COGNITION AND INSTRUCTION
https://doi.org/10.1080/07370008.2021.1896521

Children’s Spontaneous Additive Strategy Relates to
Multiplicative Reasoning
Ron Tzura , Heather Lynn Johnsona, Anderson Nortonb, Alan Davisa , Xin Wangc,
Michael Ferraraa , Cody Harringtona, and Nicola Mercedes Hodkowskid
a
University of Colorado Denver, Denver, CO, USA; bVirginia Tech, Blacksburg, VA, USA; cRMC Denver, Denver,
CO, USA; dDigital Promise, Washington, DC, USA

ABSTRACT

We examine a hypothesis implied by Steffe’s constructivist model of children’s numerical reasoning:
a child’s spontaneous additive strategy may relate to a foundational form of multiplicative reasoning, termed multiplicative double counting (mDC). To this end, we mix quantitative and qualitative
analyses of 31 fourth graders’ responses during clinical, task-based interviews. All participants spontaneously used one of three additive strategies—counting-on, doubling, or break-apart-make-ten
(BAMT)—to correctly solve an addition word problem (8 þ 7). We found between-group differences,
with asymmetric association of those ordinal variables. We found counting-on to be mainly related
to premultiplicative reasoning and BAMT to mDC reasoning. We discuss the theoretical significance
and implications of this corroboration of Steffe’s model.

Children’s spontaneous additive strategy relates to multiplicative reasoning
Part of the attraction of qualitative, noncomparative methods … was that they promised to generate
hypotheses that could then be tested. That promise has gone largely unmet. … The field needs to return
more of its energies to conducting hypothesis-testing studies. (Kilpatrick, 2001, pp. 424–425)

Children’s development of multiplicative reasoning has long been a major concern for mathematics educators (Clark & Kamii, 1996; Harel & Confrey, 1994; Steffe & Cobb, 1998; Verschaffel,
Greer, & DeCorte, 2007). It reflects an awareness that advancing from additive to multiplicative
reasoning involves construction of new cognitive structures (Boulet, 1998; Clark & Kamii, 1996;
Lester & Steffe, 2013; Steffe, 1992; Ulrich, 2016), which are foundational for fractional and proportional reasoning (Hackenberg, 2007, 2013; Hackenberg & Tillema, 2009; Simon, 2006;
Thompson & Saldanha, 2003) and ultimately for algebraic reasoning (Hackenberg & Lee, 2015;
Steffe, Liss, & Lee, 2014). Relating multiplicative to additive reasoning, aside from juxtaposing
them through “repeated addition” (Baroody, 2006; Kling & Bay-Williams, 2015; Whitacre &
Nickerson, 2016), can help address the nature of this cognitive shift and the conceptual preparation leading to it. Our purpose in this study is to articulate possible relationships between additive strategies children may use and their multiplicative reasoning. Specifically, we address the
research problem: How might a spontaneous strategy a child uses to solve an addition problem
relate to the child’s current ability to engage in a foundational form of multiplicative reasoning,
called multiplicative double counting (mDC; see Tzur et al., 2013)?
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We illustrate what we mean by mDC reasoning and then additive reasoning, followed by our
use of strategy and spontaneous. Consider two children who used individual cubes to build a set
of equal-sized towers (e.g., 6 towers, 3 cubes each). Each child is then asked how many cubes
there are in all six towers, and both correctly answer, “18.” At issue, for reasoning, is not just or
mainly the correct answer, but rather the child’s goal (intention) and mental actions. One child,
engaging in premultiplicative reasoning (see more below), may count all the cubes one-by-one
(e.g., 1-2-3- … 17-18). The other child, engaging in mDC, would intentionally and simultaneously keep track of the accruing amounts of cubes in each tower (triplets of ‘ones’, or 1 s)
and of towers as displays of six units made of those triplets (e.g., “One-tower-is-three cubes,
two-is-six, … 6-is-18”). Such a coordinated mental action provides a cognitive basis for multiplication-as-measurement (Davydov, 1992; Izsak & Beckmann, 2019; Simon, Kara, Norton, &
Placa, 2018).
As for additive reasoning, in this study we focus on three strategies children who reason
numerically (Steffe & Cobb, 1998; Wright, Martland, Stafford, & Stanger, 2006) may use spontaneously when solving a single-digit addition problem (8 þ 7). In one strategy, known as
counting-on, the child begins counting from a given addend and counts 1 s of the other number
(e.g., 8; 9-10-11-12-13-14-15). In another strategy, known as doubling ±1 (Verschaffel et al., 2007,
called it “near-ties”), the child uses known addition facts to quickly add a number to itself
while being aware of needed compensations (e.g., 7 þ 7 ¼ 14, then 1 more is 15). The third
strategy is known as break-apart-make-ten (BAMT; Murata & Fuson, 2006), or adding through10 (Wright et al., 2006), or decomposition-to-10 (Torbeyns, Verschaffel, & Ghesquiere, 2005).
Here, the child decomposes one of the given units (addends) so that a combination with the
other addend would amount to 10 (e.g., “Taking 2 from 7 and giving it to 8 makes 10;
then 10 þ 5 ¼ 15).
Having depicted those three additive strategies, we now further explain what we mean by strategy, followed by our meaning for spontaneous. Our study draws on a constructivist theory
(Piaget, 1985; von Glasersfeld, 1995) and corresponding lines of research about children’s construction of arithmetical knowledge (Lester & Steffe, 2013; Steffe, 1992, 1994, 2010; Steffe &
Cobb, 1998; Ulrich, 2015, 2016; Wright et al., 2006). To situate this study more broadly, we also
allude to literature about spontaneous strategies along with what we mean by this term when
using a constructivist lens on children’s numerical reasoning.
Drawing on Bisanz and LeFevre (1990), Steffe and Cobb (1998), Stern (1992), Underwood
(1978), and Wright et al. (2006), we define strategy as a goal-directed cognitive process that one
invokes and uses as a facilitative method for solving a problem (or task). This definition implies
that a particular person, using a particular strategy, can do so because they have available integrated conceptual-procedural knowledge (Gaschler, Vaterrodt, Frensch, Eichler, & Haider, 2013;
Rittle-Johnson, Siegler, & Alibali, 2001). Key here is that, for that person, the particular strategy is
associated with the particular problem for which it is invoked (Allegra et al., 2020; Siegler &
Stern, 1998; Verschaffel, Luwel, Torbeyns, & Van Dooren, 2009). For example, children using
counting-on to add 8 þ 7 as explained above are reasoning strategically in that for the goal of figuring out a total of 1 s in both addends they do not merely count all 1 s. Rather, they intentionally invoke a process to curtail the counting process (Steffe & Cobb, 1988; Wright et al., 2006).
This cognitive process of curtailment facilitates a method of starting the count from one addend
and counting just the 1 s of another addend. Importantly, our definition of strategy does not
imply any level of deliberateness in selecting or using a strategy; it could occur completely (or
partly) outside the problem solver’s awareness (Siegler, 2000; Simon, Kara, Place, and Avitzur,
2018; Simon, Tzur, Heinz, & Kinzel, 2004; Steffe, 1991; Verschaffel et al., 2009; von Glasersfeld,
1995). Thus, one way to infer a person’s available conceptual knowledge is to ascertain strategies
they use and why, for them, it seems optimal and helpful to do so (Allegra et al., 2020;
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McMullen, Chan, Mazzocco, & Hannula-Sormunen, 2019; Steffe & Cobb, 1998; Stern, 1992;
Wright et al., 2006).
A person using a strategy to solve a problem may self-initiate it spontaneously or be impelled
(e.g., cued) to do so (Gaschler et al., 2013; McMullen et al., 2019; Lester & Steffe, 2013). Studying
spontaneous strategies is important, in that problem solving performance often differs significantly from guided strategy usage (Gaschler et al., 2013; McMullen et al., 2019; Stern, 1992;
Steffe & Cobb, 1988). Additionally, spontaneous strategies may predict future performance on
higher-level concepts (McMullen et al., 2019). Drawing on McMullen et al. (2019), Steffe and
Tzur (1994), and Verschaffel et al. (2009), by spontaneous strategy we refer to the self-initiated
(undirected), unaided carrying out of a goal-directed process indicative of the person’s aptitude in
solving a problem at hand. This definition seems consistent with cognitive psychology research, in
which spontaneously used strategies indicate stronger linkage and greater familiarity compared to
competing strategies linking task information and goal-directed actions (Bisanz & LeFevre, 1990;
Gaschler et al., 2013; Grabner et al., 2007; McMullen et al., 2019; Siegler & Stern, 1998; Stern &
Schneider, 2010). Thus, a spontaneous strategy is telling; it provides a ‘window’ into a person’s
own interpretation of and reasoning about the problem and its solution. For example, a child’s
spontaneous use of counting-on indicates they reason that recounting all 1 s in the first addend is
unnecessary to find the total of 1 s in two addends (Secada, Fuson, & Hall, 1983; Siegler &
Shipley, 1995; Tzur & Lambert, 2011; Wright et al., 2006).
Having defined spontaneous strategy, we turn to explicating its central role, from a constructivist perspective, in testing a hypothesis about relationships between a child’s spontaneous additive strategy and their current mDC reasoning. Using this perspective, we explain a spontaneous
strategy the child uses in terms of the conceptions into which they readily assimilate a given
problem situation (Lester & Steffe, 2013; Piaget, 1985; Steffe, 1992; Steffe & Cobb, 1998;
Thompson, 2008; Ulrich, 2015; von Glasersfeld, 1995). By focusing on the child’s spontaneous
strategy, we acknowledge availability of other strategies (Torbeyns et al., 2005; Wright et al.,
2006). Nevertheless, we are interested in the additive strategy a child first uses spontaneously and
then explains (in a clinical interview setting), because it allows inference into plausible conceptions by which the child also assimilates multiplicative situations (Lester & Steffe, 2013; Steffe,
1992; Ulrich, 2016). Moreover, for such a concept the child’s spontaneous strategy can relate to
the more advanced of two stages in constructing it, a stage marked by solving a problem without
being prompted (Simon, Placa, & Avitzur, 2016; Tzur, 2019; Tzur & Simon, 2004). Simply put, a
child’s spontaneous strategy suggests the least we can infer to be readily available to them. For
example, children who can self-initiate the build-up of units of 10 (i.e., spontaneously using
BAMT) consider counting-on as an unnecessarily laborious strategy (Wright et al., 2006). To further theorize the relationship we set out to test in this study, we turn to Steffe’s program of
research that explains both additive and multiplicative reasoning in terms of units and mental
operations on them.

