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Weixiao Dong 

ABSTRACT 

Event Detection is a process of identifying terrain flatness from which localized 

events such as potholes in the terrain surface can be found and is an important tool in 

pavement health monitoring and vehicle performance inspection.  Repeated detection of 

terrain surfaces over an extended period of time can be used by highway engineers for long 

term road health monitoring.  An accurate terrain map can allow maintenance personnel 

for identifying deterioration in road surface for immediate correction.  Additionally, 

knowledge of the events in terrain surface can be used to predict the performance the 

vehicles would experience while traveling over it.   

Event detection is composed of two processes: event edging and stitching edges to 

events.  Edge detection is a process of identifying significant localized changes in the 

terrain surface.  Many edge detection methods have been designed capable of capturing 

edges in terrain surfaces.  Gradient searches are frequently used in image processing to 

recover useful information from images.  The issue with using a gradient search method is 

that it returns deterministic values resulting in edges which are less precise.  In order to 

predict the precision of the terrain surface, the individual nodal probability densities must 

be quantified and finally combined for the precision of terrain surface.  A Comparative 

Nodal Uncertainty Method is developed in this work to detect edges based on the 

probability distribution of the nodal heights within some local neighborhood.  Edge 

stitching is developed to group edges to events in a correct sequence from which an event 

can be determined finally.    



 

 

GENERAL AUDIENCE ABSTRACT 

The main topic in this work is a process of identifying terrain flatness from which 

localized events such as potholes in the terrain surface can be found.  This process is called 

Event Detection and it is an important tool in pavement health monitoring and vehicle 

performance inspection.  The knowledge of terrain shape and characterization has uses in 

many different areas of road surface research.  Determining road surface deterioration has 

values to vehicle engineers, pavement engineers and agricultural engineers since terrain 

serves as the primary input to any land transportation tool.  The accurate surface texture 

provides the ability to keep track of the road condition and provide maintenance crews 

information to make an immediate repairs.    

In this work, Event Detection is composed of event edging and stitching edges to 

events.  Event edging is a process of identifying the significant changes in the terrain 

surface.  Edge stitching is a process of connecting those changes detected in the process of 

event edging in a correct sequence in order to determine the final event in the terrain surface.  

Both processes use mathematical methods and statistical methods to deal with the data 

obtained from the terrain measurement system.  Comparing the height of each point on the 

road surface can find which point is on the high place and which point is on the low place.  

Then the edge points which are located between the points which are on the high place and 

the points which are on the low place can be detected out.  The advantage of this novel 

Event Detection method compared to traditional Event Detection methods is that this 

method compares the height distribution of each point on the road surface instead of 

comparing two deterministic height values used in traditional Event Detection method. 

This novel Event Detection method gives a more accurate result in the end than traditional 

Event Detection methods due to the use of nearby information of each point on the road 

surface.  
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1. INTRODUCTION 

This thesis is focused on the development of event detection in the terrain surfaces.  Event 

Detection is a process of identifying terrain flatness from which localized events such as potholes 

in the terrain surface can be found.  A Comparative Nodal Uncertainty Edge Detection Method 

and Edge Stitching that have been developed over the course of this work have been capable of 

providing edges which are relatively clearer than results found in those existing gradients methods.  

Comparative Nodal Uncertainty Method is developed to detect edges based on the 

probability distribution of the nodal heights within some local neighborhood.  Expected Distance 

Method and Number Difference Method are two methods which have been developed in this work. 

The output of these two methods is respectively an Expected Distance matrix and a Number 

Difference Matrix.  The entries of Expected Distance matrix are expected to be small for the points 

on the edge or the entries of Number Difference matrix are expected to be large for the points on 

the edge.  All edge points are obtained from Expected Distance matrix or Number Difference 

matrix through a threshold.  

Edge Stitching is a necessary step after finding all edge points which groups edge points to 

events.  Edge Stitching uses the result of Expected Distance matrix or Number Difference matrix 

from Comparative Nodal Uncertainty Edge Detection Method and develops a search algorithm in 

order to reach the goal of connecting edge nodes to events sequentially.  

In the formation of this event detection method, many fundamental principles of 

mathematics and statistics are brought together with the intention of detecting road edges quickly 

and accurately.  The accuracy of this method depends on the accuracy of the input data measured 

from terrain surfaces, the proper selection of threshold in both Expected Distance matrix and 

Number Difference matrix from Comparative Nodal Uncertainty Method, and the efficiency of the 

Edge Stitching.  
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1.1 Motivation 

The knowledge of terrain shape and characterization has uses in many different areas of 

road surface research.  Determining road surface deterioration has values to vehicle engineers, 

pavement engineers and agricultural engineers since terrain serves as the primary input to any land 

transportation tool.  The accurate surface texture provides the ability to keep track of the road 

condition and provide maintenance crews information to make an immediate repairs.  Additionally, 

the surface condition gives land vehicle drivers signals of path ahead to take an immediate action 

of maintenance for driving stability.  Therefore, it is beneficial for multiple parties to have some 

method in place to record these terrain characteristics.  For example, this is helpful in vehicle deign 

since it can determine the characteristic of vehicle through the simulation in different road flatness 

conditions in order to improve vehicle durability.      

Many measurement systems are available today to measure terrain surface with high 

accuracy.  Ability to extract useful information from this vast amount of data is important towards 

analyzing those characteristics on road surfaces.  Some techniques such as Curved Regular Grid 

(CRG) have been developed to convert rough data to regular data providing convenience to analyze 

the data from terrain measurement system [1].  Edge detection has been developed based on this 

technology.  With the availability of existing measurement systems and techniques which prepares 

data to be usable, event detection method is capable of being verified.   

Edge detection is primarily focused on detecting edges in the terrain surfaces and Edge 

Stitching aims to complete event detection by connecting edge points to events.  In order to obtain 

clear edges reflecting the real road condition, all possible edge points need to be found and 

connected in a correct sequence for the sake of event independency.  

Taking all of these considerations into account, an event detection method must include an 

edge detection method which accurately detects out all possible edges and an edge stitching 

method which is capable of connecting all edges points to events sequentially.   

 

 

1.2 Problem Statement 

Historically, different edge detection methods have been used to locate edges in images. 

Traditional edge detection methods use image processing methods (Prewitt, Sobel etc.) to 



 

3 

 

emphasize regions that correspond to edges.  Typically, they are used to find the approximate 

absolute gradient magnitude at each point in an input grayscale image.  These methods are capable 

of processing data and locating the edge fast but they only use the deterministic gradient values 

for each node obtained from comparing nodal heights.  The will result in edges which are less 

precise.  

In order to reach a higher accuracy of data processing, a novel edge detection method 

Comparative Nodal Uncertainty Edge Detection Method is developed which is based on the 

probabilistic distribution of a groups of points.  The output of Comparative Nodal Uncertainty 

Edge Detection Method is an Expected Distance matrix whose entries are obtained from the 

comparison of two groups of neighbor points, instead of only focusing on one pixel in traditional 

gradient methods.  This explains the higher accuracy of data processing. 

Edge Stitching which groups edges to an event needs to be taken into consideration when 

edges in terrain surfaces has been detected out.  Although many edge detection methods exist, 

there are no edge stitching methods that exists to locate the event by connecting the edges to events 

sequentially.   

A difficulty of edge stitching is the uncertainty of searching direction of connecting edge 

points.  Therefore, an Edge Stitching Method is needed to successfully search the correct direction 

of the path for connecting edge points.  In this work, an Edge Stitching method is developed based 

on the results of Comparative Nodal Uncertainty Method, the Expected Distance matrix to group 

edge points to events sequentially.  

 

 

1.3 Thesis Statement and Scope of Work 

Thesis Statement: The localized events in the terrain surfaces can be determined by 

Comparative Nodal Uncertainty Edge Detection Method which detects out all edge points and 

Edge Stitching Method which is capable of connecting edges to events.   

The objective of this work is to describe the principles and algorithm used in the design 

and development of Comparative Nodal Uncertainty Edge Detection Method and Edge Stitching 

Method and how it compares with traditional gradient methods.  A proof-of-concept of this thesis 

is presented primarily from the Vehicle Terrain Performance Lab (VTPL).  Examples will be 
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developed in order to illustrate those concepts in this thesis.  The scope of this work will be 

restricted to verify the feasibility of Comparative Nodal Uncertainty Edge Detection Method by 

comparing the results of examples with other gradient methods, and the feasibility of Edge 

Stitching Method.  The final result of this work will be an illustration of how the Comparative 

Nodal Uncertainty Edge Detection Method and Edge Stitching Method works in detecting events 

in road surfaces.   

 

 

1.4 Main Contributions 

The main focus of this research is to explore a novel event detection method with a higher 

accuracy of detecting localized events by using an existing data set measured from a terrain 

measurement system and converted to regular spaced data by a Curved Regular Grid technique.  

The following are the original contributions to the state-of-art that are developed in this work:  

 

 A novel Edge Detection Method 

            Comparative Nodal Uncertainty Edge Detection Method is a novel edge detection method 

developed to detect edges based on the probability distribution of the nodal heights within some 

local neighborhood.  There are two branches of this edge detection method which are Expected 

Distance method and Number Difference method and each of them have their own advantages and 

applicability.  All edge points are obtained from Expected Distance matrix or Number Difference 

matrix through a threshold.  Through simulations provided the Comparative Nodal Uncertainty 

Edge Detection Method is at least as well as gradients methods which basically use the 

deterministic value of gradients of nodal heights to detect edges.  Two matrices Expected Distance 

matrix and Number Difference matrix are obtained can both be used in Edge Stitching.  

 

 Edge Stitching 

            Edge Stitching is a necessary step after finding all edge points.  This method is used to 

group edge points to events.  Edge Stitching uses the result of Expected Distance matrix or Number 

Difference matrix from Comparative Nodal Uncertainty Edge Detection Method.  Several 
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algorithms for searching right path of edges are developed in order to reach the goal of connecting 

edge nodes to events sequentially and properly.  Two filtering methods with applicability and 

limitations are developed to filter self-defined outliers in the result of Comparative Nodal 

Uncertainty Edge Detection Method.  Two methods connecting filtered edge points to events are 

following developed in the following to connect all possible edge points to events by filling gaps 

between edge points.  Through simulations provided the developed Edge Stitching Method can 

connect edge points to events properly.  

 

 

1.5 Thesis Outline 

This work will be organized in the following manner.  The first chapter contains an 

overview of the purpose of event detection as well as how this novel event detection method 

contributes into the techniques and works already completed on event detection.  The aim of this 

thesis is to show the algorithm of Comparative Nodal Uncertainty Method as well as the Edge 

Stitching Method.  The second chapter contains a review of the background literature on the topics 

of Curved Regular Grid (CRG).  Chapter three provides a background of existing edge detection 

methods gradient methods, the Nodal Uncertainty Method and Rank-Sum Test that will be used in 

the next section, and the development of Comparative Nodal Uncertainty Edge Detection Method.  

Example section and Discussion section are provided in the end of this chapter for comparing the 

results of using different edge detection methods.  Chapter four provides a background of existing 

image stitching methods, the Fourier series and Least Square Curve Fitting methods which will be 

used in the next section, the development of Edge Stitching Method which complete the process 

of event detection by grouping edge points to events.  Furthermore, examples will be carried out 

for explaining each filtering edges method and connecting edge points to events method.  A 

Discussion section is provided to discuss the advantages and disadvantages of each filtering 

method and connecting edge-to-event method.  Finally, in chapter five, a summary of the research 

and final conclusions will be given.  This thesis is focused on the development of techniques for 

detecting localized events in terrain surfaces.    
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2. Background 

This chapter provides a background of a technique that converts the irregularly spaced data 

into regular spacing.  With the availability of existing measurement systems and this technique 

which prepares data to be usable, event detection method is capable of being verified by this data.  

 

2.1 Curved Regular Grid 

Many systems exist that accurately measure road surfaces [1].  From the laser scanner of a 

terrain measurement system a “point cloud” of terrain height data at irregular locations in the 

horizontal plane, shown as blue dots in Figure 2-1, is formed.  The global coordinate system is 

defined by black axes X and Y, Easting and Northing respectively.  Due to the large size of terrain 

profile data collection and computational power limitations, these irregularly spaced data sets are 

not typically used directly in the simulation process.  Therefore, a compact and organized terrain 

surface and terrain profile is needed for simulation.   

 

 

Figure 2-1 Irregular data obtained by terrain measurement system 

 

In Figure 2-1 a path coordinate system is defined by red axes u and v.  Where u is located 

in the direction along the road surface and v lies perpendicularly to u.  A stochastic gridding 
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method known as Curved Regular Grid (CRG) [1] is developed for the conversion from the cloud 

data (rough, non-regular data) into the regularly spaced grid for the purpose of storage and 

computational simulation.  The terrain heights are estimated at each regularly spaced grid point in 

the (u, v) coordinate system.  In Figure 2-2 the intersection between the horizontal and vertical 

lines indicates the grid node.   

 

 

Figure 2-2 Small curve regular gird example 

 

            The single nodal height at each intersection is obtained by applying an interpolation 

algorithm to the data points enclosed inside a search area where all points heights are obtained, as 

shown in Error! Reference source not found..  The crosses indicate data points and the red circle 

indicates the search radius within which the data points are evaluated.  Therefore, this method 

enables the conversion from non-regularly rough data, from the terrain measurement system, to 

regularly gridded data.  Furthermore, if a single point estimate is required as a measure of location 

for the height, then an average measure (e.g., a trimmed mean) is calculated so that a deterministic 

surface (u, v, Z) is defined [1].  

 

 

 

Figure 2-3 Regularly spaced grid example 
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Each grid node forms a corresponding cumulative probability distribution, F(Z), where Z 

is a random variable in the estimate of each grid node, shown in Figure 2-4.  

 

 

Figure 2-4 Cumulative probability function for typical grid node 

 

A compact and organized terrain surface and profile are obtained for simulation.  

