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�̇� = 𝑞′ +
ⅆ𝑞𝑎𝑠

ⅆ𝑥
𝐷 2.1 

�̇� 𝑞′

𝑞𝑎𝑠
ⅆ𝑞𝑎𝑠

ⅆ𝑥

𝐷
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𝐹(𝑞(𝑥), 𝑐) = 0 2.2 

𝑞(𝑥) 𝑐 𝐹

𝐵(𝑞(𝑥), 𝑐) = 0 2.3 

{𝑓({𝑞(𝑥)}, 𝑐)} = {0} 2.4 

{𝑓} {𝑞}

ⅆ{𝑓}

ⅆ𝑐
=
𝜕{𝑓}

𝜕𝑐
+ [
𝜕{𝑓}

𝜕{𝑞}
]
ⅆ{𝑞}

ⅆ𝑐
= {0} 2.5 

[
𝜕{𝑓}

𝜕{𝑞}
] [𝐽]

[𝐽]{�̇�} = − [
𝜕{𝑓}

𝜕𝑐
] 2.6 
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𝐹(𝑞(𝑥), 𝑐) = 0 2.7 

𝐵(𝑞(𝑥), 𝑐) = 0 2.8 

𝑐

𝐹′ +
𝜕𝐹

𝜕𝑞
𝑞′ = 0 2.9 
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𝐹′ = 0

𝑐

�̇� +
𝜕𝐵

𝜕𝑞
�̇� = 0 2.10 

�̇�

�̇� +
𝜕𝐵

𝜕𝑞
(𝑞′ + 𝑞𝑥

𝑎𝑠𝐷) = 0 2.11 

�̇� = 0

[
𝜕𝐵

𝜕𝑞
] [

𝜕𝐹

𝜕𝑞
] [𝐽]

[𝐽][𝑞′] = −[𝑏] 2.12 

𝑞𝑥
𝑎𝑠𝐷
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𝐸𝐴𝑢𝑥𝑥 + 𝑓 = 0 3.1 

𝐸

𝐴

𝑢

𝑓

𝛤𝑒 ∶  𝑢(𝑥 = 0) = 𝑢0 3.2 

𝛤𝑛 ∶  𝐸𝐴𝑢𝑥(𝑥 = 𝐿) = 𝑁𝐿 3.3 
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𝐿

𝐿
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𝐿

𝑥

𝑥

𝐿

𝑥

𝐿
− 1

 

𝐷

�̇� = 𝑢′ + 𝐷𝑢𝑥
𝑎𝑠 3.4 

𝑢𝑥̅̅ ̅̇ 𝑢𝑥

𝑢𝑥̅̅ ̅̇ = 𝑢𝑥
′ + 𝐷𝑢𝑥𝑥

𝑎𝑠 3.5 

𝑢𝑥
′

𝑢𝑥
′ = (𝑢′)𝑥 = (𝑢𝑥)

′ 3.6 

𝑥

�̇�𝑥 = 𝑢𝑥
′ + 𝐷𝑥𝑢𝑥

𝑎𝑠 +𝐷𝑢𝑥𝑥
𝑎𝑠 3.7 

𝑢𝑥 𝑢𝑥̅̅ ̅̇ �̇� �̇�𝑥

𝑢𝑥̅̅ ̅̇ = �̇�𝑥 − 𝐷𝑥𝑢𝑥
𝑎𝑠 3.8 
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𝑥

�̇�𝑥𝑥 = 𝑢𝑥𝑥
′ + 𝐷𝑥𝑥𝑢𝑥

𝑎𝑠 + 2𝐷𝑥𝑢𝑥𝑥
𝑎𝑠 + 𝐷𝑢𝑥𝑥𝑥

𝑎𝑠 3.9 

𝑢𝑥𝑥̅̅ ̅̅̅̇

𝑢𝑥𝑥̅̅ ̅̅̅̇ = 𝑢𝑥𝑥
′ + 𝐷𝑢𝑥𝑥𝑥

𝑎𝑠 3.10 

𝑢𝑥𝑥̅̅ ̅̅̅̇ = �̇�𝑥𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠 − 2𝐷𝑥𝑢𝑥𝑥

𝑎𝑠 3.11 

 

𝐸𝐴 = 1

𝑢𝑥𝑥 + 𝑓 = 0 3.12 

𝑢𝑥𝑥̅̅ ̅̅̅̇ + �̇� = 0 3.13 

�̇�𝑥𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠 − 2𝐷𝑥𝑢𝑥𝑥

𝑎𝑠 + �̇� = 0 3.14 

�̇�(0) = �̇�0 3.15 

𝑢𝑥(𝐿)̅̅ ̅̅ ̅̅ ̅̅̇ = �̇�𝐿 3.16 
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�̇�𝑥(𝐿) = �̇�𝐿 + 𝐷𝑥(𝐿)𝑢𝑥
𝑎𝑠(𝐿) 3.17 

 

𝑢′𝑥𝑥 + 𝑓
′ = 0 3.18 

𝑢𝑥
′ = (𝑢′)𝑥 = (𝑢𝑥)

