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On Integral Quadratic Constraint Theory and Robust Control of
Unmanned Aircraft Systems

Jedediah Micah Fry

(ABSTRACT)

This dissertation advances tools for the certification of unmanned aircraft system (UAS)

flight controllers. We develop two thrusts to this goal: (1) the validation and improvement

of an uncertain UAS framework based on integral quadratic constraint (IQC) theory and

(2) the development of novel IQC theorems which allow the analysis of uncertain systems

having time-varying characteristics.

Pertaining to the first thrust, this work improves and implements an IQC-based robust-

ness analysis framework for UAS. The approach models the UAS using a linear fractional

transformation on uncertainties and conducts robustness analysis on the uncertain system

via IQC theory. By expressing the set of desired UAS flight paths with an uncertainty, the

framework enables analysis of the uncertain UAS flying about any level path whose radius of

curvature is bounded. To demonstrate the versatility of this technique, we use IQC analysis

to tune trajectory-tracking and path-following controllers designed via H2 or H∞ synthesis

methods. IQC analysis is also used to tune path-following PID controllers. By employing a

non-deterministic simulation environment and conducting numerous flight tests, we demon-

strate the capability of the framework in predicting loss of control, comparing the robustness

of different controllers, and tuning controllers. Finally, this work demonstrates that signal

IQCs have an important role in obtaining IQC analysis results which are less conservative

and more consistent with observations from flight test data.



With regards to the second thrust, we prove a novel theorem which enables robustness

analysis of uncertain systems where the nominal plant and the IQC multiplier are linear

time-varying systems and the nominal plant may have a non-zero initial condition. When

the nominal plant and the IQC multiplier are eventually periodic, robustness analysis can be

accomplished by solving a finite-dimensional semidefinite program. Time-varying IQC multi-

pliers are beneficial in analysis because they provide the possibility of reducing conservatism

and are capable of expressing uncertainties that have unique time-domain characteristics. A

number of time-varying IQC multipliers are introduced to better describe such uncertain-

ties. The utility of this theorem is demonstrated with various examples, including one which

produces bounds on the UAS position after an aggressive Split-S maneuver.
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Jedediah Micah Fry

(GENERAL AUDIENCE ABSTRACT)

This work develops tools to aid in the certification of unmanned aircraft system (UAS) flight

controllers. The forthcoming results are founded on robust control theory, which allows the

incorporation of a variety of uncertainties in the UAS mathematical model and provides tools

to determine how robust the system is to these uncertainties. Such a foundation provides a

complementary perspective to that obtained with simulations. Whereas simulation environ-

ments provide a probabilistic-type analysis and are oftentimes costly, the following results

provide worst-case guarantees—for the allowable disturbances and uncertainties—and re-

quire far less computational resources. Here we take two approaches in our development of

certification tools for UAS. First we validate and improve on an uncertain UAS framework

that relies on integral quadratic constraint (IQC) theory to analyze the robustness of the

UAS in the presence of uncertainties and disturbances. Our second approach develops novel

IQC theorems that can aid in providing bounds on the UAS state during its flight trajec-

tory. Though the applications in this dissertation are focused on UAS, the theory can be

applied to a wide variety of physical and nonphysical problems wherein uncertainties in the

mathematical model cannot be avoided.
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Chapter 1

Introduction

Ensuring that a flight controller will safely perform its assigned task is a critical part of

airworthiness certification. The accepted standard for software certification of airborne

systems—DO-178C—states that the controller software must meet agreed upon performance

requirements; this includes the requirement that the controller stabilizes the aircraft and

safely tracks commands within some tolerance [3,4]. The Department of Defense is also con-

cerned with these, as flight control systems have been a leading cause of unmanned aircraft

system (UAS) failures [5]. As UAS are designed to be less costly and more modifiable than

manned aircraft, the certification process for a UAS flight controller must also be modular

and economical.

Besides flight tests, there are two methodologies which guide the flight controller certification

procedure: simulating the controlled UAS and using control theory to prove stability and

performance characteristics of the UAS [6, 7]. Simulation environments typically sample

uncertainties within an uncertainty space, conduct numerous simulations, and provide an

estimate on the probable performance of the UAS in physical flight [8]. Though this approach

provides useful information, simulation environments oftentimes predict better performance

than experienced in flight and require considerable resources (time, computational effort,

and money). When applying control theory for certifying the UAS controller, the engineer

typically assumes a simplified model of the UAS and draws from a suite of theoretic tools

(Lyapunov theory, Bode plots, input-output theory, etc.) to obtain a rigorous stability or

1



2 Chapter 1. Introduction

performance guarantee [9, 10]. However, once these simplifying assumptions are removed,

as is the case for a physical UAS, such theoretical guarantees are lost, and the theory is

incapable of providing a rigorous proof or the mathematical argument must be re-derived.

This dissertation develops tools to aid in the certification of UAS flight controllers. Its

contributions can be divided into two themes. The first theme looks strictly at the appli-

cation of integral quadratic constraint (IQC) theory [11] to the UAS. Though the uncertain

UAS framework was originally derived in [12], the results given therein were only validated

by simulation environments. The following results demonstrate how it can be applied to

a physical UAS, and provide validation of the uncertain UAS framework via simulations

and flight tests [13]. We furthermore improve this framework by parameterizing the set

of trim-points about which the UAS operates, thus allowing the IQC analysis framework

to apply to a UAS flying arbitrary level paths with bounds on the radius of curvature.

An exhaustive series of flight tests also accompany this improvement to the framework,

demonstrating its utility on a variety of flight controller schemes (path-following/trajectory-

tracking and H∞/H2/PID) [14]. The second theme develops novel IQC-based robustness

analysis theorems. By building from dissipativity-based arguments demonstrated in [15], we

show how IQC analysis can be applied when there may be uncertain initial conditions and

the nominal system G and/or the IQC multiplier Π are time-varying. When both systems

are eventually-periodic, a finite-dimensional semidefinite program (SDP) may be solved to

conduct robustness analysis.

1.1 Validating an uncertain UAS framework

Chapters 3 and 4 implement a framework based off robustness analysis and IQCs to aid in the

certification and design of UAS flight controllers. The full six-degrees-of-freedom (6-DOF)
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equations of motion are used to model the UAS, with uncertainties included to account for

modeling inaccuracies and the effect of removing simplifying assumptions from the analy-

sis. By modeling the system as a linear fractional transformation (LFT) on uncertainties,

IQC analysis is capable of determining an upper bound on the worst-case performance of

the UAS, thereby providing a conservative perspective. This complements the oftentimes

optimistic results seen from uncertain simulation environments. Because IQC theory is well-

suited for a large suite of uncertainty types, this framework provides assessments on a closer

approximation of the physical system and can flexibly include or remove uncertainties in the

analysis. These tools empower engineers in rigorously understanding the effect of multiple

uncertainties and their interactions on the system’s stability and performance.

We select IQC analysis to measure robust performance because it is capable of both consider-

ing numerous types of uncertainties and specifying characteristics of the system’s exogenous

disturbances [16,17]. Although the first point is well recognized and explored in the academic

community, unfortunately the latter point is not often investigated. Our results indicate the

importance of characterizing disturbances in both obtaining consistent predictions for phys-

ical flight and achieving less conservative robust performance results.

Similar to IQC analysis, µ-analysis can provide robustness assertions for uncertain systems

[18, 19]. Though µ-analysis can be less computationally demanding than IQC analysis,

it cannot incorporate the wide variety of uncertainties that IQC analysis can. Not only

can IQC analysis incorporate static and dynamic time-invariant uncertainties, but it can

consider time-varying (rate-bounded and arbitrarily fast) uncertainties, nonlinear (sector-

bounded, norm-bounded, slope-restricted, and passive) uncertainties, and a variety of delay

uncertainties [11, 20].

A variety of works have utilized IQC analysis to provide robustness assertions for aircraft

flight controllers. Most of these have focused on analyzing simplified longitudinal aircraft
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models: in [21] the authors consider the longitudinal dynamics of an ONERA fighter aircraft

with uncertainties in the aerodynamics, flight envelope, and model parameters; [22] analyzes

the robustness of the NASA HL-20 longitudinal model in the presence of aerodynamic,

parametric, actuator, and time-delay uncertainties; [23] studies the short period pitch model

of a Cessna Citation 500 parameterized by altitude and airspeed; [24] considers the short

period dynamics of the NASA Generic Transport Model. Other groups have investigated

the application of IQC analysis to understand the stability properties of aeroelastic vehicles:

[25] studies the stability of an aeroelastic aircraft with freeplay in the elevator actuation;

the aeroelastic longitudinal dynamics of the B-1 Lancer gridded by altitude and airspeed

are analyzed in [26]; the work in [27] studies the stability of the aeroelastic longitudinal

dynamics with parametric uncertainties and freeplay. The work herein differs from the

previously cited works in that it studies robustness properties of the UAS 6-DOF equations of

motion with uncertainties and/or nonlinearities in the aerodynamic, dynamic, and actuator

models. Furthermore, we provide validation of this framework by conducting numerous

flight tests and comparing results against predictions from the IQC-based framework and a

non-deterministic simulation environment.

Building off the work in [12], Chapter 3 discusses the uncertain UAS framework imple-

mented and validated herein. Uncertainties inherent to the UAS aerodynamics, actuation

and control, and dynamics are characterized, quantified, and expressed in the UAS model.

To clearly attribute the content in this dissertation, all the derivations in Section 3.2 are

first developed in [12]. However, they were not applied to the Senior Telemaster Plus, whose

nominal model is detailed in Chapter 2. Applying the uncertain UAS framework to the Se-

nior Telemaster Plus is a contribution of the current author. As an additional contribution,

we demonstrate the application of model reduction techniques (specifically the coprime fac-

tors reduction method [28]) in Section 3.2.3 to obtain a computationally tractable model of
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the uncertain UAS. The expression of the uncertain UAS framework in Section 3.2 appears

for completeness, and–except for the aerodynamic uncertainty bounds in Section 3.2.1 and

the model reduction technique in Section 3.2.3–should be understood to originate from the

work in [12]. Further details on the derivations of these uncertainties and how they are

incorporated can be found in [13].

The approach is shown to effectively identify the system’s sensitivities to uncertainties,

compare controllers’ performance, and tune H∞ controllers. Despite the successes demon-

strated therein, additional work was needed in improving and exhibiting the capabilities and

consistency of the method. Chapter 4 augments the framework by incorporating flight char-

acteristics of the uncertain UAS when operating at a variety of trim points. In other words,

Chapter 4 broadens the robustness certificate to flight about any level path whose radius of

curvature is bounded. This stands in contrast to Chapter 3, whose results pertained only to

flight about a predetermined trim point.

Additionally, we develop an original description of UAS path-following dynamics. Although

the work in [29] develops an approach to path-following control that is supported by flight

tests (see also [1]), the dynamic equations given therein assume that the angle of attack and

sideslip angle are negligible, which is not the case in the presence of significant wind. In

Chapter 4, we develop an accurate description of the UAS path-following dynamics without

these assumptions.

The framework is shown to tune and compare trajectory-tracking H∞ (TTH∞), trajectory-

tracking H2 (TTH2), path-following H∞ (PFH∞), path-following H2 (PFH2), and path-

following PID (PFpid) controllers. Trajectory-tracking controllers seek to regulate the UAS

state with explicit timing constraints, whereas path-following controllers may not have an

explicit timing constraint. By conducting numerous simulations and flight tests for a variety

of controllers, we show that the uncertain system’s robust performance is the most consistent
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measure in predicting and comparing controller performance in physical flight. With the

acquired simulation and flight test data, the approach is shown to reliably indicate when a

controller is insufficiently robust and may lead to loss of control. Furthermore, with IQC

analysis, simulations, and flight tests, the merits of path-following over trajectory-tracking

control are manifest. This supports the theoretical arguments respecting the superiority of

path-following control [30]. We also observe that our H∞ and H2 controllers provide better

performance than our PID controller.

The proposed framework is not used to rigorously provide bounds on the worst-case perfor-

mance for the physical system. Rather, it is a fast, inexpensive, and additional metric in

understanding a system’s sensitivities to uncertainties, comparing robustness of controllers,

and tuning controllers. Moreover, simulation and flight test data demonstrate it is a reliable

metric, capable of predicting loss of control when non-deterministic simulations may not.

1.2 A novel IQC theorem for time-varying systems

In their seminal paper [11], Megretski and Rantzer place the fulcrum of IQC theory on a

bounded, self-adjoint operator Π. Therein, it is demonstrated that if, among other hypothe-

ses,
[
G∗ I

]
Π

[
G∗ I

]∗
⪯ −ϵI (ϵ > 0), then robustness assertions can be made on an

associated interconnection. Verifying the aforementioned operator inequality* is perhaps the

most burdensome task in IQC theory and becomes tractable when G ∈ RH∞ and Π ∈ RL∞.

Chapter 5 demonstrates that G and Π can be in a broader class of operators while affording

a computational method for checking the previous operator inequality.

This work is not the first to treat IQC theory where G or Π may be time-varying. To date,

*The original result in [11] expresses G and Π in the frequency domain, but the proof can be replicated
where G and Π are (more generally) bounded operators (see [31]).
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there are two main approaches which consider such a paradigm. The first approach relies

on linking the time-varying system model to a representation in the frequency domain and

relying on the celebrated IQC theorem in [11] to conduct robustness analysis. For instance,

results in [32] apply IQC analysis to periodic nominal systems G by using periodic IQC

multipliers. Periodic IQC multipliers are also used to investigate the stability of periodic

solutions for uncertain periodic systems in [33]. In [34], periodically time-varying multipliers

are employed to introduce noncausal scaling for robustness analysis. The common linkage

between these time-varying systems and the frequency domain is generally through a variety

of lifting techniques. Though such an approach is useful for periodic systems, the lifting

methods therein employed cannot treat finite-horizon systems, eventually periodic system,

or general time-varying systems.

The other main approach which intersects time-varying systems with IQC theory relies on

dissipativity-based arguments [35, 36]. These arguments have allowed analysis of uncer-

tain interconnections where the nominal system is linear parameter-varying (LPV) [37], or

time-varying in general [38]. However, standard dissapativity-based arguments require more

restrictive conditions when asserting robustness, as compared to the homotopy-based result

given in [11]. In the works [15,39] it is shown that these restrictions can be relaxed by identi-

fying appropriate factorizations of the IQC multiplier Π. Such work illuminatingly presented

IQC theory in the time domain, and results in both the continuous- and discrete-time domain

followed [40, 41].

The forthcoming results follow from the dissipativity-based approach to IQC analysis given

in [15]. The enabling key in this dissipativity-based approach is a requirement that IQC

multipliers have a J-spectral (or canonical) factorization [42–44], a property guaranteed

when Π is positive negative. The first connections between IQC theory and J-spectral

factorizations were discussed in [45,46]. Though enforcing the IQC multipliers to be positive
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negative is a constraint that is not required in [11], this is a relatively minor restriction since

the vast majority of known IQC multipliers already satisfy said property. Recent work in [47]

also links dissipativity and IQCs by providing a theorem based on hard IQCs with terminal

costs. Though not explicitly addressed, the novel approach of [47] has the potential of being

generalized to time-varying systems. In Chapter 5, we employ notions of dichotomicity and

Popov indices [48] to prove that the dissipativity-based argument extends to analysis of

interconnections where G is time-varying and/or Π may be a positive-negative time-varying

IQC multiplier [49,50]. Under this framework, it is also demonstrated how uncertain initial

conditions in the nominal system may be incorporated in IQC analysis.

Another related result which belongs neither in the frequency-domain treatment nor the

dissapativity-based approach of IQC theory is found in [51]. The IQC analysis theorems

presented therein are for both continuous- and discrete-time LTV systems and rely on co-

prime factorizations and gap metrics in an operator context. However, the theorems require

verifying infinite-dimensional constraints and the authors have not suggested computation-

ally tractable methods. An important benefit of the results in this dissertation is their

computational application; if both G and Π are eventually periodic, then one need only

solve a finite-dimensional SDP to conduct IQC analysis.

The advantages of applying time-varying IQC multipliers are two-fold. First, standard LTI

IQC multipliers can be more flexibly defined, where the factors (Ψ,M) of Π can now be time-

varying. This is a useful technique for reducing the conservatism of IQC analysis. Second,

novel IQC multipliers may be defined which more aptly describe uncertainties with time-

domain characteristics. Many of these new multipliers can be defined by intuitively modifying

LTI IQC multipliers, and a few are presented. The last portion of Chapter 5 provides

two different examples which apply the aforementioned results. First, we demonstrate how

robust bounds on the UAS state (after executing an aggressive Split-S maneuver) may be
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generated [38]. Second, we show how time-varying IQC multipliers may be used to better

characterize uncertainties with an inverted pendulum example.

1.3 Published materials and structure of dissertation

The following publications and submissions contain the results in this dissertation:

[38] J. M. Fry, M. Farhood, and P. Seiler, “IQC-based robustness analysis of discrete-time

linear time-varying systems,” International Journal of Robust and Nonlinear Control, vol. 27,

no. 16, pp. 3135–3157, Nov. 2017. © 2017 John Wiley & Sons, Ltd.

[52] J. M. Fry and M. Farhood, “Robustness analysis of eventually periodic systems using

integral quadratic constraints with periodic multipliers,” in Proceedings of the 2017 IEEE

56th Annual Conference on Decision and Control (CDC), Melbourne, Australia, Dec. 12–15

2017, pp. 2967–2972. © 2017 IEEE

[13] M. Palframan, J. M. Fry, and M. Farhood, “Robustness analysis of flight controllers for

fixed-wing unmanned aircraft systems using integral quadratic constraints,” IEEE Transac-

tions on Control Systems Technology, vol. 27, no. 1, pp. 86–102, Jan. 2019. © 2017 IEEE

[49] J. M. Fry and M. Farhood, “IQC-based robustness analysis with time-varying multi-

pliers,” in Proceedings of the 2019 American Control Conference (ACC), Philadelphia, PA,

USA, Jul. 10–12 2019, pp. 1786–1791. © 2019 IEEE

[14] J. M. Fry and M. Farhood, “A comprehensive analytical tool for control validation

of fixed-wing unmanned aircraft,” IEEE Transactions on Control Systems Technology, pp.

1–17, 2019, doi: 10.1109/TCST.2019.2923649. © 2019 IEEE

[50] J. M. Fry, D. Abou Jaoude, and M. Farhood, “Robustness analysis of uncertain
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time-varying systems using integral quadratic constraints with time-varying multipliers,”

Submitted.

In Chapter 2 we provide preliminary notions that are referred to in later chapters. These

notions focus on the modeling of the nominal UAS, system robustness, and some basic

principles of IQC theory. Chapter 3 is mostly drawn from [13], in which we implement and

validate the uncertain UAS framework on the Senior Telemaster Plus (94-inch wingspan)

aircraft. The results from [14] are found in Chapter 4, which details improvements made and

further validation for the uncertain UAS framework. Chapter 5 provides a novel robustness

analysis theorem which extends IQC theory to time-varying systems. The work in [38, 49,

50, 52] comprise Chapter 5. Concluding remarks are made in Chapter 6.



Chapter 2

Preliminaries

2.1 Notation

The sets of nonnegative reals, positive reals, real vectors of dimension n, real n×m matrices,

and real n×n symmetric matrices are denoted by R+, R++, Rn, Rn×m, and Sn, respectively.

The skew-symmetric matrix representation of a vector x = [a b c]T and the Kronecker product

of X ∈ Rm×n and the matrix Y are given by

x× =


0 −c b

c 0 −a

−b a 0

 and X ⊗ Y =


x11Y . . . x1nY

... . . . ...

xm1Y . . . xmnY


respectively. The symbols X∗ and XT denote the adjoint and the transpose of X, respec-

tively. Given a Hilbert space H with the inner-product ⟨·, ·⟩, the operator X = X∗ is

positive semidefinite (X ⪰ 0) if ⟨u,Xu⟩ ≥ 0 for all u ∈ H. The operator is positive definite

(X ≻ 0) if there exists an ϵ > 0 such that ⟨u,Xu⟩ ≥ ϵ ⟨u, u⟩ for all u ∈ H. The space of

Rn-valued semi-infinite sequences d = (d(0), d(1), . . .) is denoted by ℓn2e. The Hilbert space

ℓn2 ⊂ ℓn2e consists of square-summable sequences with the inner product and norm defined

by ⟨d, d⟩ = ∥d∥2 :=
∑∞

k=0 d(k)
Td(k). When the dimension is irrelevant to the discussion,

the superscript n is suppressed. The symbol I represents the identity operator. Given a

positive integer n, we use In to denote an n × n identity matrix. Given a signal d ∈ ℓ2

11
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and an LTI operator M , the symbols d̂ and M̂ denote the corresponding frequency-domain

interpretations obtained via the Fourier transform. With a slight abuse of notation, the

sequel uses e to represent an ℓ2 signal and ejω to represent the natural exponential of jω.

Given a variable x and its trim value x⋆, the error from trim is x̄ := x − x⋆. The space

of real-rational matrix-valued functions essentially bounded on the unit circle is denoted

by RL∞. The subspace of RL∞ with functions analytic outside the unit circle is symbol-

ized by RH∞. For a bounded operator M : D → E, where D and E are Banach spaces,

∥M∥D→E := sup0̸=d∈D(∥Md∥E/∥d∥D) is the D-to-E induced norm of M . When D is a subset

of E, then ∥d∥D = ∥d∥E. When M is LTI, ∥M̂∥22 := (1/(2π))
∫ π
−π trace(M̂(ejω)∗M̂(ejω))dω

and ∥M̂∥∞ := supω∈[−π,π] σ̄(M̂(ejω)), where σ̄(·) denotes the maximum singular value. The

para-Hermitian conjugate of M̂ ∈ RL∞ is M̂∼(z) = M̂(z−1)T . Given operators M and ∆,

the upper LFT of M and ∆ is
M11 M12

M21 M22

 ,∆
 :=M22+M21∆(I−M11∆)−1M12.

The realization of M̂ is expressed by

 A B

C D

, where D+C(zI − A)−1B = M̂(z). For

matrices A and B, their block-diagonal augmentation is denoted by diag(A,B) :=

A 0

0 B

.

Sometimes relation symbols (e.g., =, ≻, etc.) appear alongside vertically aligned terms,

which denotes the relation between terms immediately adjacent to each other. For example,

A = B

≤ C

= D

is to be understood as A = B ≤ C = D.
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For any natural number N , we define the sets N+ = {N, N+1, . . .} and N− = {0, 1, . . . , N−

1}, with 0− being the empty set. For any N ∈ 0+, we define the Hilbert subspaces

ℓ2(N+) and ℓ2(N−), which are the spaces of square-summable sequences with support on

N+ and N−, respectively. These subspaces are orthogonal complements of each other, and

ℓ2(N+)
⊕

ℓ2(N−) = ℓ2. Given any N ∈ 0+, the operators P+
N and P−

N are orthogonal projec-

tions from ℓ2 to ℓ2(N+) and ℓ2(N−), respectively. For any N ∈ 0+ and an operator G on ℓ2,

its causal (anticausal) Toeplitz operator is NG := P+
NGP

+
N (NG := P−

NGP
−
N); for any T ∈ 0+,

we denote T(NG) =N (TG) by T
NG. An operator G on ℓ2 is said to be causal if NG = GP+

N , or

equivalently, NG = P−
NG for all N ∈ 0+. Given N ∈ 0+ and a signal u ∈ ℓ2, we define the

symbols Nu := P−
Nu and Nu := P+

Nu. Given Hilbert spaces H1 and H2 and elements x1 ∈ H1

and x2 ∈ H2, we interchangeably use the denotations ⦃x1, x2⦄ =

x1
x2

 ∈ H1 × H2, where

H1 ×H2 is the direct product of H1 and H2. The direct product of r Hilbert spaces Hi is

denoted by
∏r

i=1Hi.

A sequence P is (h, q)-eventually periodic for some h ∈ 0+ and q ∈ 1+ if P (h + iq + k) =

P (h+k) for all i, k ∈ 0+. A sequence P is q-eventually periodic for some q ∈ 1+ if it is (0, q)-

eventually periodic. A discrete-time linear time-varying (LTV) system is (h, q)-eventually

periodic (q-periodic) if its state-space matrix sequences are (h, q)-eventually periodic (q-

periodic). Given a positive definite matrix Ξ ∈ Sn, the ellipsoid E(Ξ) is the set {x ∈

Rn| ⟨x,Ξx⟩ ≤ 1}.

2.2 Nominal model of an unmanned aircraft system

This section details the modeling of a nominal UAS–that is, how the UAS behavior is

expressed when all uncertainties are absent. In Section 3.2, these equations will be revisited
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to demonstrate how uncertainties inherent to the UAS are incorporated to obtain a better

representation of the physical system. The UAS dynamic model and uncertainties in this

work pertain to a small fixed-wing aircraft based on the radio-controlled Senior Telemaster

Plus airframe from Hobby Express (94-inch wingspan) [53]. For simplicity, the equations

in this subsection suppress the time dependence of each variable. Two reference frames are

used to describe the aircraft state: the Earth-fixed inertial reference frame (FI) and the

body-fixed reference frame (Fb). The origin of the inertial frame is fixed on the local surface

of the Earth and has components which point North, East, and downwards. The frame Fb

has its origin affixed to the UAS center of gravity (CG) with components which point to the

UAS nose, the right wingtip, and down.

For clarity, we adopt the following convention for denoting position and velocity vectors of

frames either in the linear or angular sense. The attribute A of a frame Fc with respect to

the frame Fd, coordinatized in the frame Fe, is expressed as Aecd. Hence, the position of the

UAS body frame with respect to the inertial frame and coordinatized in the inertial frame

is P I
bI = [xI , yI , zI ]

T . The UAS altitude is h = −zI .

The standard rotation matrix from a frame Fc to Fd is denoted by Rd
c . We use Euler angles

ΛbI = [ϕ, θ, ψ]T to parameterize the rotation matrix RI
b and E(ϕ, θ) as follows:

RI
b =


cθcψ sϕsθcψ−cϕsψ cϕsθcψ+sϕsψ

cθsψ sϕsθsψ+cϕcψ cϕsθsψ−sϕcψ

−sθ sϕcθ cϕcθ

 , E(ϕ, θ) =


1 sϕsθ/cθ cϕsθ/cθ

0 cϕ −sϕ

0 sϕ/cθ cϕ/cθ


where sx := sin(x) and cx := cos(x). The aircraft angular and linear velocities are, re-

spectively, Ωb
bI = [pb, qb, rb]

T and V b
bI = [ub, vb, wb]

T . The gravitational force in Fb is

G(ϕ, θ) := mg

[
−sθ sϕcθ cϕcθ

]T
where g = 9.807m/s2 and the UAS mass is m = 5.71 kg.

With a slight abuse of notation, the linear velocity relative to the wind is V b
bw = V b

bI − V b
wI ,
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where V b
wI := [uw, vw, ww]

T denotes the wind velocity coordinatized in the body frame. The

airspeed is defined as Va :=
√

(V b
bw)

TV b
bw. In this work, the aircraft actuation is digitally

controlled; hence, commands for the elevator (δcE), ailerons (δcA), rudder (δcR), and throttle

(δcT ) are pulse-width-modulated (PWM) signals. The realized actuation (or the commanded

actuation post actuator dynamics) is denoted by δ = [δE, δA, δR, δT ]
T . The propulsive and

aerodynamic moments and forces are M(V b
bw,Ω

b
bI , δ) and F (V b

bw,Ω
b
bI , δ), respectively. The

UAS inertia matrix is J = diag(1.32, 1.57, 1.87) kg ·m2. Therefore, the 6-DOF equations of

motion for the aircraft are

Ω̇b
bI = J−1[−(Ωb

bI × JΩb
bI) +M(V b

bw,Ω
b
bI , δ)] (2.1)

V̇ b
bI = −Ωb

bI × V b
bI + [G(ϕ, θ) + F (V b

bw,Ω
b
bI , δ)]/m (2.2)

Λ̇bI = E(ϕ, θ)Ωb
bI (2.3)

Ṗ I
bI = RI

bV
b
bI . (2.4)

If the true aircraft CG is offset from the nominal aircraft CG by the position vector ∆cg =

[∆x,∆y,∆z]
T (coordinatized in Fb), then [54] shows that (2.1) and (2.2) are replaced with

Ω̇b
bI

V̇ b
bI

=
 J ∆m

−∆m mI3


−1
 M(V b

bw,Ω
b
bI , δ)

F (V b
bw,Ω

b
bI , δ) +G

−
(Ωb

bI)
×J−(V b

bI)
×∆m (Ωb

bI)
×∆m

−(Ωb
bI)

×∆m (Ωb
bI)

×


Ωb

bI

V b
bI


 (2.5)

where ∆m = m∆×
cg.

Defining T to be the propulsive force (or thrust) imparted by the propeller, the aerodynamic

moments and forces in (2.1) and (2.2) are respectively defined as M = [Ml,Mm,Mn]
T and

F = [Fx+T, Fy, Fz]
T (notationally dropping the dependence on V b

bw, Ωb
bI , and δ for simplicity).