Theoretical framework
The theory-driven hypothesis we set out to test in this study— that children’s spontaneous additive strategies are related to their current mDC reasoning—is rooted in a framework that draws
on Steffe’s progressions in children’s numerical reasoning with whole numbers (e.g., Steffe, 1992,
1994, 2010; Steffe & Cobb, 1988). We thus depict additive and multiplicative reasoning in terms
of core distinctions about (a) units and (b) their organization in number sequences. We use these
constructs to distinguish (a) different forms of additive reasoning and (b) mDC as a foundational
form of multiplicative reasoning (Tzur et al., 2013). We illustrate these abstract constructs with
items in our mDC assessment that our study participants solved.
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Figure 1. Examples of composite units and 1 s that compose them.

Number sequences: a model of children’s numerical reasoning
Steffe (1992, 2010) and colleagues’ (e.g., Steffe & Cobb, 1988) research with children yielded distinct types of numerical reasoning, each depicted as a number sequence. A defining criterion distinguishing those number sequences involves two types of units, singletons (units of 1, or “ones,”
symbolized as “1 s”) and composite units—larger units a child’s mental system composes of
smaller units. We present Figure 1 to illustrate these terms. It helps ‘seeing’ a mental structure a
child’s mind can establish, in which 1 s can be contained within composite units in various ways.
For example, a child may conceive of the number 3 as composed of three 1 s; the number 5 as
composed of five 1 s, or of two 1 s and three 1 s; and the number 6 as composed of six 1 s, or of
three 1 s combined with three 1 s, or as two ‘copies’ of the same composite unit of 3.
The sequences are more than just lists of numbers. They characterize students’ conceptions,
grounded in the kinds of units that students construct. To distinguish each sequence, Steffe and
Cobb (1988) used the feature of how a child is inferred to conceive of smaller numbers as nested
within larger numbers. Steffe (1992) and Lester and Steffe (2013) termed the first three number
sequences as follows (from least to more advanced): Initial Number Sequence (INS), Tacitly
Nested Number Sequence (TNS), and Explicitly Nested Number Sequence (ENS). Ulrich (2015,
2016) has articulated how those sequences underlie additive and multiplicative reasoning (further
explained below). We draw on Ulrich’s (personal communication) assertion that a child’s spontaneous strategy can reveal their number sequence: counting-on reveals the least advanced
sequence (INS), doubling reveals the intermediate sequence (TNS), and BAMT reveals the more
advanced sequence (ENS). Importantly, this ‘mapping’ differs from a common expectation that
doubling would be most closely related to multiplicative reasoning (Baroody, 2006; Kling & BayWilliams, 2015; Verschaffel et al., 2007). In contrast to such an expectation, we hypothesize that
children who spontaneously employ a BAMT strategy will reason differently and likely outperform students using a doubling strategy (and, of course, counting-on) when solving multiplicative tasks.
The INS operates on numbers as segments resulting from the child’s counting activity, beginning from “one.” For example, 8 represents the eight acts of counting from “one” to “eight,” so
that the child does not need to reengage in that counting activity (Steffe & Cobb, 1988; Steffe &
von Glasersfeld, 1985). Thus, when adding two numbers, children operating with an INS can
begin counting-on from one addend, while keeping track of additional counts through some
activity with tangible or figural items (Fuson, 1992; Wright et al., 2006). For example, starting at
eight, a child may use fingers to keep track of seven additional counts. Because children operating
with INS work with units of 1 (Lester & Steffe, 2013; Ulrich, 2015), they neither decompose their
number sequence into segments (e.g., decompose 7 into 2 and 5) nor re-compose it within 10
(e.g., “give 2 to the 8 to make a ten”). Thus, in assimilating an additive task, children operating
with an INS could readily employ a counting-on strategy but not BAMT. Accordingly, in assimilating a multiplicative task they would likely operate on 1 s in some sequential way.
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Establishing the INS is a conceptual foundation for the nesting of segments of one’s number
sequence within larger segments (Steffe, 1992; Ulrich, 2015). For example, a child may separately
conceive of the first eight counting acts as a composite unit of eight, and of the first ten counting
acts as ten. This may eventually lead them to conceive of eight as being nested within ten. Such
nesting of eight within ten could enable conceiving of ten as being composed of eight and two
(hence, 10 ¼ 8 þ 2).
Advancing from INS, the TNS and ENS generate the nesting of numbers. In the TNS, children
can operate on numbers nested within larger numbers (Steffe & Cobb, 1988; Ulrich, 2015). For
example, a child could conceive of the number 8 as being composed of two smaller numbers,
such as 7 and 1. This could be useful for solving a problem such as 7 þ 8, if the child knows their
doubles (e.g., 7 þ 7 ¼ 14; so 7 þ 8 is the same as 7 plus 7, plus 1 more, hence, 15). Thus, in assimilating an additive task, children operating with a TNS might spontaneously employ a doubling
strategy, and consider it less laborious than counting-on (Wright et al., 2006). Critically, however,
they do not yet reverse the nesting operation by decomposing larger numbers into smaller ones
(Lester & Steffe, 2013; Steffe & Cobb, 1988; Ulrich, 2015). As for assimilating a multiplicative
situation, they often use premultiplicative reasoning – operating on 1 s or, sequentially, on composite units and 1 s – though simultaneous operation on both types of units may be available
to some.
Advancing from TNS, children operating with an ENS can reverse the nestedness of their
number sequence by mentally decomposing any composite unit from a larger composite unit
(Steffe, 2010; Steffe & Cobb, 1988; Ulrich, 2016). For example, with ENS a child can disembed 8
from 10, or 2 from 7, without losing track of the 8 within the 10 or the 2 within the 7. This
opens the way for a child to coordinate two numbers (e.g., 8 within 10) with decomposing two
other numbers (e.g., 7 into 5 þ 2), to create a ‘friendly number sum’ of 8 þ 2 ¼ 10, while keeping
track of the remaining 5 nested in 7 (Fuson, 1992; Murata & Fuson, 2006; Torbeyns et al., 2005;
Wright et al., 2006). Accordingly, in assimilating an additive task, children operating with an
ENS can readily employ a BAMT strategy. In assimilating a multiplicative task, the availability of
composite units as entities in their own right can support their simultaneous count of composite
units and 1 s that constitute those units (Lester & Steffe, 2013). The ways of reasoning characteristic of each number sequence (INS, TNS, ENS) underlie our distinction between additive and
multiplicative reasoning.
Distinguishing additive and multiplicative reasoning
We use the term additive reasoning in reference to unit-preserving operations on 1 s and composite units (Schwartz, 1991). For example, consider the problem we used with our study participants: “For breakfast, Ana ate 8 grapes. For lunch, Ana ate 7 grapes. How many grapes did Ana
eat in all?” Whether a child is spontaneously using a counting-on, a doubling, or a BAMT strategy – the child is operating on the same type of units (here, grapes as units of 1). We infer additive reasoning when we can infer that a child is operating on the same type of unit to obtain
other amounts of that same unit.
In contrast, multiplicative reasoning refers to unit-transforming operations, in which a child’s
simultaneous operations on 1 s and composite units produce another type of unit (Confrey &
Smith, 1995; Davydov, 1992; Schwartz, 1991; Simon, 2012; Simon, Kara, Norton, et al., 2018;
Thompson & Saldanha, 2003; Ulrich, 2016). For example, consider the following item from our
mDC assessment (Problem #3): “Alex put 6 towers in a box. Alex made each tower with 3 cubes.
How many cubes in all did Alex use to make all 6 towers?” (Note: underlined words appear this
way in the mDC assessment.) A child could solve this problem by a simultaneous count of both
the composite units and the 1 s in each of them (e.g., “One-tower-is-3-cubes, two-is-6, … 6-is18”). From such a simultaneous count, which involves unit-transformation, we infer the child is
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Figure 2. Relating the child’s number sequence, additive strategy, and mDC.