′ 3.19 

𝑢′(0) = �̇�(0) − 𝑢𝑥
𝑎𝑠(0)𝐷(0) 3.20 

𝑢𝑥
′ (𝐿) = 𝑢𝑥(𝐿)̅̅ ̅̅ ̅̅ ̅̅̇ − 𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) 3.21 

𝑢′(0) = �̇�0 − 𝑢𝑥
𝑎𝑠(0)𝐷(0) 3.22 

𝑢𝑥
′ (𝐿) = �̇�𝐿 − 𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) 3.23 

 

𝐸𝐴 = 1
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𝑢𝑥𝑥 + 𝑓 = 0 3.24 

𝑢(0) = 𝑢0 3.25 

𝑢𝑥(𝐿) = 𝑁𝐿 3.26 

∫(𝑢𝑥𝑥 + 𝑓)𝜓 ⅆ𝑥

𝐿

0

= 0

⇒ ∫(−𝑢𝑥𝜓𝑥 + 𝑓𝜓) ⅆ𝑥

𝐿

0

+ 𝑢𝑥𝜓|0
𝐿 = 0

3.27 

𝜓

𝜓(0) =

0

∫𝑢𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓𝜓ⅆ𝑥

𝐿

0

+ 𝑁𝐿𝜓(𝐿) 3.28 
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∫𝑢𝑥̅̅ ̅̇𝜓𝑥 ⅆ𝑥

𝐿

0

+∫𝑢𝑥
𝑎𝑠𝜓𝑥̅̅̅̇̅ ⅆ𝑥

𝐿

0

+∫𝑢𝑥
𝑎𝑠𝜓𝑥

𝐿

0

ⅆ𝑥̅̅̅̇̅

= ∫ 𝑓̇𝜓 ⅆ𝑥
𝐿

0
+ ∫ 𝑓�̇� ⅆ𝑥

𝐿

0
+∫ 𝑓𝜓ⅆ𝑥̅̅̅̇̅

𝐿

0

+ �̇�𝐿𝜓(𝐿) + 𝑁𝐿�̇�(𝐿)

3.29 

ⅆ𝑥̅̅̅̇̅ = 𝐷𝑥ⅆ𝑥 3.30 

𝜓𝑥̅̅̅̇̅ = �̇�𝑥 − 𝐷𝑥𝜓𝑥 3.31 

∫�̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

+ [∫𝑢𝑥
𝑎𝑠�̇�𝑥 ⅆ𝑥

𝐿

𝑂

−∫𝑓�̇� ⅆ𝑥

𝐿

0

− 𝑁𝐿�̇�(𝐿)]

= ∫𝑢𝑥
𝑎𝑠𝐷𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

+∫𝑢𝑥
𝑎𝑠𝐷𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

−∫𝑢𝑥
𝑎𝑠𝐷𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

+∫𝑓̇𝜓 ⅆ𝑥

𝐿

0

+∫𝑓𝜓𝐷𝑥 ⅆ𝑥

𝐿

0

+ �̇�𝐿𝜓(𝐿)

3.32 

�̇�

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(𝑢𝑥
𝑎𝑠

𝐿

0

𝐷𝑥𝜓𝑥 + �̇�𝜓 + 𝑓𝜓𝐷𝑥) ⅆ𝑥 + �̇�𝐿𝜓(𝐿) 3.33 
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�̇�𝑥𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠 − 2𝐷𝑥𝑢𝑥𝑥

𝑎𝑠 + �̇� = 0 3.34 

�̇�(0) = �̇�0 3.35 

�̇�𝑥(𝐿) = �̇�𝐿 + 𝐷𝑥(𝐿)𝑢𝑥
𝑎𝑠(𝐿) 3.36 

∫(�̇�𝑥𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠 − 2𝐷𝑥𝑢𝑥𝑥

𝑎𝑠 + �̇�)𝜓 ⅆ𝑥

𝐿

0

= 0

⇒ ∫(−�̇�𝑥𝜓𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠(𝐷𝑥𝜓)𝑥 + 𝑓̇𝜓) ⅆ𝑥

𝐿

0

+�̇�𝑥𝜓|0
𝐿 − 2𝑢𝑥

𝑎𝑠𝐷𝑥𝜓|0
𝐿 = 0

3.37 

𝑢𝑥𝑥
𝑎𝑠

𝜓(0) = 0
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∫�̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(�̇�

𝐿

0

𝜓 + 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

+�̇�𝐿𝜓(𝐿) − 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿)

3.38 

 

∫(𝑓𝜓𝐷𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 − 𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥)

𝐿

0

ⅆ𝑥 + 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿) = 0 3.39 

∫(−𝑢𝑥
𝑎𝑠𝐷𝑥𝑥𝜓 − 𝑢𝑥

𝑎𝑠𝐷𝑥𝜓𝑥 + 𝑓𝜓𝐷𝑥)

