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(ABSTRACT)

A finite element model of a fracture test specimen is developed using the STAGS
puter code (STructural Analysis of General Shells). The test specimen was an intern
pressurized, aluminum cylindrical shell reinforced with two externally bonded alumin
tear straps around its circumference. The shell contained an initial, axial through-cra
centered between the straps. The crack propagated slowly in the axial direction as t
pressure increased above a certain value until a maximum pressure was attained, a
the crack propagated dynamically. The tear straps sufficiently toughened the shell s
that the dynamic crack path bifurcated near the edges of the straps. The bifurcated 
branches ran circumferentially, parallel to the straps causing the shell wall to flap op

The STAGS analysis for the static equilibrium configurations of the fractured she
include geometric nonlinearity and elastic-plastic material behavior. The crack tip ope
angle (CTOA) is used in the criterion for ductile crack growth, and the critical value o
CTOA is determined by correlating the STAGS predictions of the stable portion of th
crack growth curve (internal pressure versus half crack length) to the test. With the 
employment of a new STAGS algorithm, the complete axial crack growth curve, inclu
both the stable and unstable portions, through the tear strap is obtained. The compl
axial crack growth curve indicates that crack growth through the strap is unlikely. ST
models with long cracks which bifurcate at various half crack lengths are developed
assess the location of crack bifurcation. Three different stress based crack turning c
are investigated from the axial crack growth results as a second method for assessi
location of bifurcation. The bifurcation analyses and stress based turning criteria cor
rate the experimentally measured bifurcation point. A parametric study is then condu
to determine the influence of tear strap thickness and width on the location of crack 
cation.
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CHAPTER 1  Introduction – Fracture of 
Pressurized Fuselage Structure

1.1   Fatal Pressure Cabin Factures

Fatigue cracking of metallic fuselage structure is an important issue in the airworthiness 

considerations of all transport aircraft. The destruction of aircraft caused by fatigue crack-

ing in the fuselage has claimed many lives. Only after aircraft designs began to incorpo-

rate a pressurized cabin did the importance of this problem come into focus. 

Unfortunately, the combination of fatigue cracking and a pressurized fuselage has been the 

cause of two of the most highly publicized accidents in aviation history.

The first major aircraft accident due to fatigue cracking in a pressurized fuselage 

occurred in the early months of 1954. In separate accidents, two Comet I passenger jets 

broke apart at altitudes 30,000 feet or greater and crashed into the Mediterranean Sea. As a 

result of these crashes, an intensive investigation was launched. It was determined that the 

cause of these accidents was a result of cracks initiating at the corners of the square win-

dows in the fuselage due to low cycle fatigue.1,2 The window corner is a stress raiser, and 

under repeated tension loading of the fuselage skin due to cabin pressurization cycles, the 

very small cracks near the corners of the windows coalesced to form a large crack, which 

after reaching a critical length, propagated in an unstable manner to destroy the structural 

integrity of the aircraft.



2

More recently, another well known aircraft accident due to fatigue cracking in a pres-

surized fuselage occurred in 1988 during a flight of an Aloha Airline Boeing 737.3,4,5 An 

investigation into this accident determined its cause originated from the large stress con-

centrations in the countersunk rivet holes which lead to multi-site damage, abbreviated 

MSD, in the aircraft skin. Eventually these MSD cracks coalesced, forming a large crack 

which propagated rapidly and resulted in an 18-foot section of the fuselage to be ripped 

away.

1.2  Mechanics of Crack Propagation in a Fuselage

While the formation of the large cracks in the previously mentioned accidents were differ-

ent, the mechanics behind the crack propagation is the same. The loading condition which 

most influenced the crack growth is the cabin pressure. The effect of pressure on crack 

growth is evinced by comparing three accidents involving two DC-6 aircraft and a DC-7 

aircraft which occurred near the same time as the Comet I crashes.2 In these incidents 

engine problems resulted in thrown propeller blades penetrating through the fuselage. The 

first of these accidents occurred during a flight while the fuselage differential pressure was 

4.16 psi and, in the second accident, while the fuselage differential pressure was 5.1 psi. In 

both accidents the fuselage differential pressure was less than 8.25 psi, the nominal fuse-

lage operating pressure of the Comet I. The third accident occurred on the ground with the 

fuselage unpressurized. The damage to the fuselage that was not pressurized was only a 

thin slot while the two pressurized aircraft suffered 250 ft2 and 80 ft2 openings, respec-

tively. This comparison further points out that the tension loading of the fuselage skin due 

to cabin pressurization is the critical load condition.

A pressurized, cylindrical fuselage shell containing a through crack behaves differ-

ently than a flat plate containing a through crack subjected to pressure, because of the cur-

vature of the former with respect to the latter. With the crack oriented in the axial 

direction, the cylindrical fuselage shell responds by bulging. Bulging, shown in Fig. 1.1, is 

a deformation pattern involving both in plane displacements and large out of plane dis-

placements in the vicinity of the crack.2,6 These large out of plane displacements are 

caused by the loss of the hoop stress component along the free edge of the crack face. To 
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resist the pressure in the presence of the axial crack, the bulging causes panel curvature in 

the axial direction, which in turn permits a significant axial stress, or bulge stress as it is 

sometimes called, to develop in the skin in order to maintain equilibrium. The bulge stress 

acts parallel to the crack face.

A second phenomenon that occurs due to curvature in thin cylindrical shells contain-

ing a longitudinal crack is known as flapping. As fast crack growth propagates longitudi-

nally at the critical internal pressure, the bulge stress increases while the hoop stress 

remains constant2. When the bulge stress became greater than the hoop stress, the crack 

turns in the circumferential direction, and this turning of the crack results in a portion of 

the shell wall to flap open. The opening of the shell wall due to the crack turning is called 

flapping. See Fig. 1.2. In an unstiffened pressurized cylindrical shell, flapping has been 

observed when the longitudinal crack becomes very long.2 The advantage of flapping is 

the nonexplosive decompression of the fuselage. A slower rate of decompression would 

Fig. 1.1   Bulging due to an axial crack.2
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remove the crack driving force, hopefully leading to crack arrest, while leaving the struc-

ture with some of its structural integrity intact.

1.3  The Tear Strap

As a result of the investigations into the accidents in the 1950’s, aircraft manufacturers 

began to incorporate into their fuselage designs features which would increase the ability 

of the aircraft to sustain damage caused by fatigue cracking; i.e., a damage tolerant design 

philosophy. A reinforced doubler on the inside of the fuselage skin, termed tear strap, 

crack stopper strap, or fail-safe strap, is commonly employed. Tear straps are simply strips 

of material attached circumferentially to the skin of the fuselage which capitalize on the 

advantage of flapping. A tear strap locally reduces the hoop stress thus causing the bulge 

stress to become greater than the hoop stress for an axial crack length that is less than the 

axial crack length for flapping the unstiffened cylinder. Properly designed tear straps are 

able to induce flapping and contain the damage between two tear straps.

These tear straps are fabricated from aluminum or titanium and are placed either 

between the frames as shown in Fig. 1.3a, or at the frames as shown in Fig. 1.3b.7 It 

appears that the dimensions of the tear straps were, and even are to this day, determined 

Fig. 1.2   Flapping due to crack turning.2
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largely by experiment. An example of the development of fail safe features is discussed 

for the DC-10 by T. Swift.8 Due to the high cost of full-scale testing, curved panels or lab-

oratory scaled cylinders are studied to first gain an understanding basic mechanics of the 

problem.

1.4  Previous Fractured Cylindrical Shell Studies

The problem of an axially propagating crack in an aircraft fuselage, idealized as a perfect, 

circular cylindrical shell, has been the focus of numerous studies. Literature on this topic 

appeared after the Comet I crashes. It was in this period that Folias9 derived the classical 

solutions for fractured, unstiffened, pressurized cylindrical shells. These exact solutions 

calculated the stress field surrounding the crack tip. Duncan and Sanders10 performed a 

theoretical study of a pressurized cylindrical shell with an axial crack and a circumferen-

tial stiffener. Their study showed a circumferential stiffener affected the stresses near the 

crack tips only when the tip was near the stiffener.

During the 70’s and 80’s much work had been done in the area of pressurized gas 

transmission pipes. Kobayashi et al.11,12 performed extensive experimental and numerical 

work in this area. This research showed that a physical constraint was able to arrest an axi-

ally propagating crack through the formation of flaps by the crack bifurcating into oppo-

Fig. 1.3  Tear strap configurations.7

(a) at frames (b) between frames

skin

tear strap

frame

stringer
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site directions. While a monolithic line pipe is a much simpler structure than an aircraft 

fuselage, in the early 90’s Kosai and Kobayashi12 performed an analytical study applying 

the findings from the gas pipe studies to a full size aircraft fuselage with tear straps. In this 

study, a stationary axial crack in a stiffened, pressurized, cylindrical shell was studied 

using elastic and elastic-plastic analysis based on large deformation theory. The analysis 

predicted a large axial stress that preceded the crack tip and, based on the previously 

developed crack curving criterion, crack turning in much of the cylindrical shell. A com-

parison of the predicted axial stress to the circumferential stress in the vicinity of the crack 

tip was also made with the idea that crack turning occurred when the axial stress became 

larger than the circumferential stress. They additionally predicted that if the crack defeated 

the tear strap, the crack would continue to propagate in an axial direction.

Kosai et al.13 expanded their research by performing analyses and experiments using 

laboratory scaled models of an ideal fuselage. For this study they used an elasto-dynamic 

finite element code to assess the effectiveness of the stiffeners. While this study included 

both circumferential and longitudinal stiffeners, one of the specimens was a cylindrical 

shell stiffened with tear straps which were twice as thick as the shell wall.   The axial crack 

in this specimen propagated up to the tear straps and then followed the straps around the 

circumference.

During the same time Kosai et al.12 studied this problem, Kanninen et al.4 performed a 

static analysis of a stationary crack on a pressurized cylinder with tear straps. They con-

cluded that the best approach for analyzing cracks with lengths greater than the tear strap 

spacing was using elastic-plastic geometrically nonlinear analysis.

1.4.1  Crack Turning Criteria

The mechanics behind the phenomenon of flapping and other forms of crack path 

instabilities have also been extensively studied and many theories have been developed. 

Some of the developed criteria include the maximum principal stress theory14, the maxi-

mum hoop stress theory14,15, the minimum strain energy density factor theory16, and the 

maximum strain energy release rate theory.17 All of the criteria predict the directional sta-
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bility of a crack. These criteria are based on linear fracture mechanics and were developed 

for flat plates made from ideally brittle materials.

Two of the previously mentioned criteria are worth further discussion, the maximum 

principal stress criterion and the maximum hoop stress criterion. These criteria have two 

common traits. First, both are based on the hypothesis that a crack will propagate in the 

direction perpendicular to the greatest tension. Secondly, both are applicable only to the 

stresses near the crack tip. These criteria differ in that the maximum principal stress crite-

rion, as implied by the name, employs the largest principal stress as the source of greatest 

tension. For the maximum hoop stress criterion, the source of tension is assumed to be the 

stress, in polar coordinates, normal to the vector connecting the crack tip and the point 

where the original stresses have been determined, see Fig. 1.4. Zaal18 had some success in 

applying the maximum hoop stress criterion to cylinders and concludes by recommending 

this criterion for studying the directional stability of cracks.

1.5  Objectives and Approach

This study concentrates on two objectives. First, we investigate the mechanics of ductile 

fracture on the path of an initially axial crack in an internally pressurized, aluminum cylin-

drical shell as the crack approaches an externally bonded tear strap. Secondly, the results 

σxx

σyy

τxy

τyx

σθθ τθρ

X

Y

W here σθθ is the hoop stress 

θ

ρ

 σxx, σyy, τxy are the o riginal state o f stress

Fig. 1.4  Diagram of the hoop stress (the maximum hoop stress theory).
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of the first objective are used to design a set of tear straps with various dimensions for 

experimental verification of the analytical results.

The approach is to first develop an analysis for the static, nonlinear response of the 

stiffened cylindrical shell using a ductile fracture criterion for crack growth. This analysis 

is performed using the finite element software STAGS (STructural Analysis of General 

Shells19). An experiment conducted at the NASA Langley Research Center is used to ver-

ify the finite element model. Using the verified model, a parametric study is conducted to 

investigate the influence of the size of a tear strap on the turning of the crack in the cir-

cumferential direction. In this parametric study, both the thickness and width of the tear 

strap are varied. The results of the parametric study are the basis for assessing the capabil-

ity of the tear strap to deflect the crack, or not to deflect the crack, into the circumferential 

direction. These data of the influence of strap size on the fracture path are used to deter-

mine designs of new test articles.
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CHAPTER 2  Fracture Test of a Pressurized, 
Stiffened Cylindrical Shell

2.1  Introduction

The problem of an axially propagating crack in the fuselage skin of the pressure cabin has 

been studied since the 1950’s, but full scale fuselage testing is expensive. To understand 

the fundamental mechanics of fracture, laboratory scale models are used to obtain an 

understanding of the fundamental mechanics. The stiffened shell fracture test discussed in 

this chapter was performed at the NASA Langley Research Center, Structural Mechanics 

Branch, during the summer of 1997. It was this experiment which provided the motivation 

for this analytical study. A description of the laboratory scaled specimen, the subsequent 

test, and the test results are presented below.