distributing items of one composite unit (e.g., cubes per tower) over items of another composite
unit (number of towers), to find the size of a third composite unit (total number of cubes).
Tzur et al. (2013) called this foundational form of multiplicative reasoning multiplicative double counting (mDC). The reason for expressly denoting the multiplicative aspect of double counting is that counting-on, an additive strategy, also involves double counting (e.g., adding 8 þ 7 by
linking 9-is-1, 10-is-2, etc.). The crucial difference is that in counting-on the child double counts
in a 1-for-1 manner, whereas in mDC the child coordinates the accrual of both 1 s and composite
units in a many-for-1 manner (Clark & Kamii, 1996; Steffe & Cobb, 1998).
In summary, we have argued that forms of additive and multiplicative reasoning can be related
in terms of the child’s numerical operations on/with units (Lester & Steffe, 2013; Steffe, 1992;
Steffe & Cobb, 1988; Ulrich, 2015, 2016). We explained this conceptually by linking each of the
additive strategies on which we focus (counting-on, doubling, BAMT) to a number sequence that
it indicates (INS, TNS, and ENS, respectively) and to a corresponding form of multiplicative reasoning (Hackenberg & Tillema, 2009; Ulrich, 2015, 2016). Figure 2 presents these relationships.
In this study, we test the hypothesis that the additive strategies children use spontaneously should
show statistically significant association with mDC due to being rooted in corresponding number sequences.
Impetus for the present study: validation (prior) study of the mDC assessment
The impetus for the present, exploratory study grew out of a prior, mixed-methods study we conducted to develop and validate a written assessment to measure children’s mDC reasoning
(Johnson et al., 2018). In this section, we briefly present aspects of the validation study that support our use of this instrument, including results that led us to conduct the present study. We
present items of the mDC assessment later, as part of our Methods section. Here, we only note
that those items included one additive task (8 þ 7) used to elicit the child’s spontaneous strategy
and four items to assess their reasoning in multiplicative tasks.
We evaluated the construct validity of the mDC written assessment, as well as inter-rater reliability of coding and internal consistency reliability of scores (Anastasi & Urbina, 1997). Our goal
was to establish validity and reliability of the assessment as an instrument for measuring mDC
reasoning—not just of problem-solving performance. The validation study involved three phases:
item development and refinement, followed by qualitative, video-recorded clinical interviews, followed by the use of Rasch analysis to test dimensionality, fit, and reliability.
The first phase involved four steps: (a) generating an initial set of items consisting of situated
conceptual problems; (b) scrutinizing and revising the items for language content by two team
members with expertise in English as a second language; (c) conducting trial clinical interviews
with five students as they worked through the situated problems, leading to further revision; and
(d) having three experts (not from the project team), highly familiar with mDC as a theoretical
construct, examine the tasks for consistency with multiplicative reasoning. Based on the experts’
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feedback, we revised the mDC assessment to exclude irrelevant language that would affect
difficulty for reasons unrelated to multiplicative reasoning.
The second phase allowed linking every child’s written responses with records of the child’s
observable behaviors while first solving each problem on their own and then explaining their solutions. In one school, we used the final, revised version with each grade-4 student who agreed to
work with us during a video-recorded clinical interview (n ¼ 28, all consented). The researcher
followed a protocol the team designed, so that students’ work on the mDC assessment items
would emulate later administration of the written assessment in real classrooms. Specifically,
drawing on Tzur’s (2007) notion of fine grain assessment, each of the four mDC items began
with a version of the problem that gave no hints. This no-hint version was followed by at least
two versions that provided gradually more explicit, visual and linguistic hints.
To distinguish a child’s solution to no-hint and with-hint versions, the researcher gave the
child no hints as to how a problem might be solved aside from those found in the written assessment and made sure the child would not go back to problems/versions solved previously. To
enable linking the child’s reasoning with their solutions to no-hint and with-hint versions of the
mDC problems, he probed into their thought processes only after the child solved all problems
on their own. Based on the child’s responses, and in the child’s presence, he then wrote down
what the child explained. In a way consistent with member checking (Birt, Scott, Cavers,
Campbell, & Walter, 2016; Carlson, 2010), the researcher asked if what he wrote was how the
child had solved the problem (all children confirmed). Additional (invisible) sheets in the spreadsheet had already been programmed to recode and calculate scores for each mDC sub-question,
problem, and the total of all 4 problems.
Before the start of an interview with the following child or at the end of the day, the
researcher silently and privately entered one more score – his on-the-spot inference about the
mDC level of the child who had just completed the interview. This inference was scored on a 6point scale, using two sub-levels for each of the three stages in our conceptual model (0 or 1 for
premultiplicative, 2 or 3 for hint-dependent, and 4 or 5 for independent mDC). Obviously, he
knew the child’s answers to each mDC item. Importantly, however, in reaching his inferences
and scoring – he strove to avoid this information. Instead, he drew on his expertise in noticing
and interpreting behavioral indicators of the child’s coordination of the counting of composite
units and 1 s. It was during this process that he began noticing (and ignored the best he could) a
pattern of association between the child’s spontaneous additive strategy and mDC reasoning.
In phase three, to further examine construct validity and reliability of the mDC assessment, we
administered it in whole-class settings to a much larger pool of 3rd and 4th graders from two different schools (N ¼ 373). To establish statistically the extent to which student written responses to
the four mDC assessment items could serve as a good enough proxy of the latent trait (dimension) we call mDC reasoning, we used a partial-credit (2-1-0) scoring method. If a child correctly
answered the no-hint version of an mDC item we scored it as 2; else, if the child correctly
answered either or both versions with hints – we scored it as 1; if the child gave no correct
responses we scored it as 0. A child could thus obtain a total score from 0–8.
We analyzed the dataset for conformity to the Rasch Model, which assumes a theoretically
ordered set of items or tasks within a single conceptual dimension – such as multiplicative reasoning (Bond & Fox, 2015; Boone, Staver, & Yale, 2014). After establishing that the mDC measure satisfied Rasch criteria of unidimensionality and reliability (see below) we examined its
properties with a larger participant pool (N ¼ 434) that included participants of the validation
study and the present study. This allowed creating, also for each child interviewed in those two
studies, a Rasch person-ability logit score on an interval scale, which we linearly transformed to
range from 0–100. As expected, we found a very high correlation between the transformed logit
scores and the partial credit, 0–8 raw scores (rs ¼ 0.95, p < .001), as well as the no-hint 0–4 raw
scores (rs ¼ 0.95, p < .001).
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Table 1. No-hint correct responses linked to the stage in mDC reasoning (rs ¼ 0.84, p < .001).
mDC Stage
PreMDC
Hint-Depend
Independent
Total

0-Correct
7
1
0
8

1-Correct
3
3
1
7

2-Correct
0
2
4
6

3-Correct
0
0
3
3

4-Correct
0
0
4
4

Total
10
6
12
28

Bold indicates p < .001.

