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Routing and Control of Unmanned Aerial Vehicles for Performing

Contact-Based Tasks

Robert B. Anderson

(ABSTRACT)

In this dissertation, two main topics are explored, the vehicle routing problem (VRP) and

model reference adaptive control (MRAC) for unknown nonlinear systems. The VRP and

its extension, the split delivery VRP (SVRP), are analyzed to determine the effects of using

two different objective functions, the total cost objective, and the last delivery objective.

A worst-case analysis suggests that using the SVRP can improve total costs by as much

as a factor of 2 and the last delivery by a factor that scales with the number of vehicles

over the classical VRP. To test the theoretical worst-cases against the solutions of bench-

mark datasets, a heuristic is developed based on embedding a random variable neighborhood

search within an iterative local search heuristic. Results suggest that the split deliveries do

in fact improve total cost and last delivery times over the classical formulation.

The SVRP has been developed classically for use with vehicles such as trucks which have

large payload capacities and typically long ranges for deliveries, but are limited to traversing

on roads. Unmanned aerial vehicles (UAVs) are useful for their high maneuverability, but

suffer from limited capacity for payloads and short ranges. The classical SVRP formulation

is extended to one more suitable for UAVs by accounting for limited range, limited payloads,

and the ability to swap batteries at known locations. Instead of Euclidean distances, path

plans which are adjusted for a known, constant wind underlie the cost matrix of the opti-

mization problem. The effects of payload on the vehicle’s range are developed using propeller

momentum theory, and simulations verify that the proposed approach could be used in a

realistic scenario.



Two novel MRAC laws are then developed. The first, MRAC laws for prescribed perfor-

mance, exploits barrier Lyapunov functions and a 2-Layer approach to guarantee user-defined

performance. This control law allows unknown nonlinear systems to verify a user-defined

rate of convergence of the tracking error while verifying apriori control and tracking er-

ror constraints. Numerical simulations are performed on the roll dynamics of a delta-wing

aircraft. The second novel MRAC law is MRAC for switched dynamical systems which is

proven in two different mathematical frameworks. Applying the Carathéodory framework,

it is proven that if the switching signal has an arbitrarily small, but non-zero, dwell-time,

then solutions of both the trajectory tracking error’s and the adaptive gains’ dynamics exist,

are unique, and are defined almost everywhere, and the trajectory tracking error converges

asymptotically to zero. Employing the Filippov framework, it is proven that if the switching

signal is Lebesgue integrable and has countably many points of discontinuity, then maximal

solutions of both the trajectory tracking error and the adaptive gains dynamics exist and

are defined almost everywhere, and the trajectory tracking error converges to zero asymp-

totically. The proposed MRAC law is experimentally verified in the case where a UAV with

tilting propellers is tasked with mounting an unknown camera onto a wall.

The previous results are then combined into a novel application in construction. A

method for using a UAV to measure autonomously the moisture of an exterior precast con-

crete envelope is developed which can provide data feedback through contact-based mea-

surements to improve safety and real-time data acquisition through the integration with

the Building Information Model (BIM). To plan the path of the vehicle, the path planning

and SVRP for UAV approaches developed in previous chapters are utilized. To enable the

UAS to contact surfaces, a switched MRAC law is employed to control the vehicle through-

out and guarantee successful measurements. A full physics-based simulation environment is

developed, and the proposed framework is used to simulate taking multiple measurements.



Routing and Control of Unmanned Aerial Vehicles for Performing

Contact-Based Tasks

Robert B. Anderson

(GENERAL AUDIENCE ABSTRACT)

The main goal of this dissertation is to provide an implementable approach to the routing

and control problem for unmanned aerial vehicles (UAVs) tasked with delivering payloads

or taking images or videos of known locations. To plan routes for the fleet of vehicles, a split

vehicle routing (SVRP) approach is utilized. UAVs are useful for their high maneuverability,

but suffer from limited capacity for payloads and short ranges. Before extending the SVRP

to a formulation more suitable for UAVs, we study the effects of using two different objec-

tive functions on the solutions to the optimization problem through a worst-case analysis.

Namely, we study the minimum total cost function and the minimum last delivery function

and their effects on both the classical vehicle routing problem (VRP), where only one vehicle

can visit each customer, and the SVRP, where multiple vehicles can visit each customer. A

custom heuristic is developed to solve several benchmark instances, and the results suggest

that using the SVRP can save in total cost and last delivery over the VRP when using the

same objective functions.

The classical SVRP formulation is then extended to one more suitable for UAVs by

accounting for limited range, limited payloads, and the ability to swap batteries at known

locations. Instead of using straight line approaches to traversing between locations, a path

planning approach is utilized and wind is accounted for. The effects of payload on the vehi-

cle’s range are also considered, and simulations verify that the proposed approach could be

used in a realistic scenario.

After developing a routing approach for UAVs, the control problem is considered. The



first control approach developed is for unknown nonlinear systems which necessitate control

and tracking error constraints that can be set before the start of the mission. This result is

achieved using a novel model reference adaptive control (MRAC) approach. In addition to

verifying the constraints, a drawback of classical MRAC approaches, the poor performance

in the transient stages, is addressed by providing the ability to guarantee a user-defined rate

of convergence of the system. Numerical simulations are performed on the roll dynamics of

a delta-wing aircraft.

A second MRAC approach is then developed for the cases in which the UAVs may be

tasked with installing a payload at the customer location. An approach is used where the

vehicles are considered to have different flight states, one where the vehicle is in free flight,

and one where the vehicle contacts the wall. These types of systems are denoted as switched

dynamical systems, and an adaptive control law is developed for unknown nonlinear switched

plants that must follow the trajectory of user-defined linear switched reference models. The

proposed MRAC law is experimentally verified in the case where a UAV with tilting pro-

pellers is tasked with mounting an unknown camera onto a wall.

Finally, we seek to combine the new routing and control approach into an application

to improve safety within a construction site. A method for using a UAV to measure au-

tonomously the moisture of an exterior precast concrete envelope is developed which can

provide data feedback through contact-based measurements to improve safety and real-time

data acquisition through the integration with the Building Information Model (BIM). To

plan the path of the vehicle, the path planning and SVRP for UAV approaches developed

in previous chapters are utilized. To enable the UAS to contact surfaces, a switched MRAC

law is employed to control the vehicle throughout and guarantee successful measurements.

A full physics-based simulation environment is developed, and the proposed framework is

used to simulate taking multiple measurements.
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Chapter 1

Introduction

Less than 2 years ago, October 18, 2019, Wing made the first commercial drone delivery

just miles from the Virginia Tech campus [2]. These unmanned aerial vehicles (UAVs)

are becoming more and more accessible and beneficial to the general public by potential

expediting short range deliveries. There are several different types of UAVs ranging from

multirotors, helicopters, fixed wing, and hybrid vertical takeoff and landing (VTOL), to

name a few. The most common type of commercial UAV for the general population today

are multirotors, which are typically identified by their number of propellers. For example, a

quadrotor as in Figure 1.1a, has 4 motors and propellers, while a hexrotor, see Figure 1.1b,

has 6 rotors and propellers. The most useful property of this vehicle type is its capability

to vertically take off and land without the need of a runway, and they exhibit the ability to

hold position or maneuver in tight spaces. Some weaknesses of multirotor aircraft include

low endurance and typically low flight times compared to their fixed-wing counterparts.

Fixed-wing UAVs, such as those in [3], are equipped with wings to generate lift which is

much more efficient than employing spinning propellers, and they usually have much longer

endurance than multirotor UAVs. The major downside to fixed-wing UAVs is usually the

need for a runway or open flat space from which to take off and land. While they typically

fly well at higher speeds than multirotors, fixed-wing aircraft usually cannot hover in place

or maneuver as well in tight spaces. More recently, hybrid fixed-wing multirotors, have

begun to be developed such as those in [4, 5]. These UAVs try to merge the best properties

of the other two categroies by using propeller thrust for vertical takeoff, but use wing lift

1



during horizontal flight to increase flight times. While UAVs vary greatly in size, weight, and

capabilities, in this thesis we focus on so-called Class 1 UAVs which have weight, including

payloads, of less than 30kgs [6, Ch. 1].

1.1 Motivation

(a) Quadrotor UAV. (b) Hexrotor UAV.

Figure 1.1: Examples of the most common type of multirotor UAVs.

With the increasing variety of UAVs, the applications for them are becoming wide rang-

ing. UAVs were first popularized by military use in applications such as transporting and

delivering goods or persons, performing surveillance to gather data or intelligence, and at-

tacking targets [7]. The use cases and interest for military applications are growing, but

interest is growing even faster in the civilian market [8]. Some of the most common uses

for commercial UAVs include search and rescue operations in outdoor urban areas [9], in-

door urban areas [10], and wilderness areas [11], pipeline inspections [12], disaster response

[13, 14], forest fire detection and monitoring [15, 16], and construction safety and progress

monitoring [17, 18], to name a few.

A future application of UAVs involves utilizing many vehicles in conjunction to accom-

plish large scale tasks. For example, consider the case of disaster relief wherein there are

two different types of UAVs that must visit some areas within the environment. A set of

2



fixed-wing UAVs can be utilized to quickly reach locations and scan or survey damage and

find missing or injured persons. A set of multirotor UAVs can be sent out with supplies such

as bandages or water to deliver, and some of these UAVs could be equipped with an arm

to mount beacons for establishing communications or targeting an area for rescuers. Such

a problem requires optimized route planning for all of the UAVs to complete the mission

as quickly as possible as well as advanced nonlinear control algorithms to handle challenges

such as sloshing, unknown payloads such as water on the UAVs. Even more challenging is

the control problem for the UAVs which may be tasked with installing a sensor.

Model & Solve

Routing Problem

Design & Implement

Control Laws

To Follow Paths

Objective Function?

Long Solve Times?

How to Overcome
Limited Range?

How to Overcome
Limited Payload Capacity? Properly Model

Dynamic Constraints?

External Factors,

Nonlinear Dynamics?

Center of Gravity

Account for Shifting

Aerodynamic Disturbances?

Performance
Constraints?

UAS Routing Problem UAS Control Problem

How to Choose Correct

- Wind?
- Temperature?

How to Overcome

How to

How to Overcome

How to

How to Overcome

How to
Guarantee

How to
Account for

Figure 1.2: Some of the challenging questions involved when solving the routing and control
problem for UAVs performing contact-based tasks.

1.2 Goals

In this dissertation, we focus on the problem of using UAVs for delivering payloads to

some known delivery locations and performing camera-based or contact-based tasks at these

sites. Due to the tasks of both determining the best set of routes for the UAVs to take and

the varying challenges of controlling UAVs with unknown payloads flying near hard surfaces,

we decompose the problem into two main pieces, the routing problem for UAVs and the

control problem for UAVs, and the many of the challenging questions to answer of each are
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shown in Figure 1.2. The problem of determining the routes of the UAVs is addressed using

a vehicle routing problem (VRP) approach that considers additional characteristics custom

to UAVs such as limited flight time, limited payload capacity, endurance dependency on

payload, and the payload becomes an optimization variable. In classical vehicle routing

problems, a single vehicle is used to service a single customer, or one vehicle per site [19, Ch.

1]. However, for UAVs this may be impractical since these systems tend to have very limited

payload capacity. For this reason, we also consider the split vehicle routing problem where

multiple vehicles can visit the same location to fill demands. Additionally, since there are a

wide range of scenarios where sets of UAVs make deliveries, multiple objective functions are

considered. An analysis is performed to show how careful selection of the objective function

is vital to the problem at hand.

The nonlinear control problem of UAVs is well-studied in the literature, but it becomes

increasingly complex when considering the payload as unknown and unsteady. This modeling

choice, while more accurate for unknown moving payloads, can significantly increase the

complexity of UAV dynamics [20]. Even further complexity is introduced when considering

the UAVs coming into contact with surfaces to perform contact-based tasks, such as camera

or beacon installation. Additionally, if the UAVs are being used in proximity to persons or

property, it is desirable to have a control system that can an apriori guarantee for the safety

of the vehicles and the persons nearby. To overcome the presented challenges, we propose

two novel adaptive control laws. The first guarantees safety and high performance in the

presence of system unknowns, and the second provides a mechanism for controlling vehicles

that can be used for payload installation.

The main goal of this dissertation is to provide a thorough and implementable approach

to the routing and control problem for UAVs. Most commonly, research focusing on the

routing problem for UAVs ignores both the path planning and control challenges of UAVs,

operating under the assumption that the systems are capable of traversing the paths. Paths

are commonly considered as straight lines connecting the locations to visit, and while this
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can work if flying at a high altitude, considering the routing problem in a 3D environment

can exploit the maneuverability benefit of small UAVs. The control problem is typically

not considered when planning the optimal routes for large numbers of vehicles in a VRP.

For simple missions of visiting locations or carrying precisely known payloads, this can be

valid as classical Proportional-Integral-Derivative (PID) autopilots have shown to perform

well [21, 22]. The future of UAVs, however, involves performing tasks that interact with

the environment and operating in tighter spaces creating much more complicated system

dynamics for control purposes.

The overall approach is composed of three main steps. The first part of the proposed

approach is to study the effects of choosing different objective functions for the routing

problem, which has resulted in a novel study on the split vehicle routing problem. In the

second step, a full route optimization approach is developed for UAVs while taking into

account some of the characteristics of UAVs that can greatly differ from classical truck

routing problems. For example, the cost to go between locations will be generated using a 3D

path planner which guarantees complete paths, if feasible, while maintaining a safe distance

from other obstacles. These paths are adjusted for a known wind velocity to account for

the fact that UAVs fly relative to the air and not the ground. A power model of UAVs,

based on momentum theory, is presented and used to capture the effects of carrying extra

payloads on the flight times of the vehicles. In the third step, two novel adaptive control

laws are developed to ensure that the vehicles can successfully traverse the routes generated

by the optimization problem. The first control law guarantees system performance while

verifying constraints on the control input. The second control law guarantees stability for

systems that have discontinuous dynamics, such as the next generation of UAVs that have to

contact surfaces during missions. With all of the pieces of the routing and control problem

developed, a novel application is developed wherein a UAV is tasked with taking contact-

based autonomous measurements of moisture within a precast concrete surface to improve

safety on a construction site.
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1.3 Brief outline

In Chapter 2, the objective function of two different VRP formulations is studied both

theoretically and numerically through simulations. First, worst-case analysis is performed

determine the potential benefits or downsides of utilizing split deliveries. Second, worst-

case analysis is performed to examine the effects of using different objective functions on

the solution to the optimization problem. Then, a heuristic based on embedding a random

variable neighborhood search within an iterative local search heuristic is used to approximate

solutions to several benchmark datasets using both the VRP and SVRP formulations as well

as both objective functions. We show that using split deliveries can reduce both the total

cost and last delivery times, significantly so when the average demand is around 50% of

vehicle capacity.

In Chapter 3, a modified SVRP approach is presented to make the routing problem more

conducive to UAVs. First, path plans using an A∗ search algorithm and a known vehicle

velocity are used to find the baseline times to travel between nodes. Secondly, these travel

times are adjusted to account for a known-constant wind velocity. Thirdly, since UAVs have

a range that is dependent on vehicle mass, hence payload, a momentum theory approach is

utilized to derive a relation between power and payload mass. This relationship is used as a

constraint in the optimization problem to optimize the efficiency of UAV deployment. The

optimization model contains not only payload delivery constraints but also the possibility

of surveillance time constraints, and since UAVs have a limited flight time, we consider

the possibility that the vehicles can stop at known locations to swap batteries. A test-case

scenario is provided in which several UAVs must meet demands of 8 customers which includes

both payload delivery and surveillance type, multiple refueling stations are available, and

the scenario is repeated several times in different wind conditions.

In Chapter 4, a novel model reference adaptive control law for improved transient per-

formance while providing guaranteed saturation constraints on the trajectory tracking error

6



and the control input at all times is developed.

In Chapter 5, a novel model reference adaptive control law for switched dynamical systems

is developed. The control law is first proven in the Carathéodory framework in which any

dwell time, or time between state switches, that is strictly positive leads to asymptotic

convergence of the trajectory tracking error, and the adaptive gains are bounded. The

control law is then proven in the Filippov framework in which asymptotic convergence of

the trajectory tracking error is guaranteed, and the adaptive gains are bounded, and the

dwell time can be equal to 0. The results are applied to a thrust-vectoring quadrotor whose

mission is to mount a sensor on a wall, and the authors believe this is the first experimental

validation of an MRAC for switched systems in aerial robotics.

In Chapter 6, we leverage the work in the previous chapters to develop an algorithm that

enables a UAV to take contact-based measurements on a construction site which can rapidly

update the building information model (BIM). The information from this model is used as

the map for an A∗ path planner which determines the best paths between measurement

locations and ensures safe distances from the building. Then, a heuristic solves a TSP

problem where the vehicle is allowed to swap batteries and a service time is considered for

when the UAV takes measurements. A simulation scenario wherein an actual BIM model

is used is presented where a UAV, controlled by the switching MRAC of Chapter 5, takes

2contact wall measurements.

The work presented here is original and has not been submitted previously for a degree,

diploma or qualification anywhere else. However, selected parts of this work have been

published in the following papers.

1. R. B. Anderson, J. A. Marshall, and A. L’Afflitto. Novel Model Reference Adap-

tive Control Laws for Improved Transient Dynamics and Guaranteed Saturation Con-

straints, Journal of the Franklin Institute - Accepted. Key results of Chapter 4.
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2. R. B. Anderson, J. A. Marshall, A. L’Afflitto, and J. M. Dotterweich. Model Ref-

erence Adaptive Control of Switched Dynamical Systems with Applications to Aerial

Robotics, Journal of Intelligent & Robotic Systems - Vol. 100, 3, Nov. 2020, pp.

1265-1281. Key results of Chapter 5.

3. R. B. Anderson, K. Afsari, A. L’Afflitto, S. Halder, and C. Nagori. Designing an Algo-

rithm for Using an Unmanned Aerial System in Contact-based Autonomous Inspection

of Building Envelope. Key results of Chapter 6.
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Chapter 2

Comparative study of objective

functions for classical and split vehicle

routing problems

2.1 Introduction

In this dissertation, the problem of deducing the best routes for UAVs in a given scenario

is determined using an optimization approach based on the VRP. To this goal, a suitable ob-

jective function must be defined. Most commonly, a routing-type problem aims to minimize

a cost function based on the total distance traveled or the cost of using the vehicles. This is

a solid approach in many large-scale cases, where distance and time can be directly related

to cost, and in turn profit, for the users. However, in scenarios such as disaster relief, it may

be more important to consider the time at which the last customer is visited, commonly

known as the min-max or last delivery routing problem [23]. Since either objective function,

or linear combinations thereof, may be appropriate for specific instances, in this chapter

both of these common cases are studied. The results are useful later on in determining the

appropriate objective function to use in proposed real-world scenarios.

The main purpose of this chapter is to build on the work done in [23] in two key areas.

The first point is to determine whether or not using split deliveries is beneficial over the

VRP under the same objective function. The second goal is to determine the effects of
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using different combinations of objective functions and formulations, and to determine the

potential drawbacks of using different objective functions under different lens. The authors

studied the traveling salesman problem (TSP) and the VRP under two alternative objectives,

minimizing the last delivery, and minimizing the total cost. We study the minimum last

delivery objective, and previous results are extended by considering capacity limits on the

vehicles and by considering the possibility of split deliveries, denoted the SVRP. One of the

main Propositions of the previous paper has since been improved in [24] where the authors

show a tighter relation between the last delivery times when using the two different objective

functions. However, neither of the previous researchers have considered the relationships

between the classical VRP and the SVRP for the different objective functions.

In order to numerically test some of the relationships developed in this paper, a heuristic

should be developed to solve benchmark instances for both the VRP and SVRP. Several

different heuristic methods have been developed in the literature. Some methods used to solve

the VRP with minimum cost objective include tabu search [25], genetic algorithms [26, 27],

simulated annealing [28], and ant colony optimization [29], among others. Furthermore,

methods such as adaptive variable neighborhood search [30], simulated annealing [31], and

adaptive memory [32], among others, have been used to solve the VRP with last delivery

objective function. Some recent heuristic methods for solving the SVRP include iterative

local search [1], column generation [33], tabu search [34, 35, 36], genetic algorithm [37, 38],

among others. The chosen heuristic approach in this work is based on the iterative local

search heuristic, which embeds a random variable neighborhood search. This method is

chosen as it has been shown to outperform other methods in both the SVRP case [1] and the

VRP case for minimum cost objective [39]. Similarly, by slightly modifying the embedded

neighborhood search, we show that quick and accurate approximate solutions can also be

achieved for the minimum last delivery objective.

The organization of this chapter is as follows. First, in Section 2.2, the notation, the

objective functions, and the mixed integer linear programs for both the VRP and the SVRP
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are provided and discussed. In Section 2.3, a worst-case analysis is used to compare the VRP

and the SVRP under the same objective function to determine the benefits of using split

deliveries. In Section 2.4, the two formulations are studied in cases where the objective func-

tions are different with the goal of determining how varying the objective function changes

the solutions. In Section 2.5, the potential drawback of using split deliveries for last delivery

objective is discussed. Then, the iterative local search heuristic is developed in Section 2.6,

and pseudo-algorithms are provided. In Section 2.7, simulations are performed on several

benchmark datasets first to validate the usefulness of the heuristic, and the solutions are

analyzed to verify the effectiveness of using the SVRP framework.

2.2 Notation, assumptions, and formulations

The problem is defined on a complete graph G = (V,E) with nodes V = {0, 1, . . . , n},

where {0} denotes the depot or starting location, and n denotes the locations to visit, or

customers. For simplicity of notation in the modeling, let N denote the set of customers

and the depot, let N ′ = N \ {0} denote the set of customers excluding the depot. E

denotes the set of edges connecting the vertices, and let Cij ≥ 0 denote the constant, non-

negative travel time to traverse the edge (i, j) ∈ E. It is assumed that the travel times are

symmetric, Cij = Cji, (i, j), (j, i) ∈ E, and the travel times satisfy the triangle inequality,

that is, Cij ≤ Cik + Ckj, ∀(i, j), (i, k), (k, j) ∈ E. To service the customers, there are nveh

homogeneous vehicles with capacity q > 0. Each customer in N ′ has a demand denoted

di ∈ [0, q], where in this formulation we are considering cases where customer demand never

exceeds the capacity of a single vehicle. This allows for VRP formulations to be tested on

all of the networks since no more than 1 vehicle is required to visit each node. Furthermore,

an assumption used in this work is that all vehicles must visit at least one customer, and we

require that nveh ≤ n− 1, or that there is at most 1 vehicle for each node not including the

depot.
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Remark 2.1. Some of the above assumptions are restrictive when considering applications

to routing for UAVs. Travel costs may be asymmetric in cases where there is significant wind

in the area. Since UAVs travel with velocity with respect to the air and not the ground,

it can occur where traveling one direction between two nodes could be much faster than

the converse. Additionally, in many UAV routing instances, more than one vehicle may

need to visit a location just to satisfy the demand simply due to the very limited payload

capacities of the vehicles. These assumptions are helpful in deducing some of the bounds

for the worst-case analysis in this chapter when studying objective functions, but we relax

these assumptions in chapter 3 to introduce a formulation more conducive to UAV routing.

A mixed integer programming formulation is utilized. The main decision variable, de-

noted by xkij, is a binary variable that is equal to 1 if vehicle k travels along the (i, j) arc,

and is 0 otherwise. The decision variable regarding deliveries is given by yki ≥ 0 which is

the fraction of demand at node i ∈ N ′ that is satisfied by vehicle k. Objective functions

are typically a combination of either total travel times by the vehicles or the times at which

nodes are visited by the vehicles. The three objective functions most commonly used in the

VRP or SVRP framework are the minimum cost objective, zc, the total cost objective or

the total sum of travel times or distances, the last delivery objective zld, which is the largest

time at which a node is visited by a vehicle, typically measured in time, and the average

delivery objective, zad, typically measured in time. The total cost objective,

zc ,
m∑
k=1

∑
(i,j)∈E

Cijx
k
ij, (2.1)

is commonly utilized in a cost optimization scenario where the total mileage or time is

minimized to reduce costs. The last delivery,

zld , max
k∈{1,...,nveh}

 ∑
(i,j)∈E:j 6=0

Cijx
k
ij

 , (2.2)
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can be utilized for disaster relief scenarios or those in which the consideration of the customer

waiting the longest is paramount. It is noted that in the case of split deliveries, the demand

is considered as satisfied when the entire demand is filled and not when reached by the first

vehicle. The average delivery time,

zad ,
1

m

m∑
k=1

∑
(i,j)∈E:j 6=0

Cijx
k
ij, (2.3)

can be used when considering customer satisfaction in deliveries by trying to minimize the

average time that each customer has to wait. The objective function in the overall formula-

tion is given as a linear combination of these three possibilities for reasons that are discussed

at the end of the next section. The optimal solution is always denoted as (·)∗, for example

the best minimum cost solution would be denoted as z∗c .

The mixed integer formulation is given by,

min λ1zc + λ2zld + λ3zad, (2.4)

s.t.
∑

i:(i,j)∈E

xkij =
∑

i:(j,i)∈E

xkji, ∀j ∈ N, k ∈ {1, . . . , nveh}, (2.5)

∑
(0,j)∈E

xk0j = 1, k ∈ {1, . . . , nveh}, (2.6)

nveh∑
k=1

∑
i∈N

xkij ≥ 1, j ∈ N ′, (2.7)

ykj ≤
∑

i:(i,j)∈E

xkij, j ∈ N ′, k ∈ {1, . . . , nveh}, (2.8)

nveh∑
k=1

ykj = 1, j ∈ N ′, (2.9)

∑
j∈N ′

djy
k
j ≤ q, k ∈ {1, . . . , nveh}, (2.10)

∑
i∈S

∑
j∈S

xkij ≤ |S| − 1, S ⊂ N : |S| ≥ 2, k ∈ {1, . . . , nveh}, (2.11)
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zld ≥
∑

(i,j)∈E:j 6=0

Cijx
k
ij, k ∈ {1, . . . , nveh}. (2.12)

The objective function (2.4), where λ1, λ2, λ3 > 0, captures a linear combination of the ob-

jective metrics, (2.1), (2.2), and (2.3). These metrics are analyzed as stand alone objectives,

but it will also be discussed when various combined objectives are useful. Constraint (2.5)

is the flow conservation constraint for each vehicle to guarantee the number of arcs flowing

into a node equals the number of arcs leaving the node. This ensures that a vehicle must

arrive at a node to be able to depart from it. Constraint (2.6) ensures that all vehicles leave

the depot. Constraint (2.7) requires all delivery nodes to be visited, potentially by multiple

vehicles, thus allowing split deliveries. By changing (2.7) from an inequality to an equality,

this becomes a V RP formulation wherein a maximum of 1 vehicle can visit a given node.

Constraint (2.8) requires a vehicle to visit a node to satisfy any of the node’s demand. Con-

straint (2.9) requires that each delivery node i ∈ N ′ have its demand satisfied, while (2.10)

enforces each vehicles capacity limitation. Constraint (2.11) eliminates infeasible sub-tours.

Finally, constraint (2.12) captures the last delivery.

In the next sections, worst-case analysis is performed on some of the potential combina-

tions of formulations and objective functions. The analysis is performed in two key steps.

First, a bound is proposed between two different combinations of objective functions and

formulations. Second, an example is provided to show that this bound is tight. These bounds

and examples are further broken down into two different groups. The first group consists

of bounds that compare the different formulations while using the same objective functions.

The results show the potential benefits of using the SVRP over the VRP. Secondly, analysis

is performed in the cases that different objective functions are used, and the key result is

that the chosen objective function plays a major role in shaping the solutions.

The notation metric(modelobjective) is utilized to denote the objective function metric

evaluated on which formulation was solved using a specified objective function. For example,
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to specify the last delivery (ld) from V RP that minimizes last delivery (ld) objective as

ld(V RPld), while we specify the cost (c) from a VRP that minimizes last delivery objective

and allows split delivery as c(SV RPld). Note that a (·)∗ is used to denote an optimal solution.

For example, z∗ld denotes the optimal solution of ld(V RPld).

2.3 Evaluation of formulations when using the same

cost function

In this section, the potential benefits of using the SVRP over the VRP are shown

when both formulations use the same objective function. Before discussing the relationships

between the VRP and the SVRP, the relation between the different objective functions is

shown.

Proposition 2.2. For any feasible solution to V RP or SV RP , it holds that the average

delivery time is less than or equal to the last delivery time, which is strictly less than the

total cost,

zad ≤ zld < zc. (2.13)

Proof: Since zad is the average of the last delivery times, and zld is the largest last delivery,

zad ≤ zld must hold, and zad = zld only if the last delivery times for all vehicles are equal.

The largest last delivery time only includes the time to get to the last node on the route,

and since this does not include the return trip, the largest last delivery must be strictly less

than the total cost, zc, which includes all arcs. �

The next proposition shows that using split deliveries can greatly reduce cost over the

VRP when using minimum cost objective.

Proposition 2.3 ([40]). Using the SVRP formulation can improve the total cost by at most
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a factor of 2 over using the VRP,

c(V RPc) ≤ 2 c(SV RPc). (2.14)

The proof relies on giving all nodes a demand that is slightly above half of the vehicle

demand. In this case, the VRP must send a vehicle on an out-and-back tour to every node,

whereas the SVRP can utilize splits to service 3 nodes for every 2 vehicles to reduce cost. In

addition to improving the total cost objective, the next proposition shows that split deliveries

can also be quite effective at minimizing the last delivery. First, recall the following result.

Proposition 2.4 ([41]). The last delivery objective for nveh vehicles is at most 2nveh − 1

times better than the last delivery for a single TSP tour,

ld(TSPld)

ld(V RPld)
≤ 2nveh − 1. (2.15)

The proof for this proposition uses the idea that the VRP will utilize all of the nveh

available vehicles. By then letting the last delivery of all of the nveh tours be the maximum

last delivery time, the result follows. A similar logic can be used to extend this result to the

SVRP as shown in the following proposition.

Proposition 2.5. The last delivery objective for the SVRP is up to 2nveh − 1 times better

than the last delivery for when optimizing the VRP for last delivery,

ld(V RPld)

ld(SV RPld)
≤ 2nveh − 1. (2.16)

Proof : This proof is made up of a generalized example. Given a set of n nodes, we have

n1 nodes far away from the depot, and n2 = n1−1 nodes arbitrarily close to the depot, with

n = n1 + n2. There are nveh = n− 2 vehicles with capacity q. The demands are as follows,

all nodes in n1 are of demand 1, and all nodes in n2 have demand equal to vehicle capacity.
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In this case, the VRP is forced to a solution with out-and-back tours to the nodes close to

the depot, and 1 TSP-like tour for the n1 nodes. The total solution in the limit of long arcs

behaves like the TSP solution in Proposition 2.4. For the split delivery, 1 vehicle can go to

all n2 nodes and make 1 unit delivery. Then, the rest of the vehicles each fulfill the delivery

of 1 node close to the depot and one node far from the depot, thus mimicking behavior of the

VRP solution from Proposition 2.4. By reducing the SVRP case to the VRP in the previous

instance, and the VRP to the TSP in the previous instance, the result follows.

In the following, we provide an example to illustrate the relevance of the proposed results.

For all examples in this chapter, the depot is a square with label 0, and the customers are

circles with corresponding number labels, see Figure 2.2. Available arcs are shown by lines

connecting the different nodes, and the costs are listed. In cases that demands are uniform

for customers, the demands are left off of the figures. If the demands are nonuniform, the

demands are listed next to the customers.
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Figure 2.1: Example of tight worst case bound for Proposition 2.5.

The example shows that the upper bound provided by Proposition 2.5 can be tight.

Consider the network in Figure 2.1, where the demands are d2 = d3 = d4 = 1 and d5 = d6 = 3,

the number of vehicles is nveh = 3, and the vehicle capacity is q = 3. The V RPld has the
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optimal tours given in Table 2.1. The total cost is given by c(V RPld) = (M + 2M +

Table 2.1: Optimal routes and associated costs for the VRP.

Vehicle Route Cost
1 0→ 1→ 2→ 3→ 0 M + 2M + 2M +M
2 0→ 4→ 0 1/M + 1/M
3 0→ 5→ 0 1/M + 1/M

2M + M) + (1/M + 1/M) + (1/M + 1/M) = 6M + 4/M . The last delivery is found as

ld(V RPld) = max((M + 2M + 2M), (1/M), (1/M) = 5M . The SV RPld has the optimal

tours given in Table 2.2. where this method exploits the split deliveries to avoid the longer

Table 2.2: Optimal routes and associated costs for the SVRP.

Vehicle Route Cost
1 0→ 4→ 1→ 0 1/M + (M + 1/M) +M
2 0→ 5→ 2→ 0 1/M + (M + 1/M) +M
3 0→ 4→ 5→ 3→ 0 1/M + 1/M + (M + 1/M) +M

TSP-like tour that contains the longest segments, from 1 → 2 → 3. The total cost is

given by c(SV RPld) = (1/M + (M + 1/M) + M) + (1/M + (M + 1/M) + M) + (1/M +

1/M + (M + 1/M) + M) = 6M + 7/M . The last delivery is found as ld(SV RPld) =

max((1/M + (M + 1/M)), (1/M + (M + 1/M)), (1/M + 1/M + (M + 1/M))) = M + 3/M .

The ratio of the two last delivery metrics is given by

ld(V RPld)

ld(SV RPld)
=

5M

M + 3/M
= lim

M→∞

5M

M + 3/M
→ 5 = 2nveh − 1.

4

In this section, it has been shown that utilizing split deliveries can potentially improve

the total cost by a factor of 2 and asymptotically improve the last delivery as the number

of vehicles increases.
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2.4 Evaluating the same metric while optimizing dif-

ferent cost functions

One of the main points of this chapter is to investigate how using one objective function

can affect an evaluation of the solution using another metric. For example, it is intuitive

to think that minimizing the last delivery improves the likelihood of saving everyone in a

disaster scenario, but it is desirable to know what additional cost may be incurred by using

the last delivery objective over the minimum cost. Similarly, it is desirable to know how

much the last delivery can increase by when using the total cost objective. To this goal, the

VRP is evaluated using the last delivery metric when using both the minimum cost objective

and the minimum largest last delivery objective.

Proposition 2.6. The last delivery of the VRP using minimum cost objective is at worst a

factor of 2nveh larger than optimizing for minimum largest last delivery.

ld(V RPc) ≤ 2nveh ld(V RPld). (2.17)

Proof : For the optimal ld(V RPld) solution, the time of each vehicle’s last delivery is

denoted as ai, i = 1, . . . , nveh. Since the largest last delivery ld(V RPld) , maxi∈{1,...,nveh} ai,

we have that ai ≤ ld(V RPld), i = 1, . . . , nveh, which yields

nveh∑
i=1

ai ≤ nveh ld(V RPld). (2.18)

By the triangle inequality, we have that the return trip to the depot is at most the last

delivery time, ai, and we have that

c(V RPld) ≤ 2

nveh∑
i=1

ai ≤ 2nveh max
i∈{1,...,nveh}

ai = 2nveh ld(V RPld). (2.19)
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By definition c(V RPc) ≤ c(V RPld) since c(V RPc) is the optimal minimum total cost. Com-

bining the two results gives,

c(V RPc) ≤ c(V RPld) ≤ 2
m∑
i=1

ai, (2.20)

and by Proposition 2.2

ld(V RPc) ≤ c(V RPc). (2.21)

By combining (2.19), (2.20), and (2.21), we have,

ld(V RPc) ≤ 2nveh ld(V RPld). (2.22)
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Figure 2.2: Example of tight worst case bound for Proposition 2.6. All locations have a
demand of 1.

The following example shows that the upper bound of Proposition 2.6 can be tight.

Consider two vehicles, nveh = 2, of capacity four, q = 4, and the network in Figure 2.2

where n = 6 and di = 1, i = 1, · · · , 5. The optimal tours for the VRP using minimum
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cost objective are provided in Table 2.3. The total cost is given by summing the costs of

Table 2.3: Optimal routes and associated costs under total cost objective.

Vehicle Route Cost
1 0→ 2→ 4→ 5→ 3→ 0 1/M +M + 2M +M + 1/M
2 0→ 1→ 0 1/M + 1/M

each vehicle, c(V RPc) = (1/M + M + 2M + M + 1/M) + (1/M + 1/M) = 4M + 4/M .

The last delivery is found as the maximum of the costs excluding the return to the depot,

ld(V RPc) = max(1/M +M + 2M +M, 1/M) = 4M + 1/M . The optimal tours for the VRP

using last delivery objective are given in Table 2.4. The total cost is given by c(V RPld) =

Table 2.4: Optimal routes and associated costs under last delivery objective.

Vehicle Route Cost
1 0→ 2→ 4→ 0 1/M +M + (M + 1/M)
2 0→ 1→ 3→ 5→ 0 1/M + 1/M +M + (M + 1/M)

(1/M+M+M+1/M)+(1/M+1/M+M+M+1/M) = 4M+5/M . The last delivery is found

as, ld(V RPld) = max(1/M +M +(M +1/M), 1/M +1/M +M +(M +1/M)) = 2M +3/M .

The ratio of the two last deliveries is given by

ld(V RPc)

ld(V RPld)
=

4M + 1
M

M + 2
M

= lim
M→∞

4M + 1
M

M + 2
M

→ 4 = 2nveh.

4

Observation 1. According to Proposition 2.6, the worst-case bounds only rely on a vehicle

capacity that is sufficiently large. If we consider the optimal TSP tour on a network, where

with large enough capacity 1 vehicle can serve the longest optimal TSP tour, minimizing

cost, then we can continue to create these scenarios.

This observation can be verified by looking at the example for Proposition 2.5, where

one vehicle does a TSP-like tour and services all customers outside of those near the depot,

which in the limit do not contribute to the cost. In [41], a similar bound is proposed, but
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in that paper, it is not required to use all vehicles. Proposition 4 of [41] can be extended to

our Proposition 2.6 with Observation 1, wherein 1 vehicle services all nodes away from the

depot, and additional nodes are added arbitrarily close to the depot to “absorb” the rest of

the vehicles, essentially making the result appear as a TSP problem. The next proposition

extends the result to the case of split deliveries.

The following proposition analyzes the VRP case for the two different objective functions.

Proposition 2.7. The cost of the VRP using minimum largest last delivery objective is at

worst nveh times worse than the cost of the VRP which minimizes cost,

c(V RPld) ≤ nveh c(V RPc). (2.23)

Proof: Directly from [23] Proposition 5, which states,

c(TSP nveh
ld ) ≤ nveh c(V RPc), (2.24)

where c(TSP nveh
ld ) stands for the cost metric of a TSP with m vehicles that is minimizing

last delivery. Since we argue all vehicles must be used, c(V RPld) = c(TSP nveh
ld ), because

when optimizing the last delivery either the VRP or TSP will use all vehicles to minimize

the longest route. �

The following example shows that the upper bound of Proposition 2.7can be tight. Con-

sider the example in Figure 2.3. There are three customers all with demand 1, n = 4. There

are 2 vehicles, nveh = 2, with capacity of 2, q = 2. The optimal tours for the V RPld are given

in Table 2.5. The total cost is given by c(V RPld) = (M +M) + (1/M + (M + 1/M) +M) =

Table 2.5: Optimal routes and associated costs under last delivery objective.

Vehicle Route Cost
1 0→ 1→ 0 M +M
2 0→ 3→ 2→ 0 1/M + (M + 1/M) +M

22



3

0

1 2

M M

3
M

1
M

Figure 2.3: Example of tight worst case bound for Proposition 2.7.

4M + 2/M . The last delivery is found as ld(V RPld) = max((M), (1/M + (M + 1/M))) =

M + 2/M . The V RPc has the optimal tours given in Table 2.6. The total cost is given by

Table 2.6: Optimal routes and associated costs under total cost objective.

Vehicle Route Cost
1 0→ 1→ 2→ 0 M + 3/M +M
2 0→ 3→ 0 1/M + 1/M

c(V RPld) = (M + 3/M + M) + (1/M + 1/M) = 2M + 5/M . The last delivery is found as

ld(V RPld) = max((M + 3/M), (1/M)) = M + 3/M . The ratio of the cost metrics using the

two different objective functions is given by

c(V RPld)

c(V RPc)
=

4M + 5/M

2M + 5/M
= lim

M→∞

4M + 5/M

2M + 5/M
→ 2 = nveh.

4

In this section, it has been shown that choosing one objective function can have a sig-

nificant impact on another solution metric. It is shown in Proposition 2.6 that for the VRP

the last delivery can potentially increase by a factor of 2nveh when using the total cost ob-

jective which could be a very poor choice in emergency scenarios. Furthermore, it is shown

in Proposition 2.7 that the VRP with last delivery objective can potentially cost nveh times
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more that simply minimizing total cost.

2.5 Potential drawback of using split deliveries

In Section 2.3, it is shown that using the split delivery formulation can only improve

the total cost or last delivery objectives when compared to the VRP. However, a potential

downside to the SVRP is that when optimizing the last delivery, the total cost increases with

a rate equal to the number of vehicles.

Proposition 2.8. The cost of minimizing the last delivery of the SVRP becomes asymptot-

ically worse than the VRP under last delivery objective,

c(SV RPld) ≤ nveh c(V RPld). (2.25)

Proof: First, we have that

c(V RPc)

c(SV RPld)
≤ c(V RPld)

c(SV RPld)
,

since the best scenario for the VRP is to minimize the total cost. The best case for c(V RPc)

occurs when one vehicle does a TSP-like tour, and the other vehicles service a node arbitrarily

close to the depot. The worse case for c(SV RPld) is when all vehicles do an out-and-back, or

visit one node and return to the depot. This is the structure of optimal solutions to V RPld.

This suggests the worst-case scenario is when c(SV RPld) = c(V RPld), so we have

c(V RPc)

c(V RPld)
=

c(V RPc)

c(SV RPld)
≤ c(V RPld)

c(SV RPld)
(2.26)
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and by applying Proposition 2.7,

1

nveh

≤ c(V RPc)

c(V RPld)
=

c(V RPc)

c(SV RPld)
≤ c(V RPld)

c(SV RPld)
, (2.27)

1

nveh

≤ c(V RPld)

c(SV RPld)
, (2.28)

which verifies the result. This shows that in the limit as nveh gets arbitrarily large, the SVRP

can cost arbitrarily more than the VRP. �

For an example of the minimum of this ratio, we need to minimize the VRP cost while

maximizing the SVRP cost. This will happen when the split delivery can decrease last

delivery to far away nodes by exploiting splits, but then for each split we add another “long

tour.”
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Figure 2.4: Example of lower bound of Proposition 2.8.

This example shows that the lower bound in Proposition 2.8 can be tight. Consider

the following example, see Figure 2.4, where there are 6 nodes, the number of vehicles is

nveh = 3, and the vehicle capacity is q = 3. The V RPld has optimal routes, note this is

the only solution and is designed this way, given in Table 2.7. The total cost is given by

c(V RPld) = (1/M + 1/M) + (1/M + 1/M) + (M + 2/M + 2/M +M) = 2m+ 8/M . The last
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Table 2.7: Optimal routes and associated costs for the VRP.