2.2  Stiffened Cylindrical Shell Test Specimen

The specimen in the experiment was fabricated from an existing unstiffened, cylindrical 

shell with a two inch crack centered along the length. This shell was made from a 0.04-

inch-thick, 2024-T3 bare aluminum alloy sheet which was rolled into a cylinder with a 

nine inch radius. The dimensions of the shell are shown in Fig. 2.1.

A double lap-joint splice configuration joined the edges of the sheet as shown in Detail 

A of Fig. 2.1. These 0.04-inch-thick splice plates, also fabricated from 2024-T3 bare alu-

minum, span the entire length of the specimen. Fifty-two rows of two 0.125 inch solid alu-
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minum rivets spaced 0.75 inches apart and EA-934 bonding paste adhesive secured the 

joint.

The two tear straps, 2.0 inches wide by 0.156 inches thick, were fabricated from 2024-

T3 alclad. There was no scientific approach to the sizing of the tear straps. These dimen-

sions were based on the available sizes of aluminum strips which were believed to be thick 

enough to induce flapping. Neither tear strap wrapped completely around the circumfer-

ence of the cylindrical shell. Instead, the ends of the tear strap were flush against the splice 

plate. This eliminated the need for the tear straps to step over the splice plate. A 0.005 inch 

layer of the general aerospace epoxy FM73 was used to bond the tear straps to the exterior 

of the cylindrical shell. Ideally, the center line of each tear strap was to be placed 10.5 

inches from the ends of the cylindrical shell and run circumferentially on the exterior 

except over the double lap-joint splice plate. Unfortunately, during assembly, the tear 

straps slipped, which resulted in a reduction in the distance between the tear straps from 

16.0 inches to 15.875 inches. However, because of the small amount of slip, the spacing 

between the tear straps will be taken as 16.0 inches for the remainder of this study. 

4.0

39.0

9.0.

0.04

All dimensions in inches
Drawing not to scale

Detail A

Detail A

Rivets

Splice Plate Tear Straps

9.5
16.0

Fig. 2.1   Stiffened cylindrical shell test specimen.

.75 1.50

2.02.0
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The existing shell had an axial crack two inches long located at the mid length of the 

shell, 180° away from the double lap-joint, and is also shown in Fig. 2.1. For this experi-

ment with the tear straps, the crack was lengthened to four inches by wire electrical dis-

charge machining using a 0.016 inch cutter. In addition, the tips of the crack were 

sharpened by hand with a razor blade.

2.3  Instrumentation

To monitor the behavior of the crack during pressurization, the stiffened shell was instru-

mented with one crack gage and 44 strain gages. For capturing the crack growth, the spec-

imen was instrumented with a single crack propagation gage of type TK-09-CPC03-003/

DP manufactured by Measurements Group, Inc. This type of crack gage consists of 20 foil 

grid lines on a glass-fiber reinforced epoxy matrix. As the crack propagates beneath the 

gage, the foil grid lines break and the electrical response is recorded. The gage was placed 

such that the first foil grid line was as close to one of the crack tips as possible. In this 

location, the gage captured approximately the initial 1.62 inches of crack growth.

To measure the strains in various locations on 

the cylindrical shell and tear straps, strain gages of 

type CEA-06-187UW-350, also manufactured by 

Measurements Groups, Inc., were used. These 

strain gages were located in 22 different positions 

on the specimen in back-to-back pairs, one gage on 

the interior wall and one on the exterior wall of the 

specimen. Each pair was positioned in either the axial or circumferential direction. The 

coordinate system for locating the strain gages is shown in Fig. 2.2. The actual location 

and direction of the strain gages are listed in Table 2.1 . 

x

θ

Fig. 2.2  Coordinate system.
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The specimen was also instrumented with four direct current differential transformers 

(DCDTs) and a pressure meter. The DCDTs measured displacements near the locations of 

the strain gage pair 11 and 12 and the gage pair 13 and 14. Another DCDT was placed on 

the double lap joint at the mid length of the cylinder. A fourth, located on an end cap, mea-

Table 2.1   Strain gage locations and orientations.

Gage No. x (in) θ (degs) Direction

1 & 2 2.0 0.0 circumferential

3 & 4 3.0 0.0 circumferential

5 & 6 2.0 5.0 circumferential

7 & 8 0.0 0.0 circumferential

9 & 10 0.0 5.0 circumferential

11 & 12 0.0 90.0 circumferential

13 & 14 0.0 270.0 circumferential

15 & 16 0.0 180.0 circumferential

17 & 18 0.0 0.0 axial

19 & 20 17.0 0.0 axial

21 & 22 9.0 0.0 circumferential

23 & 24 -9.0 0.0 circumferential

25 & 26 9.0 90.0 circumferential

27 & 28 9.0 270.0 circumferential

29 & 30 10.0 0.0 axial

31 & 32 8.0 0.0 axial

33 & 34 -8.0 0.0 axial

35 & 36 -10.0 0.0 axial

37 & 38 10.0 0.0 circumferential

39 & 40 8.0 8.0 circumferential

41 & 42 -8.0 0.0 circumferential

43 & 44 -10.0 0.0 circumferential
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sured axial shortening or lengthening. Other details concerning the DCDTs as well as the 

pressure meter were not available at the time of this writing.

2.4  Sealing Features

A patch placed over the initial crack and potting the ends of the stiffened cylindrical shell 

into end caps served to seal the specimen and prevent pressure leakage. The patch was 

made from three 10 inch by 14 inch layers, an inner layer of 0.006 inch steel shim stock 

and two outer layers of a rubber-type material. With the 14 inch side parallel to the axial 

direction, the patch was centered on the crack. Before adhering the patch to the shell wall, 

the instrumentation leads were lead through the crack and into the interior of the stiffened 

cylinder. An RTV-type adhesive was used to create a seal between the leads, cylindrical 

shell, and the outer perimeter of the patch.

The two circular end caps were fabricated from 2024-T3 aluminum, each cap being 

two inches thick with a twenty-two inch radius. A circular groove 1.5 inches deep was 

machined around the center of each end cap to receive the ends of the cylindrical shell. 

See Fig. 2.3. An adhesive (3M Scotchweld 2216) was used to bond the ends of the cylin-

8.5

22.0

9.5

2.0

All dimensions in inches
Drawing not to scale

1.5 Depth Groove

Fig. 2.3   General dimensions of the end caps.
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drical shell in the grooves of the end caps. Four rods were used to contain the end caps in 

the event of an accidental failure of the bond. These rods were 43 inches long, spaced 

equally around circumference outside of the shell, and were inserted through holes drilled 

near the periphery of the end caps. Nuts were threaded on ends of the rods, but were not 

tightened against the end caps. One end cap contained a cut out for a trap door which 

allowed a location for the instrumentation leads to exit the specimen. This trap door was 

centered on the end cap and is twelve inches by ten inches. An O-ring around the perime-

ter of the door provides a seal between the end cap with the cut out and the trap door.

2.5  Test Equipment and Procedure

Testing of the specimen took place in a concrete bunker at the NASA Langley Research 

Center. All gages were calibrated and zeroed. For the test, the model was quickly pressur-

ized to 15 psi with bottled air. After reaching 15 psi the pressurization rate was decreased, 

but not held at a constant rate. Because of the explosive nature of the experiment, viewing 

of the specimen was remote.

2.6  Experimental Results

During the experiment, stable crack growth was observed until an internal pressure of 

46.52 psi was achieved. At this point, the crack growth became unstable and the specimen 

quickly failed. The tear straps were able to induce flapping as the crack deflected into the 

circumferential direction. The experiment did not damage the tear straps and the bond 

between the tear straps and the cylindrical shell remained intact. A photograph of the 

failed specimen is shown in Fig. 2.4. 

Inspection of the failed specimen detailed the crack path. The initially axial crack 

propagated in a self similar manner until the crack tip was 0.23 inches away from the edge 

of the tear strap. At this point, the crack bifurcated into two unsymmetrical paths. Each 

path made gradual turns into the circumferential direction toward the tear strap. Then the 

paths followed the edge of the tear strap. The crack behavior was nearly identical for both 

crack tips encountering tear strap. This was expected since the specimen itself was sym-
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metric. A photograph of the location the crack bifurcation, turn, and the circumferential 

crack path is shown in Fig. 2.5. 

Based on the data from the crack growth gage, the amount of stable crack growth was 

0.56 inches. Since the test was pressure controlled, once the crack growth became unstable 

the crack immediately grew beyond the range of the crack growth gage. Meaningful data 

was not collected from the strain gages during the dynamic period of unstable crack 

growth.

Fig. 2.4   Photograph of the failed stiffened cylindrical shell.



16

2.7  Summary of the Experiment

The key results from the pressurized shell fracture test are as follows.

• For an initial axial crack length of 4.0 inches in the stiffened cylindrical shell, the max-

imum pressure during stable crack growth was 46.52 psi and the length of stable crack 

growth was 0.56 inches.

• The externally bonded tear strap, 0.156 inches thick by 2.0 inches wide, caused flap-

ping by deflecting the axially propagating crack into the circumferential direction.

• At a distance of 0.23 inches before the edge of the strap, the crack bifurcated and the 

unsymmetrical paths gradually turned into the circumferential direction before running 

parallel to the tear strap.

Fig. 2.5  A Photograph of the surface of the failed specimen showing crack 
bifurcation, turns, and the circumferential paths.
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These experimental results will be used to develop an analytical model in the finite 

element software STAGS. The following chapter presents the development and verifica-

tion of this model.
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CHAPTER 3  Stable Crack Growth and 
Correlation with Experiment

3.1  Introduction

This chapter addresses the mechanics of ductile fracture on the path of an initially axial 

crack in an internally pressurized, aluminum cylindrical shell as the crack approaches an 

externally bonded tear strap. Included in this chapter is a discussion of the features in the 

STAGS computer code that are important to this study, as well as a description of the ana-

lytical model and the process for correlating the analytical model using the experimental 

data.

3.2  The STructural Analysis of General Shells (STAGS) Code

The software used in this study is the structural analysis program STAGS (STructural 

Analysis of General Shells) version 3.0.19 This software, developed in a joint effort 

between NASA and Lockheed-Martin, contains features that are specific for the general 

purpose analysis of arbitrarily shaped shells. STAGS is coded to produce load controlled 

solutions as well as solutions controlled by the Riks arc-length parameter technique. Other 

features of STAGS include linear static solutions, nonlinear static solutions using a true or 

modified Newton-Raphson procedure as well as a corotation procedure, buckling analysis, 

crack growth procedures, and the ability to incorporate user written subroutines. STAGS 

also accounts for material nonlinear behavior and geometric imperfections. Of these fea-

tures, this study uses the Riks arc-length parameter technique in the solution for the geo-
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metric nonlinear response, the true (or full) Newton-Raphson procedure, nonlinear elastic-

plastic material behavior, and the crack growth algorithms. The remainder of this section 

will provide descriptions for the features of nonlinear material behavior and one of the 

crack growth procedures.

3.2.1  Nonlinear Material Behavior

The model of metal plasticity used in the STAGS code is the White-Besseling theory, 

which is also called the overlay model or multiple subvolume model.20 This material 

model represents the material behavior with a number of elastic-plastic components linked 

in parallel. As load is applied to the material, equal strains are introduced into each elastic-

plastic component. However, each elastic-plastic element has a different value of yield. 

This results in a piecewise linear approximation for the stress-strain behavior of the mate-

rial.

The user can specify up to ten points on the stress-strain curve not including the origin, 

where the origin is assumed to be the point of zero stress and strain. The slope between the 

origin and the first user defined point must correspond to elastic material behavior and the 

remaining points must be defined such that the slope of each successive segment 

decreases. If the strain in an analysis exceeds the largest user defined strain, perfectly plas-

tic material behavior is assumed.

3.2.2  Stable Crack Growth Algorithm

One of the crack growth algorithms in STAGS 

calculates equilibrium configurations of the 

shell for stable crack growth, or slow crack 

growth. An example plot of a stable crack 

growth curve, which is a plot of the applied load 

versus crack length, is shown in Fig. 3.1. Each 

point on the crack growth curve corresponds to 

an equilibrium configuration of the shell at a 

given pressure and crack length. Stable crack growth is characterized by the portion of the 

Crack length

Load

0

Fig. 3.1   Stable crack growth curve. 
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crack growth curve with a positive slope. An increase in load is required to advance the 

crack.

