendix F. 
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4.3 Theoretical Torsional Beam Stiffness 

It was necessary to determine the beam torsional stiffness, k,, as a ratio of applied 

torque to angular displacement, 6,, of the clamps. This system parameter were used to 

compare the accuracy of k, calculated from the experimentally determined values of the 

elastomer spring rate, k,, and the effective spring rate, k,,,., of the system as per equation 

(3.1) in Section 3.3. Then values of k, for beam lengths of 9.2 and 12.3 cm were 

determined using experimental measures of k, and k,,, and used in the computer 

simulation of system response due to friction induced vibration. 

Figure 4.3 illustrates the free body diagram of the beam system. The system is 

modelled as two cantilevered beams with end load P and moment M applied by an 

assumed rigid clamp with radius R. Coordinates y, and 6,, assumed to be at beam 

length x = 1, along with their coordinate systems, are labeled in Figure 4.3. Also note 

angular rotations 6, and @, are equivalent. 

Beam displacements y, and 6, are given by 

-P]3 ; M1? 
3EI 2EI (4.6) 

B 2EI EI 

Ys ™ 

Substituting -@,R for y, in equation (4.6) gives equation (4.7), which are solved for P and 

M. 

-P]3 M1? 
O2R 3EI * EL (4.7) 

_ =Pl? , ML 
B 2EI EI 
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+y, +4, 

Figure 4.3 — Free body diagram of system to determine theoretical k;. 
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(4.9) 
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3 | 12 

Solve for k, knowing 

_ T _ 21PR+M] ks nr (4.10) 

The torsional stiffness of the beams is determined by substitution of equation (4.9) into 

equation (4.10). 

  k, - 2451 Bed] (4.11) 
]2 d 3 

Using the following values for active beam lengths, 

E = 2(10)11 [Pa] 
6.7746 (10)712 [m4] 
0.0449 [m] (4.12) 
0.123 [m] 
0.092 [m] 

hy ' 

ha
 

i 

i
n
t
 

the theoretical torsional spring rates for the beams are found to be 

kp, = 2214/2 
rad Nm (4.13) 

rad 
  kyo = 3745 

To ensure the assumptions of the model are correct, direct comparison of 

experimental friction behavior (presented in Section 5.0) and behavior obtain from the 

simulation in the time and frequency domains will be necessary. The simulation is 
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important part of this thesis because it provides the solution of the instantaneous position, 

velocity, and acceleration of the system components. These variables cannot be 

measured experimentally. This data, viewed in the phase plane, will allow a complete 

assessment of the interaction of system dynamics with load and velocity which lead to 

self-excited, stick-slip oscillations. 
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5.0 Experimental Results 

5.1 Regimes of Frictional Behavior 

These measurements were conducted to determine the type of frictional sliding 

that occurred for each material. The transition velocity, V,,,,, was observed when 

frictional vibration changed from one type to another. Transition velocity V,,,., was 

found when frictional oscillations of any type ceased. The system parameters including 

beam stiffness and pressure were varied to determine any change in critical velocity 

bounding each regime. Changes in acoustic and system vibration were also noted for 

each frictional regime. 

5.1.1 Fluorocarbon Elastomer 

Characterization of friction induced vibration 

The three frictional regimes observed were stick-slip, quasi-harmonic, and steady 

sliding friction behavior. Stick-slip oscillations were observed at the lowest velocities 

for each test case until a critical velocity was reached. Increasing the sliding speed past 

this first transition velocity either changed the waveform of the stick-slip oscillations or 

excited quasi-harmonic oscillations in the friction torque. The sliding speed was then 

increased further until friction induced vibration could not be sustained. At the largest 

interference fit between the elastomer and secondary shaft, the transition to steady sliding 
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did not occur over the velocity range. 

Stick-slip oscillations were characterized by the system torque which increased 

with time, and then suddenly dropped. The friction resembled the classic periodic 

sawtooth wave form. However, the rise in torque was not linear with respect to time. 

Figure 5.1(a) is a typical friction torque time trace for the fluorocarbon elastomer with 

infinite beam stiffness, 1 rad/s angular velocity, and 0.279 mm interference. When the 

support stiffness was changed to 2214 and 3745 Nm/rad, frequencies higher than the 

stick-slip frequency were superimposed on the system torque during the stick phase. 

Figure 5.1(b) shows the torque time trace using the same velocity and load conditions 

and 3745 Nm/rad beam stiffness. At times the superimposed frequency (or frequencies) 

were much higher than the stick-slip frequency. This made the friction signal appear 

noisy and made it difficult to ascertain when slip occurred. For these cases the sudden, 

periodic change in beam acceleration amplitude indicated this phenomenon was stick-slip. 

Other oscillations were observed, but they did not have the traditional, sawtooth 

waveform. At times, the friction had a triangular waveform. The behavior shown in 

Figure 5.1(c) occurred at k, = 2214 Nm/rad, 6 = 0.178 mm, and 4.3 rad/s. This 

behavior is not stick-slip the relative velocity is not zero. This was found to be true 

because the rate of torque increase was much less than the rate of torque increase 

calculated using the shaft angular velocity, w, and the effective stiffness of the elastomer 

and beams, k,, (see equation 5.1). 

T |Nm Nm rad -|["|w£ ll = (5.1) 
Ss m EFF lo [ee 
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Quasi-harmonic oscillations were also observed. When this type of behavior was 

observed, the beams also vibrated harmonically. A typical friction signal for this type 

of behavior is shown in Figure 5.1(d). The operating conditions were k, = 3745 

Nm/rad, 6 = 0.279 mm, and 7.9 rad/s. The amplitude of frictional oscillation was 

generally less when this type of self-induced vibration occurred. 

When the shaft rotated inside the bushing with sufficient velocity, steady sliding 

occurred after a few oscillations. The torque remained constant at the mean level of the 

preceding oscillation. The oscillation resumed towards the end of the shaft displacement. 

The frictional vibration was excited at the beginning and end of each test because the 

shaft was not given a pure step change in velocity. The shaft velocity during steady state 

friction was recorded as the transition velocity, V,,,.. Steady sliding occurred throughout 

the test when the velocity was greater than V,,. during the entire shaft displacement. 

Tables 5.1 and 5.2 show the influence stiffness and pressure had on the transition 

velocities from one type of frictional oscillation to another. Three frictional regimes 

exist for each test excluding the case with the clamp fixed at 0.178 mm inch interference 

fit. Table 5.1 shows the maximum velocity, V,,,,,, at which stick-slip occurs for the three 

pressure and system stiffness conditions. The critical velocity trends with increasing 

system stiffness are similar for the two lesser pressure conditions. Table 5.2 reveals 

similar critical velocity trends for V,,,.. when the regime of steady sliding begins. As 

pressure increased, faster sliding conditions were required to obtain steady sliding 

conditions. Due to the torque and velocity limitations of the apparatus, steady sliding 

behavior was not obtained for the 0.381 mm interference fit tests. 
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TABLE 5.1. Transition velocities, V,,,, from stick-slip to quasi- 

harmonic oscillations (fluorocarbon elastomer). 

  

  

  

Beam Stiffness, Interference Fit, mm 
Nm/rad 

0.178 0.279 0.381 

2214 < 1 rad/st | 4.5 rad/s | > 13 rad/s* 

3745 < 1 rad/st | 2.6 rad/s | > 13 rad/s* 

Go < 1 rad/st | 2.5 rad/s | > 13 rad/s*             

*Quasi-harmonic oscillation present at lowest velocity tested. 
*No transition from stick-slip occurred up to 13 rad/s. 

TABLE 5.2. Transition velocities, V,,.., from quasi-harmonic oscillations 
to steady sliding (fluorocarbon elastomer). 

  

  

  

Beam Stiffness, Interference Fit, mm 
Nm/rad 

0.178 0.279 0.381 

2214 4.6rad/s | 7.9 rad/s ft 

3745 5.9 rad/s | 12.5 rad/s weet 

oo 2.7 rad/s 8.3 rad/s wl             

Oscillations observed through 13 rad/s. 
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Characterization of the frequency spectra 

The frequency content of the three types of behavior observed is distinct. The 

autospectra in Figure 5.2(a)-(d) corresponding to the time histories shown in Figure 

5.1(a)-(d) illustrate the differences. The autospectrum of classical stick-slip in Figure 

5.2(a) contains the peaks at 620 and 930 Hz which are harmonics of the slip frequency. 

The autospectrum in Figure 5.2(b) also shows the Fourier transform result of the non- 

harmonic slip event. In addition, the amplitude of the third harmonic is larger than 

expected due to the superimposed harmonic frequency component during the stick-phase. 

Figures 5.2(c) and (d) verify that the triangular and quasi-harmonic behavior consists 

primarily of a single frequency. 

Friction/velocity relationship 

The mean value of the torque oscillation was determined to find the 

torque/velocity relationship. This value was used because it was observed that the 

friction during stable sliding was the same as the mean value of the oscillation. Figure 

5.3 shows the friction/velocity relationship of the fluoroelastomer at 6 = 0.179, 0.278, 

and 0.381 mm. There is little variation in torque over an order of magnitude velocity 

increase. Although the support stiffness affected the velocities bounding each friction 

regime, ie., V,,,,, and V,,2, it had little effect on the mean value of friction. The load 

was the only factor influencing the magnitude of friction torque. 
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5.1.2 PDMS 

Characterization of friction 

The friction behavior of the PDMS bushing was markedly different than that of 

the fluoro-elastomer. Vibration was not induced throughout the 0.25-17 rad/s velocity 

range. The steady sliding behavior is confirmed by an absence of oscillations in the 

beam acceleration time signal. A typical time history at 0.25 rad/s, with 6 = 0.381 mm 

and 2,214 Nm/rad support stiffness, is shown in Fig 5.4. The friction maintains the 

steady sliding condition during the entire shaft displacement regardless of the interference 

fit or support stiffness. 