𝐿

0

ⅆ𝑥 + 𝑢𝑥
𝑎𝑠𝐷𝑥𝜓|0

𝐿 = 0

⇒ ∫(𝑢𝑥𝑥
𝑎𝑠 + 𝑓)𝐷𝑥𝜓ⅆ𝑥

𝐿

0

= 0

3.40 

𝐷𝑥𝜓

𝜓
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∫𝑢𝑥
𝑎𝑠𝜓𝑥 ⅆ𝑥

𝐿

0

−∫𝑓𝜓ⅆ𝑥

𝐿

0

− 𝑁𝐿𝜓(𝐿) = 0 3.41 

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

+∫𝑢𝑥
𝑎𝑠𝜓𝑥

′ ⅆ𝑥

𝐿

0

+∫𝑢𝑥
𝑎𝑠𝜓𝑥

𝐿

0

(ⅆ𝑥)′

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+∫𝑓𝜓′ ⅆ𝑥

𝐿

0

+∫𝑓𝜓(ⅆ𝑥)′
𝐿

0

+ 𝑁𝐿
′𝜓(𝐿) + 𝑁𝐿𝜓

′(𝐿)

3.42 

(ⅆ𝑥)′ = 0 (ⅆ𝑥)′ ∫ 𝑢𝑥𝜓𝑥
𝐿

0
(ⅆ𝑥)′ ∫ 𝑓𝜓(ⅆ𝑥)′

𝐿

0

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

+ [∫𝑢𝑥
𝑎𝑠𝜓𝑥

′ ⅆ𝑥

𝐿

0

−∫𝑓𝜓′ ⅆ𝑥

𝐿

0

− 𝑁𝐿𝜓
′(𝐿)]

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝑁𝐿
′𝜓(𝐿)

3.43 

𝜓′
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∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝑁𝐿
′𝜓(𝐿) 3.44 

𝑁𝐿
′ 𝑢𝑥

′ (𝐿)

𝑢𝑥
′ (𝐿) = �̇�(𝐿) − 𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) ⇒ 𝑁𝐿
′ = �̇�𝐿 − 𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) 3.45 

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ �̇�𝐿𝜓(𝐿) − 𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿)𝜓(𝐿) 3.46 

 

𝑢′𝑥𝑥 + 𝑓
′ = 0 3.47 

𝑢′(0) = �̇�0 − 𝑢𝑥
𝑎𝑠(0)𝐷(0) 3.48 

𝑢𝑥
′ (𝐿) = �̇�𝐿 − 𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) 3.49 

∫(𝑢′𝑥𝑥 + 𝑓
′)𝜓 ⅆ𝑥

𝐿

0

= 0 3.50 
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⇒ ∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ [𝜓𝑢𝑥
′ ]0
𝐿

𝜓(0) = 0

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝜓(𝐿)�̇�𝐿 −𝜓(𝐿)𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿) 3.51 
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𝑢𝑥𝑥 = −𝑓; 

𝑢(0) = 𝑢0;  𝑢𝑥(𝐿) = 𝑁𝐿

4.1 

 

𝑢′𝑥𝑥 = −𝑓
′; 

𝑢′(0) = �̇�0 − 𝑢𝑥
𝑎𝑠(0)𝐷(0);  𝑢𝑥

′ (𝐿) = �̇�𝐿 − 𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿)

4.2 

 

�̇�𝑥𝑥 = −𝑓̇ + 2𝑢𝑥𝑥
𝑎𝑠𝐷𝑥 + 𝑢𝑥

𝑎𝑠𝐷𝑥𝑥; 

�̇�(0) = �̇�0; �̇�𝑥(𝐿) = �̇�𝐿 + 𝐷𝑥(𝐿)𝑢𝑥
𝑎𝑠(𝐿)

4.3 
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∫𝑢𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓𝜓ⅆ𝑥

𝐿

0

+ 𝑁𝐿𝜓(𝐿) 4.4 

 

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝜓(𝐿)�̇�𝐿 − 𝜓(𝐿)𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿) 4.5 

 

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(𝑢𝑥
𝑎𝑠

𝐿

0

𝜓𝑥𝐷𝑥 + 𝑓̇𝜓 + 𝑓𝜓𝐷𝑥) ⅆ𝑥 + �̇�𝐿𝜓(𝐿) 4.6 

 

∫�̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(𝑓̇

𝐿

0

𝜓 + 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

+�̇�𝐿𝜓(𝐿) + 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿)

4.7 
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𝐷 =
𝑥

𝐿
4.8 

𝐷 = (
𝑥

𝐿
)
2

4.9 

𝐷 = {
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

4.10 

𝐷 = 1 −
𝑥

𝐿
4.11 

𝐷 =
𝑥

𝐿
− 1 4.12 

𝐷 = −
𝑥

𝐿
4.13 

𝜓 =
𝑥

𝐿
, (
𝑥

𝐿
)
2

𝜓 =

 

𝑓 = 𝑏 4.14 
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𝑏

𝑓

𝑓′ = 0 4.15 

𝑓̇ = 0 4.16 

𝐷 =
𝑥

𝐿
4.17 

𝑢𝑥𝑥 + 𝑓 = 0 4.18 

𝑢(0) = 0 4.19 

𝑢𝑥(𝐿) = 0 4.20 

𝑢 = −
𝑏𝑥2

2
+ 𝑐𝑥 + ⅆ 4.21 

𝑐 ⅆ

𝑐 ⅆ

𝑢(0) = 0 ⇒ ⅆ = 0 4.22 

𝑢𝑥(𝐿) = 0 ⇒ −𝑏𝐿 + 𝑐 = 0 ⇒  𝑐 = 𝑏𝐿 4.23 
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𝑢as = −
𝑏𝑥2