The STAGS code is not programmed to calcu-

late the direction of crack growth, which involves 

the difficult issue of stability of the path for a 

curved crack or kinked crack under ductile frac-

ture. Hence, the user defines not only the initial 

crack, but the path the crack will follow as the 

crack extends. Prediction of crack extension in a 

metal requires a ductile fracture criterion, and the 

criterion we used in STAGS is based on the crack 

tip opening angle, or CTOA. The crack tip opening angle is the angle between the open 

faces of a crack measured in the tangent plane to the reference surface in the deformed 

configuration. For a finite element model the dimensional parameters to compute the 

CTOA are shown in Fig. 3.2, and the equation for the CTOA is 

 (3.1)

Crack growth is predicted by a specified value of the critical crack tip opening angle21, 22 

(CTOAc). Using the CTOAc, equilibrium points for stable tearing of a user defined crack 

are computed through a nodal release technique called load relaxation.6 

The process of load relaxation allows equilibrium to be established as the crack 

advances a distance (δa) equal to the amount of separation between two adjacent nodes. 

The nodal release technique is illustrated in Fig. 3.3. Along the user defined crack, each 

node is actually two nodes, a master and slave node. At locations where the crack is 

closed, the master and slave nodes are constrained to be dependent. For locations where 

the crack is open, the nodes are independent of each other unless the crack is defined to 

propagate along a line of symmetry. If the crack path is along a line of symmetry, the con-

struct of the master-slave node pair is not necessary since the node released on the line of 

symmetry has an image node inferred by conditions of symmetry. Consequently, the plane 

δc

finite element node

Fig. 3.2  Dimensions for the CTOA.

δa

CTOA 2 δc 2δa( )⁄( )tan 1–=
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of symmetry and the displacements of the released node and the new crack tip node are 

sufficient to determine the CTOA. 

The CTOA is calculated for every increase in pressure. Once the calculated CTOA 

becomes within 5% of the CTOAc, the pair of crack nodes is released at the crack tip. At 

this point, as shown in the left side of Fig. 3.3, the master and slave nodes are held 

together by the nodal force F. Decreasing the magnitude of this force immediately to zero 

for the longer crack length often results in divergence of the Newton’s solver for the new 

equilibrium state. Instead, the load relaxation algorithm fixes the applied pressure load 

and then decrements the nodal force F so that the Newton’s solver converges to an equilib-

rium state for each succeeding smaller value of F until F vanishes, as is indicated in the 

sketch in the right side of Fig. 3.3. With the load relaxation complete and equilibrium 

established for the model with the longer crack length, the CTOA is calculated with the 

new crack tip and, provided the calculated CTOA is not within 5% of the CTOAc, the pro-

cess of increasing the pressure applied to the model resumes.

3.3  Finite Element Model of the Pressurized Shell

Development of the finite element model for this study is focused in two areas, physical 

features and the choice of mesh. The physical features of the finite element model for this 

Fig. 3.3   The nodal release technique in load relaxation.

Before nodal force relaxation After nodal force relaxation

a δa
a + δa

CTOACTOA

master-slave

master

slave

F
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study are based on the experimental specimen. The mesh is controlled by the type of ele-

ments available in STAGS as well as keeping the total number of elements to a minimum.

3.3.1  Model Features

Producing the smallest analytical model requires taking advantage of the symmetry of the 

experimental specimen. Since the experimental specimen has two planes of symmetry, 

only one quarter of the specimen is modeled. The basic model consists of a perfect cylin-

drical shell and a tear strap with dimensions identical to the experimental specimen shown 

in Figure 2.1 on page 10, and listed in Table 3.1. The double lap joint in the cylindrical 

shell of the experimental specimen is not included in the analytical model. Since the crack 

is on the opposite side of the shell as the double lap joint and tear strap edge, 180° away 

from the center of the double lap joint, it is assumed the double lap joint and discontinuous 

tear strap does not effect the behavior of the propagating crack or the stress field surround-

ing the crack. Without the presence of the double lap joint, the tear strap becomes a contin-

uous ring around the cylinder.

Symmetry boundary conditions apply to the three edges which lie along the lines 

determined by x = 0 inches, θ = 0°, and θ = 180°. The initial longitudinal crack is located 

on the θ = 0° line of symmetry with a half length of two inches. The end caps at x = 19.50 

inches are not modeled in the analysis and their effect is represented by idealized end con-

ditons. The boundary conditions for the fourth edge at x = 19.50 inches are that all degrees 

of freedom are specified to be zero except for the axial displacement. Instead of specifying 

the axial displacement at the x = 19.50 inches, the axial line load is specified to be spa-

tially uniform around the circumference with a magnitude equal to one-half the pressure 

Table 3.1   Model data.

Cylindrical Shell Tear Strap

Inside Radius               9.00 inches Inside Radius             9.00 inches

Thickness                    0.04 inches Thickness                  0.156 inches

Half Length                 19.50 inches Width                        2.00 inches
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times the radius. Since the crack path is not to be specified in the portion of the model 

between the tear strap and the potted end, it is assumed the effects of the simplified bound-

ary conditions at x = 19.50 inches are negligible on the shell response in the vicinity of the 

crack path. 

The material properties for 2024-T3 aluminum are used for both the shell wall and the 

tear strap. The linear elastic properties for the 2024-T3 AL are listed in Table 3.2, and the 

piecewise linear approximation to the nonlinear strain-stress curve is listed in Table 3.3. 

These material properties were experimentally determined by Dr. Jim Newman of the 

Fracture Mechanics Branch at the NASA Langley Research Center.

Accounting for the internal pressure, a dead load or a live load (hydrostatic pressure 

load) can be specified. In a geometrically nonlinear analysis, a hydrostatic pressure is usu-

ally used. A comparison of an analysis which uses a live load against an analysis which 

Table 3.2   Elastic material properties of 2024-T3 AL.

Young’s Modulus 10.359x106 psi

Poisson’s Ratio 0.3

Specific weight 0.101 lb./in3

Table 3.3   Nonlinear strain-stress data for 2024-T3 AL.

Strain (ε) Stress (σ), psi

0.00483 50.0365x103

0.01500 56.5627x103

0.04000 62.3640x103

0.10000 68.1653x103

0.16000 71.0660x103

1.00000 72.5163x103
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uses a dead load shows the two types of loading produces approximately the same results. 

This is because the geometric nonlinearity in this study is confined to the vicinity of the 

crack. Therefore, a dead load which acts on the inside diameter of the entire model and is 

directed outward in the radial direction is used. In a nonlinear analysis in STAGS, loads 

are applied gradually in load steps. Proportional loading is assumed and the applied loads 

are specified by a load factor. In this study, an applied load factor of 1.0 corresponds to an 

internal pressure of 46.52 psi, the maximum experimental pressure, and an axial stress 

resultant of 209.34 lb./in at x = 19.50 inches.

3.3.2  Elements and Mesh Refinement

Two general types of elements are used in this model. Of the elements in the STAGS ele-

ment library, the E410 element is the best to use for thin walled structures such as the stiff-

ened cylindrical shell of this study.19 This element is a simple four node quadrilateral plate 

element with a cubic lateral displacement field and six degrees of freedom per node. 

STAGS also contains specialized elements to allow a transition from a coarser to a finer 

mesh. This type of specialized element is the 510 or 710 transition element. A more in 

depth discussion of the transition element is found in the STAGS User Manual19 but a 

brief description is provided here. Basically, these elements are five or seven node ele-

ments with six degrees of freedom per node. These elements impose an edge compatibility 

between the boundaries where the mesh size doubles. The 510 transition elements are used 

where one edge of the element is along a boundary where the mesh doubles. The 710 tran-

sition elements is used for elements which have two boundaries where the mesh doubles. 

Based on how the user defines the boundaries, STAGS automatically chooses which tran-

sition element to use in place of a E410 element.

Element size varies throughout the entire model to keep the number of elements in the 

model to a minimum. The finest of mesh refinement is located around the area surround-

ing the user defined crack path. These elements have an aspect ratio of approximately one 

as the nodes are spaced 0.08 inch apart. This small element size is necessary to accurately 

calculate the CTOA and predict the yielding at the crack tip.23 Moving away from the 

crack area, the spacing between the nodes increases and the aspect ratio does not always 
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remain one. The largest elements are located at θ = 180° and x = 19.50 inches, where the 

boundary conditions and axial load are applied. A typical mesh for the model of the exper-

imental specimen is shown in Fig. 3.4. The self similar crack growth model contains 4,400 

elements and has approximately 30,000 degrees of freedom.

3.4  Model Correlation With Experimental Stable Crack Growth Results

To complete the analytical model based on the experiment, a crack needs to be added to 

the previously described model shown in Fig. 3.4. The analytical model must include an 

axial crack with an initial half length of two inches which is located on the θ = 0° line. 

Since correlation of the analytical model with the experimental results only concerns sta-

ble crack growth and the stable crack growth during the experiment was self similar, the 

crack path in the model is also self similar. For correlating the model, the specified crack 

path only needs to extend slightly beyond the amount of stable crack growth in the experi-

ment. Therefore, the specified crack path is axial with an initial half length of 2.00 inches 

and a final half length of 2.72 inches.

Fig. 3.4   Typical finite element mesh to model the test specimen.
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3.4.1  Solution Procedure

The model is analyzed using a nonlinear static analysis. The analysis uses the Vector 

Space Solver for the solution of the nonlinear equations.24 Initially, the solution is deter-

mined under load control, however, after a few load steps have been solved, the solution 

control strategy changes to the Riks arc-length control. To avoid convergence problems, a 

true, or full, Newton’s Method is used. An example of a solution input file is given in 

Appendix A. A SUN Enterprise 4500 with two Ultra Sparc II 400MHz processors and 1 

gigabyte of memory is the NASA computer used for most of the analyses in this study.

3.4.2  CTOAc Selection

Unfortunately, the CTOAc is not a material constant as it is dependent on mesh size, type 

of element, and material thickness.22 A parametric study varying the value of the CTOAc 

is used to determine a value for which the analytical model is correlated with the results of 

the experiment discussed in Chapter 2. Correlating the analytical results with the experi-

mental results requires matching the quantities of the maximum pressure achieved during 

stable crack growth (fast crack pressure), the amount of stable crack growth, and the far 

field circumferential strains during stable crack growth.

An initial CTOAc angle of 5.36° was obtained from a published study by Starnes and 

Rose.23 This CTOAc produces a maximum stable crack growth pressure of 52.10 psi, 

which is 12% greater than the experimental maximum pressure, but with an exact amount 

of stable crack growth, 0.56 inches. An incorrect maximum pressure is expected since the 

study by Starnes and Rose23 used elements 0.04 inches in width along the crack and this 

study uses elements twice as wide. Learning from these initial results, the CTOAc is grad-

ually decreased to a value of 5.00°. The lower CTOAc drops the maximum pressure to 

47.66 psi, which is only 2.5% greater than the experimental result. This value of the 

CTOAc does increase the amount of stable crack growth by 0.08 inches to 0.64 inches.   

However, considering the error in the crack growth gage and the 5% tolerance in matching 

the CTOAc in STAGS, the difference between the two results is acceptable. The crack 
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growth curves, internal pressure versus half crack length, during stable crack growth from 

the experiment and the analysis are shown for comparison in Fig. 3.5.

In this study, the prediction of the pressure for the initiation of stable crack growth is 

not considered. This value is difficult to predict because the initial amount of crack exten-

sion, less than the thickness of the material, is a transition area. Throughout the transition 

area, the CTOA is not a constant value due to phenomena such as crack tunneling and 

transitions from flat-to-slant fracture.21 These phenomena make it difficult to obtain a true 

crack initiation pressure since crack gages, like the one used in the experiment, can not 

measure these effects. The first crack gage wire could have also failed before the crack 

actually began to grow. Considerable error also comes from the geometry of the crack tip 

as it is impossible to have a crack in an experimental specimen with an infinitely sharp 

crack tip. To handle the initiation of crack growth, a different value for the CTOAc is used 

in STAGS for the release of the first pair of crack nodes. From trial and error, it appears 

that a CTOAc of 2.8° will yield an analytical crack initiation pressure within 5% of the 

experimental pressure of 20 psi.
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Of the 44 strain gages on the experimental specimen, only four measured far field 

strains. These four, gages 11-14 located in the center of the experimental model ±90° from 

the crack, measured the internal and external circumferential strains. A plot of the pressure 

as a function of the experimental strains reveals both membrane and bending strains as the 

internal gages shows a larger strain than their corresponding external gages. Since the 

bending strain is due to the double lap-joint splice configuration, which is not included in 

the analytical model, the internal and external strains of the experimental results are aver-

aged to remove the bending component from these strains. The averaged experimental 

strains are compared to the analytical results. A comparison of the experimental and ana-

lytical strain results to the strength of materials results which is from can also be made. 

