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Abstract 

The principal excitation to a vehicle’s chassis system is the road profile.  

Simulating a vehicle traversing long roads is impractical and a method to produce short 

roads with given characteristics must be developed.  By understanding the characteristics 

of the road, a reduced set of models can be created from which appropriate 

representations of the terrain can be synthesized.  Understanding the characteristics of the 

terrain requires the ability to accurately measure the terrain topology.  It is only by 

increasing the fidelity and resolution of terrain topology data that application of these 

data can be advanced.  The first part of this work presents the development of a high 

fidelity 3-D laser terrain measurement system.  The system is developed for both on-

highway and off-road measurement.  It is capable of measuring terrain in three 

dimensions, whereas current systems measure separate 2-D profiles in each wheel path of 

the vehicle.  The equipment setup and signal processing techniques are discussed, as well 

as future improvements and applications of this enabling technology. 

The second part of this work develops a method of characterizing non-stationary 

road profile data using ARIMA (Autoregressive Integrated Moving Average) modeling 

techniques.  The first step is to consider the road to be a realization of an underlying 

stochastic process.  The model identification techniques are demonstrated.  Statistical 

techniques are developed and used to examine the distribution of the residual process and 

the results are demonstrated.  The use of the ARIMA model parameters and residual 

distributions in classifying road profiles is also discussed.  By classifying various road 

profiles according to given model parameters, any synthetic road realized from a given 

class of model parameters will represent all roads in that set, resulting in a timely and 

efficient simulation of a vehicle traversing any given type of road. 
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1 Introduction 

The vehicle design engineer is challenged with determining appropriate loads and 

excitations into the vehicle’s chassis system.  These excitations must represent severe 

customer usage and be consistent throughout the design stage.  It is commonly accepted 

that the road profile is the principal excitation to the vehicle, and therefore, accurate 

representations of the road profile are required to obtain meaningful results from 

simulations.  These representations can be measured or simulated, though it is impractical 

to simulate hundreds of miles of measured road profiles.  If a reduced set of road profile 

models can be created that capture the required characteristics of the physical road 

profile, synthetic road profiles can be generated resulting in timely and efficient 

simulations.  Measured road profile data must be obtained with sufficient resolution to 

capture important characteristics of the profile.  Only then can the excitation information 

required by the design engineer be cast into an appropriate model that represents a given 

class of road profiles.  The development of this work proceeds in the next two chapters.         

Chapter 2 details the development of a high fidelity 3-D terrain measurement 

system that includes several advancements in terrain measurement technology.  First, the 

system is developed for both highway applications and off-road terrain, whereas current 

road profiling systems are only suited for smoother highway applications.  Second, the 

system is capable of measuring terrain in three dimensions, on a grid of approximately 

5mm in the horizontal plane, over a width of 4 meters.  Current systems measure separate 

2-D profiles, typically acquiring one in each wheel path of the host vehicle.  Third, the 

longitudinal distance traveled is now calculated with 2 cm accuracy solely using GPS 

technology, even over long trials of 10 km or more.  Current systems are limited by 

wheel sensor measurements (meters per rotation) or integrated speed sensor data where 

accuracies are often quoted as 0.1% (i.e., 10 meters of error in a 10 km trial).  The 

equipment setup, signal processing, and validation studies pertaining to this system are 

explained.  The applications of this enabling technology are also discussed, as well as 

future improvements and future work to be performed.   
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Chapter 3 illustrates the development of ARIMA (Autoregressive Integrated 

Moving Average) modeling techniques and the application of these techniques to 2-D 

longitudinal road profiles.  This work demonstrates that an ARIMA model can be fit to 

measured road profile data such that the resulting residual distribution is independent and 

identically distributed (iid).  In the current analysis, the road profile is considered to be 

one realization of an underlying stochastic process.  It is desired to characterize this 

process using a set of ARIMA model parameters and a residual distribution.  This process 

is developed in several steps.  First, the model and parameter identification process is 

demonstrated with an example.  Second, several tests are used to check the model for 

goodness of fit using the autocorrelations of the residual process of the model.  Third, a 

statistical test is developed based on the joint probability distributions of the residual 

process.  This test is used to examine the null hypothesis that the residual distribution of 

an ARIMA model fit to road profile data is independent and identically distributed.  The 

significance of the distribution being iid when using an appropriate model to generate 

synthetic road profile data is discussed.  The importance of the techniques used in this 

work to characterize road profiles is compared with several commonly used methods.  

Future work and development of the model is also discussed.  
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2 Vehicle-Terrain Measurement System 

2.1 Introduction  

Throughout a chassis development program it is necessary to possess load data 

representing severe customer usage to ensure that the chassis will perform as required.  

The actual loads, however, are available only at the conclusion of the program.  The 

design engineer is challenged with using predicted chassis loads early in the design 

process – when changes are relatively easy and inexpensive to make – and measured 

chassis loads late in the program when changes to the design are extremely costly, if 

allowed to be implemented.  It is advantageous, therefore, to accurately predict these 

target chassis loads early in the program and to maintain a consistent process for 

predicting chassis loads as the design changes throughout the program.  Traditionally, 

early target loads are estimated from historical targets.  Often peak loads, which typically 

are based on the corner weight of the vehicle, are used in the concept stage of the design.  

When preliminary suspension designs are being considered, loads may be measured in 

surrogate vehicles of similar suspension architecture, using ballast to emulate the design 

under consideration.  These methods all assume that the loads accurately represent the 

response of the current design and that they are independent of changes in that design.   

It is clear that the main excitation to the chassis is the road profile [1] (although 

cornering loads may also play an important role).  A non-deformable road road profile 

imposes a unilateral geometric boundary constraint on rolling tires to which the chassis 

responds by generating loads, moments, motions, deformations, etc.  In order to properly 

set chassis response targets, it is necessary to understand the underlying road profiles that 

excite them.  The road profile remains a consistent excitation to the chassis, even as the 

chassis design changes.  The resulting responses to this consistent excitation can be 

calculated and compared for different chassis designs being considered.  A set of road 

profiles that will be consistently used to excite the chassis must be determined at the 

beginning of a chassis development program [11].  In this way, the target roads can be 
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used with multi-body simulation software to predict chassis responses throughout the 

design process. 

This chapter is the compilation of a two part series published in the proceedings 

of the 2007 International Society for Terrain-Vehicle Systems conference in Fairbanks, 

Alaska [17,31].  These publications detail the development of the equipment setup and 

signal processing techniques for a 3-D terrain measurement system.  The system 

developed in Section 2.3 establishes a new level of fidelity, resolution, and applications 

in terrain measurement.  First, the system is developed for both highway applications and 

off-road terrain.  Current road profiling systems are not suited for measuring large rocks 

and obstacles that are encountered off-road.  Second, the system is capable of measuring 

terrain in three dimensions, on a horizontal grid of approximately 5mm, over a width of 4 

meters.  Current systems measure separate 2-D profiles [7].  The transverse positioning of 

these 2-D measurements can include one measurement in each wheel path of the host 

vehicle, plus one or more additional measurements along the width of the host vehicle in 

order to estimate road crowning.  Third, the longitudinal distance traveled is now 

calculated with 2 cm accuracy, even over long trials of 10 km or more.  Current systems 

are limited by wheel sensor measurements (meters per rotation) or integrated speed 

sensor data where the most accurate systems are often quoted as 0.1% (i.e., 10 meters of 

error in a 10 km trial). 

It is only by increasing the fidelity and resolution of terrain topology data that 

application of these data can be advanced.  For example, 3-D tire models and 

terramechanics models require detailed knowledge about the terrain topology which this 

system can provide.  This system is an enabling technology to pursue more advanced 

terrain modeling analyses, such as kriging.  Ultimately, the knowledge of how the data 

are acquired can lead to insights into advanced applications of the data. 

The remaining sections detail the development of data collection and signal 

processing techniques.  This work examines the methodology of combining the data from 

separate systems and developing an augmented INS solution to improve the estimate of 

the vehicle’s position and orientation.  The difficulty in synchronizing these signals is 

exacerbated by data being acquired at different sample rates on separate acquisition 

equipment.  The result of using the improved estimates of vehicle position and orientation 
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in this common mode rejection problem is validated in a series of studies.  The validation 

studies examine the precision of the terrain measurements in the vertical direction and in 

the horizontal plane.  Through these studies, it is demonstrated that very high precision 

can be achieved using these signal processing techniques.  The chapter is concluded with 

examples of experimental data recorded with the system, discussions, and conclusions.  

2.2 Background 

The technology developed to measure terrain has progressed over the last five 

decades from vehicle response type systems in use before 1960 [12,15] to the current 

vehicle independent systems.  Response type systems characterized a road based on 

vehicle responses such as spindle accelerations and loads, restricting the application of 

response measurements to the specific vehicle on which the responses were measured.  

The equipment and signal processing techniques were rudimentary.  A road following 

wheel extended below the floor of the vehicle (or, in many cases below the floor of a 

trailer being towed by the host vehicle).  The vertical movement of the wheel was 

recorded using a string-pot to measure the vertical movement.  This signal was rectified 

and summed over time to give the total movement of the road-following wheel with 

respect to the body of the vehicle (or trailer).  To have more consistent measurements, the 

physical properties of the vehicle were specified. 

General Motors Research developed direct measurement of road profiles in the 

1960’s [28,29] using a road-following wheel extending below the body of a host vehicle 

to measure the relative distance between the body and the road surface and an 

accelerometer to calculate the absolute body motion.  The relative distance between the 

body and the road surface was subtracted from the absolute position of the body to obtain 

the absolute position of the road.  This common mode rejection problem highlights two 

important issues: estimating the vehicle position accurately and closely synchronizing the 

two signals.   

The Australian Road Research Board (ARRB) substituted a laser for the road-

following wheel in 1987 [25].  This was the first non-contacting road sensor used for road 

measurements.  Although many of the mechanical issues associated with the movement 

of the road-following wheel remained, it fundamentally changed the means by which the 
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relative distance between the road and the body was sampled.  In this system, the road is 

sampled optically, rather than mechanically as had been the standard practice.  Although 

great advances were made because of this fundamental change, there was a great deal of 

development work to understand the implications of this shift.  For example, the laser has 

a much finer resolution than the tire patch.  The implication is that small cracks in the 

pavement must be filtered from the data to emulate the way in which a tire filters the data 

mechanically. 

Although a great deal of work has been done to refine these vehicle independent 

systems in the past 20 years [7], the system developed in this work is the first to break 

from these established techniques.  The system developed in this work establishes a new 

level of precision and resolution, resulting in new applications for terrain measurements. 