Specifically, each grid node in Figure 2-2 is represented by nine corresponding heights at 

cumulative percentages from 10 to 90.  Thus, each nodal height is not a deterministic value but 

nine values extracted from its own cumulative density function at specific percentages.  These nine 

nodal heights will be used in Chapter 3.    
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3. Edge Detection 

3.1 Introduction 

Comparative Nodal Uncertainty Edge Detection Method is developed to detect edges based 

on the probability distribution of the nodal heights within some local neighborhood.  The output 

of one method the Expected Distance Method is an expected distance matrix where entries are 

calculated by a Two-Sample Wilcoxon Sum-Rank Test are expected to be small for the points on 

the edge.  The output of another method the Number Difference Method is a Number Difference 

matrix where entries with a large number indicates they are on the edge.  All edge points are 

obtained from Expected Distance matrix or Number Difference matrix through a threshold.  This 

method is novel because it is comparing the similarity of two probability distributions instead of 

comparing two deterministic values. 

In this Chapter, Section 3.2 provides a background of existing edge detection methods.  

Section 3.3 develops how to obtain the output: Expected Distance matrix or the Number Difference 

matrix.  Section 3.4 provides some examples verifying the Comparative Nodal Uncertainty Edge 

Detection Method.  In the end, the results from the Comparative Nodal Uncertainty Edge Detection 

Method examples and previous methods will be displayed in Section 3.4.  Discussion of the 

advantages and disadvantages, the scope of applicability, the justification and implication of 

choosing thresholds will be provided in Section 3.5.  Finally, in Section 3.6, a summary of 

contribution of Comparative Nodal Uncertainty Edge Detection Method will be given. 

 

3.2 Background 

            Any image stores a collection of pixels or points forming the picture elements [3] and 

images contain a great deal of information [4].  Image processing is any form of information 

processing where the input is an image, and the output is a set of characteristics of the image.  Edge 

Detection, as a fundamental tool in image processing, machine vision, and computer vision, 

provides a way to extract useful information from an image including a vast amount of pixels or 

points [14].  This section gives a review of some existing Edge Detection methods.  In Section 3.4 
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provides a few examples using these image processing methods whose data input are based upon 

the technique Curved Regular Grid (CRG).  

            In this work, a data file including all grid nodes is created as an image file.  The data points 

contained in the grid are used to determine the edges.  A major variation in picture quality can be 

created through the detected areas with strong intensity contrasts from one pixel to the next.  

However, instead of using changes in contrasts in the picture, the edge detection functions use a 

change in the gradients of the heights.  Gradients practically refer to the magnitude of the gradient 

or its approximation, whose values can be related to the degree of intensity change in areas of 

variable intensity Error! Reference source not found.].  The first-order derivative in both 

horizontal and vertical directions at each gridded node has been used as a 2D function ƒ(x, y), 

whose vector and magnitude are provided in Equation 3-1 and Equation 3-2.   

 

 𝛻𝑓 = [
𝑔𝑥

𝑔𝑦
] =

[
 
 
 
𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦]
 
 
 

 Equation 3-1 

 

 

𝛻𝑓 = 𝑚𝑎𝑔(𝛻𝑓) = [𝑔𝑥
2 + 𝑔𝑦

2]
1
2 

= [(
𝜕𝑓

𝜕𝑥
⁄ )

2

+ (
𝜕𝑓

𝜕𝑦⁄ )
2

]

1
2
 

Equation 3-2 

 

 

The quantity can be approximated sometimes by removing the square root operation, shown as 

Equation 3-3, or by applying absolute values shown as Equation 3-4   

 

 𝛻𝑓 ≈ 𝑔𝑥
2 + 𝑔𝑦

2 Equation 3-3 

 

 𝛻𝑓 ≈ |𝑔𝑥
2| + |𝑔𝑦

2 | 
 

Equation 3-4 
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            Traditional edge detection methods (Prewitt, Sobel etc.) are used to identify edges and 

extract information from the image by using gradients.  An example of a 3 × 3  Matrix with 

different z value corresponding to each different node height is provided in Figure 3-1.  Many 

gradients edge detection methods introduced in this chapter use the 3 × 3 Matrix by assigning 

values through its own mask.  

 

 

 

Figure 3-1 The 3 × 3 Matrix of data points 

 

 

 Sobel   

The Sobel method detects the edges by searching for the maximum of first derivative which 

is located on the edge.  The Sobel operator is a discrete differentiation operator by computing an 

approximation of the gradient of the image intensity function [3, 17].  The operator consists of a 

pair of 3 × 3 convolution masks as shown in Figure 3-2.  Gx and Gy are used by the operator as 

the gradients matrices.  One mask is simply the other rotated by 90° Error! Reference source not 

found.].   
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Figure 3-2 The 3 × 3 Sobel mask 

 

 Prewitt 

The Prewitt edge detector is similar to Sobel method.  The difference bettwen Sobel edge 

detector and Prewitt edge detector is that Prewitt edge detector does not emphasize pixels that are 

closer to the center of the masks [5, 16].   Figure 3-3Error! Reference source not found. shows 

the mask applied by the Prewitt edge operator.  

 

 

 

Figure 3-3 The 3 × 3 Prewitt mask 

 

 

 Roberts Cross Method 

The Roberts Cross method [6, 18] provides a similar way with the Prewitt and the Sobel 

methods where use the derivative to determine the edges.  Instead of using 3 × 3 Matrix mask, 

Roberts Cross method applied a basic 2 × 2 mask to calculate the gradient in the direction of 

x and y.  Figure 3-4 indicates the simple 2 × 2 mask used in edge detection.  Unfortunately, one 
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disadvantages of the Robert Cross method is that it suffers from the sensitivity due to the noise 

[19]. 

 

 

Figure 3-4 The 2 × 2 Roberts Cross mask 

 

 Canny 

The Canny edge detector smoothes the image with a Gaussian filter by computing the 

gradient magnitude and direction using finite-difference approximations for the first derivatives 

[7, 15].  The Canny method, without using a mask over the grid nodes, locates the edges which are 

marked as the maxima in gradient magnitude.  Thresholding values identifed by the Gaussian filter 

value, σ, aim to detect and link edges, and remove signal noise as well.  

 

 Laplacian of Guassian (LoG) 

LoG is combined with a Laplace filter providing a discrete approximation to a 

mathematical Laplace operator Error! Reference source not found.Error! Reference source 

not found.Error! Reference source not found.] shown in Equation 3-5.  

 

𝛻𝟐 𝑓(𝑥, 𝑦) =
𝜕2𝑓(𝑥, 𝑦)

𝜕𝑥2
+

𝜕2𝑓(𝑥, 𝑦)

𝜕𝑦2
 Equation 3-5 

 

 

LoG detector detects edges based on the variable intensity of the pixels by testing a wider 

area around a pixel.  LoG masks can have window with different size based on different pixels to 

which different weights are assigned.  An example of 5 × 5 mask is provided in Figure 3-5Error! 

Reference source not found..  
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Figure 3-5 The 5 × 5 Laplacian of Gaussian mask 

 

 

 Zero-Cross Method 

The zero-cross edge operator Error! Reference source not found.] is on the basis of a 

similar mask of LoG method by searching for zero crossings of the second derivative.  Equation 

3-6 shows the second derivative function  𝑓𝛼
′′(r, c) for a pixel (r, c) in the direction of α where r 

and c represent the row and the column of the selected window.  The identified location of zero-

crossing can determine the pixels related to the edges.  

 

  𝑓𝛼
′′ =

𝜕2𝑓

𝜕𝑟2
sin2 𝛼 +

2𝜕2𝑓

𝜕𝑟𝑐
sin 𝛼 cos 𝛼 +

𝜕2𝑓

𝜕𝑐2
cos2 𝛼 Equation 3-6 

 

 

            All edge detection methods listed from 3.2.1 to 3.2.6 work very well in terms of a single 

value associated with each location (each pixel takes on a single value).  Also, all edge detection 

methods require threshold values in order to separate objects from the background [20].  Therefore, 

the only means available to detect an edge is a comparison of these deterministic values.  However, 

in the case of measured terrain surfaces, the height at each location is probabilistic, described by a 

cumulative probability function.  A novel edge detection technique is developed in this work based 
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on the comparison between two cumulative probability distributions of two neighborly nodes.  

This additional information is leveraged in the work of Comparative Nodal Uncertainty Edge 

Detection which is described in Section 3.3.  The Wilcoxon Rank-Sum Test is used to compare 

two distribtuion.  A description of Wilcoxon Rank-Sum Test is given in Section 3.2.7. 

 

 

 Two-Sample Wilcoxon Rank-Sum Test 

The Two-Sample Wilcoxon Rank-Sum Test is one of nonparametric statistic methods 

which does not rely on assumptions that the data are drawn from a given probability distribution.  

It is based solely on the rank in which the observations from the two samples fall.  

Specifically, suppose that you have samples of observations from each of two populations, 

X and Y, containing m and n observations, respectively. Two-sample Wilcoxon rank-sum test is 

to test the hypothesis that the distribution of m-measurements in population X is the same as the 

distribution of  n-measurements in population Y, which can be written symbolically as in Equation 

3-7, where H0 is null hypothesis and Ha is alternative hypothesis in this test.  

 

 H0: 𝑋 = 𝑌 

Ha: 𝑋 ≠ 𝑌 
Equation 3-7 

 

 

Wilcoxon Rank-Sum Test Error! Reference source not found.] is selected to provide a 

quantification of how much intermingling there exist in the two independent groups of population 

X and Y.  This quantification can be used as a measurement of equality of two nodal heights by 

generating two nodal height cumulative probability distributions.  Specifically, if the obtained 

probability is very high which means the null hypothesis is true, it is more confident to say that 

the two research nodes are not on the edge due to the little variation between them.  Otherwise 

these two research nodes are on the edge since the null hypothesis is not true which indicates there 

is much variation among them.  The null hypothesis and alternative hypothesis in the Wilcoxon 

Rank-Sum Test could also be written as,  

 

H0:    All observations comes from the same population.   
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Ha:    All observations comes from different population.   

 

 

The test procedures start from ranking the m + n observations of the combined sample from 

smallest to largest, where the smallest has rank 1 and the largest has rank of the total count of two 

samples.  The data set applied in this work has nine elements from the cumulative probability 

distribution of each sample node.  The nine elements include nodal heights at 10%, 20% ... 90%.  

The Wilcoxon rank-sum test statistic W is the sum of the observed rank for observations 

from X, listed in Equation 3-8.  

 

 
𝑊 = 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑎𝑛𝑘𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑  

𝑠𝑎𝑚𝑝𝑙𝑒 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑 𝑤𝑖𝑡ℎ 𝑋 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠 

 

Equation 3-8 

 

 

Analytically, the smallest possible value of W is W = 1 + 2 + ⋯+ 9 = 45 (if all nine 

samples from X are smaller than all nine samples from Y) and the largest possible value is W =

10 + 11 + ⋯+ 18 = 126 (if all nine samples from X are larger than all nine samples from Y).  

The test procedure based on the statistic W is to reject H0 if the computed value W is “too extreme” 

which means it is very close to 45 and 126.  In other words, if the computed value W is very close 

to the average which is 85.5 it indicates not to reject H0 which means all observations comes from 

the same population.  Additionally, when both data sets have more than 8 elements, the distribution 

of W  can be approximated by an appropriate normal curve, and its population mean μw  and 

standard deviation σw can be calculated by Equation 3-9 and Equation 3-10, respectively, where 

m and n are sample sizes of two groups which are both nine in this work.  

 

 𝜇𝑤 =
𝑚(𝑚 + 𝑛 + 1)

2
 Equation 3-9 
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 𝜎𝑤 = √
𝑚𝑛(𝑚 + 𝑛 + 1)

12
 Equation 3-10 

 

 

A Central Limit Theorem can then be applied to conclude that when H0 is true, the test 

statistic can be shown by Equation 3-11.  

 

 𝑍 =
𝑊 − 𝜇𝑤

𝜎𝑤
=

𝑊 −
𝑚(𝑚 + 𝑛 + 1)

2

√𝑚𝑛(𝑚 + 𝑛 + 1)
12

  

Equation 3-11 

 

 

This statistic (Z) is used for a two-tailed test, in this case.  P-value, which indicates the probability 

that two groups of samples are from the same population is obtained with the z value by checking 

in the z-table.  Thus, if the obtained P-value is very high, close to 1, the two samples of nodal 

heights probability distributions are very smilar which means there is little variation between the 

two samples.  Otherwise, there exists a significant variation among them.  

 

 

3.3 Development of Comparative Nodal Uncertainty Method 

A novel edge detection technique is developed in this section based on the comparison 

between two cumulative probability distributions of two neighborly nodes.  The Wilcoxon Rank-

Sum Test is used to obtain the probability of two nodes having the same height.  Expected Distance 

Method is developed to obtain the Expected Distance to node with same height matrix where 

entries of edges are expected to be small.  Number Difference Method is developed based on 

Wilcoxon Rank-Sum Test and the selected significance level to obtain the Number Difference 

Matrix where entires of edges are expected to be large.  Expected Distance Method and Number 

Difference Method are devloped in Section 3.3.1 and Section 3.3.2, respectively.  
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 Expected Distance Method 

            After obtaining the probability (p-value from Wilcoxson Rank-Sum test) that two samples 

are from the same population, the Expected Distance to node with the same height expression is 

developed in Equation 3-12, where,  di is the distance between the research node and the i-th node 

nearby, P(di) represents the probability of the research node having the same height with the i-th 

node nearby.  The Expected Distance to node with same height of each point is the sum of Expected 

Distance of nodes nearby.  The amount of nodes nearby included in the calculation depends on 

how big the mask it applies which is also explained in this section.  

