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Output power of a quantum dot laser: Effects of excited states
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A theory of operating characteristics of quantum dot (QD) lasers is discussed in the presence of
excited states in QDs. We consider three possible situations for lasing: (i) ground-state lasing only;
(ii) ground-state lasing at first and then the onset of also excited-state lasing with increasing injec-
tion current; (iii) excited-state lasing only. The following characteristics are studied: occupancies
of the ground-state and excited-state in QDs, free carrier density in the optical confinement layer,
threshold currents for ground- and excited-state lasing, densities of photons emitted via ground-
and excited-state stimulated transitions, output power, internal and external differential quantum
efficiencies. Under the conditions of ground-state lasing only, the output power saturates with
injection current. Under the conditions of both ground- and excited-state lasing, the output power
of ground-state lasing remains pinned above the excited-state lasing threshold while the power of
excited-state lasing increases. There is a kink in the light-current curve at the excited-state lasing
threshold. The case of excited-state lasing only is qualitatively similar to that for single-state
QDs—the role of ground-state transitions is simply reduced to increasing the threshold current.
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I. INTRODUCTION AND THEORETICAL MODEL

Excited states of carriers confined in semiconductor
quantum dots (QDs) significantly affect the operating charac-
teristics of injection lasers based on them (see, e.g., Refs.
1-21). In this paper, we develop a theory of output optical
power of QD lasers in the presence of such states. The details
of our model are discussed in the following text.

(I) To describe the actual situation of indirect injection of
carriers into QDs, our model includes the bulk optical con-
finement layer (OCL) and processes therein—the carriers
are first injected from the cladding layers into the OCL and
then captured into QDs (Fig. 1).

(IT) The carrier capture from the OCL into QDs is nonin-
stantaneous—this presents one of the key components of
our model. To describe the capture into a QD, we use the
capture cross-section. As discussed in Ref. 22, no capture
time into a single QD can be properly introduced; instead,
using the capture cross-section, the capture time into the
entire ensemble of QDs can be introduced that thus depends
on the surface density of QDs.

(II) The spontaneous radiative recombination rate outside
QDs (i.e., in the OCL) is quadratic in the carrier density nocr,
there; nonradiative Auger recombination (which rate is cubic
in nocr) can also be easily included into our model. It is the
superlinearity of recombination rate outside QDs, which, com-
bined with noninstantaneous capture into QDs and intradot
relaxation, causes (i) saturation of output power of ground-
state lasing and (ii) sublinearity of output power of excited-
state lasing with increasing injection current. Hence we do not
assume monomolecular (linear in nocp) recombination rate
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outside QDs, i.e., constant recombination time outside QDs,
which does not depend on npcp. Monomolecular recombina-
tion outside QDs could be a factor only in the presence of
high concentration of recombination centers there, which
should be avoided in laser-quality structures. More impor-
tantly, even if such recombination is present, it will be first
dominated by spontaneous radiative recombination and then
Auger recombination with increasing injection current, i.e.,
with increasing nocp. Monomolecular recombination outside
QDs can cause neither saturation of output power of ground-
state lasing nor sublinearity of power of excited-state lasing,
both of which are important derivations from our model.

(IV) To mainly focus on the effects of excited-states, we
assume that the carrier capture into and escape from the QD
ground-state occur via the QD excited-state (Fig. 1). For the
case of direct capture from the OCL into single-state QDs,
the optical power was calculated in Refs. 22 and 23.

Depending on the parameters of the structure, there can
be three possible situations for lasing. We consider them sep-
arately in the following text.

Il. GROUND-STATE LASING ONLY: HIGH GAIN FOR
GROUND-STATE TRANSITIONS AND LOW GAIN FOR
EXCITED-STATE TRANSITIONS

If the maximum modal gain for ground-state transitions
is higher than the mirror loss (the strict criterion will be for-
mulated in the following text) and the maximum gain for
excited-state transitions is lower than the mirror loss, the las-
ing will always occur via ground-state transitions.

A. Rate equations

Our model is based on the following set of rate
equations:

© 2015 AIP Publishing LLC
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FIG. 1. Energy band diagram of a QD laser (the layers are not drawn to scale).
The main processes (shown by arrows) are as follows: @ carrier injection from
the cladding layers to the OCL, @ carrier capture from the OCL into the QD
excited-state, @ carrier escape from the QD excited-state to the OCL, @ spon-
taneous radiative recombination in the OCL, ® downward transition in QDs
(intradot relaxation), ® upward transition in QDs, @ spontaneous and stimu-
lated radiative recombinations via the excited-state in QDs, and ® spontaneous
and stimulated radiative recombinations via the ground-state in QDs.
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for carriers confined in the excited state in QDs
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The physical quantities and terms entering into Egs.
(1)—(4) are presented in Tables I and II, respectively. We
assume electron—hole symmetry in our model—that is why
ndcps f2, f2, and (2f; — 1) enter into Eqgs. (1)~(4) instead of
nocLPoCLs fuafp2, faifpis and (far +fp1 — 1), respectively.

Continuous-wave operation is considered here and
hence steady-state rate equations (9/9t = 0) are used.

Equation (3) can be written as follows at the steady

for free carriers in the OCL state:
Nsfr(1-fi) Nsf(l-5)
OnocL Ns Ns — -
- 0—2Vnn27f2 - 0_2VnnOCL7(1 —f) b 1 i b 12
i Ns | 1 max
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TABLE I. Physical quantities entering into the rate equations (1)—(4).
fi Occupancy of the ground-state in QDs
A Occupancy of the excited-state in QDs
QD1 Ground-state spontaneous radiative lifetime in QDs
QD2 Excited-state spontaneous radiative lifetime in QDs
To1 Transition time from the excited- to ground-state in QDs (intradot relaxation time)
Ti2 Transition time from the ground- to excited-state in QDs
Vo1 Group velocity of photons emitted via ground-state transitions in QDs
Ng Surface density of QDs
S=WL Cross-section of the junction (QD layer area)
w Lateral size of the device (QD layer width)
L Cavity length
g Maximum modal gain for ground-state transitions in QDs
Nphi Density of photons (per unit OCL volume) emitted via ground-state transitions in QDs
[ Cross-section of carrier capture from the OCL into the QD excited-state
Vi Free carrier thermal velocity in the OCL
nocL Free carrier density in the OCL
b OCL thickness
B Radiative recombination constant for the OCL
Jj Injection current density