Friction/velocity relationship 

The friction/velocity relationship is also different for each material. The fluoro- 

elastomer maintained nearly constant friction torque levels as shaft velocity increased. 

The PDMS experiments revealed an increasing torque trend with increasing velocity. 

Figures 5.5 and 5.6 indicate the friction torque nearly triples over the test range. The 

experiments also reveal that the frictional behavior is not affected by the change in 

support stiffness or interference fit. 

5.1.3 Natural Rubber 

Defining regimes of friction behavior was difficult during the Natural rubber 

investigation because of transient friction behavior. Periodic and aperiodic stick-slip 

occurred first. Figure 5.7 shows periodic stick slip and its autospectral density. The 

Experimental Results 51



  

10.00 

095 fee is ssesdaceechecce db esdesceeleeen fobs 
7.50 

6.25 

5.00 

3.75 

2.50 

Fr
ic

ti
on

 
To
rq
ue
 

( 
N
m
 

) 

1.25 

  

      

0.00 1 | Lm i lL i dn. L_ i i dom i 1 | = L_ 1 I iL. 

Figure 5.4 — Stable sliding behavior of PDMS with w = 0.25 rad/s, 
k, = 2,214 Nm/rad, and 6 = 0.381 mm. 
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Figure 5.6 — PDMS friction torque/velocity relationships with 
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behavior was recorded at w, = 10 rad/s and 6 = 0.127 mm. The stick-slip behavior 

included a superimposed frequency during the stick phase. This behavior was noted for 

the fluorocarbon at w,; = 1 rad/s and the same support stiffness. The friction torque 

signal shows a loss of periodicity at w, = 5 rad/s as seen in Figure 5.8. The 

autospectrum reveals a noisy band through 1250 Hz. 

After a few more shaft rotations a transformation in friction behavior was 

observed. Mean friction levels tripled and the vibration amplitude was low or not above 

the noise threshold of the friction torque signal. Figure 5.9 shows the friction and beam 

acceleration signals at w, = 2.5 rad/s. The acceleration signals reveal brief periods of 

beam excitation which quickly damp out. 

The bushing/clamp assembly was removed a this behavior was observed. The 

shaft exhibited a transfer film of rubber. The transfer film was observable to the naked 

eye. Experiments were conducted with the transfer film at w, = 1, 2.5, 5, 7, and 10 

rad/s. 35 mm pictures of the shaft, taken with a photomacroscope, revealed most of the 

shaft was coated. Figure 5.10 shows the bare shaft with no rubber transfer. The 

waviness indicates the macro roughness of the shaft. Figure 5.11 shows the edge of the 

transfer film. The left half is the epoxy paint. The right half of the photograph is the 

transfer film. Figure 5.12 shows the transfer film at the center of the apparent contact 

region. Smearing and streaking is evident from these photographs. No friction/velocity 

relationships could be measured due to the inconsistent friction behavior. 

Friction/velocity relationship 

After removing the transfer film with acetone and isopropyl alcohol, experiments 
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Figure 5.9 — Natural rubber friction behavior (k, = 2,214 Nm/rad, 6 = 
0.127 mm) (a) torque time history and (b) autospectral density. 
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Figure 5.10 — Clean surface of epoxy painted shaft ( 25x magnification ). 
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Figure 5.11 — Edge of natural rubber transfer film ( 25x magnification). 
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Figure 5.12 — Smeared natural rubber transfer film ( 25x magnification ). 
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at the same velocities were conducted to observe any behavioral changes in the friction 

torque. Pronounced friction induced vibration was observed through 19.75 rad/s for k, 

= 2,214 Nm/rad and through 10 rad/s for k, = 3745 Nm/rad. Stable sliding occurred 

at w, = 1 rad/s and kz =2,214. At higher shaft velocities signals were periodic while 

lower shaft velocities produced more noisy signals. The transfer film did not reform 

after the initial one was removed. The friction/velocity relationship shown in Figure 

5.13 reveals the mean friction levels are constant throughout the range of velocity for the 

both support conditions. 
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Figure 5.13 — Natural rubber friction/velocity relationships with (a) k, 
= 2,214 Nm/rad, 6 = 0.127 mm and (b) kz = 3,745 Nm/rad, 6 = 0.127 mm. 
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5.2 Vibration Study 

The fluorocarbon bushing was tested at five velocities for three different beam 

stiffnesses and three interference fits. Analyses of the torque time traces allowed 

comparison of mean friction levels and the amplitude of oscillation. The slope of the 

friction torque during the stick phase was compared to the product of the effective 

stiffness of the beams and elastomer and the angular velocity to determine when the 

oscillations were stick-slip. The autospectra of the torque and the acceleration signals 

were analyzed to compare the frequency components for each test condition. These 

analyses make it possible to determine how operating conditions including stiffness, 

velocity, and pressure affect friction character. Audible noise and system response were 

correlated with friction to determine how operating conditions promote noise generation. 

§.2.1 Friction Results—Fluorocarbon 

Effect of velocity and interference fit 

At 0.178 mm bushing interference and k, = 2,214 Nm/rad, the amplitude of 

oscillation and dc level of the friction force did not vary with velocity from 1 to 2.5 

rad/s. The friction induced vibrations in this velocity range were found to be stick-slip. 

The autospectra of the friction for these two velocities indicate the frequencies did not 

change with velocity. 

Increasing the normal pressure (0.279 mm interference) caused many changes in 

the friction torque. Slip amplitudes were greater as a result of higher interfacial 
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pressure. The mean torque level was increased by a factor of two. Stick-slip frequencies 

were less than those at 0.178 mm interference fit. Figure 5.14 illustrates how 

frequencies increase with velocity until 5 rad/s. The friction autospectra at 1 and 2.5 

rad/s show a fundamental peak corresponding to the slip frequency and higher energy at 

the third harmonic indicating the frequency of the superimposed oscillation at the third 

harmonic. At 5 and 7.5 rad/s, the primary frequency is at the fourth harmonic of the 

slip frequency. Vibration feedback from the beam to the interface was indicated by 

dominant peaks in the autospectrum of the beam acceleration which were at the same 

frequency as shown in Figure 5.14. From 5 rad/s until the transition velocity for steady 

sliding, the frequency of the peaks in the autospectra remain constant. 

Analysis of the friction signal at 0.381 mm interference fit reveals friction levels 

are several times greater than those for smaller interference fits. The slip amplitude is 

also much larger at this pressure. The autospectra indicates stick-slip frequency (and its 

associated harmonics) increases 10 to 25 Hz with each 2.5 rad/s velocity increment. At 

constant beam stiffness and velocity, the fundamental frequency of vibration was smaller 

than for lesser interference fits while the peak amplitude of the frequency components 

in the autospectrum increases. This effect, shown in Figure 5.15(a) and (b), is 

| independent of support stiffness. 

Effect of system dynamics 

The beam stiffness was increased to 3,745 Nm/rad to observe changes in friction 

behavior. Increasing sliding speeds through 5 rad/s significantly affected the friction 

frequency content as the autospectra show in Figure 5.16(b). This effect was not 
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Figure 5.14 — Frequency content of the friction torque with 
increasing velocity (6 = 0.279 mm, kz = 2214 Nm/rad). 
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(b) 

Figure 5.15 — Frequency content of the friction torque with increasing 
interference fit at w = 1 rad/s with (a) kz = 2214 Nm/rad) and (b) kz = ©. 
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observed at the 2,214 Nm/rad stiffness as seen in Figure 5.16(a). 

When the interference fit was increased (6 = 0.279 mm), the peaks in the 

autospectrum remained constant from 2.5 to 7.5 rad/s. The peaks were identified as the 

harmonics of the fundamental frequency, and the peak at associated with feedback from 

the beams. Thus increasing stiffness for this interference fit increased stick-slip 

frequency and increased the velocity range over which frequency content did not change. 

When the clamp assembly was fixed to prevent vibration about the shaft and the 

interference was set at 0.178 mm, the friction torque oscillated at a single frequency. 

The autospectra of these friction signals indicated peaks at 1,250 Hz over the velocity 

range where vibration occurred. However, at 6 = 0.279 mm and 0.381 mm, a 

significant increase in frequency occurred throughout the velocity range. The friction 

autospectrum for the 6 = 0.279 mm fit in Figure 5.17 illustrates this frequency increase. 

The frequency content changes considerably as support stiffness is increased while 

velocity and pressure remain constant. It is evident from Figure 5.18 that system 

stiffness affected the frequency content of the friction signal while velocity remained 

constant. Figure 5.18(a) contains the friction autospectra at 2.5 rad/s and 0.178 mm fit 

at each stiffness condition. Figure 5.18(b) illustrates the change in frequency content 

also occurred at 7.5 rad/s and 0.279 mm fit. The behavior is accentuated with larger 

interference fits because of longer stick time at higher normal pressures. 
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Figure 5.16 — Frequency content of the friction torque with increasing 

velocity (6 = 0.178 mm) (a) kz = 2,214 Nm/rad and (b) k, = infinite. 
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Figure 5.17 — Frequency content of the friction torque with 
increasing velocity (6 = 0.279 mm, kz = ©). 
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Figure 5.18 — Frequency content of the friction torque with increasing beam 

stiffness (a) 6 = 0.178 mm, w = 2.5 rad/s (b) 6 = 0.279 mm, w = 7.5 rad/s. 
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5.2.2 Friction Results—Natural Rubber 

Effect of transfer film 

The vibration induced during sliding changed through the progression of 

experiments. The natural rubber bushing experienced a break-in period before consistent 

behavior was observed. As stated in Section 5.1.3 a variation precipitated from the 

formation of a transfer film and wear debris at the elastomer/shaft interface. The results 

of the vibration study will address the vibration characteristics for this break-in period, 

however, the primary emphasis will consider behavior after the transferred rubber was 

removed from the shaft. 