 

 
𝐸[𝐷] = 𝑑1𝑃(ℎ0 = ℎ1) + 𝑑2𝑃(ℎ0 = ℎ2) + 𝑑3𝑃(ℎ0 = ℎ3)

+ ⋯ = ∑𝑑𝑖𝑃(ℎ0 = ℎ𝑖)

𝑖=1

 
Equation 3-12 

 

 

            Distance between nodes and calculated probability from Wilcoxon Rank-Sum Test are two 

factors affecting Expected Distance to node with the same height.  The value of Expected Distance 

is expected to be small for the node on the edge when the calculated probability and distance are 

both small.  Small calculated probability from Wilcoxon Rank-Sum Test indicates there exists 

much variation on nodal heights among these two nodal height distributions.  Small distance 

indicates that two nodes are close to each other which means they affect each other more 

significantly.  Four major combinations of calculated probability and distance are listed in Table 

3-1.  A threshold is needed in order to determine all the possible edges from the Expected Distance 

Matrix.   

 

 

Table 3-1 Combination of calculated probability and distance between nodes 

 Probability 

Large Small 
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Distance 

Large Large Expected Distance 

to node with same height, 

not on the edge. 

On the edge if Expected 

Distance to node with same 

height below a threshold 

Small On the edge if Expected 

Distance to node with 

same height below a 

threshold 

Small Expected Distance to 

node with same height, on 

the edge. 

 

 

            In order to simplify the calculation, two parameters are defined.  Mask is defined as the 

range of area needed to look at or how many nodes counted in calculating the expected distance to 

node with same height of a research node.  Level is required to capture all possible nodes within 

the radius, where the level number is the round-up approximation of the input radius.  Thus, the 

size of biggest mask can be enlarged to 3 × 3, 5 × 5, 7 × 7, etc, using Equation 3-13.  

 

 largest mask size = 2 × level + 1         Equation 3-13 

 

 

            For example, if input radius is “2”, then level is “2” and according to Equation 3-13 the 

size of the largest mask should be 5 × 5 which is shown in Figure 3-6.  Any node in a grid will 

become the green center node and the nodes in purple represent all nodes counted by the biggest 

mask. 

 

 
 

                 Figure 3-6 The 5 × 5 mask with the research node in the center 
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            Radius, the range determining the area the user wants to look in calculating the Expected 

Distance to node with same height is needed as input which is possibly a decimal number.  Then 

the calculation will start from the smallest mask 3-by-3 to the largest mask whose mask number is 

related to the round-up approximation of the input radius.  In this example, the input radius is “2”, 

thus the level number is “2” and the size of the largest mask is 5 × 5.  The smallest mask and its 

distance matrix is shown in Figure 3-7.  

 

 

 

 

 

 

 

 

             

            The first mask considers any position with distance “1” to the research node located in the 

center.  Any node with distance to center node larger than “1” is not considered and set it as “0”.  

The Expected Distance of this first mask is the sum of p-values from Wilcoxon Rank-Sum Test 

between green node and each purple node multiplied by the distance matrix.  The second mask of 

radius of 3 is shown in Figure 3-8.  

 

 

 

 

 

 

 

            The second mask considers any position with distance “1” and “√2” to the research node 

located in the center.  Any node with distance to center node larger than “√2” is not considered 

and set it as “0”.  The Expected Distance of this second mask is the sum of p-values from Wilcoxon 

Figure 3-7: Smallest mask of radius of 2 and its distance matrix 

Figure 3-8: The second mask of radius of 3 and its distance matrix 
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Rank-Sum Test between green node and each node in purple or blue multiplied by the distance 

matrix.  The third mask of radius of 3 is shown in Figure 3-9.  

 

 

 

 

 

 

 

 

            The third mask considers any position with distance “1”, “√2” and “2” to the research node 

located in the center.  Any node with distance to center node larger than “2” is not considered and 

set it as “0”.  The Expected Distance of this third mask is the sum of p-values from Wilcoxon 

Rank-Sum Test between green node and each node in purple, blue or orange multiplied by the 

distance matrix.  Since the entries of the mask have reached the level which is the round-up 

approximation of the input radius of 2, no more further mask is needed to be considered.  Thus, 

the Expected Distance Matrix of each mask of the grid in Figure 3-6 is calculated by Equation 

3-14.  

 

 
𝐸[𝐷] = 𝑑1𝑃(ℎ0 = ℎ1) + 𝑑2𝑃(ℎ0 = ℎ2) + ⋯+

𝑑24𝑃(ℎ0 = ℎ24) = ∑ 𝑑𝑖𝑃(ℎ0 = ℎ𝑖)
24
𝑖=1   

Equation 3-14 

 

 

            The mask will be moved to each node in the grid except the perimeter which can be 

approximated by the same value of the node most nearby.  In the end, Expected Distance to node 

with same height matrix for all nodes will be obtained.  The final step of edge detection is to filter 

out the noise background with Expected Distance value higher than the set threshold which can be 

defined on a scale from 0 to 1 and the left nodes are the edge nodes. The filter equation is shown 

in Equation 3-15.  There are two methods to remove noise background which will be discussed in 

Section 3.3.1.1 and Section 3.3.1.2.  

Figure 3-9: The third mask of radius of 3 and its distance matrix 
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 Edge Nodes =  E[D] < threshold     Equation 3-15 

 

3.3.1.1 Cumulative density function of expected distance 

After obtaining Expected Distance matrix where each entry locates between 0 and 1, a 

cumulative density function of expected distance can be drawn out.  As stated in Section 3.3.1, 

points with lowest expected distance values are expected to be on the edge.  Therefore, the amount 

of edge points is less than points on surfaces.  Thus, from the cumulative density function of 

expected distance, if select small percentages, such as, 10%, 20%, and find the corresponding 

expected distance value which can be set as expected distance threshold, then the noise background 

can be removed by discarding points whose expected distance value are above this selected 

expected distance threshold.  

Once obtaining the cumulative density function of expected distance, a percentage can be 

chosen by user and the threshold will be calculated automatically.  Finally, noise background will 

be removed from the results.  Section 3.3.1.2 provides another way of removing noise background 

which user can select threshold manually, and more conditions are included in the filtering process.  

 

3.3.1.2 Search for nodes with the lowest expected distance values 

Expected Distance matrix has all entries located between 0 and 1.  As stated in Section 

3.3.1, the entry, the expected distance is expected to be small if this node is on the edge.  In other 

words, the smaller the entry is, the more possible the node is on the edge.  Therefore, the node with 

the smaller value of expected distance has the larger possibility to be the points on the edge.  

The process of removing noise background can be considered as finding all possible edge 

points.  The first step is to set a threshold that entries are only lower than this threshold can be 

counted as edge nodes.  The searching process starts by locating the smallest expected distance 

value.  The threshold is adjustable to include more or less possible edges nodes.  The founded 

expected distance value gradually increases until reaching the threshold.  If the expected distance 

value of a founded node is larger than this threshold, then the searching process will be terminated.  

All founded points by this threshold are considered as possible edge points.  
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Once found, the node with lowest Expected distance value is set to “1” or greater than 1.  

To distinguish with other nodes who also have value of “1”, the Expected Distance matrix is 

rescaled to 0 to 0.99.  This founded node with the lowest value of expected distance can be the 

first node of the event to be found.  

Then, look at the eight surrounded nearby nodes (in the direction of up, down, left and right 

or up-left, up-right, down-left, and down-right added) and search for the node with lowest expected 

distance value and set its expected distance value as “1”, too.  This means this node is connected 

to the first node which yields the edge in a sequence.  Same searching process will be gone through 

to find other nodes in the event.  There are three conditions determining whether to stop the 

searching process.  

 Find the edge node with same index which means the event is closed 

 Reach the perimeter of grid  

 Reach the threshold of Expected Distance value 

 

            In the third condition, when reaching the expected distance threshold, while having not 

found the edge node with the same index yet, this indicates this event may be a crack or non-closed 

event.  All possible edge points will be found under these three conditions, and the other points 

will be considered as noise background.  

            This method of removing noise background is not as simple as drawing the cumulative 

density function in Section 3.3.1.1.  However, this method does have advantages.  Firstly, this 

method doesn’t rely on the cumulative density function and the percentages the user needs to select.  

Attempt of choosing a threshold is more direct to see the results.  Secondly, in the three conditions 

listed in this section, this method is also capable of closing an event, as well as eliminating non-

closed events.  In this way, edges points will be found more accurately.  Finally, the process of 

searching for nodes with the lowest expected distance values is as fast as the method of drawing a 

cumulative density function.  

 

 Number Difference Method 

            Number Difference Method is also based on Wilcoxon Rank-Sum Test.  The only 

difference of output matrix with the output matrix from the Expected Distance Method is that the 



 

24 

 

Number Difference Method uses significance level of Wilcoxon Rank-Sum Test to reject the null 

hypothesis which supports two group of data lie on the same height distribution.  The significance 

level can also be understood as the probability of rejecting the null hypothesis given that it is true 

and is most often set at 0.05 (5%), shown in Equation 3-16. For independent tests the procedure 

has type I error probability equal to α [35].  

 

 

 significance level α = 0.05     Equation 3-16 

 

 

            All probability obtained from Wilcoxon Rank-Sum Test will be compared to this 

significance level and for probabilities which are lower than significance level will be counted as 

edge points.  Repeat the process for all nodes in the 3-by-3 mask of a research node defined in 

Section 3.3.1.  Count the number of probability which is lower than the significance level and this 

total amount is defined as the entry of Number Difference Matrix.   

 

Figure 3-10 shows several Number Difference Matrix examples which may be obtained from the 

Number Difference Method.  True edges are indicated by the circles or squares in red.  Marked 

number indicates the amount of points which are located at the opposite side in a mask of a research 

node.  For example, if a research node is located inside of the edge, then any point located outside 

of the edge will contribute “+1” to the Number Difference of this research node.  All marked 

numbers consist of the Number Difference Matrix of this grid.  As seen in Figure 3-10, points with 

larger Number Difference are closer to the edge.  

            A threshold is needed to filter points with number lower than this threshold.  If the threshold 

is set as 3, then the points with numbers lower than 3 which are also indicated in black will be 

removed off from the Number Difference; any points with numbers equal to or higher than 3 which 

are indicated in blue will remain as edge points.   Points with larger Number Difference are 

considered as edge points except point with “extreme” numbers like “7” and “8”. In those cases 

the event is too small to be counted as an event.  More discussion about the selection of threshold 

will be provided in Section 3.5. 
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Figure 3-10: Number Difference Matrix example of a grid 

 

3.4 Examples and Results 

This section provides a few examples of manmade pothole from a road data set to test the 

Comparative Nodal Uncertainty Method.  Section 3.4.1 provides the results of examples using 

gradients method.  Section 3.4.2 provides the results of examples using Expected Distance Method.  

Section 3.4.3 provides the results of examples using Number Difference Method.  In each example, 

the contour plot on original data will be firstly given to give a look of a single pothole.  Then 

Expected Distance Method and Number Difference Method will be applied.  

 Gradients Method 

The first example is a pothole of 20 × 20 locating at the center of a 50 × 50 grid.  The 

contour plot of the real pothole is shown in Figure 3-11.  The area in yellow represents the high 

place and the area in blue represents the low place.  The color bar on the right gives the height of 

each node on the grid with the unit of millimeter.  
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Figure 3-11: Contour plot of a 20 × 20 pothole with steep edges in a grid of 50 × 50 

 

 

As shown in Figure 3-12, this 20 × 20 square pothole has a very steep edge.  The area in 

yellow represents the high place and the area in blue represents the low place.  The color bar on 

the right gives the height of each node on the grid with the unit of millimeter.  

 

 

 

                       Figure 3-12: Surf plot of pothole with steep edges 
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Gradient methods results are shown in Figure 3-13.  There are six gradient methods and 

they are Sobel, Prewitt, Roberts, Laplacian of Gaussian, Canny, Zero-cross, respectively.  The 

horizontal coordinate u has an equivalent interval of 0.1 mm and the vertical coordinate v has an 

equivalent interval of 0.05 mm.  From the color bar located in the right of each figure, all obtained 

values lie between 0 and 1.  It is apparent that the yellow area represents the edges.  

 

 

Figure 3-13: Gradients plot of pothole with steep edges 

 

 

The second example is a pothole of 20 × 20 locating at the center of a 50 × 50 grid.  The 

only difference with the first example is the edge of this manmade pothole gradually changes.  The 

contour plot of the real pothole is shown in Figure 3-14.   

 

 



 

28 

 

 

Figure 3-14: Contour plot of a 20 × 20 pothole with gradual edges in a grid of 50 × 50 

 

As shown in Figure 3-15, this 20 × 20 square pothole has a gradual edge.  The area in 

yellow represents the high place and the area in blue represents the low place.  The maximum and 

minimum value in the color bar are exactly same with the values shown in                        Figure 

3-12 color bar, which means the only difference between this pothole and the first one is the edges 

are gradual in this case.   

 

 

Figure 3-15: Surf plot of pothole with gradual edges 
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Gradient methods results are shown in Figure 3-16.  All yellow area represents the detected 

edges.  The comparison between this pothole with gradual edges and the first example the pothole 

with steep edges will be discussed in Section 3.5.  

 

 

Figure 3-16: Gradients plot of pothole with gradual edges 

 

 

 Expected Distance Method 

Expected Distance Method is applied on manmade pothole with steep edges and gradual 

edges.  Figure 3-17 displays the output of Expected Distance Method on the pothole with steep 

edges in the case of radius is 3.  There are six masks obtained from Expected Distance Method on 

this pothole.  
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Figure 3-17: Expected Distance Edge Detection Method on pothole with steep edges 

 

            After obtaining Expected Distance matrix from Expected Distance Edge Detection Method, 

a cumulative density function shown in Figure 3-18 can be drawn out and used to select threshold 

to remove off noise background.   

 

 

Figure 3-18: Cumulative Density Function of expected distance on pothole with steep 

edges 
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Since all edge points should have a relatively low expected distance value compared to other points, 

it is reasonable to select a percentage to filter out all points whose expected distance measure is 

higher than this corresponding threshold according to the selected percentage.  Error! Reference 

source not found. displays filtered edge points selecting three different percentages.  These results 

will be discussed in Section 3.5 and used in Section 4.4.  Since this manmade pothole is single and 

simple, noise background removal method of searching for nodes with the lowest expected 

distance values is tested to have the same result as this method of drawing a cumulative density 

function of expected distance values.  

