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Abstract

Reliability analysis plays an important role in keeping manufacturers in a competitive posi-

tion. It can be applied in many areas such as warranty predictions, maintenance scheduling,

spare parts provisioning, and risk assessment. This dissertation focuses on statistical model-

ing and predictions based on lifetime data, degradation data, and recurrent event data. The

datasets used in this dissertation come from the field, and have complicated structures. The

dissertation consists of three main chapters, in addition to Chapter 1 which is the introduc-

tion chapter, and Chapter 5 which is the general conclusion chapter. Chapter 2 consists of

the traditional time-to-failure data analysis. We propose a statistical method to address the

failure data from an appliance used at home with the consideration of retirement times and

delayed reporting time. We also develop a prediction method based on the proposed model.

Using the information of retirement-time distribution and delayed reporting time, the pre-

dictions are more accurate and useful in the decision making. In Chapter 3, we introduce

a nonlinear mixed-effects general path model to incorporate dynamic covariates into degra-

dation data analysis. Dynamic covariates include time-varying environmental variables and

usage condition. The shapes of the effect functions of covariates may be constrained to be,

for example, monotonically increasing (i.e., higher temperature is likely to cause more dam-

age). Incorporating dynamic covariates with shape restrictions is challenging. A modified

alternative algorithm and the corresponding prediction method are proposed. In Chapter

4, we introduce a multi-level trend-renewal process (MTRP) model to describe component-

level events in multi-level repairable systems. In particular, we consider two-level repairable

systems in which events can occur at the subsystem level, or the component (within the sub-

system) level. The main goal is to develop a method for estimation of model parameters

and a procedure for prediction of the future replacement events at component level with the

consideration of the effects from the subsystem replacement events. To explain unit-to-unit

variability, time-dependent covariates as well as random effects are introduced into the hetero-

geneous MTRP model (HMTRP). A Metropolis-within-Gibbs algorithm is used to estimate

the unknown parameters in the HMTRP model. The proposed method is illustrated by a

simulated dataset.
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Chapter 1 General Introduction

1.1 Background

Reliability of products is of concern to both manufacturers and consumers. A highly reliable

product, such as aircrafts, cars, and computers, can operate stably and safely over time

under normal conditions. A manufacturer with highly reliable products always has a stronger

competitive position in the global market. To have a better understanding about the reliability

of products, reliability analysis is necessary.

1.1.1 Prediction in Reliability Analysis

Statistical prediction is often an important task in the reliability analysis. It can help manu-

facturers predict the expected lifetime of products, the expected number of future events, and

other important information. For example, how long a product can continuously work, how

many failures will occur in a certain time interval, how many spare parts should be prepared,

what is the estimated cost in the warranty period, and how to optimize the maintenance

strategy. Prediction analysis is often based on the currently available data and a model that

is used to describe the event process. Nelson (1982), and Meeker and Escobar (1998, Chapter

12) introduced general methods in the prediction of future events such as the näıve plug-in

method, approximate pivotal method, and the Monte Carlo simulation method. However,

different data structures will require different prediction methods. Predictions based on data

with complicated structures are often more challenging.

1.1.2 Field Data in Reliability

Reliability data mainly come from two sources: laboratory test data and field data. Laboratory

test data are used to solve specific problems based on well designed experiments. Accelerated

test methods are used to obtain reliability information in a short time period by testing

1
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units under high levels of stress variables. The stress variables usually include temperature,

usage frequency, and load. Compared to the laboratory test data, field data are often more

complicated, containing truncation, censoring, reporting delays and a large amount of data.

Field data are usually more valuable because they come from reality and include complicated

environmental variables and usage conditions (Oh and Bai 2001).

1.1.2.1 Censoring

In field data, it is rare to observe complete data (i.e., the exact event time for each unit)

due to the limit of the study time and the difficulty to track the product all of the time.

Thus, censoring is common in lifetime data and could consist of right censoring, left censoring,

interval censoring, and random censoring. Right censoring occurs when the study stops before

the event has happened. For products with multiple failure modes, right censoring can occur

due to the occurrence of other failure modes. Escobar and Meeker (1999) described prediction

methods based on censored lifetime data. Hong et al. (2009) proposed a prediction method

for left truncated and right censored data. Geisser (1993) presented a general procedure using

a Bayesian framework.

1.1.2.2 Reporting Delayed

One way of field data collection is through the repair requests from customers in the warranty

period or a track study from the manufacturers. Due to various reasons, some failures may

be reported immediately, while others may be reported with delays. For those delays out-

side of the warranty period or study time, we may not be able to collect the failure events.

Without the consideration of the reporting delay, the prediction of failure events will be more

conservative (i.e., more failures).

1.1.2.3 Dynamic Covariates

With the advancement of technology, sensors are becoming more widely used. Sensors can

help record the environmental variables and the usage conditions (i.e., dynamic covariates)
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as well as the time to failure. These dynamic covariates can be the load amount, use rate,

temperature, humidity, etc. Dynamic covariates are expected to give more information for

reliability analysis. For example, the lifetime of solar panels is affected by the humidity of

the air and the amount of ultraviolet radiation. The degradation of LED lights is affected by

the frequency of on-off switches. The wearing of rubber tires is influenced by road conditions.

Dynamic covariates also can help explain individual variability. For example, organic coating

under high temperature will degrade faster than in normal temperature. Thus, incorporation

of dynamic covariates in the analysis of reliability is becoming more important. Singpurwalla

(1995), Nelson (1990, Chapter 10), Bagdonavičius and Nikulin (2001a), Bagdonavičius and

Nikulin (2001b, Chapter 2), Lawless and Crowder (2004), Hong and Meeker (2011), and Hong

et al. (2014) introduced the methods to incorporate dynamic covariates.

Because sensors can record environmental variables and usage conditions in seconds, the

next generation of reliability data will be very large in size (Hong and Meeker 2013). The

number of covariates will probably be much larger than the number of observations and so

extracting useful dynamic covariates information will be a great challenge in future.

1.1.2.4 Multi-level Repairable System

The structure of a system can be complicated (e.g., containing several levels). For example, the

structure of a truck (system level) includes engine subsystem, brake subsystem, gas supply

subsystem, etc. Subsystems are also composed of many components. Failures may occur

in some critical subsystems. For a repairable system, the system can be restored back to

an operational state after a repair event. To fix the problem in a repairable system, we

may replace the whole subsystem or just replace one component inside the subsystem. The

replacement of a subsystem may change the lifetime of the components in that subsystem.

The complicated data structure and the effect from the subsystem replacement events increase

the challenge in the modeling and prediction of component replacement events.
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1.1.2.5 Degradation Data in Reliability

Many materials such as metal, organic coating and polymers degrade over time due to the

physical changes (e.g., wearing or fatigue) and/or chemical changes (e.g., aging or oxidation).

Once the degradation reaches a critical value, the material is defined as a failure. For those

materials with degradation measurements, degradation analysis provides a powerful way to

estimate the reliability. Instead of recording only the failure times, the degradation data will

contain a series of degradation measurements over time. Compared to the traditional time-to-

failure data analysis, degradation data analysis can give a better and more timely estimation

of highly reliable products, even when no failure is observed. There are two primarily analytic

methods in current degradation data analysis: general degradation path model and stochastic

model. Lu and Meeker (1993), Wang and Coit (2007) and Hong et al. (2014) described the

method of general degradation path model. Whitmore (1995), Padgett and Tomlinson (2004),

and Park and Padgett (2006) applied stochastic processes to model degradation data.

1.1.2.6 Recurrent Event in Reliability

The observation of recurrent events is common in repairable systems. Current research mainly

focuses on the estimation and prediction of future events and the expected number of events

in a certain future time interval. Nelson (2003) and Cook and Lawless (2007) gave a good

introduction to the statistical methods in the analysis of recurrent events. Nonhomogeneous

Poisson process and renewal process are two popular models in recurrent event modeling.

Berman (1981) introduced an inhomogeneous gamma process. Kijima (1989) proposed two

types of virtual age models. Wang and Pham (1996) proposed a quasi renewal process. Lawless

and Thiagarajah (1996) introduced a proportional intensity model and Lindqvist et al. (2003)

proposed a trend-renewal process.
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1.2 Motivation

The goal of this dissertation is to model complex reliability data and develop prediction

procedures to address prediction problems arising from different situations. As we mentioned

before, the structure of field data is complicated and the capacity of current software packages

is far from what is needed to analyze modern reliability data. In this dissertation, three

modeling and prediction methods are developed which can be generally applied to other

reliability data sharing some key characteristics.

1.2.1 Failure Time and Retirement Time

To make the products more competitive, manufacturers will upgrade their products and devel-

op more functions on the new generation of products. These actions will stimulate customers

to replace their older version for the latest version, even when the older version is still in

working condition. The shorter retirement time of products can affect the prediction of fail-

ure events and mislead managers into making incorrect decisions. However, there is little

research considering retirement so far. In Chapter 2, a dataset from a home appliance is con-

sidered. In this dataset, 120,921 units were staggered installed at home since January 1996.

A potential dangerous failure mode was reported after 55 months and the failure data were

collected before 118 months from the first installation. To consider the retirement effect in

the prediction, a separate survey was made to collect the retirement information. It found

the average retirement time was around 98 months. Besides the retirement effect, reporting

delay was also considered. Based on this dataset, we develop a statistical prediction procedure

that considers the impact of product retirements and reporting delays. The statistical pre-

diction method can be applied to other lifetime data with similar characteristics (i.e., include

retirement or reporting delay or both).
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1.2.2 Nonlinear Mixed-effects Model and Dynamic Covariates

Traditional reliability analysis is based on failure-to-time data. However, many products are

designed with high reliability and low risk of failures. It is hard to collect enough failure-to-

time data to give an accurate estimation for highly reliable products in a limited time, even

under accelerated test conditions. Compared to traditional lifetime data analysis, degradation

data analysis can give a better estimation and prediction for the lifetime of products under

limited study time and small sample units. Life-affecting environmental variables (i.e., dy-

namic covariates) are recorded as well as degradation measures over time. It is important to

incorporate the dynamic covariates into the degradation path model. In Chapter 3, we propose

a nonlinear mixed-effects model incorporating dynamic covariates to model the degradation

data. Shape restricted regression splines are used in the proposed model and a modified alter-

nating algorithm is developed in this chapter. The performance of the algorithm is evaluated

by simulation. Based on the relationship between failure and degradation measurements, we

also propose a method to obtain the lifetime distribution. An outdoor weathering dataset is

used for illustration of the proposed method and a comparison between linear mixed-effects

model fitting (Hong et al. 2014) and nonlinear mixed-effects model fitting is made.

1.2.3 Recurrent Events in Multi-level Repairable Systems

A multi-level repairable system may experience recurrent events in the subsystem level or the

component level. The replacement of the subsystem may affect the risk of components having

failures. So far, most of the research, however, has treated the subsystem and component

independently in the modeling of component events (e.g., Martz et al. 1988, and Martz and

Waller 1990). The ignorance of the effect from the subsystem event may lead to bias in

estimation and prediction of the component events. In Chapter 4, we introduce a multi-

level trend-renewal process (MTRP) to model the component events with the consideration of

the subsystem event effect. To explain the unit-to-unit variability, time-dependent covariates

and random effects are considered in the modeling and prediction. The prediction of the
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component events is achieved based on the Monte Carlo simulation. The performance of the

estimation and prediction procedures are validated by simulation studies.

1.3 Overview

The rest of this dissertation is organized as follows. In Chapter 2, a statistical method is

proposed to model and predict the lifetime of products with the consideration of retirement

times and reporting delays. Chapter 2 is mainly based on Xu et al. (2014b), which is to

appear in IEEE Transactions on Reliability. Chapter 3 introduces a modified alternative al-

gorithm to estimate the unknown parameters in a nonlinear mixed-effects model incorporating

dynamic covariates. Chapter 3 is based on Xu et al. (2014a), which is under review by Ap-

plied Stochastic Models in Business and Industry after a minor revision. Chapter 4 proposes

a multi-level trend-renewal process to model the component events in multi-level repairable

systems. Chapter 4 will be turned into a paper and will be submitted to Technometrics.
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Abstract

Many consumer products are designed and manufactured so that the probability of failure

during the technological life of the product is small. Most product units in the field retire

before they fail. Even though the number of failures of such products is small, there is still

a need to model and predict field failures for purposes of risk assessment in applications

that involve safety. Challenges in the modeling and prediction of failures arise because the

retirement times are often unknown, few failures have been reported, and there are delays

in field failure reporting. Motivated by an application to assess the risk of failure for a

particular product, we develop a statistical prediction procedure that considers the impact of

product retirements and reporting delays. Based on the developed method, we provide the

point predictions for the cumulative number of reported failures over a future time period, and

corresponding prediction intervals to quantify uncertainty. We also conduct sensitivity analysis

to assess the effects of different assumptions on failure-time and retirement distributions.

Key Words: Calibration, discrete Fourier transform, failure reporting delay, Poisson-

binomial distribution, prediction interval, Weibull.

11



12

2.1 Introduction

2.1.1 Motivation

Product reliability is important to both the manufacturers and consumers. Many products

have high reliability with only a small fraction failing (e.g., 1% or less). There are, however,

some failure modes that can lead to risk of loss of property or life. Examples include material

anomalies in rotating components in aircraft engines that lead to premature cracking and

fracture, failure of electrical insulation in home appliances giving rise to the risk of fire or

electrical shock, failure of electrical connections in defibrillators, and the explosion of a laptop

battery.

Although the particular technical details and nature of the available data and other infor-

mation will differ from application to application, there is a common scenario that we have

seen in numerous different applications. At some point in time (which may range from months

to years) after product introduction, a few failures have been reported. Often the particular

failure mode is one that had not been anticipated. Sometimes the problem was caused by

just a single batch of raw material, or an unreported and untested change in a component or

material made by a vendor. Generally, management (or in some cases government agencies)

will want engineers to determine whether there is a serious problem, and will often ask for a

formal risk assessment. This action then leads to some or all of the following questions.

1. Were the reported failures anomalies (e.g., cause by extreme product abuse or a few

defective units that got shipped) or is the problem more widespread? Usually, it is the

latter, but wishful thinking will cause some to believe the former.

2. Is there a small proportion of defective units failing rapidly or will all units (that remain

in service) eventually fail prematurely?

3. What is the risk (e.g., potential cost, both tangible and intangible) of future failures

from this product?
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4. Should there be a product recall?

5. How can we fix the problem so that future production will not have the failure mode of

concern?

This chapter focuses on statistical methods for answering question 3.

In some applications, the risk of failure is lessened because of product retirement, before

product failure occurs. Retirements are often a result of product performance degradation or

technical obsolescence. For example, cell phones and laptop computers are typically retired

after two or three years of use. Ironically, for some products, the risk of a serious failure

is sometimes lessened by the occurrence of an innocuous failure mode. For example, an

implanted defibrillator that has a broken electrical connection would be removed from service

if its rechargeable battery fails before the unit is called upon to be used. In such applications,

possible retirement/innocuous failure events should be part of the risk assessment. Another

complicating feature of some field data is the delayed reporting of failures.

Motivated by several different but similar applications, we develop a statistical procedure

to predict the field failures of products, considering the impact of product retirement and

reporting delays. Based on the developed method, we provide point predictions for the cumu-

lative number of reported failures at a future point in time, and the corresponding prediction

interval (PI) to quantify uncertainty.

2.1.2 Related work

There is a large amount of literature describing statistical prediction, and some of this previous

work has focused on the prediction of the number of failures in a future time period and the

construction of a corresponding PI. Nelson (1982), and Meeker and Escobar (1998) introduced

general methods to obtain PIs for reliability applications. Engehardt and Bain (1978) provided

an exact PI for the number of failures in a repairable system based on maximum likelihood

(ML) estimation. Mee and Kushary (1994) gave simulation-based methods for computing PIs

for selected order statistics from future samples from a Weibull distribution. Nelson (2000),
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and Nordman and Meeker (2002) proposed PI procedures based on a Weibull distribution

with a known shape parameter. Geisser (1993), and Tian et al. (2011) described Bayesian

approaches to obtain a PI. De Menezes et al. (2006) used subsampling to obtain the PI for

the number of failures in a future time interval. For censored failure-time data, Escobar and

Meeker (1999), and Hong et al. (2009) described methods to obtain PIs for a future number of

failures. Lawless and Fredette (2005) proposed an effective, easy-to-use procedure to construct

frequentist PIs. Yang (2010) proposed a prediction method for warranty cost based on the

accelerated life test plans. Park and Kulasekera (2004) described a parametric method to deal

with the competing risks problem. Few published works, however, have considered prediction

in the presence of the unknown retirement times and reporting delays. In one exception,

Zhao et al. (2010) compared the difference of predictions between the models that account

for retirement and that do not account for retirement, based on a specific retirement rate

assumption. In this chapter, we propose a general statistical procedure to predict the future

number of field failures in the presence of retirement and reporting delays, and we develop a

PI procedure to quantify the uncertainties in prediction.

2.1.3 Overview

Our approach to the field-failure prediction uses the following steps.

• Failure-time modeling- We first construct a failure-time model based on assumptions for

the retirement-time distribution and reporting delays. Then, we estimate the parameters

of the failure-time distribution using ML.

• Derivation of the probability of future failures - Based on the failure-time and retirement-

time distributions, as well as the ML estimates from Step 1, the probability of a reported

failure in a future time interval can be estimated, providing the basis of prediction of

the cumulative number of reported failures in a specified future time period.

• Prediction - Based on the probability of a reported failure and the number of units that

are at risk, one can obtain a point prediction for the cumulative number of reported
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failures by a specified future point in time and a corresponding PI.

• Prediction Interval - We use a method based on the concept of a predictive distribution

and bootstrap calibration to construct PIs for the future number of failures.

• Sensitivity analysis - The predictions are based on uncertain assumptions about the

failure-time and the retirement-time distributions. Thus, it is prudent to assess the

effect of deviations from these assumptions.