2.3 Vehicle Terrain Measurement System 

The vehicle terrain measurement system (VTMS) developed in this work consists 

of four major components: a scanning laser, an inertial navigation system (INS), a data 

acquisition system, and the power management system.  These components allow 

measurement of the road profile, placement of the profile in global coordinates, and 

collection of the road profile data. 

2.3.1 Scanning Laser 

A scanning laser is used to acquire the terrain topology data.  The laser is 

mounted approximately 2m from the terrain surface and acquires data over a width of 

4m, as shown in Figure 2.1.  The spacing between sequential points in the grid is 

approximately 5mm.  It should be clear, however, that the spacing will not be uniform.  

This uneven spacing arises from two causes.  The scanning laser operates by directing a 

laser beam at a rotating prism.  The rotation of the prism causes the reflection of the laser 

beam to the terrain to increment at equal angles across the width of the scan.  For 

example, if the sample rate is 941 points over 90°, or about 1 sample every 0.095°, then 

the spacing in the center of the path is about 2m tan (0.095°) = 3.3mm.  The spacing near 

the outside of the path is about 2m [tan (45.095°) – tan (45°)] = 6.6mm.  The second 

cause is that the lateral position depends on the vertical position of each sample point.  
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That is, “higher” points will seem closer to the center.  This is demonstrated in Figure 

2.2.  Here the height of the “bump” occurring near sample point x2 causes the lateral 

position of the sample point to be closer to the center of the laser path.  If uniform grid 

spacing is desirable, then interpolation algorithms based on kriging, splines, or other 

polynomial fitting will be developed.  This data formatting can be accomplished after the 

data have been collected and verified, and can be revisited if new grid spacing is required 

at a later time. 

 

 

2m 2m 

2m 

Laser 

Front 

View 

 
 

Figure 2.1: Schematic of Laser Scanning Range. 

 

 

Laser 

x1 x2 x3  
Figure 2.2: Exaggerated View of Sequential Samples. 

 

2.3.2 Inertial Navigation System 

In order to incorporate geodetic positioning of the terrain data, an inertial 

navigation system (INS) is used.  This is a fundamental departure from the traditional use 

of an integrated speed sensor signal to estimate the longitudinal distance traveled.  The 

INS consists of a global positioning system (GPS) receiver mounted in the host vehicle 

(this is commonly referred to as a rover unit), an inertial measurement unit (IMU) that is 
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mounted near the center of mass of the host vehicle, and a stationary GPS receiver which 

is located near the section of terrain being measured (this is commonly referred to as a 

base unit).  The data acquired from these three pieces of instrumentation are combined to 

give high-fidelity measurements of the host vehicle position and orientation as it travels 

along the terrain of interest. 

The data processing begins with the formation of differential GPS measurements 

(DGPS).  The base station receiver collects estimates of its current location.  These 

estimates are collected over long periods of time (several hours) so that the true location 

can be estimated with very high confidence.  After the true position of the base unit is 

established, the measurements at any particular point in time will be the sum of two parts: 

a vector defining the true location and an error vector.  The error vector, measured from 

the true location of the base station receiver to the current position measurement, can be 

caused by effects such as changing atmospheric conditions.  This error vector is used to 

make the DGPS corrections. 

The base unit and the rover unit collect GPS signals simultaneously.  The data 

collected by the rover unit at any point in time will be the sum of two vectors: a vector 

defining the true location of the rover unit and an error vector.  The error vector 

calculated from the base unit measurements is subtracted from the rover unit 

measurements to give the true location of the rover unit.  This DGPS signal is then 

combined with the IMU measurements in a Kalman filter to produce the final prediction 

of the position and orientation of the vehicle. 

The deviation of the INS measurements in the horizontal plane vs. the distance 

traveled in the horizontal plane is summarized in Figure 2.3.  The INS system is capable 

of a horizontal precision of 1 cm (Circular Error Probability) for short distances traveled, 

and 2 cm (Circular Error Probability) for longer distances (up to 10 km) when a sufficient 

number of satellites are available and the base station is used for differential GPS 

corrections.  For instances in which the base station is not available, the rover GPS is 

capable of using a correction service for sub-meter to decimeter level accuracies.  In the 

worst case scenario, the INS system can obtain 0.8-1.2 m accuracy using the standard 

L1/L2 band GPS frequencies. 
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Figure 2.3: Accuracy of INS. 

 

2.3.3 Accelerometers 

Three accelerometers located at the scanning laser are used to augment the inertial 

navigation system’s estimation of the vehicle’s position and orientation. The data are 

used to estimate the pitch, roll, and vertical movement of the vehicle as it travels the 

terrain. The accelerometer data are used to aid in cancellation of the vehicle body motion 

from the profile measurement. Some estimates of the vehicle position and orientation are 

estimated using multiple sensors; each additional sensor provides a better estimate of the 

true position and orientation of the host vehicle. Additionally, the strengths of each 

sensor (e.g., the bandwidth in which they are most accurate) can be exploited to mitigate 

possible short-comings of other sensors. 

2.3.4 Data Collection 

The data acquisition for the VTMS is handled by several pieces of equipment.  

The scanning laser has a mobile computer dedicated solely to collecting the profile data.  

A second mobile computer is used to collect GPS and IMU data from the rover GPS 

receiver, and acceleration data collected near the scanning laser.  Figure 2.4 shows the 

front panel of the equipment rack housing an amplifier (bottom left), GPS rover receiver 

(bottom right), DAQ system (middle), and power distribution box (top).  
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Figure 2.4: Equipment Rack Front Panel. 

2.3.5 Power Management 

Several issues arise when using the vehicles alternator to power measurement 

equipment.  If the equipment is running during vehicle startup, power to the equipment 

will be momentarily lost.  The power from an alternator is also very unsteady.  For these 

reasons, all equipment except the mobile computers will be powered from a stand alone 

battery system.  The mobile computer’s batteries eliminate the unsteady power issues.  

The scanning laser requires 48VDC, while the rest of the equipment requires 12VDC.  To 

obtain the required voltages, six, 12 volt, 38 amp-hour, sealed, lead-acid batteries are 

being used.  Battery packs that contain two batteries each, and a charger to charge both 

simultaneously, were constructed and are shown in Figure 2.5.  Through the use of a 

power distribution box (Figure 2.4), four of the batteries are placed in series to obtain the 

48VDC needed for the laser.  The remaining two are connected in parallel to create 

12VDC.  The batteries will allow for 6-8 hrs of data acquisition time between recharging.  

The exact run time depends on the number of times the subsystems are powered.  

Currently, the VTMS only requires 12 and 48VDC, but the system is adaptable to include 

up to three more voltages. 
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Figure 2.5: Battery pack with batteries and integrated charger. 

 

2.3.6 Host Vehicle 

A midsize SUV was chosen as the host vehicle for the VTMS since it contains 

sufficient cargo room for the measurement equipment.  The SUV also provides the 

capability to perform future off-road terrain studies. 

A custom designed platform was fabricated to mount the scanning laser on the 

back of the vehicle, 2m vertically from the pavement surface.  The platform is easily 

installed and removed utilizing four receiver hitch style connections: two on the rear 

bumper and two on a custom designed roof rack.  Any relative motion between the 

platform and the body of the host vehicle would directly impact the accuracy of the road 

profile measurements.  Each receiver contains set screws to tighten the connection to 

ensure the stability of the platform.  Figure 2.6 shows the platform on the vehicle. 

The cargo space of the vehicle is outfitted with a platform that allows the battery 

packs and equipment rack to be safely secured.  Figure 2.7 shows the battery packs and 

equipment rack (tall box behind passenger seat) mounted securely in the vehicle. 
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Figure 2.6: Vehicle with Laser Scanning System. 

 

 
Figure 2.7: Rear view of vehicle showing equipment packaging. 

 

2.4 Data Collection 

Rudimentary knowledge of the data collection process will aid in understanding 

the following section pertaining to the signal processing.  The Vehicle Terrain 

Measurement System (VTMS) records data from three separate subsystems 

simultaneously: a laser scanner, accelerometers, and an inertial navigation system (INS).  

Data for the accelerometers and INS are collected continuously, resulting in one long 
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‘parent’ file for each system that may contain information for multiple sections of 

measured road.  This is not the case for the laser scanner.  A separate laser data file is 

created for each section of road measured.  Each time a section of road is measured, the 

INS and accelerometer files must be stamped to allow the data corresponding to a given 

section of road to be extracted later. 

2.4.1 Signal Synchronization 

A single high/low voltage switch is used as a run marker in order to record laser 

data and mark the INS and accelerometer files at the beginning and end of a section of 

road being measured.  When the switch is turned on, a high voltage is present and three 

things occur simultaneously:  the computer controlling the laser scanner begins recording 

data, the INS data collection software records the time in GPS seconds that the high 

voltage was detected, and the Data Acquisition (DAQ) system for the accelerometers 

records the high voltage.  When the switch is turned off, the laser data collection ceases, 

the INS data are once again time stamped, and the DAQ system for the accelerometers 

records the low voltage.  For each individual section of road measured (resulting in 

individual scanning laser files), the corresponding INS and accelerometer data can be 

extracted from the parent files in order to be combined with the laser data. 

During the development of the Vehicle Terrain Measurement System it was found 

that there are latencies from the time that the run marker is switched to when each system 

recognizes the switch.  Therefore, the beginning of each of the three subsystem data files 

does not necessarily correspond to the same point in time.  It was also found that the 

latency is not consistent among subsystems.  To account for this and to ensure that the 

laser, INS, and accelerometer files are aligned correctly during post-processing, a second 

synchronization technique is used.  The INS system contains a low voltage pulse that can 

be output according to the user’s specifications.  In the case of the VTMS, this pulse 

occurs every one-half second.  This pulse is then recorded by each subsystem, and is vital 

in aligning the separate files in time.  The use of this pulse for file alignment is discussed 

in subsequent sections. 
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2.5 Overview of Signal Processing 

The signal processing is shown schematically in Figure 2.8 and Figure 2.9.  The 

measurements and calculations required to accurately position and orient the vehicle have 

been developed in the work previously.  The information defining the position and 

orientation of the IMU that is located near the center of mass of the vehicle is denoted as 

� in Figure 2.8.  The acceleration data that are collected near the scanning laser are 

bandpass filtered and integrated twice to give an estimate of the position and orientation 

of the scanning laser.  The result of this estimate is denoted as � in Figure 2.8.  Figure 

2.9 provides a schematic of the coordinate transformations that are required to convert 

from the IMU-centered data as denoted as � to the scanning laser centered data that are 

denoted as �.  Now the two estimates of the position and orientation of the scanning 

laser can be compared.  These two estimates are combined to calculate the final estimate 

of the scanning laser position and orientation.  Finally, the scanning laser data are 

acquired (as denoted by � in Figure 2.9) in laser-centered coordinates.  These scanning 

laser coordinates must be transformed to ground-centered coordinates so that the vehicle 

motion can be removed from the scanning laser measurements.  In this way, the process 

is a common mode rejection process. 
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Figure 2.8: Signal Processing Overview (1). 
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Figure 2.9: Signal Processing Overview (2). 