 

 

Figure 3-19: Removed noise background using different threshold on pothole with steep 

edges 

 

            In order to simulate the real pothole in the terrain surface, a manmade pothole with gradual 

edges is used to test the applicability of Expected Distance Edge Detection Method.  Figure 3-20 

displays the output of Expected Distance Method on the pothole with gradual edges in the case of 

radius is 3.  There are six masks obtained from Expected Distance Method on this pothole. 
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Figure 3-20: Expected Distance Edge Detection Method on pothole with gradual edges 

 

            Similarly, a cumulative density function shown in Figure 3-21 can be drawn out and used 

to select threshold to remove off noise background.  

 

 

Figure 3-21: Cumulative Density Function of expected distance on pothole with gradual 

edges 
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            Error! Reference source not found. displays filtered edge points selecting three different 

percentages.  These results will be discussed in Section 3.5 and used in Section 4.4.   

 

 

Figure 3-22: Removed noise background using different threshold on pothole with 

gradual edges 

 

 Number Difference Method  

            Number Difference Method is applied on an artificial pothole with steep edges and gradual 

edges.  Error! Reference source not found. displays the output of Number Difference Edge 

Detection Method on the pothole with steep edges in the case of different significance level.   

 

 

Figure 3-23: Number Difference Method on pothole with steep edges in the case of α =

0.01, 0.02, and 0.05 

 



 

34 

 

Error! Reference source not found. displays the output of Number Difference Edge 

Detection Method on the pothole with gradual edges in the case of different significance level.   

 

 

Figure 3-24: Number Difference Method on pothole with gradual edges in the case of 

α = 0.01, 0.02, and 0.05 

 

 

3.5 Discussion 

As shown in Figure 3-13, Figure 3-16, Error! Reference source not found., Error! 

Reference source not found., Error! Reference source not found. and Error! Reference 

source not found., all edge detection methods can detect out edges in the case of a pothole with 

steep edges and a pothole with gradual edges.  However, the accuracy of detected edges varies 

among edge detection methods.  This section will provide discussion in three combinations.  

Section 3.5.1 will discuss the comparison between gradients methods and Expected Distance 

Method.  Section 3.5.2 will discuss the comparison between gradients methods and Number 

Difference Method.  Finally, the comparison between Expected Distance Method and Number 

Difference Method will be discussed in Section 3.5.3.  Two circumstances of pothole with steep 

edges and pothole with gradual edges will be discussed in each comparison.  

 

 Comparison between gradients methods and Expected Distance Method  

Traditional gradient methods detect edges from a field of scalar values (pixels in grayscale).  

Therefore, the only means available to detect an edge is a comparison of these deterministic values.  
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As demonstrated in Figure 3-13, all gradient methods can approximately detect out steep edges of 

a single pothole, but Roberts and Canny can accuately detect edges more precisely than other 

gradients methods.  In real terrain surfaces, it is relatively rare to find steep edges so the simulation 

of a pothole with gradual edges is necessary.   

In the case of a pothole with gradual edges, none of the gradient methods except Canny 

can detect the correct edges.  Sobel and Prewitt detect two complete edges since edges, in gradient 

methods, are defined as the abrupt change in surface, which should be two edges connected 

between flat surface and steep surface, as shown in Figure 3-16.  Roberts method can detect the 

outer edges very well but the inner edges are not continuous.  Laplacian of Gaussion and Zerocross 

methods don’t produce the correc shape of the edges. As stated in Section 3.2.6, in the case of a 

real measured terrain surfaces, the height at each location is probabilistic, described by a 

cumulative probability function.  The Expected Distance Edge Detection Method and the Number 

Difference Method are based on the comparison between two cumulative probability distributions 

of two neighboring nodes, both using the Wilcoxon Rank-Sum Test.  

From Figure 3-17, mask 4, 5, and 6 can detect the steep edges relatively clearly without 

noise in the background.  In the case of a pothole with gradual edges, mask 4, 5 and 6 in Figure 

3-20 give clear edges.  Masks become bigger with the increase of the mask numberand includes 

more points in the calculation.  The detected edges in Figure 3-20 are wider than edges in Figure 

3-17 because the edges in Figure 3-20 change gradually.  The entry of the expected distance matrix 

are the expected distance measure which lies between 0 and 1.  Edge points with low expected 

distance are indicated as blue in Figure 3-17.  Figure 3-18 is used to determine expected distance 

threshold which removes off the noise background.  Expected distance threshold is most possibly 

located below 30% of expected distance measure of all points in the grid.  Percentage is preferable 

than directly choosing an expected distance threshold.  The corresponding expected distance 

threshold will be calculated after setting a percentage.  From the three plots in Error! Reference 

source not found. and Error! Reference source not found., the percentage of 25% can detect 

out the edges completely with minimizing the effect of outliers.  Although the other two expected 

distance thresholds can not detect out the edges clearly, the edges can still be connected completely 

using Edge Stitching Method which will be introduced in Section 4.  

The advantage of Expected Distance Method over gradients method can be found when 

comparing Figure 3-16 and Error! Reference source not found..  Compared to most of gradients 
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method applied on pothole with gradual edges, Expected Distance Method detects edges more 

robust on the inner edges.  The reason is that Expected Distance Method detects edges using 

probabilistic distribution of a groups of points instead of only using the deterministic gradient 

values for each node obtained from comparing nodal heights.  Therefore, Expected Distance 

Method is more robust than gradients method on detecting edges.  

 

 Comparison between gradients methods and Number Difference Method 

As stated in Section 3.3.2, Number Difference Method is also based on Wilcoxon Rank-

Sum Test.  The only difference of output matrix with one from Expected Distance Method is that 

the Number Difference Method uses significance level of Wilcoxon Rank-Sum Test to reject the 

null hypothesis which supports two group of data lie on the same height distribution.  In the 

example part in Section 3.4.3, three circumstances of significance level are considered to compare 

which one is more applicable and appropriate on this method.  

From Error! Reference source not found. and Error! Reference source not found., in 

terms of the part of outliers, significance level of 0.01 gives clearer edges than 0.02 and 0.05.  

Significance level is used to judge whether the test results are statistically significant, as well to 

determine the probability of error that is inherent in the test.  Statistical significance relates to how 

likely the observed effect is due to random error instead of a “true” difference between groups 

[significance level].  Technically, significance level α is the maximum acceptable level of risk for 

rejecting a true null hypothesis (Type I error) and is expressed as a probability ranging between 0 

and 1.  For example, a significance level of 0.05 indicates a 5% risk of concluding that a difference 

exists when there is no actual difference.  Choosing a smaller significance level, 0.01, is to be more 

certain that it will only detect a difference that really does exist, which also means that the Type I 

error is small.   

The advantage of Number Difference Method over gradients method can be found when 

comparing Figure 3-16 and Error! Reference source not found..  Similarly, compared to most 

of gradients method applied on pothole with gradual edges, Number Difference Method detects 

edges more robust on the inner edges.  The reason is that Number Difference Method detects edges 

using probabilistic distribution of a groups of points, as well as the significance level, instead of 

only using the deterministic gradient values for each node obtained from comparing nodal heights.  

Therefore, Number Difference Method is more robust than gradients method on detecting edges.  
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 Comparison between Expected Distance Method and Number Difference Method 

As stated in Section 3.3.1 and Section 3.3.2, both Expected Distance Method and Number 

Difference Method are based on probabilistic distribution of a groups of points using Wilcoxon 

Rank-Sum Test.  The only difference of output matrix with one from Expected Distance Method 

is that Number Difference Method uses significance level of Wilcoxon Rank-Sum Test to reject 

the null hypothesis which supports two group of data lie on the same height distribution.   

Compared Error! Reference source not found. with Error! Reference source not 

found., after removing off noise background, Number Difference Method gives more complete 

and clear edges than Expected Distance Method on the pothole with steep edges.  Although with 

the increase of the significance level in Number Difference Method, increasing outliers appear in 

the result of detected edges, smaller significance level is good enough to obtain complete edges.  

However, if fewer outliers are preferable, smaller expected distance threshold in Expected 

Distance Method cannot detect out clear and complete edges.  

Compared Error! Reference source not found. with Error! Reference source not 

found., in the case of pothole with gradual edges, the results of Expected Distance Method and 

Number Difference Method are similar except the detected edges from Number Difference Method 

produces more straight boundaries than ones from Expected Distance Method.  Furthermore, the 

significance level of 0.01 is preferable in Number Difference Method to detect out relatively 

complete edges with fewer outliers.   

 

3.6 Contribution 

            This chapter reviews traditional gradients edge detection methods and introduces novel 

edge detection method Expected Distance Method and Number Difference Method. The principal 

contributions of this chapter are: 

 Developed Expected Distance Method and Number Difference Method using probabilistic 

distribution of grid nodes instead of only using the deterministic gradient values for each 

nodes obtained from comparing nodal heights. 
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 Explored the justification of choosing threshold values in Expected Distance Method and 

given an appropriate choosing range, as well as choosing significance level in Number 

Difference Method.  

 Compared Expected Distance Method, Number Difference Method with gradients methods 

and found that Expected Distance Method and Number Difference Method are able to reach 

a higher accuracy of actual edges in the simulated potholes.  

 Compared Expected Distance Method with Number Difference Method and found that 

Number Difference Method is more robust than Expected Distance.  
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4. Edge Stitching 

4.1 Introduction 

The Comparative Nodal Uncertainty Edge Detection Method is developed to detect edges 

based on the probability distribution of the nodal heights within some local neighborhood.   

However, as shown in Error! Reference source not found., edge points may not be continuous, 

forming a complete event.  Furthermore, false-positive identification of an edge point often occur, 

as shown in Error! Reference source not found..  In order to solve this ambiguity, a novel Edge 

Stitching method is developed to group edge points together in a sequential chain to form the final 

events.  Some existing image mosaicking, as a key concept in image processing field, works by 

combining two or more images by stitching them together so they appear to be one image [21]. 

In this work, the novel Edge Stitching method uses the results of Expected Distance matrix 

or Number Difference matrix from Comparative Nodal Uncertainty Edge Detection Method to 

develop a search algorithm in order to identify a sequential chain of edge nodes to define complete 

and continuous events.  

The reminder of this chapter proceeds as follows.  Section 4.2 provides an overview of a 

series of techniques which will be used in Section 4.3.  The Edge Stitching Method is developed 

in section 4.3 by separating into three parts: obtaining all possible edge points, filtering edge points, 

and connecting filtered edge points to form events.  Section 4.4 provides some examples verifying 

the newly developed Edge Stitching Method and the results of examples are discussed.  The 

chapter concludes with a discussion of the advantages and disadvantages of the methods developed 

in Section 4.3 and a summary of contribution of Comparative Nodal Uncertainty Edge Detection 

Method is provided. 

 

 

4.2 Background 

This section gives a review of Comparative Nodal Uncertainty Method from which Edge 

Stitching will be developed, as well as a series of techniques that will be used in Section 4.3.  

Section 4.2.1 provides an overview of Comparative Nodal Uncertainty Edge Detection Method.  
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An explanation of Fourier series is provided in Section 4.3.2.  This Section concludes with an 

explanation of Least Squares in regression analysis.  

 

 Comparative Nodal Uncertainty Edge Detection Method 

Comparative Nodal Uncertainty Edge Detection Method is a novel edge detection method 

based upon the Two-sample Wilcoxon Sum-Rank test, which is primarily used to obtain an 

Expected Distance to node with same height matrix to determine the edges.  Expected Distance 

Method and Number Difference Method are two edge detection methods developed in Chapter 3.   

The output of Comparative Nodal Uncertainty Edge Detection Method is an Expected 

Distance Matrix or a Number Difference Matrix in that entries in both matrices lie between 0 and 

1.  These two matrices are used to determine edges points in a grid through a threshold.  The 

threshold in the former method is the expected distance measure chosen from any value in a 

cumulative density function of expected distance values.  The threshold in the latter method is the 

significance level that is also the Type I error in Wilcoxon Rank-Sum Test.  After the removal of 

noise background it will be the input data set of Edge Stitching.  

 

 Normal Distribution 

The normal distribution is the most popular distribution in statistics [22].  Some of its 

mathematical properties are very useful in data analysis.  Data are said to be normally distributed 

if their frequency histogram approximates to a bell shaped curve.  Practically, the data can be 

determined as normally distributed by looking their bell-shaped curve histogram.  One of the 

fundamental theorems of probability is the Central limit theorem [23].  If the samples are obtained 

from a large number of observations and each observation does not depend on other observations, 

then the computed average of observations will be distributed according to the normal distribution 

[24], no matter what the population histogram looks like.  In other words, the distribution of the 

sample mean tends toward the normal distribution as the sample size increases.  The mean of the 

sampling distribution of the sample mean is equal to the mean of the population from which 

samples are drawn. 

The Normal Probability Plot [25, 26] aims at graphically assessing normality of data.  If 

the data are normal the plot will be linear.  For normal data the points plotted in the probability 

https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Normal_distribution
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plot should fall approximately on a straight line, indicating high positive correlation.  These plots 

are intuitive to interpret and also have the benefit of identifying outliers easily.  Figure 4-1 displays 

an example of Normal Probability Plot.  The blue data points marked with “+” symbol follow well 

along the red line to indicate a normal distribution.  Other tests are also available for the proof of 

normal distribution [27, 28].  

 

 

Figure 4-1: An example of Normal Probability Plot 

 

Once the distribution has been confirmed as normal distribution, the Empirical Rule, also 

known as Three-Sigma Rule can mathematically express that “nearly all” values are taken to lie 

within three standard deviations of the mean [29].  Specifically, approximately 68% of the data 

values fall within 1 standard deviation of the mean; approximately 95% of the data values fall 

within 2 standard deviation of the mean; and approximately 99.75% of the data values fall within 

3 standard deviation of the mean.  

 

 Fourier series 

The basic assumption behind Fourier series is that any given function can be expressed in 

terms of a series of sine and cosine functions.  Sine and cosine functions are basis for the linear 

space of functions to which the given function belongs [30].  It is the properties of the inner product 
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space (as reviewed in Appendix A.1), coupled with the analytically familiar properties of the sine 

and cosine functions that make Fourier series useful and powerful.  