B = (1/L)In (1/Ry)

Mirror loss coefficient for ground-state lasing

R, Facet reflectivity at the energy of ground-state transitions

ny = NO exp(—E /T)
NOCL = 2(mQ°LT f2mh?)*/

Effective density of states in the OCL

E» Carrier excitation energy from the QD excited-state to the OCL
mOcL Effective mass in the OCL
T Temperature measured in units of energy

h Planck’s constant
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TABLE II. Rates of the processes entering into Equations (1)—(4).
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Downward transitions in QDs: Intradot relaxation

Upward transitions in QDs

Spontaneous radiative recombination via the ground-state in QDs
Stimulated radiative recombination (stimulated emission of photons) via the ground-state in QDs

Capture from the OCL into the excited-state in QDs

Escape from the excited-state in QDs to the OCL

Spontaneous radiative recombination via the excited-state in QDs
Spontaneous radiative recombination in the OCL

Carrier injection to the OCL

Mirror loss of photons

which is simply the condition of equality of the net downward
transitions rate in QDs (the left-hand side) to the net recombi-
nation rate via the ground-state in QDs (the right-hand side).

B. Solutions of rate equations: Level occupancies in
QDs, free-carrier density in the OCL, photon density,
and output power

Because npn # 0, it follows immediately from Eq. (4)
that the ground-state occupancy is pinned at its threshold value

A= (1) ©)
81

From Eq. (3), the excited-state occupancy can be
expressed in terms of the photon density 71,p;

1 2 bn
@ e
1 —J1

21

f ()
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where we introduced the lifetime in the cavity for photons
emitted via ground-state transitions
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Using the detailed balance condition, the upward-to-
downward transition time ratio in QDs entering into Eq. (7)

can be written as
T12 A
— =exp| =/, 9
21 *P (T> ©

where A is the separation between the energies of the excited
and ground states in QDs (Fig. 1).
From Eq. (2), the free carrier density in the OCL is

nocL = N2 f2
1-1f>
L1 e -A) A0 -f) " 5
oovn 1l — 1> 21 T12 o2 |

(10)

or, taking into account Eqs. (5) and (6)

f 1 1 /1 13 b npn
+ + 2Tt
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(1)

nocL = n2

From Eqgs. (1) and (2), the injection current density is

LA -f) A -f) + 5

i = ebBn + eN. , (12)
/ S T QD2
or, taking into account Egs. (5) and (6)
2 2
j = ebBrdo + eNs U e ™ (13
QDI QD2 Tphl

Equation (13) simply states that the injection current goes
into spontaneous recombination (via the OCL states and
ground and excited states in QDs—the first, second, and
third terms in the right-hand side, respectively) and stimu-
lated recombination via the ground-state in QDs (the last
term).

In Eq. (13), f> and nocy. are functions of np,—see Egs.
(7) and (11). Using Eqgs. (7) and (11) in (13), we obtain an
expression for the injection current density as an explicit
function j(n,n:) of the photon density. Our task is to calculate
the inverse function, i.e., 7,41(j), and then the output power
versus j. This can be done and a closed-form expression can
be obtained from the solution of a quartic equation. This
expression is, however, rather cuambersome and, for this rea-
son, we use a different procedure to plot the functional
dependences here. As shown in the preceding text, the quan-
tities f>, nocrL, and j are expressed as explicit functions of
npni. Hence, we first consider np,; as a variable, change it
throughout the entire range of its possible values (from O to
n;’}]alx—see following text), calculate and plot f5, nocr, and j
versus npy;. The dependence of npy,; on j is then simply
obtained by switching between the abscissa and ordinate.
Thus the light-current characteristic (LCC), i.e., the output
optical power versus the injection current density, is
calculated
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FIG. 2. Output power P (left axis) and photon density n,,; (right axis) of ground-state lasing against excess injection current density. Both P, and n,,; go to
zero at the lasing threshold (j = ji,1); the lowest shown values of P, and npy,, are nonvanishing because the log-scale is used for the vertical axes. The horizontal
short-dashed lines show P1* and npii [Egs. (21) and (20)]. A GaInAsP/InP heterostructure lasing near 1.55 um is considered here for illustration.>**> In Figs.
2 and 4, the parameters are as follows: Ng=6.11 x 10" ¢cm ™2, Top1 =0.71ns, topr =2.31ns, g™ =29.52cm™ !, g =7.92cm™Y, 6,=10""% cm?,
L=0.114cm, and T=300K; 5% QD-size fluctuations are assumed. The mirror reflectivity at the ground- and excited-state transition energies is put the same,
Ry =R, =0.32 (as-cleaved facets at both ends), and hence the mirror loss f/; = /=10 cm™ L. The values of 7, for different curves (from bottom to top) are
100, 10, 2, and 1 ps. The corresponding values of jy,; are 21.20, 13.60, 13.11, and 13.05 A/cm®. Because the preceding values of 7,; are much smaller than

™ =521 ps [Eq. (22)], P"* is inversely proportional to 75, [Eq. (25)].

P1(j) = ha1vgr Brnpn ()Sh = hay MS’J, (14)

Tphl

where /i, is the energy of photons emitted via ground-state
transitions (Fig. 1).

The dependences of f, and nocp, on j are also easily
obtained from those on np,; by converting the variable on
the x axis from n,p; into j(7pn1).

Fig. 2 shows n,,; and P versus the excess of the injec-
tion current density j over the threshold current density jg,;
for ground-state lasing [see Eq. (19) for jg,; in the following
text]. The dependences are plotted for different values of the
excited-to-ground-state relaxation time t,;. Experimental
and calculated values of 7,; taken from Refs. 18, 20, 21, and
24-31 are presented in Table III.

The LCC was shown to be sublinear in the case of direct
capture of carriers from the OCL into single-state QDs.****
The sublinearity is due to (i) noninstantaneous capture from

TABLE III. Reported values of the intradot relaxation time 7,;.

