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This letter investigates the power generation and shunt damping performance of the single crystal
piezoelectric ceramic lead magnesium niobate–lead zirconate titanate �PMN-PZT� analytically and
experimentally. PMN-PZT is a recently developed interface for energy harvesting and shunt
damping with its large piezoelectric constant �−2252 pm /V� and coupling coefficient �0.95� for the
transverse piezoelectric mode. A unimorph PMN-PZT cantilever with an aluminum substrate is
tested under base excitation and its electromechanical response is predicted with a coupled
distributed parameter model. The power generation performance of the device is 138 �W / �g2 cm3�
at 1744 Hz, causing 84% tip vibration attenuation due to the resistive shunt damping effect. © 2008
American Institute of Physics. �DOI: 10.1063/1.3040011�

There has been an explosion of research in the area of
vibration-based energy harvesting over the past decade.1

Among the basic transduction mechanisms for vibration-to-
electricity conversion �electromagnetic, electrostatic, and pi-
ezoelectric transductions�, piezoelectric transduction has re-
ceived the most attention and has been discussed in several
review articles.2,3 Research on converting ambient vibrations
to electricity for powering small electronic components fol-
lowed the research on piezoelectric shunt damping,4 where
the main concern was the vibration attenuation in the struc-
ture rather than the electrical output. Although the particular
interest in the energy harvesting problem is the electrical
response and that in the shunt damping problem is the vibra-
tion attenuation, in practice, these effects are coupled.

Other than the piezoelectric polymer polyvinylidene
fluoride, the two popular piezoelectric materials in the litera-
ture of energy harvesting and shunt damping are the soft
ceramics PZT-5A and PZT-5H �where PZT stands for lead
zirconate titanate�. The effectiveness of the energy harvest-
ing process and the shunt damping treatments depends on the
electromechanical coupling. The two commonly used piezo-
electric modes in energy harvesting and shunt damping are
the 31-mode �transverse� and the 33-mode �longitudinal�.
The bending mode with conventional electrodes uses the 31-
mode, whereas the stack arrangements as well as the recently
introduced active-fiber composites and macrofiber compos-
ites �MFCs� utilize the 33-mode. Here, we focus on the com-
monly employed 31-mode of piezoelectricity for bending
vibrations.

The room temperature 31-mode piezoelectric constants
�d31� of PZT-5A and PZT-5H were reported in literature5 as
−190 and −265 pm /V, respectively, with the transverse
mode coupling coefficients �k31� of 0.40 and 0.36, respec-
tively. Recently, the single crystal lead magnesium niobate–
lead titanate �PMN-PT� was used for designing a high elec-

tromechanical coupling adaptive vibration absorber6 in MFC
actuators7 and also for energy harvesting8 due to its unique
characteristics. The PMN-PT sample used in the energy har-
vesting implementation8 had a transverse mode piezoelectric
constant of −643 pm /V with a coupling coefficient of 0.725.
Detailed properties of PMN-PT single crystals can be found
in literature,9,10 where the transverse mode piezoelectric con-
stant was reported to be as high as −1330 pm /V with a
coupling coefficient of 0.59. More recently, PMN-PZT single
crystals were grown by the solid state crystal growth
method11 and their elastic, piezoelectric, and dielectric con-
stants were compared with those of PMN-PT �Refs. 12 and
13� and PZT-5H.12 It was reported in Ref. 13 that the trans-
verse piezoelectric constant of PMN-PZT can be as high as
−1440 pm /V with a coupling coefficient of 0.935.

In this work, piezoelectric energy harvesting and shunt
damping performance of a single crystal PMN-PZT is
studied analytically and experimentally. The single crystal
PMN-PZT sample �20�5�0.5 mm3� used here has
d31=−2252 pm /V and k31=0.95 according to the
manufacturer11 �CPSC200–115�, which are considerably
larger than the previously published values. An aluminum
�Al� substrate of 0.79 mm thickness is bonded to the PMN-
PZT layer and a PMN-PZT/Al unimorph beam is obtained.
Figure 1�a� shows the unimorph with the conductive copper
tapes connecting the gold electrodes to the output wires. The
unimorph bender is clamped on an electromagnetic shaker as
a cantilevered beam with an overhang length of 16 mm �Fig.
1�b��. A low mass accelerometer measures the acceleration at
the base of the cantilever and a laser vibrometer measures the
tip velocity �Fig. 1�c��.

The schematic of the setup is depicted in Fig. 2, where
the unimorph cantilever is excited by a harmonic base dis-
placement of amplitude Y0 and angular frequency �. The
coupled equations governing the system dynamics are given
by14
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YIw̃xxxx�x,t� + csIw̃xxxxt�x,t� + caw̃t�x,t� + mw̃tt�x,t�

+ �v�t���x�x� − �x�x − L�� = m�2Y0ej�t, �1�

and

Cpv̇�t� + v�t�/Rl = − d31c̄11
E hpcb�

0

L

w̃xxt�x,t�dx , �2�

where YI is the bending stiffness, csI is the internal �strain
rate� damping term, ca is the external �viscous air� damping
term, m is the mass per length, and w̃�x , t� is the transverse
displacement of the beam relative to its base at point x and
time t. Furthermore, � is the piezoelectric coupling term in
physical coordinates, v�t� is the voltage across the resistive
load Rl, ��x� is the Dirac delta function, Cp is the inherent
capacitance of the piezoceramic layer, d31 is the piezoelectric
constant, c̄11

E is the elastic stiffness of the piezoceramic layer
at constant electric field with the plane-stress assumption for
a beam �i.e., c̄11

E =1 /s11
E , where s11

E is its elastic compliance at
constant electric field�, b is the electrode width, hpc is the
distance of the center of the piezoceramic layer from the
neutral axis, and j is the unit imaginary number. Subscripts x
and t stand for partial differentiation with respect to space
and time, respectively, and an overdot denotes an ordinary
differentiation with respect to time.