Four key Rasch analyses supported the validity and reliability of the written assessment as a
measure of mDC reasoning as a single latent trait. First, Rasch factor analysis showed that the
principal component explained 36.2% of the total variance, similar to the model-expected variance (35.9%) and supportive of unidimensionality (Linacre, 2011). Person mean (0.4) and item
mean (0.00) and standard deviations (person ¼ 1.5, item ¼ 0.33) were consistent with the high
percentage of explained variance, further supporting unidimensionality. Second, eigenvalues of all
secondary contrasts were at or below 1.4, indicating no additional significant dimensions
(Brentari & Golia, 2007; Linacre, 2011; Smith & Miao, 1994). Third, mean-square values for infit
(ranging between 0.99  1.11) and outfit (0.81  1.13), along with positive point-measure correlations (all at least þ0.69, compared to a minimum of þ0.4), indicated that each item contributed
to reliabity in the placement of students along a conceptual dimension. Fourth, Cronbach internal
consistency reliability (a ¼ 0.7) was acceptable (Nunnally & Bernstein, 1994). Further, the very
high correlations between the equal-interval Rasch logit scores and the ordinal (0–8 or 0–4) scales
(rs ¼ .95) lends support for cautiously using the latter in statistical analyses as an intervallike scale.
The clinical interview data from the validation study were consistent with the Rasch modeling
results. The correlation between (a) the researcher’s placement of students in respect to three stages
of mDC reasoning (pre-mDC, hint-dependent, independent mDC) based on the interview, and (b)
the Rasch-based (0–100) scale or the partial-credit (0–8) scale was rs ¼ 0.84, p < .001. This supported using a child’s score on the mDC written assessment as a good proxy of their mDC reasoning as inferred by an expert interviewer. Specifically, correctly solving at least two no-hint
problems was established as a threshold of independent mDC reasoning, as 93% of children who
solved at most 1 no-hint problem were at the premultiplicative or hint-dependent stages (Table 1).
Finally, we examined the theory-supported pattern of association we had found between children’s spontaneous additive strategy and mDC reasoning. Using the mDC measure (in logit scores)
as the dependent variable, we found significant differences between categories of spontaneous
additive strategy (Somer’s d ¼ 0.58, p < .001). These between-strategy differences (see Figure 3)
were the impetus for the present study, which we designed specifically to examine this asymmetric pattern of association.

Methods
The present, mixed-methods, exploratory study involved a single set of fourth grade students
(n ¼ 31), not previously studied, whom we video-recorded as they worked to solve a series of
problems in a clinical interview setting (Clement, 2000). Each child first solved the problems on
their own and then articulated their thought processes in response to the researcher’s (first
author) follow-up questions. Our quantitative and qualitative analyses addressed two
research questions:
1.
2.

Can a systematic statistical relationship be established between the children’s mDC reasoning
and their spontaneous strategy used to solve an unfamiliar addition problem?
Is the pattern of relationship between the spontaneous additive strategy and multiplicative
reasoning consistent with children’s underlying numerical reasoning?
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Figure 3. An emerging pattern of relationship between additive strategies and mDC reasoning (Rasch measure).

Our quantitative analysis focused on patterns of association (e.g., asymmetric) between the
child’s spontaneous additive strategy and mDC reasoning as measured on the assessment we had
previously validated. Our qualitative analysis focused on children’s numerical reasoning. In both,
we tested a theory-driven hypothesis suggested by our earlier validation study: counting-on would
be mainly related with premultiplicative reasoning, BAMT with developed mDC, and doubling
with various levels of premultiplicative or multiplicative reasoning. Our null hypothesis was thus
that there are no generalizable differences in mDC reasoning between categories. Next, we
describe the setting and participants of the present study, the instrument (mDC assessment), the
data collection (including interview), and the quantitative and qualitative methods of analysis.

Setting and participants
For the present study, an initial sample consisted of 41 fourth graders (age 10) at an elementary
public school in a large urban school district in the United States, all mainstreamed for mathematics instruction. The study was part of a larger effort in which we co-taught those students with
their homeroom teacher. Ethical and educational considerations required that we include all children in all activities, but we included data only from consented children. The students attended
the same school and were demographically similar to fourth grade students who had participated
in the validation study the previous year.
From the initial sample, we excluded students for whom data would be insufficient or not relevant to the purpose of this study. We excluded three students whose comprehension of the word
problems during the clinical interviews seemed inadequate. We excluded five more students who did
not appear to have even the initial number sequence (INS), which we inferred from their countingall strategy when solving the additive problem (8 þ 7). Finally, we excluded two students for whom
our independent raters could not agree on the spontaneous strategy each used to solve the additive
problem. The final sample consisted of 31 students (13 females), of whom 87% identified as people
of color (58% Latinx and 29% African-American). Eighteen (58%) had been designated English
Language Learners (ELL), and five (16%) had an official Individualized Educational Plan (IEP).
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Figure 4. Auxiliary item to assess the child’s recognition of towers/cubes pictorials.

Instrument: mDC written assessment
We used the mDC Written Assessment as a measure of students’ mDC reasoning. Evidence of its
construct validity, unidimensionality, and reliability have been presented above. The assessment
consists of seven items: two auxiliary items, one item used to elicit the child’s spontaneous additive strategy, and four items to assess the child’s current capacity to engage in mDC. We describe
each of those items below.
Auxiliary items on the mDC assessment
Because two of the four items to assess mDC reasoning were situated in a context of towers and
cubes, we included in the mDC assessment two auxiliary items to ensure that a child could recognize this context. In the first item, which starts the assessment, the researcher places a handful of
cubes (10) on the desk and asks the child to build a tower with 7 cubes. In the other, which is
sequenced after additive Problem #1, the researcher shows three pictures of (i) a single cube, (ii)
a marked tower of 7 cubes, and (ii) an unmarked tower of 7 cubes (Figure 4). First for picture B,
and then for picture C, the researcher asks the child to actually point to the respective picture
and circle “Yes” or “No” for understanding that it shows a tower of 7 cubes. When administering
the mDC assessment in classrooms, students would similarly be asked to build towers of 7 cubes
and then point and circle their responses.
Additive screener item on the mDC assessment: problem #1
Aside from the two auxiliary items, we designed Problem #1 as a screener for inferring an additive strategy children use spontaneously. To recall, Problem #1 states: “For breakfast, Ana ate 8
grapes. For lunch, Ana ate 7 grapes. How many grapes did Ana eat in all?” We designed the context, numbers, and wording to meet two additional criteria (Hodkowski et al., 2016): (a) motivate
the child to solve all other problems through initial success and (b) gauge the child’s reading
comprehension when solving a problem successfully.
Consistent with Wright et al. (2006) advice and with Torbeyns et al. (2005) findings, we chose
two single-digit numbers (8 þ 7) that can help elicit the three additive strategies. For children
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who may use counting-on, this choice increases the likelihood of indicating the starting number
and their method of keeping track to know where to stop counting 1 s of the second addend
(Tzur & Lambert, 2011). For children who may use doubling, this choice increases the likelihood
they would do so, as these addends are just 1 unit apart. We chose not to use equal addends
(e.g., 7 þ 7) to increase the likelihood children who opt for doubling also indicate compensation
for the extra 1 (e.g., 8 ¼ 7 þ 1). For children who may use BAMT, choosing 8 þ 7 as opposed to
smaller numbers (e.g., 7 þ 6) increases the likelihood they use this strategy due to the proximity
to 10. Yet, we chose not to use 9 (e.g., 8 þ 9) to increase the likelihood these children intentionally decompose the addends into nested numbers that are composite units (e.g.,
7 ¼ 5 þ 2, 10 ¼ 8 þ 2).
Multiplicative double counting (mDC) items on the mDC assessment
We designed Problems #2 through #5 as items to measure children’s current ability to engage in
mDC reasoning. To recall, each of those mDC problems began with a no-hint version, followed
Table 2. The no-hint version of the four multiplicative reasoning word problems (items).
Item
2

The picture shows towers made of 3 cubes, 5 cubes, 12 cubes, and 24 cubes. In this problem, Pat only
has towers with 3 cubes. Pat cannot break apart any tower. Can Pat build a tower of 24 cubes using
only towers of 3 cubes? (If yes – the child is asked to fill in how many.)

3

Rationale: Figure out if, to what extent, and how a child coordinates the number of composite units,
and 1 s in each, while constituting a larger, known composite unit (24).
The picture shows a box. Alex put 6 towers in the box. Alex made each tower with 3 cubes. The
numbers on the picture show this. How many cubes in all did Alex use to make all 6 towers?

4

Rationale: Figure out if, to what extent, and how a child coordinates the total of 1 s in a given number
of composite units (6) constituted by a given number of 1 s (3) to find the total of 1 s (18).
There are 4 teams in a school. Each team has 5 players. Joy said there are 35 players in all, because she
skip-counted by 5 (Joy said, “5-10-15 … ” and kept going to 35). Is Joy correct? If not, how many
teams did Joy count? (Circle one option from 4, 5, 7, 20, 35; or write a number.)