Initial experiments reveal stick-slip behavior in the 5-10 rad/s velocity range (with 

2,214 Nm/rad support stiffness and 0.127 mm interference fit). The autospectra at w = 

7 and 10 rad/s indicate slip occurs at 250 Hz corresponding to the system’s first torsional 

vibration mode. The autospectra of the beam acceleration consistently contains peak 

frequency components at 250 and 900 Hz. The superimposed frequency during the stick 

phase of the friction torque signal does not correspond to the 900 Hz frequency, 

however. 

The formation of the transfer film increased the dc torque component three to four 

times. More important though, the transfer film altered the vibration behavior of the 

natural rubber bushing. At w = 5, 7, and 10 rad/s random vibration in the 250-900 Hz 

range was barely discernable in the noise threshold of the friction torque autospectral 

density. Despite the slightness of the friction induced vibration, the beams experienced 
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an acceleration of approximately 50 m/s? rms. Again peak acceleration frequencies at 

250 and 900 Hz were observed with an order of magnitude drop in amplitude. 

Removing the transfer film from the shaft produced similar results to the initial 

experiments with this natural rubber specimen. Figure 5.19(a) shows a stick-slip 

oscillation at 250 Hz run at the same operating conditions as in Figure 5.7. Figure 

5.19(b) is the autospectral density. The magnitude of the superimposed frequency is 

much less as is the magnitude of the 900 Hz component of the beam acceleration. 

Likewise, similar behavioral trends occurred before and after the transfer film at 5 rad/s 

(see Figure 5.8). At 1 rad/s, steady state sliding was observed. 

Effect of system dynamics 

Increasing the system support stiffness to 3,745 Nm/rad had two predominant 

effects. The slip frequency increased from 250 to 310 Hz. Figure 5.20(a) and (b) shows 

the resulting frequency shift in the autospectra. Likewise the peak frequency components 

of the beam acceleration shifted from 250 and 900 Hz to 310 and 1375 Hz. The other 

influence observed was that stick-slip was evident at 1 rad/s. Prior to and during 

experiments with the transfer film, steady sliding was observed at this angular velocity. 

5.2.3 Acoustic Results 

Fluorocarbon 

Experiments in the 1-10 rad/s velocity range produced three types of audible noise 

output. These different types of noise were subjectively labeled creak, squawk, and 

Experimental Results 73



  

      

10 - , . t . nn ‘ ' 

9 Re ee te ee : we eee ee ee ee ee ee towne nee ee _ 

~ 
e 8} ee ce . 
a TV be ale - cb ce ete eb ee pepe eb eee eae dee eee eb ee eee me - 
Neue” t 

o \ 
ms 6 a ee tab oe dep cpo cc fates fee a 
ot 
he LLL Eg WL te... she uyfee- 
© é t 

Ee 
gf ppt ctce porte 
o | : 3 feeb Pe pace bee eee eM. 

oO ’ 

Bot... Bo 
m 71 : 

| tee e tenets beeen cece e rere reed eee eee - 

0 _ a \ 4 

0.235 0.240 0.245 0.250 0.255 0.260 

  

  
    

  

  

0.10 SI YY 

r : : ‘ : ; ‘ : 1 
0.09 }--- <b eee eee tree ete ee eb eect ede eben ed 

~~ 0.08 |-----|--- 2 ete eee ee ee ee eee fee ee eee eee 

N a) 
ee) 0.07 F---- rit - - - yee ees porte p errr teee poe greece re ees 

“~~ 0.06 ----- LS too ' ttt oo. too eet 

& . i : : : : ‘ : : ‘ ‘ J 

& 0.05 4 
ww q 

—" 0.04 4 
8 L 

o «(0.03 F-- 4 
5 L 

as 0.02 4 

0.01 4 

0.00 Lod an 

0 200 400 600 800 1000 1200 1400 1600 1800 2000 
Frequency ( Hz ) 

(b) 

Figure 5.19 — Natural rubber friction behavior (k, = 2,214 Nm/rad, 
6 = 0.127 mm) (a) torque time history and (b) autospectral density. 
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Figure 5.20 — Natural rubber friction behavior (w = 10 rad/s, 6 = 0.127 
mm) (a) kz = 2,214 Nm/rad and (b) ky = 3,745 Nm/rad. 
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squeal. Velocity, system stiffness, and interference fit were varied to see if the audible 

noise content of sound pressure was influenced in conjunction with friction induced 

vibration. Analyses of time histories in the frequency domain were made to show the 

differences between the system torque and beam acceleration for each type of noise 

produced. 

Creaking noise was generated only at the largest interference fit (6 = 0.381 mm) 

for the fluorocarbon material. Figure 5.21(a)-(f) illustrates the torque, beam 

acceleration, sound pressure and their associated autospectra during this type of noise 

generation for an experiment run at w = 1 rad/s, kz = 2,214 Nm/rad, and 6 = 0.381. 

Creak noise was characterized by sound pressure frequencies ranging from the stick-slip 

frequency through 15 kHz. The instant slip occurs is indicated in Figure 5.21 (b) and 

(c) by the largest amplitude in the acceleration and sound pressure signals. After the slip 

event the beams drive the plate and acoustic energy is radiated. 

The noise output appeared to get louder as the shaft velocity was increased. The 

sound pressure amplitude did not increase with increasing shaft velocity, however the 

number of excitations per unit time increased, which increased the root mean square 

pressure radiated from the vibrating system. Increasing the system stiffness from 2,214 

to 3,745 Nm/rad created higher stick-slip frequencies and thus higher fundamental 

acoustic frequencies. Peak sound pressure amplitudes decreased by approximately 25 

percent in the time domain by increasing the system stiffness. The amplitudes in the 

frequency domain from 10-15 kHz decreased slightly. When the clamp was fixed to the 

baseplate, the frequency content consisted strictly of the stick-slip frequency and its 
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harmonics. 

Squawk type noise was generated when the interference fit was 0.178 and 0.279 

mm. Squawk occurred in the quasi-harmonic friction regime when the torque consisted 

of more than one discrete frequency. This type of acoustic output was observed at 6 = 

0.278 mm and shaft velocities ranging from 5-7.5 rad/s. Figures 5.22(a)-(f) illustrates 

the torque and beam acceleration behavior when this type of noise is generated. Figures 

5.22(d)-(f) show the replication of torque frequencies in the acceleration and acoustic 

autospectra. The frequencies in the autospectra increase when the beam stiffness is 

changed from 2,214 to 3,745 Nm/rad as shown in Figure 5.23(a)-(f). At 6 = 0.178 mm 

and k, = 2,214, this type of noise occurred in the 1-4.6 rad/s velocity range. The peak 

frequencies of the friction and acceleration consisted of the stick-slip frequency and 

harmonics through 1250 Hz. This range extended to 1750 Hz with beam stiffness at 

3745 Nm/rad. 

Squeal noise was generated at lower pressures and high shaft velocities. Squeal 

was observed when the friction torque appeared to be harmonic or triangular in nature 

as in Figure 5.1(c) and (d). This behavior is confirmed by single or predominant peaks 

in the acceleration and sound pressure autospectra. Figure 5.24(a)-(d) shows single 

frequencies at 6570 Hz were present at w = 10 rad/s, k, = 3745 Nm/rad, and 6 = 

0.279 mm. Similar behavior happened when the interference fit was 0.178 mm. 

PDMS 

Friction induced oscillations did not arise when the shaft was rotated inside the 

PDMS bushing. The absence of vibration in the torque and beam acceleration signals 
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made noise generation impossible for this material at the experimental operating 

conditions. 

Natural rubber 

The formation of a transfer film during experiments with this material caused 

many changes in torque and acoustic behavior. The noise that was produced by the 

frictional sliding of this material changed in parallel with the vibration behavior discussed 

in Section 5.2.2. Before the transfer film developed, the sound pressure was composed 

of peaks coinciding with the stick-slip frequency. This frequency corresponded to the 

first torsional mode of system vibration. Other frequencies present in the sound pressure 

autospectrum did not correlate with those in the torque or acceleration autospectra. 

Experiments conducted with the transfer film established showed random friction 

vibration in the 250-1500 Hz range with very small amplitude. The acceleration showed 

small amplitude vibration at the natural modes of the system (250, 900, 4500, and 6000 

Hz). The sound pressure autospectrum did not contain the peaks that were prevalent in 

the beam signal but instead consisted of random noise from 100 to 6000 Hz. 

After the transfer film was removed from the shaft, the acoustic output change 

significantly. Experiments with k, = 2,214 Nm/rad and velocities ranging from 1-19.75 

rad/s indicate predominant frequencies in the torque also are seen in the acceleration and 

sound pressure autospectra. The sound pressure autospectrum also contained random 

noise through 2 kHz. The beam stiffness was then increased to 3,745 Nm/rad increased 

the stick-slip frequency slightly. The sound pressure for this test condition coincided 

with the first torsional mode of system vibration which was excited by the random 
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friction induced vibration. 
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5.3 Torsional Spring Constants and Damping Ratios 

Results from the torsional spring constant measurements indicate linear spring 

rates exist until slip occurs. Measurements were taken at 0.279 mm and 0.381 mm 

interference fits and three beam stiffness conditions. The effective spring rates and 

elastomer spring rate for each pressure condition are plotted in Figures 5.25 and 5.26. 

The effective torsional spring rate, k,,,, for each beam length was determined via 

linear regression of the static torque versus radial deflection curves. The torsional 

compliance k, was found in a similar manner. The slopes from each regression are listed 

in Table 5.3. 

Table 5.3. Torsional spring rates of system and fluorocarbon elastomer. 

      

    
Kerr [ Nm/rad ] Kerr [ Nm/rad ] | k, [ Nm/rad ] 

@ k, = 2,214 @ k, = 3,745 Fixed         
     0.279 665 
} 0.381 587 764 1011 
   
  

          

Theoretical values of the effective spring rate for each system configuration and 

interference fit were determined using the relation 

    

-1 
tt -| a = | (5.2) 

E Kp eo 
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Figure 5.25 — Static deflection versus torque data with linear 
regression curve fit with 0.279 mm interference fit. 
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Figure 5.26 — Static deflection versus torque data with linear 
regression curve fit with 0.381 mm interference fit. 
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where k;,,00 18 the theoretical torsion beam stiffness, k,, derived in Section 4.3, and k,,,, 

is the experimental torsional spring rate of the elastomer. Results indicate a range of 

accuracy for the effective spring rates within two to fifteen percent. 