Energy separation
between the excited

and ground
To1 Temperature states in Material
(ps) (K) QDs, A (meV) system Source
7 Room InAs/Ing 15Gag gsAs/ 18 and 20
temperature GaAs
(RT)
5.6 10 60 In(Ga)As/GaAs 21
1,570 12 11 Ing 1Gag 9oAs/GaAs/InP 24
19 <2 GaAs/Aly3Gag7As 25
2.7-17 12 11 Ing1Gag 9As/GaAs/InP 26
150 RT 50 GaAs-AlGaAs 27
30-50 RT Ing 4Gag sAs/GaAs 28
0.6-6 2 40 InP/Gag sIng 5P 29
30, 100 InGaAs/GaAs 30
>30 Liquid InAs/GaAs 31
helium

the OCL into QDs and (ii) recombination in the OCL, the
rate of which is superlinear in carrier density (quadratic or
cubic for spontaneous radiative or nonradiative Auger
recombination). In the case under study here, as seen from
Fig. 2, the output power is more severely impacted—it
becomes saturated with increasing j. The point is that the
capture into the QD lasing state is now a two-step process. In
addition to capture delay from the OCL to the QD excited-
state, there is now excited-to-ground-sate relaxation delay. It
is the relaxation delay, which now controls the carrier supply
to the lasing state and strongly limits the output power by
causing its saturation at high injection currents.

1. Characteristics at the lasing threshold

Putting n,,; =0 into Egs. (7), (10), and (12), the values
of f, and npcr at the ground-state lasing threshold and the
threshold current density are obtained

o 1 T12 >
P = S (fwfomfl), (15)

ot 1 1
n
I —fom 02Vl — foum

y L (1 =/f1)  fi(l —foum) _|_f22,lhl

21 T12

NOCL,th1 =

, (16)
QD2

. 2
Jih1 = ebB”OCL,tm

eNs L (L=/f1)  fi(l —fom) +f22,1h1

21 T12

+ (17)

QD2

Taking into account Eq. (15), we can write nocpm and
Jin1 a8

Frmi 1 1

/i _|_f22,m1
L—fom 02Vl — fom

QDI

NOCL,th1 = 12 z
QD2

(18)
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The first, second, and third terms in the right-hand side of
Eq. (19) are the threshold values of the current densities of
spontaneous radiative recombination via the OCL states, and
ground and excited states in QDs, respectively.

2. Maximum output power and necessary condition
for ground-state lasing

It is seen from Eq. (7) that, as f, — 1 (the level occu-
pancy cannot exceed unity) with increasing injection current,
the photon density 7,,; remains finite and tends to its maxi-
mum (saturation) value (Fig. 2). Putting />, =1 in Eq. (7) gives

ey = Tphl L=h_ —flz Ns
pht P 21 o1 ) b

For the maximum (saturation) value of the output power
of ground-state lasing, we have

— ho nmxgb_h Lfl_i
T2

Tphl 1 QDI

(20)

P )NSS . 2D

The output power P; approaches its saturation value
P according to (1 — const/\/j) P —see Eq. (A6) in
Appendix A for the asymptotic expression for the LCC at
high injection currents.

As seen from Eq. (21), the maximum power Py of
ground-state lasing is a decreasing function of the intradot
relaxation time 7,;. At a certain value of 7,; given by

1—
o = —fzf] QDI 5 (22)
i

P vanishes. Hence the condition for lasing can be formu-

lated as
To1 < TH. (23)

As can be seen from Egs. (15) and (22), if 15 = 13},
the excited-state occupancy is unity already at the ground-
state lasing threshold (f2;1 = 1); hence nocrmi and the
threshold current density j,; of ground-state lasing [see Eqs.
(18) and (19)] become infinitely high.

51 presents the longest, cut-off value of the intradot
relaxation time—no ground-state lasing is possible if
721 > 5. This cut-off time depends on the ground-state oc-
cupancy fi. As seen from Eq. (6), f; can range from 1/2
(infinitely long cavity, i.e., no mirror loss, 5, =0) to 1
(shortest cavity, f; = gI'"*). As seen from (22), )}
decreases from 27gp; to 0 as f; varies from 1/2 to 1. Hence

abs_max

71 = 2’EQD1 (24)

presents the absolute upper limit for 7,;. If 7o > t3%-"% the
lasing is unattainable even in a structure with no mirror loss.

The fact that 5} =0 in the device with the shortest
cavity means that no lasing is possible in such a device even
if intradot relaxation is instantaneous.

J. Appl. Phys. 118, 183107 (2015)

With Eq. (22), the maximum value of the stimulated

pt';l _ 1 Prlm
’ NS Toht  SNs hwy?

the ground-state spontaneous recombination rate per QD,
f7/7ap1, can be written as the following universal decaying
function of the normalized relaxation time 751 /757 (Fig. 3):

recombination rate per QD normalized to

max

b ”phl 1 P‘{‘a"
Ns Toht  SNs fi 1

T . W >
QDI TQDI Trznlax

When 15 /75 <« 1, the normalized P is inversely pro-
portional to 71 /757 (the linear portion of the curve in Fig. 3
in log-scale; see also the horizontal dotted lines in Fig. 2).

Inequality Eq. (23), which is the necessary condition for
ground-state lasing, is written in terms of allowed values of
71 at a given fi, i.e., given g7 and f;. This condition can
be rewritten in terms of allowed values of g"** at given 1,
and f3;. Thus we obtain

grlnax 0 ﬁ 1

(26)
—1

1 1 1 T21

37\ 16 T aton
For the entire range of allowed values of 5, the right-hand
side of Eq. (26) is larger than or equal to ;. Indeed the de-
nominator of the expression in the right-hand side is less
than or equal to unity—it varies from 1 to 0 as t,; varies
from O to _Cabq_max = 2‘EQD1 .

Hence, when the carrier capture into the QD ground-state
is excited-state-mediated, a simple excess of the maximum
gain g™ over the mirror loss f3; is not sufficient for ground-
state lasing to occur. A stronger condition [inequality Eq. (26)]
should be satisfied. Only if intradot relaxation is instantaneous,
Eq. (26) reduces to the condition g7 > f3;. The longer is 1,
the higher should be g™. For Eq. (26) to hold in the case of
the slowest intradot relaxation (7p; = rg?S—max = 21gp1), the
maximum gain for ground-state transitions g7™** should be
infinitely high or the cavity infinitely long (f; =0)

3. Internal and external differential quantum
efficiencies

Above the lasing threshold (j > jum1), the internal differ-
ential quantum efficiency of a semiconductor laser is defined

z 10°
=
%:
0
- 10
5
N
E
5 10° : : .
z 0.01 0.1 1
1'-21/7'-21:lax

FIG. 3. Normalized maximum output power and photon density [Eq. (25)] of
ground-state lasing as a universal function of normalized intradot relaxation time.