The propulsive force is determined by a series of lookup tables. First, a mapping ωm =
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Table 2.1: Lookup table for ωm = RPM(δT )

δT
(ms) 0 0.08 0.16 0.19 0.22 0.29 0.32 0.35 0.38
RPM
×103 0 0 1.59 1.89 2.16 2.85 3.18 3.42 3.75

δT
(ms) 0.41 0.44 0.48 0.54 0.57 0.60 0.63 0.69 1.0
RPM
×103 4.14 4.53 4.98 5.58 5.91 6.24 6.48 6.66 6.66

RPM(δT ) from δT to the propeller motor rotations per minute (RPM) is experimentally

determined and shown in Table 2.1. Second, a lookup table T = fp(V
b
bw, ωm) from the

airspeed and propeller RPM to the thrust is obtained via vortex theory. The propeller used

in this dissertation is a 17× 10 carbon fiber propeller from APC, and the associated lookup

table can be found in [55]. Hence, we have T = fp(V
b
bw, RPM(δT )).

The remaining terms of the aircraft forces and moments have the form

Fi = 0.5ρCiV
2
a Sa, for i = x, y, z

Mm = 0.5ρCmV
2
a Sac

Mj = 0.5ρCjV
2
a Sab, for j = l, n

where the dependence of C(·) on V b
bw, Ωb

bI , and δ is not annotated for simplicity, ρ = 1.3302

kg/m2 is the density of the air, C(·) is an aerodynamic coefficient, Sa = 0.89 m2 is the UAS

wing area, c = 0.36m denotes the mean aerodynamic chord, and b = 2.39m is the wingspan

of the UAS. Given a structure for the aerodynamic coefficient model, the equation error and

output error methods are used to obtain the subcoefficients that are part of the nominal

nonlinear aerodynamic coefficient model. This is done by comparing forces and moments

between measurements from flight data and outputs from the postulated aerodynamic model
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Table 2.2: Aero model values and uncertainty bounds

Term Value Term Value Term Value
Cx0 -0.1303 Cz0 -0.5892 Cm0

-0.1078
Cxα -0.0224 Czα -3.8864 Cmα -0.6969
CxδT

0.1028 CzδE
0.3061 CmδE

0.9405
CxT -0.0195 CzT 1.4463 Cmq -11.8094

Czq -1.9859
Cy0 0.0165 Cl0 0.0019 Cn0 -0.0015
Cyβ -0.3816 Clβ -0.0582 Cnβ 0.0451
CyδA

-0.0413 ClδA
0.1619 CnδA

-0.0169
CyδR

-0.1196 ClδR
-0.0128 CnµR 0.0555

Cyp 0.1445 Clp -0.4137 Cnp -0.0291
Cyr 0.1441 Clr 0.1815 Cnr -0.0781

[56]. We utilize the following aerodynamic model structure:

Cx = Cx0+Cxαα+CxδT δT+
CxT 2T

ρSaV 2
a

Cy = Cy0+Cyββ+CyδAδA+CyδRδR+
(Cypp+Cyrr)b

2Va

Cz = Cz0+Czαα+CzδE δE+
Czqqc

2Va
+
CzT 2T

ρSaV 2
a

Cl = Cl0+Clββ+ClδAδA+ClδRδR+
(Clpp+Clrr)b

2Va

Cm = Cm0+Cmαα+CmδE
δE+

Cmqqc

2Va

Cn = Cn0+Cnβ
β+CnδA

δA+CnδR
δR+

(Cnpp+Cnrr)b

2Va
.

The value for each aerodynamic subcoefficient is displayed in Table 2.2.

Three servomotors manipulate the control surfaces of the aircraft, where each actuator is

nominally modeled by

Gc
srv(s) = ω2

ns/(s
2 + 2ζsωnss+ ω2

ns). (2.6)

For these servomotors, the damping ratio and natural frequency are experimentally estimated
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as ζs = 0.67 and ωns = 13.7 rad/s by measuring the servomotor frequency response [2]. The

actuator states are denoted by xa. Since the thrust model is based off lookup tables, the

propeller motor is assumed to have no dynamics. The propeller motor dynamics will later

be incorporated in Section 3.2 as a dynamic uncertainty.

In summary, the nominal nonlinear dynamics of the Telemaster are modeled by the equations

ẋ = f(x, d, u), e = g(x, d, u), y = h(x, d, u) (2.7)

where x := [(Ωb
bI)

T , (V b
bI)

T ,ΛTbI , (P
v
bI)

T , xTa ]
T , d := [(V b

wI)
T , ηT ]T is the exogenous disturbance

composed of wind velocities and sensor noise η, u = [uE, uA, uR, uT ]
T := δc is the control

input, e is the performance output, and y is the sensor output. The state function f(·) is

defined by (2.1), (2.2), (2.3), and (2.4). The sensor output function is defined as

h(x, d, u) =

[
pb, qb, rb, Va, ϕ, θ, ψ, X, Y, z

]T
+Wηη

η :=

[
ηp, ηq, ηr, ηV , ηϕ, ηθ, ηψ, ηX , ηY , ηz

]T
Wη := diag(0.01I3, 2, 0.01I3, 2I3) (2.8)

where Wη is a weighting matrix expressing the standard deviations of the measurement noise.

The performance output function is defined as

g(x, d, u) = We[x
T , uT ]T

We := diag(cp, cq, cr, cVa , cϕ, cθ, cψ, cX , cY , cz, cδE , cδA , cδR , cδT ). (2.9)

Though the previous derivations are in continuous time, the sequel synthesizes controllers and

analyzes the system in discrete time. To conduct such synthesis and analysis, the equations
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Figure 2.1: The interconnection (M,∆)

of motion will later be discretized using a sampling time of τ = 40 ms.

2.3 Integral quadratic constraint theory

To investigate the robust stability and performance of an uncertain UAS, we first introduce

some preliminary notions of robustness. Consider a causal linear operator M bounded on ℓ2

and a set ∆ of causal operators ∆ : ℓ2e → ℓ2e that are bounded on ℓ2. The interconnection

(M,∆) is depicted in Fig. 2.1 and satisfies the equations

φ
e

 =

M11 M12

M21 M22


ϑ
d


ϑ = ∆φ, for ∆ ∈∆.

(2.10)

The uncertain system (M,∆) is robustly well-posed if I −M11∆ has an algebraic causal

inverse on ℓ2e for all ∆ ∈ ∆. The uncertain system is robustly stable if (M,∆) is well-

posed and (I −M11∆)−1 is a bounded operator on ℓ2 for all ∆ ∈ ∆. The uncertain system

has a robust ℓ2-gain performance level of γ if it is robustly stable and ∥(M,∆)∥ℓ2→ℓ2 < γ
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for all ∆ ∈ ∆. Given a subset D ⊆ ℓ2, the uncertain system has a robust D-to-ℓ2-gain

performance level of γ if it is robustly stable and ∥(M,∆)∥D→ℓ2 < γ for all ∆ ∈ ∆. The

robust D-to-ℓ2-gain performance level is the pivotal measure used herein. This dissertation

parsimoniously refers to it as “robust performance.” Chapters 3 and 4 demonstrate how

the robust performance of the uncertain UAS provides a useful measure to optimize when

tuning controllers and a consistent and valuable prediction on the ultimate performance of

the physical UAS. IQC analysis is critical in obtaining this robust performance.

Though we only briefly present the IQC analysis theorem used in Chapters 3 and 4, interested

readers can find more detailed discussions in [11, 20, 31, 57]. Chapter 5 provides a more in-

depth treatment and a novel robustness analysis theorem based on IQC theory. The set ∆

satisfies the IQC defined by the IQC multiplier Π̂ = Π̂∼ =

Π̂11 Π̂12

Π̂∼
12 Π̂22

 ∈ RL∞ if, for all

∆ ∈∆, φ ∈ ℓ2, ϑ = ∆φ,

∫ π

−π

φ̂(ejω)
ϑ̂(ejω)


∗Π̂11(e

jω) Π̂12(e
jω)

Π̂∼
12(e

jω) Π̂22(e
jω)


φ̂(ejω)
ϑ̂(ejω)

dω ≥ 0. (2.11)

We further assume that Π̂11 ⪰ 0 and Π̂22 ⪯ 0. Π̂ can be factorized as Π̂ = Ψ̂∼SΨ̂ with the

partitioning Π̂11 Π̂12

Π̂∼
12 Π̂22

 =

Ψ̂11 Ψ̂12

Ψ̂21 Ψ̂22


∼ S11 S12

ST12 S22


Ψ̂11 Ψ̂12

Ψ̂21 Ψ̂22


where Ψ̂ ∈ RH∞ and S is a real symmetric matrix. The subset D ⊆ ℓ2 satisfies the IQC

defined by the signal IQC multiplier Φ̂ = Φ̂∼ ∈ RL∞ if, for all d ∈ D,

∫ π

−π
d̂(ejω)∗Φ̂(ejω)d̂(ejω)dω ≥ 0. (2.12)
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Φ̂ can be factorized as Φ̂ = Θ̂∼RΘ̂, where Θ̂ ∈ RH∞ and R is a real symmetric matrix.

The following is a variant of the theorem in [11] (see [39]).

Theorem 2.1 ([11]). The uncertain system (3.2) has a robust D-to-ℓ2-gain performance

level of γ if (M,∆) is well-posed, ∆ satisfies the IQC defined by Ψ̂∼SΨ̂, D satisfies the

signal IQC defined by Θ̂∼RΘ̂, and there exists an ϵ > 0 such that the following holds for all

ω ∈ [−π, π]:

M̂(ejω)

I


∗

ˆ̃Ψ(ejω)∗S̃ ˆ̃Ψ(ejω)

M̂(ejω)

I

 ⪯ −ϵI, where (2.13)

S̃ :=

diag(S11, I) diag(S12, 0)

diag(ST12, 0) diag(S22, R,−γ2I)


ˆ̃Ψ :=

diag(Ψ̂11, I) diag(Ψ̂12, 0)

diag(Ψ̂21, 0) diag(Ψ̂22, [Θ̂
∼ I]∼)

 .

By selecting Ψ̂ and Θ̂ as known transfer functions in RH∞, the frequency-domain inequality

(2.13) can be equivalently expressed as a linear matrix inequality (LMI) through the use of the

Kalman-Yakubovich-Popov (KYP) Lemma [58]. Specifically, if we define D+C(zI−A)−1B =

ˆ̃Ψ(z) [M̂(z)∗ I]∗, then finding the robust performance for the uncertain system is achieved

by solving the following semidefinite program (SDP):

minimize γ2

subject to P = P TATPA− P + CT S̃C ATPB + CT S̃D

BTPA+DT S̃C BTPB +DT S̃D

 ≺ 0. (2.14)
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The parameterizations we use for the IQC multipliers Ψ̂∼SΨ̂ employed herein are extensively

exposited in [20]. Ψ̂ is defined by an appropriate structure and basis function B̂, while S

consists of decision variables satisfying convex constraints. The basis function

B̂(z) =

[
1,

1

z − λ
, . . . ,

1

(z − λ)b−1

]T
(2.15)

is determined by its pole location λ and basis length b. For clarity, we include the pa-

rameterizations and constraints for each considered multiplier in Tables 2.3 and 2.4. In

the sequel, such multipliers will be characterizing (possibly nonlinear and/or time-varying)

norm-bounded (NB) uncertainties, static LTV (SLTV) uncertainties, static LTI (SLTI) un-

certainties, dynamic LTI (DLTI) uncertainties, and rate-bounded SLTV (RB-SLTV) uncer-

tainties.

This work also uses signal IQCs to characterize the disturbance signals. Though novel time-

varying signal IQCs will be given in Chapter 5, the work in Chapters 3 and 4 relies on two

signal IQCs inspired by [17]. These two signal IQCs were originally derived for continuous-

time systems, and this work derives their discrete-time counterparts. The “banded white”

subset Dw ⊂ ℓ12 consists of signals that satisfy

|d̂(ejω)|2 =


π
ω0
∥d∥2, |ω| ≤ ω0

0, |ω| ∈ (ω0, π]
(2.16)

where ω0 ∈ (0, π); for ω0 = π, |d̂(ejω)| = ∥d∥ for all |ω| ≤ π.

Lemma 2.2. The signal set Dw satisfies the signal IQC defined by Φ̂ = Φ̂∼ ∈ RL1×1
∞ if

∫ ω0

−ω0

Φ̂(ejω)dω ≥ 0. (2.17)
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Furthermore, such a Φ̂ can be constructed by

Θ̂∼(z) R Θ̂(z)

Φ̂(z) =



1
z+a1

...
1

z+aN

1



∼ 

0 . . . 0 x1
... . . . ... ...

0 . . . 0 xN

x1 . . . xN 2x0





1
z+a1

...
1

z+aN

1


, where ai ∈ (−1, 1) and (2.18)

ω0x0 +
N∑
i=1

xi
ai

tan−1

(
ai sinω0

1 + ai cosω0

)
≥ 0. (2.19)

Proof. To prove the first part of the lemma, we see that

∫ π

−π
d̂(ejω)∗Φ̂(ejω)d̂(ejω)dω =

∫ π

−π
d̂(ejω)∗d̂(ejω)Φ̂(ejω)dω

=
π

ω0

∥d∥2
∫ ω0

−ω0

Φ̂(ejω)dω ≥ 0 (2.20)

where the last inequality arises from (2.17) and the previous equality is due to (2.16). To

prove the last part of the lemma, define the parameterization Φ̂ = Ŷ + Ŷ ∼, where Ŷ (z) =

x0 +
∑N

i=1

xi
z + ai

. Therefore

∫ ω0

−ω0

Φ̂(ejω)dω =

∫ ω0

−ω0

2x0 +
N∑
i=1

xi
ejω + ai

+
N∑
i=1

xi
e−jω + ai

dω

= 4ω0x0 +
N∑
i=1

xi

∫ ω0

−ω0

1

ejω + ai
+

1

e−jω + ai
dω

= 4ω0x0 +
N∑
i=1

[
2xi
jai

(ln(aiejω + 1)− ln(aie−jω + 1))

]

= 4ω0x0 + 4
N∑
i=1

xi
ai

tan−1

(
ai sinω0

1 + ai cosω0

)
(2.21)

where the last equality can be obtained via standard trigonometric identities and the defi-
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nition of the complex logarithm. Hence, if (2.19) holds with ai ∈ (−1, 1), then (2.17) holds,

thereby concluding the proof.

A similar signal IQC multiplier Φ̂nd
∈ RLnd×nd may be defined by modifying Θ̂(z) to be

[ 1
z+a1

I, . . . , 1
z+aN

I, I]T , modifying R in (2.18) by replacing every scalar xi with Xi ∈ Rnd×nd ,

and modifying the constraint (2.19) by replacing every instance of xi with trace(Xi). By

doing so, the constraint (2.17) is modified by replacing Φ̂(ejω) with trace(Φ̂(ejω), and the

disturbance signals satisfy a so-called “average” signal IQC (see [17]). This notion is not

immediately useful, as the IQC analysis procedure would instead produce a notion of the

uncertain system’s worst-case “average” performance. However, in Section 3.4.1 we use this

multiplier to simplify the IQC analysis SDP while tuning controllers.

We also define “banded” signals d ∈ Db ⊂ ℓ2, which satisfy

supp(d̂(ejω)) ⊆ [−ωb,−ωa] ∪ [ωa, ωb] (2.22)

where 0 ≤ ωa < ωb ≤ π. The set Db satisfies the signal IQC (2.12) for multipliers Φ̂ ∈ Φ̂b ⊂
L∞ subject to

Φ̂(ejω) =

 0, ω ∈ [−ωb,−ωa] ∪ [ωa, ωb]

−χI, otherwise
(2.23)

where χ ≫ 0. Rational approximations for Φ̂ ∈ Φ̂b can be obtained with appropriate

low/high/band-pass filters. In this work, we consider signals d ∈ Db where supp(d̂(ejω)) =

[−ωb, ωb]. An appropriate approximation for Φ̂ ∈ Φ̂b is obtained by constructing a Butter-

worth low-pass filter (LPF) F̂ω̃b
having a cut-off frequency ω̃b > ωb. The MATLAB command

butter is useful in this regard. Defining a close rational approximation F̂ω̃b
to (2.23) requires

placing the filter cut-off frequency ω̃b further out than ωb (see [57] for further discussion).

The construction of the multipliers Φ̂ ∈ Φ̂b is given in Tables 2.3 and 2.4.
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Table 2.3: Parameterizations of multipliers for uncertainties and signal sets

Uncertainty or Signal Ψ̂(z) or Θ̂(z) S or R
NB

ϑ = ∆(φ)
∥∆∥ℓ2→ℓ2 ≤ α

[
Inφ 0
0 Inϑ

] [
α2xInφ 0

0 −xInϑ

]
DLTI

ϑ̂(z) = ∆̂(z)φ̂(z)

∥∆̂∥∞ ≤ α

[
B̂(z)⊗ Inφ 0

0 B̂(z)⊗ Inϑ

] [
α2X ⊗ Inφ 0

0 −X ⊗ Inϑ

]
SLTI

ϑ(k) = ∆φ(k)
|∆| ≤ α

[
B̂(z) 0

0 B̂(z)

]
⊗ Inφ

[
α2X Y
Y T −X

]
SLTV

ϑ(k) = ∆(k)φ(k)
|∆(k)| ≤ α

[
Inφ 0
0 Inφ

] [
α2X Y
Y T −X

]

RB-SLTV
ϑ(k) = ∆(k)φ(k)
|∆(k)| ≤ α

|∆(k+1)−∆(k)| ≤ β


AB 0 BB 0 0
0 AB 0 BB Ib−1

CB 0 DB 0 0
AB 0 BB 0 0
0 CB 0 DB 0
0 0 0 0 Ib−1

 ⊗Inφ


α2Xα 0 Yα 0
0 β2Xβ 0 Yβ
Y T
α 0 −Xα 0
0 Y T

β 0 −Xβ



Dw ⊆ ℓ12
See (2.16)

[
1

z + a1
, . . . ,

1

z + aN
, 1

]T
ai ∈ (−1, 1)

[
0 CT

w

Cw 2x0

]
Cw := [x1, . . . , xN ]

Db ⊆ ℓnd
2

See (2.22)

[
F̂ω̃b

(z)Ind

Ind

]
F̂ω̃b

is an LPF con-
structed by butter

[
xbInd

0
0 −dbInd

]

Table 2.4: Constraints on multipliers for uncertainties and signal sets

Uncertainty or Signal Constraints
NB x ≥ 0

DLTI X = XT ⪰ 0
SLTI X = XT ⪰ 0, Y = −Y T

SLTV X = XT ⪰ 0, Y = −Y T

RB-SLTV Xα = XT
α ⪰ 0, Xβ = XT

β ⪰ 0, Yα = −Y T
α , Yβ = −Y T

β

Dw ω0x0 +
∑N

i=1

xi
ai

tan−1

(
ai sinω0

1 + ai cosω0

)
≥ 0

Db xb ≥ 0, db ≥ 0, xb|F̂ω̃b
(ejωbτ )|2 − db ≥ 0



Chapter 3

Validation of an IQC-based uncertain

UAS framework

This chapter details the implementation of an uncertain UAS framework originally derived

in [12] on a Senior Telemaster Plus (94-inch wingspan) aircraft. Section 3.1 discusses the

controller synthesis procedure we employ. In Section 3.2 we detail the uncertain UAS frame-

work that is utilized throughout Chapters 3 and 4. We enhance the framework in Section 3.3

by developing a controller tuning routine which relies on IQC analysis to improve the robust-

ness of the controlled UAS. In Section 3.4 we demonstrate the validity of this framework by

comparing the predictions afforded from this framework with those obtained in simulation

and with observations from flight tests. The work from [13] constitutes the results of this

chapter.

3.1 Controller synthesis

To synthesize a linear controller for the UAS, we first select a trim point about which (2.7) is

linearized. In this chapter we analyze the performance of the UAS flying a level right-turning

circle with a 100m radius. This pertains to a trim point of

(Ωb
bI)

⋆ = [−0.0005, 0.0288, 0.147]T rad/s

(V b
bI)

⋆ = [15, 0, 0.1]T m/s

26
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(ΛbI)
⋆ = [0.193, 0.035, 0] rad

(δc)⋆ = [0.122, −0.022, 0.037, 0.474] ms PWM.

By linearizing (2.7) about x⋆ and u⋆ and discretizing via Euler’s method with the sampling

time τ = 0.04 s, we obtain a linear, discrete-time, state-space model Gnom of the UAS defined

by the equations 
x̄(k+1)

e(k)

ȳ(k)

 =


A B1 B2

C1 D11 D12

C2 D21 0



x̄(k)

d(k)

ū(k)

 , x̄(0) = 0. (3.1)

We can then solve for an LTI H∞ controller K defined as

xK(k + 1)

ū(k)

 =

AK BK

CK DK


xK(k)
ȳ(k)

 , xK(0) = 0

by following the procedure set forth in [59] and Section 2.2.2 of [60]. This controller is used

to obtain the nominal closed-loop system Mnom

3.2 The uncertain UAS

Although the model Mnom is useful in control design and analysis, it is quickly apparent that

there are many discrepancies between its dynamics and the true behavior of the controlled

UAS. We will generally refer to these discrepancies as model uncertainties. The genesis

of these uncertainties differs. For example, the nonlinear dynamics in (2.1), (2.2), (2.3),

and (2.4) are known and purposefully ignored in (3.1) to simplify the controller design.

Alternatively, uncertainties occur in the aerodynamic model because model fitting fails to

perfectly express physical phenomena. Regardless of how these uncertainties accrue, the
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uncertain UAS framework proposed in [13] is a flexible, modular, and powerful method

for reinserting the effect of these uncertainties on the UAS performance. Notably, this

framework does not capture all uncertainties, but it allows systems engineers to incorporate

a large number of uncertainties in the linear model, obtaining a much better representation

of the physical UAS.

The uncertainties considered in this work address (1) aerodynamic model uncertainties,

(2) actuator model uncertainties, (3) actuator saturation, and (4) UAS nonlinear dynamics.

Each individual uncertainty is incorporated into a subsystem of the UAS and the subsystems

are connected together as shown in Fig. 3.1, producing the closed-loop LFT (M,∆), where

∆ is a structured uncertainty. By setting ∆ = 0, the LFT (M,∆) recovers the nominal

closed-loop UAS linearized about trim. When ∆ is allowed to vary within some predefined

set ∆, analysis on (M,∆) applies to the uncertain UAS operating about its specified trim

point. Hence, the uncertain UAS is modeled as

φ
e

 =

M11 M12

M21 M22


ϑ
d


ϑ = ∆φ, for ∆ ∈∆.

(3.2)

3.2.1 Aerodynamic uncertainties

Aerodynamic model uncertainties are characterized by six RB-SLTV perturbations: ∆Cx ,

∆Cy , ∆Cz , ∆Cl
, ∆Cm , and ∆Cn . The operators ∆Ci

represent uncertainties in the aerodynamic

coefficients Ci and are added to the nominal aerodynamic coefficient model detailed in

Section 2.2 (i.e., Ci = Cnom
i (V b

bw,Ω
b
bI , δ) + ∆Ci

). This treatment of aerodynamic uncertainty

covers both the errors in the estimation of the parameters for the aerodynamic coefficient

model and the inexactness of the postulated structure of each aerodynamic coefficient model.
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Figure 3.1: The fixed-wing UAS uncertainty framework

Bounds and rate-bounds on each ∆Ci
are obtained by conducting flight tests and comparing

the disparity between the observed aerodynamic coefficient values and those predicted by

the linearized aerodynamic model (see Fig. 3.2).

Because the magnitude error distribution had large outliers, the resulting bounds led to un-

realistic worst-case aerodynamics. To remove such outliers, a modified version of ellipsoidal

peeling [61] is used. In this approach, the calculated error of each aerodynamic coefficient

at a particular time constitutes a single point in R6. Then, the smallest volume ellipsoid

which encapsulates the set of error data points is constructed, and the furthest point from

the ellipsoid center is removed from the data set. The process continues until there ceases

to be a dramatic decrease of the ellipsoid’s volume. Though this is a heuristic approach, it

is particularly fitting in this context because the detection of outliers is insensitive to the

scaling and bias of each coordinate in the data set. Removing 10% of the error data set

by ellipsoidal peeling produces an ellipsoid whose volume is 35% of the original ellipsoid’s

volume. Noting that the decrease in ellipsoidal volume is much less after peeling 10% of the

error data set (Fig. 3.3) suggests that the peeled points were set outliers.
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Figure 3.2: Coefficient histories obtained from the linearized aerodynamic model (red) are
compared with those from accelerometer data (green) in a validation flight test to obtain
uncertainty magnitude bounds (blue).
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Table 3.1: Aero model values and uncertainty bounds, where ∆Ci
(k) ∈ [∆−

Ci
, ∆+

Ci
] and

(∆Ci
(k + 1)−∆Ci

(k)) ∈ [ν−Ci
, ν+Ci

]

Term Value Term Value Term Value
∆+
Cx

0.0259 ∆+
Cz

0.1191 ∆+
Cm

0.1250
∆−
Cx

-0.0542 ∆−
Cz

-0.1129 ∆−
Cm

-0.1203
ν+Cx

0.0061 ν+Cz
0.0239 ν+Cm

0.0352
ν−Cx

-0.0142 ν−Cz
-0.0417 ν−Cm

-0.0457
∆+
Cy

0.0370 ∆+
Cl

0.0256 ∆+
Cn

0.0061
∆−
Cy

-0.0448 ∆−
Cl

-0.0221 ∆−
Cn

-0.0056
ν+Cy

0.0101 ν+Cl
0.0092 ν+Cn

0.0031
ν−Cy

-0.0117 ν−Cl
-0.0117 ν−Cn

-0.0015

It is important to note that this method of quantifying aerodynamic uncertainties carries an

implicit assumption; the analysis applies only to flights which remain in the envelope that

was tested during the quantification of uncertainties. If the UAS flies beyond this envelope,

the resulting IQC analysis is no longer valid. The envelope tested in this chapter consists of

straight and level flight, circular turns, and dynamic responses to mode excitations from the

UAS actuators [56].

3.2.2 Actuator uncertainties

Actuator model uncertainties are characterized by four DLTI perturbations: ∆E, ∆A, ∆R,

and ∆T . These perturbations are added to the nominal actuator models (i.e., Ĝact,i(z) =

Ĝnom
act,i(z) + ∆̂i(z)). For the servomotors, Ĝnom

act,i(z) is the discretization of the second-order

model (2.6), whose parameters ωns and ζs are obtained by measuring the servomotor fre-

quency response. The discrepancy between the modeled and observed frequency response

then determines the bound on ∥∆̂i∥∞. Similar to the aerodynamic model case, this approach

encapsulates the errors in both the parameter estimation and the assumed structure of the

actuator model. Discrepancies between the modeled and observed frequency response of the
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servomotors are shown in [13]. Because the nominal throttle model is static and utilizes

lookup tables, the bound associated with ∥∆T∥∞ is 0.2, greater than the bound for the

servomotor uncertainties ∥∆E∥∞, ∥∆A∥∞, and ∥∆R∥∞, which is 0.05.

Actuator saturation is encapsulated with four RB-SLTV uncertainties: ∆σE , ∆σA , ∆σR , and

∆σT . Saturation is approximated by sat(ui) ≈ ui + ui∆σi . The bounds on ∆σi determine

the saturation tolerance against which the system will be analyzed. In this work, with

∆σi ∈ [0, 0.1], IQC analysis considers a saturation tolerance of 10%. There are well-suited

IQC multipliers for odd-monotonic and slope-restricted nonlinearities that would encapsulate

saturation entirely. But these multipliers require the open-loop plant to be stable [22], which

is typically not the case for 6-DOF aircraft dynamic models, including the one used here.

3.2.3 Uncertainties in UAS dynamics

The UAS dynamic system equations are obtained from linearizing and discretizing (2.5),

(2.3), and (2.4), where the system outputs and inputs are x̄ and [M̄T , F̄ T ]T , respectively.

There are six SLTI uncertainties in the dynamic model corresponding to uncertain CG

location (∆x,∆z), mass (∆m), and moments of inertia (∆Ix ,∆Iy ,∆Iz). Per the symmetry

assumption of the Telemaster airframe, the lateral CG offset ∆y is assumed negligible and

hence is omitted. Similarly, the Ixz and ∆Ixz terms are omitted. All three terms, however,

could be incorporated if deemed necessary.

The parametric terms ∆m, ∆Ix , ∆Iy , and ∆Iz are included by replacing m and J with

m+∆m and J+diag(∆Ix , ∆Iy , ∆Iz). The uncertainty in the UAS CG is already incorporated

into (2.5). The resulting linear dynamic LFT is denoted by (Gdyn,∆dyn). The parametric

uncertainty bounds are given in Table 3.2 and reflect the greatest variations we have observed

in the test platform when flying different missions and payloads.
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Table 3.2: Parametric uncertainties, where ∆(·) ∈ [∆−
(·), ∆

+
(·)]

∆m ∆x ∆z ∆Ix ∆Iy ∆Iz

∆−
(·) −0.1m 0m −0.03m −0.15 Ix −0.15 Iy −0.15 Iz

∆+
(·) 0.1m 0.03m 0.03m 0.15 Ix 0.15 Iy 0.15 Iz

Algorithmic methods for formulating LFTs do not always produce LFTs with the small-

est dimensions. Constructing the linear dynamic LFT with the aforementioned uncertain-

ties results in a block ∆dyn of size (2498 × 2498), creating an LFT far too large for IQC

analysis. Work done by [62] describes how to obtain a minimal realization of an LFT by

eliminating the uncontrollable and unobservable states. By applying these results, the un-

certainty block reduces from ∆dyn = diag(∆mI539,∆xI702,∆zI706,∆IxI222,∆IyI107,∆IzI222) to

∆min
dyn = diag(∆mI76,∆xI71,∆zI61,∆IxI21,∆IyI24,∆IzI34), a (287× 287) block. We note that

this realization is equivalent to the original, there is no error induced by the order reduction.