Table 5.4. Torsional spring rates of system and fluorocarbon elastomer. 

  

      Experimental Error, e 

[ mm ] 
ky = 2,214 [ Nm/rad ] ky = 3,745 [ Nm/rad ]     

0.279 9.3 % 2.0 % 

0.381 15.4 % 4.0 % 

            
The damping coefficient, c,, was determined experimentally for the 

aforementioned system stiffnesses. The system’s impulse response was used to calculate 

Cr. Viscous damping causes the vibration of an underdamped system to decay 

exponentially as a function of time. The system described by the second order, 

homogeneous equation 

J6+c6+ko -0 (5.3) 

has the general solution [26] 

@ = Cie + Cie™ (5.4) 

where C, and C, are constants which are evaluated with initial conditions. Substituting 

the eigenvalues s, and Ss, into equation 3 gives 

@ = el (C eV (CAP W § + C,e¥ (2H) t) (5.5) 
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The above equation may also be written in the form 

8 = Bel?)'sin(/1-(c/2I)? wt + ¢) (5.6) 

where the curves 

6 - + Belt (5.7) 

envelope the decayed response. 

The peak amplitudes from each cycle of the vibration response were plotted as 

a function of time. An exponential curve fit was generated for each response. The 

damping coefficients, c,, were determined for each support stiffness and interference fit 

and are shown in Table 5.5. The damping coefficient atk, = 2,214 and 6 = 0.381 mm 

is larger than the other coefficients. This was due to a beat phenomenon occurring at 

this system configuration. 

Table 5.5. Torsional damping coefficients of system and fluorocarbon elastomer. 

  

        

3) Experimental Damping Coefficient, c, 

[ mm ] 
ky = 2,214 [ Nm/rad ] k, = 3,745 [ Nm/rad ] 

0.279 0.105 [ kgm2/rad/s ] 0.085 [ kgm2/rad/s ] 

0.381 0.236 [ kgm?/rad/s ] 0.080 [ kgm’/rad/s] | 
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6.0 Discussion 

6.1 Friction Behavior 

The sliding velocity was the most significant factor affecting friction behavior. 

Three distinct regimes of friction were observed as the velocity increased. Stick-slip 

generally occurred at low velocities because of slow loading rates and small relative 

velocity changes between the shaft and elastomer. Quasi-harmonic friction was observed 

when the energy in the system was insufficient to restore the relative velocity to zero. 

The quasi-harmonic torque behavior was sustained by energy transfer from the beam and 

elastomer to the interface. Steady state friction occurred at high rotation velocities. 

Steady sliding either resulted because the damping was too high to sustain oscillation or 

not enough energy could be stored in the system to initiate vibration. 

Altering the interference fit, 6, invoked many changes in the frictional behavior. 

Increasing 6 increased the mean friction torque levels as expected. It also caused a 

decrease in stick-slip frequency because more time was required to reach the maximum 

allowable shear load of the interface. The effects of interference fit on amplitude and 

frequency content shown in Figure 5.15 are similar for all stiffness and velocity 

conditions where friction vibration was observed. 

The slip amplitudes were larger at 6 of 0.278" and 0.381" because more energy 

was stored in the beams prior to slip. The larger interference fits also caused the 

transition from stick-slip to harmonic oscillation to occur at higher sliding speeds. The 

Discussion 89



reason for this can be explained by analyzing the system interaction during the slip phase. 

When the elastomer slips, the structure will accelerate to its new equilibrium position at 

the system’s damped natural frequency. The beams and the elastomer would contribute 

to the damping of the system. During this time, the relative velocity of the elastomer 

and shaft will increase from zero and then return to zero, thus ending the slip phase of 

the cycle. Therefore, if the shaft velocity is sufficiently high and the potential energy 

stored in the system is not great enough to restore the relative velocity to zero, the stick 

phase cannot resume. 

Several changes in frictional behavior were observed as the support stiffness was 

changed. The amplitude of oscillations did not change while maintaining constant 

velocity and pressure, but the frequency content changed considerably. Increasing the 

torsional stiffness increased the stick-slip frequency and the frequency of the oscillations 

during the stick phase. This oscillation arises from the feedback of beam vibration that 

is transmitted through the clamp and bushing to the elastomer/shaft interface. The stiffer 

beam setting increased the frequency of the quasi-harmonic vibration but did not 

influence the frequency as much as changes in velocity. Preventing clamp oscillation 

about the shaft caused the sawtooth oscillation. 

To ensure frictional heating during the experiments did not affect the storage and 

loss moduli of the elastomer a one-dimensional, conductive heat transfer model was 

developed. The elastomer and steel shaft were modeled as a semi-infinite plane wall. 

One dimensional heat conduction assured the most conservative estimate. The heat rate 

was derived from the product of the torque, 7, and angular velocity, w. This was 
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divided by the contact area, A,oc-, to establish the overall heat flux at the interface. 

Thermal properties dictate 92 % of the energy will be conducted by the steel shaft and 

8 % by the elastomer. The most severe experimental conditions with regard to 

temperature is for the fluorocarbon with T = 30 Nn, test duration t = .23 sec, A jonact 

was assumed to be 0.24 apparesy ANd w = 10 rad/s. The surface temperature rise was 26 

°C. The temperature 0.0004 mm into the bulk elastomer was 22 °C which was ambient 

temperature. These calculations and the observation that the friction characteristics did 

not change from start to finish in each experiment indicate temperature did not influence 

the mechanical properties of the elastomer. The conductive heat model derivation and 

plots of the temperature calculation are included in Appendix G. 

The difference in the friction behavior of the fluorocarbon and that of the PDMS 

and the natural rubber can be explained by the relative magnitudes of the adhesion and 

deformation components of friction for each polymer. The fluorocarbon has greater 

hardness, strength, and adhesion as determined from O-ring seal tests [27]. One could 

propose that the adhesion term will dominate the magnitude of the friction torque. This 

bushing was scrutinized for wear. Cohesive failure of the elastomer and shaft surfaces 

was indicated by pitting of the fluorocarbon and the removal of flecks of the epoxy paint 

from the shaft. The roughness was not significantly changed during the test from its 

initial value of 5-10 nm R,. The independence of torque with velocity is evidence that 

either the deformation term is negligible in comparison with the adhesion, or the velocity 

range of the experiments is too small for the viscoelastic properties of the fluorocarbon 

to affect its friction behavior. The fluorocarbon exhibited the most well defined 
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frequency content of torque and system vibration. Strong adhesion caused contact 

regions to form and reach maximum shear simultaneously, resulting in periodic slip of 

the entire bushing/shaft interface. 

Natural rubber behavior resembled that of the fluoro-elastomer. However, the 

torque frequency content indicated the presence of random noise other than at the slip 

frequencies. The contact regions probably did not form synchronously for this material 

as might have occurred for the fluorocarbon. The natural rubber friction torque was 

similar to that of the fluorocarbon elastomer; it was independent of angular velocity over 

the range of experiments. The latter comment and the significant wear of the bushing 

(none on the shaft, though) imply the adhesion mechanism predominated in this velocity 

range. 

PDMS has lower adhesion, shear strength, and hardness. Increasing the 

interference fit from 0.254 mm to 0.381 mm did not increase the magnitude of the 

friction. This suggests a maximum real contact area was attained at the lower pressure 

and friction behavior is dominated by the deformation due to the sliding of macro- 

asperities through the material. The magnitude of the friction was dependent on velocity 

suggesting that deformation or loss modulus dictated the friction/velocity relationship. 

Physical evidence supporting the dominance of deformation over adhesion was an 

absence of transfer film on the shaft and no wear scars on the bushing surface. 

Despite the differences between material behavior, some generalizations can be 

made. Increasing the velocity and the system stiffness increases the stick-slip frequency 

which did not exceed the frequency of the first torsional mode of the system, however. 
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The materials exhibiting frictional instability were able to impart sufficient potential 

energy to the supporting structure to influence the frequency content of the friction torque 

when the energy was converted to kinetic energy during a slip phase. Friction instability 

was not observed during PDMS experiments because PDMS had a positive 

friction/velocity trend and did not exhibit a difference in static and kinetic friction. For 

this reason changing system stiffness did not affect the frictional behavior. 

Discussion 93



6.2 Conditions Required for Noise Generation 

The sound generated during these experiments varied with interference fit, system 

stiffness, and bushing material. This happened because the response and the acoustic 

paths were different for each type of self-excited oscillation. At certain operating 

conditions there was a one-to-one matching of frequencies between the torque and sound 

pressure and at other times no correlation was apparent. When and why the quality of 

the noise differed will be discussed in this section. 

Sound output from the fluorocarbon experiments differed to a great extent. This 

was due to the variety of oscillation types and the amplitude of oscillation. Generally 

squeal noise was marked by single coinciding frequency peaks in the torque, beam 

acceleration, and sound pressure autospectra. There were occasions when other lower 

amplitude frequencies were present in the acceleration signal, but only one predominated 

and this made only a squeal sound apparent to the listener. Since the friction vibration 

amplitude was relatively small for the harmonic oscillation seen in the torque and 

acceleration, the frequency response of the beam system must have been such that the 

other normal modes of the beam were not excited. From Figure 5.24 it appears the 

primary acoustic path is sound radiated from the interface and the beams. 

Figures 5.22 and 5.23 indicate the common frequencies of the torque, 

acceleration, and sound pressure response of squawk. This behavior is similar to that 

which occurred with squeal except several harmonics are present in each autospectrum. 

