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Controlling non-equilibrium dynamics in lattice gas models

Ruslan Ilyich Mukhamadiarov

(ABSTRACT)

In recent years a new interesting research avenue has emerged in non-equilibrium statistical

physics, namely studies of collective responses in spatially inhomogeneous systems. Whereas

substantial progress has been made in understanding the origins and the often universal

nature of cooperative behavior in systems far from equilibrium, it is still unclear whether it

is possible to control their global collective stochastic dynamics through local manipulations.

Therefore, a comprehensive characterization of spatially inhomogeneous non-equilibrium sys-

tems is required.

In the first system, we explore a variant of the Katz–Lebowitz–Spohn (KLS) driven lattice

gas in two dimensions, where the lattice is split into two regions that are coupled to heat

baths with distinct temperatures T > Tc and Tc respectively, where Tc indicates the criti-

cal temperature for phase ordering. The geometry was arranged such that the temperature

boundaries are oriented perpendicular or parallel to the external particle drive and result-

ing net current. For perpendicular orientation of the temperature boundaries, in the hotter

region, the system behaves like the (totally) asymmetric exclusion processes (TASEP), and

experiences particle blockage in front of the interface to the critical region. This blockage is

induced by extended particle clusters, growing logarithmically with system size, in the crit-

ical region. We observe the density profiles in both high- and low-temperature subsystems

to be similar to the well-characterized coexistence and maximal-current phases in (T)ASEP

models with open boundary conditions, which are respectively governed by hyperbolic and

trigonometric tangent functions. Yet if the lower temperature is set to Tc, we detect marked



fluctuation corrections to the mean-field density profiles, e.g., the corresponding critical KLS

power-law density decay near the interfaces into the cooler region.

For parallel orientation of the temperature boundaries, we have explored the changes in the

dynamical behavior of the hybrid KLS model that are induced by our choice of the hopping

rates across the temperature boundaries. If these hopping rates at the interfaces satisfy

particle-hole symmetry, the current difference across them generates a vector flow diagram

akin to an infinite flat vortex sheet. We have studied the finite-size scaling of the particle

density fluctuations in both temperature regions, and observed that it is controlled by the

respective temperature values. If the colder subsystem is maintained at the KLS critical

temperature, while the hotter subsystem’s temperature is set much higher, the interface cur-

rent greatly suppresses particle exchange between the two regions. As a result of the ensuing

effective subsystem decoupling, strong fluctuations persist in the critical region, whence the

particle density fluctuations scale with the KLS critical exponents. However, if both tem-

peratures are set well above the critical temperature, the particle density fluctuations scale

according to the totally asymmetric exclusion process. We have also measured the entropy

production rate in both subsystems; it displays intriguing algebraic decay in the critical re-

gion, while it saturates quickly at a small but non-zero level in the hotter region.

The second system is a lattice gas that simulates the spread of COVID-19 epidemics using

the paradigmatic stochastic Susceptible-Infectious-Recovered (SIR) model. In our effort to

control the spread of the infection of a lattice, we robustly find that the intensity and spatial

spread on the epidemic recurrence wave can be limited to a manageable extent provided

release of these restrictions is delayed sufficiently (for a duration of at least thrice the time

until the peak of the unmitigated outbreak).



Controlling non-equilibrium dynamics in lattice gas models

Ruslan Ilyich Mukhamadiarov

(GENERAL AUDIENCE ABSTRACT)

In recent years a new interesting research avenue has emerged in far-from-equilibrium statisti-

cal physics, namely studies of collective behavior in spatially non-uniform systems. Whereas

substantial progress has been made in understanding the origins and the often universal

nature of cooperative behavior in systems far from equilibrium, it is still unclear whether

it is possible to control their global collective and randomly determined dynamics through

local manipulations. Therefore, a comprehensive characterization of spatially non-uniform

systems out of equilibrium is required.

In the first system, we explore a variant of the two-dimensional lattice gas with completely

biased diffusion in one direction and attractive particle interactions. By lattice gas we mean

a lattice filled with particles that can hop on nearest-neighbor empty sites. The system

we are considering is a lattice that is split into two regions, which in turn are maintained

at distinct temperatures T > Tc and Tc, respectively, with Tc indicating the critical tem-

perature for the second-order phase transition. The geometry of the lattice was arranged

such that the temperature boundaries are oriented perpendicular or parallel to the external

particle drive that is responsible for a completely biased diffusion. When the temperature

boundaries are oriented perpendicular to the drive, in the hotter region with temperature

T > Tc, the system evolves as if there are no attractive interactions between the particles,

and experiences particle blockage in front of the temperature boundary from the hotter re-

gion held at T > Tc to the critical region held at Tc. This accumulation of particles at the

temperature boundary is induced by elongated collections of particle, i.e., particle clusters



in the critical region. We observe the particle density profiles (ρ(x) vs x plots) in both

high-and low-temperature subsystems to be similar to the density profiles found for other

well-characterized (T)ASEP models with open boundary conditions, which are in the co-

existence and maximal-current phases, and which are respectively governed by hyperbolic

and trigonometric tangent functions. Yet if the lower temperature is set to Tc, we detect

marked corrections to the hyperbolic and trigonometric tangent-like density profiles due to

fluctuations, e.g., we observe the algebraic power-law decay of the density near the interfaces

into the cooler region with the critical KLS exponent.

For a parallel orientation of the temperature boundaries, we have explored the changes in

the particle dynamics of the two-temperature KLS model that are induced by our choice of

the particle hopping rates across the temperature boundaries. If these particle hopping rates

at the temperature interfaces satisfy particle-hole symmetry (i.e. remain unchanged when

particles are replaced with holes and vice versa), the particle current difference across them

generates a current vector flow diagram akin to an infinite flat vortex sheet. We have stud-

ied how the particle density fluctuations in both temperature regions scale with the system

size, and observed that the scaling is controlled by the respective temperature values. If the

colder subsystem is maintained at the KLS critical temperature Tcold = Tc, while the hotter

subsystem’s temperature is set much higher Thot ≫ Tc, the particle currents at the inter-

face greatly suppresses particle exchange between the two temperature regions. As a result

of the ensuing effective subsystem separation from each other, strong fluctuations persist

in the critical region, whence the particle density fluctuations scale with the KLS critical

exponents. However, if both temperatures are set well above the critical temperature, the

particle density fluctuations scale with different scaling exponents, that fall into the totally

asymmetric exclusion process (TASEP) universality class. We have also measured the rate

of the entropy production in both subsystems; it displays intriguing algebraic decay in the

critical region, while it reaches quickly a small but non-zero value in the hotter region.



The second system is a lattice filled with particles of different types that hop around the lat-

tice and are subjected to different sorts of reactions. That process simulates the spread of the

COVID-19 epidemic using the paradigmatic random-process-based Susceptible-Infectious-

Recovered (SIR) model. In our effort to control the spread of the infection of a lattice,

we robustly find that the intensity and spatial spread of the epidemic second wave can be

limited to a manageable extent provided release of these restrictions is delayed sufficiently

(for a duration of at least thrice the time until the peak of the unmitigated outbreak).
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Chapter 1

Introduction

Physical systems with a large number of degrees of freedom can be characterized by a set of

macroscopic variables that in turn can in principle be obtained from the microscopic system

parameters. If the system is in its equilibrium stationary state, well-known straightforward

procedures can be employed to relate these two sets of variables. The equilibrium condition

implies that the system has to be isolated or coupled to some heat or particle reservoir, as

that would ensure that the average values of the macroscopic parameters that describe the

physical system would stay unchanged in the long-time limit. However, if the system is driven

away from its equilibrium stationary state by a perturbation that modifies one or several of

the macroscopic variables, then in a process of relaxation to a new equilibrium or stationary

state the system will be essentially out of equilibrium. Moreover, in some situations physical

systems can be genuinely out of equilibrium, for instance, if they are coupled to external

reservoirs that act as sources or sinks, i.e. if net fluxes of energy or matter are present in

the system.

While non-equilibrium systems are quite ubiquitous and are regularly encountered in physics,

chemistry, biology, engineering, etc., to this day there is still no general prescription of how to

obtain the macroscopic variables that would characterize the dynamical behavior of various

non-equilibrium systems. Not only is there no direct way to relate the microscopic Hamilto-

nian of the system to the stationary probability distribution for non-equilibrium systems, but

that also will not be sufficient; the presence of non-zero fluxes in non-equilibrium systems

1
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renders inapplicable the thermodynamic ensemble description which is based solely on the

stationary probability distribution for distinct configurations. Instead, to completely char-

acterize the steady state of the non-equilibrium system the knowledge of both the stationary

probability distribution and the probability currents is required [1–3].

In the classical realm, the stationary probabilities and probability currents of a non-equilibrium

system can be obtained from the master equation using the theory of stochastic processes.

However, in contrast to equilibrium systems where detailed balance imposes a strong con-

straint on possible values of the transitions rates that enter the master equation, detailed

balance does not hold in non-equilibrium systems and therefore the transition rates between

different configurations of systems out of equilibrium are generally unconstrained and could

have any functional form. Therefore, for non-equilibrium systems one has to know all gen-

erally time- and history-dependent transition rates to set up and solve the master equation.

In addition to that, the problem of solving the master equation becomes insurmountable as

the number of degrees of freedom in the system increases. This is why there are only a very

few instances in the literature when the fully microscopic equations of motion for stochastic

dynamical systems have been solved exactly, e.g., for diffusion [4], elementary [5] and more

complex chemical reactions [6, 7], a closed Ising chain [8], the asymmetric exclusion process

[9, 10], etc [11]. The outlined difficulties illustrate why the microscopic description through

the master equation might not be suitable for certain non-equilibrium systems.

A phenomenological approach of characterizing both equilibrium and non-equilibrium sys-

tems has been developed over the years: it is based on searching for an intermediate meso-

scopic description through the identification of local ‘coarse-grained’ quantities that capture

the major features of the system’s dynamics [12–14], e.g., a local particle density if one

would think about hydrodynamics [15], a local magnetization if one would consider mag-

netic systems [16], the local velocity for studying a depinning transition [17], etc. The key
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to success of a mesoscopic description comes down to the fact that the local coarse-grained

variables capture well statistical fluctuations that are common and crucially important for

non-equilibrium systems. While in equilibrium statistical mechanics the fluctuations are

typically utilized for calculating the response functions via the fluctuation-dissipation the-

orem, in non-equilibrium systems the spatial and temporal fluctuations may determine the

full course of the dynamics. Figuring out when fluctuations play a crucial role in the time

evolution of systems far from equilibrium and when they can be safely ignored is a central

object of study of non-equilibrium physics.

As it appears, fluctuations may play a substantial role in the scaling limit, a limit when the

system’s correlation length diverges, giving rise to strongly collective behavior. Remarkably,

in the scaling limit microscopically different systems can display universality, a phenomenon

when the system’s dynamics is determined not by its microscopic details such as the type of

interparticle interactions, but by the system’s basic symmetries, dimension, range of inter-

particle interactions, and conservation laws [18–20]. Whereas some non-equilibrium systems

can be brought to the scaling limit by varying relevant control parameters, certain non-

equilibrium systems that display generic scale invariance can remain in the scaling limit for

all values of control parameters [21]. The fact that universal behavior can be observed in wide

variety of non-equilibrium systems prompted their categorization into different universality

classes.

Assuming it is possible to separate a system’s fast and slow degrees of freedom, one can write

down a Langevin-type coarse-grained equation of motion upon identifying the coarse-grained

order parameter and other conserved quantities that are coupled to that order parameter [12,

22, 23]. Analyzing the resulting Langevin equation using either field-theoretical techniques,

mode-coupling theory, or scaling analysis, it is possible to infer the scaling form of the

order parameter, correlation functions, and other quantities that play an important role in
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characterizing the dynamics of the system [13, 24]. Then, one can see that the scale-free

behavior of these quantities is described by a set of scaling exponents that enter the obtained

scaling form. If two microscopically distinct systems share the same set of scaling exponents,

then it is said that they both fall into the same universality class.

Even with all theoretical tools currently available, the analytical treatment of certain non-

equilibrium systems can be very challenging, just as it is challenging to set up a controllable

environment for experiments. This is why computer simulations are abundantly used to

numerically study the dynamics of non-equilibrium systems, e.g., chemical reactions in a gel,

epidemic spreading, driven fluids, growing crystalline surfaces, etc. [25–28]. Not only can

computer simulations provide valuable insight on the physics of a non-equilibrium system

that could be crucial in constructing a meaningful theory, but they could also test the existing

hypotheses by probing power-law scaling from the computer experiments and comparing the

results with the scaling exponents that have been predicted analytically. Moreover, with

computer simulations at hand it is easy to change a system’s relevant parameters and probe

the entire parameter space, exploring all existing types of strong collective behavior that

a particular non-equilibrium system can display. Phase transitions or crossovers between

different types of collective behavior may occur upon variation of the relevant parameters

that could drive the system away from one scale-invariant regime to another, i.e., from one

renormalization group fixed point to another [24, 29–32]. The search for effective mechanisms

that would permit switching between different types of universal behaviors in non-equilibrium

systems is currently an active area of research.

Whereas substantial progress has been made in understanding the origins and the universal

nature of cooperative behavior in systems far from equilibrium, it is still unclear whether it

is possible to control their global collective stochastic dynamics through local manipulation

of a finite spatial patch or through finite-time global perturbations. This study focuses on
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exploring the possibility of controlling the dynamics of non-equilibrium systems through

various changes in the system’s control parameters. In Chapter 2 and Chapter 3 we

report the results of our careful investigation of a two-temperature version of the Katz-

Lebowitz-Spohn (KLS) driven lattice gas, where we locally vary the temperature control

parameter by splitting the lattice into two temperature regions, orienting the temperature

boundaries either perpendicular (Chapter 2) or parallel (Chapter 3) to the drive. In

Chapter 4, we explore how changing the relevant parameters globally for a finite period of

time affects the course of the dynamics of a particular reaction-diffusion system modeled on

a lattice. Specifically, we have simulated the COVID-19 infection spread on a lattice using

the Suspectible-Infection-Recovered (SIR) stochastic model and we have analyzed the effects

of control measures that temporarily drive the system below its epidemic threshold.

1.1 Driven lattice gases

The first non-equilibrium model that we focus our attention on is a modified version of the

Katz-Lebowitz-Spohn (KLS) driven lattice gas. The following two chapters cover our studies

of the two-temperature KLS model for two different choices of the geometry: Chapter 2

considers the case when the lattice is split into two sectors that are maintained at different

temperatures with the temperature boundaries being oriented perpendicular to the drive,

while in Chapter 3 we report our findings for the case when the temperature boundaries

are placed parallel to the drive. Chapter 2 is based on the work [33] published in Physical

Review E. Chapter 3 is based on the work [34], published in Journal of Statistical Mechanics:

Theory and Experiment.

A lattice gas can be defined as a d-dimensional regular lattice that is populated with particles,

which are allowed to hop from cell to cell on a lattice in a random manner. This deceptively
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simple Markov process can display rich dynamical behavior as the set of dynamical rules that

define the model is modified, e.g. when one adds restrictions on the occupation number, or

specifies the type of interparticle interactions, the range of interactions, etc. The simplest

realization of a lattice gas with unbiased particle hops can model the Brownian motion of

gas molecules. However, if the particle hops on a lattice become biased due to some external

drive, which could be a gradient of chemical potential or some externally applied field, and

if the system’s boundary conditions allow the system to sustain a net current, then such a

system will be called a driven lattice gas. A paradigmatic example of a driven lattice gas

is the (Totally) Asymmetric Exclusion Process (T)ASEP [35, 36]. In the (T)ASEP, each

lattice site is allowed to host only a single particle at any time, i.e., site exclusion is imple-

mented. Biased particle motion along the drive in combination with either periodic or open

boundary conditions sets up a non-vanishing particle current in the lattice gas, which drives

the system to certain non-equilibrium steady states. As it appears, the (T)ASEP can mimic

the dynamics of many driven systems in biology, sociology, and engineering [37]. Moreover,

the one-dimensional (T)ASEP chain is an interesting model from a purely theoretical stand-

point, as it is one of the very few non-equilibrium systems for which the microscopic master

equation has been solved exactly [9, 10, 38, 39].

In this work we study a modified version of the Ising-type driven lattice gas, called the

Katz-Lebowitz-Spohn (KLS) model, that was conjectured to describe the dynamics of fast

ionic conductors [27, 40, 41]. Similarly to the (T)ASEP, the KLS model consists of a d-

dimensional lattice filled with particles that are being driven by some external field, but,

in addition to site exclusion, the KLS particles experience attractive interactions that are

prescribed by the Ising Hamiltonian, and the whole lattice is coupled to a temperature bath.

As in the Ising model, the KLS system experiences a continuous phase transition at the KLS

critical temperature. Remarkably, when the KLS temperature is maintained exactly at the
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critical value, the KLS dynamics is governed by a set of scaling exponents that belong to the

critical KLS universality class. At the same time, when the KLS temperature is set above

the critical temperature, i.e., when the KLS system is in its disordered phase, its dynamics

is governed by a different set of scaling exponents that belong to the (T)ASEP universality

class [33, 42, 43].

This last observation motivated us to investigate the possibility of controlling the scale-

invariant behavior in the KLS driven lattice gas by changing the temperature as a control

parameter: by locally varying the temperature of the lattice, we can in principle set up

a competition between two different types of scale-invariant dynamics, namely, between

the critical KLS and (T)ASEP universal behaviors. The simplest geometry choice with

which we approach the outlined problem is to split the entire lattice into two sectors that

are maintained at different temperatures, with the temperature boundaries being oriented

either perpendicular or parallel to the external drive. Then the lattice region where the

temperature is maintained at the critical value will be called the critical subsystem, and the

region with temperature above the critical value will be referred to as the hotter subsystem.

In Chapter 2, we show that when the temperature boundaries in the two-temperature KLS

driven lattice gas are oriented perpendicular to the drive, the system becomes highly inho-

mogeneous shortly after the beginning of the simulation. The initial scale-invariant behavior

in the hotter temperature region is washed out by phase separation that occurs when two

particle density shock waves move towards each other and meet in the center of the hotter

subsystem; in the critical subsystem long extended density gradients form that eventually

destroy dynamical scaling (with critical KLS exponents). We show in this chapter that such

dramatic changes are triggered by a difference in the drive-induced net particle current in

the hotter and critical (cooler) subsystems that leads to an accumulation of particles at one

of the temperature boundaries. We observe that the density profile shapes in both high-and
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low-temperature subsystems are similar to the density profiles observed for the coexistence

and maximal-current phases in the one-dimensional (T)ASEP with open boundary condi-

tions. Remarkably, if the cooler subsystem’s temperature is set to the critical temperature,

the excess density at the temperature boundaries decays as a power law with an exponent

that belongs to the critical KLS universality class. This indicates that the critical KLS

scale-invariant behavior still persists in the critical subsystem even after it has been coupled

to the hotter temperature region.