From the expansion theorem,

w̃�x,t� = �
r=1

�

�r�x��r�t� , �3�

where �r�x� is the mass normalized eigenfunction and �r�t�
is the modal response of the rth vibration mode.

Using the orthogonality conditions of the eigenfunctions
and Eq. �3� in Eq. �1�, one obtains14

�̈r�t� + 2	r�r�̇r�t� + �r
2�r�t� + 
rv�t�

= m�2Y0ej�t�
0

L

�r�x�dx , �4�

where �r is the undamped natural frequency �for Rl→0�, 	r
is the damping ratio, and 
r is the modal coupling term of the
rth mode in the mechanical equation due to the converse
piezoelectric effect.

Substituting Eq. �3� into Eq. �2� yields

v̇�t� + v�t�/�c = �
r=1

�

�r�̇r�t� , �5�

where �c=RlCp is the time constant of the circuit and �r is
the modal coupling term in the circuit equation due to the
direct piezoelectric effect.

The steady state solutions of Eqs. �4� and �5� are14

v�t� =

jm�3Y0ej�t�
r=1

� �r�
0

L

�r�x�dx

�r
2 − �2 + j2	r�r�

1 + j��c

�c
+ �

r=1

�
j�
r�r

�r
2 − �2 + j2	r�r�

�6�

and

w̃�x,t� = �
r=1

� �m�2Y0ej�t�
0

L

�r�x�dx − 
rv�t���r�x�

�r
2 − �2 + j2	r�r�

, �7�

which can be used to extract the voltage output-to-base ac-
celeration and the tip displacement-to-base acceleration fre-
quency response functions �FRFs�.

The overhang dimensions of the unimorph cantilever
�Fig. 1�b�� are 16�5�1.33 mm3 due to an epoxy layer of
	0.04 mm thickness. In the experiments, 14 different resis-
tive loads �from 10  to 685 k� are used. Because PMN-
PZT is very brittle, the cantilever is not clamped very tightly,
resulting in the experiment having a more flexible boundary
than the theory. The bending stiffness YI is estimated by
using the experimental first natural frequency �1744 Hz for
10  load resistance� and the theoretical mass per length
�m=0.0304 kg /m� as YI=0.0194 N m2. The capacitance of
the original 20 mm long sample was reported by the
manufacturer11 as 8.88 nF. Thus, for an overhang length of
16 mm, Cp=7.10 nF is used here. Note that the reported11

elastic compliance of PMN-PZT is as large as s11
E

=127 pm2 /N.
For 14 different resistive loads, the experimentally mea-

sured voltage FRFs �per base acceleration in g—gravitational
acceleration� are shown in Fig. 3�a�, whereas the theoretical

(a) (c)

(b)

FIG. 1. �Color online� �a� PMN-PZT/Al unimorph analyzed in the experi-
ment, �b� its clamped configuration on the shaker with an accelerometer, and
�c� the laser vibrometer measuring the tip velocity.

Piezoceramic Substructure Electrodes Poling direction

0

j tY e �

y

0x � x L�
lR ( )v t

FIG. 2. Unimorph cantilever with a resistive load under base excitation
�piezoelectric energy harvester model�.

(b)(a)

FIG. 3. �Color online� Voltage output-to-base acceleration FRFs for 14 dif-
ferent resistive loads: �a� experimental and �b� analytical.
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predictions of Eq. �6� are displayed in Fig. 3�b�. Note that as
the load resistance is increased from 10  to 685 k, the
first resonance frequency moves from the short circuit reso-
nance frequency �1744 Hz� to the open circuit resonance
frequency �which is 1925 Hz in the experimental FRF and
1912 Hz in the analytical FRF�. The analytical model has a
0.7% error in predicting the open circuit resonance frequency
of the first mode. The large frequency shift with changing
load resistance is a result of large piezoelectric coupling.

Equation �7� can be modified to give the absolute veloc-
ity response at the tip of the cantilever in order to predict the
laser vibrometer measurement. Then, the tip velocity mea-
surements shown in Fig. 4�a� can be predicted as in Fig. 4�b�.
In all FRFs shown in Figs. 3 and 4, the mechanical damping
ratio is 2.2% �identified once for 10  load resistance�. Due
to the shift in the resonance frequency, the vibration ampli-
tude is attenuated for excitations around 1744 Hz, whereas it
is amplified around 1925 Hz.

For excitation at 1744 Hz, variation in the electrical
power with load resistance is given by Fig. 5�a�. The maxi-
mum power of 14.7 �W /g2 is obtained for an optimum re-
sistive load of 2.7 k. The overhang volume and the mass
of the cantilever are about 0.106 cm3 and 0.486 g, respec-
tively. The maximum power density �power per volume� and
the specific power �power per mass� of the device are then
138 �W / �g2 cm3� and 30.2 mW / �g2 kg�. Due to the resis-
tive shunt damping effect associated with the electrical
power generation, the vibration amplitude at the tip of the

cantilever is reduced by 84% according to Fig. 5�b�. The
model predictions are very good in Figs. 3–5. PMN-PZT is a
good interface for energy harvesting and especially for shunt
damping due to its large piezoelectric coupling.
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(a) (b)

FIG. 4. �Color online� Tip velocity-to-base acceleration FRFs for 14 differ-
ent resistive loads: �a� experimental and �b� analytical.

(a) (b)

FIG. 5. �Color online� Variations in the �a� electrical power and the �b� tip
velocity amplitudes with load resistance for excitation at 1744 Hz.
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