Conversely, when creak sound was heard the beam acceleration autospectrum contained 
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peaks at what appear to be natural modes of the apparatus and the sound pressure 

consisted of broad band noise from the stick-slip frequency through 15 kHz. The torque 

did not contain frequencies past 2 kHz so the noise had to come from another source. 

It was discovered to be generated from the plate. Thus sound pressure was not only 

generated by the vibration of the beams, but also from the plate which was driven by 

vibration transmitted through the beam anchors to the plate. 

The stick-slip torque behavior observed at 6 = 0.278 and 0.381 mm did not have 

different wave forms or contain higher frequencies. However, when creaking noise 

occurred at the higher interfacial fit, the amplitude of vibration was greater. In order to 

resolve where the unaccounted frequencies not found in the beam acceleration, the 

acoustic response of the plate was experimentally determined. A modal hammer was 

used to impulsively excite the apparatus. The microphone over the plate sensed the 

acoustic response of the apparatus. The frequency response of the system was calculated 

for each beam configuration. The responses are plotted in Appendix H. 

The response of the system show frequencies over the entire 15 kHz range. From 

these figures it is apparent that when creaking sound is generated, the larger slip 

amplitude adds enough energy in the beam system to drive the plate. Thus it is not 

necessarily the type of friction behavior observed that dictates the type of audible noise 

generated but the magnitude of vibration it imparts to the system. 

Chatter noise produced with the natural rubber specimen were similar to the 

squawk noise produced by the fluorocarbon. This phenomenon occurs during stick-slip 

with no transfer film present. The peak frequencies in sound pressure consistently 
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coincided with the stick-slip frequency. The only correlation between the acceleration 

and sound pressure is when the stick slip frequency is at the first natural vibration mode 

of the beams. During chatter of the natural rubber bushing, random noise is also present 

in the autospectrum of sound pressure up to approximately 1,750 Hz. 

The sound generated when the natural rubber transfer film was present resembled 

the fluorocarbon creaking sound except it was not as loud. The torque was comprised 

of low amplitude, random noise from 25-1,500 Khz. The beam acceleration vibrated at 

the natural modes of 25, 900, 4,500, and 6,000 Hz. This combination of vibration 

caused random noise up to 6,000 Hz in the sound pressure signal. 
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6.3 Comparison of Simulated and Experimental Behavior 

The friction torque and system behavior was simulated for the operating 

conditions of the fluorocarbon elastomer experiments. This includes angular velocities 

ranging from 1-10 rad/s, interference fits of 0.279 and 0.381 mm, and system stiffnesses 

of 2,214 and 3,745 Nm/rad. The simulations required a 0.2 ms time step for accurate 

solution of the differential equations. For each set of operating conditions, the simulation 

spanned 82 ms. A few simulations of 820 ms were obtained for accurate spectral 

averaging. 

6.3.1 Friction/velocity Results of Simulation 

Stick-slip, quasi-harmonic, and harmonic oscillations were observed from 

simulation data. For the stiffness case, k, = 2,214 Nm/rad, stick-slip was observed 

through w = 7.5 rad/s. Stick-slip occurred through w = 5 rad/s when k, = 3,745. The 

transition velocities are much higher in simulation than the experimental results indicate. 

This is due to the assumption in the simulation that the interface is entirely stuck during 

the stick phase. In reality, this is not true. In experiment the torque does not increase 

linearly with time as in the simulations. At the beginning of the stick phase, the entire 

contact region has zero relative velocity. As the strain on the adhered contact region 

increases, fractions of the contact region break free allowing relative motion between the 

elastomer and shaft. As the adhered contact region decreases in size the rate of torque 

increase must also decrease since there is less area to support the static load. The 
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magnitude of the V,,,,, aside, the trends of friction regimes with increasing stiffness agree 

with experimental results in Table 5.1. 

Quasi-harmonic oscillations occurred when the rate of system torque increase 

equalled the rate of torque decrease during free vibration of the system. This behavior 

is stick-slip minus the superimposed frequency during the stick phase. It should be noted 

that the harmonic oscillations were not self-sustained oscillations but were the result of 

the step response of the system as the friction falls from T,,,, to 7,,,. 

Figure 6.1 shows the system torque, displacement, and relative angular velocity 

curves for the conditions wy = 1 rad/s, kg = 3,745, and 6 = 0.279 mm. The slip 

event is triggered at approximately 0.35 ms. The inertia is set in free vibration about its 

new equilibrium point, 7,,,. When the system torque decreases to 7;,,, the relative 

velocity of the bushing and the shaft will be at its maximum. The relative velocity 

returns to zero to end one stick-slip cycle. The system torque is plotted as a function of 

the relative velocity for several stick-slip cycles in Figure 6.2. The two distinct phases 

of the cycle are the vertical line indicating the stick phase and the lobes corresponding 

to the system torque. Figure 6.3 is the phase plane representation of this behavior. 

The behavior is different when the shaft velocity is increase to wy, = 10 rad/s. 

Figure 6.4 shows the torque, displacement, and relative velocity time histories. After 

the slip at approximately 0.4 ms, the system again responds to the step change in friction 

torque. The relative velocity of the shaft and bushing does not return to zero so the 

system remains in free vibration about 7;,,,. The potential energy of the system was less 

at 10 rad/s than at 1 rad/s. At 1 rad/s the relative velocity plot in Figures 6.1 shows 
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a peak at 24 rad/s. In Figure 6.4 the maximum relative velocity attained was 18 rad/s 

indicating less potential energy was available to be converted to kinetic energy. Had the 

difference between 7,,,,and 7,,, been larger, the increased potential energy of the system 

would have allowed the system to regain the stick condition, ie., 6, =a. Similarly, if 

the system stiffness were less, stick-slip would have resumed. 

Figures 6.5 and 6.6 show the harmonic vibration behavior as indicated by the 

circular trace. Unlike the simulation at 1 rad/s, the system cannot re-establish the zero 

relative velocity condition. For these operating conditions, however, the system torque 

spirals toward the equilibrium point at 7;,,, where the system oscillation slowly decays 

in free vibration. Had the system damping been less or the difference in static and 

kinetic friction been greater, stick would have resumed. 

Stick-slip occurred throughout the 1-10 rad/s shaft velocity range for the friction 

simulation of the largest interference fit, 5 = 0.381 mm. This also is in agreement with 

the experimental transition velocities in Table 5.1. Figure 6.7 shows the system torque 

[4c_(6,-9,) +k,(0,-0,)], the displacement, @,, and the relative angular velocity, (8,-w). 

The 0.381 interference fit increases the energy of the system which almost doubles the 

relative velocity of the 0.279 mm fit simulation. Thus to achieve the transition for steady 

sliding, the shaft velocity must be greater as load increases so that the zero relative 

velocity condition is not met. 

6.3.2 Comparison of Actual and Simulated Behavior 

The time histories and autospectra of the simulated friction behavior and 
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experimental data show similar behavioral trends. Figure 6.8 displays simulated and 

actual data for the operating conditions w,.9 = 1 rad/s, kg = 2,214, and 6 = 0.279 mm. 

Both time histories of stick-slip behavior exhibit superimposed frequency during the stick 

phase. The modelling assumptions require 6, = Wsran Therefore the superimposed 

friction torque oscillation is caused by vibration of the clamp inertia. In Figure 6.8(a), 

the superimposed frequency is near the first natural frequency of the model. The 

autospectrum of the simulated behavior in Figure 6.8(b) and of the experimental data in 

Figure 6.8(d) also show similar trends. The decreasing amplitude of the harmonics are 

typical of the frequency spectrum of a pure sawtooth wave form. The third peak is 

greater in each case due to the proximity of the harmonic in relation to the first torsional 

mode of vibration. 

Figure 6.9(a) and (b) are simulated friction torque and clamp acceleration. The 

bifurcated friction signal alternated between an equilibrium cycle with and without 

superimposed oscillations. This is due to the phase relationship between the two inertias. 

This phenomenon is observed in experiment through w = 2.5 rad/s, with k, = 2,214 

Nm/rad and 6 = 0.279 mm. The predominant frequency in the acceleration signal is the 

fundamental mode of the system model. Aside from the noise and higher mode 

frequencies in the beam acceleration in Figure 6.9(d), there is good agreement with 

simulated acceleration behavior. 

Using system parameters from actual tests, the model shows the relative effects 

of input shaft velocity, system stiffness, and load. One parameter which cannot be 

varied in experiment was the system damping. The effect of varying the damping was 
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investigated using the model. The friction was simulated for the conditions wy = 7.5 

rad/s, kg = 3,745 Nm/rad, and 6 = 0.279 mm. Stick-slip was not observed at these 

operating conditions in experiment or in simulation. The damping coefficient, c,, was 

decreased to 0.05 kgm’/rad/s (less than one half of the experimental value). Stick-slip 

was induced with this damping level. Figure 6.10 shows this behavior. At c, = 0.1 

kgm?/rad/s harmonic oscillations occurred. A critical damping coefficient must exist 

below which the trajectory would intercept the driven velocity causing stick and above 

which harmonic oscillations would occur. The critical damping for these operating 

conditions was found iteratively to be 0.7599 kgm?/rad/s. The phase plane plot shows 

the velocity falls between the stick-slip and oscillating case. 

It is clear through observation of Figure 6.10 that the occurrence of stick-slip is 

dependent simultaneously on the driven velocity of the shaft and the displacement of the 

elastomer inertia from its equilibrium position. When the damping coefficient equalled 

0.76 kgm?/rad/s, the trajectory intercepts 6, = 7.5 rad/s tangentially. Increasing the 

driven velocity, decreasing the potential energy of the system, and/or increasing the 

system damping will cause the motion to follow a trajectory that will spiral towards an 

equilibrium point or a limit cycle. Similarly, for the same damping condition, the point 

at which the motion reaches its maximum displacement from the equilibrium position is 

the minimum displacement required for stick-slip oscillation. Increasing the system 

stiffness will inhibit stick-slip behavior. Conversely, decreasing it will allow greater 

displacement from the equilibrium position causing the motion to follow a trajectory that 

will intercept the 7.5 rad/s velocity causing the stick phase to resume. Similar 
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Figure 6.10 — Effect of damping on friction induced vibration behavior. 
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conclusions were drawn by Brockley, et al. [10] when they developed a one degree-of- 

freedom stick-slip model. 