In Chapter 3, we explore another variant of the two-temperature KLS driven lattice gas

where the lattice is again split into two sectors, but in such a way that the temperature

boundaries are oriented parallel to the external particle drive. For this choice of geometry,

it is necessary to define the rules for particle hops across the temperature boundaries with-

out breaking the system’s fundamental symmetries. After we introduce the hopping rates

across the temperature interfaces that respect particle-hole symmetry, which is a fundamen-

tal symmetry of the KLS model, we run computer simulations and explore the changes in

the KLS dynamical behavior that are induced by the coupling of the two subsystems with

different temperatures. As in the previous case with perpendicular temperature boundaries,

the net particle currents in the hotter and cooler subsystems assume different values; how-

ever, instead of a blockage-induced density phase separation, this current difference produces

a vector flow diagram akin to a vortex sheet.

In Chapter 3 we demonstrate how this particle current discontinuity at the temperature

interfaces affects the scale-invariant behavior of each subsystem. Specifically, we probe the

finite-size scaling of the particle density fluctuations and calculate the entropy production

rate per volume in both subsystems. These calculations demonstrate that critical KLS

fluctuations persist in the two-temperature KLS when the cooler subsystem is maintained

exactly at the critical temperature with the hotter temperature being well above the critical
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temperature. We have also considered another possible choice of the hopping rates across

the temperature interfaces that explicitly breaks particle-hole symmetry. In that situation

these hopping rates across the temperature boundaries induce a net particle flux across the

subsystems’ boundaries that displays a power-law behavior, until ultimately the particle

exclusion constraints generate a clogging transition to an inert state.

1.2 Infection spread on a lattice

The global spread of the novel coronavirus, known as SARS-CoV-2, that has started at

the beginning of 2020 has caused a major health and economic crisis nearly in every part

of the world. While some countries took the matter extremely seriously and halted the

infection spread at its early stages, other governments overlooked the gravity of the danger

and precipitated countless tragedies that could have been otherwise avoided. Since the

coronavirus is a disease that is transmitted upon contact, reducing the number of contacts

would be a necessary and sufficient measure to limit the spread of the disease before an

effective vaccine is ready. In Chapter 4 we show how the infection spread can be modeled on

a regular lattice using the stochastic Susceptible-Infected-Recovered (SIR) model, and how

nonpharmaceutical measures such as social distancing could be implemented in this simple

model. Chapter 4 is based on Ref. [44], published in Scientific Reports.

In the SIR compartmental model the individuals that constitute the population can be in

three different states: S - Susceptible, I - Infected, and R - Recovered [45, 46]. The disease

spread is modeled by two reactions: the infection reaction S + I → I + I that occurs with

the infection rate r, and the recovery reaction I → R that happens with the recovery rate a

(inverse recovery period). For this model the basic reproduction number is proportional to

the ratio of the infection to the recovery reaction rates R0 ∝ r/a.
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In principle, a set of deterministic mean-field rate equations can encode two SIR reactions

and predict how the total number of individuals in each state evolves with time. However,

they do not account for the spatial and temporal fluctuations that drive the continuous

phase transition when the system is near the epidemic threshold [24, 47, 48]. Indeed, emerg-

ing spatial correlations could significantly modify the route of the disease spread and lead

to substantially different estimates. For example, in reaction-diffusion models the system

can hit an absorbing state when the fluctuations of some observable reach the value of its

mean [24, 29, 49]. Similarly, there could be real-world situations when fluctuations could

completely halt the spread of the disease near its onset, if the infectious population will hit

zero at any time in the early stage of the disease spread. At the same time, fluctuations can

keep the epidemics active by continually rewiring the infection links [47].

As is shown in Chapter 4, after simulating the unmitigated spread of COVID-19 with a

stochastic SIR model on a regular two-dimensional lattice, we observe that the infection

fronts traverse the entire system and reach every healthy individual eventually when the sys-

tem is above the epidemic threshold, i.e., the infection spread results in a complete extinction

of the susceptible population because of the lattice topology. In contrast, the mean-field rate

equations can never predict a complete extinction of all susceptibles since such an outcome

is prohibited by their mathematical construction. As a result, the rate equations could sub-

stantially underestimate the severity of the health crisis [50, 51]. The outlined arguments

compel us to choose a stochastic representation of the SIR model over of the mean-field rate

equations. While we have modeled the COVID-19 spread on various spatial architectures,

in this work we present the results for a regular two-dimensional lattice.

Since we are ultimately interested in quelling the infection spread, our goal would be to push

our stochastic system below its epidemic threshold by varying the relevant control param-

eters. We achieve that by switching on repulsive Ising interactions for all particles, which
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mimics the social-distancing mitigation strategy. With the antiferromagnetic interactions

on, particles will avoid having other particles as their neighbors, and as a result the number

of contacts and infection reactions will drop and with it the effective reproduction number.

In our work we switch on the repulsive interactions between particles after the population of

infectious individuals exceeds some prescribed fraction of the total population. After that,

we maintain social distancing in our system for some period of time before switching the

interparticle interactions off again. As one would expect, if social distancing lasts only for a

short period of time (1-2 recovery periods), a strong second wave will inevitably come and

nearly all the healthy population will become infected as in the unmitigated case. However,

if social distancing is maintained for quite a long period of time (more than 10 recovery pe-

riods), the major fraction of the infection centers will die out and, as a result, the infection

spread will be significantly reduced and localized.



Chapter 2

Transverse Temperature Interfaces in

the KLS Driven Lattice Gas

The following chapter was adapted with minor modifications, with permission from Physical

Review E, from our publication:

R. I. Mukhamadiarov, Priyanka, and Uwe C. Täuber. Transverse temperature interfaces in

the Katz-Lebowitz-Spohn driven lattice gas. Physical Review E 100, 062122 (2019).

My main scientific contributions to this publication were developing the simulation code for

the two-temperature Katz-Lebowitz-Spohn driven lattice gas, and performing an extensive

analysis of the data that I obtained from running simulations. Also, I wrote the first draft

of the manuscript and made all figures.

2.1 Introduction

The absence of a unified theoretical framework for non-equilibrium systems has instigated

the development of a variety of simple models that capture certain decisive features of non-

equilibrium processes. Driven lattice gases represent a class of paradigmatic interacting

particle systems that has attracted considerable attention over the past decades [27, 42, 52,

53]. These driven lattice gas models are characterized by non-trivial stationary states that

12
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display generic scale invariance [21, 24, 54, 55], implying that their dynamics is governed

(asymptotically) by power laws and genuine non-equilibrium scaling exponents. Prototypical

examples are the asymmetric and totally asymmetric exclusion processes (T)ASEP with

hard-core particles and (fully) biased hopping transport [10, 35, 36, 56, 57]. Adding attractive

nearest-neighbor Ising interactions as in the Katz–Lebowitz–Spohn (KLS) model moreover

induces a continuous phase transition at a critical temperature Tc separating disordered

configurations from a low-temperature regime showing phase segregation in the form of

ordered particle (or hole) stripes oriented parallel to the drive [27, 40, 41, 53].

The (T)ASEP model and KLS system in the disordered high-temperature phase are gov-

erned by identical scaling exponents [42, 58]. However, the KLS dynamical scaling properties

change when the temperature approaches the critical value Tc: In this critical region, the

dynamics is impeded significantly by the diverging correlation length of the order parame-

ter fluctuations, i.e., critical slowing-down. Consequently, the asymptotic non-equilibrium

scaling exponents assume critical values that are distinct from those that capture generic

dynamical scale invariance at elevated temperatures.

Both in its high-temperature phase and at the non-equilibrium critical point, the KLS model

thus displays dynamic scale invariance. Hence it is interesting to ask if a spatially inhomo-

geneous system with different regions held at different temperatures Th > Tc and Tl = Tc,

respectively, remains scale-invariant. Moreover, one may ask how its properties compare to

those of the standard homogeneous KLS system at uniform temperature. To our knowledge,

the effect of combining two KLS driven lattice gases held at distinct temperatures has not

yet been explored in the literature. In this present work, we set one part of the system at

high temperature Th > Tc, whereas the other part is (usually) held at the critical point Tc,

with the temperature boundaries oriented transverse to the drive.

The effects of similar temperature heterogeneities were earlier explored in detailed studies
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of an Ising ring (without external drive) [59] and two-dimensional square lattice [60]. Other

two-temperature lattice gas models were introduced by associating different temperatures

Tx, Ty with different hop directions x, y [61], or by coupling the i+j = even / odd sublattices

to different temperature reservoirs [62]. The key difference between the KLS driven lattice

gas and previously studied models resides in the way detailed balance is violated. In the

two-temperature non-driven Ising models, the second thermal reservoir induces a net heat

flux that forces the system out of equilibrium. In contrast, the externally imposed hopping

bias or drive in the KLS system generates a global net particle current, and consequently a

quite distinct non-equilibrium steady state. Moreover, the drive induces a strong anisotropy

that causes correlations to scale differently in directions parallel and transverse to the drive,

with associated distinct correlation lengths ξ∥ ∼ ξ1+∆
⊥ with an anisotropy exponent ∆, which

in turn leads to spatially anisotropic scaling laws.

Our two-temperature generalization of the driven KLS lattice gas can be considered as two

subsystems on a two-dimensional torus coupled to each other through particle exchange

across the two interfaces. Other interacting KLS subsystems have been investigated, such

as a multi-layered KLS model with particle-hole exchange between layers first excluding

Ising interactions between layers [63], and subsequently accounting for exchange energetics

[64]. In the latter case, the presence of inter-layer interactions produces intriguing spatial

patterns termed “fingers” or “icicles”. Multiple-species KLS variants in two dimensions were,

e.g., analyzed in Refs. [65, 66], where a set of microscopic dynamical rules for two distinct

particle species A and B were imposed that resulted in ordering perpendicular to the drive.

For a more comprehensive list of KLS model variations we refer to the overview [53].

In the stationary state, the two-temperature KLS model displays phase separation into low-

and high-density regions in the hotter region, with the separating domain wall located in

the middle of the hot subsystem and oriented perpendicular to the drive. The high-density
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phase is formed at the hot-into-critical temperature interface; it is caused by a blockage of

particle flow into the critical subsystem, which is impeded by the emerging extended critical

clusters. This in turn generates an algebraic density decay inside the critical region near

the boundaries to the hotter subsystem. The density profiles of the two subsystems in the

two-temperature KLS resemble the standard hyperbolic and trigonometric tangent functions

that are characteristic signatures of the coexistence and maximal-current phases in (T)ASEP

systems with open boundaries. This similarity allows us to analyze the stationary-state

properties of the two-temperature KLS model explicitly. Employing numerical simulations

and mean-field calculations for the open TASEP coupled to particle reservoirs, we find that

the uniform steady-state current is set by the impeded transport in the low-temperature

region. Moreover, we detect enhanced spatial fluctuations and marked deviations from the

mean-field predictions in the stationary density profile inside both the hotter and cooler

regions that are likely induced by emergent long-range correlations emerging from the critical

subsystem.

The outline of this Chapter is as follows: In the following Sec. 2.2, we present the micro-

scopic dynamical rules defining the KLS and (T)ASEP models, and describe their continuous

coarse-grained description in terms of non-linear Langevin equations. We also introduce their

scaling properties in the stationary state as well as in the physical aging scaling regime. In

Sec. 2.3, we introduce our two-temperature KLS model with the temperature interfaces ori-

ented perpendicular to the drive, and explain our Monte Carlo simulation algorithm. We

then provide our numerical data and characterize the transient kinetics as well as the sta-

tionary current and density profiles in detail in Secs. 2.4 and 2.5.
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2.2 Driven Lattice Gases

2.2.1 KLS Model Description

The Katz–Lebowitz–Spohn (KLS) model comprises a collection of N (classical) binary vari-

ables, either spin up / down si = ±1 or particle occupation numbers ni =
1
2
(si + 1) = 1, 0,

on a d-dimensional lattice with L∥ × Ld−1
⊥ sites, subject to nearest-neighbor attractive Ising

interactions and periodic boundary conditions. A spin or particle may exchange its position

with any of its nearest neighbors with a fixed rate depending on the temperature and a uni-

form external drive field E ≥ 0 that is oriented along the longitudinal (∥) direction [40, 41].

Spin exchange processes hence are biased along the direction of the applied field, and in con-

junction with the periodic boundaries drive the system towards a genuine non-equilibrium

stationary state. For such a steady state to be maintained in the presence of the external

driving field, the system needs to be coupled to a thermal reservoir at fixed temperature

T that absorbs heat flow produced by the current. Similarly to the Ising model, nearest-

neighbor ferromagnetic interactions spur competition in the system between two processes:

local ordering or domain wall annihilation, and domain wall formation accompanied with

entropy production. As a result, the KLS driven lattice gas experiences a continuous phase

separation transition in d ≥ 2 dimensions when the conserved total magnetization of the

system is set to vanish,
∑N

i=1 si = 0, or the particle density ρ =
∑N

i=1 ni/N = 1
2
. In contrast

to the equilibrium Ising model, the drive in the KLS system forces ordered domains to align

into stripe-like clusters that are oriented along the ∥ direction. It also raises the critical

temperature, e.g., TKLS
c (E → ∞) ≈ 1.41T eq

c in two dimensions [27]; and as discussed below,

drastically alters the associated critical exponents.

The dynamics of the KLS model in d = 2 dimensions can be described in the lattice gas

language by the following set of microscopic rules: Consider a half-filled driven lattice gas
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that is defined on a torus with L∥ ×L⊥ sites, with each site containing at most one particle,

restricting the occupation number ni = n(x, y) = 0 (empty site) or 1 (filled site). This

constraint on the particle occupation number may be interpreted to reflect mutual hard-core

repulsion. In addition, the driven KLS lattice gas is governed by nearest-neighbor attractive

Ising interactions with uniform exchange coupling J > 0,

H = −J
N∑
i ̸=j

si sj = −4J
N∑
i ̸=j

(
ni − 1

2

) (
nj − 1

2

)
. (2.1)

The drive and temperature enter the model dynamics through the Markovian transition rates

R(C → C ′) ∝ exp (−β [H(C ′)−H(C)− lE]) , (2.2)

where β = 1/kBT , C and C ′ denote two distinct system configurations {si} or {ni}, E > 0

is the applied drive strength, and l = +1, 0,−1 respectively indicates hops along, transverse

to, and against the external bias. For E = 0, detailed balance is restored and one recovers

the Kawasaki exchange dynamics on the Ising lattice. As E → ∞, particle motion or spin

exchanges in the ∥ direction cannot proceed against the drive, effectively restricting the

transition options to l = 1, 0 (totally biased case). In the limit T → ∞ (β → 0), the

nearest-neighbor Ising interactions become ineffective, and the KLS model reduces to the

asymmetric exclusion process (ASEP) for finite driving field E, or the totally asymmetric

exclusion process (TASEP) when E → ∞.

2.2.2 (T)ASEP Model Description

The (totally) asymmetric exclusion process (T)ASEP represents one of the paradigmatic

models of non-equilibrium dynamics, as the underlying conservation law and the hard-core
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repulsion between particles induce spatially anisotropic generic scale invariance with non-

trivial (i.e., non-diffusive) scaling exponents. Remarkably, exact solutions are available for

the (T)ASEP in one dimension [9, 10, 38, 67].

(T)ASEP dynamics consists of (fully) biased particle diffusion on a lattice subject to site

exclusion and periodic boundary conditions; the term “exclusion” again refers to the occupa-

tion number restriction ni = 0 or 1. Provided the target lattice site is empty, the transition

probabilities are set to p∥ > q∥ and p⊥ = q⊥ for hops along, against, and transverse to

the drive direction, respectively. The hopping rate difference ∝ p∥ − q∥ in the ∥ direction

produces a non-zero probability current parallel to the drive that in combination with the

periodic boundary conditions forces the system out of equilibrium. Henceforth we set both

the lattice spacing and the microscopic hopping time step duration to unity. For a system

with uniform density one then obtains the mean particle current ⟨J∥⟩ = (p∥− q∥) ρ(1−ρ). In

this non-equilibrium steady state, the microstates in the periodic (T)ASEP occur with equal

probability [68] that is just given by the inverse of the total number of possible states for the

N particles to be distributed on a lattice with V = L∥L
d−1
⊥ sites, P (V,N) = N !(V −N)!/V !.

A much richer phenomenology emerges in the one-dimensional TASEP (q∥ = 0) with open

boundary conditions where particles are injected into the system from a reservoir on one end

with injection probability α ∈ [0, 1], and removed on the opposite boundary with ejection

probability β ∈ [0, 1]. The non-equilibrium steady states in TASEP systems with such open

boundaries depend on the values of those injection / ejection rates and can be classified into

four distinct phases [38, 52, 69–71]:

• When β < min(α, 1
2
), the system is in the high-density phase with bulk density ρ = 1−β

and average current ⟨J⟩ = β(1− β).

• For α < min(β, 1
2
), the system resides in the low-density phase with bulk density ρ = α
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and average current ⟨J⟩ = α(1− α).

• When α = β < 1
2
, the system is in the coexistence phase. The particle density in

this “mixed-state” region is inhomogeneous and in the stationary state follows a shock

profile interpolating between the low- and high-density values α and 1−α. A mean-field

calculation predicts a hyperbolic tangent density profile

ρ(x) = 1
2
(1 + k tanh [k(x− x0)]) , (2.3)

where the inverse length scale k = 1−2α =
√
1− ⟨J⟩/Jc defines both the shock height

and width; here Jc = p∥/4 denotes the critical current.

• When both α, β ≥ 1
2
, the system is in the maximal current phase. In this region

the mean steady-state current ⟨J⟩ exceeds the critical current Jc. The mean-field

calculation now yields a trigonometric tangent density profile

ρ(x) = 1
2
(1− q tan [q(x− x0)]) , (2.4)

with q =
√

⟨J⟩/Jc − 1.

In the high- or low-density phase, the density profile decays exponentially with finite char-

acteristic length k−1. However, for the maximal-current state, the characteristic length q−1

diverges as J → Jc.