5

Rationale: Figure out if a child recognizes, and negates, an error in “repeated addition” by keeping
track (coordinating) the number of composite units (4 teams) with 1 s in each (5 players); then how)
the child figures out the numerical error (stop the composite units count at 7 teams).
Sam baked 28 smiley cookies. He put all the cookies in boxes. Sam put 4 cookies in each box. The
picture shows only one of the boxes. How many boxes did Sam use for all 28 cookies?
Rationale: Figure out if, to what extent, and how a child coordinates the number of composite units,
and 1 s in each, while constituting a larger, known composite unit (28).
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by versions of the same problem with visual hints. For each of those items, Table 2 presents the
wording of its no-hint version and our conceptual rationale for it.
We note that each version of each word problem included initial sub-questions asking the child
to fill in blanks with information given in the problem. For example, in Problem #4 we asked the
child to fill in the blank the number of players (5) given in the problem: “In each team there are
___ players.” We included these sub-questions to increase children’s experience of success while
providing evidence of their comprehension of the written problems.
Protocol and data collection
We collected the data about participants’ spontaneous additive strategy and mDC reasoning
through clinical, task-based interviews (Clement, 2000), following a protocol similar to the validation study. One deviation from that protocol, to better fit with the purpose of the present study,
was not to use member checking by writing down the child’s answer in their presence. Rather,
the determination of the child’s additive strategy was postponed to a later stage, in which two
independent raters observed the video-recorded interviews.
The first author interviewed each student in a secluded office at the school. He had developed
a trusting relationship with the children long before, through regularly co-teaching mathematics
with their classroom teacher. In the interview room, he explained the interview process to the
child, asking them to do their best to solve each problem. He asked that they use a pen to write
or draw whatever helped them solve the problems and explicitly encouraged them to use their
fingers if that helped. He stated that some problems might be more difficult than others, and that
he was really interested in how they approached and solved each problem, not whether the
answer was correct. He told the child that if after some effort they could not solve a problem,
they should write “IDK” (for “I Don’t Know”) and move on. No other manipulatives (e.g., cubes)
were provided so that a child’s solution would be initiated and carried out while operating on
numerical or figural (but not tangible) items. He further emphasized that there was no time limit,
and that his questions intended to understand how they thought about the problems. He clarified
that nobody in the school would see their work, and it would not be used for grading.
He also asked each child if they would like to read the problems aloud themselves or prefer
that he read the problems to them. In both the validation and the present study roughly 50% of
students chose each option. Once read, students began solving the problem silently. All students
correctly determined that 8 grapes for breakfast and 7 grapes for lunch was a total of 15 grapes,
and their actions and the time it took to utter and write down the answer indicated none had
used fact retrieval.
When the child finished solving all four mDC problems, the researcher used probing questions
following a set procedure: (a) return to the page that included the child’s solution, (b) explicate
to the child (out loud) specifics of their actions that he noticed, and (c) ask the child questions
about thought processes that led to those specific actions. For example, if the child counted six
fingers and responded “18” to Problem #3, the researcher might have asked the child to ‘say out
loud’ how they reached the answer. If the child further explained they counted 3 s, he asked how
they knew to stop (e.g., “I counted five fingers on this hand and one more; so 6”) or what each
finger represented (e.g., “a tower”).
Quantitative analysis
For additive strategies, we had two independent raters coding each child’s spontaneously used strategy by observing the video recording of just the initial part of every clinical interview. To control
against possible expectation bias, the raters had neither knowledge of the child’s performance on the
mDC items nor of the interveiwer’s rating. We trained two team members, graduate research
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Table 3. Steps in independently determining the child’s spontaneous additive strategy.
Step
1
2
3
4

5

6

Essence of Raters’ Work
Prepare a trimmed video file for each child, containing data about their solution to the additive strategy
(30–120 s); prepare a spreadsheet for the raters to enter their inferred strategy for each child.
Provide the two raters with the spreadsheet and access to all 43 trimmed video files; let them work
independently on rating while using the categories: (a) counting-all, (b) counting-on, (c) doubling-7, (d)
doubling-8, (e) BAMT, (f) other, and (9999) if unable to determine the strategy.
The first author received each rater’s list separately and let an Excel spreadsheet identify agreements. He
found 33 agreements and 10 disagreements. Those 10 consisted mainly of “9999” and “other.”
Using email, he told them about the 10 video files in need of reconciliation, while providing: (a) brief
descriptions to clarify the meaning of “spontaneous” (what the children used on their own, and
supportive data from the child’s explanation) and of what constitutes evidence for each strategy (e.g.,
starting to count from 1 and by 1 s for counting all, starting to count from one of the addends and
following with count of 1 s for counting-on, mentioning the addition of the same addend twice for
doubling, decomposing one or both addends into sub-units of 2 or larger for BAMT); and (b) an initial
log of main events in the video to help interpret what the child does/says.
The two raters revisited the 10 video files separatetly, and sent their rating to the first author. He found
that only four disagreements between the two raters remained. One of the raters sent her notes about
further data she could glean that were not included in his initial logs. He thus went back to those four
videos, and created a full transcript of language and actions the child’s used. He then sent the list of
the remaining four conflicted videos and the transcripts back to the raters. One of them agreed with
the other that one child used BAMT; the other agreed that another child used counting-on; raters
remained in disagreement about two children (counting-all vs. counting-on). Because in our study we
did not include students who spontaneously used counting-all, we excluded those last two children to
avoid biasing the results in favor of our hypothesis.
We entered the final, agreed-upon rating of each child’s spontaneous additive strategy into the Excel
spreadsheet with all coded data of the 4 mDC problems (and sub-questions), copied the file of data
into SPSS, and ran the statistical analysis.

assistants, and experienced elementary school teachers to identify a child’s spontaneous additive
strategy through observation of children’s work. We asked them to pay close attention to the child’s
language and bodily motions (fingers, hand under the table, lips moving), which were used to both
find the solution (before any probing) and then to explain it to the interviewer. Our goal was not
simply to establish a reasonable level of interrater reliability. Rather, we aimed to reach 100% agreement between the two raters, which they would anchor in clearly identified evidence about the strategy they inferred a child had used spontaneously. For example, in the last step of this multistep
process (#6, Table 3) we excluded two of the five children that seemed to one rater to have been
using counting-all. Although the other rater inferred counting-on, we excluded these two borderline cases in order to avoid falsely biasing the statistical findings in favor of our theory-driven
hypothesis. After the two raters agreed on all children’s additive strategies, we converted the ratings
to a three-point, ordinal scale: counting-on ¼ 1, doubling ¼ 2, BAMT ¼ 3.
Considering the child’s spontaneous additive strategy as the independent variable and the
child’s mDC reasoning as the dependent variable, we conducted three statistical tests of association. In one test, the dependent variable consisted of the Rasch person-ability measure for all 4
mDC problems – a linear scale ranging 0–100 based upon nine values obtained through the 2-10 partial-credit analysis. We crosstabulated the two variables and used Somers’ d to test for an
asymmetric association between children’s additive strategy (independent variable) and their current mDC reasoning (dependent variable). We used Somers’ d because, as a proportional reduction in error (PRE) statistic (Agresti & Finlay, 1997), it provides the percentage improvement in
predicting the ordinal rank of the dependent variable given the independent variable, thereby
serving as a measure of effect size (Newson, 2002, 2006). To further test multiple pair-wise comparisons (e.g., counting-on vs. doubling), we used the Holm-Bonferroni (Holm, 1979) post-hoc
test as a more accurate alternative to the Bonferroni method (Abdi, 2010; Olejnik, Li,
Supattathum, & Huberty, 1997; Wright, 1992).
In a second test, building on the results of the Somers’ d aymmetric association, we used
Spearman’s rho to further test correlation between the child’s additive strategy (ordinal) and their
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Rasch person-ability measure (interval). In a third analysis, we focused on the child’s response to
each no-hint mDC problem separately, recognizing that in school settings hints are not typically
provided on tests, and Rasch logit scores are not familiar or available. The analysis aimed to
determine the extent to which a child’s additive strategy related to problem solving reflective of
the independent stage of mDC reasoning. Use of the Mann-Whitney (MWz) nonparametric test
allowed us to examine this relationship at the item level.
Qualitative analysis
We undertook the qualitative analysis to provide insight into the underlying conceptions of number (INS, TNS, ENS) of particular children. Analysis of the video recordings of clinical interviews
provided insight into students’ hypothesized conceptual processes that could not be inferred from
their pencil-and-paper responses to the instruments alone. First, we reviewed all video-recorded
interviews while creating logs of critical events in each (Powell, Francisco, & Maher, 2003). Using
those logs, we selected three exemplars that best illustrate theoretical linkages between a child’s
spontaneous additive strategy and mDC reasoning. We transcribed those segments of the recordings and further analyzed details of those children’s activity. In this detailed, line-by-line analysis,
we paid special attention to ways in which each child coordinated (or not) the count of composite units with the accrual of 1 s. Zaro (all names are pseudonyms) is an exemplar of a child who
used BAMT and engaged in mDC reasoning; Adel (counting-on) and Carl (doubling) demonstrate premultiplicative reasoning.
Our analysis includes all three additive strategies. While we particularly stress the difference
between counting-on and BAMT, we also intend to account for issues surrounding doubling as a
commonly-used strategy. Using Carl’s example, we emphasize how this strategy, which is often
linked with multiplication (Kling & Bay-Williams, 2015), may mask operations on composite
units that we distinguish from mDC.