Though significantly reduced, the size of the minimal LFT (Gmin
dyn,∆

min
dyn) is still too large for

IQC analysis. Therefore it is necessary to use model reduction techniques on (Gmin
dyn,∆

min
dyn)

to obtain a reduced system (Gr
dyn,∆

r
dyn), which will introduce some degree of model reduc-

tion error. If the linear dynamic LFT were strongly stable [28], then balanced truncation

would be an appropriate method for further reducing (Gmin
dyn,∆

min
dyn) to a close approximation

while preserving the structure of the uncertainty. Because of the instability of the nonlinear

dynamics in the 6-DOF UAS equations of motion (and thereby the linear dynamic LFT),

the balanced truncation method is not applicable in this case. However, the LFT under

consideration is strongly stabilizable and detectable, and hence the coprime factors reduc-

tion method [28, 63, 64], which extends the range of applicability of balanced truncation,

can be used. To incorporate the reduction error, we would ideally use an upper bound on

∥(Gr
dyn,∆

r
dyn)− (Gmin

dyn,∆
min
dyn)∥ℓ2→ℓ2 supplied by the reduction technique and introduce a dy-

namic LTI uncertainty ∆E into the reduced linear dynamic LFT. However, the error LFT
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Figure 3.4: Model reduction error is incorporated into the reduced system as the DLTI
uncertainty ∆E.

system in this case is not stable and so the aforementioned norm does not exist. The co-

prime factors reduction method does provide an upper error bound related to the coprime

factorization of the linear dynamic LFT; this bound, however, is not useful for our purposes.

Rather than finding the discrepancy between (Gr
dyn,∆

r
dyn) and (Gmin

dyn,∆
min
dyn), another ap-

proach relies on estimating the error between the systems (Mr,∆
r
dyn) and (M,∆min

dyn), where

(Mr,∆
r
dyn) designates the closed-loop LFT system formed by (Gr

dyn,∆
r
dyn), the linearized

aerodynamic and actuator models, and a specific controller; (M,∆min
dyn) is similarly defined.

This error is captured by a dynamic LTI operator ∆E which is added to the reduced system.

An appropriate bound on ∥∆E∥ℓ2→ℓ2 is obtained by first gridding the space of uncertain

parameters and respectively “closing” (Mr,∆
r
dyn) and (M,∆min

dyn) into certain LTI systems

H
(i)
r and H(i), at each grid point, and then finding the largest D-to-ℓ2-gain performance level

of the error systems (H(i) − H(i)
r ). IQC analysis is conducted on the LFT (Mr,∆r) + ∆E

(see Fig. 3.4), where ∆r is the same as ∆ with the ∆dyn block replaced by ∆r
dyn.

By applying this approach, the uncertainty block reduces from

∆min
dyn = diag(∆mI76,∆xI71,∆zI61,∆IxI21,∆IyI24,∆IzI34) to
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∆r
dyn = diag(∆mI6,∆xI4,∆zI3,∆IxI1,∆IyI3,∆IzI1)

which forms an (18×18) block. The error systems closed under Controllers 1, 2, and 3 (which

will be later introduced), respectively, yield a maximum D-to-ℓ2-gain of 0.49, 0.23, and 0.15,

respectively. These errors are, respectively, 3%, 2.6%, and 4.6% of the robust D-to-ℓ2-gain

performance level obtained from IQC analysis. Though this is a notable contribution of

error, it comes with the benefit of significantly improving the tractability of IQC analysis.

Furthermore, by observing the input-output behavior between H(i) and H
(i)
r , it can be sur-

mised that the reduced LFT accurately reflects the behavior of the original model. Fig. 3.5

shows the worst simulation of the original and the reduced UAS closed under Controller 1

with the worst-case sampling of uncertainties, and demonstrates the close match between

the original and reduced closed-loop systems.

The effect of the UAS nonlinear dynamics is expressed with a DLTI uncertainty ∆N . The ma-

trix WN = diag(1, 1, 1, 3, 1, 1, 0.55, 0.35, 0.2, 5, 10, 10) and its inverse pre- and post-multiply

∆N , respectively, to ensure that the uncertainty is applied on normalized states. The bound

∥∆N∥∞ ≤ 0.01 was previously chosen in [12] by comparing discrepancies between linear and

nonlinear simulations of the UAS.

3.3 An IQC-based tuning routine
A typical approach in controller design relies on obtaining a controller, running Monte Carlo

simulations, and studying simulation output to identify which design parameters should be

tuned to produce a better controller. These steps are followed by implementing the controller

on the physical system to make sure that any discrepancies between the simulation environ-

ment and the physical one do not inflict significant performance degradation; otherwise, the

design parameters have to be re-tuned. This procedure exists because controller robustness
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Figure 3.5: State histories for controlled UAS; dashed lines pertain to the reduced LFT,
solid lines pertain to the original LFT.
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and performance are competing objectives, and so the engineer has to judiciously choose

the performance output that gives the appropriate trade-off between these objectives. IQC

analysis is capable of condensing what a control engineer might observe from thousands of

simulations into a single scalar quantity: the robust D-to-ℓ2-gain performance level γ.

This chapter proposes using IQC analysis in tuning controller design parameters with a

gradient-based steepest descent approach. The following algorithm can guide the control

design process for uncertain systems, and is applicable to linear controllers synthesized by a

myriad of approaches, not just H∞ synthesis techniques. The minimization routine operates

on the idea that IQC analysis yields a mapping from uncertain systems to R++. This map-

ping is annotated by IQC(M,∆) = γ, where IQC(M,∆) refers to solving the SDP (2.14)

for γ with the problem data derived by (M,∆). Given an open-loop system (G,∆), and

parameters c ∈ Rm that specify a controller K (denoted by DesignCTR(c)) which produces

a closed-loop system (annotated by CloseLP(G,K) =M), IQC analysis can be loosely con-

sidered to provide a nonlinear mapping from Rm to R++, expressed as IQC(c,G,∆) = γ.

Therefore, finding a controller K which yields the closed-loop uncertain system with the

smallest possible robust D-to-ℓ2-gain performance level γ amounts to finding the design

parameters which minimize γ. This can be done with numerous nonlinear minimization

algorithms, though the gradient-based steepest descent method is employed herein because

it is strictly a numerical process which only requires information obtained from evaluating

IQC(c,G,∆). In this method, for a given c(i), the corresponding robust D-to-ℓ2-gain perfor-

mance level is calculated (IQC(c(i), G,∆) = γ). Then, the gradient of γ at c(i) is estimated

by perturbing c(i) in each of its coordinates and calculating the associated robust D-to-ℓ2-

gain performance levels. With the estimated gradient, a new vector c(i+1) is obtained by

moving from c(i) in the direction of the steepest descent. This process is repeated until there

is little appreciable change in γ. Pseudo-code implementation of the routine can be found
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in Algorithm 1. More sophisticated methods for estimating the gradient can be applied, but

the method in Algorithm 1 requires the least number of calls to IQC(c,G,∆), which may be

a time-consuming function. Constraining c in the routine is not explicitly detailed, but can

easily be done.

Algorithm 1 Tuning routine via IQC analysis
Inputs: Initial controller parameters c ∈ Rnc and open-loop LFT

(G,∆) satisfying the system equationsφe
y

 =

G11 G12 G13

G21 G22 G23

G31 G32 G33

ϑd
u

 , ϑ = ∆φ

Outputs: Final controller parameters c and
γ for the closed-loop LFT (M,∆)

1: Define γtol and dc (optimization tolerance and step size)

2: γ ← IQC(c,G,∆), i.e.


K ← DesignCTR(c)
M ← CloseLP(G,K)
γ ← IQC(M,∆)

3: while 1 do # steepest descent algorithm
4: for i = 1 : nc do # estimate gradient
5: c+ ← [c1, . . . , ci + dc, . . . , cnc ]

T

6: γ+i ← IQC(c+, G,∆)
7: ∇γ ← [γ+1 − γ, . . . , γ+nc

− γ]T
8: c← c− dc ∇γ

∥∇γ∥

9: γ ← IQC(c,G,∆)
10: if ∥∇γ∥/dc < γtol then
11: exit while loop

Though the iterative refinement of c is time-consuming, this approach allows the control

engineer to use a large variety of synthesis methods to obtain a robust controller. In this

chapter, c defines the performance weights used in H∞ synthesis, but it may instead define

the entries of Q and R matrices for LQR synthesis, or the PID gains for a PID controller.

This is especially attractive in controlling the UAS, as oftentimes the systems engineer is

required to use specific autopilot computers which have an inflexible controller structure.

This method can be applied to tune the controller parameters within a given structure to

eventually obtain a robust controller.



3.3. An IQC-based tuning routine 39

Concerning the literature to date, the work in [65], [66], [67], and [68] provides more rigorous

approaches to robust synthesis via IQCs. However, each approach synthesizes an unstruc-

tured controller and does not consider the use of signal IQCs. The work in [69] provides a

synthesis method using signal IQCs, but does not allow the incorporation of uncertainties in

the system model. The tuning method herein is most akin to the results in [70], which use

non-smooth optimization techniques to iteratively find controller parameters that improve

the robust performance of a system. Although the work in [70] incorporates signal IQCs

and can synthesize structured controllers, the parameter space grows quadratically with the

controller size, rapidly increasing the computational complexity of the problem. The ap-

proach in this work is capable of tuning large, unstructured controllers without having a

prohibitively large parameter space. For example, the 18-state H∞ controllers studied in

this chapters are tuned with 14 parameters. Additionally, this routine can tune structured

controllers, such as the PID controller given in Section 4.2. Perhaps the greatest barrier

in this approach is its computational complexity; each iteration requires solving nc SDPs.

However, work in [71,72] has developed methods for quickly solving IQC analysis problems,

which can significantly reduce the computational effort of this routine.

This routine attempts to find a controller which locally minimizes the robust D-to-ℓ2-gain

performance level γ, starting with some initial controller. Also, the mapping IQC(c,G,∆) is

generally not a function since many synthesis techniques (standard H∞, LPV, etc.) produce

a non-unique K which satisfies the design parameters. Even for synthesis techniques which

provide a one-to-one mapping from c to K (such as PID and LQR), Theorem 2.1 involves an

optimization problem which may be infeasible, implying that IQC(c,G,∆) is not continuous

in c. Nevertheless, this heuristic approach has consistently provided a final controller with

robust performance superior to the starting controller. Furthermore, its validation on a

UAS demonstrates the effectiveness of IQC analysis in guiding the control design process for
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highly uncertain systems.

In the ideal implementation of Algorithm 1, each time the routine synthesizes a new controller

it should re-characterize the bound on ∥∆E∥∞. Estimating this bound is computationally

expensive (sampling the 6-dimensional parametric uncertainty space and calculating the D-

to-ℓ2-gains), and because of this, we do not incorporate ∆E in the IQC analysis for our

implementation of Algorithm 1. If computation time were not a consideration, ∆E could

easily be added in the routine. In the forthcoming results, after tuned controllers are obtained

from Algorithm 1, the bound on ∆E for each controller is determined and included in the

calculations for all γ values. Therein we see that although we do not include the model

reduction error while implementing Algorithm 1, the routine still produces controllers which

progressively reduce the robust D-to-ℓ2-gain performance levels, even after reintroducing the

perturbation ∆E and repeating IQC analysis. This suggests that the reduction error has a

secondary influence in determining the system’s robust D-to-ℓ2-gain performance level and

it is not essential to include it in the tuning routine.

The usefulness of the proposed minimization routine is demonstrated in Section 3.4.1, where

the routine starts with a preliminary controller and tunes it to a controller which has a

significantly improved robust performance level. The choice of the performance output used

in IQC analysis is up to the designer, and typically reflects the outputs that the designer

deems critical. For instance, if the position error is most important in a particular applica-

tion, then the analysis performance output may be chosen as e = [X̄, Ȳ , h̄]T . The position

error is important in our case; in fact, as will be seen in the following section, our analysis

results convey the effects of different uncertainties on the position error. However, achieving

a small position error at the expense of large angular rates and displacements is unfavorable,

and hence, the performance output used in IQC analysis for tuning controllers is chosen as

e = [p̄b, q̄b, r̄b, ūb, v̄b, w̄b, ϕ̄, θ̄, ψ̄, X̄, Ȳ , h̄]
T . This choice is simple–e merely contains all of the
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UAS’s physical states without a complicated weighting scheme. Accounting for the different

scales of the UAS’s states, we see that the chosen weighting scheme more heavily penalizes

position than velocities, angular rates, and angular displacements, which should produce a

controller that exhibits desirable position tracking without any erratic behavior in the re-

maining states. It will be seen that the resulting controllers obtained from the routine not

only have improved robust performance in position, but also in the actuation effort (probably

since the chosen e accounts for the angular rates). Finally, these claims will be supported

with simulation and flight test data, validating the capability of this routine and the utility

of IQC analysis.

3.4 Results

In this section, we first demonstrate how Algorithm 1 tunes an initial controller to controllers

with improved robust performance. We then present detailed IQC analysis results for the

final controller obtained from the algorithm. The analysis results are then compared and

validated against flight data from testing each controller in various wind conditions.

The Linear Fractional Representation (LFR) Toolbox for MATLAB was used in this work to

formulate LFTs from uncertain linear systems [73]. Solving the SDP (2.14) was done through

64-bit MATLAB R2015a, using YALMIP/MOSEK [74,75] on a computer cluster utilizing 2

Intel Xeon E5-2683 2.10 GHz CPUs (16 cores per CPU) with 128 GB of RAM. Solution times

ranged from 2 to 8 minutes, depending on the uncertainty groups analyzed. For comparison,

on a Dell desktop using an Intel Xeon W3550 (3.07 GHz) processor with 6 GB of RAM,

solution times ranged from 5 to 20 minutes. Producing a numerically well-conditioned SDP

depends on the problem parameters used in IQC analysis, namely, the length of the basis

functions and the pole locations for B̂ in (2.15) and Θ̂ in (2.18). The following results were

produced by setting the basis length b = 2 in (2.15), since a lower basis length yielded more
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conservative results and a larger basis length resulted in a large SDP with poor numerical

conditioning. When utilizing the signal IQC for “banded white” signal sets (see (2.18)), we

set ω0 =
2π
3

. To incorporate the impact of signals whose power spectral density is constant

over the entire frequency range, ω0 should be set to π. Also, SeDuMi and SDPT3 were not

helpful in obtaining these results, as they were either too slow in solving the resulting SDP

or could not make significant progress in reducing the objective value.

As to the locations of the poles in (2.15) and (2.18), there is currently no rigorous treatment

for finding the values which yield the best results. However, we intend to demonstrate that

the qualitative comparison of robustness between controllers is preserved under different

problem parameters. We will show this by initiating the routine in Section 3.3 with certain

pole locations for (2.15) and (2.18). Then, with controllers obtained from the routine, de-

tailed IQC analysis is done with different pole locations to obtain less conservative results.

It will be seen that if there is a notable decrease in the γ-values between systems using dif-

ferent controllers, a corresponding decrease in the γ-values will typically be observed, even

when the analysis is done with different problem parameters. Hence, it is often advantageous

to execute the routine in Section 3.3 with problem parameters that result in smaller SDPs

(to save computational effort), and later do detailed analysis on the final controller using

problem parameters that may yield larger SDPs (to obtain less conservative results).

3.4.1 Tuning controllers with IQC analysis

The minimization routine proposed in Section 3.3 is applied to an initial “Controller 1.”

The first iteration in the routine yields “Controller 2.” After 31 iterations, the routine

produces the final controller, “Controller 3.” The time to finish an iteration is about 16 to

20 minutes, and the routine takes about 10 hours to reach Controller 3. As mentioned in

Section 3.3, the performance output used in IQC analysis during the execution of the routine
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Table 3.3: Bounds on average D-to-ℓ2-gain from Algorithm 1 and penalty weights ci for
Controllers 1, 2 and 3

Cont. γAveIQC (ϵ = 1) cp cq cr cVa cϕ cθ cψ cX cY cz cδE cδA cδR cδT
1 15.5 0.1 0.1 0.1 0 0 0 0 0 0 0.1 0 0 0 0.2
2 8.1 0.1 0.1 0.1 0 0 0 0 0 0.02 0.1 0 0 0 0.2
3 3.4 0.04 0.11 0.05 0.05 0.005 0.01 0.003 0.04 0.02 0.03 0.005 0.003 0 0.2

is e = [p̄b, q̄b, r̄b, ūb, v̄b, w̄b, ϕ̄, θ̄, ψ̄, X̄, Ȳ , h̄]
T . We select λ = 0.9 and a1 = −0.5 for the pole

locations in (2.15) and (2.18), and dc = 0.02 in the routine. To further simplify the SDP

problem, we characterize the 10-channel noise disturbance signal with a single multiplier

Φ(z) ∈ RL10×10
∞ . By so doing, the analysis results correspond to the robust worst-case

average performance (denoted γAveIQC in Table 3.3), as mentioned in Section 2.3.

The structure of the performance output used to synthesize each of the aforementioned con-

trollers is given by (2.9), with the values of the penalty weights ci provided in Table 3.3,

along with an upper bound on the corresponding averageD-to-ℓ2-gain obtained from the min-

imization routine. The bounds for Controllers 1, 2, and 3 are 15.5, 8.1 and 3.4, respectively,

demonstrating a significant improvement in robust performance. Controller 2 is obtained

after one iteration and is selected to demonstrate an important aspect of the algorithm. By

inspecting Table 3.3, it can be seen that there is no penalty on the cross track error Ȳ in

the synthesis performance weights for Controller 1. Intuitively, penalizing Ȳ is essential to

obtain satisfactory performance in tracking a circular trajectory, and the routine discovers

this fact through its gradient calculations. Indeed, for Controller 2, the routine adjusts the

synthesis performance output by increasing the penalty on Ȳ with the maximum allow-

able amount for an iteration (dc). As shown in the reconstructed flight tests (Fig. 3.8 and

http://www.dept.aoe.vt.edu/~farhood/iqcFlights.html), Controller 2 achieves a clear

improvement in circular tracking. This manifests the capability of the minimization routine

in determining the most advantageous adjustment of the synthesis performance weights to

obtain improved robust performance.

http://www.dept.aoe.vt.edu/~farhood/iqcFlights.html
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3.4.2 Detailed analysis of controller 3

We now make a detailed inspection of IQC analysis results for the UAS using Controller

3 from the previous subsection. It is important to note that in the previous subsection

we use a single multiplier Φ(z) ∈ RL10×10
∞ for the 10-channel noise disturbance, which

signifies that the resulting γ-values pertain to the averaged notion of the D-to-ℓ2-gain. As

a more useful metric, henceforth we use ten multipliers Φ(z) ∈ RL1×1
∞ , where each Φ(z)

characterizes a single noise disturbance channel. In this case, the upper bounds provided

by IQC analysis are the robust D-to-ℓ2-gain performance levels. To make the results more

relatable, the performance output used in IQC analysis from now on is e = [X̄, Ȳ , h̄]T . The

results in this subsection are obtained by choosing the pole locations in (2.15) and (2.18) as

follows: λ is set to either 0.3 or 0.9, and [a1, a2, a3, a4] is set to either [−0.9,−0.2, 0.5, 0.9]

or [−0.7,−0.1, 0.6, 0.8]. These choices produce SDPs with better numerical conditioning

for MOSEK. We also use a longer basis function for (2.18) than the basis function used in

the minimization routine. This comes at a cost of greater computational burden in order

to provide less conservative γ-values. After formulating the LFT (M,∆), Theorem 2.1 is

applied to (M, ϵ∆), where ϵ ∈ [0 1] is a scaling factor, and ∆ is composed of uncertainties

from the three groups discussed in Section 3.2. When ϵ = 1, the bounds on ∆ are the same

as recorded in Section 3.2. The analysis results are shown in Fig. 3.6.

When considering all uncertainties, the upper bound γ on the robust D-to-ℓ2-gain is 3.15,

a 75% degradation from 1.8, the D-to-ℓ2-induced norm of the nominal system. Considering

individual sets, the aero group results in the greatest degradation of γ at 34%. The dynamic

and control groups cause, respectively, a 23.5% and 16% degradation in γ.

Qualitatively, it is observed that the dependence of γ on ϵ is generally nonlinear with varying

degrees. For example, Fig. 3.6 shows that, for the dynamic group, γ increases almost linearly

with ϵ, while this increase becomes notably nonlinear in the case of the control group. Indeed,
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Figure 3.6: IQC upper bounds on ∥(M,∆)∥D→ℓ2 for Controller 3 subject to all uncertainty
groups.

by increasing ϵ beyond 1, the degradation of γ by the control group would eventually be

greater than that produced from the dynamic group. This nonlinear effect on γ also occurs

when uncertainties are coupled. For example, the degradation under all uncertainties (75%)

is more than the sum of degradations from the aero + dynamic group (53%) and the control

group (16%). However, this nonlinear effect is not always noticed; the coupling of the aero

group and the control group produces a degradation which is the sum of degradations of

both groups. Such qualitative observations provide insight towards the most detrimental

uncertainties and which combinations have the most impact. Similarly, this information

can guide the systems engineer in considering what components of the UAS should be more

precisely characterized or tightly restricted.

3.4.3 Validation of IQC analysis results

This subsection provides detailed IQC analysis for Controllers 1, 2, and 3. The noise multi-

pliers, performance output, and problem parameters are the same as those detailed in Section

3.4.2. By consulting the left-most subplot of Fig. 3.7 and Table 3.4, we see that Controllers

1, 2, and 3 have respective robust D-to-ℓ2-gain performance levels of 2.8, 2.7, and 1.8 for

ϵ = 0, and 16.3, 8.7, and 3.15 for ϵ = 1. Here we observe another important aspect of the
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Figure 3.7: D-to-ℓ2-gains for Controller 1, Controller 2, and Controller 3 using e = [X̄, Ȳ , h̄]T

are obtained from IQC analysis, simulations, and flight tests. The D-to-ℓ2-gain is computed
for each completed circle in simulated flight and flight tests.

Table 3.4: Performance bounds from IQC analysis, simulation and flight data for Controllers
1, 2 and 3

# γIQC (ϵ = 0) γIQC (ϵ = 1) γmax (Simulation) γmax (Flight)
1 2.8 16.3 2.7 3.5
2 2.7 8.7 2.4 3
3 1.8 3.15 1.6 2.2

minimization routine. Even though the routine was executed with different problem param-

eters and an averaged notion of robust performance (both differences employed to reduce

computational complexity), the relative differences between the γ-values obtained from the

minimization routine and from the detailed IQC analyses remain the same.

The importance of using signal IQCs to characterize noise disturbances is especially notable

in these analyses. Without using signal IQCs, the robust ℓ2-gain performance levels with

Controllers 3 and 2 are, respectively, 5.5 and 15.7, a dramatic increase of conservatism.

For Controller 1, the associated SDP was infeasible. Hence, to obtain bounds which more

accurately reflect reality, it is important to use signal IQCs.

To support IQC analysis results, nonlinear simulations in MATLAB are executed using (2.5),

(2.3), (2.4) with randomly generated uncertainties perturbing the state evolution. SLTI

uncertainties such as ∆m, ∆x, ∆Ix , ∆Iy , and ∆Iz are pseudo-randomly generated with a
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uniform distribution and bounds given in Table 3.2. The nominal aerodynamic model is

expressed in Section 2.2, and uncertainties are included in each aerodynamic coefficient Ci

by adding pseudo-random sequences ∆Ci
(k) generated with a uniform distribution whose

bounds and rate-bounds are given in Table 2.2. Each actuator (including the thrust model)

has dynamics described by (2.6), and transfer functions with H∞ bounds no greater than

0.05 are pseudo-randomly generated (using rss) and included in the servo dynamics to

incorporate the effect of ∆̂E(z), ∆̂A(z), and ∆̂R(z). Since the simulation environment models

thrust with a second-order system and the analysis framework assumes the thrust model

to be static, an additional dynamic perturbation is not incorporated to the thrust model.

Finally, the simulation environment exactly characterizes the effect of nonlinear dynamics,

saturation, and time-delays, removing the necessity to approximate such effects with the

perturbations ∆σ(k), ∆̂N(z), and ∆̂E(z).

In each simulated flight, the aircraft completes 1 circle under 3-m/s steady winds, and

light turbulence generated by the low altitude Dryden model [76]. The aircraft is also

exposed to sensor noise pseudo-randomly generated from zero-mean Gaussian distributions

with standard deviations for each channel given by (2.8). All psuedo-randomly generated

variables (uncertainties, noise, and wind) are different for each simulated flight of a controller,

but replicated across the different controllers, allowing appropriate comparisons of controller

performance. The resulting D-to-ℓ2-gain for each simulation can be computed using the

given noise, wind (including steady and turbulent forms), and position errors.

For final validation, these controllers are tested in physical flight. Sensor noise is estimated

by subtracting filtered sensor data from raw sensor data. Wind speed is the most difficult to

estimate, as ground sensors repeatedly underestimate the wind conditions apparent to the

UAS. To achieve a closer estimate of the wind speed, the vehicle ground speed at each time

instant is estimated using GPS data and subtracted by the measured airspeed to obtain a
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Figure 3.8: Reconstructed flight trajectories of the UAS executing right-turn circles for flight
tests. Red arrows indicate wind direction, and yellow arrows indicate direction of flight and
initial point of reconstructed trajectory.

lower bound on the wind speed, and ultimately a lower bound on the ℓ2-norm of the wind

velocity. It should therefore be noted that the resulting D-to-ℓ2-gain from flight data may

be an overestimate of the true value. Because of the difficulty in consistently bringing the

aircraft to a state close to the trim values , the first 20 seconds of controlled flight segments

are not analyzed in these results. Flight segments typically lasted 5-7 minutes, in which 8-10

consecutive circles were executed by the controller. A typical portion of data from flight

testing Controller 1 and Controller 3 in strong winds is given in Fig. 3.9.

For both simulations and flight tests, a circular segment consists of 1047 timesteps, or about

42 seconds. Because the D-to-ℓ2-gains from simulations and flight tests correspond to fi-

nite horizon signals, they may be underestimates of the D-to-ℓ2-gains for infinite horizon

signals provided by Theorem 2.1. However, for the simulated and tested systems, the finite

horizon length used to calculate the D-to-ℓ2-gains has not had a notable effect on their mag-
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nitudes, suggesting that D-to-ℓ2-gains calculated with finite horizon signals are a reasonable

comparison to analysis results for D-to-ℓ2-gains corresponding to infinite horizon signals.

The largest calculated D-to-ℓ2-gains for Controllers 1, 2, and 3 in simulation are, respectively,

2.7, 2.4, and 1.6. The largest calculated D-to-ℓ2-gains from flight tests are, respectively, 3.5,

3, and 2.2. The two right-most subplots in Fig. 3.7 display a distribution of the calculated

D-to-ℓ2-gains for each completed circle from all flight test and simulation data, regardless

of wind condition. In Fig. 3.7 it is quickly apparent that the IQC analysis results are

qualitatively consistent with the simulation and flight data. The fact that IQC analysis

provides nominal D-to-ℓ2-gain performance levels (ϵ = 0) which are less than those calculated

from flight test data suggests that the uncertainty characterization is necessary to safely

describe the physical system. Also, the robust D-to-ℓ2-gain performance levels from IQC

analysis are always greater than the D-to-ℓ2-gains obtained from simulation and flight data,

suggesting that the true uncertainty is captured by the framework in Section 3.2.

The overestimation of IQC performance levels for ϵ=1 as compared to the induced gains from

flight tests may suggest that the uncertainty characterization is overly conservative. How-

ever, it should be noted that IQC analysis provides worst-case robust performance bounds;

there may still exist configurations of the true uncertainties and disturbances untested in

simulations and physical flights which would yield poorer performance. When consulting Fig-

ures 3.8, 3.9, and the reconstructed flight videos (http://www.dept.aoe.vt.edu/~farhood/

iqcFlights.html), it is readily apparent that Controller 1 and Controller 2 produce erratic

and unsafe behavior, especially in strong winds. It is possible that this volatile behavior is

reflected in IQC analysis by producing greater robust performance bounds. It is also inter-

esting to note that the simulations indicate far better performance than what is experienced

in flight. This highlights the fact that uncertain and nonlinear simulation environments do

not fully capture the physical system, and IQC analysis is a helpful tool in bridging the

http://www.dept.aoe.vt.edu/~farhood/iqcFlights.html
http://www.dept.aoe.vt.edu/~farhood/iqcFlights.html
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Figure 3.9: Comparison of UAS states under Controllers 1 and 3.

gap. Finally, it is encouraging that in each step from Controller 1 to 3 there is a marked

improvement in actuation effort and the response of all UAS states, supporting the utility

of IQC analysis in guiding controller design.

Flight tests also demonstrate another advantage of IQC analysis. As seen from Fig. 3.7, when

all uncertainties are incorporated, IQC analysis yields a significant decrease in the robust

D-to-ℓ2-gain performance level between Controller 1 and Controller 2 (from γ = 16.3 to

γ = 8.7). However, when analyzing the nominal system, there is only a slight decrease in the
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D-to-ℓ2-gain performance level (from γ = 2.8 to γ = 2.7). Flight tests reflect this significant

decrease in D-to-ℓ2-gains, suggesting the importance of assessing robust performance rather

than nominal performance (e.g., H∞ analysis) in order to understand the physical system

behavior.