The circumferential strain from a strength of materials is25 

(3.2)

Excellent correlation between the experimental strain, analytical strain, and the strength of 

material result is shown in Fig. 3.6. This confirms the choice of a CTOAc of 5.0°.
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With verification of the analytical model through the selected CTOAc of 5.0°, the next 

step is to begin the static nonlinear analysis of the model that allows the crack to approach 

and defeat the tear strap. This is the focus of the next chapter.
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CHAPTER 4  The Unstable Portion of the Self 
Similar Crack Growth Path

The previous chapter concluded with the determination of a CTOAc which correlated the 

analytical model with the experimental results. Next, the analytical model and solution file 

is modified in order to study the behavior of a crack as it approaches the tear strap. The 

major issue addressed in this chapter is self similar crack growth of the axial crack through 

the unstable portion of the crack growth curve and into the toughened structure at the tear 

strap. While the stable crack growth algorithm is able to produce equilibrium points dur-

ing regions of unstable crack growth, the results are not particularly useful as the algo-

rithm can not decrease the pressure. Clearly, the numerical algorithm for stable crack 

growth in the STAGS code is not amenable for the analysis through the unstable portion of 

the crack growth curve. Fortunately, the code is programmed with an alternative algorithm 

to establish static equilibrium states on the unstable portion of the path.

4.1  Self Similar Crack Growth Model

 Recall that in the experiment the crack path followed the θ = 0° line until the crack 

reached a half crack length of 7.77 inches. The crack propagates in a slow growth manner, 

corresponding to the stable portion of the crack growth curve, until a half crack length of 

2.56 inches at a relative maximum pressure of 46.52 psi is reached. At the relative maxi-

mum pressure, fast crack growth commences and the axial path extends to the point of 

bifurcation at a half length of 7.77 inches. Consequently, the majority of crack propagation 
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in the experiment is self similar, and the fast crack growth implies that there are no stable 

static equilibrium states along a portion of the axial path from a half length of 2.56 inches 

to 7.77 inches.

An axial crack path on the θ = 0° line initiating from a half length of 2.0 inches to a 

final half length of 8.72 inches is specified in the STAGS model. The final half crack 

length of 8.72 inches is near the middle of the tear strap width. A perfect bond between the 

shell wall and tear strap is assumed. Hence, as the crack propagates through the tear strap, 

the crack defeats both the shell wall and the tear strap in the analysis. Also, it is assumed 

the CTOAc remains 5.0° even after the crack moves into the tear strap. The reason for this 

assumption is because it is not known exactly how the CTOAc will behave after entering 

the tear strap. The mesh for this model is identical to the mesh which is used to correlate 

the model.The mesh with the initial axial crack and the self similar crack growth path is 

shown in Fig. 4.1. An example of the input file for this model can be found in Appendix 

A.

crack path

Fig. 4.1  Self similar crack growth model.
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4.2  Unstable Crack Growth Algorithm

Since it is desired to advance the crack up 

to and eventually through the tear strap, the 

analysis must extend the crack not only 

through the region of stable growth, but 

also through the region of unstable crack 

growth. The demarcation of the crack 

growth curve into stable and unstable seg-

ments is defined by horizontal slopes, at 

which the load may take on extremum values. An example of the division of the path from 

stable to unstable states occurring at a relative maximum load is shown in Fig. 4.2. The 

initial portion of the curve, which was discussed in the previous chapter, represents stable 

crack growth. Once the maximum load is achieved, the crack growth becomes unstable. 

This is characterized by the portion of the crack growth curve with a negative slope. 

Advancing the crack through equilibrium states along this portion of the curve can only be 

established by decreasing the applied load. When the load is the internal pressure, and it 

can only increase monotonically (as is the case in the experiment), the unstable static 

states cannot be observed in the laboratory. The consequence of onset of unstable crack 

growth in a structure is usually a rapid, catastrophic failure of the structure.

A new crack growth feature included in STAGS version 3.0 allows the calculation of 

equilibrium states in the region of unstable crack propagation.26 This unstable tearing 

algorithm comes into play in STAGS if the calculated CTOA is violated immediately fol-

lowing the completion of a stable tearing load relaxation procedure. At this point of viola-

tion of the fracture criterion, the stable algorithm fails to converged since the applied load 

must decrease to establish equilibrium. A schematic of advancing the crack length in the 

unstable portion of the crack growth curve is shown in Fig. 4.3.

When the CTOA is immediately critical, the pressure applied to the model is not held 

to a constant value. Instead, the unstable algorithm is invoked in the code which adds a 

constraint equation that the CTOA is held fixed at its critical value as shown in the left 

Fig. 4.2  Complete crack growth curve.
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side of Fig. 4.3. Both the applied load factor and the load relaxation factor become 

unknown. A nonlinear solution procedure is implemented to find the applied load factor at 

the completion of the load relaxation procedure such that the additional constraint on the 

CTOA is satisfied. Determination the applied load factor for the new crack length with the 

CTOA constrained to its critical value and the nodal force reduced to zero is illustrated in 

the right side of Fig. 4.3. With the load relaxation complete, the new crack tip node is 

released, and the unstable algorithm is repeated provided the CTOA calculated at the new 

crack tip is greater than the critical value. If the CTOA is less than the critical value, 

STAGS continues the solution by increasing the pressure applied to the model until the 

calculated CTOA exceeds the critical value.

4.3  Results of Self Similar Crack Growth

Two solution files are used for analyzing the self similar crack growth model. The first 

uses the exact solution file as for correlating the model. This particular solution file only 

calls the stable crack growth algorithm. The second analysis uses a modified version of the 

solution file for model correlation. Both the stable and unstable crack growth algorithms 

Fig. 4.3  Advancing the crack tip in the unstable portion of the 
crack growth algorithm.
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are called by the modified solution file. An example of the STAGS solution file which 

calls both crack growth algorithms is shown in Appendix A.

The resulting crack growth curves are shown in Fig. 4.4. The difference in the result-

ing crack growth curves computed from the stable and unstable algorithms is clearly 

shown in this figure. During the initial 0.64 inches of stable crack growth the analyses are 

identical. It is past the region of stable crack growth where the curves dramatically differ. 

These curves also show that the majority of the crack growth through the model is unsta-

ble.

Once unstable crack growth begins, an analysis that uses only the stable crack growth 

algorithm produces a perfect horizontal line as shown in Fig. 4.4. This is due to STAGS 

keeping the pressure applied to the model constant while performing a load relaxation pro-

cedure as explained in the previous chapter. Each point on the horizontal portion of the 

curve is in equilibrium. However, these points are not realizable because at all of these 

points the calculated CTOA exceeds the CTOAc.
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Only using the stable crack growth algorithm also produces a curve that is identical to 

a crack growth curve from an experiment. This is because, similar to the stable crack 

growth algorithm, the experimental specimen can not depressurize due to the three layered 

patch which kept the model sealed for most of the crack growth. Even without a seal the 

experimental pressure would have remained a constant value because the rate of depres-

surization of the specimen is much slower than the rate of crack growth. During this situa-

tion of unstable or dynamic crack growth, the internal pressure can not decrease fast 

enough to allow the crack growth to be affected by the decrease in internal pressure.

The behavior of the crack as it moves through the tear strap using only the stable crack 

growth algorithm is not known, because convergence difficulties are encountered when 

the path moves into the strap. Hence, the analysis is terminated at a half crack length of 

8.00 inches. It is believed that the analysis would continue to increase the pressure applied 

to the model once the half crack length reaches 8.16 inches. At this point both of the 

curves in Fig. 4.4 should coalesce until the crack growth through the tear strap becomes 

unstable.

Focusing on the curve resulting from using a combination of the stable and unstable 

crack growth algorithms, a different picture of the behavior of the crack as it approaches 

the tear strap is obtained. This crack growth curve shows the pressure decreasing from the 

relative maximum pressure at a half crack length of 2.64 inches, until the half crack length 

becomes 7.28 inches. At the half crack length of 7.28 inches the pressure reaches a mini-

mum of 20.24 psi. After this point, the toughening effect of the tear strap can be seen on 

the behavior of the crack as an increase in pressure is necessary to further advance the 

crack. Advancing the crack into the tear strap requires yet even more pressure. This 

increasing pressure is necessary until the crack travels 0.48 inches into the tear strap. At 

this point the crack growth becomes unstable and the unstable crack growth algorithm 

continues to find equilibrium points where the CTOAc is not violated.
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4.4  Discussion

The self similar crack growth model is able to produce an interesting result when used in 

conjunction with the unstable crack growth algorithm. From these initial analytical results, 

it is concluded that self similar crack growth through the tear strap is unlikely. The reason 

for this conclusion is that the pressure required to advance the crack beyond the first 0.16 

inches of the tear strap is greater than the maximum pressure achieved during stable crack 

growth. Since the pressure can not change instantaneously during unstable crack growth, 

it remains equal to the maximum pressure of stable crack growth. The higher pressure 

required to push the crack completely through the tear strap is not available.

Unfortunately, these results do not conclusively establish that bifurcation of the path at 

a half crack length of 7.77 inches will occur. The crack could arrest at the strap rather than 

bifurcate and turn. The crack growth curve only shows that the toughening due to tear 

strap manifests itself at a half crack length of 7.28 inches. It is assumed from this result 

that the location of bifurcation, if it occurs in an analysis, will be at a half crack length 

greater than 7.28 inches. Since the results do suggest that the self similar crack growth 

path into the strap is unlikely, further analysis of crack path bifurcation is required. This 

will be the subject of the ensuing chapter.
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CHAPTER 5  Crack Turning Model and 
Parametric Study of Various Tear 
Straps

5.1  Introduction

The self similar crack growth model and the ensuing results, shown in the previous chap-

ter, indicate that the tear strap would arrest the crack if it followed a self similar path 

through the strap. In order to continue crack growth, the crack must turn into the circum-

ferential direction before encountering the tear strap. This turning crack path more closely 

resembles the crack path formed in the experiment and is incorporated into the analytical 

model. The subject of this chapter is the development of a crack turning model and the 

subsequent results. After the development of a crack turning model, the results of a para-

metric study of various sizes of tear straps are presented.

5.2  Crack Turning Model

The actual path taken by the crack in the experiment is more complex than simple self 

similar crack growth. As discussed in Chapter 2, the crack initially propagates self simi-

larly until the half crack length reaches 7.77 inches. At this point the crack bifurcates, and 

the two unsymmetrical branches turn into opposite circumferential directions running par-

allel to the strap. 

This exact crack path is not incorporated into an analytical model for two reasons. 

First, it would be a challenging task to incorporate such a complex crack path into a 

STAGS input file. Crack path definitions in STAGS must follow the element boundaries, 
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meaning the crack path can not be defined to cut through an element. This eliminates the 

possibility of creating a smooth continuous curve as generated in the experiment. Since 

the size of the elements is small in the vicinity of the crack, the crack path could be 

approximated by following the element edges. However, specifying this type of crack def-

inition in STAGS would require extensive input and would be extremely taxing. The sec-

ond reason is that STAGS requires a crack path to be defined a priori. In addition, the 

crack path from the experiment is not expected to be correct for stiffened cylinders with 

different tear strap dimensions. This would require knowledge of the specific crack path 

for each tear strap geometry analyzed. Since the exact crack paths for stiffened cylinders 

with various tear strap dimensions are not known, a separate path directional stability 

analysis using other methods would be required to determine analytically the crack path. 

This extra analysis is beyond the scope of the present study, and would be a considerable 

undertaking in itself.

Instead of using the exact crack path, the simplest finite element modeling for crack 

bifurcation consists of defining bifurcated paths in the circumferential direction along ele-

ment boundaries. Hence, the bifurcated paths are symmetric with respect to the axial path 

and the turn at the bifurcation point is ninety degrees. Clearly, this definition of the crack 

path cannot exactly capture what is observed in the experiment. However, it does provide 

an approximate path which more resembles the exact path and is not specific to any one 

tear strap size.

In five separate models, circumferential crack paths are modeled at the half crack 

lengths of 8.00 inches, 7.92 inches, 7.84 inches, 7.76 inches, and 7.68 inches. These turn-

ing locations are chosen such that the ninety degree turn occurs both before and after the 

location of crack bifurcation in the experimental specimen.

Defining a crack path that propagates in two different directions is more complicated 

than a single self similar crack growth path. Two different crack definitions, one which 

propagates the crack in the axial direction and a second which propagates the crack in the 

circumferential direction, delineates the crack that turns. The crack turning model is a 

modified version of the self similar crack growth model. Like the self similar crack growth 
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model, the crack turning model assumes a perfect bond between the cylindrical shell and 

tear strap. The major difference between the two models is in the section of the model 

where the crack path deviates from self similar crack growth. To allow the crack to propa-

gate circumferentially a total of 0.94 inches, additional mesh refinement near the tear strap 

is necessary to maintain the 0.08 by 0.08 inch element size. The mesh refinement for the 

crack turning models and an example of a crack path are shown in Fig. 5.1. Appendix A 

contains one of the input files that involves crack turning. However, a brief description of 

the input for the crack turning model is provided here.