Another one-dimensional model variation relevant to this work is a TASEP lattice gas with

slow bonds, or inhomogeneous TASEP [72]. In that case, particles hop across normal bonds

with rate 1, but across slow bonds with the reduced rate r < 1. Remarkably, just introducing

a single slow bond with r < 1 in the TASEP results in particle blockage at the position of this

defect, and forces the steady-state current to decrease. The density of the particles before
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and after the slow bond ρ± depends on the maximum stationary current ⟨J(r)⟩ that the

system can sustain: ρ± = 1
2

(
1±

√
1− ⟨J(r)⟩/Jc

)
. An explicit expression for the maximal

stationary current ⟨J(r)⟩ has been obtained by means of a series expansion for r ⪅ 1 in

Ref. [73]; a general result for arbitrary values of r remains yet to be found.

2.2.3 Coarse-Grained Langevin Representation

For the driven KLS lattice gas no exact solution has been found to date. Yet one may

formulate a coarse-grained mesoscopic continuous description, which subsequently allows for

a thorough analysis by means of the dynamic renormalization group and determination of the

associated scaling exponents. The starting point is the continuity equation for the conserved

order parameter field
∂s(x⃗, t)

∂t
= −∇⃗ · J⃗(x⃗, t), (2.5)

where s(x⃗, t) = 2[ρ(x⃗, t)−⟨ρ⟩] represents the local magnetization density or density deviation

from its mean ⟨ρ⟩ = 1
2
. The conserved current density comprises three contributions, namely

a relaxational term with Onsager coefficient D, a non-linear component proportional to the

drive E⃗ρ(1−ρ) = 1
2
Dg(1−s2)ê∥ that also incorporates the exclusion constraint, and Gaussian

white noise η⃗ that introduces stochasticity in the system [42, 74, 75]:

J⃗(x⃗, t) = −D∇⃗ δH[s]

δs(x⃗, t)
+

E⃗
4

[
1− s(x⃗, t)2

]
+ η⃗(x⃗, t), (2.6)

Since we are interested in the behavior near the continuum phase transition, we here employ

the standard Landau–Ginzburg–Wilson Hamiltonian for a scalar order parameter [76]

H[s] =

∫
ddx

(
1

2

[
∇⃗s(x⃗)

]2
+

τ

2
s(x⃗)2 +

u

4!
s(x⃗)4

)
, (2.7)
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where τ ∝ |T − Tc| denotes the distance from the critical point, and u > 0 is the non-linear

coupling driving the phase transition.

Taking the functional derivative of the Hamiltonian (2.7) and substituting Eq. (2.6) back

into the continuity equation yields a Langevin equation that models the KLS dynamics.

Near the critical point, fluctuations only need to be taken into account in the “soft” (d− 1)-

dimensional transverse (“⊥”) spatial sector, since below Tc ordered stripes form only in

alignment with the (“∥”) drive direction. The critical KLS Langevin equation hence becomes

(after straightforward rescaling):

∂s(x⃗, t)

∂t
= D

[
c∇2

∥s(x⃗, t) +
(
τ −∇2

⊥
)
∇2

⊥s(x⃗, t) +
u

6
∇2

⊥s(x⃗, t)
3

+
g

2
∇∥s(x⃗, t)

2
]
+ σ(x⃗, t),

(2.8)

where Dc and Dτ now represent longitudinal and transverse diffusion coefficients, respec-

tively, and σ = −∇⃗ · η⃗ constitutes conserved Gaussian white noise with zero mean ⟨σ⟩ = 0

and correlations ⟨σ(x⃗, t)σ(x⃗′, t′)⟩ = −2D∇2
⊥δ(x⃗− x⃗′)δ(t− t′).

In a fully analagous manner, one may construct a coarse-grained mesoscopic description for

the (T)ASEP; indeed, we merely need to omit the terms in Eq. (2.8) for the KLS model that

pertain to critical fluctuations near Tc, and arrive at (again, after straightforward rescaling)

∂s(x⃗, t)

∂t
= D

[(
c∇2

∥ +∇2
⊥
)
s(x⃗, t) +

g

2
∇∥s(x⃗, t)

2
]
+ σ(x⃗, t), (2.9)

with conserved Gaussian white noise ⟨σ⟩ = 0 and ⟨σ(x⃗, t)σ(x⃗′, t′)⟩ = −2D
(
c̃∇2

∥ +∇2
⊥

)
δ(x⃗−

x⃗′)δ(t− t′), where the ratio w = c̃/c indicates the deviation from thermal equilibrium, since

for w = 1 Einstein’s relation and detailed balance are satisfied.
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2.2.4 Stationary Scaling Exponents

Upon approaching the phase transition, the static and dynamical correlations described by

Eq. (2.8) become strongly anisotropic, with longitudinal and transverse wave vectors scaling

as |q∥| ∼ |q⃗⊥|1+∆. The dynamical correlation function consequently obeys the following

scaling form in the steady state [58]:

C
(
x∥, x⃗⊥, t

)
∼ t−ζĈ

(
τ |x⃗⊥|1/ν , x∥/|x⃗⊥|1+∆, t/|x⃗⊥|z

)
, (2.10)

with the correlation length exponent ν, anisotropy exponent ∆, dynamic critical exponent

z, and ζ = (d+∆− 2+ η)/z. In addition, the non-linear coupling ratio u/g2 turns out to be

irrelevant in the renormalization group sense, and hence flows to zero under repeated scale

transformations. For the determination of the associated critical KLS scaling exponents,

one may thus set u → 0, although of course this non-linearity drives the phase separation.

Therefore, since the remaining non-linear term ∝ g in the KLS Langevin equation that

originates from the drive and particle exclusion only affects the longitudinal spatial sector,

one has η = 0, ν = 1/2, and z = 4, as in the corresponding Gaussian model. Moreover, the

single remaining independent critical anisotropy exponent is fixed by Galilean invariance, as

an emerging symmetry on the continuous coarse-grained level, to be ∆ = (8 − d)/3, which

is larger than its mean-field value ∆ = 1 in dimensions below the upper critical dimension

dc = 5. Consequently ζ = (d + ∆ − 2)/4 = (d + 1)/6, equal to the order parameter

growth exponent β = zνζ/2 = ζ. These values of the scaling exponents for the critical KLS

system were originally determined through careful field-theoretical analysis in Refs. [74,

75]; in Table 2.1 we list them for the two-dimensional case that we consider in this work.

The detailed procedure for how the scaling exponents and the general scaling form can be

obtained from the analysis of the Langevin equation is, e.g., presented in Ref. [24].
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∆ z ν η ζ

Critical KLS 2 4 1/2 0 1/2
(T)ASEP 0 2 – 0 1

Table 2.1: Scaling exponents for the critical KLS and (T)ASEP models in two dimensions
(omitting the logarithmic corrections for the (T)ASEP).

For simpler non-critical driven diffusive systems such as the (T)ASEP, i.e., also the high-

temperature phase of the KLS model, that are still governed by generic scale invariance,

Eq. (2.10) reduces to

C
(
x∥, x⃗⊥, t

)
∼ t−ζĈ

(
x∥/|x⃗⊥|1+∆, t/|x⃗⊥|z

)
, (2.11)

where here ζ = (d+∆+z−2+η)/z = (d+∆)/2, since of course again η = 0 and z = 2 as in

the corresponding Gaussian approximation. The upper critical dimension is now dc = 2, and

the exact generic scaling exponents become ∆ = (2− d)/3 and ζ = (d+ 1)/3 in dimensions

d ≤ 2. We note that in one dimension, Eq. (2.9) becomes identical to the noisy Burgers

equation, and via the identification s = −∇h also to the Kardar–Parisi–Zhang equation [77,

78] for the height fluctuation field h. At dc = 2, one obtains logarithmic corrections to the

mean-field scaling exponents ∆ = 0 and ζ = 1 (which are not explicitly listed in Table 2.1).

2.2.5 Physical Aging Scaling

Following a rapid quench from an initial configuration that is quite distinct from the asymp-

totic stationary state, a system is said to be in a physical aging scaling regime if the following

three properties hold: slow (i.e., non-exponential) relaxation, broken time translation invari-

ance, and dynamical scaling [79]. In the KLS model all three signatures of physical aging

scaling are observed when the system is quenched to the critical point from a completely dis-
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ordered state [43]. In contrast, all distinct (T)ASEP microstates are equiprobable, whence

the (T)ASEP physical aging scaling window is best accessed when the initial and final

states differ drastically, e.g., when the simulation is initiated with an alternating “checker

board” particle distribution [80]. In the non-equilibrium relaxation regime, the two-time

auto-correlation functions for both the (T)ASEP and KLS (at Tc) driven lattice gases then

follow a simple aging scaling form:

C(x⃗ = 0; t, tw) = t−ζ
w Ĉ(t/tw), (2.12)

where tw denotes the “waiting” time [43, 80]. The dependence of the correlation function

on both tw and t, not just on time difference τ = t − tw, signifies the breaking of the

time-translation invariance.

Investigating physical aging phenomenona has proven especially useful for systems with

conserved order parameter fields, since their aging scaling exponents can be related to the

corresponding asymptotic steady state exponents [81]. Therefore, studying physical aging

scaling serves as an independent way to obtain the non-equilibrium critical exponents. This

becomes exceptionally useful for systems that display exceedingly slow relaxation towards

their stationary states, which is in fact the case for the critical KLS model.

Measuring the auto-correlation function in Eq. (2.12) in our simulations, we have confirmed

that the KLS driven lattice gas is governed by the (T)ASEP scaling exponents in the dis-

ordered phase. Remarkably, we observe the scaling of C(t, tw) with (T)ASEP aging scaling

exponents already at T = 1.0 > TKLS
c (E,L → ∞) ≈ 0.8. The fact that the KLS driven

lattice gas relaxes akin to a fully disordered system with (T)ASEP non-equilibrium scaling

exponents already at temperatures not far above Tc gave us the motivation to look for the

dynamics of spatially inhomogeneous KLS systems with two interfaces governed by local
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temperature gradients.

2.3 Two-Temperature KLS Model With Transverse Tem-

perature Interface

2.3.1 Model Description

The two-temperature KLS model is a composite of two driven KLS lattice gases held at

different temperatures on a ring torus, depicted schematically in Fig. 2.1(a). The two lattices

are coupled by allowing particle exchange across the two interfaces. Alternatively, the model

can be cast on a L∥ × L⊥ rectangular square lattice with periodic boundary conditions,

where the extensions of the two subsystems in the “∥” direction along the drive are set by

the parameter a as shown in Fig. 2.1(b). In the first subsystem with x ∈ [0, aL∥) with aspect

ratio 0 < a < 1, the temperature is taken to be Th > Tc; whereas the second subsystem in

the range x ∈ [aL∥, L∥) is set, if not otherwise stated, at the critical temperature Tl = Tc. We

shall henceforth refer to the two KLS subsystems according to their temperature: The region

at Th > Tc temperature will be called “hot” or alternatively the “TASEP-like” subsystem,

and we will name the region held at Tc the “critical” subsystem. We will also refer to the

single-temperature system as the “standard” KLS model.

In our simulations, we fix the total density to ρ = 1
2

in the two-temperature driven KLS lattice

gas, in order to avoid triggering kinetic waves in the TASEP-like subsystem, and to be able

to access the continuous non-equilibrium phase transition in the critical KLS subsystem. We

also choose the drive strength to be (formally) E = ∞ to reduce the crossover time necessary

to approach the non-equilibrium steady state. This E → ∞ limit forbids all hops against

the drive, regardless of any particle’s nearest-neighbor configuration, and hence corresponds
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(a)

(b)

Figure 2.1: (a) The two-temperature driven KLS lattice gas on a ring torus. The red sector
of the torus is coupled to a reservoir at temperature Th > Tc, while the blue sector is coupled
to a reservoir at the critical temperature Tl = Tc. The black arrow indicates the direction
of the drive. (b) The two-temperature driven KLS lattice gas on a two-dimensional square
lattice with periodic boundary conditions. The [0, aL∥) region of the lattice (with red-colored
particles) is maintained at Th > Tc, while the rest of the lattice is held at Tl = Tc. The colored
arrows indicate possible hopping processes, with rates given by Eq. (2.2).

to the completely biased nearest-neighbor hopping in the longitudinal direction. Note that

consequently the temperatures in either heat bath only affect particle movements transverse

to the drive. While the particular choice of the drive strength affects the values of the critical

temperature, net stationary particle current, and overall time scale, it does not qualitatively

change the KLS non-equilibrium steady state provided the drive strength satisfies βE ≫ 1

[27].
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2.3.2 Monte Carlo Simulations

We simulate the dynamics of the two-temperature driven KLS lattice gas on a two-dimensional

torus or square lattice with periodic boundary conditions, see Fig. 2.1, using the standard

Metropolis algorithm with conserved Kawasaki exchange dynamics. If not otherwise stated,

the simulations are initiated with a random distribution of N particles over the entire L∥×L⊥

lattice, and proceed with random sequential updates. Performing L∥×L⊥ updates per single

Monte Carlo step (MCS), we allow every particle to be selected once on average for the

update. If a chosen lattice site is occupied, we proceed with randomly selecting the hop

direction from the four possible nearest-neighbor target sites with probability 1/4. The pro-

posed hop is then performed to an empty lattice site with a probability that depends on

the drive orientation and strength, as well as on the nearest-neighbor configurations of both

departure and arrival sites. The acceptance probability for the proposed move is set by

P (C → C ′) = min {1, exp (−β[H(C ′)−H(C)− lE])} , (2.13)

where H(C) and H(C ′) are the energy of the initial and final configurations, respectively,

computed from Eq. (2.1).

We use a different expression for the acceptance probability for the hops across the temper-

ature boundaries:

P (C → C ′)
∣∣
β1→β2

= min {1, exp (−β2H(C ′) + β1[H(C) + lE])} , (2.14)

where β1 and β2 denote the inverse temperatures pertinent to the particle’s initial and final

position. In the E → ∞ limit, simply all hops along the drive will be accepted, while

all hops against the drive are strictly prohibited; the Ising Hamiltonian consequently only
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(a) 3, 000 MCS

(b) 10, 000 MCS

Figure 2.2: Simulation snapshots of the two-temperature KLS driven lattice gas with L∥ =
500 and L⊥ = 100 after (a) 3, 000 Monte Carlo steps (MCS) and (b) 10, 000 MCS. The thin
verticle red line indicates one of the temperature interfaces; the other interface is located at
x = 0 and x = L∥. The left part of the lattice in the figure is coupled to the temperature
bath at Th = 2.0, and the right part to the Tl = 0.8 ≈ Tc reservoir.

affects hops transverse to the drive direction. Since the temperature interfaces in this work

are oriented perpendicular to the drive, our particular choice (2.14) to handle the hops

across the subsystem boundaries in fact would not matter. We will henceforth measure the

temperature T that solely controls the probability of particle motion transverse to the drive

in units of J /kB.

2.4 Transient regime

In order to access the physical aging scaling regime in the hot or TASEP-like subsystem

(held at temperature Th > Tc), we start from highly correlated initial conditions and fill the

whole lattice with particles in an alternating manner, i.e., a checker-board pattern. Shortly
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after the beginning of the simulation, we observe the formation of two density shock waves in

the hot subsystem, as seen in the simulation snapshot in Fig. 2.2(a): The low-density shock

wave nucleates at the boundary (at x = 0 and x = L∥) that particles cross to enter the hot

subsystem from the cooler side where Tl = Tc; the high-density shock wave emerges at the

interface (located at x = aL∥) where particles leave the TASEP-like subsystem. These high-

and low-density shocks traverse the hot region, moving toward each other with the same

constant velocity; its value is consistent with the one determined for the one-dimensional

TASEP with open boundaries in the coexistence phase [82]:

v =
⟨J∥,st⟩ − ⟨J∥,st(Th)⟩

ρ± − ρ
, (2.15)

where ⟨J∥,st(Th)⟩ is the mean drive-induced steady-state particle current in the standard

KLS model at temperature Th, whereas ⟨J∥,st⟩ represents the mean drive-induced steady-

state particle current in the two-temperature KLS system; ρ± denote the average high and

low densities on either side in the hot subsystem, and ρ = 1
2

is the total density in the lattice.

Once the two density shock waves have met in the middle of the hot subsystem, a station-

ary domain wall forms that completely separates the subsystem into low- and high-density

phases, as shown in the late-time snapshot, Fig. 2.2(b). Recording the density profile for

the two-temperature KLS model enables us to follow the temporal evolution of the system,

and allows us to obtain the kink’s height and width as shown in Fig. 2.3. We will discuss

the intriguing steady-state shape of the density profile in the following section 2.5.

Meanwhile, the critical subsystem (at temperature Tl = 0.8 ≈ Tc) develops long correlated

clusters that are oriented along the drive. In contrast to the standard KLS model, the stripe-

like clusters in the critical region of the two-temperature KLS system become more dense

at the boundary where particles enter the critical domain, and less dense at the boundary
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Figure 2.3: Density profiles of the two-temperature KLS driven lattice gas with dimensions
L∥ = 500, L⊥ = 250 at different simulation times. The subsystem length ratio is 1:1
(a = 0.5); one temperature interface is indicated by the vertical red line, while the other
one is located at x = 0 and x = L∥. The hot subsystem is held at Th = 2.0 and the critical
subsystem at Tl = 0.8 ≈ Tc. The data are averaged over 100 independent realizations.

where particles leave this region. The extended correlated particle clusters continue to alter

their shape even after the two density shock waves have met one another in the hot region,

eventually forming funnel-like structures that traverse the entire critical subsystem. The

process of the long density tails spreading into the critical subsystem happens on a much

longer time scale, which we have not been able to reliably estimate; perhaps this kinetics is

governed by a power law.

The emergence of these spatial inhomogeneities in the two-temperature KLS driven lattice

gas prevents us from accessing the physical aging scaling regime in the parts of the lattice
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Figure 2.4: Aging scaling plots of the two-time density auto-correlation function in the
two-temperature KLS driven lattice gas with dimensions L∥ = 1000, L⊥ = 64. The data
are collected following a quench from a random initial state to the high-temperature state
(Th = 5.0) in the left graph, and to the critical point (Tl = 0.8 ≈ Tc) in the right plot, in the
central columns of the hot and critical subsystems, respectively. The points in each curve
represent averages over 1, 000, 000 independent realizations.

with non-uniform density. However, the density waves nucleate at the temperature inter-

face boundaries and the approximate time it takes for them to reach the center of the hot

subsystem is ∆t ≈ aL∥/2v, since aL∥ is the length of the hot subsystem along the drive

direction. Until that moment, the central parts of the two subsystems do not experience

any mutual coupling, and are effectively independent. One would hence expect the initial

non-equilibrium relaxation dynamics in the TASEP-like subsystem to be governed by the

TASEP aging scaling exponents, and the critical subsystem correspondingly characterized

by the critical KLS aging exponents. To verify this assertion, we have probed the aging

scaling exponent ζ separately in the middle columns of both the hot and critical subsystems.