Vehicle Route Cost
1 0→ 4→ 0 1/M + 1/M
2 0→ 5→ 0 1/M + 1/M
3 0→ 1→ 2→ 3→ 0 M + 2/M + 2/M +M

delivery is found as ld(V RPld) = max(1/M, 1/M,M +4/M) = M +4/M . For the SVRP, we

force longer tours by using vehicles to partially fill the 2 nodes closest to the depot. From

here, the vehicles all perform a longer tour similar to the single longest tour of the VRP. The

optimal routes are given in Table 2.8. The total cost is given by c(SV RPld) = ((1/M)+(M+

Table 2.8: Optimal routes and associated costs for the SVRP.

Vehicle Route Cost
1 0→ 4→ 1→ 0 (1/M) + (M + 1/M) +M
2 0→ 5→ 3→ 0 (1/M) + (M + 1/M) +M
3 0→ 4→ 5→ 2→ 0 (1/M) + (1/M) + (M + 1/M) +M

1/M)+M)+((1/M)+(M+1/M)+M)+((1/M)+(1/M)+(M+1/M)+M) = 6M+7/M .

The last delivery is found as ld(V RPld) = max(M + 2/M,M + 2/M,M + 3/M) = M + 3/M .

In this case, the SVRP finds a solution that is marginally better than the VRP, M + 3/M <

M + 4/M , but the ratio of cost is given by,

c(V RP 4
ld)

c(SV RP 4
ld)

=
2M + 8/M

6M + 7/M
= lim

M→∞

2M + 8/M

6M + 7/M
→ 1

3
=

1

nveh

.

4

The above example easily scales with the number of vehicles as for each additional vehicle,

a new node is added close to the depot, and a new node is added far away. The demands

are adjusted such that the nodes close to the depot have a demand of d = q, and the nodes

far away from the depot all have a demand of 1. The routes then proceed in the same

manner as the above example. This is an interesting result that suggests that the SVRP

could cost infinitely more in the limit than the VRP when minimizing last delivery. This is

one of the reasons for including the ability to optimize a linear combinations of the chosen
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objective functions. By carefully selecting λ1 and λ3, the solution of the SVRP can be the

same as the VRP, where the optimal last delivery is not achieved, but there is a balance

between the two objective functions. Another example of why it may be useful to have the

linear combination of objective functions is that the last delivery objective function has many

optimal solutions in many cases. It can be seen by the triangle inequality that any time the

optimal last delivery is equal to maxi∈N ′ c0i, then the optimal is achieved. There may be

infinitely many ways to serve the rest of the customers while retaining that out-and-back

tour for the best last delivery. In this case, it may be useful to let 0 < λ1 << 1 where the

cost function contributes a very small amount to the objective function, but it helps break

the ties between the possibly many optimal last delivery solutions. It can easily be seen that

as long as λ1zc is smaller than any combination of tours that is greater than z∗ld, then the

optimal last delivery is retained.

2.6 Iterative local search and random variable neigh-

borhood search heuristic

To test the VRP and SVRP formulations with varying cost functions, the formulations in

Equations (2.4)-(2.12) were coded in Python and solved using Gurobi. Gurobi was set to solve

the problems using a branch and bound approach [42] which can solve problems to guaranteed

optimality but suffers from sharp increases in run-time with increase in the size of the solution

space. Due to the addition of the superscript k in the solution space for x, optimally solving

the SVRP on networks bigger than 20 nodes began leading to relatively long computational

times. Therefore, a heuristic method for solving the SVRP with different objective functions

is utilized. We develop a heuristic based on a random variable neighborhood search (RVNS)

within an iterative local search (ILS) framework. The authors in [39] showed promising

results when using a RVNS local search within a local iterative search framework when
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applied to VRP instances. The authors in [1] redeveloped this structure for the SVRP,

implemented some modified neighborhood structures, and changed the insertion procedure

for reintroducing removed nodes to the solution. Both previous versions of ILS with RVNS

focused solely on the minimum cost objective, but they both showed promise over other

heuristics such as tabu search, genetic algorithms, and construction algorithms.

A pseudo-algorithm is provided, Algorithm 1, to show the overall flow of the heuristic.

The main idea of this heuristic is to generate an initial solution and then use the RVNS

procedure to locally improve this solution. Before the initial solution is generated, the

optimal solution is set to infinity, see line 1 where f(zc, zld, zad) , λ1zc + λ2zld + λ3zad, and

we call the optimal solution vectors returned by the algorithm as x∗, y∗. The main algorithm,

lines 2-22, is performed a user-defined number of times, denoted num iterations ∈ N, which

signifies the iterative portion of the heuristic. The first step is to generate an initial solution,

line 3, and this procedure is further discussed later. Then, line 4, the initial solution is set as

the current local optimal solution, denoted x̃, ỹ. The main local search part of the heuristic

is performed in lines 6-16, wherein the RVNS is performed on the current solution. If this

current solution is better than the best local solution, the best local solution is updated,

lines 8-11. After the RVNS is exhausted, the solution is perturbed using the perturbation

mechanism described in Algorithm 4, line 15. The process of performing the RVNS and

perturbation is repeated until the solution has not improved max not improved number of

times. Finally, the current locally optimal solution is compared with the global optimal

solution, and the best solution is saved as the global optimum.

The framework for the heuristic is the same as [1]. The heuristic in the cited paper is

designed for minimum cost objective, λ1 = 1, λ2 = λ3 = 0. However, this structure did not

provide satisfactory results with the min-max objective function, or λ2 = 1 and λ1 = λ3 = 0.

The differences in the algorithms are in the RVNS, where the proposed algorithm differs in

how nodes are selected for neighborhood operations. More details are provided in Section

2.6.2.
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Algorithm 1: ILS + RVNS Framework.

Result: x∗, y∗.
1 Set f ∗(zc, zld, zad)→∞;
2 for i = 1, · · · , num iterations do
3 [x, y] = Initial Solution(N, d, m, cost fun);
4 x̃ = x, ỹ = y;
5 not improved = 0;
6 while not improved < max not improved do
7 [x, y] = RVNS(x̃, ỹ);
8 if f(zc, zld, zad) < f(z̃c, z̃ld, z̃ad) then
9 x̃ = x, ỹ = y;

10 not improved = 0;

11 end
12 else
13 not improved += 1;
14 end
15 [x, y] = Perturbation(x̃, ỹ)

16 end
17 if f(z̃c, z̃ld, z̃ad) < f ∗(zc, zld, zad) then
18 x∗ = x̃; y∗ = ỹ;
19 f ∗(zc, zld, zad) = f(z̃c, z̃ld, z̃ad)

20 end

21 end

2.6.1 Developing initial solutions

In this section, the method for generating the initial solutions in line 3 of Algorithm 1 is

discussed. In this paper, we are assuming the number of vehicles is given by the user. The

first step in generating the initial solutions is to assign the first node to each vehicle. Since

multiple objective functions are considered, the selection of the initial nodes is allowed to

depend on the cost function. For the minimum cost objective, the first nodes are inserted

in order of increasing cost from distance to the depot. This is an intuitive decision since

the best solutions to many routing instances involve vehicles doing short tours close to the

depot. For the last delivery objective function, the vehicles are inserted in descending order

starting from maximum distance from the depot. The optimal solution for minimum largest

last delivery, if feasible, will be an out-and-back tour to the farthest node. After inserting
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the first node to every route, the rest of the nodes are inserted in the same order as above,

but the procedure for determining the cheapest cost differs. For this heuristic, two different

insertion criteria are used, and the criteria is randomly selected at each iteration. The first

is the nearest neighbor procedure. In this case, the nearest node, by minimum cost, that has

been visited by a vehicle with remaining capacity to service the newest node to be inserted is

chosen. The same vehicle is then used to visit the new location, and the new node is inserted

into the route directly after the nearest neighbor. The second insertion criteria is given by

the cheapest insertion of new node k between nodes i, j according to the following,

u(nv) = (Cnv
ik + Cnv

kj − C
nv
ij )− γ(Cnv

0k + Cnv
k0 ) (2.29)

where u(nv) is the insertion cost, γ > 0 is a weighting cost on the back and forth trips to the

depot, and nv denotes the current vehicle being considered. This equation is considered for

all vehicles, and the minimum u(·) value leads to insertion of the new customer k into the

mth route between nodes i and j. It is noted that this procedure will always find a feasible

solution to the SVRP as the available capacity is assumed to be greater than or equal to

the total demands. In the case that the VRP initial solution is infeasible, the procedure is

reinitialized, and if it fails more than 5 times, the procedure randomly assigns nodes until a

feasible solution is generated.

Algorithm 2: Initial Solution(N, d, m, cost fun)

Result: [x, y], Feasible Initial Solution
1 unvisited = sort(Nodes, cost fun);
2 for All vehicles do
3 [x, y] =Assign first node(unvisited, cost fun);
4 Remove Assigned node(unvisited);

5 end
6 while unvisited != Empty do
7 procedure = Select random insertion procedure(nearest, cheapest);
8 [x, y] = Insert node(procedure, x, y);
9 Remove Assigned node(unvisited);

10 end
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2.6.2 Random variable neighborhood search

Once the initial solutions are generated in Algorithm 2, they are modified by a ran-

dom variable neighborhood search procedure. For the purpose of this work, we consider

a neighborhood as a feasible solution to the mixed integer program that is “close” to the

current solution. The solutions are considered neighbors since only a small difference such

as two nodes being swapped within a route or a node being shifted to a different route exists

between solutions. Neighborhood operations will be used to modify the current solution

to these modified solutions, and the results will be checked to see if improvements in the

objective function have been made.

Due to the size of the problem and solution space, specifically within the SVRP case, it

becomes very impractical to consider every possible neighborhood operation at each step in

the process. For this reason, a random variable neighborhood search is used which randomly

selects neighboring solutions from the neighborhood structure. Many of the applications of

RVNS use truly random selection of nodes and operations, but in this heuristic we will use

a probabilistic selection process in some instances. There are a total of six neighborhood

operations that are considered in this work, and four of them are identical for both the VRP

and SVRP. These 4 common neighborhood operations are:

• Shift 1: One node, i, is shifted from route x1 to route x2.

• Shift 2: An arc of adjacent nodes, i → j, is shifted from route x1 to route x2. The

nodes can be inserted as either i→ j or j → i, and the solution that increases the cost

for x2 the least is selected.

• Swap 1: Node i from route x1 is swapped with node j in route x2. For the VRP, it is

checked to make sure that capacity is not violated by this swap. If capacity is violated,

the procedure is aborted. For the SVRP, depending on the demands at i, j, k, splits

may be utilized if they reduce the overall cost, see [1].
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• Cross: The arc i → j from route x1 and arc k → l from route x2 are removed. These

two arcs are reinserted into the solution with cheapest cost while also considering the

reverse arcs, j → i and l→ k, respectively.

In all of the above instances, it is assumed that the vehicles assuming new nodes within their

routes can also successfully accommodate all of the demands as well.

For the VRP, an additional procedure is included, Remove Node, wherein a node i is

removed from the solution and reinserted with lowest cost. The vehicle previously servicing

customer i is considered as tabu, and if feasible is not allowed to re accept node i in its route.

The SVRP case includes a similar procedure, called K-split [1], wherein a node is removed

from all routes in the solution, and the node is reinserted using the insertion procedure

described in Algorithm 3. For this insertion procedure, the cost of adding the node to any

route that has residual capacity greater than 0 is considered. The insertions are sorted

in order of increasing cost unv = c̃i/qnv where c̃i is the cheapest cost of inserting node i

into route nv, and qm is the residual capacity of route nv before visiting customer i. This

procedure is similar to the greedy knapsack heuristic which the authors in [43] showed is a

very fast and accurate approximation. If the total residual capacity is less than the demand

at node i, then the procedure is aborted. For the SVRP case, there will not be any feasibility

issues, but in the case of the VRP, if there is no feasible reinsertion due to limited available

capacity of vehicles, the procedure is restarted with a different node.

One of the key features of the algorithm must create is that it needs to work well for

both the SVRP and the VRP for both minimum cost and minimum last delivery objective

functions. The iterative local search plus RVNS has already shown good results for minimum

cost objective for the VRP [39] and the SVRP [1]. For both of these cases, the RVNS

is random, and the nodes and routes selected in the neighborhood operations are chosen

randomly. In the last delivery case, it is intuitive to see that not every node and route

contributes directly to the cost function, and for this reason the node and vehicle selections
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Algorithm 3: Insertion(x, y, q, Nodei)

Result: Node i added to the solution and demand at i fulfilled.
1 for i = 1, · · · ,Vehicles with available capacity do
2 c̃i = Cheapest Feasible Insertion(xi, Nodei);
3 ui = c̃i/qi;

4 end
5 sort(u);
6 while Demand at nodei is unmet do
7 [x, y] =Insert node i into the route with smallest u value;
8 Update(u);

9 end

have been biased. In the case of Shift 1, Shift 2, and Remove Node or K-split, a bias is

introduced to select either vehicles or nodes that are part of routes with large last deliveries.

As an example, for the Shift 1 operation, the last delivery times of each vehicle are calculated.

These values are then normalized by the largest last delivery such that the largest value is 1.

Next, all of the values are multiplied by some user-defined integer value, for example 1000

and rounded to the nearest integer, and this value for each vehicle determines the number of

entries into the selection process. A random number between 1 and the number of entries is

generated, and the route corresponding to that number is the vehicle chosen to have a node

shifted from its solution.

Example 2.9. To illustrate how this setup can bias the selection of routes with larger last

delivery, consider the following example where there are 5 routes with the following last

delivery times, ld1 = 65, ld2 = 110, ld3 = 55, ld4 = 114, ld5 = 175. Normalizing these routes

and scaling by 1000, and then determining percentages gives the following percentage of

being selected: It can be seen that in this case, route 5 which had the largest last delivery

time, and is actually the value of the objective function, is now more than 3x as likely to be

selected within the RVNS as route nveh = 3, which is the shortest. 4

The RVNS is a local heuristic which has a downside of getting stuck in local optimum. To

overcome this limitation, after exhausting the RVNS, the current best solution is perturbed
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Table 2.9: Example of biased route selection under last delivery objective.

Vehicle Number Percentage of Selection
1 12.5%
2 21.2%
3 10.6 %
4 22.0 %
5 33.7 %

by removing a random set of k nodes from the solution. This procedure is shown in Algorithm

4, and the key component to the mechanism is that the nodes to be reinserted are sorted in

descending order by their distances from the depot. The nodes farther from the depot are

inserted first as they generally have greater effect on the objective function. These nodes are

then reinserted into the solution using the same insertion procedure in Algorithm 3. The

authors in [1] showed the best results occurred when a random number of nodes between

five and seven were used in the perturbation, so we choose the same values.

Algorithm 4: Perturbation(x, y, k, q)

Result: Perturbed solution x, y
1 Node list = Select k random nodes to remove(k);
2 [x, y] = Remove k nodes from solution(x, y, q,Node list);
3 sort k nodes(Node list);
4 for i = 1 : k do
5 [x, y] = Insertion(x, y, q, Node listi);
6 end

2.7 Results & analysis on benchmark datasets

The goal of this section is to numerically examine some of the relationships proposed

in Sections 2.3, 2.4, and 2.5 regarding the VRP and SVRP for different objective functions.

First, we validate the use of the proposed heuristic by showing that solutions within 1% of

best-known solutions can be found for both the SVRP and VRP formations with minimum

cost objective. A few examples are provided where the optimal solutions to SVRP and VRP
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with last delivery objective are discussed since benchmark sets with utilizing this objective

function are very limited. Next, 3 benchmark instances are utilized to compare the solutions

of the proposed formulations with both objective functions. It is known that the ratio of

average demand to vehicle capacity can play a significant role in the validity of split deliveries

improving the minimum cost objective function, so more simulations are provided where the

vehicle capacities used in the benchmark instances are changed.

2.7.1 Comparison of developed heuristic with some best known

results

Table 2.10: The result of comparing the proposed SVRP heuristic solutions for minimum
cost objective versus the results in [1] for the Belenguer dataset.

Belenguer c(SplitILSc) c(SV RPc) % Difference
eil22 375.28* 375.28* 0
eil23 568.56* 568.56* 0
eil30 512.72* 512.72* 0
eil33 837.06 837.07 0.001
eil51 524.61 524.61 0

eilA76 823.89 827.65 0.46
eilC76 739.83 746.73 0.93
eilD76 688.37 693.71 0.78
eilA101 826.26 834.13 0.95
eilB101 1078.58 1100.96 2.07
S51D1 459.5 461.21 0.37
S51D3 949.96 959.70 1.02
S76D1 598.98 603.06 0.68
S76D3 1429.01 1451.33 1.56
S101D1 728.44 739.27 1.49

Average 0.69

In order to first verify that the proposed heuristic provides results that are comparable

to the state of the art, we test the SVRP on two benchmark datasets, namely the Belengeur

dataset from [44] and the Archetti dataset from [36]. Both of these instances were tested

in [1] where the basis of this algorithm is generated from. The Belenguer data set contains

instances between 22 and 101 nodes with varying demands where the node locations were
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generated from instances in the TSPLIB [45] . The instances beginning with “eil” are the

TSPLIB instances with the stated number of nodes including the depot. The instances

beginning with “S” denote adapted instances to vary the demands of the TSPLIB cases.

The demands are randomly generated in the intervals as follows D1 = [0.01q, 0.1q], D2

= [0.1q, 0.3q], D3 = [0.1q, 0.5q], D4 = [0.1q, 0.9q], D5 = [0.3q, 0.7q], and D6 = [0.7q, 0.9q].

In the chosen Archetti dataset, we choose 3 main instances, p01 with 50 nodes, p02 with 75

nodes, and p03 with 100 nodes. The demands include the same notation as the Belenguer

with the exception of the cases which are not labeled for demands. In these cases, the

demands are random. While fast solve times are fundamental characteristics for heuristics,

the goal of this chapter is not to develop the fastest and most accurate heuristic, but we

need to develop a heuristic that gives good solutions to all of our formulations and objective

functions in reasonable time. To ensure reasonable solve times, a maximum of 120s is allowed

for each instance. For this reason, it will be seen that for smaller instances of less than 50

or so nodes, this algorithm performs very well. For larger instances of 100 nodes or more,

the time limit is reached in many cases, but we show that solutions within 1-2% of state of

the art methods can be achieved.

The parameters used for the simulation are num iterations = 10, max not improved =

1500, number of nodes in perturbation is 5−7, 3 simulations are run, and the average solution

is computed. Note that for SplitILS, num iterations = 10, max not improved = 6(m · n),

where n denotes the number of nodes, m denotes the number of routes, the number of nodes

in perturbation is a random integer between 5 and 7, and 3 simulations are run.

As seen in Table 2.10, the proposed heuristic generates solutions on average within 0.69%

of the average solution generated by the SplitILS. Table 2.11 shows the proposed heuristic

and the results of SplitILS on the Archetti dataset for instances up to 100 nodes. In this

case, the average solution is 1.20% worse than the solutions of SplitILS. These results show

that this heuristic is competitive with one of the best known heuristics for the SVRP with

minimum cost objective. However, this heuristic also must seamlessly solve VRP instances
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Table 2.11: The result of comparing the proposed heuristic SVRP solutions for minimum
cost objective versus the results in [1] for the Archetti dataset.

Archetti c(SplitILSc) c(SV RPc) % Difference
p01 524.60* 524.60* 0

p01 D2 760.7* 765.95 0.69
p01 D3 1005.93 1016.83 1.08
p01 D4 1489.05 1506.24 1.15
p01 D5 1484.62 1501.50 1.14
p01 D6 2160.6 2177.27 0.77

p02 824.39 837.56 1.60
p02 D2 1112.7 1123.73 0.99
p02 D3 1503.42 1540.31 2.45
p02 D4 2304.89 2325.06 0.88
p02 D5 2222.58 2254.13 1.42
p02 D6 3226.79 3266.72 1.24

p03 826.45 835.03 1.04
p03 D2 1462.37 1484.79 1.53
p03 D3 2001.83 2041.33 1.97
p03 D4 3155.22 3179 0.75
p03 D5 2991.89 3052.65 2.03
p03 D6 4389.17 4423.66 0.79

Average 1.20

as well, and 2 benchmark instances are utilized to verify the effectiveness of the proposed

heuristic.

To verify the effectiveness of the heuristic for VRP instances, two benchmark datasets

are used, namely Augerat sets A and B [46]. Both of these datasets contain instances with

somewhere between 31 and 78 nodes including the depot. These datasets include best known

solutions, many of which are optimal solutions we denote with a (·)∗. The main difference

between the two sets of instances is that the nodes in A are randomly distributed, while

the nodes in the B dataset are clustered. The instance name includes the number of nodes

followed by k and a number to denote the minimum number of vehicles required to fill

the demands. Table 2.12 shows the result of running the proposed heuristic on Augerat A

dataset. The average solution is 0.39% worse than the best known solution, and the proposed

algorithm found 5 optimal solutions. Table 2.13 shows the result of running the proposed
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Table 2.12: The result of comparing the proposed VRP heuristic solutions for minimum cost
objective versus best known results for Augerat A dataset.

Augerat A c(SV RPc) c(Best) % Difference
An32k5 784* 784* 0
An33k5 661* 661* 0
An33k6 743 742* 0.13
An34k5 778* 778* 0
An36k5 799* 799* 0
An37k5 669* 669* 0
An37k6 950 949* 0.11
An38k5 730* 730* 0
An39k5 825 822* 0.36
An39k6 833 831* 0.24
An44k7 944 937* 0.75
An45k6 976 944* 3.39
An45k7 1152 1146 0.52
An46k7 919 914* 0.55
An48k7 1073* 1073 0
An53k7 1021 1010* 1.09
An54k7 1167 1167 0
An55k9 1074 1073* 0.09
An60k9 1379 1408 -2.06
An61k9 1042 1035 0.68
An62k8 1304 1290 1.09
An63k9 1650 1634 0.98
An63k10 1328 1315 0.99

Average 0.39

heuristic on Augerat B dataset. The average solution is 0.43% worse than the best known

solution, and the proposed algorithm also found 5 optimal solutions in this case.

Validating the proposed heuristic for use with the last delivery objective proved more

difficult as most of the benchmark datasets are only tested for minimum cost objective. All

of the instances with less than 40 nodes in the Augerat A and B datasets were solved using

Gurobi for both the SVRP and VRP cases for minimum last delivery objective. In all cases,

the optimal last delivery is achieved by the proposed heuristic. While it is unlikely that the

optimal will be found for larger instances for all cases, we will assume that the solutions

achieved by the proposed heuristic are good enough for our comparisons.
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Table 2.13: The result of comparing the proposed VRP heuristic solutions for minimum cost
objective versus best known results for Augerat B dataset.

Augerat B c(SV RPc) c(Best) % Difference
Bn31k5 672* 672* 0
Bn34k5 788* 788* 0
Bn35k5 955* 955* 0
Bn38k6 806 805* 0.12
Bn39k5 549* 549* 0
Bn41k6 829* 829* 0
Bn43k6 744 742* 0.26
Bn44k7 909* 909* 0
Bn45k5 764 751* 1.73
Bn45k6 696 678* 2.65
Bn50k7 741* 741* 0
Bn50k8 1321 1313* 0.61
Bn51k7 1039 1032 0.68
Bn52k7 749 747* 0.27
Bn56k7 710 707* 0.42
Bn57k9 1608 1598 0.625
Bn63k10 1541 1537 0.26
Bn66k9 1333 1374 -2.98
Bn67k10 1073 1033 3.87
Bn68k9 1296 1304 -0.61
Bn78k10 1267 1266 0.08

Average 0.43

2.7.2 Results on benchmark instances

The first simulations performed involved using the Belenguer, Augerat A, and Augerat B

instances as is. In these cases, the minimum number of vehicles to fill the demand are used,

which we will call tight capacity. In all cases, the SVRP and VRP approach are utilized for

both objective functions, and the data is provided in Tables 2.14, 2.15, and 2.16.

The first question to consider is whether or not using split deliveries tends to improve the

solutions. As can been in the first column of Tables 2.14, 2.15, and 2.16, when using the cost

function objective for both classical and split VRP, the SVRP averages a 3% improvement

in Belenguer instances, a 1% improvement for Augerat A instances, and a 2% improvement

for the Augerat B instances. The SVRP does provide improvement on average for all cases
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Table 2.14: Dataset of comparisons on Belenguer instances with tight capacity.

Belenguer c(V RPc)
c(SV RPc)

ld(V RPc)
ld(V RPld)

ld(V RPld)
ld(SV RPld)

c(V RPld)
c(V RPc)

c(V RPld)
c(SV RPld)

ld(SV RPc)
ld(SV RPld)

c(SV RPld)
c(SV RPc)

eil22 1.01 1.09 1.00 1.09 1.04 1.09 1.06
eil23 1.00 1.49 1.14 1.25 1.12 1.70 1.12
eil30 1.05 1.59 1.12 1.08 1.04 1.46 1.09
eil33 1.00 1.67 1.00 1.14 0.98 1.38 1.17
eil51 1.05 1.50 1.00 1.18 1.20 1.03 1.03
eilA76 1.08 1.28 1.20 1.24 1.11 1.48 1.20
eilC76 1.01 1.35 1.01 1.18 1.00 1.24 1.19
eilD76 1.00 1.36 1.01 1.16 0.98 1.52 1.18
eilA101 1.02 1.30 1.02 1.22 1.00 1.49 1.23
eilB101 1.02 1.41 1.01 1.22 1.01 1.57 1.23
S51D1 1.00 1.30 0.98 1.16 1.02 1.18 1.14
S51D3 1.04 1.28 1.13 1.13 1.02 1.46 1.15
S76D1 1.02 1.41 1.06 1.20 1.08 1.24 1.13
S76D3 1.09 1.21 1.26 1.19 1.09 1.79 1.19
S101D1 1.09 1.23 1.04 1.21 1.05 1.05 1.26

Average 1.03 1.36 1.07 1.18 1.05 1.38 1.16
Min 1.00 1.09 0.98 1.08 0.98 1.03 1.03
Max 1.09 1.67 1.26 1.25 1.20 1.79 1.26

and a worse solution in only 1 of the instances, namely An48k7. The ratio of minimum

last delivery objectives, proposed to have an upper bound of 2m− 1 in Proposition 2.5, are

found as 1.07 for the Belenguer instances, and 1.02 for both the Augerat A and B instances.

As can be seen in the tables, there are more cases of greater than 5% improvement for last

delivery times than for improvements in minimum cost objective. The data suggests that

the cost of using the last delivery objective is actually more expensive for the VRP than the

SVRP. While the SVRP finds better last delivery solutions, the cost is actually 5%, 0%, and

2% higher for the VRP for the Belenguer, Augerat A, and Augerat B instances, respectively.

It is also important to consider the effects of the different objective functions on the

solutions under the same formulation. In many disaster response scenarios, the longest wait

time of a customer can become paramount to their safety, and this may become the most

important consideration, but we would like to know what size of cost this can incur. It

can be seen in the 5th column of Tables 2.14, 2.15, and 2.16 that choosing the last delivery

objective function increases the total cost by an average of 18%, 20%, and 19% for the
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Table 2.15: Dataset of comparisons on Augerat A instances with tight capacity.

Augerat A c(V RPc)
c(SV RPc)

ld(V RPc)
ld(V RPld)

ld(V RPld)
ld(SV RPld)

c(V RPld)
c(V RPc)

c(V RPld)
c(SV RPld)

ld(SV RPc)
ld(SV RPld)

c(SV RPld)
c(SV RPc)

An32k5 1.00 1.83 1.00 1.25 0.99 1.65 1.27
An33k5 1.01 1.65 1.00 1.21 1.02 1.54 1.19
An33k6 1.00 1.73 1.01 1.16 1.00 1.61 1.16
An34k5 1.01 1.35 1.00 1.09 0.99 1.37 1.11
An36k5 1.01 1.42 1.03 1.24 1.03 1.60 1.21
An37k5 1.00 1.75 1.01 1.20 0.97 1.79 1.24
An37k6 1.00 1.90 1.02 1.22 0.99 1.78 1.23
An38k5 1.01 1.48 1.04 1.17 0.99 1.41 1.19
An39k5 1.01 1.56 1.00 1.17 0.98 1.55 1.20
An39k6 1.01 1.62 1.03 1.24 1.01 1.82 1.24
An44k7 1.01 1.72 1.10 1.16 0.96 1.70 1.22
An45k6 1.05 1.34 1.06 1.18 1.01 1.58 1.22
An45k7 1.01 1.76 0.99 1.24 1.01 1.67 1.23
An46k7 1.01 1.58 0.99 1.23 1.05 1.76 1.18
An48k7 0.99 1.46 1.01 1.22 1.01 1.50 1.20
An53k7 1.03 1.50 1.03 1.24 1.01 1.39 1.21
An54k7 1.00 1.39 1.05 1.20 1.05 1.62 1.11
An55k9 1.00 1.38 0.99 1.16 0.94 1.37 1.27
An60k9 1.00 1.46 1.00 1.20 0.99 1.62 1.23
An61k9 1.02 1.33 1.13 1.31 1.09 1.48 1.22
An62k8 1.00 1.76 1.00 1.19 0.98 1.91 1.21
An63k9 1.01 1.54 1.02 1.22 1.00 1.53 1.23
An63k10 1.01 1.65 1.01 1.20 0.97 1.66 1.25

Average 1.01 1.57 1.02 1.20 1.00 1.60 1.21
Min 0.99 1.33 0.99 1.09 0.94 1.37 1.11
Max 1.05 1.90 1.13 1.31 1.09 1.91 1.27

Belenguer, Augerat A, and Augerat B instances, respectively. Similarly, choosing the cost

function as an objective increases the last delivery time by an average This does, however,

provide an decrease of last delivery time by approximately 36%, 57%, and 61% respectively

for the instance cases. We see similar results for SVRP, and choosing the last delivery

objective function increases the average total cost by 16%, 21%, and 19% respectively. By

choosing the SVRP and the minimum cost objective over the last delivery objective, the last

delivery increases by averages of 38%, 60%, and 52% respectively.

A key observation made during this first set of simulations is that the ratio of average

demand to vehicle capacity has a significant influence on whether or not using split deliveries
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Table 2.16: Dataset of comparisons on Augerat B instances with tight capacity.

Augerat B c(V RPc)
c(SV RPc)

ld(V RPc)
ld(V RPld)

ld(V RPld)
ld(SV RPld)

c(V RPld)
c(V RPc)

c(V RPld)
c(SV RPld)

ld(SV RPc)
ld(SV RPld)

c(SV RPld)
c(SV RPc)

Bn31k5 1.00 1.28 1.00 1.14 1.00 1.28 1.14
Bn34k5 1.01 1.43 1.03 1.13 1.07 1.47 1.07
Bn35k5 1.00 1.13 1.00 1.16 1.01 1.13 1.15
Bn38k6 1.00 1.47 1.00 1.17 1.06 1.47 1.11
Bn39k5 1.00 1.29 1.00 1.31 0.95 1.43 1.37
Bn41k6 1.00 2.01 1.01 1.07 1.00 2.03 1.07
Bn43k6 1.00 1.99 1.02 1.16 1.00 2.03 1.16
Bn44k7 1.00 2.22 1.02 1.17 1.03 2.27 1.13
Bn45k5 1.02 1.77 1.01 1.18 1.00 1.25 1.20
Bn45k6 1.03 1.41 1.00 1.18 0.97 1.48 1.25
Bn50k7 1.00 1.12 1.00 1.09 1.02 1.12 1.07
Bn50k8 1.01 1.73 1.00 1.23 1.00 1.68 1.24
Bn51k7 1.02 1.31 1.10 1.22 1.09 1.38 1.14
Bn52k7 1.00 1.72 1.02 1.18 0.99 1.36 1.18
Bn56k7 1.00 1.42 1.00 1.36 0.99 1.42 1.38
Bn57k7 1.19 2.09 1.11 1.01 1.05 1.22 1.15
Bn57k9 1.00 1.45 1.00 1.15 1.02 1.51 1.12
Bn63k10 1.03 1.81 1.03 1.23 1.13 1.44 1.13
Bn64k9 1.09 1.56 1.00 1.16 1.08 1.67 1.18
Bn66k9 1.00 1.80 1.09 1.24 1.02 1.55 1.22
Bn68k9 1.02 1.57 1.05 1.16 0.95 1.57 1.25
Bn78k10 1.01 1.32 1.02 1.28 1.02 1.70 1.27

Average 1.02 1.61 1.02 1.19 1.02 1.52 1.19
Min 1.00 1.12 1.00 1.01 0.95 1.12 1.07
Max 1.19 2.22 1.11 1.36 1.13 2.27 1.38

tends to improve the solution. The Augerat A and B instances have an average demand of

just over 13% of vehicle capacity. On the contrary, cases such as S51D3 and S76D3 in the

Belengeur instances, which have average demands equal to 28% and 29% of vehicle capacity,

respectively. In both of these cases, it can be seen that the SVRP performs better in both

cost objective, 4% and 9%, and last delivery objective, 13% and 26%. This observation

most likely contributes to the 7% improvement on last delivery objective for the SVRP on

Belenguer instances.

After observing the cases with higher demand ratios in the Belengeur cases leading to

larger variations in the ratios of cost evaluations, an extra set of simulations is run on the

Archetti instances. To make the instances feasible for the VRP, enough vehicles are added
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to ensure that the problems become feasible. The results are shown in Table 2.17. The

first major takeaway is that the benefits of using the SVRP framework over the VRP is

immediately seen in the first column. For minimum cost objective, the SVRP is better by

an average of 30% and with a maximum improvement of 72%. The last delivery times,

however, are almost identical for the two formulations when both optimize for minimum

last delivery. This may be occurring since there are a large amount of vehicles, and in all

of the cases of D2,D3,D4,D5, and D6, the minimum last delivery is found as the maximum

distance from the depot to a node, which is optimal. As this occurs for both VRP and

SVRP, there is no possibility for the SVRP to improve over the VRP. For the VRP, the cost

when using the last delivery objective is on average 19% more expensive than the minimum

cost objective. The last delivery for the VRP increases by 56% when using the minimum

cost objective instead of the minimum last delivery objective. It can be seen that choosing

the correct objective functions becomes even more important for the SVRP in these high

demand scenarios. In this formulation, the cost of using the last delivery objective is 53%

higher than when minimizing cost. Furthermore, the last delivery is 89% higher on average

when minimizing cost instead of minimizing last delivery, and there are 4 instances where

it is over 200%. This suggests that the user should carefully consider the scenario when

choosing the correct objective function. If the user chooses to minimize total cost, we have

seen that the last customer may have to wait twice as long as the case in which last delivery

objective is considered. In cases of emergencies, this type of gap could be the difference

between whether or not someone is saved.

An additional dataset from [47] is used to test the more extreme case that demands

are always greater than 50% vehicle capacity. The nodes in this dataset are distributed in

concentric circles around the depot. Instead of increasing vehicle capacity as in the previous

two cases, we increase the number of vehicle to allow feasibility for the VRP. Because the

demands are all above half vehicle capacity, the number of vehicles is equal to the number of

nodes, and optimal solutions can be readily computed as the sum of out-and-back tours to
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Table 2.17: Dataset of comparisons on Archetti instances with 50% higher vehicle capacity.

Archetti c(V RPc)
c(SV RPc)

ld(V RPc)
ld(V RPld)

ld(V RPld)
ld(SV RPld)

c(V RPld)
c(V RPc)

c(V RPld)
c(SV RPld)

ld(SV RPc)
ld(SV RPld)

c(SV RPld)
c(SV RPc)

p01 00 1.15 1.38 0.99 1.09 1.02 1.92 1.23
p01 D2 1.39 1.50 0.96 1.10 0.99 1.92 1.55
p01 D3 1.61 1.57 1.00 1.01 0.95 1.84 1.73
p01 D4 1.20 2.05 1.00 1.35 1.04 1.80 1.56
p01 D5 1.22 1.50 1.00 1.26 0.94 1.80 1.63
p01 D6 1.23 1.09 1.00 1.24 1.00 1.68 1.52
p02 00 1.33 1.67 0.97 1.06 0.98 2.37 1.44
p02 D2 1.55 1.87 1.00 1.05 1.00 2.20 1.64
p02 D3 1.13 1.93 1.00 1.41 0.96 2.28 1.66
p02 D4 1.19 1.81 1.00 1.34 1.02 1.74 1.55
p02 D5 1.16 1.65 1.00 1.34 1.03 2.02 1.52
p02 D6 1.22 1.23 1.00 1.28 0.99 1.67 1.58
p03 00 1.14 1.52 1.00 1.17 0.98 1.78 1.36
p03 D2 1.59 1.50 1.00 1.10 1.03 1.96 1.71
p03 D3 1.72 1.90 1.00 0.93 1.08 1.88 1.48
p03 D4 1.18 1.36 1.00 1.23 0.95 1.68 1.52
p03 D5 1.18 1.44 1.00 1.21 0.99 1.78 1.45
p03 D6 1.21 1.20 1.00 1.20 1.00 1.62 1.45

Average 1.30 1.56 1.00 1.19 1.00 1.89 1.53
Min 1.13 1.09 0.96 0.93 0.94 1.62 1.23
Max 1.72 2.05 1.00 1.41 1.08 2.37 1.73

each node. To additionally allow the instances to favor the SVRP, an additional node with

demand of 1 is added at 1 unit from the depot to absorb extra vehicles. The results can

be seen in Table 2.18, and the VRP on average costs 17% more than the SVRP, and more

importantly this is for optimal VRP solutions. This data suggests that using split deliveries

is even more useful in cases of higher demand which was also showed by the authors in [48].

Exploring the last delivery objective is less interesting in these cases as the VRP formulation

has the optimal solution by default as there is only one solution to the problem, which has

out and back tours to all nodes.

Overall, it seems that using the SVRP formulation can lead to lower costs when minimiz-

ing cost, but this is especially true for networks that have high average demand relative to

vehicle capacity. We also showed that how different the last delivery time can be depending

on the objective function, and in the case of routing where the customer waiting time is
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Table 2.18: Comparing the SVRP to the VRP on the Chen dataset for high demand case.

Chen c(SV RPc) c(V RPc)
c(V RPc)
c(SV RPc)

SD2 716 800 1.12
SD3 439 480 1.09
SD4 648 720 1.11
SD5 1407 1600 1.14
SD6 849 960 1.13
SD7 3660 4400 1.20
SD8 5116 6240 1.22
SD9 2100 2400 1.14
SD10 2800 3220 1.15
SD11 13342 16800 1.26
SD12 7318 8800 1.20
SD13 10254 12480 1.22
SD14 10893 13200 1.21
SD15 15371 18720 1.22

Average 1.17

considered, minimizing the last delivery time may be necessary. In the future, more stud-

ies can be done to extend this work to more comprehensive routing formulations including

asymmetric cost functions, demands that are larger than vehicle capacity, and relaxing the

constraint that the same number of vehicles must be used between the two different formu-

lations. The fact that all vehicles must be used can be a detriment to the SVRP, and we

postulate that relaxing this assumption would allow the SVRP to further outperform the

VRP formulation. In the next chapter, some of the restrictions discussed in Remark 2.1 are

relaxed to make the vehicle routing problem more suitable to UAVs.
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Chapter 3

Applying vehicle routing approach to

UAVs in the presence of wind

In some cases of practical interest, some assumptions on the vehicle routing problem,

such as those employed in Chapter 2, may be insufficient to solve problems involving UAVs,

specifically the multirotor UAVs considered in this work. Firstly, the range of the vehicles

was considered as unlimited, and it is well-known that one of the current limitations of UAVs

is their relatively short flight times, typically 30 minutes or less. Due to this limited flight

time, it becomes increasingly necessary to include the capability of the vehicles to refuel or

change batteries. UAVs also have a limited payload capacity compared to larger vehicles such

as trucks, and assumptions that only one vehicle can visit each location may be unrealistic.

Secondly, since the UAV must provide the thrust to carry this payload, the range of the UAV

must not only be considered, but it may be a function of an optimization variable, namely

the payload’s mass. Thirdly, since the UAVs must ascend and descend at each customer

location, there is a non-negligible service time during which the vehicle is consuming its

valuable flight time. Finally, it is also common to exclude environmental factors such as

wind, which can greatly affect UAVs, and even make seemingly feasible routes infeasible.

Researchers have been studying the problem of routing vehicles that have limited range

with the need to refuel or recharge. The effects of vehicle size, capacity, and their ability to

deliver payloads in an urban setting are studied in [49]. The Green vehicle routing problem

[50] was developed to study the effects of allowing a fleet of heterogeneous vehicles to refuel
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throughout their routes, effectively extending their range. However, the authors did not

consider split deliveries or the capacities of the vehicles. The authors in [51] studied the

problem where the fleet may be non-homogeneous and there may be time windows in which

the customers must be visited. However, they do not consider split deliveries. In [52], the

authors applied the split vehicle routing problem framework to the UAS routing problem

where they considered the range of the vehicle as a linear function of the payload. In this

formulation, the vehicles were allowed to recharge, but only at the depot and not at other

sites.

Few authors have considered environmental factors such as wind when routing UAS. The

authors in [53] account for wind by adjusting the cost matrix a priori and making linear

assumptions on the vehicle dynamics. However, they only solve a TSP. In [54], it is shown

that the optimal speeds of the UAS change when considering wind, and the results show that

the vehicles may take drastically different routes to minimize energy consumption. However,

neither of the cited methods include payload dependencies or refueling in their optimization

problem.

In this chapter, a strategy is presented to construct a vehicle routing formulation whose

cost matrix is built from the solution of a path planning problem, that is more conducive

to UAV routing. The optimization approach is divided into two key steps, creating the cost

matrix and formulating the optimization problem. In Section 3.1.1, the cost matrix of the

vehicle routing problem will be constructed by utilizing an A∗ path planning approach with

a custom heuristic for guaranteeing some user-defined safety margins from obstacles. In

Section 3.1.2, the generated paths are then adjusted for a known, constant wind velocity

which is converted to a time-based objective function. In Section 3.1.3, a simplified model

of power consumption for multirotor UAVs is presented, which is used to develop a linear

energy versus payload constraint in the vehicle routing formulation. In Section 3.2, we

present a vehicle routing problem designed for UAVs and whose cost matrix underlies the

planned paths from the previous sections. A numerical simulation is provided in Section 3.3
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to exemplify the results of both this work and the results of Chapter 2 on the importance of

the objective function.

3.1 Cost matrix for UAV route optimization problem

The proposed optimization approach is developed in two main steps. The first step is

the generation of a cost matrix, which determines the time it takes to safely traverse between

different nodes. Due to the effects of wind on the velocity of UAVs, a constant wind can

be assumed and accounted for in the cost matrix. A simplified power model of rotors is

presented to determine the relationship between the power and the payload of the vehicle.