The sequence of functions forms an infinite orthonormal sequence in the space of all 

piecewise continuous functions [31] within the interval [−π, π] where the inner product 〈𝑓, 𝑔〉 is 

defined in Equation 4-1, with the overbar denoting complex conjugate [30].   

 

 〈𝑓, 𝑔〉 =
1

𝜋
∫ 𝑓𝑔𝑑𝑥

𝜋

−𝜋

 Equation 4-1 

 

 

It is not difficult to prove the set  {
1

√2
, sin(𝑥) , cos(𝑥) , sin(2𝑥) , cos(2𝑥) , … }  is 

orthonormal since the inner product of any two different terms in this set is zero and the inner 

product of any term and itself in this set is one in terms of the definition of orthonormality.  Having 

proved that, it holds true that this sequence forms an orthonormal basis for the space of piecewise 

continuous functions in the interval [−π, π].  This enables an arbitrary element of this linear space 

of piecewise continuous functions to be expressed as a linear combination of the elements of this 

sequence, as shown in Equation 4-2 and Equation 4-3.  

 

 

𝑓(𝑥) ~
𝑎0

√2
+ 𝑎1 cos(𝑥) + 𝑎2 cos(2𝑥) + ⋯

+ 𝑎𝑛 cos(𝑛𝑥) + ⋯ 

+𝑏1 sin(𝑥) + 𝑏2 sin(2𝑥) + ⋯+ 𝑏𝑛 sin(𝑛𝑥) + ⋯ 
 

Equation 4-2 

 

 
𝑓(𝑥) ~

𝑎0

√2
+ ∑(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥))

∞

𝑛=1

      

  −𝜋 < 𝑥 < π 
 

Equation 4-3 

 

This is the standard Fourier series expansion for 𝑓(𝑥).  The tilde was interpreted in terms 

of the discontinuity of points.  The left hand-side converges to the value of the mean of the two 

one-sided limits as dictated in Equation 4-4 in the case of having both left and right derivatives.  
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The tilde can mean equal which to indicate that at points where the function is continuous, the 

right-hand side converges to 𝑓(𝑥).  

 

 

 

𝑓(𝑥) =
𝑓(𝑥−) + 𝑓(𝑥+)

2
 

 

Equation 4-4 

 

 

After multiplying by sin(n𝑥) and integrating term by term on the interval [−π, π], all but 

the bn on the right disappears.  Similarly, 𝑎𝑛 can be given in Equation 4-5 and Equation 4-6, where 

n = 0,1,2, … 

 

 𝑎𝑛 =
1

π
∫ 𝑓(𝑥)cos (𝑛𝑥)𝑑𝑥

𝜋

−𝜋

 

 

Equation 4-5 

 

 𝑏𝑛 =
1

π
∫ 𝑓(𝑥)sin (𝑛𝑥)𝑑𝑥

𝜋

−𝜋

 

 

Equation 4-6 

 

 

It is not convenient and practical to use 
1

√2
𝑎0 as the constant term.  A practical Fourier 

series are shown in Equation 4-7 with 
1

2
𝑎0 as the constant term.  

 

 
𝑓(𝑥) ~

𝑎0

2
+ ∑(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥))

∞

𝑛=1

     

   −𝜋 < 𝑥 < π 
 

Equation 4-7 

 

 

Here is a simple example of Fourier series on a ramp function.  In Figure 4-2, the original 

ramp function is shown by the red line.  Fourier series expansion is applied on this function with 

different amounts of coefficients (constraints) that are the unknown 𝑎𝑛 and 𝑏𝑛 in Equation 4-7.  It 
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is apparent that by increasing the amount of coefficients in Fourier series expansion, the ramp 

function can be described more and more accurately.  The line with “129 constraints” is nearly 

overlaps with the original function.  However, no matter how close the Fourier series expansion is 

to the original function, any line of the results is still wave-like since the estimated function is 

composed of sine and cosine waves.  This concept will be used in Section 4.3.2.2.  

 

 

Figure 4-2: Fourier series on ramp function with different amounts of constraints 

  

 Least square curve fitting 

An important area in approximation is the problem of fitting a curve to experimental data 

[32].  It is essential to assume that the data set is polluted with some degree of measurement error 

(“noise”) since the data appears experimental.  However, it is not necessarily to construct a curve 

that goes through every experimental data point.  It is desired to construct a function that represents 

the “sense of the data” or a close approximation to the data.  In other words, curve fitting only 

needs to capture the trend in the data by assigning a single function across the entire range. 

The method of curve fitting used in this paper is a most common approach - least square 

curve fitting.  The least square approach defines the “correct” curve that minimizes the sum of 

squares of the distances between the data points and the curve.  For example, Figure 4-3 displays 

a simple example where a linear straight line can better represent the data with noise.  
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Figure 4-3: Example of least square curve fitting 

 

The principle is shown as follows.  Let the noisy data be defined as pairs (𝑥𝑘,𝑦𝑘), 1 ≤ 𝑘 ≤

𝑛 for some n.  Thus, in this case, it is desired to find the coefficients p and q in the equation y =

p𝑥 + 𝑞 such that Equation 4-8 is minimized.  

 

 S(p, q) = ∑(𝑦𝑘 − (𝑝𝑥𝑘 + 𝑞))
2

𝑛

𝑘=1

 Equation 4-8 

 

 

            After solving the straightforward problem of multivariable calculus, the solution is shown 

in Equation 4-9 and Equation 4-10.  

 

 p =
𝑛 ∑ 𝑥𝑘𝑦𝑘 −𝑛

𝑖=1 (∑ 𝑥𝑘)(𝑛
𝑖=1 ∑ 𝑦𝑘)

𝑛
𝑖=1

𝑛 ∑ 𝑥𝑘
2 − (∑ 𝑥𝑘

𝑛
𝑖=1 )2𝑛

𝑘=1

 

 

Equation 4-9 
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 q =
(∑ 𝑥𝑘

2)𝑛
𝑖=1 (∑ 𝑦𝑘) − (𝑛

𝑖=1 ∑ 𝑥𝑘)(∑ 𝑥𝑘𝑦𝑘
𝑛
𝑖=1 )𝑛

𝑖=1

𝑛 ∑ 𝑥𝑘
2 − (∑ 𝑥𝑘

𝑛
𝑖=1 )2𝑛

𝑘=1

 

 

Equation 4-10 

 

 

            In this example, the notion of a least square data fit is simply a straight line to data.  

However, in most cases, it can be generalized beyond simply fitting a straight graph to data.  

Instead, a higher degree polynomials are needed especially for those with higher dimensional data 

sets.  In Section 4.3.2.2, Fourier series will be combined with least square fitting to complete the 

process of connecting edge points to event.  

 

 

4.3 Development of Edge Stitching 

The goal of Edge Stitching is to develop an algorithm so as to group edge nodes 

sequentially to its corresponding event.  From Section 3, Comparative Nodal Uncertainty Edge 

Detection Method yields an Expected Distance Matrix or a Number Difference Matrix where 

entries are the measures to determine edges.  Research on Edge Stitching will use the results of 

Expected Distance Matrix or Number Difference Matrix to find true edge points and connect those 

points to events.   

In Section 3.4.2, Expected Distance Method provides a way of removing noise background 

with a given threshold.  However, as shown in Error! Reference source not found., many outliers 

do exist that do not belong to the expected event.  Thus, the first step of Edge Stitching is to remove 

the outliers and two methods are developed in Section 4.3.1 to do so.  The second step of Edge 

Stitching is to connect the filtered edge points to events and two methods are developed in Section 

4.3.2 as well. 

             

 Filtering edge points  

            An edge point can be defined as an outlier if it is far away from the cluster of edge points.  

To connect edge points to events and make the obtained event more robust and accurate, it is 

necessary to filter edge points by removing the edge outliers after all possible edge points are 
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obtained.  This section provides two ways of removing edge outliers from all possible edge points 

obtained from Expected Distance Edge Detection Method and Number Difference Edge Detection 

Method.  

 

4.3.1.1 Filter by standard deviation of radius distribution 

Filtering edges points by standard deviation of radius distribution is based upon the 

property of normal distribution.  As stated in Section 4.2.2, following the Three-Sigma Rule of a 

distribution, it is necessary to check whether all possible edge points form a normal distribution 

using the Normal Probability Plot.   

First, with all indices of possible edge points stored in a matrix, an approximate center of 

edge points can be found by averaging indices of horizontal and vertical coordinates using 

Equation 4-11, where x is  the index of horizontal coordinate and y is the index of vertical 

coordinate and c represents center. The edges of event to be found are described by a cluster of 

points with an averaged center in Cartesian coordinates. 

 

 (𝑥𝑐, 𝑦𝑐) = (
∑ 𝑥𝑖

𝑛
𝑖=1

𝑛
,
∑ 𝑦𝑖

𝑛
𝑖=1

𝑛
) Equation 4-11 

 

 

 

Secondly, the distance between each edge point to center can be obtained in Equation 4-12, 

where i is the number of edge points.  

 

 
di = √(𝑥𝑖 − 𝑥𝑐)2 + (𝑦𝑖 − 𝑦𝑐)2 , 

i = 1,2,3, … , n 
 

Equation 4-12 

 

 

            Distances of all found edge points to the averaged center consist of a distance distribution 

where a mean and standard deviation can be obtained from this distribution.  Standard deviations 

can tell us about the shape of the distribution and how close the individual data values are from 
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the mean value.  The mean or standard deviation is often estimated from a sample of elements and 

presented with the standard errors [33, 34].  As stated in Section 4.2.2, the Three-Sigma Rule can 

be used on a normal distribution to filter outliers.  Outliers of edge points can be filtered out by 

picking edge nodes located only within one standard deviation.  The left edge points after outlier 

filtering are the true edge points among all possible edge points.  Examples will be provided in 

Section 4.4.1.  

             

4.3.1.2 Filter by looking at local points 

Outliers are defined as the points which are far away from the cluster of edge points.  In 

other words, outliers are not surrounded by possible edge points as many as the true edge points.  

The edge points filtering method, instead of using the radius to the center in the filtering method 

as stated in Section 4.3.1.1, looks at each possible edge point itself while; searching whether more 

than a fixed number of “N” edge points are around this possible edge point.  If there are more than 

or same number of N points around this point, it will not be defined as an outlier and will stay in 

the group of edge points; otherwise, it will be considered as an outlier.  In doing so, all potential 

outliers can be picked out no matter where the group of edge points is located.  The fixed number 

“N” can be chosen according to the size of the mask where the edge points are counted.  Examples 

will be provided in Section 4.4.3. 

 

 

 Connecting filtered edge points to events 

A cluster of true edge points with a center are obtained after filtering edge points by 

removing outliers.  However, as shown in Error! Reference source not found., the edges, even 

after filtering outliers, are not complete and may give an unclear view of localized events.  Thus, 

to further characterize events, it would be better to display a complete edge that separates the event 

from the terrain surface.  Connecting filtered edge points to events is therefore necessary to achieve 

this goal.  

Two methods of connecting filtered edge points to events are developed in Section 4.3.2.1 

and Section 4.3.2.2.  Before connecting filtered edge points to events, it is better to describe each 

edge point as an angle and radius related to the center.  This can be done by converting the 
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Cartesian coordinates to Polar coordinates.  However, edge points have to be translated prior to 

this conversion so that the center found is fixed in the center of the polar plot.  This translation can 

be achieved quickly and simply with Equation 4-13.  This translation fixes the center to origin (0, 

0) so that the cluster of edge points will appear within a circle in the polar plot.   

 

 (
𝑥∗

𝑦∗) = (
𝑥
𝑦) − (

𝑥𝑐

𝑦𝑐
) 

 

Equation 4-13 

 

 

Then, the conversion between Cartesian coordinates and polar coordinates can be described 

by two simple equations shown in Equation 4-14 and Equation 4-15, where r is the radius for each 

point to the fixed center of polar plot and α is the angle about the origin (0, 0). 

 

 𝑟 = √𝑥2 + 𝑦2 Equation 4-14 

 

 𝛼 ≈ tan−1 (
𝑦

𝑥
) Equation 4-15 

 

 

 

 

 

Now, all filtered edge points are converted from Cartesian coordinates to polar coordinates 

and each edge point is described by an angle α and its radius to origin (0, 0).  In Section 4.3.2.1 

and Section 4.3.2.2, two approaches to connect edge points to event are described based on the 

converted data in polar coordinates.  
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4.3.2.1 Connecting edge points to event by discretizing the angle by 2𝜋/𝑛 

            A further definition of the edge helps to better describe the position of each edge point by 

looking at discretized angles.  Discretizing a circle by number “n” will get “n” segments over 

(−π, π) and the increment would be 2π/n.  In each discrete angle, an edge representative can be 

calculated by averaging the radius of all edge points located around this angle within one tolerance.  

The tolerance can be defined as a half of increment so the range being looked around an angle is 

one increment.  Thus, the cluster of edge points can be sorted out to edge representatives located 

at discretized angles.   

            However, it is very possible that some discretized angles might not have an edge 

representative when there are no edge points located within the tolerance of this discretized angle.  

Actually, this always happens in the low density area.  Hence, in order to have a continuous edge 

after Edge Stitching, it is necessary to fill the gap angle where no edge representative exists.  This 

can be done by averaging the edge representatives on the two angles most nearby and available.  

Then the edge representative at each discretized angle can be obtained finally.  Generally speaking, 

the process of discretizing and approximation yields “n” edge representatives at fixed discrete 

angles characterized by a radius.  

            Finally, edge points can be connected to an event by converting polar coordinates back to 

Cartesian coordinates.  Examples will be provided in Section 4.4.3. 