183107-6 Wu, Jiang, and Asryan

as the fraction of the excess of the injection current over the
threshold current that results in stimulated emission

Moy = 220 27)
J — Jinl
where
. Hph
Jstimi = b= (28)
Tphl

is the current density of stimulated recombination via the
ground-state in QDs.
With Egs. (13) and (19) for j and jy,1, Eq. (27) becomes

1

Mint1 = ) ) .
B (nOCL - ”ocum)

T12 Nph

T2+ fam
tp2fy + (1 —fi)

1+
21 Tphi

(29)

In Eq. (29), Egs. (7) and (15) for f> and f, 41,y were used.
The external differential quantum efficiency is defined

as
1 0P, 1 Onpni Ojstimi
= —— —_— = 5 30
Next1 hwl ol e Tphl 0/ 8] ( )
e

where I = Sj is the injection current. With Egs. (7), (10), and
(11), we have for ey

T b
Hext1 = {1 +2-2 L o T 2112 — BnocL

wofy o+ (1—f) s
1
1 1

X 1—f T2
2fi + (L =1f1)

21

1 /1- 2 -
X |:nOCL+I’l2+ (—fl-kf—l%-l)]} .
02Vn 21 Ti2  TQD2

3D

In Egs. (29) and (31), f>, nocw, and npp; are functions of the
injection current density ;.

Even at the lasing threshold, the internal and external effi-
ciencies (being equal to each other) are less than unity (Fig. 4).

At j> jin1, Nexu 1S smaller than n;, (Fig. 4). Both effi-
ciencies decrease rapidly with j (Fig. 4). The asymptotic
expressions for them at high j are derived in Appendix A—
Ning and 7oy decay as 1/j and 1/3/2, respectively [Eqgs. (A8)
and (A9)].

The shorter the intradot relaxation time t,;, the higher
Ninct and Hex (Fig. 4). The limiting case of instantaneous
relaxation (7,; = 0) is considered in Appendix B.

We considered in Section II the situation when the las-
ing occurs via ground-state transitions only. This means that
with increasing pump current, the lasing condition will never
be satisfied for excited-state transitions. A sufficient condi-
tion for this is the inequality

J. Appl. Phys. 118, 183107 (2015)

FIG. 4. Internal and external differential quantum efficiencies (solid and
dashed curves, respectively) against excess injection current density.
The values of 7,; for different curves (from bottom to top) are 100, 10, 2,
and 1 ps.

gr211ax < ﬁ27 (32)
where g5 and f3, are the maximum modal gain and mirror
loss for excited-state transitions. For calculations in this sec-
tion, we used 29.52 and 7.92cm ™! for g™ and g7 and the
same value (10 cmfl) for ff; and f5,. Other parameters are
presented in the caption to Fig. 2.

lll. GROUND- AND EXCITED-STATE LASING: HIGH
GAIN FOR BOTH GROUND- AND EXCITED-STATE
TRANSITIONS

The condition Eq. (32) of low gain for excited-state tran-
sitions is not always satisfied. When the inequality reverse to
Eq. (32) holds

8" > P, (33)

excited-state lasing occurs above a certain injection current
(threshold current for excited-state lasing). Depending on the
maximum gain g1"™ for ground-state transitions, two situa-
tions are possible. If g1"** is high enough [the criterion is for-
mulated in the following text—see Eq. (40)], ground-state
lasing turns on first with increasing pump current and then so
does excited-state lasing. Such a situation is considered in this
section; for calculations here, we use g7 = 29.52 cm~! and
g =12 cm™!; other parameters are presented in the caption
to Fig. 5. If g1"™ is low, lasing will occur via excited-state

transitions only. Such a situation is considered in Section IV.

A. Above ground-state lasing threshold and below
excited-state lasing threshold: Ground-state lasing
only

All the equations and analysis of Section II apply in this
case of ji1 < Jj < jina, Where jy,; is the threshold current den-
sity for ground-state lasing given by Eq. (19), and j,, is the
threshold current density for excited-state lasing given by
Eq. (46) in the following text. Particularly, with increasing
pump current density above j,;, the photon density and out-
put power of ground-state lasing increase from zero, and the
excited-state occupancy increases from its value f5 4, [given
by Eq. (15)]; f> and npy, are related by Eq. (7). The increase
in npy; and f, continues up to the onset of excited-state lasing
(Fig. 5).
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0.4 - . .
0 5 10

J-j, (kA/em®)

FIG. 5. Ground- (horizontal dashed line) and excited-state (solid curves)
occupancies in QDs against excess injection current density. The horizontal
short-dashed line indicates the maximum possible value (unity) for the level
occupancies. In Figs. 5-12, the parameters are as follows (those not listed
here are the same as in the caption to Fig. 2): 1gpp=1.53ns

and g7 = 12cm ™. The values of 15, for different curves (from left to right)

are 100, 10, 2, and 1 ps. The corresponding values of jy,; are 22.00, 13.60,
13.11, and 13.05 A/em?, and the values of jy, are 1.34 x 10%, 1.60 x 10°,
2.71 x 10%, and 4.10 x 10° A/em?. The pinning of f> occurs at j = jy».

B. Above excited-state lasing threshold: Simultaneous
ground- and excited-state lasing

The set of the rate Egs. (1)-(4) should now be added by
the rate equation for photons emitted via excited-state stimu-
lated transitions. This equation is similar to Eq. (4)

V8™ (2f> — 1)npha — Vea fanipn2 = 0, (34)

where vy, and 7y, are the group velocity and density of pho-
tons emitted via excited-state stimulated transitions.

At and above jy, (i.e., when nppy # 0), Eq. (34) reads as
the condition of equality of the gain for excited-state transi-
tions to the mirror loss (condition for excited-state lasing),
from which we have

1
fr=hue =3 (1 + ff) (35)
82

Similarly to the ground-state occupancy above jy,;, the
excited-state occupancy above jy, is also pinned
(Fig. 5).