The generated cost matrix and power versus payload relationship are then used in a vehicle

routing approach for UAVs.

3.1.1 Using A∗ path plans to generate possible routes

The cost matrix for many routing-type problems is given by the Euclidean distance

between each pair of points within the graph. This leads to a convenient property, namely

symmetry of the cost matrix, C = CT, where the cost is the same for going from node i

to node j as it is going from node j to node i. Symmetry helps reducing computational

times to find solutions, specifically in minimum cost solutions traversing the route forwards

or backwards incurs the same cost when the matrix is symmetric. This approach may be

effective when considering vehicles such as cars or trucks. For UAVs, however, there are

additional factors, such as wind, that can make Euclidean distances a very poor estimate of

time cost. In the near future UAVs may be delivering packages in large cities near buildings

and obstacle avoidance with an additional safety margin should be included for the safety

of both the vehicles and persons nearby. For this reason, the cost matrix in this work will

contain feasible paths between all of the nodes that attempt to minimize the distance traveled
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while still maintaining safe distance from obstacles.

In this chapter, a path planning approach based on the A∗ framework has been chosen for

its ability to generate paths that are optimal with respect to a user-defined cost function. The

path planning problem for autonomous UAVs has been extensively studied in the literature

including the use of A∗ [55, 56], and its variants D∗ [57] and iADA∗ [58]. The probabilistic

roadmap method has the benefit of being a fast algorithm and guarantees low processing

times by ignoring points that cannot be reached [59, 60]. This method, however, is not an

optimization-based path planner, and runs anti-thesis to the goal of minimizing cost. Rapidly

exploring random trees can also be implemented as fast obstacle avoidance path planners

for UAVs [61, 62], but they do solve for optimal paths with respect to a user-defined cost

function and do not apply to this work. Voroni diagrams can be used for UAV path planning

[63], but inherently find the maximum distance from obstacles, which may produce paths

which are very far from minimizing distance. While a mixed integer linear program, such

as the one used for the main routing problem, could be used, the constraints are typically

required to be convex, which can be a restrictive in many realistic environments. A∗ does

not require the free space or the obstacles to be convex, and hence can excel in planning in

complex environments. A variant of this A∗ heuristic is developed in [64] for tactical path

planning in the presence of obstacles.

Next, the formulation and pseudo-algorithm for A∗ are presented. Consider the map,

M, with the set of nodes n ∈ V and arcs (i, j) ∈ E for i ∈ V, j ∈ V, i 6= j, which are the

same nodes and arcs used in the optimization problem. The initial node is denoted n0, and

the goal node is denoted ngoal. For a given node n, all nodes adjacent, or connected to n, are

captured by V ′. In our case, the graph is fully connected, and all nodes can be considered

as adjacent, so it is a tunable parameter for us to determine how many nodes are considered

as neighbors to any 1 node. For now, consider the neighbors of a given node n as the set

of neighbors which are 1 node distance away. Denote the set of open nodes as O, which

contain the quadruplets (n, g(n0, n), f(n), Pointer), and O is sorted according the values of
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f(·). Open nodes are nodes that are adjacent to nodes that have already been visited by

the algorithm. Closed nodes contain both the nodes that have already been visited by the

algorithm and those that have yet to be opened. The function f(n) captures the sum of the

cost to go from the start, n0, to node n, denoted g(no, n), plus a heuristic estimate of the

remaining cost to get to the goal. The pointer is a variable which denotes the node that was

used to open the current node in previous iterations. This is useful for tracing the path from

the goal to the start. Since planning is assumed to be around obstacles, let the occupied

nodes in the graph be captured by the set Õ.

Algorithm 5: A∗ algorithm for returning shortest path w.r.t. g(·, ·).
Result: Set of nodes V ∗ which denote the path of lowest cost from n0 to ngoal.

1 Empty(O);
2 Load map M, heuristic parameters λ1, λ2, λ3, and goal ngoal ;
3 Insert (n0, g(n0, n0), f(n0),Pointer)→ O ;
4 while !Empty(O) do
5 Set current Node n to node n with Minimum f(n) in O ;
6 if n = ngoal then
7 Break while and Reconstruct Path;
8 end
9 Remove {n, g(n0, n), f(n),Pointer} from O ;

10 for V ′ adjacent to n do
11 ñ =current(V ′);
12 if ñ /∈ O then
13 Insert (ñ, g(n0, ñ), f(ñ),Pointer)→ O ;
14 In O, set pointer of ñ towards n ;

15 end
16 else if g(·, ñ) > g(n0, n) + g(n, ñ) then
17 Modify O by setting pointer of ñ towards n ;
18 Update (ñ, g(n0, ñ), f(ñ),Pointer)→ O;

19 end

20 end

21 end
22 Reconstruct Path(O) – Trace the pointers from the goal back to the start ;

The cost function for the proposed A∗-based path planning is given by

fk , gk + hk, k ∈ N, (3.1)
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where

gk ,
k∑
q=1

[
κ(d2(r̂q, Õ))d2(r̂q, r̂q−1)

]
, (3.2)

denotes the cost-to-come function,

hk , d2(r̂k, ngoal), (3.3)

denotes the heuristic function,

κ(α) , 1 +
µ1

µ2 + eµ3α
, α > 0, (3.4)

denotes the weighing function, and µ1, µ2, µ3 > 0 are user-defined parameters. This function
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Figure 3.1: Plot of κ(α) function used in A∗ heuristic.

has a maximum at 0, and hence strongly discourages the path planner from producing points

close to the obstacles. The function is strictly decreasing and tends to 1 as α → ∞ which

suggests that nodes that are far away from obstacles have little influence other than the
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distance function, and we get a shortest path behavior in this case. The distance function is

also slightly modified to discourage changes in altitude as we consider it safer for the UAVs

to fly between waypoints at near constant altitude if possible. Since this heuristic assumes

that the cost of moving from the current node to the goal is always along the cheapest

path, or minimum of the κ(·) function, it is consistent, or never overestimates the remaining

cost. Additionally, this heuristic monotonically decreases moving towards the goal, hence is

admissible, and the path returned by the algorithm is guaranteed to be optimal [65, App.

C].

The following example shows how the proposed heuristic determines optimal paths, Al-

gorithm 5 has been used to plan a path near several buildings. The planner must plan a path

from the start to a goal that is 398m away while staying safe distance from the buildings as

much as possible. A plot of the weighting function can be seen in Figure 3.1, the parameters

have been set to µ1 = 50, µ2 = 10, µ3 = 1, which has a maximum of 5.55 at α = 0, and at

α = 7, the function has a value of 1.04, so the proximity to the wall is minimally penalized for

nodes further than 7m from the wall. This κ(·) function is designed to ensure the UAV stays

significantly far away from the buildings unless approaching the start or goal. Figure 3.2

shows the planned path using the proposed A∗ planner, and the path successfully traverses

from start to goal while staying safely away from the buildings. The sequences of waypoints

between the different nodes is saved, and adjusted for wind by using the method in Section

3.1.2. 4

3.1.2 Adjusting path plans for wind

A very important characteristic of UAVs is that the velocity of a UAV, captured through

a global positioning system (GPS), is measured relative to the air and not the ground. As seen

in Figure 3.3, wind can become a major factor when considering times to go between nodes

while flying in windy conditions. While we do not account for the wind when optimizing
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Figure 3.2: Plot of A∗ path traversing between 5 buildings while maintaining safe distances
from the surfaces.

the A∗ paths, the change in flight time that may occur due to wind will be accounted for.

In this work, it is assumed that the vehicle will always fly with its nose, or local x(·) axis,

pointed towards its next waypoint. This is a common assumption for UAVs, since cameras or

other sensors should point in the direction of motion for safety. The vehicle is also assumed

to fly at a constant velocity relative to the air. This assumption is reasonable since in the

proposed work, we are attempting to minimize the completion time of the mission, and the

UAV should proceed as quickly as possible.

Wind From the North Vehicle Velocity

+ =

Total Velocity

Figure 3.3: Relative Velocity Diagram. This figure shows how the introduction of wind
affects the air-relative velocity of a flying vehicle. The vehicle velocity is assumed to be with
respect to the air when there is no wind.

The linearized dynamics used for this method are given by,

ẋ(t) = v cos(ψ(t)) + wx, x(t0) = x0, t ≥ t0, (3.5)
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ẏ(t) = v sin(ψ(t)) + wy, y(t0) = y0, (3.6)

where x(·) and y(·) denote the UAV’s position in the global frame, an inertial frame fixed

with the Earth, v > 0 denotes the velocity of the vehicle, assumed constant, ψ(·) denotes

the heading angle, wx, wy denote the wind velocities in x(·) and y(·) assumed constant,

respectively. The dynamics are modeled as a linearized version of UAV dynamics [66]. To

ensure the vehicle moves to the next waypoint, the heading angle is solved as

ψ(t) , tan−1

(
xnext − x(t)

ynext − y(t)

)
, (3.7)

where xnext, ynext denote the coordinates of the next waypoint along the A∗ path, and

tan−1 α

β
,



tan−1 α

β
, β > 0,

tan−1 α

β
+ π, α ≥ 0, β < 0,

tan−1 α

β
− π, α < 0, β < 0,

π/2, α > 0, β = 0,

−π/2, α < 0, β = 0,

0, α = 0, β = 0,

(3.8)

denotes the signed inverse tangent function. To account for the wind, we find a new heading

angle, denoted by ψd(t), adjusted for wind. To ensure that the vehicle flies to the next

waypoint, while pointing the nose of the vehicle in the direction of motion the following

constraint must be satisfied,

ψd(t) , tan−1

(
v cos(ψ(t)) + wx
v sin(ψ(t)) + wy

)
, t ≥ 0. (3.9)

For the rest of this chapter, we assume ψ(t) = ψd(t). Since the velocity and heading angle

are assumed constant between waypoints, the time to go between a waypoint (xi, yi) and
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(xi+1, yi+1), for a consecutive pair of waypoints given by the A∗ path, from some time ti ≥ t0

when the vehicle departs to ti+1 > t1 when the vehicle arrives at the second location is given

by

ti+1 − ti =
xi+1 − xi

v cos(ψd(ti)) + wx
, (3.10)

or

ti+1 − ti =
yi+1 − yi

v sin(ψd(ti)) + wy
, (3.11)

and to calculate the total path time, the same calculation is performed over each pair of

waypoints (xi, yi) to (xi+1, yi+1), i ∈ {0, . . . , nwp − 1}, where nwp denotes the number of

waypoints on the path. To ensure that Equation (3.10) is well-defined, it must be ensured

that v cos(ψd(t1))+wx 6= 0, or that there is always some relative motion in the x(·) direction.

A similar condition occurs for y(·) in Equation (3.11). This condition is ensured in this work

by assuming a vehicle velocity relative to the air that is larger than the wind velocity. The

found path times are used to construct the cost matrix for the optimization problem in

Section 3.2.

3.1.3 Power modeling for UAVs based on momentum theory

In this section, a relationship is developed between the mass of the UAV and the power

needed to keep the vehicle in hover. It has been shown experimentally, compared to con-

stant velocity at speeds less than 10m/s, that hover can be a worst-case estimate of energy

consumption for multi-rotor UAVs [52]. A simplified model of the power of a single rotor

can be formulated using momentum theory. It is assumed that each rotor is a thin disk, the

disturbed air of each disk is a cylindrical column, and air outside the column is undisturbed.

The initial air velocity is assumed to be zero, and the flow is assumed to be irrotational [67,
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Ch. 2]. The difference in air velocity is assumed to be related to the pressure difference using

Bernoulli’s equation, and it is assumed that the density of the flow is constant in any section

of the air column, since the flow is incompressible. Following the same approach as in [68]

and assuming the process has reached steady state, Bernoulli’s equation for the outflow can

then be written as,

pi(t) + ∆p(t) +
1

2
ρv2

i (t) = p∞(t) +
1

2
ρv2
∞(t), t ≥ t0, (3.12)

where pi(t) denotes the pressure at the disk on the inflow side, ∆p(t) denotes the change in

pressure due to the acceleration of the flow, ρ denotes the air density, assumed constant, vi(t)

denotes the velocity of the flow at the disk on the inflow side, p∞(t) denotes the constant

freestream pressure, and v∞(t) denotes the velocity of the accelerated flow far behind the

disk. The equation for the inflow is written as

p∞(t) = pi(t) +
1

2
ρv2

i (t). (3.13)

Substituting p∞(t) into (3.12), it is shown that the change in pressure is

∆p(t) =
1

2
ρv2
∞(t). (3.14)

Next, conservation of momentum is applied to the disc. Let f(t,m(t)) denote the thrust

force on the disc when is equal to

f(t) =
dm(t)

dt
v∞(t), (3.15)

where dm(t)
dt

denotes the mass flow through the disc. Let the disc have a constant area denoted

by A, and since the velocity on the inflow side of the disc is given by vi(t), the mass flow
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can be written as dm(t)
dt

= ρAvi(t). Substituting dm(t)
dt

into (3.15), the thrust is given by,

f(t) = ρAvi(t)v∞(t). (3.16)

As pressure is defined as a force per area, the change in pressure is equal to the thrust over

the disk area, and from equations (3.14) and (3.16),

∆p(t) =
1

2
ρv2
∞(t) =

f(t)

A
= vi(t)v∞(t),

and by equating pressure with Equation (3.17) it can be seen that v∞(t) = 2vi(t) which gives

a final relationship for thrust as,

f(t) = 2ρAv2
i (t). (3.17)

This has shown that half of the velocity is generated above the disc, and the other half is

generated below the disk. Solving for the induced velocity gives

vi(t) =

√
f(t)

2ρA
. (3.18)

The induced power of the ith rotor, denoted Pi(t), is given by the force times the velocity,

or the thrust times the induced velocity. Plugging in (3.18), the induced power is given by

Pi(m(t)) = f(t)

(√
f(t)

2ρA

)
=
f 3/2(t)√

2ρA
. (3.19)

For a UAV in hover, the thrust is

f(t) = m(t)g, (3.20)

where g > 0 denotes gravity and the mass is defined as m(t) , mv + mp(t) where mv > 0
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denotes the unloaded mass of the vehicle, assumed constant, and the mass of the payload is

denoted mp(t) ≥ 0. Assuming the n rotors carry the weight of the vehicle equally, the total

power induced for a UAV can then be written as

Ptotal(m(t)) = n
(m(t)g)3/2√

2n3ρA
= (mv +mp(t))

3/2

√
g3

2nρA
, (3.21)

and it has been shown that a nonlinear relationship exists between the payload and the total

induced power. To solve the routing problem described in Section 3.2, it is desirable to have

a linear constraint. This can be done by safely assuming an upper bound of the estimate

above. As an example, consider a quadrotor UAV, n = 4, with nominal mass mv = 3kg,
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Figure 3.4: Plot of induced power, Ptotal(mp(t)) versus the payload mass, mp(t) of a UAV.
This plot shows how a simple linear upper bound of the induced power can be used to
estimate energy consumption for a UAV which has a nominal mass of mv = 3kg, and the
payload is allowed to vary from 0 to 3kg. P̂ (mp(t)) is the linear function that serves as an
upper bound on the induced power.

that has 0.15m diameter propellers, A = 1
4
π(0.15)2, and the payload can vary between 0 and

3kg. A plot, shown in Figure 3.4, shows the total induced power using (3.21). Furthermore,

using the endpoints and the knowledge that the function is convex, an upper bound estimate
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denoted, P̂ (mp(t)), can be generated which is a linear function of the payload mp(t). Using

the estimate of P̂ (mp(t)), the payload transported between the waypoints, and the time to

travel between the waypoints determined in Section 3.1.2, the energy to traverse between

waypoints can be calculated and used to ensure that the battery is never depleted before

reaching a refueling station or the depot. While the upper bound may be conservative if

the payload has large variation, the ideal power induced calculated in (3.21) may be an

underestimate of the actual power.

3.2 A split vehicle routing problem framework cus-

tomized for UAVs

In the vehicle routing problem, a typical task for the vehicle is to deliver some payload

to destinations considering the times at which the locations are visited. UAVs may have

more tasks than simply delivering payload. For example, consider a scenario where a fleet

of UAVs are contributing to a large-scale construction effort. There may be several different

locations which need parts delivered. Additionally, in recent years UAVs have been used to

update models of buildings under construction [69, 70, 71], and in a scenario such as this, the

demand is not a delivery but a required time to perform scans of the area. In this section, an

optimization model is developed such that a fleet of UAVs can complete a mission involving

payload deliveries and required scans or surveillance where the ability of swapping batteries

at known locations is allowed.

This problem is defined on a complete, directed network G = (V,E) with nodes V =

{0, 1, · · · , n}, where {0} denotes the depot or starting location, n+1 denotes the cardinality

of V and includes the depot, the locations to visit, and the battery swap locations. For

simplicity of notation in the modeling, let Cs denote the set of customers excluding the

depot and the battery swap locations. E denotes the set of edges connecting the vertices,
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and let Ck
ij ≥ 0 denote the non-negative travel time to traverse the edge (i, j) ∈ E for

i ∈ V, j ∈ V, i 6= j. A key difference between the assumptions in Chapter 2 is that the travel

times in this section are not assumed to be symmetric due to potential wind, that is ckij is not

necessarily equal to ckji, for some arcs (i, j), (j, i) ∈ E for the kth vehicle. The travel times

do still satisfy the triangle inequality, that is, Ck
ij ≤ Ck

il + Ck
lj, (i, j), (i, l), (l, j) ∈ E for all

vehicles. To service the customers, there are nveh non-homogeneous vehicles with capacity

qm > 0. Since the vehicles non-homogeneous, we also track the cost matrix for each different

vehicle, which can be different for UAVs due to different flight speeds. Each customer in

Cs has a demand, and demands involving payload to be delivered are denoted di ≥ 0, and

demands that are time requirements for additional task are denoted si ≥ 0. The demands

differ from Chapter 2 in that the demands are no longer required to be less than vehicle

capacity, and many UAVs may be required to service large demands due to small payload

capacities. To include the possibility of swapping batteries, there are additional nodes in a

refueling set, denoted Nr with the cardinality or |Nr| equal to nr. To consider the case that

a vehicle may visit the same refuel site multiple times, n user-defined number of copies of

the refuel locations are added to the list of nodes. In total, the list of all nodes including

customers, the depot, all battery swap locations and their copies, is denoted N ′.

In this chapter, a linear combination of the minimum cost and the minimum last service

objective are considered, since we deduced in Section 2.5 that using just the last service

time objective could make the total cost extremely high. The minimum last service is the

maximum time at which any vehicle is still performing a task at any of the locations. This is

important since in this work, deliveries are not considered as instantaneous and surveillance

or monitoring tasks can incur non-negligible time requirements. The minimum cost objective

is defined as

zc ,
m∑
k=1

∑
(i,j)∈A

Ck
ijx

k
ij, (3.22)

where xkij denotes the main decision variable, binary, and equal to 1 if vehicle k travels along
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the (i, j) arc, and is 0 otherwise, and m is the number of vehicles. The minimum last service

time, zls, is defined as,

zls , max
k={1,...,nveh}

 ∑
(i,j)∈E:j 6=0

Ck
ijx

k
ij +

ns∑
r=1

∑
j∈N

pkj,rx
k
ij

 , (3.23)

where pkj,r denotes the servicing times at node j for vehicle k, the subscript r denotes which

type of service the vehicle is performing, and ns denotes the number of service types.

The objective function for this mixed integer linear program is given by

min λ1zc + λ2zls, (3.24)

where λ1, λ2 > 0 are weights for the objective functions given by (3.22) and (3.23). This

formulation allows to use a lexicographic combination of the two objective functions studied

in Chapter 2. It is known that with a minimum last delivery-type of objective function,

there can be many optimal solutions. By adding a very small 0 < λ1 << 1, we try to find

the optimal solutions that have the minimum cost.

The constraints used to ensure route connectivity and vehicle usage are given by,

nv∑
k=1

∑
j∈N ′

xkij ≥ 1, i ∈ Cs, (3.25)

nv∑
k=1

∑
j∈N ′

xkij ≤ 1, i ∈ Nr \ {0}, (3.26)

∑
i∈N ′

xkij =
∑
i∈N ′

xkji, j ∈ N ′, k = {1, . . . , nveh}, (3.27)

∑
j∈N ′\{0}

xk0j = 1, k = {1, . . . , nveh}, (3.28)

where constraint (3.25) ensures that all customers are visited by at least one vehicle. Con-

straint (3.26) states that all refuel or battery swap locations will be visited by at most one
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vehicle. The extra copies of each location allow for a vehicle to visit the same battery swap

location more than once, but by using copies instead of allowing the same arc to be used

multiple times, the size of the state space is reduced. Constraint (3.27) is the standard flow

conservation constraint which states that a vehicle arriving to node j must leave node j.

The payload delivery constraints are captured by,

ykij ≤ qkx
k
ij, i ∈ N ′, j ∈ N ′, i 6= j, k = {1, . . . , nveh}, (3.29)∑

j∈N ′

nveh∑
k=1

ykij −
∑
j∈N ′

nveh∑
k=1

ykji = dj, j ∈ Cs, (3.30)

∑
i∈N ′\{0}

ykij ≥
∑

i∈N ′\{0}

ykji, j ∈ N ′, k = {1, . . . , nveh}, (3.31)

where ykij ≥ 0 denotes the units of payload carried by vehicle k , along the arc (i, j), k ∈

{1, . . . , nv}. Constraint (3.29) ensures that the capacity of the vehicle, denoted by q > 0, is

never exceeded along an arc. This constraint also ensures that a vehicle must visit a node

to make a delivery to that node. In this work, the capacity of the vehicles is not assumed to

be uniform, and the payload can very depending on the vehicle. Constraint (3.30) ensures

that the delivery demands are met for each customer. Since split deliveries are allowed in

this formulation, constraint (3.31) is added to ensure that a vehicle cannot leave a node with

more payload than it entered with, thus excluding payload transfers.

The constraints used to track the times at which each node is visited are given by,

0 ≤ τ k0 , k ∈ {1, . . . , nveh}, (3.32)

τ kj ≥ τ ki +

(
Ck
ij +

(
ns∑
r=1

pkjr

))
xkij − Txkij,

i ∈ N ′, j ∈ N ′ \ {0}, i 6= j, k ∈ {1, . . . , nveh}, (3.33)

where τ kj for j ∈ N ′ denotes the mission time at which vehicle k visits node j. Constraint
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(3.32) provides the lower bound as the initial time, assumed 0. Constraint (3.33) tracks the

time at which node j is visited by vehicle k. This is the time at which the vehicle arrives

at the node, not when service is complete. The variable T >> 0 is used to help eliminate

sub-tours using the Miller-Tucker-Zemlin formulation [72].

The battery remaining for vehicle k is denoted by bk, and this is tracked along the routes

through the following constraints,

bkj ≤ bki − Ck
ijf(ykij)x

k
ij +B(1− xkij), i ∈ N ′, j ∈ Cs, i 6= j, (3.34)

bj = B, j ∈ R′ + {0}, k ∈ {1, . . . , nveh}, (3.35)

bkj ≥ min(f(ykij)C
k
j0, f(ykij)(C

k
jl + Ck

l0)), l ∈ R, j ∈ Cs, k ∈ {1, . . . , nveh}. (3.36)

Constraint (3.34) tracks the remaining endurance of the kth vehicle at node j, the effects

of carrying heavier payloads is captured by the function f(ykij), and the maximum battery

capacity is given by B > 0. Using the same approach as in Section 3.1.3, this becomes a

linear function where mv in equation (3.21) is the known vehicle mass and mp becomes ykij.

Since energy is considered as power times time, we multiply the power function f(ykij) by the

cost matrix which captures the time to go between nodes. Constraint (3.35) captures that

by visiting refuel locations, the battery is charged to maximum. Constraint (3.36) ensures

that visiting the next node and getting to either the depot or a refuel station is feasible.

In cases where time-based tasks are required and not just delivery tasks, the variable pkjr

can become an optimization variable. If a service time sj is required at node j ∈ C, then we

have the following constraint,

m∑
k=1

pkjr = sjr, j ∈ N ′ \ {0}, r ∈ {1, . . . , ns}. (3.37)

In cases where a vehicle is tasked with dropping off a payload and the service time is assumed

constant, then pkjr can be considered as a constant value at each node visited by vehicle k.
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3.3 Numerical simulations

Depot

Battery swap 1

Battery swap 2

d1 = 4
s1 = 600s

d2 = 4
s2 = 600s

d3 = 6
s3 = 600s

d4 = 5
s4 = 600s

d7 = 6
s7 = 600s

d8 = 5
s8 = 600s

d6 = 4
s6 = 600s d5 = 5

s5 = 600s

No fly
zone

Wind, 2m/s

0m 200m 400m

Figure 3.5: Locations of the depot shown in red, all locations to visit and their demands are
shown in blue, and the battery swap locations shown in purple. The black marked areas and
their interiors are considered as no fly zones for safety purposes.

In this section, a sample scenario is provided which utilizes a combination of the

techniques presented in this chapter. Consider the following scenario based around the

campus of Virginia Tech where there are 8 locations of interest near 4 areas, the drillfield, the

football stadium, the drone park, and the duck pond. At the edge of each of these locations,

food can be delivered. The orders of food are 0.5kg each, and the locations have a demand

of 2kg to 3.5kg food in increments of 0.5kg, and the food is coming from a rooftop restaurant

on Main street. There are two locations where the UAVs can land to swap batteries, the

roof of Derring Hall and the VT police station near the football stadium. In addition to

delivery demands, it is assumed that events are occurring and some of the UAVs will be

used to take images and video of each location. For the safety of the large gatherings, the
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airspace above both the drillfield and the stadium will be considered off limits. Using freely

available online tools, the GPS coordinates of all of the locations are taken and converted to

position coordinates. In this problem, altitude is being ignored as the vehicles are assumed

to fly above buildings, the ascend and descend times are accounted for in service time, and

the path planner will avoid the no fly zones with lateral maneuvers.

Figure 3.6: A∗ paths of routing problem example. The paths are shown in green, the
locations of the depot are shown in red, the customers are shown in blue, and the battery
swap locations shown in purple. The black marked areas and their interiors are considered
as no fly zones for safety purposes. It can be seen that the custom heuristic pushes the flight
paths away from the borders of the no fly zones for increased safety.

For this sample scenario, there is one copy of the battery swap locations,

N ′ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, C = 8, nr = 2 The customer demands are given by,

d = [4, 4, 6, 5, 5, 4, 6, 5], and the ascend and descend times are captured by the service times

pj = 60, j ∈ N ′ \ {0}, where it is assumed that it takes 60s at each location to to descend
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and ascend. At each customer, at least 10 minutes or 600 seconds worth of images or video

should be taken for archive purposes, sj = 600, j ∈ Cs. The area has been discretized to

squares of 10m by 10m for the purposes of path planning. Figure 3.5 shows the locations of

the depot, the customers and their demands, and the battery swap locations. Also shown is

the no fly zones which are captured by the black-colored bubbles and the interiors.

To generate the possible set of paths for the problem, the A∗ algorithm presented in

section 3.1.1 is used. The values used in the heuristic are µ1 = 50, µ2 = 10, µ3 = 2, which

has a maximum of 5.55 at α = 0, and at α = 2, the function has a value of 1.04, so the

proximity to the wall is minimally penalized for nodes further than, 2 units, or 20m from the

wall. For this problem, there will be two different UAV types available. The first type will

be UAVs equipped with high resolution cameras for performing the desired image and video

taking. There are three of this vehicle type, and they have a maximum endurance of 20

minutes, B = 1200s, with an assumed flight speed between locations of 10m/s. The second

type is for delivering the food, and four of them are available. These vehicles have a nominal

weight of m2 = 5kg with a maximum payload capacity of mp = 5kg, and the maximum

endurance with no payload is 15 minutes, B = 900s. Using 4 propellers with a radius of

0.15m, plotting equation (3.21) and finding a linear upper bound, we have that the power

is given by P (M) = 1.04M + 1.62 where M = m2 +mp, which is used as f(·) in (3.34) and

(3.36). The paths are updated to account for a 2m/s wind from the East direction, or X axis

using the vector algebra method in section 3.1.2. The cost matrix for the first vehicle type is

given, in seconds of travel time for no payload. Looking at the time to go from the depot to

node 2, ctype 1
02 = 95s, compared to going from node 2 to the depot, ctype 1

20 = 213s, the effects

of wind can be seen. This matches intuition in that moving from the depot to node 2 to the

depot is moving West, or along the direction of wind giving the UAV a velocity relative to

the ground that is faster than its nominal velocity relative to the air. For brevity, this cost

matrix does not include the extra rows and columns due to the copies of the refuel locations
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are omitted, but they are captured by appropriately copying the values in the table.

Ctype 1 =



0 131 95 166 175 211 237 199 239 141 192

263 0 60 93 44 211 183 71 111 30 216

213 93 0 81 106 178 159 131 170 73 184

299 147 103 0 54 152 128 82 101 107 160

331 63 163 89 0 167 139 38 70 53 172

231 371 208 222 308 0 78 184 180 218 25

282 230 167 141 167 124 0 163 148 192 84

408 145 240 166 80 372 285 0 39 63 192

478 215 310 206 157 379 310 67 0 103 183

301 66 134 149 60 347 224 77 139 0 227

197 418 242 275 355 50 162 434 400 418 0



.

To test the formulation, the problem data and the optimization formulation (3.24)-(3.37)

are programmed in Python and solved using the Gurobi solver. Setting λ1 = 1 and λ2 = 0,

simulations are performed while minimizing the total time for the mission. The total cost

is 9,674s and the last service is completed at 3,720s. For this objective function, we get the

paths as in figure 3.7 for the first vehicle type gathering video footage. All of the type 1

UAVs have to swap batteries at least one time, and the optimal routes are listed in Table

3.1. The second type of UAVs visit nodes, as shown in Figure 3.8 as a Matlab plot and

Table 3.1: Routes and costs for type 1 vehicles under total cost objective.

Vehicle Route Surveillance
1 0→ 1→ 9→ 4→ 7→ 6→ 0 [600,0,304.5,379,600]
2 0→ 2→ 0 [600]
3 0→ 8→ 7→ 9→ 4→ 3→ 10→ 5→ 0 [0,221,0,295.5,600,0,600]

Figure 3.9 where the paths are overlaid on a Google satellite view of the area. The optimal

paths are given in Table 3.2.
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Figure 3.7: The optimal paths of the type 1 UAVs which are tasked with gathering video
footage at the locations while minimizing the total mission time.

Table 3.2: Routes and costs for type 2 vehicles under total cost objective.

Vehicle Route Delivery
4 0→ 5→ 6→ 10→ 0 [4,5]
5 0→ 11→ 4→ 8→ 9→ 0 [0,5,5,0]
6 0→ 1→ 7→ 9→ 0 [4,6,0]
7 0→ 2→ 3→ 9→ 0 [4,6,0]

The simulation is re performed by setting λ1 = 0.001 and λ2 = 1 to minimize the last

service time. By setting 0 < λ1 << 1, an attempt is made to find the best minimum cost

within the optimal last service time. In this case, the total cost is determined as 10,070s

with a last service time of 2,128s. This is a 43% improvement in last delivery time with

an increase of 16% in total mission time further validating the ideas of Chapter 2 that the

objective functions can heavily influence the outcomes. In this case, the type 1 vehicles

have optimal tours given in Table 3.3. The second vehicle type can actually perform the

exact same minimum cost tours as the previous case. This is due to the fact that the image

68



Figure 3.8: The optimal paths of the type 2 UAVs which are tasked with delivering food to
the customers while minimizing total cost. The plots are overlaid with a Google maps image
of the area to show the viability of the approach.

gathering mission is much more time consuming than the actual payload deliveries. Figure

3.10 shows the routes of the type 1 vehicles while minimizing last service time.

The simulations were performed in 4 additional scenarios, no wind, 2m/s wind from the

west, 2m/s wind from the north, and 2m/s wind from the south. The results are shown in

table 3.4, and it can be seen that the wind causes in increase in objective function values in

most cases. The one case in which wind improved the objective function is when the wind is

blowing to the west and the goal is to minimize the last service time. In this case, the UAVs

get to utilize the wind to move West a faster velocity, since the depot is at the eastern-most

part of the grid. In this case, the last service time is 6% faster than the case with no wind.

However, in other cases, the wind typically causes the objective values to increase. For the
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Depot

Customers

Battery swap

Figure 3.9: The optimal paths of the type 2 UAVs which are tasked with delivering food to
the customers while minimizing total cost. The plots are overlaid with a google maps image
of the area to show the viability of the approach.

minimum cost objective, the average increase is around 10%. A potential downside to the

method presented in this work is that the wind is not accounted for in the path planner

currently. By including the wind vector in calculations of the cost in A∗, potentially faster

paths could be found, thus reducing the total cost objective in the optimization problem.

3.4 Conclusion

In this chapter, a method is presented to make the vehicle routing problem more suitable

for UAVs. An A∗ path planning technique with a custom heuristic is utilized to generate

collision-free paths that maintain a safe distance from buildings or surfaces. Assuming a
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Table 3.3: Routes and costs for type 1 vehicles under last delivery objective.

Vehicle Route Surveillance
1 0→ 1→ 11→ 2→ 9→ 4→ 0 [600,0,341,0,600]
2 0→ 6→ 10→ 5→ 3→ 2→ 9→ 7→ 0 [600,0,198,322,437,0,173]
3 0→ 5→ 10→ 3→ 2→ 9→ 7→ 0 [402,0,278,259,0,427]

Table 3.4: UAV routing in different wind scenarios. The notation is given where, c(c),
denotes the total cost, in seconds, of the solution that minimizes cost, ls(c) denotes the last
service time, in seconds, of the solution that minimizes cost, c(ls) denotes the cost of the
solution, in seconds, that minimizes last service time, and ls(ls) denotes the last service
time, in seconds, of the solution which minimizes the last service time.

Wind c(c) ls(c) c(ls) ls(ls)
None 9,641 3,891 10,040 2,273

2m/s east 9,674 3,720 10,070 2,128
2m/s west 10,614 4,082 11,349 2,641
2m/s north 10,671 4,377 10,923 2,393
2m/s south 10,662 3,862 10,779 2,462

constant vehicle and wind velocity, a method is presented to account for wind by adjusting

the times it takes to traverse the paths generated by A∗. These wind-adjusted path times

underlie the cost matrix of an optimization problem that considers UAVs in a vehicle routing

problem with the additional capability of visiting refuel or battery swap locations to extend

their range. Furthermore, we consider the possibility that all demands are not of the payload

delivery type, and using UAVs for mapping or surveillance scenarios is possible. An example

is presented where two sets of UAVs are tasked with both delivering food and taking video

footage of an event with wind present, and where the limited range promotes the necessity

of the UAVs to refuel.

Both this chapter and the previous chapter have considered the problem of routing ve-

hicles, specifically UAVs, for missions involving payload delivery. Since payloads can cause

unknowns in the UAV’s dynamics, the next chapter will focus on how a control law can be

designed for unknown nonlinear systems such as UAVs where also constraints can be set a

priori by the user on the tracking error and control inputs to ensure safety of the vehicle and

persons nearby.
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Figure 3.10: The optimal paths of the type 1 UAVs which are tasked with gathering video
footage at the locations while minimizing last service time.
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Chapter 4

Novel model reference adaptive

control laws for improved transient

dynamics and guaranteed saturation

constraints

Chapters 2 and 3 focused on generating optimal paths to route UAVs for scenarios

including payload deliveries. Both this chapter and Chapter 5 5 will focus on developing

control laws to enable the UAVs to complete the challenging tasks proposed by the rout-

ing problem. An unknown or non-static payload can induce changes in both the mass and

inertial properties of a UAV. These changes may cause coupling between the translational

and rotational equations of motion by shifting the center of gravity, further challenging the

control laws [73]. The control approach in this thesis is broken into two main categories. The

first, discussed in this chapter, considers the UAVs with parametric uncertainties that could

be performing mapping or delivery tasks which do not include contacting any surfaces. Sec-

ondly, in Chapter 5, a control law is developed and tested for UAVs that have discontinuous

dynamics, such as those that come into contact with hard surfaces.

In previous work, we have shown that model reference adaptive control (MRAC) is a

very successful control technique for dealing with uncertainties in the system, specifically

when carrying and releasing payloads [74]. In classical MRAC, the adaptive rates must be
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tuned to meet multiple competing objectives. Large adaptive rates guarantee rapid conver-

gence of the trajectory tracking error to zero. However, large adaptive rates may also induce

saturation of the actuators, especially in cases of small UAVs that typically have a limited

power capability. Furthermore, excessive overshoots of the closed-loop system’s trajectory

tracking error are common with high adaptive rates, and this is an extremely undesirable

behavior for systems that are in operation near persons or buildings . Conversely, low adap-

tive rates may produce unsatisfactory trajectory tracking performances. To overcome these

limitations, in the classical MRAC framework, the adaptive rates must be tuned through

an iterative process. Alternative approaches require to modify the plant’s reference model

or the reference command input. In this chapter, we present the first MRAC laws for non-

linear dynamical systems affected by matched and parametric uncertainties that constrain

both the closed-loop system’s trajectory tracking error and the control input at all times

within user-defined bounds, and enforce a user-defined rate of convergence on the trajectory

tracking error. By applying the proposed MRAC laws, the adaptive rates can be set arbi-

trarily large and both the plant’s reference model and the reference command input can be

chosen arbitrarily. The user-defined rate of convergence of the closed-loop plant’s trajectory

is enforced by introducing a user-defined auxiliary reference model, which converges to the

trajectory tracking error obtained by applying the classical MRAC laws before its transient

dynamics has decayed, and steering the trajectory tracking error to the auxiliary reference

model at a rate of convergence that is higher than the rate of convergence of the plant’s

reference model. The ability of the proposed MRAC laws to prescribe the performance of

the closed-loop system’s trajectory tracking error and control input is guaranteed by barrier

Lyapunov functions. Numerical simulations of a delta wing aircraft illustrate both the appli-

cability of our theoretical results and their effectiveness compared to other techniques such

as prescribed performance control, which allows to constrain both the rate of convergence

and the maximum overshoot on the trajectory tracking error of uncertain systems.
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4.1 Literature review

In the presence of matched and parametric uncertainties, classical MRAC guarantees

both uniform asymptotic convergence of the closed-loop system’s trajectory tracking error

and boundedness of both the trajectory tracking error and the adaptive gains [75, Ch. 9].

Several MRAC laws have been proposed to guarantee uniform ultimate boundedness of the

closed-loop system’s trajectory tracking error in the presence of unmatched uncertainties

[75, Ch. 10],[76, 77, 78]. Because of its relative ease of implementation, MRAC has been

applied to solve control problems in multiple fields, including aerospace [75], biomedical [79],

mechanical [80], and electrical engineering [81], to name a few.

The structure of a classical MRAC law is fixed and, given a reference model, the user

can tune the adaptive rates to meet some design specifications on the closed-loop system’s

performance. These specifications include, for example, guaranteeing high responsiveness of

the feedback control law to large trajectory tracking errors, bounding the maximum overshoot

of the trajectory tracking error, and constraining the L∞-norm of the control input. Large

adaptive rates guarantee high responsiveness of the feedback control law to large trajectory

tracking errors. However, in the transient phase, large adaptive rates may induce large

and rapid excursions of both the control inputs and the trajectory tracking error [75, p.

389]. Both the trajectory tracking error’s maximum overshoot and the L∞-norm of the

control input can only be estimated in a conservative manner [82, 83], and adaptive rates

can only be tuned a posteriori through an iterative process to prevent both the closed-loop

plant’s trajectory from exceeding its operative range and the control input from saturating

the plant’s actuators. As an alternative to tuning the adaptive rates, the user could tune

the zeroth-order term in the underlying Lyapunov equation. However, it is not common

practice to meet user-defined levels of performance of the closed-loop system by tuning this

parameter, since direct correlations between the the zeroth-order term in the underlying

Lyapunov equation, the trajectory tracking error, and the control input have not been found
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yet [84]. The structure of classical MRAC does not allow to tune the rate of convergence

of the closed-loop system’s trajectory tracking error and impose that the closed-loop plant’s

trajectory reaches the reference model’s trajectory before the reference model’s transient

dynamics has decayed [75, pp. 389-390].

The main results of this chapter are MRAC laws for prescribed performance. These

MRAC laws guarantee asymptotic convergence to zero of the trajectory tracking error and

uniform boundedness of both the adaptive gains and the trajectory tracking error. These

MRAC laws also allow to impose a priori a user-defined rate of convergence on the closed-loop

system’s trajectory tracking error, and enforce user-defined constraints on both the trajectory

tracking error and the control input at all times. Remarkably, the proposed MRAC laws

allow the user to set the adaptive rates arbitrarily large and choose the reference command

input arbitrarily, and do not require to modify the reference model. To the authors’ best

knowledge, this is the first result of this kind within the MRAC framework. The absence

of an MRAC law that combines all these properties has been highlighted in several recent

works such as [82, 85, 86].

The adaptive control framework that most closely matches the features of the proposed

MRAC laws is prescribed performance control [87, 88]. This technique applies to uncertain

affine in the control dynamical systems and allows to impose both a user-defined rate of con-

vergence and a user-defined bound on the maximum overshoot of the closed-loop system’s

trajectory tracking error by transforming the constrained system into an unconstrained one.

Although prescribed performance control applies to a larger class of dynamical systems than

the proposed MRAC laws, it is unable to explicitly impose user-defined constraints on the

control input, which is a distinctive feature of the proposed MRAC laws. Furthermore,

the proposed MRAC laws for prescribed performance allow to impose not only the maxi-

mum overshoot of the closed-loop system’s trajectory tracking error, but a larger class of

constraints on the trajectory tracking error.
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The proposed MRAC laws for prescribed performance are direct adaptive laws, since

the adaptive gains are not enforced to converge to the corresponding unknown, true values

[75, Ch. 7]. Indirect or mixed direct-indirect adaptive controls, that is, control techniques

that require convergence of the adaptive gains to their respective true values, are useful in

problems in which the user needs to characterize online the plant’s dynamics or identify faults

and failures. These parameter estimation features are achievable by inducing persistence

of excitation of the control input at all times [89, Ch. 6], augmenting the regressor vector

[90, 91, 92], including a model prediction error in the adaptive laws as in mixed direct-indirect

MRAC [93, 94], or employing some parameter identification technique such as adaptive

observers [95] or least-squares estimation methods [96, Ch. 6], [97, Ch. 4]. Although the

proposed MRAC laws are not suitable for online parameter estimation, they guarantee user-

defined levels of performance at all times despite modeling uncertainties, do not require

persistence of excitation of the control input, do not require to augment the regressor vector,

and do not involve observers or estimators.

The proposed MRAC laws for prescribed performance are attained in three consecutive

steps. Firstly, we modify the classical MRAC law by augmenting the vector of feedback vari-

ables with a user-defined vector function. Similarly to the classical MRAC law, the proposed

adaptive control law guarantees uniform boundedness of the closed-loop system’s trajectory

tracking error, uniform boundedness of the adaptive gains, and uniform asymptotic con-

vergence of the closed-loop system’s trajectory tracking error. However, a difference with

the classical MRAC law is that the user is now able to arbitrarily choose part of the feed-

back control law and meet additional design specifications. For instance, the authors of [86]

recently applied this approach to create an anti-windup system for the MRAC framework.