Results
In this section, we interweave quantitative and qualitative analyses to address the two complementary research questions about plausible relationships between children’s spontaneous additive
strategy and their mDC reasoning. Taken together, the two methods of analysis provide insight
into children’s thinking about numbers in additive and multiplicative situations. We first present
qualitative analysis of one child (Zaro) serving as an exemplar of spontaneously using BAMT and
the ENS (decomposing 7 into the nested 5 and 2, “then give 2 to 8; that’s 10; then 5 more is 15”)
and an independent stage of mDC reasoning. Then, we present a quantitative analysis of all 31
children. Finally, we present two examplars of children whose spontaneous use of counting-on
(Adel) or doubling (Carl) was related with premultiplicative reasoning. Indeed, those last two
examplars do not exhaust all possible relationships. They do serve, however, to shed light on particular ways of conceptualizing (operating on) composite units and 1 s that may involve premultiplicative reasoning.
Relating BAMT to mDC reasoning
We begin with Zaro’s work on Problem #3 because, to recap, it is an archetypal multiplicative
task: it gives information about the number of composite units (here, 6 towers) and the number
of 1 s in each of them (here, 3 cubes each), and asks the student to find the total of 1 s (here, 18
cubes). Excerpt 1a shows how Zaro solved Problem #3; Excerpt 1 b shows how he
further explained to the researcher why the answer is 18 (Z stands for Zaro, R stands
for researcher).
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Figure 5. Zaro’s drawing of 6 lines (for towers) and later three dots on each (for 3 cubes each).

Excerpt 1a: Zaro’s solution to mDC Problem #3.

Z: Wait, hold on. (Counting with one finger at a time until he has 4 fingers extended on his
left hand) 3, 6, 9, 12. Wait. (Whispers) 15. (Then counts 1 s) 16, 17 (Extends a finger on his right
hand – apparently symbolizing the 6th tower).
R: Take your time, there’s no pressure.
Z: Yeah. Wait, 18. (Fills in the blank for the answer) 18.
Excerpt 1 b: Zaro’s explanation of his solution to mDC Problem #3.
R: [To solve Problem #3] you said 18. How did you get 18?
Z: Yeah; I was just, like, counting by 3’s (extends three fingers on his left hand, one at a time).
R: Can you do it for me out loud so that I can see how you do it; and show your fingers?
Z: (Holds left hand up, then simultaneously raises single fingers for each unit of 3) So, like:
Three (raises his index finger); Six (raises his middle finger); Nine (Raises his ring finger); Twelve
(raises his pinky finger); Fifteen (raises his thumb); (Whispers) 16, 17, 18. And then I got 18
(raises his index finger on right hand). Because I was using, like: Six (puts both hands together to
show 6 fingers standing for the 6 towers given in the problem).
R: [A little later] Could you draw it for me?
Z: So, like: You could use 6 towers of 3 (draws 6 lines on the page while counting them as he
draws each) 1, 2, 3, 4, 5, 6. [Figure 5 shows Zaro’s completed drawing; at the current point in the
excerpt, he literally drew just six lines—no dots, yet.]
R: So, this is - what?
Z: Yeah, and then, you just can use, like your fingers, because then you can skip count so you
can figure [pause]; So, like this, pretty much (he draws 3 dots on each line; see Figure 5).
R: So, how is your drawing related to your fingers? Is this similar?
Z: Um, yes; because it’s like counting by 3’s. Like, for example, I would just use my fingers to
count by 3’s (points at the lines he drew on the page). [Here, Zaro repeated the double-count on
his fingers as done above.]
R: In this problem, what were the fingers showing? Towers? Cubes? The box?
Z: They were kind of like showing [both] the cubes and the towers (italics added by authors).
Our claim that Zaro’s solution indicates mDC reasoning rests on four main aspects of his
actions and language. First, he spontaneously used his fingers to supply figural units in executing
the simultaneous double-count of composite units (6 towers) and accruing 3 s (cube triplets).
That is, upon assimilating this problem he initiated a coordination of two different units, and
thus the change to a third unit (total of eighteen 1 s), while anticipating when to stop the counting activity (Tzur et al., 2013). Second, when asked to show how he solved the problem Zaro first
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Table 4. Percentages of children who correctly solved each mDC item (no-hint).
MR Problem
Percentage of correct solutions

2
39%

3
33%

4
41%

5
45%

Total
39%

drew just the six lines to represent the composite units (6 towers). The lines he drew were schematic, as opposed to, say, a full display of rectangles with marks to indicate towers made of 3 single cubes. Only after he drew all 6 lines, seemingly anticipating the next step in a plan, he also
supplied 3 dots to each line. Third, to show how he figured out the total while all 1 s were shown
being embedded within their respective composite units, he accounted for the accrual of 1 s by
using multiples of three - not by counting every dot separately (which we shall later contrast with
Carl’s solution). Finally, Zaro identified fingers raised with the lines indicating towers, and
claimed the fingers stood for both towers and cubes.
Those four aspects indicated Zaro’s mDC reasoning: simultaneously counting items of two different composite units would yield the answer—a transformation into a quantity comprised of
the total number of 1 s. Zaro is thus an exemplar of the relationship between a child’s spontaneous use of BAMT and current ability to engage in mDC reasoning. Next, we present statistical
analysis of all 31 children’s responses to the four mDC problems.
Multiplicative double counting (mDC) – entire sample
Table 4 provides percentages of children (n ¼ 31) who correctly solved each mDC problem.
Despite all 31 children’s correct solutions to the screener, addition Problem #1, at most 45% of
them solved each mDC problem correctly. Furthermore, only 13 children (42%) correctly solved
at least 2 no-hint problems – the threshold of independent mDC reasoning established during
the validation study. We interpret their success on additive Problem #1 to indicate their use of
additive reasoning and their difficulty with mDC Problems 2–5 to indicate constraints to their
ability to engage in mDC. This contrast between additive and mDC reasoning lends support to
researchers’ theoretical predictions of a conceptual leap involved in shifting from additive to
multiplicative reasoning (Lester & Steffe, 2013; Ulrich, 2015). Our hypothesis, that a child’s spontaneous additive strategy would show asymmetric association with their mDC reasoning, led us
to further examine these averages while using “strategy” as a category (ordinal variable).
Between-category differences in mDC reasoning
We present between-category analyses of children’s mDC reasoning, with categories reflecting the
strategy they spontaneously and successfully used to solve Problem #1 (8 þ 7 ¼ 15). Because we
found no statistically significant difference between the two doubling groups (7 þ 7 or 8 þ 8), we
combined them into a single category, doubling. We first analyze between-category differences in
child responses to all 4 mDC problems and then to each mDC problem separately. Importantly, a
Mann-Whitney test found no statistically significant difference between English language learners
(mean rank ¼ 16.5) and their counterparts (mean rank ¼ 15.59), U ¼ 112, p ¼ .8.
Figure 6 shows a boxplot of the children’s Rasch person-ability measure (0–100 scale) as a
dependent variable with the spontaneous additive category as an independent variable. The
results, with one outlier (#931), support our hypothesis: BAMT (Mdn ¼ 72.6) > doubling
(Mdn ¼ 42.7) > counting-on (Mdn ¼ 34.0). We kept this outlier for a twofold reason. First, it
illustrates the possibility a child would use doubling to solve the additive problem and then reason with mDC (gleaned from his interview) while correctly solving all four mDC items. Second,
it demonstrates that we report on the full set of children. In the Discussion we return to this
point, particularly the small sample limitation.
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Figure 6. Rasch measure (mDC, 0–100) as a variable dependent on a child’s additive strategy.
Table 5. By-category frequencies of the nine Rasch person-ability values (d ¼ 0.71, p < .001).
Rasch Score !
Counting-on (n ¼ 14)
Doubling (n ¼ 9)
BAMT (n ¼ 8)

0
4
0
0

28
0
1
0

43
8
2
0

51
1
2
0

57
0
1
3

63
1
1
0

70
0
1
1

80
0
0
2

100
0
1
2

Bold indicates p < .001.