Applying the simple aging scaling form (2.12), we demonstrate in Fig. 2.4 that the obtained
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(a)

(b)

Figure 2.5: (a) The drive-induced current at different temperatures in the standard (uniform)
KLS driven lattice gas with dimensions L∥ = 1000, L⊥ = 64. The data are collected after
20, 000 MCS when the system is in the steady state for T > Tc, but still in a very slowly
evolving transient state for T ≤ Tc. The data are averaged over 1000 MCS and over 100
independent realizations. (b) Transient current profiles of the two-temperature KLS driven
lattice gas with dimensions L∥ = 500, L⊥ = 250 at different times. The subsystem ratio is
1:1 (a = 0.5) and one of the temperature interfaces is indicated by the red line. The hot
subsystem is held at Th = 2.0 and the critical subsystem at Tl = 0.8 ≈ Tc. The data are
averaged over 10, 000 independent realizations.
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aging scaling exponents from the central part of the hot and critical subsystems are indeed

identical to the predicted and reported values for the two-dimensional (T)ASEP (ζ = 1) and

standard KLS (ζ = 1/2) models, respectively [43, 80].

Once the two density shock waves meet at the center of the TASEP-like subsystem, the

initial aging scaling terminates, and the subsystem becomes completely segregated into the

high- and low-density regions, with the single domain wall centered in the middle of the

hot subsystem. This phase separation in the high-temperature region can be explained by

considering the mean drive-induced particle current in the two-temperature KLS system.

However, before examining this inhomogeneous two-temperature modification of the KLS

model, it is useful to first analyze how the mean steady-state particle current depends on

the temperature in the original standard KLS driven lattice gas. To our knowledge, only Katz

et al. have studied this temperature dependence of the mean steady-state particle current in

their original paper [41]. They showed that the mean steady-state current ⟨J∥,st(T )⟩ assumes

the value p∥ρ(1 − ρ) in the infinite-temperature limit, and drops drastically in the ordered

phase due to the stripe-like phase separation of the system, with a cusp discontinuity at the

critical temperature Tc. Seeking to uncover the functional dependence of ⟨J∥,st(T )⟩ on T , we

found that the mean steady-state current in the standard KLS model decays linearly with

inverse temperature ⟨J∥,st(∞)⟩−⟨J∥,st(T )⟩ ∼ T−1 in the disordered phase (T > Tc), as shown

in Fig. 2.5(a). This inverse temperature power law clearly originates from the decrease of

the effective Ising attractive interactions with T .

Since the two-temperature KLS driven lattice gas must of course reduce to the standard KLS

model for a = 0 or 1, one would expect the mean steady-state particle current ⟨J∥,st⟩ in the

two-temperature KLS system at temperatures Th and Tl < Th to be bounded between the

standard KLS values of the mean steady-state current ⟨J∥,st(Th)⟩ and ⟨J∥,st(Tl)⟩. We have

confirmed this expectation with our simulations, and show in Fig. 2.5(b) that initially the
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hot and critical subsystems have distinct local current values. But once the two-temperature

KLS driven lattice gas has reached its steady state, the particle current ⟨J∥,st⟩ becomes

uniform across the system and takes values in the range [⟨J∥,st(Tl)⟩, ⟨J∥,st(Th)⟩]. One may

draw an analogy between the two-temperature KLS driven lattice gas and the TASEP with

a slow bond to illustrate how the drop in the current causes a particle blockage in the two-

temperature KLS model. In the TASEP with a slow bond, the defect bond plays the role of a

bottleneck that impedes the transport in the entire chain. Similarly, in the two-temperature

KLS driven lattice gas the entire critical subsystem serves as the bottleneck for the particles

emanating from the hot region. Once these particles enter the critical subsystem, they

become stuck inside the large correlated clusters. This causes the clogging at the hot-to-

critical temperature interface, and eventually induces the density phase separation in the

hot subsystem.

Indeed, we observe the phase separation inside the hot subsystem even when the temperature

Tl of the cooler subsystem is above the critical temperature, Th > Tl > Tc: When both

subsystems are in the disordered phase, the subsystem with the lower temperature will play

the role of the bottleneck region since according to Fig. 2.5(a) it sustains a lower stationary

mean particle current.

2.5 Steady-State Properties

2.5.1 Steady-State Particle Current

Once the density profile ceases altering its shape and the drive-induced particle current

becomes uniform across the whole lattice and does not change with time anymore, the two-

temperature KLS driven lattice gas has reached its non-equilibrium stationary state. The
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Figure 2.6: The steady-state current for different subsystem ratios and overall system sizes.
The aspect ratio parameter a indicates the position of the hot-to-critical subsystems’ inter-
face. The hot subsystem was held at Th = 2.0, while the critical subsystem was maintained
at Tl = 0.8 ≈ Tc. The lattice width L⊥ = 64 was used for the simulations, and the data were
averaged over 5, 000 MCS and over 10 independent realizations.

mean steady-state particle current ⟨J∥,st⟩ in the two-temperature KLS driven lattice gas

depends non-trivially on all system parameters: the system’s geometry determined by L∥,

L⊥ and the aspect ratio a, as well as both temperatures Th > Tl. As we have mentioned

in the preceding section, these temperatures of the hot and cooler subsystems Tl, Th set

the upper and lower boundaries for ⟨J∥,st⟩ that are approached when the parameter a either

takes the value 1 or 0 (rendering the system uniform).

We observe the two-temperature KLS model to display intriguing and subtle finite-size fea-

tures. For example, in Fig. 2.6 we show how the mean steady-state particle current ⟨J∥,st⟩

varies with the aspect ratio a for different total lattice lengths L∥. As in the TASEP with a

slow bond, ⟨J∥,st⟩ drops significantly even when even just a small fraction 1− a ≪ 1 of the

lattice is maintained at the critical temperature, or in fact at any Tl with Tc < Tl < Th; i.e.,

the lattice sites that are coupled to the lower-temperature bath dominantly affect the result-
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Figure 2.7: Double-logarithmic plots of the probability distribution P (n) of the cluster sizes
n in the cooler subsystem held at (a) Tl = 0.8 ≈ Tc, and (b) Tl = 2.0 > Tc, while the
hot region is maintained at (a) Th = 2.0, and (b) Th = 5.0, respectively. The lattice width
L⊥ = 32 was used for the simulations. The data for each curve were collected in the steady
state after L2

∥ MCS and were averaged over 1, 000 independent realizations.

ing mean stationary current values. For the same subsystem ratio a but different L∥, the

mean steady-state particle current is lower in systems with a greater number of effectively

slow lattice sites controlled by the heat bath set to temperature Tl; hence ⟨J∥,st⟩ becomes

reduced for larger L∥.

In contrast to the TASEP with a slow bond, the “defect” region in the two-temperature KLS

driven lattice gas emerges in the critical subsystem owing to the Ising attractive interactions

that instigate the formation of the long horizontal clusters. To gain better insight into the

steady-state particle current dependence on the system size L∥, we have analyzed single-row

wide clusters in the critical subsystem. We apply the same rules to define a cluster that Katz

et al. used in their original work [41] to study the standard KLS clusters size histogram: A
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single-row wide particle cluster is assigned a length n if it has empty sites at its ends, and no

empty sites inside the cluster. Thus, according to this definition, a single separate particle

is considered to be a cluster of size n = 1, and a completely occupied row corresponds to a

cluster of size n = L∥.

After reaching the steady state in our simulation, we have collected all clusters in the crit-

ical subsystem, which is held at Tc, into n-sized bins, and subsequently constructed their

histogram. Thereby arriving at an estimate for the probability distribution of the cluster

size P (n), we have found the following scaling with system size L∥:

P (n) = Lα
∥ F

(
n/ξ∥(L∥)

)
, (2.16)

where we obtain α ≈ 0.8 from the optimal data collapse, and the characteristic correlation

length or typical cluster size ξ∥(L∥) ∼
√

logL∥ grows logarithmically with system size L∥, as

shown in Fig. 2.7(a). Yet if Tl in the cooler subsystem is set above the critical temperature,

Th > Tl > Tc, the finite-size scaling exponent in Eq. (2.16) changes its value to α ≈ 1, while

the correlation length ξ∥ becomes constant and of O(1), see Fig. 2.7(b). When the cooler

subsystem resides in the KLS disordered phase, long-range spatial correlations disappear,

and particles move essentially freely and unimpeded through the lower-temperature region.

From these observations we conclude that the overall decrease of the mean steady-state

particle current in the two-temperature KLS model with L∥ occurs because the characteristic

cluster size in the critical subsystem increases logarithmically with the system length L∥ ∼

L1+∆
⊥ = L3

⊥ and hence also with its width L⊥. Moreover, the formation of these correlated

critical clusters markedly affects the dynamics of the phase interface fluctuations in the hot

subsystem, as we will discuss in the final subsection 2.5.3 below.
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2.5.2 Steady-State Density Profile

For the two-temperature KLS model, the shape of the density profile in Fig. 2.3 resem-

bles a hyperbolic tanh-function in the hot region and a trigonometric tan-function in the

low-temperature subsystem. Remarkably, hyperbolic tangent- and tangent-shaped density

profiles have been observed in the one-dimensional TASEP with open boundaries in the

coexistence and the maximal-current phases, respectively [38, 52, 67, 69–71]. This strik-

ing similarity calls for a quantitative comparison of the two-temperature KLS steady-state

density profiles with the known mean-field solutions for the one-dimensional TASEP with

open boundaries, as given by Eqs. (2.3) and (2.4). In the following, we discuss the unique

properties of the density profiles in both regions of the two-temperature KLS system. In

particular, we wish to ascertain whether the mean-field description for the TASEP with

open boundaries may be adapted to characterize the two-temperature KLS density profiles

for two separate cases, namely either when the cooler subsystem is maintained at the critical

temperature (Tl = Tc), or when it is held at a temperature just above the critical one.

Critical Subsystem

We first carefully examine the critical subsystem, which is maintained at Tl = 0.8 ≈ Tc. We

have found that the density field ρ(x) does not follow the mean-field tangent solution given

by Eq. (2.4) as proposed for the maximal current phase in the TASEP with open boundary

conditions. Instead, the excess density ρ(x) − ⟨ρ⟩ with ⟨ρ⟩ = 1
2
, near the boundaries of the

critical subsystem displays a power law decay away from the interface with exponent 1/3, as

shown in Fig. 2.8. This decay exponent is indeed characteristic of the critical KLS univer-

sality class, as we demonstrate with the general KLS scaling form (2.10) of the correlation
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Figure 2.8: Decay of the density ρ(x) in the critical subsystem, where x is the distance
from the hot-to-critical temperature interface. The hot subsystem is held at Th = 2.0; the
hot and critical subsystem size ratio is chosen to be 1:8. Different curves correspond to the
different system lengths L∥, but with identical width L⊥ = 64. The data points in each
curve reflect averages over 10, 000 independent realizations. The inset compares the tan-like
part of the density profile with the mean-field result when both subsystems are maintained
at temperatures above the critical one, namely at Th = 10.0 and Tl = 5.0, respectively.
The system length is L∥ = 1, 000, the system width L⊥ = 64, and the hot and critical
subsystem size ratio is chosen to be 1:8. The data shown in the inset were averaged over
10, 000 independent realizations.

function at the critical point (τ = 0) and x⊥ = 0,

C(t, x∥) = t−ζ C̃(t/x∥) ∼ x
−ζ z/(1+∆)
∥ (2.17)

at t = 0. Upon identifying x = x∥, which now indicates the distance measured parallel to

the drive direction from the hot-to-critical temperature interface (i.e., from the red line to
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the right in Fig. 2.3), we thus find for the excess density

∣∣ρ(x)− 1
2

∣∣ ∼ x−ζ z/[2(1+∆)] = x−1/3 (2.18)

in two dimensions, with ∆ = 2 and z = 4 representing the critical KLS anisotropy and

dynamical exponents, and ζ = ∆/4 = 1/2; see Table 2.1. From the graphs pertaining to

different L∥ in the main plot on Fig. 2.8, we infer that the deviations from this power law are

due to the finite size of the system, and posit that the excess density will follow the x−1/3

algebraic decay in the thermodynamic limit.

Our simulation data in the inset of Fig. 2.8 indicate that the density profile in the cooler

subsystem follows the mean-field solution when the temperature Tl > Tc in that region is

raised above the critical value. Thus we may directly adapt Eq. (2.4) for the one-dimensional

TASEP in the maximal current phase to the two-temperature KLS model, setting x0 =

(1 + a)L∥/2. In contrast to the TASEP formula the inverse characteristic length now is

q =
√

⟨J∥,st⟩/Jmax − 1, with the mean steady-state current ⟨J∥,st⟩ in the two-temperature

KLS model, and where Jmax is the cooler subsystem maximal current that is equal to the

mean steady-state current ⟨J∥,st(Tl)⟩ in the standard KSL model at temperature Tl.

Hot Subsystem

Our simulations show that the mean-field solution (2.3) for the one-dimensional TASEP with

open boundaries in the coexistence phase can be readily adapted to the two-temperature

KLS driven lattice gas to describe the density profile of the hot subsystem, with x0 = aL∥/2.

Here the inverse characteristic length is k =
√

1− ⟨J∥,st⟩/Jmax, with the mean steady-state

current ⟨J∥,st⟩ in the two-temperature KLS model, and Jmax denoting the hot subsystem

maximal current, i.e., the mean steady-state current ⟨J∥,st(Th)⟩ in the standard KLS model
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at temperature Th. This mean-field expression works exceptionally well far away from the

phase interface, and if Th > Tl > Tc. Having obtained the density profiles and the mean

steady-state particle currents from our simulations for systems at different temperatures Th,

we show in Fig. 2.9 that the asymptotic high and low densities at the boundaries of the hot

subsystem are completely determined by the value of the inverse characteristic length k,

⟨ρ±⟩ = 1
2
(1± k) = 1

2

[
1±

(
1− ⟨J∥,st⟩/Jmax

)1/2]
. (2.19)

However, small but clearly noticeable deviations from this expression are observed, when

both subsystems are maintained at temperatures close to Tc, 2.0 > Th, Tl ⪆ Tc ≈ 0.8 (on

the left side of the figure), signifying the influence of critical fluctuations across the entire

system that are not captured by the mean-field approximation. Indeed, instead of the

exponent 1/2 in Eq. (2.19), our best data fit gives the value 0.48, yet with error bars that

are still compatible with the mean-field exponent 0.5. We also observe that the prefactor

in front of the brackets in Eq. (2.19) is always smaller than 1
2

in systems with Tl ≈ Tc; i.e.,

the actual height of the kink in the hot subsystem is reduced as compared to the mean-field

prediction.

Close to the phase interface, the domain wall width differs significantly from the mean-field

prediction. This discrepancy clearly arises from the presence of non-trivial phase interface

fluctuations that are not accounted for by the mean-field approximation. Examining a series

of successive simulation snapshots, we have confirmed that the phase interface shape in the

hot subsystem is in fact changing with time. The following subsection is devoted to a more

detailed exploration of the interface fluctuations at the boundary between the high- and

low-density phases within the high-temperature region.
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Figure 2.9: Double-logarithmic plot of the hot subsystem’s low and high densities ρ± as
a function of the mean steady-state particle current and the maximal current for different
temperatures of the hot subsystem. The cooler subsystem is held at the critical temperature,
Tl = 0.8 ≈ Tc. The system size is L∥ = 1, 000 and L⊥ = 64 and the hot-to-critical subsystem
ratio is 1:8. All data points were averaged over 10, 000 independent realizations. The inset
compares the tanh-like part of the density profile with the mean-field result when both
subsystems are maintained at temperatures above the critical one, namely at Th = 5.0 and
Tl = 2.0, respectively; here the hot-to-critical subsystem ratio was set to 1:19 (a = 0.05). The
data in the inset were averaged over 10, 000 MCS and over 1, 000 independent realizations.

2.5.3 Phase Interface Fluctuations

Certain features of the two-temperature KLS driven lattice gas make studying the phase

interface fluctuations within the hot subsystem with conventional means problematic. First,

instead of two well-separated phases of particles and holes, the hot subsystem is comprised of

high- and low-density phases, which renders the task of tracing the phase interface ambiguous

and rather arduous. Moreover, we cannot determine the exact time when the phase interface

is fully formed. At the time instant when the two density shock waves meet at the middle
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(a) (b)

Figure 2.10: Double-logarithmic plots of the steady-state auto-correlation function decay
with time at the phase interface within the hot subsystem of the two-temperature KLS
driven lattice gas: (a) for different aspect ratios a at fixed lattice dimensions L∥ = 64 and
L⊥ = 32; (b) for different total system lengths L∥ at fixed width L⊥ = 32 and hot-to-critical
subsystem ratio 1:1 (a = 0.5). The inset compares two systems with different L∥ and aspect
ratios a, but with the same mean steady-state particle current ⟨J∥,st⟩. All data shown pertain
to Th = 2.0 and Tl = 0.8 ≈ Tc. In all graphs, each data point was averaged over 50, 000
realizations.

of the hot subsystem, the particles at the center of the region are still uniformly distributed;

only a few hundred Monte Carlo steps later the interface becomes fully established.

To circumvent the outlined obstacles, we have decided to monitor the temporal decay of the

steady-state auto-correlation function from the time instant tss when the mean total particle

current in the system does not change anymore,

C(x⃗ = 0; t− tss) =
1

L⊥

L⊥∑
j=1

[⟨nx∗,j(t)nx∗,j(tss)⟩ − ⟨nx∗,j(t)⟩⟨nx∗,j(tss)⟩] , (2.20)

where n represents the occupancy of the site, and x∗ = aL∥/2 is the location of the column

in the center of the hot subsystem around which the phase interface forms. This steady-state

density auto-correlation function reflects the dynamics of interface fluctuations: Comparing



44 Chapter 2. Transverse Temperature Interfaces in the KLS Driven Lattice Gas

successively taken snapshots of the center column indicates how fast the phase interface

shape varies with time.