As a second step toward the proposed MRAC laws for prescribed performance, we in-

troduce a new MRAC framework that we named two-layer MRAC. Applying the two-layer

MRAC framework, the user introduces an auxiliary reference model in addition to the plant’s

reference model that characterizes the classical MRAC framework. This auxiliary reference

77



model is designed to converge to the closed-loop system’s trajectory tracking error obtained

by applying the classical MRAC framework before the transient dynamics of the plant’s

reference model has decayed, and the two-layer MRAC law steers the closed-loop system’s

trajectory tracking error to the auxiliary reference model at a rate of convergence that is

higher than the rate of convergence of the plant’s reference model. Thus, two-layer MRAC

guarantees convergence of the closed-loop plant’s trajectory to the plant’s reference model

before its transient dynamics has decayed.

Several approaches have been proposed to set explicitly the rate of convergence of the tra-

jectory tracking error. These approaches modify the reference model’s dynamics by adding

an error feedback term [98, 99, 100], use barrier Lyapunov functions [82, 83, 101], or involve

estimators of the plant’s nonlinearities [84, 102, 103, 104]. Adding an error feedback term

in the reference model’s dynamics alters the original reference model and deprives the users

of their prerogative of designing arbitrarily the reference model and the reference trajectory.

Using barrier Lyapunov functions to bound the trajectory tracking error, the norm of the

control input grows asymptotically as the trajectory tracking error approaches the boundary

of the constraint set. Finally, designing estimators of the plant nonlinearities may result in

a complex task for problems of practical interest. Two-layer MRAC allows to impose a user-

defined rate of convergence to the closed-loop plant’s trajectory without any constraints on

the adaptive rates, without modifying the user-defined reference model’s dynamics, without

employing barrier Lyapunov functions, and without using estimators of the plant’s nonlin-

earities. Worthy of mention are concurrent learning MRAC [90, 91, 92] and its extension

hybrid MRAC for unmatched uncertainties [105, 106]. By appending recorded data of output

and state estimate vectors to the baseline adaptive law, these techniques guarantee conver-

gence of the adaptive gains to their ideal values without requiring persistence of excitation of

the input functions, and guarantee faster convergence of the closed-loop system’s trajectory

tracking error than by applying classical MRAC [107]. However, neither concurrent learning

MRAC nor hybrid MRAC for unmatched uncertainties allow to set the closed-loop system’s
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rate of convergence explicitly. Furthermore, both approaches require the use of observers

that, as already discussed, are not needed by two-layer MRAC.

As a third step toward the proposed MRAC laws for prescribed performance, we present

an original MRAC law that allows to constrain both the trajectory tracking error and the

control input at all time. This result is achieved by employing barrier Lyapunov functions to

enforce constraints on both the closed-loop system’s trajectory tracking error and the control

input and hence, to guarantee that the constraints on the trajectory tracking error do not

necessarily imply larger control efforts. Also this MRAC law comprises a user-defined vector

function, which is eventually used to implement our original two-layer MRAC framework,

enforce a user-defined rate of convergence on the closed-loop plant’s trajectory, and achieve

the proposed MRAC laws for prescribed performance.

Existing results on the synthesis of MRAC laws that account explicitly for saturation con-

straints involve linear dynamical systems [108, 109, 110, 111, 112] or feedback-linearizable

plants [113, 114]. In some cases, such as [112], also the reference model is partly modified

to prevent saturation of the control input. Remarkably, the proposed MRAC laws for pre-

scribed performance allow to set arbitrarily large adaptive gains, do not require to modify the

reference model, and apply to nonlinear plants that are not necessarily feedback-linearizable.

More frequently, constraints on the control input are enforced implicitly by employing the

projection operator [115, 116] or barrier Lyapunov functions to bound the adaptive gains [83].

However, if the adaptive gains are bounded within user-defined constraint sets, then uniform

ultimate boundedness of the closed-loop system’s trajectory tracking error is guaranteed,

but not its asymptotic convergence [82].

Numerical examples show the applicability of our original results. Special emphasis is

given to comparing the performance of the proposed MRAC laws for prescribed performance

to the performance of classical prescribed performance control [87, 88]. Our simulations

highlight how both the proposed MRAC laws and classical prescribed performance control
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are able to impose a user-defined rate of convergence on the closed-loop plant’s trajectory

and a user-defined maximum overshoot on the closed-loop system’s trajectory tracking error.

However, despite the proposed MRAC laws, classical prescribed performance control does

not verify the user-defined saturation constraints.

4.2 Notation, definitions, and mathematical prelimi-

naries

In this section, we establish notation, definitions, and review some basic results. Through-

out this chapter, we use two types of mathematical statements, namely existential and uni-

versal statements. Existential statements are in the form: the condition C is verified for

some x ∈ X . Universal statements are in the form: the condition C holds for all x ∈ X ;

for universal statements, we generally omit the words “for all” and write: C holds, x ∈ X .

If the universal statements C1, . . . , Cn hold over the same set X , then we write: C1 holds,

x ∈ X , C2 holds, . . ., and Cn holds.

Let N denote the set of positive integers, Z denote the set of integers, R denote the set of

real numbers, C the set of complex numbers, Rn the set of n× 1 real column vectors, Rn×m

the set of n ×m real matrices, and Bε(x) the open ball centered at x ∈ Rn with radius ε.

The interior of the set E ⊂ Rn is denoted by E̊ and the boundary of E is denoted by ∂E .

The real part of z ∈ C is denoted by Re(z). The zero vector in Rn is denoted by 0n or 0, the

zero matrix in Rn×m is denoted by 0n×m or 0, and the identity matrix in Rn×n is denoted

by In or I. The block-diagonal matrix formed by Mi ∈ Rni×ni , i = 1, . . . , p, is denoted by

M = blockdiag (M1, . . . ,Mp). The transpose of B ∈ Rn×m is denoted by BT, the trace of

A ∈ Rn×n is denoted by tr(A), the eigenvalues of A with maximum and minimum real parts

are denoted by λmax(A) and λmin(A), respectively. We write ‖ · ‖ for the Euclidean vector

norm and the corresponding equi-induced matrix norm, and ‖ · ‖F for the Frobenius matrix
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norm [117, pp. 18-19].

Next, we recall the notion of rate of convergence [118] of asymptotically stable, linear,

time-invariant dynamical systems on Rn, whose equilibrium point is at the origin [117, Def.

2.47].

Definition 4.1. Let x : [t0,∞) → Rn denote the flow of a linear, time-invariant, uncon-

trolled, asymptotically stable dynamical system on Rn, whose equilibrium point is at the

origin. Then, the rate of convergence of x(·) is defined as

αmax(x(·)) , sup
x0∈Rn\{0}

lim inf
t→∞

log‖x(t)‖
t0 − t

. (4.1)

It follows from Definition 4.1 that the rate of convergence of a linear dynamical system

is the supremum over all α > 0 such that limt→∞ e
αt‖x(t)‖ = 0 [118, p. 55]. Consider the

linear, time-invariant, controlled dynamical system

ẋ(t) = Ax(t) +Bu(t), x(t0) = x0, t ≥ t0, (4.2)

where x(t) ∈ Rn, t ≥ t0, u(t) ∈ Rm is bounded, A ∈ Rn×n is Hurwitz, and B ∈ Rn×m.

The next result provides both the rate of convergence of (4.2) and an upper bound on the

solution of (4.2).

Proposition 4.2. Consider the linear, time-invariant, dynamical system (4.2). It holds that

αmax(x(·)) = −Re(λmax(A)) and

‖x(t)‖ ≤ γ1‖x0‖eξ(t)(t−t0) − γ1‖B‖
γ2Re(λmax(A))

sup
t∈[t0,∞)

‖u(t)‖, t ≥ t0, (4.3)

where ξ : [t0,∞)→ R, limt→∞ (ξ(t)− Re(λmax(A))) = 0+, γ1 ≥ 1, and γ2 ∈ (0, 1).

Proof: The solution of (4.2) is given by x(t) = eA(t−t0)x0 +
∫ t
t0
eA(t−τ)Bu(τ)dτ , t ≥ t0

[119, p. 33]. Thus, applying the triangle inequality and the Cauchy-Schwarz inequality, it
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holds that

‖x(t)‖ ≤ ‖eA(t−t0)‖‖x0‖+ ‖B‖ sup
t∈[t0,∞)

‖u(t)‖
∫ t

t0

∥∥eA(t−τ)
∥∥ dτ, t ≥ t0. (4.4)

Now, it follows from [120] that ‖eA(t−t0)‖ ≤ γ1e
ξ(t)(t−t0), t ≥ t0, where

lim
t→∞

(ξ(t)− Re(λmax(A))) = 0+, (4.5)

and hence, setting u(t) = 0, it follows from (4.1) that αmax(x(·)) = −Re(λmax(A)). Further-

more, since ‖In‖ = 1, it follows from Fact 11.18.8 of [121] that ‖eA(t−τ)‖ ≤ γ1e
γ2Re(λmax(A))(t−τ)

for all t ∈ [t0,∞) and for all τ ∈ [t0, t], where γ1 ≥ 1 and γ2 ∈ (0, 1). Thus, (4.3) follows

from (4.4) and the fact that

∫ t

t0

eγ2Re(λmax(A))(t−τ)dτ ≤
∫ ∞
t0

eγ2Re(λmax(A))(t−τ)dτ = − (γ2Re(λmax(A)))−1 , t ≥ t0.

�

4.3 Motivations for a novel model reference adaptive

control framework

In order to motivate this work, it is worthwhile to recall the classical formulation of

the MRAC architecture and highlight some of its critical aspects. Specifically, consider the

nonlinear plant’s dynamics

ẋ(t) = Ax(t) +BΛ
[
u(t) + ΘTΦ(t, x(t))

]
, x(t0) = x0, t ≥ t0, (4.6)

where x(t) ∈ D ⊆ Rn, t ≥ t0 ≥ 0, denotes the plant’s trajectory, 0 ∈ D, u(t) ∈ Rm denotes

the control input, A ∈ Rn×n is unknown, B ∈ Rn×m is known, Λ ∈ Rm×m is diagonal, positive-
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definite, and unknown, Θ ∈ RN×m is unknown, the regressor vector Φ : [t0,∞)×D → RN is

jointly continuous in its arguments, and Φ(t, ·) is locally Lipschitz continuous in x uniformly

in t on compact subsets of [t0,∞). We assume that the pair (A,BΛ) is controllable; in

problems of practical interest, where the entries of A and Λ are unknown, this hypothesis

can be verified since the structure of A is usually known [75, p. 281]. Both A and Λ capture

parametric uncertainties, and ΘTΦ(t, x), (t, x) ∈ [t0,∞)×D, captures matched uncertainties ;

the choice of the regressor vector Φ(·, ·) to parameterize uncertainties is usually based on

some prior knowledge of the plant dynamics [75, Ch. 9]. Without loss of generality, it is

possible to formulate the classical MRAC framework assuming that B in (4.6) is unknown

and Λ = Im. However, considering B as a known matrix and Λ as an unknown diagonal

matrix allows to capture faults and failures in each control channel separately.

Consider also the plant’s reference model

ẋref(t) = Arefxref(t) +Brefr(t), xref(t0) = xref,0, t ≥ t0, (4.7)

where xref(t) ∈ Rn, t ≥ t0, denotes the reference trajectory, the reference command input

r(t) ∈ Rm is continuous and bounded, Aref ∈ Rn×n is Hurwitz, and Bref ∈ Rn×m, and assume

there exist (Kx, Kr) ∈ Rn×m × Rm×m such that the matching conditions

Aref = A+BΛKT
x , (4.8)

Bref = BΛKT
r , (4.9)

are verified. Since Aref , B, and Bref are known and the structures of A and Λ are known, in

numerous problems of practical interest it is possible to prove the existence of Kx and Kr

that verify the matching conditions (4.8) and (4.9), respectively [75, p. 282]. To appreciate

the generality of the classical MRAC framework, it is worthwhile to recall that for all multi-

body mechanical systems affected by modeling uncertainties, there exist baseline controllers
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that exploit the plant’s passivity properties, reduce the plant’s equations of motion to the

same form as (4.6), and verify the matching conditions (4.8) and (4.9) [122, Ch. 8], [123].

It follows from (4.6)–(4.9) that

ė(t) = Arefe(t) +BΛ
[
u(t)−KT

x x(t)−KT
r r(t) + ΘTΦ(t, x(t))

]
, e(t0) = x0 − xref,0,

t ≥ t0, (4.10)

where e(t) , x(t) − xref(t) denotes the trajectory tracking error. Therefore, the matching

conditions imply that if A, Λ, and Θ were known and

u(t) = KT
x x(t) +KT

r r(t)−ΘTΦ(t, x(t)), t ≥ t0, (4.11)

then limt→∞ e(t) = 0 [75, pp. 281-282].

Consider the symmetric, positive-definite solution P ∈ Rn×n of the Lyapunov equation

0 = AT
refP + PAref +Q, (4.12)

where the zeroth-order term Q ∈ Rn×n is a user-defined symmetric, positive-definite matrix,

and consider the feedback control law

φ(π(t, x, r), K̂) = K̂Tπ(t, x, r), (t, x, r, K̂) ∈ [t0,∞)×D × Rm × R(n+m+N)×m, (4.13)

where the adaptive gain matrix K̂(·) verifies the adaptive law

˙̂
K(t) = −Γπ(t, x(t), r(t))eT(t)PB, K̂(t0) = K̂0, t ≥ t0, (4.14)

the user-defined adaptive rate matrices Γx ∈ Rn×n, Γr ∈ Rm×m, and ΓΘ ∈ RN×N are
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Figure 4.1: Schematic representation of the classical MRAC architecture to steer the state
x(·) of the nonlinear plant (4.6) toward the state xref(·) of the plant’s reference model (4.7).
Applying the control law (4.13) and the adaptive law (4.14), Theorem 4.3 guarantees uniform
boundedness of both the closed-loop plant’s trajectory error e(·) and the adaptive gain matrix
K̂(·). Moreover, Theorem 4.3 guarantees uniform asymptotic convergence of e(·) to zero.

symmetric and positive-definite, Γ , blockdiag (Γx,Γr,ΓΘ), and

π(t, x, r) ,
[
xT, rT,−ΦT(t, x)

]T
, (t, x, r) ∈ [t0,∞)×D × Rm, (4.15)

denotes the vector of feedback variables. If u(t) = φ(π(t, x(t), r(t)), K̂(t)), t ≥ t0, then it

follows from (4.6)–(4.9) that the closed-loop trajectory error dynamics is given by

ė(t) = Arefe(t) +BΛ∆KT(t)π(t), e(t0) = x0 − xref,0, t ≥ t0, (4.16)

where ∆K(t) , K̂(t)−K and K ,
[
KT
x , K

T
r ,Θ

T
]T

. The next result illustrates the classical

MRAC architecture.

Theorem 4.3 ([75, Th. 9.2]). Consider the plant’s dynamics (4.6), the plant’s reference

model (4.7), the feedback control law (4.13), and the adaptive law (4.14). If the matching

conditions (4.8) and (4.9) are verified, then both the trajectory tracking error e(·) and the

adaptive gain matrix K̂(·) are uniformly bounded, and e(t) → 0 as t → ∞ uniformly in

t0 ∈ [0,∞).

Theorem 4.3 proves that applying the feedback control law (4.13) and the adaptive law

(4.14), the closed-loop plant’s trajectory x(·) converges asymptotically to the reference trajec-

tory xref(·). Figure 4.1 provides a schematic representation of the MRAC control architecture

outlined by Theorem 4.3.
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In the following, we highlight two critical aspects of the classical MRAC framework.

Specifically, it follows from (4.16), (4.7), and Proposition 4.2 that αmax(e(·)) = −Re(λmax(Aref))

and αmax(xref(·)) = −Re(λmax(Aref)). However, it would be desirable to design an MRAC

law so that

αmax (e(·)) ≥ α, (4.17)

where α > −Re(λmin(Aref)) ≥ −Re(λmax(Aref)) is a user-defined parameter [75, pp. 389-390].

The two-layer MRAC proposed in this chapter allows to guarantee this design specification.

Classical MRAC is affected by an additional limitation. Specifically, it is common practice

to choose the adaptive rate matrix Γ in (4.14) so that Re(λmin(Γ)) is large and hence,

the adaptive gain K̂(·) responds rapidly to large values of the norm of the tracking error

‖e(·)‖. However, it follows from (4.13) that large values of ‖K̂(·)‖ may imply larger values

of the norm of ‖u(·)‖ and hence, the plant’s actuators may saturate in the presence of large

trajectory tracking errors. Moreover, it follows from (4.16) that larger values of ‖K̂(·)‖ may

produce larger values of ‖e(·)‖ and hence, the plant’s trajectory may exceed its operative

range. In this chapter, a novel MRAC framework is provided to constrain both the control

input and the trajectory tracking error at all time, while the adaptive rates are set arbitrarily

large.

4.4 A novel model reference adaptive control law

In this section, a variation of classical MRAC is presented, wherein the vector of feedback

variables is augmented by a vector function that can be designed to meet user-defined design

specifications, in addition to the uniform boundedness of the adaptive gains and the uniform

asymptotic convergence of the trajectory tracking error dynamics guaranteed by Theorem
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4.3. For the statement of the next theorem, consider the feedback control law

φ(π(t, x, r), g(t, x, e, r), K̂, K̂g) = K̂Tπ(t, x, r) + K̂T
g g(t, x, e, r),

(t, x, e, r, K̂, K̂g) ∈ [t0,∞)×D × Rn × Rm × R(n+m+N)×m × Rp×m,

(4.18)

where the vector of feedback variables π(·, ·, ·) is given by (4.15), g : [t0,∞)×D×Rn×Rm →

Rp is jointly continuous in its arguments, g(t, ·, ·, r) is locally Lipschitz continuous in (x, e)

uniformly in (t, r) on compact subsets of [t0,∞)×Rm, g(·, x, e, r) is bounded for all t ∈ [t0,∞),

K̂(·) verifies the adaptive law (4.14), K̂g(·) verifies the adaptive law

˙̂
Kg(t) = −Γgg(t, x(t), e(t), r(t))eT(t)PB, K̂g(t0) = K̂g,0, t ≥ t0, (4.19)

the user-defined adaptive rate matrix Γg ∈ Rp×p is symmetric and positive-definite, P denotes

the symmetric, positive-definite solution of (4.12), x(·) denotes the solution of (4.6) with

u(t) = φ(π(t, x(t), r(t)), g(t, x(t), e(t), r(t)), K̂(t), K̂g(t)), (4.20)

e(·) denotes the solution of

ė(t) = Arefe(t) +BΛ
[
∆KT(t)π(t, x(t), r(t)) + K̂T

g (t)g(t, x(t), e(t), r(t))
]
,

e(t0) = x0 − xref,0, t ≥ t0,

(4.21)

∆K(t) = K̂(t)−K, K =
[
KT
x , K

T
r ,Θ

T
]T

, and (Kx, Kr) ∈ Rn×m×Rm×m verify the matching

conditions (4.8) and (4.9).

Theorem 4.4. Consider the plant’s dynamics (4.6), the plant’s reference model (4.7), the

feedback control law (4.18), and the adaptive laws (4.14) and (4.19). If the matching con-
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ditions (4.8) and (4.9) are verified, then the trajectory tracking error e(·) and the adaptive

gain matrices K̂(·) and K̂g(·) are uniformly bounded and e(t) → 0 as t → ∞ uniformly in

t0 ∈ [0,∞).

Proof: Consider the Lyapunov function candidate

V (t, e, K̂, K̂g) , eTPe+ tr
(
∆KTΓ−1∆KΛ

)
+ tr

(
K̂T
g Γ−1

g K̂gΛ
)
,

(t, e, K̂, K̂g) ∈ [t0,∞)× Rn × R(n+m+N)×m × Rp×m, (4.22)

where P ∈ Rn×n denotes the symmetric, positive-definite solution of (4.12). It follows from

(4.12) and (4.21) that

V̇ (t, e, K̂, K̂g) = −eTQe+ 2tr
(

∆KTΓ−1 ˙̂
K(t)Λ

)
+ 2tr

(
∆KTπ(t, x(t), r(t))eTPBΛ

)
+ 2tr

(
K̂T
g g(t, x(t), e, r(t))eTPBΛ

)
+ 2tr

(
K̂T
g Γ−1

g
˙̂
Kg(t)Λ

)
, (4.23)

for all (t, e, K̂, K̂g) ∈ [t0,∞) × Rn × R(n+m+N)×m × Rp×m, and, applying the adaptive laws

(4.14) and (4.19), it holds that

V̇ (t, e, K̂, K̂g) = −eTQe, (4.24)

which is non-positive definite in (t, e, K̂, K̂g). Therefore, it follows from Corollary 4.1 of

[117] that the nonlinear time-varying dynamical system given by (4.21), (4.14), and (4.19)

is uniformly Lyapunov stable and hence, e(·), K̂(·), and K̂g(·) are uniformly bounded.

Next, we apply Barbalat’s lemma [117, Lemma 4.1] to prove uniform convergence of the

closed-loop trajectory tracking error e(·) to zero. To this goal, we must prove that

V̇ (t, e(t), K̂(t), K̂g(t)), t ≥ t0, is uniformly continuous, and a sufficient condition for the
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uniform continuity of V̇ (t, e(t), K̂(t), K̂g(t)) is that V̈ (t, e(t), K̂(t), K̂g(t)) is bounded for all

t ≥ t0 [117, p. 506]. To prove boundedness of the second time derivative of (4.22) along the

trajectories of (4.14), (4.19), and (4.21), we note that since Aref is Hurwitz and r(t), t ≥ t0,

is bounded, it follows from (4.7) that both xref(t) and ẋref(t) are bounded [117, p. 245].

Hence, x(t) = e(t) + xref(t), t ≥ t0, is bounded. Furthermore, since g(·, x, e, r) is bounded

by assumption for all t ∈ [t0,∞), it follows from (4.18) that u(·) given by (4.20) is bounded

and hence, it follows from (4.6) that ẋ(·) is bounded. Therefore, ė(t) = ẋ(t)− ẋref(t), t ≥ t0,

is bounded and V̈ (t, e(t), K̂(t), K̂g(t)) = −2eT(t)Qė(t) is bounded along the trajectories

of (4.14), (4.19), and (4.21). Consequently, V̇ (t, e(t), K̂(t), K̂g(t)), t ≥ t0, is uniformly

continuous. Hence, it follows from Barbalat’s lemma that V̇ (t, e(t), K̂(t), K̂g(t)) → 0 as

t→∞ and hence, it follows from (4.24) that e(t)→ 0 as t→∞, which concludes the proof.

�

Theorem 4.4 gives the user ample discretion in the control design process by means of

the vector function g(·, ·, ·, ·), which can be exploited to meet specifications that could not be

enforced directly on the feedback control law by classical MRAC. For instance, setting p = n

and g(t, x, e, r) = KP e, (t, x, e, r) ∈ [t0,∞)×D×Rn×Rm, whereKP ∈ Rn×n is symmetric and

positive-definite, introduces a term in (4.18) that is proportional to the trajectory tracking

error and hence, allows stronger corrective actions and smaller oscillations of the trajectory

tracking error; it follows from (4.14) that in classical MRAC, this effect can be achieved only

indirectly by increasing the adaptive rates’ norm. The framework proposed in [86], which

presents an anti-windup system for the plant (4.6) with Λ = I and Θ = 0, can be deduced

from Theorem 4.4 by setting g(t, x, e, r) = sat(K̂T(t)π(t, x(t), r(t))) − K̂T(t)π(t, x(t), r(t)),

(t, x, e, r) ∈ [t0,∞)×D×Rn×Rm, where sat(·) denotes the saturation function [124, p. 19],

and relaxing the continuity conditions on g(·, ·, ·, ·).

The continuity conditions on g(·, ·, ·, ·) are sufficient to guarantee the existence of a unique

solution of the dynamical system (4.21), (4.14), and (4.19) [124, Th. 3.1], and the bounded-

ness of g(·, x, e, r) for all t ∈ [t0,∞) is needed to guarantee that the solution x(·) of (4.6) with
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control input (4.20) does not diverge in time. Comparing the proposed control law (4.18)

with the classical MRAC law (4.13), it is apparent that the proposed framework involves

an additional set of p×m ordinary differential equations, namely (4.19). If g(t, x, e, r) = 0,

(t, x, e, r) ∈ [t0,∞)×D × Rn × Rm, then Theorem 4.4 specializes to Theorem 4.3.

4.5 Two-layer model reference adaptive control

4.5.1 Theoretical formulation

In this section, we present a novel adaptive control framework, which we name two-layer

MRAC. According to this framework, the user introduces an auxiliary reference model in

addition to the plant’s reference model (4.7). If this auxiliary reference model is designed

to converge to the closed-loop system’s trajectory tracking error obtained by applying the

classical MRAC framework before the transient dynamics of the plant’s reference model has

decayed, then the two-layer MRAC law steers the closed-loop system’s trajectory tracking

error to the auxiliary reference model at a rate of convergence that is higher than the rate

of convergence of the plant’s reference model. Thus, two-layer MRAC addresses one of

the drawbacks of MRAC highlighted in Section 4.3, namely imposing arbitrary rates of

convergence on the trajectory tracking error, while setting arbitrarily large adaptive rates

and choosing the plant’s reference model arbitrarily.

Consider the plant (4.6), the plant’s reference model (4.7), the vector of feedback variables

π(·, ·, ·) given by (4.15), and the reference model for the trajectory tracking error’s transient

dynamics

ėref,transient(t) = Atraneref,transient(t), eref,transient(t0) = x0 − xref,0, t ≥ t0, (4.25)
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where Atran ∈ Rn×n is Hurwitz. Consider also the auxiliary reference model

ε̇(t) = Atranε(t) +BΛ∆KT(t)π(t, x(t), r(t)) +BΛ∆KT
g (t)e(t), ε(t0) = 0, t ≥ t0,

(4.26)

where ∆K(t) , K̂(t) − K, ∆Kg(t) , K̂g(t) − Ke, K =
[
KT
x , K

T
r ,Θ

T
]T

, (Kx, Kr, Ke) ∈

Rn×m × Rm×m × Rn×m verify the matching conditions (4.8), (4.9), and

Atran = Aref +BΛKT
e , (4.27)

K̂ : [t0,∞)→ R(n+m+N)×m and K̂g : [t0,∞)→ Rn×m are such that

˙̂
K(t) = −Γπ(t, x(t), r(t))εT(t)PtransientB, K̂(t0) = K̂0, t ≥ t0, (4.28)

˙̂
Kg(t) = −Γge(t)ε

T(t)PtransientB, K̂g(t0) = K̂g,0, (4.29)

Γ ∈ R(n+m+N)×(n+m+N) and Γg ∈ Rn×n are symmetric and positive-definite, Ptransient ∈ Rn×n

is the symmetric, positive-definite solution of the algebraic Lyapunov equation

0 = AT
tranPtransient + PtransientAtran +Qtransient, (4.30)

and Qtransient ∈ Rn×n is symmetric and positive-definite. If the matching conditions (4.8),

(4.9), and (4.27) are verified, then the trajectory tracking error e(·) can be computed equiv-

alently either as e(t) = eref,transient(t) + ε(t), t ≥ t0, where eref,transient(·) verifies (4.25)

and ε(·) verifies (4.26), or as the solution of (4.21) with p = n and g(t, x, e, r) = e,

(t, x, e, r) ∈ [t0,∞)×D×Rn ×Rm. The next result, which introduces the two-layer MRAC

framework, leverages this equivalence and the analysis of the solution of (4.26) to prove

uniform asymptotic convergence of e(·) to zero.

Lemma 4.5. Consider the reference model for the trajectory tracking error’s transient dy-
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namics (4.25), the auxiliary reference model (4.26), and the adaptive laws (4.28) and (4.29).

If the matching conditions (4.8), (4.9), and (4.27) are verified, then both the tracking er-

rors ε(·) and e(·) and the adaptive gain matrices K̂(·) and K̂g(·) are uniformly bounded.

Moreover, ε(t)→ 0 and e(t)→ 0 as t→∞ uniformly in t0 ∈ [0,∞).

Proof: Consider the Lyapunov function candidate

V (t, ε, K̂, K̂g) = εTPtransientε+ tr
(

∆̃K
T

Γ̃−1∆̃KΛ
)
,

(t, ε, K̂, K̂g) ∈ [t0,∞)× Rn × R(n+m+N)×m × Rn×m,

(4.31)

where ∆̃K(t) , [∆K(t),∆Kg(t)] and Γ̃ , blockdiag(Γ,Γg). Analyzing the time derivative

of (4.31) along the trajectories of (4.26), (4.28), and (4.29) and by reasoning as in the proof

of Theorem 4.4, it is possible to prove that ε(·), K̂(·), and K̂g(·) are uniformly bounded,

and ε(t) → 0 as t → ∞ uniformly in t0 ∈ [0,∞). Moreover, it follows from the triangle

inequality [117, Def. 2.6] that

‖ε(t)‖ ≥ |‖e(t)‖ − ‖eref,transient(t)‖| , t ≥ t0, (4.32)

and, since eref,transient(·) is uniformly bounded and eref,transient(t) → 0 as t → ∞, e(·) is

uniformly bounded and e(t)→ 0 as t→∞ uniformly in t0 ∈ [0,∞). �

If p = n and g(t, x, e, r) = e, (t, x, e, r) ∈ [t0,∞)×D×Rn×Rm, then both Theorem 4.4 and

Lemma 4.5 prove the uniform asymptotic convergence of e(·) to zero. However, the adaptive

laws (4.14) and (4.19) used in Theorem 4.4 are different than the adaptive laws (4.28) and

(4.29) used in Lemma 4.5. Furthermore, Theorem 4.4 proves the asymptotic convergence

of e(·) to zero by analyzing the time derivative of a Lyapunov function candidate along the

vector field of the closed-loop system’s trajectory tracking error, whereas Lemma 4.5 proves

the asymptotic convergence of e(·) to zero by analyzing the asymptotic convergence of ε(·)
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to zero, that is, the asymptotic convergence of e(·) to eref,transient(·), which, in turn, converges

to the origin. For having deduced the asymptotic convergence of e(·) to zero indirectly from

the analysis of the convergence of ε(·) to zero, and for having introduced the reference model

for the trajectory tracking error’s transient dynamics (4.25), the auxiliary reference model

(4.26), and the matching condition (4.27), the framework presented in Lemma 4.5 has been

named two-layer MRAC.

The next result shows how Lemma 4.5 can be applied to set the rate of convergence of

the closed-loop system’s trajectory tracking error and guarantee that the trajectory tracking

error’s transient dynamics is faster than the transient dynamics of the plant’s reference

model.

Lemma 4.6. Consider the auxiliary reference model (4.26), the reference model for the

trajectory tracking error’s transient dynamics (4.25), and the adaptive laws (4.28) and (4.29).

If (4.8), (4.9), and (4.27) are verified and Re(λmax(Atran)) < Re(λmin(Aref)), then (4.17) is

verified with α > −Re(λmax(Aref)).

Proof: Since e(t) = ε(t) + eref,tran(t), t ≥ t0, it follows from (4.25), (4.26), the fact that

log(a+ b) = log a+ log (1 + ba−1), a, b > 0, and Proposition 4.2 that

log (‖e(t)‖)

≤ log (γ1‖x0 − xref,0‖) + ξ(t)(t− t0)

+ log

(
1− γ1‖BΛ‖

γ2Re(λmax(Atran))
sup

τ∈[t0,∞)

∥∥∆KT(τ)π(τ, x(τ), r(τ)) + ∆KT
g (τ) (ε(τ) + eref,tran(τ))

∥∥
·
[
eξ(t)(t−t0)γ1‖x0 − xref,0‖

]−1

)
, t ≥ t0, (4.33)

where γ1 ≥ 1 and γ2 ∈ (0, 1). Now, it follows from Lemma 4.5 that ε(·), K̂(·), and

K̂g(·) are uniformly bounded and, since the reference signal r(·) is uniformly bounded,

both the closed-loop plant’s trajectory x(·) and the reference trajectory xref(·) are uni-
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Figure 4.2: Schematic representation of the MRAC architecture outlined in Theorem 4.7.
Applying the control law (4.34) and the adaptive laws (4.28) and (4.29), Theorem 4.7 guar-
antees uniform boundedness of both the closed-loop system’s trajectory error e(·) and the
adaptive gain matrices K̂(·) and K̂g(·). Moreover, Theorem 4.7 guarantees uniform asymp-
totic convergence of e(·) to zero. Lastly, Theorem 4.7 guarantees that x(·) reaches xref(·)
before the transient dynamics of the plant’s reference model (4.7) has decayed.

formly bounded, and π(·, x(·), r(·)) is uniformly bounded. Furthermore, it follows from

Lemma 4.5 that e(t), t ≥ t0, is uniformly bounded and e(t) → 0 as t → ∞ uniformly in

t0 ∈ [0,∞). Therefore, since limt→∞
log
(
1− keλ(t−t0)

)
t0 − t

= 0 for all k > 0 and λ < 0, and

limt→∞ ξ(t) = Re(λmax(Atran)), it follows from (4.33) and Definition 4.1 that αmax(e(·)) ≥

−Re(λmax(Atran)) > −Re(λmin(Aref)) ≥ −Re(λmax(Aref)) > 0, and the result is proven. �

Lemma 4.6 shows that if Re(λmax(Atran)) < Re(λmin(Aref)), then the two-layer MRAC

framework introduced by Lemma 4.5 allows to impose the user-defined rate of convergence on

the trajectory tracking error e(·) that is faster than the rate of convergence of the reference

trajectory xref(·). These two results are synthesized by the next theorem, which is the main

result of this section. For the statement of this result, it is worthwhile to explicitly present

the control law

φ(π(t, x, r), e, K̂, K̂g) = K̂Tπ(t, x, r) + K̂T
g e,

(t, x, e, r, K̂, K̂g) ∈ [t0,∞)×D × Rn × Rm × R(n+m+N)×m × Rn×m,

(4.34)

that is deduced from (4.18) with p = n and g(t, x, e, r) = e, (t, x, e, r) ∈ [t0,∞)×D×Rn×Rm.

Theorem 4.7. Consider the plant’s dynamics (4.6), the plant’s reference model (4.7), the
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reference model for the trajectory tracking error’s transient dynamics (4.25), the feedback

control law (4.34), and the adaptive laws (4.28) and (4.29). If the matching conditions

(4.8), (4.9), and (4.27) are verified and Re(λmax(Atran)) < Re(λmin(Aref)), then the trajectory

tracking error e(·) and the adaptive gain matrices K̂(·) and K̂g(·) are uniformly bounded,

e(t)→ 0 as t→∞ uniformly in t0 ∈ [0,∞), and (4.17) is verified with α > −Re(λmin(Aref)).

Figure 4.2 provides a schematic representation of the control architecture outlined by

Theorem 4.7. In addition to uniform boundedness of the closed-loop system’s trajectory

tracking error and of the adaptive gains and uniform asymptotic convergence of the trajec-

tory tracking error, which are already guaranteed by the classical MRAC architecture, the

control architecture provided by Theorem 4.7 also allows to enforce the user-defined rate of

convergence, while setting the adaptive rates arbitrarily high. Remarkably, this result has

been achieved without any constraints on the adaptive rates, without modifying the user-

defined reference model’s dynamics, without employing barrier Lyapunov functions, and

without using estimators of the plant’s nonlinearities, as required by alternative frameworks

such as [82, 83, 84, 91, 92, 98, 99, 100, 101, 102, 103, 105, 106] to name a few.

4.5.2 Illustrative numerical example

In this section, we provide a numerical example to illustrate the applicability of Theorem

4.7. The roll dynamics of an unmanned aerial vehicle is captured by [125, pp. 59-64]

ϕ̇(t)

ρ̇(t)

 =

 0 1

θ1 θ2


ϕ(t)

ρ(t)

+

 0

θ6


u(t) +


θ3

θ4

θ5


T 
|ϕ(t)|ρ(t)

|ρ(t)|ρ(t)

ϕ3(t)


 ,

[ϕ(0), ρ(0)]T = [ϕ0, ρ0]T, t ≥ 0, (4.35)
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Figure 4.3: Closed-loop plant’s trajectory obtained applying the control law (4.18) with
p = n and g(t, x, e, r) = e, (t, x, e, r) ∈ [t0,∞)×D ×Rn ×Rm, and the adaptive laws (4.28)
and (4.29), and closed-loop plant’s trajectory obtained applying the classical MRAC law
(4.13) with adaptive law (4.14). By applying Theorem 4.7 and setting Re(λmax(Atran)) =
σRe(λmin(Aref)) with σ = 2, the closed-loop plant’s trajectory reaches the reference trajectory
before the closed-loop plant’s trajectory obtained applying Theorem 4.3.

where ϕ(t) ∈ R, t ≥ 0, denotes the roll angle, ρ(t) ∈ R denotes the roll rate, u(t) ∈ R

denotes the moment needed to deflect the aileron, θ1, . . . , θ5 ∈ R, and θ6 > 0. In particular,

both θ1 and θ2 capture the effect of the aerodynamic moments acting on the vehicle, and

[θ3, θ4, θ5][|ϕ|ρ, |ρ|ρ, ϕ3]T captures undesired aerodynamic moments induced by the aileron

deflection; we consider θ1, . . . , θ6 as unknown. The nonlinear plant (4.35) is in the same form

as (4.6) with n = 2, m = 1, N = 3, D = Rn, x = [ϕ, ρ]T, A =

 0 1

θ1 θ2

, B = [0, 1]T, Λ = θ6,

Θ = [θ3, θ4, θ5]T, Φ(t, x) = [|ϕ|ρ, |ρ|ρ, ϕ3]T, x0 = [ϕ0, ρ0]T, and t0 = 0.

Our goal is to design an MRAC law so that the closed-loop trajectory x(·) eventually

tracks the trajectory xref(·) of the plant’s reference model (4.7) with reference command

input

r(t) = 0.2

(
t

2π
−
⌊
t

2π

⌋)
, t ≥ 0, (4.36)
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Figure 4.4: Norm of the trajectory tracking error obtained by applying the proposed two-
layer MRAC framework, and norm of the trajectory tracking error obtained by applying the
classical MRAC framework.

capturing a sawtooth function, where btc , max {m ∈ Z : m ≤ t} denotes the floor function.

Furthermore, we want to guarantee that the trajectory tracking error’s transient dynamics is

faster than the transient dynamics of the plant’s reference model. These design specifications

can be met by applying Theorem 4.7.

LetAref =

 0 1

−k1 −k2

Bref =

 0

k3

, andAtran =

 0 1

− [σRe (λmin(Aref))]
2 2σRe (λmin(Aref))

,

where k1, k2, k3 > 0 and σ > 1. The matrix Aref is Hurwitz, the pair (Aref , Bref) is control-

lable, the matching conditions (4.8), (4.9), and (4.27) are verified by Kx =
[
θ1−k1
θ6

, θ2−k2
θ6

]T

,

Kr =
k3

θ6

, and Ke = θ−1
6 [k1 + k3, k2 + k4]T, and Re(λmax(Atran)) = σRe(λmin(Aref)) < 0.

Therefore, the hypotheses of Theorem 4.7 are verified.

Let θ1 = −0.018, θ2 = 0.015, θ3 = −0.062, θ4 = 0.009, θ5 = 0.021, θ6 = 0.75, k1 = 1.0002,

k2 = 1.7218, k3 = 5, x0 = 0, xref,0 = [0.6, 0]T, Γ = 5 · 105I6, Γg = 5 · 105I2, Q = I2, and

Qtransient = Q. Figure 4.3 shows the solution x(t), t ∈ [0, 3π] s, of (4.35) obtained applying
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Figure 4.5: Control inputs obtained by applying Theorem 4.7 with Re(λmax(Atran)) =
σRe(λmin(Aref)) and σ ∈ {2, 5, 10}, and Theorem 4.3. Larger values of σ imply larger control
inputs.

the feedback control law (4.34) and the adaptive laws (4.28) and (4.29) with σ = 2, the

solution x(t) of (4.35) obtained applying the control law (4.13) and the classical adaptive law

(4.14), and the solution xref(t) of (4.7). Figure 4.4 shows the norm of the trajectory tracking

error applying the proposed two-layer model referenced adaptive control framework with

σ ∈ {2, 5, 10} and the norm of the trajectory tracking error applying the classical MRAC

framework. It is apparent that applying the proposed approach, the trajectory tracking

error converges to zero faster than applying the classical MRAC framework. Moreover,

larger values of σ guarantee faster convergence of the trajectory tracking error to zero, but

also imply larger overshoots. Lastly, Figure 4.5 shows the control inputs obtained applying

the proposed model referenced adaptive control law with σ ∈ {2, 5, 10} and applying the

classical MRAC framework. Larger values of σ imply larger control inputs and, applying the

proposed adaptive control framework with σ < 7.8095, the absolute value of the maximum

control input required by the proposed framework is smaller than the absolute value of the

maximum control input required by the classical MRAC framework.
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4.6 Model reference adaptive control laws in the pres-

ence of constraints

4.6.1 Theoretical formulation

In this section, we design MRAC laws for prescribed performance. These adaptive

laws guarantee both uniform asymptotic convergence of the closed-loop system’s trajectory

tracking error and uniform boundedness of the trajectory tracking error and of the adaptive

rates, exploit barrier Lyapunov functions to enforce user-defined constraints on both the

closed-loop system’s trajectory tracking error and control input, and leverage the proposed

two-layer MRAC framework to impose a user-defined rate of convergence on the trajectory

tracking error. To present these MRAC laws, consider the plant (4.6) with Λ = Im, the

plant’s reference model (4.7), and the constraint sets

E ,
{
e ∈ Rn : he(e

TMe) ≥ 0
}
, (4.37)

U , {u ∈ Rm : hu(u) ≥ 0}, (4.38)

where M ∈ Rn×n is a symmetric and positive-definite solution of the inequality

AT
refM +MAref ≤ 0, (4.39)

he : R → R, hu : Rm → R, he(0) > 0, hu(0) > 0, he(·) is continuously differentiable for all

e ∈ E , and hu(·) is continuously differentiable, bounded on compact subsets of Rm, and such

that ∂hu(u)
∂u

is bounded over compact subsets of Rm. For example, if

he(e
TMe) = ηe − eTe, e ∈ Rn, (4.40)

hu(u) = ηu − uTu, u ∈ Rm, (4.41)
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where ηe, ηu > 0, then (4.37) captures a closed ball of radius ηe and (4.38) captures saturation

constraints on the control input.