 The first part of the crack definition is the self similar portion of the crack which prop-

agates along the θ = 0° line. Along the length of this portion of the crack, unrestrained 

boundary conditions replace the symmetry boundary conditions, and a special procedure 

is used to compute the correct CTOA. For correct calculation of the CTOA, nodes with 

symmetric boundary conditions are placed in the same location as the existing nodes along 

the length of the crack, θ = 0°. The added nodes become the master nodes and the original 

nodes are the slave nodes in the master-slave relationship of a user defined crack. All of 

the master and slave nodes, where the crack is defined as closed, are constrained such that 

Fig. 5.1   Crack turning model.

crack path
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all of the degrees of freedom are identical. Open master and slave nodes in the crack path 

are constrained to have identical axial and radial positions to ensure proper calculation of 

the CTOA. Given these crack definitions, the CTOA is now measured between the open 

crack face and the line of symmetry. Since only half of the angle between the two crack 

faces is measured, the CTOAc becomes 2.5°. 

The second part of the crack definition describes the crack path in the circumferential 

direction. For this part of the crack it is important that the first pair of master and slave 

nodes are defined as open and their degrees of freedom are completely independent of 

each other. This open pair of nodes is necessary because STAGS needs a crack tip to cal-

culate a CTOA before it can initiate crack growth. Since this pair of nodes is also included 

in the axial crack, the circumferential crack will not propagate until the axial crack opens 

completely. Because the actual behavior of the CTOAc as the crack propagates in the cir-

cumferential direction is unknown, the CTOAc for the second part of the crack definition 

is assumed to remain the full 5.0°.

Because the complete crack path is now defined through a combination of two cracks, 

there are two crack tips in the model. Unfortunately, the unstable crack growth algorithm 

is not programmed to handle a model with multiple crack tips. Without the capability of 

using the unstable algorithm, the analysis can only rely on the stable crack growth algo-

rithm. This requires the model to have an initial half crack length greater than two inches. 

The reason for the longer initial half crack length is due to the fact that the stable crack 

growth algorithm can not decrease the pressure applied to the model during a node relax-

ation as shown in the previous chapter. Without decreasing the pressure from the first rela-

tive maximum pressure on the crack growth curve, the complete axial path to the 

bifurcation point cannot be modeled in the analysis. The resulting crack growth curve 

would be a horizontal line exactly as shown beforehand in Fig. 4.4. Unfortunately, chang-

ing the initial half crack length changes the resulting crack growth curve. Longer initial 

half crack lengths reduce the maximum pressure necessary to initiate unstable crack 

growth.23 A comparison of the effect of the initial half crack length on the crack growth 

curve is constructed using initial half crack lengths of two and six inches. The difference 
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between the two crack growth curves can be significant, as shown in Fig. 5.2. However, 

the curves begin to merge after both curves have grown for more than about one inch. In 

fact, once the crack enters the tear strap (a > 8.0 inches) the two curves appear to com-

pletely merge. Since the two curves agree reasonably well at the locations of crack turn-

ing, the initial half crack length of six inches is used in all of the crack turning models. 

Using the smaller initial half crack length also has the major advantage of cutting the com-

putation time in half.

5.3  Crack Turning Model Results

All five crack turning models contain approximately 5500 nodes, 31,000 degrees of free-

dom, and use the same solution file as previously described for correlating the model to 

the experiment. These models require the use of the solution file that does not involve the 

unstable crack growth algorithm because this algorithm can not manage multiple crack 

tips. Reference Appendix A for an example of this solution file.
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5.3.1   Prediction of Crack Bifurcation Using CTOA

The resulting crack growth curves for all five crack turning models, as well as the crack 

growth curve for self similar crack growth, are shown in Fig. 5.3. An expanded view of 

the crack paths near the location of bifurcation in Fig. 5.3 is shown in Fig. 5.4. For half 

crack lengths less than 7.60 inches, the crack growth curves are nearly identical to each 

other. However, as the five turning models force the crack into the circumferential direc-
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tion, the curves from the crack turning models deviate from the self similar crack growth 

curve. In fact, once the crack turns into the circumferential direction the crack growth 

immediately becomes unstable for all five crack bifurcation locations. It can be seen in 

Fig. 5.3 and Fig. 5.4 that when the crack bifurcates at 7.68 inches and 7.76 inches the pres-

sure required to open the first closed node in the circumferential direction is greater than 

the pressure to continue self similar crack growth. The other three locations of crack bifur-

cation all require less pressure to advance the crack in the circumferential direction than to 

proceed with self similar crack growth.

Assuming that the crack will grow along a path which provides the least resistance, the 

crack would not turn at the half crack length of 7.68 inches nor would it turn at 7.76 

inches, since it would take a higher pressure to advance the crack in the circumferential 

direction than it would in the axial direction. However, since the pressure to bifurcate the 

crack at 7.84 inches (Fig. 5.4) is less than the pressure to continue self similar crack 

growth, the crack would be predicted to bifurcate before reaching a half crack length of 

7.84 inches. Since the mesh dictates bifurcation locations separated by 0.080 inches, it is 

inferred that the crack will bifurcate at some point between half crack lengths of 7.76 and 

7.84 inches. Hence, the analysis bounds the bifurcation point between 7.76 inches and 

7.84 inches, which corresponds to the experimental result of the crack bifurcating at 7.77 

inches.

5.3.2   Comparison With Published Crack Turning Criteria

Three stress based crack turning criteria are used to corroborate the STAGS crack turning 

results. To reiterate from Chapter 1, the first criterion is from Kosai and Kobayashi12 and 

they infer crack turning when the ratio of axial stress to circumferential stress is greater 

than one. The second criterion is the maximum principal stress criterion14, which postu-

lates that crack growth will occur in a direction perpendicular to the direction of maximum 

principal stress. Finally, the maximum hoop stress criterion14,15 is based on the notion that 

the crack will propagate in the direction perpendicular to the maximum hoop stress. This 

criterion was initially postulated for cracked flat plates, and the hoop stress is the normal 

stress component acting on the face normal to the polar angle defined in cylindrical coor-
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dinates whose origin is at the crack tip. In application to cylindrical shells, it is confusing 

to call this the maximum hoop stress criterion since the hoop stress is the circumferential 

normal stress. We will call this criterion the maximum polar normal stress criterion. The 

polar normal stress is the stress component perpendicular to the face defined by a constant 

value of the angle between the axial direction and the helix emanating from the crack tip. 

See Fig. 5.5.

This part of the study investigates the three criteria for the stress field ahead of the 

crack tip. The stress data used in the different crack turning criteria are taken from the 

results of the self similar crack growth model which was described in the previous chapter. 

Using this model also provides a second comparison of the results from a model with a six 

inch initial half crack length to a model with a two inch initial half crack length. To use the 

stress based criterion, the crack is grown from a half length of two inches to six different 

final half crack lengths of a = 3.04, 5.04, 7.04, 7.68, and 7.76 inches. The first three final 

half crack lengths correspond to cracks which are predicted in the analysis to remain self 

similar. The half crack length a = 7.68 inches corresponds to the threshold of the crack 

turning as predicted by the analysis, and a = 7.76 inches closely corresponds to the point 

of crack turning.

The first crack turning criterion applied to the STAGS self similar crack growth results 

considers the ratio of the axial stress to the circumferential stress at the centroid of the ele-
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ments along the crack path and ahead of the crack tip. The stress ratio on the inner and 

outer surface of the cylinder for the five half crack lengths is shown in Fig. 5.6a and Fig. 

5.6b. 

For the three smallest half crack lengths, both the outer and inner surface show the 

stress ratio of the element closest to the crack tip is always less than one. As the distance 

ahead of the crack tip increases, the stress ratio generally increases. Since the stress ratio 

ahead of the crack tip is less than one, the crack is predicted to propagate in a self similar 

manner. When the half crack length increases to 7.68 inches, the inner surface stress ratio 

for the elements ahead of the crack tip is greater than one, while the stress ratio on the 

outer surface is less than one. Once the half crack length increases to 7.76 inches, both 

stress ratios are greater than one for the two elements immediately ahead of the crack tip. 

This suggests crack turning when the half crack length is approximately 7.76 inches, 

which matches the predictions based on the CTOAc as well as the experimental results.

The maximum principal stress criterion also applies to the stresses immediately ahead 

of the crack tip. Again, only the first seven elements ahead of the crack tip are considered. 

The principal stresses are computed at the centroid of the elements both at the top and bot-
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tom of the shell wall. The directions perpendicular to the maximum principal stress at the 

inner and outer surfaces of the cylinder are shown in Fig. 5.7a and Fig. 5.7b, respectively.

The crack growth directions for both the inner and outer surfaces for half crack lengths 

of 3.04, 5.04, and 7.04 inches are well below 45°, which indicates that crack growth will 

continue in the axial direction. These results are expected since the crack did not turn for 

any of these half crack lengths. For the half crack length of 7.68 inches, just before the 

crack bifurcates, the normal to the maximum principal stress on the inner surface is much 

greater than 45° and approaches the circumferential direction (90°). However, the angle of 

propagation on the outer surface is much smaller than 45°. For the half crack length of 

7.76 inches, just after the crack bifurcates, the direction perpendicular to the maximum 

principal stress on both the inner and outer surface is much greater than 45°. Hence, crack 

bifurcation is predicted and the maximum principal stress criterion corroborates the exper-

imental and analytical results.

Applying the maximum polar normal stress criterion is slightly different than the other 

two criteria. This criterion incorporates not only the stresses along the crack path ahead of 

the crack, but the stresses above and ahead of the crack tip as well. Only the six elements 
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closest to the crack tip are considered for the five half crack lengths and the polar normal 

stress is calculated at the centroid of each element. The results for the five half crack 

lengths are shown in Fig. 5.8 through Fig. 5.12.

Fig. 5.8  Results of the maximum polar normal stress criterion for a=3.04 in.
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Fig. 5.9  Results of the maximum polar normal stress criterion for a=5.04 in.
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Fig. 5.10  Results of the maximum polar normal stress criterion for a=7.04 in.

a. Outer Surface b. Inner Surface
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Fig. 5.11  Results of the maximum polar normal stress criterion for a=7.68 in., 
before the point of crack bifurcation.
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The results of the maximum polar normal stress criterion are similar to the results from 

the two previously discussed criteria. For all three of the smallest half crack lengths, the 

maximum polar normal stress is in the element along the crack path two elements away 

from the crack tip. Since the direction normal to the maximum polar normal stress in Fig. 

5.8, Fig. 5.9, and Fig. 5.10 are less than 45°, crack propagation in the axial direction is 

indicated. When the crack tip reaches the half crack length at the threshold of crack turn-

ing, the maximum polar normal stress on the inner surface shifts to the third element 

above the crack tip which indicates crack turning, see Fig. 5.11. At this crack length it is 

inconclusive if the crack will turn according to the stresses on the outer surface. This is 

because the maximum polar normal stress on the outer surface indicates crack growth at 

45°. Once the half crack length reaches the STAGS predicted location of crack turning, 

Fig. 5.12, both the inner and outer surface results indicate crack turning.

5.4  Parametric Study of Various Tear Strap Sizes

Since the STAGS crack turning models and published crack turning criteria appear to 

accurately predict the location of crack bifurcation, these methods are used to assess the 

ability of tear straps of various sizes to induce flapping. The parametric quantities associ-

Fig. 5.12  Results of the maximum polar normal stress criterion for a=7.76 in., 
at the point of crack bifurcation.
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ated with the tear straps include the thickness, width, spacing, and material properties. 

Using all four variables in a parametric study would take large amounts of time and com-

puter resources. To maintain a reasonably sized study, only the thickness and width of the 

tear straps are varied.

5.4.1   Unstiffened Cylinder

The first case of a parametric study on strap thickness to be considered here is that of a 

cylinder that does not contain a tear strap. The purpose of this case is to verify if flapping 

can occur without tear straps in a 16-inch long cylinder. Flapping in unstiffened cylinders 

has been demonstrated experimentally by Swift.2 The resulting crack growth curves from 

the self similar crack growth model of the unstiffened cylinder to the results of the cylin-

der stiffened by the experimental tear strap are shown in Fig. 5.13. For the unstiffened 

shell, the pressure continues to decrease as the half crack length exceeds 8.0 inches. The 

results shown in Fig. 5.14 indicate that the crack will not turn at half crack lengths less 

than 8.0 inches without the presence of a tear strap. Since it requires more pressure to turn 
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the crack at the five turning locations, the crack will continue to follow the self similar 

path.

5.4.2   Effect of Tear Strap Thickness on the Behavior of a Crack

Evaluating the effect of tear strap thickness on the behavior of a crack involves analyzing 

thicknesses both larger and smaller than the thickness used in the experiment. The tear 

strap thicknesses analyzed in STAGS are selected from commonly available stock sizes of 

2024-T3 aluminum.