The rest of the chapter is organized as follows. In Section 2.2, we introduce the failure-

time distribution, the retirement-time distribution, and the reporting delay distribution. In

Section 2.3, we develop an ML procedure to estimate the unknown failure-time distribution

parameters. Section 2.4 shows in detail how to use the failure-time distribution and estimated

parameters to predict the number of reported future failures, and how to compute a corre-

sponding PI. In Section 2.5, sensitivity analysis is used to compare the prediction results with

different parameters and distributions. Section 2.6 contains some concluding remarks, and

describes possible areas for future research.

2.2 Data and Failure-Time Model

2.2.1 The Data

In this chapter, we use a dataset from a product that is used at home that we call product

B. To protect proprietary and sensitive information, we have disguised the data by changing

the time scale, and using a randomly chosen subset of the original dataset. Although our

methods were motivated by this specific application, the developed method is general, and

can be applied to other situations with unknown retirement times and reporting delays.

The company manufactured 14 batches of product B over time, and there were 120,921

units in total. The units were put into service at different times between January 1996 and

June 1997 (staggered entry). We define the first installation time (i.e., January 1996) to be

time 0. Then the installation times for the 14 different batches were 0, 2, 3, 4, 5, 6, 7, 10,
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12, 13, 14, 15, 16, and 17 months, respectively. After 55 months (a little less than five years)

later, a potentially dangerous failure mode was reported. Subsequently, 32 additional failures

were reported by the data freeze date (DFD), which was at 118 months (about 9.8 years) after

the first units were introduced into service. Figure 2.1 illustrates the staggered entry pattern.

The figure shows, for each batch, the number of units that had been installed, the time where

failures were reported, and the number of units that had not being reported as failing by the

DFD.

Table 2.1 shows the 32 reported failure times (months in service before failure). The failure

times are denoted by ti, i = 1, · · · , r where r is the total number of reported failures (r = 32

here). The failure times were recorded to the nearest month. For example, failure time 91

indicates that a unit failed between 90.5 and 91.5 months after its installation. Table 2.1 also

lists the age that the failed unit would have been at the DFD if it had not failed; these times

are denoted by Ai, i = 1, · · · , r.

Table 2.2 shows the number of units installed, the number of failures reported, the number

of units not being reported by the DFD, and the ages of units at the DFD (denoted by Aj)

for the 14 batches of product B. The number of units installed, denoted by nj , j = 1, · · · , J ,

where J is the total number of batches (J = 14 here), ranges between 5,795 and 12,233. The

number of units that were not reported is denoted by wj . Although the number of reported

failures from each batch and the overall fraction failing is small (0.026%), it is worthy to

investigate such data, and predict the number of failures in the future due to the potential

serious consequences of the failure.

2.2.2 Model for Time to Failure

Let T denote the product failure time. We use the log-location-scale family of distribution-

s to model the distribution of T . Among those members in the log-location-scale family,

the Weibull and lognormal distributions are the two most commonly-used distributions for

describing failure times. In particular, the cumulative distribution function (cdf) and proba-
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Figure 2.1: Event plot for the dataset with ∗ indicating the failure times for the reported
failures.

Table 2.1: Failure Time ti and Corresponding Age of the unit’s Batch at the DFD Ai.

ti Ai ti Ai ti Ai ti Ai

91 101 88 106 106 108 60 113
41 102 82 106 47 111 51 113
94 102 32 106 77 111 92 114
57 102 29 106 66 111 67 114
32 103 83 106 76 112 107 115
69 104 87 106 82 112 53 116
81 104 70 106 71 112 100 118
94 105 82 108 110 113 76 118
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Table 2.2: Installed quantities, number of failures reported, number not reported, and the age
of the batch at the DFD.

Batch Installed Reported Not Reported Batch Age at DFD
j nj rj wj = nj − rj Aj

1 5795 2 5793 118
2 12100 1 12099 116
3 5985 1 5984 115
4 12233 2 12231 114
5 5946 3 5943 113
6 12175 3 12172 112
7 6124 3 6121 111
8 12083 2 12081 108
9 12040 7 12033 106
10 6166 1 6165 105
11 12080 2 12078 104
12 6147 1 6146 103
13 6155 3 6152 102
14 5892 1 5891 101

bility density function (pdf) of the Weibull distribution can be expressed as

FT (t;µT , σT ) = Φsev

[
log(t)− µT

σT

]
and fT (t;µT , σT ) =

1

σT t
φsev

[
log(t)− µT

σT

]
t > 0,

where Φsev(w) = 1− exp[−exp(w)], and φsev(w) = exp[w − exp(w)] are the standard smallest

extreme value cdf and pdf, respectively. Here, µT is the location parameter, and σT is the

scale parameter of the distribution of log(T ).

We use the Weibull distribution to describe the distribution of T . In our sensitivity

analysis, the lognormal distribution is considered as an alternative to describe the failure-

time distribution. By replacing Φsev, and φsev with Φnor, and φnor, the cdf, and pdf of the

lognormal distribution are

FT (t;µT , σT ) = Φnor

[
log(t)− µT

σT

]
, and fT (t;µT , σT ) =

1

σT t
φnor

[
log(t)− µT

σT

]
t > 0,

respectively.

The cdf, and pdf of the Weibull distribution can also be re-expressed as

FT (t; ηT , βT ) = 1− exp

[
−
(

t

ηT

)βT

]
and fT (t; ηT , βT ) =

βT

ηT

(
t

ηT

)βT−1

exp

[
−
(

t

ηT

)βT

]
,

where t > 0, ηT = exp(µT ) is the Weibull scale parameter (also the approximate 0.63 quantile),
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and βT = 1/σT is the Weibull shape parameter. The value of βT indicates the shape of the

hazard function, which is given by

h(t; βT , ηT ) =
f(t; βT , ηT )

1− F (t; βT , ηT )
=

βT

ηT

(
t

ηT

)βT−1

.

In particular, βT > 1 indicates an increasing hazard function; βT = 1 indicates a constant

hazard function; and βT < 1 indicates a decreasing hazard function. More information about

the log-location-scale family of distributions can be found in Chapter 4 of Meeker and Escobar

(1998).

2.2.3 Product Retirement Distribution

Product retirement occurs when a unit is removed from service before it fails. Let R be the

time of retirement. To avoid prediction bias, it is important to incorporate the retirement

information into the failure-time model. However, there is no tracking of the retirement time

at the individual product level. Thus, the retirement information at the population level has

to be used.

A marketing survey had been conducted, providing information about the length of time

that people tended to use certain appliances before replacing them with new models. This

survey provided information about the mean and standard deviation of appliances like prod-

uct B. By assuming that the retirement times s-independently and identically follow a Weibull

distribution, we obtain that the mean retirement time is E(R) = 98 months (approximately

8.2 years), and the shape parameter βR is between 1.5 and 2. The cdf of the retirement time

can be expressed as

FR(r) = Pr(R ≤ r) = 1− exp

[
−
(

r

ηR

)βR

]
, r > 0. (2.1)

The value of shape parameter βR > 1 indicates that the retirement hazard function is an

increasing function of product age. The mean of the Weibull distribution is E(R) = ηRΓ(1 +

1/βR), implying that the Weibull characteristic life parameter ηR is between 108.6 and 110.6

months. Due to the nature of the serious failure mechanism (because it has no symptoms

before it occurs), it can reasonably be assumed to be s-independent of the time of retirement.
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Table 2.3: Probability mass function for the distribution of reporting delays.

δ (months) 0 1 2 3 - 5 6 - 9 10 - 15 ≥ 16
Pr(∆ = δ) 0.62 0.31 0.04 0.004 0.003 0.001 0

2.2.4 Failure Reporting Delay

In this application, there were known delays in the reporting of failures. Because these delays

were potentially important to the estimation of the failure-time distribution, there was need

to consider them in modeling and prediction. We denote the length of the delay by ∆, which

is assumed to be s-independent of the failure time. The reporting time is equal to T + ∆,

where T is the product’s failure time.

Based on available records, no reporting delays had been longer than 15 months. Thus,

the probability of a reporting delay greater than or equal to 16 months is equal to zero,

and all delay times are between 0 month to 15 months. Based on historical information,

the distribution of delays is approximated by a discrete distribution given in Table 2.3. A

particular delay time is denoted by δ, and the corresponding probability is denoted by Pr(∆ =

δ). Table 2.3 indicates that around 62% of failures would be reported to the company without

any delay. Note that
∑

δ Pr(∆ = δ) = 1. Because the failure process and reporting process are

not related, it is reasonable to assume that the reporting delay ∆ is s-independent of failure

time T .

2.3 Maximum Likelihood Estimation

2.3.1 Construction of the Likelihood Function

Let ti denote the realized failure time of unit i, which is the amount of time between when

the unit was installed and when it failed. If a unit failed, and the failure was reported before

the DFD, the failure that occurred at time ti was recorded. Because the failure times were

recorded to the nearest month, the actual failure time for observation i is in the interval
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(ti1, ti2], where ti1 = max(0, ti − .5), and ti2 = min(ti + 0.5,Ai). The probability of a failure

before retirement with failure time between ti1 and ti2 is

Pr[(T ≤ R) ∩ (ti1 < T ≤ ti2)] =

∫ ti2

ti1

fT (t)[1− FR(t)]dt (2.2)

where the factor 1−FR(t) represents the probability that the unit retires after time t. One can

consider the failure time T and retirement time R as in a competing-risks model (e.g., Chapter

2 of Crowder, 2001). Figure 2.2 illustrates the computing of the likelihood contribution in

(2.2) in which the shaded area shows the likelihood contribution.

To account for reporting delay, (2.2) needs to be adjusted. Here, the reporting delay is

incorporated into the model by conditioning on the observed value of ∆. In particular, the

probability of actually failing in the interval (ti1, ti2] and having the failure reported before

the DFD is

πi = Pr[(T ≤ R) ∩ (ti1 < T ≤ ti2) ∩ Reported]

=
∑

δ

Pr(∆i = δ)Pr[(T ≤ R) ∩ (ti1 < T ≤ ti2) ∩ Reported|∆i = δ]

=
∑

δ

Pr(∆i = δ)

∫ ti2

ti1

1(t+ δ; ti1,Ai)fT (t)[1− FR(t)]dt (2.3)

where

1(t + δ; ti1,Ai) =





1 when ti1 < t + δ ≤ Ai

0 otherwise

.

The indicator function 1(t+ δ; ti1,Ai) accounts for the censoring that arises because we only

know about failures that are reported before the DFD. For purposes of numerical computation,

(2.3) can be re-expressed as

πi =

∫ ti2

ti1

∑

δ

Pr(∆i = δ)1(t+ δ; ti1,Ai)fT (t)[1− FR(t)]dt.

For those units that were not reported as failures before DFD, the probability that a unit in
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Figure 2.2: Illustration of the likelihood contribution in (2.2) relative to the joint distribution
of T and R. The probability under the shaded region is the likelihood contribution.

installation batch j has not been reported as a failure before DFD is

ξj = 1− Pr[(T ≤ R) ∩ (0 < T ≤ Aj) ∩ Reported]

= 1−
∑

δ

Pr(∆j = δ)Pr[(T ≤ R) ∩ (0 < T ≤ Aj) ∩ Reported|δ]

= 1−
∑

δ

Pr(∆j = δ)

∫ Aj

0

1(t + δ; 0,Aj)fT (t)[1− FR(t)]dt (2.4)

where

1(t+ δ; 0,Aj) =





1 when 0 ≤ t+ δ ≤ Aj

0 otherwise

.

Equation (2.4) can be re-expressed as

ξj = 1−
∫ Aj

0

∑

δ

Pr(∆j = δ)1(t + δ; 0,Aj)fT (t)[1− FR(t)]dt.

The log-likelihood function based on the data in Tables 2.1 and 2.2 is

L(θ|DATA) =
r∑

i=1

log(πi) +

J∑

j=1

wj log(ξj), (2.5)

where θ = (ηT , βT )
′. Here, the first summation is over the reported failures, the second

summation is over the installation batches in Table 2.2, and wj is the number of units from

batch j that have not been reported as failures.
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2.3.2 Parameter Estimates

The ML estimator of θ is denoted by θ̂ = (η̂T , β̂T )
′. To make the numerical optimization more

stable, we optimized the loglikelihood function using an alternative parametrization t0.001 and

βT , instead of the original parametrization ηT and βT . Here, t0.001 is the 0.001 quantile of the

product failure-time distribution. The effect of the reparametrization is shown in the contour

plots of the log relative likelihood as in Figure 2.3. Under the original parametrization, the

shape of the log relative likelihood is elongated, indicating a strong correlation between η̂T

and β̂T . Such strong correlation will make the numerical optimization less stable. Under

the alternative parametrization, the log-likelihood is better behaved. In addition, it is more

meaningful to parameterize it using t0.001 instead of using ηT . This is because ηT is the time

by which 63.2% of the population will fail, which is hard to reach with the consideration

of retirement time. Due to the invariance property of ML estimators, the ML estimates

obtained under the alternative parametrization can be transformed to the ML estimates for

the original parameters for subsequent computations. Here, η̂T = exp(µ̂T ) = exp[log(t̂0.001)−

z0.001σ̂T ], where z0.001 = Φ−1
sev(0.001) is the 0.001 quantile of the standard smallest extreme

value distribution. The standard error of θ̂ can be obtained by using the delta method. More

details about the delta method can be found in page 626 of Meeker and Escobar (1998). The

CI can be computed by the transformation as in Hong et al. (2008).

Table 2.4 shows the estimates of the Weibull shape and scale parameters based on the

Weibull retirement distribution assumption with E(R) = 98, and βR = 1.5. Under this

assumption, the Weibull shape parameter estimate is β̂T = 2.788, which is larger than 1, indi-

cating that the failure-time distribution hazard function is increasing, which is in agreement

with the known physical degradation cause of failure.

It is important to consider retirement when one needs to determine the fraction reported.

As an illustration, Figure 2.4 shows the failure-time distributions with and without adjust-

ment of retirement. Here, the distribution with adjustment of retirement is plotted based on
∫ t

0
f̂T (x)[1− FR(x)]dx, and the distribution without adjustment of retirement time is plotted
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Table 2.4: ML estimates and standard errors for parameters under E(R) = 98, βR = 1.5.
Parameter ML est. Std. err. 95% lower 95% upper

βT 2.788 0.428 2.064 3.766
ηT 1670.902 730.451 709.316 3936.066
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Figure 2.3: Comparison of shape of the log relative likelihood function of the two parametriza-
tions with E(R) = 98, and βR = 1.5.

based on
∫ t

0
f̂T (x)dx, where f̂T (x) is the estimated pdf based on ML estimates in Table 2.4

given E(R) = 98 and βR = 1.5. The figure illustrates the large effect that the retirement

distribution plays in determining the fraction reported as a function of time. That is, the

failure probability of the distribution without considering retirement is much larger than the

one with retirement as time goes.

2.4 Prediction of Future Number of Reports

Prediction is important in reliability analysis, even for highly reliable products, because failure

events have the potential to cause serious damage, or have other serious consequences such as

an automobile accident, the explosion of power transformers, and the failure of power systems
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Figure 2.4: Failure-time distributions with and without adjustment of retirement when
E(R) = 98, and βR = 1.5.

in satellites. The prediction for highly reliable products is quite challenging due to the limited

number of the failure events. In this section, we propose a method of prediction for the number

of reported failures in the future. We consider both point prediction and the construction of

corresponding prediction intervals.

2.4.1 Probability of Being Reported Before Retirement

Based on the model for the failure-time distribution, the ML estimates η̂T and β̂T , and the

assumed values of ηR and βR, one can predict the number of reported failures that will occur

before a specified future point in time. Let Aj denote the age of the units in batch j at the

DFD, j = 1, · · · , J .

For a product unit in batch j that has not been reported as a failure before the DFD, it may

fail and be reported in the future time interval (Ajl1,Ajl2]. Here Ajl1 = max(Aj,Aj + l− .5),

Ajl2 = Aj + l + .5, and l is the number of months after the DFD, l = 0, 1, 2, · · · . The
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corresponding probability of being reported is

hj(l) = Pr(T +∆ ∈ (Ajl1,Ajl2], T ≤ R | not being reported by Aj)

=
Pr(T +∆ ∈ (Ajl1,Ajl2], T ≤ R, not being reported by Aj)

Pr(not being reported by Aj)

=
Pr(T +∆ ∈ (Ajl1,Ajl2], T ≤ R)

1− Pr(being reported by Aj)
. (2.6)

Here, T denotes the failure time of a unit that has not been reported as a failed unit by the

DFD, and ∆ denotes the random reporting delayed time. Let

γj(l) = Pr(T +∆ ∈ (Ajl1,Ajl2], T ≤ R),

and let ξj = 1− Pr(being reported by Aj) in (2.6). In particular,

γj(l) = Pr[T +∆ ∈ (Ajl1,Ajl2], T ≤ R]

=
∑

δ

∫ Ajl2

0

Pr[T +∆ ∈ (Ajl1,Ajl2], T ≤ R|T = t,∆ = δ]fT (t)Pr(∆ = δ)dt

=
∑

δ

∫ Ajl2

0

1(t+ δ;Ajl1,Ajl2)[1− FR(t)]fT (t)Pr(∆ = δ)dt

=
∑

δ

Pr(∆ = δ)

∫ Ajl2

0

1(t + δ;Ajl1,Ajl2)[1− FR(t)]fT (t)dt

where

1(t + δ;Ajl1,Ajl2) =





1 when Ajl1 < t+ δ ≤ Ajl2

0 otherwise

.