1. Pinning of output power and necessary condition
for ground-state lasing

Because npy; is related to f> [see Eq. (7), which is just
another way of writing the rate Eq. (3)], it follows immediately

max

J. Appl. Phys. 118, 183107 (2015)

from pinning of f, that np,; (and hence P,—see Fig. 6) is
also pinned above the excited-state lasing threshold. The pin-
ning value of 7,y is found from Eq. (7) by putting f> =15 >
there

fom |:f1 +(1 _fl)m} -fi

npin S 121 o f]2 &
phl phl 1o D1 b '
(36)
For the pinning value of P, we thus have
pin
< n
PP™ = ooy S
Tphl
T
J2m2 |:fl +(1 _fl)fﬁil -h P
= hwl 2! . NsS.
T12 TQDI
(37

Compare Egs. (36) and (37) with Egs. (20) and (21) for

ng}ﬁx and PT™. Because f> > < 1, the pinning value of the

output power of ground-state lasing Prl’irl is lower than the
saturation value P If fo o — 1, Plfm — PP,

For ground-state lasing to occur, PI"" must be positive.
At a certain value of 7, given by

21

fom2 —f1 |fome + (1 —fz,thz)r—

’ 12
T?lax = TQD1; (38)

ft

P’l)in vanishes. Hence the condition for ground-state lasing
can now be formulated as

Ty < TR (39)
1‘2“{”‘/ is the cut-off value of 75, in the case when excited-state
lasing is also possible—there can be no ground-state lasing
if 751 > 1‘2“1""‘/ [compare Eq. (38) with Eq. (22) for 3*].
Because f> > < 1, this cut-off value (shown by the vertical
dotted line in Fig. 7) is shorter than 7. If f5 40 — 1,

max’ max
Ty = Ty

Inequality Eq. (39) presents the necessary condition for
ground-state lasing in terms of allowed values of 7,; at given
Sfiand f> 40, 1., given S, g™, B, and g9'**. It can be rewrit-

ten in terms of allowed values of g™ at given 7, as

81 >

follows:
|
d : (40)
Sfom2 1
lf +(1—F E—Fif—klf el lﬂf
7 | ( 2,&12)‘[12 6 [fm ( z,mz)l_12 4 om1 2 th2



183107-8 Wu, Jiang, and Asryan
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E _
a 40 - -/-/P2
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o 7 1

0 ; )

0 5 10
j (KA/em”)

FIG. 6. Total power (solid curve) and powers of ground- (dashed curve)
and excited-state (dash-dotted curve) lasing against injection current
density. The kink in the curve for the total power occurs at j=juo.
Ty =2PSs.

where f; and f>y, are given by Eqgs. (6) and (35), corre-
spondingly. If > no — 1, inequality Eq. (40) reduces to Eq.
(26).

As in the case of only ground-state lasing (Section II),
the longer is 75, the higher should be g"**. At 75, =0, Eq.
(40) reduces to a simple condition g7 > ;. At 15; = ‘c‘znla"’,
the denominator in the right-hand side of Eq. (40) becomes
equal to 0, and hence g™ should be infinitely high to have
ground-state lasing.

In terms of the normalized relaxation time 7,;/ ‘Ema" the
pinning value of the ground-state stimulated recombination

pin

P
rate per QD, 2 N 1;:‘: = Sl{/s o normalized to the ground-state

spontaneous recombination rate per QD, f£/tqpi, is given by
the same function as the normalized maximum value of the
ground-state stimulated recombination rate per QD in terms
of 751 /5 [Section II, Eq. (25) and Fig. 3].

2. Free-carrier density in the OCL, photon density,
and output power of excited-state lasing

For j > jino, instead of Eq. (2), the following modified
rate equation should be used, which includes the rate of stimu-
lated radiative recombination transitions via the QD excited-
state (the last term in the left-hand side in the following text):

jthl’ -ithz (A/cmz)

FIG. 7. Output power of ground-state lasing at which excited-state lasing
starts (solid curve, left axis) and threshold current densities for ground- and
excited-state lasing (dashed and dash-dotted curves, right axis) against intra-
dot relaxation time. The vertical short-dashed line marks 73 =445 ps at
which the ground-state lasing becomes unattainable.
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S
f2.th2

_ Nsfom(1 —fl)

Ng
02V~ (I = fam2)nocL — G2Vala

+1§f1(1 —fm)

b T12 b T21

Nsf?

—75 202 VX (2fa o — 1) nghy = 0. (41)
TQD2

Using Egs. (35) and (36), we have from Eq. (41) for the
free carrier density in the OCL

Sfom 1 1
I —fomz  02Vnl — o

> 2 pin

bn bn

% f] +f2.th2+_ phl+_ ph2 7 (42)
o1 TQD2  Ns Tpni  Ns Tpn2

nocL = N2

where we introduced the lifetime in the cavity for photons
emitted via excited-state transitions

1 1

VorBs Ve8P (2fame — 1)

Tph2 = (43)

Using Eq. (41), we have from Eq. (1) for the injection
current density

pm
n
j=ebBnd + est——l— eNs —— fzmz ——+eb—— P +eb2
QD1 TQD2 Tphl Tphz

(44)

where nocy is given by Eq. (42).
At the excited-state lasing threshold (7,n, = 0), we have
from Egs. (42) and (44)

\ . Jam2
OCLth2 =My ————
! 1 —fom
1 1 2 f7 b i,
+ /i 22 D Mpht . (45)
02V, 1 *fz,thz QD1 TQD2 Ns Tphl
f? fz h2 p;:nl
Jio = ebBndcy gy + eNs —-— + eNs == 4 eb on - 46)
' TQp1 QD2 Tphl

Compare Eq. (46) for jy,, with Eq. (19) for jy,;. Because
excited-state lasing follows ground-state lasing, this explains
why the current density of stimulated recombination via the
ground-state in QDs enters as a component [the last term in
the right-hand side of Eq. (46)] into the expression for the
threshold current density jy,, for excited-state lasing.

As seen from Eq. (35), f>.m2 1S unaffected by 7,; (Fig. 5).