2
+ 𝑏𝐿𝑥 =

1

2
𝑏(2𝐿 − 𝑥)𝑥 4.24 

�̇�𝑥𝑥 − 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠 − 2𝐷𝑥𝑢𝑥𝑥

𝑎𝑠 + �̇� = 0 4.25 

�̇�(0) = 0 4.26 

�̇�𝑥(𝐿) = 0 4.27 

�̇�𝑥𝑥 = −𝑓̇ + 2𝑢𝑥𝑥
𝑎𝑠𝐷𝑥 + 𝑢𝑥

𝑎𝑠𝐷𝑥𝑥 =
−2𝑏

𝐿
4.28 

⇒ �̇� =
1

𝐿
(−𝑏𝑥2 + 𝑟𝑥 + 𝑠) 4.29 

𝑟 𝑠

�̇� =
−𝑏

𝐿
𝑥2 + 2𝑏𝑥 4.30 

𝑢′𝑥𝑥 + 𝑓
′ = 0 4.31 

𝑢′(0) = 0 4.32 

𝑢𝑥
′ (𝐿) = −𝑢𝑥𝑥

𝑎𝑠(𝐿)𝐷(𝐿) = 𝑏 4.33 

𝑢′𝑥𝑥 = −𝑓
′ = 0 4.34 
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⇒ 𝑢′ = 𝑟𝑥 + 𝑠 4.35 

𝑟 𝑠

𝑢′ = 𝑏𝑥 4.36 

�̇� = 𝑢′ + 𝐷𝑢𝑥
𝑎𝑠  

−𝑏

𝐿
𝑥2 + 2𝑏𝑥 = 𝑏𝑥 + (−𝑏𝑥 + 𝑏𝐿)

𝑥

𝐿

4.37 

𝑫 
𝒖𝐚𝐬 from 

ODE Eq1 

𝒖′ from 

ODE Eq2 

�̇� from 

ODE Eq3 

𝑥

𝐿
 

−
𝑏𝑥2

2
+ 𝑏𝐿𝑥 

𝑏𝑥 −
𝑏

𝐿
𝑥2 + 2𝑏𝑥 

(
𝑥

𝐿
)
2

 𝑏𝑥 
−𝑏

𝐿2
𝑥3 +

𝑏

𝐿
𝑥2 + 𝑏𝑥 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 𝑏𝑥 {
𝑏𝑥

−
2𝑏

𝐿
𝑥2 + 4𝑏𝑥 − 𝑏𝐿 

 

𝑢′
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𝑢′

�̇�

𝑢′ = −𝑏𝐿 𝐷 = 1 −
𝑥

𝐿
4.38 

𝑢′ = 𝑏𝐿 𝐷 =
𝑥

𝐿
− 1 4.39 

𝑢′ 𝑥 = 𝐿

𝐷 = −
𝑥

𝐿

𝑢′ = −𝑏𝑥 4.40 

𝐷 =
𝑥

𝐿

�̇�

𝑥

𝐿

�̇� =
𝑏

𝐿
𝑥2 − 2𝑏𝑥 𝐷 = 1 −

𝑥

𝐿
4.41 

�̇� = −
𝑏

𝐿
𝑥2 + 2𝑏𝑥 𝐷 =

𝑥

𝐿
− 1 4.42 
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�̇� =
𝑏

𝐿
𝑥2 − 2𝑏𝑥 𝐷 = −

𝑥

𝐿
4.43 

 

 

𝑓 = 𝑏 4.44 

𝑏

𝐷 =
𝑥

𝐿
4.45 

𝜓 =
𝑥

𝐿
, ( 
𝑥

𝐿
 )
2

4.46 
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𝑢𝑎𝑠 = 𝑎1 (
𝑥

𝐿
) + 𝑎2 ( 

𝑥

𝐿
 )
2

4.47 

𝑎1 𝑎2

𝑥

𝐿
( 
𝑥

𝐿
 )
2

𝑎1 𝑎2

𝑎1 𝑎2

𝑎1 = 𝑏𝐿
2, 𝑎2 = −

𝑏𝐿2

2
 

4.48 

𝑢𝑎𝑠 = 𝑏𝐿2 (
𝑥

𝐿
) −

𝑏𝐿2

2
( 
𝑥

𝐿
 )
2

= −
𝑏𝑥2

2
+ 𝑏𝐿𝑥 4.49 

 

𝑓

𝑓̇ = 0 4.50 

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(𝑢𝑥
𝑎𝑠

𝐿

0

𝜓𝑥𝐷𝑥 + �̇�𝜓 + 𝑓𝜓𝐷𝑥) ⅆ𝑥 + �̇�𝐿𝜓(𝐿) 4.51 
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�̇� = 𝑎3 (
𝑥