 

2.6 Signal Preprocessing 

Before the data from each subsystem can be combined, each individual data set 

must be preprocessed.  The preprocessing of each signal involves filtering, scaling of the 

data’s time vector, and coordinate transformations.  The primary contribution of this 

work is the processing of the data collected with Inertial Navigation System.    

2.6.1 Inertial Navigation System (INS) 

Data obtained from an inertial navigation system (INS) is used to incorporate 

geodetic positioning into the overall solution of the measured road profile.  The INS 

consists of a global positioning system (GPS) receiver mounted in the host vehicle (this is 

commonly referred to as a rover unit), an inertial measurement unit (IMU) that is 

mounted near the center of mass of the host vehicle, and a GPS receiver that is fixed to a 

stationary point near the section of terrain being measured (this is commonly referred to 

as a base unit).  The rover GPS estimates the position of the vehicle in time and space, 

however, there is some error in this estimate due to the distortion of the satellite signal as 

it passes through the Earth’s atmosphere.  The rover solution, therefore, can be 

considered to be an estimate of the true vehicle position plus some error vector.  The 

IMU utilizes a three-axis gyroscope to estimate the orientation of the vehicle and 3-axis 

accelerometers to estimate the position.  The base unit GPS is stationary and, therefore, 

the true position of the base unit can be very accurately determined.  The error in the 

estimate of the base unit GPS position at any moment in time is known and so the error 

vector, due to the distortion of the satellite signal, can be calculated at any time.  The 

error vector (determined from the base unit GPS) is then subtracted from the rover 

solution to determine a more accurate estimate of the rover unit’s true location. 
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The measurements from the three units are combined using proprietary post-

processing software provided with the INS to obtain a highly accurate inertial navigation 

solution.  First, the rover and base unit GPS solutions are used to create a differential 

GPS (DGPS) solution.  The error estimates from the base unit are combined with the 

position estimates obtained by the rover unit for each point in time to determine the true 

location of the rover unit.  The DGPS signal is then combined with the IMU data using 

the software’s Kalman filter to determine the final prediction of the position and 

orientation of the vehicle.  The origin of the coordinate frame of the solution is located at 

the center of the IMU.  In order to combine the INS solution with the laser data, a 

coordinate transformation must be made so the origins from each data set are aligned.  

Using the post-processing software, the coordinate system is transformed so the origin is 

aligned with the origin of the scanning laser.   

During development of the system, it was found that the INS solution needed to 

be smoothed and filtered.  DGPS data are collected at 5 Hz, whereas IMU data are 

collected at 100 Hz.  The IMU provides high fidelity orientation measurements of the 

vehicle, but includes a small amount of drift and is only accurate over short distances.  

Therefore, when the signals are combined using the Kalman filter in the software, the 

DGPS data are used as a global position update to the IMU data.  In this manner, the 

DGPS data points locate the IMU data globally, and the IMU data are used to account for 

the gaps in the DGPS data.  This update process sometimes creates what is known as a 

‘sawtooth’ effect in the data.  A 0.35 second median smoothing filter was created to 

remove this effect.  The filter steps through the INS solution point by point, and 

determines the median value of 0.35 seconds of data centered about the current point in 

the data.  Figure 2.10 displays a section of elevation data that has been smoothed using 

the median filter.  The sawtooth effect is eliminated using the smoothing filter.   
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Figure 2.10: Results of smoothing filter. 

 

Finally, the inertial navigation solution is used to estimate the low frequency 

content of the vehicles motion.  A 3 Hz low-pass elliptic filter is applied to the smoothed 

data.  The high frequency vertical motion is accounted for using the triad of 

accelerometers discussed above.   

After the median and low-pass filters have been applied to the data, a data file for 

each individual section of measured road is output using the time stamps recorded during 

data collection as described in Section 2.4.1. 

2.7 Parallel and Subsequent Work 

The remainder of the development work is not the primary contribution of this 

thesis work, but instead a collaboration of the work performed by the author and several 

researchers to support the development of the Vehicle Terrain Measurement System.    

The remaining work includes the signal processing of the accelerometer and laser scanner 

data, combining the solutions of the separate INS, accelerometer, and laser scanner data, 

and validating the result.  For completeness, a brief overview of this work is given.  

Please reference Wagner et. al., 2007 [31] for further details of these processes.       
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2.7.1 Accelerometer and Laser Data Pre-Processing 

As stated in Section 2.3.3, three accelerometers are rigidly mounted below the 

laser scanner in a triangular pattern to measure the vertical motion of the scanner.  These 

are used to account for frequency content greater than 3 Hz, the cutoff frequency of the 

INS solution.  This frequency break point was chosen because the accelerometers do not 

match the performance of the IMU below frequencies of 3 Hz.  The raw accelerometer 

data is bandpass filtered between 3 and 100 Hz, then double integrated to obtain position 

data.  To align the accelerometer data with the INS data, a time vector is created using the 

run marker and 0.5 second pulse voltage signals.  The accelerometer data are then used in 

conjunction with the low-pass filtered INS solution to estimate the vertical position of the 

laser scanner.     

During development of the system it was found that the laser scanner and the INS 

system keep slightly different time (< 1 ms / sec).  It is assumed that the INS time is 

‘true’ time.  The laser data time vector is therefore scaled to appropriately align the two 

sets of data.  This is accomplished using the 0.5 second low voltage pulse discussed 

above.      

2.7.2 Combined Solution 

The combination of the three separate data files pertaining to a given section of 

road is simple once the preprocessing is finished.  The output pulse of the INS system is 

used to align each file to the same point in time.  First, the time from the beginning of a 

data file to the first recorded pulse is determined for each system.    From this information 

it is determined which subsystem started recording data last (i.e. the shortest time to the 

first pulse).  The true beginning of data collection is then defined as the first point when 

all subsystems were recording data simultaneously.  By previously synchronizing the 

INS, laser, and accelerometer time vectors in preprocessing, this point can then be found 

in each file and the separate data files can be accurately combined.  

The files can be accurately combined once they align in time.  During 

preprocessing, the accelerometer coordinate frame was defined to be same as the laser 

coordinate frame.  Though the origin of this frame is aligned with the origin of the INS 

frame, the axes do not align, and a rotation is required.  The rotation matrix is constructed 
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using roll, pitch, and yaw information recorded by the IMU, and applied to the laser and 

accelerometer data.  With all three coordinate systems aligned, combining the data for 

each is simply a process of adding the corresponding x, y, z data from each file.   

2.7.3 Validation Studies 

Validation tests were conducted to derive the precision of the system 

performance.  The principal technical challenge is to eliminate the body motion of the 

host vehicle from the scanning laser measurements (i.e., the common mode rejection 

problem).  Small and large scale validation tests were performed to estimate the variation 

in measured points locally and globally in the vertical and horizontal planes. 

It was desired to estimate the horizontal placement precision of the INS system.  

Based on equipment specifications, the expected precision of the solution can be seen in 

Figure 2.3.  The precision of the INS depends more heavily on the drift rate of the IMU, 

and the precision can degrade rapidly with time when the vehicle is stationary.  A test 

was performed in which the vehicle was kept stationary for approximately three minutes 

while collecting data.  The INS solution shows very little drift in the data; most of the 

points are contained within a 1 cm radius (shown as a circle in Figure 2.11).  This figure 

demonstrates that the static precision of the system is indeed within the bounds described 

by the blue line in Figure 2.11. 
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Figure 2.11: Horizontal precision with stationary host vehicle. 
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 Two studies were conducted to estimate the precision of the measurements in the 

vertical direction.  The small-scale vertical deviation was determined by inducing roll 

motion in the vehicle with the vehicle held stationary (no forward-aft translations).  If the 

motion of the vehicle is being properly removed, the deviation of points along the scan of 

the laser should be very small.  To measure this deviation, several control points were 

chosen along the scan of the laser as shown in Figure 2.12.  All the measurements within 

a 1 cm radius of these points were collected.  The vertical standard deviation of the points 

can be seen in Table 2.1. 

 

 
 

Figure 2.12: Aerial View of Vehicle Terrain Measurement System showing laser scan. 

 

Table 2.1: Deviation in Vertical Measurements. 

 

Point along scan 100 300 500 700 900 

Standard Deviation (mm) 1.0 0.7 0.9 0.7 1.0 

 

   The large-scale vertical deviation was performed using a similar method as the 

small-scale test.  Data were collected by traveling an oval path six consecutive times at a 

speed of 5 m/s (12 mph) to yield topographic data points spaced approximately 5 mm 

apart.  The path of the vehicle can be seen in Figure 2.13.  Six points were selected 

around the oval, as seen in the figure.  All the measurements within a 1 cm radius of these 

points were collected.  The vertical standard deviation of the points can be seen in  

Table 2.2.  The deviations are larger over longer distances than those determined by the 

roll test. 
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Figure 2.13: Aerial view of oval path and reference points for validation test. 

 

Table 2.2: Deviation in Vertical Measurements. 

 

Point around oval 1st 2nd 3rd 4th 5th 6th 

Standard Deviation (mm) 2 4 4 4 5 4 

 

 

2.7.4 Experimental Data 

Several examples of data obtained using the measurement system are shown in 

Figures 2.14 – 2.17.  It is difficult to view the data three-dimensionally due to the large 

amount of data that is collected.  Third party software is used to view 3-D data.   

Figure 2.14 displays a large board with several cleats attached to it; a pipe wrench 

was also placed in the path of the vehicle.  It is easy to see the fine resolution attainable 

with the measurement system.  The ripple that is seen in the picture is believed to be an 

artifact of the board moving and warping as the vehicle traversed it as it was not attached 

to the ground.  Notice this ripple is only seen on the board, and not the ground. 
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Figure 2.14: Objects placed in path of vehicle. 

 

 

Figure 2.15 shows a plan view of two lanes of road data from a test track.  The 

data was processed relative to a locally defined North-East grid.  Figure 2.16 is a detailed 

view of the southernmost corner of the loop.  The width of each lane of data is 

approximately 4 meters.  Some overlap exists between the two lanes as the actual road 

was not quite 8 meters wide.  Figures 2.15 and 2.16 demonstrate the capability of the 

system to appropriately locate adjacent lanes of data.  

    

 

Figure 2.15: Plan view of test track. 

 

Figure 2.16: Detail view of test track. 