Asymptotically, both the (T)ASEP and KLS auto-correlations decay algebraically C(0, t) ∼

t−ζ as t → ∞, where in two dimensions ζ = 1 for the (T)ASEP, and ζ = 1/2 for the

critical KLS model, see Table 2.1. More precisely, the TASEP auto-correlations display

logarithmic corrections to the mean-field power law at the upper critical dimension dc = 2,

C(0, 0, t) ∼ [t(log t)1/3]−1 [83]. Hence we expect the following range for any effective, i.e.,

potentially still size- and time-dependent auto-correlation decay exponent: 1/2 ≤ ζ̂ < 1.

When both temperatures of our inhomogeneous KLS system are set far above the critical

temperature, it indeed behaves like a two-dimensional (T)ASEP, with the auto-correlation

function (2.20) decaying essentially linearly with time irrespective of the aspect ratio.

Yet if we set Tl = 0.8 ≈ Tc, we have found after extensive analysis of our Monte Carlo

simulation data that the effective scaling exponent ζ̂ which can be extracted from the den-

sity auto-correlations indeed appears to take any value in the allowed range, depending

on the simulation domain’s aspect ratio a and total system length L∥, as demonstrated in

Fig. 2.10(a), with the critical KLS value ζ̂ → 1/2 as a → 0, whereas the two-dimensional

(T)ASEP scaling is approached for a → 1. Interestingly, our simulation data appear to

correctly capture the subtle logarithmic corrections in this limit. Furthermore we observe

that upon increasing the system length L∥, the auto-correlation decay slows down, presum-

ably owing to increasing influence of the critical fluctuations in the cooler subsystem. In the

thermodynamic limit, perhaps the universal critical KLS decay exponent ζ = 1/2 might be

reached, but likely only after a prohibitively long crossover period.

Upon varying the system parameters, we have discovered that the effective auto-correlation

decay exponent ζ̂ appears to be controlled by the mean steady-state particle current ⟨J∥,st⟩

in the system. To demonstrate that, we plot the auto-correlation function in Fig. 2.10(b) for
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a few systems with different lengths L∥, keeping the hot-to-critical subsystem ratio constant.

As we showed in Fig. 2.6, ⟨J∥,st⟩ decreases with the system’s length if the other parameters

remain unchanged; in addition, as the mean steady-state current in the system decreases,

so does the auto-correlation decay slope. However, as depicted in the inset of Fig. 2.10(b),

two different system geometries that share the same value of the mean steady-state current

yield overlapping auto-correlation curves.

2.6 Conclusion

As we have elucidated above, the intriguing stationary-state as well as transient kinetics of

non-equilibrium systems displaying generic scale invariance may become even more complex

upon combining different models subject to distinct microscopic dynamical rules. In this

work, we have shown that a spatially inhomogeneous KLS driven lattice gas with tempera-

ture interfaces generated perpendicular to the non-equilibrium drive and net particle current

produces spatial patterns similar to those observed in TASEP systems with open boundaries.

When part of the lattice is maintained at the critical temperature for phase ordering, while

the other subsystem is held at a temperature above Tc, a transport blockage is triggered at

the interfaces where particles try to leave the hot subsystem and enter the critical region.

As a result, the hot subsystem experiences phase separation, which destroys generic scale in-

variance in that region. Near the temperature interface, the critical region displays algebraic

density decay. The strong critical correlations across the entire system moreover induce

marked corrections to the detailed shape of the density profile and in the high-temperature

region as well as on the dynamics of the interface fluctuations, which appear to be controlled

solely by the value of the stationary-state current.
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Parallel Temperature Interfaces in the

KLS Driven Lattice Gas

The following chapter was adapted with minor modifications, with permission from Journal

of Statistical Mechanics: Theory and Experiment, from our publication:

R. I. Mukhamadiarov, Priyanka, and Uwe C. Täuber. Parallel temperature interfaces in

the Katz-Lebowitz-Spohn driven lattice gas. Journal of Statistical Mechanics: Theory and

Experiment 2020, 113207 (2020). © SISSA Medialab Srl. Reproduced with permission. All

rights reserved

My main scientific contributions to this publication were developing the simulation code for

the two-temperature Katz-Lebowitz-Spohn driven lattice gas, and performing an extensive

analysis of the data that I obtained from running simulations. I also wrote the first draft of

the manuscript and made all figures.

3.1 Introduction

In recent years a new interesting research avenue has emerged in non-equilibrium statistical

physics, namely studies of collective responses in spatially inhomogeneous systems. Whereas

substantial progress has been made in understanding the origins and the often universal

46
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nature of cooperative behavior in systems far from equilibrium, it is still unclear whether it is

possible to control their global collective stochastic dynamics through local manipulation of a

finite spatial patch. Therefore, a comprehensive characterization of spatially inhomogeneous

non-equilibrium systems is required. To address this intriguing set of issues, we have chosen

the Katz–Lebowitz–Spohn (KLS) driven lattice gas [27, 40–42, 53, 84], a non-equilibrium

model where particles perform biased diffusion with site exclusion on a lattice, and in addition

experience attractive short-range Ising interactions.

Interestingly, the KLS model falls into two distinct universality classes and hence displays

very different scaling behavior depending on whether the temperature of the system that

mediates the effectiveness of the ferromagnetic interactions is set above, or exactly at its

critical value Tc; and yet other dynamics in the low-temperature, ordered phase. The pres-

ence of these diverse types of collective motion in the same system renders the KLS driven

lattice gas an excellent candidate for investigating the feasibility of controlling, through local

perturbations, the universal behavior of non-equilibrium systems. We approach this problem

by introducing a hybrid variant of the KLS model, where two separate sectors of the lattice

are maintained at the critical and a higher temperature, respectively, and we investigate

the resulting competition between the two distinct scale-invariant dynamics by analyzing

the temporal evolution of this two-temperature KLS model. We probe the properties of

the resulting temperature interfaces, and their influence on the bulk scaling features of each

subsystem.

To our knowledge no attempts have been taken to investigate the possibility of manipulating

a non-equilibrium system’s scale-invariant dynamics by means of local perturbations of some

external control parameter, i.e., by introducing spatial inhomogeneities. In fact, only a few

earlier studies have explored the possibility of exerting control on dynamical properties of

non-equilibrium systems by globally varying the relevant control parameters [85–88]. On the
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other hand, several investigations of hybrid two-temperature Ising models can be found in

the literature [59, 60, 89]. Some of these considered the situation when the coupling of the

two temperature reservoirs to different parts of the lattice breaks detailed balance, driving

the system away from thermal equilibrium [61, 62, 90]; in contrast, setting up spatially inho-

mogeneous couplings in the Hamiltonian preserves detailed balance and hence fundamentally

maintains equilibrium.

In our previous work, we studied a competition between the critical KLS and the (totally)

asymmetric exclusion process (T)ASEP scale-invariant dynamics [42, 75, 80] by considering

a variation of the KLS driven lattice gas where the entire domain was split into two regions,

each coupled to different temperature reservoirs, and with the temperature boundaries ori-

ented perpendicular to the external particle drive [33]. We demonstrated that the cooler

region serves as an effective transport bottleneck, impeding particle motion along the drive,

and remarkably triggering a phase separation in the hotter subsystem. We also showed that

when both temperatures exceed the critical temperature, the resulting density profile is well-

described by the mean-field expressions derived for a (T)ASEP with open boundaries [9, 38,

69, 70]. Yet if the temperature of the colder subsystem is maintained exactly at the criti-

cal value, one observes enhanced fluctuations, governed by the critical KLS scale-invariant

dynamics.

Interestingly, the physics of the alternative geometrical arrangement for a two-temperature

KLS model variant, namely where the temperature boundaries are oriented parallel to the

external particle drive, appears to be very different. Indeed, in this Chapter we demonstrate

that if the rates across the temperature boundaries are chosen to preserve the Ising Z2 or

particle-hole symmetry, the system remains (statistically) homogeneous, in the sense that no

(mean) density gradients or sharp kinks arise. However, the particle current still differs in

the hotter and cooler subsystems; this transport inhomogeneity alters particle motion at the
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subsystem boundaries, producing a flow vector diagram that is reminiscent of a vortex sheet

that spans the entire interface, after the net average particle current value is subtracted at

every lattice point. In a quest of searching for the signatures of persisting scale-invariant

dynamics, we calculate the particle density fluctuations in both subsystems, and find that

the fluctuation curves scale with the KLS critical exponents when Thot ≫ Tc and Tcold = Tc;

but in contrast they scale with the (T)ASEP scaling exponents when both Thot, Tcold ≫ Tc.

A system’s entropy production rate too is sensitive to cooperative fluctuations during sta-

tionarity as well as transients, and has been widely used to characterize non-equilibrium

features through quantifying the associated probability fluxes [91]. The external field in

the KLS model that sets up a non-vanishing particle current necessarily induces entropy

production. Calculating the entropy production rate per volume in our two subsystems sep-

arately, we observe a power-law decay in the critical subsystem that is governed by a decay

exponent compatible with the corresponding value recorded for the single-temperature KLS

at Tc. Indeed, we argue that asymptotically this temporal scaling is identical to that of the

density autocorrelation function. Hence we conclude that critical fluctuations dominate the

two-temperature KLS dynamics, if the subsystem temperatures are set to Thot ≫ Tc and

Tcold = Tc.

A yet completely different scenario emerges when the hopping rates across the temperature

interfaces explicitly violate particle-hole symmetry. In that perhaps more artificial situation,

the system experiences a net particle flux from one subsystem to the other, which eventually

leads to density phase separation that ultimately terminates in a dynamically frozen state

as the particles become clogged near the subsystem boundaries.

The outline of this Chapter is as follows: In Sec. 3.2 we introduce the two-temperature

modification of the KLS model with the parallel temperature interfaces oriented along the

drive direction. In Sec. 3.3 we present our results for the case when the hopping rates across
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the temperature boundaries are chosen to be Z2 particle-hole symmetric. In Sec. 3.4, we

describe the consequences of choosing the hopping rates across the temperature boundaries

such that particle-hole symmetry is manifestly broken. We conclude this Chapter with a

summary and brief discussions in Sec. 3.5.

3.2 Two-temperature KLS model

The two-temperature KLS model variant that we study in this Chapter consists of an L∥×L⊥

rectangular square lattice with periodic boundary conditions, where the hotter and the cooler

parts of the lattice are separated by two horizontal temperature interfaces that are oriented

parallel to the drive: one placed at zero (or L⊥) and the other at aL⊥, with aspect ratio

a ∈ (0; 1), as displayed in Fig. 3.1. In this schematic representation of the two-temperature

KLS model, the lower part of the lattice y ∈ [0, aL⊥) is maintained at the critical temperature

Tcold = Tc, whereas the temperature in the upper part y ∈ [aL⊥, L⊥) is set at Thot > Tc. In

this Chapter the subsystem size ratio is chosen to be 1 : 1, which corresponds to a = 0.5.

We shall refer to the KLS region at Tcold = Tc as the “critical” subsystem, and to the region

at Thot > Tc as the “hot” or alternatively the “TASEP-like” subsystem. We will also refer to

the single-temperature KLS driven lattice gas as the “standard” KLS model.

We employ the standard Metropolis algorithm with conserved Kawasaki exchange dynamics

to simulate the evolution of the two-temperature driven KLS lattice gas on a square lattice

with periodic boundary conditions. The simulation is initiated with N = 1
2
L∥L⊥ particles

being randomly distributed over the lattice, and proceeds with random sequential Monte

Carlo updates. In our simulations we set the total particle density to ρ = 1
2

to access the

KLS critical point in the critical subsystem, and to avoid triggering kinetic density waves

in the hot subsystem. Also, to speed up the simulation time that it takes for the system to
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(a)

(b)

Figure 3.1: (a) The two-temperature driven KLS lattice gas on a ring torus. The red sector
of the torus is coupled to a reservoir at temperature Thot > Tc, while the blue sector is
coupled to a reservoir at the critical temperature Tcold = Tc. The black arrow indicates the
direction of the external particle drive. (b) The two-temperature driven KLS lattice gas
on an equivalent two-dimensional square lattice with periodic boundary conditions. The
[0, aL⊥) region of the lattice (with blue-colored particles) is maintained at Tcold = Tc, while
the complement of the lattice is held at Thot > Tc. The colored arrows indicate possible
hopping processes, with Metropolis rates given by Eq. 2.2 for hops that happen within the
subsystems, and by Eq. 3.1 [or Eq. 3.7] for hops across the temperature interfaces.

reach its non-equilibrium steady state, we choose the particle drive strength to be (formally)

E = ∞. A more detailed description of the algorithm can be found in the previous chapter

[33].

Eq. 2.2 prescribes the hopping rates in the bulk of each subsystem. However, one has
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to decide how to handle particle hops across the temperature interfaces. We impose the

constraints that this choice should preserve (i) detailed balance in order to not trigger net

particle currents between the subsystems, and (ii) the fundamental KLS particle-hole or Ising

Z2 symmetry; therefore it must account for the nearest-neighbor ferromagnetic interactions,

too. As we demonstrate in Sec. 3.5, violating the detailed-balance condition by breaking

the particle-hole or Ising Z2 symmetry produces a net particle flux across both temperature

boundaries. Thus, it is paramount for our study to choose a proper mathematical form for

the interface hopping rates that couple the two distinct temperature regions. Considering

the two aforementioned properties, we propose the following particle-hole symmetric rate

prescription for hops across the temperature interfaces:

W (C → C ′;T1 → T2) ∝ exp
[
−
(
Hp(C ′)

T2

+
Hh(C ′)

T1

)
+

(
Hp(C)
T1

+
Hh(C)
T2

)]
, (3.1)

where T1 is the temperature of the subsystem that the particle tries to leave, and T2 is the

temperature of the subsystem that the particle attempts to enter. Here the energy function

H(C) from Eq. 2.1 is split into two parts, H(C) = Hp(C) +Hh(C), with Hp(C, {ni = 1}) =

−2J
∑N

⟨i,j⟩
(
nj − 1

2

)
representing the part of the energy sum over the occupied (particle) sites’

(i) nearest neighbors j, while Hh(C, {ni = 0}) = 2J
∑N

⟨i,j⟩
(
nj − 1

2

)
is the complementary

contribution to the Hamiltonian that extends over the holes’ neighbors.

It is straightforward to ascertain that the interface hopping rates (Eq. 3.1) preserve particle-

hole (Ising Z2) symmetry, i.e., upon replacing all particles with holes and vice versa in the

configurations of interest, the transition rates from the resulting new configurations C to C ′

will be equal to the original ones:
∑

C W (C → C ′;T1 → T2) =
∑

C W (C → C ′;T2 → T1).

As we show in the following section, this equality ensures that our choice of the hopping

rates across the temperature boundaries does not give rise to a net particle current between

the two subsystems, which in turn would cause density gradients in the transverse direction.
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Figure 3.2: Simulation snapshot of the two-temperature KLS driven lattice gas with the
temperature boundaries aligned parallel to the drive in its steady state. The system size is
L∥ = 128 and L⊥ = 64, with subsystem ratio 1 : 1 (a = 0.5). The red lines at y = L⊥/2
and y = 0 = L⊥ indicate the positions of the temperature interfaces. On this snapshot, the
upper part of the lattice is coupled to the T = 10.0 temperature reservoir, and the bottom
part to the T = T 128x32

c = 0.782 reservoir.

In Sec. 3.5, we briefly discuss the consequences of selecting interface hopping rates that

explicitly violate particle-hole symmetry.

We remark that coupling the lattice to two temperature reservoirs in this manner differs

from a situation when the two sectors of the lattice are maintained at the same temperature,

but have different interaction strengths J in Eq. 2.1. In the former situation hops across the

temperature interface violate detailed balance, while it remains intact in the latter scenario,

which represents a spatially inhomogeneous Ising model.

3.3 Simulation results

Running the simulations for the two-temperature KLS model with the particle-hole symmet-

ric hopping rates across the temperature boundaries (Eq. 3.1), we have found that the system

remains homogeneous; the average particle density remains 1
2

along each slice in the trans-

verse direction, and no net particle flux is present perpendicular to the drive. As depicted

in the stationary-state snapshot Fig. 3.2, elongated clusters form in the critical subsystem
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along the direction of the drive, while the hotter region remains disordered at all times. On

first glance the two subsystems seem to evolve as if they are not coupled at all. However,

when we checked the initial aging scaling in the two subsystems separately, we found that

scaling in each subsystem persists only for a short period of time. After quenching both sub-

systems from the random initial state to their different assigned temperatures, we measured

the two-time autocorrelation function C(x⃗ = 0; t, tw) = ⟨n(0, t)n(0, tw)⟩− ρ2, where tw < t is

often termed waiting time. Using the simple aging scaling form C(x⃗ = 0; t, tw) = t−ζ
w Ĉ(t/tw),

we looked whether the two-time autocorrelation function in the critical and hot subsystem

scaled with the KLS critical exponents and with the (T)ASEP aging scaling exponents,

respectively [33, 43, 80]. As over time the dynamical coupling between the subsystems be-

comes manifest, the simple aging scaling of the two-time autocorrelation function breaks

down in both regions, indicating that the mutual interaction between the subsystems alters

the scale-invariant dynamics in both temperature regions, similarly to what we observed in

the previous chapter in the two-temperature KLS driven lattice gas with transverse temper-

ature boundaries [33].

3.3.1 Current profile

To understand how the subsystems’ coupling modifies the dynamics in each temperature

region, we first analyzed the current profile of the transverse current in the y direction. Our

simulations yield that the transverse particle current remains zero in the bulk of both subsys-

tems, but exhibits spikes at the hot subsystem boundaries, c.f. Fig. 3.3. These perpendicular

current peaks originate from the fact that on average the hopping rates in the hot subsystem

⟨W (Thot)⟩, Eq. 2.2, exceed the mean hopping rate value across the temperature boundaries

⟨W (Thot → Tcold)⟩, Eq. 3.1. Consequently, particles are likely to be screened from the hot

region’s boundaries as they approach it. As the difference between the hot subsystem’s bulk
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Figure 3.3: The current profile of the two-temperature KLS driven lattice gas with dimen-
sions L∥ = 54, L⊥ = 48 and 1 : 1 subsystem size ratio for different temperatures of the
critical and hot subsystems; the value of the KLS critical temperature for the 54x24 system
is T 54x24

c = 0.773. The hot subsystem is located in the middle of the graph; the temperature
boundaries are indicated by green lines. The data were averaged over 10, 000 independent
realizations.

hopping rates and the hopping rates across the temperature interfaces increases, the current

peaks at the temperature boundaries become larger and broader, reaching their maximum

value for Thot = ∞ and Tcold = Tc. (We do not consider temperatures T < Tc in this work).