𝐿
) + 𝑎4 ( 

𝑥

𝐿
 )
2

4.52 

𝑎3 𝑎4

�̇�(0) = 0

𝑎3 𝑎4

𝑎3 𝑎4

𝑎3 = 2𝑏𝐿, 𝑎4 = −𝑏𝐿 4.53 

�̇�

�̇� = 2𝑏𝐿 (
𝑥

𝐿
) − 𝑏𝐿 ( 

𝑥

𝐿
 )
2

=
−𝑏

𝐿
𝑥2 + 2𝑏𝑥 4.54 

∫�̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(�̇�

𝐿

0

𝜓 + 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

+�̇�𝐿𝜓(𝐿) − 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿)

4.55 

�̇�

�̇� =
−𝑏

𝐿
𝑥2 + 2𝑏𝑥 4.56 
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𝑓

𝑓′ = 0 4.57 

𝐷 =
𝑥

𝐿
4.58 

𝜓 =
𝑥

𝐿
, ( 
𝑥

𝐿
 )
2

4.59 

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝜓(𝐿)�̇�𝐿 −𝜓(𝐿)𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿) 4.60 

𝑢𝑥
′

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= 𝑏 4.61 

𝑢′ = 𝑎5 (
𝑥

𝐿
) + 𝑎6 ( 

𝑥

𝐿
 )
2

4.62 
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𝑎5 𝑎6

𝑎5 𝑎6

𝑎5 𝑎6

𝑎5 = 𝑏𝐿, 𝑎6 = 0 4.63 

�̇�

𝑢′ = 𝑏𝐿 (
𝑥

𝐿
) + 0 ( 

𝑥

𝐿
 )
2

= 𝑏𝑥 4.64 

 

∫�̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(�̇�

𝐿

0

𝜓 + 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

+�̇�𝐿𝜓(𝐿) + 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿)

4.65 

∫ 𝐷𝑥𝑥𝑢𝑥𝜓ⅆ𝑥
𝐿

0

𝑥 =
𝐿

2
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𝑥 =
𝐿

2

𝑢𝑥
𝑎𝑠 𝜓 𝑥 =

𝐿

2
∫ 𝐷𝑥𝑥𝑢𝑥𝜓ⅆ𝑥
𝐿

0

𝑥 =
𝐿

2

∫ 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓ⅆ𝑥

𝐿
2
+

𝐿
2
−

= 𝑢𝑥𝐿
2

𝜓𝐿
2
{𝐷𝑥𝐿

2
+
− 𝐷𝑥𝐿

2
−
} 4.66 

𝑏

𝑢𝑥
𝑎𝑠 𝑥 =

𝐿

2
𝑢𝑥𝐿

2

𝑥 =
𝐿

2
− 𝑥 =

𝐿

2
+

𝑢𝑥𝐿
2

𝑎𝑠 =

𝑢𝑥𝐿
2
+

𝑎𝑠 +  𝑢𝑥𝐿
2
−

𝑎𝑠

2
4.67 
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𝜓 =
𝑥

𝐿
 ,(
𝑥

𝐿
)
2
  

𝜓 =
𝑥

𝐿
 ,(
𝑥

𝐿
)
2

𝑫 𝝍 
𝒖𝒂𝒔 from 

Var Eq4 

𝒖′ from 

Var Eq5 

�̇� from 

Var Eq6 

�̇� from 

Var Eq7 

𝑥

𝐿
 

𝑥

𝐿
, (
𝑥

𝐿
)
2

 −
𝑏𝑥2

2
+ 𝑏𝐿𝑥 

𝑏𝑥 −
𝑏

𝐿
𝑥2 + 2𝑏𝑥 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

(
𝑥

𝐿
)
2

 𝑏𝑥 −
𝑏

2𝐿
𝑥2 +

3𝑏

2
𝑥 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 𝑏𝑥 −
𝑏

4𝐿
𝑥2 +

5𝑏

4
𝑥 

𝑏

2𝐿
𝑥2 

*neglecting the 

singularity 

𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

*integrating the 

singularity 
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(
𝑥

𝐿
)
2

𝑫 𝝍 
𝒖𝒂𝒔 from 

ODE Eq1 

𝒖′ from 

Var Eq5 

�̇� from 

Var Eq6 

�̇� from 

Var Eq7 

𝑥

𝐿
 

2 elements 

Hat functions 

𝜓1 = 1 −
2𝑥

𝐿
 

𝜓2 =
2𝑥

𝐿
 

𝜓3 = 2 −
2𝑥

𝐿
 

𝜓4 =
2𝑥

𝐿
− 1 

−
𝑏𝑥2

2
+ 𝑏𝐿𝑥 

𝑏𝑥 {

3𝑏𝑥

2
𝑏𝑥

2
+
𝑏𝐿

2

 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

(
𝑥

𝐿
)
2

 𝑏𝑥 {

5𝑏𝑥

4
3𝑏𝑥

4
+
𝑏𝐿

4

 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 𝑏𝑥 𝑏𝑥 

{
0

𝑏𝑥 −
𝑏𝐿

2

 

*neglecting the 

singularity 

𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

*integrating the 

singularity 
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𝑢𝑥𝑥
𝑎𝑠

𝑢𝑥𝑥
𝑎𝑠 = −𝑏
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𝑫 𝝍 
𝒖𝒂𝒔 from 

Var Eq4 

𝒖′ from 

Var Eq5 

�̇� from 

Var Eq6 

�̇� from 

Var Eq7 

𝑥

𝐿
 

2 elements 

Hat functions 

𝜓1 = 1 −
2𝑥

𝐿
 

𝜓2 =
2𝑥

𝐿
 

𝜓3 = 2 −
2𝑥

𝐿
 

𝜓4 =
2𝑥

𝐿
− 1 

{

3𝑏𝐿𝑥

4
𝑏𝐿

4
(𝐿 + 𝑥)