          

Theses studies demonstrate the capability of the precision of the system and the 

ability to appropriately locate the measured terrain data.  Again, Section 2.7 is simply a 

brief overview to highlight the collaboration of work performed to support the contuing 

development of the Vehicle Terrain Measurement System.  The details of this work can 

be found in Wagner et. al., 2007 [31]. 
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2.8 Discussion 

This new system can be applied not only to new, smooth pavement, but to rough 

city streets, race tracks, and off-road trails as well.  The acquired data can be used for a 

wide range of applications including terrain topology modeling, for development of 3-D 

tire models, and for high-fidelity chassis durability predictions.  The need for a speed 

sensor has been replaced by an INS that gives greater accuracy over long data acquisition 

sections.  The power management system is a refinement that mitigates the small errors 

that may result from an unsteady power supply to equipment such as amplifiers.  Some 

improvements remain in this new approach to terrain measurement.  To correlate 

measured road profile data with the wheel loads that the profile induces, wheel force 

transducers will be placed on all four wheels of the vehicle.  These six-axis transducers 

contain the ability to measure the wheel spindle forces and torques.  A Graphical User 

Interface (GUI) should also be pursued to make the system more user friendly. 

The validation studies developed in this work are only the first steps in validating 

a measurement system such as this.  The Federal Highway Administration (2007) is 

currently investigating improved measurement techniques for highways.  Similar work is 

being pursued for off-road measurements.  It is expected that new standards for validating 

measurement systems will be in place in the next two to three years.  The validation tests 

and statements of precision vs. distance traveled provides one clear measure of 

measurement performance that may be considered in future standards. 

Currently, the signal processing is done in discrete stages.  First the DGPS and 

IMU data are combined in a Kalman filter to generate the INS solution.  The acceleration 

data is then filtered and combined with this INS solution.  It is anticipated that some 

efficiency can be gained by including the acceleration signals into the Kalman filter along 

with the IMU and DPGS signals.  Of course, the filtering developed in Section 2.6.1 will 

also need to be incorporated. 

The capability to combine multiple lanes of the same road is in early development 

stages.  The ability to be able to do this is important for simulation of lane changes and 

measurement of test tracks (as the vehicle does not stay in the same lane as it travels the 

track).  Also, the data is not collected on a uniform grid due to variations in the speed of 
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the vehicle and the equal angle measurement of the laser scanner.  In certain simulation 

situations, uniform grid spacing is advantageous.  Techniques to map the measured data 

to a uniform grid are currently under development.         

2.9 Chapter 2 Conclusion  

The system developed in the work differs from all previous systems in several 

fundamental ways.  It provides nearly one million data points every second, spaced on a 

horizontal grid of approximately 5mm.  It uses an INS to determine position and 

orientation and combines this information with a second estimate of scanning laser 

position and orientation arising from data acquired from accelerometers.  This system is 

an enabling technology to pursue more accurate simulation analyses.  The ability to 

accurately measure terrain topology is consequential to the development of terrain 

models.  The ability to characterize terrain as a stochastic process and to be able to 

synthesize terrain is a critical step in developing chassis durability predictions.  Another 

technology that is enabled through the acquisition of 3-D terrain data (or the synthesis of 

3-D terrain data) concerns 3-D tire models. Now, 3-D tire models are not restricted to 

follow a predetermined path of travel, but can be simulated to drive any path within a 

given, 4m wide, lane.  By combining advances in characterization of terrain and 3-D tire 

modeling, new levels of accuracy will be available for applications such as chassis 

durability prediction.  This ability to accurately predict chassis durability is critical during 

the development of a chassis development program where it is necessary to possess load 

data representing severe customer usage to insure that the chassis will perform as 

required. 

The system developed in this work contains enabling technologies to pursue more 

advanced terrain modeling analyses, such as kriging, and higher fidelity simulation 

results for vehicle performance.  This is critical in the prediction of chassis performance 

such as durability, ride and handling.  Ultimately, the knowledge of how the data are 

acquired can lead to insights into advanced applications of the data.  This work develops 

the signal processing techniques required to effectively combine the DGPS, IMU, and 

accelerometer solutions to improve the estimate of the vehicle’s true position and 

orientation.  The techniques were validated by examining the precision of the terrain 



 25 

measurements in the vertical direction and in the horizontal plane.  Through these studies, 

it is demonstrated that very high precision can be achieved using these signal processing 

techniques.  It is only by increasing the resolution and precision of terrain topology 

measurements that applications of these measurements can be advanced. 
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3 Characterizing Road Profiles 

3.1 Introduction 

The ability to understand, identify, and characterize the inputs to a dynamic 

system is critical to obtain meaningful results from simulations.  From a vehicle 

dynamics standpoint, this is true for tire models and chassis durability predictions.  One 

approach is to consider the excitation (road profile) to be a stochastic process.  The exact 

values for each point along the road profile are not known, but some information about 

the likelihood of each realization can be captured in the model of the stochastic process.  

In this way, a distribution of likely simulation results can be obtained and the variability 

in simulated loads may be captured and used in the vehicle design process.  

It is clear that the main excitation to the chassis is the road profile[1] (although 

cornering loads also play an important role).  A non-deformable road profile imposes a 

unilateral geometric boundary constraint on rolling tires to which the chassis responds by 

generating loads, moments, motions, deformations, etc.  It is impractical, however, to 

define a large set of deterministic target roads for model simulations and control system 

design.  Instead, if the characteristics of road profiles can be studied and understood, then 

a stochastic process can be developed from which synthetic road profiles can be 

generated.  In this manner, a set of roads can be represented by a single process.  Any 

realization generated from this process will represent all roads in the set.  Realizations of 

any length can be generated, creating timely and efficient simulation of the desired 

system. 

This work presented in this chapter is a compilation of several conference 

publications pertaining to studies using ARIMA modeling techniques to represent non-

stationary road profile data.  The objective of this work is to transform the non-stationary 

road profile process into a model in which the dependencies are deterministic and 

separate from the uncertainties and where the uncertainties are cast into a form that is as 

simple and useful as possible.  First, the road profile is considered to be a realization of a 
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stochastic process.  The type of ARIMA model and the required order are determined 

using the sample autocorrelation and partial autocorrelation functions.   The model 

parameters are estimated using the Yule-Walker equations.  The residual process, 

obtained after fitting an ARIMA model to measured road profile data, is examined to 

gain insight into the distribution of the process.  In traditional ARIMA modeling, this 

residual process is assumed to be random white noise [4,22].  It has been shown that the 

residual process is not always white noise [21].  It should be clear that the ARIMA model 

must be developed such that this assumption is true and cannot be assumed a priori.  A 

thorough understanding of the residual process, therefore, is required to generate an 

appropriate ARIMA model and accurate realizations of the road profile process.  This 

work proposes a null hypothesis that an ARIMA model fit to non-stationary road profile 

data can be developed such that the residuals are independent and identically distributed.  

The validity of this statement is examined using the joint marginal probabilities obtained 

from a sample data set.  No assumption is made about the general population of data from 

which the sample is taken; an internal reference distribution is created from the sample 

data set to test the hypothesis [3].     

The remainder of this chapter is organized as follows.  First, recent literature 

pertaining to road profile characterization is reviewed.  Next, a brief background on 

ARIMA model architecture and the parameter identification process is provided.  An 

example is used to illustrate the parameter identification process, and the model 

coefficients for the example are calculated.  The null hypothesis, that the residuals are 

independent and identically distributed, is stated and a corresponding reference 

distribution is developed.  The joint and marginal probabilities are then developed and the 

resulting internal reference distribution is constructed based on this hypothesis.  

Confidence limits are determined for the reference distribution, and a statistical test is 

performed using the sample data [3].  An example is used to demonstrate the use and 

interpretation of the test results.  Finally, future work to be performed is discussed. 
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3.2 Background 

3.2.1 Road Profile Characterization 

A great deal of work has been developed recently in the areas of examining the 

properties of road profiles and developing methods to characterize profiles.  Several 

researchers have explored the non-stationarity of road profiles [6,14,27].  Tests of 

Normality have also shown that some road profile distributions are not Gaussian [6].  It 

has also been shown that road profiles contain transients and large irregularities that must 

be accounted for when attempting to characterize measured elevation data [27].    

Several methods have been suggested and developed to be used in characterizing 

and classifying topographic mappings of roads.  Ferris demonstrated that road profiles 

can be characterized using Markov chains, but, due to possible correlation between 

successive points, the required order was beyond the scope of the work [10].  Karamihas 

used the cross-correlation for rating agreement between two road profiles [16].  Gorsich 

et. al. compared road roughness metrics [13].  Rouillard et. al. have characterized 

transients and large irregularities by examining the RMS values of the spatial acceleration 

road profiles [27].  The wavelet transform has been shown to be effective in handling 

local roughness features, and comparing and classifying road profiles [8].  Various other 

authors have used power spectral density approximations to classify longitudinal profiles 

[1].  Li has developed a theoretical 2-D (surface) ARMA/ARIMA models to characterize 

terrain [22]. 

This work steps away from these recent road profile characterization techniques 

in several ways.  First, this work does not use the RMS and PSD of road profiles.  Data 

must be wide-sense stationary for the PSD to be applicable.  It is common to use the PSD 

to characterize road data even though it has been shown measured road profiles are non-

stationary [1,6].  Second, although ARIMA models have been used to characterize 

terrain, the assumption that the residuals are white noise has not been validated.  This 

work makes an important contribution in that it demonstrates that an ARIMA model can 

be fit to non-stationary road profile data such that the resulting residual process is 

independent and identically distributed.      
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3.2.2 ARIMA Model Architecture 

The Autoregressive Integrated Moving Average model, ARIMA(p,d,q), 

represents an important class of models invaluable in modeling non-stationary time series 

data, such as stock price data, batch yield data, etc.   The ARIMA model structure relaxes 

the requirement that the series being modeled be stationary and is developed such that the 

d
th

 difference of the data contains no apparent deviations from stationarity (constant mean 

and variance, homogeneous in level).  The variables p, d, and q are the orders of the 

autoregressive model, the differencing that has been applied to the data, and the moving 

average models respectively.  An ARIMA model can consist of any combination of these 

terms, i.e. ARIMA(p,d,0) (ARI, no moving average terms), ARIMA(0,d,q) (IMA, no 

autoregressive terms), or ARIMA(p,d,q) (mixed autoregressive and moving average with 

some degree of differencing).  For a series zt, the general form for an ARIMA(p,d,q) 

process can be seen in Eq. 1, where f and θ  are the autoregressive and moving average 

process coefficients, “ is the difference operator, and at is generally considered a white 

noise process [4]. 