Here, the indicator function 1(t+δ;Ajl1,Ajl2) constrains the reporting time between Ajl1 and

Ajl2. The factor 1 − FR(t) represents the probability that the unit has not retired before it
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fails. Numerical integration is needed to compute γj . The quantity ξj is computed as

ξj = 1− Pr[being reported by Aj]

= 1− Pr[(T ≤ R) ∩ (0 < T ≤ Aj) ∩ Reported]

= 1−
∑

δ

Pr(∆j = δ)Pr[(T ≤ R) ∩ (0 < T ≤ Aj) ∩ Reported|δ]

= 1−
∑

δ

Pr(∆j = δ)

∫ Aj

0

1(t + δ; 0,Aj)fT (t)[1− FR(t)]dt, (2.7)

which is similar to (2.4). The only difference is that we use (2.4) to estimate parameters,

but use (2.7) evaluated at the ML estimates to provide an estimate of the probability that

a unit in batch j is not reported as a failure before Aj. Based on the probability function

hj(l) = γj(l)/ξj, the probability that a unit in batch j is reported as a failure within s months

after the DFD is

ρj(s) =

s∑

l=0

hj(l), s = 1, 2, · · · . (2.8)

Because the ages of units at the DFD from different batches are not the same, the ρj(s) are

different for different batches.

2.4.2 Point Prediction

For unit k in batch j that has not been reported as a failure by Aj, we use Ijk(s) as an indicator

for being reported in future time interval (0, s+ 0.5], where s = 1, 2, · · · . The distribution of

Ijk(s) is Bernoulli[ρj(s)]. Thus, the cumulative number of reported failures at time s is

N(s) =
J∑

j=1

wj∑

k=1

Ijk(s), (2.9)

which is the sum of s-independent and non-identical indicators. The point prediction (estimate

of the expected number failing) for the number of reports up to time s is

N̂ = N̂(s) =

J∑

j=1

wjρ̂j(s).

Here, wj is the number of units not reported as having failed by the DFD in batch j, and

ρ̂j(s) is obtained by evaluating (2.8) at the ML estimates ηT and βT , and the assumed values

of ηR and βR.
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2.4.3 Prediction Interval

This section introduces a method of computing PIs for the cumulative number of reported

failures at a future time point. The cumulative number of reported failures N(s), as given in

(2.9), is the sum of s-independent and non-identically distributed Bernoulli random variables

which follows a Poisson-binomial distribution. Hong (2013) gave an exact expression for the

cdf of the Poisson-binomial distribution based on a discrete Fourier transform. In particular,

the cdf of N(s), denoted by FN(n), n = 0, 1, · · · , n∗, is

FN (n) =
1

n∗ + 1

n∗∑

l=0

{
exp(−iωln)− exp(−iωl)

1− exp(−iωl)

J∏

j=1

[1− ρj(s) + ρj(s) exp(iωl)]
wj

}

where n∗ =
∑

j wj, i =
√
−1, and ω = 2π/(n∗ + 1).

Using the predictive distribution given in Lawless and Fredette (2005), a 100(1− α)% PI

for N = N(s), denoted by
[
N
˜
, Ñ

]
, is obtained by solving

FN(N˜
; θ̂) = vα/2 , and FN(Ñ ; θ̂) = v1−α/2. (2.10)

Here, vα is the α quantile of the distribution of the random quantity FN (N ; θ̂), where both N

and θ̂ are treated as random variables. We use a bootstrap simulation procedure to approxi-

mate the quantile vα. In particular, vα is approximated from B bootstrap samples by the α

sample quantile of FN (N
∗b; θ̂

∗b
), b = 1, · · · , B. Here, N∗ is simulated from FN (n; θ̂) given the

ML estimate θ̂, and θ̂
∗
is the ML estimates obtained from bootstrap samples. We use the

random weighted bootstrap proposed by Newton and Raftery (1994) instead of the ordinary

bootstrap because of the heavy censoring, and the complicated data structure. The specific

procedure for such a bootstrap is described as follows.

1. Simulate random weights Wi and Wjk from a positive distribution with the property of

Var(W ) = [E(W )]2, where Wi is the random weight for reported failure unit i, and Wjk

is the random weight of the not-reported unit k in batch j by the DFD. We sample Wi

and Wjk from the exponential distribution with a mean of one.
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2. Based on the random weights Wi and Wjk, we calculate the random weighted likelihood

L∗(θ| DATA) =
r∑

i=1

Wi log(πk) +
J∑

j=1

wj∑

k=1

Wjk log(ξj). (2.11)

3. Obtain the estimated θ̂
∗
by maximizing (2.11).

4. Repeat the above steps B times to obtain the bootstrap samples θ̂
∗b
, b = 1, 2, . . . , B.

Following Lawless and Fredette (2005), we construct a calibrated PI for N by using the

following steps.

1. Simulate N∗b ∼ FN(n, θ̂), b = 1, 2, . . . , B, where θ̂ is the vector of ML estimates from

the original data.

2. Compute v∗b = FN (N
∗b, θ̂

∗b
), b = 1, 2, . . . , B.

3. Calculate the lower, and upper α/2 quantiles of {v∗b, b = 1, 2, . . . , B}, denoted by vα/2,

and v1−α/2, respectively.

4. Solve N
˜

from FN(N˜
, θ̂) = vα/2, and Ñ from FN (Ñ, θ̂) = v1−α/2 to obtain the endpoints

of the PI.

2.4.4 Prediction Results

In this section, we present the results of point predictions and PIs for the cumulative number

of reported failures, based on the assumptions that both the failure-time distribution and

the retirement-time distribution are Weibull. Figure 2.5 shows the point predictions for the

cumulative number of reported failures, and the corresponding PIs based on E(R) = 98 and

βR = 1.5. The cumulative number of reported failures is increasing rapidly until 100 months,

and then tends to be stable after 150 months. The leveling-off is caused by the fact that more

sample units are retired as time passes. Compared to the initial number of units not reported

as failures (w = 120,889), the predicted cumulative number of reported failures (estimate of

the expected number) is around 70, which is a small number of the units, relative to the

number that had been put into service (i.e., less than 0.058%).
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Figure 2.5: Plot of the 90% PI for cumulative number of reported failures based on a Weibull
distribution assumption for retirement and failure distributions, with E(R) = 98, and βR =
1.5.

2.5 Sensitivity Analysis

The prediction of the cumulative number of reported failures is based on uncertain assump-

tions including the failure-time distribution as well as the parameters and the distribution for

retirement times. Changes in these assumptions will affect the prediction results. Thus, it is

necessary to do the sensitivity analysis to assess the effect of departures from the assumptions,

and to understand which assumptions are conservative.

2.5.1 Parameter Assumptions

The prediction results shown in Figure 2.5 are based on the Weibull distribution for the

retirement model with E(R) = 98, and βR = 1.5. Historical information suggests that the

values of parameters in the retirement-time distribution are within a certain range. Thus,

it is desirable to consider other retirement-time model parameters to assess the effect that

deviations from the assumptions have on the prediction results. Table 2.5, and Figure 2.6
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Table 2.5: ML estimates and standard errors for model parameters.

Assumed Retirement-time Failure-time Distribution
Distribution Parameters Estimates

E(R) ηR βR η̂T β̂T se(η̂T ) se(β̂T ) −Log likelihood
85 94.157 1.5 1390.523 2.928 555.691 0.436 436.927
90 99.696 1.5 1501.248 2.868 623.215 0.432 436.976
98 108.558 1.5 1670.901 2.788 730.451 0.428 437.047
85 95.912 2 1340.798 2.995 533.781 0.449 436.736
90 101.554 2 1486.736 2.908 622.556 0.443 436.805
98 110.581 2 1712.534 2.796 766.316 0.435 436.908

summarize the results of this sensitivity analysis. The standard errors of η̂T , and β̂T are

denoted as se(η̂T ), and se(β̂T ), respectively. From Table 2.5, we note that, as expected, the

ML estimates η̂T and β̂T change under different assumptions for the retirement distribution

parameters. There is more change in the estimates of η̂T because these estimates involve

a substantial amount of extrapolation. The maximum log-likelihood values are close to each

other, indicating there is little or no information about the retirement distribution parameters

in the data. Figure 2.6 shows corresponding predictions for the cumulative number of reported

failures. The graph indicates that, as the expected retirement time increases, or the Weibull

shape parameter decreases (implying more spread in the retirement times), the predicted

cumulative number of reported failures increases. The extension of retirement time leads to a

higher risk of having failures, but the difference is not large given the same shape parameter.

Compared to the change of expected retirement time, predictions are more sensitive to the

assumption about theWeibull shape parameter. This difference is the result of the large change

of the standard deviation in the retirement time. For example, the standard deviations for

βR = 1.5, and βR = 2 given E(R) = 85 are 57.57, and 44.4, respectively.

2.5.2 Distributional Assumptions

In the previous analysis, the retirement and the failure-time distributions were assumed to

be Weibull. The data, however, do not provide much information to distinguish among com-

peting distributions. Thus, it is useful to compute predictions with different retirement-time
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Figure 2.6: Weibull distribution point predictions for the cumulative number of reported
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Figure 2.7: The predicted number of the reported failures based on different failure-time and
retirement-time distributions when E(R) = 85, and SD(R) = 57.7. The legend indicates the
distribution of retirement time, and the distribution of the failure time, respectively.
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Figure 2.8: The predicted number of the reported failures based on different failure-time and
retirement-time distributions when E(R) = 98, and SD(R) = 66.5. The legend indicates the
distribution of retirement time, and the distribution of the failure time, respectively.

distribution and failure-time distribution assumptions. In this sensitivity analysis, we use the

lognormal distribution as an alternative for the failure-time distribution and the retirement-

time distribution. When the lognormal distribution is chosen as the retirement-time distribu-

tion, the assumed mean and standard deviation are specified to be the same as that assumed

for the Weibull retirement-time distribution.

Table 2.6 shows the ML estimates for the failure-time distribution parameters when E(R) =

85, and SD(R) = 57.7, for the four combinations of the failure-time and retirement distribu-

tions. Instead of comparing values of µ̂T , we compare the values of log (t̂0.001) because with

the adjustment of retirement distribution the expected lifetime is not meaningful in practice

(most of the products have been retired by exp(µ̂T )). From the results in Table 2.6, the max-

imum log-likelihood values are quite close for all four combinations. When the failure-time

distribution is the same, there is no practical difference in the values of log (t̂0.001), and σ̂T .

Table 2.7 shows similar results when E(R) = 98, and SD(R) = 66.5.

Figure 2.7 shows the predicted cumulative number of reported failures with differen-
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Table 2.6: ML estimates for parameters when E(R) = 85,SD(R) = 57.7.

Assumed Assumed

Retirement-time Distribution Failure-time Distribution log(t̂0.001) σ̂T −Log likelihood
Weibull Weibull 4.879 0.341 436.927
Weibull Lognormal 4.899 1.292 436.640

Lognormal Weibull 4.838 0.319 436.801
Lognormal Lognormal 4.856 1.210 436.572

Table 2.7: ML estimates for parameters when E(R) = 98,SD(R) = 66.5.

Assumed Assumed

Retirement-time Distribution Failure-time Distribution log(t̂0.001) σ̂T −Log likelihood
Weibull Weibull 4.944 0.359 437.047
Weibull Lognormal 4.969 1.364 436.735

Lognormal Weibull 4.914 0.339 436.878
Lognormal Lognormal 4.939 1.291 436.626

t retirement-time and failure-time distributions. The legend shows the failure-time and

retirement-time distribution combinations. For example, Lognormal-Weibull indicates that

retirement times follow a lognormal distribution, and failure times follow a Weibull distri-

bution. Figure 2.8 shows similar comparisons under a different set of values for E(R), and

SD(R). Given the data follow the same failure-time distribution, the predictions before 120

months do not depend strongly on assumptions about the retirement-time distribution. In

other words, the effect of the failure-time distribution is much stronger than the effect of the

retirement-time distribution before 120 months. Compared to other distribution combination-

s, a lognormal retirement distribution with a Weibull failure-time distribution provides the

most conservative predictions (i.e., predicts more reported failures).

2.6 Conclusions, and Areas for Future Research

In this chapter, we provide general statistical methods to predict field failures, and conduct

a risk assessment for products. To generate accurate predictions, the proposed method con-
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siders the effect of retirement times and reporting delays when estimating the failure-time

distribution, and when making predictions. Based on the failure-time model, we predict the

cumulative number of reported failures, and construct a corresponding PI. We also conduct

sensitivity analysis to assess the effect of different failure-time and retirement-time distribu-

tions. The proposed methods can also apply to other highly reliable products such as aircraft

engine components, and medical devices, if the data have similar structures (i.e., with retire-

ment or reporting delay).

Here are some possible areas for future research.

• In the product B application, the degradation process that causes the serious failures

was related to product age (not the amount of use), and was unrelated to customer-

perceivable performance degradation. Thus it was reasonable to assume that the retirement-

time and failure-time random variables were s-independent. In other applications, a

model that allows dependency could be used.

• For most products, it is not possible to track the retirement time for all units. For

some applications, it would be possible and useful to track a representative subset of

the product populations through a carefully designed field tracking study.

• Today, some products, even home appliances, can be connected to the internet, po-

tentially providing detailed information about how each such unit is being used. See

Hong and Meeker (2010), and Hong and Meeker (2013) for applications involving the

prediction of future failures when a proportion of units in the product population are

connected to the Internet. Having the additional information about which units are still

in active use would reduce much of the uncertainty in predictions associated with a risk

analysis.

• For the product B application, there was only limited information about the retirement-

time distribution, based on a completely separate marketing study for a similar product.

An alterative analysis could have taken that information, perhaps supplemented by ex-

pert opinion, to develop a joint prior distribution to describe unknown characteristics
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(including the form and the parameters) of the retirement-time and failure-time distri-

butions. This alternative would allow a fully Bayesian analysis to be performed.
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Chapter 3 Nonlinear General Path Models for Degradation Data

with Dynamic Covariates

Abstract

Degradation data have been widely used to estimate product reliability. Due to technolo-

gy advancement, time-varying usage and environmental variables, called dynamic covariates,

can be easily recorded, in addition to the traditional degradation measurements. The use of

dynamic covariates is appealing because they have the potential to explain more variability

in degradation paths. We propose a class of general path models to incorporate dynamic

covariates for modeling of degradation paths. Physically-motivated nonlinear functions are

used to describe the degradation paths and random effects are used to describe unit-to-unit

variability. The covariate effects are modeled by shape-restricted splines. The estimation of

unknown model parameters is challenging due to the involvement of nonlinear relationships,

random effects and shaped-restricted splines. We develop an efficient procedure for parame-

ter estimations. The performance of the proposed method is evaluated by simulations. An

outdoor coating weathering dataset is used to illustrate the proposed method.

Key Words: Dynamic covariates, Organic coatings, Random effects, Reliability, Shape-

restricted splines, Time to failure.
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3.1 Introduction

3.1.1 Background

Reliability information is important for many business and industrial applications. Degra-

dation data, which consist of repeated measurements of system deterioration over time, are

widely used to obtain products and systems’ reliability information (e.g., Meeker and Esco-

bar, 1998). In degradation data analysis, degradation measurements are related to failures

of product units. That is, when the degradation measurement of a unit reaches a threshold,

the unit is defined as a failure. This type of failure is sometimes referred to as “soft failures”

in literature. For example, the tread depth of an automobile tire decreases over time due to

wear. When the tread depth of a tire reaches a certain threshold, a failure occurs and the tire

needs to be replaced for reasons such as safety concerns.

Most products deployed in the field are exposed to dynamic environments, time-varying

loads, and other controlling variables. Those dynamic covariates, such as temperature and

usage history, can also affect the lifetime of units in the field. Thus, in addition to degradation

measurements, dynamic covariates can also provide useful information for reliability analysis.

Vaca-Trigo and Meeker (2009) studied the degradation of outdoor coatings, which is mainly

caused by outdoor ultraviolet (UV) radiation, but is also affected by other covariates such

as temperature (Temp.) and relative humidity (RH). For another example, Zhang et al.

(2014) considered the degradation of heaters in ingot manufacturing. When the resistivity

of a heater keeps increasing, the heater can not provide a stable and desired thermal field

in the ingot growth process, leading to a large variation of ingot diameters. Thus, if the

resistivity of a heater passes a certain threshold, the heater is defined as a failure and it

needs to be replaced. The degradation of heaters is caused by accumulations of oxide inside

furnaces, which is affected by covariates such as power, purity of gas and usage history. With

the wide deployment of sensors and advancement of wireless technology, degradation data

with dynamic covariates are readily available for modeling and analysis in both products and
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industrial equipment in the field.

Most of the existing literature focuses on the modeling of degradation data without co-

variates or with time-invariant covariates. The use of dynamic covariates is appealing because

they can potentially explain more variabilities in the degradation data. However, there are also

challenges. First, physically-motivated and flexible models are needed to incorporate dynamic

covariates into degradation paths. Second, dynamic covariates often show some specific effects

on degradation processes. For example, a larger amount of UV exposure often leads to larger

damage in the coating, indicating a monotonic increasing effect of UV on the degradation.

There are two main types of models for describing degradation data: the stochastic mod-

els and the general path models. The stochastic models assume the degradation follows a

stochastic process such as the gamma process (e.g., Padgett and Tomlinson, 2002). The gen-

eral degradation path models use a parametric form, usually motivated by the degradation

mechanism, to describe the degradation path. In this chapter, we focus on general path mod-

els and propose a class of general path models to incorporate dynamic covariates for modeling

of degradation paths. Physically-motivated nonlinear functions, which are more common in

degradation mechanism (e.g., Meeker and LuValle, 1995, and Vaca-Trigo and Meeker, 2009),

are used to describe the degradation paths. Random effects are used to describe unit-to-unit

variability. Shape-restricted splines are applied to model the effects of dynamic covariates.

We develop an efficient procedure to estimate the unknown model parameters and apply the

proposed statistical method on the outdoor coating weathering data in Gu et al. (2009).

3.1.2 Related Literature and Contribution of This Work

Lu and Meeker (1993), and Meeker and Escobar (1998) described general path models for

estimating failure-time distribution for degradation data. Degradation models based on s-

tochastic processes were described in Whitmore (1995), Padgett and Tomlinson (2004), Park

and Padgett (2005), and Ye and Chen (2013). To model the unit-to-unit variability, random

effects were added into the degradation model (e.g., Lawless and Crowder, 2004, Bae and

Kvam, 2004, and Yuan and Pandey, 2009). Wakefield (1996), Robinson and Crowder (2000),
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and Shi and Meeker (2012) applied Bayesian methods to the degradation data. Bagdonav-

ičius et al. (2004), and Bagdonavičius et al. (2005) introduced methods to model the multiple

failure modes in degradation data. In the area of degradation with covariates, Bagdonavičius

and Nikulin (2001), and Lawless and Crowder (2004) used stochastic processes to estimate

the lifetime distribution.