 

*using hat functions 

0 {

3𝑏𝑥

2
𝑏𝑥

2
+
𝑏𝐿

2

 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

(
𝑥

𝐿
)
2

 0 {

31𝑏𝑥

24
19𝑏𝑥

24
+
𝑏𝐿

4

 {

11𝑏𝑥

8
7𝑏𝑥

8
+
𝑏𝐿

4

 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 0 𝑏𝑥 

{
0

𝑏𝑥 −
𝑏𝐿

2

 

*neglecting the 

singularity 

𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

*integrating the 

singularity 
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𝑫 𝝍 
𝒖𝒂𝒔 from 

Var Eq4 

𝒖′  

Var 

Eq5 

�̇� from 

Var Eq6 

�̇� from 

Var Eq7 

𝑥

𝐿
 

4 elements 

Hat functions 

𝜓1 = 1 −
4

𝐿
𝑥 

𝜓2 =
4

𝐿
𝑥 

𝜓3 = 2 −
4

𝐿
𝑥 

𝜓4 =
4

𝐿
𝑥 − 1 

𝜓5 = 3 −
4

𝐿
𝑥 

𝜓6 =
4

𝐿
𝑥 − 2 

𝜓7 = 4 −
4

𝐿
𝑥 

𝜓8 =
4

𝐿
𝑥 − 3 

{
 
 
 

 
 
 

7𝑏𝐿𝑥

8
𝑏𝐿

16
(𝐿 + 10𝑥) 

3𝑏𝐿

16
(𝐿 + 2𝑥)

𝑏𝐿

8
(3𝐿 + 𝑥)

 

*using hat 

functions 

0 

{
 
 
 

 
 
 

7𝑏𝑥

4
𝑏

8
(𝐿 + 10𝑥)

3𝑏

8
(𝐿 + 2𝑥)

𝑏

4
(3𝐿 + 𝑥)

 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

(
𝑥

𝐿
)
2

 0 

{
 
 
 

 
 
 

115𝑏𝑥

96
𝑏

96
(127𝑥 − 3𝐿)

𝑏

96
(103𝑥 + 9𝐿)

𝑏

96
(43𝑥 + 54𝐿)

 

{
 
 
 

 
 
 

39𝑏𝑥

32
𝑏

32
(43𝑥 − 𝐿)

𝑏

32
(35𝑥 + 3𝐿)

𝑏

32
(15𝑥 + 18𝐿)

 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 0 

{
 
 

 
 

𝑏𝑥
𝑏𝑥

𝑏

4
(6𝑥 − 𝐿)

𝑏

2
(𝑥 + 𝐿)

 
{
 
 

 
 

0
0

3𝑏

4
(2𝑥 − 𝐿)

𝑏𝑥

2

 

*neglecting the 

singularity 

𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

*integrating the 

singularity 
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𝑏𝑥

𝑢𝑥𝑥
𝑎𝑠

𝑢𝑥𝑥
𝑎𝑠(𝐿)

𝑏𝑥

 

𝐷 =
𝑥

𝐿
𝑏 = 1

𝐿 = 1 𝜓 =

𝑥

𝐿
, (
𝑥

𝐿
)
2



44 
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For 𝑫 =
𝒙

𝑳
 

�̇� 

(𝒃 = 𝟏, 𝑳 = 𝟏) 

Analytical, Eq3 −
𝑏

𝐿
𝑥2 + 2𝑏𝑥 

Quadratic Approx., Eq6 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 

Quadratic Approx., Eq7 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

2 FE (exact analysis 

solution), Eq6 
{

3𝑏𝑥

2
𝑏𝑥

2
+
𝑏𝐿

2

 

2 FE (exact analysis 

solution), Eq7 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

2 FE (approx. analysis 

solution), Eq6 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝑢𝑠𝑖𝑛𝑔 𝑒𝑥𝑎𝑐𝑡 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 

2 FE (approx. analysis 

solution), Eq7 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

4 FE (approx. analysis 

solution), Eq6 

{
 
 
 

 
 
 

7𝑏𝑥

4
𝑏

8
(𝐿 + 10𝑥)

3𝑏

8
(𝐿 + 2𝑥)

𝑏

4
(3𝐿 + 𝑥)

 

4 FE (approx. analysis 

solution), Eq7 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 
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𝐷 = (
𝑥

𝐿
)
2
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For 𝑫 = (
𝒙

𝑳
)
𝟐

 
�̇� 

(𝒃 = 𝟏, 𝑳 = 𝟏) 

Analytical, Eq3 
−𝑏

𝐿2
𝑥3 +

𝑏

𝐿
𝑥2 + 𝑏𝑥 

Quadratic Approx., Eq6 −
𝑏

2𝐿
𝑥2 +

3𝑏

2
𝑥 

Quadratic Approx., Eq7 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

2 FE (exact analysis 

solution), Eq6 
{

5𝑏𝑥

4
3𝑏𝑥

4
+
𝑏𝐿

4

 