  
1 1 1 1... ...d d d

t t p t p t t q t qz z z a a aφ φ θ θ− − − −∇ = ∇ + + ∇ + − − −  Eq. 3.1 
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p BBBB φφφφ −−−−= ...1)(
2

21
 Eq. 3.2 

  1−= tt zBz  Eq. 3.3   

The stationarity of the process requires that the roots of the polynomial f(B) lie 

outside the unit circle.  This can be extended to include the stability of the linear system.  

A stationary process must be stable, though a stable process does not imply stationarity.  

This condition is examined in more detail in Section 3.4.           

3.2.3 Application of ARIMA Models to Measured Road Profiles   

It should be clear that measured road profiles have no temporal dependence; they 

may possess homogeneous properties, however.  In this work, times series analysis 

techniques are being applied to spatial data and, to remain consistent with the time series 

literature, we will describe the homogeneity of road profiles in terms of stationarity.  An 

equally spaced spatial series such as a measured longitudinal road profile is similar to a 
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time series.  One can simply consider a vehicle traveling at a constant velocity as a 

reference to convert the homogeneity to stationarity.  In this sense, these terms express 

the same concept.  Also, as stated above, several authors have shown road profiles to be 

non-stationary series.  Measured road profiles exhibit many similar characteristics to 

several classes of non-stationary time series.  For this reason, the ARIMA architecture 

proves to be an excellent candidate to characterize measured road profile data. 

It is desired to classify road profiles using the coefficients f and θ , and the 

residual process at.  If the road profiles are considered to be realizations of a stochastic 

process and a given class of road profiles can be characterized by a minimal set of 

ARIMA coefficients and a given distribution of the residual process at, then any synthetic 

road generated by the model will belong to that given class of road profiles.  In order to 

accomplish this, thorough knowledge of the residual process must be obtained.  

The work presented in the remainder of this chapter in which ARIMA modeling 

techniques are applied to measured road profile data is based on a database of road 

profile data obtained from the Federal Highway Administration’s (FHWA) Long Term 

Pavement Performance (LTPP) program.  The data were collected by various 

organizations throughout the United States following standards set forth by the LTPP.  

The data are regularly spaced at 25mm, and each file contains the same number of data 

points (~6000).   

3.3 Model Identification 

In order to appropriately characterize a road profile using an ARIMA model, the 

model architecture must be properly identified.  Two important tools aid in this process:  

the autocorrelation and partial autocorrelation functions.  For a given series, the type of 

model (i.e. ARI, IMA, or ARIMA), and initial estimates of the required orders p and q 

can be identified with the sample autocorrelations and partial autocorrelations.  An 

autoregressive process has an autocorrelation function that is infinite in extent, dominated 

by damped exponentials and sine waves, and a partial autocorrelation function that is zero 

after a given lag p.  Conversely, the partial autocorrelation function of a moving average 

process is infinite in extent, with an autocorrelation function that tends to zero beyond 

some lag q.  These characteristics of autoregressive and moving average processes are 
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important in determining the type and required order of the model needed to represent 

data being modeled.  The order d is determined by the amount of differencing that is 

required for the data to contain no apparent deviations from stationarity [4,19].  To 

illustrate the identification process, several examples are given below using files that 

were selected from the LTPP database. 

3.3.1 Autocorrelation   

Figures 3.1 and 3.3 show the time histories for the two files selected.  The 

measured data appears heterogeneous in level with a varying mean and variance.  The 

autocorrelations for the measured data were calculated, and can be seen in Figures 3.2 

and 3.4 (only every 20
th

 lag shown for clarity).  All autocorrelation plots have been 

normalized so the autocorrelation at lag zero is equal to one.  As can be seen in Figures 

3.2 and 3.4, the measured road data are highly positively correlated.  It is also important 

to note that the autocorrelations decay to zero very slowly.  An autocorrelation plot that 

does not decay quickly suggests the data may be nonstationary.  In this case, the data 

must be transformed to reduce the high variability in the level of the series [4,5].  This is 

commonly accomplished by differencing the data.  Differencing the data is, in effect, a 

high pass filter removing low frequency trends, leaving behind a possible stationary 

process.  The differenced data, as seen in Figures 3.5 and 3.7, appear to have constant 

mean and variance.   The autocorrelation plot of the differenced data, seen in Figures 3.6 

and 3.8, show the autocorrelations decay much more rapidly with a cutoff lag
1
 of less 

than 10.  The mean about zero and the quick decay of the autocorrelation suggest that the 

resulting process is may be stationary.  From examination of the autocorrelation plots for 

several sets of data, it was found the autocorrelation cutoff lag is consistently less than 10 

for the LTPP data. 

 

                                                 

1
 The cutoff lag is the lag at which the autocorrelation has decayed to within the 2s confidence limit about 

zero.  These confidence limits are shown by the horizontal dashed lines in the autocorrelation figures. 
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Figure 3.1: Measured Road Profile. Figure 3.2: Autocorrelation of Figure 3.1. 
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Figure 3.3: Measured Road Profile. Figure 3.4: Autocorrelation of Figure 3.3. 
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Figure 3.5: Figure 3.1, once differenced. Figure 3.6: Autocorrelation of Figure 3.5. 
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Figure 3.7: Figure 3.3, once differenced. Figure 3.8: Autocorrelation of Figure 3.7. 

 

 

In some cases, the once-differenced data did not exhibit a constant zero mean and 

the autocorrelation did not quickly decay.  For these rare occurrences, the data was 

differenced a second time, as seen in Figure 3.9.  The twice-differenced data were seen to 

have a constant mean and a quickly decaying autocorrelation, again suggesting that a 

stationary process may be present, as seen in Figures 3.11 and 3.12.  In these cases, the 

autocorrelation cutoff lag was within 10 lags. 
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Figure 3.9: Once differenced data. Figure 3.10: Autocorrelation of Figure 3.9. 



 34 

0 1000 2000 3000 4000 5000 6000
-2

-1

0

1

2

3

A
m

p
li

tu
d

e 
(m

m
)

Sample Number  
0 5 10 15

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

A
u

to
co

rr
el

at
io

n

Lag  

Figure 3.11: Twice differenced data. Figure 3.12: Autocorrelation of Figure 3.11. 

 

3.3.2 Partial Autocorrelation 

The partial autocorrelation of the measured and differenced data also gives insight 

into the type of underlying processes that may be present in the data.  Figures 3.13-3.16 

show the partial autocorrelations of the measured and differenced data sets in Figures 3.1, 

3.5, 3.3, and 3.7 respectively.  The partial autocorrelation is used to determine if a 

moving average process is present and to determine the order of any underlying 

autoregressive models.   

0 5 10 15
-0.2

0

0.2

0.4

0.6

0.8

P
ar

ti
al

 A
u

to
co

rr
el

at
io

n

Lag  

0 5 10 15
-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

P
ar

ti
al

 A
u

to
co

rr
el

at
io

n

Lag  

Figure 3.13: Partial autocorrelation of Figure 3.1. Figure 3.14: Partial autocorrelation of Figure 3.5. 
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Figure 3.15: Partial autocorrelation of Figure 3.3. Figure 3.16: Partial autocorrelation of Figure 3.7. 

   

3.3.3 Model Identification Conclusions 

Several pieces of information were obtained through examination of the estimated 

autocorrelations of the measured and differenced road data.  First, a correlation length 

was determined.  Figures 3.6 and 3.8 show the autocorrelation of the once-differenced 

data to decay within the confidence bounds within 10 lags.  The correlation length is 

approximately 250 mm since the data are regularly spaced at 25mm.  Depending on the 

sample rate, the number of measurement points within this interval may vary.  The 

majority of the LTPP data examined revealed the same results.  Very few data sets 

contain intervals of influence greater than 10 lags (250 mm) for once-differenced data.       

Examination of the autocorrelation plots of the measured data indicates that an 

underlying autoregressive model may be present.  The slow decay (>1000 lags) is the 

primary indicator of the AR model.  As stated above, a series with an underlying AR 

process has an autocorrelation that is infinite in extent.  A series with an underlying MA 

process will have a partial autocorrelation that is infinite in extent.  Table 3.1 below 

summarizes several shapes of autocorrelation plots and the conclusions that can be drawn 

from the plots.  For the data examined, exponential decay, oscillating, and persistent 

shapes were seen.  The quick decay of the partial autocorrelations in Figures 3.13-3.16 

does not give a strong indication that a moving average process is present. 
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Table 3.1: Autocorrelation shapes and suggested models. 

 

SHAPE MODEL 

Exponential decay to zero Autoregressive model. Use the partial autocorrelation 

plot to identify the order of the autoregressive model. 

Alternating positive and 

negative, decaying to zero 

Autoregressive model. Use the partial autocorrelation 

plot to help identify the order. 

One or more spikes, rest are 

essentially zero 

Moving average model, order identified by where plot 

becomes zero. 

Decay, starting after a few 

lags 

Mixed autoregressive and moving average model. 

All zero or close to zero Data are essentially random. 

High values at fixed intervals Include seasonal autoregressive term. 

No decay to zero Series is not stationary. 

 

3.3.4 Model Order Determination   

The autocorrelation and partial autocorrelation are also used to determine the 

order of any underlying MA and the AR processes respectively.  The model order is 

determined by the cutoff lag of the autocorrelation and partial autocorrelation plots.  

There is no indication of a moving average model for the data in Figure 3.1, therefore, 

only Figure 3.14 is needed to estimate the order of the autoregressive model.  The model 

is initially selected as an ARIMA(8,1,0)(where d = 1 because the data has been 

differenced once).  It is important to note that this is a subjective identification technique 

and that the orders should only be considered initial estimates.  If the partial 

autocorrelation of a given data set indicated a MA process was present, the 

autocorrelation plot would be used to select the order of the model in the same manner 

that the partial autocorrelation plot was used for the AR process.   

The remainder of this chapter will use the data set in Figure 3.1 and the model 

order determined in this section to demonstrate the process of fitting an ARIMA model to 

measured road profile data and the use of various statistical tests to examine the adequacy 

of the model.  This example is reiterated in Section 3.8, and several other examples are 

shown.  This work focuses only on fitting pure autoregressive models to measured road 

profile that have been differenced once.  From the examination of the autocorrelation and 

partial autocorrelation of various sets of LTPP data, there is no indication of an 
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underlying moving average process, and therefore, the MA model is not treated in this 

work.  Also, very few LTPP data sets require differencing of degrees greater than one; 

therefore, this case is not treated in this work.  The examples presented in this work will 

be of the form ARIMA(p,1,0).   