Hence, as it follows from Eq. (36), np;ﬂ decreases with

increasing 1,;; consequently, nocrm2 and jy,, decrease [see
Egs. (45) and (46)]. Conversely, nocr i and jy,; increase with
751. The opposite tendencies in jg,; and jy,, are easily under-
stood—increasing 75, i.e., delaying the excited-to-ground-
state relaxation, hinders the ground-state lasing (hence j,
increases) while making for excited-state lasing (that is why
Jim decreases). Hence as 1,; increases, jy,; and jy,, approach

each other (Fig. 7). At 15 = szax [see Eq. (38) for TTlaX’], ngiﬁ

becomes zero and f5 o, HocLme. and jy, become equal to
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J2.4n1> RocL i1, and jig, respectively (Fig. 7). In contrast to the
case of ground-state lasing only (wherein jy3 — oo as
721 — Ty), here jy,, remains finite at 75 = 1'2“1‘”‘/ (Fig. 7). As
T3 — 0, ngifl — oo [Eq. (36)], nocL.m2 — oo [Eq. (45)], and
Jim2 — oo [Eq. (46) and Fig. 7], i.e., the excited-state lasing
becomes unattainable— there can be ground-state lasing only
with nocLmi and jy; being given by Egs. (B2) and (B3)
(wherein npp, is put zero).

The current density of stimulated recombination via the
excited-state in QDs

Nph2

jstim2 =eb 47

Tph2

is calculated in Appendix C. With Eq. (C5) for jima, the out-
put power of excited-state lasing as a function of the injec-
tion current density is

ha»
P> = hanve frnpnSh = TZJStim2S
ha)z 1
¢ | jocL | jocL 2 josL i
o dha 4 i g Jma
2 Jcapt,th2 2 ]capl,ch Jcapt,th2 Jcapt,th2
X (j = jm2)S, (48)
where
Jeaptih2 = €02VnnocLm2 (1 — fom2)Ns (49)

is the current density of carrier capture from the OCL into
the excited-state in QDs at j = jy,», and

-]fl)l(ZjL = eanZOCL,ch (50)

is the spontaneous radiative recombination current density in
the OCL atj :jth2~

Because the energies of photons emitted via the ground-
and excited-state transitions are not the same, the total opti-
cal power P = P"" + P, is not directly proportional to the
total photon density rpn = npy} + ph2 at j > jina-

Eq. (44) can be rewritten as

jpin i i 2 fr f22.th2
Jeim1 +Jsim2 = J — | ebBnge + eNg—— + eNg— 7

QD1 QD2
(5D
where
npm
hi
P = ebva By ”pm eb == (52)
Tphi

is the current density of stimulated recombination via the
ground-state in QDs above the excited-state lasing threshold
with ng;]nl being given by Eq. (36). Because f> 1> is unaffected
by 751 [see Eq. (35)], as it immediately follows from the rate
Eq. (1), so is nocr; this is also seen from Fig. 8—the curves
for nocr calculated at different values of 7,; merge together
above jy,. Hence none of the quantities nocy, f1, and f5 g in

J. Appl. Phys. 118, 183107 (2015)

< 31
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mQ
= 2
z
1
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FIG. 8. Free carrier density in the OCL against injection current density.
The values of 1,; for different curves (from left to right) are 100, 10, 2, and
1 ps. The kinks in the curves occur at j = jy,o.

the right-hand side of Eq. (51) depends on 1,;. Therefore the
spontaneous recombination current densities [via the OCL
states and ground and excited states in QDs—the three terms
in the brackets in the right-hand-side of Eq. (51)] do not
depend on 1,; at j > jip. Thus the total stimulated recombi-
nation current density is also independent of 7,; though both
jh1 and jima depend on 75, on their own.

Hence, as seen from Eq. (51), the sum of the photon den-
sities of ground- and excited-state lasing, each weighted by its
own reciprocal lifetime in the cavity, does not depend on 7,
atj > jup. The following expression is obtained for this sum:

npin 1
pht | Mph2
+—— illml + Jst1m2
Tphl Tph2 eb

2 OCL
_ 1 {Jcapt a2 |1 4 i (0% 4 j) —
€b oSt 4 j (z:apt.th2 e

OCL I B
—Josz — eNs —— — eNs—— ¢ = const (121),
TQDI TQD2
(53)
where
7O = eoavamofo moNs (54)

is the current density of carrier escape from the excited-state
in QDs to the OCL. ‘

If Tph1 = Tpn2, the total photon density ng;]nl + npny s in-
dependent of 1,; [Fig. 9(a)]. Because, as mentioned in the
preceding text, the total power P is not directly proportional
to the total photon density, there is a slight dependence of P
on 1, even in this case [Fig. 9(b)].

The kinks in the curves in Fig. 9 occur at j=jy,. As
seen from the figure, with increasing 7,;, the contribution of
ground-state lasing to the total output power decreases. For
751 = 100 ps, this contribution is negligible. This is also seen
from Fig. 10 showing the ratio of nppy t0 12pn; at j > fino-

For 15, =2 ps, Fig. 6 shows the total power P and the
powers of ground- and excited-state lasing P; and P,,
respectively.

We should emphasize here that other factors, which are not
included into our theoretical model, may also affect the LCC of
a laser in the presence of excited states in QDs. Thus, experimen-
tal LCCs both with (see, e.g., Refs. 1, 8, 12, 16, 17, 19, and 20)
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FIG. 9. Total photon density (a) and output power (b) of both ground- and
excited-state lasing against injection current density. The kinks in the curves
occur at j = jy» and show ng,"l and P [see Eqs. (36) and (37)]. The values
of 1, for different curves (from bottom to top) are 100, 10, 2, and 1 ps.

and without*>’ kinks were reported. Furthermore, even in the
presence of a kink, the dependence of the ground-state power on
the pump current is not always the same. It remains constant
above the excited-state lasing threshold in some structures;&19 in
others, the ground-state power approaches its maximum and
then rollover occurs,'+7-'%16:17

3. Internal and external differential quantum
efficiencies

For ji <j < jmo, the internal quantum efficiency can
be introduced for ground-state lasing only [see Eq. (29)].
Above jy,, the internal efficiency can be introduced for both
ground- and excited-state lasing.