We have performed a more detailed analysis of the non-trivial structure of the local particle

transport in the two-temperature KLS driven lattice gas by studying the current vector

field in the hybrid lattice. To render boundary effects more apparent, we subtracted the

average net current value from each lattice point and thus obtained the coarse-grained current

vector plot shown in Fig. 3.4, where each arrow represents the sum of four current vectors

from the adjacent four lattice sites. The resulting current vector patterns for the two-

temperature KLS model with parallel temperature interfaces resemble two vortex sheets
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(a) (b)

Figure 3.4: The coarse-grained current vector plot for the two-temperature KLS model
in the steady state after the average current due to the external particle drive has been
subtracted. The temperatures of the subsystems here were chosen as follows: (a) Thot = 1.0,
Tcold = T 54x24

c = 0.773; (b) Thot = 10.0, Tcold = T 54x24
c = 0.773. The hot temperature

region is located in the middle of the plot, with the red lines indicating the positions of
the temperature boundaries. The system size is L∥ = 54, L⊥ = 48, with 1 : 1 subsystem
size ratio. The data were averaged over 10, 000 Monte Carlo steps and 1, 000 independent
realizations.

located at the subsystem boundaries that span the entire system. Such vortex sheets are

known to appear in fluid-mechanical systems that display velocity discontinuities [92]. In

our two-temperature KLS model, this intriguing boundary feature emerges from the parallel

particle current difference in both subsystems: The particle current along the drive in the

critical subsystem is lower than in the hot region, since the formation of stripe-like clusters

in the critical subsystem impedes transport [33]. The strength of these vortex sheets is

sensitively controlled by the temperature gradient between the two regions. As is shown

in Fig. 3.4(b), when the temperature of the hot subsystem is increased, the strength of the

vortex sheet grows accordingly, reaching its maximum for Thot → ∞ and Tcold = Tc, and

vanishing when Thot = Tcold, or when both temperatures satisfy Thot, Tcold ≫ Tc.
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3.3.2 Density fluctuations

Looking for signatures of the scale-invariant dynamics in the two-temperature KLS model,

we found that the particle density fluctuations in each subsystem exhibit intriguing non-

trivial scaling behavior. While the total number of particles in the entire system of course

stays constant, and the average density in each subsystem remains one-half, the hotter

and cooler regions may exchange particles, whence the total number of particles in each

subsystem fluctuates. We used the following expression to define the integrated particle

density fluctuations (per volume) in the entire critical subsystem:

(∆ρ(t))2 =

〈(
1

L∥ · aL⊥

L∥,aL⊥∑
i,j

nij(t)

)2
〉

−

〈
1

L∥ · aL⊥

L∥,aL⊥∑
i,j

nij(t)

〉2

, (3.2)

where L∥ · aL⊥ is the size of the critical subsystem, and the averaging is performed over

different, independent simulation runs. To obtain the particle density fluctuations in the hot

subsystem, one needs to simply replace aL⊥ everywhere in Eq. 3.2 with (1− a)L⊥.

As is demonstrated in Fig. 3.5, the particle density fluctuations in the critical subsystem

follow the scaling form

(
∆ρ(t, L∥, L⊥)

)2 ∼ t−bϱ̂
(
t/L

z∥
∥ , L∥/L

1+∆
⊥

)
, (3.3)

where z is the dynamical critical exponent and b denotes another scaling exponent, which

stems from the density correlations. Finite-size scaling renders Eq. 2.10 into [24]

C
(
τ, x∥, x⊥, t, L∥, L⊥

)
= t−ζ Ĉ

(
τ |L⊥|1/ν ,

x∥

L∥
,
x⊥

L⊥
,

L∥

L1+∆
⊥

,
t

L
z∥
∥

)
, (3.4)

with ζ = (d + ∆ − 2 + η)/z = ∆/z in d = 2 dimensions. The normalized particle density
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(a) (b)

Figure 3.5: Finite-size scaling for the particle density fluctuations in the critical subsystem
of the two-temperature KLS driven lattice gas with parallel temperature interfaces. The
subsystem temperatures are: (a) Thot = 5.0, Tcold = 2.0; (b) Thot = 5.0, Tcold = Tc, with
T 128x32
c = 0.782, T 250x40

c = 0.788, and T 432x48
c = 0.794. The data were averaged over 2, 500

independent realizations.

fluctuations 3.2 follow directly from the spatial integral of the correlation function; hence we

expect in d dimensions

(
∆ρ(t, L∥)

)2 ∼ ∫ C
(
τ, x∥, x⊥, t, L∥, L⊥

)
dx∥d

d−1x⊥/(L
d−1
⊥ L∥)

2 (3.5)

∼ t−(2d+2∆−2+η)/zϱ̂(t/L
z∥
∥ , L∥/L

1+∆
⊥ ) ,

and thus obtain b = 2(d− 1 + ∆+ η/2)/z = 2(1 + ∆)/z for d = 2.

Remarkably, the scaling exponents in Eq. 3.3 appear to change when the temperatures of the

subsystems are varied. As shown in Fig. 3.5(a), when both temperatures are set well above

Tc, the temporal evolution of the fluctuations satisfies finite-size scaling with exponents z = 2

and b = 1. Moreover, the dynamical scaling of the particle density fluctuations in this case
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does not depend on the choice of the system size aspect ratio L∥/L⊥, suggesting the absense

of the manifest anisotropic scaling, i.e., ∆ = 0 for Thot, Tcold ≫ Tc. Indeed, these are just

the (T)ASEP scaling exponents in two dimensions (neglecting logarithmic corrections at

its upper critical dimension dc = 2), as listed in Table. 2.1. This exponent match with the

finite-size scaling in our data demonstrates that both subsystems of the two-temperature KLS

model with parallel temperature interfaces follow the (T)ASEP dynamical scaling behavior

when the temperatures Thot and Tcold in either region are chosen much higher than the KLS

critical temperature Tc, and consequently the attractive ferromagnetic Ising interactions are

largely irrelevant.

In contrast, when we choose the subsystems’ temperatures as Thot ≫ Tc, but Tcold = Tc, the

particle density fluctuations display very different finite-size scaling behavior. Indeed, the

scaling collapse becomes sensitive to the system size aspect ratio, signaling the presence of

strong anisotropic scaling. Once we select the appropriate size aspect ratio L∥/(aL⊥)
1+∆ =

1/256 for the critical subsystem with the KLS critical anisotropy exponent ∆ = 2 in two

dimensions, we observe convincing data scaling collapse for the particle density fluctuations,

as evidenced in Fig. 3.5(b) with exponents z∥ = z/(1 +∆) = 4/3 and b ≈ 0.92. While z = 4

is indeed equal to the KLS dynamical critical exponent, the collapse exponent deviates from

the value b = 3/2 predicted by our scaling ansatz. We attribute this discrepancy to strong

finite-size corrections characteristic of the critical KLS model, along with the interference

of the distinct boundary dynamics, which is prominent for Thot ≫ Tc and Tcold = Tc. (We

note that the mean-field value for the KLS model, with upper critical dimension dc = 5 and

∆ = 1, is b = 5/2.) Still, the at least approximate scaling of the particle density fluctuations

with the KLS critical exponents indicates the prominence of critical fluctuations in the

two-temperature KLS system for the above range of subsystem temperatures, and that in

fact these long-range correlations control the hybrid KLS dynamics at least at the system
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sizes and time scales our simulations could access. We believe that the critical KLS scaling

becomes established in this situation because the transverse particle current is prominent at

the subsystem interfaces for those temperature values, and particles are being screened from

the temperature boundaries. This leads to an effective (albeit incomplete) decoupling of the

hotter and colder regions, allowing the strong KLS fluctuations to build up in the critical

subsystem.

3.3.3 Entropy production rate

To reinforce our argument that critical fluctuations are observable in the hybrid two-temperature

KLS system when the subsystem temperatures are set to Thot ≫ Tc and Tcold = Tc, we have

measured the entropy production rate in both subsystems. The non-negative entropy pro-

duction rate per volume is defined on the two-dimensional lattice as [93]

σ(t) =
1

2L∥L⊥

∑
C,C′

L∥,L⊥∑
i,j

[Pij(C, t)Wij(C → C ′, t)− Pij(C ′, t)Wij(C ′ → C, t)]

× ln Pij(C, t)Wij(C → C ′, t)

Pij(C ′, t)Wij(C ′ → C, t)
≥ 0 , (3.6)

where the sum extends over all 26 possible nearest-neighbor configurations of any selected

site pair chosen for particle-hole exchange. We compute this quantity in our simulations by

obtaining the probability Pij(C, t) of each configuration to occur at each lattice site at time

t. The logarithm factor in Eq. 3.6 prohibits us from computing the entropy production rate

with infinite drive strength, as it sets the hopping rate against the drive to zero. Thus, to

obtain the entropy production rate we set the drive strength to a very large, but finite value

E = 100.

Calculating the entropy production rates for the hotter and cooler subsystems separately, we
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(a) (b)

(c) (d)

Figure 3.6: (a) The entropy production rate per volume in the two-temperature KLS driven
lattice gas with parallel temperature interface in both subsystems for Thot = 5.0 and Tcold =
2.0 after the saturation value σ(∞) has been subtracted. (b) The entropy production rate
per volume in both temperature regions for Thot = 5.0 and Tcold = T 250x40

c = 0.788 after the
saturation value σ(∞) has been subtracted. (c) The entropy production rate per volume
and (d) net particle current in the standard critical KLS model at T = T 250x40

c = 0.788
and in the ASEP after the saturation values σ(∞) and J(∞) have been subtracted. The
system dimensions are: L∥ = 250, L⊥ = 80 with 1 : 1 subsystem ratio for both (a) and (b);
L∥ = 250, L⊥ = 40 for the standard KLS model, and L∥ = L⊥ = 250 for the ASEP in (c),
(d). The drive strength is chosen to be E = 100. The ASEP hopping rate along the drive is
set to p∥ = 0.999, and in the opposite direction q∥ = 1− p∥ = 0.001. All data were averaged
over 100, 000 independent realizations.
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found that they quickly decay to steady-state values after we quench the system from random

initial conditions or infinite temperature to Thot, Tcold, subsequently holding the temperatures

constant at Thot, Tcold ≫ Tc. Since the density correlations in this (T)ASEP temperature

regime are very short-ranged, one would indeed expect this fast relaxation from a generic

initial configuration to a low-level, external noise-driven stationary entropy production rate.

However, if we initiate our simulations with highly correlated “checkerboard” configurations

with alternating filled and empty sites, a state that is quite distinct from any generic TASEP

configuration [80], then the entropy production rate decays according to a power law ∼ t−1

in both subsystems for Thot, Tcold ≫ Tc, as shown in Fig. 3.6(a). Yet when the temperature

in the colder region is maintained exactly at the critical value Tcold = Tc, we observe a slower

algebraic decay of the entropy production rate with decay exponent ≈ 0.5 in the critical

subsystem, and decay exponent ≈ 0.8 in the hotter subsystem, as depicted in Fig. 3.6(b),

followed by a finite-size exponential cut-off.

To address the question whether the power-law decay of the entropy production rate in the

critical subsystem is dominated by the KLS critical fluctuations, and to better grasp how the

hotter subsystem’s dynamics affects the non-equilibrium relaxation of the critical subsystem

to its steady state, we measured the entropy production in the standard, homogeneous two-

dimensional KLS and ASEP models, with biased hopping rates along and against the drive

set to p∥ = 0.999 and q∥ = 1− p∥ = 0.001, respectively. To access the nontrivial relaxational

regime in the ASEP, we prepared the system again in a unique correlated initial state, placing

the particles with alternating occupation on the lattice in a checkerboard fashion [80]. As

shown in Fig. 3.6(c), the power law for the entropy production rate in the critical subsystem

follows very closely the analagous algebraic decay for the standard KLS model at criticality,

indicating that critical fluctuations persist in the KLS system, even when it is being coupled

to a region with hotter temperature Thot > Tc. Similarly, if both subsystem temperatures
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are set well above Tc, the entropy production rate decays with the ASEP exponent, as one

would expect in the KLS high-temperature phase.

From our simulations it is evident that these nontrivial power-law decay exponents must

fall into the respective critical KLS and TASEP universality classes. The expression for

the entropy production rate in Eq. 3.6 clearly suggests that its temporal evolution should

be closely tied to the non-equilibrium relaxation of the net particle current following the

quench. In the absence of the external drive, the entropy production stems from the change

in the system’s energy, due to its coupling with its surroundings [94, 95]. Yet for the driven

lattice gases under consideration here, σ(t) is dominated by the change of the entropy within

the system, which in turn equals the drive strength multiplied with the mean current in

the system [94]. This connection between the entropy production rate and the average

current is confirmed nicely in our simulation data through the match of the corresponding

decay exponents. We show in Fig. 3.6(d) that as the mean particle current and the entropy

production rate approach their steady state values, the power laws for the average particle

current difference j(t) − j(∞) and for the entropy production rate difference σ(t) − σ(∞)

are indeed characterized by the same decay exponents, for both the ASEP and KLS models.

Furthermore, the origin of these decay exponents becomes apparent once we relate the en-

tropy production rate with the nearest-neighbor equal-time correlation function. One can

see how these two quantities are connected after expanding the exponential factor in the

Kawasaki exchange rates in Eq. 2.2 for E = 0: From the Ising Hamiltonian 2.1 it is clear

that the transition rate difference Wij(C → C ′, t)−Wij(C ′ → C, t) will thus become to lead-

ing order proportional to the nearest-neighbor equal-time correlation function. This makes

sense, since the entropy production rate originates from the temporal changes in the system’s

energy, which is here characterized by the nearest-neighbor equal-time correlation function

in the thermodynamic limit. Indeed, a similar connection between the entropy production
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rate and the rate of free energy change has been established previously for non-driven Ising

spin systems [95]. Consequently, we posit that the ASEP and KLS entropy production power

laws observed in Fig. 3.6(c) are determined by the temporal scaling of the nearest-neighbor

equal-time correlation function, i.e., σ(∞)− σ(t) ∼ t−ζ , where ζ is just the decay exponent

from Eq. 3.4.

3.4 Interface hopping rates with broken particle-hole

symmetry

To satisfy our curiosity, we have considered another (simpler) choice for the hopping rates

across the temperature interfaces that explicitly violates particle-hole symmetry, namely:

W (C → C ′;T1 → T2) ∝ exp
[
−
(
H(C ′)

T2

− H(C)
T1

)]
, (3.7)

where H(C) and H(C ′) are the energy functions from Eq. 2.1, T1 is the temperature of the

subsystem that a particle tries to leave, and T2 is the temperature of the subsystem that this

particle attempts to enter.

In the rate prescription Eq. 3.7, the temperature values T1 and T2 depend on the initial and

the final positions of the particle that tries to cross the temperature boundary. This choice

manifestly breaks particle-hole symmetry and, as a result, induces a net flow of particles

across the temperature interfaces into the hotter region. This counterintuitive outcome

simply stems from the form of the hopping rates across the temperature boundaries Eq. 3.7,

which makes it easier for particles to exit the critical subsystem rather than to enter it, leading

to a transport bias into the hotter region. As shown in Fig. 3.7, the particle excess in the

hotter subsystem exhibits an intriguing power-law growth with an exponent that depends
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Figure 3.7: Net particle growth in the hot subsystem with time for different subsystem
temperatures in the two-temperature KLS model with hopping rates across the temperature
boundaries that manifestly break particle-hole (Ising Z2) symmetry. The system size is
L∥ = 128, L⊥ = 64, with 1 : 1 subsystem size ratio. The data were averaged over 10, 000
independent realizations.

on both regions’ temperatures: We observe slower growth with a smaller exponent value for

Tcold = Tc and Thot ≫ Tc, indicating that the particle exchange between the subsystems is

hindered for these temperatures. When both temperatures are set well above Tc, the motion

in the transverse direction is purely diffusive and hence the power-law growth exponent is

1/2, directly related to the transverse mean-square particle displacement. We cannot offer

insights why we measure a t2/3 algebraic growth if both Thot, Tcold ≫ Tc.

We had initially surmised that this growth exponent might reflect a universal (T)ASEP

feature, but had to discard that notion after observing distinct growth exponents for other

Z2 symmetry-breaking forms of the interface hopping rates. In fact, we have found that the

growth exponent can take any value in the interval [0.4 : 0.83], depending on the definition

of the hopping rates across the temperature boundaries and both regions’ temperatures.
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(a) (b)

Figure 3.8: (a) The density and (b) current profiles of the two-temperature KLS driven
lattice gas with parallel temperature interfaces for different subsystem temperatures Thot
and Tcold. The lattice dimensions are L∥ = 54, L⊥ = 48, with subsystem size ratio 1 : 1; the
temperature interface boundaries are indicated by the green lines. The hotter temperature
subsystem is located in the center on these plots. The data were averaged over 10, 000
independent realizations.

Once the particle number growth in the hotter subsystem shown in Fig. 3.7 ceases, we pre-

sume the two-temperature KLS driven lattice gas to have reached its non-equilibrium steady

state. The resulting steady-state density profile demonstrates that the hopping rates across

the temperature boundaries that break particle-hole symmetry trigger a phase separation in

the particle density; the initially homogeneous system splits into a high-density region in the

hot subsystem, and a low-density region in the critical subsystem, with sharp density kinks

located at the temperature interfaces. As depicted in Fig. 3.8(a), the height of the density

kinks grows as the transverse current at the temperature boundaries increases (Fig. 3.8(b)).

We remark that finite-size effects are likely significant in this clogged stationary state, where

mutual exclusion at the interfaces ultimately terminates the further dynamical evolution of

the system.