3.4 Calculating the AR Coefficients 

Several methods exist to solve for the AR coefficients f(i).  Some methods are 

more sensitive to rounding errors than others when the roots of the polynomial f(B) lie to 

close to the unit circle.  For the current work, the Yule-Walker (autocorrelation) method 

was used to formulate the initial estimates of the AR parameters.  When using the Yule-

Walker method, an inherent assumption exists that the roots of f(B) do not lie to close to 

the non-stationary boundaries.  The parameter estimates obtained in this work using the 

Yule-Walker method were comparable to three significant digits with estimates obtained 

using the Modified Covariance method [23]. 

The Yule-Walker equations used to solve for the autoregressive parameters are 

written as  
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 Eq. 3.4 

where ri is the autocorrelation at lag i, and fki is the partial autocorrelation of the series at 

lag i.  The Yule-Walker equations are an autoregressive representation of the 

autocorrelations of a given series.  Matlab contains the function ‘aryule’ which was used 

to solve for the autoregressive parameters of the examples presented in this work.  An 

ARIMA(8,1,0) model was fit to the data in Figure 3.5.  The autoregressive coefficients 

are given below in Table 3.2. 

 

Table 3.2: ARIMA(8,1,0) model coefficients in ascending order, f1-8. 

 

0.0697 0.3642 0.0103 0.1006 -0.0017 0.0241 0.0073 -0.0110 
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As stated above, a requirement of the stationarity of the AR process, the roots B 

of the polynomial f(B) must lie outside the unit circle.  This is a necessary condition, but 

not sufficient.  If the z-transform is applied to the AR process in Eq. 3.1, the polynomial 

f(B) is represented as 

 1 1 2

1 2( ) 1 ...
p

pz z z zφ φ φ φ− − − −= − − − −  Eq. 3.5 

where B = z
-1

.  Solving f(B) = 0 for z, the values of z must be inside the unit circle to 

ensure stability of the linear system.  If the process is unstable, it will not be stationary.  

In time series analysis, the roots B of the autoregressive operator f(B) lying outside the 

unit circle is equivalent to the roots z of f(z
-1

) falling inside the unit circle.  The roots of 

both polynomials can be seen in Figure 3.17.  From the figure, it can be seen that the 

process is stabile.  This is not sufficient to show that the process is stationary, but the 

system must be stable if the process is stationary.     
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Figure 3.17: B and z roots of the polynomials f(B) and f(z
-1

). 

 

 

 

3.5 Examining the Residual Process at : Goodness of fit tests. 

In order to check adequacy of the fit of the model, and to generate data using an 

AR model, knowledge of the residuals at must be gained.  The residual process of the 

model fit in Section 3.4 is calculated by rearranging Eq. 3.1.  Eq. 3.6 represents at in 

matrix form. 
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 The series “zt was forced to be once-differenced measured road profile data.  In 

doing so, the residuals of the fitted model are easily calculated.  Figure 3.18 displays a 

plot of the residuals. 
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Figure 3.18: Plot of residuals of ARIMA(8,1,0) model. 

 

3.5.1 Autocorrelation check of the residuals 

The sample autocorrelation of at can provide insight into the adequacy of the AR 

model found.  Any recognizable pattern in the sample autocorrelations of the residuals 

implies modifications in the model may be needed.  Figure 3.19 displays the sample 

autocorrelation for the residuals in Figure 3.18.  As seen in Figure 3.19 the correlation 

between successive terms is negligible, and there is no recognizable pattern in the sample 

autocorrelations. 
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Figure 3.19: Autocorrelation of residuals in Figure 3.18. 

 

For an autoregressive process, the residual process at is generally assumed to be a 

white noise process having a Normal distribution, zero mean, and variance σa
2
 [4,22].  In 

order to test the validity of this assumption and gain knowledge of the distribution of the 

measured road profile data, the distribution of the residuals was compared to a normal 

distribution using a two-sided Kolmogorov-Smirnov test under the null hypothesis that 

the distribution is Normal [6,24].  For the data sets examined, the null hypothesis that the 

noise process is Normally distributed can be rejected with greater than 90% confidence.  

Though the distribution of at is not Normal, it was found that it does contain a zero mean. 

3.5.2 Portmanteau Lack of Fit Test 

A second test commonly used to examine the residual process at is the modified 

Box-Ljung portmanteau test [4], given in Eq. 3.7. 

 
1 2

1

( 2) ( ) ( )
K

k

k

Q n n n k r a
−

=

= + −∑  Eq. 3.7 

where n = (N-d) is the number of samples used to fit the model.  The square of the 

autocorrelations (rk
2
(a)) of the residual process of an ARIMA model should be zero, as 

the dependencies are accounted for in the model coefficients f.  Also, there should be no 

recognizable patterns in the autocorrelations.  Lastly, if the residual process at is 

stationary, then the autocorrelations of the residuals will be zero.  The deviations from 

zero arise because there is a finite sample of data.  The Q statistic shown above examines 
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the first K autocorrelations as a whole, rather than looking at each individually.  

Therefore, Q should be small.  The statistic Q follows a χ
2
 distribution with (K-p-q) 

degrees of freedom.  For the current example, the AR order p is equal to 8.  The first 25 

autocorrelations were used in the test, leaving the degrees of freedom for χ
2
 equal to 17.  

The critical value Q* for 17 degrees of freedom and a significance level of α = 0.25 is 

20.5.  The calculated value of Q for the current example is 9.22, well within the 75% 

confidence interval.       

3.6 Examining the Residual Process at : Test for Stationarity 

It is desired to design an ARIMA model with a stationary residual process for 

application to road profiles.  If it can also be shown that the residuals for a given class of 

road profiles stem from a stationary distribution, useful analysis techniques such as the 

PSD become valid, and greater flexibility is allowed when forming at distributions to be 

used for generating synthetic road profile data with an ARIMA model.  Previous work 

has shown that the residual process of an ARIMA model fit to measured road profile data 

is uncorrelated.  If the residuals are independent and identically distributed (iid), the 

process will be strictly stationary.  The current work examines the following null 

hypothesis Ho:  The residual process  

  { , }
t n

a t T∈  Eq. 3.8 

where at is the actual residual process from a fitted ARIMA model is composed of 

independent and identically distributed random variables and Tn is a set of discrete times 

indexed by n.  For the process to be independent, the joint probability mass functions 

must be shown to be independent.  For pairs of sequential points, this implies that 

 1 1{ , } { } { }t t t tP a i a j P a i P a j+ += = = = =  Eq. 3.9 

where i and j are discrete values that at and at+1 can take on.  For the process to be 

independent and identically distributed, it must be shown that 
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  , , ,  

t tP a i a j P a i P a j

t n i j

+= = = = =

∀
 Eq. 3.10 

3.6.1 Discretizing the Sample Set at 

The data must be discretized into N states to perform the statistical test that will 

be developed in the following sections.  Once the data are discretized, i and j (shown in 

Eq. 3.9) become states that at and at+1 can populate.  The red dashed lines in Figure 3.20 

display the manner in which the sample set at is discretized.  In order to uniformly 

populate each state, unequal state spacing was chosen.  When equally spaced states are 

used, the outermost states contain very few samples.  Therefore the population from 

which the samples come from is not well represented.  Table 3.3 displays the result using 

equally spaced boundaries of [-¶ -0.75 -0.25 0.25 0.75 ¶].  Section 3.6.2 describes how 

the entries in Table 3.3 are calculated.  The states shown in Figure 3.20 provide more 

uniform sampling, as can be seen in Table 3.4.  The locations of the state boundaries are  

[-¶ -0.35 -0.07 0.07 0.75 ¶].       
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Figure 3.20: Sample set at discretized with unequally spaced states. 

 

 

Table 3.3: Sample counts in each state with equally spaced states. 

 

1 0 5 1 1 

4 76 457 95 0 

3 460 3655 518 2 

0 95 519 94 1 

0 1 2 1 0 
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3.6.2 Joint Probability Matrix 

First, the joint probability matrix for the data set must be determined.  The joint 

probability matrix is estimated from the sample realization at of length n = 6000 in Figure 

3.18.  The marginal probabilities are then found from the row and column sums of the 

joint probability matrix.        

To find the joint probability distribution for each possible sequential pair of 

random variables, the data are discretized into a state space containing N states.  Consider 

a Bernoulli random variable It(i,j), where i and j are individual states and the event is 

considered a “success”.  

   11,   {  and }
( , )

0,   otherwise

t t

t

a i a j
I i j

+= =
= 


 Eq. 3.11 

The sum of the Bernoulli variable It(i,j) for each (i,j) pair generates an estimate of 

a binomial random variable Sn(i,j).  The random variable Sn(i,j) is defined as the number 

of occurrences in which a sequential pair of random variables, at and at+1, assume values 

of states i and j respectively for a realization of length n.  

 
1

1

( , ) ( , )
n

n t

t

S i j I i j
−

=

=∑  Eq. 3.12 

Table 3.4 displays each Sn(i,j) determined from the sample realization at.  The 

probability of sequential random variables taking on a pair of states (i,j) is estimated to be 

  
1( , ) ( , ) n

t t

S
p i j P a i a j

n
+= = = =  Eq. 3.13 

From these probabilities, a sample joint probability matrix is constructed 

containing the sample probabilities p(i,j).  The structure of the joint probability matrix is 

shown in Figure 3.21.  The row and column sums in Figure 3.21 create the marginal 

probabilities p{at = i} and p{at+1 = j} respectively.       
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Figure 3.21: Sample joint probability matrix. 

 

The estimated joint probability matrix for the sample realization shown in  

Figure 3.21 can be seen in Table 3.5.  The matrix probabilities are higher in the center 

than at edges.  Though an attempt was made when discretizing the data to remove this 

effect, it cannot be completely eliminated to due the much greater number of points in the 

central states. 

Table 3.4: Sample Counts Sn(i,j). 

 

13 82 64 83 19 

89 624 528 604 87 

54 528 481 506 67 

87 595 497 588 104 

18 103 66 90 14 

 

Table 3.5: Sample Joint Probabilities p(i,j). 

 

0.0022 0.0137 0.0107 0.0139 0.0032 

0.0149 0.1042 0.0881 0.1008 0.0145 

0.0090 0.0881 0.0803 0.0845 0.0112 

0.0145 0.0993 0.0830 0.0981 0.0174 

0.0030 0.0172 0.0110 0.0150 0.0023 

 

3.6.3 Internal Reference Distribution 

The distribution of the sample data must be compared to a reference distribution 

in order to investigate the independence of the sample set at.  No assumptions have been 

made with regard to the population from which the sample was taken, so an internal 

distribution is formed from the marginal probabilities obtained above.  This internal 

reference distribution is formed assuming that the null hypothesis is true, that is, the 

ARIMA model can be formed such that the residual process is independent and 
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identically distributed.  First, a reference joint probability matrix is constucted from the 

marginal probabilities as seen in Figure 3.22.  Table 3.6 displays the values of the 

reference joint probabilities.  Note that this joint probability matrix fundamentally differs 

from the joint probability matrix in Figure 3.21; it is this difference that is being tested.  
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Figure 3.22: Reference joint probability matrix. 