10°
i3 10’
\% 1 00
= 101
10”

0 5 10
o . 2
J-J,, (KA/em”)
FIG. 10. nphz/ngi‘ﬂ ratio against excess of the injection current density over

the threshold current density for excited-state lasing. The values of 7,; for
different curves (from the top down) are 100, 10, 2, and 1 ps.
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For j > jio, the current density of stimulated recombina-
tion via the ground-state in QDs is pinned [see Eq. (52)].
Hence the internal efficiency for ground-state lasing simply

decreases as the reciprocal of j — jin1
im (55)
J —J1
Above jy,, the internal efficiency for excited-state lasing is

Mint1 =

M = —2m2_ (56)
J —Jh2
With (C5) for jgim2(j), the following expression is obtained
for fine:

1
Min2 = )
/OCL ‘OCL OCL : _ -
l+ Jn2 1+ Jth2 Jiny ] — Jh2
2 jcapl,th 2 jcapt.thz jcapt,thz jcap[,ch

57
which is similar to Eq. (31) of Ref. 22. (57)

Fig. 11 shows the internal differential quantum effi-
ciency against injection current density.

Above jio, Py is pinned at PI". Hence, the external dif-
ferential quantum efficiency is given by the derivative of
only P, with respect to j

11 aP2 o 8jstim2

= -T2 58
Next2 hﬂS 8] 8/ ( )
e
With Eq. (48), we have
1
Nexi2 = >
142 .JSEL 44 ']'S,(z:L j._jthz
Jeapt,th2 Jcapt,th2 Jcapt,th2
1
- : (59)
]tOth OCL :
1+4 ) (]eSCZ +J)
jcapt,ch

Neither J?s% nor the ratio nggl‘ / jgapt,ch [see Egs. (49) and

(50)] depends on t,;. Hence 7.y does not depend on 75, for
J > Jjmo; this is also seen from Fig. 12—the curves for #exo
calculated at different values of 7,; merge together above ji,.

1.0 -

FIG. 11. Internal differential quantum efficiency against injection current
density. The values of 7,; for different curves (from left to right) are 100,
10, 2, and 1 ps. The solid curves show #i,e; for j < jimo and 9y for j > jimo.
The dashed curves show 7,y forj > jmo.
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FIG. 12. External differential quantum efficiency against injection current
density. The values of 7,; for different curves (from left to right) are 100,
10, 2, and 1 ps. The steps in the curves occur at j = jy,.

At j = jumo, we have from Eqgs. (57) and (59)
1

Mint,th2 = Mext,th2 = joct - (60)
Jth2

jcap(.!hZ

In the absence of piezoelectric effects (which is not
always the case—see, e.g., Refs. 32 and 33), transitions from
excited electron- to excited hole-states are degenerate in py-
ramidal (with square base), cubic, and cylindrical QDs;
hence, the maximum gain for excited-state transitions g5'**
could be higher than that for ground-state transitions g***. If
such would be the case, the findings of Section III should be
modified as follows. If the mirror reflectivity at the ground-
and excited-state transition energies is the same (R; =R, and
hence ff; = ;) and both gP** and g)*** are higher than the
mirror loss, excited-state lasing will turn on first with
increasing pump current and then so will do ground-state las-
ing. If Ry #R, and g™ and g5'™* are higher than the mirror

fom2
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losses f; and f,, respectively, whether lasing will first occur
via ground- or excited-state transitions will be determined by
the lower of the two threshold currents. If jy,; < juno, Section
IIT remains unchanged. If jg, <jmi, Section I will still
apply if the terms “ground” and “excited” and all the related
quantities are interchanged throughout the text and
expressions.

IV. EXCITED-STATE LASING ONLY: LOW GAIN FOR
GROUND-STATE TRANSITIONS AND HIGH GAIN FOR
EXCITED-STATE TRANSITIONS

In Section III, we considered the situation when inequal-
ity Eq. (40) is satisfied. If the reverse condition holds, there
will be excited-state lasing only. Qualitatively, this situation
is similar to that for single-state QDs considered in Refs. 22
and 23.

Dropping out the stimulated recombination term in Eq.
(3), the rate equation for the QD ground-state occupancy
reads as

L -H) All-f) f

721 T12 TQD1

=0. (61)

The rate equations for the QD excited-state occupancy,
free-carrier density in the OCL, and photon density are given
by Eqgs. (41), (1), and (34), respectively.

A. Solutions of rate equations

At and above the excited-state lasing threshold, the
excited-state occupancy f> is pinned at its threshold value
Jfo.m2 given by Eq. (35). From Eq. (61) (which is a quadratic
equation in f}), we find that the ground-state occupancy f is
also pinned at the following value:

(62)

fim =

With Eq. (61), we have from Eq. (41)

Sfom2
1 —fom2
1 1 <f '12,1112 _|_f227th2

02Vn 1 = fom

nocL = n2

+ ﬁ@)_ (63)

Top1  TQp2  Ns Tpn2

With Egs. (41) and (61), we have from Eq. (1)

2
fl.th

QD1

2
+ eNs@—i— eb—-,

j = ebBnd + eNs
QD2 Tph2

where nocr. is given by Eq. (63).
At the excited-state lasing threshold (when n,,, = 0), we
have from Egs. (63) and (64)

1 T 1 T 2 T .
= |fam + 2L (I =fom2)| + 4/ |fom2 + = (I =fom2)| + ifz,mz
2 Tio 4 T12 QDI

NoCLth = N2

fom n 1 1 <f 12,th2 _’_fzz,:hz)’

1 —fom2  02Vnl —fome \ToD1  TQD2
(65)
) fim frmo
Jinz = ebBngcy gy + eNs L2 eNg 2 (66)
QDI QD2

Egs. (63)(66) could also be immediately obtained from
Eqgs. (42) and (44)—(46) by putting there ngLnl = 0andf; = fi m-

With Egs. (47) and (49) for jgimz and jeapym2, Eqs. (63)
and (64) can be rewritten in the form of Egs. (C2) and (C3)
(see Appendix C). Consequently, the stimulated recombina-
tion current density jgim2, photon density 7,y,,, output power
P», internal and external efficiencies #j,o and 7ex Will be
given as functions of the injection current density by Eqgs.
(C5), (48), (57), and (59).
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V. CONCLUSIONS

We developed a theory of operating characteristics of
QD lasers in the presence of excited states in QDs. We con-
sidered three possible situations for lasing.