Chapter 4

Further development of the uncertain

UAS framework

This chapter details a number of improvements on and further validates the uncertain UAS

framework discussed in Chapter 3. In Section 4.1 a path-following and trajectory-tracking

formulation is derived, wherein the radius of curvature for the desired UAS path can be

expressed as an uncertainty amenable to IQC analysis. While the IQC analysis results of

Chapter 3 pertained only to flight about a level, circular trajectory, the forthcoming results

apply to flight about any level path whose inverse radius of curvature is bounded. Section

4.2 details the three types of controllers synthesized in this chapter: H∞, H2, and PID.

These different controller types, alongside the path-following/trajectory-tracking schemes,

are employed to demonstrate the utility and validity of the uncertain UAS framework for

a variety of controller architectures. Section 4.3 provides a brief summary of the changes

in the uncertain UAS framework and Section 4.4 discusses some improvements made to

the IQC-based tuning routine. In Section 4.5 we demonstrate the efficacy of the uncer-

tain UAS framework by tuning five different controllers (trajectory-tracking H∞/H2 and

path-following H∞/H2/PID) and comparing the performance predicted by IQC analysis

and simulation with that experienced in flight tests. The results in this chapter originate

from [14].

52
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4.1 Path following and trajectory tracking

Whereas the derivations of the nominal UAS in Section 2.2 consider the evolution of the

UAS body frame Fb with respect to an inertial frame FI , the following equations of motion

define the attitude and position of Fb with respect to the desired virtual vehicle frame Fv.

To this end, consider a path P : R+ → R3, where P(ℓ) represents the position of a virtual

vehicle found at a length ℓ along the path P . To denote the dependence of the virtual vehicle

position on time, we use P I
vI ; in other words, P I

vI(t) = P(ℓ(t)). Following the definition of

the parallel transport frame [77, 78], the orientation of Fv is defined by three orthonormal

vectors T (ℓ), N1(ℓ), and N2(ℓ), which satisfy the following differential equation:

d

dℓ


T (ℓ)

N1(ℓ)

N2(ℓ)

 =


0 k1(ℓ) k2(ℓ)

−k1(ℓ) 0 0

−k2(ℓ) 0 0



T (ℓ)

N1(ℓ)

N2(ℓ)

 . (4.1)

Relying on (4.1) and using simple kinematic relations, the angular velocity of the virtual

vehicle is expressed as

Ωv
vI = ℓ̇

[
0 −k2 k1

]T
. (4.2)

The error angles Λbv = [ϕE, θE, ψE]
T define the rotation matrix Rv

b and satisfy the equations

Λ̇bv = E(ϕE, θE)Ωb
bv

= E(ϕE, θE)(Ωb
bI − Ωb

vI)

= E(ϕE, θE)(Ωb
bI −Rb

vΩ
v
vI). (4.3)

The position error P v
bv = [XE, YE, zE]

T satisfies the equations

P v
bv = Rv

IP
I
bv
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Ṗ v
bv = Ṙv

IP
I
bv +Rv

I Ṗ
I
bv

= Rv
I(Ω

I
Iv × P I

bv) +Rv
I(Ṗ

I
bI − Ṗ I

vI)

= −Ωv
vI × P v

bv +Rv
bRb

IṖ
I
bI −

[
ℓ̇ 0 0

]T
= −Ωv

vI × P v
bv +Rv

bV
b
bI −

[
ℓ̇ 0 0

]T
. (4.4)

To complete the equations of motion for the UAS path-following dynamics, we constrain the

progress of the virtual vehicle along its path with

ℓ̇ = κXE +

[
1 0 0

]
Rv
bV

b
bI . (4.5)

There are many suitable equations for ℓ̇. Constraining ℓ̇ with (4.5) can have the following

interpretation: for any path, when the aircraft has no height or cross track errors (YE =

zE = 0) but bears a non-zero XE, the evolution of XE becomes

[
1 0 0

]
Ṗ v
bv = ẊE = −κXE. (4.6)

Hence, XE = 0 is an exponentially stable equilibrium point for (4.6) when κ > 0. Essentially,

when there is a forward/backward error between the aircraft and the virtual vehicle, the

virtual vehicle will smoothly speed up or slow down to reach the position of the aircraft.

Such flexibility is important for an aircraft; in the presence of wind, an aircraft cannot both

achieve its desired position while matching the other desired trim states. Allowing the virtual

vehicle to accommodate such errors in XE lends greater stability for the aircraft and provides

improved performance in the remaining aircraft states.

The derivations previously given are inspired from the work in [29]. However, there is a

crucial difference between these results and those from [29]. Therein, the position and angle
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errors are defined to be between the virtual vehicle frame and a W ′ frame, which is not the

body frame. The frameW ′ is defined by performing a vaguely specified rotation of the wind

frame. Expressing the dynamics of the angle errors between W ′ and Fv requires rotation

rates [qW ′ , rW ′ ]T of W ′, quantities which cannot physically be measured. When the angle of

attack and sideslip angle are small, W ′ approximates the body frame transformed by a roll

rotation and [qW ′ , rW ′ ]T approximates [qb, rb]
T . However, it is not our experience that the

angle of attack and sideslip angle are negligible.

Commendably, the approach taken in [29] still produces working results in flight tests (see

also [1]). Our work requires a model as accurate as reasonably possible to the true UAS

dynamics. In our use of the model in [29], we found that the robustness results were sensitive

to the controller design parameters and sometimes did not predict control failures which were

observed in the simulation environment.

Given a virtual vehicle frame defined by (4.1), the path-following dynamics previously ex-

pressed hold for any 3D path. In this work, our case studies will be based off a 2D

“racetrack” path. For planar paths, the dynamic equations simplify; k2(ℓ) is identically

zero, k1(ℓ) can be interpreted as the inverse radius of curvature of the path at ℓ, and

[ϕE, θE, ψE]
T = [ϕ, θ, ψ − ψv]

T , where ψv is the heading angle of the virtual vehicle. A

straight line in the path is specified as k1(ℓ) = 0, and a turn in the path occurs when k1(ℓ)

is non-zero.

Following the works [1,29], we “inflate” the UAS error angles with approach angle functions.

Specifically, we define

θe = θE − θm tanh
(
zE
Cθ

)
ψe = ψE − ψm tanh

(
−YE
Cθ

)
(4.7)

The values for the parameters θm, Cθ, ψm, and Cψ differ for the various controller schemes
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studied in Section 4.5 (see Table 4.2).

Hence, the full path-following dynamic equations are

ẋp = fp(xp, d, u, k1), e = g(xp, d, u), y = h(xp, d, u)

where xp := [(Ωb
bI)

T , (V b
bI)

T ,ΛTbv, (P
v
bv)

T , xTa ]
T , d := [(V b

wI)
T , ηT ]T is the exogenous disturbance

composed of wind velocities and sensor noise η, u = [uE, uA, uR, uT ]
T := δc is the control

input, e is the performance output, and y is the sensor output. The state function fp(·) is

defined by (2.1), (2.2), (4.3), (4.4), and (4.5). The sensor output function is defined as

h(x, d, u) =

[
pb, qb, rb, Va, ϕE, θe, ψe, XE, YE, zE

]T
+Wηη

η :=

[
ηp, ηq, ηr, ηV , ηϕ, ηθ, ηψ, ηX , ηY , ηz

]T
Wη := diag(0.01I3, 2, 0.01I3, 2I3)

where Wη is a weighting matrix expressing the standard deviations of the measurement noise.

The performance output function is defined as

g(x, d, u) = We[x
T , uT ]T

We := diag(cp, cq, cr, cu, cv, cw, cϕ, cθ, cψ, cX , cY , cz, cδE , cδA , cδR , cδT ).

Obtaining a linear parameter-varying (LPV) model parameterized by k1 can be done follow-

ing the approach in [1]. We first determine the trim states x⋆(k1) and u⋆(k1) such that

fp(x
⋆(k1), 0, u

⋆(k1), k1) = 0, (P v
bv)

⋆ = 0, & ψ⋆E = 0. (4.8)
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Figure 4.1: Gridded values (∗) for x⋆(k1) and their fitted functions

Solving (4.8) for x⋆(k1) and u⋆(k1) is done using the MATLAB command fsolve for a grid

of k1 values. Polynomials are then fit to the gridded values for x⋆(k1) and u⋆(k1). By

inspecting Fig. 4.1 and Fig. 4.2, it is apparent that the variables with significant dependence

on k1 are ϕ⋆E(k1), r⋆b (k1), δ⋆A(k1), and δ⋆R(k1). Assuming the remaining variables are constant,

the polynomial equations for x⋆p(k1) and u⋆p(k1) are

[
p⋆b q

⋆
b r

⋆
b (k1)

]
=

[
0 0 14.3k1

]
rad/s[

u⋆b v⋆b w⋆b

]
=

[
15.98 0.724 −0.027

]
m/s[

ϕ⋆E(k1) θ⋆E ψ⋆E

]
=

[
26.1k1 −0.0017 0

]
rad[

δ⋆E δ⋆A(k1)

]
=

[
0.113 −1.11k1+0.004

]
ms PWM[

δ⋆R(k1) δ⋆T

]
=

[
1.17k1−0.008 0.559

]
ms PWM.

An LPV model can now be defined for the path-following dynamics by the parameter-
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Figure 4.2: Gridded values (∗) for u⋆(k1) and their fitted functions

dependent matrix-valued functions Ac(k1) :=
∂fp
∂xp

∣∣
(x⋆,0,u⋆)

, Bc
1(k1) :=

∂fp
∂d

∣∣
(x⋆,0,u⋆)

, Bc
2(k1) :=

∂fp
∂u

∣∣
(x⋆,0,u⋆)

, and so on. To express this LPV system as an LFT on k1, each parameter-varying

function must have rational dependence on k1. This requirement is not exactly satisfied as

fp(·) has trigonometric functions on Λbv. However, given the bounds on the trim values

(ϕ⋆E, θ
⋆
E), these trigonometric functions can be adequately replaced in the parameter-varying

matrices by the truncated Taylor series cos(λ⋆(k1)) ≈ 1−1
2
λ⋆(k1)

2 and sin(λ⋆(k1)) ≈ λ⋆(k1)

for λ⋆ = ϕ⋆E, θ
⋆
E. By discretizing the continuous-time system with a sampling time τ = 0.04 s

via Euler’s method, the discrete-time LFT representation for the UAS path-following error

dynamics can be expressed by



x̄p(k+1)

φ(k)

e(k)

ȳ(k)


=



Ass Asp B1s B2s

Aps App B1p B2p

C1s C1p D11 D12

C2s C2p D21 0





x̄p(k)

ϑ(k)

d(k)

ū(k)


ϑ(k) = k1φ(k), x̄p(0) = 0.

(4.9)
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Up to this point we have discussed the dynamics of a path-following UAS. Trajectory tracking

occurs when the path progression ℓ(t) for the virtual vehicle is explicitly defined. A common

trajectory-tracking expression for ℓ(t) is ℓ(t) = Vgt, meaning the virtual vehicle progresses

at a constant, desired ground speed regardless of the UAS position, thereby incorporating

a known a priori timing constraint on the desired aircraft states and control inputs. With

this perspective, trajectory tracking becomes a special case of path following, enforcing more

stringent requirements on ℓ(t). Therefore, the UAS trajectory-tracking dynamics are

ẋt = ft(xt, d, u, k1), e = g(xt, d, u), y = h(xt, d, u)

where xt := [(Ωb
bI)

T , (V b
bI)

T ,ΛTbv, (P
v
bv)

T , xTa ]
T , the state function ft(xt, d, u, k1) is defined by

(2.1), (2.2), (4.3), (4.4), and ℓ̇ = Vg. By linearizing ft(·), h(·), and g(·) about x⋆ and u⋆

and following the same steps described previously for the path-following problem, an LFT

representation of the UAS trajectory-tracking error dynamics can be obtained.

4.2 Controller synthesis and design methods

This subsection presents different controllers that are employed on the UAS. We apply H∞

andH2 synthesis techniques for the path-following and trajectory-tracking models (4.9) when

k1 is set to zero. We also apply a PID controller for the path-following model.

Given an open-loop system Gnom defined by the equations
x̄(k+1)

e(k)

ȳ(k)

 =


A B1 B2

C1 D11 D12

C2 D21 0



x̄(k)

d(k)

ū(k)

 , x̄(0) = 0 (4.10)

and a controller K satisfying the equationsxK(k + 1)

ū(k)

 =

AK BK

CK DK


xK(k)
ȳ(k)

 , xK(0) = 0
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the corresponding closed-loop system Mnom is a mapping from the disturbances exhibited

on the controlled UAS to the performance output of the controlled UAS. Using the work

in [79], SDPs can be solved to obtain AK , BK , CK , and DK such that ∥M̂nom∥∞ or ∥M̂nom∥2

is minimized. For completeness, the synthesis method is presented herein.

With matrix variables Pf ∈ Sn, Pg ∈ Sn, Wf ∈ Rm×n, Wg ∈ Rn×p, Wh ∈ Rm×p, and

L ∈ Rn×n, define the matrices

P̄ :=

Pf I

I Pg

 , Ā :=

APf+B2Wf A+B2WhC2

L PgA+WgC2

 , B̄ :=

B1+B2WhD21

PgB1+WgD21


C̄ :=

[
C1Pf+D12Wf C1+D12WhC2

]
, D̄ :=

[
D11 +D12WhD21

]
.

An H∞-optimal controller is obtained by solving the SDP

minimize µ

subject to 

P̄ 0 Ā B̄

0 µI C̄ D̄

ĀT C̄T P̄ 0

B̄T D̄T 0 µI


≻ 0

and setting

DK CK

BK AK

=
 I 0

B2 −P−1
g


Wh Wf

Wg L−PgAPf


I −C2PfS

−1
f

0 S−1
f

 . (4.11)

The resulting closed-loop system Mnom satisfies ∥M̂nom∥∞ = µ.



4.2. Controller synthesis and design methods 61

An H2-optimal controller is obtained by solving

minimize µ

subject to trace(R) ≤ µ
P̄ Ā B̄

ĀT P̄ 0

B̄T 0 I

 ≻ 0,


R C̄ D̄

C̄T P̄ 0

D̄T 0 I

 ≻ 0

and defining the controller state space matrices with (4.11). The resulting closed loop system

Mnom satisfies ∥M̂nom∥22 = µ. As a standard procedure for obtaining controller robustness,

after solving the appropriate optimization SDP, µ is increased and the corresponding feasi-

bility SDP is re-solved with the relaxed µ (see, for example, the discussion in [80]). In this

chapter µ is relaxed such that the corresponding norm on Mnom is 250% that of the optimal

value. The controller ultimately used is defined by (4.11) after solving the feasibility problem

with the relaxed µ.

To demonstrate the uncertain UAS framework on a more popular control architecture, we

also consider a PID controller for the path-following UAS. This follows from the architecture

proposed by [81], with some slight modifications. The following controller is formed by

successive loop closure of separate PID controllers for the lateral and longitudinal dynamics.

For the ailerons, the states ψ̄e, ϕ̄E, and p̄b determine the control effort δ̄A by the equation

ˆ̄δA(s)=

[
−

(
Kp
ψ+

Ki
ψ

s

)
Kp
ϕ −K

p
ϕ −Kd

ϕ

]
ˆ̄ψe(s)

ˆ̄ϕE(s)

ˆ̄pb(s)

.
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Figure 4.3: Continuous-time PID aileron control

Figure 4.4: Continuous-time PI rudder control

The UAS sideslip angle β determines the control effort δ̄R by

ˆ̄δR(s)=−

(
Kp
β+

Ki
β

s

)
ˆ̄β(s).

Defining the UAS total energy as E := gh+1/2V 2
a , the control effort δ̄T is determined with

ˆ̄δT (s)=−
(
Kp
E +

Ki
E

s
+

sKd
E

dcs+ 1

)
ˆ̄E(s)

where dc = 0.1 is a constant used to define a causal derivate in continuous-time. Defining

the UAS energy distribution as ε := gh− 1/2V 2
a , the control effort δ̄E is determined from ε̄,

θ̄E, and q̄ with the equation

ˆ̄δE(s)=

[
−
(
Kp
ε+

Ki
ε

s

)(
Kp
θ+

Ki
θ

s

)
, −

(
Kp
θ+

Ki
θ

s

)
, −Kd

θ

]
ˆ̄ε(s)

ˆ̄θE(s)

ˆ̄qb(s)

 .
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Figure 4.5: Continuous-time PID throttle control

Figure 4.6: Continuous-time PID elevator control

Diagrams of these control laws are found in Figs. 4.3, 4.4, 4.5 and 4.6. As these control

laws must be implemented in discrete-time, the bilinear transformation is applied to each

Laplace equation. In state space form, the PID controllers for the elevator, aileron, rudder,

and throttle are, respectively,

K̂E =


1 −1 0 0

Ki
εK

p
θ τ −K

p
θ

(
Kp
ε+

Ki
ετ

2

)
−Kp

θ −Kd
θ



K̂A =



1 Ki
ψ −Kp

ψ−
Ki
ψτ

2
−1 0

0 1 −1 0 0

Ki
ϕτ Ki

ψ

(
Kp
ϕ+

Ki
ϕτ

2

)
−

(
Kp
ϕ+

Ki
ϕτ

2

)(
Kp
ψ+

Ki
ψτ

2

)
−Kp

ϕ−
Ki
ϕτ

2
−Kd

θ
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K̂R =


1 −1

Ki
βτ Kp

β +
Ki
βτ

2



K̂T =



1
2τdc

2dc + τ

τdc
2dc + τ

0
2dc − τ
2dc + τ

2dc
2dc + τ

−K
i
Eτ

dc

2Kd
Eτ

2d2c + τdc
−Ki

Eτ −K
p
E +

Ki
Eτ

2
+

2Kd
E

τ + 2dc


.

The final PID controller K mapping ȳ to ū is expressed as K̂ = diag(K̂E, K̂A, K̂R, K̂T ).

Finding a “good” set of penalty weights [cp, cq, . . . , cδT ] for H∞ and H2 controllers or gains

[Kp
ε , K

i
ε, . . . , K

d
E] for PID controllers is a significant task for the controls engineer, and in

Section 4.4 we will discuss improvements made to the tuning routine detailed in Section

3.3 in order to help tune these parameters such that the resulting controller has acceptable

performance and robustness.

4.3 Modifications to uncertain UAS framework

The uncertain UAS considered in this chapter follows closely with that presented in 3.2.

Similar to the approach in Chapter 3, uncertainties specific to certain subsystems are char-

acterized, and the combination of these subsystems constitutes the closed-loop uncertain

UAS (see Fig. 4.7). However, we make some modifications to the subsystem which expresses

the UAS 6-DOF equations of motion.

The most significant change to the framework in this chapter is that the linear dynamic
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Figure 4.7: The uncertain UAS

Table 4.1: Type and bounds for UAS uncertainties

Name Type Bounds

A
ct

ua
to

r
M

od
el ∆E DLTI ∥∆E∥∞ ≤ 0.05

∆A DLTI ∥∆A∥∞ ≤ 0.05

∆R DLTI ∥∆R∥∞ ≤ 0.05

∆T DLTI ∥∆T∥∞ ≤ 0.2

Sa
tu

ra
tio

n

∆σE RB-SLTV 0 ≤ ∆σE(k) ≤ 0.1, −0.1 ≤ ∆σE(k+1)−∆σE(k) ≤ 0.1

∆σA RB-SLTV 0 ≤ ∆σA(k) ≤ 0.1, −0.1 ≤ ∆σA(k+1)−∆σA(k) ≤ 0.1

∆σR RB-SLTV 0 ≤ ∆σR(k) ≤ 0.1, −0.1 ≤ ∆σR(k+1)−∆σR(k) ≤ 0.1

∆σT RB-SLTV 0 ≤ ∆σT (k) ≤ 0.1, −0.1 ≤ ∆σT (k+1)−∆σT (k) ≤ 0.1

A
er

od
yn

am
ic

M
od

el ∆Cx RB-SLTV −0.054 ≤ ∆Cx(k) ≤ 0.026, −0.014 ≤ ∆Cx(k+1)−∆Cx(k) ≤ 0.006

∆Cy RB-SLTV −0.045 ≤ ∆Cy(k) ≤ 0.037, −0.01 ≤ ∆Cy(k+1)−∆Cy(k) ≤ 0.01

∆Cz RB-SLTV −0.113 ≤ ∆Cz(k) ≤ 0.119, −0.042 ≤ ∆Cz(k+1)−∆Cz(k) ≤ 0.024

∆Cl
RB-SLTV −0.022 ≤ ∆Cl

(k) ≤ 0.026, −0.012 ≤ ∆Cl
(k+1)−∆Cl

(k) ≤ 0.009

∆Cm RB-SLTV −0.12 ≤ ∆Cm(k) ≤ 0.125, −0.046 ≤ ∆Cm(k+1)−∆Cm(k) ≤ 0.035

∆Cn RB-SLTV −0.006 ≤ ∆Cn(k) ≤ 0.006, −0.001 ≤ ∆Cn(k+1)−∆Cn(k) ≤ 0.003

U
A

S
D

yn
. ∆N NB ∥∆N∥ℓ2→ℓ2 ≤ 0.01

k1 SLTV −0.005 ≤ k1(k) ≤ 0.005
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equations of motion are derived in part from (4.3) and (4.4), rather than (2.3) and (2.4). This

is to enable the analysis of path-following dynamics as derived in Section 4.1. Furthermore,

by relying on (4.3) and (4.4) we can easily incorporate the effect of the desired path’s

inverse radius of curvature k1 on the UAS dynamics. This introduces a new uncertainty

that was not considered in Chapter 3. As an additional change, we do not incorporate the

parametric uncertainties ∆m, ∆x, ∆z, ∆Ix , ∆Iy , ∆Iz in the UAS dynamics. Though they

theoretically may be incorporated, all six uncertainties along with k1 formulated an LFT

which presented too large of a computational burden to apply the coprime factors reduction

method discussed in Section 3.2.3. We anticipate that as computational capabilities increase,

all seven uncertainties may be considered together. However, for the present work we find

it more valuable to enable analysis of the UAS conducting a suite of maneuvers, which is

accomplished by incorporating k1 as an SLTV uncertainty.

As an additional change to the uncertainties in the UAS dynamics, we modify the uncertainty

∆N to be a (possibly time-varying and/or nonlinear) NB uncertainty, rather than a DLTI

uncertainty. This is more fitting, as ∆N represents the nonlinear effects lost when linearizing

the UAS equations of motion. Along with this change, we modify the matrix WN introduced

in Section 3.2.3 to be WN = diag(1, 1, 1, 5, 5, 5, 0.4, 0.4, 0.4, 10, 10, 2), since the UAS in this

chapter is flying at trim points different from the one utilized in Chapter 3. In light of these

modifications to the uncertain UAS framework, Table 4.1 presents all the uncertainties, their

types, and their bounds.

4.4 Improvements to tuning routine

This section discusses improvements that have been made to the tuning routine proposed in

Section 3.3. As mentioned previously, the proposed routine is not to be viewed as a math-
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ematically rigorous IQC synthesis method. It is a heuristic algorithm that has repeatedly

been shown in simulation and flight tests to provide a controller with improved robust per-

formance. This routine applies gradient-based optimization of the robust performance of an

interconnection, where (M,∆) is parameterized by the controller design parameters c ∈ Rnc .

For H∞ and H2 synthesis problems, the controller design parameters are

c = [cp, cq, cr, cVa , cϕ, cθ, cψ, cX , cY , cz, cδE , cδA , cδR , cδT ]
T

which denote the penalty weights in We defining the UAS performance output e in (4.10).

For PID control, the parameters are

c = [Kp
ε , K

i
ε, K

p
θ , K

i
θ, K

d
θ , K

p
ψ, K

i
ψ, K

p
ϕ, K

d
ϕ, K

p
β, K

i
β, K

p
E, K

i
E, K

d
E]
T .

Given the control parameters c, the controller design procedure DesignCTR(c) = K outlined

in Section 4.2, and the open-loop interconnection (G,∆) satisfying


φ

e

ȳ

 =


G11 G12 G13

G21 G22 G23

G31 G32 G33



ϑ

d

ū

 , ϑ = ∆φ (4.12)

this routine seeks control parameters c such that the closed-loop interconnection (M,∆) =

(CloseLP(G,K),∆) has locally optimal robust performance. Achieving this objective is at-

tempted by iteratively estimating the gradient* of the robust performance over the controller

parameter space and then traveling in a direction of descent. The gradient for the robust

performance is numerically estimated by solving for the robust performance of the intercon-

*We recognize that in many cases the mapping from c to γ is not a function, much less smooth. Our
references to its gradient and Hessian are informal.
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nection at small variations of c and conducting finite difference approximations.

This chapter implements some additional subroutines that improve on the algorithm in Sec-

tion 3.3. These include stepping in an improved descent direction by estimating the Hessian

of the robust performance (lines 10-13 in Algorithm 2), and conducting a line search to find

the best step size given a certain direction (line 15 in Algorithm 2). Whereas Algorithm 1 is

a steepest-descent algorithm with fixed step size, this chapter implements the quasi-Newton

BFGS method with a line search for finding the locally optimal robust performance [82].

The essential modifications to Algorithm 1 consist of replacing line 8 with the lines 8-16 in

Algorithm 2. The line search algorithm is not explicitly given in Algorithm 2, as a variety

of subroutines might be used. In this chapter, the line search is accomplished by calculating

the γ-value for a variety of step sizes d̃c which are less than the maximum step d̃cmax and se-

lecting the step size which yields the greatest reduction of γ. Though this is computationally

expensive, this work employs parallel processing across multiple CPUs, thereby providing

many γ-values within the same time it would take to calculate one γ-value. This approach

also guarantees that each iteration will either reduce the subsequent γ-value or become the

final iteration. These enhancements aid in decreasing the solution time and improving the

robustness of the final controller.

In order to conduct IQC analysis, the nominal closed-loop system M must be stable. Though

H∞ and H2 controllers guarantee a stabilized system (as far as the LMIs can be satisfied),

the PID controller may not stabilize the nominal system. It is then problematic if the tuning

routine seeks to make a step in the parameter space such that the closed-loop system is

unstable. This is one reason why we implement a line search and query multiple step sizes

once the direction of descent is determined.

Because the tuning routine must solve many SDPs, the definition of (M,∆) and the problem

parameters used in IQC analysis (such as pole locations λ, ai or basis lengths of the multipliers
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Algorithm 2 Tuning routine via IQC analysis
Inputs: Initial controller parameters c ∈ Rnc and open-loop LFT

(G,∆) satisfying the system equationsφe
y

 =

G11 G12 G13

G21 G22 G23

G31 G32 G33

ϑd
u

 , ϑ = ∆φ

Outputs: Final controller parameters c and
γ for the closed-loop LFT (M,∆)

1: Define γtol and dc (optimization tolerance and gradient step size)

2: γ ← IQC(c,G,∆), i.e.


K ← DesignCTR(c)
M ← CloseLP(G,K)
γ ← IQC(M,∆)

3: while 1 do
4: for i = 1 : nc do # estimate gradient
5: c+ ← [c1, . . . , ci + dc, . . . , cnc ]

T

6: γ+i ← IQC(c+, G,∆)
7: ∇γ ← [γ+1 − γ, . . . , γ+nc

− γ]T
8: if first iteration then
9: H ← Inc

10: else # estimate Hessian
11: s← ∇γ −∇γ0
12: if sT d̃cp > 0 then
13: H ← H + ssT

sT d̃cp
− HppTH

pTHp

14: p← −H−1∇γ # find step direction
15: d̃c← LineSearch(p, c, G,∆)

16: c← c+ d̃cp
17: γ+ ← IQC(c,G,∆)
18: if γ+ − γ < γtol then
19: exit while loop
20: ∇γ0 ← ∇γ
21: γ = γ+
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Ψ̂ and Θ̂) are selected to reduce the computational complexity of the SDP (2.14). After

the tuning routine is finished, IQC analysis is repeated with modified problem data and

parameters to reflect the most accurate model of the uncertain UAS and obtain the least

conservative robust performance result. To ensure consistency, both the tuning routine and

final analysis construct (M,∆) with the same uncertain open-loop system (G,∆). Though

(G,∆) remains unchanged, M may be defined differently to express different performance

outputs or disturbance inputs.

It cannot be overstated that this work employs different penalty weights We to define the

performance output e in (3.2) and (4.10). In the final certification of a UAS, IQC analysis

is conducted by defining

e = ece :=

[
X̄E ȲE z̄E

]T
. (4.13)

Tuning a controller to minimize the robust performance with ece has been found to produce

a final controller with good position tracking, but at the expense of executing undesirably

aggressive maneuvers. To address this issue, the performance output defined while tuning a

controller via IQC analysis is

e = etu :=

[
p̄b q̄b r̄b ūb v̄b w̄b ϕ̄E θ̄E ψ̄E X̄E ȲE z̄E

]T
. (4.14)

The added penalties on the remaining states of the UAS ensure that close position tracking

is still achieved while reducing deviations in the other states. Finally, the tuning routine for

H2 and H∞ controllers searches for the penalty weights defining e to synthesize a controller

which yields an interconnection with improved robust performance. Hence, the definition of

e for (4.10) changes at each iteration in the tuning routine.
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Table 4.2: Approach angle parameters for each controller type

Controller
type θm Cθ ψm Cψ

PFH2 20 deg 14 30 deg 20

PFH∞ 20 deg 14 30 deg 20

TTH2 0 — 0 —

TTH∞ 0 — 0 —

PFpid — — 20 deg 30

4.5 Results

This section explores how the tuning routine previously described produced TTH∞, TTH2,

PFH∞, PFH2, and PFpid controllers. We then present how subsequent IQC analysis on

each controlled UAS can be used to compare their performance. These predictions are

then validated with data from simulations and flight tests. Finally, the relative merits and

weaknesses of each controller scheme (trajectory-tracking/path-following and H∞/H2/PID)

are discussed by inspecting IQC analysis, simulation, and flight test results.