Hong et al. (2014) incorporated dynamic covariates into the degradation using a linear

random effects model. Here, we summarize the major advantages of the nonlinear random

effects model in this chapter over the linear random effects model in Hong et al. (2014). Non-

linear degradation models are usually motivated by physical knowledge (e.g., kinetic theory,

Gu et al., 2009). Thus the nonlinear model is closely related to the true degradation mech-

anism and has better interpretability. The linear model for the degradation path, however,

lacks of physically interpretations in general. Degradation paths often show monotonicity.

The linear model in Hong et al. (2014) can not guarantee the degradation path is always

monotone increasing or decreasing. The nonlinear model can guarantee the monotonicity of

the degradation path. As shown in the application, the nonlinear model can provide better

model fitting to real data than the linear model. Thus, the nonlinear model is more flexible

and can provide a better description of the degradation path.

The generalization from linear random effects model to nonlinear random effects model is

non-trivial, especially for the parameter estimation. The estimation of unknown parameters

in this chapter involves shape restrictions, random effects, and unknown parameters in the

nonlinear function, which is technically challenging. We develop a novel estimation proce-

dure, which integrates the linearization technique, the mixed primal-dual algorithm (Fraser

and Massam, 1989), and the alternating algorithm (Lindstrom and Bates, 1990). The devel-

oped procedure can estimate unknown parameters efficiently and simulations show that its

performance is good.



43

3.1.3 Overview

The rest this chapter is organized as follows. In Section 3.2, we introduce the notation

for degradation data with dynamic covariates and the nonlinear random effects degradation

model. In Section 3.3, we give the details of modeling cumulative exposure function based on

shape-restricted splines. In Section 3.4, we present the likelihood function for the nonlinear

random effects model and procedures for parameter estimations and statistical inferences. In

Section 3.5, the proposed method is evaluated by simulations. In Section 3.6, we give an

application of the proposed method on an outdoor weathering dataset. Section 3.7 contains

conclusions and some areas for future work.

3.2 The Data and Model

3.2.1 Data

Let yi(tij), i = 1, · · · , n, j = 1, · · · , ni be the observed degradation measurement for unit i at

time tij , where n is the number of units and ni is the number of measurement points for unit

i. For the dynamic covariates, we define Xi(t) = [Xi1(t), · · · , Xip(t)]
′ as a vector of dynamic

covariate observations, p as the number of dynamic covariates, and Xih(t), h = 1, · · · , p as

the value of hth dynamic covariate for unit i at time t. Define X i(t) = {Xi(s), 0 ≤ s ≤ t}

as the history of dynamic covariate processes for unit i from time 0 to time t. Let X(t) =

{X1(t), · · · ,Xn(t)} be the history of dynamic covariate processes from time 0 to time t for

all units.

3.2.2 Nonlinear Degradation Path Model with Dynamic Covariates

In this chapter, we focus on nonlinear random effects degradation path models. The model

for the degradation measurements is expressed as

yi(tij) = f
(
D[X i(tij);βD];βf , bi

)
+ ǫij , i = 1, · · · , n, j = 1, · · · , ni, (3.1)
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where f( · ;βf , bi) is a nonlinear degradation function with deterministic parameters βf and

unit specific parameter bi. The term D[X i(tij);βD] in (3.1) is the cumulative exposure

function that depends on covariate history X i(tij), where βD is a vector of parameters in

D[X i(tij);βD]. More details on cumulative exposure function will be discussed in Section 3.3.

We denote β = (β′
D,β

′
f)

′. The unit specific parameter bi, which is referred to as random

effects, is used to describe unit-to-unit variability in degradation paths. We use a multivariate

normal distribution N(0,Σb) to describe the random effects bi, where 0 is a zero vector and

Σb is the variance-covariance matrix of bi. The error term ǫij follows a normal distribution

N(0, σ2).

3.2.3 Commonly Used Functional Forms for Degradation Path

Motivated by physical or chemical degradation mechanisms, some functional forms are com-

monly used for the degradation path form f(·) in (3.1). Here we briefly describe some com-

monly used functional forms. The proposed procedure, however, can be applied to any forms.

Meeker and LuValle (1995) suggested several statistical kinetic models to describe the growth

of filaments in a circuit board. Based on the rate equation of first order reaction, the growth

amount at time t is

a(t) = a(∞)× [1− exp(−kt)], (3.2)

where a(t) is the growth amount of products at time t, a(∞) is the maximum amount of

products at t = ∞ and k is the reaction rate. The maximum amount of products a(∞) can

be random from unit to unit, thus a random effect can be used to model a(∞).

To describe the damage from UV exposure, Temp., and RH, Vaca-Trigo and Meeker (2009)

suggested an empirical model for the coating degradation process. The degradation at time t

is

a(t) =
a(∞)− a(0)

1 + exp(z)
, (3.3)

where z = {log[d(t)]−ξ}/ζ , d(t) is the cumulative dosage effect of UV exposure at time t, ξ is

the location parameter, and ζ is the degradation steepness level. Under this model, the initial
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amount of degradation is a(0) and the asymptotic degradation amount is a(∞). The range of

responses from this model is between a(0) and a(∞). To account for unit-to-unit variability,

random effects can be used to describe the total amount of degradation a(∞)− a(0) and the

degradation steepness ζ .

Inverse power relationship is also widely used in describing the relationship between degra-

dation and voltage stress. The degradation model is a(t) = (kt)1/ζ , where k is a function of

voltage and ζ is a parameter. Some other generalized acceleration models are available in

Park and Padgett (2006). To further model the individual variability, random effects can be

added into those nonlinear models.

Constant covariates (i.e., time-invariant covariates) can be incorporated into the degrada-

tion process. For example, temperature can be added into model (3.2) to describe the reaction

rate k by using the Arrhenius equation (e.g., Escobar and Meeker, 2006). However, there is

little work that considers degradation path model with dynamic covariates.

3.3 Modeling Cumulative Exposure Function

3.3.1 Cumulative Exposure Function for Dynamic Covariates

The cumulative exposure function D[X i(tij);βD] in (3.1) describes the cumulative effect of

dynamic covariates on unit i up to time tij . The function is a nondecreasing function of time

due to accumulative effects. The cumulative exposure is closely related to the lifetime of

the unit. When the cumulative exposure becomes large, the degradation level will pass the

critical value, and a failure will occur. The cumulative exposure is obtained by accumulating

instantaneous exposure, g[Xi(tij);βD], from time 0 to time tij . That is,

D[Xi(tij);βD] =

∫ tij

0

g[Xi(u);βD] du =

∫ tij

0

p∑

h=1

gh[Xih(u);βD] du,

where gh[Xih(t);βD], h = 1, · · · , p, is the instantaneous exposure function for the hth dynamic

covariate at time t. The cumulative exposure can be considered as an acceleration or decelera-

tion of the usual time scale. For example, if a covariate x(t) is time invariant (i.e., x(t) = x for
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all t), then D[X i(t);βD] = g(x;βD)t, where g(x;βD) is the acceleration/deceleration factor

of the usual time scale t.

Figure 3.1 illustrates the relationships among dynamic covariates, instantaneous exposure,

cumulative exposure, and degradation. Figure 3.1(a) shows two different trends of dynamic

covariate process: a constant one and an increasing one. Figure 3.1(b) shows a monotonic in-

creasing covariate effect function g(x) = 1.2 exp(x), where x is the value of dynamic covariate.

At a particular time point te, the values of those covariates are x0 and x1 for the two covariate

profiles, respectively. According to the effect function, the instantaneous effects are g0 and g1,

as marked in Figure 3.1(b). Figure 3.1(c) shows the corresponding instantaneous exposure for

the two covariate profiles as a function of time t. If we accumulate the instantaneous exposure

functions over time, the cumulative exposure functions are obtained, which are displayed in

Figure 3.1(d). The corresponding cumulative exposures at time te are d0 and d1, respectively.

On the cumulative exposure scale, the degradation path is plotted on Figure 3.1(e), which is

determined by the nonlinear degradation path function f(D) = −3/[1 + exp(1.7 − 0.008D)].

Figure 3.1(f) shows the degradation paths which are functions of time. Due to the two differ-

ent covariate profiles, the degradation paths are different on the time scale t. The unit exposed

to the increasing covariate profile degrades much faster than the constant one, showing the

effect of covariate process on the degradation process.

3.3.2 Computation of Cumulative Exposure

In practice, the functional form of exposure effect function g(·) is usually unknown. Physical

or engineering knowledge, however, may suggest some particular shape of the effect function

(e.g., monotone increasing effect function). Thus, we use shape-restricted splines to model

the exposure effect function, which can model g(·) flexibly but also retain meaningful physical

interpretations. Introduction of the shape-restricted splines is available in Meyer (2008). For

example, an increasing function is obtained by a linear combination of I-spline basis functions

with nonnegative coefficients and a constant function. A convex function is obtained by a linear

combination of C-spline basis functions with nonnegative coefficients, a constant function, and
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Figure 3.1: Illustration of relationships among dynamic covariates, instantaneous exposure,
cumulative exposure and degradation.

an identity function.

The shape-restricted spline basis can be computed based on the dynamic covariates X(t)

(e.g., see Figure 3.2). Define whv[Xi(tij)] as the value of vth spline at time tij for h
th dynamic

covariate, where h = 1, · · · , p, and v = 1, · · · , Vh. The number Vh depends on the shape of the

effect function of the dynamic covariate, the order k, and the number of knots q of M-splines.

If the effect function of the hth dynamic covariate is monotone, then Vh = 1+ q+k, where “1”

is for the constant function and “q + k” is the number of I-spline basis. If the effect function

of the hth dynamic covariate is convex, then Vh = 1 + 1 + q + k, where the first “1” is for the

constant function, the second “1” is for the identity function and “q + k” is the number of

C-spline basis. The coefficients of spline basis are defined as βD which is a collection of βhv.

Some of the βhv are restricted to be nonnegative due to the requirement of the shapes effect

functions of dynamic covariates. Then, the instantaneous exposure function can be expressed

as g[Xi(tij);βD] =
∑p

h=1

∑Vh

v=1 whv[Xi(tij)]βhv. The cumulative exposure, D[X i(tij);βD], can
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be computed by

D[X i(tij);βD] =
∑

u≤tij

g[Xi(u);βD]δij =
∑

u≤tij

p∑

h=1

Vh∑

v=1

whv[Xi(u)]βhvδij ,

where δij = tij−ti,j−1 and u ∈ {ti1, · · · , tij}. Here, ti0 = 0. To simplify the computation, define

Whv(tij) =
∑

u≤tij
whv[Xi(u)]δij. Then, D[X i(tij);βD] =

∑p
h=1

∑Vh

v=1Whv(tij)βhv. Using

matrix notation, the cumulative spline basis is expressed as

W i =




W11(ti1) · · · W1V1(ti1) · · · Wp1(ti1) · · · WpVp(ti1)

...
. . .

...
. . .

...
. . .

...

W11(tini
) · · · W1V1(tini

) · · · Wp1(tini
) · · · WpVp(tini

)



.

Then, the cumulative exposure for unit i is Di = W iβD. The jth element of Di is denoted

by Dij and note that Dij = D[X i(tij);βD], j = 1, · · · , ni.

3.4 Parameter Estimation Procedures

3.4.1 The Likelihood Function and Challenges

Let yi = [yi(ti1), · · · , yi(tini
)]′, f i(W i;β, bi) = [f(Di1;βf , bi), · · · , f(Dini

;βf , bi)]
′, and ǫi =

(ǫi1, · · · , ǫini
)′, i = 1, 2, · · · , n. Note that ǫi ∼ N(0,Λi). Here, Λi is the variance-covariance

matrix with σ2I as a special case, where I is an identity matrix. The nonlinear random effects

degradation path model can be re-expressed as

y = f(W ;β, b) + ǫ, (3.4)

where

y =




y1

...

yn



, W =




W 1

...

W n



, b =




b1

...

bn



, f(W ;β, b) =




f1(W 1;β, b1)

...

fn(W n;β, bn)



,

and ǫ = [ǫ′1, · · · , ǫ′n]′. Here, b ∼ N(0,Σ) and ǫ ∼ N(0,Λ), where Σ = diag(Σb, · · · ,Σb)

and Λ = diag(Λ1, · · · ,Λn). Define σb and σe as the unique parameters in matrix Σ and Λ,

respectively.

Let θ = {β,σe,σb} be the collection of unknown parameters in the nonlinear random

effects model (3.4). The maximum likelihood (ML) method is used to estimate the unknown
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model parameters. Given the observed covariate processes, the likelihood function is

L(θ|y,W ) ∝
n∏

i=1

∫

bi

p(yi|θ, bi,W i)p(bi|θ)dbi, (3.5)

where p(yi|θ, bi,W i) is the probability density function (pdf) of N[f i(W i;β, bi),Λi], and

p(bi|θ) is the pdf of N(0,Σb).

The ML estimates of parameters in the general nonlinear random effects model, however,

are not easy to obtain because it often requires numerical integration in high dimension.

Approximate loglikelihood procedures can provide easy-to-compute alternatives to estimate

the unknown parameters, which includes the alternating algorithm (e.g., Lindstrom and Bates,

1990), Laplace’s approximation (e.g., Wolfinger, 1993), and adaptive Gaussian quadrature

approximation (e.g., Pinheiro and Bates, 1995). For the nonlinear random effects model in

(3.4), some parameters are restricted to be nonnegative to guarantee the specific shape of

the effect function, which increases the difficulty in parameter estimations. Thus, efficient

methods are needed for estimating parameters with constraints.

3.4.2 The Proposed Parameter Estimation Procedure

Here we propose an efficient method to estimate unknown parameters. The procedure iterates

between two main steps until it converges, which is called the outside iterations. Those two

steps are described in Sections 3.4.2.1 and 3.4.2.2, respectively. In each step of the outside

iteration, there are also inside iterations. To simplify the notation, f (W ;β, b) is denoted as

f (β, b) in the rest of the chapter.

3.4.2.1 Estimation of Constrained Parameters

The main objective of this step is to update β̂ and b̂, given the current estimates of Σ̂

and Λ̂ (i.e., estimates at the jth outside iteration). Note that some components of β̂ are

constrained. The mixed primal-dual bases algorithm (Fraser and Massam, 1989) is used for

efficient computation.

Let Σ̂
(j)

and Λ̂
(j)

be the estimates of Σ and Λ in jth outside iteration, respectively. Given
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Σ̂
(j)

and Λ̂
(j)
, the updated estimates of β and b, denoted as β̂

(j)
and b̂

(j)
, respectively, are

obtained by minimizing a penalized nonlinear least squares objective function. That is,

[y − f(β, b)]
′

Λ̂
(j)−1

[y − f (β, b)] + b′Σ̂
(j)−1

b. (3.6)

Here ‖a‖2 = a′a and a is a column vector. To simplify the computation, we introduce pseudo

data. Specifically,

[y − f (β, b)]
′

Λ̂
(j)−1

[y − f(β, b)] + b′Σ̂
(j)−1

b = ‖ỹ − f̃(β, b)‖2, (3.7)

where

ỹ =




Λ̂
(j)−1/2

y

0


 and f̃ (β, b) =




Λ̂
(j)−1/2

f (β, b)

Σ̂
(j)−1/2

b


 .

Here, Σ̂
(j)−1/2

= diag[M
′−1, · · · ,M ′−1], M is the upper-triangle Cholesky factor of Σ̂b (i.e.,

Σ̂b = M ′M), and Λ̂
(j)−1/2

is the square root matrix of Λ̂
(j)−1

.

We use the linearization technique to handle nonlinear relationships. In particular, we

apply the first order Taylor series expansion at the current estimates β̂
(j, k)

and b̂
(j, k)

. Define

β̂
(j,k)

and b̂
(j, k)

as the estimates in jth outside iteration and kth inside iteration for β and

b, respectively. Let β̂
(j,0)

= β̂
(j−1)

and b̂
(j,0)

= b̂
(j−1)

. Define Q̂ = ∂f̃(β,b)
∂β′

∣∣
β̂
(j,k)

,b̂
(j,k), and

Ẑ = ∂f̃(β,b)
∂b′

∣∣
β̂
(j,k)

,b̂
(j,k) . After taking the Taylor series expansion at β̂

(j,k)
and b̂

(j,k)
, (3.7) can

be approximated by

∥∥ỹ − f̃
(
β̂

(j,k)
, b̂

(j,k)
)
− Q̂

(
β − β̂

(j,k)
)
− Ẑ

(
b− b̂

(j,k)
)∥∥2

. (3.8)

Because some β’s in β are constrained (> 0), we redefine β = (β′
r,β

′
nr)

′, where βr rep-

resents the parameters restricted to be nonnegative and βnr represents parameters without

restrictions in β. The following uses an orthogonal decomposition to show that we can obtain

the estimates of βr first.

Let Q̂r =
∂f̃(β,b)
∂β′

r

∣∣
β̂
(j,k)

,b̂
(j,k) and Q̂nr =

∂f̃(β,b)
∂β′

nr

∣∣
β̂
(j,k)

,b̂
(j,k). Equation (3.8) is re-expressed as

∥∥ỹ − f̃
(
β̂

(j,k)
, b̂

(j,k))− Q̂r

(
βr − β̂

(j,k)

r

)
(3.9)

− Q̂nr

(
βnr − β̂

(j,k)

nr

)
− Ẑ

(
b− b̂

(j,k)
)∥∥2

.