Assuming that Λ = Im in (4.6) is without loss of generality. Indeed, let φ(t), t ≥ t0, de-

note, for brevity, the feedback control law (4.18) along the trajectories of the closed-loop sys-

tem, that is, φ(π(t, x(t), r(t)), g(t, x(t), e(t), r(t)), K̂(t), K̂g(t)). Then, BΛ
[
φ(t) + ΘTΦ(t, x(t))

]
=

B
[
φ(t) + Θ̃TΦ̃(t, x(t))

]
, (t, x) ∈ [t0,∞) × D, where Θ̃T ,

[
ΘT, (Im − Λ)

]
and Φ̃(t, x) ,[

ΦT(t, x), φT(t)
]T

. Therefore, assuming that Λ = Im in (4.6) and capturing the plant’s

parametric and matched uncertainties by Θ̃TΦ̃(t, x), (t, x) ∈ [t0,∞) × D, is equivalent to

capturing the plant dynamics by means of (4.6). This equivalence, however, is proven by

augmenting the regressor vector and hence, yields at the expense of a larger number of

adaptive laws to integrate and a higher computational cost.

For the statement of the results of this section, define h′e : R→ R such that

h′e(e
TMe) ,

∂he(β)

∂β

∣∣∣∣
β=eTMe

, e ∈ Rn, (4.42)

let

Ve(e) , h−1
e (eTMe)eTPe, e ∈ E̊ , (4.43)

Vg(t, K̂g) , h−1
u (φ(t)) tr

1
2

(
K̂T
g Γ−1

g K̂g

)
, (t, K̂g) ∈ [t0,∞)× Rp×m, (4.44)

and consider the adaptive laws

˙̂
K(t) = −Γ

π(t, x(t), r(t))

he(eT(t)Me(t))
eT(t)

[
P − Ve(e(t))h′e(eT(t)Me(t))M

]
B, K̂(t0) = K̂0, t ≥ t0,

(4.45)

˙̂
Kg(t) = −2h2

u(φ(t))Vg(t, K̂g(t))

he(eT(t)Me(t))
Γgg(t, x(t), e(t), r(t))eT(t)

[
P − Ve(e(t))h′e(eT(t)Me(t))M

]
B

+
γT(t)hdu(t) + χ

hu(φ(t))
K̂g(t), K̂g(t0) = K̂g,0, (4.46)
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where π(·, ·, ·) is given by (4.15), e(t) ∈ E̊ denotes the solution of (4.21), g : [t0,∞) × D ×

E×Rm → Rp is jointly continuous in its arguments, g(t, ·, ·, r) is locally Lipschitz continuous

in (x, e) uniformly in (t, r) on compact subsets of [t0,∞) × Rm, g(·, x, e, r) is bounded for

all t ∈ [t0,∞), both Γ ∈ Rn×n and Γg ∈ Rp×p are symmetric and positive-definite, φ(t) ∈ Ů ,

K̂g(t0) 6= 0, γ(·), hdu(·), and χ are such that

ḣu(φ(t)) = γT(t)hdu(t) + β(t), (4.47)

γ : [t0,∞)→ RNf is known, hdu : [t0,∞)→ RNf , β(t) ∈ [−βmax, βmax] is unknown, βmax ≥ 0,

γT(t)hdu(t) is continuous over [t0,∞), and χ < −βmax. Given the user-defined parameter

Nf ∈ N, the term γT(t)hdu(t), t ≥ t0, in (4.47) approximates the time derivative of hu(φ(t))

and can be computed, for instance, using differentiators [126, pp. 235-236]. Several filters,

such as the finite impulse response filter [127, Ch. 7] or the fixed-point smoother [128, Ch.

5], can be employed to design differentiators, which guarantee that the approximation error

β(·) in (4.47) is bounded.

Lastly, to state the results of this section, the following two assumptions are made. To

formulate these assumptions, recall that the null-controllable region of (4.10) associated to

the constraint set U is the set NU ⊆ Rn such that if e(t0) ∈ NU , then there exist both T > t0

and u : [t0, T ]→ Rm such that u(t) ∈ U , t ∈ [t0, T ], and e(T ) = 0 [129]. Furthermore, recall

that if Kx, Kr, and Θ were known, then the control input given by (4.11) would guarantee

asymptotic convergence of the closed-loop trajectory tracking error.

Assumption 4.6.1. Consider the open-loop trajectory tracking error dynamics (4.10) and

the constraint sets E and U given by (4.37) and (4.38), respectively. It holds that E ⊆ NU .

Assumption 4.6.2. The control input u(·) given by (4.11) is such that u(t) ∈ Ů , t ≥ t0,

and the corresponding trajectory tracking error e(·), which verifies (4.16) with ∆K(t) = 0,

t ≥ t0, is such that e(t) ∈ E̊ .
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The next theorem proves that the MRAC law (4.18) and the adaptive laws (4.45) and

(4.46) enforce the user-defined constraints on both the closed-loop system’s trajectory track-

ing error and the control input given by (4.37) and (4.38), respectively, and guarantee uniform

asymptotic convergence of the closed-loop system’s trajectory tracking error.

Theorem 4.8. Consider the plant’s dynamics (4.6) with Λ = Im, the plant’s reference model

(4.7), the constraint sets (4.37) and (4.38), the feedback control law (4.18), and the adaptive

laws (4.45) and (4.46). If (e(t0), φ(t0)) ∈ E̊ × Ů , h′e(e
TMe) ≤ 0, e ∈ E̊, Assumptions 4.6.1

and 4.6.2 are verified, and the matching conditions (4.8) and (4.9) are verified, then both the

trajectory tracking error e(·) and the adaptive gain matrices K̂(·) and K̂g(·) are uniformly

bounded, (e(t), φ(t)) ∈ E̊ × Ů , t ≥ t0, and e(t)→ 0 as t→∞ uniformly in t0 ∈ [0,∞).

Proof of Theorem 4.8: The proof of this result is divided in two parts. Firstly, we assume

that (e(t), φ(t)) ∈ E̊ × Ů , t ≥ t0, and proceed as in the proof of Theorem 4.4 to prove

both the boundedness of e(·), K̂(·), and K̂g(·), and the asymptotic convergence of e(·) to

zero. Then, we use a contradiction argument to prove that if (e(t0), φ(t0)) ∈ E̊ × Ů , then

(e(t), φ(t)) ∈ E̊ × Ů , t ≥ t0.

Let Q be symmetric, positive-definite, and such that Q ≥ ζIn, where ζ > 0. Define also

Q1(e) , Ve(e)h
′
e(e

TMe)
(
AT

refM +MAref

)
, e ∈ E̊ , (4.48)

Q̃(e) , Q+Q1(e), (4.49)

where Ve(·) is given by (4.43). It follows from (4.39) that AT
refM + MAref is symmetric

and nonpositive-definite and hence, since h′e(e
TMe) ≤ 0, e ∈ E̊ , Q1(·) is symmetric and

nonnegative-definite. Therefore, Q̃(·) is symmetric, Q̃(e) ≥ ζIn, e ∈ E̊ , and it follows from

(4.48), (4.49), and (4.12) that

−Q̃(e) = AT
ref

[
P − Ve(e)h′e(eTMe)M

]
+
[
P − Ve(e)h′e(eTMe)M

]
Aref , e ∈ E̊ . (4.50)
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Next, assume that (e(t), φ(t)) ∈ E̊×Ů , t ≥ t0, and consider the barrier Lyapunov function

candidate

V (t, e, K̂, K̂g) = Ve(e) + tr
(
∆KTΓ−1∆K

)
+ Vg(t, K̂g), (4.51)

for all (t, e, K̂, K̂g) ∈ [t0,∞) × E̊ × R(n+m+N)×m × Rp×m. Since zT
1 z2 = tr(z2z

T
1 ) for all

z1, z2 ∈ Rn, it follows from (4.12), (4.21), (4.50), (4.47), (4.45), and (4.46) that

V̇ (t, e, K̂, K̂g) = −h−1
e (eTQe)eTQ̃(e)e

+ 2h−1
e (eTMe)tr

(
∆KTπ(t, x(t), r(t))eT[P − Ve(e)h′e(eTMe)M ]B

)
+ 2tr

(
∆KTΓ−1 ˙̂

K(t)
)

+ 2h−1
e (eTMe)tr

(
K̂T
g (t)g(t, x(t), e, r(t))eT[P − Ve(e)h′e(eTMe)M ]B

)
− h−2

u (φ(t))
[
γT(t)hdu(t) + β(t)

]
tr

1
2

(
K̂T
g Γ−1

g K̂g

)
+ h−1

u (φ(t))tr−
1
2

(
K̂T
g Γ−1

g K̂g

)
tr
(
K̂T
g Γ−1

g
˙̂
Kg(t)

)
= −h−1

e (eTQe)eTQ̃(e)e+
χ− β(t)

h2
u(φ(t))

tr
1
2

(
K̂T
g Γ−1

g K̂g

)
,

(t, e, K̂, K̂g) ∈ [t0,∞)× E̊ × R(n+m+N)×m × Rp×m.

(4.52)

Therefore, V̇ (·, ·, ·, ·) is non-positive definite and, by proceeding as in the proof of Theorem

4.4, we verify that if (e(t), φ(t)) ∈ E̊ × Ů , t ≥ t0, then e(·), K̂(·), and K̂g(·) are uniformly

bounded, and e(t)→ 0 as t→∞ uniformly in t0 ∈ [0,∞).

Next, we prove that if e(t0) ∈ E̊ and u(t) ∈ Ů , t ≥ t0, with u(·) given by (4.20), then

e(t) ∈ E̊ . To this goal, assume ad absurdum that there exists a finite-time T1 > t0 such

that he(e
T(T1)Me(T1)) = 0, that is, such that e(T1) ∈ ∂E . Since 0 ∈ E̊ and P is symmetric

and positive-definite, it holds that limt→T−1
eT(t)Pe(t) = eT(T1)Pe(T1) > 0. Therefore, it

follows from (4.43) that Ve(e(t))→∞ as t→ T−1 and, since V (·, ·, ·, ·) is the sum of positive-
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definite terms, V (t, e(t), K̂(t), K̂g(t))→∞ as t→ T−1 . However, it follows from (4.52) that

V (t, e(t), K̂x(t), K̂g(t)), t ≥ t0, is uniformly bounded along the trajectories of (4.21), (4.45),

and (4.46), which is a contradiction. Thus, e(t) ∈ E̊ , t ≥ t0.

Next, we prove that if φ(t0) ∈ Ů and e(t) ∈ E̊ , t ≥ t0, then φ(t) ∈ Ů . To this goal,

assume ad absurdum that there exists a finite-time T2 > t0 such that hu(φ(T2)) = 0,

that is, such that φ(T2) ∈ ∂U . Now, two alternative cases must be considered, namely

tr
(
K̂T
g (T2)Γ−1

g K̂g(T2)
)
6= 0 and tr

(
K̂T
g (T2)Γ−1

g K̂g(T2)
)

= 0. If limt→T−2
hu(φ(t)) = 0 and

limt→T−2
tr
(
K̂T
g (t)Γ−1

g K̂g(t)
)
6= 0, then it follows from (4.44) that Vg(t, K̂g(t)) → ∞ as

t → T−2 , which implies that V (t, e(t), K̂(t), K̂g(t)) → ∞ as t → T−2 . However, this con-

clusion contradicts the uniform boundedness of V (t, e(t), K̂(t), K̂g(t)), t ≥ t0, and hence

φ(t) ∈ Ů . Alternatively, if hu(φ(T2)) = 0 and tr
(
K̂T
g (T2)Γ−1

g K̂g(T2)
)

= 0, then it follows

from l’Hôpital’s rule that

lim
t→T−2

Vg(t, K̂g(t)) = lim
t→T−2

d
dt

tr
1
2

(
K̂T
g (t)Γ−1

g K̂g(t)
)

ḣu(φ(t))
, (4.53)

and it follows from (4.46) that

lim
t→T−2

d

dt
tr

1
2

(
K̂T
g (t)Γ−1

g K̂g(t)
)

= lim
t→T−2

[ (
γT(t)hdu(t) + χ

)
Vg(t, K̂g(t))

]
, (4.54)

lim
t→T−2

ḣu(φ(t)) = ω(T2) + lim
t→T−2

[
γT(t)hdu(t) + χ

hu(φ(t))

·∂hu(φ(t))

∂u
K̂T
g (t)g(t, x(t), e(t), r(t))

]
,

(4.55)

where ω(t) , ∂hu(φ(t))
∂u

(
˙̂
KT(t)π(t, x(t), r(t)) + K̂T(t)π̇(t, x(t), r(t))

)
, t ≥ t0. Now, two in-

stances must be considered, namely ω(T2) 6= γT(T2)hdu(T2)+χ and ω(T2) = γT(T2)hdu(T2)+

χ. Assume that ω(T2) 6= γT(T2)hdu(T2) + χ. In this case, since γT(t)hdu(t) is continuous

over t ∈ [t0, T2], it follows from the Weierstrass’ theorem [117, Th. 2.11] that γT(t)hdu(t)
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is bounded over [t0, T2]. Thus, it follows from (4.53)–(4.55) that limt→T−2
V −1
g (t, K̂g(t)) =[

1− ω(T2)
γT(T2)hdu(T2)+χ

]−1

limt→T−2
∂hu(φ(t))

∂u
sign(K̂T

g (t))g(t, x(t), e(t), r(t)) = 0, where the signum

function of K̂g is defined so that if K̂g 6= 0, then sign(K̂g) = K̂g‖K̂g‖−1

F,Γ−1
g

, and if K̂g = 0,

then sign(K̂g) = 0, and ‖K̂g‖F,Γ−1
g
, tr

1
2 (K̂T

g Γ−1
g K̂g) denotes the weighted Frobenius norm

of K̂g. Therefore, if ω(T2) 6= γT(T2)hdu(T2) + χ, then limt→T−2
Vg(t, K̂g(t)) =∞, which con-

tradicts the uniform boundedness of V (t, e(t), K̂x(t), K̂g(t)), t ≥ t0, along the trajectories of

(4.21), (4.45), and (4.46). Alternatively, if ω(T2) = γT(T2)hdu(T2) + χ, then it follows from

(4.53) and (4.54) that limt→T−2
ḣu(φ(t)) = limt→T−2

γT(t)hdu(t) + χ. However, in this case, it

follows from (4.47) that limt→T−2
β(t) = χ, which contradicts the assumption that χ is such

that χ < −βmax. Therefore, φ(t) ∈ Ů , t ≥ t0.

Using similar arguments, the proof is completed by showing that if (e(t0), φ(t0)) ∈ E̊ × Ů

and Assumptions 4.6.1 and 4.6.2 hold, then (e(t), φ(t)) ∈ E̊ × Ů , t ≥ t0. �

It is worthwhile to note that if hu(u) = 1, u ∈ Rm, then U = Rm and Assumptions 4.6.1

and 4.6.2 are always verified. In this case, by setting hdu(t) = 0, t ≥ t0, and χ = 0, Theorem

4.8 allows to enforce the constraints on the trajectory tracking error. We also note that if no

constraint is imposed, that is, if he(e
TMe) = 1, e ∈ Rn, and hu(u) = 1, u ∈ Rm, then (4.45)

and (4.46) reduce to (4.14) and (4.19), respectively, and Theorem 4.8 reduces to Theorem

4.4. Lastly, we note that the term
h2
u(φ(t))

he(eT(t)Me(t))
, t ≥ t0, in (4.46) captures the effect of

competing design objectives namely, constraining the control input by means of hu(·), which

induces smaller values of ‖ ˙̂
Kg(·)‖, and constraining the trajectory tracking error by means

of he(·), which induces larger values of ‖ ˙̂
Kg(·)‖.

Assumption 4.6.1 postulates the existence of a control input that meets the user-defined

constraints on both the trajectory tracking error and the control input, and Assumption 4.6.2

postulates that the control input given by (4.11) meets the user-defined constraints. If the

uncontrolled trajectory tracking error dynamics (4.10) is unstable, then there may not exist a

control input that regulates the trajectory tracking error and meets the constraints captured
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by U in (4.38) at all times [130, pp. 222-223]. Assumptions 4.6.1 and 4.6.2 guarantee that

there exist control inputs, including (4.11), that meet the user-defined constraints. To verify

Assumption 4.6.1, the null-controllable region of (4.10) may be characterized by applying

some of the techniques presented in [129, 131, 132, 133], which leverage the analysis of the

basin of attraction of Lyapunov functions and the analysis of time-optimal trajectories for

the plant dynamics. The assumption that he(0) > 0 implies that 0 ∈ E̊ , and for the problems

addressed in this work, the origin is always contained in the null-controllable region of (4.10).

Indeed, the pair (A,B) is controllable and hence, it follows from the matching condition

(5.17) with Λ = Im that the pair (Aref , B) is controllable, and it follows from Theorem 6.1

of [134] that the null-controllable region NU of (4.10) associated to U is an open, connected

set containing the origin.

Theorem 4.8 does not require to specify the function g(·, ·, ·, ·) in the control law (4.18)

and in the adaptive law (4.46). Therefore, g(·, ·, ·, ·) may serve as a design parameter to

enforce additional design objectives. The next theorem is the main result of this chapter and

shows how the two-layer MRAC framework introduced in Section 4.5 can be used to create

MRAC laws for prescribed performance, that is, MRAC laws that guarantee boundedness

of the adaptive gains, constrain both the trajectory tracking error and the control input,

enforce uniform asymptotic convergence to zero of the trajectory tracking error, and assure

that the trajectory tracking error’s rate of convergence is arbitrarily high. For the statement

of this result, consider the constraint sets (4.37) and (4.38) and the adaptive laws

˙̂
K(t) = −Γ

π(t, x(t), r(t))

he(eT(t)Me(t))
εT(t)

[
Ptransient − Ṽe(e(t), ε(t))h′e(eT(t)Me(t))M

]
B,

K̂(t0) = K̂0, t ≥ t0, (4.56)

˙̂
Kg(t) = −2h2

u(φ(t))Ṽg(t, K̂g(t))

he(eT(t)Me(t))
Γge(t)ε

T(t)
[
Ptransient − Ṽe(e(t), ε(t))h′e(eT(t)Me(t))M

]
B

+
γT(t)hdu(t) + χ

2hu(φ(t))
K̂g(t), K̂g(t0) = K̂g,0, (4.57)
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Figure 4.6: Schematic representation of the MRAC architecture outlined in Theorem 4.9.
Applying the control law (4.34) and the adaptive laws (4.56) and (4.57), Theorem 4.9 guaran-
tees uniform boundedness of the adaptive gain matrices K̂(·) and K̂g(·). Moreover, Theorem
4.9 guarantees uniform asymptotic convergence of e(·) to zero. Additionally, Theorem 4.9
guarantees that x(·) reaches xref(·) before the transient dynamics of the plant’s reference
model has decayed. Lastly, Theorem 4.9 guarantees that the user-defined constraints on the
closed-loop system’s trajectory tracking error and the control input captured by (4.37) and
(4.38), respectively.

where both Γ ∈ R(n+m+N)×(n+m+N) and Γg ∈ Rn×n are symmetric and positive-definite,

ε(·) denotes the solution of (4.26) with Λ = In, e(t) ∈ E̊ denotes the solution of (4.21)

with p = n and g(t, x, e, r) = e, (t, x, e, r) ∈ [t0,∞) × D × E̊ × Rm, Ptransient ∈ Rn×n

denotes the symmetric, positive-definite solution of (4.30), φ(t) ∈ Ů denotes, for brevity,

the feedback control law (4.34) along the trajectories of the closed-loop system, that is,

φ(π(t, x(t), r(t)), e(t), K̂(t), K̂g(t)),

Ṽe(e, ε) , h−1
e (eTMe)εTPtransientε, (e, ε) ∈ E̊ × Rn, (4.58)

Ṽg(t, K̂g) , h−1
u (φ(t)) tr

1
2

(
∆KT

g Γ−1
g ∆Kg

)
, (t, K̂g) ∈ [t0,∞)× Rn×m, (4.59)

∆Kg(t) = K̂g(t)−Ke, Ke verifies the matching condition (4.27) with Λ = In, K̂g(t0) 6= Ke,

γ(·) and hdu(·) are such that (4.47) is verified, and χ < −βmax. Lastly, we enunciate the

following assumption.

Assumption 4.6.3. The trajectory eref,tran(·) of the reference model for the trajectory track-

ing error’s transient dynamics (4.25) is such that eref,tran(t) ∈ E̊ , t ≥ t0.

Theorem 4.9. Consider the plant’s dynamics (4.6) with Λ = Im, the plant’s reference model

(4.7), the reference model for the trajectory tracking error’s transient dynamics (4.25), the
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constraint sets (4.37) and (4.38), the feedback control law (4.34), and the adaptive laws

(4.56) and (4.57). If (e(t0), φ(t0)) ∈ E̊ × Ů , h′e(e
TMe) ≤ 0, e ∈ E̊, Assumptions 4.6.1–

4.6.3 are verified, the matching conditions (4.8), (4.9), and (4.27) are verified with Λ = Im,

and Re(λmax(Atran)) < Re(λmin(Aref)), then both the trajectory tracking error e(·) and the

adaptive gain matrices K̂(·) and K̂g(·) are uniformly bounded. Moreover, (e(t), φ(t)) ∈ E̊×Ů ,

t ≥ t0, and e(t) → 0 and ε(t) → 0 as t → ∞ uniformly in t0 ∈ [0,∞). Lastly, (4.17) is

verified with α > −Re(λmax(Aref)).

Theorem 4.9 allows to impose both the rate of convergence on the closed-loop plant’s

trajectory and user-defined bounds on the closed-loop system’s trajectory tracking error

and the control input, and guarantees both uniform boundedness of the adaptive gains and

uniform asymptotic convergence of the trajectory tracking error to zero. To the authors’

best knowledge, there is no result within the MRAC framework that allows to meet all

these specifications concurrently. The proof of Theorem 4.9 follows the same mechanisms

as the proofs of Lemma 4.5 and Theorems 4.7 and 4.8 and hence, its proof is omitted for

brevity. Figure 4.6 provides a schematic representation of the control architecture outlined

by Theorem 4.9. Remarkably, the only difference between the control scheme presented in

Figure 4.2 and the control scheme presented in Figure 4.6 lies in the adaptive laws employed

to impose the multiple, possibly competing, user-defined requirements on the closed-loop

plant’s trajectory, the control input, and the trajectory tracking error.

4.6.2 Illustrative numerical example

In the following, we revisit the problem of controlling the roll dynamics of an unmanned

aerial vehicle discussed in Section 4.5.2, and illustrate the applicability of Theorem 4.9.
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Specifically, consider the plant

ϕ̇(t)

ρ̇(t)

 =

 0 1

θ1 θ2


ϕ(t)

ρ(t)

+

 0

0.75


u(t) +


θ3

θ4

θ5


T 
|ϕ(t)|ρ(t)

|ρ(t)|ρ(t)

ϕ3(t)


+ ξ(t),

[ϕ(0), ρ(0)]T = [ϕ0, ρ0]T, t ≥ 0, (4.60)

and note that if ξ(t) = 0, t ≥ 0, then (4.60) is in the same form as (4.6) with n = 2, m = 1,

N = 3, D = Rn, x = [ϕ, p]T, A =

 0 1

θ1 θ2

, B = [0, 0.75]T, Λ = 1, Θ = [θ3, θ4, θ5]T, Φ(t, x) =

[|ϕ|ρ, |ρ|ρ, ϕ3]T, x0 = [ϕ0, p0]T, and t0 = 0. The unmatched uncertainty ξ : [0,∞) → R2

captures a Gaussian white noise characterized by a frequency of 100 Hz and L∞-norm of

0.05.

Our goal is to design an MRAC law so that the closed-loop trajectory x(·) eventually

tracks the trajectory xref(·) of the plant’s reference model (4.7) with reference command

input (4.36). Furthermore, we wish to enforce that (e(t), u(t)) ∈ E̊ × Ů , t ≥ t0, where

E and U are given by (4.37) and (4.38), respectively, with he(·) and hu(·) given by (4.40)

and (4.41), respectively, so that ‖e(t)‖ ∈ [0,
√
ηe) and u(t) ∈ (−√ηu,

√
ηu). Lastly, we

want to guarantee that the trajectory tracking error’s transient dynamics is faster than the

transient dynamics of the plant’s reference model. These design specifications can be met by

applying Theorem 4.9 with Aref =

 0 1

−k1 −k2

, Atran =

 0 1

k4 k5

, θ1 = −0.018, θ2 = 0.015,

θ3 = −0.062, θ4 = 0.009, θ5 = 0.021, k1 = 1.0002, k2 = 1.7218, k4 , − [σRe (λmin(Aref))]
2,

k5 , 2σRe (λmin(Aref)), σ = 2, x0 = 0, xref,0 = [0.6, 0]T, Γ = 5 · 105I6, Γg = 5 · 105I2, Q = I2,

and Qtransient = Q. Furthermore, let k = 50, ηe = 0.85, ηu = 9, βmax = 1, and χ = −1.

The stochastic unmatched uncertainty ξ(·) has been introduced in the plant model (4.60)

to validate the proposed theoretical results also in realistic applications, wherein external,
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Figure 4.7: Norms of the trajectory tracking errors obtained by applying Theorems 4.9,
4.3, and the prescribed performance control method. Applying either the proposed adap-
tive control framework or the prescribed performance control framework, the norm of the
trajectory tracking error does not violate the user-defined constraint. Applying the classical
MRAC framework, the constraint on the trajectory tracking error is violated. Applying
Theorem 4.9, the trajectory tracking error converges to zero faster than applying prescribed
performance control, which in turn is faster than the trajectory tracking error achieved by
applying Theorem 4.3. Remarkably, applying Theorem 4.9, the plot of the norm of the tra-
jectory tracking error e(·) substantially overlaps with the plot of the norm of the trajectory
tracking error reference trajectory eref,tran(·).

non-deterministic disturbances are unavoidable. To increase the realism of the proposed sim-

ulations and further challenge Theorem 4.9, the state vector x(·) employed in the feedback

control law (4.18) and the adaptive laws (4.56) and (4.57) is corrupted by an additive distur-

bance, namely a Gaussian white noise characterized by a frequency of 100 Hz and L∞-norm

of 0.02.

To further validate the results of the proposed control law, we compare the proposed

control law to the prescribed performance control law presented in [135], which guarantees

a priori user-defined transient performance without modifying the reference model or the

reference signal, despite uncertainties in the plant parameters. Applying the prescribed
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Figure 4.8: Control inputs obtained applying Theorems 4.9, 4.3, and the prescribed per-
formance control method. Applying the proposed adaptive control framework, the control
input verifies the saturation constraints. These constraints are violated applying both the
classical MRAC law and the prescribed performance control technique.

performance control framework, the control input is given by

u(t) = −kppczppc(t)

sppc(t)
− Θ̂ppc(t)

2η2
ppc

ΦT(x(t))Φ(x(t))−
ε̂2ppc(t)sppc(t)

ε̂ppc(t)|sppc(t)|+ σ1,ppc

, t ≥ 0, (4.61)

where kppc, ηppc, σ1,ppc > 0 are user-defined,

zppc(t) , Λppc ln

(
1 +

eppc(t)

1− eppc(t)

)
+ sppc(t) [[0, 1] (x(t)− xref(t))− eppc(t)ρ̇(t)] , (4.62)

sppc(t) ,
1

2ρ(t)

[
1

eppc(t) + 1
− 1

eppc(t)− 1

]
, (4.63)

Λppc > 0 is user-defined, eppc(t) , ρ−1(t) [1, 0] [x(t)− xref(t)], ρ(t) , (ρ0−ρ∞)e−λppc(t−t0)+ρ∞

captures denotes user-defined constraints on the trajectory tracking error, ρ0, ρ∞ > 0, λppc >
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0 captures the user-defined decay rate,

˙̂
Θppc(t) = Γ1,ppcsppc(t)

(
z2

ppc(t)

2η2
ppc

ΦT(x(t))Φ(x(t))− σ2,ppcΘ̂ppc(t)

)
, Θ̂ppc(0) = Θ̂ppc,0,

(4.64)

˙̂εppc(t) = Γ2,ppcsppc(t) [|zppc(t)| − σ3,ppcε̂ppc(t)] , ε̂ppc(0) = ε̂ppc,0, (4.65)

and Γ1,ppc,Γ2,ppc, σ2,ppc, σ3,ppc > 0 are user-defined. For additional details, see [87, 88, 135].

To ensure that the system converges to the reference model before the transient has decayed,

the decay rate of the constraint function is set as λppc = −Re(λmin(Aref)), and the additional

user-defined parameters are kppc = 1, ηppc = 0.01, σppc = 0.1, Λppc = 1, Γppc1 = Γppc2 = 1000,

ρ0 = 1, and ρ∞ = 0.03.

Figure 4.7 shows the norm of the trajectory tracking error applying the Theorem 4.3, that

is, (4.13) with adaptive law (4.14), the MRAC law for prescribed performance proposed in

Theorem 4.9, that is, (4.34) with adaptive laws (4.56) and (4.57), and prescribed performance

control, that is, (4.61) with adaptive laws (4.64) and (4.65). Employing either Theorem 4.9 or

the prescribed performance control technique, the trajectory tracking error does not violate

the constraint captured by (4.37) and (4.40), whereas applying Theorem 4.3, the constraint

on the trajectory tracking error is violated. Applying Theorem 4.9, the trajectory tracking

error converges to zero faster than applying either Theorem 4.3 or using the prescribed

performance control method, and the prescribed performance control guarantees a higher

convergence rate than the classical MRAC law. It is worthwhile to note that the plot of the

norm of the trajectory tracking error e(·) substantially overlaps with the plot of the norm of

the trajectory tracking error reference trajectory eref,tran(·).

Figure 4.8 shows the control input applying the proposed framework, the classical MRAC

law, and the prescribed performance control law. It is apparent that, applying Theorem

4.9, the control input verifies the saturation constraints captured by (4.38) and (4.41) at
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all time. These constraints, however, are exceeded by both the classical MRAC law and

the prescribed performance control law. Applying (4.34) with adaptive laws (4.56) and

(4.57) and setting λppc = −λmin(Atran), even faster convergence can be achieved. However,

simulation results show that, in this case, the trajectory tracking error violates the user-

defined constraints due to large excursions of the error velocity, and even larger control

inputs are realized. The differentiator employed in this example to approximate the time

derivative of hu(φ(t)) = η2
u − φ2(t), t ∈ [0,∞), is based on the classical Parks-McClellan

optimal finite impulse response filter [127, Ch. 7].

In this chapter, we presented a unified MRAC framework, which guarantees that both

the trajectory tracking error and the adaptive gains are uniformly bounded, the trajectory

tracking error asymptotically converges to zero, the plant’s actuators do not saturate, the

plant’s trajectory does not exceed its null-controllable region, and the plant’s trajectory

tracking error reaches the reference trajectory at the user-defined rate of convergence. The

proposed framework is readily applicable to UAVs performing payload deliveries, where their

limited actuation presents the need for explicit control saturation constraints, flying close

to buildings and persons creates a need for a priori trajectory tracking error guarantees

to ensure safety, and unknown, and guaranteed transient performance ensures safe flights

during adaptation to new and potentially unknown payloads. The next chapter is focused

on the next generation of UAV, where in addition to unknowns in the system, the UAV may

have to perform contact-based interactions with surfaces upon the delivery of a payload.
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Chapter 5

Model reference adaptive control of

switched dynamical systems with

applications to aerial robotics

In Chapter 3, a UAV routing scenario was considered, where UAVs were tasked with

performing some deliveries of payloads. In the future, UAVs may be tasked with going one

step further and performing contact-based tasks such as installing the payload. Even robust

adaptive control techniques such as those presented in Chapter 4 may be unable to ensure

stability in the presence of discontinuous dynamics which can be caused by contacting a hard

surface. This chapter presents an MRAC law for unknown nonlinear switched plants that

must follow the trajectory of user-defined linear switched reference models. The effective-

ness of the proposed control architecture is proven in two mathematical frameworks, that

is, analyzing Carathéodory and Filippov solutions of discontinuous differential equations.

The proposed control law is validated numerically on the roll dynamics of a reconfigurable

delta-wing aircraft where the discontinuities occur with increasing frequency. The proposed

method is experimentally validated by tasking an aerial robot, a quadrotor with tilting pro-

pellers, with mounting a camera of unknown inertial properties onto a vertical surface.
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5.1 Literature review

The dynamics of numerous mechanical and electronic systems is subject to instanta-

neous changes and are best captured by switched dynamical systems, that is, differential

equations with discontinuous right-hand sides. Examples of switched dynamical models

involve mechanical systems subject to velocity jumps and force discontinuities [136, 137].

Furthermore, the closed-loop dynamics of systems regulated by discontinuous control algo-

rithms such as time-optimal control laws [138, pp. 110-117], variable structure control laws

[124, pp. 552-579], [139, 140, 141], and supervisory control architectures [142, 143, 144, 145]

may be captured by switched models. Substantial complexity in the analysis and control

synthesis of discontinuous dynamical systems is given by the fact that their solutions may not

exist or may not be unique [124, Ch. 3]. Furthermore, the notion of solution of a switched

differential equation is not univocal. Indeed, Carathéodory [146], Filippov [147], Krasovskii

[148], and Euler [149] solutions, to name a few, have been introduced to better capture the

behavior of different classes of discontinuous dynamical systems; for additional details, see

[150, 151, 152, 153] and the references therein.

In this chapter, an adaptive control law is designed for unknown nonlinear switched plants

so that their trajectories track the trajectories of user-defined switched reference models. The

mapping between the switching signal and the plant dynamics is considered as unknown.

The switching signal is assumed to be a known function of time since in model reference

adaptive control, the reference model is user-defined and independent of the plant state.

The effectiveness of the proposed model reference adaptive control law is proven in

two alternative frameworks, that is, by considering Carathéodory and Filippov solutions

of discontinuous differential equations. These two frameworks have been chosen since both

Carathéodory and Filippov solutions of discontinuous dynamical systems are usually more

suitable to analyze the dynamics of mechanical systems. Indeed, both Carathéodory and Fil-

ippov solutions are absolutely continuous and hence, have bounded variations over bounded
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time intervals, and their time derivatives exist almost everywhere [154, pp. 127-130]. Apply-

ing the Carathéodory framework, we prove that if the switching signal is characterized by

an arbitrarily small, but non-zero, dwell-time, then solutions of both the trajectory tracking

error’s and the adaptive gains’ dynamics exist, are unique, and are defined almost every-

where over the semi-infinite time horizon, and the plant trajectory asymptotically converges

to the reference model’s trajectory. Employing the Filippov framework, we prove that if the

switching signal is Lebesgue integrable and has countably many points of discontinuity, then

maximal solutions of both the trajectory tracking error and the adaptive gains dynamics ex-

ist and are defined almost everywhere on the semi-infinite time horizon, and the trajectory

tracking error converges to zero asymptotically. Considering Filippov solutions, the switch-

ing signal may have zero dwell-time, but the uniqueness of the solutions of the trajectory

tracking error’s and the adaptive gains’ dynamics cannot be proven.

The theoretical framework employed in this chapter does not allow to control plants whose

dimensions vary as arbitrary functions of time. However, the proposed framework allows to

address those problems, wherein the plant’s dynamics is in partial-state equilibrium [117,

Def. 4.1] for some values of the switching signal. In these cases, the dynamics of those

components of the state vector that are at equilibrium can be disregarded, and only the

dynamics of those components of the state vector that are not at equilibrium is regulated

by applying the proposed framework.

To the authors’ best knowledge, this is the first work to deduce model reference adap-

tive control laws for unknown nonlinear switched plants and switched reference models em-

ploying the Carathéodory and the Filippov frameworks. Furthermore, the proposed model

reference adaptive control laws are unique for their ability to regulate unknown nonlin-

ear plants without any restrictions on the dwell-time. The design of model reference con-

trols for linear switched systems was addressed in [155, 156]. The authors in [157] pro-

posed an H∞-based adaptive control law for switched linear dynamical systems. Supervi-

sory control architectures involving multiple adaptive control laws have been proposed in
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[158, 159, 160, 161, 162, 163, 164, 165] to regulate linear uncertain dynamical systems, while

guaranteeing user-defined levels of performance in the transient regime. In [166, 167, 168],

the authors devised an adaptive sliding mode control law for switched dynamical systems

that are linear in the parameters and subject to external disturbances, and proved the va-

lidity of their results in the Filippov and the Krasovskii frameworks. The design of model

reference adaptive control laws for uncertain nonlinear plants was presented in [169] em-

ploying the average dwell-time method under asynchronous switching, and [170] analyzing

classical solutions of the closed-loop system. An adaptive controller for nonlinear systems,

which does not rely on any restrictions on the dwell-time, has been presented in [171]. How-

ever, this result is achieved by assuming that the linear portion of the plant dynamics is

the same for all switched systems. An adaptive control law for nonlinear switched systems

with arbitrary switching is presented in [172]. However, these results apply if there exists a

diffeomorphism such that the plant dynamics is equivalent to a cascaded dynamical system.

The effectiveness of the proposed results is firstly verified numerically. Specifically, we

present a numerical example that involves the design of a control law for the roll dynamics of

a delta-wing aircraft that can switch between two alternative configurations, namely a stable

and less responsive configuration and an unstable and more responsive configuration. Recon-

figurable aircraft are particularly advantageous for those applications, wherein the vehicle

must operate in multiple flight regimes by rapidly changing its geometric and aerodynamic

properties [173, 174, 175, 176, 177]. However, rapid or instantaneous changes in the aircraft

configuration or the reference model underlying the control architecture may induce insta-

bilities. The robustness of the proposed model reference adaptive control law is challenged

by assuming that the aircraft aerodynamic coefficients are unknown in all configurations and

by switching arbitrarily fast both the plant’s and the reference model’s dynamics. Control

algorithms for morphing-wing aircraft have been investigated in [178] using an H∞ control

framework, [179] employing a backstepping approach, and [180] using a variable structure

switched control law. Furthermore, a supervisory control architecture has been presented
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in [180] to regulate a vertical take-off and landing aircraft modeled as switched dynamical

systems. None of the control techniques for uncertain, switched, nonlinear plants that we

surveyed is suitable to regulate plants in the same form as the dynamical model in the pro-

posed numerical example. Thus, the performance of the proposed model reference adaptive

control law is compared to the performance of the classical model reference adaptive control

law [75, Ch. 9] obtained considering only one of the two aircraft configurations. In particular,

it is shown how, considering only the dynamical model for the less responsive configuration,

the classical model reference adaptive control law is unable to regulate the plant dynamics,

and the trajectory tracking error diverges. Alternatively, considering only the dynamical

model for the more responsive configuration, the trajectory tracking error, the control effort,

and the computational time are considerably larger than the trajectory tracking error, the

control effort, and the computational time achieved by applying the proposed adaptive law.

The effectiveness of the proposed results is verified also by means of flight tests. These

flight tests involve an autonomous aerial robot, that is, a tilt-rotor quadcopter equipped

with a robotic arm, whose task is to install a camera of unknown mass on a vertical surface.

The aerial robot holds the camera by means of a suction cup, and linear strip fasteners are

used to attach the camera to the vertical surface. A switched dynamical model is employed

to capture the aerial robot’s dynamics. Indeed, as soon as the robotic arm impacts the

vertical surface, the vehicle’s forward motion is impeded by reaction forces. Furthermore,

while the camera is being installed on the vertical surface, the aerial robot’s yaw and roll

dynamics and lateral motion are constrained by the suction cup and the linear fabric strip

fasteners. Flight tests results clearly show that the proposed model reference adaptive control

law guarantees successful completion of the assigned task despite uncertainties on the aerial

manipulator’s dynamics. The problem of designing control algorithms for aerial systems

interacting with hard surfaces, such as walls and floors, has been investigated recently by

applying feedback-linearizing control laws within a hybrid systems framework [181, 182, 183].

It is worthwhile to remark that, imposing some conditions on the minimum dwell-time, the
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results in [181, 182, 183] allow instantaneous increases of the trajectory tracking error at

switching times, whereas the proposed adaptive control framework does not restrict the

plant’s minimum dwell time and does not allow instantaneous variations in the trajectory

tracking error. To the authors’ best knowledge, this is the first work to verify experimentally

a switched adaptive control framework within the context of aerial robotics.

5.2 Mathematical preliminaries

5.2.1 Notation

In this section, we establish some of the notation used in this chapter. Let N denote the

set of positive integers, R denote the set of real numbers, C the set of complex numbers, Rn

the set of n× 1 real column vectors, Rn×m the set of n×m real matrices, Bε(x) the open ball

centered at x ∈ Rn with radius ε > 0, and ∂Bε(x) the sphere centered at x ∈ Rn with radius

ε. The indicator function of the set A ⊂ Rn is denoted by 1A : A → {0, 1} and is defined

so that if x ∈ A, then 1A(x) = 1, and if x /∈ A, then 1A(x) = 0. The Lebesgue measure of a

set S ⊂ Rn×m is denoted by µ(S), and integrals are in the sense of Lebesgue. A property P

is verified almost everywhere with respect to the Lebesgue measure µ(·) on a set X ⊆ Rn if

there exists N ⊂ X such that µ(N ) = 0 and P is verified by all x ∈ X \N . In this case, we

write P is verified for x ∈ X a.e..

The ith vector of the canonical basis of Rn is denoted by ei,n. The zero vector in Rn is

denoted by 0n or 0, the zero n×m matrix in Rn×m is denoted by 0n×m or 0, and the identity

matrix in Rn×n is denoted by In or I. The diagonal matrix, whose diagonal entries are given

by the components of z ∈ Rn, is denoted by diag(z). The transpose of B ∈ Rn×m is denoted

by BT, the rank of B is denoted by rank(B), and the trace of A ∈ Rn×n is denoted by

tr(A). The spectrum of A ∈ Rn×n is denoted by spec(A), and the eigenvalues of A with

minimum real part are denoted by λmin(A). We write ‖·‖ for the Euclidean vector norm and
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the corresponding equi-induced matrix norm. Furthermore, we write ‖ · ‖F for the Frobenius

matrix norm. The Kronecker product of A ∈ Rn×m and B ∈ Rl×p is denoted by A⊗B.

5.2.2 Fundamentals of switched dynamical systems – Carathéodory

framework

In the following, we recall fundamental properties of the nonlinear dynamical system

with time-dependent switching

ẋ(t) = fσ(t)(t, x(t)), x(t0) = x0, t ≥ t0, (5.1)

where fs : [t0,∞) × D → Rn, s ∈ Σ, Σ ⊂ N is bounded and denotes the set of switching

indexes, the set D ⊆ Rn is open, connected, and such that 0 ∈ D, the switching signal

σ : [t0,∞)→ Σ is piece-wise constant, σ(t) = limτ→t+ σ(τ) for each t ≥ t0, the sth dynamical

model fs(·, x) is piece-wise continuous in t for all (s, x) ∈ Σ×D, fs(t, 0) = 0 for all (s, t) ∈

Σ× [t0,∞), and fs(t, ·) is Lipschitz continuous in x uniformly in t for all t in compact subsets

of [t0,∞) and for all s ∈ Σ; we recall that σ(·) is piece-wise constant if and only if σ(·) has

a finite number of points of discontinuity on any compact subset of [t0,∞) and is constant

between two consecutive points of discontinuity. In this paper, we define switching times as

the points of discontinuity of σ(·).