To further test the asymmetric association between a child’s spontaneous additive strategy and
mDC (or premultiplicative) reasoning, we used crosstabulation and the Somers’ d test. Table 5
shows that this association, with mDC considered dependent on additive strategy, is statistically
significant (d ¼ 0.71, p < .001; it corresponds to Goodman-Kruskal’s C ¼ 0.78). That is, by knowing a child’s spontaneous strategy we make 71% fewer prediction errors about their mDC reasoning. Holm-Bonferroni post-hoc pair-wise comparisons showed that all three differences were
statistically significant with medium-to-large Cohen’s d effect size: counting-on vs. doubling
(d ¼ 0.58, p ¼ .006), counting-on vs. BAMT (d ¼ 0.95, p < .001), and doubling vs. BAMT
(d ¼ 0.58, p ¼ 0.007).
As an additional measure of relationship, we used Spearman’s rho to measure the correlation
between additive strategy (ordinal) and mDC reasoning in Rasch logits (interval). The correlation
was high and significant (rs ¼ 0.73, p < .001).
Finally, we used the Mann-Whitney nonparametric test (with standardized z) to examine differences between groups on each mDC problem separately (Table 6). Success of children who
spontaneously used BAMT differed significantly from children who used counting-on on all
problems (with p ¼ .054 for Problem #5). Per-problem differences did not reach statistical significance between counting-on and doubling nor between doubling and BAMT.
Results presented in Table 6 emphasize two points that, combined, further support our claim
about how the child’s spontaneous additive strategy relates to the child’s current capacity to
engage in mDC reasoning. First, we focus on responses to mDC Problem #4. To solve it correctly, they needed to figure out the correct number of teams that Joy counted (35 players would
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Table 6. Between-group differences on each mDC item: Counting-on vs. BAMT.
Problem No.
MWz

2
z ¼ 2.06
p ¼ .039

3
z ¼ 2.25
p ¼ .024

4
z ¼ 3.15
p ¼ .002

5
z ¼ 1.93
p ¼ .054

Figure 7. Adel’s progressive summation of grouped 1 s.

make 7 teams of 5 players each). Only one child who used counting-on (7% of this category)
could solve this problem correctly; the other thirteen (93%) were unsuccessful. Among those thirteen, ten children (71% of the entire counting-on category) incorrectly selected “35” as the number of teams that Joy counted. This error is telling. We interpret it as empirical support to Lester
and Steffe, (2013) and Ulrich’s (2015) claim that children’s use of counting-on (and INS) reflects
their reliance on operating on 1 s, and thus also premultiplicative reasoning.
Second, children’s relative success on Problems #2 and #3 further point to a central element in
Steffe’s (1992) model on which we focus, namely, number as a composite unit. To successfully
solve each of these problems, a child would have to coordinate the accrual of 1 s and composite
units. Of the 14 children who spontaneously used counting-on, only three (21% of this category) correctly solved these problems. These data support our claim that a child’s spontaneous
use of counting-on relates to their current, premultiplicative reasoning. In contrast, among the
eight children who spontaneously used BAMT, five (63%) correctly solved Problem #2, five
(63%) correctly solved Problem #3, seven (88%) correctly solved Problem #4, and six (75%)
correctly solved Problem #5. These data support our claim that children’s spontaneous use of
BAMT, which they use to solve addition tasks by decomposing the second addend into sub-units
larger than 1, relates to their current ability to engage in mDC reasoning.
Further qualitative analysis: typical premultiplicative solutions to mDC problems
Unlike Zaro’s (BAMT) example, those who spontaneously use counting-on, and to a lesser extent
also doubling, are less likely to engage in mDC when solving multiplicative tasks. The two exemplars we present in this section show premultiplicative reasoning; the first (Adel) used countingon and the second (Carl) used doubling, corresponding to the INS and TNS, respectively. We
present these exemplars to further illuminate that counting-on (mostly) or doubling (to some
extent) may be related to premultiplicative reasoning. We selected mDC items on which their
work evidently exemplifies premultiplicative reasoning.
First exemplar (Adel): masked operation on 1 s. Figure 7 shows the final artifact of Adel’s
(counting-on) work when solving Problem #5. To arrive at this solution, she first correctly filled
the numbers given in the realistic word problem into the screener items.
This indicated her (reading) comprehension of the quantities given in the problem. Then, to
find how many boxes (4 cookies each) are needed to place all 28 cookies, she mentally added
4 þ 4 to get 8 and wrote down the next sum she would work on, “4 þ 8 ¼ 12.” Adel then crossed
that sum and started over in what indicated an intention to produce partial sums of groups of
four 1 s each, until reaching the given total of cookies. Due to the interviewing protocol, which
we designed to minimize interruption and/or prompting, the interviewer did not probe for her

COGNITION AND INSTRUCTION

19

Figure 8. Carl’s reconstitution of every composite unit from its 1 s (printed numerals/words/arrows were added by the authors
to assist understanding of the child’s work).

goal in doing so. Thus, we had limited data about the possibility that her planned, sequential
activity included an intention to first produce and then count the number of “4 s” she would
then write, as seen in the work of Carl below.
For each equation past the second sum (12), Adel first wrote the two addends (e.g., 12 þ 4).
Then, she used her fingers to keep track as she added four more 1 s (e.g., 13-14-15-16) and wrote
that last number on the right side of the equal sign. She proceeded in this sequential way until
arriving at 28. Importantly, at that point Adel neither counted the number of 4 s she had used
nor indicated any attempt to do so. Rather, she turned to the final step in her solution of this
problem—writing her incorrect answer (28) for how many boxes were used for all 28 cookies.
Adel’s final step in this process, as well as her counting of 1 s for partial sums and the lack of
any observable attempt to count the 4 s she produced, indicate that she operated on units of 1.
This operation on 1 s is a hallmark of the INS (Ulrich, 2015). She did group those singletons into
4 s in the partial sums, which is consistent with each “4” being a segment of her counting
sequence (i.e., INS), and could thus be linked to a repeated addition notion of multiplication. We
infer, however, that those numerical depictions served her intention to keep track of how many
1 s have been accrued until reaching the given total, not to produce a countable set of those composite units (groups of 4 dots). From Adel’s way of repeatedly adding 4 s, we infer her intention
was to sequentially amass groups of four 1 s, which is consistent with Ulrich’s (2016) depiction of
how a child reasoning with INS may approach such a situation. That is, although she organized
partial sums by groups, she seemed focused on the total number of 1 s throughout the process.
Said differently, a child reasoning with INS, and likely spontaneously using counting-on, seems to
‘lose sight’ of composite units potentially represented by her self-produced numerals (Steffe, 1992;
Ulrich, 2015). For such a child it thus makes sense to respond with the total (of 1 s) when asked
about the number of composite units that constitute that total.
Second exemplar (Carl): doubling may also mask premultiplicative reasoning. Carl’s work
when solving Problem #2 (see final artifact in Figure 8), serves to illustrate premultiplicative operations used by children whose spontaneous additive strategy is doubling (he said, “7 þ 7 is 14,
and 1 more is 15”). That is, Carl’s example illustrates constraints common to children reasoning
with TNS (i.e., not yet decomposing composite units), in spite of the more advanced additive
strategy they use. We note that other children who use doubling may not be so constrained.
Nevertheless, our purpose is to highlight the possibility that doubling is used along with such premultiplicative reasoning, in part to challenge the common view of doubling as a form of multiplicative reasoning.
To solve Problem #2 (how many towers of 3 produce a tower of 24), Carl first drew three dots
and then linked them with a line (see “First Attempt,” Figure 8, left side). This line appeared as
an attempt to ‘show’ a figural composite unit (here, a schematic depiction of one tower).
Consistent with TNS involving ‘in action’ use of composite units, however, he soon abandoned
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this attempt (which could have appeared a similar start to Zaro’s). Instead, Carl started over by
first drawing three single dots, writing the number 3 near the top one, and circling that triplet.
He then proceeded with a sequential process of producing, ‘in action’, a composite unit (triplet)
of single dots and writing the accruing number of 1 s, albeit not circling the triplets. Past the 12th
dot, he figured out the next multiple of 3 by adding three 1 s (e.g., 13-14-15). Letting go of circling each triplet indicated he saw the triplet as a unit for subsequently counting the number of
those units. Importantly for our claim about Carl’s TNS (‘in action’), he did not stop producing
1 s (in triplets) at 24. Rather, he continued to produce two more dots before realizing that he
reached the goal of his activity as given in Problem #2. His final step in the process supported
our inference about his premultiplicative reasoning—he counted the number of composite units
by pointing to each of the partial sums he wrote down when producing the entire collection of
24 dots. To us, this last step indicated that his intention from the outset was to keep track,
sequentially, of accrual of each type of unit (1 s and composite units).
From Carl’s solution we inferred premultiplicative reasoning because it was sequential, that is,
it did not include simultaneous coordination of 1 s and composite units. In Ulrich’s (2016) depiction of the TNS, he could solve the multiplication problem “in the moment” (p. 38). Key to
Carl’s incorrect answer was that, at the final step, he counted (twice - to check himself) all the
triplets except for the first (circled) group with the number 3 in it—thus obtaining and entering
“7” as his answer. We emphasize that our choice of Carl’s example is not due to his incorrect
answer, but due to his TNS-like, in-the-moment solution – sequentially operating on 1 s and only
then on composite units.
Combined, Adel and Carl’s examples demonstrate challenges they faced when solving mDC
items. Both manifested the nature of processing that Steffe’s (1992) model predicts—premultiplicative operations only on 1 s, or sequentially on 1 s and composite units. Following Ulrich (2016),
we link those with the Initial Number Sequence (INS). Thus, these two exemplars highlight the
conceptual underpinnings of our central claim: the spontaneous additive strategy a child uses
relates to their current capacity to engage in mDC as both are rooted in the child’s concept
of number.