 

4.3.2.2 Connecting edge points to event by least square curve fitting 

This method of connecting edge points to event uses Fourier series (as reviewed in Section 

4.2.3) and least square curve fitting (as reviewed in Section 4.2.4).  The combination of Fourier 

series and least square curve fitting yields a function by which edge points can be connected to 

event.  Now, all filtered edge points are converted from Cartesian coordinates to polar coordinates 

and each edge point is described by an angle α and its radius to origin (0, 0).  Equation 4-16 

displays a Fourier series expansion where α is the angle of edge representatives in polar system, 

ω is the wave frequency that can be estimated as “1”, A0, 𝐴1, 𝐴2, …  are the coefficients (constraints) 

of the estimated function and 𝑓(𝛼) is the estimated radius to the center.  
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 𝑓(𝛼) = 𝐴0 + 𝐴1 sin(𝜔𝛼 + 𝐴2) + 𝐴3 sin(2𝜔𝛼 + 𝐴4)
+ 𝐴5 sin(3𝜔𝛼 + 𝐴6) + ⋯ 

Equation 4-16 

 

 

            The goal is to find an estimated function that can best represent the distribution of edge 

points.  Once the radius and angle of each edge point to center are found in polar coordinates, the 

plot of angle α versus estimated radius will provide a clear view of the distribution of all edge 

points with both parameters extracted from Fourier series.  The curve on this plot reflects all 

information included in the Fourier series equation.  

            The curve obtained in this way is able to represent the distribution of all filtered edge points 

once all coefficients in the Equation 4-16 have been determined.  Instead of determining the 

coefficients with Equation 4-5 and Equation 4-6, another way to determine all coefficients is Least 

Square Fitting which is a mathematical procedure to find the best-fitting curve to a given set of 

points.  This process can be done by minimizing the sum of the squares of the offsets (“the 

residuals”) of the points from the curve, Equation 4-17 is used in this case, where r is the real 

radius from every edge point to center and 𝑓(𝛼𝑖) represents the estimated distance from every each 

point to center.  Using the sum of the squares of the offsets instead of the sum of the offsets allows 

the error to be treated as a positive measure.  One of the concerns of using squares of the offsets is 

that it will make the outlying points have a disproportionate effect on the fit.  However, we can 

minimize such effect by removing the outliers in the first step of Edge Stitching.  Thus, Least 

Curve Fitting is a good way to find the best fit coefficients to achieve the goal of connecting edge 

points to event.   

 

 Error2 = ∑[𝑟𝑖 − 𝑓(𝛼𝑖)]
2 Equation 4-17 
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4.4 Example and Result 

This section provides a few examples of manmade pothole using the developed Edge 

Stitching method to identify the event.  Since there are two ways of filtering edge points and two 

ways of connecting edge points to event, totally four Edge Stitching method can be developed.  

This section is organized as follows.  Section 4.4.1 provides an example of filtering edge points 

by standard deviation of radius distribution followed by discretizing angles from  −π to π  to 

connect edges.  Section 4.4.2 provides an example of filtering edge points by standard deviation 

of radius distribution followed by least square curve fitting to connect edges.  Section 4.4.3 

provides an example of filtering edge points by looking local points followed by discretizing 

angles from −π to π to connect edges.  Finally, Section 4.4.4 provides an example of filtering edge 

points by looking local points followed by least square curve fitting to connect edges.  The results 

of two typical potholes, one with steep edges and the other one with gradual edges as mentioned 

in Section 3 will be listed in this section.                Table 4-1 displays a clear organization of this 

section.  Four Edge Stitching methods use both the result of Expected Distance Edge Detection 

Method and the result of Number Difference Edge Detection Method for pothole with steep edges 

and pothole with gradual edges.  

 

 

              Table 4-1: Summary of four Edge Stitching methods 

 

Edge Stitching 

 

Discretizing angles 

from −π to π 

Least square curve 

fitting 

 

Standard deviation 

of radius distribution 

 

 

Section 4.4.1 

 

Section 4.4.2 

 

Looking local points 

 

 

Section 4.4.3 

 

Section 4.4.4 
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 Filter by standard deviation of radius distribution, connect edges by discretizing angles 

The original pothole with steep edges can be seen in Figure 3-11 and Figure 3-12.  The 

original pothole with gradual edges can be seen in Figure 3-14 and Figure 3-15.  Both pothole are 

approximately 20 × 20 square located in a 50 × 50 grid.   

 

Results from Expected Distance Edge Detection Method on pothole with steep edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store shown in Error! Reference source not found. is 

used for the analysis of generating edges with a center, fixed angle, and respective radius in 

both polar coordinates and Cartesian coordinates.  The image has a suspected edge indicated 

by the high intensity blue shapes. 

 

 

Figure 4-4: Results of Expected Distance Method on pothole with steep edges in cases of 

different threshold 

 

 Step 1: Verify normal distribution 

            In Figure 4-5, the blue data points indicated as “+” fall approximately on a straight line 

which indicates the expected distance, and the radius in polar system fall in a normal distribution.  

Therefore, this Edge Stitching method can be used on this data set.  
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Figure 4-5: Normal probability plot of expected distance of possible edges on pothole 

with steep edges 

 

 Step 2: Find a center in Cartesian coordinates  

            The edge is then described by a cluster of points with a center in Cartesian coordinates, as 

shown in Error! Reference source not found..  Apparently, outliers exist in all figures.  To better 

characterize the edge points and obtain an accurate approximation of event, outliers need to be 

removed beforehand.  Outliers of edge points are filtered out by picking only edge nodes located 

within one standard deviation.  The edge points remained after outliers are filtered are the true 

edge points among all possible edge points. 

 

 

Figure 4-6: Edge points with center in Cartesian coordinates in cases of threshold 0.19, 

0.24, and 0.29 
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 Step 3: Filter outliers in Cartesian coordinates 

            Error! Reference source not found. shows edge points after outliers are removed.  

Obviously, a more accurate center is found to represent the edge points with the effect of outliers 

being diminished.  The rightmost figure still keeps some points that are a little far away from the 

cluster of edge points. These points, however, are not considered outliers since they are not quite 

far away from the center when compared with those edge points removed.   

 

 

Figure 4-7: Edge points with outliers removed in cases of threshold 0.19, 0.24, and 0.29 

 

 Step 4: Convert from Cartesian coordinates to polar coordinates 

            To further characterize the edge, a conversion is made from Cartesian coordinates to polar 

coordinates to describe every edge point by an angle and radius relative to the center.  A translation 

is made to fix the center to origin (0, 0) so that the cluster of points will appear within a circle in 

the polar plot.  Error! Reference source not found. displays the results of edge points converted 

into polar coordinates.  
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Figure 4-8: Edge points converted into polar coordinates in cases of threshold 0.19, 0.24, 

and 0.29 

 

 Step 5: Discretize edge points and find edge representatives on every angle 

            The angle of 2π is divided by 30 to obtain 30 increments to approximate an event.  Error! 

Reference source not found. shows the approximation of discretized edge points before the gap 

increments are filled, Error! Reference source not found. shows the approximation of discretized 

edge points after the gap increments are filled.  

 

 

Figure 4-9: Approximation of discretized edge points in cases of threshold 0.19, 0.24, and 

0.29 
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Figure 4-10: Approximation of discretized edge points with gap filled in cases of 

threshold of 0.19, 0.24, and 0.29 

 

 Step 6: Connect edge points to event and convert back to Cartesian coordinates 

Finally, all edge points can be connected to an event and displayed in Cartesian coordinates 

according to the converted center, as shown in Error! Reference source not found..   

 

 

Figure 4-11: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Expected Distance Edge Detection Method 
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Results from Expected Distance Edge Detection Method on pothole with gradual edges 

            Three cases of threshold are tested on pothole with gradual edges (as described in Section 

3.4.2) and their results are used in this Edge Stitching method.  The data store in Error! 

Reference source not found.  is used for the analysis of generating edges with a center, 

fixed angle, and respective radius in both polar coordinates and Cartesian coordinates.  The 

image has a suspected edge indicated by the high intensity blue shapes.  

 

Figure 4-12: Results of Expected Distance Method on pothole with gradual edges in 

cases of different threshold 

            In Figure 4-13, the blue data points indicated as “+” fall approximately, but not as closely 

as in Figure 4-5, on a straight line which indicates the expected distance, and the radius in polar 

system fall in a normal distribution.  However, the Edge Stitching method is still used on this data 

set to make a comparison of same method but applied on a different data set.   

 

 

Figure 4-13: Normal probability plot of expected distance of possible edges on pothole 

with gradual edges 
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            Since this example of pothole with gradual edges goes through exactly same procedure as 

the example of pothole with steep edges, only the results of final step of the comparison plots are 

shown here.  All edge points can be connected to an event and displayed in Cartesian coordinates 

according to the converted center, as shown in Error! Reference source not found..   

 

 

Figure 4-14: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Expected Distance Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with steep edges 

            Three cases of threshold are tested on pothole with steep edges (as described in Section 

3.4.3) and the test results are used in this Edge Stitching method.  The data store in Figure 4-15  

is used for the analysis of generating edges with a center, fixed angle, and respective radius 

in both polar coordinates and Cartesian coordinates.  The image has a suspected edge 

indicated by the high intensity blue shapes. 

 

 

Figure 4-15: Results of Number Difference Method on pothole with steep edges in cases 

of different significance level 

 

            In Error! Reference source not found., Normal Probability Plot is firstly used to 

investigate whether the data of radius obtained from Number Difference matrix exhibit the 

standard normal curve.  To make a clear comparison, the result of detected edges on pothole with 

steep edges are shown in Figure 4-16.  
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Figure 4-16: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Number Difference Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with gradual edges 

            Three cases of different significance level are tested in Section 3.4.3 and their results are 

used in this Edge Stitching method.  The data store in Figure 4-17  is used for the analysis of 

generating edges with a center, fixed angle, and respective radius in both polar coordinates 

and Cartesian coordinates.  The image has a suspected edge indicated by the high intensity 

blue shapes. 

 

 

Figure 4-17: Results of Number Difference Method on pothole with gradual edges in cases of 

different significance level 

 

            In Figure 4-18, Normal Probability Plot is firstly used to investigate whether the data of 

radius obtained from Number Difference matrix exhibit the standard normal curve.  To make a 

clear comparison, the result of detected edges on pothole with gradual edges are shown in Figure 

4-18.  
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Figure 4-18: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Number Difference Edge Detection Method 
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 Filter by standard deviation of radius distribution, connect edges by least square curve 

fitting 

The original pothole with steep edges depicted in Figure 3-11 and Figure 3-12.  The original 

pothole with gradual edges depicted in Figure 3-14 and Figure 3-15.  Both pothole are 

approximately squares of 20 × 20  located in a 50 × 50 grid.   

 

Results from Expected Distance Edge Detection Method on pothole with steep edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The procedures of filtering edges by standard deviation of radius 

distribution have been described in Section 4.4.3.  The results of filtering edges are listed in Step 

1.   

 

 

Figure 4-19: Results of Expected Distance Method on pothole with steep edges in cases 

of different threshold 

            The data store in Figure 4-19 is used for the analysis of generating edges with a center, 

fixed angle, and respective radius in both polar coordinates and Cartesian coordinates.  The 

image has a suspected edge indicated by the high intensity blue shapes. 

 

 Step 1: Obtain filtered edges in polar coordinates 

            Figure 4-20 displays the results of edge points converted into polar coordinates, with every 

edge point described by an angle and radius relative to the origin (0, 0).   
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Figure 4-20: Filtered edge points in polar coordinates in cases of threshold 0.19, 0.24, and 

0.29 

 

 Step 2: Least square curve fitting of alpha vs. radius plot in Cartesian coordinates 

            Alpha and radius are obtained from polar coordinates and plotted in Cartesian coordinates.  

In Figure 4-21, red circles represent the original filtered edge points.  Colorful lines represent least 

square fitting curve with the increased constraints determined in Fourier series expansion (as 

explained in Section 4.3.2.2.   
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Figure 4-21: Radius of filtered edge points of pothole with steep edges vs. alpha and least 

square curve fitting in Cartesian coordinates (Expected Distance Method) 

 

 Step 3: Obtain final event in Cartesian coordinates 

            Finally, edge points on event can be obtained from the fitting curve found in Step 2 with 

different amount of constraints, as shown in Figure 4-22.  

 

 

Figure 4-22: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Expected Distance Edge Detection Method 

 

  



 

67 

 

Results from Expected Distance Edge Detection Method on pothole with gradual edges 

            Three cases of difference expected distance threshold are tested in Section 3.4.2 and their 

results are used in this Edge Stitching method.  Since this example of pothole with gradual edges 

goes through exactly same procedure as the example of pothole with steep edges, only the results 

of the final step for the comparison plots are provided here.   

 

 

Figure 4-23: Results of Expected Distance Method on pothole with gradual edges in 

cases of different threshold 

            The data store in Figure 4-23 is used for the analysis of generating edges with a center, 

fixed angle, and respective radius in both polar coordinates and Cartesian coordinates.  The image 

has a suspected edge indicated by the high intensity blue shapes. 

 

 

Figure 4-24: Radius of filtered edge points of pothole with steep edges vs. alpha and least 

square curve fitting in Cartesian coordinates (Expected Distance Method) 
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            Alpha and radius are obtained from polar coordinates and plotted in Cartesian coordinates.  

In Figure 4-24, red circle represent the original filtered edge points while colorful lines represent 

least square fitting curve with the increased constraints determined in Fourier series expansion (as 

explained in Section 4.3.2.2).    

            Finally, edge points on event can be obtained from the fitting curve found in Figure 4-24 

with different amount of constraints, as shown in Figure 4-25.  

 

 

Figure 4-25: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Number Difference Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with steep edges 

            Three cases of different significance level are tested in Section 3.4.3 and their results are 

used in this Edge Stitching method.   

 

 

Figure 4-26: Results of Number Difference Method on pothole with steep edges in cases of 

difference significance level 

 

            The data store in Figure 4-26 is used for the analysis of generating edges with a center, 

fixed angle, and respective radius in both polar coordinates and Cartesian coordinates.  The image 

has a suspected edge indicated by the high intensity blue shapes. 

 

 

Figure 4-27: Radius of filtered edge points of pothole with steep edges vs. alpha and least square 

curve fitting in Cartesian coordinates (Number Difference Method) 

 

            Alpha and radius are obtained from polar coordinates and plotted in Cartesian coordinates.  