6.3.3 Comments Regarding the Validity of the Model 

Several explanations regarding stick-slip have been formulated. The difference 

between static and kinetic friction coefficients is accepted as one of the requirements for 

this type of friction behavior. Further, investigations have shown from nonlinear 

vibration theory that velocity dependent friction is a contributing and necessary factor. 

This simulation does not provide dynamic friction during the slip phase. In Figure 6.7 

(6, - Wsrag) Teaches its maximum at 45 rad/s which translates to a linear sliding speed 

range of 67 cm/s. One would expect a change in the friction coefficient of the elastomer 

over this range. However, referring to Figure 5.3, the friction torque during steady 

sliding assumes the mean friction torque level. There for 7, = constant seems 

appropriate for this model. 

The model has its limitations. The friction and system behavior has constant shaft 

velocity input. The displacement of the elastomer monotonically increases with time 

implying a constant contact area is maintained at the interface. This is not found to be 

true in experiment. The critical shear load may be constant, but the contact area must 

change since T,,,, varies slightly throughout the experiment. The final limitation of the 

model is the modes of vibration. During the stick phase, there is only one mode of 

vibration. This is not a bad assumption if one considers translational modes of beam 
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vibration are minimized by the torsional-input and the first torsional mode dominates the 

others. These things aside, the model’s friction behavior shows the relative effects of 

system stiffness, velocity, and interference fit on friction induced vibration. The phase 

plane plots allow the user to determine system damping requirements for stick-slip, 

harmonic oscillations, or steady sliding for given operating conditions. The system 

model correlates well with experimental trends and allows the user to predict with 

confidence the frictional behavior for the fluorocarbon bushing. 
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Conclusions 

1. Vibration results from stick-slip and harmonic oscillations at the stabilizer bar/bushing 

interface. Energy is transferred from the excited beam system back to the interface to 

influence the frequency spectra of the friction torque and the corresponding acoustic 

output. 

2. Three frictional regimes observed in this investigation were stick-slip oscillation, 

quasi-harmonic oscillation, and steady sliding. The sliding velocity, pressure, and the 

stiffness of the supporting structure are factors that contribute to the frictional behavior 

of the sliding pair. 

3. Increasing the velocity and system stiffness increases the stick-slip frequency which 

does not exceed the first torsional vibration mode of the system. Altering the system 

stiffness does not alter the amplitude of vibration, but the frequency content of the 

friction induced oscillation is affected considerably. 

4. Although the torsional stiffness and amplitude of frictional oscillation of the elastomer 

increase with increased pressure, the frequency of oscillation decreases. At sufficiently 

high pressure, relative motion does not occur. 

5. The elastomer characteristics including friction/velocity relationships, friction 

mechanisms, and mechanical properties interact with system dynamics to influence 

elastomeric friction behavior. The relative contribution of friction by adhesion and 

deformation determined the stability of sliding. The fluorocarbon and natural rubber 

materials exhibiting frictional instabilities were able to transmit sufficient energy to the 

system by adhesion. PDMS did not have a difference between static and kinetic friction 
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and had a positive of friction/velocity relationship which are considered requirements for 

steady sliding. 

6. Several types of noise were generated and the mechanical and acoustical response 

associated with each were examined. The type of frictional instability influenced the 

character of the noise as would be expected. The frequency response of the apparatus 

to the magnitude of oscillation was also a factor. The relative amplitude of stick-slip 

vibration and the energy density of the frequency spectrum dictated which modes of the 

apparatus were excited and the character of the sound radiated. 

7. The simulated sliding behavior makes it possible to determine the displacement, 

velocity, damping, stiffness, and inertia required for stable sliding for the apparatus used 

in this investigation. The model may be extended or modified to simulate the sliding 

behavior of other systems as well. 
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Recommendations 

1. The sliding speed dependence of friction must be analyzed and extended over a 

broader range of relative sliding velocities. This may be accomplished by adding 

transducers to the apparatus which measure the displacement, velocity, and acceleration 

of the elastomer at the interface. The solution of the instantaneous friction velocity 

relationship would be found by substituting these parameters into the equations of motion 

of the system. 

2. A suitable method of determining experimentally the normal contact pressure and real 

area of contact must be developed. The change in interference fit does not provide a 

viable means of comparison between materials with different elastic moduli. Pressure 

sensitive film is one possible alternative. Another solution is to use optic fibers such that 

the signal is attenuated under applied pressure. One final method to determine the 

interfacial pressure is to mount semi-conductor strain gages on the inside and edge of the 

shaft and find the radial and circumferential stress imposed by clamping the bushing with 

a certain interference fit. The strains could then be substituted into the well known 

Lame’ solution of an internally and externally pressurized cylinder to solve for the 

interfacial pressure. 

3. The experimental apparatus has many acoustic transmission paths. Mounting the 

apparatus on a marble or concrete slab would minimize the surface area of acoustic 

emissions which would produce better correlation between friction, system, and sound 

pressure measurements 

4. Sound power as a result of friction induced vibration should be measured in different 

octave bands. This might be accomplished by placing a hemispherical array of sound 
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intensity probes about the test rig. Then comparisons of sound power could be drawn 

regarding operating conditions and the experimental materials. 

5. Environmental factors are an important aspect of elastomeric friction. Experiments 

involving different surface coatings of the shaft, dirt, oil, water, and temperature would 

be essential to final stabilizer bushing design. 

6. New elastomers should be modified and tested. These materials should possess 

excellent compressive and tear strength, low adhesive strength, and resistance to the end 

use environment. The frequency dependence of the damping and the complex modulus 

would be important factors in finding a suitable elastomeric material. 

7. The culmination of this work should be toward developing a multi degree-of-freedom 

model of the actual suspension system of the car. Structural modes and damping of the 

stabilizer bar and the support structure, shaft displacement and velocity, and the normal 

load should be experimentally determined. These parameters and the properties of 

potential elastomeric materials may then be incorporated to examine friction and acoustic 

behavior analytically. 
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Appendix A. Theoretical Solution of Shaft Natural Frequencies 

The torsional vibration of the primary and secondary shaft is derived to bound the 

range of resonant frequencies and ensure the range is higher than the frequency of 

frictional vibration. Referring to the figure below the equation of motion is derived. 

  

  

Figure Al — Torque acting on a rod element dx. 

The angle of twist in dx of a rod due to torque, 7, where 1G is the torsional 

stiffness given by J, (polar moment of inertia of A,,,., and shear modulus G) 

do-—_ax (Al) 
1G 
P 

Assuming net torque on two faces of the element are T and re ole , the net 

torque becomes 

Ty - 162 oa (A2) 
Ox Pat? 
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Equating torque to the product of mass moment of inertia and angular acceleration yields 

aac? - 162% 
at? ax? (A3) 

#0 _ | S ee 

ar? P | ax? 

Separation of variables was used to solve the partial differential equation of motion 

assuming a solution of the form 

6 - ¥(x)Z(0) (A4) 

Substitution gives 

1?Y _ G1Z (A5) 
Yar? pZ a 

Since each side of the equation independent of the variable of the other, each side must 

2 
be equal to a constant. Assume each side is equal to + yielding 

2 
ee. wLy- 0 

id (A6) 

with general solutions: 

Y = Asinw Py 4 Beosw,| 2x A | G | G (A7) 

Z =~ Csinot + Dcoswt 
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The solution takes the form 

8 - Asin, o + Bease | GAllCsinet + Deoswt] (A8) 

where A, B, C, and D depend on boundary and initial conditions. 

With this solution, the expressions for the natural frequencies of the shaft in 

torsional oscillation with fixed-free and free-free boundary conditions are derived. The 

natural frequencies for each of these boundary conditions will define the upper and limits 

the actual natural frequencies. 

For the fixed-free case, assume the primary shaft is fixed at one end and the 

secondary shaft can be represented as a mass of moment of inertia J,. The shaft 

experiences torque T,,,. and the inertial torque 7;,,. 

U 
6 

NT 

NO Ty, 

Figure A2 — Shaft torque Tyya,=Gl,(d0/dx),., and inertia torque T,,=-J(870/0x"), <1 

Applying boundary condition (1) to equation (A8): 

x-0; 6-0 (A9) 
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yields 

Equating the shaft and inertial torque and applying boundary condition (2) gives 

0 = sino, 60 + Bease EO1Csinat + Decoswt] 

~B- 0 

. 00 2 x- GI, SL. - J,0°®),.; 

Substituting the following equations into equation (A11) 

0 - sino | Y[Csinot + Dcoswt] 

—- ® 10] # Acoso,| 2 —[[Csinwt + Dcoswt] 

and rearranging yields 

Therefore 

where 

  tano!.|£& - —2 |/2 . 
od 

- ais 
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(A10) 

(All) 

(A12) 

(A13) 

(A14) 

(A15) 
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For the free-free vibration case, the stress at the ends must be equal to zero, ie. 

FI - Q . Boundary condition (1) requires 

x = 0; < - 0 

(A16) 

#8 = [w  Acosw,| 2x - w,| 2 Bsinw P x Csinwt + Decoswt] 
OX G G G G 

thus yielding 

0 = wo, | GlAcos0 - BsinO][Csinwt + Dcoswt] (A17) 

» A=0 

Applying boundary condition (2): 

x=f; “ =- 0 

(A18) 

0 = [-w,| 2 Bsinw,| 2 A[Csinot + Deoswt] 
\ G \ G 

sinwi,| £ - 0 (A19) 
G 

which is satisfied by angles 

wl,| £2 - O, m, 2x, ... , mu 

| G (A20) 
nx |G 

IN p 

The result is 
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Appendix B. Calibration of Radial Potentiometer 

The radial potentiometer is a ten-turn, 5K linear measuring device. The 

transducer was only calibrated from 0 to x rad to ensure linearity over the maximum 

angular displacement of the torsional apparatus. Calibration data is listed in Table B1. 

