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Numerical Analysis for Data-Driven Reduced Order Model Closures

Birgul Koc

(ABSTRACT)

This dissertation contains work that addresses both theoretical and numerical aspects of
reduced order models (ROMs). In an under-resolved regime, the classical Galerkin reduced
order model (G-ROM) fails to yield accurate approximations. Thus, we propose a new ROM,
the data-driven variational multiscale ROM (DD-VMS-ROM) built by adding a closure term
to the G-ROM, aiming to increase the numerical accuracy of the ROM approximation with-
out decreasing the computational efficiency.
The closure term is constructed based on the variational multiscale framework. To model the
closure term, we use data-driven modeling. In other words, by using the available data, we
find ROM operators that approximate the closure term. To present the closure term’s effect
on the ROMs, we numerically compare the DD-VMS-ROM with other standard ROMs. In
numerical experiments, we show that the DD-VMS-ROM is significantly more accurate than
the standard ROMs. Furthermore, to understand the closure term’s physical role, we present
a theoretical and numerical investigation of the closure term’s role in long-time integration.
We theoretically prove and numerically show that there is energy exchange from the most
energetic modes to the least energetic modes in closure terms in a long time averaging.
One of the promising contributions of this dissertation is providing the numerical analysis of
the data-driven closure model, which has not been studied before. At both the theoretical
and the numerical levels, we investigate what conditions guarantee that the small difference
between the data-driven closure model and the full order model (FOM) closure term implies
that the approximated solution is close to the FOM solution. In other words, we perform
theoretical and numerical investigations to show that the data-driven model is verifiable.
Apart from studying the ROM closure problem, we also investigate the setting in which the
G-ROM converges optimality. We explore the ROM error bounds’ optimality by considering
the difference quotients (DQs). We theoretically prove and numerically illustrate that both
the ROM projection error and the ROM error are suboptimal without the DQs, and optimal
if the DQs are used.
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Birgul Koc

(GENERAL AUDIENCE ABSTRACT)

In many realistic applications, obtaining an accurate approximation to a given problem
can require a tremendous number of degrees of freedom. Solving these large systems of
equations can take days or even weeks on standard computational platforms. Thus, lower-
dimensional models, i.e., reduced order models (ROMs), are often used instead. The ROMs
are computationally efficient and accurate when the underlying system has dominant and
recurrent spatial structures.
Our contribution to reduced order modeling is adding a data-driven correction term, which
carries important information and yields better ROM approximations. This dissertation’s
theoretical and numerical results show that the new ROM equipped with a closure term
yields more accurate approximations than the standard ROM.
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1.1 Motivation

Obtaining high-fidelity numerical simulations plays an essential role in engineering and
scientific applications. One needs to use millions and even billions of degrees of free-
dom to get a high-fidelity numerical approximation of complex fluid flows. In some de-
sign and control applications, theirs dominant and recurrent structures alleviate the com-
putational burden. Reduced order models (ROMs) are low-dimensional models for the
numerical simulation of linear and nonlinear systems. For structure dominated system,
[11, 14, 15, 17, 27, 31, 32, 40, 41, 42], the ROMs can decrease the full order model (FOM)
computational cost by orders of magnitude without losing the flows’ key features.

Figure 1.1: Flow past a cylinder, Re = 1000. Three-scale data-driven variational multiscale
reduced order model with four modes [25].

1.2 Reduced Order Modeling

ROMs for fluid flows have been used to successfully minimize the computational cost of
scientific and engineering applications dominated by a small number of recurring dominant
spatial structures. Two of the most popular techniques to construct ROMs for fluid flows
are the proper orthogonal decomposition (POD) [12, 17, 27, 43] and reduced basis methods
(RBM) [8, 33, 38]. In this dissertation, we use the POD technique and we seek a low-
dimensional ROM that produces an accurate approximate for a parabolic partial differential
equation (PDE)

•
u = f(u), (1.1)

where f could be a linear or nonlinear function. In an offline stage, the available FOM
data (called snapshots), which is the solution of (1.1) at different time instances, are used to
construct a low-dimensional space-dependent ROM basis {φ1, . . . ,φd}, which is then utilized
together with the Galerkin projection to build the ROM operators.



Birgul Koc Chapter 1 3

The Galerkin ROM (G-ROM) is one of the most common types of ROMs for fluid flows
[2, 18, 20, 24, 27]. The implementation of the G-ROM framework is straightforward and can
be summarized in the following algorithm:

Algorithm 1 : Galerkin ROM (G-ROM)
1: choose dominant modes {φ1, . . . ,φr}, r << d (where d is the rank of the snapshot

matrix) that contain the largest relative kinetic energy and represent the recurrent spatial
structures of (1.1);

2: construct a ROM approximation ur as a linear combination of ROM basis functions φi

with time-dependent ROM coefficients ai, i.e., ur =
∑r

i=1 ai(t)φi(x);

3: replace u in (1.1) with the ROM solution ur constructed in step 2;

4: use the Galerkin projection, which projects the resulting system in step 3 onto the ROM
space Xr spanned by {φ1, . . . ,φr}.

The steps summarized above lead us to solve the G-ROM for the time-dependent coefficient
a:

•
a = F (a), (1.2)

where F contains the ROM operators. In the online stage, the low-dimensional G-ROM (1.2)
can be repeatedly tested for a regime that is different from the training regime in which the
ROM basis functions and ROM operators are constructed.

1.3 Closure Modeling

In POD, the ROM basis functions are constructed by solving an eigenvalue problem [43]. The
largest eigenvalues correspond to the most important ROM basis functions, i.e., the spatial
structures that dominate the dynamics of the underlying system. Thus, the rate of decay
of the eigenvalues is a good indicator to understand how many ROM basis functions are
required to approximate the given problem accurately. For a structure-dominated system,
(i.e., a system dominated by relatively few recurrent spatial structures) since the eigenvalues
of the ROM basis functions decay fast, using relatively few ROM basis functions is enough
to capture the main dynamics of this system. However, for other systems (e.g., a convection-
dominated system), the eigenvalues’ decaying rate is not as fast as in the structure-dominated
system. Thus, using a relatively small number of ROM basis functions often yields an
inaccurate approximation. This numerical simulation in which the number of ROM modes
in not large enough to capture the dynamics of the underlying system is called an under-
resolved simulation.
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In our work, we increase the numerical accuracy of an under-resolved simulation in two
different ways:

(i) increasing the ROM dimension, i.e., r,

(ii) adding a low-dimensional closure term.

(See also [1, 4, 6, 7, 13, 21, 22, 23, 26, 28, 29, 30, 34, 35, 36, 37, 39, 45] for related, but
different work.) Since numerical efficiency is one of the big advantages of the ROM, we want
to increase the numerical accuracy while preserving the computational efficiency. Thus, we
add a low-dimensional closure term Closure(a) to the G-ROM and solve the following closed
ROM,

•
a = F (a) + Closure(a), (1.3)

where the Closure(a) term models the interaction between the unresolved ROM basis func-
tions {φr+1, . . . ,φd} and the resolved ROM basis functions {φ1, . . . ,φr}.

Many researchers use the closure problem in the numerical simulation of complex systems
for various purposes. For example, in the finite element method (FEM), researchers use
the closure model to address the sub-grid scale effects. In large eddy simulation (LES), the
closure term is built around physical insight stemming from Kolmogorov’s statistical theory
of turbulence. However, in this dissertation, we use available data to model the closure term
in a ROM setting.

1.4 Mathematical foundations for ROM Closures

Over the last two decades, ROM closure modeling has witnessed a dynamic development.
Different types of ROM closure models have been proposed. Functional ROM closures are
constructed by using physical insight. Classical examples in this class include eddy viscosity
models [44]. Structural ROM closures are a different class of models that are developed by
using mathematical arguments. Examples in this class include the approximate deconvolu-
tion ROM [46], the Mori-Zwanzig formalism [16], and the parameterized manifolds [9, 10].
The most active research area in ROM closure modeling is in the development of data-driven
ROM closures in which experimental or numerical data is utilized to build the ROM closure
model. An example of data-driven ROM closure is the data-driven variational multiscale
ROM that we present in this dissertation.

Despite the recent increased interest in ROM closure modeling, the mathematical foundations
of these new ROM closures are relatively scarce. For example, fundamental questions in the
numerical analysis of ROM closure modeling, e.g., stability and convergence, are still wide
opened for many of these models. To our knowledge, the first numerical analysis of ROM
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closures was performed in [5], where the Smagorinsky model was analyzed in a simplified
setting. Next, the numerical analysis of eddy viscosity variational multiscale ROMs was
carried out in [19]. Finally, the numerical analysis of the Samgorinsky model in a reduced
basis method setting was performed in [3].

In this dissertation, we take a next step in the development of numerical analysis for ROM
closures and prove verifiability for the data-driven variational mulsticale ROM. To our knowl-
edge, this is the first time mathematical support for data-driven ROM closures is provided.

1.5 Overview

The dissertation is structured in four chapters. We investigate the parameter scaling for
which the G-ROM converges optimally in Chapter 2. Chapter 3 aims to find the optimal
model for the data-driven ROM closure term that yields the most accurate solutions. Chapter
4 presents a theoretical and numerical investigation of the ROM closure term’s role in long-
time integration. Finally, Chapter 5 investigates the numerical analysis for a data-driven
ROM closure model which, to our knowledge, has not been addressed in the ROM community
yet.

Chapter 2 is dedicated to addressing some critical issues related to optimal pointwise in
time error bounds for the POD and ROM by using the heat equation. In particular, we
study how difference quotients (DQs) affect the ROM error bounds’ optimality when the
time discretization and the ROM discretization error are considered. We theoretically and
numerically prove that both the ROM projection error and the ROM error are suboptimal
without the DQs, and optimal if the DQs are used.

Chapter 3 proposes a new ROM framework, the data-driven variational multiscale ROM
(DD-VMS-ROM), in which the classical G-ROM is supplemented with one or more correction
terms. Our numerical results show that the DD-VMS-ROM increases the numerical accuracy
when the G-ROM yields inaccurate approximations in under-resolved simulations.

Chapter 4 addresses the time-average energy exchange between the resolved and unresolved
POD modes in closure term, i.e., investigates whether the closure term is dissipative in the
mean. We present a theoretical and numerical investigation of the role played by the closure
term in long-time integration. Both experiments prove that the closure term has to dissipate
energy on the average.

Chapter 5 proposes numerical analysis for a data-driven closure model. We investigate
under which conditions a small difference between the ROM closure term and the FOM
closure term implies that the ROM solution is close to the FOM solution. In other words, we
theoretically and numerically demonstrate the verifiability of the data-driven ROM closure
model.

Chapter 6 presents the conclusions and outlines several directions of future research.
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Chapter 2

On Optimal Pointwise in Time Error
Bounds and Difference Quotients for
the Proper Orthogonal Decomposition

This chapter is submitted and is under revision in SIAM Journal on Numerical Analysis
(SINUM) journal. ∗

In that paper, my contribution was being part of the theoretical development and performing
numerical experiments for the heat equation in Section 2.6.

∗B. Koc, S. Rubino, M. Schneier, J.R. Singler, and T. Iliescu. On optimal pointwise in time error
bounds and difference quotients for the proper orthogonal decomposition.arXiv preprint arXiv:2010.03750,
2020.
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2.1 Abstract

In this chapter, we resolve several long standing issues dealing with optimal pointwise in
time error bounds for proper orthogonal decomposition (POD) reduced order modeling of
the heat equation. In particular, we study the role played by difference quotients (DQs) in
obtaining reduced order model (ROM) error bounds that are optimal with respect to both
the time discretization error and the ROM discretization error. When the DQs are not used,
we prove that both the ROM projection error and the ROM error are suboptimal. When
the DQs are used, we prove that both the ROM projection error and the ROM error are
optimal. The numerical results for the heat equation support the theoretical results.

2.2 Introduction

In this chapter, we consider the one-dimensional heat equation

ut − ν uxx = f , (2.1)

where the spatial domain is [0, 1], the time domain is [0, T ], and ν is the diffusion coefficient.
For simplicity, we consider homogeneous Dirichlet boundary conditions u(0, t) = u(1, t) = 0
for t > 0 and given initial conditions u(x, 0) = u0(x).

We also consider projection reduced order models (ROMs) for the heat equation. (See
also [9, 47] where system theoretical methods are applied at the PDE level.) Specifically,
we consider the proper orthogonal decomposition (POD) [25], which can be summarized
as follows: (i) The full order model (FOM) for (2.1) is run for selected parameter values
and/or time intervals to generate a set of snapshots {u0, u1, . . . , uN}; (ii) These snapshots
and the singular value decomposition (SVD) are used to construct an orthonormal ROM
basis {ϕ1, . . . , ϕs} for a Hilbert space H, where s is the rank of the snapshot matrix; (iii)
The ROM approximation

u(x, tn) ≈ unr (x) =
r∑

j=1

unj ϕj(x) , n = 1, . . . , N , (2.2)

where r < s is the ROM dimension, is used together with a Galerkin projection and a time
discretization to yield a system of equations for unj , which are the sought ROM coefficients.

Definition 2.1 (Generic Constant C). For clarity, in what follows, we will denote by C a
generic positive constant that may vary from a line to another, but which is always indepen-
dent of the discretization parameters.

In the pioneering paper [36], Kunisch and Volkwein laid the foundations of numerical analysis
for POD (see, e.g., [37, 42, 46] for relevant work).
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In particular, for the ROM error

en(x) = u(x, tn)− unr (x) , n = 1, . . . , N , (2.3)

they proved the following error bound (see Theorem 7 in [36]):

1

N + 1

N∑
n=1

∥en∥2L2 ≤ C

(
time discretization error + ROM discretization error

)
. (2.4)

This estimate was later extended to include the spatial discretization error and a pointwise
in time estimate in [31], (see, e.g., [35, 46] for alternative pointwise in time estimates) i.e.,

∥en∥L2 ≤ C

(
space discretization error + time discretization error

+ROM discretization error
)
.

Estimate (2.5) relied on an assumption about the POD projection error, which roughly says
that the POD projection error at each time step is of the same order as the POD projection
error at the remaining time steps. This assumption has since been generally used in proving
pointwise in time error bounds for parabolic equations.

We emphasize that the error bound (2.5) includes all three ROM error sources: (i) the space
discretization error, which results from the spatial discretization of the heat equation (2.1)
with classical numerical methods, e.g., finite elements (FEs); (ii) the time discretization
error, which results from the time discretization of the heat equation (2.1) with classical
numerical methods, e.g., Euler or Crank-Nicolson methods; and (iii) the ROM discretization
error, which results from the truncation in (2.2).

Pointwise error bounds like (2.5) without the ROM discretization error are standard in the
numerical analysis of classical discretization methods for the heat equation (see, e.g., [54]).
Pointwise errors bounds such as (2.5) are desirable since they eliminate the possibility of
an error “spike” at a certain point in time, which in principle is allowed with a bound of
the form (2.4). Our goal here is to better understand these pointwise error bounds in the
context of POD reduced order modeling.

A fundamental issue in the POD numerical analysis is the optimality of the error bound (2.5).
We emphasize that there are three types of optimality, corresponding to the three types of
discretization levels: (i) space discretization optimality; (ii) time discretization optimality;
and (iii) ROM discretization optimality. We discuss each optimality type below:

Space Discretization Optimality For simplicity, we consider a FE spatial discretization. We
emphasize, however, that other standard numerical methods (e.g., finite difference, spectral,
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or spectral element methods) could be considered. An error bound is optimal with respect
to the spatial discretization if the error scalings with respect to the spatial discretization
parameters only are of the following form:

∥en∥L2 = O(hm+1) , (2.5)

∥∇en∥L2 = O(hm) , (2.6)

where h is the size of the FE mesh and m is the FE order. Proving estimates that are optimal
with respect to the spatial discretization is relatively straightforward (see, e.g., [16, 29, 31]),
since it follows the standard FE numerical analysis [54]. Thus, the spatial discretization error
component is generally ignored in POD numerical analysis papers (see, e.g., [36]). To simplify
the presentation, we will not discuss the spatial discretization optimality in this paper. Thus,
the spatial discretization error component is generally ignored in POD numerical analysis
papers (see, e.g., [36, 57]). To simplify the presentation, we will not discuss the spatial
discretization optimality in this paper. We note, however, that our results can be extended
in a straightforward mannner to include the spatial discretization optimality.

Time Discretization Optimality An error bound is optimal with respect to the time dis-
cretization if the error scalings with respect to the time discretization parameters only are
of the following form:

∥en∥L2 = O(∆tk) , (2.7)

where ∆t is the time step size used in the time discretization, and k is the time discretization
order (e.g., k = 1 for Euler’s method, and k = 2 for Crank-Nicolson).

The importance of the time discretization optimality was recognized early on. In Remark 1
of [36], Kunisch and Volkwein proposed the difference quotients (DQs) (i.e., scaled snapshots
of the form (un−un−1)/∆t, n = 1, . . . , N) as a means to achieve time discretization optimal-
ity. (We note that including state-derivative information in the frequency domain is common
in interpolatory model reduction methods; see, for example, [2].) Specifically, on page 121
of [36], the authors noted that, in the DQ case (i.e., if the DQs are used to build the POD
basis), time discretization optimal error bounds of the type (2.7) follow. However, in the
noDQ case (i.e., if the DQs are not used), the norm squared error bound has a suboptimal
(∆t−2) factor.

A major development in the study of POD optimality was made by Chapelle, Gariah, and
Sainte-Marie in [6]. The authors showed that using the L2 projection instead of the Ritz
projection used in [36] (which is standard in the FE numerical analysis [54, 58]) avoids the
difficulties posed by the POD approximation of the time derivative. Pointwise error bounds
were not considered in [6]; however, it can be checked that using the L2 projection eliminates
the need to use DQs to achieve time discretization optimality if the pointwise POD projection
error assumption mentioned earlier is made.



Birgul Koc Chapter 2 14

ROM Discretization Optimality The first discussion of the ROM discretization optimality
was presented in [30]. In that work, a pointwise in time error bound was said to be opti-
mal with respect to the ROM discretization if the error scalings with respect to the ROM
discretization parameters only take one of the following forms:

∥en∥2L2 = O

(
1

N + 1

N∑
n=0

∥ηproj(tn)∥2L2

)
= O

(
s∑

i=r+1

λi

)
, (2.8)

∥∇en∥2L2 = O

(
1

N + 1

N∑
n=0

∥∇ηproj(tn)∥2L2

)
= O

(
s∑

i=r+1

λi∥∇ϕi∥2L2

)
, (2.9)

where ηproj is the POD projection error, which is defined as

ηproj(x, t) = u(x, t)−
r∑

i=1

(
u(·, t), ϕi(·)

)
H
ϕi(x) , (2.10)

and λi and ϕi are POD eigenvalues and modes. The first significant development in the
study of POD optimality was made in [30], where it was shown (utilizing the technique
from [6]) that not using the DQs yields pointwise error bounds that are suboptimal with
respect to the ROM discretization. (We note that the optimality with respect to the time
discretization was not considered in [30].) The first significant development in the study of
POD optimality was made in [30], where it was shown that not using the DQs yields error
bounds that may be optimal with respect to the time discretization (using the technique
from [6]), but are suboptimal with respect to the ROM discretization. Specifically, in the
noDQ case, it was shown in [30] that

∥en∥2L2 = O

(
1

N + 1

N∑
n=0

∥∇ηproj(tn)∥2L2

)
= O

(
s∑

i=r+1

λi∥∇ϕi∥2L2

)
, (2.11)

which is suboptimal with respect to the ROM discretization. Furthermore, in the DQ case,
it was shown [30] that

∥en∥2L2 = O

(
1

N + 1

N∑
n=0

∥ηproj(tn)∥2L2

)
= O

(
s∑

i=r+1

λi

)
, (2.12)

which is optimal with respect to the ROM discretization. However, two assumptions on the
POD projection errors were made in order to establish these results.

To summarize, the current state-of-the-art in POD optimality suggests that

DQs are needed for optimal POD error bounds. (2.13)

We emphasize that, to our knowledge, (2.13) has never been proved. Indeed, [36] focused on
the time discretization optimality, but ignored the ROM discretization optimality. Specifi-
cally, the authors proved that using DQs yields error bounds that are optimal with respect
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to the time discretization, but not necessarily with respect to the ROM discretization. In [6],
the authors considered the noDQ case and developed a framework that yields error bounds
that are optimal with respect to the time discretization, but not necessarily with respect to
the ROM discretization. A completely different approach was taken in [30], where the focus
was on ROM discretization optimality, without considering the time discretization optimal-
ity. Specifically, in [30] it was shown both theoretically and numerically that, in the noDQ
case the error bounds are suboptimal with respect to the ROM discretization error, whereas
in the DQ case the error bounds are optimal. The time discretization optimality was ignored
in [30].

In this paper, we prove (2.13). Specifically, we make three main contributions:

First, in the noDQ case, we prove that the POD error bound is suboptimal not only with
respect to the ROM discretization (as shown in [30]), but also with respect to the time
discretization. Specifically, we show that the pointwise POD projection error assumption
mentioned earlier can fail and the scaling of the error bound (2.11) with respect to the ROM
discretization can degrade to

∥en∥2L2 = O

(
∆t−1

s∑
i=r+1

λi

)
+O

(
s∑

i=r+1

λi∥∇ϕi∥2L2

)
. (2.14)

In particular, we construct two analytical examples, and we prove that they satisfy (2.14)
in the noDQ case. We note that the bound (2.14) is a significant improvement over the
bound (2.11) proved in [30], since the latter did not display the time discretization subopti-
mality.

Our second main contribution is that we prove new pointwise in time error bounds in the DQ
case, and we do not require any of the assumptions used in [30] to establish similar pointwise
bounds. All of these error bounds are optimal with respect to the time discretization. One
key component of our analysis is that we prove that an assumption from [30, 31] concerning
pointwise in time behavior of POD projection errors is automatically satisfied in the DQ
case.

Our third main contribution is that we revisit the definition of ROM discretization error
optimality, introduce a new stronger notion of optimality, and show that all of the pointwise
in time error bounds in the DQ case are optimal in at least one sense. Both pointwise in
time error bounds using the H1

0 norm are optimal in the new stronger sense; the pointwise
in time bounds using the L2 norm can be optimal in either sense. We note that to prove the
stronger optimality of the L2 error bounds, we do need a uniform boundedness assumption
of the type made in [30].

We emphasize that we do not attempt here to prove error bounds for the POD ROM when
the parameter ν or the initial data are different from those used to generate the POD basis.
As in [36] and many other POD numerical analysis works, our main goal here is to attempt
to understand and begin to explain the approximation errors of POD reduced order models
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for PDEs. The much more challenging case of analyzing errors in the POD ROM with
variations in initial data and parameters is left to be explored elsewhere.

We also note that the analysis we perform is focused on a priori error estimates. For a poste-
riori error estimates extensive work has been conducted within the reduced basis community
for parameterized PDEs (see, e.g., [19, 23, 48, 55, 56]). We also mention that a popular
approach is to combine the reduced basis method in parameter space with POD in time
[14]. Whether or not the results in this paper could be used to improve this approach is not
explored within this paper.

DQs in Applications The focus of this paper is on the role played by DQs in the POD
numerical analysis. We emphasize, however, that DQs are also widely used in practical
applications.

One of the most important uses of DQs in practice is in hyperreduction methods for ROMs
of nonlinear systems of the form y′ = f(t, y). Hyperreduction methods [60] significantly
decrease the computational cost of the nonlinear ROM operator evaluations, which can be
prohibitive in realistic applications. Popular hyperreduction methods (e.g., the empirical
interpolation method (EIM) [4] and its discrete counterpart, the discrete empirical interpo-
lation method (DEIM) [7]) use the nonlinear snapshots f(t, y) to construct accurate approx-
imations of the nonlinear ROM operators. As noted on page 48 in [7], since f(t, y) = y′ and
(yn+1 − yn)/∆t ≈ y′, using nonlinear snapshots is similar to including the DQs. The DQs’
connection to nonlinear snapshots was also used in [8] to develop the solution-based nonlin-
ear subspace (SNS) method as an efficient alternative to classical hyperreduction techniques.
The SNS method was used in the reduced order modeling of the nonlinear diffusion equation
and the parameterized quasi-1D Euler equation.

The DQs were explicitly used in various practical applications. For example, the DQs were
utilized to develop data-driven ROMs for turbulent flows, in which the eddy viscosity field is
a function of the time history of the velocity field (see Section 3.3 in [24]). The DQs were also
used in the reduced order modeling of the FitzHugh–Nagumo equations, which are used to
model the dynamics of a spiking neuron (see Section 4 in [35]). Furthermore, the DQs were
employed to construct ROMs for the control of laser surface hardening [26], for feedback
control of various PDEs [40], for partial integro-differential equations arising in financial
applications [50], for subdiffusion equations [33], for convection-diffusion equations [62], for
wave equations [22, 62], and for flow between offset cylinders and lid driven cavity flows [34].

In this paper, we use DQs with respect to time to obtain optimal pointwise in time error
estimates. A different, yet related approach was utilized in, e.g., [5, 32, 63], where DQs
with respect to system parameters and initial conditions were used to improve the predictive
capabilities of reduced basis methods (RBMs) [23, 45] for parameterized problems. In this
setting, the noDQ case is referred to as the Lagrange approach, whereas the DQ case is
referred to as the Hermite approach [32]. The error sensitivity with respect to parameters
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was investigated in, e.g., [27, 46].

The rest of the paper is organized as follows. In Section 2.3, we describe the POD construc-
tion in the noDQ and DQ cases.

In Section 2.4, we give more detail about the previously described POD pointwise projection
error assumption, show using examples that it can fail in the noDQ case, and prove that it
is always satisfied in the DQ case. These results allow us to complete the POD ROM error
analysis in Section 2.5. For the first two main contributions, in Section 2.6 we illustrate nu-
merically the theoretical results. Specifically, for the heat equation (2.1) and both analytical
examples, we show the following: (i) in the noDQ case, the error scales as in (2.14) (i.e., is
suboptimal), and (ii) in the DQ case, the error scales according to the new error bounds.
Finally, in Section 2.7, we present our conclusions and future research directions.

2.3 Proper Orthogonal Decomposition (POD)

In this section we introduce two different approaches for constructing our reduced basis by
using the proper orthogonal decomposition (POD) [25, 57]. Suppose we have a collection
of snapshots U = {un}Nn=0 contained in a real Hilbert space H. In the POD numerical
analysis, a typical assumption (see, e.g., [36, 57]) is that each snapshot un is exactly equal
to u(tn), where u ∈ C([0, T ];H) and tn = n∆t for n = 0, . . . , N so that t0 = 0, tN = T ,
and ∆t = T/N . For now, we only assume T > 0 is a fixed positive constant and we let
∆t = T/N . We emphasize that T is fixed, but N is allowed to vary.

2.3.1 POD Without Difference Quotients (noDQ Case)

We begin by examining the POD problem without difference quotients. In what follows,
we denote this case the noDQ case. Given a fixed r > 0, the problem is to find a set
of orthonormal basis functions {ϕi}ri=1 ⊂ H, called POD modes or POD basis functions,
that optimally approximate the snapshots in the sense that the following error measure is
minimized:

Er =
1

N + 1

N∑
n=0

∥un − Pru
n∥2H , (2.15)

where Pr : H → H is the orthogonal projection onto Xr = span{ϕi}ri=1 given by

Pru =
r∑

i=1

(u, ϕi)Hϕi, u ∈ H. (2.16)
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One way to find a solution of this problem is to solve the eigenvalue problem

Kzi = λizi, for i = 1, . . . , r, (2.17)

where K is the snapshot correlation matrix with entries

Kmn =
1

N + 1
(um, un)H, m, n = 0, . . . , N. (2.18)

We order the eigenvalues {λi} and corresponding orthonormal eigenvectors {zi} so that
λ1 ≥ λ2 ≥ λN+1 ≥ 0. The optimizing orthonormal set {ϕi}ri=1 ⊂ H is given by

ϕi = λ
−1/2
i (N + 1)−1/2

N∑
m=0

(zi)
mum, i = 1, . . . , r, (2.19)

where (zi)
m is the mth entry of zi. Using these POD modes gives the optimal value for the

approximation error:

1

N + 1

N∑
n=0

∥un − Pru
n∥2H =

∑
i>r

λi. (2.20)

We note that the scaling factor (N + 1)−1 is important if one is interested in the solution
of the optimization problem as more snapshots are collected, i.e., as ∆t decreases or N
increases. For certain choices of the scaling factor, the error measure Er in (2.15) converges
to a time integral or a constant multiple of a time integral, and the POD eigenvalues and
POD modes also converge; see, e.g., [15, 20, 37, 52] for more information.

Different choices for the scaling factor in (2.15) have been used in the literature. We fix
the scaling factor throughout this work to be (N + 1)−1 for simplicity. We note that since
∆t = T/N , we have (N + 1)−1 = T−1

1 ∆t, where T1 = T + ∆t. Therefore, Er in (2.15) is
equal to the left Riemann sum approximation of the integral

1

T1

∫ T1

0

∥u(t)− Pru(t)∥2H dt.

We note that the results in this work will hold for other scaling factors, as long as the scaling
factor in question scales like a constant multiple of ∆t.

Remark 2.2. One can also consider variable time steps and weights in the POD problem; we
only consider a constant time step and single weight (N + 1)−1 for simplicity. Furthermore,
one can use other quadrature rules, such as the midpoint rule or trapezoid rule, to obtain
appropriate weights for the POD problem.
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In the following result, we give POD approximation errors in different norms and using
other projections onto Xr. Similar results have been proved in multiple works (see, e.g.,
[30, 31, 41, 51, 53]), and our proof relies on techniques from these works. We note that this
result can be obtained directly from the general results in the recent reference [41]; however,
we include a proof to be complete. In this work, a bounded linear operator Π : Z → Z for
a normed space Z is a projection onto Zr ⊂ Z if Π2 = Π and the range of Π equals Zr. In
this case, Πz = z for any z ∈ Zr.