For the ensuing results, the IQC analysis SDP (2.14) was solved using YALMIP/CSDP

[74, 83] via 64-bit MATLAB R2015a on a computer with 128GB of RAM and 2 Intel Xeon

E5-2683 2.10 GHz CPUs (16 cores per CPU). Solution times were from 2-4 min. For a

standard Dell desktop with 6GB of RAM and an Intel Xeon W3550 (3.07GHz), solution

times ranged from 3 to 8 min. Two factors determined our choice of CSDP to solve the IQC

analysis SDP. First, CSDP efficiently handles moderately sized SDPs; the IQC analysis SDPs

in this chapter have 9,000-13,000 decision variables and take longer for SeDuMi or SDPT3 to

solve than CSDP. Second, the resulting SDPs were not always numerically well-conditioned

and, unlike MOSEK, CSDP was capable of consistently returning feasible solutions in the

presence of poorly conditioned problems.
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Table 4.3: IQC analysis results and number of iterations when tuning all five controller
types. All ϵ values for final IQC analysis results are 1 (i.e., ϵfinal = 1)

Type PFH2 PFH∞ PFpid TTH2 TTH∞

ϵinit 0.1 0.15 0.12 0.1 0.3
γinitIQC 5.64 10.69 6.97 3.49 81.6

Iterations 79 44 36 68 83
γfinalIQC 7.52 3.0 34.5 7.43 3.38

Table 4.4: Controller parameters before and after the tuning routine

Type Init/
Final

cp/
Kp
ψ

cq/
Ki
ψ

cr/
Kp
ϕ

cVa/
Ki
ϕ

cϕ/
Kd
ϕ

cθ/
Kp
ε

cψ/
Ki
ε

cX/
Kp
θ

cY /
Kd
θ

cz/
Kp
E

cδE/
Ki
E

cδA/
Kd
E

cδR/
Kp
β

cδT /
Ki
β

PFH2
Init 0 0 0.2 0 0 0 0 1 1 1 0.01 0.01 0.01 0.1

Final 0 0 0 0.1 0.16 0.01 0.14 0.7 0.11 0.01 0.01 0.03 0.02 0.21

PFH∞
Init 0 0 0.2 0 0 0 0 1 1 1 0.01 0.01 0.01 0.1

Final 0.13 0.34 0.22 0.22 0.06 0.1 0.09 0.83 0.13 0.16 0.02 0.17 0.13 0.19

PFpid Init 0.75 0.01 0.5 0 0 0.5 0.05 0.3 0 0.2 0.05 0 -0.02 -0.01
Final 0.79 0.08 0.62 0.08 0.1 0.37 0.01 0.48 0.04 0.2 0.09 0 -0.03 0

TTH2
Init 0 0 0.2 0 0 0 0 1 1 1 0 0 0 0.1

Final 0 0 0.11 0 0.23 0.17 0.03 1.0 0.2 0.01 0.12 0.14 0.01 0.32

TTH∞
Init 0 0 0.2 0 0 0 0 1 1 1 0.01 0.01 0.01 0.1

Final 0.25 0.71 0.41 0.26 0.19 0.03 0.16 0.2 0.14 0.15 0.06 0.01 0.21 0.25

Along with the aforementioned controller design parameters, it would have been possible to

tune the parameters defining the approach angle functions (4.7). However, including these

additional parameters in the tuning routine would increase the computational complexity.

Since the previously mentioned controller design parameters already directly effect the UAS

position error, we opted not to tune the parameters in (4.7) when executing Algorithm 2.

The values of these parameters pertaining to each controller scheme are provided in Table 4.2.

4.5.1 Tuning results

As previously discussed, the IQC tuning routine is concerned with finding optimal values

for the parameters c that define a controller. For H∞ and H2 synthesis problems, c defines
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the penalty weights We which specify e in (4.10). For PID controllers, c determines the

PID gains in K̂E, K̂A, K̂R, and K̂T . After obtaining a controller and closing the loop in

the routine, we set the performance output e = etu in (3.2), as given in (4.14), and then

conduct IQC analysis. In the tuning routine, all uncertainties described in Section 4.3 and

Table 4.1 are considered, the disturbance d is defined as d := [(V b
wI)

T , ηT ]T , and each scalar

noise signal ηi that composes η is characterized as an element of Dw. In other words, we

apply 10 “banded white” signal IQC multipliers for the disturbance d, one multiplier to each

sensor noise channel. To reduce the computational complexity, we do not characterize the

wind disturbances uw, ww, or vw with signal IQC multipliers, although this characterization

is incorporated in Section 4.5.2. The IQC analysis problem parameters are set as b = 2,

λ = −0.6, ω0 = π, and [a1, a2, a3, a4] = [−0.9,−0.2, 0.5, 0.9], where ai are the poles of the

basis function in (2.18). The H2 and H∞ synthesis SDPs are solved using SeDuMi [84].

Unlike the initial controller in Chapter 3, all five initial controllers in this work produced

an interconnection (M,∆) such that the SDP (2.14) was infeasible. In order to start the

tuning routine, we first applied Algorithm 2 to an initial controller parameterized by c, the

nominal system G, and a scaled back uncertainty block ϵ∆, with ϵ < 1. Once the routine

converged to a controller, ϵ was then increased and Algorithm 2 was restarted. This process

repeated until ϵ = 1, in which the final controller provided improved robust performance

for the uncertainty bounds previously given in Table 4.1. The initial ϵ (ϵinit) and the robust

performance for each controller type are given in Table 4.3. The controller parameters before

and after running the tuning routine are shown in Table 4.4.

While implementing the tuning routine, it became clear that the PID controller gave rel-

atively poor robust performance. As a result, we had to relax the problem in the PID

controller case by constraining k1 to be within the interval [−0.0035, 0.0035], rather than the

interval previously given in Table 4.1. Thus, the IQC analysis results for the PID controller
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pertain to an uncertain UAS flying any level path whose radius of curvature is no less than

285m, rather than 200m.

4.5.2 Predicting flight performance via IQCs and simulations

In this section, we demonstrate how IQC analysis can be used in the certification process of a

UAS flight controller. We conduct detailed IQC analysis on, run simulations of, and perform

flight tests for the UAS interconnected with a specified controller. The resulting robust D-

to-ℓ2-gain performance level for each controller is compared with the D-to-ℓ2 induced gains

calculated in simulation and flight tests. The performance output e in this section is defined

as e = ece from (4.13), relating to the certification of the UAS controller’s position tracking

performance. The problem parameters in Section 4.5.1 are also used for IQC analysis in this

section, except that λ is set to either 0.932 or 0.53.

As noted previously, the tuning routine conducted IQC analysis on (M,∆) without char-

acterizing wind disturbances via signal IQCs. This is akin to finding the degradation in

performance when the wind disturbance can be any ℓ2 signal. Unless users desire that the

controlled flight persists indefinitely, such an assumption is quite broad and considers wind

disturbances that are not reflected in reality. An accepted approach consists of dividing at-

mospheric disturbances into a constant portion and turbulent form [85], where the turbulent

form is specified by the output of a Dryden turbulence model injected by white Gaussian

noise with unit variance. Specifically, given the Dryden turbulence models Hu, Hv, and Hw

from [86], we characterize the wind disturbances as


ûw(z)

v̂w(z)

ŵw(z)

 =


Ĥu(z) 0 0

0 Ĥv(z) 0

0 0 Ĥw(z)



ût(z)

v̂t(z)

ŵt(z)

+


ûc(z)

v̂c(z)

0
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Figure 4.8: Racetrack path for simulation and flight tests

where Hdry := diag(Hu, Hv, Hw), Vt = Hdry[ut, vt, wt]
T represents wind turbulence, and

[uc, vc]
T represent disturbances due to constant wind. We do not include a steady wind

in the vertical direction, which is reasonable for low altitude flights with paths that are

hundreds of meters long. The Dryden turbulence models are characterized at low altitude

with the scale length, wind velocity, and airspeed defined by Lu = 250 ft, u20 = 30 knots, and

V = 52.5 ft/s, respectively. The steady wind disturbances uc and vc can be approximately

characterized with the “banded” signal IQC multipliers Φb that have a narrow frequency

band centered at ω = 0. In the following results, we set ωb = 0.015Hz. The Dryden model

inputs ut, vt, and wt can be characterized with the “banded white” signal IQC multipliers

Φw whose band is defined by ω0 = π. This is the same characterization used for sensor noise

disturbances. By redefining the disturbance input as d := [uc, vc, ut, vt, wt, η
T ]T and using

two IQC multipliers Φ ∈ Φb to characterize uc and vc and thirteen IQC multipliers Φ ∈ Φw

to characterize the remaining channels in d, we repeat IQC analysis on the closed-loop UAS

for each controller.

Along with IQC analysis, we conduct nonlinear simulations of the UAS flying a racetrack

path (see Fig. 4.8). This is done by calling ode23 in MATLAB to solve (2.1), (2.2), (2.3),
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(2.4) and implementing a discrete-time controller. The virtual vehicle position and attitude

are defined by the racetrack path and evolve with time by applying Euler’s method on

the pertinent ℓ̇ equation. The error states ϕE, θE, ψE, XE, yE, and zE are calculated

by the difference between the simulated UAS and the virtual vehicle position and Euler

angles. Uncertainty in each aerodynamic coefficient Ci is included by adding a pseudo-

random sequence ∆Ci
(k), generated with a uniform distribution, whose bounds and rate

limits are shown in Table 4.1. Each actuator is modeled using the second-order system (2.6),

and each servo includes a pseudo-randomly generated transfer function whose H∞ norm

respects the bounds previously given in Table 4.1. Wind disturbance is generated with a

steady 3m/s component and the aforementioned Dryden turbulence model. A simulated

flight consists of executing a single racetrack, which is approximately 2 min of flight time.

For a simulation with Nk time steps, the associated γ-value is calculated by

γ2sim =

(
Nk−1∑
k=0

e(k)T e(k)

)
/

(
Nk−1∑
k=0

d(k)Td(k)

)

having an obvious relation to the finite-horizon D-to-ℓ2 induced gain.

As a final comparison to the predictions from IQC analysis, we conduct flight tests using the

Senior Telemaster Plus (94 in wingspan) aircraft—see Fig. 4.9. The test platform autopilot

consists of a Gumstix Overo Fire [87] and 3DR Pixhawk [88]. The Gumstix calculates the

controller’s commanded actuation, propagates the virtual vehicle, and stores flight data,

while the Pixhawk performs sensor fusion, task management, and communication interfaces.

The Gumstix sends the commanded actuation to and receives sensor data from the Pixhawk

via a serial link. Along with the Pixhawk internal sensors, the Telemaster uses a u-blox NEO-

7 GNSS module to measure position and velocities, a differential pressure sensor (4525DO)

to measure airspeed, and an in-house five-hole probe to measure the angle of attack and

sideslip angle. Using this sensor suite, all the states necessary to implement the controller and
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Figure 4.9: UAS test platform (photo credit [1])

propagate the virtual vehicle are measured. Videos pertaining to flight tests implementing

each controller can be found at http://www.dept.aoe.vt.edu/~farhood/ctrFlight.html.

Calculating the γ-value in the simulation environment is relatively simple since the signals

d and e are precisely known. In contrast, during flight tests the wind disturbance and signal

noise cannot be exactly known. We therefore obtain an estimated γ-value from flight by

γ2flt = ρ2e/(ρ
2
n + ρ2c + ρ2t )

where ρe, ρn, ρc, and ρt are, respectively, the finite-horizon ℓ2 norms of the estimated UAS

performance output, sensor noise, steady wind disturbance, and inputs to the Dryden turbu-

lence model. The performance output is estimated by filtering the position error calculated

in flight, and the sensor noise is calculated by taking the difference of filtered and raw sensor

data. Though we do not have a clean measurement of the wind vector at each time step,

http://www.dept.aoe.vt.edu/~farhood/ctrFlight.html
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we can still calculate ρc and ρt by inferring the constant wind component and the energy

of the turbulent wind component. Since the flight path is periodic and conducted multiple

times in a single flight, the magnitude, direction, and energy of the constant wind Vc can be

estimated.

The energy of the input to the Dryden turbulence model is determined by the duration of

the flight segment for each γ-value. The Dryden turbulence model assumes that the input

signals ut, vt, wt to Ĥu(z), Ĥv(z), and Ĥw(z) are of unit variance. Given a flight segment

with Nflt time steps, as Nflt becomes large, we can approximate the ℓ2 norm of each input

signal by ∥ut∥ℓ2 = ∥vt∥ℓ2 = ∥wt∥ℓ2 =
√
Nflt, providing the approximation ρt =

√
3Nflt. This

is a suitable approximation, as a single racetrack loop consists of thousands of time steps.

Another method of approximating the energy of [ut, vt, wt]T would consist of lower bounding

the norm of the turbulent wind Vt via the inequality

∥V b
bw∥ − ∥V b

bI − Vc∥ ≤ ∥Vt∥

to calculate a lower bound on the energy of the input signal [ut, vt, wt]T via the equation

∥Vt∥ =
∥Ĥdry∥2√

3
∥
[
ut vt wt

]T
∥.

However, even though Vc can be reliably estimated and our platform can measure ∥V b
bw∥ and

V b
bI with an airspeed sensor and a GNSS module, we found that the resulting lower bound

on ρt was dependent on the orientation of the aircraft with respect to the constant wind.

We believe this is due to the utilization of a single airspeed sensor located on the right wing.

The aircraft body then produces an asymmetric distortion of wind measurements, thereby

asymmetrically affecting our approximations of ρt. For this reason, we choose to utilize the

former approximation to ρt, which is consistent with the assumptions implemented in IQC
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Figure 4.10: Robust D-to-ℓ2-gain performance levels for PFH∞ controllers

Figure 4.11: Distribution of D-to-ℓ2 induced gains for PFH∞ controllers in an uncertain
simulation environment

analysis and the uncertain simulation environment.

Given one of the controllers from Section 4.5.1, we are now ready to compare the performance

predicted by IQC analysis and simulations with that experienced in flight tests. We first

step through observations from the PFH∞ controllers. The IQC analysis results for both

the initial and final PFH∞ controllers are given in Fig. 4.10. Distributions of the calculated

γ-values from simulation and flight tests are shown in Fig. 4.11 and Fig. 4.12, respectively.

Observing Fig. 4.10, we see that the initial controller’s nominal D-to-ℓ2-gain performance
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Figure 4.12: Distribution of D-to-ℓ2 induced gains for a PFH∞ controller during flight tests

level (the robust D-to-ℓ2-gain performance level when ϵ = 0) is superior to that of the

final controller. This makes sense, as the performance output used to synthesize the initial

controller almost exclusively penalizes position error. However, as the effect of uncertainties

increases, the initial controller’s performance rapidly degrades until (at ϵ = 0.4) analysis

cannot provide a robust D-to-ℓ2-gain performance level. Conversely, the final controller has

a robust performance of 2.82 when ϵ = 1. With these observations, a systems engineer can

surmise that the final controller is ultimately superior to the initial controller, and the initial

controller should not be used in flights. These conclusions are confirmed via results from

the uncertain simulation environment. When simulating the initial controller, every flight

eventually diverged from the path and ultimately resulted in loss of control. In contrast,

every simulated flight with the final controller was stabilized, and the maximum γ-value

was 0.75 (See Fig. 4.11). Since the initial controller repeatedly failed in simulation, we

did not implement it during physical flight tests. However, the final controller successfully

completed each flight, and Fig. 4.12 shows that the maximum γ-value came to be 1.64. Here

we reach the observation that the simulation environment provides optimistic predictions

on performance compared to that experienced from flight tests. This reflects the common

understanding that simulation environments oftentimes predict fairer results than reality
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prefers to bear. Alternatively, the robust performance from IQC analysis pertaining to the

final controller is greater than that seen in flight tests.

Figure 4.13: D-to-ℓ2 induced gains from IQC analysis, simulations, and flight tests with
PFH2 controllers

Figure 4.14: D-to-ℓ2 induced gains from IQC analysis, simulations, and flight tests with
PFpid controllers

Figure 4.15: D-to-ℓ2 induced gains from IQC analysis, simulations, and flight tests with
TTH2 controllers
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Figure 4.16: D-to-ℓ2 induced gains from IQC analysis, simulations, and flight tests with
TTH∞ controllers

Similar observations may be made for the PFH2, PFpid, TTH2, and TTH∞ controllers.

Figs. 4.13, 4.14, 4.15, and 4.16, respectively, display the IQC analysis, simulations, and

flight test results for each controller. As previously noted, the IQC analysis, simulations,

and flight tests for the PFpid controller assume |k1| ≤ 0.0035, resulting in a larger track.

4.5.3 Observations from IQC analysis, simulations, and flight tests

Predicting failures via IQCs

From Table 4.5, we see that if IQC analysis cannot obtain a robust performance level, then

simulations nearly always exhibit loss of control. Since the uncertain simulation environ-

ment is oftentimes over-optimistic, we can reasonably conclude that controllers which fail

in simulation will fail in flight tests. This demonstrates that IQC analysis can be used to

indicate loss of control. This point is further confirmed by inspecting the PFpid controller’s

performance in Fig. 4.14. Interestingly, IQC analysis predicts the initial PFpid controller

will fail, while simulations do not give such an indication. Flight tests proved contrary to

the prediction from the simulation environment; the initial controller oftentimes exhibited
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Table 4.5: Comparison of measures on UAS performance, with performance output e =
[X̄E, ȲE, z̄E]

T and disturbance input d = [uc, vc, ut, vt, wt, η
T ]T

Type Init/
Final

∥M̂22∥2 ∥M̂22∥∞ γsim
γnomIQC

(ϵ = 0)

γIQC
(ϵ = 1) γflt

PFH2
Init 0.488 8.69 ∞ 2.45 ∞ –

Final 0.505 6.60 0.60 1.85 2.22 1.01

PFH∞
Init 0.425 5.45 ∞ 1.52 ∞ –

Final 0.531 9.11 0.75 2.56 2.82 1.64

TTH∞
Init 0.87 5.09 ∞ 1.45 ∞ –

Final 0.81 10.3 1.10 2.62 4.56 1.78

TTH2
Init 0.797 11.7 ∞ 3.0 ∞ –

Final 0.875 13.8 1.31 3.50 8.93 2.57

PFpid Init 1.41 28.6 3.58 8.10 ∞ ∞
Final 1.39 28.3 2.87 7.98 12.8 2.95
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Figure 4.17: Vertical oscillations induced by initial PFpid controller

drastic vertical oscillations, with approximately 10% of the flight segments leading to ag-

gressive dives (see Fig. 4.17). This case study provides the compelling conclusion that IQC

analysis is capable of predicting failures for certain controllers when an uncertain simulation

environment does not.

Comparing controllers via IQCs

There are many measures to assess a controller’s performance. These results indicate that

applying IQC analysis on the uncertain UAS framework is a valid tool in making depend-
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able comparisons. To illustrate this point, Table 4.5 displays a variety of measures of the

UAS performance: the robust D-to-ℓ2-gain performance level, the nominal D-to-ℓ2-gain per-

formance level, the nominal system’s H∞ norm, the nominal system’s H2 norm, and the

worst-case performance levels observed from the uncertain simulation environment. Among

all of these, the uncertain simulation environment and the uncertain system’s robust per-

formance consistently predict the ranking for each controller’s worst-case performance level

observed during flight.

Notably, the remaining metrics do not bear comparisons consistent with physical flight for

numerous controllers. This outcome is probably because these metrics are for nominal system

analysis, which does not truly reflect the degradation in performance during physical flight.

This observation supports the notion that treating uncertainties in analysis leads to a more

realistic picture.

Using signal IQCs in analysis

Since Theorem 2.1 provides only a sufficient condition for finding the robust performance,

IQC analysis is inherently conservative. However, if applicable, signal IQCs are capable

of significantly reducing the resulting γ-values. By inspecting Table 4.5, there are many

controllers where the nominal system’s H∞ norm is greater than the uncertain system’s

robust performance. This observation follows from the fact that IQC analysis is constraining

the allowable disturbances to lie in D.

Beyond reducing conservatism, signal IQCs give a better characterization of the system’s

performance. This finding is further demonstrated by inspecting the γ-values pertaining to

the PFH2 and PFH∞ controllers. To reduce computational complexity, the tuning routine

did not characterize the wind disturbance channels with signal IQCs; each wind channel
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Figure 4.18: D-to-ℓ2 induced gains from
IQC analysis and simulations with wind ap-
propriately constrained

Figure 4.19: D-to-ℓ2 induced gains from
IQC analysis and simulations where wind
is any ℓ2 signal

could be any ℓ2 signal. The γ-values from the tuning routine in Table 4.3 report that

the PFH2 controller yields significantly worse performance than the PFH∞ controller, with

respective robust performance levels of 7.52 and 3.0. Conversely, by characterizing wind

disturbances with appropriate signal IQCs, the IQC analysis results in Section 4.5.2 reflect

what is observed in simulations and flight tests; the PFH2 controller has better performance

than the PFH∞ controller, with respective performance levels of 2.22 and 2.82. Interestingly,

when simulating both controlled systems with wind disturbances that are not composed of

steady wind and Dryden turbulence, the PFH∞ controller has better performance than the

PFH2 controller, as suggested by the γ-values from IQC analysis when wind disturbances

are not properly constrained (see Figs. 4.18 and 4.19).

Qualitative comparison of controller types

By comparing the performance of trajectory-tracking controllers with their counterpart

path-following controllers, it is immediately apparent that the path-following scheme pro-
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vides better performance. Nearly all the measures given in Table 4.5 also predict the

same phenomenon; path following has reduced position tracking error. An obvious rea-

son is that path-following UAS, by construction, oftentimes have zero error in XE. This

point aside, the tested trajectory-tracking controllers were much more aggressive in flight

and had greater vertical oscillations than the path-following controllers (see flight videos

at http://www.dept.aoe.vt.edu/~farhood/ctrFlight.html). Even though trajectory

tracking had poorer performance and handling, this control approach should not be en-

tirely rejected; many times it is essential that an aircraft follows a plan with explicit timing

constraints, such as in dynamic obstacle avoidance applications. In these cases, performance

may need to be sacrificed to have timeliness addressed in the control effort.

In comparing between the H2, H∞, and PID controllers, the outstanding observation is that

PID control bore considerably worse performance than the remaining controllers. Though

trajectory-tracking controllers typically have worse performance than path-following con-

trollers, the path-following PID controller did not perform as well as either trajectory-

tracking controllers. This was in addition to the PID controller conducting less aggressive

turns at 285m radius rather than 200m. These performance characteristics were especially

reflected in IQC analysis, where the tuning routine also struggled to tune the controller as

proficiently as the other controllers.

The H2 and H∞ controllers had mixed results. The TTH∞ controller has better robust

performance than the TTH2 controller, and the PFH2 controller has improved robust per-

formance over the PFH∞ controller. The latter observation illustrates the benefit of using

IQC analysis to tune different controllers. Though H2 controllers do not have system-

independent robustness guarantees [89], tuning with IQC analysis helps find appropriate

controller parameters that yield adequate robustness given the prespecified uncertain plant.

To be clear, the previous discussion points are specific to the five initial and five final

http://www.dept.aoe.vt.edu/~farhood/ctrFlight.html
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controllers studied in this chapter. Though we hope many of these observations (such as the

consistency and reliability of this framework) extend beyond the controllers we have studied,

this work can only make such conclusions for the cases at hand. However, our objective in

applying this framework to a wide variety of controllers is to determine its validity across

multiple test cases, which has been met with encouraging results.



Chapter 5

Robustness analysis for time-varying

systems with time-varying IQC

multipliers

This chapter presents novel IQC-based robustness analysis theorems. Whereas the IQC

theorem given in [11] makes the assumption that both the nominal system G and the IQC

multiplier Π are time-invariant, the main result of this chapter demonstrates that either

may be time-varying and that G may have a non-zero initial condition. Furthermore, if

both are eventually-periodic, then robustness analysis may be conducted by solving a finite

dimensional SDP. In Section 5.1 we develop the necessary operator theoretic machinery.

Section 5.2 presents the IQC-based robustness analysis theorems. We detail a number of

time-varying IQC multipliers in Section 5.3. Section 5.4 demonstrates the utility of these

results by applying them to two examples: a UAS flying a Split-S maneuver and an inverted

pendulum. The papers on which this chapter is based are [38, 49, 50, 52].

5.1 Operators of interest

To properly approach the results of this chapter, we first define the operators used herein.

These definitions are adapted from [48, 90]. Given a sequence of matrices A = (A(k))k∈0+ ,

A(k) ∈ Rn×n, we define the memoryless operator A : ℓ2 → ℓ2 by the operation y = Ax, where

88
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y(k) = A(k)x(k) for all k ∈ 0+. The slight abuse of notation from using A for a sequence

of matrices and a memoryless operator can easily be resolved by context. The operation

y = Ax is expressed by the infinite dimensional matrix (IDM) representation as



y(0)

y(1)

y(2)

...


=



A(0)

A(1)

A(2)

. . .





x(0)

x(1)

x(2)

...



A blank entry in the IDM representation corresponds to a zero matrix. A is a bounded

operator on ℓ2 if and only if supk∥A(k)∥ < ∞. In the following, any given memoryless

operator is assumed to be bounded. The operator F =

A B

C D

 : ℓn2 × ℓm2 → ℓn2 × ℓp2 is

a partitioned memoryless operator if A, B, C, D are memoryless operators. We use the

notation uwv A B

C D

}�~ = diag


A(0) B(0)

C(0) D(0)

 ,
A(1) B(1)

C(1) D(1)

 , . . .
 (5.1)

to express the memoryless realization of F , which maps ℓ(n+m)
2 to ℓ(n+p)2 . It can be shown that

the mapping J·K is an isometric homomorphism from the space of partitioned memoryless

operators to memoryless operators [90].

We also introduce the delay operator Z : ℓ2 → ℓ2, defined as Zv = Z(v(0), v(1), . . .) =

(0, v(0), v(1), . . .). Its IDM representation is

Z =


0

I 0

I
. . .
. . .

 .



90 Chapter 5. Robustness analysis for LTV systems with LTV IQC multipliers

When the Hilbert space of interest is
∏r

i=1 ℓ2, the operator Z̃ :
∏r

i=1 ℓ2 →
∏r

i=1 ℓ2 is defined

as Z̃⦃u1, . . . , ur⦄ = ⦃Zu1, . . . , Zur⦄. For simplicity, the sequel abuses notation slightly by

using the symbol Z to represent either the operator on ℓ2 or the operator on
∏r

i=1 ℓ2. This

same abuse of notation is applied with the symbols P+
N and P−

N . With these definitions,

consider the difference equations

x+(k + 1) = A(k)x+(k) +B(k)u(k) (5.2a)

y+(k) = C(k)x+(k) +D(k)u(k) (5.2b)

x−(k) = A(k)x−(k + 1) +B(k)u(k) (5.3a)

y−(k) = C(k)x−(k + 1) +D(k)u(k). (5.3b)

Assuming x(0) = 0, equations (5.2a)-(5.2b) may be written in operator form as

x+ = ZAx+ + ZBu (5.4a)

y+ = Cx+ +Du. (5.4b)

Equations (5.3a)-(5.3b) also have an operator expression, which is

x− = AZ∗x− +Bu (5.5a)

y− = CZ∗x− +Du. (5.5b)

Assuming that (I − ZA)−1 is well-defined on ℓ2, we define the operator G+ := C(I −

ZA)−1ZB +D and note that y+ = G+u. G+ has the following IDM representation:

G+ =



D(0)

C(1)B(0) D(1)

C(2)A(1)B(0) C(2)B(1) D(2)

... ... ... . . .


. (5.6)
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In like manner, assuming (I − AZ∗)−1 is well-defined on ℓ2, we see that y− = G−u, where

G− := CZ∗(I − AZ∗)−1B +D. The IDM representation for G− is

G− =



D(0) C(0)B(1) C(0)A(1)B(2) · · ·

D(1) C(1)B(2) · · ·

D(2) · · ·
. . .


. (5.7)

It is clear that the IDM representation of G+ is lower-triangular, which corresponds to the

operator being causal. In like manner, the IDM representation of G− is upper-triangular,

indicating that the operator is anticausal. For G+ and G− to be well-defined and bounded,

we must have (I − ZA)−1 and (I − AZ∗)−1 well-defined and bounded, respectively.

Definition 5.1. The memoryless operator A is causally stable if there exist positive scalars

µ, ν, and ρ and a memoryless operator P = P ∗ such that ρI ⪯ P ⪯ µI and

A∗Z∗PZA− P ⪯ −νI. (5.8)

A is anticausally stable if there exist positive scalars µ, ν, and ρ and a memoryless operator

P = P ∗ such that ρI ⪯ P ⪯ µI and

A∗PA− Z∗PZ ⪯ −νI. (5.9)

If A is a partitioned memoryless operator, then it may be causally stable and/or anticausally

stable if there exists a partitioned memoryless operator P = P ∗ satisfying the pertinent

aforementioned conditions.