An input voltage of 2% volts was chosen to provide a gain of approximately 10 rad/volt. 

Linear regression was used to determine the gain of the transducer. The following 

equations were solved simultaneously to determine the linear relationship. 

ng, + 8,- YY, (B1) 
Cy 8, +a>)04 - Vive, 

The adequacy of the regression analysis was evaluated by calculating the 

correlation coefficient given by 

re ny°0,V,-)°8,)> V; 
  

a a (B2) 
[n}> 64- (> 8,)7] 2 In} vi- (YS v4) 71 ? 

Solving the equations yielded the following linear relationship. 

V = -0.0007 + 0.1010 (B3) 

with 

r = 0.9999 (B4) 

The result is a gain of 9.9 rad/volt. The calibration curve is shown in Figure B1 with 

the data points used to determine the angular displacement/voltage relationship. 
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Table Bl. Calibration Data for the radial potentiometer. 

  

    
  

  

  

  

  

  

  

Displacement Voltage 
[rad] [volts] 

x/6 0.0020 

a/l4 0.0511 

al3 0.0777 

al2 0.1035 

22/3 0.1581 

32/4 0.2140 

52/6 0.2410 

1’ 0.3161         
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Figure Bl — Calibration Curve of the radial potentiometer. 
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Appendix C. Calibration of Torque Cell 

The torque cell consisted of four 45-degree strain gages mounted on the primary 

shaft. The cell was loaded in 5 Nm increments over a +40 Nm test range. The data 

for torque in the positive and negative sense and the corresponding voltages are tabulated 

in Table C1. Linear regression was used to determine the relationship between applied 

torque and output voltage. The following equations were solved simultaneously to 

determine the linear relationship. 

nC,+C,)> rT; = > V; (C1) 

Cd. T1+C,) T? - YY VzT; 

The adequacy of the regression analysis was evaluated by calculating the 

correlation coefficient given by 

r- ny) T,V;->> T;) V; 
  

a a (C2) 
[n}> Ti- (SS 7,)?71 ? [nyo vi-()> v;)71 7 

Solution of these equations yields the torque/voltage relationship 

V [mV] = .4222+12.19T (C3) 

with 

r= 0.9999 (C4) 

for positive torque and 
V [mV] - 0.0000 + 12.19T (CS) 
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Table C1. Calibration data for the torque cell. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      

Torque Voltage 

[Nm] [mV] 

-40.0 -483.0 

-35.0 -426.0 

-30.0 -361.0 

-25.0 -302.0 

-20.0 -240.0 

-15.0 -183.0 

-10.0 -120.0 

-5.0 -63.0 

0.0 0.0 

5.0 63.0 

10.0 121.0 

15.0 184.0 

20.0 243.0 

25.0 306.0 

30.0 365.0 

35.0 428.0 

40.0 488.0     
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with 

r= 0.9999 (C6) 

for negative torques. The result is a transducer gain of 82 Nm/Volt. The calibration 

curve is shown in Figure Cl along with the data points used to find the torque/voltage 

relationship. 
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Figure Cl — Calibration Curve for the Torque Cell. 
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Appendix D. Calibration of Accelerometer 

The original calibration of the accelerometer is included in Figure D1 below. The 

gain for this transducer is 781.4 m/s?/volt. 

  

    
      

  

  

  

      

  

  

                              
  

  

  

i4. f «bes Model No, 39-772. 
Customer ‘ CALIBRATION VATA 

tor Serial No. _ sss 

L.C.P.ACCELEROMETER |fange S572 _gs 

PIEZOTRONICS tper 1S A $37.2) Max Input Oo? e's 
Order No. 

Max Temp CZ oo oF 

= i" 

1, VOLTAGE SENSITIVITY ...... LB F? uig | @ 100 H2,8g'sPK 30,763.96 / sv 

2. MAXIMUM TRANSVERSE SENSITIVITY £0 | percent 

3. RESONANT FREQUENCY ......... _ 4 KHz 

4. DISCHARGE TIME CONSTANT ..... _ as seconds 

S. OUTPUT BIAS LEVEL ........... _AeP Volts 

6. FREQUENCY RESPONSE: 

Freq. Hz 10 30 | 50 | 100 | 300 | soo | 1000 | 3000 | sooo | Poe WoawO 

Deviation % “ZU IT /?\ 9 Leb 12-5 lt 5 te, 7 1, 7 tr.0\-4§ 

Calibration traceable to NBS through project no. 2S 2 VA 7, Z AP CA- 

. os o 
peb piezotronics inc. date YL 4 / f/ 

p. 0. box 33 ) 

buffalo, new york 14225 A Ve eeceers “ey F     
  

Figure D1 — Calibration and specification of the accelerometer. 
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Appendix E. Calibration of the Microphone 

The % inch microphone was calibrated with a B & K sound level calibrator. The 

calibrator produced a 1,000 Hz tone at 93.8 dB. Three samples were taken and the 

output voltage from the transducer was digitally acquired using the Data Translation data 

acquisition board. The amplitude for each test was +0.06 volts. To find the relationship 

between the sound pressure and voltage a conversion from sound power level, Lp, to Pa 

was required. 

Lp = 10log[ (Lz) 2] - 201log [222] 
ref ref 

where DP,.-¢ = 20(10)~* [Pa] 

= 2(10) [Lp-100]/20 _ o (1.0) (93-8-100] /20 

= 0.979755 
Pros 

Note the amplitude of the pressure wave is equal to 1.414 times the root mean square 

pressure. Therefore 

P = V2 Ding = 1.38 [Pal 

This pressure corresponds to the 0.06 volt amplitude. Therefore the microphone gain 

is 23.088 Pa/V. 
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Appendix F. Listing of Lumped Parameter Model 

100 DIM T1(2000) ,T1D(2000) , T1DD(2000) 
110 DIM T2(2000) ,T2D(2000) , T2DD(2000) 
120 DIM X2(4) ,Y2(4) ,F2(4) ,X1(4) ,¥1(4) ,F1(4) 
130 OPEN "c:filename.dat"FOR OUTPUT AS #1 

Define the integration time step 

140 H = .00002 
150 HH = .00001 
160 TIME = -.00002 

Define system parameters and the mean and critical torque 

170 KE = 665 

180 KB = 3745 

190 INPUT"Enter the damping coefficient ";CE 
200 JC = 1/1200 : JE = 1/65000! 
210 TK = 8 

220 TCRIT=10.7 

Define the input velocity and the initial conditions, ie., the displacement and velocity of 

each mass 

230 W= 7.5 
240 T1D(0) =W 
250 T1(0) = 0 
260 T2(0) = 0 
270 T2D(0) = 0 
280 T2DD(0) 1/JC * (CE*(.5*W-T2D(0)) + KE*(T1(0)-T2(0)) - 

KB*T2 (0) ) 

This loop solves the equations of motion during the stick phase of the cycle using a fixed 
time step Runge-Kutta numerical solution 

290 FOR J = 1 TO 2000 
300 TIME = TIME + H 
310 IF TIME > .02 THEN 1080 
320 WRITE #1, TIME, TORQUE,T1(J-1) ,T1D(J-1) ,T1D(J-1) -W 
340 T=T+H 
350 xX2(1) = T2(J-1) 
360 ¥2(1) = T2D(J-1) 
370 F2(1) = T2DD(J-1) 
380 X2(2) = T2(J-1) + HH*Y2(1) 
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390 Y2(2) 
400 F2(2) 

T2D(J-1) + HH*F2(1) 
1/JIC* (CE* (.5*W-Y2 (2) ) +KE* ( (HH*W+T*W) -X2(2)) - 
KB*X2 (2)) 
T2(J-1) + HH*Y2(2) 
T2D(J-1) + HH*F2(2) 
1/JC* (CE* (.5*W-Y2 (3) ) +KE* ( (HH*W+T*W) -X2(3)) - 
KB*X2 (3) ) 
T2(J-1) + H*Y2(3) 
T2D(J-1) + H*F2(3) 
1/IC* (CE* (.5*W-Y2 (4) ) +KE* ( (H*W+T*W) -X2(4)) - 

410 X2(3) 
420 Y2(3) 
430 F2(3) 

440 X2(4) 
450 Y2(4) 
460 F2(4) 

KB*X2 (4) ) 
470 T1D(J) =W 
480 T1(J) = T1(J-1) + W*H 
490 T2(J) = T2(J-1)+H/6*(Y¥2(1)+2*Y2(2)+2*Y2(3)+Y2(4)) 
500 T2D(J) = T2D(J-1)+H/6* (F2(1)+2*F2(2)+2*F2(3)+F2(4)) 
510 T2DD(J) = 1/JC * (CE*(.5*W-T2D(J)) + KE*(T1(J)-T2(J)) - 

KB*T2 (J) ) 
(CE/2*(W-T2D(J)) + KE*(T1(J)-T2(J))) 520 TORQUE 

When the critical torque is reached, the stick phase ends. 

540 IF TORQUE > TCRIT THEN 560 
550 NEXT J 

The final values of displacement and velocity become the initial conditions to solve the 
equations of motion during the slip phase. 