Based on 2024-T3 aluminum stock sizes, tear strap thicknesses of 0.190 inch, 0.08 

inch, 0.04 inch, and 0.02 inch are chosen for analysis. In order to investigate only the 

effect of thickness, the width of the tear strap remains identical to the experimental tear 

strap, which is 2.0 inches wide. All four thicknesses are analyzed in the self similar crack 

growth model as well as the five crack turning models. The input files and solution files 

are identical to the files described in Section 4.2 and Section 5.2 with the obvious excep-

tion of a few modifications to account for the tear strap thicknesses.

5.4.2.1  Results of Self Similar Crack Growth

 The effect of tear strap thickness on the crack growth curve as produced by the self 

similar crack growth model is shown in Fig. 5.15. It is clear from the figure that the tear 
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strap thickness has a considerable effect on the behavior of the crack both before and after 

the crack defeats the tear strap. In the region of stable crack growth, the crack growth 

curve is essentially independent of the tear strap thickness. For half crack lengths less than 

5.0 inches, the crack growth curves are nearly the same. However, once the crack exceeds 

a half crack length of 5.0 inches, the thicker tear straps require a greater pressure to further 

advance the crack. Also, the location of minimum pressure moves away from the edge of 

the tear strap as the thickness increases. Once the crack defeats the tear strap, the maxi-

mum pressure attained within the tear strap increases as thickness increases. Also note for 

the thickness of 0.02 inch, the crack growth inside the tear strap attains its maximum pres-

sure almost immediately, or within 0.08 inches of crack growth inside the strap.

5.4.2.2  Results of Crack Turning Models

The four variations of tear strap thickness are accommodated in the five crack turning 

models and in the self similar crack growth model with the initial half crack length of six 
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inches. The crack turning results for the tear strap thicknesses of 0.190 inch, 0.080 inch, 

0.040 inch, and 0.020 inch are shown in Fig. 5.16 though Fig. 5.19, respectively. 
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As shown in Fig. 5.16, it takes more pressure to open the first node in the circumferen-

tial direction if the crack turns at half crack lengths of 7.68 inches than to continue self 

similar crack growth. However, it takes less pressure to propagate a crack along bifurcated 

paths at 7.76 inches, 7.84 inches, or 8.00 inches, than it does for self similar growth. 

Applying the same logic used for the interpretation of the results generated from the 
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experimental specimen, crack turning in a cylinder stiffened by a 0.190 inch by 2.00 

inches tear strap should occur between the half crack lengths of 7.68 inches and 7.76 

inches.

In the same manner, the crack growth curves for the thicknesses of 0.08 inches (Fig. 

5.17) and 0.04 inches (Fig. 5.18), seem to indicate that decreasing the tear strap thickness 

decreases the distance between the location of crack turning and the edge of the tear strap. 

For the 0.08 inch thick tear strap, the results appear to indicate crack turning between half 

crack lengths of 7.84 inches and 7.92 inches. In the case of a 0.04 inch thick tear strap, the 

location of crack turning is between half crack lengths of 7.92 inches and 8.00 inches. This 

trend is expected since reducing the thickness of the tear straps reduces the ability of the 

strap to toughen the cylinder, thus inducing flapping at longer half crack lengths.

The tear strap thickness of 0.02 inches provides results different than previously dis-

cussed. Only two crack turning locations are considered for this thickness, based on the 

assumption that the trend of the turning location will continue to shift toward the edge of 

the tear strap. Since the results of the tear strap thickness of 0.04 inches suggest turning 

will occur after a half length of 7.92 inches, only the models which turn the crack at half 

crack lengths of 7.92 and 8.00 are used. These results, shown in Fig. 5.19, indicate that 

less pressure is needed to continue self similar crack growth than needed for turning the 

crack at either half crack lengths. Therefore, it is predicted that the 0.02 inch thick tear 

strap is not capable of inducing flapping. Rather, the crack will defeat the tear strap.

5.4.2.3  Comparison With Published Crack Turning Criteria

The comparison with the published crack turing criteria, mentioned in Section 5.3.2, is 

limited to only the tear strap with a thickness of 0.04 and 0.02 inches. These two sizes are 

chosen since the 0.04 inch thick strap represents the thinnest tear strap in which STAGS 

analysis predicts crack bifurcation between half crack lengths of 7.92 and 8.00 inches, and 

the 0.02 inch tear strap size which did not indicate crack turning. A comparison with the 

results of the published crack turning criteria becomes necessary in order to establish con-

fidence in the STAGS results.
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All three previously discussed crack turning criteria are applied to the two chosen tear 

strap thicknesses. Again the stress data for applying the different crack turning criteria is 

taken from the results of the self similar crack growth model. For the application of the 

stress based crack turning criteria, four half crack lengths are chosen to look at the behav-

ior of the stresses near the crack tip. The crack is grown from an initial half length of two 

inches to final half crack lengths of 7.04 inches, 7.76 inches, 7.84 inches, and 7.92 inches. 

These criteria are only applied in the region between the crack tip and the tear strap edge.

The ratio of axial to circumferential stresses at the centroid of the elements ahead of 

the crack tip is shown in Fig. 5.20a and b at the outer and inner surfaces of the shell with a 

0.04 inch thick tear strap. The crack growth directions for both the outer and inner sur-

faces for half crack lengths of 7.04 and 7.76 inches do not indicate crack growth in the cir-

cumferential direction. For the half crack length just before the STAGS predicted location 

of crack turning, the stress ratio on the inner surface is greater than unity, indicating crack 

turning, while the outer surface ratio is less than one. This does not indicate crack turning 

as the ratio is less than one. However, the stress ratio on the inner and outer surfaces 

becomes greater than one for the half crack length of 7.92 inches, indicating crack turning. 

These results correlate with the STAGS predicted results.
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Results for the stress ratio on the outer and inner surface of the 0.02 inch thick tear 

strap are shown in Fig. 5.21a and b These results also corroborate the results predicted 

using the CTOA criterion. For each of the half crack lengths, the stress ratio for the ele-

ment closest to the crack tip is less than one. This indicates that the crack growth direction 

will remain in the axial direction and the crack will not turn before reaching the tear strap.

The maximum principal stresses are calculated at the centroid of the element for the 

elements ahead of the crack tip. Results of the determination of the direction perpendicular 

to the maximum principal stress are shown in Fig. 5.22a and b.and Fig. 5.23a and b for the 

outer and inner surfaces for the analytical models with a 0.04 and 0.02 inch tear strap, 

respectively. These results are similar to those found from studying the stress ratios. Again 

the half crack lengths of 7.04 and 7.76 inches indicate the crack growth direction is more 

aligned with the axial direction for both tear strap thicknesses. The 0.04 inch thick tear 

strap suggests crack turning at a half crack length of 7.92 inches as the direction of crack 

growth for both the inner and outer surface, is more aligned with the circumferential direc-

tion.For the 0.02 inch thick tear strap, the crack growth direction is predicted to be in the 
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axial direction for all half crack lengths, suggesting the crack will not turn. The results for 

both thicknesses agree with the results predicted by the STAGS analysis.
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Finally, the maximum polar normal stress is calculated at the centroid of the elements 

surrounding the crack tip. For brevity, only the results of the maximum polar normal stress 

criterion applied at the half crack length of 7.92 inches are presented here for both tear 

strap thicknesses, and are shown by Fig. 5.24 and Fig. 5.25. The results for the three 

remaining half crack lengths can be seen in Appendix B, where is it shown that all cases 

indicate either axial crack growth or inconclusive results. As shown in the Fig. 5.24, crack 

turning into the circumferential direction is predicted to occur at a half crack length of 

7.92 inches for the 0.04 inch tear strap. This result agrees with the STAGS prediction. Fig. 

5.25 shows the results for the 0.02 inch tear strap. Unfortunately, the results for the 0.02 

Fig. 5.24  Maximum polar normal stress criterion for a 
0.04 in. by 2.00 in. tear strap.
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inch thick tear strap are inconclusive. This is because the polar normal stress on the inner 

and outer surface predicts a crack growth angle of 45°, a value which is neither axial or 

circumferential.

5.4.3   Effect of Tear Strap Width on the Behavior of a Crack

The effect of tear strap width on crack bifurcation is investigated on a tear strap nar-

rower than the one used in the experiment. In this portion of the parametric study, the 

width of the tear strap is selected for modeling convenience to be 0.96 inches. The thick-

ness of the strap is 0.156 inches, the same as the experiment. As with the previous analy-

ses, the narrower tear strap is analyzed using the self similar crack growth model and the 

five crack bifurcation models.

5.4.3.1  Results of Self Similar Crack Growth

The crack growth curves resulting from a self similar crack path encountering the 

0.96-inch-wide and the 2.00-inch-wide tear straps are shown in Fig. 5.26. From this figure 

it is clear that the width of the tear strap affects minimally the behavior of the crack 

growth curve before the crack enters the tear strap. As observed with the effects of thick-
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ness, the results of stable crack growth are independent of the width of the tear strap. Once 

unstable crack growth begins, the curves remain very similar. It does appear that the nar-

rower the tear strap, the lower the minimum pressure. However, the location of the mini-

mum pressure is about the same for both tear strap sizes. After the crack enters the tear 

strap, there is a large difference between the curves. The narrower tear strap not only 

reduces the maximum pressure inside the tear strap, but generates a maximum pressure at 

a shorter half crack length. Because this result is very similar to the results of the two inch 

wide tear strap, the effect of width on flapping is considered small and other widths are not 

considered.

5.4.3.2  Crack Turning Model Results

Since only one other tear strap width is considered by the current study, the crack turn-

ing models are only applied to a tear strap with cross-sectional dimensions of 0.156 inch 

by 0.96 inch. The results of the crack turning models and the self similar crack growth 

model, with an initial half crack length of six inches, are shown in Fig. 5.27. All of the 

crack growth curves behave in a similar manner as the results of the previous crack turn-

ing models. The results show that the crack path, which turns at a half crack length of 7.76 

inches, requires a larger pressure than the self similar crack growth curve to advance the 

crack. See Fig. 5.28. When the crack turns at a half crack length of 7.84 inches, less pres-
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sure is necessary to advance the crack in the circumferential direction than to continue the 

crack along the self similar crack path. Hence, the STAGS results bound the location of 

crack turning between half crack lengths of 7.76 inches and 7.84 inches.

5.5  Discussion

STAGS analyses were conducted to predict the point of bifurcation for pressurized cylin-

ders with various tear strap sizes. Experimental results were used to validate the STAGS 

model for one tear strap configuration. A summary of the tear straps analyzed in this 

study, the fast crack pressure in the tear strap, and the location of crack bifurcation is 

shown in Table 5.1. As shown in the table, changing the thickness has a larger effect on the 

location of bifurcation and the fast crack pressure.
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 Application of published crack turning criteria with the results of the STAGS self sim-

ilar crack growth model also corroborated with the experimental results. The results of the 

crack turning criteria also show that the stresses on the inner and outer surface can be sig-

nificantly different for various tear strap sizes. This is because in the vicinity of the tear 

strap, bending has a significant influence on the stress distribution through the thickness of 

the shell wall. As the crack tip approaches the tear strap the stress gradients may be severe 

enough to cause the crack to slant rather than to remain flat.

Continuation of this study requires experimental verification of the predicted crack 

turning results. Experimental results would provide valuable information for refining the 

analytical models. With improved analytical models, a more inclusive parametric study 

should be conducted which could include varying the material of the tear strap, the tear 

strap spacing, and even the cylinder radius.

There is also room for improvements to the analytical model. The assumption of an 

integral tear strap should be replaced with one in which the strap is bonded to the skin, so 

that a crack can propagate in the skin under the strap. The ability to model the adhesive 

layer has recently become available in STAGS with the introduction of the 840 sandwich 

Table 5.1  Summary of parametric study of various tear strap sizes.

Tear strap 
thickness

(in)

Tear strap 
width
(in)

Astrap

(in2)

Ratioa of 
EAstrap to 

EAtotal

Fast crack 
pressure in 
tear strap 

(psi)b

Predicted 
location of 

turning
(in)

0.190 2.00 0.380 0.345 >61.60 7.72 ± 0.04

0.156c 2.00c 0.312 0.302 52.21 7.80 ± 0.04

0.08 2.00 0.160 0.182 31.13 7.88 ± 0.04

0.04 2.00 0.080 0.100 20.77 7.96 ± 0.04

0.02 2.00 0.040 0.053 16.67 >8.00

0.156 0.96 0.150 0.172 38.37 7.80 ± 0.04

a. Atotal = Astrap + shell thickness times the distance between the centers of two tear straps

b. Pressure determined from an analysis with an initial half crack length of 6.0 inches. Note that for an 
initial half length of 2.0 inches, the fast crack pressure in the shell wall is 47.7 psi.

c. Indicates the size used in the experiment
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elements and the corresponding sandwich transition elements. Unfortunately, at this writ-

ing the sandwich transition elements are not fully functional and many difficulties were 

encountered in an attempt to add the adhesive layer. The inclusion of the adhesive layer is 

important since the adhesive layer will change how the stresses in the cylindrical shell are 

transferred to the tear strap. Other forms of shell/tear strap assembly could also be mod-

eled, such as by the inclusion of rivets with or without an adhesive layer.