Define X∗ = (Q̂nr, Ẑ), ỹ∗ = ỹ − f̃ (β̂
(j,k)

, b̂
(j,k)

) + Q̂rβ̂
(j,k)

r , β∗ = (β′
nr, b

′)′ and β̂
∗(j,k)

as its
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corresponding estimate. Based on the new notation, equation (3.9) can be re-expressed to be

∥∥ỹ∗ −X∗
(
β∗ − β̂

∗(j,k)
)
− Q̂rβr

∥∥2

=
∥∥ỹ∗ −X∗

(
β∗ − β̂

∗(j,k)
)
− PX∗Q̂rβr − (I − PX∗) Q̂rβr

∥∥2
, (3.10)

where PX∗ = X∗(X∗′X∗)−1X∗′ , and I is an identity matrix. The estimation of unknown

parameters in nonlinear random effects model is obtained by minimizing the loss function of

projecting ỹ
∗ on two perpendicular spaces (column space of X∗ and I−PX∗) shown in (3.10).

Because the two spaces are orthogonal, parameters with restriction βr can be estimated first.

To ensure the estimates of βr nonnegative, the mixed primal-dual bases algorithm is

applied, which is very efficient. The details of the mixed primal-dual bases algorithm are

described in Fraser and Massam (1989). After obtaining the β̂
(j,k+1)

r , we update the uncon-

strained component β∗. Define ỹ
∗∗ = ỹ

∗ − Q̂rβ̂
(j,k+1)

r . Then, equation (3.7) is approximated

by

‖ỹ∗∗ −X∗(β∗ − β̂
∗(j,k)

)‖2. (3.11)

Let △ = β∗− β̂
∗(j,k)

. Then, the estimate of △, denoted as △̂, can be obtained by minimizing

equation (3.11). That is, △̂ = (X∗′X∗)−1X∗′ỹ
∗∗.

If the minimum of absolute values of △̂ is smaller than the defined criteria (e.g., < 0.0001),

the inside iteration converges. We obtain the estimates β̂
(j)

= β̂
(j,k)

, and b̂
(j)

= b̂
(j,k)

. If not,

let β̂
∗(j,k+1)

= △̂+ β̂
∗(j,k)

. The inside iteration continues with estimates β̂
(j,k)

and b̂
(j,k)

being

updated to β̂
(j,k+1)

and b̂
(j,k+1)

, respectively. Upon convergence, the restricted coefficients

β(j)
r = β̂

(j)

r will be treated as known parameters, and other estimates β̂
(j)

nr and b̂
(j)

will be used

as the initial values in the step in Section 3.4.2.2 .

3.4.2.2 Estimation of σe and σb

The main objective of this step is to update σe and σb, given β̂
(j)

r . Given β(j)
r , the estimates

for σe and σb can be obtained by the alternating algorithm in Lindstrom and Bates (1990).

Here, we briefly introduce the alternating algorithm which is realized by two steps.

With β(j)
r being fixed, we can write f (β, b) as f (βnr, b) where βnr includes βf and other
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nonrestricted parameters in the cumulative effect function. Let σ̂
(j+1)
e , and σ̂

(j+1)
b be the

estimates for σe and σb in (j + 1)th outside iteration.

Equation (3.8) now can be solved by using Gauss-Newton method directly. We can use

Σ̂
(j+1,0)

= Σ̂
(j)

and Λ̂
(j+1,0)

= Λ̂
(j)

as the initial estimates for Σ and Λ at (j + 1)th outside

iteration. Given the information of Σ̂
(j+1,m)

and Λ̂
(j+1,m)

, the estimates β̂
(j+1,m)

nr and b̂
(j+1,m)

can be obtained. We define that β̂
(j+1,m)

nr and b̂
(j+1,m)

are the estimates of βnr and b at mth

inside iteration and (j + 1)th outside iteration. Define L̂
(j+1,m)

= ∂f(βnr ,b)
∂b′

|
β̂
(j+1,m)
nr ,b̂

(j+1,m) .

With the estimates of βnr and b updated, we now update the estimates of σe and σb.

Instead of using the exact likelihood function (3.5), the approximate likelihood is used. Using

the Taylor expansion, the conditional distribution of y can be approximated by

y
∣∣b .

∼ N
(
f (βnr, b̂

(j+1,m)
) + L̂

(j+1,m)
b− L̂

(j+1,m)
b̂
(j+1,m)

,Λ
)
.

Based on the assumption of b ∼ N(0,Σ), the approximate marginal distribution of y is

y
.
∼ N

(
f (βnr, b̂

(j+1,m)
)− L̂

(j+1,m)
b̂
(j+1,m)

,V
)
, (3.12)

where V = Λ+ L̂
(j+1,m)

ΣL̂
(j+1,m)′

. Based on the approximate marginal distribution of y, the

corresponding approximate log-likelihood function can be obtained as follows. In particular,

LA

(
βnr,σe,σb

∣∣b̂(j+1,m)
, L̂

(j+1,m)
,y

)
= −1

2
log

∣∣V
∣∣− 1

2
K ′ (V )−1

K, (3.13)

where K = y − f(βnr, b̂
(j+1,m)

) + L̂
(j+1,m)

b̂
(j+1,m)

. Using the Newton-Raphson method,

β(j+1,m+1)
nr , σ̂(j+1,m+1)

e , and σ̂
(j+1,m+1)
b can be obtained.

The inside iterations of this step update the estimates of βnr, b, σe, and σb until they

converge. Then, σ̂(j+1)
e , and σ̂

(j+1)
b are obtained from the results of last iteration (e.g., m∗).

That is, σ̂(j+1)
e = σ̂

(j+1,m∗)
e , and σ̂

(j+1)
b = σ̂

(j+1,m∗)
b .

We want to point out that it is important to choose good starting values for the proposed

parameter estimation procedure. The procedure can converges well with good starting values.

In Section 3.6.4, we provide a detailed discussion on choosing starting values for the proposed

procedure. The performance of the proposed procedure will be studied in Section 3.5.
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3.4.3 Confidence Interval Procedure for Parameters

Based on the proposed estimation procedure, one can obtain the ML estimates θ̂. The s-

tatistical inference is not straightforward due to the constrained estimate for βr. We use

a parametric bootstrap method to quantify the uncertainty in parameter estimation. The

bootstrap method is described in Algorithm 1.

Algorithm 1:

1. Generate residuals ǫ∗ from N(0, Λ̂);

2. Generate random effects b∗i from N(0, Σ̂b), i = 1, · · · , n;

3. Generate the degradation responses y∗
i with equation (3.4) based on W , β̂, ǫ∗ and b∗i ;

4. Based on the new dataset {y∗,W }, all the estimates of unknown parameters θ are

obtained;

5. Repeat steps 1-4 a large number of times (B) and a series of estimated parameters are

obtained (i.e., θ̂
∗j
, j = 1, · · · , B);

6. The confidence interval (CI) for parameters can be computed based on the bias-corrected

bootstrap method (e.g., Efron and Tibshirani, 1993). This CI is denoted as CIbc.

3.4.4 Estimation of the Failure-time Distribution

One of the major objectives of degradation analysis is to estimate the failure-time distribu-

tion. For a decreasing degradation path, the failure time is defined as the time at which the

degradation level first passes a critical value c0. Let f
(
D[X i(t);βD];βf , bi

)
be a decreasing

degradation path. Then, the failure time for unit i can be expressed as:

t∗i = inf{t : f
(
D[X i(t);βD];βf , bi

)
≤ c0}, i = 1, · · · , n. (3.14)

Note that t∗i is a function of β, bi, and X i(∞). The failure time of product, denoted as

T [c0,X(∞), b], is a random variable due to the fact that both X(∞) and b are random. The

cumulative distribution function (cdf) of T [c0,X(∞), b] can be expressed as

F (t; θ) = EX(∞) [Eb (Pr{T [c0,X(∞), b] ≤ t})] , t > 0. (3.15)
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Because it is difficult, if not impossible, to obtain an explicit form of F (t; θ), numerical

methods or Monte Carlo simulation are often used to compute the cdf.

3.5 Simulation Studies

In this section, we use simulation to study the performance of the proposed method. The

simulated dataset is similar to the organic coating data in Gu et al. (2009). To simplify the

setting, we consider only one dynamic covariate (i.e., the temperature).

3.5.1 Simulation Setup

The temperature (Temp.) process is simulated based on the following model:

Temp.(tij) = µ+ κ sin

[
2π

365
(tij − η)

]
+

(
1 + υ

{
1 + sin

[
2π

365
(t− ς)

]})
ǫ(tij),

where ǫ(tij) ∼ N(0, 22) and (µ, κ, η, υ, ς)′ = (25, 16, 103, 0.31, 33)′. The specific degradation

path model is defined based on the model introduced by Vaca-Trigo and Meeker (2009). That

is,

yi(tij) = f(D[X i(tij);βD];βf , bi) + ǫi(tij)

= − G× exp (bi1)

1 + exp
(
− log{D[Xi(tij );βD ]}

H×exp (bi2)

) + ǫi(tij), (3.16)

where i = 1, · · · , n and j = 1, · · · , ni. Note, yi(tij) is the degradation value and X i(tij) is

the history information of dynamic covariate (i.e., Temp.) for individual i from time 0 to

time tij. Regarding the physical interpretation, G is the average total asymptotic degradation

amount of product and H is the average steepness level of degradation. The random effects

bi = (bi1, bi2)
′ account for the unit-to-unit variability for G and H caused by unobservable

factors. We assume bi follows a multivariate normal distribution N(0,Σb), where

0 =




0

0


 , Σb =




σ2
0 ρσ0σ1

ρσ0σ1 σ2
1


 .

The random effects are independent from the error terms ǫi(tij)’s which are modeled to be

independently and identically distributed with a normal distribution, i.e., ǫi(tij)
iid∼ N(0, σ2).
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(a) Splines basis (b) Temp. effect function

Figure 3.2: Plots of spline basis functions (a) and effect function of the Temp. covariate (b)
that used in the simulation study.

The cumulative exposure D[X i(tij);βD] is computed based on the shape-restricted spline

basis derived from the dynamic covariates X i(tij), and it is a nondecreasing function of time.

Let β = (β′
D,β

′
f)

′, where βD are the unknown coefficients for the shape-restricted spline basis

and βf = (G,H)′ are the rest unknown parameters in model (3.16).

The dynamic covariate Temp. has a monotonic increasing effect on the coating degrada-

tion. The number of knots q and the spline order k in the construction of shape-restricted

spline basis are set to be q = 3 and k = 3, respectively. The true value of βD = (0.009, 0, 0,

0.006, 0, 0.005, 0.006)′, G = 2, H = 1.1, σ0 = 0.06, σ1 = 0.02, ρ = −0.5, and σ = 0.02. There

are 20 observations in each unit. Based on those parameter settings, a simulated dataset

{yi(tij),X i(tij)}, i = 1, · · · , n, j = 1, · · · , 20, can be obtained. Figure 3.2(a) shows the spline

basis functions (not including constant function) and Figure 3.2(b) shows the temperature

effect function. To validate the proposed estimation procedure, we choose the sample size

n = 20, 50, and 100.
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Table 3.1: Estimated mean, bias, variance, and MSE of the parameters based on 1000 repeats
for parameters in the degradation path model (G,H, σ0, σ1, ρ, σ)

′.

# of units Parameter Value Mean Bias Variance MSE

n = 20

G 2.000 2.021 -0.021 6.770×10−3 7.228×10−3

H 1.100 1.104 -0.004 0.701×10−3 0.714×10−3

σ0 0.060 0.058 0.002 0.087×10−3 0.091×10−3

σ1 0.020 0.018 0.002 0.039×10−3 0.042×10−3

ρ -0.500 -0.540 0.040 0.113965 0.115526
σ 0.020 0.020 < 0.001 < 0.001× 10−3 < 0.001× 10−3

n = 50

G 2.000 2.020 -0.020 2.656×10−3 3.037×10−3

H 1.100 1.105 -0.005 0.299×10−3 0.324×10−3

σ0 0.060 0.059 0.001 0.038×10−3 0.038×10−3

σ1 0.020 0.019 0.001 0.018×10−3 0.019×10−3

ρ -0.500 -0.518 0.018 0.036648 0.036975
σ 0.020 0.020 < 0.001 < 0.001× 10−3 < 0.001× 10−3

n = 100

G 2.000 2.016 -0.016 1.245×10−3 1.498×10−3

H 1.100 1.104 -0.004 0.137×10−3 0.157×10−3

σ0 0.060 0.059 0.001 0.019×10−3 0.019×10−3

σ1 0.020 0.020 < 0.001 0.008×10−3 0.009×10−3

ρ -0.500 -0.525 0.025 0.016186 0.016796
σ 0.020 0.020 < 0.001 < 0.001× 10−3 < 0.001× 10−3

3.5.2 Simulation Results and Discussions

By applying the proposed estimation procedure and model (3.16) to simulated datasets, the

results of parameter estimates (not including βD) based on 1000 repeats are shown in Table 3.1.

It shows that the estimates converge to the true parameters well, although there exist small

biases in the estimates of G, H , and ρ. Following Hong and Meeker (2011), we study the

mean squared error (MSE) of parameter estimators. The values of MSE in Table 3.1 and

Figure 3.3 show decreasing trends as the sample size increases. Using the proposed procedure,

the estimates converge with less than five outside iterations. Overall, the simulation studies

show that the performance of the proposed estimation procedure is satisfactory, even when

the sample size is small (e.g., n = 20).
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Figure 3.3: Plot of the MSE of the estimator of the effect function.

3.6 Application

3.6.1 Outdoor Weathering Data

To illustrate the proposed method, the outdoor weathering data in Gu et al. (2009) is used.

The dataset contains degradation measurements and environmental covariates for units tested

during the period from 2002 to 2006. The outdoor UV exposure, Temp., and RH. were

recorded automatically with the sensors for each unit. Fourier transform infrared spectroscopy

(FTIR) is used to measure the degradation level based on the changes of signals around the

wavenumber 1250 cm−1. There are n = 36 specimens tested with staggered entries. A failure

is defined when the degradation measurement of a unit is lower than −0.4. More details are

available in Gu et al. (2009). A subset of degradation data and the UV covariate are shown

in Figure 3.4.
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Figure 3.4: Plots showing a subset of the degradation paths (a) and a subset of the daily
values of the UV dosage.

3.6.2 Model Fitting and Comparisons

Model (3.16) is used to fit the outdoor weathering data with three dynamic covariates (UV,

Temp., and RH). Based on the previous study in Gu et al. (2009), the shapes of the effect

functions for UV dosage and temperature are nondecreasing, while the shape of the effect

function of RH is convex. Thus, we use shape-restricted splines to estimate those covariate

effect functions.

To construct the cumulative shape-restricted spline basis matrix, the number of knots

for each dynamic covariate and the spline order in the M-spline functions (e.g., Meyer, 2008)

needed to be determined. We use the same number of knots (i.e., q) for all dynamic covariates.

Those knots are evenly located among the sorted covariate values. We use the Bayesian

information criterion (BIC) for knots selection, which puts a greater penalty on the number

of parameters. We use the approximate likelihood function in (3.13) to calculate the BIC.

Figure 3.5 shows that the optimized choice: the number of knots q = 3 and the spline order

k = 3, which has the minimum BIC.

Using the proposed method, we obtain the estimated model parameters. The parameter
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estimates (not including βD) with 95% confidence intervals with bias correction (CIbc) are

shown in Table 3.2. Figure 3.4(a) shows the fitted degradation paths for twelve randomly

selected units, which shows that the proposed model fits the degradation data well. Based

on Table 3.2, we know that the population average asymptotic degradation amount is around

1.006 and the population average value of the steepness of the degradation is around 1.072.

Those values can help the researcher understand what the maximum amount of degradation

is and how fast the degradation is in population level.

Figure 3.6 shows the estimated covariate effect functions and the corresponding 95% point-

wise CIbc for the three dynamic covariates. The figure shows that the UV dosage has a strong

effect on the degradation of the coating, which is consistent with the physical knowledge

because the degradation is mainly caused by photodegradation. The temperature effect is

relatively small compared to the UV effect. The RH effect function has the expected convex

shape, and it reaches the lowest point during 15 ∼ 20% RH.

To make a comparison, we fit the linear random effects model in Hong et al. (2014) and

calculate the BIC based on their model. The BIC for the nonlinear random effects model in this

chapter is−5463.03, which is much smaller than the value from the linear random effects model

−4640.19. The smaller BIC value in the nonlinear random effects model indicates a better

overall fitting. Figure 3.7 shows the residuals for all units in the outdoor weathering data,

which indicates that both models meet the constant variance assumption, but the nonlinear

random effects model have a smaller variance for the error term. To see the improvement at

the individual level, we pick several units to compare the degradation path fitting. Figure

3.8 indicates that the nonlinear random effects model fitting is better than the linear random

effects model fitting at the individual level.

3.6.3 Failure-time Distribution Estimation

Here, we apply a Monte Carlo simulation approach to estimate the failure-time distribution.

A model for the covariate processes is needed, and we use the parametric model for covariates

in Hong et al. (2014). In general, one first needs to simulate the covariate processes and the
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Table 3.2: Parameter estimates and approximate 95% CIbc’s for (G,H, σ0, σ1, ρ, σ)
′ in the

degradation path model.

Parameter Estimate Standard 95% CIbc
Error Lower Upper

G 1.006 0.062 0.889 1.101
H 1.072 0.032 1.007 1.128
σ0 0.105 0.015 0.078 0.137
σ1 0.146 0.018 0.116 0.188
ρ -0.656 0.111 -0.807 -0.305
σ 0.010 0.00026 0.010 0.011
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Figure 3.5: Plot of BIC values for selection of knots and spline order.
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Figure 3.6: Estimated effect functions and the corresponding approximate 95% pointwise CIbc
for the three covariates.
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Figure 3.7: Comparisons of residuals based on the linear random effects model and the non-
linear random effects model (the dashed lines show the ±1.96 standard deviations).
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Figure 3.8: Comparisons of fitted paths based on the linear random effects model and the
nonlinear random effects model for units G3-10 and G9-9.

random effects. Based on the estimated parameters, one can simulate the degradation paths.

Given the simulated degradation paths, the failure times t̂∗i , i = 1, · · · , B are obtained. The

empirical failure-time distribution is computed by F̂ (t) =
∑B

i=1 1(t̂
∗
i ≤ t)/B, where 1(·) is an

indicator function. The CI for the cdf of failure-time can be obtained by using Algorithm 1.