560 11(0) = T1(J-1) 
570 T1D(0) = W 
580 1T2(0) = T2(J-1) 
590 T2D(0) = T2D(J-1) 
600 T1DD(0) = 0 
610 T2DD(0) = 1/JC*(CE*(.5*T1D(0)-T2D(0) ) +KE*(T1(0)-T2(0)) - 

KB*T1(0)) 

Again a fixed time step Runge-Kutta numerical solution is used to solve the equations of 

motion in the following loop 

620 FOR I = 1 TO 2000 
630 TIME = TIME + H 
640 IF TIME > .02 THEN 1080 
650 WRITE #1, TIME, TORQUE,T1(I-1) ,T1D(I-1) ,T1D(I-1) -W 
670 X1(1) = T1(I-1) 
680 X2(1) = T2(I-1) 
690 Y1(1) = T1D(I-1) 
700 Y¥2(1) = T2D(I-1) 
710 F1(1) = T1DD(I-1) 
720 F2(1) = T2DD(I-1) 
730 X1(2) = T1(I-1) + HH*Y1(1) 
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740 X2(2) = T2(I-1) + HH*Y2(1) 
750 Y1(2) = T1D(I-1) + HH*F1(1) 
760 Y2(2) = T2D(I-1) + HH*F2(1) 
770 F1(2) = 1/JE * (TK - CE/2*(¥1(2)-Y¥2(2)) - 

KE* (X1(2)-X2(2))) 
780 F2(2) = 1/J3C*(CE*(.5*Y1(2)-Y2(2) )+KE* (X1(2)-X2(2)) - 

KB*X2 (2) ) 
790 X1(3) = T1(I-1) + HH*Y1(2) 
800 X2(3) = T2(I-1) + HH*Y2(2) 
810 Y¥1(3) = TID(I-1) + HH*F1(2) 
820 ¥2(3) = T2D(I-1) + HH*F2(2) 
830 F1(3) = 1/JE * (TK - CE/2*(Y¥1(3)-Y¥2(3)) - 

KE* (X1(3) -X2(3))) 
840 F2(3) = 1/dC*(CE*(.5*¥1(3)-Y2(3) ) +KE* (X1(3)-X2(3)) - 

KB*X2 (3) ) 
850 X1(4) = T1(I-1) + H*¥1(3) 
860 X2(4) = T2(I-1) + H*Y2(3) 
870 Y1(4) = T1D(I-1) + H*F1(3) 
880 Y2(4) = T2D(I-1) + H*F2(3) 
890 F1(4) = 1/JE * (TK - CE/2*(Y1(4)-Y2(4)) - 

KE* (X1(4)-X2(4))) 
900 F2(4) = 1/J3C*(CE*(.5*Y1(4) -¥2(4) ) +KE*(X1(4)-X2(4)) - 

KB*X2 (4) ) 
910 T1(I) = MT1(I-1) + H/6*(Y1(1)+2*¥1(2)+2*Y1(3)+¥1(4)) 
920 TID(I) = T1D(I-1) + H/6*(F1(1)+2*F1(2)+2*F1(3)+F1(4)) 
930 T2(I) = T2(I-1) + H/6*(¥2(1)+2*Y2(2)+2*Y2(3)+¥2(4)) 
940 T2D(I) = T2D(I-1) + H/6*(F2(1)+2*F2(2)+2*F2(3)+F2(4)) 
950 TIDD(I) = 1/JE* (TK-CE/2* (T1D(I) -T2D(I) ) ~KE* (T1(I) ~T2(I))) 
960 T2DD(I) = 1/JC*(CE*(.5*T1D(1I)-T2D(I) ) +KE* (T1(I) -T2(I) ) 

KB*T2 (I) ) 
980 TORQUE = CE/2*(T1D(I)-T2D(I)) + KE*(T1(I)-T2(I)) 

The slip phase continues until the relative velocity of the shaft and elastomer is zero 

990 IF T1D(I) > W THEN 1010 
1000 NEXT I 

The final values of displacement and velocity become the initial conditions to solve the 
equations of motion during the stick phase. 

1010 T1(0) = T1(T) 
1020 T1D(0) = W 
1030 T2(0) = T2(I) 
1040 T2D(0) = T2D(I) 
1050 T2DD(0) = T2DD(I) 
1060 T = 0 

Resume the stick solution 
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1070 GOTO 290 
1080 CLOSE 1 
1090 END 
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Appendix G. Surface Temperature Model 

A one-dimensional heat conduction model was developed [28] to ensure frictional 

heating does not affect the dynamic modulus of the elastomer. If the temperature rose 

sufficiently, the friction torque/displacement relationship would become nonlinear. The 

surface temperature rise and the temperature distribution throughout the bulk is 

determined analytically. There are two inputs to the system. These are the angular 

velocity of the shaft, f,,,., and the friction torque, 7. The duration of energy input, f, 

is also required. Since the radial heat transfer solution is cumbersome, a plane wall, 

semiinfinite solid model was used. One dimension heat conduction was chosen because 

the model will yield the most conservative estimate, ie., the largest temperature rise. 

Plane heat source between two infinite bodies—Figure G1 is the schematic 

diagram showing the constant heat flux and conduction paths in each material. The 

friction generated heat flux is defined as 

rad 

HW | x TINm] @ | RY | (G1) 
Qs 3/7 

m A contact U7") 

Since the all of the frictional heat must conduct through the materials 

9, - 4 + (G2) 
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a, = Thermal Diffusivity 
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k, = Thermal Conductivity 
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Figure Gl — Constant surface heat flux between two semiinfinite solids. 
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q”, is the fraction of friction heat conducted by the steel and g”, is the fraction of heat 

conducted by the elastomer. 7; is the initial temperature of the system and is equal to 

the ambient room temperature which was 23°C. 

Solution for the single region problem—The temperature model of the semiinfinite 

body where q”, is known is shown in Figure G2(a). The temperature rise a distance x 

from the heat flux source (the elastomer/shaft interface) is found using the thermal 

properties of the material. These are the thermal diffusivity, a [m’/s], and the thermal 

conductivity, k [W/m/K]. The solution of the temperature distribution as a function of 

x and ¢ is [29] 

at 

Te 

x 

2fat 
(G3)   

HW oa 
T- 7, ~ 2-8 “ Ux oot] tse 

        

The temperature distribution 7(x,t) will have the general trend in Figure G2(b). 

Solution of the coupled problem—The surface temperatures, T, and T,, are equal 

atx = 0. Solving equation (G3) using the material properties and equating yields 

1 NW 1 
a ,f 2 _ 7 iB a pt 2 

T k,l 

i i 

y% 4? y% g (G4) 
qa = Gp 

Ky Kp 

qa 

9 24 

k, 
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Figure G2 — (a) Semiinfinite solid with constant surface heat flux 
_and (b) transient temperature distribution. 
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The ratio of the heat conduction into each material is found to be 

  

        

    

i 
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ap 
HW 

qa kp 

Qe i 1 
AY 2 2 

a a 

* k. ‘A B | (G5) 

1 
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a, 
uN WW 

Ip qa ks 

gi! qi 1 1 
S§ § 2 2 

@ @ A, —B 

i k, ky     
These ratios, the distance, and the duration of heat source input are incorporated into 

equation (G3). The temperature distribution solutions in each material are 

HM 
a ,t15 -x? 

T -T, - 2a eat a x | - uF en * 

k, 40 
    

    

  

at ky 2,/a ,t (G6) 
“fv 1 

a ptl> -x2 
T - T, = 7 4B _ se 2 xp x _ qi ~ erfe x 

Bl t 4a pt ky 2,/a pt 

Thermal properties for each material are listed in Table G1. 

Table G1. Thermal properties of 304 stainless steel and rubber. 

  
Diffusivity Conductivity 

[ m/s ] [ W/m/K ] 

Steel, A 3.95(10)* 

Rubber, B | 6.69(10)* 0.16 | 
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Figure G3(a) is the analytical solution to the temperature distribution during a 

fluorocarbon experiment lasting one second with mean torque, 7 = 30 Nm, and angular 

velocity, W.rsg = 10 rad/s. The one-dimensional semi-infinite solid assumption is valid 

since the boundary conditions are not violated. Each line represents a 0.05 second 

increment in time. Figure G3(b) is the temperature distribution at the actual 

experimental run time of 0.23 seconds. 

Appendix G. Surface Temperature Model 144



Acontact = .2 Aapparent, t= 0-1 sec 

75 
Elastomer Bushing Steel Shaft 

T
e
m
p
e
r
a
t
u
r
e
 

Ri
se

 
(°

 
C 

) 

  
-0.004 = -0.002 0.000 0.002 0.004 0.006 0.008 

Distance From Interface ( m ) 

(a) 

Acontact = .2 Aapparent, t = 0.23 sec 

357 
Elastomer Bushing Steel Shaft 

28 

21 

T
e
m
p
e
r
a
t
u
r
e
 

Ri
se

 
(°

 
C 

) 

  

  

Lo, Jee, L den i. been i i i J 

0.004 -0.002 ~ 0.000 0.002 0.004 0.006 0.008 
Distance From Interface ( m ) 

(b) 

Figure G3 — Temperature distribution due to constant surface heat flux (a) 
temperature rise from 0.0 to 1.0 sec and (b) temperature rise of 0.23 sec experiment 
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Appendix H. Acoustic Response of the Apparatus 

The frequency response function is defined as the Fourier transform of the unit 

impulse response function [30]. It provides a measure of the single input/single output 

relationship of a system. The acoustic response of the apparatus was determined by 

experimentally by measuring the excitation of the system with a modal hammer and the 

sound pressure that radiated from the apparatus. Bendat and Piersol use the following 

method to determine the frequency response function. 

The function is simply the cross spectrum estimate 

Goff) ™ = tS xg) (H1) 

ave k-1 

divided by the auto spectrum estimate of the input. 

Giff) - + LS ype ) (H2) 

where X and Y are the fast Fourier transforms of the excitation and response. The 

asterisk is used to denote the complex conjugate. N is the data set size, At is the period, 

Nave is the number of data sets averaged, and f, is the discrete frequency. Computation 

of the frequency response functions in Figure H1 for each stiffness configuration of the 

apparatus is accomplished using equation (H3). 

Crff) (3) Hf, - 
© Gah) 
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Figure Hl — Acoustic frequency response function for (a) the 12.3 cm beam 
length condition, (b) the 9.2 cm beam length condtion, and (c) the fixed clamp condition. 
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