Under the conditions of ground-state lasing only (high
gain for ground-state transitions and low gain for excited-
state transitions), the output power asymptotically
approaches its maximum (saturation) value with increasing
injection current. A simple universal expression is obtained
for the normalized maximum power as a function of the nor-
malized intradot relaxation time.

Under the conditions of both ground- and excited-state
lasing, the output power of ground-state lasing remains
pinned above the excited-state lasing threshold while the
power of excited-state lasing increases. At the excited-state
lasing threshold, a kink appears in the LCC. Above the
excited-state lasing threshold, the free carrier density in
the OCL, current of total stimulated recombination via the
ground and excited states in QDs, and external differential
quantum efficiency become independent of the intradot
relaxation time. As in the case of ground-state lasing only,
there exists a cut-off value of the intradot relaxation time, at
which the output power of ground-state lasing vanishes.
With increasing relaxation time, the threshold current for
ground-state lasing increases while that for excited-state las-
ing decreases. At the cut-off value of the relaxation time, the
threshold currents for ground- and excited-state lasing
become the same.

The case of excited-state lasing only (low gain for
ground-state transitions and high gain for excited-state tran-
sitions) is qualitatively similar to that for single-state QDs.
Above the lasing threshold (which is the excited-state lasing
threshold in this case), the role of ground-state transitions is
simply reduced to adding an extra component (current of
spontaneous recombination via the ground-state in QDs) to
the threshold current. The free-carrier density in the OCL is
also increased due to spontaneous recombination via the
ground-state in QDs.
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APPENDIX A: GROUND-STATE LASING ONLY: LCC AT
HIGH INJECTION CURRENTS

With Egs. (8) and (22) for t,; and 751, we have from
Eq. (25)

1 1
b 1 T Tipax i
]77:721 2L (1 —f)). (A1)
S Tphl M1

With Egs. (A1) and (22), Eq. (7) can be written as
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T21 Nph1
(1 _fl) (1 - max) 1 - xPr)mx
o1 Toht
1 —f = = .
I1-fi+—h
T12

(A2)

Using Eq. (A2) for 1 —f, in the denominators in Eq. (10),
we have

1 1-— 1-— 2
noa:{w.z+ lz( h) _A0-f), S }
G2Vn 721 T12 QD2
T
1 —fi +ﬂf1 1
T2

X

121 7lph1

1 - 1 - 1 - max
( fl) ( Trznlax) npha1

(A3)

As npp tends to ng}fl" (i.e., as f, — 1), the free carrier
density nocr, in the OCL tends to infinity. The asymptotic
expression for nocy is apparent from Eq. (A3)

1 1—fi 1
nocL = |n2 + +
(A 721 QD2

T
1 _fl + ﬂfl 1 1
X 2 o :
(1 —fl) 1— 21 1— Nph1 1— Nph1
(A4)

At high nocy, the first term in the right-hand side of Eq.
(12) becomes dominant. Thus Eq. (12) becomes

1

| Toht 2
max
Moht

With Egs. (A4) and (A5), we obtain the following
asymptotic expression for the LCC at high j:

j = ebBngq o (A5)

T21
1— 22t
Py npn B fl+f12f1

T

21

[ 1 ( 1 1— f1>] ebB const
X |ny + + —=1- =
02Vn \TQD2 T21 J \ﬂ

(AO6)

The asymptotic expression for the free carrier density in
the OCL versus j is apparent from Eq. (AS5)

nocL = (AT)

ebB’
At high current density (When nphi — np), the asymp-
totic expression for 7, is easily obtained from Eq. (27)

max
n

phl
max eb T
Jstiml _ phl
J

Mint1 = ) (AS)
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where we introduced the saturation value jii~, of the current
density of stimulated recombination via the ground-state in
QDs.

With Eq. (30) and the asymptotic expression Eq. (A6) for
P, we have for the asymptotic expression for 7.y at high j

T
1—fi+2h
112

121
1= (1)

o n 1 1 n 1—£f max
n .
> Gava oD2 T2 Jstim1

| =

Next1 =

VebB 1

APPENDIX B: GROUND-STATE LASING ONLY:
INSTANTANEOUS INTRADOT RELAXATION

In the limiting case of instantaneous intradot relaxation
(121 =0), Egs. (7), (11), and (13) become

f
v (- fpe(5)

= (BD)

B fi . (A>+1 1
nOCL_nzl—fl AT oovn 1 —fi

con(-) [ <0 o)

1 1 1

< | QD1 TQD2 A\ 12
{fl + (1 —f1)exp (7)]
b mon
Ns Tphi
(B2)
Jj= ean(z)CL + estl2
1 1 1
X + s+ eb@.
QDI TQD2 A Tohl
)
(B3)

In Egs. (B1)-(B3), Eq. (9) was used.

APPENDIX C: GROUND- AND EXCITED-STATE
LASING: CURRENT DENSITY OF STIMULATED
RECOMBINATION VIA THE EXCITED-STATE IN QDS

With Eq. (45), we can write Eq. (42) for the free-carrier
density in the OCL as

1 1 b Nph2
nocL = NocLa2 +————F—+——— (CD)
: o2V 1 — foma Ns Tpn2

or, using Eqgs. (47) and (49), as
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nocL = NOCL th2 (1 + ]su—m2> (€2)
Jcapt,th2
With Eqgs. (46) and (47), we can rewrite Eq. (44) as
J=Jm + ebB(ne — néCLﬁch) + Jstim2- (C3)

Substituting nocr, from Eq. (C2) into Eq. (C3), we have
the following quadratic equation in jg;m»:

. . 2 .
J .O(]:ElZ _ (1 + .]st1m2 ) 1 _'_]il)lglf (C4)
Jin2 Jeapt,th2 Jih2

The solution of this equation is
Jstim2 = jcapl,th

1jcapt th2> 2 ] - jth2 ( 1jcapt th2>
x4/ (1455850 )+ — (1 +570¢
( 2 jos* Jas" 2 jos*

(C5)

With Eq. (C5), we have for the free-carrier density from
Eq. (C2)

1jcapl th2)2 j*jch 1jcapt th2
nocL = NoCL 2 1+ =58 +— — =8
( 2 jas" Jast 2 st
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