2 FE (exact analysis 

solution), Eq7 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

2 FE (approx. analysis 

solution), Eq6 
{

31𝑏𝑥

24
19𝑏𝑥

24
+
𝑏𝐿

4

 

2 FE (approx. analysis 

solution), Eq7 
{

11𝑏𝑥

8
7𝑏𝑥

8
+
𝑏𝐿

4

 

4 FE (approx. analysis 

solution), Eq6 

{
 
 
 

 
 
 

115𝑏𝑥

96
𝑏

96
(127𝑥 − 3𝐿)

𝑏

96
(103𝑥 + 9𝐿)

𝑏

96
(43𝑥 + 54𝐿)

 

4 FE (approx. analysis 

solution), Eq7 

{
 
 
 

 
 
 

39𝑏𝑥

32
𝑏

32
(43𝑥 − 𝐿)

𝑏

32
(35𝑥 + 3𝐿)

𝑏

32
(15𝑥 + 18𝐿)
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𝑏 = 1

𝐿 = 1

𝜓 =
𝑥

𝐿
 

,(
𝑥

𝐿
)
2

 

𝑏 = 1 𝐿 = 1

𝜓 =
𝑥

𝐿
, (

𝑥

𝐿
)
2
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For 𝑫 = {
𝟎 (𝟎,

𝑳

𝟐
)

𝟐𝒙

𝑳
− 𝟏 (

𝑳

𝟐
, 𝑳)

 
�̇� 

(𝒃 = 𝟏, 𝑳 = 𝟏) 

Analytical, Eq3 {
𝑏𝑥

−
2𝑏

𝐿
𝑥2 + 4𝑏𝑥 − 𝑏𝐿 

 

Quadratic Approx., Eq6 −
𝑏

4𝐿
𝑥2 +

5𝑏

4
𝑥 

Quadratic Approx., Eq7 (corrected) 𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

2 FE (exact analysis solution), Eq6 𝑏𝑥 

2 FE (exact analysis solution), Eq7 

(corrected) 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

 

2 FE (approx. analysis solution), 

Eq6 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝑢𝑠𝑖𝑛𝑔 𝑒𝑥𝑎𝑐𝑡 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 

2 FE (approx. analysis solution), 

Eq7 (corrected) 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 

4 FE (approx. analysis solution), 

Eq6 

{
 
 

 
 

𝑏𝑥
𝑏𝑥

𝑏

4
(6𝑥 − 𝐿)

𝑏

2
(𝑥 + 𝐿)

 

4 FE (approx. analysis solution), 

Eq7 (corrected) 
𝑠𝑎𝑚𝑒 𝑎𝑠 𝐸𝑞6 
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𝑓 = 𝑏, 𝑓 = 𝑥(𝐿 − 𝑥), 𝑓 = 𝑠𝑖𝑛 (
𝜋𝑥

𝐿
) 4.68 

𝑏 𝐿
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𝑫 
𝒖𝒂𝒔 from 

ODE Eq1 

𝒖′ from 

ODE Eq2 

�̇� from 

ODE Eq3 

𝑥

𝐿
 

2𝐿3𝑥 − 2𝐿𝑥3 + 𝑥4

12
 

3𝐿2𝑥 − 𝑥3

6
 

2𝐿3𝑥 − 2𝐿𝑥3 + 𝑥4

3𝐿
 

(
𝑥

𝐿
)
2

 
3𝐿4𝑥 + 𝐿3𝑥2 − 𝐿2𝑥3 − 3𝐿𝑥4 + 2𝑥5

6𝐿2
 

{
0 (0,

𝐿

2
)

2𝑥

𝐿
− 1 (

𝐿

2
, 𝐿)

 

{
 

 
3𝐿2𝑥 − 𝑥3

6
−𝐿4 + 5𝐿3𝑥 + 3𝐿2𝑥2 − 9𝐿𝑥3 + 4𝑥4

6𝐿
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𝑥 𝐿
 

𝐿
𝜋
𝑥
+
𝐿2
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
)

𝜋
2

 
𝜋
𝑥
−
𝜋
𝑥
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
)
+
2
𝐿
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
)

𝜋
2

 

2
(𝜋
𝑥
+
𝐿
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
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𝜋
2

 

(𝑥 𝐿
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𝐿
𝜋
𝑥
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𝑥
2
−
𝐿
𝜋
𝑥
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
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𝜋
𝑥
2
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
)
+
2
𝐿2
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
)

𝐿
𝜋
2

 

{
0

 (
0
,𝐿 2
)

2
𝑥 𝐿
−
1

 (
𝐿 2
,𝐿
) 

{    
𝜋
𝑥
−
𝜋
𝑥
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
)
+
2
𝐿
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
)

𝜋
2

−
𝐿
𝜋
+
3
𝜋
𝑥
−
𝐿
𝜋
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
)
+
𝜋
𝑥
𝑐𝑜
𝑠
(𝜋
𝑥 𝐿
)
+
2
𝐿
𝑠𝑖
𝑛
(𝜋
𝑥 𝐿
)