Lemma 2.3. Let Xr = span{ϕi}ri=1 ⊂ H, let Pr : H → H be the orthogonal projection onto
Xr as defined in (2.16), and let s be the number of positive POD eigenvalues for U = {un}Nn=0.
If W is a real Hilbert space with U ⊂ W and Rr : W → W is a bounded linear projection
onto Xr, then

1

N + 1

N∑
n=0

∥un − Pru
n∥2W =

s∑
i=r+1

λi∥ϕi∥2W , (2.21)

1

N + 1

N∑
n=0

∥un −Rru
n∥2W =

s∑
i=r+1

λi∥ϕi −Rrϕi∥2W . (2.22)

Proof. First, we note that (2.21) is a special case of (2.22) since Prϕi = 0 for i > r. Therefore,
we only prove (2.22).

Next, by the POD approximation error formula (2.20), we have un = Psu
n for each n. If

r ≥ s, since Rr is a projection onto Xr we have Rru
n = RrPsu

n = Psu
n = un and this proves

the result. Therefore, assume r < s. Note by the definition of ϕi in (2.19), since un ∈ W
for each n we have ϕi ∈ W for i = 1, . . . , r. Therefore, Xr ⊂ W , and since the range of Rr

equals Xr we know the W norm in (2.22) is well-defined.

Now, using the definition of Pr in (2.16) gives

1

N + 1

N∑
n=0

∥un −Rru
n∥2W =

1

N + 1

N∑
n=0

((I −Rr)Psu
n, (I −Rr)Psu

n)W

=
1

N + 1

N∑
n=0

s∑
i,j=1

(un, ϕj)H(u
n, ϕi)H((I −Rr)ϕj, (I −Rr)ϕi)W ,

where I is the identity operator. Next, take the H inner product of (2.19) with un and use
the eigenvalue equations (2.17)-(2.18) to get

(un, ϕi)H = (N + 1)1/2λ
1/2
i (zi)

n.

Using this and also that {zi} is orthonormal so that
∑N

n=0(zj)
n(zi)

n = δij gives
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1

N + 1

N∑
n=0

∥un −Rru
n∥2W =

s∑
i,j=1

(λiλj)
1/2δij((I −Rr)ϕj, (I −Rr)ϕi)W

=
s∑

i=1

λi∥(I −Rr)ϕi∥2W .

Since ϕi ∈ Xr for i = 1, . . . , r and Rr is a projection onto Xr, we have Rrϕi = ϕi for
i = 1, . . . , r and this proves the result.

2.3.2 POD With Difference Quotients (DQ Case)

In this section we consider a POD problem for the same snapshots as those in Section 2.3.1,
this time utilizing the difference quotients [36]: find an orthonormal set of basis functions
{ϕi}ri=1 ⊂ H minimizing the approximation error

EDQ
r =

1

2N + 1

N∑
n=0

∥un − Pru
n∥2H +

1

2N + 1

N∑
n=1

∥∂un − Pr∂u
n∥2H , (2.23)

where the difference quotients (DQs) {∂un}Ni=1 are defined by

∂un =
un − un−1

∆t
. (2.24)

In what follows, we denote this case the DQ case.

Remark 2.4. One can give different weights to the snapshot and DQ approximation errors
by replacing the second scaling factor 1/(2N+1) in (2.23) by a weighted fraction θ/(2N+1),
where θ is a positive constant that is independent of N . The main results in this work can be
modified to handle this case; however, we consider the unweighted case in (2.23) to simplify
the presentation.

The solution to the minimization of the approximation error in (2.23) can be found by
setting vn = un for n = 0, . . . , N and vN+n = ∂un for n = 1, . . . , N . This yields a new
collection of snapshots UDQ = {vn}Mn=0, where M = 2N . Proceeding as outlined in Section
2.3.1 using the new collection {vn}Mn=0 in place of {un}Nn=0 gives the solution of this different
POD problem. We use {λDQ

i } to denote the POD eigenvalues for this POD problem; we use
the same notation {ϕi}ri=1 for the POD basis functions. The optimal approximation error is
given by
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1

2N + 1

N∑
n=0

∥un − Pru
n∥2H +

1

2N + 1

N∑
n=1

∥∂un − Pr∂u
n∥2H =

∑
i>r

λDQ
i . (2.25)

Again, the choice of the scaling factor in the approximation error (2.23) is important if we
consider the case where the amount of data increases, i.e., a finer time discretization is used
so that ∆t decreases and N increases. The DQs are used to approximate the time derivative
of the data; therefore, for an appropriate choice of the scaling factor the approximation error
in (2.23) contains approximations of time integrals involving both the data u(t) and also the
time derivative of the data ∂tu(t). For the DQ case, we use (2N +1)−1 for the scaling factor
throughout for simplicity.

As before, we give POD approximation errors in different norms and using other projections
onto Xr.

Lemma 2.5. Let Xr = span{ϕi}ri=1 ⊂ H, let Pr : H → H be the orthogonal projection
onto Xr as defined in (2.16), and let s be the number of positive POD eigenvalues for the
collection UDQ = {vn}2Nn=0 described above. If W is a real Hilbert space with UDQ ⊂ W and
Rr : W → W is a bounded linear projection onto Xr, then

1

2N + 1

(
N∑

n=0

∥un − Pru
n∥2W +

N∑
n=1

∥∂un − Pr∂u
n∥2W

)
=

s∑
i=r+1

λDQ
i ∥ϕi∥2W , (2.26)

1

2N + 1

(
N∑

n=0

∥un −Rru
n∥2W +

N∑
n=1

∥∂un −Rr∂u
n∥2W

)
=

s∑
i=r+1

λDQ
i ∥ϕi −Rrϕi∥2W . (2.27)

Proof. Apply Lemma 2.3 to the new collection of snapshots {vn}Mn=0 described above.

Remark 2.6. In this section, we considered the DQs defined by (2.24). In practice the
definition of the DQs will reflect the time discretization used to collect the snapshot data.
For example, POD with central difference quotients is used for wave equations in [22, 62]
and fractional difference quotients are used for a subdiffusion problem in [33].

It is possible that the results of this paper can be extended to these and other definitions
of the DQs, such as those arising from the backward differentiation formulas (BDF2, BDF3,
etc.). We leave this to be considered elsewhere.

2.4 Pointwise Projection Error Estimates

In the current literature on pointwise error bounds for the POD of parabolic problems
several researchers make an assumption concerning the pointwise in time behavior of the
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POD projection errors [10, 11, 12, 21, 30, 31, 34, 43, 59, 61]. Roughly, the assumption says
that the POD projection error at any time is of the same order as the total POD projection
errors considered in Section 2.3. Next, we formalize this assumption in Assumption 2.7, and
then we discuss it for the noDQ case (Section 2.4.1) and the DQ case (Section 2.4.2).

We consider the POD of a collection of snapshots U := {un}Nn=0 ⊂ H and also U ⊂ W , as in
Section 2.3. Recall, Pr : H → H is the orthogonal projection onto the first r POD modes.
For either the noDQ case or the DQ case, the pointwise POD projection error assumption
is given as follows:

Assumption 2.7. There exists a constant C, depending on T = N∆t only, such that the
POD projection error satisfies

∥un − Pru
n∥2W ≤ C

s∑
i=r+1

λi∥ϕi∥2W for all r = 1, . . . , s and n = 0, . . . , N. (2.28)

In Section 2.4.1, we construct examples that show that this assumption can be violated in
the noDQ case. In Section 2.4.2, we show in Theorem 2.14 that this assumption is always
satisfied in the DQ case.

Remark 2.8 (Avoiding Assumption 2.7). We notice that Assumption 2.7 would follow di-
rectly from the POD approximation properties (2.21) (in the noDQ case) and (2.26) (in the
DQ case) if we dropped the 1/(N + 1) and 1/(2N + 1) factors in the definitions (2.15) and
(2.23) of the error measures Er and EDQ

r . In fact, when H = W = Rm, this approach is used
in, e.g., [35]. We emphasize, however, that using this approach would increase by ∆t−1 the
magnitudes of the eigenvalues on the right-hand side of the POD approximation properties
(2.21) and (2.26), which would yield suboptimal error estimates. Similar conclusions were
reached in Remark 2.3 in [30] for the case W = H.

Remark 2.9 (Similar Assumptions). For W = H, Assumption 2.7 is Assumption 2.1 in [30]
(in which the L2 inner product should be replaced with the correct H inner product). A
similar assumption (but for the L2 projection of a continuous solution on Xr when H = L2)
is made in Assumption 3.2 in [31]. No such assumption is made in [29], since Theorem 3.5
proves an estimate for the average error, not for the pointwise in time error. Finally, we note
that Figure 4 in [30] provided numerical validation for Assumption 2.7 for the particular
setting in [30] when W = H.

2.4.1 Pointwise Error Estimates: noDQ Case

First, we note that in general the scaling factor N + 1 is the worst case scenario for the
failure of Assumption 2.7. To see this, note that for any fixed k we have
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∥uk − Pru
k∥2W = (N + 1)

1

N + 1
∥uk − Pru

k∥2W

≤ (N + 1)

(
1

N + 1

N∑
i=0

∥ui − Pru
i∥2W

)
(2.29)

= (N + 1)
s∑

i=r+1

λnoDQ
i ∥ϕi∥2W , (2.30)

where we used Lemma 2.3 to obtain (2.30). Note that for many collections of snapshots
{uk}Nk=0 the inequality in (2.29) will be very conservative. Nevertheless, we show below that
the above N + 1 scaling is attained for a family of examples.

Assumption 2.7 says that the error at any particular index is not much larger than the other
pointwise errors, or equivalently the inequality (2.29) is overly conservative. Therefore,
Assumption 2.7 will be false if there is an index n such that the projection error at index n
is much larger than the remaining pointwise errors, i.e.,

∥un − Pru
n∥2W ≫ ∥ui − Pru

i∥2W , ∀i ̸= n, 0 ≤ i ≤ N. (2.31)

Next, we provide a family of counterexamples to Assumption 2.7, i.e., a family of exact
solutions (data) that yield POD bases that satisfy condition (2.31).

Let {ϕk}k≥1 be an orthonormal set in a Hilbert space H, with dim(H) ≥ N + 1, and let
λ1 ≥ λ2 ≥ · · · > 0 be any sequence of positive numbers. Suppose the data U = {un}Nn=0 ⊂ H
is given by

un = (N + 1)1/2λ
1/2
n+1ϕn+1, n = 0, . . . , N. (2.32)

It can be checked that this data has POD eigenvalues {λk} with corresponding POD modes
{ϕk}.

LetW be a real Hilbert space with U ⊂ W . In Proposition 2.10, we show that Assumption 2.7
fails for the data above. Specifically, (2.33) shows that the assumption fails for the specific
case of r = N at index N . Furthermore, if the values {λk} decay exponentially fast as in
(2.34), then (2.35) shows that the assumption fails for any r at index r.

Proposition 2.10. Let the data U = {un}Nn=0 ⊂ H be given in (2.32) as described above.
Then the POD pointwise projection error for uN is given by

∥∥uN − PNu
N
∥∥2
W

= (N + 1)λN+1∥ϕN+1∥2W . (2.33)
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Also, for any fixed r if
λk = β∥ϕk∥−2

W e−γk, k > r, (2.34)
for some positive constants β and γ, then

∥ur − Pru
r∥2W ≥ min{1, γ}

2
(N + 1)

N+1∑
k=r+1

λk∥ϕk∥2W . (2.35)

Remark 2.11. Note that for the second part of the result we still assume the POD eigen-
values in (2.34) are ordered so that λ1 ≥ λ2 ≥ · · · > 0. Depending on the values of ∥ϕk∥W
and γ, the POD eigenvalues in (2.34) may not be ordered in this way. In such a case, the
POD eigenvalues may need to be reordered in order to obtain a similar result. If W = H
or if ∥ϕk∥W increases slowly relative to e−γk, then the ordering λ1 ≥ λ2 ≥ · · · > 0 will
automatically be satisfied.

Proof. Note that Pru
k = 0 when k ≥ r and so

∥uk − Pru
k∥2W = (N + 1)λk+1∥ϕk+1∥2W , k ≥ r. (2.36)

Thus, (2.33) follows immediately from (2.36) with k = N .

Next, to prove (2.35), fix r and assume (2.34) holds. Then (2.36) with k = r gives

∥ur − Pru
r∥2W = (N + 1)λr+1∥ϕr+1∥2W . (2.37)

We bound half of the right-hand side of (2.37) from below by a constant multiple of the
remaining terms in the sum in (2.35). Note that the assumption (2.34) on the value of λr+1

gives

1

2
λr+1∥ϕr+1∥2W =

β

2
e−γ(r+1). (2.38)

Next, we note that the exponential term on the right-hand side of (2.38) satisfies the following
estimate:

1

γ
e−γ(r+1) ≥ 1

γ

(
e−γ(r+1) − e−γ(N+1)

)
=

∫ N+1

r+1

e−γxdx ≥
N+1∑
k=r+2

e−γk. (2.39)

Using (2.34), (2.38), and (2.39), we obtain

1

2
(N + 1)λr+1∥ϕr+1∥2W ≥ γβ

2
(N + 1)

N+1∑
k=r+2

e−γk =
γ

2
(N + 1)

N+1∑
k=r+2

λk∥ϕk∥2W . (2.40)
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Using (2.37) and (2.40), we get

∥ur − Pru
r∥2W ≥ 1

2
(N + 1)λr+1∥ϕr+1∥2W +

γ

2
(N + 1)

N+1∑
k=r+2

λk∥ϕk∥2W

≥ min{1, γ}
2

(N + 1)
N+1∑
k=r+1

λk∥ϕk∥2W , (2.41)

which proves (2.35).

Proposition 2.10 yields a family of counterexamples to Assumption 2.7. Next, we consider
two counterexamples that we investigate numerically in Section 2.6.

Counterexample 1

To construct the first counterexample to Assumption 2.7 (which we denote counterexample
1), we follow the theoretical setting in this section and construct a family of ROM basis
functions that satisfy equation (2.32). Specifically, we consider an orthonormal set {ϕn}Nn=0

in H = L2(0, 1) given by

ϕn+1(x) := 21/2 sin((k tn + 1)π x) , (2.42)

where k is a positive integer, x ∈ [0, 1], and tn = n∆t is chosen such that k tn ∈ N, ∀n ∈ N.

Next, we choose the eigenvalues

λ1 = λ2 = · · · = λN+1 =
1

2(N + 1)
, (2.43)

which satisfy λ1 ≥ λ2 ≥ · · · ≥ λN+1 > 0. Finally, choosing the analytical solution

ucounterexample 1(x, t) = sin((k t+ 1)π x) (2.44)

and the corresponding forcing term

f = (k π x) cos((k t+ 1)π x) + νπ2(kt+ 1)2 sin((k t+ 1)π x) (2.45)

yield the data U = {un}Nn=0 that satisfies equation (2.32). In Section 2.6, we investigate
numerically counterexample 1 given by the analytical solution (2.44).

Remark 2.12. Equation (2.32) (see also the comment below Assumption A.1 in [43]) shows
that the ROM basis functions are scaled versions of the snapshots. For counterexample 1,
this scaling is illustrated in (2.42) and (2.44).
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Counterexample 2

To construct the second counterexample to Assumption 2.7 (which we denote counterexample
2), we construct a family of ROM basis functions that satisfy both equation (2.32) and
equation (2.34) in Proposition 2.10. Specifically, we consider the same orthonormal set
{ϕn}Nn=0 in H = L2(0, 1) given in (2.42) above, where again k is a positive integer, x ∈ [0, 1],
and tn = n∆t is chosen such that k tn ∈ N, ∀n ∈ N. Next, for positive constants α, δ, and
ρ, with δ = ρ∆t, we choose exponentially decaying eigenvalues as in (2.34):

λn+1 = βe−γ(n+1),

β =
1

4δ(N + 1)
e−α+αδ−1∆t =

1

4ρT1
e−α+αρ−1

,

γ = αδ−1∆t = αρ−1,

where T1 = T +∆t. Finally, it can be checked that choosing the analytical solution

ucounterexample 2(x, t) =
1√
2δ

(
e−α(1+t/δ)

)1/2 sin((kt+ 1)πx) (2.46)

and the corresponding forcing term

f =
1√
2δ

(
e−α(1+t/δ)

)1/2 [−α
2δ

sin((kt+ 1)πx) + (kπx) cos((kt+ 1)πx)

+ νπ2(kt+ 1)2 sin((kt+ 1)πx)
] (2.47)

yield the data U = {un}Nn=0 that satisfies equation (2.32), which shows that, in counterex-
ample 2, the ROM basis functions are scaled versions of the snapshots. In Section 2.6, we
investigate numerically counterexample 2 given by the analytical solution (2.46).

2.4.2 POD Pointwise Error Estimates: DQ Case

We now give one of the main results of this paper. In Theorem 2.14, we show that As-
sumption 2.7 is always satisfied in the DQ case. This will allow us to prove in Section 2.5
optimal pointwise in time ROM error bounds in the DQ case. In particular, Theorem 2.14
will show that the assumptions similar to Assumption 2.7 that have been made in, e.g., [30],
are unnecessary for obtaining optimal error bounds in the DQ case.

In continuous time, it is well-known that the magnitude of a function z ∈ H1(0, T ) at any
point in time is bounded above by a constant multiple of the H1(0, T ) norm of z. The
constant in the bound only depends on T , and there is also a similar inequality that holds
for functions taking values in a Banach space Z (see, e.g., [13, Section 5.9.2, page 302,
Theorem 2 (iii)]). Below, we establish a discrete time analogue of this Sobolev embedding
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H1(0, T ;Z) ↪→ C([0, T ];Z), where the DQs replace the time derivative in the H1(0, T ;Z)
norm. This lemma will allow us to directly establish POD pointwise projection error bounds
in Theorem 2.14, which shows that Assumption 2.7 is automatically satisfied in the DQ case.

Lemma 2.13 (Discrete time Sobolev inequality). Let T > 0, Z be a normed space, {zn}Nn=0 ⊂
Z, and ∆t = T/N . Then

max
0≤k≤N

∥zk∥2Z ≤ C

(
1

2N + 1

N∑
n=0

∥zn∥2Z +
1

2N + 1

N∑
n=1

∥∂zn∥2Z

)
,

where C = 6max{1, T 2} and ∂zn = (zn − zn−1)/∆t for n = 1, . . . , N .

Proof. For each k, ` with N ≥ k > ` ≥ 0, we have zk − zℓ = ∆t
∑k

n=ℓ+1 ∂z
n. This gives

∥zk∥Z ≤ ∥zℓ∥Z +
N∑

n=1

∆t1/2(∆t1/2∥∂zn∥Z) ≤ ∥zℓ∥Z + T 1/2

(
N∑

n=1

∆t∥∂zn∥2Z

)1/2

, (2.48)

where we used
∑N

n=1∆t = N∆t = T . This inequality is also clearly true for k = `, and a
similar argument shows that this inequality also holds for 0 ≤ k < ` ≤ N .

Now we choose ` so that
∥zℓ∥Z = min

0≤n≤N
∥zn∥Z . (2.49)

We know such an ` must exist since N is finite. Then

∥zℓ∥Z =
1

N + 1
(N + 1)∥zℓ∥Z =

1

N + 1

N∑
n=0

∥zℓ∥Z

≤ 1

T

N∑
n=0

∆t∥zn∥Z ≤ T−1/2

(
N∑

n=0

∆t∥zn∥2Z

)1/2

,

where we used (2.49), 1/(N + 1) < 1/N = T−1∆t,
∑N

n=1∆t = N∆t = T , and the Cauchy-
Schwarz inequality. Using this inequality with (2.48) yields

∥zk∥Z ≤ T−1/2

(
N∑

n=0

∆t∥zn∥2Z

)1/2

+ T 1/2

(
N∑

n=1

∆t∥∂zn∥2Z

)1/2

. (2.50)

Squaring both sides, and using the inequalities (a + b)2 ≤ 2(a2 + b2) and ∆t = (2T +
∆t)/(2N + 1) ≤ 3T/(2N + 1), we obtain the result.



Birgul Koc Chapter 2 28

Theorem 2.14. Let Xr = span{ϕi}ri=1 ⊂ H, let Pr : H → H be the orthogonal projection
onto Xr as defined in (2.16), and let s be the number of positive POD eigenvalues for UDQ.
If W is a real Hilbert space with UDQ ⊂ W and Rr : W → W is a bounded linear projection
onto Xr, then

max
0≤k≤N

∥∥uk − Pru
k
∥∥2
H ≤ C

s∑
i=r+1

λDQ
i , (2.51a)

max
0≤k≤N

∥∥uk − Pru
k
∥∥2
W

≤ C

s∑
i=r+1

λDQ
i ∥ϕi∥2W , (2.51b)

max
0≤k≤N

∥∥uk −Rru
k
∥∥2
W

≤ C

s∑
i=r+1

λDQ
i ∥ϕi −Rrϕi∥2W , (2.51c)

where C = 6max{1, T 2}.

Proof. First, note that (2.51a) follows from (2.51b) with W = H since ∥ϕi∥H = 1 for all i.
Also, (2.51b) follows from (2.51c) since Prϕi = 0 for i > r. Therefore, we only prove (2.51c).

Set Z = W and zn = un−Rru
n for each n. Using Lemma 2.13, ∂zn = ∂un−Rr∂u

n for each
n, and Lemma 2.5 gives the result.

2.5 Pointwise Error Estimates: DQ Case

In this section, we prove pointwise in time error estimates for the heat equation and discuss
the time and ROM discretization optimality of these estimates. In Section 2.5.1, we prove
the pointwise in time error estimates using Crank-Nicolson time stepping in the DQ case
(see Section 2.3.2). In Section 2.5.2, we consider three definitions of optimality for the ROM
discretization error and classify the optimality types of each pointwise error estimate in
Section 2.5.1. We show that all of the error estimates are optimal in some sense; although,
in some cases we need to assume various POD projection uniform boundedness conditions
are satisfied. We also briefly discuss error estimates and optimality for the noDQ case; see
Remarks 2.16, 2.18, and 2.23. Below, we consider the DQ case unless explicitly mentioned
otherwise.

We begin by establishing notation, definitions, and giving preliminary results that will be
used in the ensuing analysis. We let Ω ∈ Rd, d = 2, 3 be a regular open domain with Lipschitz
continuous boundary Ω and denote by (·, ·)L2 and ∥ · ∥L2 the L2 inner product and norm
respectively. We define the function space X = H1

0 (Ω) as:

X := H1
0 (Ω)

d = {v ∈ H1(Ω)d : v|Γ = 0}.
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With the inner product (u, v)H1
0
= (∇u,∇v)L2 , the space X = H1

0 (Ω) is a Hilbert space.

For simplicity, we will only consider the heat equation (2.1). We take u(·, t) ∈ X, t ∈ [0, T ]
to be the weak solution of the weak formulation of the heat equation with homogeneous
Dirichlet boundary conditions:

(∂tu, v)L2 + ν(∇u,∇v)L2 = (f, v)L2 ∀v ∈ X. (2.52)

Replacing the unknown u with ur in the heat equation (2.52), using the Galerkin method,
projecting the resulting equations onto a space Xr ⊂ X, and discretizing in time using
Crank-Nicolson (CN), one obtains the standard CN POD-G-ROM for the heat equation:

(∂un+1
r , vr)L2 + ν(∇un+1/2

r ,∇vr)L2 = (fn+1/2, vr)L2 ∀vr ∈ Xr, (2.53)

where ∂un+1
r = (un+1

r − unr )/∆t. Also, here and below we use the notation zn+1/2 for any
discrete or continuous time function z to denote the average

zn+1/2 :=
1

2

(
zn+1 + zn

)
.

Note that, for continuous time functions, we do not use zn+1/2 to denote z(tn +∆t/2).

Remark 2.15. An alternative CN approach to the time discretization is to replace fn+1/2

in (2.53) with f(tn +∆t/2). The results in this section also hold for this case.

We now prove error estimates for the error un+1 − un+1
r , where un+1 := u(tn+1) is the

solution of the weak formulation of the heat equation (2.52), and un+1
r is the solution of the

CN POD-G-ROM (2.53). For clarity of presentation, we only consider the error components
corresponding to the POD truncation and time discretization, i.e., we ignore the spatial
discretiztion (e.g., FE) error.

We start by noting that the weak solution of the heat equation evaluated at time t = tn+∆t/2
satisfies:(

∂un+1, vr
)
L2 + ν(∇un+1/2,∇vr)L2 = (fn+1/2, vr)L2 + Ãun(vr) ∀vr ∈ Xr, (2.54)

where ∂un+1 = (un+1−un)/∆t and, after integrating by parts, the consistency error is given
by

Ãun(v) :=
(
∂un+1 − ∂tu(tn +∆t/2), v

)
L2 + ν

(
∆(u(tn +∆t/2)− un+1/2), v

)
L2

+
(
f(tn +∆t/2)− fn+1/2, v

)
L2 .

(2.55)

We assume that the solution u and the forcing f are smooth enough so that Ãun(v) is well
defined for any v ∈ X. We provide a more precise regularity assumption below.
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The error is split into two parts:

en+1 = un+1 − un+1
r = (un+1 − wn+1

r )− (un+1
r − wn+1

r ) = ηn+1 − φn+1
r , (2.56)

where wn+1
r is a proper projection of un+1 on Xr, ηn+1 := un+1 − wn+1

r , and φn+1
r = un+1

r −
wn+1

r . Subtracting (2.53) from (2.54) then yields:

(∂φn+1
r , vr)L2 + ν(∇φn+1/2

r ,∇vr)L2 = (∂ηn+1, vr)L2 + ν(∇ηn+1/2,∇vr)L2

− Ãun (vr) ∀vr ∈ Xr.
(2.57)

The standard approach used to prove error estimates in this case is to use the Ritz projection
[3, 29, 31, 36, 37, 49]. This is also the standard approach in the FE context [17, 39, 54, 58].

Thus, for the ensuing analysis we choose wr := Rr(u) in (2.56), where Rr(u) is the Ritz
projection of u on Xr:

(∇(u−Rr(u)),∇vr)L2 = 0 ∀vr ∈ Xr. (2.58)

We will then denote ηRitz := u−Rr(u). Using the Ritz projection, (2.57) then becomes:

(∂φn+1
r , vr)L2 + ν(∇φn+1/2

r ,∇vr)L2 = (∂ηn+1
Ritz, vr)L2 − Ãun (vr) ∀vr ∈ Xr, (2.59)

where we have used the fact that (∇ηn+1/2
Ritz ,∇vr)L2 = 0 by (2.58).

Remark 2.16. In the noDQ case (see Section 2.3.1), a different approach is typically used
to prove error estimates; see, e.g., [6, 30, 31, 53]. Instead of the Ritz projection, in the noDQ
case we use the L2 projection ΠL2

r and take wn+1
r = ΠL2

r u
n+1. The term ν(∇ηn+1/2,∇vr)L2

in (2.57) no longer vanishes; instead, the DQ projection error term is eliminated, i.e.,
(∂ηn+1, vr)L2 = 0 in (2.57). However, as explained in Remark 2.18, the resulting point-
wise error estimates are suboptimal.

For the POD basis construction, we must specify a Hilbert space H. For this problem, two
natural Hilbert spaces that are often used are H = L2(Ω) or H = X = H1

0 (Ω). Let Xr

be the span of the first r POD modes for the data set containing the snapshots {un}Nn=0

and the snapshot DQs {∂un}Nn=1. We can use Lemma 2.5 and Theorem 2.14 to obtain POD
approximation error results with either W = L2(Ω) or W = H1

0 (Ω). We note that in the
case H = H1

0 (Ω), the standard orthogonal POD projection Pr is exactly equal to the Ritz
projection Rr.

We emphasize that, in this section, we use the exact solution of the heat equation for the
POD basis construction in order to focus on the POD and time discretization errors. Exact
solution data was used in this way by Kunisch and Volkwein in their original POD numerical
analysis work [36], and also by many other researchers in subsequent works.
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2.5.1 Error estimates

We give multiple error bounds for the solution when both the L2 and H1
0 POD bases are used.

Specifically, we first provide a pointwise in time error bound for the L2 norm of the solution,
and an error bound for the solution norm (a discrete time analogue of the L2(0, T ;H1

0 (Ω))
norm) that includes the L2 norm of the solution at the final time step. Then, we prove a
pointwise in time error bound for the H1

0 norm of the solution.

We assume the solution u of the heat equation (2.1) and the forcing f satisfy the regularity
condition

uttt, ∆utt, ftt ∈ L2(0, T ;L2(Ω)). (2.60)

We also define the regularity constants

In,1(u, f) := ∥uttt∥L2(tn,tn+1;L2) + ∥∆utt∥L2(tn,tn+1;L2) + ∥ftt∥L2(tn,tn+1;L2),

In(u, f) := ∥uttt∥2L2(tn,tn+1;L2) + ∥∆utt∥2L2(tn,tn+1;L2) + ∥ftt∥2L2(tn,tn+1;L2),

I(u, f) := ∥uttt∥2L2(0,T ;L2) + ∥∆utt∥2L2(0,T ;L2) + ∥ftt∥2L2(0,T ;L2).

(2.61)

As mentioned above, for all of the results below we assume Xr is the span of the first r
POD modes for the data set containing the snapshots {un}Nn=0 of the exact solution and
the snapshot DQs {∂un}Nn=1. Furthermore, as pointed out in the introduction, we prove
POD error bounds when the parameter ν and the initial data are the same as those used to
generate the POD basis.

Lemma 2.17. Consider the CN POD-G-ROM scheme (2.53). If (2.60) is satisfied, then
the following error bounds hold when the L2 POD basis is used:

max
1≤k≤N

∥ek∥2L2 ≤ C

(
s∑

i=r+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 + ∥φ0

r∥2L2 +∆t4I(u, f)

)
, (2.62)

∥eN∥2L2 +∆t
N−1∑
n=0

∥∇en+1/2∥2L2 ≤ C

( s∑
i=r+1

λDQ
i (∥ϕi −Rr(ϕi)∥2L2

+ ∥∇(ϕi −Rr(ϕi))∥2L2) + ∥φ0
r∥2L2 +∆t4I(u, f)

)
,

(2.63)

and the following error bounds hold when the H1
0 POD basis is used

max
1≤k≤N

∥ek∥2L2 ≤ C

(
s∑

i=r+1

λDQ
i ∥ϕi∥2L2 + ∥φ0

r∥2L2 +∆t4I(u, f)

)
, (2.64)
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∥eN∥2L2 +∆t
N−1∑
n=0

∥∇en+1/2∥2L2 ≤ C

(
s∑

i=r+1

(1 + ∥ϕi∥2L2)λ
DQ
i + ∥φ0

r∥2L2 +∆t4I(u, f)

)
. (2.65)

Proof. We use 2∆t (∂φn+1
r , φ

n+1/2
r )L2 = ∥φn+1

r ∥2L2 − ∥φn
r ∥2L2 and let vr := φ

n+1/2
r in equation

(2.59) and to obtain

∥φn+1
r ∥2L2 − ∥φn

r ∥2L2 + 2ν∆t∥∇φn+1/2
r ∥2L2 = 2∆t[(∂ηn+1

Ritz, φ
n+1/2
r )L2

− τn(φ
n+1/2
r )].