Discussion
We demonstrated an important linkage between additive and multiplicative reasoning explained
by focusing on a central element of Steffe’s model—number as a composite unit. We found an
asymmetric pattern of association between a child’s spontaneous additive strategy (counting-on,
doubling, or BAMT) and their current capacity to engage in mDC. In the Theoretical
Framework, following Ulrich’s (2015, 2016) elucidation of Steffe and colleagues’ work, we
explained why such a linkage is expected in terms of units the child operates on—1s and/or composite units. We acknowledge that a child’s spontaneous additive strategy, used in a single trial,
may not be the only or most advanced way of operating available to them. Nevertheless, it is a
strategy that was readily available and made sense to the child in the moment (Gaschler et al.,
2013; Steffe & Cobb, 1988; Verschaffel et al., 2009), which our findings suggest can serve as a
“litmus test” of their current numerical reasoning. Hence, our study corroborates a twofold implication of Steffe’s model. A child’s spontaneous use of counting-on to solve an addition problem
relates mostly to premultiplicative reasoning; and a child’s spontaneous use of BAMT relates
mostly to mDC reasoning. Next, we discuss the importance and implications of our study.
Theoretical importance: statistical corroboration of a conceptual model
Kilpatrick (2001) asserted that the field of mathematics education faces the challenge of testing
and corroborating conceptually sound models produced through qualitative studies. This assertion
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pertains to models, developed by Steffe and others (Steffe, 1992; Steffe & Cobb, 1998; Steffe, von
Glasersfeld, Richards, & Cobb, 1983), about children’s numerical reasoning. To date, only one
line of work—on fractions—has tested those models statistically (Norton & Wilkins, 2009, 2012).
Consistent with Lamon’s (2007) plea, our study offers an empirical link between children’s additive strategies and an initial, foundational form of whole number multiplicative reasoning (mDC)
by providing statistical corroboration of existing conceptual models.
Specifically, our mixed-method analyses corroborate the conceptual model of number as a
composite unit in general and the three number sequences in particular—Initial Number
Sequence (INS), Tacitly Nested Number Sequence (TNS), and Explicitly Nested Number
Sequence (ENS) (Steffe & Cobb, 1988; Ulrich, 2015, 2016). Each of those number sequences is
inferred to underlie, respectively, each of the three additive strategies of counting-on, doubling,
and BAMT – as well as premultiplicative and mDC reasoning. Figure 2 depicted those relationships. Our qualitative analysis revealed plausible conceptual processes connecting the child’s concept of number as a composite unit with the child’s additive strategy and with the child’s mDC
reasoning. That is, to engage in mDC when solving a task, it is not enough for a child to perform
the actions leading to a correct (or incorrect) answer. Rather, a child has to supply the conceptual
structures (units) and mental actions (e.g., iteration of composite units) from which an observer
might infer whether the child reasoned multiplicatively or otherwise. Prior research has explicated
the difference in those types of reasoning in terms of whether children can work simultaneously
with units of 1 and composite units (Hackenberg & Tillema, 2009; Tzur et al., 2013). Our study
lended further warrant to Steffe’s (1992) and Ulrich’s (2015, 2016) articulation of linkages
between those types of reasoning.
Implications for future research
We consider four key implications of this study for future research. First, our claim about children’s spontaneous additive strategy being related to their ability to engage in mDC reasoning
relies on a conceptual explanation corroborated by statistically significant correlations. Using the
Somers’ d test, we also showed it is consistent with a possibility that the child’s spontaneous additive strategy foretells their mDC (or premultiplicative) reasoning. Of course, one limitation of
these results is the small sample (n ¼ 31). We believe that a future study (e.g., experimental or
quasi-experimental) could further confirm this possibility.
Another implication of our study draws on having pointed out how a single additive problem
a child uses spontaneously relates to mDC reasoning. This relationship opens the way for designing future studies that: (a) ascertain what additive strategies, other than the one a child uses spontaneously, are available to them and (b) quantify gradations in the child’s construction of number
as composite unit.
Third, this study implies the need to critically examine the design, and findings, of studies about
children’s success in solving problems (e.g., Russell & Ginsburg, 1984) and/or the impact of instructional interventions on children’s learning and outcomes (e.g., Woodward, 2006). Often, lack of
success or of impact may be rooted in children’s lack of opportunities to develop a cognitive prerequisite necessary to afford the intended performance. Based on the present study, we stress the
need for such examination particularly when teaching interventions focus on mathematical concepts
that involve various forms of multiplicative reasoning (e.g., fractions). Specifically, learning concepts
rooted in such reasoning may prove to be “a bridge too far” for children who spontaneously use
counting-on (45% of our 4th graders sample) and to lesser extent – also doubling.
Finally, our study points to a need for studying how teachers may benefit from knowing the association between a child’s spontaneous stratgegy and current ability to engage in mDC. Findings of
the present study showed that, in spite of being taught multiplication for more than a year (grade 3),
only 42% of students indicated ability to engage in mDC reasoning. To address this issue, in our PD
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work with teachers we have conducted an exploratory study of how teachers may use the single
additive problem (7 þ 8) to support students who struggled with mDC. Specifically, we intended for
teachers to: (a) recognize the critical linkage between a child’s additive strategy and their current
capacity to engage in mDC, (b) learn how to conduct short, task-based interviews to elicit children’s
additive strategies (spontaneous and prompted), and (c) adapt subsequent instruction to meet the
needs of children based on their spontaneous additive strategy. We stress that this does not imply
directly teaching these additive strategies as procedures.
Teachers’ initial responses to this assessment measure were encouraging. They reported a substantial shift in their view of children’s performance and a related, gradual shift in how they
adapted their instruction to children’s conceptual understandings. Specifically, these teachers
expressed appreciation of the main learning goal needed for children who use counting-on
and doubling, namely to further promote their conception of number (e.g., learn to decompose
addends into composite sub-units). Elsewhere (Tzur et al., 2018), we reported on encouraging
preliminary findings of the impact of those teachers’ work on their 3rd and 4th graders’
growth in mDC reasoning (from an average of 14% success in year-start to 39% in year-end—a
large Cohen’s d effect size of 0.83). Our exploratory work points to future research to examine
(a) teachers’ understanding of the association between additive strategies and mDC reasoning
and (b) how instruction informed by such an understanding may impact students’ growth.
Concluding remarks
In our study, we focused on a foundational form of whole number multiplicative reasoning (mDC)
that draws on the works of Steffe (1992, 1994), Lester and Steffe (2013) and Ulrich (2015, 2016).
Specifically, we focused on a child’s numerical reasoning that takes as input not just 1 s but also
composite units, and transforms two types of given units into a third type. Based on this stance, we
focused on multiplicative double counting (mDC), a way of reasoning characterized by simultaneous count of the accrual of composite units and 1 s to solve multiplicative problem situations. We
demonstrated that children’s spontaneous additive strategy relates, plausibly in an asymmetric pattern, to their current capacity for mDC reasoning. In our qualitative analysis, we further demonstrated the need to extend assessment beyond the correctness of a child’s answer, or strategy, and
to focus on the reasoning that may underlie it. In particular, when a child’s spontaneous additive
strategy is counting-on or doubling, our study points to the need to provide opportunities to conceive of the nested relationships between numbers and thus to also decompose numbers strategically (e.g., BAMT). Such opportunities can promote children’s mDC and beyond, through further
opportunities in which they learn to coordinate and keep track of different types of units.
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