In Figure 4-27, red circles represent the original filtered edge points while colorful lines represent 
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least square fitting curve with the increased constraints determined in Fourier series expansion (as 

explained in Section 4.3.2.2).   

            Finally, edge points on event can be obtained from the fitting curve found in Figure 4-27 

with different amount of constraints, as shown in Figure 4-28.  

 

 

Figure 4-28: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Number Difference Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with gradual edges 

            Three cases of different significance level are tested in Section 3.4.3 and their results are 

used in this Edge Stitching method.   

 

 

Figure 4-29: Results of Number Difference Method on pothole with gradual edges in cases of 

different significance level 

 

            The data store in Figure 4-29 is used for the analysis of generating edges with a center, 

fixed angle, and respective radius in both polar coordinates and Cartesian coordinates.  The image 

has a suspected edge indicated by the high intensity blue shapes. 

 

 

Figure 4-30: Radius of filtered edge points of pothole with gradual edges vs. alpha and least 

square curve fitting in Cartesian coordinates (Number Difference Method) 

 

            Alpha and radius are obtained from polar coordinates and plotted in Cartesian coordinates.  

In Figure 4-30, red circles represent the original filtered edge points while colorful lines represent 
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least square fitting curve with the increased constraints determined in Fourier series expansion (as 

explained in Section 4.3.2.2).   

            Finally, edge points on event can be obtained from the fitting curve found in Figure 4-30 

with different amount of constraints, as shown in Figure 4-31.  

 

 

Figure 4-31: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Number Difference Edge Detection Method 
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 Filter by looking local points, connect edges by discretizing angels 

            The original pothole with steep edges depicted in Figure 3-11 and Figure 3-12.  The original 

pothole with gradual edges depicted in Figure 3-14 and Figure 3-15.  Both potholes are 

approximately squares of 20 × 20 located in a 50 × 50 grid.   

 

Results from Expected Distance Edge Detection Method on pothole with steep edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-32 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image had a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-32: Results of Expected Distance Method on pothole with steep edges in cases of 

different threshold 

 

            As stated in Section 4.3.1.2, filtering edge by looking at local points is carried out by 

looking at each possible edge point itself.  The results are displayed in Figure 4-33.  
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Figure 4-33: Filtered edge points using method of looking local edges points of pothole with 

steep edges in cases of threshold 0.19, 0.24, and 0.29 

 

 

Given the method of connecting edge points to event has been stated in Section 4.4.1, only 

the results of connected event represented in Cartesian coordinates according to the converted 

center are shown in Figure 4-34.   

 

 

Figure 4-34: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Expected Distance Edge Detection Method 
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Results from Expected Distance Edge Detection Method on pothole with gradual edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-32 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image has a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-35: Results of Expected Distance Method on pothole with gradual edges of pothole in 

cases of different threshold 

 

            As stated in Section 4.3.1.2, filtering edge by looking local points is looking at each 

possible edge point itself.  The result display as Figure 4-36.  

 

 

Figure 4-36: Filtered edge points using method of looking at local edges points of pothole with 

gradual edges in cases of threshold 0.19, 0.24, and 0.29 
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Given the method of connecting edge points to events has been stated in Section 4.4.1, only 

the results of connected event represented in Cartesian coordinates according to the converted 

center are shown in Figure 4-37.   

 

 

Figure 4-37: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Expected Distance Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with steep edges             

            Three cases of different significance level are tested in Section 3.4.3 and their results are 

used in this Edge Stitching method.  The data store in Figure 4-38 is used for the analysis of 

generating edges with a center, fixed angle, and respective radius in both polar coordinates 

and Cartesian coordinates.  The image has a suspected edge indicated by the high intensity 

blue shapes.  

 

 

Figure 4-38: Results of Number Difference Method on pothole with steep edges of pothole in 

cases of different significance level 

 

            As stated in Section 4.3.1.2, filtering edge points by looking at local points is carried out 

by looking at each possible edge point itself.  The results are displayed in Figure 4-39.  

 

 

Figure 4-39: Filtered edge points using method of looking at local edges points of pothole with 

steep edges in cases of significance level 0.01, 0.02, and 0.05 
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Given the method of connecting edge points to event has been stated in Section 4.4.1, here 

only the results of connected event represented in Cartesian coordinates according to the converted 

center are shown in Figure 4-40.   

 

 

Figure 4-40: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Number Difference Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with gradual edges             

            Three cases of different significance level are tested in Section 3.4.3 and their results are 

used in this Edge Stitching method.  The data store in Figure 4-41 is used for the analysis of 

generating edges with a center, fixed angle, and respective radius in both polar coordinates 

and Cartesian coordinates.  The image has a suspected edge indicated by the high intensity 

blue shapes.  

 

 

Figure 4-41: Results of Number Difference Method on pothole with gradual edges of pothole in 

cases of different significance level 

 

            As stated in Section 4.3.1.2, filtering edge points by looking at local points is cairred out 

by looking at each edge point itself.  The results are displayed in Figure 4-42.  

 

 

Figure 4-42: Filtered edge points using method of looking at local edges points of pothole with 

gradual edges in cases of significance level 0.01, 0.02, and 0.05 
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Given the method of connecting edge points to event has been stated in Section 4.4.1, only 

the results of connected event represented in Cartesian coordinates according to the converted 

center are shown in Figure 4-43.   

 

 

Figure 4-43: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Number Difference Edge Detection Method 
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 Filter by looking at local points, connect edges by least square curve fitting 

            The original pothole with steep edges depicted in Figure 3-11 and Figure 3-12.  The original 

pothole with gradual edges depicted in Figure 3-14 and Figure 3-15.  Both potholes are 

approximately square of 20 × 20 located in a 50 × 50 grid.   

 

Results from Expected Distance Edge Detection Method on pothole with steep edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-44 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image has a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-44: Results of Expected Distance Method on pothole with steep edges in the case of 

different threshold 

 

            As stated in Section 4.3.1.2 and Section 4.3.2.2, the methods of filtering edge points by 

looking at local points and connecting edges by least square curve fitting will be used in this 

example.  Figure 4-45 displays the filtered edges and Figure 4-46 displays the connected edges.  
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Figure 4-45: Filtered edge points using method of looking at local edges points of pothole with 

steep edges in cases of threshold 0.19, 0.24, and 0.29 

 

 

Figure 4-46: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Expected Distance Edge Detection Method 
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Results from Expected Distance Edge Detection Method on pothole with gradual edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-47 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image has a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-47: Results of Expected Distance Method on pothole with gradual edges in cases of 

different threshold 

 

            As stated in Section 4.3.1.2 and Section 4.3.2.2, the methods of filtering edge points by 

looking at local points and connecting edges by least square curve fitting will be used in this 

example.  Figure 4-48 displays the filtered edges and Figure 4-49 displays the connected edges.  

 

 

Figure 4-48: Filtered edge points by looking at local edges points of pothole with gradual edges 

in cases of threshold 0.19, 0.24, and 0.29 
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Figure 4-49: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Expected Distance Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with steep edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-50 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image has a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-50: Results of Number Difference Method on pothole with steep edges in cases of 

different significance level 

 

            As stated in Section 4.3.1.2 and Section 4.3.2.2, methods of filtering edge points by looking 

at local points and connecting edges by least square curve fitting will be used in this example.  

Figure 4-51 displays the filtered edges and Figure 4-52 displays the connected edges.  

 

 

Figure 4-51: Filtered edge points by looking at local edges points of pothole with steep edges in 

cases of significance level 0.01, 0.02, and 0.05 
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Figure 4-52: Comparison between original edge points and estimated edge points on pothole 

with steep edges developed from Number Difference Edge Detection Method 
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Results from Number Difference Edge Detection Method on pothole with gradual edges 

            Three cases of different threshold are tested in Section 3.4.2 and their results are used in 

this Edge Stitching method.  The data store in Figure 4-53 is used for the analysis of generating 

edges with a center, fixed angle, and respective radius in both polar coordinates and 

Cartesian coordinates.  The image has a suspected edge indicated by the high intensity blue 

shapes.  

 

 

Figure 4-53: Results of Number Difference Method on pothole with steep edges in cases of 

different significance level 

 

            As stated in Section 4.3.1.2 and Section 4.3.2.2, methods of filtering edge points by looking 

at local points and connecting edges by least square curve fitting are used in this example.  Figure 

4-54 displays the filtered edges and Figure 4-55 displays the connected edges.  

 

 

Figure 4-54: Filtered edge points by looking at local edges points of pothole with gradual edges 

in cases of significance level 0.01, 0.02, and 0.05 
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Figure 4-55: Comparison between original edge points and estimated edge points on pothole 

with gradual edges developed from Number Difference Edge Detection Method 
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4.5 Discussion 

This section provides comparisons among different methods of filtering edge points and 

connecting edge points to event.  Section 4.5.1 compares two methods of filtering edge points.  

Section 4.5.2 compares two methods of connecting edge points to event.  Finally, Section 4.5.3 

will compares four methods of Edge Stitching.  Two instances of pothole with steep edges and 

gradual edges will be discussed in each comparison.  

 

 Comparison between two filtering edge points methods 

Filtering edges points by standard deviation of radius distribution is based upon the 

properties of normal distribution.  This method, therefore, only applies on the data whose 

distribution is normal.  As shown in Figure 4-7, this filtering method yields better shape of event 

when chosen threshold is 0.29 other than 0.19 or 0.24.  The main reason is that smaller threshold 

produces fewer possible edge points and thus results in the uneven distribution of edge clusters.  

Filtering these distributed edge clusters by standard deviation of radius distribution tends to rely 

on a biased averaged center and may cause the removal of real edge points.  Another reason of 

yielding incomplete edges after filtering is that the pothole tested in this case has with steep edges.  

This will radically give fewer points than simulating a pothole with gradual edges.  However, all 

results (as shown in Figure 4-16 and Figure 4-18) of test with Number Difference Edge Detection 

Method show a clear shape of filtered edges in every case of significance level.  The pothole with 

gradual edges obtained from Expected Distance Edge Detection Method also gives a clear shape 

of filtered edges in every case of significance level (as shown in Figure 4-14).  

Furthermore, for long-narrow events, this method may filter out edge points on the short 

perimeter since those points are unlikely located within one standard deviation.  Although this 

filtering method is easy to execute, it may result in decrease of accuracy for event detection on 

long-narrow events.  Additionally, this method is based upon the radius distribution of all possible 

edge points, it is hence very likely to cause incorrect match in cases of multiple events.  Therefore, 

the clusters of edge points have to be separated before this filtering method is adopted.  

Filtering edge points by looking at each possible edge point itself is another filtering 

method that is based upon a fixed number “N”.  This number “N” will determine whether this 

potential edge point will stay in the group of edge points or be thrown away as an outlier.  If there 
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are more than or equal number of N points around this point, it will not be considered an outlier 

and will stay in the group of edge points; otherwise, it will be considered an outlier.   

Figure 4-33 displays the filtered edge points obtained from the filtering method of looking 

at local points.  This filtering method yields better shape of event when the threshold is 0.29 other 

than 0.19 or 0.24.  The main reason is that smaller threshold produces fewer possible edge points 

and thus results in uneven distribution of edges clusters.  Such clusters are more likely to be 

removed when very few points are within them.  This will lead to the incompletion of detected 

events.  Another reason of yielding incomplete edges after filtering by this method is that the 

pothole tested in this case has steep edges.  This will undoubtedly produce fewer edge points than 

that when a pothole with gradual edges is applied.  As shown in Figure 4-36, in all cases of different 

threshold, this filtering method yields relatively clear edges of pothole with gradual edges.  

Similarly, combined with filtering method by standard deviation of radius distribution, this method 

yields accurate results of filtered edges as long as the results of Number Difference Edge Detection 

Method are used regardless of a pothole with steep edges or gradual edges, as shown in Figure 

4-39 and Figure 4-42.   

This filtering method has an apparent advantage over the method of filtering edges points 

by standard deviation of radius distribution.  That is, in such way, all outliers will be selected out 

no matter where the group of edge points is located.  Since this method determines outliers by 

looking at local edge points that are not related to clusters of edge points belonging to other events, 

this method can be applied on multiple events and will not cause inaccurate match.  

 

 Comparison of two connecting edge points to events methods 

            Connecting edge points by discretizing angles is to describe the position of each edge point 

at discretized angles from 0 to 2π.  At each discrete angle, an edge representative is calculated by 

averaging the radius of all edge points located around this angle within one tolerance.  The cluster 

of edge points, therefore, can be sorted to edge representatives located at discretized angles.  In 

Figure 4-14, Figure 4-18, Figure 4-37, Figure 4-40 and Figure 4-43, this method gives a clear 

shape of event when the filtered edge points consist of a nearly complete shape of event.  However, 

if the filtered edge points are not totally complete (as shown in Figure 4-11 and Figure 4-34) or if 

outliers occupy many edge points (as shown in Figure 4-16 when significance level is 0.05), the 

connected edge points tend not to have a right shape of event.  The reason is that some discretized 
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angles possibly do not have an edge representative when no edge points are located within the 

tolerance of this discretized angle.  This always happens in the low density area.  Even though 

edge representatives at each discretized angle can be obtained finally, there is a high probability 

that the edge points at certain discretized angles are far away from their supposed positions.   

Another method of connecting edge points to event is based on the method of least square 

curve fitting, which yields a smoother contour than the method of discretized angles.  Such 

examples are shown in Figure 4-22 and Figure 4-25.  It is noteworthy that for threshold 0.19, the 

final event cannot be detected out completely. However, as shown in other two pictures in Figure 

4-22 and all pictures in Figure 4-25, the edge points can be connected to events correctly and 

clearly with different thresholds.  This method has an important advantage in that the best fit in 

the least square curve minimizes the sum of squared residuals - the difference between observed 

values and their fitted values provided by a model (the model is developed with Fourier series 

equations which as reviewed in Section 4.2.3).   