(2.66)

Next, use the Cauchy-Schwarz inequality, the Poincaré inequality ∥φn+1/2
r ∥L2 ≤ C∥∇φn+1/2

r ∥L2 ,
and Taylor’s theorem† to bound the right-hand side and obtain

∥φn+1
r ∥2L2 − ∥φn

r ∥2L2 + 2ν∆t∥∇φn+1/2
r ∥2L2

≤ C∆t
(
∥∂ηn+1

Ritz∥L2 +∆t3/2In,1(u, f)
)
∥∇φn+1/2

r ∥L2 .
(2.67)

Applying Young’s inequality and using (a+ b+ c)2 ≤ 3(a2 + b2 + c2) yields

∥φn+1
r ∥2L2 − ∥φn

r ∥2L2 + 2ν∆t ∥∇φn+1/2
r ∥2L2 ≤

(
C∆t

∥∥∂ηn+1
Ritz

∥∥2
L2 + C∆t4In(u, f)

+ ν∆t ∥∇φn+1/2
r ∥2L2

)
.

(2.68)

Now, summing from n = 0 to k − 1 gives

∥φk
r∥2L2 + ν

k−1∑
n=0

∆t ∥∇φn+1/2
r ∥2L2 ≤ C

( k−1∑
n=0

∆t
∥∥∂ηn+1

Ritz

∥∥2
L2 +∆t4I(u, f) + ∥φ0

r∥2L2

)
. (2.69)

By the triangle inequality we have ∥ek∥2L2 ≤ 2(∥ηkRitz∥2L2 + ∥φk
r∥2L2). Applying this inequality,

rearranging terms, dropping an unnecessary term, and taking a maximum among constants
it then follows from (2.69) that

∥ek∥2L2 ≤ C

(
∆t

N∑
n=1

∥∂ηnRitz∥2L2 + ∥ηkRitz∥2L2 + ∥φ0
r∥2L2 +∆t4I(u, f)

)
. (2.70)

The pointwise in time estimates (2.62) and (2.64) then follow from applying Lemma 2.5 and
Theorem 2.14 with W = L2(Ω) and ηkRitz = uk − Rru

k, where Rr is the Ritz projection
(which also equals Pr for the H1

0 POD basis), and using ∆t(2N + 1) = (2 + 1/N)T ≤ 3T

The error bounds (2.63) and (2.65) in the solution norm follow by taking k = N in (2.69)
and proceeding similarly.

†for more details, see, e.g., [39, Lemma 26, page 166] or [54, pages 16-17]
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Remark 2.18. We briefly provide one pointwise in time error estimate for the noDQ case
with the L2 POD basis; other pointwise estimates can be obtained using similar ideas. In
the noDQ case, to obtain a pointwise in time L2 error estimate one can proceed in a similar
fashion to the above proof using the L2 projection instead of the Ritz projection, as discussed
in Remark 2.16. The error estimate (2.71) can be obtained using Lemma 2.3 with H = L2(Ω)
and W = H1

0 (Ω), and the worst case pointwise projection error bound (2.30):

max
1≤k≤N

∥ek∥2L2 ≤ C

(
(N + 1)

N+1∑
i=r+1

λnoDQ
i +

N+1∑
i=r+1

λnoDQ
i ∥∇ϕi∥2L2

+ ∥φ0
r∥2L2 +∆t4I(u, f)

)
.

(2.71)

If Assumption 2.7 is satisfied, then the (N + 1) scaling factor can be removed.

We emphasize that the error estimate (2.71) is suboptimal; see Remark 2.23 below for
precise optimality definitions. First, the estimate is suboptimal with respect to the time
discretization error because of the extra factor (N +1) = (T∆t−1+1). Second, the estimate
is suboptimal with respect to the ROM projection error because of the second term on the
right-hand side, which contains ∥∇ϕi∥2L2 instead of ∥ϕi∥2L2 . This is a consequence of using
the L2 projection instead of the classical Ritz projection (see Remark 2.16). As explained
in [30], using the L2 projection eliminates the need to use the DQs, but yields suboptimal
estimates with respect to the ROM projection error. Thus, even if Assumption 2.7 is satisfied
and the (N + 1) scaling factor can be removed, the error estimate (2.71) is still suboptimal.
If the H1

0 POD basis is used instead, the resulting error estimate is also suboptimal, even if
Assumption 2.7 is satisfied; the details are similar.

Next, we prove a pointwise in time error bound in the H1
0 norm.

Lemma 2.19. Consider the CN POD-G-ROM scheme (2.53). If (2.60) is satisfied, then
the following error bound holds when the L2 POD basis is used

max
1≤k≤N

∥∇ek∥2L2 ≤ C

( s∑
i=r+1

λDQ
i

(
∥ϕi −Rr(ϕi)∥2L2 + ∥∇(ϕi −Rr(ϕi))∥2L2

)
+ ∥∇φ0

r∥2L2 +∆t4I(u, f)

)
,

(2.72)

and the following error bound holds when the H1
0 POD basis is used

max
1≤k≤N

∥∇ek∥2L2 ≤ C

(
s∑

i=r+1

λDQ
i (1 + ∥ϕi∥2L2) + ∥∇φ0

r∥2L2 +∆t4I(u, f)

)
. (2.73)

Proof. We let vr := ∂φn+1
r in (2.59):

∥∂φn+1
r ∥2L2 +

ν

2∆t
(∥∇φn+1

r ∥2L2 − ∥∇φn
r ∥2L2) = (∂ηn+1

Ritz, ∂φ
n+1
r )L2 − Ãun(∂φ

n+1
r ). (2.74)
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Applying Cauchy-Schwarz and Young’s inequalities along with Taylor’s theorem on the RHS
of (2.74), we get:

ν(∥∇φn+1
r ∥2L2 − ∥∇φn

r ∥2L2) + 2∆t ∥∂φn+1
r ∥2L2 ≤∆t ∥∂ηn+1

Ritz∥
2
L2 +

3

2
∆t ∥∂φn+1

r ∥2L2

+ C∆t4In(u, f).
(2.75)

Next, sum from n = 0 to n = k − 1 and drop an unnecessary term:

∥∇φk
r∥2L2 ≤

1

ν

N−1∑
n=0

∆t ∥∂ηn+1
Ritz∥

2
L2 + C∆t4I(u, f) + ∥∇φ0

r∥2L2 .

Now use ∥∇ek∥2L2 ≤ 2(∥∇ηkRitz∥2L2 + ∥∇φk
r∥2L2) to obtain

∥∇ek∥2L2 ≤ C

(
N−1∑
n=0

∆t ∥∂ηn+1
Ritz∥

2
L2 + ∥∇ηkRitz∥2L2 +∆t4I(u, f) + ∥∇φ0

r∥2L2

)
.

We use Lemma 2.5, Theorem 2.14, and ∆t(2N + 1) = (2 + 1/N)T ≤ 3T to complete the
proof.

2.5.2 Optimality of Pointwise ROM Discretization Errors

Next, we discuss three different definitions of optimality for pointwise in time ROM dis-
cretization errors. Again, we assume we are in the DQ case throughout; although we do
briefly discuss the noDQ case in Remark 2.23 below. We classify the optimality type of each
pointwise in time error bound for the DQ case from Section 2.5.1.

The optimality type of a pointwise error bound depends on both the space H for the POD
basis and the space W for the pointwise error norm. In Section 2.5.1 we considered four
possibilities: we used H = L2 or H = H1

0 for the POD basis, and we used W = L2 or W = H1
0

for the error norm. Below, we let H and W be any real Hilbert spaces, we consider the DQ
case, and we let ek = uk − ukr be the ROM error for k = 0, . . . , N . For the discretization, we
assume that, if certain conditions are satisfied, then there exists a constant C so that the
following pointwise error bound holds:

max
1≤k≤N

∥ek∥2W ≤ C
(
Λr + Λ0

r + ζ(∆t) + ξ(h)
)
, (2.76)

where

• Λr is the ROM discretization error, and depends only on r, the POD eigenvalues, and
the POD modes;
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• Λ0
r is the ROM discretization error for the initial condition only, and depends only on

r, the POD eigenvalues, and the POD modes;

• ζ(∆t) is an optimal time discretization error; and

• ξ(h) is an optimal spatial discretization error.

We automatically consider the discretization error suboptimal if either the time or space
discretization errors are suboptimal; therefore, we assume those errors are optimal here and
focus on the ROM discretization error.

Let Xr ⊂ H be the span of the first r POD modes, and assume Xr is also contained in W .
Let Pr : H → H be the orthogonal POD projection onto Xr, and let ΠW

r : W → W be the
W -orthogonal projection onto Xr. Also, let s be the number of positive POD eigenvalues.

Definition 2.20. We say the ROM discretization error Λr is

• truly optimal if there exists a constant C such that

Λr ≤ CΛ⋆
r, Λ⋆

r := max
1≤k≤N

∥uk − ΠW
r u

k∥2W , (2.77)

• optimal-I if there exists a constant C such that

Λr ≤ CΛI
r, ΛI

r :=
s∑

i=r+1

λi∥ϕi∥2W , (2.78)

• optimal-II if there exists a constant C such that

Λr ≤ CΛII
r , ΛII

r :=
s∑

i=r+1

λi∥ϕi − ΠW
r ϕi∥2W . (2.79)

The constant C above should be independent of all discretization parameters, but may
depend on the solution data and the problem data.

We note that the first two notions of optimality above are generalizations of definitions
discussed in [30], while we believe the optimal-II definition is new. We discuss each type of
optimality below.

Remark 2.21. Note that we do not consider the ROM discretization error for the initial
condition, Λ0

r, in these optimality definitions. These definitions can be modified to include
the ROM initial condition error, if desired.
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Truly optimal: Since ΠW
r is the W -orthogonal projection, the quantity Λ⋆

r defined in (2.77)
is the best possible pointwise POD data approximation error. As discussed in [30], this is
the most natural definition of optimality; however, it may not be straightforward to evaluate
the quantity Λ⋆

r and compare it to the ROM discretization error bound Λr.

Optimal-I (Optimal type I): Since it may not be easy to deal with the notion of truly
optimal, Iliescu and Wang proposed the notion of Optimal-I in [30]. Optimal-I has the
advantage of being simple to compute since ΛI

r involves only the POD eigenvalues and
modes. Optimal-I is also simple to interpret since from Lemma 2.5 we have

ΛI
r =

1

2N + 1

N∑
n=0

∥un − Pru
n∥2W +

1

2N + 1

N∑
n=1

∥∂un − Pr∂u
n∥2W . (2.80)

Therefore, ΛI
r is the total POD projection error for all of the data using the POD projection

Pr and the error norm W .

Optimal-II (Optimal type II): The value of ΛII
r is also relatively straightforward to compute,

since it involves only POD eigenvalues, modes, and the projection ΠW
r . Also, by Lemma 2.5

we have

ΛII
r =

1

2N + 1

N∑
n=0

∥∥un − ΠW
r u

n
∥∥2
W

+
1

2N + 1

N∑
n=1

∥∥∂un − ΠW
r ∂u

n
∥∥2
W
. (2.81)

Since ΠW
r is the W -orthogonal projection, the quantity ΛII

r is the best possible total POD
data approximation error, and (2.80)–(2.81) imply

ΛII
r ≤ ΛI

r.

Optimal-II has the advantage of using a best possible POD approximation error, while also
being relatively simple to compute and understand. Finally, we note that if W = H then
Pr = ΠW

r and therefore Optimal-I and Optimal-II are identical; however, Optimal-I and
Optimal-II may be different if H ̸= W .

Comparing the optimality types: Since we are in the DQ case, the pointwise POD
projection error result Theorem 2.14 implies that there exists a constant C such that

Λ⋆
r ≤ CΛII

r .

The above definitions, observations, and inequalities give the following result comparing the
optimality types.

Proposition 2.22. The following hold:

(i) If the ROM discretization error is truly optimal, then it is Optimal-II.

(ii) If the ROM discretization error is Optimal-II, then it is Optimal-I.
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(iii) If H = W , then Optimal-I and Optimal-II are identical conditions.

(iv) If there exists a constant C such that

∥ϕi∥W ≤ C∥ϕi − ΠW
r ϕi∥W , r + 1 ≤ i ≤ s, (2.82)

and if the ROM discretization error is Optimal-I, then it is Optimal-II.

In general, we do not know if Optimal-II implies truly optimal; however, again, ΛII
r is easier

to deal with compared to Λ⋆
r. We also do not know in general if Optimal-I implies Optimal-II

when H ̸= W . We discuss condition (2.82) below.

Remark 2.23 (The noDQ case). In the noDQ case, the same definitions of optimality can
be used and Lemma 2.3 also gives interpretations of ΛI

r and ΛII
r as total POD projections

errors in the W norm. As in the DQ case, Optimal-II implies Optimal-I, the two conditions
are equivalent if H = W , and Optimal-I with (2.82) implies Optimal-II.

However, as shown in Proposition 2.10, in general we cannot bound the pointwise POD
projection error by a constant multiple of the total POD projection error, i.e., Assumption
2.7 is not always satisfied. Thus, we do not know if truly optimal implies Optimal-II.
Furthermore, even if Assumption 2.7 is satisfied, the L2 pointwise error estimate (2.71) in
Remark 2.18 is not optimal in any sense, since the second term on its right-hand side contains
∥∇ϕi∥2L2 instead of ∥ϕi∥2L2 .

Optimality of Bounds in Section 2.5.1: Next, we consider the optimality type of each
pointwise in time error bound for the DQ case from Section 2.5.1. Comparing the pointwise
bounds in Lemmas 2.17 and 2.19 to the above optimality definitions gives the following
result.

Theorem 2.24. For the pointwise error bounds in Lemma 2.17 with error norm W = L2:

(i) If the L2 POD basis is used (i.e., H = L2) and there exists a constant C such that

∥ϕi −Rr(ϕi)∥L2 ≤ C, r + 1 ≤ i ≤ s, (2.83)

then the ROM discretization error in (2.62) is Optimal-I (which is identical to Optimal-
II).

(ii) If the H1
0 POD basis is used (i.e., H = H1

0), then the ROM discretization error in
(2.64) is Optimal-I.

(iii) If the H1
0 POD basis is used (i.e., H = H1

0) and condition (2.82) is satisfied (with
W = L2), then the ROM discretization error in (2.64) is Optimal-II.

For the pointwise error bounds in Lemma 2.19 with error norm W = H1
0 :
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(iv) If the L2 POD basis is used (i.e., H = L2), then the ROM discretization error in (2.72)
is Optimal-II.

(v) If the H1
0 POD basis is used (i.e., H = H1

0), then the ROM discretization error in
(2.73) is Optimal-I (which is identical to Optimal-II).

Proof. Beginning with (i), the ROM discretization error from (2.62) is given by

Λr =
s∑

i=r+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 . (2.84)

By (2.83), the L2 orthonormality of the POD basis, and the definition of Optimal-I it follows
that

Λr ≤ C
s∑

i=r+1

λDQ
i = C

s∑
i=r+1

λDQ
i ∥ϕi∥2L2 = CΛI

r. (2.85)

From Proposition 2.22 since H = W this is identical to Optimal-II.

For (ii) the ROM discretization error from (2.64) is given by

Λr =
s∑

i=r+1

λDQ
i ∥ϕi∥2L2 , (2.86)

which is Optimal-I by definition.

Next, (iii) follows from (ii) and Proposition 2.22.

For (iv), the ROM discretization error in (2.72) is given by

Λr =
s∑

i=r+1

λDQ
i

(
∥ϕi −Rr(ϕi)∥2L2 + ∥∇(ϕi −Rr(ϕi))∥2L2

)
. (2.87)

Applying Poincaré’s inequality to ∥ϕi −Rr(ϕi)∥2L2 shows that Λr is Optimal-II.

Finally, to prove (v) we use the fact that Pr = Rr for H = H1
0 , Poincaré’s inequality, and

the fact that Prϕi = 0 for i > r to obtain

Λr = C
s∑

i=r+1

λDQ
i

(
∥ϕi − Pr(ϕi)∥2L2 + ∥∇(ϕi − Pr(ϕi))∥2L2

)
≤ C

s∑
i=r+1

λDQ
i ∥∇ϕi∥2L2 ,

which is Optimal-I by definition. Since W = H = H1
0 , this is identical to Optimal-II by

Proposition 2.22.
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The W = L2 and H = H1
0 case suggests it may be possible for the ROM discretization error

to be Optimal-I but not Optimal-II, since an additional assumption is required for Optimal-
II. However, no other case shows a substantial difference between Optimal-I and Optimal-II.
It is possible that further differences arise for other partial differential equations; we leave
this to be investigated elsewhere.

We note that equations (2.82) and (2.83) are uniform boundedness type conditions for non-
orthogonal POD projections. Indeed, for the case W = H = L2, the Ritz projection Rr :
L2 → L2 is not orthogonal (even though it is orthogonal when viewed as a mapping Rr :
H1

0 → H1
0 ). Thus, (2.83) is a uniform boundedness condition for a non-orthogonal POD

projection. Furthermore, for the case W = L2 and H = H1
0 , we have Rrϕi = 0 for i > r,

and so (2.82) can be viewed as

∥ϕi −Rrϕi∥L2 ≤ C∥ϕi − ΠL2

r ϕi∥L2 , r + 1 ≤ i ≤ s. (2.88)

Thus, (2.82) is a uniformly bounded comparison of a non-orthogonal POD projection with
an orthogonal POD projection. These type of uniform boundedness conditions have been
considered in [6, 30, 34, 41, 53, 59], but they are not well understood. We do not consider
them further here; we leave them to be more fully explored elsewhere.

2.6 Numerical Results

In this section, we investigate numerically Assumption 2.7. Specifically, we consider the
following questions: (i) Is Assumption 2.7 satisfied? (ii) Is the pointwise in time projection
error optimal? (iii) Is the pointwise in time ROM error optimal? To investigate these
questions numerically, we use the two counterexamples proposed in Sections 2.4.1-2.4.1:
counterexample 1, which was defined in (2.44), and counterexample 2, which was defined
in (2.46). For each counterexample, we consider both the noDQ case (i.e., when the DQs
are not used to construct the ROM basis; see Section 2.3.1) and the DQ case (i.e., when the
DQs are used to construct the ROM basis; see Section 2.3.2).

Based on the theoretical results in Sections 2.4.1 and 2.5.1, we expect the noDQ case to
(i) violate Assumption 2.7 (see (2.31)); (ii) yield suboptimal pointwise projection errors
(see (2.33) in Proposition 2.10); and (iii) yield suboptimal pointwise ROM errors (see (2.71)).
In contrast, based on the theoretical results in Sections 2.4.2 and 2.5.1, we expect the DQ
case to (i) fulfill Assumption 2.7 (see Theorem 2.14); (ii) yield optimal pointwise projection
errors (see Theorem 2.14); and (iii) yield optimal pointwise ROM errors (see 2.62).

In our numerical investigation, we use the one-dimensional heat equation (2.1), which was
used in the theoretical development in Section 2.5. For all the numerical experiments, we
consider ν = 1. We note that the time step, ∆t, plays an important role in our theoretical
and numerical investigation. Indeed, an (N + 1) = (T∆t−1 + 1) factor determines the sub-
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optimality of the pointwise projection and ROM error bounds for the noDQ case (see (2.33)
and (2.71), respectively). Thus, in our numerical investigation it is desirable to consider as
many ∆t values as possible in order to study the asymptotic behavior of the error as ∆t
goes to zero. We note, however, that the two counterexamples that we investigate restrict
the ∆t values that we can consider. The reason is that, while the two counterexamples yield
ROM basis functions that are scaled versions of the snapshots (which is advantageous for the
theoretical development), the treatment of their boundary conditions is somewhat delicate.
Indeed, both counterexamples vanish at x = 0, but not at x = 1. To simplify the numerical
treatment of the right boundary condition, we consider snapshots at ∆t values for which
k∆t is an integer. This choice yields snapshots that vanish both at x = 0 and at x = 1,
which allows for a straightforward ROM construction. To summarize, in our numerical in-
vestigation we strive to consider optimal k values that are large enough to ensure a large
number of ∆t values (while satisfying the restriction k∆t ∈ N), and also low enough so that
the numerical approximation is accurate.

Snapshot Generation Counterexamples 1 and 2 display a highly oscillatory behavior for
the relatively large k values chosen (i.e., k = 128 and k = 100, respectively). Thus, to
minimize the numerical error in generating the snapshots, we do not use a standard (e.g.,
FE) discretization. Instead, to construct the snapshots, we use the analytical forms of
counterexamples 1 and 2 given in (2.44) and (2.46), respectively.

ROM Construction To construct the ROM basis, we collect equally spaced snapshots on
the time interval [0, 1] and [0, 0.2] for counterexamples 1 and 2, respectively. Thus, the
snapshot matrix K is (N + 1)-dimensional in the noDQ case, and (2N + 1)-dimensional in
the DQ case, as explained in Section 2.3.1 and Section 2.3.2, respectively. To construct K,
in (2.18) we use the standard Lagrange interpolant operator with respect to the FE nodes
to interpolate the analytical solution of counterexamples 1 and 2. Next, we use K to build
the ROM basis for the noDQ and DQ cases. We emphasize that, although K has different
dimensions in the noDQ and DQ cases, to ensure a fair comparison, we use the same r value
in all the numerical experiments. We construct the ROM operators by using the FE mass
and stiffness matrices, which are obtained by using a linear FE spatial discretization with
mesh size ∆h = 1/4096. As ROM initial condition, we use the L2 projection of the initial
condition in the noDQ case, and the Ritz projection of the initial condition in the DQ case.
We use these ROM operators to build the ROM, and run it over the time interval [0, T ] with
the Crank-Nicolson time discretization and the timestep ∆t = T/N .

2.6.1 Counterexample 1

In this section, we consider counterexample 1, which was proposed in (2.44) of Section 2.4.1.
In all the numerical experiments in this section, we consider k = 128 in (2.44). The numerical
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results are organized as follows: In Section 2.6.1, for both the noDQ and the DQ cases, we
investigate numerically whether (i) Assumption 2.7 holds; and (ii) the pointwise projection
error is optimal. In Section 2.6.1, for both the noDQ and the DQ cases, we investigate
numerically whether the pointwise ROM errors are optimal.

As explained in Section 2.4.1, counterexample 1 was constructed to display the suboptimality
of the pointwise projection and ROM bounds when r = N and t = tN . Thus, in our numerical
investigation we also consider r = N and t = tN .

Pointwise Projection Error

In this section, we investigate numerically whether Assumption 2.7 holds. To this end, we
monitor the magnitude of the projection error (2.10)

∥∥∥ηproj(., tn)∥∥∥
L2

=

∥∥∥∥∥u(., tn)−
N∑
i=1

(
u(., tn), ϕi

)
L2
ϕi

∥∥∥∥∥
L2

, n = 0, . . . , N, (2.89)

at all the time instances, and check whether there are large variations in its magnitude.

Furthermore, for various ∆t values, we investigate numerically whether the projection er-
ror (2.89) at the last time step is suboptimal (i.e., it has a suboptimal ∆t−1 factor). Specifi-
cally, as shown in (2.30) for counterexample 1 in the noDQ case, the projection error at the
last time step satisfies

∥∥∥ηproj(., tN)∥∥∥2
L2

= CnoDQ
proj

N+1∑
i=N+1

λnoDQ
i

∥∥∥ϕi

∥∥∥2
L2
, (2.90)

where

CnoDQ
proj = T ∆t−1 + 1 = (N + 1) . (2.91)

Moreover, as shown in (2.51b) for counterexample 1 in the DQ case, the projection error at
the last time step satisfies

∥∥∥ηproj(., tN)∥∥∥2
L2

≤ CDQ
proj

N+1∑
i=N+1

λDQ
i

∥∥∥ϕi

∥∥∥2
L2
, (2.92)

where

CDQ
proj = O(1). (2.93)

In this section, we investigate numerically the scalings (2.90) and (2.92).
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n ||ηproj(., tn)||L2 n ||ηproj(., tn)||L2 n ||ηproj(., tn)||L2

0 2.79e− 08 6 2.11e− 08 12 0.00e+ 00
1 2.24e− 08 7 0.00e+ 00 13 1.49e− 08
2 2.69e− 08 8 1.67e− 08 14 7.45e− 09
3 7.45e− 09 9 1.05e− 08 15 1.67e− 08
4 1.49e− 08 10 2.11e− 08 16 7.07e− 01
5 1.83e− 08 11 1.05e− 08

Table 2.1: Counterexample 1 (2.44), ∆t = 1/16, noDQ case: Pointwise projection error (2.89)
at each time step.

noDQ Case In Table 2.1, for the noDQ case, we list the pointwise projection errors (2.89)
at each time step. These results show that the pointwise projection error at the last time step
is orders of magnitude higher than the pointwise projection error at the other time steps.
Thus, we conclude that, in the noDQ case, counterexample 1 violates Assumption 2.7.

In Table 2.2, we list the scaling factor (2.90) for different ∆t values. As expected from (2.91),
these results show that the scaling factor is equal to (N +1). Thus, we conclude that, in the
noDQ case, counterexample 1 yields suboptimal pointwise projection errors.

∆t 1/4 1/8 1/16 1/32 1/64 1/128

CnoDQ
proj 5.0e+ 00 9.0e+ 00 1.7e+ 01 3.3e+ 01 6.5e+ 01 1.3e+ 02

Table 2.2: Counterexample 1 (2.44), noDQ case: Scaling factor (2.90) for different time step
values.

DQ Case In Table 2.3, for the DQ case, we list the pointwise projection errors (2.89) at each
time step. These results show that, in contrast with the noDQ case, the pointwise projection
error at the last time step is of the same order of magnitude as the pointwise projection error
at the other time steps. Thus, we conclude that, in the DQ case, counterexample 1 satisfies
Assumption 2.7.

In Table 2.4, we list the scaling factor (2.92) for different time step values. As expected
from (2.93), these results show that the scaling factor is bounded. Thus, we conclude that,
in the DQ case, counterexample 1 yields optimal pointwise projection errors.

The numerical results in this section support the theoretical results in Section 2.4. Specifi-
cally, counterexample 1 satisfies Assumption 2.7 in the DQ case, but not in the noDQ case.
Furthermore, the pointwise projection error at the last time step is optimal in the DQ case,
and suboptimal in the noDQ case.
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n ||ηproj(., tn)||L2 n ||ηproj(., tn)||L2 n ||ηproj(., tn)||L2

0 1.7144e− 01 6 1.7144e− 01 12 1.7146e− 01
1 1.7144e− 01 7 1.7145e− 01 13 1.7146e− 01
2 1.7144e− 01 8 1.7145e− 01 14 1.7146e− 01
3 1.7144e− 01 9 1.7145e− 01 15 1.7146e− 01
4 1.7144e− 01 10 1.7145e− 01 16 1.7147e− 01
5 1.7144e− 01 11 1.7146e− 01

Table 2.3: Counterexample 1 (2.44), ∆t = 1/16, DQ case: Pointwise projection error (2.89)
at each time step.

∆t 1/4 1/8 1/16 1/32 1/64 1/128

CDQ
proj 1.8e+ 00 1.9e+ 00 1.9e+ 00 2.0e+ 00 2.0e+ 00 2.0e+ 00

Table 2.4: Counterexample 1 (2.44), DQ case: Scaling factor (2.92) for different time step
values.

Pointwise ROM Error

In this section, we investigate whether the pointwise ROM error is suboptimal.

noDQ Case In the noDQ case, we investigate numerically the error estimate proved in
(2.71):

max
1≤k≤N

∥ek∥2L2 = O

(
(N + 1)

N+1∑
i=N+1

λnoDQ
i ∥ϕi∥2L2 +∆t4 +

N+1∑
i=N+1

λnoDQ
i ∥∇ϕi∥2L2

)
. (2.94)

We note that, since the ROM initial condition is the L2 projection of the initial condition, the
term ∥φ0

r∥2L2 in (2.71) vanishes in (2.94). As explained in Remark 2.18, the error bound (2.94)
is suboptimal with respect to the time step due to the factor (N + 1) = (∆t−1 + 1) in the
first term on the right-hand side. To investigate numerically the suboptimality of the error
bound (2.94), in Table 2.5 we list the ratio

CnoDQ
rom =

(
max
1≤k≤N

∥ek∥2L2

)
/

(
(N + 1)

N+1∑
i=N+1

λnoDQ
i ∥ϕi∥2L2 (2.95)

+∆t4 +
N+1∑

i=N+1

λnoDQ
i ∥∇ϕi∥2L2

)
.

The results in Table 2.5 show that the ratio (2.95) is bounded from below. Thus, we conclude
that the pointwise ROM error in the noDQ case is suboptimal.
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∆t 1/4 1/8 1/16 1/32 1/64 1/128

CnoDQ
rom 3.0e− 04 1.8e− 04 1.0e− 04 2.0e− 04 7.6e− 04 7.9e− 04

Table 2.5: Counterexample 1 (2.44), noDQ case: Ratio (2.95) for different time step values.

To investigate the sensitivity of our numerical results with respect to k (i.e., the level of
oscillations in counterexample 1), in Table 2.6 we list the ratio (2.95) for k = 8. The results
in Table 2.6 confirm the results in Table 2.5, i.e., the pointwise ROM error in the noDQ case
is suboptimal.

∆t 1/2 1/4 1/8

CnoDQ
rom 3.75e− 03 6.371e− 03 1.13− 02

Table 2.6: Counterexample 1 (2.44), k = 8, noDQ case: Ratio (2.95) for different time step
values.