Definition 5.1 ([184, p. 10]). A function x : [t0,∞) → D is a Carathéodory solution of

(5.1) if

x(t) = x0 +

∫ t

t0

fσ(τ)(τ, x(τ))dτ t ≥ t0 a.e.. (5.2)

It is worthwhile to recall that if x(·) verifies (5.2), then x(·) is absolutely continuous [154,

p. 128]. Furthermore, Lipschitz continuity of fs(t, ·) for all t in compact subsets of [t0,∞)

and for all s ∈ Σ is sufficient to guarantee the existence of a unique solution of (5.1) in the
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sense of Carathéodory [147, Th. 1.2]. Next, we recall the notion of uniform boundedness of

Carathéodory solutions of nonlinear dynamical systems under time-dependent switching.

Definition 5.2. The switched dynamical system (5.1) is bounded uniformly in both t0 ∈

[0,∞) and σ(·) if there exists γ > 0, which is independent of both t0 ∈ [0,∞) and σ(·),

such that for every δ ∈ (0, γ), there exists ε(δ) > 0 such that x0 ∈ Bδ(0) ∩ D implies that

‖x(t)‖ < ε, t ≥ t0 a.e.. The switched dynamical system (5.1) is globally bounded uniformly

in both t0 ∈ [0,∞) and σ(·) if D = Rn and for every δ > 0 there exists ε(δ) > 0 such that

x0 ∈ Bδ(0) implies that ‖x(t)‖ < ε, t ≥ t0 a.e..

5.2.3 Fundamentals of switched dynamical systems – Filippov frame-

work

In the following, we recall fundamental notions concerning Filippov solutions of the

nonlinear dynamical system with time-dependent switching (5.1), where the sth dynamical

model fs(·, x), s ∈ Σ, is Lebesgue integrable and essentially locally bounded uniformly in

t ∈ [t0,∞) for all (s, x) ∈ Σ × D, fs(t, 0) = 0 for all (s, t) ∈ Σ × [t0,∞), and fs(t, ·) is

continuous in x uniformly in t for all t in compact subsets of [t0,∞) and for all s ∈ Σ,

D ⊆ Rn is open, connected, convex, and such that 0 ∈ D, the set of switching indexes

Σ ⊂ N is bounded, and the switching signal σ : [t0,∞)→ Σ is Lebesgue integrable and has

countably many discontinuities. It is worthwhile to note that, while employing the Filippov

framework, we do not assume that σ(·) has a finite number of switching times on compact

subsets of [t0,∞).

Definition 5.3 ([147, p. 85]). Let I ⊆ [t0,∞) be connected and such that t0 ∈ I. If

x : I → D is absolutely continuous and such that

ẋ(t) ∈ K[fσ(t)](t, x(t)), t ∈ I a.e., (5.3)
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where

K[fs](t, x) ,
⋂
δ>0

⋂
µ(N )=0

co (fs (t,Bδ(x)\N )) , (s, t, x) ∈ Σ× [t0,∞)×D, (5.4)

denotes the Filippov regularization of (5.1),
⋂
µ(N )=0 denotes the intersection over sets N of

measure zero, and co(·) denotes the convex closure of its argument, then x(·) is a Filippov

solution of (5.1). If there do not exist a connected set I ⊆ [t0,∞) and a Filippov solution

x : I → D of (5.1) such that I ⊂ I and x(t) = x(t), t ∈ I a.e., then x : I → D is a maximal

Filippov solution of (5.1).

It follows from Theorem 2.7 of [147], the boundedness of Σ, the integrability and the

essential local boundedness of fs(·, x), s ∈ Σ, uniformly in t ∈ [t0,∞) for all (s, x) ∈ Σ×D,

and the continuity of fs(t, ·) in x uniformly in t for all t in compact subsets of [t0,∞) and for

all s ∈ Σ, that there exists a solution of (5.1) in the sense of Filippov. Next, we recall the

notions of directional derivatives, generalized directional derivatives, and regular functions.

For the statement of these definitions, let [z, z + a) , {z + θa, θ ∈ [0, 1)}, (z, a) ∈ Rl × Rl,

denote a line segment in Rl and let

vcone(Q, z) ,
{
ξ ∈ Rl : ∃α > 0 such that [z, z + αξ) ⊂ Q

}
(5.5)

denote the variational cone of Q ⊆ Rl at z.

Definition 5.4 ([185, pp. 63-64],[186, p. 39]). Let W : Q → R be Lipschitz continuous,

where Q ⊆ Rl. The right directional derivative of W (·) at z ∈ Q along the direction of

q ∈ vcone(Q, z) is defined as

W ′(z, q) , lim
τ→0+

W (z + τq)−W (z)

τ
, (z, q) ∈ Q× vcone(Q, z). (5.6)

The generalized directional derivatives of W (·) at z ∈ Q along the direction of q ∈ vcone(Q, z)
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is defined as

W 0(z, q) , lim sup
y→z
τ→0+

W (y + τq)−W (y)

τ
, (z, q) ∈ Q× vcone(Q, z). (5.7)

If W ′(z, q) = W 0(z, q) for all q ∈ vcone(Q, z), then W (·) is regular at z ∈ Q.

Next, we recall the notion of Clarke gradient. This definition is essential to state a

generalization of the LaSalle-Yoshizawa theorem for Lebesgue measurable dynamical models.

Definition 5.5 ([186, p. 10]). Let W : Q → R, where Q ⊆ Rl. The Clarke gradient of W (·)

at z ∈ Q is defined as

∂W (z) ,
{
p ∈ Rl : W 0(z, q) ≤ pTq,∀q ∈ vcone(Q, z)

}
, z ∈ Q, (5.8)

where W 0(·, ·) denotes the generalized directional derivatives of W (·).

In the following, we provide an expression of the Clarke gradient for Lipschitz continuous

functions. For the statement of this result, recall that, by Rademacher’s theorem [187, Th.

3.1.6], if V : [t0,∞) × D → R is Lipschitz continuous, then V (·, ·) is differentiable almost

everywhere, and define

ΩV ,

{
(t, x) ∈ [t0,∞)×D :

[
∂V (t, x)

∂t
,
∂V (t, x)

∂x

]T

is not defined

}
(5.9)

as the set wherein V (·, ·) is not differentiable.

Theorem 5.6 ([186, p. 63]). Let V : [t0,∞)×D → R be Lipschitz continuous. The Clarke

gradient of V (·, ·) at (t, x) ∈ [t0,∞)×D is given by

∂V (t, x) = co

{
lim
i→∞

[
∂V (ti, xi)

∂t
,
∂V (ti, xi)

∂x

]T

: (ti, xi)→ (t, x) ,

(ti, xi) /∈ ΩV , xi /∈ N , i ∈ N

}
, (t, x) ∈ [t0,∞)×D, (5.10)
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where N ⊂ D is an arbitrary set of measure zero.

Next, we recall a result that characterizes the total derivative of a Lipschitz continuous,

regular function. For the statement of this result, consider the nonlinear, time-varying

dynamical system

ẋ(t) = f(t, x(t)), x(t0) = x0, t ≥ t0, (5.11)

where f : [t0,∞)×D → Rn is such that f(·, x) is Lebesgue integrable and essentially locally

bounded uniformly in t ∈ [t0,∞) for all x ∈ D and f(t, ·) is continuous in x uniformly in t

for all t in compact subsets of [t0,∞).

Lemma 5.7 ([167]). Let x : [t0,∞)→ D denote a solution of (5.11) in the sense of Filippov

and let V : [t0,∞) × D → R be Lipschitz continuous and regular. Then V (t, x(t)), t ≥ t0,

is absolutely continuous, V̇ (t, x(t)) exists almost everywhere on [t0,∞), and V̇ (t, x(t)) ∈

V̇ (t, x(t)), t ∈ [t0,∞) a.e., where

V̇ (t, x) ,
⋂

ξ∈∂V (t,x)

ξT

K[f ](t, x)

1

 , (t, x) ∈ [t0,∞)×D. (5.12)

The next result, which is a direct consequence of Corollary 1 of [167], guarantees that

maximal solutions of (5.1) in the sense of Filippov are defined on I = [t0,∞), and provides

a generalization of the LaSalle-Yoshizawa theorem [117, Th. 4.7]. For the statement of this

result, let f : [t0,∞) × D → Rn be so that fσ(t)(t, x) = f(t, x), (t, x) ∈ [t0,∞) × D, and

the nonlinear differential equation under time-dependent switching (5.1) is equivalent to the

nonlinear, time-varying, discontinuous dynamical system (5.11).

Theorem 5.8. Consider the nonlinear, discontinuous dynamical systems (5.1) and (5.11).

Let r > 0 be such that Br(0) ⊂ D, let V : [t0,∞) × D → R be Lipschitz continuous and

regular, let W1,W2,W3 : D → R be such that both W1(·) and W2(·) are positive-definite and
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W3(·) is nonnegative-definite, and let c ∈
(
0,min∂Br(0)W1(x)

)
. If

W1(x) ≤ V (t, x) ≤ W2(x), (t, x) ∈ [t0,∞)×D, (5.13)

V̇ (t, x(t)) ≤ −W3(x(t)), t ≥ t0 a.e., (5.14)

where x(·) denotes a maximal solution of (5.11) in the sense of Filippov such that x(t0) ∈

{x ∈ Br(0) : W2(x) ≤ c}, then x : [t0,∞)→ D is bounded and such that limt→∞W3(x(t)) =

0. Furthermore, if D = Rn and both W1(·) and W2(·) are radially unbounded, then every

maximal solution x(·) of the Filippov regularization of (5.11) is bounded uniformly in both

t0 ∈ [0,∞) and σ(·), and such that limt→∞W3(x(t)) = 0 for all x0 ∈ Rn uniformly in both

t0 and σ(·).

It is worthwhile to note that Theorem 5.8 does not involve any condition on the dwell-

time of the nonlinear dynamical system (5.1), that is, on the minimal time interval between

any pair of consecutive switching times [184, p. 56], but relies on the assumption that

the switching signal σ(·) has countably many discontinuities. As discussed in Remark 1 of

[168], if σ(·) is Lebesgue measurable, but does not have countably many discontinuities, then

Theorem 2 of [168] provides an alternative to Theorem 5.8 above.

5.3 Model reference adaptive control of switched dy-

namical systems

5.3.1 Problem formulation

In this section, we design an adaptive control law for unknown nonlinear plants, whose

dynamics are captured by time-dependent switching among multiple models, so that their

trajectories mimic the trajectories of user-defined reference models under time-dependent
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switching. Specifically, consider the nonlinear plant under time-dependent switching

ẋ(t) = Aσ(t)x(t) +Bσ(t)

[
u(t) + ΘTΦσ(t)(t, x(t))

]
, x(t0) = x0, t ≥ t0, (5.15)

where x(t) ∈ D, t ≥ t0 ≥ 0, denotes the plant’s trajectory, u(t) ∈ Rm denotes the control

input, the set D ⊆ Rn is open, connected, and such that 0 ∈ D, σ : [t0,∞) → Σ denotes

the switching signal and is user-defined, Σ ⊂ N is bounded, As ∈ Rn×n is unknown, s ∈ Σ,

Bs ∈ Rn×m is known, Θ ∈ RN×m is unknown, the regressor vector Φs : [t0,∞)×Rn → RN is

known, Lebesgue integrable, and jointly continuous in its arguments, and Φs(t, ·) is Lipschitz

continuous in x uniformly in t on compact subsets of [t0,∞). Without loss of generality, we

assume that Σ comprises the first σ positive integers, where σ denotes the cardinality of Σ.

The unknown matrix As, s ∈ Σ, in (5.15) captures parametric uncertainties, and the

mapping s 7→ As is considered as unknown. We assume that the pairs (As, Bs) are control-

lable for all s ∈ Σ; although the entries of As are unknown, this hypothesis can be verified

in problems of practical interest since the structure of As is usually known [75, p. 281].

The term ΘTΦs(t, x), (s, t, x) ∈ Σ×[t0,∞)×Rn, in (5.15) captures matched uncertainties.

Matched uncertainties may be equivalently captured by Θ̄T
σ(t) Φ̄σ(t)(t, x), (t, x) ∈ [t0,∞) ×

Rn, where Θ̄s ∈ RN̄s×m, s ∈ Σ, is unknown, the mapping s 7→ Θ̄s is unknown, and Φ̄s :

[t0,∞)×Rn → RN̄s is known. However, there always exist Θ ∈ RN×m and a regressor vector

Φs : [t0,∞) × Rn → RN , s ∈ Σ such that ΘTΦσ(t)(t, x) = Θ̄T
σ(t)Φ̄σ(t)(t, x), t ≥ t0. Indeed,

let Σ1, . . . ,Σp ⊆ Σ, p ≤ σ, denote partitions of Σ. Uncertainties in the mapping s 7→ Θ̄s

can be captured by designing Σj, j = 1, . . . , p, as a non-singleton set, and the dynamical

model (5.15) can be deduced by setting Φs(t, x) =
[
1Σ1(s)Φ̄

T
1 (t, x), . . . ,1Σp(s)Φ̄T

p (t, x)
]T

,

(s, t, x) ∈ Σ × [t0,∞) × Rn, Θ =
[
Θ̄T

1 , . . . , Θ̄
T
p

]T
, and N =

∑p
j=1 N̄j. Regressor vectors are

usually designed leveraging on prior knowledge of the plant dynamics [75, Ch. 9].
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Consider also the reference dynamical model under time-dependent switching

ẋref(t) = Aref,σ(t)xref(t) +Bref,σ(t)r(t), xref(t0) = xref,0, t ≥ t0, (5.16)

where the xref(t) ∈ Rn, t ≥ t0, denotes the reference trajectory, the reference command

input r(t) ∈ Rm is piece-wise continuous and bounded, Aref,s ∈ Rn×n is Hurwitz, s ∈ Σ,

and Bref,s ∈ Rn×m, and assume there exist pairs (Kx,s, Kr,s) ∈ Rn×m × Rm×m such that the

matching conditions

Aref,s = As +BsK
T
x,s, s ∈ Σ, (5.17)

Bref,s = BsK
T
r,s, (5.18)

are verified. In the following, we show that the reference dynamical model (5.16) is input-

to-state stable.

Theorem 5.9. Consider the dynamical system (5.16) under time-dependent switching. If

the shortest time interval in which σ(·) remains constant is greater than some minimum

dwell time, td > 0, then (5.16) is input-to-state stable and globally bounded uniformly in

t0 ∈ [0,∞). Furthermore, if r ≡ 0, t ≥ t0, then (5.16) is globally asymptotically stable

uniformly in t0 ∈ [0,∞) for any σ(·) that verifies the dwell time condition.

Proof: Through induction, it can be shown that

‖xref(t)‖ ≤
nd(t,t0)∏
j=0

γσ(τj)‖xref(t0)‖e−βmin(t−t0)

+

1 +

nd(t,t0)∑
j=1

nd(t,t0)∏
k=j

γσ(τk)e
−βmin(t−τj)

 γmax

βmin

max
s∈Σ
‖Bref,s‖ sup

µ∈[t0,t]

‖r(µ)‖, (5.19)

=

nd(t,t0)∏
j=0

γσ(τj)‖xref(t0)‖e−βmin(t−t0)
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+

1 + γσ(τnd(t,t0)
)e
−βmin(t−τnd

(t,t0)) +

nd(t,t0)−1∑
j=1

nd(t,t0)−1∏
k=j

γσ(τk)e
−βmin(τd−τj)


· γmax

βmin

max
s∈Σ
‖Bref,s‖ sup

µ∈[t0,t]

‖r(µ)‖, (5.20)

≤
nd(t,t0)∏
j=0

γσ(τj)‖xref(t0)‖e−βmin(t−t0)

+

1 + γσ(τnd(t,t0)
) +

nd(t,t0)−1∑
j=1

nd(t,t0)−1∏
k=j

γσ(τk)e
−βmin(τd−τj)


· γmax

βmin

max
s∈Σ
‖Bref,s‖ sup

µ∈[t0,t]

‖r(µ)‖. (5.21)

Recall that the system’s dwell time is assumed to be strictly greater than 0, and hence, the

exponential term in (5.21) is always less than 1. Let ε , e−βmintd , where td denotes the

dwell time, and since instantaneous switching is not allowed, ε ∈ (0, 1). Consider the less

conservative estimate of the sequence in (5.21) as

nd(t,t0)−1∑
j=1

nd(t,t0)−1∏
k=j

γσ(τk)ε, (5.22)

let γmax = maxs∈Σ γs, and consider the case for arbitrary switching, hence nd(·, ·) becomes

arbitrarily large, then

nd(t,t0)−1∑
j=1

nd(t,t0)−1∏
k=j

γmaxε = lim
t→∞

nd(t,t0)−1∑
j=1

(γmaxε)
nd(t,t0)−1−j

 = lim
t→∞

(
(γmaxε)

nd(t,t0) − (γmaxε)

γmaxε− 1

)
,

=


γmaxε

1−γmaxε
, γmaxε < 1,

∞, γmaxε ≥ 1,

(5.23)

where this sequence is finite if γmaxε < 1, and by the definition of ε, the minimum dwell

time such that the switched reference system is input-to-state stable is given by td >
ln γmax

βmin
.

The same logic can be applied to the first product in (5.21) which converges with the same
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condition on the dwell time. Since r(·) is bounded by assumption, it follows that (5.16) is

globally bounded uniformly in t0 ∈ [0,∞). Lastly, if r ≡ 0, t ≥ t0, then it follows that

(5.16) is globally asymptotically stable uniformly in t0 ∈ [0,∞). It is worthwhile to note

that similar results have been found for single-input single-output systems in [188] and by

studying the Lyapunov functions of switched dynamical systems in [189]. �

Corollary 5.10. Consider the switched linear dynamical system (17) under arbitrary switch-

ing, and assume there exists a common quadratic Lyapunov function for the matrices Aref,s,

∀s ∈ Σ. Then, the switched dynamical system is input-to-state stable and globally bounded

uniformly in t0 ∈ [0,∞) for any σ(·) with dwell time, td > 0.

Proof: It is known that if a common quadratic Lyapunov function exists for the matrices

Aref,s, ∀s ∈ Σ, then the uncontrolled system is exponentially stable for any switching law

[184, Theorem 2.1]. It follows that for (13) to be exponentially stable for any σ(·) when

r(·) = 0, t ≥ t0, then γs = 1, ∀s ∈ Σ, since

‖eAref,st‖‖x0‖ ≤ γse
−βst‖x0‖, (5.24)

‖eAref,st‖ ≤ γse
−βst, (5.25)

where at t = 0, ‖I‖ ≤ γs. In this case, (5.22) becomes
∑nd(t,t0)−1

j=1

∏nd(t,t0)−1
k=j ε, and the

solution by applying (5.23) is

nd(t,t0)−1∑
j=1

nd(t,t0)−1∏
k=j

ε =
ε

1− ε
, (5.26)

which is finite for any ε ∈ (0, 1), or equivalently td > 0. Since r(·) is bounded by assumption,

it follows from (32) that (17) is globally bounded uniformly in t0 ∈ [0,∞) for any σ(·).

Similar results were proved for single-input single-output linear systems in [188] and for

nonlinear systems using Lyapunov methods in [190]. �
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As an example, consider an orthogonal decomposition of the matrix Aref,s such that

Aref,s = S−1
s

λ1,s 0

0 λ2,s

Ss, (5.27)

where λ1,s, λ2,s < 0 are the eigenvalues of Aref,s, and Ss is such that S−1
s = ST

s and ‖Ss‖ = 1.

The spectral theorem states that all symmetric matrices are orthogonal diagonalizable in this

form [191, Theorem 12.22]. It can be shown that for a given τj, the factors, γσ(τj) in (5.16), can

be found as γσ(τj) = ‖S−1
s ‖‖Ss‖. In this case, it holds that spec(Aref,s) = {λ1,s, λ2,s}, s ∈ Σ,

γs = 1 since Ss is orthogonal, and βs = maxs∈Σ(λ1,s, λ2,s). Thus, the conditions of Theorem

5.9 are verified since
∑m

j=0 log(γσ(τj)) = 0 and
∑m

j=0 Π∞k=jγσ(τj) = 0 for any switching signal

and hence, both
{∑m

j=0 log(γσ(τj))
}∞
m=0

and
{∑m

j=0 Π∞k=jγσ(τj)

}∞
m=0

are Cauchy sequences.

Lastly, assume there exists a symmetric positive-definite matrix P ∈ Rn×n that verifies

the set of Lyapunov matrix inequalities

AT
ref,sP + PAref,s < 0, s ∈ Σ, (5.28)

and consider the trajectory tracking error dynamics

ė(t) = Aref,σ(t)e(t) +Bσ(t)∆ΘT(t)Φ̃σ(t)(t, x(t)), e(t0) = x0 − xref,0, t ≥ t0, (5.29)

and the adaptive law

˙̂
Θ(t) = −ΓΦ̃σ(t)(t, x(t))eT(t)PBσ(t), Θ̂(t0) = Θ̂0, (5.30)
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where Θ̂ : [t0,∞)→ R(σ(n+m)+N)×m denotes the adaptive gain, ∆Θ(t) , Θ̂(t)− Θ̃,

Φ̃s(t, x) ,


I(s)⊗ x

I(s)⊗ r(t)

−Φs(t, x)

 , (s, t, x) ∈ Σ× [t0,∞)× Rn, (5.31)

I(s) ,
[
1{s∈Σ:s−1=0}(s), . . . ,1{s∈Σ:s−σ=0}(s)

]T
, (5.32)

Θ̃ ,
[
KT
x,1, . . . , K

T
x,σ, K

T
r,1, . . . , K

T
r,σ,Θ

T
]T
, (5.33)

x(·) verifies (5.15) with u(t) = φ(Θ̂(t), Φ̃σ(t)(t, x(t))),

φ(Θ̂, Φ̃s) = Θ̂TΦ̃s, (s, Θ̂, Φ̃s) ∈ Σ× R(σ(n+m)+N)×m × Rσ(n+m)+N , (5.34)

denotes the control law, and Γ ∈ R(σ(n+m)+N)×(σ(n+m)+N) is symmetric and positive-definite,

and denotes the adaptive rate matrix.

Our goal is to prove that solutions of both (5.29) and (5.30) are bounded uniformly in

t0 ∈ [0,∞) and σ(·) and that solutions of (5.29) converge asymptotically to zero uniformly in

t0 and σ(·). Since both (5.29) and (5.30) are discontinuous, multiple notions of solutions may

be applied [153]. Two classes of absolutely continuous [154, p. 127] generalized solutions of

(5.29) and (5.30) are considered, namely Carathéodory and Filippov solutions.

In the Carathéodory framework, it can be verified that if x(·) denotes the solution of

(5.15) with u(t) = φ(Θ̂(t), Φ̃σ(t)), t ≥ t0, and xref(·) denotes the solution of (5.16), then the

solution e(·) of (5.29) is such that e(t) = x(t)−xref(t), t ≥ t0 a.e.. However, a solution e(·) of

(5.29) in the sense of Filippov is not necessarily equivalent to the difference of a solution x(·)

of (5.15) with u(t) = φ(Θ̂(t), Φ̃s(t)), t ≥ t0, and a solution xref(·) of (5.16). If x(t) = xref(t),

t ≥ T a.e., for some T ≥ t0, and e(t) = 0, then this equivalence can be established for all

t ≥ T a.e.; for details, see [152].

In the following, nd(t, t0) ∈ N denotes the number of discontinuities of σ(·) over the
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interval (t0, t), Tσ(t) , {τj ∈ [t0, t) : σ(·) is discontinuous at τj, j = 0, . . . , nd(t, t0)} denotes

the totally ordered set of switching times over [t0, t), and we set t0 = τ0 ∈ Tσ(t) so that

both Aref,σ(·) and Bref,σ(·) are constant between switching times, that is, (Aref,σ(µ), Bref,σ(µ)) =

(Aref,σ(τj), Bref,σ(τj)) for all µ ∈ [τj, τj+1)∩[t0, t) and for all j = 0, . . . , nd(t, t0), where τj ∈ Tσ(t)

and (Aref,σ(τj), Bref,σ(τj)) = limτ→0+(Aref,σ(τj+τ), Bref,σ(τj+τ)). For simplicity of notation, we

define T , limt→∞ Tσ(t).

5.3.2 Carathéodory framework

In this section, we address the model reference adaptive control design problem posed in

Section 5.3.1 by analyzing Carathéodory solutions of the trajectory tracking error dynamics

(5.29) and the adaptive law (5.30) and assuming that the switching signal σ(·) is piece-wise

constant and such that σ(t) = limτ→t+ σ(τ) for each τ ≥ t0. It is worthwhile to note that

the switched dynamical system given by (5.29) and (5.30) is continuous in t ∈ [τj−1, τj) for

all (j, τj−1, e, Θ̂) ∈ N × T × Rn × R(σ(n+m)+N)×m and locally Lipschitz continuous in (e, Θ̂)

uniformly in t for all t in compact subsets of [t0,∞), and hence it follows from Theorem 1.2

of [147] that there exists a unique pair (e, Θ̂) : [t0,∞) → Rn × R(σ(n+m)+N)×m that verifies

(5.29) and (5.30) in the sense of Carathéodory.

The next theorem is the main result of this section and proves that if the trajectory

tracking error e(·) and the adaptive gain matrix Θ̂(·) verify (5.29) and (5.30), respectively,

in the sense of Carathéodory, then both the trajectory tracking error and the adaptive

gain matrix are uniformly bounded, and the closed-loop plant’s trajectory asymptotically

converges to the reference model’s trajectory. To prove this result, it is worthwhile to recall

the following generalization of Barbalat’s lemma [124, Lemma 8.2] and that the dwell-time

td , inf{|τj − τj−1| : τj−1 ∈ T , j ∈ N} of the switching signal σ(·) captures the length of the

minimal interval between switching times [184, p. 56].

Lemma 5.11 ([192]). Let h : [t0,∞) → R be piece-wise continuously differentiable and
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let {tk}∞k=1 ⊂ [t0,∞) denote the sequence of points of discontinuity of h(·). Suppose that

infk∈N |tk − tk−1| > 0 and that both h(·) and ḣ(·) are bounded on [tk−1, tk) uniformly in

k ∈ N. If limt→∞
∫ t

0
h(τ)dτ exists and is finite, then limt→∞ h(t) = 0 uniformly in k ∈ N.

Theorem 5.12. Consider the closed-loop trajectory tracking error dynamics (5.29) and the

adaptive law (5.30). Assume that the matching conditions (5.17) and (5.18) are verified,

td > 0, and there exist symmetric positive-definite matrices P,Q ∈ Rn×n so that

AT
ref,sP + PAref,s < −Q. s ∈ Σ. (5.35)

Then, both the trajectory tracking error e(·) and the adaptive gain matrix Θ̂(·) are bounded

uniformly in both t0 ∈ [0,∞) and σ(·), and e(t) → 0 as t → ∞ uniformly in both t0 and

σ(·).

Proof: Consider the common Lyapunov function candidate

V (t, e,∆Θ) = eTPe+ tr
(
∆ΘTΓ−1∆Θ

)
,

(t, e,∆Θ) ∈ [t0,∞)× Rn × R(σ(n+m)+N)×m, (5.36)

and note that if there exist symmetric positive-definite matrices P,Q ∈ Rn×n so that (5.35)

is verified, then the Lyapunov inequality (5.28) is verified. Next, it follows from (5.36) and

(5.35) that

V̇ (t, e(t),∆Θ(t)) ≤ −αmin‖e(t)‖2 + 2eT(t)PBσ(t)∆ΘT(t)Φ̃σ(t)(t, x(t))

+ 2tr
(

∆ΘT(t)Γ−1 ˙̂
Θ(t)

)
= −αmin‖e(t)‖2

+ 2tr
(

∆ΘT(t)
[
Γ−1 ˙̂

Θ(t) + Φ̃σ(t)(t, x(t))eT(t)PBσ(t)

])
= −αmin‖e(t)‖2, t ≥ t0 a.e., (5.37)
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along the trajectories of (5.29) and (5.30), where αmin , λmin(Q).

Since both V (·, ·, ·) and V̇ (·, ·, ·) do not explicitly depend on t and σ(·) and V̇ (t, e(t),∆Θ(t)),

t ≥ t0, is a non-increasing function of time, by proceeding as in Theorem 4.13 of [117] it can

be proven that both e(·) and Θ̂(·) are bounded on [τj−1, τj) uniformly in j ∈ N for all τj ∈ T .

Next, since V (t, e,∆Θ), (t, e,∆Θ) ∈ [t0,∞) × Rn × R(σ(n+m)+N)×m, is positive-definite and

V̇ (t, e(t),∆Θ(t)) is non-positive definite, it follows from the monotone convergence theo-

rem [117, Th. 2.10] that there exists Ve ≥ 0 such that V (t, e(t),∆Θ(t)) → Ve as t → ∞.

Moreover, ẋref(·) is bounded on [τj−1, τj) uniformly in j ∈ N for all τj−1 ∈ T since Aref,s,

s ∈ Σ, is Hurwitz, Σ is bounded, and r(·) is bounded. Furthermore, since Σ is bounded, it

follows from (5.34) and (5.15) with u(t) = φ(Θ̂(t), Φ̃σ(t)(t)) that ẋ(·) is bounded on [τj−1, τj)

uniformly in j ∈ N for all τj−1 ∈ T . Therefore, ė(·) is bounded on [τj−1, τj) uniformly in

j ∈ N for all τj−1 ∈ T and V̈ (t, e(t), K̂(t), K̂g(t)) = −2eT(t)Qė(t) is bounded on [τj−1, τj)

uniformly in j ∈ N for all τj−1 ∈ T . Consequently, it follows from Lemma 5.11 that

V̇ (t, e(t), K̂(t), K̂g(t)) → 0 as t → ∞ and hence, it follows from (5.37) that e(t) → 0 as

t→∞ uniformly in t0 ∈ [0,∞) and σ(·), which concludes the proof. �

Theorem 5.12 proves that if the matching conditions (5.17) and (5.18) are verified, the

dwell-time td of the switching signal σ(·) is arbitrarily small, but non-zero, and there exists a

solution to the Lyapunov inequality (5.28), then both the trajectory tracking error e(·) and

the adaptive gain matrix Θ̂(·) are bounded and the trajectory of the closed-loop plant (5.15)

with u(t) = φ(Θ̂(t), Φ̃σ(t)), t ≥ t0, eventually mimics the trajectory of the reference model

(5.16), that is, limt→∞ ‖e(t)‖ = limt→∞ ‖x(t) − xref(t)‖ = 0 uniformly in both t0 ∈ [0,∞)

and σ(·).

5.3.3 Filippov framework

In this section, we address the model reference adaptive control design problem posed

in Section 5.3.1 by analyzing Filippov solutions of the trajectory tracking error dynamics
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(5.29) and the adaptive law (5.30) and assuming that the switching signal σ(·) is Lebesgue

integrable and has countably many points of discontinuity over the time interval [t0,∞). To

this goal, define the vectorized adaptive gain θ̂(t) , vec(Θ̂(t)), t ≥ t0, where vec(·) denotes

the vector-stacking operator, and consider the vectorized adaptive law

˙̂
θ(t) = −vec

(
ΓΦ̃σ(t)(t, x(t))eT(t)PBσ(t)

)
, θ̂(t0) = vec(Θ̂0), t ≥ t0, (5.38)

which has been deduced from (5.30). Furthermore, let y(t) ,
[
eT(t), θ̂T(t)

]T

, t ≥ t0, and

f(t, y) ,

Aref,σ(t)e+Bσ(t)∆ΘTΦ̃σ(t)(t, x(t))

−vec
(

ΓΦ̃σ(t)(t, x(t))eTPBσ(t)

)
 ,

(t, y) ∈ [t0,∞)× Rn+m(σ(n+m)+N), (5.39)

so that (5.29) and (5.30) are equivalent to

ẏ(t) = f(t, y(t)), y(t0) =

x0 − xref,0

vec(Θ̂0)

 , t ≥ t0. (5.40)

It is worthwhile to note that the nonlinear, discontinuous dynamical system given by (5.40)

is Lebesgue integrable and essentially locally bounded uniformly in t ∈ [t0,∞) since Φs(·, ·) is

Lebesgue integrable, continuous in t ∈ [t0,∞), and Lipschitz continuous in x ∈ D, uniformly

in t for all s ∈ Σ, and σ(·) is Lebesgue integrable and bounded.

Theorem 5.13. Consider the closed-loop trajectory tracking error dynamics (5.29) and the

adaptive law (5.30). Assume that the matching conditions (5.17) and (5.18) are verified

and there exist symmetric positive-definite matrices P,Q ∈ Rn×n so that (5.35) is verified.

Then, every maximal solution of the Filippov regularization of (5.29) and (5.30) is bounded

uniformly in both t0 ∈ [0,∞) and σ(·) and such that e(t) → 0 as t → ∞ uniformly in both

t0 and σ(·).
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Proof: Consider the candidate common Lyapunov function

V (t, y) = eTPe+ θ̃Tθ̃, (t, y) ∈ [t0,∞)× Rn+m(σ(n+m)+N), (5.41)

where θ̃ , vec
(

Γ−
1
2 ∆Θ

)
, and note that if there exists Q ∈ Rn×n that is symmetric, positive-

definite, and such that (5.35) is verified, then the Lyapunov inequality (5.28) is verified. Since

V (·, ·) is continuously differentiable, the Lyapunov function candidate (5.41) is Lipschitz

continuous and regular, and it follows from Lemma 5.7 that V̇ (t, y(t)) ∈ V̇ (t, y(t)), t ∈

[t0,∞) a.e., where

V̇ (t, y) ,
⋂

ξ∈∂V (t,y)

ξT

K[f ](t, y)

1

 , (t, y) ∈ [t0,∞)× Rn+m(σ(n+m)+N), (5.42)

and f(·, ·) verifies (5.40). Furthermore, since V (·, ·) is continuously differentiable and does

not depend on t explicitly, it holds that

V̇ (t, y) ⊂ ∂V (t, y)

∂y
K [f ] (t, y) ⊂ 2

[
eTP, θ̃T

]
K [f ] (t, y),

(t, y) ∈ [t0,∞)× Rn+m(σ(n+m)+N), (5.43)

and since f(t, ·) is continuous for all t ∈ [t0,∞) and f(·, y) is continuous between switching

times for all y ∈ Rn+m(σ(n+m)+N), it follows from Theorem 1 of [166] that K [f ] (t, y) =

{f(t, y)} for all (t, y) ∈ ([τj−1, τj) ∩ [t0, t)) × Rn+m(σ(n+m)+N), where τj ∈ T and j ∈ N.

Therefore, by proceeding as in the proof of Theorem 5.12, it holds that

V̇ (t, y(t)) ≤ −αmin‖e(t)‖, t ∈ [t0,∞) a.e., (5.44)

where αmin = λmin(Q). Since V (·, ·) is positive-definite and radially unbounded and W3(y) =

αmin‖e‖ is a nonnegative-definite function of its argument, it follows from Theorem 5.8 that
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every maximal solution y(·) of the Filippov regularization of (5.40) is bounded uniformly in

both t0 ∈ [t0,∞) and σ(·) and such that limt→∞ e(t) = 0 uniformly in both t0 and σ(·). �

Theorem 5.13 proves that applying the control law (5.34) and the adaptive law (5.30)

or, equivalently, (5.34) and (5.38), both the trajectory tracking error e(·) and the adaptive

gain matrix Θ̂(·) are bounded, and limt→∞ ‖e(t)‖ = 0 uniformly in both t0 ∈ [0,∞) and σ(·).

Hence, it follows from the definition of limit that given ε > 0, there exists T ≥ t0 such that

‖e(t)‖ < ε for t ≥ T a.e.. Theorem 5.12 proved a similar result, assuming that the dwell-

time is non-zero. Theorem 5.13, instead, allows zero dwell-time. Moreover, Theorem 5.12

guarantees the existence of a unique solution of trajectory tracking error and the adaptive

gains dynamics, whereas Theorem 5.13 guarantees the existence, but not the uniqueness, of

a solution of (5.29) and (5.30).

5.4 Illustrative numerical example

In the this section, we provide a numerical example to demonstrate the effectiveness of

both the control law (5.34) and the adaptive law (5.30) to guarantee that the trajectory x(·)

of the plant (5.15) with u(t) = φ(Θ̂(t), Φ̃σ(t)(t)), t ≥ t0, eventually tracks the trajectory xref(·)

of the reference model (5.16). Specifically, we consider a delta-wing aircraft, whose wings’

morphing mechanism is able to modify the vehicle’s aerodynamic and geometric properties

sufficiently fast to be considered as instantaneous, and whose aerodynamic and geometric

coefficients are unknown. The roll dynamics of this vehicle is captured by

ϕ̇(t)

ṗ(t)

 =

 0 1

θ1,σ(t) θ2,σ(t)


ϕ(t)

p(t)

+

 0

θ3,σ(t)

 [u(t) + ΘTΦσ(t)(t, ϕ(t), p(t))
]
,

ϕ(0)

p(0)

 =

ϕ0

p0

 , t ≥ 0, (5.45)
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where ϕ(·) denotes the roll angle, p(·) denotes the roll rate, u(·) denotes the roll moment,

θ1,s, θ2,s, θ3,s ∈ R capture aerodynamic coefficients of the aircraft, s ∈ Σ, Σ = {1, 2}, θ1,s and

θ2,s are unknown, Θ ∈ R4 is unknown,

Φs(t, ϕ, p) =
[
1{s∈Σ:s−1=0}(s)Φ̄1(t, ϕ, p),1{s∈Σ:s−2=0}(s)Φ̄

T
2 (t, ϕ, p)

]T
,

(s, t, ϕ, p) ∈ Σ× [t0,∞)× R× R,

denotes the regressor vector, and [75, pp. 285-291]

Φ̄1(t, ϕ, p) = tanhϕ,

Φ̄2(t, ϕ, p) =
[
|ϕ(t)|p(t), |p(t)|p(t), ϕ3(t)

]T
;

note that (5.45) is in the same form as (5.15) with n = 2, m = 1, t0 = 0, x = [ϕ, p]T,

As =

 0 1

θ1,s θ2,s

, s ∈ Σ, σ = 2, and Bs =

 0

θ3,s

. Additionally, we consider the switched

reference model (5.16) with xref(t) = [ϕref(t), pref(t)]
T, Aref,s =

 0 1

−ks −cs

, s ∈ Σ, ks > 0,

cs > 0, Bref,s =

 0

bs

, and bs ∈ R so that if σ(t) = 1, t ≥ 0, then (5.16) captures a less

responsive reference model, and if σ(t) = 2, then (5.16) captures a more responsive reference

model. It is worthwhile to note that Aref,s, s ∈ Σ, is in companion form and hence, there

exists a symmetric positive-definite matrix P ∈ R2×2 that verifies (5.28) if and only if the

matrix product Aref,1Aref,2 does not have any negative real eigenvalue [193].

Let θ1,1 = −9.15, θ2,1 = −4.6, θ3,1 = 1, θ1,2 = −0.018, θ2,2 = 0.015, θ3,2 = 0.75,

Θ = [1,−0.062, 1, 0.009]T, k1 = 1, c1 = 3, b1 = 1, k2 = 150, c2 = 45, b2 = 150, r(t) =
1

2
sin 2t,

t ≥ 0, σ(t) = rpi
(

1
2

sin (ω(t)t) + 3
2

)
, where rpi(·) denotes the rounding function to the nearest
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Figure 5.1: Plot of the aircraft’s roll angle ϕ(·) and reference roll angle ϕref(·). The vertical
lines mark the switching times. Despite the arbitrarily small dwell-time and the uncertainties
in both the plant dynamics and the initial conditions, the aircraft’s roll angle tracks closely
the reference roll angle.

integer,

ω(t) =


0.5, t ∈ [0, 15) ∪ [25,∞),

3(t− 15)

4(25− t)
, t ∈ [15, 25),

Γ = 50I10, ϕ0 = 1, and p0 = 1; note that the dwell-time converges to zero as t → 25 from

the left. In this case, spec(A1) = {−2.3000 − 1.9647,−2.3000 + 1.9647} and spec(A2) =

{0.0075 − 0.1340, 0.0075 + 0.1340, }, which implies that the uncontrolled plant is asymp-

totically stable for s = 1 and is unstable for s = 2. Furthermore, spec(Aref,1Aref,2) =

{−8.000− 9.2736,−8.000 + 9.2736}, and (5.28) is verified by P =

2.99 0.75

0.75 0.288

 · 104.

Figure 5.1 shows plots of the aircraft’s roll angle and the corresponding reference trajec-

tory. The control law (5.34) and the adaptive law (5.30) guarantee satisfactory trajectory

tracking despite uncertainties in the plant dynamics and the initial conditions and despite
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Figure 5.2: Plot of control input obtained applying the control law (5.34) and the proposed
adaptive law (5.30). Both the magnitude an the frequency of the control input increase with
the frequency of the switching signal.

the arbitrarily small dwell-time over the interval [15, 25) s. Figure 5.2 shows a plot of the

roll moment needed to track the reference trajectory. It is apparent that each switching is

followed by a sudden increase of the control input, and over the time interval [15, 25) s, the

control input is characterized by high-frequency oscillations due to the rapid sequence of

switching times.

None of the control techniques for uncertain, switched, nonlinear plants that we surveyed

is suitable to regulate (5.45). Therefore, to validate the usefulness of the adaptive law (5.30),

we considered the problem of applying the control law (5.34) and the classical adaptive law

˙̂
Θ(t) = −ΓΦ̃s(t, x(t))eT(t)PBs, s ∈ Σ, Θ̂(t0) = Θ̂0, t ≥ t0, (5.46)

to regulate the aircraft’s roll dynamics. If s = 1 in both (5.34) and (5.46), then the trajectory

tracking error diverges. Alternatively, if s = 2 in both (5.34) and (5.46), then the aircraft

is able to track the reference roll angle. However, as shown in Figure 5.3, applying (5.34)
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Figure 5.3: Plot of the trajectory tracking error norm obtained by applying the control
law (5.34) and the proposed adaptive law (5.30), namely ‖e(·)‖, and plot of the trajectory
tracking error norm obtained by applying the control law (5.34) and the classical adaptive
law (5.46) with s = 2, namely ‖eclassical(·)‖. Applying (5.34) and (5.30), the trajectory
tracking error is consistently smaller.

and (5.46) with s = 2, the trajectory tracking error is consistently larger than the trajectory

tracking error obtained by applying the proposed framework. Indeed, applying (5.34) and

(5.30), the L2-norm of the trajectory tracking error is equal to 0.049N, and applying (5.34)

and (5.46) with s = 2, the L2-norm of the trajectory tracking error is equal to 0.209N. Figure

5.4 shows the control input obtained applying (5.34) and (5.46) and s = 2. By comparing

Figures 5.2 and 5.4, it appears that applying (5.34) and (5.46) with s = 2, the control effort

is three orders of magnitude larger than the control effort needed to apply (5.34) and (5.30);

indeed, the L∞-norm of the control input obtained by applying (5.34) and (5.46) with s = 2

is 415, 559.07N, whereas the L∞-norm of the control input obtained applying (5.34) with

the proposed adaptive law (5.30) is 171.75N. Lastly, we remark that, employing (5.34) and

(5.30), the computational time is approximately 10.4 times shorter than employing (5.34)
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Figure 5.4: Plot of control input obtained applying the control law (5.34) and the classical
adaptive law (5.46) with s = 2. By comparing this plot with the plot in Figure 5.2, it is
apparent that applying (5.34) and (5.46) with s = 2, the control effort is three orders of
magnitude larger than the control effort needed to apply (5.34) and (5.30).

and (5.46) with s = 2.