Figure 3.9 shows the estimated cdf for a population with units starting randomly from day

161 to day 190.

3.6.4 Discussion on Starting Values

The selection of starting values is important in optimizations. Knowing the background

of the data will be helpful. In the outdoor weathering application, because G is the total

asymptotic degradation amount of the coating, it can be estimated by a value that is larger

than the maximum of the degradation measurements in the data. The steepness level of the

degradation path H can be initialized as one. The random effects are chosen as the means

of their distributions (i.e., 0). Given the initial setting of G and H , the initial estimates

of cumulative exposure can be obtained from equation (3.16) by treating the error terms as
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Figure 3.9: The estimated cdf and 95% pointwise CIs for a population with units starting
randomly from day 161 to day 190.

0. The initial coefficients for the spline basis can be estimated by the mixed primal-dual

basis algorithm given the initial estimates of cumulative exposure. Once we have the initial

estimates of the cumulative exposure function, we can treat it as a fixed term in the model and

use R package nls to estimate fixed-effect parameters (i.e., G and H) individually. Once we

obtained the estimates of G and H for each unit, the initial estimates of Σb can be obtained

as the sample variance-covariance matrix of those estimates of G and H . Similar strategy can

be used for Λ.

An alternative way of obtaining starting values is to fit a nonlinear (without random

effects) model with constraints on some parameters (βr). Here we briefly explain the idea.

Without random effects, the model in (3.4) reduces to y = f(W ;β) + ǫ, where ǫ ∼ N(0,Λ).

We need to minimize the nonlinear least squares function

∥∥Λ−1/2y −Λ−1/2f(W ;β)
∥∥2
. (3.17)

First we estimate βr and βnr, given Λ. We linearize the nonlinear function f(·) using the

Taylor series expansion at the current estimates. Based on the mixed primal-dual bases
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algorithm, the estimate of βr can be updated. Then, estimate of βnr can be updated using

the Gauss-Newton method. Compared to the step in Section 3.4.2.1, this step will be much

simpler because random effects are not considered. Second we update Λ, given βr. This step

can be obtained by the maximization of the likelihood function using the Newton-Raphson

method or other optimization methods. We do the iterations of those two steps until all

parameter estimates converge.

3.7 Conclusion and Areas for Future Research

In this chapter, we propose a class of nonlinear general degradation path models with random

effects to describe degradation data with dynamic covariates. The effects of dynamic covariates

are incorporated into the degradation model via shape-restricted splines. We develop an

efficient procedure to estimate the unknown parameters. The outdoor weathering data are

used to illustrate the method. The proposed method can also be applied to nonlinear (without

random effects) models with shape-restricted covariate effects, as described in Section 3.6.4,

in which case the estimation will be simpler because the absence of random effects.

Many degradation mechanisms show nonlinear degradation trends in practice. Compar-

ing to linear models, nonlinear models are more flexible and have broader applications with

complicated data. Besides the outdoor weathering data, the proposed method can also be

applied on many products used in highly variable conditions. For example, the degradation

of batteries is affected by temperature and use frequency, and the degradation of the solar

panel is affected by outdoor environments (i.e., UV dosage, Temp., and RH). For another

example, the method can be applied to the degradation of the heater in ingot manufacturing

in Section 3.1.1, where the degradation is affected by the power and other process variables

(e.g., temperature and chemical component of raw materials).

For degradation modeling, we want to point out that it is important to consider physi-

cal/chemical knowledge. For our motivating application (i.e., the outdoor weathering data),

the degradation is a result of loss of chemical structures. Thus, the cumulative damage model
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can provide a good description for the failure mechanism. For other failure mechanisms, the

cumulative damage model may not be appropriate. Also, nonparametric methods are used to

model the effects of dynamic covariates. In the motivating application, we have data points

for a wide range of the covariates. Thus, extrapolation is not used in predictions. If extrapo-

lation is needed in some applications, the nonparametric method should be used with caution,

although the shape-restricted covariate effect function allows one to do some extrapolation.

The proposed method can be applied to the health care problems and pharmacokinetics

research. The proposed method can also be useful in maintenance scheduling. Based on

the distribution of lifetime, one can also develop a better strategy to make maintenance and

logistical decisions. Our current method only considers soft failures, it will also be interesting

to consider both soft and hard failures in the future. Heterogeneities in environments (e.g.,

Ye et al., 2013) can also be considered in degradation modeling.

Bayesian methods can be applied for parameter estimations for nonlinear models with

random effects (e.g., Davidian and Giltinan, 2003). The Monte Carlo Markov chain (MCMC)

techniques will be needed to obtain the posteriors for inferences in most cases. The challenge

in applying the Bayesian method to the model used in this chapter could be the constraints

on some of the parameters, which will be an interesting topic for future research. Functional

varying coefficient regression techniques are also available in literature by using regression

splines (e.g., Huang and Shen, 2004) and penalized splines (e.g., Cao et al., 2010). Applying

functional regression approach to degradation data with time-varying covariates can also be

an interesting topic for future research.
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Chapter 4 A Multi-level Trend-renewal Process for Modeling Sys-

tems with Recurrence Data

Abstract

A repairable system is a system that can be restored to an operational state after a repair

event. The system may experience multiple events over time, which are called recurrent

events. To model the recurrent event data, the renewal process (RP), the nonhomogeneous

Poisson process (NHPP), and the trend-renewal process (TRP) are often used. Compared

to the RP and NHPP, the TRP is more flexible for modeling, because it includes both RP

and NHPP as special cases. However, for a multi-level system (e.g., system, subsystem, and

component levels), the current TRP model may not be adequate if the repair is in the form

of replacement and subsystem-level replacement events affect the rate of occurrence of the

component-level replacement events. In this chapter, we propose a general class of models to

describe replacement events in a multi-level repairable system by extending the TRP model.

We also develop procedures for estimation of model parameters and prediction of future events

based on historical data. The proposed model and method are validated by simulation studies

and are illustrated by an simulated application.

Key Words: Multi-level repairable systems, Nonhomogeneous Poisson processes, Renewal

process, Random effect, Time-dependent covariate, Trend-renewal process.
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4.1 Introduction

4.1.1 Background

A repairable system is defined as a system that can be restored to an operational state after

a repair. In practise, a repairable system may experience multiple replacement events at

different levels over time. For example, we consider a repairable vehicle with three levels:

system (e.g., a truck), subsystem (e.g., the truck engine), and component (e.g., the oil pump).

The replacement events can be the replacement of the oil pump (may be new or refurbished)

or the replacement of the entire engine (may be new or refurbished). For some other examples,

the failure of a computer motherboard can be repaired by replacing the whole motherboard

or just by replacing the failed capacitor on the motherboard. The failure of a gearbox can be

repaired by replacing the whole gearbox or just by replacing the failed gear.

In this chapter, we consider a two-level repairable system where events can occur at the

subsystem level, or the component (within a subsystem) level. We focus on a specific subsys-

tem (e.g., the engine) in a vehicle and a particular component within that subsystem (e.g.,

the oil pump), although a subsystem may have many components. In particular,

• The replacement of a subsystem is called a subsystem event. In this case, the system

can only be fixed by a subsystem replacement.

• The replacement of a component is called a component event. In this case, the system

is fixed by the component replacement.

Often, the failed subsystems or components are replaced with refurbished units that are not

as good as new units. When the subsystem is replaced, of course, the components inside

such subsystem will be replaced at the same time leading to a change of the risk of having a

failure at the component level. This repair information at multiple levels is available through

maintenance records. In addition to replacement event times, dynamic covariates, such as

system usage information, loading, and shocks may also be available.
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One important goal of the modeling of the replacement events is to do field failure pre-

diction, which is useful for purposes such as prognostics, maintenance scheduling, and spare

parts provisioning. Prediction of component replacement events is difficult when there are

also subsystem replacements. The objective of this chapter is to use replacement information

at multiple levels and system usage information to make field failure prediction for a critical

component in a subsystem. We need a model that can incorporate the effects of system us-

age information and other possibly unobservable factors, and the effects that replacements at

different levels have on components. The model can also handle that replacements may not

be perfect and there are possible system-to-system differences.

4.1.2 Motivating Application

This chapter is motivated by the need to model recurrent events from a fleet of industrial

systems, which we call Vehicle B. Vehicle B is a two-level repairable system, and it may expe-

rience subsystem (engine) and component (oil pump) events over time. To protect sensitive

and proprietary information, we use simulated data with rescaled time units to illustrate our

method. In the simulated Vehicle B data, there are n = 100 systems, and the data freeze date

(DFD) is 200 months. The total number of component events and subsystem events are 1176

and 392, respectively. The event histories of ten randomly selected units from the Vehicle B

fleet are shown in Figure 4.1(a).

Besides the event histories, a time-dependent covariate called cumulative usage is also

simulated. Figure 4.1(b) shows the cumulative usage for ten randomly selected units from the

Vehicle B fleet. Compared to the length of running times of the systems, the time needed to

effect a repair is ignorable and is assumed to be zero. The prediction of the total number of

component events in a future time point is needed in this application.

4.1.3 Related Literature and This Work

The nonhomogeneous Poisson process (NHPP) and the renewal process (RP) are the two

most commonly used models in the analysis of recurrent event data (e.g., Zhao and Liu,
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Figure 4.1: Plots of event processes and cumulative usage processes for ten randomly selected
units in the Vehicle B fleet.

2003, Leemis, 2004, and Hong et al., 2013) with the assumption that the effect of repair is

perfect or minimal, respectively. For general repairs, Brown and Proschan (1983) proposed an

imperfect repair model. Kijima (1989) introduced two types of virtual age models by reducing

the age of the system after each repair. Lawless and Thiagarajah (1996) used a proportional

intensity model to incorporate renewals and time trends. Wang and Pham (1996) proposed a

quasi-renewal process with the consideration of maintenance cost. Doyen and Gaudoin (2004)

proposed two new classes of imperfect repair models.

Lindqvist et al. (2003) and Lindqvist (2006) introduced a trend-renewal process (TRP)

which includes the NHPP and RP as special cases, which has been widely used in literature

(e.g., Yang et al., 2012, and Pietzner and Wienke, 2013). Heggland and Lindqvist (2007)

derived a non-parametric maximum likelihood estimator of the intensity function for the

TRP. Franz et al. (2013b) proposed methods for point prediction and interval prediction for

the first time to failure using simulation. For virtual age models, Yańez et al. (2002) and Yu

et al. (2013) proposed the methods to estimate the expected number of failures using Monte

Carlo simulation and an analytic approach, respectively.
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For multi-level repairable system analysis, some papers have focused on the reliability

analysis of a system by combining information from different levels using Bayesian methods.

Examples include Johnson et al. (2005), Wilson et al. (2006), and Liu et al. (2011). We know

of no previous work that has been done for reliability estimation and prediction for multi-level

repairable systems with the consideration of the effect of subsystem events on component

events.

Motivated by the Vehicle B data, we propose a multi-level trend renewal process (MTRP)

with time-dependent covariates in the modeling of component events. Based on the MTRP

model, we also develop procedures for obtaining point predictions and prediction intervals for

the number of component events in a future time. To incorporate system-to-system variability,

random effects are introduced in the MTRP model and the parameters are estimated by the

Metropolis-within-Gibbs algorithm. The methods of estimation and predictions are validated

by simulation studies and illustrated by the Vehicle B application.

4.1.4 Overview

The rest of the chapter is organized as follows. In Section 4.2, we introduce some existing

models and the proposed MTRP model. In Section 4.3, we develop estimation methods for

unknown parameters in the proposed MTRP model. In Section 4.4, we develop procedures

for point predictions and prediction intervals (PI) based on Monte Carlo simulation. In

Section 4.5, we validate the proposed methods by simulations. In Section 4.6, the methods

of modeling and predictions are illustrated based on a simulated application. Section 4.7

contains a summary and some future research topics.

4.2 Repairable System Models

4.2.1 Existing Models

Let 0 < T1 · · · < Ti < · · · be the event times from a repairable system. Denote N(t) as the

counting process, which counts the number of events that occur in time interval (0, t], and let
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Ft be the event history up to time t. The event intensity for the counting process is

λ(t|Ft−) = lim
∆t→0

Pr{N(t +∆t)−N(t) = 1|Ft−}
∆t

,

where Ft− is the event history immediately prior to time t. The cumulative event intensity

function is defined as Λ(t) =
∫ t

0
λ(u|Fu−) du.

The RP, denoted by RP(F ), corresponds to a perfect repair (i.e., replacement with a new

unit), and the gaps between event times are independently and identically distributed (iid)

with F . Here F is a cumulative distribution function (cdf). That is, Ti+1−Ti
iid∼ F, i = 1, 2, · · · .

Let h(z) be the hazard function of F . The event intensity function of the RP is λ(t|Ft−) =

h[t − TN(t−)], where TN(t−) is the last event time before time t. The NHPP corresponds to a

minimal repair (e.g., adjustment or replacement of a small part of a large unit). The intensity

function is λ(t|Ft−) = λ(t), which does not depend on the event history. For the NHPP, the

transformed event times Λ(Ti) follows a homogeneous Poisson process (HPP) with mean of

one. The gaps between the transformed times are iid with an exponential distribution with

mean one. That is, Λ(Ti+1)− Λ(Ti)
iid∼ Exp(1), i = 1, 2, · · · .

The TRP model describes situations that are in-between NHPP and RP, and contains

NHPP and RP as special cases. The gaps between the transformed event times are iid with

RP(F ). That is, Λ(Ti+1) − Λ(Ti)
iid∼ F, i = 1, 2, · · · . We denote the TRP by TRP(F, λ),

where λ(t) = dΛ(t)/dt is called the trend function and F is called the renewal distribution

function. Figure 4.2 illustrates the definition of the TRP. The event intensity function is

λ(t|Ft−) = h{Λ(t)− Λ[TN(t−)]}λ(t). The trend function λ(t) reflects system deterioration (or

improvement) overtime, independent of replacement events or other repair-related events. The

factor h{Λ(t) − Λ[TN(t−)]} reflects the effect of the most recent repair at time TN(t−). After

each repair, there is a change in the event intensity function. The behavior of the change is

determined by the hazard function of the renewal distribution function F .
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Figure 4.2: Illustration of the TRP model.

4.2.2 Notation for Data

We consider a single multi-level repairable system, which is under observation in time interval

(0, τi], where i = 1, · · · , n. The subsystem consists of many components and we focus on

the replacement of a critical component. Let Ni(t) = Nis(t) + Nic(t) be the total number of

replacement events up to time t, where Nis(t) and Nic(t) are the number of subsystem events

and component events up to time t for system i, respectively. Let 0 < tsi1 < · · · < tsi,Nis(τi)
< τi

be the times for subsystem events, and let 0 < tci1 < · · · < tci,Nic(τi)
< τi be the times for

component events. The replacement event times, regardless of the types, are denoted by

0 < ti1 < · · · < ti,Ni(τi) < τi.

In the Vehicle B data, the time-dependent covariate (i.e., cumulative usage) at time t is

denoted by Xi(t) for system i, where i = 1, · · · , n. The time-dependent covariate process for

system i is denoted by X i(t), where X i(t) = {Xi(u) : 0 < u ≤ t}. Covariate process X i(t)

is recorded at time tik, where k = 1, · · · , ni, and ni is the number of time points where the

covariate information is available for system i before the end of observation τi.

With the consideration of time-dependent covariate, the replacement events history up to

time t is Ft = {Nic(u), Nis(u), Xi(u) : 0 < u ≤ t}, and the history of subsystem events up to
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time t is F s
t = {Nis(u), Xi(u) : 0 < u ≤ t}.

4.2.3 The Proposed Multi-level Trend-renewal Process

For a two-level repairable system unit i, the intensity functions for the subsystem and com-

ponent level events are modeled as follows:

Subsystem level: λs∗
i (t|F s

t− ; θ
s) = hs∗{Λ∗

i (t)− Λ∗
i [t

s
i,Nis(t−)]; θ

s}λ∗
i (t; θ

s), (4.1)

Component level: λc
i(t|Ft−; θ

c) = hc

{
Λs

i (t|F s
t−)− Λs

i

[
ti,Ni(t−) | F s

t−
i,Ni(t

−)

]
; θc

}
λs
i (t|F s

t−; θ
c).

(4.2)

In (4.1), we use a TRP model, TRP(F s∗, λ∗
i ), without random effects, to describe the sub-

system level events. The unknown model parameters in (4.1) are denoted by θs. Here,

F s∗ is the renewal distribution for subsystem event process, hs∗(·) is the corresponding haz-

ard function, and Λ∗
i (t) =

∫ t

0
λ∗
i (u; θ

s)du is the cumulative intensity function. The function

λ∗
i (t; θ

s) = λ∗
b(t) exp{γ∗g[Xi(t)]} is the intensity trend function for system unit i with λ∗

b(t)

as the baseline intensity function and γ∗ as the coefficient of a transformed function of time-

dependent covariate (i.e., g[Xi(t)]). In the rest of this chapter, we use g[Xi(t)] = log[Xi(t)] as

the function of time-dependent covariate.

The proposed MTRP model for component events in (4.2) is an extension of the TRP in

the sense that we use a new trend function λs
i (t|F s

t− ; θ
c) for the component event process that

can incorporate the effect of subsystem events on the component events, because the intensity

of component events may be affected by the subsystem events. In particular,

λs
i (t|F s

t−; θ
c) = hs{Λi(t)− Λi[t

s
i,Nis(t−)]}λi(t; θ

c), (4.3)

where θc = (θc1, · · · , θcz)′ denotes a vector of unknown parameters with length of z in (4.2). The

function hs(·) in (4.3) describes the effects of subsystem events on the intensity of component

events. Like in (4.1), the form of hs(·) can be taken as a hazard function , and its corresponding

cdf form is F s(·). The function λi(t; θ
c) describes the effect of covariate and other unknown

factors on the component intensity function. Here, Λi(t) =
∫ t

0
λi(u; θ

c) du.