𝜋
2
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𝑏 = 1 𝐿 = 1

10−15)
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𝐷(𝐿)

= 1)

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ [𝜓(𝐿)�̇�𝐿 −𝜓(𝐿)𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿)] 4.69 

�̇�𝐿 = 0 4.70 
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𝑢𝑥𝑥
𝑎𝑠(𝐿) = 𝑏|𝑥=𝐿 = 𝑏     𝑓𝑜𝑟     𝑓 = 𝑏 4.71 

𝑢𝑥𝑥
𝑎𝑠(𝐿) = (𝑥2 − 𝐿𝑥)|𝑥=𝐿 = 0     𝑓𝑜𝑟     𝑓 = 𝑥(𝐿 − 𝑥) 4.72 

𝑢𝑥𝑥
𝑎𝑠(𝐿) = − 𝑠𝑖𝑛 (

𝜋𝑥

𝐿
)|
𝑥=𝐿

= 0     𝑓𝑜𝑟     𝑓 = 𝑠𝑖𝑛 (
𝜋𝑥

𝐿
) 4.73 
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𝑒

‖𝑒‖1 =
1

𝑁
∑|𝑒𝑖|

𝑁

𝑖=1

4.74 

‖𝑒‖2 = √
1

𝑁
∑|𝑒𝑖|2

𝑖=1

4.75 
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‖𝑒‖∞ = 𝑚𝑎𝑥(|𝑒𝑖|) 4.76 

∫𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫𝑓′𝜓ⅆ𝑥

𝐿

0

+ 𝜓(𝐿)�̇�𝐿 − 𝜓(𝐿)𝑢𝑥𝑥
𝑎𝑠(𝐿)𝐷(𝐿) 4.77 
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𝑓′ 𝜓 𝜓𝑥 𝜓(𝐿) 𝐷(𝐿) �̇�𝐿

∫ 𝑢𝑥
′𝜓𝑥 ⅆ𝑥

𝐿

0

∫ 𝑓′𝜓ⅆ𝑥
𝐿

0

𝑢𝑥𝑥
𝑎𝑠(𝐿)

 𝐿

 

𝑏 = 1 𝐿 = 1

10−15)



60 

 



61 

 



62 

 



63 

 

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(𝑢𝑥
𝑎𝑠

𝐿

0

𝜓𝑥𝐷𝑥 + �̇�𝜓 + 𝑓𝜓𝐷𝑥) ⅆ𝑥 + �̇�𝐿𝜓(𝐿) 4.78 
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𝑓 𝑓̇ 𝜓 𝜓𝑥 𝐷𝑥 𝜓(𝐿) �̇�𝐿

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥
𝐿

0

∫ (𝑓̇𝜓 + 𝑓𝜓𝐷𝑥) ⅆ𝑥
𝐿

0

∫ 𝑢𝑥
𝑎𝑠𝐿

0
𝜓𝑥𝐷𝑥 ⅆ𝑥

 𝐿

∫ �̇�𝑥𝜓𝑥 ⅆ𝑥

𝐿

0

= ∫(�̇�

𝐿

0

𝜓 + 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓 + 2𝑢𝑥

𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

+�̇�𝐿𝜓(𝐿) + 𝐷𝑥(𝐿)𝑁𝐿𝜓(𝐿)

4.79 

𝑓̇ 𝜓 𝐷𝑥 𝐷𝑥𝑥 𝜓(𝐿) 𝐷(𝐿) 𝐷𝑥(𝐿) 𝑁𝐿

�̇�𝐿 ∫ �̇�𝑥𝜓𝑥 ⅆ𝑥
𝐿

0

∫ 𝑓̇𝜓 ⅆ𝑥
𝐿

0

∫ (
𝐿

0
𝐷𝑥𝑥𝑢𝑥

𝑎𝑠𝜓 + 2𝑢𝑥
𝑎𝑠𝜓𝑥𝐷𝑥) ⅆ𝑥

𝑢𝑥
𝑎𝑠 𝑥 =

𝐿

2
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∫ (
𝐿

0
𝐷𝑥𝑥𝑢𝑥

𝑎𝑠𝜓) ⅆ𝑥 𝑥 =
𝐿

2

∫ 𝐷𝑥𝑥𝑢𝑥
𝑎𝑠𝜓ⅆ𝑥

𝐿
2
+

𝐿
2
−

= 𝑢𝑥𝐿
2

𝑎𝑠𝜓𝐿
2
{𝐷𝑥𝐿

2
+
−𝐷𝑥𝐿

2
−
}

=

𝑢𝑥𝐿
2
+

𝑎𝑠 +  𝑢𝑥𝐿
2
−

𝑎𝑠

2
𝜓𝐿
2
{𝐷𝑥𝐿

2
+
− 𝐷𝑥𝐿

2
−
}

4.80 
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= 𝑏     𝑓𝑜𝑟     𝑓 = 𝑏

=
𝐿2

6
     𝑓𝑜𝑟     𝑓 = 𝑥(𝐿 − 𝑥)

=
2

𝜋
     𝑓𝑜𝑟     𝑓 = 𝑠𝑖𝑛 (

𝜋𝑥

𝐿
)

10−15)
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