Since transient performance can be a known issue with MRAC in general, addressed in

Chapter 4, an additional simulation is performed where the switching becomes arbitrarily

fast at 1s simulation time during the transient. The switching law is given by,

ω(t) =


3(t− 1)

4(1− t)
, t ∈ [0, 1),

0.25(t− 1), t ∈ [1, 10).

As seen in Figure 5.5, the system still converges to the reference signal in similar fashion as

the previous simulation.
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Figure 5.5: Plot of the aircraft’s roll angle ϕ(·) and reference roll angle ϕref(·). The vertical
lines mark the switching times. Despite the arbitrarily small dwell-time during the transient
and the uncertainties in both the plant dynamics and the initial conditions, the aircraft’s
roll angle tracks closely the reference roll angle.

5.5 Flight tests

5.5.1 Problem description

In order to validate the proposed model reference adaptive control framework for un-

known switched nonlinear plants, we performed flight tests involving a tilt-rotor UAV tasked

with autonomously mounting a camera to a vertical surface. This UAV comprises a chassis,

which is modeled as a rigid body, four propellers, whose spin axes can be tilted independently,

a robotic arm, and a grasper, which comprises a suction cup mounted at the extremity of the

robotic arm; for details, see Figure 5.6. The camera is held by the grasper and is covered by

one of the two sides of a lineal fabric strip fastener. The point on the vertical surface where

the camera must be installed is covered by the other side of the fabric strip fastener. After

having exerted some normal force against the vertical surface and having engaged the fabric
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Figure 5.6: Tilt-rotor UAV installing a camera on a vertical surface. The camera is held
by the grasper and is covered by one of the two sides of a lineal fabric strip fastener. The
vertical surface is partly covered by the other side of the fabric strip fastener so that, after
having exerted some pressure against the vertical surface, the suction cup is released, and
the UAV flies away.

strip fastener, the suction cup is released and the UAV flies away from the vertical surface.

A video of one of these flight tests can be found at [194].

5.5.2 Dynamical modeling

To uniquely identify the position and orientation of the UAV in space, we consider

two reference frames, namely the inertial reference frame I , {O;X, Y, Z} centered in

O ∈ R3 and with orthonormal axes X, Y, Z ∈ R3 and the body reference frame J(·) ,

{A(·);x(·), y(·), z(·)} centered at the extremity of the arm A : [t0,∞) → R3 and with or-

thonormal axes x, y, z : [t0,∞)→ R3. If a vector a ∈ R3 is expressed in the reference frame

I, then it is denoted by aI; alternatively, if a vector is expressed in J(·), then no superscript

is used. The reference frame I is set so that the X axis is normal to the vertical surface and

the force due to the gravitational acceleration is given by F I
g = −mgZ, where m > 0 denotes

the mass of the UAV and g > 0 denotes the gravitational acceleration. The reference frame

J(·) is set so that the propellers’ arms are aligned to the y(·) axis; for details, see Figure 5.7.
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Figure 5.7: Schematic representation of a simplified unmanned aerial manipulator system
exerting a normal force against a vertical surface.

The position of the reference point A(·) with respect to O is denoted by rIA : [t0,∞)→ R3

and the velocity of A(·) with respect to the reference frame I is denoted by vIA : [t0,∞)→ R3.

Using a 3-2-1 rotation sequence, the orientation of the body reference frame J(·) with respect

to the inertial reference frame I is captured by the roll angle φ : [t0,∞)→ [0, 2π), the pitch

angle θ : [t0,∞)→
(
−π

2
, π

2

)
, and the yaw angle ψ : [t0,∞)→ [0, 2π) [125, pp. 11].

The vector of independent generalized coordinates

q(t) ,
[(
rIA(t)

)T
, φ(t), θ(t), ψ(t)

]T

∈ D, t ≥ t0, (5.47)

captures the position and orientation of J(·) with respect to I, where D , R3 ×
(
−π

2
, π

2

)
×(

−π
2
, π

2

)
× [0, 2π). The kinematic equations of the UAV are given by

q̇(t) =

 vIA(t)

Γ(q(t))ω(q(t), q̇(t))

 , q(t0) = q0, t ≥ t0, (5.48)

where ω : D×R6 → R3 denotes the angular velocity of the reference frame J(·) with respect
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to I, and [125, Th. 1.7]

Γ(q) ,


1 sinφ tan θ cosφ tan θ

0 cosφ − sinφ

0 sinφ sec θ cosφ sec θ

 , q ∈ D;

it is worthwhile to recall that Γ(q) is invertible, since θ ∈ (−π
2
, π

2
) [125, pp. 18-19].

After the fabric strip fastener has been engaged and before the suction cup is released,

the point of contact between the robotic arm and the vertical surface is modeled as a cylin-

drical hinge since the aircraft can only rotate about the y(·) axis. Furthermore, the trans-

lation of the reference point A(·), the aircraft’s roll angle, and the aircraft’s yaw angle are

impeded. Therefore, while the UAV is in contact with the vertical surface, the plant dy-

namics is in partial-state equilibrium [117, Def. 4.1]. Furthermore, the UAV’s dynamics

comprises two models, that is, Σ = {1, 2}. Specifically, the first model captures the UAV’s

free flight dynamics, and the state vector comprises twelve components, that is, the com-

ponents of [qT(·), q̇T(·)]T. The second dynamical model captures the UAV’s pitch dynamics

while in contact with the vertical surface, the state vector comprises two components, that

is, [θ(·), θ̇(·)]T, and the remaining components of [qT(·), q̇T(·)]T are at equilibrium. By pro-

ceeding as in [20], the translational and rotational dynamic equations of the UAV are given

by

Hσ(t)M(q(t))

 v̇IA(t)

ω̇(q(t), q̇(t))

 = Hσ(t)


fdyn,tran(t, q(t), q̇(t))

fdyn,rot(t, q(t), q̇(t))

+G(q(t))u(t)

 ,

[
vI,TA (t0), ωT(t0)

]T

=
[
vI,TA,0, ω

T
0

]T

, t ≥ t0, (5.49)
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where

Hs ,

1{s∈Σ:s−1=0}(s)I3 03×3

03×3 Irot(s)

 , s ∈ Σ, (5.50)

Irot(s) , diag
(
1{s∈Σ:s−1=0}(s), 1,1{s∈Σ:s−1=0}(s)

)
,

M(q) ,

 mI3 −mR(q)r×C

mr×CR
T(q) I

 , q ∈ D, (5.51)

denotes the generalized mass matrix, rC ∈ R3 denotes the position of center of mass of

the controlled mechanical system with respect to the reference point A(·), the symmetric,

positive-definite matrix I ∈ R3 denotes the inertia matrix of the UAV with respect to the

reference point A(·),

fdyn,tran(t, q, q̇) , F I
g −mR(q)ω×(q, q̇)ω×(q, q̇)rC , (5.52)

fdyn,rot(t, q, q̇) , −ω×(q, q̇)Iω(q, q̇)−
4∑
i=1

[
IPi

(t)ω̇Pi
(t) + ω×Pi

(t)IPi
(t)ωPi

(t)
]

− ω×(q, q̇)
4∑
i=1

IPi
(t)ωPi

(t) + r×CR
T(q)F I

g , (5.53)

G(q) ,

R(q)

[
e1,3 e3,3

]
03×3

03×2 I3

 , (5.54)

u , [u5, u1, . . . , u4]T ∈ R5 denotes the control input, u5, u1 : [t0,∞) → R, denote the

components of the forces produced by the propellers along the x(·) and z(·) axes, respectively,

and [u2, u3, u4]T : [t0,∞) → R3 denotes the moment of the force produced by the propellers.

The inertia matrix of the ith propeller IPi
(·), i = 1, . . . , 4, is a function of time since the

propellers’ tilt angle may vary [20]. The first component of the control vector u(·) is denoted

by u5(·) for consistency with the notation concerning classical quadcopters, for which u :
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[t0,∞)→ R4 and u5(t) ≡ 0, t ≥ t0; for details, see [74].

If σ(t) = 1, t ∈
⋃∞
k=0[τ2k, τ2k+1), then Hσ(t) = I6, and (5.49) captures the aircraft’s

free flight dynamics. Alternatively, if σ(t) = 2, t ∈
⋃∞
j=0[τ2j+1, τ2(j+1)), then Hσ(t) =

03×3 03×3

03×3


0 0 0

0 1 0

0 0 0




, and (5.49) captures the pitch dynamics of the UAV while connected

to the vertical surface. An equivalent formulation of the UAV’s dynamics may have been

deduced by setting Hσ(t) = I6, t ≥ t0, and introducing the impulsive reaction forces and

moments imposed by the vertical surface in the UAV’s free flight dynamic equations.

5.5.3 Control strategy

Let qref(t) ,
[(
rIref(t)

)T
, φref(t), θref(t), ψref(t)

]T

∈ D, t ≥ t0, denote the piece-wise

twice continuously differentiable reference vector of independent generalized coordinates,

where rIref(·) captures the user-defined reference trajectory for the point A(·), φref(·) cap-

tures the reference roll angle, θref(·) captures the user-defined reference pitch angle, and

ψref(·) captures the user-defined reference yaw angle. We design qref(·) so that rIref(t) = rIwall,

t ∈
⋃∞
j=0[τ2j+1, τ2(j+1)), where rIwall denotes the point on the vertical surface where the cam-

era must be installed. Furthermore, we set θref(t) ≡ 0, t ≥ t0, and ψref(t) ≡ 0 so that the

robotic arm is orthogonal to the vertical surface upon impact. The UAV considered in this

research is underactuated since it is characterized by six degrees of freedom, namely the

components of q(·), and five control inputs, namely the components of u(·). Therefore, it

is impossible to define qref(·) arbitrarily. For these aerial vehicles, φref(·) is deduced so that

the desired displacement of the reference point A(·) along the direction Y of the reference

frame I can be achieved [20]. In this chapter, we set eT
2,3r

I
ref(t) = 0, t ≥ t0, so that if∣∣eT

2,3

(
rIA(t)− rIref(t)

)∣∣ = 0, t ≥ t0, then φref(t) = 0.
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Next, consider the feedback-linearizing control law

βs(t, q, qref , w) , h

(
−

fdyn,tran(t, q, q̇)

fdyn,rot(t, q, q̇)

+M(q)

 13 03×3

03×3 Γ−1(q)


·

[
q̈ref −

 03×1

Γ̇(q)ω(q, q̇)

− [KP,s, KD,s]

q − qref

q̇ − q̇ref

+ w

])
,

(s, t, q, qref , w) ∈ Σ× [t0,∞)×D ×D × R6, (5.55)

where KP,s, KD,s ∈ R6 are user-defined, symmetric, and positive-definite gain matrices that

define a proportional-derivative baseline controller, h : Rn → Rn is defined so that eT
j,6h(x) =

xj, j ∈ {1, 2, 4, 5, 6}, and eT
3,6h(x) = µκ(x3), and µκ : R → R is defined so that µκ(α) =

κ signα, for |α| ≤ κ and κ > 0 user-defined and arbitrarily small, and µκ(α) = α, for |α| > κ.

If u(t) = βσ(t)(t, q(t), qref(t), w(t)), t ≥ t0, then the trajectory tracking error dynamics is

given by the switched dynamical model

ė(t) = Aref,σ(t)e(t) +B
[
w(t) + Θ̃TΦ̃σ(t)(t, q(t), q̇(t))

]
,

e(t0) =

q(t0)− qref(t0)

q̇(t0)− q̇ref(t0)

 , t ≥ t0, (5.56)

where e(t) , q(t)− qref(t), denotes the trajectory tracking error, Aref,s =

 06×6 I6

−KP,s −KD,s

,

s ∈ Σ, B =

06×6

I6

, Θ̃ ∈ R39×6 is unknown, and

Φ̃s(t, q, q̇) ,
[
1{s∈Σ:s−1=0}(s)Φ

T

1 (t, q, q̇),1{s∈Σ:s−2=0}(s)Φ2(t, q, q̇),
]T

,

(s, t, q, q̇) ∈ Σ× [t0,∞)×D × R6, (5.57)

Φ1(t, q, q̇) =
[
−mWT

M(R(q)ω×(q, q̇)ω×(q, q̇)),

149



−WT
M

(
ω×(q, q̇)MW (ω(q, q̇))

)
, FT

g (q)
]T
, (5.58)

Φ2(t, q, q̇) = eT
3,3Fg(q), (5.59)

WM(A) ,
n∑
i=1

[ei,m ⊗ (Aei,m)], A ∈ Rn×m, (5.60)

MW (b, n) ,
(
bT ⊗ In

)
, (b, n) ∈ Rm × N, b ∈ Rn. (5.61)

The regressor vector Φ̃s(t, q, q̇), (s, t, q, q̇) ∈ Σ × [t0,∞) × D × R6, has been constructed

to capture the effect of uncertainties on the location of the UAV’s center of mass on the

right-hand side of the dynamic equation (5.49). The function h(·) in (5.55) guarantees the

controllability of the closed-loop plant dynamics at all times [20].

Let w(t) = φ(Θ̂(t), Φ̃σ(t)(t, q(t), q̇(t))), t ≥ t0, where the feedback control law φ(·, ·) is

given by (5.34) and Θ̂(·) verifies the adaptive law (5.30). In this case, the trajectory tracking

error dynamics (5.56) is in the same form as (5.29) with n = 12, m = 6, x =
[
qT, q̇T

]T
, and

Bs = B, s ∈ Σ. Therefore, it follows from Theorem 5.12 or, alternatively, from Theorem 5.13

that the proposed model reference adaptive control law (5.34) and the proposed adaptive

law (5.30) can be employed to guarantee satisfactory trajectory tracking at all times.

5.5.4 Flight tests setup

The UAV employed to test the proposed model reference adaptive control framework

for switched dynamical systems is custom designed. The chassis is made of carbon fiber

rods and the propellers are actuated by Dynamixel AX-18A servo motors, which guarantee

±1 deg precision and allow to measure their displacement. To guarantee successful grasping

and placement of the camera sensor and allow the user to release the camera at a desired

time instant, a gripper based on an active, self-sealing suction cup has been employed.

The proposed control law has been coded in the C++ programming language and imple-

mented on an ODroid XU4 companion computer, which integrates both (5.30) and (5.29)
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and evaluates the control law (5.34) at a frequency of approximately 250 Hz. Once the con-

trol input u(·) has been determined, the companion computer calculates the tilt angle and

thrust force for each propeller to realize the desired control input according to the algorithm

outlined in [20]. The servo actuators that regulate the propellers’ tilt angles are controlled

directly by the companion computer. Each propeller’s desired thrust force is transmitted

from the companion computer to a Pixhawk 2 flight controller over a dedicated serial line,

and the flight controller coordinates each propeller so that the desired thrust force is realized.

The flight controller also embeds an inertial measurement unit and an extended Kalman filter

to estimate the vehicle’s rotational position and velocities. Flight tests have been performed

indoors, and the UAV’s position and velocity are deduced by a Vicon motion capture system

and transmitted over WiFi to the companion computer.

5.5.5 Flight tests results

The feedback-linearizing control law (5.55) and the adaptive law (5.30) have been coded

assuming that the UAV’s mass is m = 2.06kg, which has been deduced using a precision

scale, and its inertia matrix is

I =


1.97 −0.0732 −0.0182

−0.0732 1.37 −0.0162

−0.0182 −0.0162 10.8

 · 10−3kg ·m2,

which has been deduced using a computer aided design (CAD) model. Furthermore, the

ith propeller’s inertia matrix IPi
(·), i = 1, . . . , 4, has been computed by modeling each

propeller as a thin disk of mass 0.0039 kg and radius 0.1145 m. Lastly, we set KP,1 =

diag(1, 1, 2, 0.4, 0.5, 0.4), KD,1 = diag(0.5, 0.5, 1, 0.1, 0.25, 0.1), KP,2 = 0.5I6, and KD,2 =

0.25I6; the adaptive rate matrix Γ and the matrices P and Q that verify the Lyapunov

inequality (5.35) have been omitted for brevity. The inertial parameters of the camera have
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Figure 5.8: Position of the UAV during a sensor placement mission. Both the feedback-
linearizing control law (5.55) and the adaptive law (5.30) have been tuned without accounting
for the camera. Therefore, during the adaptive gains’ transient dynamics over the time
interval [0, 7.2] s, the trajectory tracking error is sensibly larger than over the time interval
[7.2, 20.3] s. To lead the UAV away from the vertical surface as soon as possible and overcome
the force exerted by the suction cup, the reference trajectory is discontinuous at t = 20.3 s.

been neglected while tuning the proposed controller.

Figure 5.8 shows the components of both the actual trajectory rIA(·) and the reference

trajectory rIref(·) of the point A(·). The aircraft takes off at t = 0 s and is commanded

to reach an altitude of 2.15 m over the time interval [0, 5] s. Successively, the reference

trajectory requires the UAV to hover for two seconds. At t = 7 s, the reference trajectory

leads the reference point A(·) toward the wall at a forward velocity of 0.33 m/s. The wall

is impacted at t = 15.5 s and the propellers’ tilt angles are held constant over the time

interval [15.5, 20.3] s to exert sufficient horizontal force to engage the fabric strip fastener.

At t = 20.3 s, the suction cup’s micro-pump is deactivated and the UAV follows its reference

trajectory moving away from the vertical surface. The reference trajectory is discontinuous

at t = 20.3 s to lead the UAV away from the vertical surface as soon as possible and overcome
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the residual force exerted by the suction cup. Therefore, in this flight test t0 = τ0 = 0 s,

τ1 = 15.5 s, and τ2 = 20.3 s. Although t0 and τ2 have been set a priori, τ1 could be only

estimated over the course of the flight test, which provided an additional challenge for the

proposed control architecture.

Over the time interval [0, 15.5) s, the L∞-norm and the L2-norm of the trajectory tracking

error are 0.4820 m and 0.1904 m/s, respectively. Over the time interval [15.5, 20.3) m, the

L∞-norm and the L2-norm of the trajectory tracking error are 0.0412 m and 0.0226 m/s,

respectively. Finally, over the time interval [20.3, 25] s, the L∞-norm and the L2-norm of

the trajectory tracking error are 1.4270 m and 0.4054 m/s, respectively. The target position

rIwall = [2.15, 0, 0]T m is reached with 0.01 m error at t = τ1. The proposed control architecture

has been tuned without accounting for the camera, which lead to larger initial errors in the

trajectory tracking error along both the X axis and the Z axis, which are compensated over

the time interval [0, 7.2] s. The discontinuity in the reference trajectory qref(·) lead to a large

trajectory tracking error, which is compensated over the time interval [20.3, 25] s.

Figure 5.9 shows the UAV’s pitch angle. Over the time interval [0, 15.5) s, the L∞-norm

and the L2-norm of the pitch tracking error are 0.0993 and 0.1042 s−1, respectively. Over

the time interval [15.5, 20.3) s, the L∞-norm and the L2-norm of the pitch tracking error are

0.0430 and 0.0177 s−1, respectively. Finally, over the time interval [20.3, 25] s, the L∞-norm

and the L2-norm of the pitch tracking error are 0.0423 and 0.0398 s−1, respectively. Since

the proposed control architecture has been tuned without accounting for the payload, the

UAV experiences a positive pitch angle over the time interval [0, 15.5] s. The reaction force

produced by disengaging the suction cup from the wall produced a negative moment and

hence, a negative pitch angle over the time interval [20.3, 25] s.

This chapter presented a model reference adaptive control framework for unknown non-

linear switched plants, whose trajectory of a user-defined linear switched reference model.

For the first time, the effectiveness of an MRAC law for unknown nonlinear switched plants
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Figure 5.9: Pitch angle of the UAV. The proportional-derivative baseline controller has been
tuned without accounting for the camera. Therefore, the UAV experiences a pitch moment
due to the gravitational force, which is counteracted by the adaptive control law.

is proven by analyzing both Carathéodory and Filippov solutions. The effectiveness of the

proposed results have been verified both numerically and by means of flight tests. The

proposed numerical simulation involves the design of an adaptive control law for a reconfig-

urable delta-wing aircraft, whose aerodynamic and geometric coefficients vary instantly and

are unknown. The proposed flight tests involve the design of a control law for a UAV tasked

with installing a camera of unknown inertial properties at a user-defined point on a vertical

surface.
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Chapter 6

An algorithm for using an unmanned

aerial vehicle in contact-based

inspection of building envelope

The main goal of this dissertation has been to develop a solution to the routing and

control problem for multirotor UAVs. After studying the effects of the objective function

on the routing problem in Chapter 2, the work in Chapter 3 extended the classical vehicle

routing formulation to one more suitable for UAVs by adding battery swap locations and

accounting for wind. To ensure the UAVs capability to complete these missions, two MRAC-

based control techniques have been developed. The first, developed in Chapter 4, is designed

for UAVs that must complete tasks where a priori guarantees on the trajectory tracking

error and control input are vital, and the second technique, developed in Chapter 5, ensures

stability for a UAV carrying an unknown payload that must interact with a hard surface.

The goal of this chapter is combine the ideas presented in the previous chapters into one

cohesive application of using UAVs to improve safety on construction sites.

The use of UAVs on construction sites is steadily increasing in recent years. While

most of the applications involve the improvement of safety or mapping the site in a passive

manner, future UAVs could provide even more data feedback through contact-based mea-

surements to improve safety and real-time data acquisition through the integration with the

Building Information Model (BIM). In this chapter, a method for using a UAVs to measure
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autonomously the moisture of an exterior precast concrete envelope is developed. To plan

the path of the vehicle, an A* algorithm with a custom heuristic, developed in Section 3.1.1,

underlies the cost matrix of a modified Traveling Salesman Problem (TSP) which considers

visiting all sites, imposes a constraint on the flight time, and considers battery swaps since

UAVs have limited flight time. This TSP formulation is a special case of the routing problem

developed in Section 3.2, where only 1 vehicle is considered and no delivery constraints are

considered. To enable the UAVs to contact surfaces, a switched MRAC law, developed in

chapter 5, is employed to control the vehicle and guarantee successful measurements de-

spite discontinuities in the system dynamics. A full physics-based simulation environment

is developed, and the proposed framework is used to simulate taking multiple contact-based

autonomous measurements, and the data is integrated with the BIM model. A preliminary

prototype vehicle has also been developed and discussed.

6.1 Introduction

While the interest in the use of UAVs on construction sites is increasing, there are still

some strict rules on how UAVs are to be used in industry. To become a certified UAVs pilot,

a candidate pilot must pass the FAA Part 107 test to verify competences in the use of UAVs

[195]. Certified must abide by multiple rules, including

1. The UAVs must weigh less than 55 lbs;

2. The UAVs must be visible to the pilot without any visual aid at all times;

3. The UAVs cannot be flown in controlled airspace, in proximity of airports or over

people;

4. Only daytime flight is permitted;

5. Flight altitude limit is 400 feet above ground.

156



Rule (1) can be somewhat limiting as it prevents a construction site from having large vehicles

that can lift heavy payloads. Rule (2) is quite restrictive for construction applications. Since

the vehicle must be in line of sight of the pilot, one cannot fly around a building without the

pilot walking around the building as well. Rule (3) is important when considering the safety

of those near the vehicle. Since there are relatively few studies on the safety of UAVs in

general, for now the FAA does not allow UAVs to operate overhead of anyone not involved in

the flying [195]. This is limiting for construction applications as it would essentially require

a mostly empty site to ensure that this rule is followed. The results presented in this paper

apply under the following assumption.

Assumption 6.1.1. All experiments are performed with only the pilot and the data collec-

tors located on the site.

Assumption 6.1.1 ensures that we are following the general Part 107 guidelines at all

times and to guarantee the safety of everyone onsite. In addition to the basic rules provided

by the FAA, there may be rules for any specific construction site. There is a very limited

literature that attempts to study the safety of UAVs in construction as safety can be difficult

to quantify. The authors in [196] perform risk analysis of UAVs on construction sites where

they account for some of the FAA rules such as flying over people not involved in experiments.

Further studies should be performed to determine what UAVs operations can be considered

as safe and how this should translate into rules for flying vehicles on site.

For the type of experiments proposed in this paper, contact with a surface is required.

The ability of the UAVs to perform manipulations and inspections provides a safe assistant

to complete the tasks that are dangerous for humans. An example of such tasks is the

inspection of the building exterior walls. Water damage is one of the main issues with the

building envelope such as in precast concrete façade. The main points of weakness for precast

concrete include cracking, fractures, and water damage [197]. While cracks and fractures can

be inspected by a camera, taking moisture measurements requires placing the sensor against
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Figure 6.1: Left images shows workers at height inspecting and repairing building envelope.
The center image shows damages on the precast concrete envelope due to lack of periodic
inspection. The right image shows building exterior envelope requiring inspection and repair
at height during construction and major renovation.

the wall for a short period of time. As shown in Figure 6.1, the exterior facade can be difficult

to reach by human workers, unless a swing-stage or an elevated platform is used but working

at height is a hazardous condition and might cause workers to fall causing serious injury

or death. According to Occupational Safety and Health Administration (OSHA) falls are

among the most common causes of serious work-related injuries and deaths in construction

[198]. Being able to utilize a UAVs to perform inspection and repair tasks on the building

envelope improves the onsite safety as fewer human workers must subject themselves to

hazardous work at height.

In this chapter, an algorithm is proposed for using a UAVs to perform contact-based

autonomous moisture measurements on structures containing precast concrete. A Building

Information Model (BIM) is converted into a grid that can be used for an optimal path

planning technique for determining the best routes between measurement locations. The A*

path generating technique, developed in Section 3.1.1, with a customized cost function for

safety margins is utilized for determining the best set of possible paths. A heuristic approach

is then developed to estimate the best solution to the path optimization problem. Since the

vehicle must contact the surface at the measurement locations, the robust switched adaptive
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control technique, developed in chapter 5, is implemented to ensure the vehicle is both stable

and precise. To rapidly integrate measured data back into the BIM, a script is generated

using Dynamo to visualize the data in Revit, which is one of the mostly used BIM authoring

tools. A full simulation environment is developed, and the algorithm is numerically tested.

Furthermore, a preliminary prototype vehicle is developed for future experiments.

6.2 UAVs to improve construction safety

Presently, the most common use of UAVs in the construction industry falls under the

umbrella of visual data acquisition including safety inspection and monitoring. Specifically,

there have been many examples of UAVs being used to perform safety inspections on sites,

see [199, 200, 201, 202]. UAVs have been used to monitor and perform visual inspections of

difficult to reach locations such as skyscrapers or cranes [203]. One of the first to include

UAVs that can touch the environment is presented in [204] where a UAVs holding a sensor

touches the wall. In addition to just taking pictures, algorithms have been developed to

analyze the site for deformations and perform infrastructure evaluation to predict future

failures [205]. In [206], it is noted that UAVs are being used to perform safety checks and

monitoring the sites for safety violations. This type of monitoring for safety violations is

generally categorized into two types; real time or trigger-based. In real time monitoring,

the area is always under surveillance, whereas in trigger-based monitoring, the vehicle is

given a signal of when to take off and begin surveying the area, such as after an incident

has occurred [207]. Image processing-based safety hazards identification techniques, like the

one proposed in [208], can be used with UAVs for site monitoring and early detection of any

safety hazards. A survey conducted with safety managers found that the potentially most

important safety improvement jobs for UAVs include monitoring boom vehicles or cranes in

the proximity of overhead power lines and monitoring unprotected edges or openings [209].
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In addition to the improvement of safety by using UAVs, the safety cost of using UAVs

should be considered. Currently, UAVs users in the construction industry are to follow a

set of safety regulations by OSHA which are based on the Part 107 regulations set by the

FAA [210]. In an attempt to quantify the risk to workers, researchers in [196] performed

quantitative and qualitative analysis using simulations and estimated five potential fatalities

every one million flight-hours. While not negligible, it is considerably less risky as compared

to other risks associated with construction works at height.

An interesting issue in regards to UAVs safety is that different UAVs can have different

margins of safety. In fact, the authors in [211] found a correlation between the cost of a

UAVs and its embedded level of safety. Furthermore, a recent survey of safety managers

found that the most important characteristics of a UAVs for improving onsite safety are the

ability of an onboard camera to be manoeuvrable by the user, detect and avoid capabilities

of the vehicle in the environment, and a real-time video communication feed for live updates

[209].

6.3 UAVs for improving BIM

BIM is a data rich multidimensional model-based process that gives construction profes-

sionals, architects, and engineers the ability to plan, design, construct, and manage buildings

more efficiently. The classical BIM involves 3-dimensional modeling where the building or

structure can be fully modeled including listing all dimensions of the building, the building

geometry, all building components involved, and much more. One of the main benefits of

such a model is the speed and accuracy in which information can be shared within the par-

ties involved in the building’s lifespan such as architects, engineers, owners, and constructors

[212, 213].

One of the most challenging stages of the build process in regards to BIM is the con-
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struction phase. Researchers have shown the benefits of utilizing BIM include, but are not

limited to, increasing information available to support upstream design decisions, reduction

of man hours, and increased communication throughout the project. BIM achieves these

results by attempting to synchronize the design and construction planning and linking the

construction process to a simulated model to predict and show what the building may look

like at any stage in the process. In addition to the construction phase, BIM is also useful

in the “as built” phase after project completion. In this scenario, BIM model can alert

owners or engineers of issues or predicted issues with the structure, and the virtual model

can assist in rapidly assessing the situation and developing a solution strategy. Digital twins

are used for performing sustainability assessment of existing buildings [214]. Figuring out

how to update BIM models in real-time, or close to real-time, is one of the processes’ most

challenging tasks.

Recently, UAVs have been utilized to integrate information about the site into the BIM

models. One of the more common practices for using UAVs in conjunction with BIM is

for progress monitoring. In many cases, the UAVs is tasked with taking pictures or laser

scans of the site [69, 70, 71]. In these cases,the images and scans are post-processed in

order to update the BIM to include time parameterization with real site progress. UAVs

performing the scans and taking measurements is not only safer due to not having to deal

with working at height, but it is shown to be both faster and cheaper in some cases even

after including the post-processing time[215]. Going one step further, the authors in [216]

utilize UAVs to search the buildings and identify missing or new electrical outlets, and then

the BIM would automatically be updated with this new information. A UAVs was used

to update BIM in real-time on a water pipeline project where the virtual environment and

UAVs were integrated such that a visualization of the UAVs’s view is projected into the

simulated environment. This also allows direct comparison of the UAVs view of the real

environment with the virtual BIM [216]. It can be noted, that according to our literature

review, none of the data gathered by UAVs on construction sites has required direct physical
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contact with the building itself.

6.4 UAVs for contact-based tasks

Almost all of the previously listed applications of UAVs have accomplished their respec-

tive missions without any part of the vehicle having to physically touch hard surfaces within

the environment. However, in the last decade, there has been a significant increase in the

area of using conventional UAVs for more than just camera-based measurements. In [217], a

group of UAVs autonomously assembles a rope bridge within a motion capture space. The

authors in [73] used a thrust-vectoring UAVs to pull a cart attached with a rope. Another

application of thrust-vectoring UAVs has been their use to push or maneuver boxes around

a room [218, 219].

In addition to more conventional UAVs, there have been additional research efforts in

outfitting UAVs with an actuated robotic arm. These vehicles are commonly known as

Unmanned Aerial Manipulators (UAM), and these aircrafts can also be used for interactive

tasks. UAVs, when equipped with a robotic arm, have capabilities to push, pull, grab, drop,

grab and turn, push and slide, functioning as a UAM. These capabilities have been used for

assembly tasks, installation and retrieval missions, tool operations, and valve turning etc. In

fact, UAMs have been used for installing and retrieving sensors [220], structural inspection by

contact [204, 221], constructing simple truss like structures [222, 223], building brick towers

[217], and some more complex tasks like peg-in-hole and valve turning tasks [224] etc. These

UAVs are equipped with additional components in various ways to enable them to interact

with the environment. For example, [220] used a prismatically joined active manipulator,

that has the capabilities to push and pull, and have been tested for installing sensors in

both indoor and outdoor environments. The authors in [221] used the Sensima UPec eddy

current inspection kits with UAMs to push and slide over metallic surfaces, to detect welding

162



joints. Although they tested their system in a controlled environment, their research has

presented an opportunity to use this system for structural inspections of containers or any

metallic surface in gas and oil industry. The researchers in [225] developed a system that

deposit liquid expansion foam to repair cracks in metallic surfaces. Furthermore, researchers

in [222] and [217] used the grab and drop capability of the UAMs to construct simple truss

like structures and brick towers.

These examples represent potentials for the UAMs to be used in situations that require

human workers to be transported to the target locations on construction sites using cranes or

being suspend from the building structure through harnesses, both of which expose workers

to higher risk of injury. These procedures are costly and time-consuming, but most impor-

tantly put human workers in hazardous situation making them vulnerable to accidents. The

ability of UAMs to perform simple manipulations and inspections provides an alternative to

complete tasks fast and less hazardous to human workers safety.

6.4.1 Control of UAVs for contact-based tasks

UAVs that touch or interact with items or surfaces in the environment provide additional

challenges to the already difficult nonlinear control problem. Many, if not most, construction

applications require the UAVs to operate outdoors. In this case, wind becomes a factor, and

it is known that wind can cause some strong disturbances near buildings or vertical surfaces

which can be difficult to model exactly [226]. This provides a need for a control law that

is robust to unknowns. Some examples of nonlinear robust control to reject disturbances

for UAVs include a robust backstepping control based on integral sliding mode control to

handle wind gusts [227], hierarchical control to compensate for input delays and parametric

uncertainties [228], robust model reference adaptive control to account for bounded external

disturbances such as wind [229], a robust sliding mode control law to account for nonlinear

disturbances [230], among others.
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One of the potential applications of UAVs in construction and major renovation involves

transporting goods within the site. The payload for each pickup and delivery may be dif-

ferent, even unknown, and an unknown or unsteady payload contributes to uncertainty in

the system. Additionally, a payload may shift the center of mass of the system, and since

it is customary to use the UAVs center of mass as the vehicle’s reference point, then the

UAVs translational and rotation equations of motion become tightly coupled. [231]. Some

examples of robust control laws for UAVs to handle unknown payloads include an adaptive

control method [232], geometric control [233], heirarchical control [234], energy-based con-

trol [235], linear quadratic gaussian control [236], linear quadratic regulator control [237], to

name a few. Accounting explicitly for a changing center of mass and matrix of inertia, the

authors in [73] developed a robust model reference adaptive control law to allow a UAVs to

pull a cart or transport heavy sling payloads.

For UAVs scenarios involving sensor measurements that require contact with the surface,

there are significant modeling and control challenges. The impulsive forces originating from

wall contacts can cause the dynamics of the system to be discontinuous. To address the

problem of controlling discontinuous aerial systems, some authors have resorted to using

the hybrid control framework or switched systems control framework. The authors in [238]

used the hybrid control framework to allow for a UAVs to perform contact measurements.

The hybrid framework is also used in [239] wherein a quadrotor must maintain stability

when required to dock and undock with a vertical surface. In chapter 5, an MRAC law for

switched dynamical systems has been developed to allow for a thrust-vectoring quadrotor to

autonomously mount a camera onto a wall.

6.4.2 Path planning for UAVs in construction

There are several challenges in path planning and navigating on a construction site for

UAVs. Typically, unstructured and dynamic environments will require active obstacle avoid-
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ance and continuous re-planning. Replanning itself may be difficult if the highly nonlinear

dynamics of the vehicle are taken into account, and very few optimization-based techniques

can run in real-time. Additionally, although the path planner generates obstacle-free paths,

the quality of localization, or accuracy of the location of the vehicle with respect to the envi-

ronment can be poor. Most current applications require a Global Positioning System (GPS)

to capture the current location of the aircraft. However, GPS is typically only accurate to

within about 0.5m. While this is accurate enough for some basic image and video gathering

missions, higher accuracy is required for precise measurement gathering, specifically in con-

struction tasks including contact-based inspection of the building envelope. Typically GPS

commonly contains positioning error of up to 1 meter, whereas differential GPS can have

much better accuracy but is also significantly more expensive. The recent rise of Real-Time

Kinematic (RTK) GPS, which can have an accuracy of less than 2cm [240], could help alle-

viate the localization problem. This method requires to have a base station to be installed

on location, and a follower receiver is then mounted on the vehicle. Both GPS and RTK can

lose accuracy in proximity of reflective surfaces, and they require a clear view of the sky for

best use [241].

While there are some answers for the localization issue on sites, there still remains a

larger issue of the dynamic environment. Very rarely is a building site static for very long, if

at all. There are moving people, trucks, cranes, and the building will change shape and size

over the course of its construction and major renovation. For this reason, path planning may

fail if it leverages on pre-recorded data and a real-time collision avoidance algorithm may be

necessary. Recently, researcher have successfully navigated through cluttered and unknown

areas [242, 243], but these results are all still applicable within slow moving environments.

Assumption 6.4.1. We will assume that the environment onsite is static for the entire

mission and that either an accurate CAD model or point cloud of the site is available for

planning purposes.
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The main necessity of Assumption 6.4.1 is the need for a known map for global path

planning to guarantee collision-free paths. In many construction cases, a well-developed

BIM is available, and it is shown in Section 6.5.1 how we convert the BIM to a usable

map for planning. While the static map assumption can be relaxed if the map can be

updated in real-time, including a live mapping algorithm with full camera integration is

beyond the scope of this work. Previous researchers have implemented cameras and or

LIDAR scanners on small UAVs for accurately mapping sites and could potentially be used

in a companion UAVs along with the proposed technique by developing a proper real-time

communication protocol [244, 245, 246, 247]. Furthermore, the inclusion of a dynamic map

introduces the need for an additional collision avoidance algorithm. This type of algorithm

requires multiple aspects, namely a real time map update to deduce obstacles and a real-time

trajectory planner with embedded collision avoidance. Integration of these techniques for

highly dynamic environments is an active field of research in robotics and is to be explored

and integrated in future work.

Determining the best flight path for a UAVs in a construction application is heavily

dependent on the desired application. For applications involving scanning an entire building

or capturing images of the structure, it is most important to make sure that all the areas

around the site are visited. An approach to solve this problem is known as the strip method

[248, 249]. This method typically involves stitching together horizontal flight paths together

and works best assuming a low flight speed [250]. The main challenge for this method is

to determine the desired overlap of images from each horizontal pass of the structure, and

this determines how far apart the horizontal paths are placed vertically from each other [71].

Another approach to flight path design involves determining the next best view for each

waypoint in the flight path [251]. Other authors take time of day into account to ensure

that lighting does not affect the quality of the desired photos or measurements [246, 252].

Another popular method of path planning for construction applications involves using a GPS

and setting desired waypoints for the UAVs. The authors in [253] used a system of waypoints
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which were preloaded onto the vehicle before the mission. In [246], the researchers connected

a computer to a ground station software that allowed to select the desired waypoints which

were stored in an XML file. The UAVs then visited these waypoints while being localized

by a differential GPS.

6.5 Developing a UAV to measure moisture content in

precast concrete

To test the idea of taking contact-based measurements in construction and major reno-

vation that could be used to update BIM models, we developed a UAVs that can use a pinless

moisture meter to take moisture measurements of precast concrete exterior walls. Precast

concrete is advantageous to the ability of rapid build times for precast concrete structures,

and entire buildings can be formed from it.While precast concrete is resistant to water and

air penetration, there is a weakness in the panel joints when multiple individual joints are

put together [254, Ch 2.]. Water damage is one of the main issues with precast concrete, and

if detected by measurements in the early stages, it can be corrected [255]. Moisture mea-

surements can be taken on precast concrete by holding a sensors against the wall. In cases

of practical interest, moisture measurements need to be taken at locations that are difficult

to reach, unless a swing-stage or an elevated platform is used. Being able to utilize a UAVs

to take these types of measurements improves the overall safety onsite as fewer persons must

subject themselves to risky measurements at high locations.

Figure 6.2 shows the key components to our proposed approach for autonomous mea-

surements. The user inputs include a map of the environment and the locations to take the

measurements. A conversion algorithm is proposed to convert the BIM and measurement

locations to an occupancy grid that can be used for path planning. The path planner is made

up of two parts. The first is the path generator, developed in Section 3.1.1, which leverages
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Convert BIM

Figure 6.2: Overall structure of the proposed autopilot. The user inputs a map or building
model and desired measurement locations. The path planner is made up of two parts. A path
generating algorithm using A* search finds shortest paths between all of the locations while
maintaining safe distances from the building. These paths are fed to a path optimization
algorithm based on a Traveling Salesman Problem which then determines the shortest path
which visits all locations. The UAVs carries the sensor on a boom. The autopilot features a
finite state machine to switch autonomously between flight modes, and an adaptive control
law ensures mission completion despite modeling uncertainties and external disturbances.

the known map and uses an A* search algorithm with a custom heuristic to account for

energy consumption and maintain safe distance from the building. The path optimization

algorithm approximately solves a Traveling Salesman Problem (TSP) with a heuristic to

determine the fastest mission time. The TSP a vehicle is required to visit a pre-defined set

of locations while obeying constraints. Another example of a combined A∗ and TSP path

planner used in building inspection can be seen in [256], where the authors develop a novel

approach to performing non-contact inspection of trusses. Constraints in this case include

that all desired locations much be visited, the UAVs has a limited range and may have to

revisit the starting location to swap batteries, and each location will have a time required

to take the measurement. This algorithm also accounts for the potential case where the

vehicle must return to the start and swap batteries during its mission. The desired path for

the mission can then be uploaded to the UAVs which is a quadrotor with a sensor mounted

on a boom. The onboard autopilot is based around a finite state machine which uses logic

to switch autonomously between different flight states such as takeoff, waypoint navigation,

sensor measurement, or return and land. The switched MRAC law from chapter 5 is used to

ensure the UAVs can complete its mission despite disturbances such as wind and the reaction

forces and moments introduced by the sensor contacting the wall.
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Figure 6.3: Image of Bishop-Favrao Hall which is utilized as a test case for this work.

6.5.1 Map generation

For the path planner in this work, a map in the form of an occupancy grid is needed. An

occupancy grid in this case is a binary, uniform discretization of the environment such that

all occupied cells are given a value of 1, and free cells are given a value of 0. This section

describes how the BIM model can be converted into an occupancy grid.