DQ Case In the DQ case, we investigate numerically the error estimate proved in (2.62):

max
1≤k≤N

∥ek∥2L2 = O

(
N+1∑

i=N+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 +∆t4

)
, (2.96)

We note that the error bound (2.96) is optimal. In Table 2.7, we list the ratio

CDQ
rom =

(
max
1≤k≤N

∥ek∥2L2

)
/

(
N+1∑

i=N+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 +∆t4

)
. (2.97)

The results in Table 2.7 show that the ratio (2.97), while increasing, seems to be bounded,
as predicted by (2.96).

∆t 1/4 1/8 1/16 1/32 1/64 1/128

CDQ
rom 7.8e− 02 1.3e− 01 2.0e− 01 3.5e− 01 5.3e− 01 8.7e− 01

Table 2.7: Counterexample 1 (2.44), DQ case: Ratio (2.97) for different time step values.

The increase of CDQ
rom in Table 2.7 is due to the highly oscillatory character of counterexample

1 in (2.44), which makes the ROM simulation in the DQ case challenging. To alleviate the



Birgul Koc Chapter 2 45

highly oscillatory behavior of counterexample 1, we keep all the parameters unchanged and
choose a lower k value (i.e., k = 8) in (2.44), which yields a solution with fewer oscillations.
In Table 2.8, we list the ratio (2.97) for k = 8. The results in Table 2.8 show that the
ratio (2.97) is bounded, as predicted by (2.96).

∆t 1/2 1/4 1/8

CDQ
rom 4.73e− 01 5.92e− 01 2.55e− 01

Table 2.8: Counterexample 1 (2.44), k = 8, and DQ case: Ratio (2.97) for different time
step values.

The numerical results in this section support the theoretical results in Section 2.5. Specif-
ically, for counterexample 1, the pointwise ROM error is optimal in the DQ case, and
suboptimal in the noDQ case.

2.6.2 Counterexample 2

In this section, we consider counterexample 2, which was proposed in equation (2.46) of
Section 2.4.1. In all the numerical experiments in this section, we consider k = 100, δ = 0.01,
and α = 1 in (2.46). The numerical results are organized as follows: In Section 2.6.2, for both
the noDQ and the DQ cases, we investigate numerically whether (i) Assumption 2.7 holds;
and (ii) the pointwise projection error is optimal. In Section 2.6.2, for both the noDQ and
the DQ cases, we investigate numerically whether the pointwise ROM errors are optimal.

As explained in Section 2.4.1, counterexample 2 was constructed to display the suboptimality
of the pointwise projection and ROM error bounds for any r values. In our numerical
investigation, we consider general r and t = tk values for both the pointwise projection error
and the pointwise ROM error.

Pointwise Projection Error

In this section, we investigate numerically whether Assumption 2.7 holds. To this end, for
various ∆t values, we investigate numerically whether the projection error (2.98) at various
time instances is suboptimal.

∥∥∥ηproj(., tr)∥∥∥
L2

=

∥∥∥∥∥u(., tr)−
r∑

i=1

(
u(., tr), ϕi

)
L2
ϕi

∥∥∥∥∥
L2

, r = 1, . . . , N, (2.98)

Specifically, as shown in (2.35) in Proposition 2.10 for counterexample 2 in the noDQ case,
for fixed r values, the projection error at t = tr satisfies
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∥∥∥ηproj(., tr)∥∥∥2
L2

= CnoDQ
proj (N + 1)

N+1∑
i=r+1

λnoDQ
i

∥∥∥ϕi

∥∥∥2
L2
, (2.99)

where

CnoDQ
proj ≥ min{1, γ}

2
. (2.100)

Moreover, as shown in (2.51b) for counterexample 2 in the DQ case, the projection error at
various time instances satisfies

max
0≤k≤N

∥∥∥∥∥u(., tk)−
r∑

i=1

(
u(., tk), ϕi

)
L2
ϕi

∥∥∥∥∥
2

L2

≤ CDQ
proj

d∑
i=r+1

λDQ
i ∥ϕi∥L2 , (2.101)

where

CDQ
proj is bounded from above. In this section, we investigate numerically the scalings (2.99)–

(2.100) and (2.101).

noDQ Case In Table 2.9, for r = 4, we list the scaling factor CDQ
proj in (2.99) for different

time step values. As expected from (2.100), these results show that the scaling factor is
bounded from below. Thus, we conclude that, in the noDQ case, counterexample 2 yields
suboptimal pointwise projection errors.

∆t 0.05 0.04 0.02 0.01

CnoDQ
proj 1.00e+ 00 9.82e− 01 8.65e− 01 6.32e− 01

Table 2.9: Counterexample 2 (2.46), r = 4, and noDQ case: Scaling factor (2.99) for different
time step values.

DQ Case In Table 2.10, for r = 4, we list the scaling factor (2.101) for different time
step values. As expected, these results show that the scaling factor is bounded from above.
Thus, we conclude that, in the DQ case, counterexample 2 yields optimal pointwise projection
errors.

The numerical results in this section support the theoretical results in Section 2.4. Specifi-
cally, for a generic r value, counterexample 2 satisfies Assumption 2.7 in the DQ case, but
not in the noDQ case. Furthermore, the pointwise projection error is optimal in the DQ
case, and suboptimal in the noDQ case.
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∆t 0.05 0.04 0.02 0.01

CDQ
proj 1.83e+ 00 1.76e− 02 8.32e− 03 3.84e− 03

Table 2.10: Counterexample 2 (2.46), r = 4, and DQ case: Scaling factor (2.101) for different
time step values.

Pointwise ROM Error

In this section, we investigate whether the pointwise ROM error is suboptimal. We note that
the time evolution of the analytical solution in counterexample 2 (which is displayed in Fig-
ure 2.1) prompted us to make the following parameter choices in the numerical investigation
of the pointwise ROM error. Since the magnitude of the analytical solution is significant on
the time interval [0, 0.04] and almost negligible on the time interval [0.04, 0.2], we decided
to compute the pointwise ROM errors for both the noDQ and the DQ cases on the time
interval [0, 0.05]. Furthermore, since the DQ ROM basis functions with large indices are
very oscillatory, we decided to use low r values in order to avoid numerical instabilities.

Figure 2.1: Counterexample 2 (2.46), FOM plot: h = 1/4096 and ∆t = 0.02.

noDQ Case In the noDQ case, we investigate numerically the error estimate proved in
(2.71):

max
1≤k≤N

∥ek∥2L2 = O

(
(N + 1)

N+1∑
i=r+1

λnoDQ
i ∥ϕi∥2L2 +∆t4 +

N+1∑
i=r+1

λnoDQ
i ∥∇ϕi∥2L2

)
. (2.102)
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We note that, since the ROM initial condition is the L2 projection of the initial condi-
tion, the term ∥φ0

r∥2L2 in (2.71) vanishes in (2.102). As explained in Remark 2.18, the error
bound (2.102) is suboptimal with respect to the time step due to the factor (N + 1) =
(T∆t−1+1) in the first term on the right-hand side. To investigate numerically the subopti-
mality of the error bound (2.102), in Table 2.11 we list the ratio (2.103) for fixed ∆t values
and various r values. The ratios in Table 2.11 are bounded from below. Thus, we conclude
that the pointwise ROM error in the noDQ case is suboptimal.

CnoDQ
rom =

(
max
1≤k≤N

∥ek∥2L2

)
/

(
(N + 1)

N+1∑
i=r+1

λnoDQ
i ∥ϕi∥2L2 (2.103)

+∆t4 +
N+1∑
i=r+1

λnoDQ
i ∥∇ϕi∥2L2

)
.

r 1 2 3 4 5 6

CnoDQ
rom 1.7e− 01 9.8e− 02 1.1e− 01 2.2e− 01 4.4e− 01 9.2e− 01

Table 2.11: Counterexample 2 (2.46) and noDQ case: Ratio (2.103) for fixed time step
∆t = 0.01 and different r values.

DQ Case In the DQ case, we investigate numerically the error estimate proved in (2.62):

max
1≤k≤N

∥ek∥2L2 = O

(
N+1∑
i=r+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 +∆t4

)
. (2.104)

To investigate numerically the suboptimality of the error bound (2.104), in Table 2.12 we
list the ratio (2.103) for fixed ∆t values and various r values. The ratios in Table 2.12 are
bounded. Thus, we conclude that the pointwise ROM error in the DQ case is optimal.

CDQ
rom =

(
max
1≤k≤N

∥ek∥2L2

)
/

(
N+1∑
i=r+1

λDQ
i ∥ϕi −Rr(ϕi)∥2L2 +∆t4

)
. (2.105)

The numerical results in this section support the theoretical results in Section 2.5. Specif-
ically, for counterexample 2, the pointwise ROM error is optimal in the DQ case, and
suboptimal in the noDQ case.
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r 1 2 3 4 5 6

CDQ
rom 2.9e− 03 4.0e− 03 4.9e− 03 5.7e− 03 1.0e− 02 2.9e− 02

Table 2.12: Counterexample 2 (2.46) and DQ case: Ratio (2.105) for the shorter time interval
[0, 0.05] and fixed time step ∆t = 0.01 and different r values.

2.7 Conclusions

In this paper, we resolved several theoretical issues dealing with the optimality of pointwise
in time error bounds for POD model order reduction of the heat equation. In particular, we
studied the role played by the DQs in the optimality of pointwise POD error bounds with
respect to (i) the time discretization error, and (ii) the ROM discretization error.

First, in the noDQ case (i.e., when the DQs are not used to construct the POD basis), we
proved that the error bound is suboptimal not only with respect to the ROM discretiza-
tion (as shown in [30]), but also with respect to the time discretization. Specifically, in
Proposition 2.10 we constructed two classes of analytical examples, and we proved that
these examples violate Assumption 2.7, and yield suboptimal (with respect to the time dis-
cretization) pointwise projection error bounds. Furthermore, we noted that these suboptimal
pointwise projection error bounds yield suboptimal ROM error bounds (see Remark 2.18).
Finally, we illustrated the suboptimality of the pointwise projection and ROM error bounds
in the numerical simulation of the heat equation.

Our second main contribution is Theorem 2.14, where we proved that, in the DQ case (i.e.,
when the DQs are used to construct the POD basis), Assumption 2.7 is always satisfied.
To prove Theorem 2.14, in Lemma 2.13 we first proved a discrete time Sobolev inequality
for the DQ case. Next, in Section 2.5, we used Theorem 2.14 to prove pointwise ROM
error bounds that are optimal with respect to both the ROM discretization error and the
time discretization error in the DQ case. In Section 2.6, we illustrated the optimality of the
pointwise projection and error bounds in the numerical simulation of the heat equation.

Our third main contribution is that, in Definition 2.20, we proposed a new definition for the
optimality of pointwise in time ROM discretization errors. In Section 2.5.2, we carefully dis-
cussed the relationship between this new optimality definition and the other two optimality
definitions in current use. In Theorem 2.24, for two of the three optimality definitions, we
showed that the DQ case yields optimal bounds, whereas the noDQ case yields suboptimal
error bounds.

Our theoretical and numerical investigations (see also [30, 36, 53]) show that the DQs are
needed to prove optimal pointwise in time error bounds. There are, however, several research
directions that need to be investigated.

At a theoretical level, the uniform boundedness type conditions for non-orthogonal POD
projections considered in Proposition 2.22 and Theorem 2.24 are important in proving some
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of the optimal pointwise ROM error bounds. These type of uniform boundedness conditions
have been studied both theoretically and numerically in [6, 30, 34, 41, 53, 59], but they are
not well understood. Further investigation of these conditions is needed.

Additionally, at a theoretical level we considered optimal uniform estimates only for the heat
equation. How these estimates will extend to more complicated nonlinear PDEs (e.g., the
Navier-Stokes equations) is an open problem.

In this paper, we considered equally spaced snapshots to construct the POD basis. The
POD adaptivity in time (see, e.g., [1, 28, 38, 44] and the survey in [18]) aims at choosing
snapshot time instances that are optimal in some sense (e.g., such that the error between
the ROM and FOM trajectories is minimized [38]). The effect of POD adaptivity in time
on the optimality of error bounds in the noDQ and DQ cases should also be investigated.

At a numerical level, further investigation of the role of DQs in practical computations
is needed. The theoretical and numerical results in this paper focus exclusively on the
optimality of the rates of convergence of ROM error bounds, but do not address the absolute
size of the ROM error. In our numerical investigation, the size of the ROM error was of
the same order in the noDQ and DQ cases (results not included). In the current literature,
the results do not yield a clear conclusion: In some references [26, 35], the ROM error is
lower in the DQ case than in the noDQ case; in other references [30, 34, 36], the situation is
reversed. Further investigation of the relative size of the ROM error in the noDQ and DQ
cases is needed.

At a numerical level, further investigation of the role of DQs in practical computations is
needed. In this paper, we focus exclusively on the optimality of the rates of convergence of
ROM error bounds. We emphasize, however, that we do not address the size of the ROM
error. In our numerical investigation, the size of the ROM error was sometimes lower in the
noDQ case and other times lower in the DQ case. Overall, the size of the ROM error was of
the same order in the noDQ and DQ cases (results not included). We note that the current
literature yields similar qualitative conclusions: In some references [26, 35], the ROM error
is lower in the DQ case than in the noDQ case; in other references [30, 34, 36], the situation
is reversed. Further investigation of the size of the ROM error in the noDQ and DQ cases is
needed.



Bibliography

[1] A. Alla, C. Grässle, and M. Hinze. A posteriori snapshot location for POD in optimal
control of linear parabolic equations. ESAIM: Math. Model. Numer. Anal., 52(5):1847–
1873, 2018.

[2] A. C. Antoulas, C. A. Beattie, and S. Güğercin. Interpolatory methods for model reduc-
tion. SIAM, 2020.

[3] M. Azaïez, T. Chacón Rebollo, and S. Rubino. A streamline derivative projection-based
POD-ROM for convection-dominated flows. Part I : Numerical Analysis. ArXiv e-prints,
https://arxiv.org/abs/1711.09780v1, 2017.

[4] M. Barrault, Y. Maday, N. C. Nguyen, and A. T. Patera. An ‘empirical interpola-
tion’ method: Application to efficient reduced-basis discretization of partial differential
equations. C. R. Acad. Sci. Paris, Ser. I, 339:667–672, 2004.

[5] K. Carlberg and C. Farhat. A low-cost, goal-oriented compact proper orthogonal de-
composition basis for model reduction of static systems. Int. J. Num. Meth. Eng.,
86(3):381–402, 2011.

[6] D. Chapelle, A. Gariah, and J. Sainte-Marie. Galerkin approximation with proper
orthogonal decomposition: new error estimates and illustrative examples. ESAIM:
Math. Model. Numer. Anal., 46:731–757, 2012.

[7] S. Chaturantabut and D. C. Sorensen. A state space error estimate for POD-DEIM
nonlinear model reduction. SIAM J. Numer. Anal., 50:46–63, 2012.

[8] Y. Choi, D. Coombs, and R. Anderson. SNS: a solution-based nonlinear subspace
method for time-dependent model order reduction. SIAM J. Sci. Comput., 42(2):A1116–
A1146, 2020.

[9] R. F. Curtain and K. Glover. Balanced realisations for infinite dimensional systems.
1985.

[10] V. DeCaria, T. Iliescu, W. Layton, M. McLaughlin, and M. Schneier. An artificial
compression reduced order model. SIAM J. Numer. Anal., 58(1):565–589, 2020.

[11] F. G. Eroglu, S. Kaya, and L. G. Rebholz. A modular regularized variational multiscale
proper orthogonal decomposition for incompressible flows. Comput. Meth. Appl. Mech.
Eng., 325:350–368, 2017.

[12] F. G. Eroglu, S. Kaya, and L. G. Rebholz. POD-ROM for the Darcy-Brinkman equations
with double-diffusive convection. J. Numer. Math., 27(3):123–139, 2019.

51



Birgul Koc Chapter 2 52

[13] L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Mathe-
matics. American Mathematical Society, Providence, RI, second edition, 2010.

[14] L. Fick, Y. Maday, A. T. Patera, and T. Taddei. A stabilized POD model for turbulent
flows over a range of Reynolds numbers: Optimal parameter sampling and constrained
projection. J. Comp. Phys., 371:214–243, 2018.

[15] P. Galán del Sastre and R. Bermejo. Error estimates of proper orthogonal decomposition
eigenvectors and Galerkin projection for a general dynamical system arising in fluid
models. Numer. Math., 110(1):49–81, 2008.

[16] S. Giere, T. Iliescu, V. John, and D. Wells. SUPG reduced order models for convection-
dominated convection-diffusion-reaction equations. Comput. Methods Appl. Mech. En-
grg., 289:454–474, 2015.

[17] V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations,
volume 5 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin,
1986. Theory and algorithms.

[18] C. Gräßle. Adaptivity in model order reduction with proper orthogonal decomposition.
PhD thesis, University of Hamburg, 2019.

[19] M. A. Grepl and A. T. Patera. A posteriori error bounds for reduced-basis approxi-
mations of parametrized parabolic partial differential equations. ESAIM: Math. Model.
Numer. Anal., 39(1):157–181, 2005.

[20] M. Gubisch and S. Volkwein. Proper orthogonal decomposition for linear-quadratic
optimal control. In Model reduction and approximation, volume 15 of Comput. Sci.
Eng., pages 3–63. SIAM, Philadelphia, PA, 2017.

[21] M. Gunzburger, N. Jiang, and M. Schneier. An ensemble-proper orthogonal decompo-
sition method for the nonstationary Navier-Stokes equations. SIAM J. Numer. Anal.,
55(1):286–304, 2017.

[22] S. Herkt, M. Hinze, and R. Pinnau. Convergence analysis of Galerkin POD for linear
second order evolution equations. Electron. Trans. Numer. Anal., 40:321–337, 2013.

[23] J. S. Hesthaven, G. Rozza, and B. Stamm. Certified Reduced Basis Methods for
Parametrized Partial Differential Equations. Springer, 2015.

[24] S. Hijazi, G. Stabile, A. Mola, and G. Rozza. Data-driven POD-Galerkin reduced order
model for turbulent flows. J. Comput. Phys., page 109513, 2020.

[25] P. Holmes, J. L. Lumley, and G. Berkooz. Turbulence, Coherent Structures, Dynamical
Systems and Symmetry. Cambridge, 1996.



Birgul Koc Chapter 2 53

[26] D. Hömberg and S. Volkwein. Control of laser surface hardening by a reduced-order ap-
proach using proper orthogonal decomposition. Math. Comput. Modelling, 38(10):1003–
1028, 2003.

[27] C. Homescu, L. R. Petzold, and R. Serban. Error estimation for reduced-order models
of dynamical systems. SIAM J. Numer. Anal., 43(4):1693–1714 (electronic), 2005.

[28] R. H. W. Hoppe and Z. Liu. Snapshot location by error equilibration in proper orthog-
onal decomposition for linear and semilinear parabolic partial differential equations. J.
Numer. Math., 22(1):1–32, 2014.

[29] T. Iliescu and Z. Wang. Variational multiscale proper orthogonal decomposi-
tion: Convection-dominated convection-diffusion-reaction equations. Math. Comput.,
82(283):1357–1378, 2013.

[30] T. Iliescu and Z. Wang. Are the snapshot difference quotients needed in the proper
orthogonal decomposition? SIAM J. Sci. Comput., 36(3):A1221–A1250, 2014.

[31] T. Iliescu and Z. Wang. Variational multiscale proper orthogonal decomposition:
Navier-Stokes equations. Num. Meth. P.D.E.s, 30(2):641–663, 2014.

[32] K. Ito and S. S. Ravindran. A reduced-order method for simulation and control of fluid
flows. J. Comput. Phys., 143(2):403–425, 1998.

[33] B. Jin and Z. Zhou. An analysis of Galerkin proper orthogonal decomposition for
subdiffusion. ESAIM Math. Model. Numer. Anal., 51(1):89–113, 2017.

[34] K. Kean and M. Schneier. Error Analysis of Supremizer Pressure Recovery for POD
based Reduced-Order Models of the Time-Dependent Navier–Stokes Equations. SIAM
J. Numer. Anal., 58(4):2235–2264, 2020.

[35] T. Kostova-Vassilevska and G. M. Oxberry. Model reduction of dynamical systems
by proper orthogonal decomposition: Error bounds and comparison of methods using
snapshots from the solution and the time derivatives. Journal of Computational and
Applied Mathematics, 330:553–573, 2018.

[36] K. Kunisch and S. Volkwein. Galerkin proper orthogonal decomposition methods for
parabolic problems. Numer. Math., 90(1):117–148, 2001.

[37] K. Kunisch and S. Volkwein. Galerkin proper orthogonal decomposition methods for a
general equation in fluid dynamics. SIAM J. Numer. Anal., 40(2):492–515 (electronic),
2002.

[38] K. Kunisch and S. Volkwein. Optimal snapshot location for computing POD basis
functions. ESAIM: Math. Model. Numer. Anal., 44(3):509–529, 2010.



Birgul Koc Chapter 2 54

[39] W. J. Layton. Introduction to the numerical analysis of incompressible viscous flows,
volume 6. Society for Industrial and Applied Mathematics (SIAM), 2008.

[40] F. Leibfritz and S. Volkwein. Numerical feedback controller design for PDE systems
using model reduction: techniques and case studies. In Real-time PDE-constrained
optimization, volume 3 of Comput. Sci. Eng., pages 53–72. SIAM, Philadelphia, PA,
2007.

[41] S. Locke and J. Singler. New proper orthogonal decomposition approximation theory
for PDE solution data. SIAM J. Numer. Anal., 58(6):3251–3285, 2020.

[42] Z. Luo, J. Chen, I. M. Navon, and X. Yang. Mixed finite element formulation and
error estimates based on proper orthogonal decomposition for the nonstationary Navier-
Stokes equations. SIAM J. Numer. Anal., 47(1):1–19, 2008.

[43] M. Mohebujjaman, L. G. Rebholz, X. Xie, and T. Iliescu. Energy balance and mass
conservation in reduced order models of fluid flows. J. Comput. Phys., 346:262–277,
2017.

[44] G. M. Oxberry, T. Kostova-Vassilevska, W. Arrighi, and K. Chand. Limited-memory
adaptive snapshot selection for proper orthogonal decomposition. Int. J. Numer. Meth.
Engng., 109(2):198–217, 2017.

[45] A. Quarteroni, A. Manzoni, and F. Negri. Reduced Basis Methods for Partial Differential
Equations: An Introduction, volume 92. Springer, 2015.

[46] M. Rathinam and L. R. Petzold. A new look at proper orthogonal decomposition. SIAM
J. Numer. Anal., 41(5):1893–1925, 2003.

[47] T. Reis and T. Selig. Balancing transformations for infinite-dimensional systems with
nuclear hankel operator. Integral Equations and Operator Theory, 79(1):67–105, 2014.

[48] G. Rozza, D. B. P. Huynh, and A. T. Patera. Reduced basis approximation and a
posteriori error estimation for affinely parametrized elliptic coercive partial differential
equations. Arch. Comput. Method. E., 15(3):229–275, 2008.

[49] S. Rubino. A streamline derivative POD-ROM for advection-diffusion-reaction equa-
tions. ESAIM: ProcS, 64:121–136, 2018.

[50] E. Sachs and M. Schu. A priori error estimates for reduced order models in finance.
ESAIM: Math. Model. Numer. Anal., 47(2):449–469, 2013.

[51] J. Shen, J. R. Singler, and Y. Zhang. HDG-POD reduced order model of the heat
equation. J. Comput. Appl. Math., 362:663–679, 2019.

[52] J. R. Singler. Convergent snapshot algorithms for infinite-dimensional Lyapunov equa-
tions. IMA J. Numer. Anal., 31(4):1468–1496, 2011.



Birgul Koc Chapter 2 55

[53] J. R. Singler. New POD error expressions, error bounds, and asymptotic results for
reduced order models of parabolic PDEs. SIAM J. Numer. Anal., 52(2):852–876, 2014.

[54] V. Thomée. Galerkin finite element methods for parabolic problems. Springer Verlag,
2006.

[55] K. Urban and A. T. Patera. A new error bound for reduced basis approximation of
parabolic partial differential equations. C. R. Acad. Sci. Paris Sér. I Math., 350(3):203–
207, 2012.

[56] K. Veroy and A. T. Patera. Certified real-time solution of the parametrized steady in-
compressible Navier–Stokes equations: rigorous reduced-basis a posteriori error bounds.
Int. J. Numer. Meth. Fluids, 47(8-9):773–788, 2005.

[57] S. Volkwein. Proper orthogonal decomposition: Theory and reduced-order modelling.
Lecture Notes, University of Konstanz, 2013. http://www.math.uni-konstanz.de/
numerik/personen/volkwein/teaching/POD-Book.pdf.

[58] M. F. Wheeler. A priori L_2 error estimates for Galerkin approximations to parabolic
partial differential equations. SIAM J. Numer. Anal., 10(4):723–759, 1973.

[59] X. Xie, D. Wells, Z. Wang, and T. Iliescu. Numerical analysis of the Leray reduced
order model. J. Comput. Appl. Math., 328:12–29, 2018.

[60] M. Yano. Discontinuous Galerkin reduced basis empirical quadrature procedure for
model reduction of parametrized nonlinear conservation laws. Adv. Comput. Math.,
45:2287–2320, 2019.

[61] C. Zerfas, L. G. Rebholz, M. Schneier, and T. Iliescu. Continuous data assimilation
reduced order models of fluid flow. Comput. Meth. Appl. Mech. Eng., 357:112596, 2019.

[62] S. Zhu, L. Dedè, and A. Quarteroni. Isogeometric analysis and proper orthogonal
decomposition for parabolic problems. Numer. Math., 135(2):333–370, 2017.

[63] R. Zimmermann. Gradient-enhanced surrogate modeling based on proper orthogonal
decomposition. J. Comput. Appl. Math., 237(1):403–418, 2013.

http://www.math.uni-konstanz.de/numerik/personen/volkwein/teaching/POD-Book.pdf
http://www.math.uni-konstanz.de/numerik/personen/volkwein/teaching/POD-Book.pdf


Chapter 3

Data-Driven Variational Multiscale
Reduced Order Models

The content of this chapter has been published in Computer Methods in Applied Mechanics
and Engineering (CMAME) ∗

In that paper, my contribution was being part of the model’s conceptual development and
presenting numerical experiments for the Burgers equation in Section 3.4.2.

∗C. Mou, B. Koc, O. San, L. G. Rebholz, and T. Iliescu. Data-driven variational multiscale reduced
order models. Computer Methods in Applied Mechanics and Engineering, 373:113470.
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3.1 Abstract

We propose a new data-driven reduced order model (ROM) framework that centers around
the hierarchical structure of the variational multiscale (VMS) methodology and utilizes data
to increase the ROM accuracy at a modest computational cost. The VMS methodology is a
natural fit for the hierarchical structure of the ROM basis: In the first step, we use the ROM
projection to separate the scales into three categories: (i) resolved large scales, (ii) resolved
small scales, and (iii) unresolved scales. In the second step, we explicitly identify the VMS-
ROM closure terms, i.e., the terms representing the interactions among the three types of
scales. In the third step, we use available data to model the VMS-ROM closure terms. Thus,
instead of phenomenological models used in VMS for standard numerical discretizations
(e.g., eddy viscosity models), we utilize available data to construct new structural VMS-
ROM closure models. Specifically, we build ROM operators (vectors, matrices, and tensors)
that are closest to the true ROM closure terms evaluated with the available data. We test
the new data-driven VMS-ROM in the numerical simulation of four test cases: (i) the 1D
Burgers equation with viscosity coefficient ν = 10−3; (ii) a 2D flow past a circular cylinder at
Reynolds numbers Re = 100, Re = 500, and Re = 1000; (iii) the quasi-geostrophic equations
at Reynolds number Re = 450 and Rossby number Ro = 0.0036; and (iv) a 2D flow over a
backward facing step at Reynolds number Re = 1000. The numerical results show that the
data-driven VMS-ROM is significantly more accurate than standard ROMs.

3.2 Introduction

For structure dominated systems, reduced order models (ROMs) [16, 25, 28, 30, 53, 60, 61, 76,
79, 80] can decrease the full order model (FOM) computational cost by orders of magnitude.
ROMs are low-dimensional models that are constructed from available data: In an offline
stage, the FOM is run for a small set of parameters to construct a low-dimensional ROM
basis {ϕ1, . . . , ϕr}, which is used to build the ROM:

•
a = F (a), (3.1)

where a is the vector of coefficients in the ROM approximation
∑r

i=1 ai(t)ϕi(x) of the
variable of interest and F comprises the ROM operators (e.g., vectors, matrices, and tensors)
that are preassembled from the ROM basis in the offline stage. In the online stage, the low-
dimensional ROM (3.1) is then used in a regime that is different from the training regime.
Since the ROM (3.1) is low-dimensional, its computational cost is orders of magnitude lower
than the FOM cost.

Unfortunately, current ROMs cannot be used in complex, realistic settings, since they require
too many modes (degrees of freedom). For example, to capture all the relevant scales in
practical engineering flows, hundreds [56, 77] and even thousands of ROM modes can be
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necessary [56, 86]. Thus, although ROMs decrease the FOM computational cost by orders
of magnitude, they cannot be used in many important practical settings (e.g., digital twin
applications, where a real-time control of physical assets may be required [27]).

One of the main roadblocks in the development of ROMs for complex practical settings
is their notorious inaccuracy. The drastic ROM truncation is one of the most important
reasons for the ROMs’ numerical inaccuracy: Instead of using a sufficient number of ROM
modes {ϕ1, . . . , ϕR} to capture the dynamics of the underlying system, current ROMs use
only a handful of ROM modes {ϕ1, . . . , ϕr} to ensure a low computational cost. This drastic
truncation yields acceptable results in simple, academic test problems, but yields inaccurate
results in many practical settings [56], where the ROM closure problem [4, 6, 7, 12, 19, 26,
30, 45, 46, 47, 57, 66, 78, 83, 84] needs to be solved: One needs to model the effect of the
discarded ROM modes {ϕr+1, . . . , ϕR} on the ROM dynamics, i.e., on the time evolution of
the resolved ROM modes {ϕ1, . . . , ϕr}:

•
a = F (a) + Closure(a), (3.2)

where Closure(a) is a low-dimensional term that models the effect of the discarded ROM
modes {ϕr+1, . . . , ϕR} on {ϕ1, . . . , ϕr}.