 

 

Table 3.6: Reference joint probabilities. 

 

0.0019 0.0140 0.0119 0.0136 0.0021 

0.0140 0.1040 0.0881 0.1007 0.0157 

0.0119 0.0881 0.0746 0.0853 0.0133 

0.0136 0.1007 0.0853 0.0975 0.0152 

0.0021 0.0157 0.0133 0.0152 0.0024 

 

Using the reference joint probabilities, the probability mass function for each 

entry in the matrix is determined.  It is clear that Sn(i,j) is a binomial random variable 

with parameters (n, p(i,j)), where p(i,j) is the respective probability from the matrix in 

Figure 3.22.  For each of the entries in the matrix of Figure 3.22, an internal reference 

probability mass function (pmf) can be found.  The pmf for a binomial random variable is 

given as  

  ( ) (1 )k n k

n

n
P S k p p

k

− 
= = − 

 

 Eq. 3.14 

where k is the number of “successes”.  Because the data set used in the analysis is quite 

large, there can be a high number of successes in a given bin.  Numerical errors are 

encountered when calculating the pmf using Eq. 3.14.  Therefore, two approximations 

were used to create the reference distributions.  The first is the Poisson approximation 

parameterized by λ, given in Eq. 3.15.  
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The Poisson approximation is appropriate when  

   
nS n<<  and    ( , )np i j n<<  Eq. 3.16 

The second approximation used is a special case of the Central Limit Theorem: 

the DeMoivre-LaPlace Limit Theorem.  The theorem is a standard normal approximation 

to the binomial distribution seen in Eq. 3.14. 
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The theorem is valid when  

   ~ 3
n nn S SS µ σ− <  Eq. 3.18 

where 
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np i j p i j

µ

σ

=

= −

 Eq. 3.19 

Using the approximation methods, reference distributions were created for each of 

the matrix entries in Figure 3.22.  For visualization purposes, a small sample of the 

reference distribution matrix can be seen in Figure 3.23.  The center 3 x 3 matrix of the  

5 x 5 reference matrix was extracted.  Comparison of the reference distributions in  

Figure 3.23 with the center 3x3 matrix in Table 3.4 reveals that the random variables 

Sn(i,j) lie within the reference distributions.  Figure 3.24 displays the corresponding 

reference cumulative distribution functions (cdf).  The reference distributions in Figures 

3.23 and 3.24 will be the basis of following statistical tests to determine whether or not 

the null hypothesis that the residuals are iid can be accepted or rejected. 

 

 



 47 

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

P
ro

b
ab

il
it

y

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

400 600 800
0

0.01

0.02

Sample Count
400 600 800

0

0.01

0.02

 

400 600 800
0

0.5

1

400 600 800
0

0.5

1

400 600 800
0

0.5

1

400 600 800
0

0.5

1

C
u

m
u

la
ti

v
e 

P
ro

b
ab

il
it

y

400 600 800
0

0.5

1

400 600 800
0

0.5

1

400 600 800
0

0.5

1

400 600 800
0

0.5

1

Sample Count
400 600 800

0

0.5

1

 

Figure 3.23: Subset of the reference probability 

distribution matrix. 

Figure 3.24: Subset of the reference cumulative 

distribution matrix. 

 

3.6.4 Reference Distribution Confidence Bounds 

With internal reference distributions formed, it is desired to know with some level 

of confidence what the likelihood that the particular number of occurrences for each 

matrix entry, Sn, could have come from its respective reference distribution.  For each of 

the reference distributions, 90% confidence bounds were determined.  The bounds 

provide a range of values Sn can take on for each distribution.  For the current example, a 

rudimentary true/false approach was used to indicate whether the sample counts Sn fall 

within the confidence bounds.  A matrix is developed where entries are “1” if the sample 

value falls within the 90% confidence bounds, and a “0” if the sample value falls outside 

the 90% confidence bounds.  If the data are iid, then the expected the percentage of 

‘ones’ should be approximately 90%.   

Table 3.7 displays a matrix populated of ones and zeros indicating whether or not 

the sample counts Sn of the sample data lie with the 90% confidence bounds of the 

reference distribution.  Examination of the matrix in  

Table 3.7 shows that 88% of the matrix entries contain a one.   This test works 

very well to simply determine whether or not the sample counts lie within 90% 

confidence bounds.  It is appropriate for rejecting the null hypothesis if the percentage of 

entries falling outside the confidence bounds is high, but it is not robust enough to 

appropriately make a decision regarding the voracity of the null hypothesis. 
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Table 3.7: Confidence Bounds Matrix. 

 

1 1 1 1 0 

1 1 1 1 1 

0 1 0 1 1 

1 1 1 1 1 

1 1 1 1 1 

 

3.6.5 Non-parametric Distribution Test 

To effectively test the residual process at to determine if it is iid, a more robust 

test is needed than the example shown in Section 3.6.4.  With no knowledge of the 

underlying distribution, it is appropriate to use a non-parametric test to test the null 

hypothesis.  The cumulative probability for each sample count Sn can be obtained by 

interpolating the value from the respective internal reference distribution.  Under the 

assumption that the null hypothesis is true, the cumulative probabilities for each sample 

count should also be iid.  The following statistical test was developed using the non-

parametric Wilcoxen test to examine this issue.  An example will be shown to detail each 

step of this test. 

First, the cumulative probability for each sample count Sn in Table 3.4 must be 

determined by interpolation from the corresponding reference distributions in  

Figure 3.24, as shown in Figure 3.25.  For example, the sample count Sn = 481 from 

Table 3.4 has a cumulative probability of FS(481) = 0.9559.  This process is repeated for 

each of the 25 entries in Table 3.4.  In doing so, a matrix of cumulative probabilities is 

created in which each entry represents the cumulative probability of each of the sample 

counts in Table 3.4 occurring.  A cumulative distribution function (cdf) was formed by 

sorting the 25 cumulative probabilities in ascending order.  This cdf can be seen in  

Figure 3.26.  If the null hypothesis is true, these 25 cumulative probabilities will be iid as 

they were determined from reference distributions that were constructed assuming the 

null hypothesis is true.          



 49 

300 350 400 450 500 550 600
0

0.2

0.4

0.6

0.8

1

C
u

m
u

la
ti

v
e 

P
ro

b
ab

il
it

y

Sample Count  

Figure 3.25: Cumulative probability interpolation, Sn = 481, FS(481)  = 0.9559. 
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Figure 3.26: CDF of the cumulative probabilities FS for each sample count Sn. 

 

As stated above, the cdf in Figure 3.26 should be iid assuming the null hypothesis 

is true.  Unfortunately, no information is known about the underlying distribution of 

Figure 3.26, so there is no theoretical distribution for comparison.  For this reason, a 

reference cdf is created that is iid by construction.  Using this reference cdf, the non-

parametric Wilcoxon rank test, which requires no a priori information of the underlying 

distribution, will be used to test the cdf in Figure 3.26 against the iid reference cdf.  In 

order to create the iid reference, ‘synthetic’ ât data sets were generated that are iid by 

construction.  Given that the data sets are finite in length, one-hundred realizations were 

created to more appropriately represent the population of the underlying distibution.  The 

cumulative distributions for the synthetic residual processes ât’s were formulated in the 
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same manner as the cdf for the sample residual process at shown in Figure 3.26.  Figure 

3.27 displays the reference cdf’s(black dots) and the sample cdf (gray X’s).   

For each vertical line of points in Figure 3.27, the Wilcoxon test assigns a ranking 

(Figure 3.28).  If the sample data set at is truly iid, the outcomes of the rankings are 

equally likely, and a cdf formed by the rankings should be uniform.  Using a 

Kolmogorov-Smirnov test, the cdf of the rankings can be checked for uniformity.  The 

critical value of D* for a significance level α= 20% with 25 degrees of freedom is 0.20.  

The experimental value of D (Figure 3.29) for the current example is 0.16.  Therefore, the 

null hypothesis that the residual process is iid will not be rejected for the given example.  

 Determining that the residual process is iid is very important as it allows for a 

single distribution to be used when synthesizing road data, as will be shown in the 

following section.  If the distribution was not iid, knowledge of how the distribution 

spatially varies would be required to generate realizations of road profiles using the fitted 

AR model. 

 

 

 

Figure 3.27: IID reference cdf’s with cdf of Figure 3.26 (ploted with ‘X’ markers). 
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Figure 3.28: Example of Wilcoxon rank. 
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Figure 3.29: CDF of rankings from Wilcoxon test. 

 

3.7 Creating Synthesized Road Data  

In order to synthesize road profile data using an autoregressive model, the AR 

coefficients f and distribution of the residuals must be known.  Synthetic road profile 

data can be generated according to the model shown in Eq. 3.20.  It is important to note 

that the model will generate once-differenced data, as it was designed from the same.     

                        
1 1

ˆˆ ˆ ˆ...d d d

t t p t p t
z z z aφ φ− −∇ = ∇ + + ∇ +  Eq. 3.20 

In Section 3.6, it was determined that the residual process for the ARIMA(8,1,0) 

fit to the series in Figure 3.5 is iid.  The cumulative distribution function of the residuals 

Rank = 71 

Rank = 1 

Rank = 101 

D 
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is also known.  The synthesized residuals ât are determined by generating uniformly 

distributed random numbers between zero and one, and using the known cumulative 

distribution function that was estimated from the actual process at.  Figure 3.30 shows 

one realization using the ARIMA(8,1,0) model.  Figure 3.31 is the autocorrelation of the 

realization.  Notice that the autocorrelation indicates similar dependencies as that of 

Figure 3.6.  The mean and the variance of the synthesized data were also examined.  

Instead of taking the mean and variance of the entire data set, the mean and variance of 

successive groups of one-hundred points was calculated.  This was done to examine the 

variation in each of the measures.  Figure 3.32 displays the mean of the real(original) and 

synthesized data.  Figure 3.33 shows the variance of the same.  It is easy to see that there 

is no noticeable difference in the variation of the statistics of the real and synthetic data. 
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Figure 3.30: Realization of ARIMA(8,1,0) 

model. 
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Figure 3.31: Autocorrelation of Figure 3.30. 
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Figure 3.32: Mean of successive groups of data. 
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Figure 3.33: Variance of successive groups of data. 
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To recover the road profile, the data must be integrated.  The original data were 

once-differenced, therefore, to integrate the synthetic data, the cumulative sum of series 

will be used.  The original data was also detrended before analysis commenced, therefore, 

the synthetic data are also linearly detrended after taking the cumulative sum.  Figure 

3.34 displays the synthetic road profile, which can be compared with Figure 3.1.  The two 

profiles are shown to visually contain similar characteristics regarding the amplitude of 

the random walk and the local roughness features. 
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Figure 3.34: Synthetic road profile generated from the ARIMA(8,1,0) model. 