Another recommendation for improving the model is to incorporate into the analysis 

the dynamic effects of crack propagation. The inclusion of dynamic effects could add 

more accuracy to the predicted results. Unfortunately, the dynamic values of the allow-

ables are extremely difficult to measure. Currently the STAGS code does not have this 

capability and the inclusion of a dynamic analysis could very easily exceed today’s com-

putational resources.
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CHAPTER 6  Summary and Conclusions

6.1  Summary

The objective of this study is to investigate the mechanics of ductile fracture on the 

path of an initially axial crack approaching a tear strap in a pressurized aluminum cylindri-

cal shell. An experiment of a circumferentially stiffened cylindrical shell, which provided 

the motivation for this study, was performed at the Structural Mechanics Branch of the 

NASA Langley Research Center. This experiment resulted in a fast crack pressure of 

46.52 psi, 0.56 inches of stable crack growth, bifurcation of the crack path 0.23 inches 

before the tear strap, followed by crack growth in the circumferential direction, parallel to 

the edge of the tear straps.

An investigation into the mechanics of the fracture is performed through a numerical 

analysis for the static, nonlinear response of the test specimen using a ductile fracture cri-

terion for the crack growth. The numerical analysis is conducted using version 3.0 of the 

STAGS19 computer code. The ductile fracture criterion predicts crack growth if the crack 

tip opening angle (CTOA) is equal to, or exceeds, a critical value (CTOAc). Experimental 

data for the fast crack pressure, amount of stable crack growth, and far field strains are 

used to establish a value for the CTOAc and validate the modeling. A parametric study is 

conducted to find a value of the CTOAc which yields a fast crack pressure and length of 

crack stable growth which correlates with experimental data. This parametric study results 
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in a CTOAc of 5.0°. For CTOAc = 5.0°, the analysis predicts a fast crack pressure only 

2.5% greater than the experimental results and with 0.64 inches of stable crack growth. 

The analysis with this choice of the CTOAc also shows excellent agreement between the 

experimental and analytical far field strains. Therefore, a CTOAc of 5.0° is used through-

out this study.

With confidence established in the analytical model, crack growth is allowed to con-

tinue beyond the region of stable crack growth. The self similar crack growth model is 

analyzed twice, once using the stable crack growth algorithm and a second time using both 

the unstable and stable crack growth algorithms. The crack growth curve resulting from 

only using the stable crack growth algorithm is similar to an experimentally determined 

crack growth curve in the sense that the pressure can not decrease after the fast crack pres-

sure has been achieved. Since the unstable algorithm can decrease the pressure from the 

fast crack pressure as the crack length advances, the details of the unstable portion of the 

crack growth are observed. As the axial crack approaches the toughened structure at the 

tear strap, a relative minimum pressure occurs and an increase in pressure is required to 

further advance the crack. Once the crack penetrates the tear strap even more pressure is 

necessary to advance the crack. Comparing the resulting crack growth curves indicates 

that self similar crack growth completely through the tear strap is unlikely, since the rela-

tive maximum pressure in the strap exceeds the fast crack pressure.

Since a self similar crack path did not occur in the experiment, several STAGS models 

with bifurcated crack paths were created. The modified crack paths are symmetric about 

the axis of the self similar path, and the turning angle at the point of bifurcation is 90°. 

Five separate models are developed to turn the crack at half crack lengths of 8.00, 7.92, 

7.84, 7.76, and 7.68 inches. Because the crack turning definition requires two crack tips 

and the unstable crack growth algorithm is not capable of handling multiple crack tips, 

only the stable crack growth algorithm is used to analyze the crack turning models. 

Obtaining meaningful results from only using the stable crack growth algorithm requires 

the model to have an initial half crack length of six inches. Fortunately, the crack growth 

curves resulting from an initial half crack length of 2.0 inches and 6.0 inches are similar 
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for half crack lengths greater than 7.60 inches. The resulting crack growth curves bound 

the location of crack bifurcation between half crack lengths of 7.76 and 7.84 inches, 

thereby corroborating the experimental results. Application of three stress based crack 

turning criteria also corroborates the STAGS results.

After the development of analytical models which correctly predicts the location of 

crack bifurcation, a parametric study of the effects of tear strap thickness and width on 

crack bifurcation is performed. New tear strap thicknesses include 0.190, 0.08, 0.04, and 

0.02 inches, all based on available aluminum 2024-T3 stock sizes. Changing the tear strap 

thickness proves to have a significant effect on the crack growth curves near the tear strap. 

As the thickness decreases, the location of crack bifurcation shifts closer to the edge of the 

tear strap, the maximum pressure achieved once the crack entered the tear strap decreases, 

and the minimum pressure on the axial portion of the path decreases. The analysis predicts 

crack bifurcation in the three largest thicknesses. It is inferred that a 0.02 inch by 2.00 inch 

tear strap will not cause flapping, instead the tear strap is predicted to fail. The chosen 

widths are based on integer multiples of the mesh size in the STAGS model, and only 

widths of 2.0 inches and 0.96 inches are analyzed. These results show that wider tear 

straps increase the maximum pressure once the crack enters the tear strap, increase the 

minimum pressure on the axial portion of the path, and shift the location of the crack 

bifurcation point away from the edge of the tear strap.

6.2  Conclusions

The following are conclusions that have been drawn as a result of this study.

• An analytical model was developed which correctly predicted the fast crack pressure, 

amount of stable crack growth, and far field circumferential strains of the test article.

• The unstable crack growth algorithm in STAGS was used to generate both the stable 

and unstable portions of the crack growth curve.

• Self similar crack path results of the complete crack growth curve (stable and unstable 

portions) indicated that self similar crack growth through a tear strap 0.156 inches thick 

by 2.0 inches wide is unlikely.
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• The point of crack path bifurcation in the experiment was correctly bounded by the 

analysis which approximated the bifurcating crack path as two oppositely directed cir-

cumferentially paths, perpendicular to the initial axial path, emanating from various 

bifurcation points on the axial path.

• Application of stress based crack turning criteria corroborated the experimental and 

STAGS crack turning model results.

• For the crack tip close to the tear strap, there are severe in-plane stress gradients 

through the thickness in the shell wall between the tip and the strap. These stress gradi-

ents may cause the crack to slant.

• Decreasing the thickness of the tear strap shifts the location of the crack bifurcation 

point towards the tear strap, decreases the maximum pressure achieved once the crack 

enters the strap, and decreases the minimum pressure on the axial portion of the path.

• A tear strap thickness of 0.02 inches and width of 2.0 inches was predicted not to cause 

flapping, instead the crack was predicted to completely defeat the tear strap.

•  Decreasing the width of the tear strap reduces the maximum pressure once the crack 

entered the tear strap and shifts the location of crack bifurcation closer to the edge of 

the tear strap.

• From a limited parametric study, it is found that varying the thickness of a tear strap has 

a larger effect on the behavior of a crack than varying the width of a tear strap.

• In the experiment dynamic crack growth initiates at the relative maximum pressure on 

the stable part of the crack growth curve. However, the capability of the STAGS code to 

determine static equilibrium states for different crack paths, including both stable and 

unstable portions of the path, is demonstrated to be useful in interpreting the efficacy of 

the tear strap in toughening the structure under dynamic crack growth.

6.3  Future Work

The following are some suggestions for future work on this problem.

• Perform experiments to verify the results presented in this study.
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• Replace the assumption of the perfect bond between the cylindrical shell and the tear 

strap by incorporating an adhesive layer in the model.

• Perform a dynamic crack growth analysis.

• Expand parametric study to include various sizes of cylindrical shells, tear strap materi-

als, tear strap spacing, and different shell/tear strap interfaces.
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Appendix A        Examples of STAGS Input Files

A.1  Self Similar Crack Growth Input File
Pressurized cylinder, perfect bond, experimental tear strap, self 
similar crack growth through strap  $A-1
0 0 0                                  $B-1
12 0 0 7 14 0 0 0 1                    $B-2
1 0 2                                  $B-3
26 63  9 63  21 68  26 5  51 7,        $F-1
9 5    5 5   9 7    11 4   4 7,        $F-1
81 7  21 7                             $F-1    
1 3  2 1                               $G-1
1 4  4 2                               $G-1
2 4  6 2                               $G-1
4 3  6 1                               $G-1
6 3  7 1                               $G-1
8 1 10 3                               $G-1
11 3 12 1                              $G-1
2  9  0 0  3  1  0 0  1 63 1   6 68 1  $G-2
3  5  0 0  7  5  0 0  4  6 1   1  5 2  $G-2
3  0  6 0  7  0  5 0  1  5 1   1  5 1  $G-2
3  5  0 0  8  9  0 0  1  4 1   1  7 2  $G-2
4  0  1 0  5  0  7 0  1 26 1   1 51 2  $G-2
5 11  0 0 11  1  0 0  1  4 1   1  7 2  $G-2
5  0  4 0 11  0  7 0 11 51 1   1 81 2  $G-2
5 51  0 0  9  1  0 0  4  7 1   1  4 1  $G-2
6  0  1 0  9  0  4 0  1  6 1   1 11 2  $G-2
6  0  1 0 10  0  7 0  6  9 1   1  4 1  $G-2
7  0  1 0  8  0  7 0  1  5 1   1  9 2  $G-2
9 11  0 0 10  1  0 0  1  4 1   4  7 1  $G-2
9  0  1 0 12  0  7 0  1 11 1   1 21 2  $G-2
10 1  0 0 12 21  0 0  1  4 1   1  7 2  $G-2
1  4  3  -1  5.00 0 0 2.8              $G-5
2  5  1 1 11 1                         $G-6
4 11  1 1  5 1                         $G-6
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0 11  6 1 81 1                         $G-6
0 12  1 1 10 1                         $G-6
0  5  1 1 10 1                         $G-7
0 11  1 1 80 1                         $G-7
0 12  1 1  9 1                         $G-7
1 6 0 1 0                              $I-1
10.3594824E6 .30  0.0 .101 12.8E-6 0.0 0.0  $I-2
0.00483  50.0363E3,                    $I-3
0.01500  56.5627E3,                    $I-3
0.04000  62.3640E3,                    $I-3
0.10000  68.1653E3,                    $I-3
0.16000  71.0660E3,                    $I-3
1.00000  72.5163E3                     $I-3
1 1 1 7                                $K-1
1 .04 0.0  2                           $K-2
2 1 1 7                                $K-1
1 .196 0.0  2                          $K-2
5 0                                    $M-1 shell unit 1
0.0   8.0 10.0  180.0 9.0              $M-2
1  0 0.0  0.0  0  1                    $M-5
410 0 4 0                              $N-1
30.0  50.0  45.0  45.0                 $N-5
15  20  15  12                         $N-6
4 4 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 2
8.0 10.0 10.0  180.0  9.0              $M-2
2 0 0.0 .078 0 1                       $M-5
410 3 4 0                              $N-1
1.60 .32 .08                           $N-2
5 2 1                                  $N-3
30.0  50.0  45.0  45.0                 $N-5
15 20 15 12                            $N-6
6 4 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52 4 3 0 0  0                       $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 3
10.0 19.5  0.0  180.0  9.0             $M-2
1 0 0.0 0.0  0 1                       $M-5
410 5 4 1                              $N-1
2.24  1.2  1.5  1.8  2.76              $N-2
7 3 3 3 4                              $N-3
40.0  50.0  45.0  45.0                 $N-5
20 20 15 12                            $N-6
1 5  1 6                               $N-8
6 4 0 4                                $P-1
100 000                                $P-2
1                                      $Q-1
1 2                                    $Q-2
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46.52 4 3  0 0  0                      $Q-3
209.34 2 1 21 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 4
0.0 8.00  6.0  10.0  9.0               $M-2
1  0  0.0  0.0  0 1                    $M-5
410 0 0 0  0 0 0  0 0 0 0              $N-1
4 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 5
0.0  8.0  0.0  6.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 1  0 0 0  0 1 0 0              $N-1
11 51  1 4                             $N-8
4 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 6
8.0  10.0  6.0  10.0  9.0              $M-2
2 0  0.0 .078 0 1                      $M-5
410 3 0 0  0 0 0  0 0 0 0              $N-1
1.6 .32 .08                            $N-2
5 2 1                                  $N-3
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 7
10.0 11.28  6.0  10.0  9.0             $M-2
1  0  0.0  0.0  0 1                    $M-5
410 0 0 0  0 0 0  0 0 1 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 8
10.0  11.28  0.0   6.0  9.0            $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  0 1 1 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 9
8.0 9.6  3.0  6.0  9.0                 $M-2
2 0  0.0 .078 0 1                      $M-5
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410 0 0 0  0 0 0  0 1 0 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1 
1 1                                    $Q-2
46.52  4 3  0 0 0                      $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 10
9.6 10.0  0.0  6.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
410 2 0 0  0 0 0  0 0 0 0              $N-1
0.32 .08                               $N-2
2 1                                    $N-3
6 6 6 4                                $P-1
1                                      $Q-1 
1 1                                    $Q-2
46.52  4 3  0 0 0                      $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 11
1.60  8.00  0.0  3.0  9.0              $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  1 1 0 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0  0                    $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 12
8.0 9.6  0.0  3.0  9.0                 $M-2
2 0  0.0 .078 0 1                      $M-5
410 0 0 0  0 0 0  0 1 1 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1