The closure problem is ubiquitous in the numerical simulation of complex systems. For exam-
ple, classical numerical discretization of turbulent flows (e.g., finite element or finite volume
methods), inevitably takes place in the under-resolved regime (e.g., on coarse meshes) and
requires closure modeling (i.e., modeling the sub-grid scale effects). In classical CFD, e.g.,
large eddy simulation (LES), there are hundreds (if not thousands) of closure models [70].
This is in stark contrast with ROM, where only relatively few ROM closure models have
been investigated. The reason for the discrepancy between ROM closure and LES closure is
that the latter has been entirely built around physical insight stemming from Kolmogorov’s
statistical theory of turbulence (e.g., the concept of eddy viscosity), which is generally posed
in the Fourier setting [70]. This physical insight is generally not available in a ROM setting.
Thus, current ROM closure models have generally been deprived of many tools of this power-
ful methodology that represents the core of most LES closure models. Since physical insight
cannot generally be used in the ROM setting, alternative ROM closure modeling strategies
need to be developed. Our vision is that data represents a natural solution for ROM closure
modeling.

In this paper, we put forth a new ROM framework that centers around the hierarchical
structure of variational multiscale (VMS) methodology [31, 32, 33, 34], which naturally sep-
arates the scales into (i) resolved large, (ii) resolved small, and (iii) unresolved. We also
construct new structural ROM closure models for the three scales by using available data.
We believe that the VMS methodology is a natural fit for the hierarchical structure of the
ROM basis: In the first step of the new VMS-ROM framework, we use the ROM projec-
tion to unambiguously separate the scales into three categories: (i) resolved large scales, (ii)
resolved small scales, and (iii) unresolved scales. In the second step, we explicitly identify
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the ROM closure terms representing the interactions among the three types of scales by
projecting the equations onto the corresponding resolved large, resolved small, and unre-
solved spaces. In the third step, instead of phenomenological modeling techniques used in
VMS for standard discretizations (e.g., finite element methods), we utilize data-driven mod-
eling [9, 44, 59] to construct novel, robust, structural ROM closure models. Thus, instead
of ad hoc, phenomenological models used in VMS for standard numerical discretizations
(e.g., eddy viscosity models), we utilize available data to construct new structural models
for the interaction among the three types of scales. Specifically, we use FOM data to develop
VMS-ROM closure terms that account for the under-resolved numerical regime. We empha-
size that, in the new data-driven VMS-ROM (DD-VMS-ROM) framework, we use data only
to complement classical physical modeling (i.e., only for closure modeling) [49, 85], not to
completely replace it [9, 62]. Thus, the resulting ROM framework combines the strengths of
both physical and data-driven modeling.

Previous Relevant Work The VMS methodology has been used in ROM settings [8, 18,
24, 35, 37, 69, 78, 84]. We emphasize, however, that the DD-VMS-ROM framework that we
propose is different from the other VMS-ROMs.

The VMS-ROMs in [8, 35, 37, 78, 84] are phenomenological models in which the role of the
VMS closure models is to dissipate energy from the ROM. In contrast, the new DD-VMS-
ROM utilizes data to construct general structural VMS-ROM closure terms, which are not
required to be dissipative. (Of course, if deemed appropriate, we may impose additional
constraints to mimic the physical properties of the underlying system [50].)

The new DD-VMS-ROM is also different from the reduced-order subscales ROM proposed
in [5] (see also [67, 68, 81]): The reduced-order subscales model in [5] minimizes the difference
between the solutions of the FOM and ROM (see equations (18)–(19) in [6]), whereas the
new DD-VMS-ROM minimizes the difference between the VMS-ROM closure terms and the
“true” (i.e., high-resolution) closure terms. Furthermore, the reduced-order subscales model
in [5] builds linear closure models (see also [55]), whereas the new DD-VMS-ROM constructs
nonlinear closure models.

Another ROM closure strategy that is related to the VMS-ROM framework is the adjoint
Petrov-Galerkin method [58] (see [10, 11, 23] for related work), which is based on the Mori-
Zwanzig (MZ) formalism [21, 43]. In the MZ-ROM approach, the ROM closure model is
represented by a memory term that depends on the temporal history of the resolved scales.
The memory term is approximated to construct effective ROM closure models and, therefore,
practical ROMs. The main difference between the adjoint Petrov-Galerkin method proposed
in [58] and the new DD-VMS-ROM is the tool used to define the ROM closure term: The
former uses a statistical tool (i.e., the MZ formalism), whereas the latter utilizes a spectral-
like projection (i.e., the ROM projection).

Finally, we note that the VMS-ROM framework proposed herein belongs to the wider class of
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hybrid physical/data-driven ROMs, in which data-driven modeling is used to model only the
missing information (i.e., the ROM closure term) in ROMs constructed from first principles
(i.e., from a Galerkin projection of the underlying equations); see, e.g., [4, 12, 15, 20, 29, 45,
54, 58, 85].

The rest of the paper is organized as follows: In Section 3.3, we introduce the new DD-
VMS-ROM. In Section 3.4, we test the DD-VMS-ROM in the numerical simulation of four
test cases: (i) the 1D Burgers equation with viscosity coefficient ν = 10−3; (ii) a 2D flow
past a circular cylinder at Reynolds numbers Re = 100, Re = 500, and Re = 1000; (iii) the
quasi-geostrophic equations at Reynolds number Re = 450 and Rossby number Ro = 0.0036;
and (iv) a 2D flow over a backward facing step at Reynolds number Re = 1000. Finally, in
Section 3.5, we draw conclusions and outline future research directions.

3.3 Data-Driven Variational Multiscale Reduced Order
Models (DD-VMS-ROMs)

In this section, we construct the new data-driven VMS-ROM (DD-VMS-ROM) framework,
which can significantly increase the accuracy of under-resolved ROMs, i.e., ROMs whose di-
mension is too low to capture the complex dynamics of realistic applications. In Section 3.3.1
we briefly sketch the VMS methodology for general numerical discretizations (see, e.g., [3, 39]
for more details), and in Section 3.3.2 we outline the standard Galerkin ROMs.

We construct the new DD-VMS-ROM in two stages: In Section 3.3.3, we construct the
two-scale DD-VMS-ROM, which is the simplest DD-VMS-ROM. We note that the two-scale
data-driven VMS-ROM was investigated in [85] under the name “data-driven filtered ROM”
and in [50, 52] under the name “data-driven correction ROM.” However, we decided to outline
the construction of the two-scale data-driven VMS-ROM since it is the most straightforward
illustration of the DD-VMS-ROM framework.

In Section 3.3.4, we construct the novel three-scale DD-VMS-ROM. This new model separates
the scales into three categories (instead of two, as in the two-scale DD-VMS-ROM), which
allows more flexibility in constructing the ROM closure models and could lead to more
accurate ROMs.

3.3.1 Classical VMS

The VMS methods are general numerical discretizations that increase the accuracy of clas-
sical Galerkin approximations in under-resolved simulations, e.g., on coarse meshes or when
not enough basis functions are available. The VMS framework, which was proposed by
Hughes and coworkers [31, 32, 33, 34], has made a profound impact in several areas of com-
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putational mathematics (see, e.g., [3, 14, 39, 64] for surveys). To illustrate the standard
VMS methodology, we consider a general nonlinear system/PDE

•
u = f(u) , (3.3)

whose weak (variational) form is

(
•
u,v) = (f(u),v), ∀v ∈ X, (3.4)

where f is a general nonlinear function and X is an appropriate infinite dimensional space.
To build the VMS framework, we start with a sequence of hierarchical spaces of increasing
resolutions: X1,X1 ⊕X2,X1 ⊕X2 ⊕X3, . . .. Next, we project system (3.3) onto each of
the spaces X1,X2,X3, . . ., which yields a separate equation for each space. The goal is, of
course, to solve for the u component that lives in the coarsest space (i.e., X1), since this
yields the lowest-dimensional system:

(
•
u,v1) =

(
f(u),v1

)
∀v1 ∈ X1 . (3.5)

System (3.5), however, is not closed, since its right-hand side(
f(u),v1

)
=
(
f(u1 + u2 + u3 + . . .),v1

)
∀v1 ∈ X1 , (3.6)

involves u components that do not live in X1 (i.e., u2 ∈ X2,u3 ∈ X3, . . .). This cou-
pling is mainly due to the nonlinearity of f . Thus, the VMS closure problem needs to be
solved, i.e., (3.6) needs to be approximated in X1. The VMS (3.5) equipped with an appro-
priate closure model yields an accurate approximation of the large scale X1 component of u.

The main reasons for the VMS framework’s impressive success are its utter simplicity and
its generality (it can be applied to any Galerkin based numerical discretization). The clas-
sical VMS methodology, however, is facing several major challenges: (i) The hierarchical
spaces can be difficult to construct in classical Galerkin methods (e.g., finite elements); and
(ii) Developing VMS closure models for the coupling terms (i.e., the terms that model the
interactions among scales) can be challenging.

In this paper, we propose a new data-driven VMS-ROM framework that overcomes these
major challenges of standard VMS methodology: (i) The ROM setting allows a natural,
straightforward construction of ROM hierarchical spaces. (ii) We use available data to
construct data-driven VMS-ROM closure models. Thus, we avoid the ad hoc assumptions
and phenomenological arguments that are often used in traditional VMS closures.

3.3.2 Galerkin ROM (G-ROM)

Before building the new VMS-ROM framework, we sketch the standard Galerkin ROM
derivation: (i) Use available data (snapshots) for few parameter values to construct or-
thonormal modes {φ1, . . . ,φR}, R = O(103), which represent the recurrent spatial struc-
tures; (ii) Choose the dominant modes {φ1, . . . ,φr}, r = O(10), as basis functions for the
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ROM; (iii) Use a Galerkin truncation ur(x, t) =
∑r

j=1 aj(t)φj(x); (iv) Replace u with ur

in (3.3); (v) Use a Galerkin projection of the PDE obtained in step (iv) onto the ROM space
Xr := span{φ1, . . . ,φr} to obtain an r-dimensional system, which is the Galerkin ROM
(G-ROM): ( •

ur ,φi

)
=
(
f(ur) ,φi

)
, i = 1, . . . , r; (3.7)

(vi) In an offline stage, compute the ROM operators; (vii) In an online stage, repeatedly use
the G-ROM (3.7) (for parameters different from the training parameters and/or longer time
intervals).

We illustrate the G-ROM for the Navier-Stokes equations (NSE):
∂u

∂t
−Re−1∆u+ u · ∇u+∇p = 0 , (3.8)

∇ · u = 0 , (3.9)

where u is the velocity, p the pressure, and Re the Reynolds number. For clarity of pre-
sentation, we use homogeneous Dirichlet boundary conditions. The NSE (3.8)–(3.9) can be
cast in the general form (3.3) by choosing f = Re−1∆u−u ·∇u and X the space of weakly
divergence-free functions in H1

0. For the NSE, the G-ROM reads
•
a = Aa+ a⊤B a, (3.10)

where a(t) is the vector of unknown coefficients aj(t), 1 ≤ j ≤ r, A is an r × r ma-
trix with entries Aim = −Re−1 (∇φm,∇φi) , and B is an r × r × r tensor with entries
Bimn = −

(
φm · ∇φn,φi

)
, 1 ≤ i,m, n ≤ r . The G-ROM (3.10) does not include a pressure

approximation, since we assumed that the ROM modes are discretely divergence-free (which
is the case if, e.g., the snapshots are discretely divergence-free). ROMs that provide a pres-
sure approximation are discussed in, e.g., [17, 28, 61]. Once the matrix A and tensor B are
assembled in the offline stage, the G-ROM (3.10) is a low-dimensional, efficient dynamical
system that can be used in the online stage for numerous parameter values. We emphasize,
however, that the G-ROM generally yields inaccurate results when used in under-resolved,
realistic, complex flows [30, 53, 56, 84].

3.3.3 Two-Scale Data-Driven Variational Multiscale ROMs (2S-
DD-VMS-ROM)

The first DD-VMS-ROM that we outline is the two-scale data-driven VMS-ROM (2S-
DD-VMS-ROM), which utilizes two orthogonal spaces, X1 and X2. Since the ROM ba-
sis is orthonormal by construction, we can build the two orthogonal spaces in a natural
way: X1 := span{φ1, . . . ,φr}, which represents the resolved ROM scales, and X2 :=
span{φr+1, . . . ,φR}, which represents the unresolved ROM scales. We note that, in practical
settings, we are forced to use under-resolved ROMs, i.e., ROMs whose dimension r is much
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lower than the dimension of the snapshot data set (i.e., R). Next, we use the best ROM
approximation of u in the space X1 ⊕X2, i.e., uR ∈ X1 ⊕X2 defined as

uR =
R∑

j=1

aj φj =
r∑

j=1

aj φj +
R∑

j=r+1

aj φj = ur + u′ , (3.11)

where ur ∈ X1 represents the resolved ROM component of u, and u′ ∈ X2 represents the
unresolved ROM component of u. Plugging uR in (3.3), projecting the resulting equation
onto X1, and using the ROM basis orthogonality to show that

( •
uR ,φi

)
=
( •
ur ,φi

)
, ∀ i =

1, . . . , r, we obtain( •
ur ,φi

)
=
(
f(ur) ,φi

)
+
[(
f(uR) ,φi

)
−
(
f(ur) ,φi

)]︸ ︷︷ ︸
VMS-ROM closure term

, ∀ i = 1, . . . , r. (3.12)

The boxed term in (3.12) is the VMS-ROM closure term, which models the interaction
between the ROM modes {φ1, . . . ,φr} and the discarded ROM modes {φr+1, . . . ,φR}. The
VMS-ROM closure term is essential for the accuracy of (3.12): If we drop the VMS-ROM
closure term, we are left with the G-ROM (3.7), which yields inaccurate results in the under-
resolved regime. The VMS-ROM closure term is a correction term that ensures an accurate
approximation of ur ∈ X1 in the higher-dimensional space X1 ⊕X2.

Next, we approximate the VMS-ROM closure term with g(ur), where g is a generic function
whose coefficients/parameters still need to be determined:

VMS-ROM closure term =
[(
f(uR) ,φi

)
−
(
f(ur) ,φi

)]
≈
(
g(ur) ,φi

)
. (3.13)

To determine the coefficients/parameters in g used in (3.13), in the offline stage, we solve
the following low-dimensional least squares problem:

min
g parameters

M∑
j=1

∥∥∥∥[(f(uFOM
R (tj)) ,φi

)
−
(
f(uFOM

r (tj)) ,φi

)]
−
(
g(uFOM

r (tj)) ,φi

)∥∥∥∥2, (3.14)

where uFOM
R and uFOM

r are obtained from the FOM data and M is the number of snapshots.
Once g is determined, the model (3.12) with the VMS-ROM closure term replaced by g yields
the two-scale data-driven VMS-ROM (2S-DD-VMS-ROM):

( •
ur ,φi

)
=
(
f(ur) ,φi

)
+
(
g(ur) ,φi

)
, i = 1, . . . , r. (3.15)

We emphasize that, in contrast to the traditional VMS methodology, the 2S-DD-VMS-ROM
framework allows great flexibility in choosing the structure of the closure term. For example,
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for the NSE, the approximation (3.13) becomes: ∀ i = 1, . . . , r,

VMS-ROM closure term = −
[((

uR · ∇
)
uR ,φi

)
−
((
ur · ∇

)
ur ,φi

)]
≈

(
g(ur) ,φi

)
=

(
Ãa+ a⊤B̃ a

)
i
, (3.16)

where, for computational efficiency, we assume that the structures of g and f are similar.
Thus, in the least squares problem (3.14), we solve for all the entries in the r × r matrix Ã
and the r × r × r tensor B̃:

min
Ã,B̃

M∑
j=1

∥∥∥∥−[((uR
FOM(tj) · ∇

)
uR

FOM(tj) ,φi

)
−
((
ur

FOM(tj) · ∇
)
ur

FOM(tj) ,φi

)]

−
(
ÃaFOM(tj) + aFOM(tj)

⊤B̃ aFOM(tj)
)∥∥∥∥2 , (3.17)

where uFOM
R ,uFOM

r , and aFOM are obtained from the available FOM data. Specifically, the
values aFOM(tj), computed at snapshot time instances tj, j = 1, · · · ,M , are obtained by
projecting the corresponding snapshots u(tj) onto the ROM basis functions φi and using
the orthogonality of the ROM basis functions: ∀i = 1, · · · , R, ∀j = 1, · · · ,M ,

aFOM
i (tj) =

(
u(tj),φi

)
. (3.18)

In addition,

uFOM
R (tj) =

R∑
k=1

aFOM
k (tj)φk, uFOM

r (tj) =
r∑

k=1

aFOM
k (tj)φk. (3.19)

The least squares problem (3.17) is low-dimensional since, for a small r value, seeks the
optimal (r2 + r3) entries in Ã and B̃, respectively. Thus, (3.17) can be efficiently solved in
the offline stage. For the NSE, the 2S-DD-VMS-ROM (3.15) takes the form

•
a = (A+ Ã)a+ a⊤(B + B̃)a , (3.20)

where A and B are the G-ROM operators in (3.10), and Ã and B̃ are the VMS-ROM closure
operators constructed in (3.17).

3.3.4 Three-Scale Data-Driven Variational Multiscale ROMs (3S-
DD-VMS-ROM)

The 2S-DD-VMS-ROM (3.15) is based on the two-scale decomposition of uR ∈ X1 ⊕ X2

into resolved and unresolved scales: uR = ur + u′. The flexibility of the hierarchical struc-
ture of the ROM space allows a three-scale decomposition of uR, which yields a three-scale
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data-driven VMS-ROM (3S-DD-VMS-ROM) that is more accurate than the 2S-DD-VMS-
ROM (3.15). To construct the new 3S-DD-VMS-ROM, we first build three orthogonal
spaces, X1,X2, and X3: X1 := span{φ1, . . . ,φr1}, which represents the large resolved
ROM scales, X2 := span{φr1+1, . . . ,φr}, which represents the small resolved ROM scales,
and X3 := span{φr+1, . . . ,φR}, which represents the unresolved ROM scales. Next, we con-
sider the best ROM approximation of u in the space X1⊕X2⊕X3, i.e., uR ∈ X1⊕X2⊕X3

defined as

uR =
R∑

j=1

aj φj

=

r1∑
j=1

aj φj +
r∑

j=r1+1

aj φj +
R∑

j=r+1

aj φj

= uL + uS + u′ , (3.21)

where uL ∈ X1 represents the large resolved ROM component of uR, uS ∈ X2 represents
the small resolved ROM component of uR, and u′ ∈ X3 represents the unresolved ROM
component of uR. Thus, with the notation from Section 3.3.3, ur = uL + uS. We plug uR

in (3.3), and project the resulting equation onto both X1 and X2:

(
•
uL ,φi

)
=

(
f(uL + uS) ,φi

)
+

[(
f(uR) ,φi

)
−
(
f(uL + uS) ,φi

)]
,

∀ i = 1, . . . , r1, (3.22)

(
•
uS ,φi

)
=

(
f(uL + uS) ,φi

)
+

[(
f(uR) ,φi

)
−
(
f(uL + uS) ,φi

)]
,

∀ i = r1 + 1, . . . , r. (3.23)

The two boxed terms in (3.22)–(3.23) are the VMS-ROM closure terms, which have fun-
damentally different roles: The VMS-ROM closure term in (3.22) models the interaction
between the large resolved ROM modes and the small resolved ROM modes; the VMS-ROM
closure term in (3.23) models the interaction between the small resolved ROM modes and
the unresolved ROM modes. The new 3S-DD-VMS-ROM framework allows great flexibility
in choosing the structure of the two VMS-ROM closure terms. For the NSE, we can use the
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following approximations:

(τL)i := −
[((

uR · ∇
)
uR ,φi

)
−
((
(uL + uS) · ∇

)
(uL + uS) ,φi

)]
=

(
ÃL a+ a⊤B̃L a

)
i
, ∀ i = 1, . . . , r1 , (3.24)

(τ S)i := −
[((

uR · ∇
)
uR ,φi

)
−
((
(uL + uS) · ∇

)
(uL + uS) ,φi

)]
=

(
ÃS a+ a⊤B̃S a

)
i

∀ i = r1 + 1, . . . , r, (3.25)

where ÃL ∈ Rr1×r, ÃS ∈ R(r−r1)×r, B̃L ∈ Rr1×r×r, and B̃S ∈ R(r−r1)×r×r. To determine the
entries in ÃL, ÃS, B̃L, and B̃S, we solve two least squares problems:

min
ÃL,B̃L

M∑
j=1

∥∥τ FOM
L −

(
ÃL a

FOM(tj) + aFOM(tj)
⊤B̃L a

FOM(tj)
)∥∥2 , (3.26)

min
ÃS ,B̃S

M∑
j=1

∥∥τ FOM
S −

(
ÃS a

FOM(tj) + aFOM(tj)
⊤B̃S a

FOM(tj)
)∥∥2 , (3.27)

where τ FOM
L , τ FOM

S , and aFOM are obtained from the available FOM data.

For the NSE, the three-scale data-driven VMS-ROM (3S-DD-VMS-ROM) is •
aL

•
aS

 = Aa+ a⊤B a+

[
ÃL a+ a⊤ B̃L a

ÃS a+ a⊤ B̃S a

]
, (3.28)

where a⊤ = [aL,aS]
⊤, A and B are the G-ROM operators in (3.10), and ÃL, ÃS, B̃L, and

B̃S are the VMS-ROM closure operators constructed in (3.26)–(3.27). Compared to the
2S-DD-VMS-ROM, in the 3S-DD-VMS-ROM we have more flexibility in choosing the VMS-
ROM closure operators ÃL, ÃS, B̃L, and B̃S in the least squares problems (3.26)–(3.27).
For example, for ÃL, B̃L we can specify physical constraints, sparsity patterns, or regu-
larization parameters, that are different from those for ÃS, B̃S. Because of this increased
flexibility, we expect that the 3S-DD-VMS-ROM (3.28) is more accurate than the 2S-DD-
VMS-ROM (3.20).

3.4 Numerical Results

In this section, we perform a numerical investigation of the new DD-VMS-ROM framework.
As noted in Section 3.3, the 2S-DD-VMS-ROM (3.20) was investigated in [85] under the
name “data-driven filtered ROM” and in [50, 52] under the name “data-driven correction
ROM.” In [85], it was shown that the 2S-DD-VMS-ROM is more accurate than the standard
G-ROM in the numerical simulation of 2D flow past a circular cylinder at Reynolds numbers
Re = 100, Re = 500, and Re = 1000. Furthermore, the 2S-DD-VMS-ROM was more
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accurate and more efficient than other modern ROM closure models. In [52], it was shown
that the 2S-DD-VMS-ROM is more accurate than the standard G-ROM in the numerical
simulation of the quasi-geostrophic equations modeling the large scale ocean circulation.

Since the 2S-DD-VMS-ROM has already been shown to perform well, the focus of the current
numerical investigation is on the new 3S-DD-VMS-ROM (3.28). Specifically, we investigate
whether the 3S-DD-VMS-ROM is more accurate than the 2S-DDC-ROM. To this end, we
consider four test cases: (i) the 1D viscous Burgers equation with viscosity coefficient ν =
10−3 (Section 3.4.2); (ii) a 2D flow past a circular cylinder at Reynolds numbers Re = 100,
Re = 500, and Re = 1000 (Section 3.4.3); (iii) the quasi-geostrophic equations at Reynolds
number Re = 450 and Rossby number Ro = 0.0036 (Section 3.4.4); and (iv) a 2D flow over a
backward facing step at Reynolds number Re = 1000 (Section 3.4.5). For each test case, we
investigate three ROMs: the 2S-DD-VMS-ROM (3.20), the new 3S-DD-VMS-ROM (3.28),
and (for comparison purposes) the standard G-ROM (3.10). As a benchmark, we use the
FOM results.

We test the ROMs in three different regimes:

(i) Reconstructive regime: The ROM basis and ROM operators A and B are constructed from
FOM data obtained on the time interval [0, T1], and then the resulting ROMs are tested on
the same time interval [0, T1]. To construct the DD-VMS-ROM operators Ã and B̃ (for the
2S-DD-VMS-ROM) and ÃL, ÃS, B̃L, and B̃S (for the 3S-DD-VMS-ROM), we use different
approaches for the four test cases: For the Burgers equation, quasi-geostrophic equations,
and backward facing step test cases, we construct the DD-VMS-ROM operators by using
FOM data from the entire time interval [0, T1]. For the flow past a circular cylinder test
case, for computational efficiency, we construct the DD-VMS-ROM operators from FOM
data obtained on a shorter time interval, which does not significantly decrease the accuracy
of the resulting DD-VMS-ROM. Specifically, we use FOM data for one period [50, 85], i.e.,
(i) from t = 7 to t = 7.332 for Re = 100, (ii) from t = 7 to t = 7.442 for Re = 500, and (iii)
from t = 13 to t = 13.268 for Re = 1000.

(ii) Cross-validation regime: The ROM basis and ROM operators A and B are constructed
from FOM data obtained on the time interval [0, T2], and then the resulting ROMs are tested
on the time interval [0, T3], where T3 > T2. We note that the two time intervals are different,
but they do overlap over [0, T2].

To construct the DD-VMS-ROM operators, we use different approaches for the two test
cases: For the Burgers equation test case, we construct the DD-VMS-ROM operators by
using FOM data from the entire time interval [0, T2]. For the flow past a circular cylinder
test case, for computational efficiency, we construct the DD-VMS-ROM operators from FOM
data for one period [50, 85].

(iii) Predictive regime: The ROM basis and ROM operators A and B are constructed from
FOM data obtained on the time interval [0, T2], and then the resulting ROMs are tested
on the time interval [T2, T3], where T3 > T2. We emphasize that the two time intervals are



Birgul Koc Chapter 3 68

completely different, without any overlap. To construct the DD-VMS-ROM operators, we use
different approaches for the two test cases: For the Burgers equation test case, we construct
the DD-VMS-ROM operators by using FOM data from the entire time interval [0, T2]. For
the flow past a circular cylinder test case, for computational efficiency, we construct the
DD-VMS-ROM operators from FOM data for half a period [50, 85].

3.4.1 Computational Setting

In this section, we present the computational setting used in the numerical investigation.

First, as explained in detail on page B843 of [85], we rewrite the optimization problem (3.17)
as the least squares problem

min
x∈R(r2+r3)×1

∥f − E x ∥2 , (3.29)

where x ∈ R(r2+r3)×1 contains all the entries of Ã and B̃, and the vector f ∈ R(M r)×1 and
matrix E ∈ R(M r)×(r2+r3) are computed from uFOM

R ,uFOM
r , and aFOM (see (4.8) in [85]).

The optimal Ã and B̃ (i.e., the entries in x that solves the linear least squares problem (3.29))
are used to build the 2S-DD-VMS-ROM (3.20).

Furthermore, as explained on page B843 of [85], the least squares problem (3.29) is ill-
conditioned. This ill-conditioning is common in data-driven least squares problems (see,
e.g., [59]). To alleviate this ill-conditioning, we use the truncated singular value decomposi-
tion (SVD) [50, 85].

The algorithm for the 2S-DD-VMS-ROM (3.20) is presented in Algorithm 2. In most of
our numerical experiments, we choose the optimal tolerance tol in the truncated SVD step
of Algorithm 2. Specifically, for each value 1 ≤ m ≤ R (where R is the dimension of the
snapshot matrix), we consider the truncated SVD approximation of dimension m, construct
the operators Ãm and B̃m, integrate the resulting 2S-DD-VMS-ROM in (3.33), and choose
the m̃ value yielding the lowest L2 error. The only exception is in some of the numerical
experiments for the Burgers equation (Section 3.4.2), where we fix tol = tolL or tol = tolS
(see Tables 3.2–3.8).

The algorithm for the 3S-DD-VMS-ROM (3.28) is the same as Algorithm 2, except that we
are using two different truncated SVDs to solve two different linear least squares problems,
which correspond to the large and small resolved scales. Thus, we have two different control
parameters, tolL and tolS. Similar to the 2S-DD-VMS-ROM , we rewrite the optimization
problems (3.26) and (3.27) as the least squares problems

min
xL∈R[

r1(r+r2)]×1

∥fL − EL xL ∥2 , (3.35)
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Algorithm 2 2S-DD-VMS-ROM
1: Use all the entries of Ã and B̃ in (3.20) to define vector of unknowns, x.
2: Use uFOM

R ,uFOM
r , and aFOM to assemble the vector f and matrix E in (3.29).

3: Use the truncated SVD algorithm to solve the linear least squares problem (3.29).
(i) Calculate the SVD of E:

E = U ΣV ⊤ , (3.30)

where the rank of matrix E(Σ) is M.
(ii) Specify tolerance tol = σi , i = 1, · · · ,M.
(iii) Construct matrix Σ̂m from Σ as follows: σ̂m = σm if σm ≥ tol, m = 1, · · · ,M.
(iv) Construct Êm, the truncated SVD of E:

Êm = Ûm Σ̂m
(
V̂ m
)⊤
, (3.31)

where Ûm and V̂ m are the entries of U and V in (3.30) that correspond to Σ̂m.
(v) The solution of the least squares problem (3.29) is

x =
(
V̂ m

(
Σ̂m
)−1 (

Ûm
)⊤)

f . (3.32)
4: The 2S-DD-VMS-ROM (3.20) has the following form:

•
a =

(
A+ Ãm

)
a+ a⊤

(
B + B̃m

)
a , (3.33)

where Ãm and B̃m are the appropriate entries of x found in (3.32) with tol = σm.
5: Integrate the resulting 2S-DD-VMS-ROM in (3.20) over the given time domain and

calculate the average L2 error Em(L2) by using formula (3.39). The optimal m̃ value (the
optimal operators Ã and B̃) is found by solving the following minimization problem:

Em̃(L2) = min
1≤m≤R

Em(L2) . (3.34)

min
x∈R[(r−r1)(r+r2)]×1

∥fS − ES xS ∥2 , (3.36)

where the vectors fL ∈ R(M r1)×1, fS ∈ R(M (r−r1))×1, and the matrices EL ∈ R(M r1)×(r1(r+r2)),
ES ∈ R(M (r−r1))×((r−r1)(r+r2)) are computed from uFOM

R ,uFOM
r , and aFOM (see (4.8) in [85]).