The renewal distribution function of component events model in (4.2) is denoted by F c(·).
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Let f c(t), Sc(t) = 1 − F c(t), and hc(t) be the probability density function (pdf), survival

function, and hazard function corresponding to F c, respectively. Also, let Λs
i (t|F s

t−) =
∫ t

0
λs
i (u|F s

u−; θ
c) du, and Λi(t) =

∫ t

0
λi(u; θ

c) du.

Note that (4.3) has the same form of the TRP intensity model for subsystem events but

with a different set of parameter θc. The function in (4.3) can reflect effect that subsystem

events have on the component events intensity. For example, when hs(·) is a constant function,

subsystem events have no effect on components [e.g., Figure 4.3(a)]; when λi(t; θ
c) in (4.3) is a

constant function over time and hs(·) is not a constant function, a subsystem event corresponds

to a perfect repair effect and result in an immediate reduction of the intensity function [e.g.,

Figure 4.3(b)]; when neither λi(t; θ
c) nor hs(·) is a constant function, the subsystem events are

imperfect repairs [e.g., Figure 4.3(c)]. Thus, (4.3) is a flexible trend function for describing

the effect of subsystem events on component events intensity.

Similar to the subsystem event process, the incorporation of time-dependent covariate can

be achieved by

λi(t; θ
c) = λb(t) exp{γ log[Xi(t)]} i = 1, · · · , n. (4.4)

Here, λb(t) denotes the baseline intensity trend function if no component/subsystem re-

placement event occurs. The MTRP with a time-dependent covariate can be denoted by

MTRP(F c, F s, λi).

To incorporate unit-to-unit variability in component event process, we use random effects

in the intensity function (4.4) as follows,

λi(t; θ
c) = λb(t) exp{γ log[Xi(t)] + wi} i = 1, · · · , n, (4.5)

where the random effect for system i, wi, is iid with N(0, σ2
r). Here, σ2

r is the variance of

the normal distribution, and is not contained in θc. Define w = (w1, w2, · · · , wn)
′. The

heterogeneous MTRP for component events process is denoted by HMTRP(F c, F s, λi).
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(a) Minimal repair effects (b) Perfect repair effects (c) Imperfect repair effects

Figure 4.3: Different cases of the trend function in (4.3). The symbol of “∗” indicates the
occurrence of subsystem event.

4.2.4 Properties and Special Cases of MTRP

From another perspective, the MTRP model in (4.2) includes two TRP models in a hierarchical

structure. The higher-level TRP model is used to describe the effect of subsystem events on

the intensity of component events. The lower-level TRP model is used to model the component

events with the higher-level TRP intensity function as its trend function. Thus, the MTRP

can be defined as,

Λi(T
s
i,j+1)− Λi(T

s
ij)

iid∼ F s(·),

Λs
i (T

c
ij|F s

T c
ij

−)− Λs
i

[
Ti,Ni(T c

ij
−) | F s

T−

i,Ni(T
c
ij

−)

]
iid∼ F c(·), i = 1, · · · , n, j = 1, 2, · · · .

For system i, T c
ij is the jth time of component event, and TNi(T c

ij
−) denotes the most recent

event time before T c
ij . The cumulative intensity function for component events is computed

as

Λc
i(t|Ft−) =

∫ t

0

λc
i(u|Fu−; θc) du

=Hc

{
Λs

i (t|F s
t−)− Λs

i [ti,Ni(t−)|F s
t−
i,N(t−)

]

}
+

Ni(t−)∑

j=1

Hc
[
Λs

i (tij |F s
t−ij
)− Λs

i (ti,j−1|F s
t−i,j−1

)
]
,

where Hc(t) =
∫ t

0
hc(u) du is the cumulative hazard function corresponding to F c.

The MTRP model is a general model that includes the TRP, RP, NHPP and HPP models
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as special cases. The intensity function (4.2) of the MTRP model reduces to the TRP model

if hs(·) is a constant function indicating no subsystem repair effect (i.e., only minimal repair

effects from subsystem events). When both hs(·) and λi(t; θ
c) are constant functions, the

MTRP model reduces to the RP model, indicating that subsystem events have no effect on

component events, and component events are perfect repairs. When hc(·), hs(·) are constant

functions and λi(t; θ
c) is a function of t, the MTRP model reduces to an NHPP model,

indicating component events are minimal repairs and there are no subsystem event effects.

When F c(·) is an Exp(1) distribution and both hs(·) and λi(t; θ
c) are constant functions,

the MTRP model reduces to the HPP model. The likelihood ratio test can be used in the

comparison and selection of these nested models. More details on the subject of model selection

can be found in Lindqvist et al. (2003). Here, the application of the special cases, TRP, RP,

NHPP, and HPP models, are slightly different from the usual application of these models

because subsystem events induce censoring during the process operation. For example, if a

subsystem is replaced, then observation is terminated on the component in that subsystem.

4.3 Parameter Estimation

The estimate of parameter θs in (4.1) can be obtained by using the method of Lindqvist et al.

(2003). So we focus on the estimation of the parameters in the component event model in

(4.2).

4.3.1 The Likelihood Function

Note that component events for system i follow MTRP(F c, F s, λi). For the convenience in

the expression of likelihood function, the component events are denoted by {tij, δcij}, where

i = 1, · · · , n, and j = 1, · · · , Ni(τi). Here, tij is the event time for system i, and δcij is the

component event indicator. If the replacement is for a component, then indicator equals to

one, otherwise zero. Let ti0 = 0, ti,Ni(τi)+1 = τi, Λ
c
i(0|F0) = Λs

i (0|F s
0) = 0, δci,Ni(τi)+1 = 0, and

F = {Nic(u), Nis(u), Xi(u) : 0 < u ≤ τi, i = 1, · · · , n}. The likelihood function for component
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events in MTRP model can be expressed as

L(θc;F ,w) =
n∏

i=1







Ni(τi)+1∏

j=1

[λc
i(tij|Ft−ij

; θc)]δ
c
ij



× exp[−Λc

i(τi|Fτ−i
)]




=

n∏

i=1

Ni(τi)+1∏

j=1

({
f c[Λs

i (tij|F s
t−ij
)− Λs

i (ti,j−1|F s
t−i,j−1

)]λs
i (tij |F s

t−ij
; θc)

}δcij

×
{
Sc[Λs

i (tij|F s
t−ij
)− Λs

i (ti,j−1|F s
t−i,j−1

)]
}1−δcij

)
. (4.6)

4.3.2 Estimation Procedure

We first discuss the estimation procedure for the unknown parameters in the model with

random effects (i.e., HMTRP). Bayesian methods using diffuse prior distributions provide

a convenient method to obtain the estimates of the unknown parameters. We suggest a

Metropolis-within-Gibbs algorithm for this purpose. Define υ = 1/σ2
r as the precision of the

random effects distribution, and let υ ∼ Gamma(a1, a2) be the conjugate prior distribution

for the random effects. Here, a1 is the shape parameter and a2 is the rate parameter of a

gamma distribution. Gelman (2006) and DePalma (2013) suggested using 0.001 for both a1

and a2. Then the mean and variance of the prior distribution of υ are 1 and 1000, respectively.

We use a uniform distribution to describe prior information on θc. Define Li(θ
c|Fτi , wi) as

the conditional likelihood function of system i given random effect wi, and L(θc|F ,w) =

∏n
i=1 Li(θ

c|Fτi, wi) as the conditional likelihood function for all n systems. Then, the pdf of

full joint distribution of parameters in the MTRP model is

P (θc,w, υ|F) ∝ L(θc|F ,w)P (w|υ)P (υ), (4.7)

where P (w|υ) is the pdf of a multivariate normal distribution with mean 0 and variance-

covariance matrix Σr. That is w ∼ N(0,Σr = I/υ), where I is an n×n identity matrix. The

pdf of Gamma(a1, a2) is denoted by P (υ). Based on the full joint distribution, we can obtain
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the joint posterior distribution of parameters in the model as follows,

wi|θc, υ ∝ Li(θ
c|Fτi, wi)υ

1/2 exp

(
− υw2

i

2

)
(4.8)

υ|w, θc ∝ Gamma

(
n

2
+ a1,

w′w

2
+ a2

)
(4.9)

θc|w, υ ∝ L(θc|F ,w). (4.10)

Algorithm 1:

1. Initialize all the parameters w(0), υ(0) and θc(0).

2. Update w
(j)
i , i = 1, · · · , n using Metropolis algorithm at jth step:

a) Sample w∗
i ∼ N(w

(j−1)
i , σ2

wi
), where σ2

wi
is the variance of the proposal distribution

for unit i.

b) Accept w∗
i as w

(j)
i with the probability

min





Li(θc(j−1)|Fτi ,w
∗

i ) exp
(
−

υ(j−1)w∗2
i

2

)

Li

(
θc(j−1)|Fτi ,w

(j−1)
i

)
exp


−

υ(j−1)

[
w
(j−1)
i

]2
2




, 1




, otherwise, set w

(j)
i = w

(j−1)
i .

3. Sample υ(j)
∼ Gamma

(
n
2
+ a1,

w(j)′w(j)

2
+ a2

)
.

4. Update values of elements of θc(j) = (θ
c(j)
1 , · · · , θc(j)i , · · · , θc(j)z ) successively at the jth

step. Let θ
c(j)
i−1 = (θ

c(j)
1 , · · · , θc(j)i−1 , θ

c(j−1)
i , · · · , θc(j−1)

z ). Note that θ
c(j)
0 = θc(j−1).

a) Sample θc∗i ∼ N(θ
c(j−1)
i , σ2

θci
), where σ2

θci
is the variance of the proposal distribution.

Let θc∗
i = (θ

c(j)
1 , · · · , θc(j)i−1 , θ

c∗
i , θ

c(j−1)
i+1 , · · · , θc(j−1)

z ).

b) Accept θc∗i as θ
c(j)
i in θ

c(j)
i with the probability

min

{
L[θc∗

i |F ,w(j)]

L[θ
c(j)
i−1 |F ,w(j)]

, 1

}
, otherwise, set θ

c(j)
i = θ

c(j−1)
i in θ

c(j)
i .

c) Repeat steps a) and b) for i = 1, · · · , z at the given j. Let θc(j) = θc(j)
z .

5. Repeat steps 2-4 for a large number of times until a sufficient number of draws from

the joint posterior distribution have been obtained.
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To obtain optimal acceptance rates (around .44 according to Gelman et al., 1997 and Roberts

and Rosenthal, 2001), the tuning parameters σwi
and σθci

, i = 1, · · · , z can be well adjusted

by applying the method given in Roberts and Rosenthal (2009).

For model without random effects (MTRP), Algorithm 1 can still be used by omitting

steps 1-3. An alternative way to estimate the unknown parameters is the maximum likelihood

(ML) method based on the likelihood function (4.6).

Once the parameters estimates in the MTRP/HMTRP model are obtained, the residuals

of the model can be estimated by using the cumulative hazard function. That is, the residuals

Rij = Hc[Λs
i (tij |F s

t−ij
) − Λs

i (ti,j−1|F s
t−i,j−1

)]. The residuals (Rij, δ
c
ij = 1) are expected to behave

as samples from the Exp(1) distribution, which can be used to evaluate the goodness of fit of

the model.

4.4 Prediction for Component Events

4.4.1 Point Prediction

Accurate prediction of future events is important to the manufacturer of products, or the

operators of fleets of systems, for purposes of controlling operating costs, optimizing the

number of spare components, and assessing the risk of excessive warranty returns. Here, we

focus on the prediction of events at component level.

Let θx as the parameters in the model of time-dependent covariate, and X i(t1, t2) =

{Xi(t); t1 < t ≤ t2}. The predicted cumulative number of component events up to time

m > 0 for a fleet of n units can be obtained by:

Nc(m; θc, θs, θx) =

n∑

i=1

Nic(m; θc, θs, θx)

=
n∑

i=1

EXi(τi,τi+m)|X(τi)Ewi

{
Nic[m,X i(τi, τi +m), wi; θ

c, θs, θx]
}
, (4.11)

where Nic(m; θc, θs, θx) is the predicted cumulative number of component events in system i

up to time m after the DFD. Parameter vector θs is needed in the prediction of component

events, because the model for component events depends on the history of subsystem events.
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Because the closed-form expression for (4.11) is not available, numerical methods or Monte

Carlo simulation can be used. For prediction in the general recurrent process, Monte Carlo

simulation is more common and easier for computation as illustrated in Yańez et al. (2002)

and Franz et al. (2013a).

4.4.2 Prediction for the Time-Dependent Covariate

To predict future recurrent events for a system with a time-dependent covariate, it is necessary

to have a parametric model for the covariate process. Based on the covariate pattern shown

in Figure 4.1(b), we use a linear mixed-effects model to fit the time-dependent covariate data.

In particular,

Xi(tik) = tik(βx + νi) + ǫi(tik) i = 1, · · · , n, k = 1, · · · , ni, (4.12)

where βx is the coefficient of time, νi is the random effect, and ǫi(tik) is the error term. We

assume that νi
iid∼ N(0, σ2

ν), and ǫi(tik)
iid∼ N(0, σ2

x) which is independent of νi. The parameters

in (4.12) are denoted by θx = (βx, σν , σx)
′. The estimation of θx in the covariate model can

be accomplished by using existing software packages (e.g., using the R function lme).

We use an approach that is similar to Hong and Meeker (2013) for the covariate prediction.

Let ti = (ti1, · · · , tini
)′, tim = (ti,ni+1

, · · · , ti,ni+mi
)′ be the observed time points before τi and

the predicted time points during (τi, τi+m], respectively. Let X i(ti) = [Xi(ti1), · · · , Xi(tini
)]′,

X i(tim) = [Xi(ti,ni+1
), · · · , Xi(ti,ni+mi

)]′ be the corresponding time-dependent covariate pro-

cesses. Here, mi is the number of predicted time points for system i. The joint distribution

of X i(ti) and X i(tim) can be expressed as

N







ti

tim


 βx,




Σi11 Σi12

Σi21 Σi22





 ,

where Σi11 = σ2
νtit

′
i + σ2

xIni
, Σi22 = σ2

νtimt
′
im + σ2

xImi
, and Σi12 = σ2

νtit
′
im. Here, Ini

and Imi

are ni × ni and mi ×mi identity matrices. The conditional distribution of X i(ti)|Xi(tim) is

N

(
timβx +Σi21Σ

−1
i11[X i(ti)− tiβx], Σi22 −Σi21Σ

−1
i11Σi12

)
. (4.13)

Based on (4.13), the future values of the time-dependent covariate processes can be predicted.
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4.4.3 Subsystem Event Simulations

Because the model for component events depends on the history of subsystem events, the

simulation of subsystem events is needed in the prediction of component events. Let ςi = τi+m

be the end of the prediction time for system i, F̂ s∗ be the estimate of renewal distribution

function F s∗, Λ̂∗
i be the estimate of Λ∗

i , and Λ̂∗−1
i (·) be the corresponding inverse function

given θ̂
s
and θ̂x. Here, θ̂

s
and θ̂x are ML estimates of θs and θx, respectively. Based on

the definition of the TRP model, the gaps between two consecutive transformed subsystem

event times follow distribution F s∗. That is, Λ∗
i (t

s
i,j+1) − Λ∗

i (t
s
ij)

iid∼ F s∗, where i = 1, · · · , n

and j = 1, 2, · · · . The subsystem events can be simulated as follows.

Algorithm 2

1. Generate the ith predicted time-dependent covariate process based on θ̂x using the

conditional distribution (4.13).

2. Compute Λ̂∗
i (ςi) as the length of study in the transformed scale.

3. Generate the random variable Uij from distribution F̂ s∗ and obtain the sequence of times

T ∗
ij = Λ̂∗

i [t
s
i,Nis(τi)

] +
∑j

k=1Uik, j = 1, · · · , Cs
i , until T

∗
i,Cs

i +1 > Λ̂∗
i (ςi). Then, Cs

i is the

number of simulated subsystem events for unit i.

4. Compute the simulated event times T s
ij = Λ̂∗−1

i (T ∗
ij), j = 1, · · · , Cs

i .

5. Repeat steps 1-4 for each system i, where i = 1, · · · , n.

Note that in step 3 the time of the first simulated event should be larger than τi, because the

simulation is conditional on the history. Otherwise it needs to be re-simulated.

4.4.4 Point Prediction Computing

According to the definition of the MTRP model, the gaps (i.e., d1, d2, · · · ) between the com-

ponent event and the most recent event (either component event or subsystem event) in the

transformed time scale [i.e., Λs(t)] follow the F c distribution as shown in Figure 4.4. Because
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the component event process is censored by the subsystem events, the component events can

be simulated in the intervals (i.e., I1, I2, ... in Figure 4.4) of the subsystem events under the

transformed time [i.e., Λs(t)] scale. In particular, for each system,

Λs
i (T

c
ij |F s

T c
ij

−)− Λs
i

[
Ti,Ni(T c

ij
−) | F s

T−

i,Ni(T
c
ij

−)

]
iid∼ F c(·),

where i = 1, · · · , n and j = 1, 2, · · · . Let θ̂
c
and υ̂ be the maximum a posterior (MAP)

estimates of θc and υ, respectively. The prediction of the cumulative number of component

events, N̂c(m; θ̂
c
, θ̂

s
, θ̂x), can be computed by using the following algorithm.

Algorithm 3

1. Repeat Algorithm 2 steps 1-4. Then the predicted covariate process and simulated

times of subsystem events for system i are obtained. The simulated subsystem events

times are denoted by tsi,Nis(τi)+1, · · · , tsi,Nis(τi)+Cs
i
. Here Cs

i is the simulated number of

subsystem events. Set tsi,Nis(τi)+0 = tsi,Nis(τi)
and tsi,Nis(τi)+Cs

i +1 = ςi.

2. The random effect wi can be obtained by the Metropolis algorithm. The conditional pdf

of wi is proportional to the product of Li

(
θ̂
c|Ft, wi

)
and P (wi|θ̂

c
, υ̂). For the MTRP

model, this step can be skipped.