 

3.8 Examples 

3.8.1 Example 1 

The above example demonstrates that an ARIMA model can be fit to road profile 

data and the resulting residuals are iid.  A summary of the model parameters and 

statistical test values can be seen in Table 3.8.    

Table 3.8: ARIMA(8,1,0) model summary. 

 

f1-8 D (D*) Q (Q*) 

0.069722 

0.36419 

0.010326 

0.10057 

-0.00169 

0.024109 

0.007309 

-0.01101 

0.16 (0.2) 9.22 (20.5) 
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3.8.2 Example 2 

It was found that not every data set can be represented by a single model.  An 

example of this occurrence will be demonstrated using the data in Figure 3.35.  The 

autocorrelation and partial autocorrelation of the differenced data can be seen in Figures 

3.37 and 3.38.  An ARIMA(8,1,0) model was fit to the data.  A summary of the model 

can bee seen in Table 3.9.  Both of the statistical tests indicate inadequacy of the model, 

as both are greater than the corresponding critical value.  The null hypothesis that the 

residuals are iid will be rejected in this case.           
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Figure 3.35: Measured Road Profile. 
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Figure 3.36: Figure 3.35 Once Differenced. 
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Figure 3.37: Autocorrelation of Figure 3.36. 
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Figure 3.38: Partial Autocorrelation of Figure 3.36. 
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Table 3.9: ARIMA(8,1,0) model, samples 1-6000. 

 

f1-8 D (D*) Q (Q*) 

-0.24066 

0.25213 

-0.12236 

0.064114 

-0.06389 

0.010712 

-0.01514 

0.004561 

0.33 (0.2) 29.1 (20.5) 

 

Notice that the data in Figure 3.35 has a large negative spike between sample 

numbers 2500 and 3000.  It was thought that this might be the cause of the inadequate 

model.  To test this, an ARIMA(8,1,0) model was fit to the first 2500 points of the data.  

The partial autocorrelation of these points can be seen in Figure 3.39.  The summary of 

this model can be seen in Table 3.10.  For this model, the null hypothesis that the 

residuals are iid will not be rejected.   
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Figure 3.39: Partial Autocorrelation of samples 1-2500. 

 

 

Table 3.10: ARIMA(8,1,0) model, samples 1-2500. 

 

f1-8 D (D*) Q (Q*) 

-0.1391 

0.29684 

-0.04444 

0.092453 

-0.01384 

0.03581 

-0.01677 

0.010054 

0.12 (0.2) 20.7 (20.5) 
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It was also found that the large drop in the data between samples 4000 and 5000 

would not allow a single model to be fit to samples 3000 – 6000.  It was possible to find 

adequate models for samples 3000-4000, and 5000-6000.  The partial autocorrelation 

plots for these samples can be seen in Figures 3.40 and 3.41.  The model results are 

summarized in Tables 3.11 and 3.12.  Samples 3000-4000 required a model order of 10, 

while samples 5000-6000 only required an order of 8.     
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Figure 3.40: Partial Autocorrelation of samples  

3000-4000. 
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Figure 3.41: Partial Autocorrelation of samples  

5000-6000. 

 

 

Table 3.11: ARIMA(10,1,0) model, samples  

3000-4000. 

 

f1-10 D (D*) Q (Q*) 

-0.12677 

0.37996 

0.032127 

0.18933 

0.01984 

0.065497 

0.011877 

-0.00175 

-0.04626 

0.016849 

0.09 
(0.2) 

17.7 
(18.2) 

 

Table 3.12: ARIMA(8,1,0) model, samples  

5000-6000. 

 

f1-8 D (D*) Q (Q*) 

-0.06406 

0.35955 

-0.00161 

0.16327 

-0.01266 

0.060157 

0.017048 

0.025661 

0.16 
(0.2) 

16.6 
(20.5) 
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3.9 Discussion 

The motivation of this work is to determine a reduced set of models to 

characterize a set of road profiles from which data can be synthesized to be used for 

simulation purposes.  The objective of creating an appropriate model then is to correlate 

certain terrain characteristics with a set of model parameters.  Realizing the variety of 

terrain a vehicle can traverse, this is not realizable with a single model.  This work 

assumes that a measured road profile is one realization of an underlying stochastic 

process and attempts to characterize this process using a pure autoregressive process, 

ARIMA(p,d,0).  The model is defined by a set of fp coefficients and a residual 

distribution at.  It is desired to classify road profiles using these coefficients and residual 

distributions.  Furthermore, if the residual distribution for each class of road profile is 

independent and identically distributed, then only one distribution and one set of 

coefficients is needed for each class of road profiles.  This is very important because it 

does not require knowledge of how the distribution varies spatially.  Finally, since the 

model represents the underlying stochastic process for a given subset of road profiles, 

realizations of any length can be generated to be used for simulation purposes.   

 This work demonstrates that an ARIMA(p,d,q) model can be fit to road profile 

data such that the resulting residual process is independent and identically distributed, 

and therefore stationary.  The model type and order were determined using the sample 

autocorrelations and partial autocorrelations to examine the data.  Next, initial estimates 

of the model parameters were determined using the Yule-Walker method.  Several 

diagnostic checks were performed to evaluate the adequacy of the models.  It was shown 

that the autocorrelations of the residuals are negligible.  The stability of the system was 

also verified by ensuring the roots of the system were all contained within the unit circle.  

A statistical test was developed using the joint probabilities of the residuals to evaluate 

the null hypothesis that the residual distribution is independent and identically 

distributed.  Finally, it was demonstrated how synthetic road profile data can be 

generated with the model coefficients and knowledge of the residual distribution.  Several 

examples were given to demonstrate the techniques outlined in this work.    
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As seen in the examples, it was found that an entire set of data cannot always be 

characterized with one model.  In the example given, the measured data contained several 

large deviations.  It was shown that the data before and after these deviations could be 

modeled.  Tables 3.10, 3.11, and 3.12 show the model parameters for these separate 

models.  Notice that the coefficients in each model are very different from each other, 

and one model required a higher order.  This example raises and important issue when 

characterizing road profiles.  The first is that the road characteristics can change quickly, 

and an appropriate model must account for this.  Secondly, the model must account for 

large irregularities, as other researchers have also shown [8,27].  The pure autoregressive 

model as illustrated in this work does not appear to handle large irregularities very well.  

One adaptation of the autoregressive model that has been demonstrated to handle large 

irregularities more appropriately is the Threshold Autoregressive Model (TAR) [30].  

This type of model contains a switch (threshold) that employs different autoregressive 

models depending on the level (elevation) of the data. 

Continued research is required to fully develop the methods in this work and 

exploit the use of these techniques to characterize road profiles.  First, the full scope of 

the use of these techniques must be examined to determine any limitations.  It has been 

seen that not every data set can be characterized with a single model, and that not every 

ARIMA model fit to road profile data results in a stationary residual process.  

Adaptations of the model must be made to account for these occurrences whether it be 

adjusting the AR parameters through optimization of one of the statistical metrics 

outlined in this work, including MA parameters in the model, or using an adaptation such 

as a TAR model.  As this work only examines pure autoregressive models, the exact 

solution is not known and must be researched.  Once the most appropriate models types 

are found to represent the data, a metric must be determined to classify road profiles 

according to the model parameters.  

3.10 Chapter 3 Conclusion 

This chapter develops techniques to characterize longitudinal road profiles using 

ARIMA modeling techniques.  The model identification process using the autocorrelation 

and partial autocorrelation functions was demonstrated.  Next, the autoregressive model 
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parameters were determined using Yule-Walker methods.  It was shown that the residual 

process at of the fitted ARIMA model is uncorrelated.  It was also demonstrated that the 

linear system is stable though examination of the system poles.  These are both 

requirements of a stationary linear process, but are not sufficient conditions to determine 

the stationarity of the residual process.  Therefore, a null hypothesis was proposed that 

the distribution of the residual process at is independent and identically distributed, and a 

statistical test was developed to investigate this proposition.  As there is no external 

population to test against, an internal reference distribution was constructed without 

assuming a distribution of the population from which the sample was drawn (e.g.,, no 

assumption was made regarding Normality).  It was determined that the null hypothesis 

that the residuals are iid cannot be rejected. 

The results of this work demonstrate that a road profile can be represented by a 

set of p autoregressive coefficients and a single distribution characterizing the residual 

process at.  If the residual distribution were not iid, multiple distributions would be 

required in order to synthesize data.  It was demonstrated how the coefficients and 

residual distribution can be used to generate synthetic road profile data.  Assuming that 

the measured road profile from which the model was constructed is one realization of a 

stochastic process, any data generated by the autoregressive model will belong to that 

process and therefore represent the class of road profiles characterized by the underlying 

stochastic process.  Realizations of any length can be generated resulting in timely and 

efficient simulation of the desired system.   
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4 Conclusion 

This thesis presents several important advancements and contributions for the 

measurement and characterization of road profiles and terrain.  The vehicle terrain 

measurement system developed in Chapter 2 breaks away from established techniques to 

provide a new level of fidelity and resolution in terrain measurement.  The advantages of 

this system the system include the ability to measure terrain in three dimensions with 

applications for both highway and off-road terrain.  Highly accurate geodetic position of 

the terrain profile is achieved through the use of an inertial navigation system.  This is an 

enabling technology to pursue more advanced applications of the data such as terrain 

modeling, vehicle simulations, and tire modeling.   It is only by advancing the technology 

with which the road or terrain is measured that the applications of the data can be further 

developed.    

In Chapter 3, the measured road profile was assumed to be one realization of an 

underlying stochastic process.  ARIMA modeling techniques were utilized based on this 

assumption to develop a model that characterizes this process with a set of autoregressive 

coefficients fp and an independent and identically distributed residual process at.  Several 

diagnostic techniques were used to test the goodness of fit of the model.  A new statistical 

test based on the joint probability distribution of the actual residual process was 

developed to examine the null hypothesis that the residual process of the fitted model was 

iid.  The significance of the distribution being iid when using an appropriate model to 

generate synthetic road profile data was discussed.  It was also demonstrated how the 

coefficients of the autoregressive model and the residual distribution can be used to 

generate synthetic road profiles of any length.  The results of this research provide many 

insights into future developments using ARIMA modeling techniques to characterize 

measured road profiles.    
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