Furthermore, xL ∈ R[r1(r+r2)]×1 contains all the entries of the operators ÃL and B̃L, xS ∈
R
[(r−r1)(r+r2)]×1 contains all the entries of the operators ÃS and B̃S. The optimal ÃL, B̃L and

ÃS, B̃S (i.e., the entries in xL and xS that solve the linear least squares problems (3.35) and
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(3.36)) are used to build the 3S-DD-VMS-ROM (3.28). Again, to address the ill-conditioning
of the least squares problems (3.35)–(3.36), we use the truncated SVD algorithm. The algo-
rithm for the 3S-DD-VMS-ROM (3.28) is presented in Algorithm 3. We note that, if tolL =
tolS = tol, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM yield the same results, since we
solve the same minimization problem. Thus, the interesting case is when tolL and/or tolS
are different from tol.

Algorithm 3 3S-DD-VMS-ROM
1: Choose r1 , 1 ≤ r1 < r, and use all the entries of ÃL and B̃L as well as ÃS and B̃S

in (3.28) to define vectors of unknowns, xL and xS, respectively.
2: Use uFOM

R ,uFOM
r , and aFOM to assemble the vectors fL and fS, and the matrices EL

and ES in (3.35) and (3.36).
3: Use the truncated SVD algorithm to solve the linear least squares problems (3.35)

and (3.36).
(i) Calculate the SVD of EL and ES:

EL = UL ΣLV
⊤
L , ES = US ΣSV

⊤
S . (3.37)

(ii) Specify tolerances tolL = σL,i , i = 1, · · · ,ML, and tolS = σS,j , j = 1, · · · ,MS,
where ML is the rank of ΣL (EL) and MS is the rank of ΣS (ES).

(iii) Construct matrix Σ̂m
L from ΣL as follows: σ̂L,mL

= σmL
if σmL

≥ tolL, mL =

1, · · · ,ML; construct matrix Σ̂m
L from ΣL as follows: σ̂S,mL

= σmS
if σmS

≥ tolS,
mS = 1, · · · ,MS.

(iv) Construct ÊmL
L and ÊmS

S with the truncated SVD of EL and ES.
(v) Construct the operators ÃmL

L and B̃mL
L as well as ÃmS

S and B̃mS
S .

(vi) Integrate the resulting 3S-DD-VMS-ROM in (3.28) over the given time domain and
calculate the average L2 error Er1,mL,mS(L2) by using formula (3.39).

4: Find the optimal r̃1, m̃L and m̃S values (i.e., the optimal operators ÃL, B̃L and ÃS, B̃S

corresponding to the optimal r1) by solving the following minimization problem:

E r̃1,m̃L,m̃S(L2) = min
1≤r1<r

1≤mL≤ML

1≤mS≤MS

Er1,mL,mS(L2) . (3.38)

The focus of the current numerical investigation is on the numerical accuracy of the new
DD-VMS-ROMs. Thus, we use all the available data to build the DD-VMS-ROM operators.
We emphasize, however, that the computational cost of the construction of the DD-VMS-
ROM operators can be significantly decreased by using the approach proposed on page B848



Birgul Koc Chapter 3 71

in [85].

To compare the ROMs’ performance, in the Burgers equation, flow past a circular cylinder,
and backward facing step test cases, we use the error metric

average L2 norm: E(L2) =
1

M

M∑
j=1

∥∥∥∥∥ur(tj)−
r∑

i=1

(
uFOM(tj), ϕi

)
ϕi

∥∥∥∥∥
L2

, (3.39)

whereas in the quasi-geostrophic equations test case we use the error metric (3.48). In the
flow past a circular cylinder, quasi-geostrophic equations, and flow over a backward facing
step test cases, we plot the time evolution of the ROM kinetic energy. Furthermore, in the
quasi-geostrophic equations test case, we use the L2 error of the time-averaged streamfunc-
tion, and plot the time-averaged streamfunction. Finally, in the backward facing step test
case, we plot the time evolution of the y-component of the velocity, and the spectrum of the
y-component of the velocity at a control point.

3.4.2 Burgers Equation

In this section, we investigate the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-
ROM (3.28) in the numerical simulation of the one-dimensional viscous Burgers equation:{

ut − νuxx + uux = 0 , x ∈ [0, 1], t ∈ [0, 1],

u(0, t) = u(1, t) = 0 , t ∈ [0, 1],
(3.40)

with the initial condition

u0(x) =

{
1, x ∈ (0, 1/2],

0, x ∈ (1/2, 1],
(3.41)

and ν = 10−3. This test problem has been used in [1, 36, 42, 85].

Snapshot Generation We generate the FOM results by using a linear FE spatial dis-
cretization with mesh size h = 1/2048 and a Crank-Nicolson time discretization with
timestep size ∆t = 10−3.

ROM Construction We run the FOM from t = 0 to t = 1. To generate the ROM
basis functions, we collect a total of 1000 snapshots for the reconstructive regime, and 700
snapshots for the cross-validation and predictive regimes. These snapshots are the solutions
from t = 0 to t = 1 for the reconstructive regime, and t = 0 to t = 0.7 for the cross-
validation and predictive regimes. To train Ã, B̃ (for the 2S-DD-VMS-ROM) and ÃL, B̃L

and ÃS, B̃S (for the 3S-DD-VMS-ROM), we use FOM data on the time interval [0, 1] for the
reconstructive regime, and FOM data on the time interval [0, 0.7] for the cross-validation and
predictive regimes. We test all the ROMs on the time interval [0, 1] for the reconstructive
and cross-validation regimes, and [0.7, 1] for the predictive regime.
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Implementation Details To implement the 2S-DD-VMS-ROM (3.33), we use Algo-
rithm 2. To implement the 3S-DD-VMS-ROM (3.28), we use Algorithm 3. For a fair
comparison of the 2S-DD-VMS-ROM with the 3S-DD-VMS-ROM, we choose optimal tol-
erances in the two algorithms, i.e., optimal tol in Algorithm 2 and optimal tolL and tols
in Algorithm 3. We also investigate whether there is any relationship between the 2S-DD-
VMS-ROM tolerance and the 3S-DD-VMS-ROM tolerances. To this end, we perform two
sets of numerical experiments: (a) In the first set of experiments, we fix tol in the 2S-
DD-VMS-ROM, choose tolL = tol in the 3S-DD-VMS-ROM, and search the optimal tolS
in the 3S-DD-VMS-ROM. (b) In the second set of experiments, we fix tol in the 2S-DD-
VMS-ROM, choose tolS = tol in the 3S-DD-VMS-ROM, and search the optimal tolL in the
3S-DD-VMS-ROM.

Numerical Results

In this section, we present numerical results for the Burgers equation (3.40) with ν = 10−3

in the reconstructive, cross-validation, and predictive regimes. In all the tables, we list the
average L2 error (3.39) for the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-
ROM. We also list the tolerances used in the truncated SVD algorithm for the 2S-DD-VMS-
ROM and 3S-DD-VMS-ROM, as well as the r1 values for the 3S-DD-VMS-ROM.

In Table 3.1, we list the ROMs errors for the reconstructive regime with optimal tol in
Algorithm 2 and optimal tolL and tols in Algorithm 3. These results show that, for all
r values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes one
or even two orders of magnitude) more accurate than the standard G-ROM. Overall, the
3S-DD-VMS-ROM is more accurate than the 2S-DD-VMS-ROM. For example, for r = 7,
the 3S-DD-VMS-ROM is more than twice more accurate than the 2S-DD-VMS-ROM. We
also note that, for low r values, the ROM errors do not seem to converge monotonically. We
emphasize, however, that for large r values, we recover the expected asymptotic convergence.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) tol E(L2) r1 tolS tolL E(L2)

2 1.018e-01 1e-02 2.110e-03 1 1e-02 1e-02 2.110e-03
3 1.181e-01 1e-02 1.548e-03 1 1e-02 1e-02 1.548e-03
4 1.382e-01 1e-03 1.845e-03 1 1e-02 1e-03 1.162e-03
5 1.698e-01 7e-02 2.889e-03 4 1e-02 5e-04 1.577e-03
7 1.828e-01 1e-04 3.542e-03 4 1e-02 1e-04 1.688e-03
11 1.258e-01 1e-02 2.213e-03 4 1e-02 1e-04 1.675e-03
17 6.551e-02 1e-02 2.312e-03 4 1e-02 1e-04 1.971e-03

Table 3.1: Burgers equation, ν = 10−3, reconstructive regime, optimal tol, tolS, and tolL.
Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r
values.
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In Figure 3.1, we plot the time evolution of the solutions for the FOM projection, G-ROM,
2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for the reconstructive regime. These plots show
that both the 2S-DD-VMS-ROM and the 3S-DD-VMS-ROM are significantly more accurate
than the standard G-ROM, as indicated by the results in Table 3.1.

Figure 3.1: Burgers equation, ν = 10−3, reconstructive regime. FOM projection, G-ROM,
2S-DD-VMS-DDC-ROM, and 3S-DD-VMS-DDC-ROM plots for r = 7.

In Tables 3.2, 3.3, 3.4, and 3.5, we list the ROMs errors for the reconstructive regime with
fixed tol in the 2S-DD-VMS-ROM, and tolL = tol and optimal tolS in the 3S-DD-VMS-ROM.
We also list the optimal value of tolS. We consider the following values for tolL = tol: 102

(Table 3.2), 101 (Table 3.3), 100 (Table 3.4), and 10−1 (Table 3.5). These results yield the
following conclusions: For large tolL = tol values (i.e., 102 and 101), the 2S-DD-VMS-ROM
is slightly more or as accurate as the G-ROM, whereas the 3S-DD-VMS-ROM is several
times (and sometimes more than one order of magnitude) more accurate than the G-ROM
and 2S-DD-VMS-ROM. For small tolL = tol values (i.e., 100 and 10−1), the 2S-DD-VMS-
ROM is several times (and sometimes more than one order of magnitude) more accurate
than the G-ROM. Even in these cases, however, the 3S-DD-VMS-ROM is several times (and
sometimes more than one order of magnitude) more accurate than the 2S-DD-VMS-ROM.
Overall, the 3S-DD-VMS-ROM is by far the most accurate ROM.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolS E(L2)

3 1.181e-01 1.181e-01 1 1e+00 1.609e-02
7 1.828e-01 1.828e-01 1 1e-01 6.241e-03
11 1.258e-01 1.258e-01 1 1e-01 4.955e-03
17 6.551e-02 6.551e-02 1 1e-02 2.826e-03

Table 3.2: Burgers equation, ν = 10−3, reconstructive regime, tol = tolL = 102, and optimal
tolS. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolS E(L2)

3 1.181e-01 7.278e-02 1 1e+00 1.322e-02
7 1.828e-01 1.755e-01 2 1e-03 3.915e-03
11 1.258e-01 1.229e-01 1 1e-03 1.787e-03
17 6.551e-02 6.456e-02 1 1e-02 2.310e-03

Table 3.3: Burgers equation, ν = 10−3, reconstructive regime, tol = tolL = 101, and optimal
tolS. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolS E(L2)

3 1.181e-01 1.333e-01 1 1e-02 5.292e-03
7 1.828e-01 2.590e-02 2 1e-03 3.549e-03
11 1.258e-01 3.607e-02 2 1e-02 2.045e-03
17 6.551e-02 5.029e-02 5 1e-02 2.237e-03

Table 3.4: Burgers equation, ν = 10−3, reconstructive regime, tol = tolL = 100, and optimal
tolS. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

In Tables 3.6, 3.7, and 3.8, we list the ROMs errors for the reconstructive regime with fixed
tol in the 2S-DD-VMS-ROM, and tolS = tol and optimal tolL in the 3S-DD-VMS-ROM.
We also list the optimal value of tolL. We consider the following values for tolS = tol:
100 (Table 3.6), 10−1 (Table 3.7), and 10−2 (Table 3.8). These results yield the following
conclusions: For all tolL = tol values and all r values, the 2S-DD-VMS-ROM is several
times (and sometimes more than one order of magnitude) more accurate than the G-ROM.
Furthermore, the 3S-DD-VMS-ROM is significantly (and sometimes several times) more
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolS E(L2)

3 1.181e-01 3.729e-03 1 1e-02 2.061e-03
7 1.828e-01 4.232e-03 4 1e-03 2.557e-03
11 1.258e-01 4.556e-03 2 1e-02 2.086e-03
17 6.551e-02 5.962e-03 5 1e-02 2.255e-03

Table 3.5: Burgers equation, ν = 10−3, reconstructive regime tol = tolL = 10−1, and optimal
tolS. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

accurate than the 2S-DD-VMS-ROM. Overall, the 3S-DD-VMS-ROM is the most accurate
ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolL E(L2)

3 1.181e-01 1.133e-02 2 1e-01 8.085e-03
7 1.828e-01 2.590e-02 6 1e-03 1.762e-02
11 1.258e-01 3.607e-02 10 1e-02 2.390e-02
17 6.551e-02 5.029e-02 16 1e-02 1.486e-02

Table 3.6: Burgers equation, ν = 10−3, reconstructive regime: tol = tolS = 100 and optimal
tolL. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolL E(L2)

3 1.181e-01 3.729e-03 2 1e-02 2.568e-03
7 1.828e-01 4.232e-03 4 1e-03 3.678e-03
11 1.258e-01 4.556e-03 10 1e-02 3.995e-03
17 6.551e-02 5.962e-03 16 1e-02 2.995e-03

Table 3.7: Burgers equation, ν = 10−3, reconstructive regime: tol = tolS = 10−1 and optimal
tolL. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 tolL E(L2)

3 1.181e-01 1.548e-03 1 1e-02 1.548e-03
7 1.828e-01 1.062e-02 4 1e-04 1.688e-03
11 1.258e-01 2.213e-03 4 1e-04 1.675e-03
17 6.551e-02 2.312e-03 4 1e-04 1.974e-03

Table 3.8: Burgers equation, ν = 10−3, reconstructive regime: tol = tolS = 10−2 and optimal
tolL. Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different
r values.

The results in Tables 3.2–3.8 suggest that there is no apparent relationship between the 2S-
DD-VMS-ROM tolerance tol and the 3S-DD-VMS-ROM tolerances tolL and tolS. We intend
to perform a more thorough investigation of potential relationships among these tolerances
in a future study.

In Table 3.9, we list the ROMs errors for the cross-validation regime with optimal tol in
Algorithm 2 and optimal tolL and tols in Algorithm 3. These results show that, for all r
values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes even one
order of magnitude) more accurate than the standard G-ROM. Overall, the 3S-DD-VMS-
ROM is more accurate than the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) tol E(L2) r1 tolS tolL E(L2)

3 2.015e-01 1e-01 2.028e-02 2 1e-01 1e+00 1.863e-02
7 1.796e-01 5e-02 1.400e-02 3 5e-02 1e+00 1.188e-02
11 1.163e-01 3e-02 8.981e-03 6 3e-02 1e+00 8.383e-03
17 6.897e-02 1e-02 8.542e-03 6 1e-02 1e+00 8.452e-03

Table 3.9: Burgers equation, ν = 10−3, cross-validation regime, optimal tol, tolS, and tolL.
Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r
values.

In Table 3.10, we list the ROMs errors for the predictive regime with optimal tol in Algo-
rithm 2 and optimal tolL and tols in Algorithm 3. These results show that, for all r values,
the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes even one order
of magnitude) more accurate than the standard G-ROM. Overall, the 3S-DD-VMS-ROM is
more accurate than the 2S-DD-VMS-ROM.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) tol E(L2) r1 tolS tolL E(L2)

3 2.185e-01 1e-01 3.623e-02 2 1e-01 1e+00 3.029e-02
7 2.054e-01 3e-02 2.004e-02 6 5e-02 3e-02 1.428e-02
11 1.620e-01 3e-02 1.608e-02 10 5e-02 3e-02 1.418e-02
17 1.103e-01 1e-02 1.524e-02 6 1e-02 1e-01 1.506e-02

Table 3.10: Burgers equation, ν = 10−3, predictive regime, optimal tol, tolS, and tolL.
Average L2 error for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r
values.

3.4.3 Flow Past A Cylinder

In this section, we investigate the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-
ROM (3.28) in the numerical simulation of a 2D channel flow past a circular cylinder at
Reynolds numbers Re = 100, Re = 500, and Re = 1000.

Computational Setting As a mathematical model, we use the NSE (3.8)–(3.9). The
computational domain is a 2.2 × 0.41 rectangular channel with a radius = 0.05 cylinder,
centered at (0.2, 0.2), see Figure 5.2.

0.2

0.2 0.05
0.41

2.2

Figure 3.2: Geometry of the flow past a circular cylinder numerical experiment.

We prescribe no-slip boundary conditions on the walls and cylinder, and the following inflow
and outflow profiles [38, 50, 51, 65]:

u1(0, y, t) = u1(2.2, y, t) =
6

0.412
y(0.41− y), (3.42)

u2(0, y, t) = u2(2.2, y, t) = 0, (3.43)

where u = ⟨u1, u2⟩. There is no forcing and the flow starts from rest.

Snapshot Generation For the spatial discretization, we use the pointwise divergence-
free, LBB stable (P2, P

disc
1 ) Scott-Vogelius finite element pair on a barycenter refined regular
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triangular mesh [40]. The mesh provides 103K (102962) velocity and 76K (76725) pressure
degrees of freedom. We utilize the commonly used linearized BDF2 temporal discretization
and a time step size ∆t = 0.002 for both FOM and ROM time discretizations. On the first
time step, we use a backward Euler scheme so that we have two initial time step solutions
required for the BDF2 scheme.

ROM Construction The FOM simulations achieve the statistically steady state at dif-
ferent time instances for the three Reynolds numbers used in the numerical investigation:
For Re = 100, after t = 5s; for Re = 500, after t = 7s; and for Re = 1000, after t = 13s.
To build the ROM basis functions, we decided to use 10s of FOM data. Thus, to ensure
a fair comparison of the numerical results at different Reynolds numbers, we collect FOM
snapshots on the following time intervals: For Re = 100, from t = 7 to t = 17; for Re = 500,
from t = 7 to t = 17; and for Re = 1000, from t = 13 to t = 23.

To train Ã, B̃ (for the 2S-DD-VMS-ROM) and ÃL, B̃L and ÃS, B̃S (for the 3S-DD-VMS-
ROM), we use FOM data for one period in the reconstructive and cross-validation regimes,
and FOM data for half a period in the predictive regime. We note that the period length
of the statistically steady state is different for the three different Reynolds numbers: From
t = 7 to t = 7.332 for Re = 100; from t = 7 to t = 7.442 for Re = 500; and from t = 13 to
t = 13.268 for Re = 1000. Thus, the reconstructive and cross-validation regimes, we collect
167 snapshots for Re = 100; 222 snapshots for Re = 500; and 135 snapshots for Re = 1000.
For the predictive regime, we collect 84 snapshots for Re = 100; 111 snapshots for Re = 500;
and 68 snapshots for Re = 1000.

Numerical Results for Re = 100

In this section, we present numerical results for the flow past a cylinder at Re = 100.

In Table 3.11, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive regime. We
also list the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values,
the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes one and even
two orders of magnitude) more accurate than the standard G-ROM. Furthermore, the 3S-
DD-VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM, especially for large
r values: For example, for r = 8, the 3S-DD-VMS-ROM is more than twice more accurate
than the 2S-DD-VMS-ROM. We also note that the ROM errors in Table 3.11 converge to 0
according to an even/odd pattern: The ROM errors for even r values converge to 0 and the
ROM errors for odd r values also converge to 0. This behavior is related to the flow past a
cylinder configuration, in which the ROM modes appear in pairs. We emphasize, however,
that for large r values, we recover the asymptotic convergence that does not depend on the
odd/even r values, just as in the Burgers equation test case (Section 3.4.2).
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 9.902e-02 5.118e-04 1 5.088e-04
3 1.029e-01 3.208e-02 2 3.018e-02
4 5.840e-02 1.553e-03 2 1.479e-03
5 6.492e-02 2.270e-02 4 2.191e-02
6 1.370e-02 5.336e-04 1 4.804e-04
7 1.403e-02 6.038e-03 6 5.817e-03
8 1.214e-02 9.302e-04 6 4.415e-04

Table 3.11: Flow past a cylinder, Re = 100, reconstructive regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Table 3.12, for different r values, we list the average L2 error (3.39) for the G-ROM, the
2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation regime. These
results show that, for all r values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several
times (sometimes even two orders of magnitude) more accurate than the standard G-ROM.
Furthermore, the 3S-DD-VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM,
especially for large r values: For example, for r = 8, the 3S-DD-VMS-ROM is almost three
times more accurate than the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 4.891e-01 1.536e-03 1 1.458e-03
3 4.088e-01 3.514e-02 2 3.106e-02
4 9.291e-02 2.187e-03 2 2.015e-03
5 1.013e-01 2.279e-02 4 2.220e-02
6 3.270e-02 5.113e-04 2 4.921e-04
7 3.059e-02 7.476e-03 1 7.260e-03
8 3.600e-02 1.221e-03 6 4.385e-04

Table 3.12: Flow past a cylinder, Re = 100, cross-validation regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Table 3.13, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime. These
results show that, for all r values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several
times (sometimes even one order of magnitude) more accurate than the standard G-ROM.
Furthermore, the 3S-DD-VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM:
Specifically, for r ≥ 6, the 3S-DD-VMS-ROM is at least twice more accurate than the 2S-
DD-VMS-ROM.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 3.883e-01 8.172e-02 1 7.388e-02
3 3.616e-01 3.374e-02 1 3.141e-02
4 1.366e-01 8.127e-03 2 4.115e-03
5 1.464e-01 4.248e-02 3 2.602e-02
6 1.348e-01 5.946e-03 4 1.051e-03
7 1.291e-01 1.529e-02 3 6.613e-03
8 9.638e-02 6.798e-03 6 3.170e-03

Table 3.13: Flow past a cylinder, Re = 100, predictive regime. Average L2 errors for G-ROM,
2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.
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Figure 3.3: Flow past a cylinder, Re = 100, reconstructive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.

In Figure 3.3, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM,
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the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive
regime. These plots support the conclusions in Table 3.11: Both the 3S-DD-VMS-ROM and
the 2S-DD-VMS-ROM accurately approximate the FOM kinetic energy and are significantly
more accurate than the standard G-ROM. Furthermore, 3S-DD-VMS-ROM is slightly more
accurate than the 2S-DD-VMS-ROM, especially for r = 7.

In Figure 3.4, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM
the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation
regime. For all cases, the evolution of the G-ROM kinetic energy is very inaccurate. In
contrast, for r = 4 and r = 6, both the 3S-DD-VMS-ROM and the 2S-DD-VMS-ROM
successfully reproduce the FOM kinetic energy. For r = 7, the 3S-DD-VMS-ROM accurately
approximates the FOM kinetic energy between t = 0 and t = 4. For t ≥ 4, although the 3S-
DD-VMS-ROM and 2S-DD-VMS-ROM kinetic energy approximations are not as accurate,
they are still much more accurate than the G-ROM kinetic energy approximation.
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Figure 3.4: Flow past a cylinder, Re = 100, cross-validation regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.
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In Figure 3.5, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM, the
G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime.
For all r values, the G-ROM kinetic energy approximation is very inaccurate. In contrast, the
new 3S-DD-VMS-ROM accurately approximates the exact FOM kinetic energy for r = 4, 6, 7.
The 2S-DD-VMS-ROM kinetic energy approximation is accurate for r = 6, but not for r = 4
and, especially, for r = 7.
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Figure 3.5: Flow past a cylinder, Re = 100, predictive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.

The errors listed in Tables 3.11–3.13 and the plots in Figures 3.3–3.5 show that, in the re-
constructive, cross-validation, and predictive regimes, the 3S-DD-VMS-ROM is consistently
the most accurate ROM. Furthermore, the 3S-DD-VMS-ROM is more accurate than the
2S-DD-VMS-ROM, especially in the predictive regime.
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Numerical Results for Re = 500

In this section, we present numerical results for the flow past a cylinder at Re = 500.

In Table 3.14, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive regime. We
also list the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values,
the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes more than one
order of magnitude) more accurate than the standard G-ROM. Furthermore, the 3S-DD-
VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM. For example, for r = 2,
the 3S-DD-VMS-ROM is almost twice more accurate as the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 2.892e-01 7.029e-03 1 3.937e-03
3 3.344e-01 8.138e-02 2 7.517e-02
4 3.478e-01 4.195e-03 3 4.145e-03
5 3.795e-01 6.811e-02 2 5.915e-02
6 6.338e-02 3.864e-03 2 3.294e-03
7 5.738e-02 1.789e-02 2 1.563e-02
8 5.339e-02 5.734e-03 6 4.809e-03

Table 3.14: Flow past a cylinder, Re = 500, reconstructive regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 1.071e+00 2.015e-02 1 1.501e-02
3 8.280e-01 1.101e-01 2 8.428e-02
4 6.258e-01 1.218e-02 3 4.648e-03
5 6.440e-01 1.557e-01 3 7.329e-02
6 1.898e-01 5.733e-03 3 4.056e-03
7 1.531e-01 3.550e-02 2 2.033e-02
8 1.678e-01 9.050e-03 1 5.480e-03

Table 3.15: Flow past a cylinder, Re = 500, cross-validation regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Table 3.15, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation regime. We
also list the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values,
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the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes even two orders
of magnitude) more accurate than the standard G-ROM. Furthermore, the 3S-DD-VMS-
ROM is generally more accurate than the 2S-DD-VMS-ROM. Specifically, for r = 4, 5, 8, the
3S-DD-VMS-ROM is almost twice more accurate than the 2S-DD-VMS-ROM.

In Table 3.16, for different r values, we list the average L2 error (3.39) for the G-ROM, the
2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime. We also list
the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values, the 2S-DD-
VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes even more than one order
of magnitude) more accurate than the standard G-ROM. More importantly, for all r values
(but especially for large r values), the 3S-DD-VMS-ROM is significantly more accurate than
the 2S-DD-VMS-ROM: For example, for r = 5, 6, 7, and 8, the 3S-DD-VMS-ROM is more
than twice more accurate than the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 7.351e-01 1.004e-01 1 1.004e-01
3 7.088e-01 8.838e-02 2 8.497e-02
4 5.871e-01 8.785e-03 1 8.785e-03
5 6.231e-01 9.735e-02 2 3.640e-02
6 1.293e-01 2.288e-02 4 9.051e-03
7 1.069e-01 2.816e-02 6 1.480e-02
8 1.130e-01 1.402e-02 6 5.544e-03

Table 3.16: Flow past a cylinder, Re = 500, predictive regime. Average L2 errors for G-ROM,
2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Figure 3.6, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM,
the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive
regime. For all r values, the G-ROM kinetic energy approximation is very inaccurate. In
contrast, the new 3S-DD-VMS-ROM accurately approximates the exact FOM kinetic energy
for r = 4, 6, 7. The 2S-DD-VMS-ROM kinetic energy approximation is accurate for r = 4
and r = 6, but not for r = 7.

In Figure 3.7, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM,
the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation
regime. For all r values, the G-ROM kinetic energy approximation is very inaccurate. In
contrast, the new 3S-DD-VMS-ROM accurately approximates the exact FOM kinetic energy
for r = 4, 6, 7. The 2S-DD-VMS-ROM kinetic energy approximation is accurate for r = 4
and r = 6, but not for r = 7.
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Figure 3.6: Flow past a cylinder, Re = 500, reconstructive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.

In Figure 3.8, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM, the
G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime.
For all r values, the G-ROM kinetic energy approximation is very inaccurate. In contrast,
the new 3S-DD-VMS-ROM accurately approximates the FOM kinetic energy for r = 6 and
r = 7. For r = 6 and r = 7, the 2S-DD-VMS-ROM kinetic energy approximation is less
accurate than the 3S-DD-VMS-ROM kinetic energy approximation but more accurate than
the G-ROM kinetic energy approximation. For r = 4, both the 3S-DD-VMS-ROM and the
2S-DD-VMS-ROM kinetic energy approximations are accurate.

The errors listed in Tables 3.14–3.16 and the plots in Figures 3.6–3.8 show that, in the re-
constructive, cross-validation, and predictive regimes, the 3S-DD-VMS-ROM is consistently
the most accurate ROM. Furthermore, the 3S-DD-VMS-ROM is more accurate than the
2S-DD-VMS-ROM, especially in the predictive regime.
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Figure 3.7: Flow past a cylinder, Re = 500, cross-validation regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.
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Figure 3.8: Flow past a cylinder, Re = 500, predictive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.

Numerical Results for Re = 1000

In this section, we present numerical results for the flow past a cylinder at Re = 1000.

In Table 3.17, for different r values, we list the average L2 error (3.39) for the G-ROM, the
2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive regime. We also
list the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values, the
2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several times (sometimes even more than one
order of magnitude) more accurate than the standard G-ROM. Furthermore, the 3S-DD-
VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM. For example, for r = 5
and r = 8, the 3S-DD-VMS-ROM is almost twice more accurate than the 2S-DD-VMS-ROM.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 4.937e-01 6.704e-03 1 6.692e-03
3 5.112e-01 6.804e-02 1 6.794e-02
4 5.980e-01 1.287e-02 2 9.869e-03
5 6.579e-01 1.794e-01 3 9.184e-02
6 1.503e-01 1.086e-02 4 8.210e-03
7 1.365e-01 2.848e-02 5 2.235e-02
8 7.076e-02 7.550e-03 4 4.836e-03

Table 3.17: Flow past a cylinder, Re = 1000, reconstructive regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Table 3.18, for different r values, we list the average L2 error (3.39) for the G-ROM, the
2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation regime. These
results show that, for all r values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are several
times (sometimes even two orders of magnitude) more accurate than the standard G-ROM.
Furthermore, the 3S-DD-VMS-ROM is generally more accurate than the 2S-DD-VMS-ROM,
especially for large r values. In particular, for r = 5, the 3S-DD-VMS-ROM is almost five
times more accurate than the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 1.509e+00 1.504e-02 1 1.503e-02
3 8.595e-01 8.024e-02 1 8.024e-02
4 6.583e-01 2.538e-02 2 1.503e-02
5 7.095e-01 5.156e-01 3 1.026e-01
6 5.562e-01 3.132e-02 4 1.018e-02
7 4.760e-01 6.482e-02 6 3.505e-02
8 2.692e-01 1.691e-02 5 5.791e-03

Table 3.18: Flow past a cylinder, Re = 1000, cross-validation regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

In Table 3.19, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime. We also
list the r1 values for the 3S-DD-VMS-ROM. These results show that, for all r values, the
2S-DD-VMS-ROM and 3S-DD-VMS-ROM are significantly (sometimes several times) more
accurate than the standard G-ROM. More importantly, for all r values (but especially for
large r values), the 3S-DD-VMS-ROM is significantly more accurate than the 2S-DD-VMS-
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ROM: For example, for r = 6, the 3S-DD-VMS-ROM is more than five times more accurate
than the 2S-DD-VMS-ROM.
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Figure 3.9: Flow past a cylinder, Re = 1000, reconstructive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.