Similarly to the particle-hole symmetric case, the density kink height increases with the
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(a) (b)

Figure 3.9: The coarse-grained current vector plots for the two-temperature KLS in the
steady state after the net current has been subtracted from each lattice point. The sub-
system temperatures are set at: (a) Thot = 1.0, Tcold = T 54×24

c = 0.773; (b) Thot = 5.0,
Tcold = T 54×24

c = 0.773. The system size is L∥ = 54, L⊥ = 48, with the hot tempera-
ture subsystem located in the center of the plots; the red lines indicate the positions of the
temperature boundaries. The data were averaged over 28, 000 Monte Carlo steps and over
10, 000 independent realizations.

difference between the mean bulk hopping rate from Eq. 2.2 at T2 and the average hopping

rate across the interface given now by Eq. 3.7. However, in contrast to the symmetric rate

choice, a second minor peak is visible in Fig. 3.8(b) right outside of the hotter region, signaling

the presence of particle blockages at the interfaces. A signature of ensuing particle clogging

at the temperature boundaries can be also seen in the current vector plot in Fig. 3.9, where

near the interfaces, just outside of the hotter subsystem, no significant transverse current

is discernible, indicating limited particle influx into the hot region. As for particle-hole

symmetric hopping rates, boundary effects become amplified when the difference between the

mean hopping rates approaches its maximum value, i.e., when the subsystem temperatures

are set to their extreme limits Thot → ∞ and Tcold = Tc.
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3.5 Conclusion

In this work we have numerically studied a two-temperature KLS driven lattice gas, with

the temperature interfaces aligned along the external drive direction. We have demonstrated

that it is possible to control the scale-invariant dynamics in the system by changing the

temperature(s) locally, i.e., by adjusting the strength of the vortex sheets at the temperature

boundaries. In contrast to our previous work, where splitting the lattice into two temperature

regions with transverse temperature boundaries induced a density phase separation in the

hotter subsystem, here we observe that orienting the interfaces parallel to the drive and net

current maintains homogeneity in each subsystem and preserves its scale-invariant dynamics.

Even though the formation of the boundary-induced vortex sheets terminates the subsys-

tems’ independent initial aging kinetics, their coupling through particle exchange across the

interfaces allows us to observe interesting finite-size scaling for the resulting particle den-

sity fluctuations. We have shown that for two distinct temperature regimes, namely for

Thot, Tcold ≫ Tc and Thot ≫ Tc, Tcold = Tc, these particle density fluctuations scale with the

(T)ASEP and critical KLS dynamical scaling exponents, respectively. Moreover, in the lat-

ter case we have observed the power-law decay exponent of the entropy production rate in

the critical subsystem to be very close to the corresponding value measured for the standard

critical KLS model, which in turn is asymptotically governed by the scaling of the density

autocorrelation function. Although we have gathered substantial evidence that the dynamics

of the critical subsystem is governed by the KLS critical exponents, we cannot completely

exclude the possibility that for the latter temperature choice, the system might be arrested

in an exceedingly slow crossover regime, that critical fluctuations will eventually terminate,

and that the system will ultimately display TASEP scaling behavior.



Chapter 4

Social distancing and epidemic

resurgence in agent-based SIR models

The following chapter was adapted with minor modifications, with permission from Scientific

Reports, from our publication:

R. I. Mukhamadiarov, S. Deng, S. R. Serrao, Priyanka, R. Nandi, L. H. Yao, U. C. Täuber,

Social distancing and epidemic resurgence in agent-based Susceptible-Infectious-Recovered

models, Scientific Reports 11, 130 (2021);

My main scientific contribution to this publication are the lattice simulations of COVID-19

spreading that are based on a stochastic SIR model.

4.1 Introduction

The COVID-19 pandemic constitutes a severe global health crisis. Many countries have

implemented stringent non-pharmaceutical control measures that involve behavioral change

of the public such as social distancing, using face-coverings and mobility reduction enforced

by lockdowns in their populations. This has led to remarkably successful deceleration and

significant ‘flattening of the curve’ of the infection outbreaks, albeit at tremendous economic

and financial costs [96, 97]. At this point, societies are in dire need of designing a secure

69



70 Chapter 4. Social distancing and epidemic resurgence in agent-based SIR models

(partial) exit strategy wherein the inevitable recurrence of the infection among the significant

non-immune fraction of the population can be thoroughly monitored with sufficient spatial

resolution and reliable statistics, provided that dependable, frequent, and widespread virus

testing capabilities are accessible and implemented. Until an effective and safe vaccine is

widely available, this would ideally allow the localized implementation of rigorous targeted

disease control mechanisms that demonstrably protect people’s health while the paralyzed

branches of the economy are slowly rebooted.

Mathematical analysis and numerical simulations of infection spreading in generic epidemic

models are crucial for testing the efficacy of proposed mitigation measures, and the timing

and pace of their gradual secure removal. Specifically, the employed mathematical models

need to be (i) stochastic in nature in order to adequately account for randomly occurring

or enforced disease extinction in small isolated communities, as well as for rare catastrophic

infection boosts and (ii) spatially resolved such that they properly capture the significant

emerging correlations among the susceptible and immune subpopulations. These distinguish-

ing features are notably complementary to the more detailed and comprehensive computer

models utilized by researchers at the University of Washington, Imperial College London,

the Virginia Bioinformatics Institute, and others: see, e.g., [98–103].

We report a series of detailed individual-based Monte Carlo computer simulation studies

for stochastic variants [47, 48] of the paradigmatic Susceptible-Infectious-Recovered (SIR)

model [45, 46] for a community of about 100,000 individuals. To determine the robustness

of our results and compare the influence of different contact characteristics, we ran our

stochastic model on four distinct spatially structured architectures, namely i) regular two-

dimensional square lattices, wherein individuals move slowly and with limited range, i.e.,

spread diffusively; ii) two-dimensional small-world networks that in addition incorporate

substantial long-distance interactions and contaminations; and finally on iii) random as well
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as iv) scale-free social contact networks. For each setup, we investigated epidemic outbreaks

with model parameters informed by the known COVID-19 data [101, 104]. To allow for

a direct comparison, we extracted the corresponding effective infection and recovery rates

by fitting the peak height and the half-peak width of the infection growth curves with the

associated classical deterministic SIR rate equations that pertain to a well-mixed setting. We

designed appropriate implementations of social distancing and contact reduction measures

on each architecture by limiting or removing connections between individuals. This approach

allowed us to generically assess the efficacy of non-pharmaceutical control measures.

Although each architecture entails varied implementations of social distancing measures,

we find that they all robustly reproduce both the resulting reduced outbreak intensity and

growth speed. As anticipated, a dramatic resurgence of the epidemic occurs when mobility

and contact restrictions are released too early. Yet if stringent and sufficiently long-lasting

social distancing measures are imposed, the disease may go extinct in the majority of isolated

small population groups. In our spatially extended lattice systems, disease spreading then

becomes confined to the perimeters of a few larger outbreak regions, where it can be effec-

tively localized and specifically targeted. For the small-network architecture, it is however

imperative that all long-range connections remain curtailed to a very low percentage for the

control measures to remain effective. Intriguingly, we observe that an infection outbreak

spreading through a static scale-free network effectively randomizes its connectivity for the

remaining susceptible nodes, whence the second wave encounters a very different structure.

In the following sections, we briefly describe the methodology and algorithmic implementa-

tions as well as pertinent simulation results for each spatial or network structure; additional

details are provided in Section 4.3. We conclude with a comparison of our findings and a

summary of their implications.
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4.2 Results

4.2.1 Square lattices with diffusive spreading

Our first architecture is a regular two-dimensional square lattice with linear extension L =

448 subject to periodic boundary conditions (i.e., on a torus). Initially, N = S(0) + I(0) +

R(0) = 100, 000 individuals with fixed density ρ = N/L2 ≈ 0.5 are randomly placed on

the lattice, with at most one individual allowed on each site. Almost the entire population

begins in the susceptible state S(0); we start with only 0.1% infected individuals, I(0) = 100,

and no recovered (immune) ones, R(0) = 0. We note that in stochastic simulations, random

fluctuations often lead to the initial infectious population recovering so fast that the epidemic

dies out before it can cause an outbreak; therefore we chose to seed the system with 100

randomly placed infected individuals. This initial configuration is moreover motivated by

enforced lockdowns and travel restrictions which essentially stops the external influx of new

infections. Subsequently, all individuals may move to neighboring empty lattice sites with

diffusion rate d (here we set this hopping probability to 1). Upon their encounter, infectious

individuals irreversibly change the state of neighboring susceptible ones with set rate r:

S + I → I + I. Any infected individual spontaneously recovers to an immune state with

fixed rate a: I → R. (Details of the simulation algorithm are presented in Sec. 4.3.) For the

recovery period, we choose 1/a ∼= 6.667 days (1 day is equivalent to one Monte Carlo step,

MCS) informed by known COVID-19 characteristics [104]. To determine the infection rate r,

we run simulations for various values, fit the peak height and width of the ensuing epidemic

curves with the corresponding SIR rate equations to extract the associated basic reproduction

ratio R0 (as explained in the Sec. 4.3, see Figure 4.7), and finally select that value for r for

our individual-based Monte Carlo simulations that reproduces the R0 ≈ 2.4 for COVID-19

[101]. We perform 100 independent simulation runs with these reaction rates, from which
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we obtain the averaged time tracks for I(t) and R(t), while of course S(t) = N − I(t)−R(t)

and R(t) = a
∫ t

0
I(t′)dt′.

The standard classical SIR deterministic rate equations assume a well-mixed population and

constitute a mean-field type of approximation wherein stochastic fluctuations and spatial as

well as temporal correlations are neglected; see, e.g., [24, 51]. Near the peak of the epidemic

outbreak, when many individuals are infected, this description is usually adequate, albeit

with coarse-grained ‘renormalized’ rate parameters that effectively incorporate fluctuation

effects at short time and small length scales. However, the mean-field rate equations are

qualitatively insufficient when the infectious fraction I(t)/N is small, whence both random

number fluctuations and the underlying discreteness and associated internal demographic

noise become crucial [24, 50, 51]. Already near the epidemic threshold, which constitutes a

continuous dynamical phase transition far from thermal equilibrium, c.f. Figure 4.8 in the

Sec. 4.3, the dynamics is dominated by strong critical point fluctuations. These are reflected

in characteristic initial power laws rather than simple exponential growth of the I(t) and

R(t) curves [105], as demonstrated in Figure 4.7 (Sec. 4.3).

Nor can the deterministic rate equations capture stochastic disease extinction events that

may occur at random in regions where the infectious concentration has reached small values

locally. The rate equations may be understood to pertain to a static and fully connected

network; in contrast, the spreading dynamics on a spatial setting continually rewires any

infectious links keeping the epidemic active [103, 106]. Consequently, once the epidemic

outbreak threshold is exceeded, the SIR rate equations markedly underestimate the time-

integrated outbreak extent reflected in the ultimate saturation level R∞ = R(t → ∞), as is

apparent in the comparison Figure 4.7 (Sec. 4.3).

Once the instantaneous infectious fraction of the population has reached the threshold 10%,

I(t) = 0.1N , we initiate stringent social distancing that we implement through a strong
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repulsive interaction between any occupied lattice sites (with ni = 1), irrespective of their

states S, I, or R; and correspondingly an attractive force between filled and empty (ni = 0)

sites, namely the repulsive interaction energy V (ni) = K
∑

<i,j>(2ni − 1)(2nj − 1) with

dimensionless strength K = 1, where the sum extends only over nearest-neighbor pairs on

the square lattice. The transfer of any individual from an occupied to an adjacent empty

site is subsequently determined through the ensuing energy change ∆V by the Metropolis

transition probability w = min{1, exp(−∆V )} which replaces the unmitigated hopping rate

d. As a result, both the mobility as well as any direct contact between individuals on

the lattice are quickly and drastically reduced. With this social distancing mechanism, our

system effectively operates like an adaptive network [107], where all types of links, rather than

only the S − I links [108], tend to be dynamically suppressed during the lockdown period.

For sufficiently small total density ρ = N/L2, most of the individuals eventually become

completely isolated from each other. For our ρ = 0.5, the disease will continue to spread for

a short period, until the repulsive potential has induced sufficient spatial anti-correlations

between the susceptible individuals. The social-distancing interaction is sustained for a time

duration T, and then switched off again.

Figure 4.1 depicts two sets of Monte Carlo simulation snapshots, each beginning at the

moment when social distancing is switched on. The second column shows the configurations

when the repulsive interaction V is turned off again after respectively T = 2/a (top), and

T = 10/a (bottom), while the last two sets of snapshots illustrate the subsequent resurgence

of the outbreak. With increasing mitigation duration T , the likelihood for the disease to

locally go extinct in isolated population clusters grows markedly. As seen in the bottom

row, the prevalence and spreading of the infection thus becomes confined to the perimeters

of a mere few remaining centers. Hence we observe drastically improved mitigation effects for

extended T : As shown in Figure 4.2, the resurgence peak in the I(t) curve assumes markedly
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Figure 4.1: Stochastic SIR model simulation snapshots on a square lattice (with periodic
boundary conditions). ‘Social distancing’ is turned on when the number of infective individ-
uals reaches I(t) = 0.1N , and subsequently maintained for a duration T = 22MCS = 2/a in
the top, and T = 110MCS = 10/a in the bottom row. The green color marker is used for sus-
ceptible individuals, while red indicates infected and black recovered (immune or deceased)
individuals. The first snapshots (leftmost column) capture the instance when mitigation is
implemented. The second column marks the time when social distancing is turned off after
additional time T has elapsed. The third and fourth columns show the ensuing spread of the
disease. With extended social distancing duration T (bottom row), the infection becomes
more likely to be driven to extinction in confined contact regions. Hence the number of
active outbreak centers decreases drastically, which could facilitate disease control through
effective testing and tracking.

lower values and is reached after much longer times. In fact, the time τ(T ) for the infection

outbreak to reach its second maximum increases exponentially with the social-distancing

duration, as evidenced in the inset of Figure 4.2 (see also Figure 4.5 below). We emphasize

that localized disease extinction and spatial confinement of the prevailing disease clusters

represent correlation effects that cannot be captured in the SIR mean-field rate equation

description.
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Figure 4.2: Infection curves I(t) for the stochastic SIR model on a square lattice. The
graphs compare the outbreak data obtained without any mitigation (grey) and with social
distancing measures implemented for different durations T , as indicated. In all cases, social
distancing is turned on once I(t) reaches the set threshold of 10% of the total population N .
The resurgent outbreak is drastically reduced in both its intensity and growth rate as social
distancing is maintained for longer time periods T . (The data for each curve were averaged
over 100 independent realizations; the shading indicates statistical error estimates.) Inset:
time τ to reach the second peak following the end of the mitigation; the data indicate an
exponential increase of τ with T .

4.2.2 Two-dimensional small-world networks

In modern human societies, individuals as well as communities feature long-distance connec-

tions that represent “express” routes for infectious disease spreading in addition to short-

range links with their immediate neighbors. To represent this situation, we extend our

regular lattice with diffusive propagation to a two-dimensional Newman-Watts small-world

network [26], which was previously applied to the study of plant disease proliferation [109].

Diffusive propagation is the manifestation of the natural movement of the individuals over
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the spatial extent of the lattice. In contrast to the Watts-Strogatz model [110], in which

the small-world property is generated through rewiring bonds of a one-dimensional chain

of sites, a Newman-Watts small-world network may be constructed as follows: For each

nearest-neighbor bond, a long-distance link (or ‘short-cut’) is added with probability ϕ be-

tween randomly chosen pairs of vertices. As illustrated in Figure 4.9 (Sec. 4.3), the resulting

network features 2ϕL2 long-distance links, with mean coordination number ⟨k⟩ = 4(1 + ϕ).

Again, each vertex may be in either of the states S, I, R, or empty, and each individual can

hop to another unoccupied site along any (nearest-neighbor or long-distance) link with a

total diffusion rate d. While network graphs have been widely employed before to represent

human social interactions, we emphasize that our approach substantially differs in that we

simulate a fully stochastic set of SIR reactions on dynamically changing networks that have

an underlying static small-network structure. A typical snapshot of the SIR model on this

small-world architecture is shown in Figure 4.9 (Sec. 4.3). The unmitigated simulation

parameters are: L = 1, 000, N = 100, 000, I(0) = 100, d = 1, and ϕ = 0.6. The presence of

long-range links increases the mean connectivity, rendering the population more mixed, which

in turn significantly facilitates epidemic outbreaks (see Figure 4.10 in Sec. 4.3). We remark

that for the SIR dynamics, the Newman-Watts small-world network effectively interpolates

between a regular two-dimensional lattice and a scale-free network dominated by massively

connected hubs; moreover, as the hopping probability d → 0, the small-world network is

effectively rendered static.

In the two-dimensional small-world network, we may introduce social-distancing measures

through two distinct means: i) We can globally diminish mobility by adopting a reduced

overall diffusion rate d′ < 1; and/or ii) we can drastically reduce the probability of utilizing

a long-distance connection to dϕ ≪ 1. We have found that the latter mitigation strategy of

curtailing the infection short-cuts into distant regions has a far superior effect. Therefore, in
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Figure 4.3: Infection curves I(t) from stochastic SIR model simulations on a two-dimensional
Newman-Watts small-world network. The graphs compare outbreak data without mitigation
(grey) and for varying social-distancing intervention duration T (as indicated), during which
the probability of moving through long-distance connections was drastically reduced to dϕ =
0.05. (The data for each curve were averaged over 100 independent realizations.)

Figure 4.3 we display the resulting data for such a scenario where we set dϕ = 0.05, yet kept

the diffusion rate unaltered at d=1; as before, this control was triggered once I(t) = 0.1N

had been reached in the course of the epidemic. The resurgence peak height and growth rate

become even more stringently reduced with extended mitigation duration than for (distinct)

social distancing measures implemented on the regular lattice.

4.2.3 Random and scale-free contact networks

Finally, we run the stochastic SIR dynamics on two different static structures, namely i)

randomly connected and ii) scale-free contact networks. Each network link may be in either

the S, I, or R configurations, which are subject to the SIR reaction rules, but we do not
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Figure 4.4: Infection outbreak curves I(t) from stochastic SIR model simulations. (A) On
a randomly connected network; (B) on a scale-free network with varying social-distancing
intervention duration T . (The data for each curve were averaged over 100 independent
realizations.)

allow movement among the network vertices. For the random network, we uniformly dis-

tribute 1,000,000 edges among N = 100, 000 nodes; this yields a Poisson distribution for the

connectivity with preset mean (equal to the variance) ⟨k⟩ = (∆k)2 = 20. For the scale-free

network, we employ the Barabasi-Albert graph construction [111], where each new node is

added successively with k = 4 edges, to yield a total of 799,980 edges. The connectivity

properties in these quite distinct architectures are vastly different, since the scale-free net-

works feature prominent ‘hubs’ through which many other nodes are linked. In the epidemic

context, these hubs represent super-spreader centers through which a large fraction of the

population may become infected [48, 112].