To test the UAVs, the BIM model for Bishop-Favrao Hall (BFH) located on the Blacks-

burg campus of Virginia Tech is used. Autodesk Revit is the most-commonly used BIM

authoring tool in the Architecture, Engineering and Construction (AEC) industry and same

has been used in this research for modelling the BFH. BIM models are object-oriented, but

to create occupancy grid for automated maneuvering of the UAVs, geometric information

from BIM has to be converted into a CAD format. For this the BIM model from Revit

is converted into the StereoLithographic (STL) format, sometimes also known as Standard

Tesselation Language. Autodesk’s STL Exporter for Revit 2020 add-in was used to convert

the BIM model into an STL file.

For the path planner in this work, an occupancy grid is needed, and this section describes

how the STL file from Revit can be converted into an occupancy grid. Consider the points

of the STL file as pi ∈ R3, i = 1, · · · , np, where np denotes the total number of points. Let
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C ∈ Rnc×3, where nc is the number of connections, and each row in C corresponds to a

triple of integers denoting the indices of points in the list which create the edge connections

between different points. All of the space within the boundaries of these connected points is

occupied.

We can first add all of the STL points to the occupancy grid as occupied. However, we

need to account for the interior points that would be located within the regions generated

using the list of connections in C. Each row in the connectivity list, C, provides three

indices, i, j, k, which are integer values between 1 and np, and these indices correspond to

three points, pi, pj, pk. These points, which form a triangle with area λijk, are first rounded

using the grid resolution. Then a list of potential interior candidates are generated. These

test points are created by making a cube from the smallest to the largest x, y, z coordinates

within the current set of vertices.

pi

pj

pk

p0

λ0kjλ0ij

λ0ik

α =
λ0kj
λijk

β = λ0ik
λijk

γ =
λ0ij
λijk

Figure 6.4: Diagram for determining if a point lies in the interior of a triangle. By using
the vertices, pi, pj, pk and the sample point, p0, it can be determined if the sample point lies
inside the triangle. The λijk values represent the area of the triangle generated using points
pi, pj, pk.

To check if a test point, denoted by p0, lies in the plane generated by the connections, we

first project the current test point onto the plane containing the points pi, pj, pk.Then using

barycentric coordinates and following the methods in [257, Ch. 2], it can be verified if that

point is in the convex hull generated by this triangle [258, Ch. 2]. Let δij denotes the line

170



segment between vertices pi and pj, then the area, λijk > 0, of the triangle is given by

λijk =
|δ×ijδik|

2
, (6.1)

where ‖ · ‖ denotes the vector norm and (·)× denotes the cross product operator. Then,

the area of 3 triangles are considered by using the test point, p0, along with combinations

of points pi, pj, pk. The first triangle is comprised of vertices located at p0, pj, pk and has

an area, denoted α, which is normalized by λijk. The first triangle is comprised of vertices

located at p0, pi, pk and has an area, denoted β, which is normalized by λijk. The third

triangle, comprised of vertices p0, pi, pj, has normalized area γ. These areas are found using

the following equations,

α =
‖δ×0jδ0k‖

2λijk
, (6.2)

β =
‖δ×0kδ0i‖

2λijk
, (6.3)

γ = 1− α− β. (6.4)

If α ∈ [0, 1], β ∈ [0, 1], γ ∈ [0, 1], and α + β + γ = 1, then the point p0 lies in the triangle

generated by pi, pj, pk, and p0 is considered as an occupied point and added to the obstacle

list. This process is repeated for every set of connections in C. Figure 6.4 shows a graphical

representation of the method. A pseudo-algorithm of the STL map conversion is given in

Algorithm 6, where the output of the algorithm is the map to be used in the path planner.

6.5.2 Path generator

The first goal of this work is to have our UAVs visit a set of user-defined locations,

or waypoints, within the site as quickly and efficiently as possible while maintaining safe

distance from the building between locations. These locations define the points on the
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surface at which the measurements will be taken. For our path planner, we are not trying

to complete a full scan of the building structure and many existing techniques do not apply.

We are assuming that the location is well-mapped, and there will be no additional obstacles

in the environment other than those already in the available model. In many cases, a BIM

is available to provide the accurate model, but other techniques such as using a UAVs with

cameras or LIDAR can be used to generate accurate models [244, 245]. To achieve the path

planning requirements, a two step process is presented. In the first step, a set of paths are

generated using an A* search between all possible pairs of waypoints while maintaining safe

distance from the building. Secondly, we use an optimization-based approach to select the

optimal subset of the A* paths which can be seen as an extension of the classical TSP, and

a special cause of the optimization approach in Section 3.2. To calculate the travel times

between the different locations in the problem, the following assumption is used.

Assumption 6.5.1. The vehicle is assumed to fly at a constant speed between all waypoints.

Assumption 6.5.1 is used to calculate the total mission time to guarantee the feasibility

of the proposed paths. Another approach could be to more conservatively assume a lower

bound on the velocity as a precaution to ensure that the total time in the air is less than

the battery endurance. An approach to relax this assumption in the future is to implement

a trajectory planning technique that calculates the full state vector at each instant and the

total time between waypoints would be available directly. However, this is a computationally

demanding approach that can be difficult to implement in real time in larger environments.

To generate all of the possible paths between the nodes, we propose to use an A* algorithm

to find the shortest paths between each pair of nodes. A basic description and sample

algorithm can be found in [65], and fundamentally the idea is to find the set of neighboring

nodes that connect the start node to the goal node with the lowest cost. To ensure additional

safety from hitting the building, it is desirable to push the paths away from the building

to a user-defined safety margin. A custom heuristic weighting function, inspired by [64], is
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implemented to accomplish this goal. This function makes nodes that close to the building

have a very high cost, and the function decays to the classical Euclidean distance heuristic

as the distance from the wall approaches to a user-defined value.

The full A* algorithm is described in Section 3.1.1 and briefly reviewed in the following

section for convenience. Consider the map,M, with the set of nodes n ∈ N and arcs a ∈ A.

The initial node is denoted n0, and the goal node is denoted ngoal. For a given node n, all

nodes adjacent, or connected to n, are considered as neighbors. In our case, the graph is fully

connected, and any set of nodes can be considered as adjacent, so it is a tunable parameter

for us to determine how many nodes are considered as neighbors to any 1 node. Consider

the neighbors of a given node n as the set of nodes which are 1 node distance away. Let O

denote the set of obstacles, or the points in the map that are considered as occupied. We

define the distance function as d2(nk, E) as the distance between the current node nk and the

set E . In this path generator, we let E = O to measure the distance to the nearest obstacle

or building.

The cost function for the proposed A∗-based path planning is given by

fk , gk + hk, k ∈ N, (6.5)

where

gk ,
k∑
q=1

[κ(d2(nq,O))d2(nq, nq−1)] , (6.6)

denotes the cost-to-come function,

hk , d2(nk, ngoal), (6.7)

denotes the heuristic function,
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κ(α) , 1 +
µ1

µ2 + eµ3α
, α > 0, (6.8)

denotes the weighing function where α > 0 is the distance from the current point to the

nearest obstacle, and µ1, µ2, µ3 > 0 are user-defined parameters. For additional details on

A* path planning in the presence of obstacles, see [64]. This function has a maximum at

α = 0, and hence strongly discourages the path planner from producing points close to the

obstacles. The function is strictly decreasing and tends to 1 as α→∞ which suggests that

obstacles that are far away from goal points have little influence, and we get a shortest path

behavior arbitrarily far from the building.

To demonstrate the validity of the proposed approach for this application, a CAD model

of BFH has been imported using Algorithm 6 with a resolution of 0.5m, and A* has been used

to plan paths between 7 different user selected locations around the building and a takeoff

point located at (−20, 10, 2)m, see Figure 6.5. For the weighting function, the parameters

have been set to µ1 = 50, µ2 = 10, µ3 = 2, which has a maximum of 5.50 at α = 0, and at

α = 4, the function has a value of 1.01, so the proximity to the wall is minimally penalized

for nodes further than 2m from the wall. As seen by the figure, vertical altitude changes are

penalized significantly, and the paths only go over the building if it is significantly shorter

than going around.

6.5.3 Path optimization

In this section, an optimization approach is developed to determine the best subset of

the paths generated in Section 6.5.2 that allow the UAVs to visit all locations as quickly as

possible. The problem of determining the lowest cost when requiring a single vehicle to visit

a set of locations can be seen as a TSP [52]. In this variant, not only must all measurement

locations, be visited, the vehicle must obey a range constraint to ensure the battery is not

completely depleted while the vehicle is still airborne. In addition, the option to return to
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any battery swap location is allowed. This can be seen as a special case of the optimization

problem presented in Section 3.2 by letting the delivery demands be equal to zero, the service

time is assumed a known constant at each location, the number of vehicles is equal to 1, and

the mass of the vehicle is constant with zero payload.

The set of all nodes is denoted as N ′ which contains the home location or origin, denoted

0, the set of measurement locations is denoted as M , the set of battery swap locations is

denoted as Nb. One approach, commonly used in the Green Vehicle Routing Problem [50],

is to consider n copies of the battery swap locations to keep the binary condition on the

state variable. For this reason, let N ′b be the set of all battery swap locations and their

copies. This problem consists of finding the solution for the binary decision variable, rij,

where (i, j) ∈ A belong to the set of arcs connecting all measurement and battery swap

locations, and rij = 1 if the vehicle travels from location i to location j, and rij = 0

otherwise. Likewise, the cost to go from node i to node j is cij > 0 where we use the time

in seconds as the cost. Furthermore, τj ≥ 0 for j ∈ N ′ denotes the time at which the vehicle

arrives at node j. Tmax denotes the desired maximum time for mission completion and is

also used to eliminate subtours, known as the Miller-Tucker-Zemlin (MTZ) formulation, in

the optimization problem [72]. The variable bj, j ∈ N ′ tracks the battery capacity at node

j, and e > 0 denotes the endurance of the vehicle in seconds. The variable mJ for j ∈ M

denotes how many seconds it takes for the vehicle to take a measurement at node j.

Consider the optimization model,

min
∑

(i,j)∈A

cijrij (6.9)

∑
j∈N ′

rij = 1, i ∈M, (6.10)

∑
j∈N ′

rij ≤ 1, i ∈ N ′b, (6.11)

∑
i∈N ′

rij =
∑
i∈N ′

rji, ∀j ∈ N ′, (6.12)
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0 ≤ τ0 ≤ Tmax, (6.13)

τj ≥ τi + (cij −mj)rij − Tmaxrij,

∀i ∈ N ′,∀j ∈ N ′ \ 0, i 6= j, (6.14)

c0j ≤ τ kj ≤ Tmax − (cj0 +mj), ∀j ∈ N ′ \ {0}, (6.15)

bj ≤ bi − cijrij + e(1− rij),

∀i ∈ N ′ \ {0}, ∀j ∈M, i 6= j, (6.16)

bj = e, ∀j ∈ R′ + {0}, , (6.17)

bj ≥ min(cj0, (cjl + cl0)), ∀l ∈ R, ∀j ∈M, (6.18)

where Eqn. (6.9) denotes the cost function, (6.10) ensures that all measurement locations are

visited, constraint (6.11) ensures that each battery swap location is visited at most once, con-

straint (6.12) captures the standard flow conservation constraints, constraint (6.13) ensures

the mission is completed before the maximum allowed time, constraint (6.14) determines the

time at which each location is visited, constraint (6.15) ensures the timing at each location

is feasible, constraint (6.16) tracks the current battery capacity at each location, constraint

(6.17) ensures the battery capacity is set to full at each battery swap location, and constraint

(6.18) ensures that the next location will not result in a battery capacity that is too low to

reach either a battery swap location or the home location.

The distances between waypoints are calculated by traversing the A* paths. The cost

matrix is then calculated by converting the distances between the waypoints to time, using

the constant velocity assumption, Assumption 6.5.1. The cost matrix for this problem is

based on a constant velocity assumption, Assumption 6.5.1. We consider the UAVs as least

efficient in hover or holding position for low speed routing problems [52], and we will assume

the battery drain in this worst case scenario that the vehicle is always in hover. A derivation

of the power required for a UAV to hover is given in Section 3.1.3. The energy required to

traverse the paths is given by the power times time, and since the power is captured by the
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hover power and the cost matrix includes the travel times, the relationship between the cost

matrix and the remaining flight time is established.

In general, this problem is NP-hard, and can be difficult to solve in real-time, so we

use a local search algorithm which utilizes a k-opt procedure [259] and adds or removes

refueling trips to minimize mission time. First, we construct an initial feasible solution using

Algorithm 7. This procedure starts by initializing the route to the origin. Then, the nearest

neighbor method [260] is used to add the next measurement location to the route. The

endurance is checked for the current route, and if needed, the cheapest refueling option is

added to the route. This procedure is repeated until all measurement locations are visited.

After an initial solution is constructed, the route is improved through a local search

heuristic. In this heuristic, the solution is randomly modified by one of two procedures,

namely a k-opt procedure and a remove refuel procedure. The k-opt procedure randomly

swaps the position of k of the nodes in the current vehicle route. The feasibility of this

temporary route is checked, in the same manner as the initial constructive procedure, and if

needed a refuel procedure is added. The remove refuel procedure randomly removes one of

the refuel stops in the route, if any are available. This temporary solution is then checked for

feasibility. The temporary solution from one of the two operations is then used to calculate

the cost of this solution, and if the new solution is better than the previous best, this solution

is now considered as best. This procedure is repeated until the solution has not improved

for a user-defined number of iterations. Algorithm 8 gives a pseudo-code of the local search

method.

To test the heuristic procedure, the same locations are used as in Section 6.5.2, see Figure

6.5. The variable num iterations is set to 100, mj = 30s for all measurement locations to

include time for orienting perpendicular to the wall, approaching the wall, and holding on the

wall for 10s. The maximum endurance is set as e = 300s. While most UAVs have endurance

longer than 300s, the value is used in this case for emphasis on the algorithms capability of
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Paths Generated by A* Optimized Paths

Building Measurement Locations Takeoff & Landing

A* Paths
Path – Battery 1
Path – Battery 2

Figure 6.5: Outputs of the path generator and path optimization algorithms. The left
figure shows all of the paths between the 7 measurement locations, in green, and the takeoff
location, in black. In the figure on the right, the output of the optimization is shown. To
complete the mission, a battery swap is needed, and the blue path takes 3 measurements,
and returns to the takeoff point for battery swap. The dash-dotted path, in magenta, reaches
the other 4 measurement locations before returning.

planning for battery swaps which are necessary for larger instance cases. The right plot in

Figure 6.5 shows the output of solving the A* problem and using the generated cost matrix

with the k − opt heuristic to find the corresponding shortest path. As can be seen in the

figure, two battery packs are needed to complete the scenario. First, 3 measurement locations

are serviced, including the one that is farthest from the takeoff point. Next, the other 4

measurement locations are visited, and the path returns to the takeoff point. The algorithm

presented in this paper heavily penalizes rising in altitude for two main reasons. The first

is increasing in height requires more thrust and is less efficient than moving horizontally in

most cases. Secondly, not having the UAVs fly over the building unnecessarily can reduce

potential incidents and sudden wind gusts above the building. The total mission takes 507s

including a 30s time for changing batteries.
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Figure 6.6: Logic architecture governing the current flight state of the vehicle.

6.5.4 Finite state machine

The desired flight path calculated in Section 6.5.3 provides the best path to reach

all of the measurement locations, but this path does not consider the takeoff phase, the

measurement acquisition phase, or the return to land phase. To enable the UAVs to execute

the desired flight path and take all of the measurements, a finite state machine approach is

presented to govern the flight states of the vehicle. Figure 6.6 shows the logic architecture

of the proposed autopilot. The data import and path planner in Sections 6.5.1 and 6.5.2 are

executed offline, and the flight path is uploaded to the vehicle.

A standard flight proceeds in the following manner. First, the vehicle enters the takeoff

phase, and the UAVs ascends to a user-defined altitude. Then, the first waypoint is taken

from the output of the optimization algorithm, and the UAVs follows the set of points from

the corresponding path plan. At any time, if the UAVs is less than a user-defined ε > 0

distance from the next point, then we consider that point as reached, and we move to the

next point. Once the UAVs has reached the measurement location, or the last point within

a single path, the vehicle enters the measurement state. To take a measurement, the vehicle

aligns the boom holding the sensor perpendicular to the surface. We assume that both the

vehicle’s heading and the normal to the surface are known at all times. Once aligned, the
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reference path will move towards the wall with the final desired point located just beyond

the surface, approximately 0.5m, to ensure the vehicle is exerting force to hold the sensor

against the wall. After a user-defined measurement period, same as mj in Section 6.5.3, the

vehicle will then move backwards to the waypoint. If this measurement location is the last,

the vehicle returns to the takeoff location and lands. If this measurement location is not the

last, then the next location is selected, and the vehicle returns to the waypoint navigation

state.

6.5.5 Switched model reference adaptive control

To control the UAVs both along the flight path and during the wall contact phase, we

choose to use the switched MRAC law developed in chapter 5, published in [261], which

is designed for switched dynamical systems. In our case, the vehicle has two main flight

states. The first is when the vehicle is in free flight, and the second is when the vehicle

is engaged with the wall. Due to the instantaneous change at the wall contact point, this

can be considered as a switched dynamical system in a similar manner to the tiltrotor UAV

modeled in Section 5.5.2.

Assumption 6.5.2. The locations to measure the moisture are located on vertical, or very

close to vertical, surfaces.

Assumption 6.5.2 is utilized for the simplicity in the vehicle and control design. The

vehicle in this paper is a standard quadrotor format which underactuated, wherein the

vehicle has to change orientation to move in the horizontal plane. The sensor on this vehicle

is mounted at a predetermined angle assuming the wall will be vertical. Mathematically,

this assumption allows for the dynamics during wall contact to be a partial state equilibrium

of the free flight dynamics and allows for the switched MRAC approach. This assumption

can be relaxed in the future by actuating either the sensor mount or the propellers on the

vehicle, extending it to a tilt-rotor format.
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Almost all off the shelf autopilots contain a Proportional-Integral-Derivative (PID) con-

trol law. PID is very computationally efficient and easy to implement, however, it can have

significant drawbacks. PID is a linear control technique suitable for linear dynamics, and

it has a very limited robustness to uncertainties, that is, the vehicle can become unstable

when operating in off-nominal and unknown conditions. On the contrary, model reference

adaptive control (MRAC) is a nonlinear control technique which is inherently robust in the

presence of parametric and unmatched uncertainties [75, Ch. 9]. This allows for robustness

to carrying the sensor of potentially unknown mass and robustness to changes in the inertial

properties of the overall system.

In the previous chapter, the switched version of the MRAC control law proved successful

when mounting a camera to a wall. The moisture measurement scenario is almost identical

to the wall mounting scenario in that we must push horizontally onto the wall to hold the

sensor for measurements. As stated in Assumption 6.5.2, we assume that the wall is very

close to vertical. Since we are using a standard quadrotor for our main vehicle, the system

is underactuated, and a boom can be mounted slightly tilted to maintain an equilibrium

while contacting the wall by being perpendicular to the gravity vector and acting though

the vehicle center of gravity. Since the boom is fixed and not actuated, we have to assume

that all mount points are vertical such that the wall contact orientation is the same for all

occurrences. This quadrotor system utilizes four control inputs, u1(t), u2(t), u3(t), u4(t). The

first, u1(t), controls the total thrust force of the vehicle to control the altitude, and the other

three control the attitude of the vehicle with respect to fixed axes attached to the vehicle

measured relative to the ground. See Section 5.5.2 for modeling and control of a similar

vehicle. By setting all of the tilt angles equal to zero, the dynamics simiplify to the vehicle

used in this scenario.

Figure 6.7 provides a visual representation of how the switched control system works.

The main point is the switching signal, which is user-defined, that activates the desired

subsystem and control law. In this case, we assume the switching time is user-defined by
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σ(t)
MRAC 1

MRAC 2

Switching Law Dynamics, σ = 1
u(t)

Control and Dynamics

Dynamics, σ = 2
u(t)

Figure 6.7: Structure of a switched MRAC law. The switching signal, σ(·), is a user-defined
function of time which is piece-wise constant from the right and instantaneously changes at
the times the vehicle contacts the wall. Each subsystem has its own dynamics and MRAC
law, and the currently active subsystem provides the control vector, u(t), to the vehicle.

approximating when we will hit the wall based on the reference signal. In reality, the exact

switching instance is unknown, and to approximate it we can exploit the quadrotor dynamics.

During the measurement phase, the vehicle is moving forwards, and at the point of contact,

there is a sharp change in the local forward velocity from positive to 0. When this change is

sensed through the accelerometer, the switching signal is changed to select the wall contact

subsystem. Similarly, when the system detaches from the wall, there is a quick change in

velocity from 0 to a negative value, and at this time, the switching signal is changed to

activate the free flight subsystem. At these switching times, the current location of the

vehicle is logged to a Comma Separated Values (CSV) file as explained in Section 6.5.6. The

moisture measurement is recorded remotely through an app by the sensor manufacturer, and

the moisture data and measurement locations are manually merged post-mission.

6.5.6 Data flow and BIM update

The overall data flow of the proposed system can be seen in Figure 6.8. Firstly, the native

BIM model is exported as an STL file. Then, Algorithm 6 is used to convert the STL file to

usable coordinates for the path planning algorithm. The path generating and optimization

algorithm in Sections 6.5.2 and 6.5.3 is used to plan the path for the UAVs, and the mission

is executed. The file generated on the vehicle during the mission contains the coordinates of
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Figure 6.8: Data flow of the proposed system.

the measurement waypoints. For taking moisture readings, FlirTM MR59 moisture meter,

as shown in Figure 6.9, is used. It is a pinless non-destructive type moisture meter that can

be used on any surface type including concrete wall surfaces. The data is recorded remotely

on a smartphone using the manufacturer’s mobile application. The moisture data collected

from the reading is recorded in an SQLite database. The SQLite database is exported from

the storage of the smartphone to a computer. Then, the data is copied to a CSV file so

that it can be merged with the coordinates data representing the location of the point the

moisture reading has taken place. Once the data is integrated, a Dynamo script is used to

convert the data into a format which can be visualized in the BIM model, which is then

updated with the new measurements.

To visualize the data in the BIM model, Revit is used with Dynamo, which is a visual

programming environment. Dynamo uses visual nodes to prepare scripts, instead of manual

coding. It can be used to create and manipulate Revit elements. Primary advantage of using

Dynamo is that it can be reused for multiple projects. Using Dynamo increases the power
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of parametric design by interfacing with external data sources, such as CSV and web URLs

[262].

Figure 6.9: The FlirTM MR59 moisture meter used in this work. To take measurements,
the end of the sensor is placed against the wall and held in place.

Figure 6.10 shows the data flow in Dynamo. Data from the CSV file is read line-by-line.

Figure 6.11 describes the Dynamo script developed to visualize the moisture data in the

BIM model. Data.ImportCSV node in Dynamo is used to read CSV file. Coordinates read

from the CSV file are stored in three arrays-x, y and z. Points are created in the model

using the coordinates and the Point.ByCoordinates node. Here, it is important that the

data follows the same coordinate system as the model. Therefore, the location data have to

be transformed before generating the CSV file.

The in-built analysis node in Dynamo called PointAnalysisDisplay.ByViewPointsandValues

is used to mark the points in the model and color it according to the moisture values recorded

from the moisture meter. During this study, the colorscale shown in Figure 6.10 is used to

visualize the moisture content. Deep blue represents high moisture content, while white

represents low moisture content, see Figure 6.11.

The Dynamo script is independent of the model. This means it can be run on any BIM

model in Revit as long as the data generated from the UAVs follows the same coordinate

system as the model.
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Figure 6.10: Process flow of visualizing measured data in BIM.

Figure 6.11: The Dynamo script.

6.5.7 Simulation environment and results

In this section, a full dynamic simulation environment is presented to test the data flow,

path planner, and control law. To provide an accurate representation of the UAVs dynamics

in free flight and in wall contact, a physics-based simulation environment is developed using

Matlab’s Simscape Multibody. A CAD model of the UAVs is created with similar mass and

inertial properties to a prototype currently in development. To simulate a sensor, a sphere

is added at the end of a boom which is mounted on the front of the vehicle. The sphere is

chosen to be similar to the part of sensor that engages the wall, see Figure 6.9. To simulate

the wall interactions between the vehicle and the building, the contact forces library is used,
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and the contact is modeled as a sphere on a plane due to the shape of the end of the sensor.

We ignore simulating the actual measurements taken by the sensor at each location. It is

assumed that through 10s of wall contact with little to no movement suffices to ensure a

successful moisture measurement.

Figure 6.12: A screenshot of the Simscape Multibody simulation environment.

The dynamics of the UAVs are not calculated by the user, but are deduced by Simulink

from the forces and moments induced on the vehicle using Newton’s and Euler’s laws. The

user inputs are the angular velocities of the propellers which are calculated by the control

law. These values are sent through a first order filter to simulate the realistic delay between

commanded rates and realized rates. Lift and drag forces from the propellers are modeled

as quadratic functions of the angular velocity with coefficients taken from manufacturers

data [229]. The translational drag of the system is modeled as a function of the norm of the

velocity with area estimated from the CAD model assuming very small pitch and roll angles,

since the desired velocity of the mission is 1m/s.

The goal of the simulated mission is to simulate taking two autonomous measurements

of user-defined locations on BFH with coordinates (x, y, z), (14.7, 1.67, 11.0)m and

(14.7,−6.33, 7.00)m. This building, as in Figure 6.3, is four stories tall and the exterior

walls of the top two floors consist of a precast concrete facade making it a good test case

for our proposed framework. The available BIM is used to generate an STL file, which is
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Figure 6.13: A plot showing a simulated mission wherein the vehicle is tasked with taking
two different measurements on the building.

imported using Algorithm 6 and a user-defined grid size of 0.5m. Next, the path generator

in Section 6.5.2 is run to generate the 3 possible paths. The heuristic, Algorithm 8 in

Section 6.5.3 determines that the best path is to proceed from the start to the waypoint

at (14.7, 1.67, 11.0)m, then proceed to (14.7,−6.33, 7.00)m, then return to the takeoff point,

and the trajectory is saved to a text file exactly as it would be for standard missions.

In order to create a more realistic simulation scenario, noise and realistic update times

are utilized. This vehicle is assumed to get its position and translational velocity via RTK

measurements at a rate of 5Hz with error in the form white Gaussian noise with amplitude

of 3cm and 5cm/s, respectively. The attitude and attitude rates of the vehicle, which are

typically deduced by integrating data from accelerometers and gyroscopes, are fed back to

the controller at a rate of 250Hz also with error in the form white Gaussian noise with

amplitude of 0.02rad and 0.05rad/s, respectively. To simulate unknowns in the system, the

mass of the system, the length of the boom, and the mass of the sensor are underestimated

by 10% in the control algorithm.

The total simulation time is 95s, and the simulator is run at a fixed step of 0.005s for
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integration. From time 0s to 4s, the vehicle is in the takeoff state, where the user-defined

takeoff height is set to 2m. Then the UAVs transitions to the waypoint navigation state where

it flies to the point in front of the measurement location, time 4s to 16s. The vehicle proceeds

to enter the sensor measurement state and the vehicle moves forward, contacts the wall for

10s, then moves backwards. The UAVs then enters the waypoint navigation state again to

maneuver to the second mounting location. The sensor measurement state is entered again

from time 65s to 75s, and the second measurement is taken. After the second measurement,

there are no more measurements, and the vehicle returns to the takeoff location and lands.

Figure 6.13 shows the flight path and waypoints in 3D. It can be seen in the figure that

during the periods in which the UAVs is not in the process of taking a measurement, it stays

at least 2m from the building as desired.
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Figure 6.14: This plot shows the control inputs throughout the mission. It can be seen in the
initial takeoff phase by the offset of u2(t) and u3(t), the roll and pitch controls, respectively,
that the addition of the sensor causes the control law to work hard even in hover. The spikes
in the control at time 25s and 65s are due to the wall contact disturbances which are well
compensated by the adaptive control algorithm.

Figure 6.14 shows the control inputs to the vehicle throughout the mission. As can be

seen from the figure, there are sharp oscillations which occur at times 25s and 65s. These
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are the two times at which the UAVs comes into contact with the wall, and the most affected

axis of the vehicle is the local x(·) axis, or the axis along the boom holding the measurement

sensor. These strong discontinuities in the system dynamics are well compensated by the

switched MRAC law, and accurate tracking is maintained. It is also interesting to note that

u3(·) is always biased to the positive axis. This is due to the extra moment on the vehicle

from the simulated sensor being held in front of the vehicle. The sensor is also modeled as

as asymmetric, and the u2(·) control is also biased to account for the offset along the roll

axis.

6.5.8 Prototype

A preliminary prototype vehicle has been constructed for potentially testing the algo-

rithm developed in this work. The vehicle, as seen in Figure 6.15, is a standard quadrotor

with an additional boom mounted on the front of the vehicle for carrying the measurement

device and pressing against the wall. The boom prototype was 3D printed in-house using a

polycarbonate (PC) filament with carbon fiber added to it. This filament was chosen due to

its favorable strength to weight ratio and its rigidity. The model for the boom was designed

in SolidWorks and extends 18cm from the front of the UAVs. The mounting platform at

the end is at a 6 degree angle from vertical to compensate for the pitch of the vehicle while

contacting the building. The boom was designed to withstand the lateral force that would

be exerted from the building when contact is made. The printing orientation during 3D

printing was optimized so the normal forces would not cause shear between the printing

layers and cause it to break.

The power system of the vehicle consists of 4 T-Motor F60 Pro motors and 4 Aikon 20A

electronic speed controllers (ESCs). The power supply is a 4 cell, 3000 mAh battery which

yeilds an expected 20 minutes of flight time. According to the data from the manufacturers,

the chosen motors are capable of producing a combined 6kg of thrust. The current vehicle

189



Figure 6.15: Prototype UAVs for testing path planning and control algorithms for contact-
based inspection.

weight is 1.1kg without the moisture sensor, and this leaves a thrust to weight ratio of over

5 to 1, which exceeds the 2-1 ratio usually desired for steady flight. The selected moisture

meter, pictured in Figure 6.9, weighs approximately 0.227kg, and mounting at the end of

the boom would shift the center of gravity of the vehicle approximately 3cm. Taking this

into account, it can be easily shown that the chosen motors are strong enough to overcome

this limitation.

A standard mission would proceed as described in the following text. Firstly, the building

STL file and the desired measurement locations would be provided. Next, the path generation

and optimization algorithms which generates the path plan would be run offline. The path

plan is then uploaded to the Odroid XU4 computer in a text file. The Odroid also manages

the finite state machine governing the autopilot. The next desired waypoint is sent through

a USB serial line to the on-board flight controller, a Pixhawk. The Pixhawk contains a

gyroscope, an accelerometer, and an Extended Kalman Filter to deduce an accurate state
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estimation by blending the sensors onboard as well as the localization data received through

GPS or RTK. To control the vehicle, the control technique in Section 6.5.5 is coded in C++

and integrated into the PX4 flight stack on the Pixhawk. The Pixhawk directly actuates

the motors by sending Pulse-width-modulation signals to the ESCs. While the algorithm is

designed to be completely autonomous, for safety purposes the pilot can switch to a manual

flight mode at any time during the mission to quickly and safely bring the UAVs back to the

ground.

In this chapter, the work done in chapters 2-5 has been combined and implemented in a

cohesive, real-world application wherein a method is created to rapidly utilize a BIM model to

plan contact-based autonomous measurements of a building through the use of an unmanned

aerial system. The path planner developed in Section 3.1.1 underlies the cost matrix used

in the optimization model. The optimization model, where the optimal route for a UAV

is found considering range constraints and the ability to swap batteries, is a special case

of the one developed in Section 3.2. Due to the nature of the discontinuous contact forces

incurred by taking the moisture measurements, the switched MRAC technique developed

in chapter 5 is used to control the vehicle and ensure safe mission completion. To merge

the measurement results back into the BIM model, a Dynamo script is developed to convert

the measurement data to a format which can be seamlessly integrated into the BIM. A full

simulation environment is developed to test the algorithms, and a preliminary prototype

vehicle has been built and discussed.

191



Algorithm 6: This algorithm converts the STL file into an occupancy grid, M, with
user-defined resolution.
Result: An occupancy map, M, which is representative of the modeled environment.

1 ρres = 0.5; % Resolution in [m]
2 ρ̃res = 1/ρres;
3 free space = 5; % [m]
4 Obstacle list = [];
5 % Read the raw STL file
6 map raw = Read stl(map.stl);
7 % Add extra space around building for extra flight
8 map = insert free space(map raw, free space);
9 for All i ∈ np do

10 % round to nearest resolution grid point
11 pi = round(ceil(pi * ρ̃res) /ρ̃res,2);
12 % Add vertices to obstacle list
13 Obstacle list = [Obstacle list; pi];

14 end
15 % Iterate connectivity list for interior points
16 for All a ∈ nc do
17 [i,j,k] = C(a,:);
18 if pi 6= pj, pk & pj 6= pk then
19 Test grid = make grid(pi, pj, pk);
20 for All points in Test grid do
21 % Equations 1-4
22 Result = Point in Triangle(pi, pj, pk, p0);
23 if Result == 1 then
24 Obstacle list = [Obstacle list; p0];
25 end

26 end

27 end

28 end
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Algorithm 7: Construct solution(cost,measurement locations, refuel)

Result: Initial Solution.
1 route = {0}; % Initialize route at home location
2 unvisited = {1, 2, · · · ,measurement locations};
3 for i=1:num measurement locations do
4 route = add nearest unvisited(route, unvisited, cost);
5 battery time = 0;
6 for j=1:length(route) do
7 battery time + = cost(route(j-1),route(j));
8 if battery time > max range then
9 route = add cheapest refuel(route);

10 end
11 % If at battery swap, reset
12 if route(j) ∈ Nb then
13 battery time = 0;
14 end

15 end
16 update unvisited list(route, unvisited);

17 end

Algorithm 8: Local search(Route, cost)

Result: Path plan.
1 route star = route; c star = cost(route star);
2 while not improved ¡ max iterations do
3 operation = randint(1,2);
4 % k-opt
5 if operation == 1 then
6 k = randint(1,3);
7 route temp = location swap(route, k);
8 route temp = ensure feasibility(route temp);

9 end
10 % Remove refuel
11 if operation == 2 then
12 route temp = remove refuel(route temp);
13 end
14 c = cost(route temp);
15 if c < c star & feasible(route temp) == 1 then
16 route star = route temp;
17 c star = c;

18 end

19 end
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Chapter 7

Conclusion and future research

7.1 Conclusion

In this dissertation, a method has been developed to address the routing and control

problem for UAVs. Firstly, we studied the VRP and the SVRP to determine the effective-

ness of using the SVRP, and the results of using multiple different objective functions were

compared. Secondly, the SVRP formulation has been extended to a formulation more suit-

able for UAVs. The cost matrix for this formulation is built by generating path plans using

an A∗ algorithm which maintains a safe distance from obstacles, and the times to traverse

these paths are adjusted for wind. Thirdly, two novel adaptive control techniques have been

developed to ensure stability of the UAVs during mission scenarios ranging from delivering

payload to installing payloads on a wall. Lastly, the previous results have been combined and

implemented in a novel application where UAVs are used to take measurements of precast

concrete and improve safety on construction sites.

In Chapter 2, a study was performed on both the classical VRP and the SVRP to de-

termine the effects of using two different objective functions, namely the minimum cost and

minimum last delivery functions. By performing a worst-case analysis, several relationships

were developed between the two different formulations for the different objective functions.

To test some of these relationships in numerical simulations on benchmark datasets, a heuris-

tic has been developed based on embedding a random variable neighborhood search within

an iterative local search framework. Numerical results suggest potentially lower costs for the
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SVRP over the VRP when minimizing cost. It was also shown that using the minimum cost

objective function can cause the last delivery time to increase significantly, doubled in some

cases, and it was discussed that this can be a very poor choice when designing algorithms

for disaster relief efforts.

In Chapter 3, an SVRP formulation was developed that is more suitable to UAVs than

classical techniques presented in the literature. Firstly, a path planning technique using

an A* search algorithm with a custom heuristic was developed to generate path plans to

traverse between locations, whereas many classical techniques assume euclidean distances

which can be unrealistic for UAVs flying in tighter areas near buildings. The flight times

along these paths have been adjusted to account for a constant, known wind, since UAVs

move with velocity relative to wind and not the ground. A power model for UAVs based

on momentum theory was developed to establish a relationship between payload and power,

hence energy, to explicitly account for the payloads effect on vehicle range in the optimization

model. The full optimization model has been presented which accounts for visiting a set of

known locations with delivery demands, additional demands may include surveillance times

for taking images or mapping, the vehicles may swap batteries at known locations, and the

power modeling is captured as a set of linear constraints. A realistic scenario was presented

and discussed to validate the modeling approach.

Chapters 2 and 3 developed the framework for generating the optimal set of paths for

the UAVs to follow, the next two chapters have been devoted to development of control laws

that ensure the UAVs can successfully traverse these paths in the presence of uncertainties.

Specifically, in Chapter 4 a novel MRAC law has been developed to guarantee a priori user-

defined constraints on the trajectory tracking error and the control input. Both of these

constraints are particularly applicable to UAVs since UAVs flying near buildings or persons

should have safety guarantees. Furthermore, this control law improves upon one of the

main drawbacks of classical MRAC laws, namely potentially poor transient performance.

By utilizing a novel 2-layer MRAC framework, a user-defined rate of convergence can be set
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guaranteeing that the system converges to the desired reference model before the transient

dynamics has decayed. Numerical simulations have been performed on the roll dynamics

of a delta-wing aircraft and the proposed control law has been shown to meet all design

parameters, even in the presence of parametric and matched uncertainty. This control law

is desirable for UAVs performing payload deliveries in environments where a priori tracking

error guarantees are useful.

Next, we provided a novel control law that can be applied to UAVs that have to perform

contact-based tasks. Specifically, in Chapter 5, an MRAC law for switched dynamical sys-

tems has been developed and mathematically proven in two frameworks, by analyzing the

Carathéodory and Filippov solutions of discontinuous differential equations. This control law

was applied to a thrust-vectoring quadcopter tasked with mounting a camera of unknown

inertial properties to a wall. Experiments verified the usefulness of the proposed method.

Finally, after developing a solution method to both the routing and control problems for

UAVs, a novel application has been developed wherein a UAV is tasked with taking several

autonomous contact-based moisture measurements to both rapidly update the building in-

formation model and improve workers safety by removing the need to work at height. Using

the ideas of path planning and optimal routing with battery swaps in Chapter 3, an opti-

mization approach is developed for finding the best route. To solve the optimization problem

quickly, a simple heuristic based on a k-opt procedure and random insertion and removal

of battery swaps finds a fast solution to the problem. To ensure successful contact-based

measurements, the switched MRAC law from Chapter 5 is implemented on the vehicle. Once

the measurements are taken, a Dynamo script used with Revit generates and updates nodes

within the BIM to track the moisture measurements. A physics-based Matlab simulator

has been created, and a full simulation has been run where a quadrotor carrying a sensor

on a boom successfully takes 2 autonomous moisture measurements. Finally, a preliminary

prototype vehicle has been designed and built, and the process to perform a mission has

been presented.
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7.2 Recommendations for potential future research

In Chapter 2, the effects of choosing either the minimum cost or minimum last delivery

objective function were studied. In future work, it may be desirable to also look at the

effects of using the average delivery time, which could be considered as a customer service

type of metric. In addition to a new objective function, one of the assumptions used in our

work is that all vehicles should be used, and worst case-scenarios are commonly generated

by adding nodes close to the depot to absorb extra vehicles that occur in the split delivery

formulation. This is not necessarily applicable to real-world scenarios where vehicles that are

unnecessary, or only increase the cost function, would not be used. Relaxing this assumption

and performing more simulations could provide valuable insight into the effects.

The work in Chapter 3 focused on developing a model for an SVRP that is customized

to UAVs. The current strategy is to generate path plans using an A* search, and assuming

constant velocity, calculate the time it takes to traverse these paths. Since the goal of the

overall routing problem is typically to either minimize the total distance traveled, or energy,

or minimize the time for visiting the last location, an optimization approach that explicitly

minimizes these values while taking vehicle dynamics into account would be worthwhile. The

challenges become accurately modeling the constraints of obstacle avoidance and making

accurate dynamical models. The model of power used in the current optimization model is

based on simple momentum theory and has been shown to be inaccurate in some scenarios,

specifically when the loading on the rotors increase at larger diameters [263]. Adding blade

element theory to this model can improve accuracy, but most likely the optimization problem

becomes a nonlinear program instead of a linear one, which may or may not be solvable

by available solvers. While solvers can sometimes find the optimal solutions, it would be

desirable to implement a heuristic method to create fast approximately optimal solutions

to the formulation, similar to the heuristic in Chapter 2. Some authors have developed a

heuristic for UAV routing where the range depends on the carried payload based on simulated
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annealing [52], but this formulation considers only homogeneous fleets, the travel times are

symmetric, and the service times are fixed unlike our case where services can be optimization

variables.

While the work in Chapter 4 has extended the state of the art in MRAC, the current

framework does not guarantee any convergence of the adaptive gains. Future work direc-

tions could involve extending the proposed direct MRAC laws for prescribed performance to

estimate the unknown plant parameters. These mixed direct-indirect adaptive controls will

be produced extending the concurrent learning MRAC and the composite learning MRAC

frameworks already available in the literature.

The field of adaptive control for switched dynamical systems is fairly new relative to

adaptive control in general. Our control law in Chapter 5 is the first MRAC law for switched,

unknown nonlinear systems, but the assumption that the switching law is a known function

of time can be a limiting factor in some applications. Consider the tilt-rotor system that

mounted the camera to the wall. While in a controlled environment, the switching times

may be known quite accurately, in a more dynamic environment where the vehicle position

is known with large uncertainty, or the contact surface is moving, the switching time may be

unknown. Future work for the switched MRAC includes developing an integrated switching

law and adaptive control scheme where the adaptive controller switches based on the states

of the system or according to some higher level logic-based control law. Similar work has

been done for switched affine systems [264], but it seems a state-dependent switching for

nonlinear, unknown systems with an MRAC law is still unexplored.

The combined application of the work in this dissertation presented in Chapter 6 culmi-

nated in successful numerical simulations. Future research includes fully integrated testing

to experimentally verify the results of the work. Additionally, the some of the restrictions

of this chapter could be addressed. While the current algorithm is restrictive to a known

and static environment, the system could be upgraded with cameras and a Simultaneous
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Localization and Mapping (SLAM) algorithm which could both update the environment in

real-time and update the vehicle’s location within the map without the need of GPS. Fur-

thermore, to potentially address the problem of taking measurements of slanted surfaces,

additional actuation could be explored on the vehicle, either through additional degrees of

freedom of the arm, or through actuating the propeller thrust in a tilt-rotor format, such as

the one in Section 5.5.
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