Proposition 5.2. Given a possibly partitioned memoryless operator A, the operator (I −

ZA)−1 ((I − AZ∗)−1) is well-defined and bounded on ℓ2 if and only if A is causally stable

(anticausally stable).
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Proof. This is a standard result (see [48]).

Proposition 5.2 gives conditions for asserting if G+ or G− is a bounded operator on ℓ2. We

now introduce the notion of nodes, a class of operators to which G+ and G− belong.

Definition 5.3. A quadruple of memoryless operators (A,B,C,D) define a

• causal node G+ = D + C(I − ZA)−1ZB if A is causally stable,

• anticausal node G− = D + CZ∗(I − AZ∗)−1B if A is anticausally stable.

The denotation [A,B,C,D]+ ([A,B,C,D]−) indicates a causal node (anticausal node). An

octuple of memoryless operators (A,B,C,D,E, U, V,W ), where A is causally stable and E

is anticausally stable, define a

• dichotomic node Gd = [A,B,C,D]+ + [E,U, V,W ]−.

We use [A,B,C,D,E,U,V,W ] to denote a dichotomic node.

Remark 5.4. A causal node (anticausal node) is a dichotomic node with [A,B,C,D]+ =

[A,B,C,D, 0, 0, 0, 0] ([A,B,C,D]− = [0, 0, 0, 0, A,B,C,D]).

Remark 5.5. If the operators A, B, C, D are conformably partitioned memoryless opera-

tors, then a partitioned causal/anticausal/dichotomic node is defined by analogous operator

equations.

It can be shown that the adjoint of a causal node is an anticausal node and vice versa.

Also, all three types of nodes are bounded operators on ℓ2. If these nodes were defined for

the bi-infinite signal space (i.e. ℓ2(Z)), the space of dichotomic nodes would be considered a

time-varying analog toRL∞, while the space of causal (anticausal) nodes would be analogous
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to RH∞ (RH⊥
∞). The notion of dichotomicity introduced here differs from that in [48] in

that we classify nodes as dichotomic. This approach allows us to analyze a broader class of

operators on ℓ2.

For example, consider the transfer function

L̂(z) = 1/z + z. (5.10)

This LTI system can be expressed as the dichotomic node L = [0, I, I, 0, 0, I, I, 0]. Though

(5.10) has a simple operator expression given the previous definitions, the definition of di-

chotomicity discussed in [48] (which we are not pursuing) cannot be applied to such an

operator.

This work is also concerned with LTV systems having non-zero initial conditions.

Definition 5.6. Given a node G = [A,B,C,D]+ and N ∈ 0+, we define the zero-input

operator SGN : Rn → ℓn2 (N+) as

(SGNξ)(k) = ΦA(k,N)ξ for k ≥ N (5.11)

where ΦA(k,N) =

 I, k = N

A(k−1)A(k−2) . . . A(N), k > N.

Definition 5.7. The causal node G = [A,B,C,D]+ defines an IC node Gic : ℓm2 ×Rn → ℓp2,

by the equation

Gic⦃u, ξ⦄ = Gu+ CSG0 ξ. (5.12)

A partitioned IC node is defined analogously by a partitioned causal node. The expression

[A,B,C,D]ic+ is used to denote a (possibly partitioned) IC node. If G = [A,B,C,D]+, then

[A,B,C,D]ic+ =

[
G Gξ

]
, where Gξ = CSG0 .
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In IQC analysis, asserting the robust performance of an uncertain system (G,∆) revolves

around a self-adjoint multiplier Π, which serves as a functional separator between the graph

of G and the inverse graph ∆. When G is an LTI system, Π is assumed to be LTI as well.

Recent work in [38] demonstrates that IQC analysis can be extended to systems where G

is LTV. This raises the natural question on whether Π can also be LTV for IQC analysis.

The following affirms that Π may be considered as LTV, as far as it satisfies relatively

general conditions on its signature. To proceed, we must discuss factorizations of self-adjoint

dichotomic nodes.

Lemma 5.8. Any self-adjoint dichotomic node Π can be factorized as Π = Ψ∗SΨ, where Ψ

is a partitioned causal node, and S = S∗ is a partitioned memoryless operator.

Proof. As Π is dichotomic, there exist operators A, B, C, D, E, U , V , W such that Π = Ψ̄++

Ψ̄−, where Ψ̄+ = [A,B,C,D]+ and Ψ̄− = [E,U, V,W ]−. Furthermore, Ψ̄+ + Ψ̄− = (Ψ̄+)∗ +

(Ψ̄−)∗. Subtracting Ψ̄− and (Ψ̄−)∗ from both sides produces Ψ̄+ − (Ψ̄−)∗ = (Ψ̄+)∗ − Ψ̄−.

As the left-hand side of the last equation is a causal node and the right-hand side is an

anticausal node, both sides are equal to a self-adjoint memoryless operator, say, T . Hence,

Ψ̄− = (Ψ̄+)∗ − T . Therefore, Π = Ψ̄+ + (Ψ̄+)∗ − T . The right-hand side of the last equation

is restated as Ψ∗SΨ, where

Ψ =

(I − ZA)−1ZB

I

 , S =

0 C∗

C D +D∗ − T

 .
It can easily be seen that both blocks in Ψ are causal nodes, while all four blocks of S are

memoryless operators.

Remark 5.9. Following a similar proof, the conclusions of Lemma 5.8 hold for a self-adjoint

partitioned dichotomic node.
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For notational ease, if Π is a dichotomic node, the factors (Ψ, S) of Π denote the (possibly

partitioned) causal node Ψ and memoryless operator S = S∗ such that Π = Ψ∗SΨ. It turns

out that the factorization for Π in Lemma 5.8 is not unique; there are many different pairs

(Ψ, S) such that Ψ∗SΨ = Π. We are interested in finding a special factorization (Ψ̄, S̄) for

Π that is useful in IQC analysis.

Definition 5.10. The (possibly partitioned) causal node Ψ = [A,B,C,D]+ and memoryless

operator S = S∗, time-index N ≥ 0, initial condition ξ ∈ Rn, and input u ∈ ℓ2(N+) define

the Popov index,

JΨ,S(N, ξ, u) :=

⟨x
u

 ,
 NQ NL

(NL)∗ NR


x
u

⟩ , subject to:

x(k + 1) = A(k)x(k)+B(k)u(k) ∀k ∈ N+, x(N) = ξ, x ∈ ℓ2(N+) (5.13)

where Q := C∗SC, L := C∗SD, R := D∗SD. (5.14)

Additionally, given time-index T ≥ N , define the truncated Popov index

JΨ,S
T (N, ξ, u) :=

⟨x
u

 ,
 N

T Q
N
T L

(NT L)
∗ N
T R


x
u

⟩ , subject to (5.13).

Furthermore, when Π is partitioned and has 2 inputs and outputs, the lower Popov index is

JΨ,S(N, ξ) = sup
ϑ∈ℓ2(N+)

inf
φ∈ℓ2(N+)

JΨ,S (N, ξ,⦃φ, ϑ⦄)
and the upper Popov index is

J̄Ψ,S(N, ξ) = inf
φ∈ℓ2(N+)

sup
ϑ∈ℓ2(N+)

JΨ,S (N, ξ,⦃φ, ϑ⦄) .
The equation (5.13) is not written in operator form, as the evolution depends on the initial
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condition ξ. However, the solution x ∈ ℓ2(N+) of (5.13) also satisfies

P+
NZ

∗x = Ax+Bu. (5.15)

For context, given a dichotomic node Π with factors (Ψ, S), we have

JΨ,S(N, 0, u) = ⟨u,Ψ∗SΨu⟩ = ⟨u,Πu⟩ for all u ∈ ℓ2(N+).

Because causal nodes enforce the initial condition x(N) = ξ = 0, in general the previous

inner products do not equal the Popov index if ξ ̸= 0. Indeed, given the same N , u, and

ξ ̸= 0, the Popov indices pertaining to two different factors of Π are generally different. If

ξ = 0, then the two Popov indices are necessarily equal.

Given Ψ = [A,B,C,D]+, we define the zero-state operator LΨ
N : ℓm2 (N+)→ ℓn2 (N+) as

LΨ
N = [A,B, I, 0]+P+

N . (5.16)

The solution of the equation (5.13) can be expressed by the operator ΥΨ
N : Rn × ℓm2 (N+)→

ℓn2 (N+), where ΥΨ
N(ξ, u) = SΨ

Nξ + LΨ
Nu. We can now formulate the Popov index as

JΨ,S(N, ξ, u) =

⟨ΥΨ
N(ξ, u)

u

 ,
 NQ NL

(NL)∗ NR


ΥΨ

N(ξ, u)

u

⟩

=

⟨ξ
u

 ,
(SΨ

N)
∗ 0

(LΨ
N)

∗ I


 NQ NL

(NL)∗ NR


SΨ

N LΨ
N

0 I


ξ
u

⟩

=

⟨ξ
u

 ,
 XΨ,S

N PΨ,S
N

(PΨ,S
N )∗ RΨ,S

N


ξ
u

⟩ , where

XΨ,S
N := (SΨ

N)
∗NQSΨ

N , P
Ψ,S
N := (SΨ

N)
∗(NQLΨ

N +NL), and

RΨ,S
N :=NR +NL∗LΨ

N + (LΨ
N)

∗NL+ (LΨ
N)

∗NQLΨ
N . (5.17)
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It can be shown by the definitions that if Π has factors (Ψ, S), then RΨ,S
N =N Π.

Definition 5.11. The possibly partitioned causal node Ψ = [A,B,C,D]+ and the possibly

partitioned memoryless operator S = S∗ define the Discrete Difference Riccati Equation

(DDRE(Ψ, S))

X = A∗Z∗XZA+Q− (A∗Z∗XZB + L)(R +B∗Z∗XZB)−1(L∗ +B∗Z∗XZA) (5.18)

where Q, R, and L are defined in (5.14), X = X∗ is a bounded memoryless operator,

and (R + B∗Z∗XZB)−1 is well-defined and bounded. Given a feedback operator F :=

−(R + B∗Z∗XZB)−1(L∗ + B∗Z∗XZA), the solution X to (5.18) is said to be a stabilizing

solution if A+BF is causally stable.

It is well-known that the stabilizing solution X is unique [48]. For context, the DDRE(Ψ, S)

can be equivalently expressed with the sequence of equations

X(k) = A(k)TX(k+1)A(k)+Q(k)−
(
A(k)TX(k+1)B(k)+L(k)

)
×
(
R(k) +B(k)TX(k+1)B(k)

)−1 (
L(k)T +B(k)TX(k+1)A(k)

)
which, when the given operators are time-invariant, recover the Discrete Riccati Equation

X = ATXA+Q−(ATXB+L)(R +BTXB)−1(LT +BTXA).

5.2 Integral quadratic constraints

Our application of integral quadratic constraint theory addresses the uncertain system

(Gic,∆) in Fig. 5.1, where

Gic=

AG, [BG1 BG2

]
,

CG1

CG2

 ,
DG11 DG12

DG21 DG22



ic

+

(5.19a)
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=

G11 G12 G1ξ

G21 G22 G2ξ

 (5.19b)

is a partitioned IC node, AG(k) ∈ RnG×nG , ∆ ∈ ∆, ∆ is a set of causal operators on ℓ2e

bounded on ℓ2 , and the interconnection equations are

φ
e

 =

G11 G12 G1ξ

G21 G22 G2ξ



ϑ

d

ξG

 , ϑ = ∆(φ). (5.20)

For the remainder of this chapter, we make an additional assumption on ∆ in that there

exists a scalar µ such that sup∆∈∆∥∆∥ℓ2→ℓ2 ≤ µ. This is not an overly restrictive assumption,

since most uncertainty sets described by IQC multipliers in the literature already satisfy this

condition [11,20]. Furthermore, the sets that do not satisfy such a condition may be closely

approximated by the subset ∆̃ = {∆ ∈∆ | ∥∆∥ℓ2→ℓ2 ≤ µ} where µ may be arbitrarily large.

For example, no such µ exists for passive nonlinearities, but this set is well-approximated by

defining µ to be arbitrarily large and considering only passive nonlinearities whose ℓ2-induced

norm is bounded by µ.

Figure 5.1: The interconnection (Gic,∆)
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Definition 5.12. (Gic,∆) defined in (5.20) is robustly well-posed if (I−G11∆) has a causal

inverse on ℓ2e for all ∆ ∈∆.

The previous definition signifies that, for every d ∈ ℓ2e, ξG ∈ RnG , ∆ ∈∆, there exist unique

signals φ, ϑ, e ∈ ℓ2e which depend causally on ⦃d,G1ξξ,G2ξξ⦄ and satisfy (5.20).

Definition 5.13. (Gic,∆) defined in (5.20) is robustly stable if it is robustly well-posed and

(I −G11∆)−1 is bounded on ℓ2 for all ∆ ∈∆.

Similar to Definition 5.12, (Gic,∆) being robustly stable signifies that there exist constants

cϑd, cϑξ, cφd, cφξ, ced, and ceξ such that, for all ∆ ∈∆, d ∈ ℓ2, ξG ∈ RnG ,

∥ϑ∥ ≤ cϑd∥d∥+ cϑξ∥ξG∥

∥φ∥ ≤ cφd∥d∥+ cφξ∥ξG∥

∥e∥ ≤ ced∥d∥+ ceξ∥ξG∥.

Many times well-posedness and stability are defined by considering Fig. 5.2 and the equations

v = G11w + f w = ∆(v) + q. (5.21)

Well-posedness of (5.21) is then asserted if, for every f, q ∈ ℓ2e, there exist unique signals

v, w ∈ ℓ2e satisfying (5.21) and causally depending on f and q. Similarly, stability is asserted

if the system (5.21) is well-posed and the mapping ⦃f, q⦄ 7→ ⦃v, w⦄ is bounded on ℓ2. With

non-zero initial conditions, we modify (5.21) to be

v = G11w + f +G1ξξ
G w = ∆(v) + q. (5.22)

With this alteration, well-posedness of (5.22) is asserted if, for every f, q ∈ ℓ2e and ξG ∈ RnG ,
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Figure 5.2: System described by (5.21)

there exist unique signals v, w ∈ ℓ2e satisfying (5.22) and causally depending on f , q, and

G1ξξ
G. Stability is asserted if (5.22) is well-posed and the mapping ⦃f, q, ξ⦄ 7→ ⦃v, w⦄ is

bounded. We can make either of these assertions by defining d = ⦃f, q⦄, e = ⦃v, w⦄, the

operators

Gic =


G11

[
I G11

]
G1ξG11

I


I G11

0 I


G1ξ

0



 =

G11 G12 G1ξ

G21 G22 G2ξ

 (5.23)

=

A
G,

[
BG1

[
0 BG1

]]
,


CG1CG1

0


 ,


DG11

[
I DG11

]
DG11

I


I DG11

0 I







ic

+

G =

G11 G12

G21 G22

 (5.24)

and the interconnection

φ
e


G11 G12 G1ξ

G21 G22 G2ξ



ϑ

d

ξG

 , ϑ = ∆(φ) (5.25)

and verifying that (Gic,∆) is either robustly well-posed or robustly stable. Clearly, (Gic,∆)
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is robustly well-posed if and only if (Gic,∆) is robustly well-posed. In like manner, (Gic,∆)

is robustly stable if and only if (Gic,∆) is robustly stable.

Naturally following from our discussion on robust stability, we introduce the notion of robust

performance.

Definition 5.14. (Gic,∆) defined in (5.20) has a robust (Ξ,D)-to-ℓ2 gain performance level

of (λ, γ) if it is robustly stable and ∥e∥ℓ2 < γ∥d∥ℓ2 + λ for all d ∈ D ⊆ ℓ2, ξG ∈ E(Ξ), and

∆ ∈∆. The term “robust (Ξ,D)-to-ℓ2 gain performance level” is parsimoniously referred to

as robust performance.

IQC theory provides a powerful means of asserting robust stability and robust performance.

This is achieved by means of IQC multipliers.

Definition 5.15. An IQC multiplier Π =

Π11 Π12

Π∗
12 Π22

 is a self-adjoint partitioned di-

chotomic node.

This definition of an IQC multiplier is a time-varying generalization of the typical designation

for Π. In [11], the authors state that Π is customarily any Hermitian-valued function inRL∞,

but it can be any measurable Hermitian-valued function mapping the complex unit circle* to

C(nφ+nϑ)×(nφ+nϑ), where φ(k) ∈ Rnφ and ϑ(k) ∈ Rnϑ . Though the latter definition permits

IQC multipliers to lie outsideRL∞, it still does not capture time-varying dynamical systems.

With Definition 5.15, new time-varying uncertainties can be better treated.

Definition 5.16. The set ∆ satisfies the IQC defined by Π (∆ ∈ IQC(Π)) if

⟨ φ

∆(φ)

 ,
Π11 Π12

Π∗
12 Π22


 φ

∆(φ)

⟩ ≥ 0, for all φ ∈ ℓ2, ∆ ∈∆.

*the jω axis for continuous-time dynamics
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Given the factors (Ψ, S) of Π, where

Ψ =

[
AΨ,

[
BΨ1 BΨ2

]
, CΨ,

[
DΨ1 DΨ2

]]
+

(5.26)

the set ∆ satisfies the soft IQC defined by (Ψ, S) (∆ ∈ SIQC(Ψ, S)) if

JΨ,S (0, 0,⦃φ,∆(φ)⦄) ≥ 0, for all φ ∈ ℓ2, ∆ ∈∆.

The set ∆ satisfies the hard IQC defined by the factors (Ψ, S) (∆ ∈ HIQC(Ψ, S)) if

JΨ,S
T (0, 0,⦃φ,∆(φ)⦄) ≥ 0, for all φ ∈ ℓ2e, ∆ ∈∆, T ∈ 0+.

Per the previous discussion on Popov indices, if ∆ ∈ IQC(Π), then ∆ ∈ SIQC(Ψ, S) for any

factorization (Ψ, S) of Π. However, the same is not true of hard IQCs; ∆ may satisfy the

hard IQC defined by a certain factorization of Π while failing to satisfy the hard IQC defined

by another factorization of Π. Though this chapter allows the utilization of time-varying

IQC multipliers, the forthcoming results require Π to satisfy an additional condition.

Definition 5.17. The IQC multiplier Π is a (strictly) positive-negative multiplier on ℓ2(N+)

if there exists a scalar ϵ ≥ 0 (ϵ > 0) such that ⟨u,Π11u⟩ ≥ ϵ∥u∥2 and ⟨v,Π22v⟩ ≤ −ϵ∥u∥2

for all u, v ∈ ℓ2(N+). If Π is (strictly) positive-negative on ℓ2, we simply say it is (strictly)

positive-negative.

Though positive-negative IQC multipliers are a subclass of the IQC multipliers defined in

Definition 5.15, such a subclass is not overly restrictive. Nearly all the IQC multipliers in

the literature to date are positive-negative (see, for example, [11,20]). A noted class of IQC

multipliers which are not positive-negative consists of full-block multipliers characterizing

repeated sector-bounded nonlinearities [20, 91].
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5.2.1 Robust performance of uncertain systems

To assess the robust performance of (Gic,∆), we define

AH =

 AG 0

BΨ1CG1 AΨ

 , BH =

 BG1

BΨ1DG11 +BΨ2

 , BH2 =

 BG2

BΨ1DG12

 (5.27)

CH =

[
DΨ1CG1 CΨ

]
, DH = DΨ1DG11 +DΨ2, DH12 =

[
DΨ1DG12

]
(5.28)

CH2 =

[
CG2 0

]
, DH21= DG21, DH22 = DG22 (5.29)

and note that, for ϑ, d ∈ ℓ2e (ϑ, d ∈ ℓ2) and ξG ∈ RnG , the signals defined byφ
e

 = Gic

⦃ϑ
d

 , ξG⦄ , r = Ψ

φ
ϑ


xG = LG0

ϑ
d

+ SG0 ξG, xΨ = LΨ
0

φ
ϑ

 , xH =

xG
xΨ


are in ℓ2e (ℓ2) and satisfy

Z∗ (
T+1x

H
)

T r

T e

 =


AH BH BH2

CH DH DH12

CH2 DH21 DH22



Tx

H

Tϑ

Td

 .
Theorem 5.18. Given the partitioned IC node Gic defined in (5.19a)-(5.19b), the uncertain

system (Gic,∆) defined by (5.20) has a robust (Ξ, ℓ2)-to-ℓ2 gain performance level of (λ, γ)

if (Gic,∆) is robustly well-posed and there exists a positive-negative IQC multiplier Π with

factors (Ψ, S) such that

(a) ∆ ∈ IQC(Π);

(b) there exist a memoryless operator P = P ∗, ϵ > 0, and γ > 0 satisfying
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AH BH BH2

CH DH DH12

CH2 DH21 DH22


∗
Z∗PZ 0 0

0 S 0

0 0 I



AH BH BH2

CH DH DH12

CH2 DH21 DH22

−

P 0 0

0 0 0

0 0 γ2I

 ⪯ −ϵI (5.30)

[
InG

0

]
(JP K (0)) [InG

0

]T
⪯ λ2Ξ. (5.31)

This theorem gives a sufficient condition for asserting the robust performance of (Gic,∆). It

is similar to the result in [41], except it incorporates the effect of non-zero initial conditions

and allows G and Π to be time-varying in general. The fact that Π has a more general

designation allows us to define IQCs more appropriate for uncertainties with time-domain

characteristics.

To prove Theorem 5.18, we rely on two central ideas. First, one can assert robust performance

using the dissipativity-based Lemma 5.19, which relies on more conservative hypotheses.

Second, the conservative hypotheses of Lemma 5.19 hold when using strictly positive-negative

multipliers to satisfy hypotheses (a) and (b) in Theorem 5.18.

Lemma 5.19. Given the partitioned IC node Gic defined in (5.19a)-(5.19b), the uncertain

system (Gic,∆) defined by (5.20) has a robust (Ξ, ℓ2)-to-ℓ2 gain performance level of (λ, γ) if

(G,∆) is robustly well-posed and there exists an IQC multiplier Π with factors (Ψ, S) such

that

(a) ∆ ∈ HIQC(Ψ, S);

(b) there exist γ > 0, ϵ > 0, and a memoryless operator P ⪰ 0 satisfying (5.30) and (5.31).

Proof. The proof of this lemma makes use of dissipation arguments found in [35,36,38]. Since

(Gic,∆) is robustly well-posed, then for all d ∈ ℓ2, ∆ ∈∆, and ξG ∈ E(Ξ), there are unique



5.2. Integral quadratic constraints 105

signals ϑ, φ, e ∈ ℓ2e which satisfy (5.20). Additionally define the ℓ2e signals r = Ψ⦃φ, ϑ⦄,

xG = LG0 ⦃ϑ, d⦄+ SG0 ξG, xΨ = LΨ
0 ⦃φ, ϑ⦄ and xH = ⦃xG, xΨ⦄. By (5.30), for all T ∈ 0+,

⟨
AH BH BH2

CH DH DH12

CH2 DH21 DH22



Tx

H

Tϑ

Td

 ,

Z∗PZ 0 0

0 S 0

0 0 I



AH BH BH2

CH DH DH12

CH2 DH21 DH22



Tx

H

Tϑ

Td


⟩

−

⟨TxH
Td

 ,
P 0

0 γ2I


TxH

Td

⟩ ≤ −ϵ(∥TxH∥2ℓ2 + ∥Tϑ∥2ℓ2 + ∥Td∥2ℓ2) (5.32)

which simplifies to

(γ2 − ϵ)∥Td∥2ℓ2 − ϵ(∥Tϑ∥
2
ℓ2
+ ∥TxH∥2ℓ2)

≥
⟨
T+1x

H , ZZ∗PZZ∗
T+1x

H
⟩
−
⟨
Tx

H , P Tx
H
⟩
+ ∥T e∥2ℓ2 + ⟨T r, S T r⟩

= xH(T )T (JP K (T ))xH(T )− [(ξG)T , 0] (JP K (0)) [(ξG)T , 0]T
+ ∥T e∥2ℓ2 + JΨ,S

T (0, 0,⦃φ,∆(φ)⦄)
≥ ∥T e∥2ℓ2 −

[
(ξG)T , 0

]
(JP K (0)) [(ξG)T , 0]T (5.33)

where the last inequality is obtained because P ⪰ 0 and ∆ ∈ HIQC(Ψ, S). The inequality

(5.33) implies that

∥T e∥2ℓ2 + ϵ(∥Tϑ∥2ℓ2 + ∥Tx
H∥2ℓ2) ≤ (γ2 − ϵ)∥Td∥2ℓ2 +

[
(ξG)T , 0

]
P (0)

[
(ξG)T , 0

]T (5.34)

≤ (γ2 − ϵ)∥Td∥2ℓ2 + λ2
(
(ξG)TΞ ξG

)
(5.35)

≤ (γ2 − ϵ)∥Td∥2ℓ2 + λ2 (5.36)

where (5.35) is implied by the constraint (5.31) and (5.36) is due to ξG ∈ E(Ξ). Since the

left-hand side (LHS) of (5.34) monotonically increases with T , and lim
T→∞
∥Td∥2ℓ2 = ∥d∥

2
ℓ2

, the
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limit as T →∞ of the LHS of (5.34) exists, providing

∥e∥2ℓ2 + ϵ(∥ϑ∥2ℓ2 + ∥x
H∥2ℓ2) ≤ (γ2 − ϵ)∥d∥2ℓ2 + λ2 (5.37)

which implies that e, ϑ, and xH are ℓ2 signals. Because Gic is bounded on ℓ2, we also see

that φ is an ℓ2 signal, concluding that (Gic,∆) is robustly stable. By (5.37) we also observe

that ∥e∥ℓ2 ≤ γ∥d∥ℓ2 + λ.

It is apparent that the hypotheses (a) and (b) in Lemma 5.19 are more conservative than

their counterparts in Theorem 5.18. These hypotheses can be relaxed when using strictly

positive-negative multipliers.

Lemma 5.20. Given an IQC multiplier Π with factors (Ψ, S), if there exists a memoryless

operator P = P ∗ such that (5.30) holds, then for all N ∈ 0+, ξG ∈ RnG, and ξ ∈ Rn,

(ξH)T (JP K (N)) ξH ≥ JΨ,S(N, ξ) (5.38)

where ξH =

[
(ξG)T ξT

]T
.

Proof. Define the partitioned causal node

H = Ψ[G∗
11 I]

∗ = [AH , BH , CH , DH ]+. (5.39)

For any ϑ ∈ ℓ2(N+), ξH ∈ RnH , define xH = SHN ξH + LHNϑ , r = CHxH + DHϑ, and

φ = G11ϑ+C
G1SGNξG. With these definitions, ⟨r, Sr⟩ = JH,S(N, ξH , ϑ) and (5.13) is satisfied

(replacing x with xH , A with AH , B with BH and u with ϑ). Furthermore, because H and

G11 are partitioned causal nodes, xH , r, φ are in ℓ2(N+). Invoking (5.30) we have

⟨
AH BH BH2

CH DH DH12

CH2 DH21 DH22



xH

ϑ

0

 ,

Z∗PZ 0 0

0 S 0

0 0 I



AH BH BH2

CH DH DH12

CH2 DH21 DH22



xH

ϑ

0


⟩
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−

⟨xH
0

 ,
P 0

0 γ2I


xH

0

⟩ ≤ −ϵ(∥xH∥2ℓ2 + ∥ϑ∥2ℓ2).
Defining p = CH2xH +DH21ϑ and recalling (5.15), the previous inequality reduces to

−ϵ(∥xH∥2ℓ2 + ∥ϑ∥
2
ℓ2
)− ∥p∥2ℓ2 ≥

⟨
P+
NZ

∗xH , Z∗PZ P+
NZ

∗xH
⟩
−
⟨
xH , PxH

⟩
+JH,S(N, ξH , ϑ)

= −(ξH)T (JP K (N)) ξH + JH,S(N, ξH , ϑ)

= −(ξH)T (JP K (N)) ξH + JΨ,S (N, ξ,⦃φ, ϑ⦄) . (5.40)

Because (5.40) holds for any ϑ ∈ ℓ2(N+), we obtain

(ξH)T (JP K (N)) ξH ≥ sup
ϑ∈ℓ2(N+)

JΨ,S (N, ξ,⦃φ, ϑ⦄)
≥ sup

ϑ∈ℓ2(N+)

inf
φ∈ℓ2(N+)

JΨ,S (N, ξ,⦃φ, ϑ⦄) = JΨ,S (N, ξ) (5.41)

thereby proving the result.

While the last lemma connects hypothesis (b) in Lemma 5.19 to the lower Popov index, the

next lemma establishes a relationship between hypothesis (a) in Lemma 5.19 and the upper

Popov index.

Lemma 5.21. Given an IQC multiplier Π with factors (Ψ, S), if ∆ ∈ IQC(Π), then for all

φ ∈ ℓ2e, ∆ ∈∆, and N ∈ 0+,

JΨ,S
N (0, 0,⦃φ,∆(φ)⦄) ≥ −J̄Ψ,S(N, x(N)) (5.42)

where x = LΨ
0 ⦃φ,∆(φ)⦄.