To implement the stochastic SIR dynamics on either contact network, we employ the efficient

rejection-free Gillespie dynamical Monte Carlo algorithm: Each reaction occurs successively,

but the corresponding time duration between subsequent events is computed from the asso-

ciated probability function [113] (for details, see Section 4.3). The random social network
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(a) (b)

Figure 4.5: Comparison of epidemic control measures through social distancing mitigation as
functions of their duration T on the various architectures. (A) Recovered saturation fraction
R∞/N ; (B) time τ after release of the control measures until the infection resurgence peak
is reached.

may be considered an emulation of the well-connected mean-field model. Indeed, we obtain

excellent agreement for the temporal evolution of the SIR dynamics in these two systems

with a = 0.15 MCS (for the scale-free network, a small adjustment to an effective mean-field

recovery rate a ≈ 0.18 MCS is required). A variety of measures can be taken to effectively

control the epidemic spread on a network [107, 108]. We implement a ‘complete lockdown’

mitigation strategy: Once the threshold I(t) = 0.1N has been reached, we immediately cut

all links for a subsequent duration T ; during that time interval, only spontaneous recovery

I → R can occur.

In Figure 4.4, we discern a markedly stronger impact of this lockdown on the intensity of the

epidemic resurgence in both these static contact network architectures, see also Figure 4.5(a)

above. On the other hand, the mitigation duration influences the second infection wave

less strongly, with the time until its peak has been reached growing only linearly with T :

τ(T ) ∼ T , as is visible in Figure 4.5(b). There is however a sharp descent in resurgent peak
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Figure 4.6: Distribution of the mean number of susceptible-infectious (SI) connections for
the nodes in scale-free contact networks. (A) Network configuration before and (B-F) while
the epidemic surge is spreading through the system. (A) at t = 0; (B) after 5 days; (C) after
10 days; (D) after 20 days, when the epidemic has reached its (unmitigated) peak; (E) after
30 days; (F) after 40 days, when only about 100 infectious individuals are left. (The data
for each curve were averaged over 10,000 independent simulation runs.)
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height beyond an apparent threshold T > 7/a for the random network, and T > 8/a for the

scale-free network. For both the two-dimensional regular lattice and small-world structure,

a similar sudden drop in the total number of infected individuals (Figure 4.5(b)) requires

a considerably longer mitigation duration: In these dynamical networks, the repopulation

of nodes with infective individuals facilitates disease spreading, thereby diminishing control

efficacy.

We remark that if a drastically reduced diffusivity d′ ≪ 1 is implemented, the small-world

results closely resemble those for a randomly connected contact network (Figure 4.5(a)).

Moreover, we have observed an unexpected and drastic effective structural change in the

scale-free network topology as a consequence of the epidemic outbreak infecting its sus-

ceptible nodes. Naturally, the highly connected hubs are quickly affected, and through

transitioning to the recovered state, become neutralized in further spreading the disease. As

shown in Figure 4.6, as the infection sweeps through the network (in the absence of any

lockdown mitigation), the distribution of the remaining active susceptible-infectious (SI)

links remarkably changes from the initial scale-free power law with exponent -1/2 to a more

uniform, almost randomized network structure. The disease resurgence wave thus encounters

a very different network topology than the original outbreak.

4.3 Supplementary Materials

4.3.1 Square lattices with diffusive spreading

On our regular square lattice with L2 sites set on a two-dimensional torus, we implement

the stochastic Susceptible-Infectious-Recovered (SIR) epidemic model with the following

individual-based Monte Carlo algorithm:
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1. Randomly distribute N individuals on the lattice, subject to the restriction that each

site may only contain at most one individual, and with period boundary conditions.

Some small fraction of the individuals will initially be infectious, while the remainder

of the population will be susceptible to the infection.

2. Perform random sequential updates L2 times in one Monte Carlo step (MCS) by picking

a lattice site at random, and then performing the following actions:

a If the selected site contains a susceptible S or a recovered individual R, a hopping

direction is picked randomly. If the adjacent lattice site in the hopping direction is

empty, then the chosen individual is moved to that neighboring site with hopping

probability d that is related to a macroscopic diffusion rate.

b If the chosen lattice site contains an infectious individual I, it will first try to

infect each susceptible nearest neighbor S with a prescribed infection probability

r. If this attempt is successful, the involved susceptible neighbor S immediately

changes its state to infected I. After the originally selected infected individual

has repeated its infection attempts with all neighboring susceptibles S, it may

reach the immune state R with recovery probability a. Finally, this particular

individual, whether still infectious or recovered, tries to hop in a randomly picked

direction with probability d, provided the chosen adjacent lattice site is empty.

3. Repeat the procedures in item 2 for a preselected total number of Monte Carlo steps.

To determine the effective (coarse-grained) basic epidemic reproduction ratio R0, we fit

the infection curves to straightforward numerical integrations of the deterministic SIR rate

equations dS(t)/dt = −rS(t)I(t)/N , dI(t)/dt = rS(t)I(t)/N − aI(t), dR(t)/dt = aI(t), and

adjust the lattice simulation infection probability r ≈ 1.0 and to a lesser extent, the recovery

probability a to finally match the targeted COVID-19 value R0 ≈ 2.4. We note that this



84 Chapter 4. Social distancing and epidemic resurgence in agent-based SIR models

Figure 4.7: Fit of infection curves from lattice simulations to the numerically integrated
curves from the mean-field SIR rate equations. (A) Infectious population I(t); (B) recovered
number of individuals R(t). The insets illustrate the power law initial growth I(t) ∼ t1.4±0.1

and R(t) ∼ t2.3±0.1 for the lattice simulation data (averaged over 100 independent realiza-
tions).

slightly ‘renormalized’ value for a is subsequently utilized to set the time axis scale in the

figures. On the mean-field level, initially R0 = (r/a)S(0)/N , since all nodes are mutually

connected. In spatial settings, S(0)/N is to be replaced with the mean connectivity (i.e., the

coordination number for a regular lattice) to susceptible individuals. The lattice simulation

data is fitted with the mean-field result by matching two parameters: the maximum value

and the half-peak width of the infectious population curve I(t), see Figure 4.7. The lattice

simulation curve digresses from the mean-field curves at low I(t) values, far away from the

peak region. In the lattice simulations, the initial rise of the infectious population curve

exhibits power-law growths I(t) ∼ t1.4±0.1 and R(t) ∼ t2.3±0.1 in clear contrast with the

simple exponential rise of the mean-field SIR curve as obtained from integrating the mean-

field rate equations. We note that these are the standard critical exponents θ and 1 + θ

for the temporal growth of an active seed cluster near a continuous non-equilibrium phase

transition to an absorbing extinction state [24].
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Figure 4.8: Variation of the total fraction of recovered individuals R∞/N with the lattice
simulation parameters in stochastic SIR model simulations on a square lattice on the total
density ρ. (A) Data for different sets of nearest-neighbor hopping rates d; (B) for varying
numbers of initially infected individuals I(0). The graphs demonstrate the presence of a
percolation-like epidemic threshold. (Each data point was averaged over 100 independent
simulation runs.)

Figure 4.8 shows the dependence of the asymptotic number of recovered individuals R∞ on

the density ρ for various sets of hopping rates d and initial infectious population values I(0).

These data indicate the existence of a well-defined epidemic threshold, i.e., a percolation-

like sharp transition from a state when only a tiny fraction of individuals is infected, to the

epidemic state wherein the infection spreads over the entire population [45]. As one would

expect, this critical point depends only on the ratio a/d of the recovery and hopping rates.

Varying the lattice simulation parameters just shifts the location of the epidemic threshold.

Once the model parameters are set in the epidemic spreading regime, the system’s qualitative

behavior is thus generic and robust, and only weakly depends on precise parameter settings.
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Figure 4.9: Schematic construction of a two-dimensional Newman-Watts small-world net-
work. It is obtained from a regular square lattice through adding long-distance connections;
shown is an SIR model configuration snapshot with empty (white), susceptible (green), in-
fectious (red), and recovered (black) states.
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4.3.2 Two-dimensional small-world networks

For our two-dimensional small-world network, whose construction is schematically depicted

in Figure 4.9, we employ a similar Monte Carlo algorithm as described above; the essential

difference is that individuals may now move to adjacent nearest-neighbor as well as to distant

lattice sites along the pre-set ‘short-cut’ links. Figure 4.10 demonstrates (for fixed diffusivity

d = 1) that as function of the fraction ϕ of long-distance links in a two-dimensional small-

world network, the epidemic threshold resides quite close to zero: The presence of a mere few

‘short-cuts’ in the lattice already implies a substantial population mixing. The inset, where

the ϕ axis is scaled logarithmically, indicates that sizeable outbreaks begin for ϕ ≥ 0.05.

Figure 4.10 similarly shows the outbreak dependence on the diffusion rate d (here for ϕ =

0.6), with the threshold for epidemic spreading observed at d ≈ 0.3. Evidently, prevention

of disease outbreaks in this architecture requires that both mobility and the presence of

far-ranging connections be stringently curtailed.

4.3.3 Random and scale-free contact networks

For both the randomly connected and scale-free contact networks, we employ the Gillespie

or dynamical Monte Carlo algorithm, which allows for efficient numerical simulations of

Markovian stochastic processes. It consists of these subsequent steps:

1. Initially, few nodes are assigned to be infected I, while all other nodes are set in the

susceptible state S. Each susceptible node S is characterized by a certain number of

active links that are connected to infected nodes I.

2. We then determine the rate at which each infected node I will recover, and at which

each susceptible node S with a non-zero number of active links becomes infected. From
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Figure 4.10: Epidemic peak value and total recovered fraction R∞ and peak intensity Ipeak.
(A) As functions of the fraction ϕ of long-distance links with fixed d = 1 (inset: same data,
with the ϕ axis on a logarithmic scale); (B) as functions of the diffusivity d with fixed ϕ = 0.6
for the SIR model implemented on a two-dimensional Newman-Watts small-world network.
(Each data point was averaged over 100 independent realizations.)

these we infer the total event rate rtot.

3. Based on this total rate rtot, we select the waiting time until the next event occurs

from an exponential distribution with mean rtot.

4. We then select any permissible event with a probability proportional to its rate, update

the status of each node, and repeat these processes for the desired total number of

iterations.

4.4 Conclusion and Discussion

In this study, we implemented social distancing control measures for simple stochastic

SIR epidemic models on regular square lattices with diffusive spreading, two-dimensional
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Newman-Watts small-world networks that include highly infective long-distance connections,

and static contact networks, either with random connectivity or scale-free topology. In these

distinct architectures, all disease spreading mitigation measures, be that through reduced

mobility and/or curtailed connectivity, must of course be implemented at an early outbreak

stage, but also maintained for a sufficient duration to be effective. In Figure 4.5, we compare

salient features of the inevitable epidemic resurgence subsequent to the elimination of so-

cial distancing restrictions, namely the asymptotic fraction R∞/N of recovered individuals,

i.e., the integrated number of infected individuals; and the time τ(T ) that elapses between

the release and the peak of the second infection wave, both as function of the mitigation

duration T. We find that the latter grows exponentially with T on both dynamical lattice

architectures, but only linearly on the static networks (Figure 4.5(b)). Furthermore, as one

would expect, the mean-field rate equations pertaining to a fully connected system describe

the randomly connected network very well.

In stark contrast to the mean-field results (indicated by the purple lines in Figure 4.5), the

data for the lattice and network architectures reveal marked correlation effects that emerge

at sufficiently long mitigation durations T . For T > 8/a in the static networks, and T > 12/a

in the lattice structures, the count of remaining infectious individuals I becomes quite low;

importantly, these are also concentrated in the vicinity of a few persisting infection centers.

This leads to a steep drop in R∞/N , the total fraction of ever infected individuals, by a

factor of about 4 in the static network, and 3 in the dynamic lattice architectures. Thus,

in these instances, follow-up disease control measures driven by high-fidelity testing and

efficient contact tracking should be capable of effectively eradicating the few isolated disease

resurgence centers. However, to reach these favorable configurations for the implementation

of localized and targeted epidemic control, it is imperative to maintain the original social-

distancing restrictions for at least a factor of three (better four) longer than it would have
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taken the unmitigated outbreak to reach its peak (T ≈ 3/a...6/a in our simulations) – for

COVID-19 that would correspond to about two months. As is evident from our results for

two-dimensional small-world networks that perhaps best represent human interactions, it is

also absolutely crucial to severely limit all far-ranging links between groups to less than 5%

of the overall connections, during the disease outbreak.

Following this work, we have further looked at the effects of introducing the incubation period

to the modeling of the epidemics spread [114]. Our simulations of an extended Susceptible-

Exposed-Infectious-Recovered (SEIR) compartmental model have shown that the incubation

period sets a delay to the infection onset and induces a broadening of the infection curves in

comparison to the SIR model.
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Conclusions

In this thesis we have explored the possibility of controlling the dynamics of certain lattice-

based non-equilibrium systems through variations of the systems’ control parameters.

In Chapter 2, we have studied the two-temperature two-dimensional Katz-Lebowitz-Spohn

driven lattice gas, where the geometry of the lattice was arranged such that the temperature

boundaries are oriented perpendicular to the external particle drive that is responsible for

a completely biased diffusion. We ran simulations on this system, maintaining the hotter

temperature region at T > Tc and the cooler temperature region exactly at Tc, where Tc is

the KLS critical temperature for the second-order phase transition. We calculated the two-

time autocorrelation function in the hotter and colder regions of the lattice, and compared

the values of the aging scaling exponents with the TASEP and critical KLS aging exponents

to learn more about the type of collective behavior in this spatially inhomogeneous hybrid

system.

We found that the original collective behavior that governs the dynamics of the KLS model

at T > Tc or at Tc is destroyed in both subsystems when they start to notice the effect of

the coupling. As we have shown in the Section 2.3, in the hotter region with temperature

T > Tc, the system evolves as if there are no attractive interactions between the particles,

and experiences particle blockage in front of the temperature boundary from the hotter

region held at T > Tc to the critical region held at Tc. This accumulation of particles

at the temperature boundary is induced by the extended particle clusters in the critical
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region. Remarkably, we observe the density profiles (ρ(x) vs x plots) in both high-and low-

temperature subsystems to be similar to the density profiles found for the well-characterized

(T)ASEP models with open boundary conditions, namely in the coexistence and maximal-

current phases, which are respectively governed by hyperbolic and trigonometric tangent

functions. Yet if the lower temperature is set to Tc, we detect marked corrections to the

hyperbolic and trigonometric tangent-like density profiles due to fluctuations, e.g., we observe

the algebraic power-law decay of the density near the interfaces into the cooler region with

the critical KLS exponent.

In Chapter 3, we have explored the other choice of the geometry for the two-temperature two-

dimensional Katz-Lebowitz-Spohn driven lattice gas, where the temperature boundaries are

oriented parallel to the drive. We have demonstrated for the symmetry-preserving particle

hopping rates across the temperature interfaces that in a certain range of temperatures the

two subsystems can become effectively decoupled. In that situation, the original collective

dynamics in the hotter and critical subsystems seems to be preserved and governed by the

(T)ASEP and critical KLS scaling exponents, respectively. On the other hand, the particle

density fluctuations scale according to the (T)ASEP when both temperatures are set well

above the critical temperature.

After measuring the particle current in the system for the particle-hole symmetric hopping

rates at the interfaces, we found that the particle current difference across them generates a

current vector flow diagram akin to an infinite flat vortex sheet. The “strength” of the vortex

sheet is controlled by the subsystems’ temperatures. If the colder subsystem is maintained

at the KLS critical temperature Tcold = Tc, while the hotter subsystem’s temperature is set

much higher at Thot ≫ Tc, the particle currents at the interface greatly inhibit any particle

exchange between the two temperature regions. The ensuing effective subsystem separation

allows strong fluctuations to persist in the critical region, resulting in the scaling of the
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particle density fluctuations with the KLS critical exponents. However, if both temperatures

are set well above the critical temperature, the particle density fluctuations scale with scaling

exponents that belong to the (T)ASEP universality class. We have also measured the rate

of the entropy production in both subsystems; it displays intriguing algebraic decay in the

critical region, while it reaches quickly a small but non-zero value in the hotter region.

We plan to explore the possibility of controlling the critical KLS scaling behavior in various

two-temperature hybrid KLS models in greater detail in future studies. In particular, we

are interested in varying the subsystems’ lateral aspect ratio, perpendicular to the external

drive, and intend to investigate to what extent one could shrink either of the temperature

regions while preserving their scale-invariant dynamics.

After considering both the transverse and the parallel alignment variants for the interfaces

in the two-temperature KLS driven lattice gas, it is natural to ask which of these systems’

distinct physical behaviors will prevail in an intermediate case, when the temperature bound-

aries are tilted relative to the external drive, but not orthogonal to it. For such “diagonal”

temperature interfaces, we expect to observe similar density phase separation as for the case

of fully transverse subsystem boundaries; yet, in addition, we would also anticipate seeing

vortex current sheets located right at the temperature interfaces. A detailed study is required

to answer questions such as whether the phase separation interface would be localized at the

center of the hot subsystem, and whether this generalized diagonal two-temperature KLS

variant still possesses dynamical scaling properties when the cooler subsystem is held at the

critical temperature.

In Chapter 4, we have investigated the effectiveness of non-pharmaceutical control measures

against the COVID-19 pandemic by simulating its spreading with the stochastic SIR model

on various spatial architectures. In our effort to control the spread of the disease, we found

that the intensity and spatial extent of the epidemic second wave can be substantially di-
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minished if the restrictions are delayed sufficiently (for a duration of at least thrice the time

until the peak of the unmitigated outbreak). Remarkably, we find that the time τ(T ) that

elapses between the release of restrictions and the peak of the second infection wave grows

exponentially with T on both dynamical lattice architectures, but only linearly on the static

networks. Furthermore, as one would expect, both the mean-field rate equations (pertain-

ing to a fully connected system) and the randomly connected network produce very similar

predictions.

Requiring stringent non-pharmaceutical measures from a community, such as a complete

lockdown, may not be necessary if an effective contact tracing and isolation strategy is

adopted at the early stages of the infection spread. In order to develop such a strategy, we

are currently employing individual-based Monte Carlo computer simulations of a stochas-

tic Susceptible-Exposed-Infectious-Recovered (SEIR) model variant on a two-dimensional

Newman–Watts small-world network to investigate the control of epidemic outbreaks through

periodic testing and isolation of infectious individuals, and subsequent quarantine of their

immediate contacts. Using disease parameters informed by the COVID-19 pandemic, we

investigate the effects of various crucial mitigation features on the epidemic spreading: frac-

tion of the infectious population that is identifiable through the tests; testing frequency;

time delay between testing and isolation of positively tested individuals; and the further

time delay until quarantining their contacts as well as the quarantine duration. We thus

hope to determine the required ranges for these intervention parameters to yield effective

control of the disease through both considerably delaying the epidemic peak and massively

reducing the total number of sustained infections.
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