            However, this method only applies well on cases when the filtered edges points are as 

enough as input of building equations.  In Figure 4-22, when the threshold is 0.19, the result comes 

out is not in a right shape, but a chaos.  However, when the filtered edge points number more than 

points for threshold 0.19, this method can give a relatively right shape of event and the estimated 

event contour becomes more accurate with the increase of coefficients in Equation 4-16.  For 

pothole with gradual edges, this method nonetheless can connect edge points to events accurately 

(as shown in Figure 4-24 and Figure 4-31).  This does not mean that edge points in these cases are 

not affected by outliers.  The truth is that the filtered edge points in this case are much more than 

those on pothole with steep edges, so the outliers will not affect the detected events that much.   

 

 Comparison of four Edge Stitching methods 

The results of four edge stitching methods in cases of threshold 0.19, 0.24, and 0.29 are 

compared and displayed in Error! Reference source not found..  The first method filters edge 

points by standard deviation of radius distribution and connects edges by discretizing angles.  The 

second method filters edge points by standard deviation of radius distribution and connects edges 

by least square curve fitting.  The third method filters edge points by looking local points and 

connecting edges by discretizing angles.  The last method is using filtering edge points by looking 
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at local points and connects edges by least square curve fitting.  The edges are taken from Expected 

Distance Edge Detection Method.   

 

 

Figure 4-56: Comparison of four Edge Stitching Method on pothole with steep edges 

obtained from Expected Distance Edge Detection Method 
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Figure 4-57: Comparison of four Edge Stitching Method on pothole with steep edges 

obtained from Number Difference Edge Detection Method 

 

            As shown in Error! Reference source not found., method 1 apparently capable of 

connecting edges in all three thresholds.  Seemingly, the method of filtering edge points by 

standard deviation of radius distribution behaves better than the other filtering method of looking 

at local points.  However, as discussed in Section 4.5.1, this method of filtering edge points by 

standard deviation of radius distribution is not suitable for long-narrow events, in that it is based 

on radius distribution of all possible edges points in such a way that edge points on short perimeter 

are very likely to be filtered out.  Furthermore, this method does not fit multiple events well either.  

When comparing all four test results for threshold 0.29, it is not difficult to find that the curve 

fitting method yields smoother contour than discretizing angles.  In other words, curve fitting 

method minimizes the residual.  This can be seen in method 3 and method 4 for threshold 0.24 as 

well.  With respect to outliers filtering, the comparison of method 2 and method 3 for threshold 

0.24 manifests that filtering method of looking at local points leaves fewer points than filtering 

method of using radius distribution.  The reason why this happens is that when the pothole tested 
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has steep edges, if the threshold is too small, there will be no enough edge points yielded from 

Edge Detection Method. In this case, it is very possible that edges points are considered “outliers” 

and removed with filtering method by looking at local points.  However, this problem does not 

exist in the case of pothole with gradual edges.  

            In Figure 4-57, all pictures give clear edges no matter which one of the four Edge Stitching 

methods is applied on the results obtained from Number Difference Edge Detection Method.  

Selection of threshold may affect accuracy of detected edges.  For example, with method 1 and 

method 2, remaining outliers will cause incorrect shape of events when significance level is set to 

0.05.  For method 3 and method 4, however, all three cases of significance level give correct shape 

of events.  

 

 

Figure 4-58: Comparison of four Edge Stitching Method on pothole with gradual edges 

obtained from Expected Distance Edge Detection Method 
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Figure 4-59: Comparison of four Edge Stitching Method on pothole with gradual edges 

obtained from Number Difference Edge Detection Method 

 

            Figure 4-58 displays the results of Edge Stitching Method on pothole with gradual edges 

based on the data from Expected Distance Edge Detection Method.  Obviously, method 1 and 

method 2, which filter edge points by standard deviation of radius distribution maintain fewer 

original points than that from method 3 and method 4, which filter edge points by looking at local 

points.  When looking at the standard deviation of radius distribution, edges points tend to be 

filtered if they are located out of the tolerance.  Consequently, even though those edge points on 

the corner are not supposed to be removed from entire set of edge points, it still occurs when this 

filtering method is used.  This problem, however, does not happen when edge points are filtered 

by looking at local points in that this filtering method only looks at edge point itself, instead of 

relating to radius distribution.   
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            Noticeably, unlike method 1 and method 2, method 3 and method 4 yield nearly rectangular 

event, which is very close to the shape of original pothole.  The difference between these two 

groups of methods lies on the filtering method involved.  Filtering edge points by standard 

deviation of radius distribution tends to remove corner points of the rectangular pothole since they 

are located out of one standard deviation.  Consequently, the filtering method by standard deviation 

of radius distribution usually yields an event with round corners instead of sharp corners when the 

pothole is in rectangular shape.  This undesired problem will not happen if the method of filtering 

edge points by looking at local points is employed, as indicated by the results from method 3 and 

method 4 in Figure 4-58.   

            Figure 4-59 displays the results of Edge Stitching Method on pothole with gradual edges 

based on the data processed from Number Difference Edge Detection Method.  All four Edge 

Stitching methods yields clear events.  Please note that for method 1 and method 2, with edge 

points in the corner filtered out when significance level is 0.01, clear events can still be obtained 

though.   

            To sum up, Edge Stitching is a critical step after all edge points are found.  Using the result 

of Expected Distance matrix or Number Difference matrix from Comparative Nodal Uncertainty 

Edge Detection Method, Edge Stitching procedure groups edges to events.  Several algorithms for 

searching the right path of edges can be executed successfully to reach the goal of connecting edge 

nodes to events sequentially and properly.  Two filtering methods with different level of 

applicability and limitations are successfully developed and employed to filter self-defined outliers 

for the result of Comparative Nodal Uncertainty Edge Detection Method.  Two methods of 

connecting filtered edge points to events are successfully developed and employed to connect all 

possible edge points to events by filling edge gaps afterwards as well.  
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4.6 Contribution 

            This study mainly illustrates two filtering methods for edge points and two stitching 

methods for connecting edges to events.  Four combinations of Edge Stitching method are tested 

and compared in this effort.  Principal contributions of this study are:  

 Different methods are developed and tested to filter edge points by standard deviation of 

radius distribution by looking at local edge points based upon the results of Expected 

Distance Edge Detection Method and Number Difference Edge Detection Method.   

 Examples are explored for four combinations of two methods of filtering edge points and 

two methods of connecting edges to events with different thresholds based upon the results 

of Expected Distance Edge Detection Method or different significance levels based upon 

the results of Number Difference Edge Detection Method.  

 Four Edge Stitching methods are compared and analyzed for their applicability, advantages, 

and disadvantages, respectively.  

 At least one of these four Edge Stitching methods is proved to be effective in filtering 

outliers from all possible edge points and connecting filtered edges to events.  The process 

of event detection can be finalized to achieve a positive result with such method.  
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5. Conclusion 

This study is aimed at the development of event detection in terrain surfaces, a process of 

identifying localized events such as potholes in the terrain surface based on terrain flatness.  

Comparative Nodal Uncertainty Method and Edge Stitching Methods are developed and applied 

in the course of this study.  Some combinations of these methods are capable of providing a 

relatively clear shape of edges for the pothole on the road surface.  

Comparative Nodal Uncertainty Method is developed to detect edges based on the 

probability distribution of the nodal heights within some local neighborhood using Wilcoxon 

Rank-Sum Test.  The output of this method is an Expected Distance matrix or a Number Difference 

matrix.  Obtained through a threshold, the entries of Expected Distance matrix are expected to be 

small for the nodes on the edge.  On the contrary, obtained through a significance level, the entries 

of Number Difference matrix are expected to be large for the nodes on the edge.  

Edge Stitching is a step further in terms of finding out edge nodes in order to group nodes 

to events.  Edge Stitching methods use the results of Expected Distance matrix or Number 

Difference matrix from Comparative Nodal Uncertainty Method.  Several search algorithms are 

developed in order to group edge nodes to events sequentially.  Totally four Edge Stitching 

methods are employed in this study to finalize the process of Event Detection.  

Based on the results as illustrated in Section 3.4 and Section 4.4, conclusion can be made 

that successful event detection process is possible to detect events in different cases when the right 

combination of edge point filtering and edge point stitching methods is adopted.  
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Appendix 

A.1 Linear Space 

This appendix, provides some fundamental concepts of linear space.  The proof processes 

are intentionally omitted but can be found by following the references.  Basic knowledge to 

mathematics and relevant mathematical notions and notations are essential to understand the 

processing methods of this study.  This appendix is intended to enlighten readers with the 

underpinning mathematical methodology, other than preventing them from exploring the findings 

of this study if put in the main body of this paper.  Several concepts are described here for readers 

to review and understand the Fourier series deeper.  

 

A.1.1 Sequence 

The elements of a set are usually written as a sequence of lower case letter as shown in 

Equation A-1. 

 

 A = {a1, a2, a3, … , an} 
Equation A-1 

 

With regard to Fourier series, sets have infinitely number of elements.  So a row of dots 

should appear after an.  To demonstrate an element that is included in a set, one usual notation is 

shown in Equation A-2.   

 

 S = {𝑥| 𝑓(𝑥)} 
 

Equation A-2 

 

 

The vertical line is read as “such that” so that 𝑓(𝑥) describes some property that 𝑥 holds in 

order that s ∈ S, which means that s is an element of the set S.  A sequence of function shown in 
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Equation A-3 is often used in Fourier series.  The concepts of sequence is also needed to define 

the particular normed spaces within which Fourier series operate.  

 {
1

√2
, sin(𝑥) , cos(𝑥) , sin(2𝑥) , cos(2𝑥) , … } 

 

Equation A-3 

 

A.1.2 Vector space 

A vector space V is an algebraic structure that consists of elements (also called vectors) 

and two operations as addition “+” and multiplication “×”.  A vector space over F is the set V 

whose elements obey a list of properties by vectors 𝑎, b, c and scalar ξ, ϕ ∈ F where F is basically 

a field of real number or complex numbers as shown in Equation A-4 and Equation A-5, where 

𝑥 is the real part of 𝑧, and 𝑦 is the imaginary part of 𝑧.  

 

 ℝ = {𝑥| 𝑥 𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟} = {−∞,∞} 
 

Equation A-4 

 

 ℂ = { 𝑧 = 𝑥 + 𝑖𝑦 | 𝑥, 𝑦 ∈ ℝ, i = √−1} = {−∞,∞} 
 

Equation A-5 

 

The list of properties satisfying a vector space is:  

1. 𝑎 + b is also a vector (closure under addition).  

2. (𝑎 + b) + c = 𝑎 + (b + c) (associativity under addition).   

3. There exists a zero vector denoted by 0 such that 0 + 𝑎 = 𝑎 + 0 = 𝑎, ∀𝑎 ∈ V (additive 

identity).  

4. For every vector a ∈ V, there is a vector −𝑎 such that 𝑎 + (−𝑎) = 0. 

5. 𝑎 + b = b + 𝑎 for every 𝑎, b ∈ V (additive commutativity).  

6. ξ𝑎 ∈ V for every ξ ∈ F, 𝑎 ∈ V (scalar multiplicity). 

7. ξ(𝑎 + b) = ξ𝑎 + ξb for every ξ ∈ F, 𝑎, b ∈ V (first distributive law). 

8. (ξ + ϕ)𝑎 = ξ𝑎 + ϕ𝑎 for every ξ, ϕ ∈ F, 𝑎 ∈ V (second distributive law). 

9. For the unit scalar 1 of the field F, and every 𝑎 ∈ V, 1 ∙ 𝑎 = 𝑎 (multiplicative identity).  
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            In the study of Fourier series, vectors are basically functions.  The name linear space 

emphasizes the linearity property which is confirmed by the following definition and properties.  

These definition and properties are useful for the understanding of Fourier series.  

 

Definition A.1 (linear independence) If V is a vector (linear) space, the vectors 𝑎1, 𝑎2, … , 𝑎𝑛 ∈

𝑉 are said to be linearly independent if Equation A-6 exists.  

 

 α1𝑎1 + 𝛼2𝑎2 + ⋯+ 𝛼𝑛𝑎𝑛 = 0 
 

Equation A-6 

 

This indicates that all of the scalars are zero, as shown in Equation A-7.  

 

 α1 = 𝛼2 = ⋯ = 𝛼𝑛 = 0, (𝛼1, 𝛼2, … , 𝛼𝑛 ∈ 𝐹). 
 

Equation A-7 

 

 

Thus, α1, 𝛼2, … , 𝛼𝑛 are said to be linearly independent, otherwise, they are said to be linearly 

dependent. 

 

Definition A.2 A finite set of vectors 𝑎1, 𝑎2, … , 𝑎𝑛 is said to be a basis for the linear space V if the 

set of vectors 𝑎1, 𝑎2, … , 𝑎𝑛 is linearly independent and V = span{𝑎1, 𝑎2, … , 𝑎𝑛}.   The natural 

number n is called the dimension of V and is written as n = dim(V). 

 

Definition A.3 Let V be a real or complex linear space.  An inner product is an operation between 

two elements of V which results in a scalar, denoted by 〈𝑎1, 𝑎2〉 and has the following properties.  

1. For each 𝑎1 ∈ 𝑉, 〈𝑎1, 𝑎2〉 is a non-negative real number.  

2. For each 𝑎1 ∈ 𝑉, 〈𝑎1, 𝑎2〉 = 0 if and only if 𝑎1 = 0.  

3. For each 𝑎1, 𝑎2, 𝑎3 ∈ 𝑉, 𝑎𝑛𝑑 𝛼1, 𝛼2  ∈ 𝐹 

 〈𝛼1𝑎1 + 𝛼2𝑎2, 𝑎3〉 = 𝛼1〈𝑎1, 𝑎3〉 + 𝛼2〈𝑎2, 𝑎3〉. 

4. For each 𝑎1, 𝑎2 ∈ 𝑉, 〈𝑎1, 𝑎2〉 = 〈𝑎2, 𝑎1〉̅̅ ̅̅ ̅̅ ̅̅ ̅, where the overbar denotes the complex conjugate.  

 

 