Proof. Since ∆ ∈ IQC(Π), then for all φ ∈ ℓ2 and N ∈ 0+,

0 ≤ JΨ,S (0, 0,⦃φ,∆(φ)⦄)
= JΨ,S

N (0, 0,⦃Nφ,N(∆(Nφ))⦄) + JΨ,S
(
N, x(N),⦃Nφ,N (∆(φ))⦄) (5.43)
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where (5.43) can be established by invoking the causality of Ψ and ∆. Thus, for all φ ∈

ℓ2, N ∈ 0+, and ∆ ∈∆,

JΨ,S
N (0, 0,⦃Nφ,N(∆(Nφ))⦄) ≥ −JΨ,S

(
N, x(N),⦃Nφ,N (∆(φ))⦄) . (5.44)

Because (5.44) holds for all φ ∈ ℓ2 and the LHS of (5.44) is independent of Nφ, the supremum

over Nφ ∈ ℓ2(N+) of the right-hand side (RHS) of (5.44) can be taken, yielding

JΨ,S
N (0, 0,⦃Nφ,N(∆(Nφ))⦄) ≥ sup

Nφ∈ℓ2(N+)

−JΨ,S
(
N, x(N),⦃Nφ,N(∆(φ))⦄) (5.45)

≥ sup
Nφ∈ℓ2(N+)

inf
Nϑ∈ℓ2(N+)

−JΨ,S
(
N, x(N),⦃Nφ,Nϑ⦄)

≥ − inf
Nφ∈ℓ2(N+)

sup
Nϑ∈ℓ2(N+)

JΨ,S
(
N, x(N),⦃Nφ,N ϑ⦄)

= −J̄Ψ,S(N, x(N)).

Invoking the causality of ∆ and noting that JΨ,S
N (0, ξ,Nu) = JΨ,S

N (0, ξ, u) for all ξ ∈ Rn,

u ∈ ℓ2, the LHS of (5.45) can be restated as the LHS of (5.42). Up to this point we have

proven that (5.42) holds for all ∆ ∈ ∆, N ∈ 0+, and φ ∈ ℓ2. However, (5.42) must hold for

all signals φ in the larger set ℓ2e. To establish this, we define two different sets

J ℓ2e
N = {j ∈ R | j = JΨ,S

N (0, 0,⦃φ,∆(φ)⦄), for ∆ ∈∆ and φ ∈ ℓ2e}

J ℓ2
N = {j ∈ R | j = JΨ,S

N (0, 0,⦃φ,∆(φ)⦄), for ∆ ∈∆ and φ ∈ ℓ2}

and prove that J ℓ2e
N = J ℓ2

N for all N ∈ 0+. Therefore, a lower bound on the LHS of (5.42)

for all ∆ ∈ ∆, N ∈ 0+, φ ∈ ℓ2 remains a lower bound when φ may be an element of ℓ2e.

That J ℓ2
N ⊆ J

ℓ2e
N is easy to see. We establish J ℓ2e

N ⊆ J ℓ2
N by invoking causality of Ψ and ∆.
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Specifically, given N ∈ 0+, we have

j ∈ J ℓ2e
N

⇐⇒ ∃ φ ∈ ℓ2e,∆ ∈∆ s.t.: j = JΨ,S
N (0, 0,⦃φ,∆(φ)⦄) (by definition)

⇐⇒ ∃ φ ∈ ℓ2e,∆ ∈∆ s.t.: j = JΨ,S
N (0, 0,⦃Nφ,N(∆(φ))⦄) (by causality of Ψ)

⇐⇒ ∃ φ ∈ ℓ2e,∆ ∈∆ s.t.: j = JΨ,S
N (0, 0,⦃Nφ,N(∆(Nφ))⦄) (by causality of ∆)

⇐⇒ ∃ φ̃ ∈ ℓ2,∆ ∈∆ s.t.: j = JΨ,S
N (0, 0,⦃φ̃,N(∆(φ̃))⦄) (defining φ̃ = Nφ)

⇐⇒ ∃ φ̃ ∈ ℓ2,∆ ∈∆ s.t.: j = JΨ,S
N (0, 0,⦃φ̃,∆(φ̃)⦄) (by causality of Ψ)

⇐⇒ j ∈ J ℓ2
N (by definition)

which concludes the proof.

When Π is LTI, the result JΨ,S
N (0, 0,⦃φ,∆(φ)⦄) ≥ −J̄Ψ,S(0, x(N)) is given in [15]. The

proof therein relies on the fact that Π is time-invariant. In this work, because Π may be

time-varying, it is important to note that the associated lower bound in (5.42) is determined

by the upper Popov index starting at N rather than 0.

The next lemma is key to connecting Lemmas 5.20 and 5.21 to Lemma 5.19.

Lemma 5.22. For every strictly positive-negative IQC multiplier Π with factors (Ψ, S),

N ∈ 0+, and ξ ∈ Rn,

(1) there exists a stabilizing solution X to the DDRE(Ψ, S);

(2) JΨ,S(N, ξ) = J̄Ψ,S(N, ξ) = ξTX(N)ξ;

(3) there exists a factorization (Ψ̄, S̄) of Π, wherein Ψ̄ = [AΨ, BΨ, CΨ̄, DΨ̄]+, Ψ̄−1 is a

bounded causal node, and the stabilizing solution to the DDRE(Ψ̄, S̄) is X̄ = 0.
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Proof. (1): By the definition of strictly positive-negative multipliers, for all u ∈ ℓ2, there

exists a scalar ϵ > 0 such that ⟨u,Π11u⟩ ≥ ϵ∥u∥2 and ⟨u,Π22u⟩ ≤ −ϵ∥u∥2. This implies

that ⟨ū,Π11ū⟩ ≥ ϵ∥ū∥2 and ⟨ū,Π22ū⟩ ≤ −ϵ∥ū∥2 for all ū ∈ ℓ2(N+), which implies that NΠ

is strictly positive-negative on ℓ2(N+) for all N ∈ 0+. Because NΠ22 is negative definite,

it is bijective on ℓ2(N+) and, by the bounded inverse theorem [92], has a bounded inverse

on ℓ2(N+). In conjunction with NΠ11 being positive definite, we see that NΠ
×
= NΠ11 −

NΠ12 (
NΠ22)

−1 NΠ∗
12 is positive definite and has a bounded inverse on ℓ2(N+). Hence, NΠ

can be written as

NΠ =

I NΠ12
NΠ−1

22

0 I


NΠ× 0

0 NΠ22


 I 0

NΠ−1
22

NΠ∗
12 I


whose bounded inverse on ℓ2(N+) can be easily obtained. Invoking Theorem 3.2.2 from [48],

if NΠ is boundedly invertible on ℓ2(N+) for all N ∈ 0+, then there exists a stabilizing solution

to the DDRE(Ψ, S).

(2): Define u⋆N = ⦃φ⋆N , ϑ⋆N⦄ = −(RΨ,S
N )−1(PΨ,S

N )∗ξ and x⋆N = LΨ
Nu

⋆
N + SΨ

Nξ. Because

(RΨ,S
N )−1 = (NΠ)−1 is bounded, then φ⋆N , ϑ⋆N ∈ ℓ2(N+), thereby ensuring that JΨ,S(N, ξ, u⋆N)

is well-defined. Hence,

J(N, ξ, u⋆N) =

⟨ ξ

u⋆N

 ,
 XΨ,S

N PΨ,S
N

(PΨ,S
N )∗ RΨ,S

N


 ξ

u⋆N

⟩

=

⟨
ξ,

[
I −PΨ,S

N (RΨ,S
N )−1

] XΨ,S
N PΨ,S

N

(PΨ,S
N )∗ RΨ,S

N


 I

−(RΨ,S
N )−1(PΨ,S

N )∗

 ξ⟩

=
⟨
ξ,
(
XΨ,S
N − PΨ,S

N (RΨ,S
N )−1(PΨ,S

N )∗
)
ξ
⟩
.

Following similar arguments to those in the proof of [48, Theorem 3.2.2], XΨ,S
N −PΨ,S

N (RΨ,S
N )−1(PΨ,S

N )∗
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= X(N), whereby J(N, ξ, u⋆N) = ξTX(N)ξ. Now, for any φN , ϑN ∈ ℓ2(N+) define uN =⦃φN , ϑN⦄, x = LΨ
NuN , ũN = uN − u⋆N , and x̃N = xN − x⋆N , and observe that

JΨ,S(N, ξ, uN ) =

⟨x⋆N + x̃N

u⋆N + ũN

 ,

 NQ NL

(NL)∗ NR


x⋆N + x̃N

u⋆N + ũN

⟩

= JΨ,S(N, ξ, u⋆N ) + JΨ,S(N, 0, ũN ) + 2

⟨x̃N
ũN

 ,

 NQ NL

(NL)∗ NR


x⋆N
u⋆N

⟩

= JΨ,S(N, ξ, u⋆N ) + JΨ,S(N, 0, ũN ) + 2

⟨ 0

ũN

 ,

SΨN LΨN
0 I


∗  NQ NL

(NL)∗ NR


SΨN LΨN

0 I


 ξ

u⋆N

⟩

= JΨ,S(N, ξ, u⋆N ) + JΨ,S(N, 0, ũN ) + 2

⟨ 0

ũN

 ,

 XΨ,S
N PΨ,S

N

(PΨ,S
N )∗ RΨ,S

N


 I

−(RΨ,S
N )−1(PΨ,S

N )∗

 ξ

⟩

= JΨ,S(N, ξ, u⋆N ) + JΨ,S(N, 0, ũN ) + 2

⟨ 0

ũN

 ,

X(N)

0

 ξ

⟩

= JΨ,S(N, ξ, u⋆N ) + JΨ,S(N, 0, ũN ).

With the previous equation we have

JΨ,S (N, ξ,⦃φN , ϑ⋆N⦄)− JΨ,S (N, ξ,⦃φ⋆N , ϑ⋆N⦄) = JΨ,S (N, ξ,⦃φ̃N , 0⦄) (5.46)

JΨ,S (N, ξ,⦃φ⋆N , ϑN⦄)− JΨ,S (N, ξ,⦃φ⋆N , ϑ⋆N⦄) = JΨ,S
(
N, ξ,⦃0, ϑ̃N⦄) (5.47)

for all φ̃N , ϑ̃N ∈ ℓ2(N+). Recalling that NΠ11 is positive definite, NΠ22 is negative definite,

and JΨ,S(N, ξ, uN) = ⟨uN ,ΠuN⟩, (5.46) and (5.47) provide

JΨ,S (N, ξ,⦃φ⋆N , ϑN⦄) ≤ JΨ,S (N, ξ,⦃φ⋆N , ϑ⋆N⦄) ≤ JΨ,S (N, ξ,⦃φN , ϑ⋆N⦄)
for all φN , ϑN ∈ ℓ2(N+), or in other words, (φ⋆N , ϑ⋆N) is a saddle-point solution. The existence
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of a saddle-point solution implies that the lower and upper Popov indices are equal [93], i.e.,

J̄Ψ,S(N, ξ) = JΨ,S(N, ξ) = ξTX(N)ξ.

(3): The first part of this statement is proven in [48, Proposition 4.4.3]. Therein, defining

R + (BΨ)∗Z∗XZBΨ =

Y11 Y12

Y∗
12 Y22

 (5.48)

and asserting that Y11 and −Y×
22 = Y∗

12Y11Y12 − Y22 are positive definite, they construct

S̄ =

I 0

0 −I

 , DΨ̄ =

Y 1
2
11 Y− 1

2
11 Y12

0 (−Y×
22)

1
2

 , CΨ̄ = S̄(DΨ̄)−∗((BΨ)∗Z∗XZAΨ + (DΨ)∗SCΨ).

(5.49)

That the equations (5.49) and Ψ̄ = [AΨ, BΨ, CΨ̄, DΨ̄]+ indeed define a factorization (Ψ̄, S̄)

of Π can be demonstrated by invoking the DDRE(Ψ, S). Specifically, we have

(CΨ̄)∗S̄CΨ̄ =
(
(AΨ)∗Z∗XZBΨ + L

) (
(BΨ)∗Z∗XZBΨ +R

)−1 (
L∗ + (BΨ)∗Z∗XZAΨ

)
= Q+ (AΨ)∗Z∗XZAΨ −X

for Q = (CΨ)∗SCΨ, L = (CΨ)∗SDΨ, and R = (DΨ)∗SDΨ

thereby implying

(CΨ̄)∗

(DΨ̄)∗

 S̄ [CΨ̄ DΨ̄

]
=

Q L

L∗ R

+

(AΨ)∗Z∗XZAΨ −X (AΨ)∗Z∗XZBΨ

(BΨ)∗Z∗XZAΨ (BΨ)∗Z∗XZBΨ

 . (5.50)

Post- and pre-multiplying the last term in (5.50) by
[(
(I − ZAΨ)−1ZBΨ

)∗
I

]∗
and its
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adjoint, respectively, produce

(I − ZAΨ)−1ZBΨ

I


∗
(AΨ)∗Z∗

(BΨ)∗Z∗

X
(AΨ)∗Z∗

(BΨ)∗Z∗


∗

−

X 0

0 0



(I − ZAΨ)−1ZBΨ

I

 = Q.

(5.51)

It is clear that (5.51) is equivalently zero; for any u ∈ ℓ2 we define x = (I−ZAΨ)−1ZBΨu ∈ ℓ2

to produce the inner product

⟨u,Qu⟩ =

⟨x
u

 ,

(AΨ)∗Z∗

(BΨ)∗Z∗

X [ZAΨ ZBΨ

]
−

X 0

0 0



x
u

⟩

=

⟨[
ZAΨ ZBΨ

]x
u

 , X [ZAΨ ZBΨ

]x
u

⟩− ⟨x,Xx⟩
= ⟨x,Xx⟩ − ⟨x,Xx⟩ = 0.

Hence, we have shown that Ψ̄∗S̄Ψ̄ = Ψ∗SΨ = Π, or that (Ψ̄, S̄) are factors of Π. To prove

that Ψ−1 is a causal node (boundedness is implied by the definition of a causal node), we

make mention of the fact that, for a causal node G = [A,B,C,D]+, if D is boundedly

invertible and A − BD−1C is causally stable, then G−1 is a causal node defined by G−1 =

[A − BD−1C,BD−1,−D−1C,D−1]+. Per the definition in (5.49), it is clear that DΨ̄ is

boundedly invertible. Furthermore, we see that AΨ −BΨ(DΨ̄)−1CΨ̄ is causally stable, since

−(DΨ̄)−1CΨ̄ = −
(
(BΨ)∗Z∗XZBΨ +R

)−1 (
L∗ + (BΨ)∗Z∗XZAΨ

)
which is the feedback gain F associated with the stabilizing solution X to the DDRE(Ψ, S).

Therefore, AΨ − BΨ(DΨ̄)−1CΨ̄ = AΨ + BΨF is causally stable and we may define Ψ̄−1 by

the causal node [AΨ −BΨ(DΨ̄)−1CΨ̄, BΨ(DΨ̄)−1,−(DΨ̄)−1CΨ̄, (DΨ̄)−1]+.
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The fact that X̄ = 0 is a solution to the DDRE(Ψ̄, S̄) can be proven by simply substituting

X̄ into the DDRE(Ψ̄, S̄). Defining Q̄ = (CΨ̄)∗S̄CΨ̄, L̄ = (CΨ̄)∗S̄DΨ̄, and R̄ = (DΨ̄)∗S̄DΨ̄,

we check the equation defined by the DDRE(Ψ̄, S̄) with the candidate solution X̄ = 0:

0 = Q̄− L̄R̄−1L̄∗

= Q+ (AΨ)∗Z∗XZAΨ −X −
(
L+ (AΨ)∗Z∗XZBΨ

)
×
(
R + (BΨ)∗Z∗XZBΨ

)−1 (
L∗ + (BΨ)∗Z∗XZAΨ

)
.

These equations are indeed valid since X is the stabilizing solution to the DDRE(Ψ, S).

Finally, X̄ = 0 is the stabilizing solution to theDDRE(Ψ̄, S̄) because the associated feedback

operator F̄ = −R̄−1L̄∗ is equivalent to the feedback operator F for the stabilizing solution

X of the DDRE(Ψ, S).

Proof of Theorem 5.18: Following the approach in [15], first consider the case where Π is a

strictly positive-negative multiplier and has factors (Ψ, S). By the hypotheses of Theorem

5.18, ∆ ∈ IQC(Π) and there exists a memoryless operator P = P ∗ such that (5.30) holds.

Invoking Lemma 5.22, there is a solution X to the DDRE(Ψ, S), and Π has factors (Ψ̄, S̄)

such that J̄ Ψ̄,S̄(N, ξ) = J Ψ̄,S̄(N, ξ) = ξT X̄(N)ξ = 0, where X̄ satisfies the DDRE(Ψ̄, S̄).

With Ψ̄ = [AΨ, BΨ, CΨ̄, DΨ̄]+, define the factors (Ψ̄, S̄) of Π by (5.48) and (5.49). By

Lemma 5.21, J Ψ̄,S̄
T (0, 0,⦃φ,∆(φ)⦄) ≥ 0 for all T ∈ 0+, φ ∈ ℓ2e, ∆ ∈ ∆, or in other words,

∆ ∈ HIQC(Ψ̄, S̄). By lengthy manipulations, it can be shown that (5.30) is satisfied if and

only if


AH BH BH2

CH DH DH12

CH2 DH21 DH22


∗
Z∗P̄Z 0 0

0 S̄ 0

0 0 I



AH BH BH2

CH DH DH12

CH2 DH21 DH22

−

P̄ 0 0

0 0 0

0 0 γ2I

 ⪯ −ϵI (5.52)

where P̄ = P − [0, I]∗X[0, I], and all operators A•, B•, C•, and D• in (5.52) are defined by
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(5.27), (5.28), and (5.29) (replacing all instances of H and Ψ with H and Ψ̄, respectively†).

With Lemma 5.20, we have
q
P̄

y
(N) ⪰ 0 for all N ∈ 0+. Hence, using the factors (Ψ̄, S̄) for

Π, the hypotheses of Lemma 5.19 are satisfied, providing the conclusion of Theorem 5.18.

Suppose now that Π is non-strictly positive-negative. Because there exists some scalar µ such

that sup∆∈∆∥∆∥ ≤ µ, for any κ > 0 we can construct a strictly positive-negative multiplier

Πκ = κ

µ2I 0

0 −I

+

Π11 Π12

Π∗
12 Π22

 (5.53)

such that ∆ ∈ IQC(Πκ). Because the LHS of (5.30) is uniformly negative definite, and by

redefining the (Ψ, S) to be factors of Πκ, we can choose κ small enough such that (5.30)

holds with the factorization for Πκ. The same arguments given in the previous paragraph

are used to prove Theorem 5.18 for (possibly non-strictly) positive-negative multipliers Π. □

Theorem 5.18 assumes that the disturbance d is any ℓ2 signal. Though such an assumption is

valid for many physical systems, oftentimes more information is known about the disturbance

signals, such as certain characteristics in the frequency or time domain. These characteristics

can be incorporated with signal IQCs to provide less conservative measures on the robust

performance of the uncertain system. We define a signal IQC multiplier Φ to be a self-

adjoint dichotomic node. Unlike standard IQC multipliers, a signal IQC multiplier is not

partitioned.

Definition 5.23. The signal set D ⊆ ℓ2 satisfies the signal IQC defined by Φ (D ∈

SigIQC(Φ)) if

⟨d,Φd⟩ ≥ 0, for all d ∈ D. (5.54)

†By Lemma 5.22, it is clear that AΨ̄ = AΨ and BΨ̄ = BΨ. Therefore, CH , DH , and DH12 are the only
operators which differ from their “un-barred” counterparts.
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Given factors (Θ, U) of Φ, where Θ = [AΘ, BΘ, CΘ, DΘ]+, the set D satisfies the soft signal

IQC defined by (Θ, U) (D ∈ SSigIQC(Θ, U)) if

JΘ,U(0, 0, d) ≥ 0, for all d ∈ D. (5.55)

The set D satisfies the hard signal IQC defined by (Θ, U) (D ∈ HSigIQC(Θ, U)) if

JΘ,U
T (0, 0, d) ≥ 0, for all d ∈ D, T ∈ 0+. (5.56)

To incorporate signal IQCs in asserting robust performance, we must define the following

memoryless operators:

AH =


AG 0 0

BΨ1CG1 AΨ 0

0 0 AΘ

 , BH =


BG1

BΨ1DG11 +BΨ2

0

 , BH2 =


BG2

BΨ1DG12

BΘ


CH =

[
DΨ1CG1 CΨ 0

]
, DH = DΨ1DG11 +DΨ2, DH12 = DΨ1DG12

CH2 =

[
CG2 0 0

]
, DH21 = DG21, DH22 = DG22

CH3 =

[
0 0 CΘ

]
, DH31 = 0, DH32 = DΘ.

The following theorem (proven in [50]) provides conditions for determining the robust per-

formance of the uncertain system (Gic,∆) where D may be characterized with signal IQCs.

Theorem 5.24. Given the partitioned IC node Gic defined in (5.19a)-(5.19b), the uncertain

system (Gic,∆) defined by (5.20) has a robust (Ξ,D)-to-ℓ2 gain performance level of (λ, γ)

if (Gic,∆) is robustly well-posed and there exist a positive-negative IQC multiplier Π with

factors (Ψ, S) and a signal IQC multiplier Φ with factors (Θ, U) such that
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(a) ∆ ∈ IQC(Π);

(b) D ∈ SigIQC(Φ);

(c) there exist ϵ > 0 and a memoryless operator P = P ∗ satisfying



AH BH BH2

CH DH DH12

CH2 DH21 DH22

CH3 DH31 DH32



∗

Z∗PZ 0 0 0

0 S 0 0

0 0 I 0

0 0 0 U





AH BH BH2

CH DH DH12

CH2 DH21 DH22

CH3 DH31 DH32


−


P 0 0

0 0 0

0 0 γ2I

 ⪯ −ϵI (5.57)

and (5.31).

Remark 5.25. The volume of the ellipsoid E(Ξ) is proportional to det(Ξ− 1
2 ). Hence, both λ

can be made arbitrarily small and the constraint (5.31) arbitrarily unrestrictive by setting the

eigenvalues of Ξ to be arbitrarily large (thereby defining the ellipsoid E(Ξ) to be arbitrarily

small). Measuring the robust D-to-ℓ2 gain performance level of (G,∆) can be done by

ensuring all the hypotheses of Theorem 5.24 except the constraint (5.31) hold.

While Theorem 5.24 can be used when Gic is an arbitrary IC node and Π and Φ are arbi-

trary dichotomic nodes, if each node is (h, q)-eventually periodic, we can check the robust

performance of (Gic,∆) by solving a semidefinite program (SDP).

Corollary 5.26. Given an (hG, qG)-eventually periodic Gic defined by (5.19a)-(5.19b), the

uncertain system (Gic,∆) defined by (5.20) has a robust (Ξ,D)-to-ℓ2 gain performance level

of (λ, γ) if (Gic,∆) is robustly well-posed and there exist a positive-negative IQC multiplier Π

with (hΠ, qΠ)-eventually periodic factors (Ψ, S) and a signal IQC multiplier Φ with (hΦ, qΦ)-

eventually periodic factors (Θ, U) such that

(a) ∆ ∈ IQC(Π);
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(b) D ∈ SigIQC(Φ);

(c) there exist an ϵ > 0 and a finite sequence of symmetric matrices (P (k))k∈[0,h+q] with

P (h+ q) = P (h) such that, for all k ∈ {0, 1, . . . , h+ q − 1},

H(k)TX (k)H(k)−diag(P (k), 0, γ2I) ⪯ −ϵI (5.58)

where H(k) =



AH(k) BH(k) BH2(k)

CH(k) DH(k) DH12(k)

CH2(k) DH21(k) DH22(k)

CH3(k) DH31(k) DH32(k)


, X (k) =



P (k + 1) 0 0 0

0 S(k) 0 0

0 0 I 0

0 0 0 U(k)


(5.59)

h = max(hG, hΠ, hΦ), and q is the least common multiple of qG, qΠ, and qΦ

and
[
InG

0

]
P (0)

[
InG

0

]T
⪯ λ2Ξ. (5.60)

Utilizing Corollary 5.26 to measure the robust performance of (Gic,∆) amounts to defining a

priori the causal nodes Ψ and Θ and solving an SDP for P (k), S(k), U(k), γ2 and λ2 such that

(5.58) and (5.60) are satisfied. When the initial condition of G is zero, robust performance

reduces to the robust D-to-ℓ2 gain performance level, and γ2 can be minimized to determine

the lowest robust D-to-ℓ2 gain performance level which IQC analysis can provide. However,

by incorporating uncertain initial conditions and attempting to minimize λ2, the associated

SDP becomes a vector optimization problem.

A natural question to Corollary 5.26 is if the search for (h, q)-eventually periodic symmetric

matrix sequences P (k), S(k), and U(k) satisfying (5.58) produces needlessly conservative

results. The following two lemmas indicate that the answer is negative; if there are arbitrary

symmetric matrix sequences P (k), S(k), and U(k) satisfying (5.58), then there are also

(h, q)-eventually periodic symmetric matrix sequences satisfying (5.58).
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Lemma 5.27. Given a q-periodic sequence of matrices H defined by (5.59), there exist

symmetric matrix sequences P (k), S(k), U(k) bounded above and below which satisfy the

LMI (5.58) for all k ∈ 0+ if and only if there exist q-periodic symmetric matrix sequences

Pq(k), Sq(k), Uq(k) that satisfy (5.58) for all k ∈ 0+.

Proof. The proof of the ‘if’ direction is immediate. We now prove the ‘only if’ direction by

constructing q-periodic solutions Pq(k), Sq(k), Uq(k) from P (k), S(k), U(k), respectively.

Define PN(k) := 1
N

∑N−1
i=0 P (k + iq) and UN(k) and SN(k) in like manner. In the following

arguments, we hold k fixed for PN(k) and formulate a sequence PN(k) by incrementing

N . Because P (k) is bounded, the sequence PN(k) is bounded, implying that there exists a

subsequence PM(k) of PN(k) that weakly converges to a matrix we shall call P(k) [90,92,94].

We can likewise define S(k) and U(k). If H(k) is q-periodic and (5.58) holds, then

H(k)Tdiag (PM(k + 1), SM(k), I, UM(k))H(k)− diag
(
PM(k), 0, γ2I

)
⪯ −ϵI (5.61)

holds for all k ∈ 0+. Noting that

PM(k + q)− PM(k) =
1

M
(P (k +Mq)− P (k)) (5.62)

we have limM→∞[PM(k+q)−PM(k)] = 0. By weak convergence, this implies that P(k+q) =

P(k), or in other words, P(k) is q-periodic. With similar arguments we conclude that S(k)

and U(k) are also q-periodic. Finally, taking the limit as M approaches infinity for (5.61),

we see that

H(k)Tdiag(P(k + 1),S(k), I,U(k))H(k)− diag(P(k), 0, γ2I) ⪯ −ϵI (5.63)

holds for all k ∈ 0+.
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Lemma 5.28. Given an (h, q)-eventually periodic sequence of matrices H defined by (5.59),

there exist symmetric matrix sequences P (k), S(k), U(k) which satisfy the LMI (5.58) for

all k ∈ 0+ if and only if there exist (h, q)-eventually periodic symmetric matrix sequences

Ph,q(k), Sh,q(k), Uh,q(k) that satisfy (5.58) for all k ∈ 0+.

Proof. We just need to prove the ‘only if’ direction. The proof is very similar to that of a

counterpart result given in [95]. To start, suppose that the sequences of symmetric matrices

P (k), S(k), U(k) satisfy (5.58) for all k ∈ 0+, which is conveniently rewritten as

AH(k) B̃(k)

C̃(k) D̃(k)


T P (k + 1) 0

0 S̃(k)


AH(k) B̃(k)

C̃(k) D̃(k)

−
P (k) 0

0 Γ

 ⪯ −ϵI (5.64)

where C̃(k) =


CH(k)

CH2(k)

CH3(k)

 , D̃(k) =


DH(k) DH12(k)

DH21(k) DH22(k)

DH31(k) DH32(k)

 ,
S̃(k) = diag(S(k), I, U(k))

Γ = diag(0, γ2I), and

B̃(k) =

[
BH(k) BH2(k)

]
.

By making use of the continuity and convexity properties of LMIs, along with Lemma 5.27,

we can apply the same argument as that used in the proof of [95, Lemma 7] to construct

(N, q)-eventually periodic symmetric matrix sequences PN,q(k) and S̃N,q(k) satisfying (5.58)

for all k ∈ 0+. The next step in the proof is to show that (h, q)-eventually periodic solutions

Ph,q(k) and S̃h,q(k) can be obtained from PN,q(k) and S̃N,q(k). To do this, counterpart

versions of the technical machinery given in [95, Section 4.2] have to be developed to work

with the LMIs in (5.58). For instance, the counterpart versions of the sets Dk and mappings

Ωk, defined in [95, Section 4.2], will be as follows in our case:

Dk := {P ∈ Sn|B̃(k)TPB̃(k) + D̃(k)T S̃(k)D̃(k)− Γ ≺ 0}

Ωk : Dk → Sn where
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Ωk(P ) := AH(k)TPAH(k) + C̃(k)T S̃(k)C̃(k)−
(
AH(k)TPB̃(k) + C̃(k)T S̃(k)D̃(k)

)
×
(
B̃(k)TPB̃(k)+D̃(k)T S̃(k)D̃(k)−Γ

)−1(
B̃(k)TPAH(k)+D̃(k)T S̃(k)C̃(k)

)
.