In Figure 3.9, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM,
the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the reconstructive
regime. For all cases, the evolution of the G-ROM kinetic energy is very inaccurate. In
contrast, for r = 4 and r = 6, both the 3S-DD-VMS-ROM and the 2S-DD-VMS-ROM
successfully reproduce the FOM kinetic energy. For r = 7, 3S-DD-VMS-ROM kinetic energy
yields small oscillations for 0 ≤ t ≤ 1, but it quickly converges to the FOM kinetic energy
after t > 1. On the other hand, the 2S-DD-VMS-ROM kinetic energy approximation is not
accurate.
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r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 1.146e+00 3.857e-01 1 2.860e-01
3 9.217e-01 4.522e-01 1 1.357e-01
4 7.207e-01 1.679e-01 2 7.070e-02
5 7.281e-01 5.620e-01 3 2.331e-01
6 3.545e-01 2.279e-01 2 3.733e-02
7 3.027e-01 2.273e-01 3 7.922e-02
8 1.587e-01 5.849e-02 3 4.394e-02

Table 3.19: Flow past a cylinder, Re = 1000, predictive regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.
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Figure 3.10: Flow past a cylinder, Re = 1000, cross-validation regime. Time evolution of
the kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM
for different r values.

In Figure 3.10, for r = 4, 6, 7, we plot the time evolution of the kinetic energy of the FOM,
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the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the cross-validation
regime. For all cases, the evolution of the G-ROM kinetic energy is very inaccurate. In
contrast, for all cases, the 3S-DD-VMS-ROM successfully reproduces the exact FOM kinetic
energy. The 2S-DD-VMS-ROM kinetic energy is accurate for r = 4, but not for r = 6 and,
especially, for r = 7.

In Figure 3.11, for three r values, we plot the time evolution of the kinetic energy of the
G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the predictive regime.
For all cases, the evolution of the G-ROM kinetic energy is very inaccurate. For r = 4,
the 3S-DD-VMS-ROM kinetic energy approximation is accurate, whereas the 2S-DD-VMS-
ROM and the G-ROM kinetic energies are inaccurate. For r = 6 and r = 7, although
the 3S-DD-VMS-ROM kinetic energy approximations are not as accurate, they are still
much more accurate than the 2S-DD-VMS-ROM and, especially, the G-ROM kinetic energy
approximations.
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Figure 3.11: Flow past a cylinder, Re = 1000, predictive regime. Time evolution of the
kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for
different r values.
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The errors listed in Tables 3.17–3.19 and the plots in Figures 3.9–3.11 show that, in the re-
constructive, cross-validation, and predictive regimes, the 3S-DD-VMS-ROM is consistently
the most accurate ROM. Furthermore, the 3S-DD-VMS-ROM is more accurate than the
2S-DD-VMS-ROM, especially in the predictive regime.

3.4.4 Quasi-Geostrophic Equations (QGE)

In this section, we investigate the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-
ROM (3.28) in the numerical simulation of the quasi-geostrophic equations (QGE)

∂ω

∂t
+ J(ω, ψ)−Ro−1∂ψ

∂x
= Re−1∆ω +Ro−1F, (3.44)

ω = −∆ψ, (3.45)

which are used to model the large scale ocean circulation [48, 82]. In (3.44)–(3.45), ω is the
vorticity, ψ is the streamfunction, Re is the Reynolds number, and Ro is the Rossby number.

Computational Setting We follow [22, 52, 71, 75] and consider a symmetric double-gyre
wind forcing given by

F = sin(π(y − 1)), (3.46)

the computational domain Ω = [0, 1] × [0, 2], the time domain [0, 80], and the parameters
Re = 450 and Ro = 0.0036. We also assume that ψ and ω satisfy homogeneous Dirichlet
boundary conditions:

ψ(t, x, y) = 0, ω(t, x, y) = 0 for (x, y) ∈ ∂Ω and t ≥ 0. (3.47)

Snapshot Generation For the FOM discretization, we use a spectral method with a
257 × 513 spatial resolution and an explicit Runge-Kutta method. We follow [52, 71, 75]
and run the FOM on the time interval [0, 80]. The flow displays a transient behavior on the
time interval [0, 10], and then converges to a statistically steady state on the time interval
[10, 80]. We record the FOM solutions on the time interval [10, 80] every 10−2 simulation
time units, which ensures that the snapshots used in the construction of the ROM basis are
equally spaced.

ROM Construction To construct the ROM basis, we follow the procedure described in
Section 3.2 in [52] (see also [71, 75]). First, we collect 701 equally spaced FOM vorticity
snapshots in the time interval [10, 80] at equidistant time intervals. Next, for computational
efficiency, we interpolate the FOM vorticity onto a uniform mesh with the resolution 257×513
over the spatial domain Ω = [0, 1]×[0, 2], i.e., with a mesh size ∆x = ∆y = 1/256. Finally, we
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use the interpolated snapshots and solve the corresponding eigenvalue problem to generate
the ROM basis.

To train Ã, B̃ (for the 2S-DD-VMS-ROM) and ÃL, B̃L and ÃS, B̃S (for the 3S-DD-VMS-
ROM), we use the same FOM data that was used to generate the ROM basis. Furthermore,
to increase the computational efficiency of the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM,
we replace the R-dimensional FOM data with its d-dimensional approximation, where the
parameter d satisfies 1 ≤ d ≤ R (for details, see Section 5.3 in [85], Section 4.3 in [50], and
Section 3.2 in [52]). Specifically, we replace τ FOM with τ d (for the 2S-DD-VMS-ROM) and
τ FOM
L and τ FOM

S with τ d
L and τ d

S, respectively (for the 3S-DD-VMS-ROM). In our QGE
numerical simulations, we choose d = 3r to maintain a good balance between numerical
accuracy and computational efficiency.

Numerical Results

Next, we present results for the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-ROM (3.28)
in the numerical simulation of the QGE (3.44)–(3.45). For clarity of presentation, we con-
sider only the reconstructive regime.

To assess the ROM performance, we follow [52] and use the L2 error of the time-averaged
ROM streamfunction over the time interval [10, 80]:

E(L2) =
∥∥ψFOM(fx, ·)− ψROM(fx, ·)

∥∥2
L2 , (3.48)

where (·) denotes the time average over the time interval [10, 80], and fx = (x, y). In
Table 3.20, for different r values, we list E(L2) for the G-ROM, the 2S-DD-VMS-ROM,
and the new 3S-DD-VMS-ROM. We also list the r1 values used for the 3S-DD-VMS-ROM.
These results show that, for all r values, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM are
orders of magnitude (sometimes two and even three orders of magnitude) more accurate
than the standard G-ROM. Furthermore, the 3S-DD-VMS-ROM is generally more accurate
than the 2S-DD-VMS-ROM: For example, for r = 10, r = 15, r = 20, and r = 25, the
3S-DD-VMS-ROM is about three times more accurate than the 2S-DD-VMS-ROM.

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

10 3.734e+02 5.174e-01 5 1.996e-01
15 1.035e+02 3.853e-01 8 1.260e-01
20 1.371e+01 1.653e-01 9 5.175e-02
25 3.491e+00 3.434e-01 10 5.640e-02

Table 3.20: QGE, Re = 450, Ro = 0.0036, reconstructive regime. L2 errors of the time-
averaged streamfunction for G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for differ-
ent r values.
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In Figure 3.12, for r = 10 and r = 20, we plot the time evolution of the kinetic energy
of the FOM, the G-ROM, the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM in the
reconstructive regime. These plots support the conclusions in Table 3.20: For r = 10, the
G-ROM kinetic energy takes off very quickly and stabilizes at a level which is roughly 200
times higher than the FOM kinetic energy on average. In contrast, both the 2S-DD-VMS-
ROM and the 3S-DD-VMS-ROM produce kinetic energies of the same order of magnitude
as the FOM kinetic energy. Furthermore, the 3S-DD-VMS-ROM performs better than the
2S-DD-VMS-ROM in reproducing the peaks and the peak frequencies. As expected, for
larger r values, the G-ROM’s performance improves. For example, for r = 20, the G-ROM,
the 2S-DD-VMS-ROM, and the 3S-DD-VMS-ROM kinetic energies perform similarly. We
note, however, that for later times (e.g., on the time interval [60, 80]), the G-ROM kinetic
energy is somewhat higher than the FOM kinetic energy, while the 2S-DD-VMS-ROM and
3S-DD-VMS-ROM kinetic energies are closer to the FOM kinetic energy.
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Figure 3.12: QGE, Re = 450, Ro = 0.0036, reconstructive regime. Time evolution of the
kinetic energy for FOM, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r
values.

We follow [52, 71] and, in Figure 3.13, for r = 10 and r = 20, we plot the time-average of the
streamfunction ψ over the time interval [10, 80] for the FOM, G-ROM, 2S-DD-VMS-ROM,
and 3S-DD-VMS-ROM. We emphasize that we use the same scale for the FOM, 2S-DD-
VMS-ROM, and 3S-DD-VMS-ROM plots. The plots in Figure 3.13 support the conclusions
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in Table 3.20: For both r = 10 and r = 20, the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM
successfully reproduce the four gyre structure in the time-averaged streamfunction, whereas
the G-ROM fails. Furthermore, the 3S-DD-VMS-ROM is more accurate than the 2S-DD-
VMS-ROM.

Figure 3.13: QGE, Re = 450, Ro = 0.0036, reconstructive regime. Time-averaged stream-
function ψ over the interval [10, 80] for FOM, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-
ROM for different r values.

The errors listed in Table 3.20 and the plots in Figures 3.12–3.13 show that, in the recon-
structive regime, the 3S-DD-VMS-ROM is consistently the most accurate ROM.
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3.4.5 Backward Facing Step

In this section, we investigate the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-
ROM (3.28) in the numerical simulation of a two-dimensional flow over a backward facing
step at Re = 1000.

Computational Setting As a mathematical model, we use the NSE (3.8)–(3.9). We use
the same computational domain as that used in Section 4.4 [5] and Section 8.2.2 in [67], i.e.,
a 44× 9 rectangle with a unit height step placed at (4, 0) (see the top plot in Figure 3.14).

0

0.5

1

Figure 3.14: Backward facing step, Re = 1000. Geometry and finite element mesh (top).
Magnitude of FOM velocity field at t = 125 (bottom).
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Snapshot Generation For the spatial discretization, we use a barycenter refinement mesh
of a Delaunay generated triangulation, which allows for (P2, P

disc
1 ) Scott-Vogelius elements

to be LBB stable (for details, see [41]). The mesh (see the top plot in Figure 3.14) has 209508
velocity and 156285 pressure degrees of freedom. We use the linearized BDF2 method and
a time step size ∆t = 0.05 for both FOM and ROM time discretizations. On the first time
step, we use the backward Euler method so that we have two initial time step solutions
required for the BDF2 scheme. For illustration purposes, in Figure 3.14 (the bottom plot),
we display the magnitude of the FOM velocity field at t = 125.

In Figure 3.15, we plot the time evolution of the FOM kinetic energy on the time interval
[100, 150]. This plot shows that the flow over a backward facing step that we consider is not
periodic or periodic-like. The numerical results in the remainder of this section will show
that this setting is more challenging for reduced order modeling than the other three test
problems considered in Sections 3.4.2–3.4.4.

100 110 120 130 140 150
9.145

9.150

9.155

9.160

Figure 3.15: Backward facing step, Re = 1000. Time evolution of the FOM kinetic energy.

ROM Construction To build the ROM basis functions, we follow [67] and collect 1000)
equally spaced FOM snapshots on the time interval [100.05, 150].

To train Ã, B̃ (for the 2S-DD-VMS-ROM) and ÃL, B̃L and ÃS, B̃S (for the 3S-DD-VMS-
ROM), we use the same FOM data that was used to generate the ROM basis. Furthermore,
to increase the computational efficiency of the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM, we
use the approach described in Section 3.4.4 and replace τ FOM with τ 3r (for the 2S-DD-VMS-
ROM) and τ FOM

L and τ FOM
S with τ 3r

L and τ 3r
S , respectively (for the 3S-DD-VMS-ROM). To

further reduce the computational cost of the 3S-DD-VMS-ROM, we adopt a generic way in
choosing r1 for large r values (i.e., r ≥ 30) and let r1 = ⌊r/2⌋.

Numerical Results

Next, we present results for the 2S-DD-VMS-ROM (3.20) and the new 3S-DD-VMS-ROM (3.28)
in the numerical simulation of the flow over a backward facing step at Re = 1000. For clarity
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of presentation, we consider only the reconstructive regime.

In Table 3.21, for different r values, we list the average L2 error (3.39) for the G-ROM,
the 2S-DD-VMS-ROM, and the new 3S-DD-VMS-ROM. We also list the r1 values for the
3S-DD-VMS-ROM. These results show that, for all r values, both the 2S-DD-VMS-ROM
and the 3S-DD-VMS-ROM are about 30% more accurate than the standard G-ROM. Fur-
thermore, the 3S-DD-VMS-ROM is consistently more accurate than the 2S-DD-VMS-ROM.
This improvement is significant for low r values (i.e., 2 ≤ r ≤ 15), and modest for large r
values (i.e., 20 ≤ r ≤ 60).

r G-ROM 2S-DD-VMS-ROM 3S-DD-VMS-ROM
E(L2) E(L2) r1 E(L2)

2 1.0270e+00 9.6593e-01 1 8.6129e-01
5 1.4864e+00 1.1671e+00 1 1.1070e+00
10 1.8401e+00 1.5064e+00 2 1.2932e+00
15 1.4733e+00 1.0909e+00 9 7.4297e-01
20 1.0392e+00 7.5813e-01 3 7.0704e-01
30 9.1723e-01 7.7908e-01 15 7.5835e-01
40 4.4118e-01 2.9694e-01 20 2.7753e-01
50 2.5578e-01 1.6002e-01 25 1.5586e-01
60 1.6772e-01 1.1679e-01 30 1.1276e-01

Table 3.21: Backward facing step, Re = 1000, reconstructive regime. Average L2 errors for
G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM for different r values.

We follow [5] (see also [67]) and, in Figure 3.16, for r = 15, we plot a pointwise quantity, i.e.,
the time evolution of the y-component of the velocity, v, for the FOM, 2S-DD-VMS-ROM,
and 3S-DD-VMS-ROM at the point with coordinates (19, 1), which is physically located
behind the step. This plot shows that both the 2S-DD-VMS-ROM and the 3S-DD-VMS-
ROM are significantly more accurate than the G-ROM. Furthermore, the 3S-DD-VMS-ROM
is more accurate than the 2S-DD-VMS-ROM.
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Figure 3.16: Backward facing step, Re = 1000, reconstructive regime. Time evolution of
the y-component of the velocity, v, of FOM, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-
ROM with r = 15 at the point with coordinates (19, 1).

In Figure 3.17, for r = 30, 40, and 60, we plot the time evolution of the kinetic energy
of the FOM, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM. These plots support the
conclusions in Table 3.21. Specifically, for low r values (i.e., r = 30), the G-ROM, 2S-DD-
VMS-ROM, and 3S-DD-VMS-ROM results are relatively inaccurate. However, for medium r
values (i.e., r = 40), the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM results are significantly
more accurate than the G-ROM results. As expected, for high r values (i.e., r = 60), the
2S-DD-VMS-ROM, 3S-DD-VMS-ROM, and G-ROM results are all accurate. Furthermore,
for r = 40 the 3S-DD-VMS is more accurate than the 2S-DD-VMS-ROM. For r = 30 and
r = 60, the 2S-DD-VMS-ROM and the 3S-DD-VMS-ROM perform similarly.
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Figure 3.17: Backward facing step, Re = 1000, reconstructive regime. Time evolution of
the kinetic energy for FOM projection, G-ROM, 2S-DD-VMS-ROM and 3S-DD-VMS-ROM
for different r values.

We follow [5, 67] and, in Figure 3.18, for r = 15, we plot a pointwise quantity, i.e., the
spectrum of the y−component of the velocity, v, for the FOM, 2S-DD-VMS-ROM, and
3S-DD-VMS-ROM at the point with coordinates (19, 1). This plot shows that the 2S-DD-
VMS-ROM spectrum is more accurate than the G-ROM spectrum. Furthermore, the 3S-
DD-VMS-ROM spectrum is more accurate than the 2S-DD-VMS-ROM spectrum.
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Figure 3.18: Backward facing step, Re = 1000, reconstructive regime. The spectrum of the
y-component of the velocity for FOM, G-ROM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM
with r = 15 at the point with coordinates (19, 1).

The errors listed in Table 3.21 and the plots in Figures 3.16–3.18 show that, in the recon-
structive regime, both the 2S-DD-VMS-ROM and the 3S-DD-VMS-ROM are more accurate
than the G-ROM. Furthermore, the 3S-DD-VMS-ROM is more accurate than the 2S-DD-
VMS-ROM. However, for the backward facing step test problem, this improvement is not as
significant as for the other three test cases investigated in Sections 3.4.2–3.4.4.
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3.4.6 Qualitative Comparison of 2S-DD-VMS-ROM and 3S-DD-
VMS-ROM

In the previous sections, we performed a quantitative comparison of the 2S-DD-VMS-
ROM and the 3S-DD-VMS-ROM in the numerical simulation of the Burgers equation (Sec-
tion 3.4.2), the flow past a cylinder (Section 3.4.3), the QGE (Section 3.4.4), and the flow over
a backward facing step (Section 3.4.5). In all our numerical simulations, the 3S-DD-VMS-
ROM was more accurate than the 2S-DD-VMS-ROM, although this improvement was less
significant for the flow over a backward facing step. In this section, we present a qualitative
comparison of the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM.

We believe that the 3S-DD-VMS-ROM is more accurate than the 2S-DD-VMS-ROM in our
numerical tests because the 3S-DD-VMS-ROM is more flexible than the 2S-DD-VMS-ROM.
Specifically, the 2S-DD-VMS-ROM has only one control parameter in the truncated SVD
used in Algorithm 2, i.e., the tolerance tol. The 3S-DD-VMS-ROM, on the other hand,
has two control parameters in the truncated SVD used in Algorithm 3: (i) the tolerance
tolL used in the truncated SVD for the least squares problem for the large resolved scales,
and (ii) the tolerance tolS used in the truncated SVD for the least squares problem for the
small resolved scales. Thus, in principle, by choosing optimal values for the two modeling
parameters in the 3S-DD-VMS-ROM (i.e., tolL and tolS), we can obtain more accurate results
than those obtained with the 2S-DD-VMS-ROM, which has only one modeling parameter
(i.e., tol). The truncated SVD components of the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM
algorithms aim at alleviating the ill-conditioning that is common in data-driven least squares
problems (see, e.g., [50, 59, 85]). Our numerical investigation shows that the tolerances used
in the truncated SVD have a significant effect on the 2S-DD-VMS-ROM and 3S-DD-VMS-
ROM results. Furthermore, our numerical results confirm that having more flexibility in
choosing the two tolerances in the 3S-DD-VMS-ROM yields more accurate results.

For example, for the Burgers equation, the results in Table 3.4 show that, for r = 3, choosing
two different tolerances in the 3S-DD-VMS-ROM (i.e., tolL = 100 and tolS = 10−2) yields
more accurate results than the 2S-DD-VMS-ROM, which uses only one tolerance (i.e., tol =
100). Indeed, the 3S-DD-VMS-ROM average L2 error is more than an order of magnitude
lower than the 2S-DD-VMS-ROM average L2 error.

The flow past a circular cylinder test case yields similar conclusions. We follow [5] and,
in Figure 3.19, for r = 5, we plot the time evolution of the y-component of the velocity,
v, of the FOM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM at the point with coordinates
(0.43, 0.2), which is physically located behind the circular cylinder. The plot in Figure 3.19
clearly shows that choosing two different tolerances in the 3S-DD-VMS-ROM algorithm
yields more accurate results than the 2S-DD-VMS-ROM, which uses only one tolerance.
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Figure 3.19: Flow past a cylinder, Re = 1000, reconstructive regime. Time evolution of
the y-component of the velocity, v, of the FOM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM
with r = 5 at the point with coordinates (0.43, 0.2).

Furthermore, we follow [5] and, for the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM, in Fig-
ure 3.20 we plot the first component of the vectors τ FOM and τROM with the FOM and
ROM representations of the VMS-ROM closure terms, which are defined in (3.17) for the
2S-DD-VMS-ROM and in (3.24)–(3.25) for the 3S-DD-VMS-ROM. Specifically, at each time
step tj, j = 1, . . . ,M ,

τ FOM(tj) = −
[((

uFOM
R (tj) · ∇

)
uFOM

R (tj) ,φi

)
−
((
uFOM

r (tj) · ∇
)
uFOM

r (tj) ,φi

)]
, (3.49)

where uFOM
R (tj) and uFOM

r (tj) are defined in (3.19), and

τROM(tj) = ÃaROM(tj) + aROM(tj)
⊤ B̃ aROM(tj) , (3.50)

where Ã and B̃ are the DD-VMS-ROM operators, and aROM(tj) is the ROM solution at time
step tj. The plot in Figure 3.20 shows that the first component of the 2S-DD-VMS-ROM
and 3S-DD-VMS-ROM closure terms are different. Thus, we conclude that the tolerance
used in the truncated SVD has a significant effect on the ROM closure model and on the
corresponding ROM results (as illustrated in Figure 3.19).
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Figure 3.20: Flow past a cylinder, Re = 1000, reconstructive regime. Time evolution of the
first component of the subscales for the FOM, 2S-DD-VMS-ROM, and 3S-DD-VMS-ROM
with r = 5.

For the QGE test case, the results in Table 3.20 show that choosing two different tolerances
in the 3S-DD-VMS-ROM yields more accurate results than the 2S-DD-VMS-ROM, which
uses only one tolerance. For example, for r = 25, the 3S-DD-VMS-ROM L2 error is more
than six times lower than the 2S-DD-VMS-ROM L2 error.

For the backward facing step test case, the results in Table 3.21 (see also Figures 3.16–
3.18) support the same conclusion. Indeed, the 3S-DD-VMS-ROM (which uses two different
tolerances) is more accurate than the 2S-DD-VMS-ROM (which uses only one tolerance).
This improvement is significant for low r values (i.e., 2 ≤ r ≤ 15), and modest for large r
values (i.e., 20 ≤ r ≤ 60).

We emphasize that both the quantitative comparisons (in Sections 3.4.2–3.4.5) and the
qualitative comparison in this section are only valid for the 2S-DD-VMS-ROM and the 3S-
DD-VMS-ROM. Thus, our conclusions do not carry over to other types of VMS-ROMs,
e.g., [5, 8, 18, 24, 35, 37, 67, 68, 69, 78, 81, 84]. In particular, we do not perform a gen-
eral comparison of two-scale VMS-ROMs and three-scale VMS-ROMs. Instead, we take a
more modest step and compare two specific examples from the two classes, i.e., the 2S-DD-
VMS-ROM and the 3S-DD-VMS-ROM, respectively. We believe that extending to the ROM
setting two-scale and three-scale VMS models developed for classical numerical discretiza-
tions (see, e.g., the surveys in [3, 14, 39, 64]), and comparing the resulting two-scale and
three-scale VMS-ROMs is a worthy research endeavor that could yield conclusions that are
different from the conclusions drawn from our numerical investigation (see, e.g., [2] for the
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finite element setting). This, however, is beyond the scope of this paper.

3.5 Conclusions and Outlook

In this paper, we propose a new data-driven variational multiscale reduced order model (DD-
VMS-ROM) framework. We construct the new DD-VMS-ROM framework in two steps: In
the first step, we leverage the VMS methodology and the hierarchical structure of the ROM
basis to provide explicit mathematical formulas for the interaction among the ROM spatial
scales. In the second step, we use the available full order model (FOM) data to construct
structural VMS-ROM closure models for the interactions among scales. We investigate
two DD-VMS-ROMs: (i) The two-scale DD-VMS-ROM (2S-DD-VMS-ROM) considers two
scales: resolved scales and unresolved scales. For the 2S-DD-VMS-ROM, we construct one
ROM closure model for the interaction between the resolved and unresolved scales. (ii)
The three-scale DD-VMS-ROM (3S-DD-VMS-ROM) considers three scales: resolved large
scales, resolved small scales, and unresolved scales. For the 3S-DD-VMS-ROM, we construct
one ROM closure model for the interaction between the resolved large and resolved small
scales, and another ROM closure model for the interaction between resolved small scales and
unresolved scales. We test the 2S-DD-VMS-ROM and 3S-DD-VMS-ROM in the numerical
simulation of four test cases: (i) the 1D Burgers equation with viscosity coefficient ν =
10−3; (ii) a 2D flow past a circular cylinder at Reynolds numbers Re = 100, Re = 500,
and Re = 1000; (iii) the quasi-geostrophic equations at Reynolds number Re = 450 and
Rossby number Ro = 0.0036; and (iv) a 2D flow over a backward facing step at Reynolds
number Re = 1000. We consider the reconstructive regime for all the test cases, and the
cross-validation and predictive regimes for the Burgers equation and the 2D flow past a
circular cylinder test cases. The numerical results show that both the 2S-DD-VMS-ROM
and the 3S-DD-VMS-ROM are more accurate than the standard Galerkin ROM (G-ROM).
Furthermore, the 3S-DD-VMS-ROM is more accurate than the 2S-DD-VMS-ROM, although
this improvement is less significant for the flow over a backward facing step.

We intend to pursue several research avenues in the development of the new DD-VMS-ROM
framework. The first research direction that we plan to investigate is finding the optimal
parameter r1 and the optimal tolerances tolL and tolS in the new 3S-DD-VMS-ROM. In this
paper, we used a trial and error approach to find these parameters. We intend to investigate
whether providing rigorous error estimates [28, 36, 61] or leveraging physical insight [30]
can provide parameters that yield more accurate results. Another research direction that
we plan to pursue is the development of new DD-VMS-ROM closure models by leveraging
ideas from VMS methods for finite element discretizations (see, e.g., Section 8.8 in [39]),
e.g., the time-dependent subscale-orthogonal methods [13, 67, 68]. We also plan to explore
different topological structures for the ROM closure term. In the present study, we assume
that the structure of the ROM closure model function g is similar to the structure of the
Galerkin model function f and we utilize a least squares approach to determine the shape



Birgul Koc Chapter 3 106

of g. We emphasize that, without loss of generality, our DD-VMS-ROM framework can be
formulated by utilizing a supervised machine learning approach [63, 72, 73, 74], a topic that
we would like to explore in the future. Finally, we intend to explore the extension of the new
DD-VMS-ROM to the Petrov-Galerkin framework [10, 11, 23, 58].
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Chapter 4

Long-Time Reynolds Averaging of
ROMs for Fluid Flows

This chapter has been published in the journal Mathematics in Engineering. ∗

In that paper, my contribution was performing numerical experiments for the Burgers equa-
tion in Section 4.4.

∗L.C. Berselli, T. Iliescu, B. Koc, and R. Lewandowski. Long-time Reynolds averaging of reduced order
models for fluid flows: Preliminary results. Mathematics in Engineering, 2(1):1–25, 2020.
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In this chapter, we combine some results on the long-time averaging of fluid equations with
the recent techniques for reduced order model (ROM) development. In this preliminary
work we start proving some analytical results that characterize the time-averaged effect of
the exchange of energy between various modes, both in the case of the computable decom-
position made with proper orthogonal decomposition (POD) type basis functions and with
the abstract basis made with eigenfunctions. We will show that the results obtainable with
a generic (but computable) basis are less precise than those obtainable with the abstract
spectral basis, the difference coming from the lack of orthogonality of the gradients of the
POD basis functions.

We then provide a few numerical examples. Concerning the analytical results we will prove
partial results for the energy exchange between large and small scales, showing the difference
between the use of a spectral type basis and a POD one. In particular, we are interested
in results connected to the statistical equilibrium problem, which can be deduced in a com-
putable way by a long-time averaging of the solutions. We want to investigate the possible
forward and backward average transfer of energy. The properties of a turbulent flow are
computable (and relevant) only in an average sense. In this respect, we want to follow the
classical approach dating back to Stokes, Reynolds, and Prandtl of considering long-time
averages of the solution as the key quantity to be computed or observed. Therefore, we
do not need to consider statistical averaging and link it with time averaging by means of
(unproved) ergodic hypotheses.

To introduce the problem that we will consider, we recall that a Newtonian incompressible
flow (with constant density) can be described by the Navier-Stokes equations (NSE in the
sequel) 

∂tu− ν∆u+ (u · ∇)u+∇p = f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ),

u = 0 on Γ× (0, T ),

u(·, 0) = u(0) in Ω,

(4.1)

with Dirichlet conditions when the motion takes place in a smooth and bounded domain
Ω ⊂ R

3 with solid walls Γ := ∂Ω. The unknowns are the velocity field u and the scalar
pressure p, while the positive constant ν > 0 is the kinematic viscosity. The key parameter to
detect the nature of the problem is the non-dimensional Reynolds number, which is defined
as

Re =
UL

ν
,

where U and L are a characteristic velocity and length of the problem. In realistic problems,
the Reynolds number can be extremely large (in many cases of the order of 108, but up to
the order of 1020 in certain geophysical problems). For simplicity in the notation, we use the
viscosity as a control parameter and assume that it is very small. Hence, the effect of the
regularization (similar to the diffusion in heat transfer) due to the Laplacian is negligible and
the behavior of solutions is really turbulent and rather close to the motion of ideal fluids.
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Due to the well-known difficulties in performing direct numerical simulations (DNS), it is
nowadays a well-established technique that of trying to reduce the computational efforts
by simulating only the largest scales, which, for limited computational and experimental
resources, are the only ones computable and observable.