3. Calculate the simulated time intervals which are separated by the simulated subsystem

events for system i in the transformed time scale. That is Iik = Λ̂s
i

[
Λ̂i(t

s
i,Nis(τi)+k)

]
−

Λ̂s
i

[
Λ̂i(t

s
i,Nis(τi)+k−1)

]
, k = 1, · · · , Cs

i +1, where Λ̂s
i (·) and Λ̂i(·) are the estimates of Λs

i (·)

and Λi(·) based on the estimates θ̂
c
and θ̂x, respectively.

4. For each simulated time interval, generate random variables Uikl from distribution F̂ c,

while
∑

l Uikl ≤ Iik. The number of generated Uikl is recorded as Cc
ik.

5. Calculate the number of simulated component events in system i. That is Cc
i =

∑Ci+1
k=1 Cc

ik.

6. Repeat steps 1-5 for each system i, where i = 1, · · · , n.
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d1 d2 d3 d4 d5 ...

I1 I2 ...

Λi
s
(t)

Component event Subsystem event

Figure 4.4: Illustration of component event simulation.

7. Repeat steps 1-6 B times and a series of C
c(b)
i , b = 1, · · · , B, i = 1, · · · , n are obtained.

Then, N̂c(m; θ̂
c
, θ̂

s
, θ̂x) =

∑n
i=1

∑B
b=1C

c(b)
i /B.

Note that in step 4 the time of the first simulated event should be larger than τi. Otherwise

it need to be re-simulated.

4.4.5 Prediction Interval Computing

In order to obtain PIs for the cumulative number of events, we also need to take into account

the distribution of estimated parameters as well as the uncertainty in the future values

of the time-dependent covariate. Instead of sampling the posterior distributions, we use

multivariate normal distribution to approximate the distributions of parameter estimators

for fast computing. We focus on the PI for the cumulative number of component events. The

algorithm is described as follows.

Algorithm 4

1. Simulate θ̂
∗

x, θ̂
s∗
, θ̂

c∗
, and υ̂∗ from N(θ̂x, Σ̂θ̂x

), N(θ̂
s
, Σ̂

θ̂
s), N(θ̂

c
, Σ̂

θ̂
c) and N(υ̂, σ̂2

υ̂),

respectively.

2. Replace θ̂x by θ̂
∗

x, θ̂
s
by θ̂

s∗
, θ̂

c
by θ̂

c∗
, and υ̂ by υ̂∗, and repeat steps 1-7 in Algorithm

3 to obtain N̂∗
c (m; θ̂

c∗
, θ̂

s∗
, θ̂

∗

x).

3. Repeat steps 1-2 B times to obtain N̂
∗(b)
c (m; θ̂

c∗
, θ̂

s∗
, θ̂

∗

x), where b = 1, · · · , B.

4. The 100(1 − α)% PI for Nc is the (α/2, 1 − α/2) quantile of the B ordered values of

N̂
∗(b)
c (m; θ̂

c∗
, θ̂

s∗
, θ̂

∗

x).
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4.5 Finite-Sample Performance of Estimation Methods

In this section, we use simulation to study the effect of sample size and number of events

performance of the estimation methods.

4.5.1 Design of Simulations

In the simulation, the time is the calendar time, and the time for repair is ignorable. Only one

time-dependent covariate is considered with the form of (4.12) and 30 observed time points

per system. The parameter settings are θx = (βx, σν , σx)
′ = (0.02, 0.004, 0.05)′.

The subsystem events follow a TRP model with trend function λ∗
i (t; θ

s) =

ata−1 exp{κ log[Xi(t)]} and the renewal distribution function F s∗. We set F s∗ to be a Weibull

distribution and the corresponding hazard function is h∗(t) = (β/η)(t/η)β−1, where η is the

scale parameter (also the approximate .63 quantile) and β is the shape parameter. Because

the mean of renewal function is restricted to one, the corresponding hazard function can be

expressed as

h∗(t) = Γ(1 + σ)
1
σ t

1
σ
−1

(
1

σ

)
, (4.14)

where σ = 1/β. The parameters for the subsystem are θs = (a, σ, κ)′ = (0.3, 0.8, 0.8)′.

Given the above simulated subsystem events, the simulation of component events is based

on the HMTRP model with the consideration of time-dependent covariate and random effects.

Let λb = (α/ϕ)(t/ϕ)α−1. The trend function of system i in (4.5) can be denoted by λi(t; θ
c) =

(α/ϕ)(t/ϕ)α−1 exp{γ log[Xi(t)] + wi}, where wi ∼ N(0, σ2
r). Here, ϕ is set to be one in the

HMTRP model. The renewal distributions for subsystem F s and component F c are both

Weibull distributions with mean one. The mean-one restriction is used so that all model

parameters are identifiable (Lindqvist et al., 2003). Similar to (4.14), the hazard functions

can be expressed as hc(t) = Γ(1+σ0)
1/σ0t1/σ0−1(1/σ0), and hs(t) = Γ(1+σ1)

1/σ1t1/σ1−1(1/σ1),
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respectively. Then the intensity function of HMTRP can be expressed as

λc
i(t|Ft−) = hc

{
Λs

i (t|F s
t−)− Λs

i

[
ti,Ni(t−) | F s

t−
i,Ni(t

−)

]}
hs

{
Λi(t)− Λi[t

s
i,Nis(t−)]

}
λi(t; θ

c),

(4.15)

where

λi(t; θ
c) = (α/ϕ)(t/ϕ)α−1 exp{γ log[Xi(t)] + wi}.

The parameters for the component event intensity are θc = (α, σ0, σ1, γ)
′ = (0.4, 0.6, 0.75, 0.9)′

and σr = 0.5.

The number of systems n was selected to be 50, 100, and 200. For each value of n, we

simulated data 1000 times based on the parameter settings. By selecting different DFDs, the

expected number of subsystem events (m1) and component events (m2) in each sample size

(i.e., n = 50, 100, and 200) were controlled to the following three combinations (m1, m2): (0.7,

1.3), (1.7, 4.3), and (3.9, 12.7).

4.5.2 Simulation Results

Based on theAlgorithm 1, the estimated parameters and corresponding standard errors (SE)

for the component events model were obtained and are shown in Tables 4.1-4.3. In the results,

the estimates are close to the true values of the parameters, and they are approximating to

the true settings as the sample size (n) and the length of study time (DFD) increase. Also,

the coverage probability (CP) of the confidence interval procedure for each parameter is close

to the nominal value of .95. The results show that our proposed estimation procedure can

estimate the parameters well.

4.6 Application in Vehicle B Data

In this section, we use the simulated Vehicle B data to illustrate our proposed method in the

estimation and prediction of component events. The Vehicle B data set is simulated based on

the models and parameters setting in Section 4.5 with n = 100. The event plot and covariate

plot have been displayed in Figure 4.1.
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Table 4.1: Summary of the simulation studies of the HMTRP given average number of sub-
system events m1 = 0.7 and component events m2 = 1.3.

Sample size Parameter Value Mean Bias SE MSE×103 CP

n = 50

α .40 .3999 .0001 .0285 .8132 .940
σ0 .60 .6274 .0274 .0953 9.831 .938
σ1 .75 .7969 .0469 .1475 23.96 .927
γ .90 1.003 .1030 .2267 61.99 .930
σr .50 .5142 .0142 .1709 29.43 .911

n = 100

α .40 .4008 .0008 .0187 .3510 .937
σ0 .60 .6136 .0136 .0627 4.123 .925
σ1 .75 .7697 .0197 .0855 7.700 .934
γ .90 .9462 .0462 .1181 16.08 .942
σr .50 .5103 .0103 .1015 10.42 .926

n = 200

α .40 .4003 .0003 .0134 .1793 .930
σ0 .60 .6068 .0068 .0418 1.794 .938
σ1 .75 .7572 .0072 .0561 3.204 .942
γ .90 .9167 .0167 .0795 6.606 .933
σr .50 .5041 .0041 .0594 3.549 .951

Table 4.2: Summary of the simulation studies of the HMTRP given average number of sub-
system events m1 = 1.7 and component events m2 = 4.3.

Sample size Parameter Value Mean Bias SE MSE×103 CP

n = 50

α .40 .3989 .0011 .0142 .2027 .935
σ0 .60 .6023 .0023 .0380 1.447 .940
σ1 .75 .7547 .0047 .0429 1.866 .953
γ .90 .9102 .0102 .0701 5.014 .920
σr .50 .5105 .0105 .0774 6.095 .930

n = 100

α .40 .3995 .0005 .0097 .0947 .942
σ0 .60 .6013 .0013 .0258 .6676 .947
σ1 .75 .7523 .0023 .0295 .8748 .945
γ .90 .9059 .0059 .0443 2.000 .946
σr .50 .5042 .0042 .0544 2.981 .922

n = 200

α .40 .3995 .0005 .0066 .0440 .951
σ0 .60 .6001 .0001 .0181 .3277 .943
σ1 .75 .7510 .0010 .0212 .4523 .938
γ .90 .9025 .0025 .0319 1.026 .951
σr .50 .5030 .0030 .0361 1.310 .953



91

Table 4.3: Summary of the simulation studies of the HMTRP given average number of sub-
system events m1 = 3.9 and component events m2 = 12.7.

Sample size Parameter Value Mean Bias SE MSE×103 CP

n = 50

α .40 .3996 .0004 .0125 .1554 .931
σ0 .60 .6008 .0008 .0202 .4074 .940
σ1 .75 .7514 .0014 .0198 .3955 .926
γ .90 .9033 .0033 .0350 1.237 .931
σr .50 .5073 .0073 .0615 3.836 .934

n = 100

α .40 .3998 .0002 .0087 .0762 .933
σ0 .60 .6003 .0003 .0140 .1957 .935
σ1 .75 .7503 .0003 .0139 .1936 .934
γ .90 .9015 .0015 .0250 .6289 .942
σr .50 .5041 .0041 .0421 1.790 .944

n = 200

α .40 .3999 .0001 .0060 .0366 .939
σ0 .60 .6003 .0003 .0096 .0925 .942
σ1 .75 .7503 .0003 .0092 .0842 .951
γ .90 .9008 .0008 .0176 .3108 .932
σr .50 .5010 .0010 .0296 .8791 .940

4.6.1 Parameter Estimation

Table 4.4 lists the estimates and standard errors of parameters in the covariate model (4.12),

subsystem events model and component events models. The Vehicle B data are also fitted by

the sub-models of HMTRP (i.e., HTRP, HRP and HNHPP). All the estimates in the Table 4.4

are close to the true settings. In the TRP model of subsystem events, the estimate of the

Weibull shape parameter 1/σ is greater than one indicating the trend of the hazard function

corresponding to the renewal function is increasing for subsystem events.

For the component events, several sub-models are compared to the HMTRP model, and

we use the deviance information criterion (DIC) as a criterion for Bayesian model selection.

Similar to the Akaike information criterion (AIC), it considers the model adequacy and model

complexity. Define the deviance as D(θ) = −2 log[f(y|θ)] + 2 log[g(y)], where θ denotes the

vector of unknown parameters, f(y|θ) is the likelihood function and g(y) is a standardizing

term. Then, the DIC can be expressed as DIC = D̄ + pD, where D̄ indicates the goodness of

fit with the form of D̄ = Eθ|y[D(θ)] = Eθ|y[−2 ln f(y|θ)] by setting g(y) = 1, and pD indicates
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Table 4.4: Parameter estimates and standard errors component event, subsystem, and covari-
ate models, based on Vehicle B data.

Component Event Models Subsystem Event Model
Models α ϕ γ σ0 σ1 σr DIC a σ κ

HMTRP
est. .40 1 .93 .60 .77 .53

7538.5
.31 .76 .74

SE .01 − .03 .01 .01 .05 .01 .03 .05

HTRP
est. .41 1 1.1 .60 1 .71

7722.3
Covariate Model

SE .01 − .03 .01 − .05 βx σν σx

HRP
est. 1 19.8 0 .70 1 .72

8167.9
.0202 .0042 .0494

SE − 1.72 − .02 − .06 .0004 .0003 .0006

HNHPP
est. 1.66 54.3 0 1 1 .78

8160.1
SE .04 3.4 − − − .08

the penalty for model complexity with the form of pD = D̄ −D(θ̄). Here, θ̄ is the posterior

mean of θ. By simple transformation, DIC can be re-expressed as DIC = D(θ̄) + 2pD, which

is similar to the form of AIC. More detail about DIC can be found in Spiegelhalter et al.

(2002), and Berg et al. (2004).

The DIC is easy to be computed via MCMC method. The estimate of D̄ and pD can be

computed by D̄ =
∑B

b=1[−2L(θc(b)|Ft,w
(b))]/B and pD = D̄ − [−2L(θ̂

c|Ft, ŵ)] with θ̂
c
=

∑B
b=1 θ

c(b)/B and ŵ =
∑B

b=1 w
(b)/B, respectively. Here, θc(b) and w(b) are the simulated

posterior estimates after burn in. The results of DIC in Table 4.4 show that the HMTRP

model fits the data better than other sub-models because of the smallest value of DIC. Both

the estimates of 1/σ0 and 1/σ1 are larger than one indicating that the hc(·) and hs(·) are

increasing functions, and subsystem/component events have effect on the intensity trend of

component events.

To check the goodness of fit of the model, we use the Cox-Snell residuals plot. The

estimated residuals R̂ij (with δcij as the censoring indicator) are expected to behave like a

censored sample from an Exp(1) distribution. Figure 4.5 is a Cox-Snell residual plot which

shows that the HMTRP model provides a good fit to the data, as most of the points align

well with the 45◦ line.
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Figure 4.5: Residual plot for the HMTRP model in Vehicle B data.

4.6.2 Prediction Results

We validate the prediction procedure based on the Vehicle B data by setting τi back 30

months. The prediction results are shown in Figure 4.6(a). The actual cumulative numbers of

component events are all contained in the 95% PIs indicating that our prediction procedure

performs quite well. After the validation of the prediction method, we predict the cumulative

number of component events in the next 30 months after the DFD, shown in Figure 4.6(b).

4.7 Conclusion and Discussion

In this chapter, we propose an MTRP to model component events in multi-level repairable

systems by extending the TRP method. Based on the MTRP, we also give Monte Carlo based

procedures to provide point predictions and PIs for the cumulative number of future replace-

ment events. The proposed MTRP model is a general recurrence process which includes the

TRP, RP, and NHPP models as special cases. Using likelihood ratio tests or other criterions

(e.g., AIC, DIC, etal.), we can select the appropriate sub-model and determine the existence
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Figure 4.6: Plots of the predicted cumulative number of component events in Vehicle B data.

of effects from subsystem replacement events and component replacement events as well as

the shape of the respective intensity functions. To explain more system-to-system variability,

time-dependent covariates as well as random effects are introduced into the heterogeneous

MTRP model (i.e., HMTRP). A Metropolis-within-Gibbs algorithm is suggested to estimate

the unknown parameters in the HMTRP model. Performance of the estimation and prediction

were checked with simulation studies. An industrial application is also used to explain the

proposed method. Although one time-dependent covariate is considered in this chapter, the

extension to multiple covariates is straightforward.

In the future related research, several possible areas can be continued.

• Some misspecification models can be considered in the simulation studies and applica-

tion.

• The proposed model and methods can apply to the system with more levels, although

we just consider two levels in this chapter.

• A more complex system with multiple types of events (e.g., different failure modes) at

the component level and at the subsystem level can be considered.
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• Current model could also be extended to consider events that occur in many subsystems,

with the possibility of interaction between subsystems.

• Relating physical models for failure to the empirical replacement data and models for

cumulative damage.
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Chapter 5 General Conclusions and Areas for Future Work

5.1 Conclusions

For highly reliable products, the number of failures is usually small, however, the prediction of

the failures is still important to the manufacturers. In most of the literature, researchers just

consider the limited time-to-failure events to fit the model and do the prediction. However,

the field data in practice are often complicated and may contain some situations such as the

retirement of products, leading to the prediction of the failures far away from the reality.

In Chapter 2, we develop a statistical prediction procedure that considers the impact of

the product retirements and reporting delays. Although we only consider such two related

situations in the prediction, the method proposed can also apply to other practical situations.

Because highly reliable products usually have relative long lifetimes, it is difficult to collect

enough failure events to do the prediction. In Chapter 3, we develop a nonlinear mixed-effects

general path model to predict the lifetime of the coating product based on the degradation

analysis. In this chapter, we develop a method to combine the information of dynamic covari-

ates such as the ultraviolet dosage, temperature, and relative humidity, into the general path

model. Considering the specific effect shapes of the dynamic covariates, the shape-restricted s-

plines are used which also bring some challenges in the parameter estimation in such nonlinear

mixed-effect model. To solve this problem, an efficient algorithm is developed.

In Chapter 5, we propose a multi-level trend-renewal process to model and predict the

component replacement events with the consideration of the effect of subsystem replacemen-

t events. Besides the subsystem replacement effects, we also consider the time-dependent

covariates as well as the unit-to-unit variability in the modeling and prediction of componen-

t replacement events. Because a closed-form expression for the prediction is not available,

Monte Carlo simulation is used to compute the point predictions and prediction intervals for

the cumulative number of component events. The proposed model includes renewal process,

99
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nonhomogeneous Poisson process, and trend-renewal process as special cases.

5.2 Areas for Future Work

The model and prediction procedures in Chapter 2 are based on the assumption that the

failure-time distribution and retirement-time distribution are independent because of the na-

ture of the motivating data. In other cases, this independent relationship may not be true,

and the dependence structure can be considered. We only use limited information about

the retirement distribution (i.e., mean and variance) due to the limited information we have.

For some applications, it would be possible and useful to track some representative samples

through a carefully designed field tracking study.

In Chapter 3, we use a nonlinear mixed-effect general path model to do the degradation

analysis. In the future, we can consider other stochastic models to incorporate the dynamic

covariates information. Variable selection for dynamic covariates also can be considered as a

future research topic.

In Chapter 4, we consider the modeling and prediction of one particular component in

a two-level system. It will be more interesting and useful to study more components and

subsystems with more levels, which, however, will be more challenging.