A.2  Turning Crack Input File
Crack running and turning to the circumference at x=7.68” perfect bond, 
experimental tear strap $A-1
0 0 0                                  $B-1
20 1 0 14 25 -8 0 0 2                  $B-2
1 0 2                                  $B-3
26 62  9 62  21 68  26 7  43 7,        $F-1
9 7    5 7   9 7     5 7   4 7,        $F-1
9 7    7 7   7 7     5 7   5 7,        $F-1
71 7   7 7   5 7     5 7   9 7        $F-1
1 3  2 1                               $G-1
1 4  4 2                               $G-1
2 4  6 2                               $G-1
6 3  7 1                               $G-1
8 1 10 3                               $G-1
9 3 10 1                               $G-1
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11 3 12 1                              $G-1
C13 3 14 1                              $G-1
13 4 17 2                              $G-1
14 4 18 2                              $G-1
14 3 15 1                              $G-1
15 4 19 2                              $G-1
16 3 17 1                              $G-1
C17 3 18 1                              $G-1
18 3 19 1                              $G-1
19 3 20 1                              $G-1
2  9  0 0  3  1  0 0  1 62 1   7 68 1  $G-2
3  5  0 0  7  5  0 0  4  7 1   1  7 2  $G-2
3  0  7 0  7  0  7 0  1  5 1   1  5 1  $G-2
3  5  0 0  8  9  0 0  1  4 1   1  7 2  $G-2
4  0  1 0  5  0  7 0  1 22 1   1 43 2  $G-2
4 22  0 0 11  1  0 0  1  4 1   4  7 1  $G-2
4  0  4 0 11  0  7 0 22 26 1   1  9 2  $G-2
4 26  0 0  6  1  0 0  4  7 1   4  7 1  $G-2
5 43  0 0 11  1  0 0  4  7 1   1  4 1  $G-2
5 11  0 0 16  1  0 0  1  4 1   1  7 2  $G-2-
5  0  4 0 16  0  7 0 11 43 1   1 65 2  $G-2-
6  0  1 0  9  0  7 0  4  6 1   1  5 2  $G-2
6  0  1 0 10  0  7 0  6  9 1   1  4 1  $G-2
6  4  0 0 12  7  0 0  1  4 1   4  7 1  $G-2
6  0  4 0 12  0  7 0  1  4 1   1  7 2  $G-2
7  0  1 0  8  0  7 0  1  5 1   1  9 2  $G-2
9  1  0 0 20  9  0 0  1  4 1   1  7 2  $G-2-
9  1  0 0 12  7  0 0  4  7 1   1  4 1  $G-2
11 0  1 0 16  0  7 0  1  4 1  65 71 2  $G-2-
11 4  0 0 13  1  0 0  1  4 1   1  7 2  $G-2
11 0  4 0 13  0  7 0  4  7 1   1  7 2  $G-2
11 0  4 0 14  0  7 0  7  9 1   1  5 2  $G-2
12 3  0 0 15  5  0 0  1  4 1   1  7 2  $G-2
12 0  4 0 15  0  7 0  1  3 1   1  5 2  $G-2
12 0  1 0 20  0  7 0  3  7 1   1  9 2  $G-2-
2 11  0 1 0 0                          $G-3
5   1  1  1  10.0E6                    $G-4
21  1  0  1  -10.0E6                   $G-4
2 11  0 1 0 0                          $G-3
5   1  1  3  10.0E6                    $G-4
21  1  0  3  -10.0E6                   $G-4
2 70  0 1 0 0                          $G-3
16  2  1  1  10.0E6                    $G-4
21 12  0  1  -10.0E6                   $G-4
2 70  0 1 0 0                          $G-3
16  2  1  3  10.0E6                    $G-4
21 12  0  3  -10.0E6                   $G-4
2  6  0 1 0 0                          $G-3
17  2  1  1  10.0E6                    $G-4
21 82  0  1  -10.0E6                   $G-4
2  6  0 1 0 0                          $G-3
17  2  1  3  10.0E6                    $G-4
21 82  0  3  -10.0E6                   $G-4
2  3  0 1 0 0                          $G-3
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18  2  1  1  10.0E6                    $G-4
21 88  0  1  -10.0E6                   $G-4
2  3  0 1 0 0                          $G-3
18  2  1  3  10.0E6                    $G-4
21 88  0  3  -10.0E6                   $G-4
1  5  0   1  2.50                      $G-5
1  5  1 1  11 1  21   1 11 1           $G-6
1 16  2 1  55 1  21  12 65 1           $G-6
0 16 56 1  71 1  21  66 81 1           $G-6
0 17  2 1   6 1  21  82 86 1           $G-6
C0 18  2 1   4 1  21  88 90 1           $G-6
0 17  7 1   7 1  18 1 1  1 1           $G-6
2  3  0   1  5.00 0 0 0 0  10.0E6      $G-5
1 17  7 1  7 1  18 1 1 1 1             $G-6
0 17  7 2  7 7  18 1 2 1 7             $G-6
0 13  7 2  7 7  14 1 2 1 7             $G-6
90                                     $H-1
1 6 0 1 0                              $I-1
10.3594824E6 .30  0.0 .101 12.8E-6 0.0 0.0  $I-2
0.00483  50.0363E3,                    $I-3
0.01500  56.5627E3,                    $I-3
0.04000  62.3640E3,                    $I-3
0.10000  68.1653E3,                    $I-3
0.16000  71.0660E3,                    $I-3
1.00000  72.5163E3                     $I-3
1 1 1 7                                $K-1
1 .04 0.0  2                           $K-2
2 1 1 7                                $K-1
1 .196 0.0  2                          $K-2
5 0                                    $M-1 shell unit 1
0.0   8.0 12.0  180.0 9.0              $M-2
1  0 0.0  0.0  0  1                    $M-5
410 0 4 0                              $N-1
28.0  50.0  45.0  45.0                 $N-5
14  20  15  12                         $N-6
4 4 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 2
8.0 10.0 12.0  180.0  9.0              $M-2
2 0 0.0 .078 0 1                       $M-5
410 3 4 0                              $N-1
1.60 .32 .08                           $N-2
5 2 1                                  $N-3
28.0  50.0  45.0  45.0                 $N-5
14 20 15 12                            $N-6
6 4 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52 4 3 0 0  0                       $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 3
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10.0 19.5  0.0  180.0  9.0             $M-2
1 0 0.0 0.0  0 1                       $M-5
410 5 4 1                              $N-1
2.24  1.2  1.5  1.8  2.76              $N-2
7 3 3 3 4                              $N-3
40.0  50.0  45.0  45.0                 $N-5
20 20 15 12                            $N-6
1 5  1 7                               $N-8
6 4 0 4                                $P-1
100 000                                $P-2
1                                      $Q-1
1 2                                    $Q-2
46.52 4 3  0 0  0                      $Q-3
209.34 2 1 21 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 4
0.0 8.00  6.0  12.0  9.0               $M-2
1  0  0.0  0.0  0 1                    $M-5
410 0 0 1  0 0 0  0 0 0 0              $N-1
22 26  1 4                             $N-8
4 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 5
0.0  6.72  0.0  6.0  9.0               $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 1  0 0 0  0 1 0 0              $N-1
11 45  1 4                             $N-8
4 6 6 3                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 6
8.0  10.0  6.0  12.0  9.0              $M-2
2 0  0.0 .078 0 1                      $M-5
410 3 0 1  0 0 0  0 0 0 0              $N-1
1.6 .32 .08                            $N-2
5 2 1                                  $N-3
1 4  1 4                               $N-8
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 7
10.0 11.28  6.0  12.0  9.0             $M-2
1  0  0.0  0.0  0 1                    $M-5
410 0 0 0  0 0 0  0 0 1 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
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46.52  4  3  0 0 0                     $Q-3
0                                      $R-1
5  0                                   $M-1 shell unit 8
10.0  11.28  0.0   6.0  9.0            $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  0 1 1 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 9
8.96 9.6  0.0  6.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
410 0 0 0  0 0 0  0 1 0 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0 0                      $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 10
9.6 10.0  0.0  6.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
410 2 0 0  0 0 0  0 0 0 0              $N-1
0.32 .08                               $N-2
2 1                                    $N-3
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0 0                      $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 11
6.72 8.00  3.0 9.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 1  0 0 0  0 1 0 0              $N-1
4 9  1 4                               $N-8
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 12
8.0 8.96  3.0  9.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
410 0 0 1  0 0 0  0 1 0 0              $N-1
1 3  1 4                               $N-8
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 13
7.20 7.68  3.0 6.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
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410 0 0 0  0 0 0  1 1 0 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 14
7.68 8.00  3.0 6.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  0 1 0 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 15
8.0 8.32  3.0  6.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
410 0 0 0  0 0 0  0 1 1 0              $N-1
6 6 6 6                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 16
1.60  7.20  0.0  3.0  9.0              $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  1 1 0 0              $N-1
6 6 6 3                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4  3  0 0  0                    $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 17
7.20 7.68  0.0 3.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  0 0 0 0              $N-1
6 6 6 3                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 18
7.68 8.00  0.0 3.0  9.0                $M-2
1 0  0.0 0.0  0 1                      $M-5
410 0 0 0  0 0 0  0 0 0 0              $N-1
6 6 6 3                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 19
8.0 8.32  0.0  3.0  9.0                $M-2
2 0  0.0 .078 0 1                      $M-5
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410 0 0 0  0 0 0  0 0 0 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
5 0                                    $M-1 shell unit 20
8.32 8.96  0.0  3.0  9.0               $M-2
2 0  0.0 .078 0 1                      $M-5
410 0 0 0  0 0 0  0 1 1 0              $N-1
6 6 6 4                                $P-1
1                                      $Q-1
1 1                                    $Q-2
46.52  4 3  0 0  0                     $Q-3
0                                      $R-1
1  0 0 0  0.0 0.0 9.0  101 010  0  10  $S-1 nodes unit 5
1  0 0 0  .16 0.0 0.0                  $S-1a
11 0 0 0  1.6 0.0 9.0  101 010  0  80  $S-1 nodes units 16-18
1  0 0 0  .08 0.0 0.0                  $S-1a
1                                      $U-1
1 1                                    $U-2
46.52  4  3  0  0 0                    $U-3
0                                      $V-1

A.3  Solution Input File
Solution input file with the new unstable crack growth prodecure, X_ck       
$A-1
3  1  0 0 0 0 0 1                       $B-1  NONLINEAR ANALYSIS
1 0                                     $B-2  VSS
0.1      .01  1.5                       $C-1
0   0     50 -20 -1                     $D-1
0                                       $ET-1

Solution input file with only the stable crack growth prodecure       
$A-1
3  1  0 0 0 0 0 1                       $B-1  NONLINEAR ANALYSIS
1 0                                     $B-2  VSS
0.1      .01  1.5                       $C-1
0   0     50 -20 -1                     $D-1
0                                       $ET-1
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Appendix B         Parametric Study: Results from the 
Stress Based Crack Turning 
Criterion

Fig. B.1  Maximum polar normal stress criterion for a 0.04 in. by 2.0 in. tear strap, 
a=7.04 in. 

a. Outer Surface b. Inner Surface
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Crack growth direction is axial.
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Fig. B.2  Maximum polar normal stress criterion for a 0.04 in. by 2.0 in. tear strap, 
a=7.76 in.
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Direction of crack growth is inconclusive.

Fig. B.3  Maximum polar normal stress criterion for a 0.04 in. by 2.0 in. tear strap, 
a=7.84 in.
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Fig. B.4  Maximum polar normal stress criterion for a 0.02 in. by 2.0 in. tear strap, 
a=7.04 in.
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Fig. B.5  Maximum polar normal stress criterion for a 0.02 in. by 2.0 in. tear strap, 
a=7.76 in.

a. Outer Surface b. Inner Surface

Direction of crack growth is inconclusive.
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Fig. B.6  Maximum polar normal stress criterion for a 0.02 in. by 2.0 in. tear strap, 
a=7.84 in.
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