The set D̂ and mapping Ω̂ : D̂ → Sn can also be defined in the same manner as performed

in [95, Section 4.2]. We note that our definitions of Dk, D̂, Ωk, and Ω̂ are dependent on

the solution sequence S̃(k), which differ from the definitions in [95, Section 4.2]. To clearly

demonstrate the parallels with [95], our symbols do not explicitly display the dependence of

these sets and mappings on S̃(k), though such dependence is evident by the definitions. By

applying the Schur complement formula to (5.64), we obtain P (k + 1) ∈ Dk and Ωk(P (k +

1)) ≺ P (k). Following a similar argument to that in the proof of [95, Proposition 8], we can

show that if P1 ∈ Sn, P2 ∈ Dk, and P1 ⪯ P2, then P1 ∈ Dk and Ωk(P1) ⪯ Ωk(P2). Given

this result, counterpart versions of [95, Corollary 10] and [95, Corollary 11] can be stated

and applied for the solutions PN,q(k) and S̃N,q(k) of (5.64). Finally, the argument in the

proof of [95, Theorem 12] may be applied with the modified LMIs in (5.64) to construct an

(h, q)-eventually periodic solution Ph,q(k) from PN,q(k). Alternatively, the existence of an

(h, q)-eventually periodic solution can be shown using LMI tools stemming from SDP duality

theory, following arguments similar to the ones used in [96].

Up to this point, we have indicated that, given an (h, q)-eventually periodic matrix H(k),

there exists an (h, q)-eventually periodic solution Ph,q(k) and an (N, q)-eventually periodic

solution S̃N,q(k) such that (5.64) holds for all k ∈ 0+. In other words, we have:

H(0)T

Ph,q(1) 0

0 S̃N,q(0)

H(0)−
Ph,q(0) 0

0 Γ

 ⪯ −ϵI
...
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H(h)T

Ph,q(h+ 1) 0

0 S̃N,q(h)

H(h)−
Ph,q(h) 0

0 Γ

 ⪯ −ϵI
...

H(h+ q − 1)T

Ph,q(h) 0

0 S̃N,q(h+ q − 1)

H(h+ q − 1)−

Ph,q(h+ q − 1) 0

0 Γ

 ⪯ −ϵI

H(h)T

Ph,q(h+ 1) 0

0 S̃N,q(h+ q)

H(h)−
Ph,q(h) 0

0 Γ

 ⪯ −ϵI
...

H(h+ q − 1)T

Ph,q(h) 0

0 S̃N,q(N − 1)

H(h+ q − 1)−

Ph,q(h+ q − 1) 0

0 Γ

 ⪯ −ϵI

H(h)T

Ph,q(h+ 1) 0

0 S̃N,q(N)

H(h)−
Ph,q(h) 0

0 Γ

 ⪯ −ϵI
...

H(h+ q − 1)T

Ph,q(h) 0

0 S̃N,q(N + q − 1)

H(h+ q − 1)−

Ph,q(h+ q − 1) 0

0 Γ

 ⪯ −ϵI

H(h)T

Ph,q(h+ 1) 0

0 S̃N,q(N)

H(h)−
Ph,q(h) 0

0 Γ

 ⪯ −ϵI
...

which implies that (h, q)-eventually periodic symmetric matrix sequences Ph,q(k) and S̃h,q(k)

satisfy (5.64) for all k ∈ 0+, where
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S̃h,q(k) =

{
S̃N,q(k), k < h

S̃N,q(N + k − h), k ≥ h.

(5.65)

Hence, there is always a manner to construct (h, q)-eventually periodic symmetric matrix

sequences Ph,q(k), Sh,q(k), and Uh,q(k) from the solutions P (k), S(k), and U(k) (respectively)

such that (5.58) holds. We note that the creation of S̃h,q(k) from S̃N,q(k) in (5.65) is defined

more simply than the construction of Ph,q(k) from PN,q(k). This is because there is no

temporal coupling of S̃(k) in the sequence of LMIs (5.64), whereas P (k) does induce such a

coupling in the sequence of LMIs.

5.3 Time-varying IQC multipliers

By defining Π as a dichotomic node, much more freedom can be given in parameterizing

appropriate IQCs. The standard LTI IQC multipliers are obviously captured by dichotomic

nodes, along with a variety of time-varying multipliers. This section briefly presents a number

of time-varying IQCs which either extend the original definition based on LTI multipliers or

introduce novel characterizations for sets with time-varying characteristics.

5.3.1 Time-varying, arbitrarily fast scalar uncertainties

Consider the set of memoryless operators ∆, where |∆(k)| ≤ α(k) ∈ R+. Then ∆ ∈ IQC(Π)

for all memoryless Π where

Π(k) =

α(k)2X(k) Y (k)

Y (k)T −X(k)

 , X(k) = X(k)T ⪰ 0

Y (k) = −Y (k)T .
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5.3.2 Time-varying, rate-bounded scalar uncertainties

Consider the set of memoryless operators ∆, where ∆(k) = δ(k)I, |δ(k)| ≤ α(k) ∈ R+ and

|δ(k + 1) − δ(k)| ≤ β(k) ∈ R+. Robustness analysis for (Gic,∆) can be performed by con-

structing an extended nominal system Gic
e and extended uncertainty set ∆e and conducting

robustness analysis on (Gic
e ,∆e) (see [97]). In this approach, ∆e ∈ IQC(Π), where

∆e =

 ∆

(Z∗∆Z −∆)[AΨ, BΨ, AΨ, BΨ]+

 , Π = Ψ∗SΨ

Ψ =


AΨ 0

0 AΨ

 ,
BΨ 0 0

0 BΨ I

 ,


CΨ 0

AΨ 0

0 CΨ

0 0


,



DΨ 0 0

BΨ 0 0

0 DΨ 0

0 0 I




+

S(k) =

diag(α2(k)X(k), β2(k)X̄(k)) diag(Y (k), Ȳ (k))

diag(Y (k), Ȳ (k))T −diag(X(k), X̄(k)

 , X(k) ⪰ 0, Y (k) = −Y (k)T

X̄(k) ⪰ 0, Ȳ (k) = −Ȳ (k)T .

These multipliers can characterize uncertainties that transition to/from time-varying and

time-invariant parameters. This is especially useful for analyzing systems undergoing tran-

sition maneuvers.

5.3.3 Time-varying, sector-bounded uncertainties

Consider the set of memoryless nonlinear operators defined by (∆(φ))(k) = ∆(k)(φ(k)),

where ∆(k) maps R to R and satisfies (∆(k)(x)−α(k)x)(β(k)x−∆(k)(x)) ≥ 0 ∀x ∈ R, k ∈

0+. This condition assumes β ≥ 0 ≥ α. Then ∆ ∈ IQC(Π) for all memoryless Π defined by

Π(k) =

−2α(k)β(k) α(k) + β(k)

α(k) + β(k) −2

 .
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5.3.4 Disturbances with energy restricted to time-intervals

Consider the set of disturbances d ∈ D ⊂ ℓ2 that satisfy

∥d(k)∥2 = 0 for all k ∈ I ⊂ 0+.

Then D ∈ SigIQC(Φ) for any memoryless Φ defined by

Φ(k) =

 −ρI, k ∈ I

0, otherwise

where ρ > 0. Such a multiplier mirrors the multiplier which characterizes the energy content

of signals in the frequency domain [16]. This time-domain multiplier can be used for systems

undergoing periodic trajectories where certain disturbances are present only during specified

portions of the trajectory.

5.3.5 Disturbances which increase or decrease

Consider the set of disturbances d ∈ D ⊂ ℓ2 that satisfy

∥d(k̄)∥2 ≤ ∥d(k)∥2 for k̄ > k ∈ 0+. (5.66)

Defining the causal node Θ and the memoryless operator U by

Θ =

0, I,
I
0

 ,
0
I




+

, U(k) =



I 0

0 −I

 , k ∈ {k + 1, k + 2, . . . , k̄}

0, otherwise

(5.67)
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then D ∈ SigIQC(Φ) where Φ has factors (Θ, U). The inequality in (5.66) may be reversed

by swapping the signs in (5.67). This multiplier has a variety of potential applications.

For example, when utilizing extended Kalman filters for unmanned aircraft systems, we

oftentimes observe that the error of the state estimate drastically reduces upon receiving

GPS measurements and slowly increases until the next GPS measurement.

The multipliers in Sections 5.3.1, 5.3.3, and 5.3.4 are memoryless and define hard IQCs.

Hence, we could apply Lemma 5.19, but this would introduce conservatism by requiring

P ⪰ 0. The multiplier in Sections 5.3.2 is dynamic and the pertinent set of uncertainties

does not, in general, satisfy the relevant hard IQC.

Though more IQCs based on dichotomic nodes can be expressed, these suffice in demonstrat-

ing their utility. Not only can dichotomic multipliers better characterize uncertainties and

disturbances with time-varying characteristics, they may also reduce conservatism by provid-

ing a greater number of decision variables (e.g., X(k) and Y (k) in the previous subsections).

This potential improvement comes at the cost of increasing computational complexity.

Theorem 5.24 directly provides a tool for analysis of uncertain systems with non-zero initial

conditions. Signal IQCs also enable the incorporation of uncertain initial conditions. Con-

sider the IC node (5.19a) with the uncertain initial condition ξG ∈ E(Ξ) and assume, for

simplicity, that it is LTI (this assumption can be removed by following the technique in [98]).

Incorporating the uncertain initial condition can be done by defining the causal node

G̃ =

AG, [BG1 BG2 BGξ

]
,

CG1

CG2

 ,
DG11 DG12 0

DG21 DG22 0




+

where BGξ(k) = BGξ ∈ RnG×nG and BGξBGξ = Ξ−1. Hence, (G̃,∆) is disturbed by an

additional signal dξ, which represents the uncertain initial condition. By assuming ∥dξ∥ℓ2 ≤ 1
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and using signal IQCs to restrict the support of dξ and d to 1− and 1+, respectively, the robust

D-to-ℓ2 gain performance level γ provides a bound on ∥e∥ℓ2 in terms of the disturbance d and

the system’s initial condition. Significantly, such an approach does not directly constrain

JP K (0) as in (5.31), whereas this constraint is enforced in Theorem 5.18, Theorem 5.24, and

Corollary 5.26 for asserting the robust (Ξ,D)-to-ℓ2 performance level of (Gic,∆). Another

method of incorporating the effect of the uncertain initial condition for LTI systems relies

on utilizing the signal IQC introduced in [17] for characterizing the output of autonomous

systems.

5.4 Applications of IQC theorem

5.4.1 Bounds on the UAS state after a Split-S maneuver

We will apply Corollary 5.26 to analyze a UAS flight controller. In modeling the UAS

we mostly follow the derivations given in Chapter 3, except that the vehicle of interest is a

Hobby Express 6-foot Junior Telemaster [99]. As this example was developed previous to the

work in Chapter 3, not all the uncertainties described therein are included in this section.

A diagram of the UAS with exogenous disturbances and uncertainties in red is shown in

Figure 5.3. Though the coefficients and constants differ from those in Chapter 3, the UAS

model is structured as in (2.7).

Trajectory, Linearization, and Controller

The trajectory considered is a Split-S maneuver. It is obtained by manually flying a Split-

S multiple times and recording the control histories of each flight. The average of these

control histories is then commanded to a simulated UAS initially at straight-and-level trim.
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Figure 5.3: UAS model and uncertainties

Figure 5.4: Split-S trajectory (graphic credit [2])
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Cx Cy Cz Cl Cm Cn
∆−

(·) -9E-3 -1E-2 -4E-2 -5E-3 -2E-2 -2E-3
∆+

(·) 7E-3 1E-2 4E-2 5E-3 2E-2 2E-3
ν−(·) -1E-2 -2E-2 -5E-2 -5E-3 -3E-2 -4E-3
ν+(·) 1E-2 9E-3 5E-2 5E-3 2E-2 2E-3

Table 5.1: Aerodynamic coefficient error bounds

The resulting state trajectory x⋆ with its command history u⋆ then becomes the trajectory

about which the UAS is linearized and discretized to form the open-loop plant. Using a

sampling time of 0.05 seconds, the total trajectory occurs in 6 seconds, or 119 timesteps,

that is k ∈ [0, 119]. The error state and error command are x̄ = x − x⋆ and ū = u − u⋆.

Following ℓ2-induced norm controller design methods [59, 100], the performance output

e=
[
0.1p̄b, 0.1q̄b, 0.1r̄b, 0.03ūb, 0.4ϕ̄, 0.4θ̄, 0.4ψ̄, 0.03X̄, 0.03Ȳ , 0.03h̄, 0.4δ̄E, 0.2δ̄A, 0.5δ̄R, 2δ̄T

]T
is used to synthesize an 18 state finite horizon discrete-time controller with matrices AK(k),

BK(k), CK(k), DK(k) and finite horizon length h = 120. Further details on creating the

trajectory, linearizing the plant, and synthesizing the controller can be found in [60].

Uncertainties

For this example, we consider aerodynamic uncertainties and actuator uncertainties, both as

derived in Chapter 3. The bounds on the actuator uncertainties are the same as previously

derived, but since the vehicle under analysis is different from that in Chapter 3, the bounds

on the aerodynamic uncertainties are different (see Table 5.1).

It should be observed that the foregoing uncertainties are all linear. IQC theory is capable of

addressing nonlinearities, such as passive, norm-bounded, and sector-bounded nonlinearities.

Additionally, in order to “recover” the nonlinear system by the LFT representation, there
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ought to be model uncertainties in the Linear Dynamic Model (see Figure 5.3). This uncer-

tainty has not yet been introduced for two reasons. First, the complexity of representing each

nonlinear term in the 12 equations of motion produces an LFT which has too many states

to be computationally tractable. Second, the uncertainties are initially introduced in the

continuous-time dynamic equations, and it is a challenge to determine a proper discretiza-

tion technique which sufficiently preserves the behavior of the continuous-time time-varying

model while formulating an LFT which is not overly complex and intractable. The work in

Chapters 3 and 4 for LTI systems is not challenged by the second point, and includes linear

perturbations in the dynamic model. As this example is simply to illustrate the application

of the previous theoretical results, the solution to these issues can be addressed in work

dedicated to formulating the uncertain UAS framework.

Results

Analysis of the UAS is done where performance output is chosen as

e(k) =

 0, k < 119[
X̄(k), Ȳ (k), h̄(k)

]T
, k = 119.

(5.68)

Note that the performance output chosen for analysis is different from the one used in the

controller synthesis. The resulting γ2 obtained from applying Corollary 5.26 to the UAS

model with actuator and aerodynamic uncertainties then serves as a scaling factor between

the energy of the disturbance input d truncated at k = 119 and the radius squared of the

Euclidean ball in which the final error in position resides. YALMIP/Mosek [74, 75] is used

with MATLAB to find the optimal γ, the solution sequence P (k), and matrix S(k) = S that

satisfy the LMI in Corollary 5.26. In this example, we consider the intial condition of the

UAS to be zero, thereby removing the necessity to enforce (5.31) when applying Corollary
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Figure 5.5: Upper bounds on worst-case performance under different combinations of uncer-
tainties

5.26.

Figure 5.5 shows the effects of different combinations of the considered uncertainties on the

worst-case performance. Specifically, for a group of uncertainties, say, the six SLTV pertur-

bations that appear in the aerodynamic model, Corollary 5.26 is applied to the interconnec-

tion (G, ϵ∆) for ϵ = 0, 0.25, 0.5, 0.75, 1. Additional analyses for upper bounds are conducted

on uncertainty groups that are entirely SLTV. For such uncertainty groups, an analysis result

on nonstationary linear parameter-varying (NSLPV) systems [101] is employed to determine

the conservativeness of the IQC analysis.

A number of simulations are also carried out to further clarify the usefulness of the bound

γ. In these simulations, the DLTI and SLTV perturbations are pseudo-randomly generated

using the MATLAB commands drss and rand, respectively, along with appropriate scalings.

In total, 20 different ∆ blocks are created, and for each ∆ block, 60 simulations are per-

formed using 60 different disturbance signals, resulting in 1200 simulations. The truncated

disturbance d in these simulations consists of a 2m/s steady wind, where the wind direc-

tion varies between simulations, along with light turbulence generated from the low-altitude
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Figure 5.6: Split-S trajectories for all uncertainties

Dryden turbulence model and zero-mean, unit-variance, Gaussian sensor noise across all

channels. Given the aforementioned disturbances, the average ℓ2-norm of d is 41.3. The

resulting physical bounds on the final position error range from 28.6 m for the case of no

uncertainties to 31.1 m when all uncertainties are considered. A sample of the most deviant

trajectories is displayed in Figure 5.6, along with the guaranteed ball where the UAS will

finally reside.

The immediate observation of these results is that the UAS model is most sensitive to aerody-

namic uncertainties. Indeed, the performance degradation from both actuator uncertainties

was only 1.3%, while the performance degradation due to aerodynamic uncertainties was

7.2%. We also see that the resulting physical bounds are rather large, even for the nominal

system without uncertainties (in which case the bound is equal to that obtained by applying

the standard KYP lemma for LTV systems [90]). This suggests that the designed controller

does not provide excellent performance, but is quite robust to the considered uncertainties.

To illustrate this point, another LTV controller (Controller B) is synthesized with the per-
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Figure 5.8: Upper bounds on ∥d 7→ e∥ for Controller B, which is synthesized based on (5.68)
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formance output (5.68). This performance output is precisely the same as the one used in

analysis, producing a controller that minimizes the final ball for a system without uncer-

tainties. However, when uncertainties are incorporated, IQC analysis demonstrates that this

controller lacks robustness.

Consulting Figure 5.8, it is apparent that the nominal γ for the UAS with Controller B

is 52% that of the UAS with the original controller. Additionally, the degradation under

aerodynamic uncertainty is 43% that of the degradation for aerodynamic uncertainty with

the previous controller. Though this appears to provide better performance, all other un-

certainties produce an infeasible problem under IQC analysis. Here we see that Controller

B is better for the nominal system, but is not robust to uncertainties. We also see that γ

will never be lower than 0.356, as that is the gain for the nominal system with a controller

synthesized to minimize the performance output (5.68). With the aforementioned distur-

bances, this gain produces a bounding sphere of radius 14.7m. Even in this case, such a

bound is still large, and demonstrates that for this system there are inherent sensitivities to

disturbances which cannot be mitigated.

Controller B additionally highlights the merits of IQC analysis in addressing performance,

robust stability, and robust performance in a unifying theorem. Not only did Controller B fail

to produce a feasible problem with all uncertainties (aside from aerodynamic uncertainties)

for robust performance, but the closed-loop system did not pose a feasible problem in testing

for robust stability. In other words, Controller B demonstrated excellent robust performance

for aerodynamic uncertainties, but IQC analysis could not conclude that mere robust stability

existed in the presence of actuator uncertainties. From a numerical standpoint, it is also

possible to obtain a performance level γ for the nominal system with IQC theory by scaling

the LFT’s uncertainties to a negligible size and applying Corollary 5.26. The results shown

here for ϵ = 0 are obtained by this manner, and correspond with the γ obtained when
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applying the KYP Lemma for nominal LTV systems [90, 95].

Note that the bounds obtained from applying the NSLPV analysis result from [101] are

less than those from IQC analysis. It may be even possible to further reduce these bounds

by employing the NSLPV analysis result that appears in [102, 103], which is based on a

parameter-dependent Lyapunov approach and takes into account the bounds on the rates

of variation of the SLTV uncertainties. These observations demonstrate the complementary

fashion of different analysis tools. Though the NSLPV result used herein is less conservative

when analyzing SLTV uncertainties, it cannot be used for analyzing other uncertainties.

However, the IQC approach can analyze systems with diverse uncertainties, and there is a

mature library of IQC multipliers which describe many types of perturbations.

Finally, these problems have large computational demands. This issue needs to be addressed

in future work, where model reduction or exploiting the structure of the LMIs needs to be

investigated. Reducing computational demands may also help in lowering the IQC bounds

by allowing the use of longer basis functions in describing Π. As an illustrative example,

this system demonstrates a useful application of Corollary 5.26 and reveals the benefits and

challenges to IQC analysis on large and complicated systems.

5.4.2 An inverted pendulum

Consider a telescoping pendulum executing a controlled maneuver from its horizontal posi-

tion (i.e., the pendulum angle η = −π/2) to its inverted position (η = 0). The pendulum’s

dynamics are expressed by

η̈(t) =
g sin η(t)
l(t)

+
1

ml2(t)
τc(t) (5.69)
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where g = 9.81m/s2, m = 2kg, and τc are the gravitational acceleration, the pendulum’s

mass, and the controlling torque, respectively. The pendulum’s length (l(t) = lc + l̄(t))

has a constant term lc = 0.5m and a time-varying uncertainty l̄(t) ∈ [−0.17, 0.17]m. The

trajectory we wish to execute is

ηr(t) =


3π

κ2

(
t2

2
− t3

3κ

)
− π

2
, t < κ

0, t ≥ κ

(5.70)

for some κ > 0. This trajectory is selected because ηr(0) = −π
2

, ηr(κ) = 0, and η̇r(0) =

η̇r(κ) = 0. The remaining reference signals η̇r and τ cr can be easily obtained by appealing

to (5.70) and (5.69). We now linearize (5.69) with respect to the reference trajectory (5.70),

producing the following linear equation which approximates the error dynamics:

˙̄xc(t) =

Ac(l̄(t),t)︷ ︸︸ ︷ 0 1

g

lc + l̄(t)
cos ηr(t) 0

 x̄c(t) +
B2

c (l̄(t))︷ ︸︸ ︷ 0

1

m(lc + l̄c(t))2

 τ̄c(t).
The previous equation can be expressed in the LFT form

 ˙̄xc(t)

φc(t)

 =

Assc (t) Aspc (t) B2s
c

Apsc Appc B2p
c



x̄c(t)

ϑc(t)

τ̄c(t)

 , ϑc(t) = l̄c(t)φc(t)

which can be discretized by

Ass(k) = Φss
c ((k + 1)T, kT ), Asp(k) =

∫ (k+1)T

kT

Φss
c ((k + 1)T, σ)Aspc (σ)dσ

B2s(k) =

∫ (k+1)T

kT

Φss
c ((k + 1)T, σ)B2s

c dσ, Aps(k) = Apsc , A
pp(k) = Appc , and B2p(k) = B2p

c
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Table 5.2: γ-values for pendulum with uncertain length

Time-invariant Eventually time-invariant General time-varying

0.923 3.36 4.39

where Φss
c (·, ·) is the continuous-time state transition matrix associated with Assc and T is

the sampling time. Defining the performance output e(k) = x̄(k) = x̄c(kT ), the sensor

output ȳ(k) as the pendulum’s angle error, and a disturbance torque d(k) which influences

the system exactly like the control torque in discrete time τ̄(k) (i.e., B1•
c = B2•

c ), we obtain

the discrete-time LFT



x̄+

φ

e

ȳ


=



Ass Asp B1s B2s

Aps App B1p B2p

C1s C1p D11 D12

C2s C2p D21 0





x̄

ϑ

d

τ̄


,

x̄
φ

 =

Z 0

0 l̄


x̄+
ϑ

 (5.71)

where all of the operators in the leftmost equation of (5.71) are (h, 1)-eventually periodic,

with h being the integer ceiling of κ/T .

By extracting the nominal system from (5.71), synthesizing an (h, 1)-eventually periodic

controller K = [AK , BK , CK , DK ]+, and closing the loop via the equation τ̄ = Kȳ, we

obtain an LFT mapping d 7→ e:


x̄+

φ

e

 =


Ass Asp Bs

Aps App Bp

Cs Cp D



x̄

ϑ

d

 ,
x̄
φ

 =

Z 0

0 l̄


x̄+
ϑ

 . (5.72)

Up to this point, the behavior of l̄ has only been specified as time-varying. In fact, we will
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Table 5.3: γ-values for pendulum with uncertain mass

Nominal system Uncertain mass
eventually discarded General time-varying

0.054 0.42 1.04

conduct IQC analysis where l̄ is a rate-bounded time-varying operator. For the first h steps,

|l̄k+1 − l̄k| ≤ 0.17m, but afterwards—once the pendulum is in the inverted position—we

have |l̄k+1 − l̄k| = 0. In other words, the pendulum no longer telescopes for all k ≥ h, but

its final length remains uncertain. Such phenomena occur in sets of manufacturing robotic

arms which have the same control law but need to end at different heights. If we could not

take advantage of eventually periodic IQC multipliers, the uncertainty would be conserva-

tively characterized as rate-bounded time-varying whose rate-bounds are constant. This is

demonstrated by measuring the robust performance for three different uncertainty charac-

terizations. The first characterization uses the standard IQC multiplier for rate-bounded

time-varying uncertainties where the rate β is identically zero, or in other words, l̄ is time-

invariant. For this case, the value of γ is 0.923. We then characterize l̄ with a time-varying

multiplier, describing an eventually time-invariant uncertainty. The pertinent γ-value is ob-

tained by applying Corollary 5.26 with the IQC multiplier given in 5.3.2. This value is found

to be 3.36. Finally, analysis is conducted when the rate bound is constant, allowing l̄ to

change in perpetuity. For this case, the γ-value is 4.39. Analysis is done using YALMIP/

MOSEK [74,75] on MATLAB R2018a. As seen from the preceding, less conservative results

can be obtained by more accurately characterizing the eventually time-invariant uncertainty

with time-varying IQC multipliers.

We can see the effectiveness of eventually periodic IQC multipliers in another example.

Instead of allowing uncertainty in the pendulum’s length, allow the pendulum’s mass to be

time-varying (assuming that the dynamics are still described by the given equations). A
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pendulum with time-varying mass may be used to model robotic arms that are required to

lift and release various objects having different masses. Suppose the pendulum releases its

uncertain mass after a certain point (denoted the time instant h̃) in its trajectory. This

behavior can be expressed with the multiplier in 5.3.1, where αk = 0 for all k > h̃ ∈ [0, h].

The benefit of utilizing this multiplier is seen when comparing robust performance results

to those for the nominal system and the system with possibly ever-changing uncertain mass

(see Table 5.3). We see from Tables 5.2 and 5.3 that the eventually periodic multipliers

used to obtain the γ-values in the center columns are greatly improved from those in the

rightmost columns. The γ-values from the central columns in both tables required the use

of Corollary 5.26.



Chapter 6

Conclusions

In Chapter 3, the IQC-based uncertainty framework proposed in [12] was applied to a 94-in

wingspan Senior Telemaster Plus UAS platform. The considered uncertainties were then used

to analyze the performance of an H∞ controller. A gradient-based minimization algorithm

utilizing IQC analysis was implemented to tune a first-cut controller, producing an improved

intermediate, then superior final controller. Simulation and flight test data corresponded

qualitatively to IQC analysis results and validated the capability of IQC theory in assessing

robust performance of the physical UAS while guiding the control design process. Flight

test data also demonstrated that robust performance–rather than nominal performance–is a

better suited metric in assessing how well the physical system behaves.

In Chapter 4, the original uncertain UAS framework was enriched by incorporating uncer-

tainties in the UAS trim point. This addition allows the application of IQC analysis for level,

arbitrarily curved paths whose inverse radius of curvature is bounded. IQC analysis is also

used to tune a variety of controllers: path-following or trajectory-tracking, H2 or H∞, and

path-following PID controllers. By comparing IQC analysis results, simulations, and flight

tests of numerous controllers, it is shown that IQC analysis is a useful tool in predicting con-

troller failures and qualitatively comparing the performance of controllers. It also becomes

apparent that the capability to characterize disturbances via IQCs is a powerful tool. This

is especially relevant, as signal IQCs are too often ignored in the literature to date. Finally,

IQC analysis, simulations, and flight tests provide additional data in affirming the superior
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performance of H2 and H∞ controllers over the considered PID controller and path-following

controllers over trajectory-tracking ones.

Although the data appears to confirm it, we cautiously refrain from stating that this ap-

proach provides a guaranteed bound on the physical aircraft performance. Some uncertainties

approximate the true characteristics of the aircraft dynamics (such as actuator saturation)

but do not express them exactly. Furthermore, the bounds on some uncertainties are derived

with an assumed flight envelope of the aircraft, such as the aerodynamic model uncertainties.

These aspects prevent this approach from completely characterizing the physical UAS. As it

stands, we have found this approach to be a fast, inexpensive, and reliable tool for predicting

the physical UAS performance.

Though we do not address software in this work, the control algorithm analyzed herein is a

high-level representation of the aircraft flight control software. This framework can provide

evidence that certain “functional, performance, and safety-related requirements of the system

are satisfied” [4] by the controller. Such evidence ought to complement, rather than replace,

those provided from more traditional analyses, such as simulation results and gain/phase

margins [104].

In Chapter 5, we derived results allowing the general application of time-varying multipliers

when conducting IQC analysis for uncertain systems whose nominal system may be time-

varying and have non-zero initial conditions. These IQC multipliers belong to the space of

dichotomic nodes, a time-varying analog to RL∞. Furthermore, we have demonstrated how

IQC analysis can be conducted by solving a finite set of LMIs when the nominal system and

the IQC multiplier are eventually periodic. Multiple time-varying IQC multipliers have been

presented. Furthermore, two examples are provided to demonstrate how robust bounds can

be generated on the UAS state, and how time-varying IQC multipliers can be used to provide

improved robust performance results when time-domain properties of the uncertain system
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can be characterized. These results can be extended to allow the application of signal IQCs

[50], which enables the use of time-varying signal IQC multipliers. Such multipliers have the

capability of expressing many different types of signal sets with time-domain characteristics,

opening up new possibilities in the robustness analysis of uncertain UAS.
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