In this framework, the large eddy simulation (LES) methods, which emerged in the last
30 years, are among the most popular, and they found a very relevant role within both
theorists’ and practitioners’ communities. For recent LES reviews, see, for instance, the
monographs [2, 5, 27, 39].

The LES methods are, in many cases, very well developed and both theoretically and com-
putationally appealing, especially for problems without boundaries, but many difficulties
and open problems arise when facing solid boundaries. In most cases the design of efficient
LES methods is guided by deep properties of the solutions, as emerging from deep theorems
of mathematical analysis. Furthermore, the ultimate goal of having a golden standard is far
from being obtained, and large families of methods (wave-number asymptotics, differential
filters, α-models) attracted the interest of different communities, spanning from the pure
mathematicians, to the applied geophysicist and mechanical engineers, to the computational
practitioners. For these reasons, we believe that it is important to have some well-defined
and clearly stated guidelines, that can be adapted to different problems. In this way the
methods can be improved with insight not only from experts in modeling, but also from
mathematicians, physicists, and computational scientists.

In this respect, we point out that very recently the use of other (more flexible and computa-
tionally simpler) ways of finding approximate systems has become very popular. The LES
methods itself can be specialized or even glued with other ways of determining much smaller
approximate systems, which are computable in a very efficient way. For instance, reduced
order modeling is increasingly becoming an accepted paradigm, in which applications to
fluids are still being developed [15, 25, 35, 36, 38].

The basic ansatz at the basis of the use of these models is the approximation of the velocity
by a truncation of the series

u =
∞∑
k=1

ukwk,

where {wk}k∈N is a basis constructed by using the POD, not necessarily made with eigen-
functions of the Stokes operator, and the coefficients of the L2-projections are evaluated as
follows

uk =

∫
Ω
u ·wk dx∫

Ω
|wk|2 dx

.

The appealing property of this approach is that the choice of the basis is adapted to and
determined by the problem itself. Generally the basis is chosen after a preliminary numerical
computation, hence it contains at least the basic features of the solution and geometry of the
problem to be studied. The other basic fact is that the kinetic energy of the problem is the
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key quantity under consideration; in fact the L2-projection is generally used to determine the
approximate velocity and also the energy content in the basis construction. To determine
the number r ∈ N such that the solution is projected over the space generated by the
(orthogonal) functions Vr := span{w1, . . . ,wr}, generally it is assumed that the projection
of the solution over Vr contains a large percentage (say 80%) of the total kinetic energy of
the underlying system.

It turns out that a basis associated with the problem at hand can greatly improve the ef-
fectiveness of the ROM. Its proper choice can be of great interest in applications to fluid
flows [41, 42, 44]. The present paper combines mathematical results on the long-time be-
havior of fluid flows (especially in the case of statistical equilibrium) with reduced order
modeling. The main goal of this approach is that it provides a mathematical description
of both the long-time averages of ROMs and the energy exchange between ROM modes.
Furthermore, preliminary numerical results that support the theoretical developments are
presented. Specifically, we are extending to the POD setting the results for statistical solu-
tions by Foias et al. [11, 12] and those more recently obtained for time-averages in [3, 28].
In this respect, the main theoretical results of this paper, stated in Theorems 4.6 and 4.7
below, can be viewed as a spectral version of the results of [3, 28]. These results show that
low frequency modes yield a Reynolds stress that is dissipative in the mean, its total spatial
mean work being larger than the long time average of the dissipation of the fluctuations,
which is consistent with observations and results in [3, 11]. However, the analysis shows that
the triad interaction between high and low frequency modes yields an additional non positive
term in the budget between the Reynolds stress of high modes and the corresponding mean
dissipation. This term may be non dissipative and may permit an inverse energy cascade,
which is not in contradiction with the fact that the total Reynolds stress is dissipative in
mean.

The paper is organized as follows: In Section 4.1, we outline the general framework for ROMs
of fluid flows, and we display the exchange of energy between large scales and small scales
for two ROM bases: the POD and the Stokes eigenfunctions. In Section 4.2, we present
some preliminaries on long-time averages. In Section 4.3, we prove the main theoretical
results for the average transfer of energy for ROMs constructed with the POD and the
Stokes eigenfunctions. In Section 4.4, we perform a preliminary numerical study in which we
investigate the theoretical results in the numerical simulation of the one-dimensional Burgers
equation. Finally, in Section 4.5, we draw conclusions and outline future research directions.

4.1 Reduced order modeling

As outlined in the introduction, one key quantity in the pure and applied analysis of the
Navier-Stokes equations is the kinetic energy, since it is a meaningful physical quantity and
the analysis of its budget is at the basis of abstract existence results for weak solutions (cf.
Constantin and Foias [6]) and also of the conventional turbulence theories of Kolmogorov [19].



Birgul Koc Chapter 4 118

It is well-known that after testing the NSE (4.1) by u and integrating over the space-time,
one (formally) obtains the global energy balance

1

2
∥u(t)∥2 + ν

∫ t

0

∥∇u(s)∥2 ds = 1

2
∥u(0)∥2 +

∫ t

0

∫
Ω

f · u dxds.

At present, it is possible to prove that the above balance holds true with the sign of “less or
equal” for the class of weak (or turbulent) solutions for which there are results of existence
globally in time, without restrictions on the viscosity and on the size of square summable
initial velocity u(0) and external force f . It is of fundamental importance in many problems
in pure mathematics to understand under which hypotheses the equality holds true. We are
now focusing on the “global energy” which is an averaged quantity, since it is the integral
of the square modulus of the velocity over the entire domain. We also point out that at
the other extreme one can deduce, without the integration over the domain, the point-wise
relation

∂t
|u|2

2
+ |∇u|2 −∆

|u|2

2
+ div

(
u|u|2

2
+ pu

)
= f · u.

In between there is the so called “local energy” which can be obtained by multiplying the
NSE by uφ, where φ is a bump function, before integrating in the space-time variables. The
goal is to show that

∫ T

0

∫
Ω

|∇u|2φ dxdt =
∫ T

0

∫
Ω

[
|u|2

2
(∂tφ+∆φ) +

(
|u|2

2
+ p

)
u · ∇φ+ f · uφ

]
dxdt

holds (at least with the inequality sign) for all smooth scalar functions φ ∈ C∞
0 ((0, T ) ×

Ω) such that φ ≥ 0. The validity of such an inequality is one of the requirements to
prove partial regularity results, but it is also one of the conditions to be satisfied by weak
solutions constructed by numerical or LES methods. In this respect, see Guermond, Oden
and Prudhomme [14] and [4].

In this paper we study the global energy in the perspective that it can be reconstructed in
a computable way or it can be well approximated by the POD basis functions {wk}.

The fact that the functions {wk} can be constructed to be orthonormal with respect to
the scalar product in (L2(Ω)3, ∥ · ∥) allows us to evaluate the kinetic energy easily by the
following numerical series

E(u) = 1

2

∞∑
k=1

∥uk∥2.

Since we are going to use only a reduced number of ROM modes, it is relevant to consider
the energy contained in functions described by a restricted set of indices. Hence, following
the notation in [12], if we define



Birgul Koc Chapter 4 119

um′,m′′ :=
m′′∑

k=m′

ukwk,

then the kinetic energy content of um′,m′′ is simply evaluated as follows

E(um′,m′′) =
1

2

m′′∑
k=m′

∥uk∥2.

We want to investigate the energy transfer between the various modes, together with averaged
long-time behavior associated with this splitting.

We are going to adapt well-known studies on the decomposition in small and large eddies.
This would be the case if the functions wk are chosen to be the eigenfunctions of the Stokes
operator, hence associated with large and small frequencies. In our setting the basis is
determined by the solution of a simplified problem, which can be treated computationally,
and the basis functions are orthonormal in L2(Ω), but we cannot expect that their gradients
are also orthogonal.

For the NSE, the standard ROM is constructed as follows:

(i) choose modes {w1, . . . ,wd}, which represent the recurrent spatial structures of the
given flow;

(ii) choose the dominant modes {w1, . . . ,wm}, with m ≤ d, as basis functions for the
ROM;

(iii) use a Galerkin truncation um =
∑m

j=1 aj wj;

(iv) replace u with um in the NSE;

(v) use a Galerkin projection of NSE (um) onto the ROM space Vm := span{w1, . . . ,wm}
to obtain a low-dimensional dynamical system, which represents the ROM:

ȧ = Aa+ a⊤B a ,

where a is the vector of unknown ROM coefficients and A,B are ROM operators;

(vi) in an offline stage, compute the ROM operators;

(vii) in an online stage, repeatedly use the ROM (for various parameter settings and/or
longer time intervals).
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Hence, there is a very natural splitting of the velocity field u into two components, the part
coherent with the basis expansion associated with the more energetic modes (y), and the
remainder (z). This can be formalized as follows:

u = y + z,

where

y =
m∑
k=1

ukwk = Pmu and z =
+∞∑

k=m+1

ukwk = (I − Pm)u =: Qm u. (4.2)

In (4.2), m ∈ N can be selected computationally (based, e.g., on the relative kinetic energy
content in the first m POD-modes, but other choices relative to the enstrophy are possible) in
order to have a significant amount of the energy content of the flow in y. Furthermore, Pm is
the projection operator over the subspace Vm spanned by the first m-functions {wk}k=1,...,m.

We observe that we are considering the functions {wk}k as divergence-free, at least in a
weak and/or approximate sense. Even if generally they are not “exactly divergence-free”,
numerically we can consider that they have vanishing divergence, by assuming that the
solution of the problems used to construct the basis is accurate enough to have negligible
divergence. Hence, in the computations that will follow, we will drop the pressure terms by
a standard Leray projection. It will be nevertheless interesting to extend our study to bases
that are not divergence-free, e.g., those derived by the combination of ROM with artificial
compressibility methods [8, 9, 13].

In addition, we consider the external force as stationary, that is f = f(x) ∈ L2(Ω)3 and
we look for conditions holding at statistical equilibrium. Our purpose is to determine –if
possible– the long-time behavior of y and to analyze the energy budget between low and
high modes in the orthogonal decomposition determined by the functions wk.

As usual in many problems fluid mechanics, we use the Hilbert space functional setting with

V = {φ ∈ D(Ω)3, ∇ ·φ = 0},
H =

{
u ∈ L2(Ω)3, ∇ · u = 0, u · n = 0 on Γ

}
,

V =
{
u ∈ H1

0 (Ω)
3, ∇ · u = 0

}
,

where n denotes the outward normal unit vector. Moreover, V ′ is the topological dual space
of V . We will also denote by < ·, · > the duality pairing between V and V ′. We recall that
V is dense in H and V for their respective topologies [10, 29].

Once we project L2(Ω)3 over the subspace H of divergence-free and tangential vector fields
by means of the Leray projection operator P, we have the following abstract (functional)
equation in H

du

dt
+ νAu+B(u,u) = Pf ,
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where A := −P∆, while B(u,u) := P ((u · ∇)u). As usual in this analysis (see for in-
stance [12]), we can start by assuming that the input force can be decomposed within a
finite sum of basis functions (or that it belongs to Vm, which will be clarified in the next
section, in particular by Theorem 4.2), hence

Pm f = f .

We split the Navier-Stokes equations into a coupled system for y ∈ PmH and z ∈ (PmH)⊥ =
QmH as follows

dy

dt
− ν Pm(∆u) + PmB(y + z,y + z) = Pm f ,

dz

dt
− ν Qm(∆u) +QmB(y + z,y + z) = 0,

(4.3)

where we used that both Pm and Qm commute with the time derivative.

Once we evaluate the kinetic energy, since Pmy = y and Qm z = z we get (by integrating
by parts and by using the fact that functions vanish at the boundary) that

− ν

∫
Ω

Pm(∆u) · y dx = −ν
∫
Ω

(∆u) · y dx = −ν
∫
Ω

(∆y +∆z) · y dx = ν ∥∇y∥2 + ν

∫
Ω

∇y : ∇z dx,

− ν

∫
Ω

Qm(∆u) · z dx = −ν
∫
Ω

(∆u) · z dx = −ν
∫
Ω

(∆y +∆z) · z dx = ν ∥∇z∥2 + ν

∫
Ω

∇y : ∇z dx.

In this way we can obtain the following equality and inequality

1

2

d

dt
∥y∥2 + ν∥∇y∥2 + ν(∇y,∇z) + (B(y + z,y + z),y) = (f ,y),

1

2

d

dt
∥z∥2 + ν∥∇z∥2 + ν(∇y,∇z) + (B(y + z,y + z), z) ≤ 0,

(4.4)

These are the two basic balance equations that we will use to infer the behavior and transfer
of the kinetic energy between y and z. Notice that the balance relation for y, involving just
a finite combination of rather smooth functions is an equality, while the second one is an
inequality. In fact, the second one can be derived by a limiting argument and in the limit
the lower semi-continuity of the norm will produce the inequality.

Since the tri-linear term (B(u,u),w) is skew-symmetric with respect to the last two vari-
ables, we obtain from (4.4)

1

2

d

dt
E(y) + ν∥∇y∥2 + ν(∇y,∇z) = (B(y,y), z)− (B(z, z),y) + (f ,y),

1

2

d

dt
E(z) + ν∥∇z∥2 + ν(∇y,∇z) ≤ −(B(y,y), z) + (B(z, z),y).

(4.5)
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This is a formal setting, which is obviously true for strong solutions of the NSE, where the
inequality in (4.5) is an equality. When considering weak solutions, the integral (B(z, z), z)
might be not defined in L1(0, T ) for regularity issues. However, one can still rigorously
derive (4.5) by a double frequency truncation or a regularization of the operator B by
considering (B(z ? ρε, z), z) for a given standard mollifier ρε and passing to the limit when
ε→ 0. Details are standard and out of the scope of the present paper.

We observe that −(B(y,y), z) is the energy flux induced in the more energetic terms by
the inertial forces associated to less energetic modes, while −(B(z, z),y) is the energy flux
induced in the less energetic terms by the inertial forces associated to more energetic modes.
In a schematic way we can decompose the rate of transfer of kinetic energy em(u) into two
terms as follows

em(u) := e↑(u)− e↓(u) with e↑(u) := −(B(y,y), z), e↓(u) := (B(z, z),y).
(4.6)

We also use the following notation:

Em(u) := −ν(∇y,∇z). (4.7)

Hence, we can rewrite (4.5) as follows

1

2

d

dt
E(y) + ν∥∇y∥2 = Em(u)− em(u) + (f ,y),

1

2

d

dt
E(z) + ν∥∇z∥2 ≤ Em(u) + em(u).

(4.8)

Remark 4.1. We recall that apart from extremely simple geometries and provided one is
willing to use in a systematic way special functions as the Bessel ones or the spherical har-
monics (which are nevertheless time consuming in their evaluation), the explicit calculations
in numerical tests will not be so easy to be obtained in a precise and efficient way. Hence, the
solution of (4.3) and the long-time integration of its solution pose hard numerical problems.

We point out for the reader that we have a first fundamental difference with respect to the
classical splitting based on the use of a spectral basis (which will be recalled in Section 4.1.1),
where the latter integral vanishes exactly. For this reason, in the next section we will show
the derivation of the corresponding system of equations, which holds when the eigenfunctions
are used.

4.1.1 On the spectral decomposition

In this section, we compare the results of the previous section with the well-established ones
that can be proved if the spectral decomposition (i.e., that made with eigenfunctions of the
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Stokes operator {Wk}) is used instead of utilizing a generic POD basis. We recall that, by
classical results about compact operators in Hilbert spaces there exists a sequence of smooth
functions {Wk} (and their regularity is depending on the smoothness of the bounded domain
Ω) and an increasing sequence of positive numbers {λk} such that

AWk = λkWk and
∫
Ω

Wk · Wj dx = δkj.

Since each function Wk solves the following Stokes system AWk = λkWk, it follows by an
integration by parts that ∫

Ω

∇Wk : ∇Wj dx = 0 for k ̸= j,

hence also the V -orthogonality of the family {Wk}k∈N.

We consider now the usual decomposition by eigenfunctions associated with low and high
frequencies

u = y + z :=
m∑
k=1

ckWk +
∞∑

k=m+1

ckWk = Pm u+ Qm u,

where Pm is the projection over the subspace generated by {Wk}k=1,...,m. Our main re-
sult is based on a standard result about the projector Pm, that can be found in [30,
App. A.4,Thm. 4.11]:

Theorem 4.2. The projector Pm can be defined as a continuous endomorphism over V , H
and V ′, and one has

∥Pm∥L(V,V ) ≤ 1, ∥Pm∥L(H,H) ≤ 1, ∥Pm∥L(V ′,V ′) ≤ 1.

The result is mainly based on the regularity of solutions of elliptic equations, and thanks to
this fact, it is possible to decompose the equations for the velocity, which yields,

− ν

∫
Ω

Pm(∆u) · y dx = −ν
∫
Ω

∆y · y dx = ν ∥∇y∥2,

− ν

∫
Ω

Qm (∆u) · z dx = −ν
∫
Ω

∆z · z dx = ν ∥∇z∥2,

since Pm∆u = ∆Pm u = ∆y and also Qm(∆u) = ∆Qm u = ∆z.

Thus, we directly obtain the system

1

2

d

dt
∥y∥2 + ν∥∇y∥2 + (B(y + z,y + z),y) = (f ,y),

1

2

d

dt
∥z∥2 + ν∥∇z∥2 + (B(y + z,y + z), z) ≤ 0,

(4.9)
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which can be rewritten also as
1

2

d

dt
E(y) + ν∥∇y∥2 = −em(u) + (f ,y),

1

2

d

dt
E(z) + ν∥∇z∥2 ≤ em(u).

(4.10)

We note that the equations in (4.10) do not contain the term Em(u), whereas the equations
in (4.8) contain Em(u). This will have important consequences in the analysis in Section 4.3.

4.2 Preliminaries on long-time averages

Since we consider long-time averages for the NSE, we must consider solutions which are
global-in-time (defined for all positive times). Due to the well-known open problems related
to the NSE, this forces us to restrict ourselves to Leray-Hopf weak solutions [6, 29]. By using
a natural setting, we take the initial datum u(0) in H. The classical Leray-Hopf result of
existence (but not uniqueness) of a global weak solution u to the NSE holds when f ∈ V ′,
and the velocity u satisfies

u ∈ L2(R+;V ) ∩ L∞(R+;H).

Notice that we consider in this paper the case where f is time-independent, for simplicity.
However, the following results can be extended to the case where f = f(t) is time dependent,
for f belonging to a suitable class (see [3]).

In order to properly set what we mean by long-time-averaging, let ψ : R+ × Ω → R
N be

any tensor field related to a given turbulent flow (N being its order). The time-average of
ψ over a time interval [0, t] is defined by

Mt(ψ)(x) :=
1

t

∫ t

0

ψ(s, x) ds for t > 0. (4.11)

According to the standard turbulence modeling process, we then apply the averaging operator
Mt to NSE (4.1) and also to (4.3), to study the limits when t → +∞. We recall that the
long-time averages represent one of the few observable and computable quantities associated
to a highly variable turbulent flow. We will adopt the following standard notation for the
long-time average of any field ψ

ψ(x) := lim
t→+∞

Mt(ψ)(x),

whenever the limit exists. (Without too much restrictions, we can suppose that the limits
we write do exist, at least after extracting sub-sequences leaving the mathematical difficul-
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ties, which can be treated with generalized Banach limits, for a more general and abstract
framework.) Within this theory we can decompose the velocity as follows

u = u+ u′,

where u′ := u− u represents the so-called turbulent fluctuations.

We recall that time-averaging has been introduced by O. Reynolds [37], at least for large
values of t, and the ideas have been widely developed by L. Prandtl [32] in the case of
turbulent channel flows. The same ideas have been also later considered in the case of fully
developed homogeneous and isotropic turbulence, such as grid-generated turbulence. In this
case the velocity field is postulated as oscillating around a mean smoother steady state,
see for instance G.-K. Batchelor [1]. For further details on the role of time averaging in
turbulence, after the work of Stokes and Reynolds, we can recall a few recent papers and
books [2, 3, 5, 11, 18, 26, 28], where aspects of computation and modeling are studied.

We now observe that, by taking the time-averages of the NSE we have the following estimates,
see [28, Prop. 2.1]

∥u(t)∥2 ≤ ∥u(0)∥2 e−ν CP t +
∥f∥2

ν2CP

(
1− e−ν CP t

)
, ∀ t > 0

1

t

∫ t

0

∥∇u(s)∥2 ds ≤ ∥f∥2

ν2
+

∥u(0)∥2

νt
, ∀ t > 0,

(4.12)

where CP is the best constant in the Poincaré inequality

CP∥u∥2 ≤ ∥∇u∥2 ∀u ∈ H1
0 (Ω).

The above inequalities show that both ∥u(t)∥2 and 1
t

∫ t

0
∥∇u(s)∥2 ds are uniformly bounded

for all t ≥ 1 (any other positive time will be enough), hence we have the following result:

Theorem 4.3 (cf. [3, 28]). Let u(0) ∈ H, f ∈ V ′, and let u be a global-in-time weak solution
to the NSE (4.1). Then, there exist

1. a sequence {tn}n∈N such that lim
n→∞

tn = +∞;

2. a vector field u ∈ V ;

3. a vector field B ∈ L3/2(Ω)3;

4. a second order tensor field σ(R) ∈ L3(Ω)9;

such that it holds:
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i) When n→ ∞,
Mtn(u)⇀ u weakly in V,

Mtn

(
(u · ∇)u

)
⇀ B weakly in L3/2(Ω)3,

Mtn(u
′ ⊗ u′)⇀ σ(R) weakly in L3(Ω)9;

ii) The Reynolds averaged equations:
(u · ∇)u− ν∆u+∇p+∇ · σ(R) = f in Ω,

∇ · u = 0 in Ω,

u = 0 on Γ,

(4.13)

hold true in the weak sense;

iii) The equality B − (u · ∇)u = ∇ · σ(R) is valid in D′(Ω);

iv) The following energy balance (equality) holds true
ν ∥∇u∥2 + (∇ · σ(R),u) =< f ,u >;

v) The tensor σ(R) is dissipative on the average or, more precisely, the following inequality

ε := ν ∥∇u′∥2 ≤
∫
Ω

(∇ · σ(R)) · u dx, (4.14)

holds true.

It is important to observe that the long-time limit is characterized by the solution of the
system (4.13), which is similar to the Navier-Stokes equations, but which contains an extra
term, coming from the effect of fluctuations, which has the mean effect of increasing the
dissipation.

We observe that this is related to the long-time behavior of solutions close to statistical
equilibrium. The study of the long-time behavior dates back to pioneering works of Foias
and Prodi on deterministic statistical solutions, see, for instance [12]. Their interest is mainly
devoted to finding measure in the space of initial data to be connected with the long-time
limits. Here, we follow a slightly different path, as in [3, 28], in order to characterize in a less
technical way the long-time behavior, without resorting to any ergodic-type result and also
with the perspective that long time averages are computable or at least can be approximated
in a clear way.

4.3 Average transfer of energy at equilibrium

Our goal in this section is to characterize in some sense the energy transfer between the two
functions y and z of the expansion and to determine –if possible– the sign of em(u), at least
in an average sense. We will consider both the POD case and the spectral one.
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4.3.1 The POD case

The point concerning the exchange of energy between low and high modes is in the same
spirit as the results recalled in Foias, Manley, Rosa, and Temam [12, Chap. 5] and follows
from results obtained in a more heuristic way by Kolmogorov [19].

We first observe that the L2-orthogonality of the POD decomposition implies that

∥u∥2 = ∥y + z∥2 = ∥y∥2 + ∥z∥2.

Hence, from the uniform L2-bound on u it follows that both y and z are uniformly bounded
in time. From this observation we can deduce the following result, reminding that em and
Em are defined by equations (4.6) and (4.7), and Mt is defined by equation (4.11).
Theorem 4.4. Let z be the projection onto the less energetic POD modes of a weak solution
u to the Navier-Stokes equations. Then, there exists a sequence {tn} such that tn → +∞
and a field z ∈ H such that

Ztn =Mtn(z)⇀ z weakly in H, (4.15)

and
lim inf
n→+∞

Mtn(em(u) + Em(u)) ≥ 0. (4.16)

Proof. Let us observe first that by the energy inequality (4.12), we easily deduce that
(Mt(z))t>0 is bounded in H, hence the first assertion of the statement and (4.15). We
next prove (4.16). To do so, we average with respect to time with the operator Mt the
balance equation (4.8) for E(z), which yields

1

2t
∥z(t)∥2 − 1

2t
∥z(0)∥2 + νMt(∥∇z∥2) ≤Mt(em(u) + Em(u)). (4.17)

By using the energy inequality (4.12) once again, we see that the first two terms vanish as
t→ +∞ and also that Mt(∥∇z∥2) is bounded. Therefore, (4.17) yields

0 ≤ ν lim inf
n→+∞

Mtn(∥∇z∥2) ≤ lim inf
n→+∞

Mtn(em(u) + Em(u)),

hence (4.16). We observe that in this case we do not have any direct estimation on the
behavior of the H1-norm.

In the case we can assume that the limit exists, we also have the following result.
Corollary 4.5. Let us assume the limit of Mtn(em(u)) for n→ +∞ exists, and that

lim inf
T→+∞

ν

T

∫ T

0

(∇z(s),∇y(s)) ds = lim inf
t→∞

Em(u) ≥ 0.

Then, it follows

em(u) = lim
n→+∞

1

tn

∫ tn

0

em(u(s)) ds ≥ 0.
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This result can be interpreted as that, beyond the range of injection of energy, the average
net transfer of energy occurs only into the small scales. This occurs if the term of interaction
between gradients of large and small scales is negligible, in the limit of long time. This
latter assumption is not proved rigorously, but we will see it is satisfied in the numerical
tests, with a good degree of approximation (see Section 4.4). However, when one uses the
eigenfunctions of the Stokes operator as POD basis, this is automatically satisfied since this
basis is also orthogonal for the H1-scalar product, so that in this case Em(u) = 0.

4.3.2 The spectral case

The results of the previous section can be made much more precise in the case of decom-
position made by a spectral basis of eigenfunctions of the Stokes operator. We present the
results, which are in some sense new and not fully completely included in [12], in the sense of
time-averaging. This procedure is applied to u, which is a weak solution of the Navier-Stokes
equations, satisfying the uniform estimates (4.12). In this way, the orthogonality (in both
H and V ) of the basis implies that

∥u∥2 = ∥y∥2 + ∥z∥2 and ∥∇u∥2 = ∥∇y∥2 + ∥∇z∥2.

The results in this case are more precise than those from Theorem 4.4, since we have at
disposal a larger set of a priori estimates and also the set of equations (4.9) has a better
structure than (4.4).

We now prove the following results in the case of a decomposition of the velocity into small
and large frequencies. The first one aims at taking the time average and then let t go to
infinity in the equations (4.4) satisfied by y and z. The second one aims at comparing the
amount of turbulent dissipation of small and large frequencies with respect to the total work
of the corresponding Reynolds stresses σ

(R)
y and σ

(R)
z .

Theorem 4.6. Let u(0) ∈ H, f ∈ PmH, and let u be a global-in-time weak solution to the
NSE (4.1). Then, there exist

1. a sequence {tn}n∈N such that lim
n→∞

tn = +∞;

2. vector fields y, z ∈ V ;

3. vector fields B1,B2 ∈ V ′;

such that it holds:

i) When n→ ∞,

Mtn(y)⇀ y weakly in V,

Mtn

(
(y · ∇)y

)
⇀ B1 weakly in V ′,

Mtn(z)⇀ z weakly in V,

Mtn

(
(z · ∇) z

)
⇀ B2 weakly in V ′,
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ii) The Reynolds averaged equations:
−ν∆y +∇py +B1 = Pmf in Ω,

∇ · y = 0 in Ω,

y = 0 on Γ,

(4.18)

and 
−ν∆z +∇pz +B2 = 0 in Ω,

∇ · z = 0 in Ω,

z = 0 on Γ,

(4.19)

holds true in V ′.

Arguing as in [3, 28], using the relations (z · ∇) z = ∇ · (z ⊗ z) and (y · ∇)y = ∇ · (y⊗ y),
we get the existence of “small frequencies” and “large frequencies” Reynolds stresses σ

(R)
y

and σ
(R)
z in V ′, such that

B1 = ∇ · σ(R)
y + (y · ∇)y and B2 = ∇ · σ(R)

z + (z · ∇) z,

or equivalently, if we write the Reynolds decomposition as

y = y + y′ and z = z + z′,

then
σ(R)

y = y′ ⊗ y′ and σ(R)
z = z′ ⊗ z′,

where the bar operator denotes the limit of the Mtn ’s in V ′ as n → ∞ (eventually after
having extracted another sub-sequence).

According to the budget (4.14), we aim to compare the turbulent dissipation of small and
large scales, denoted as ε↓ and ε↑ respectively, to the total work of the Reynolds stresses,
namely (∇ · σ(R)

y ,y) and (∇ · σ(R)
z , z), where

ε↓ := ν ∥∇y′∥2 and ε↑ := ν ∥∇z′∥2.

When we compare to (4.14), we observe that triad nonlinear effect between small and large
frequencies will be felt, that means the nonlinear interactions due to the convection will be
provided by the term

Φz(y) := (Qm[(y + z) · ∇(y + z)], z) = −(Pm[(y + z) · ∇(y + z)],y) = −Φy(z). (4.20)

Notice that due to the regularity of y, it is easily checked that the following energy balance
holds true (this property will be shown with more details in the proof of Theorem 4.6 below)

ν ∥∇y∥2 + (∇ · σ(R)
y ,y) =< f ,y > .



Birgul Koc Chapter 4 130

Finally, to prove Theorem 4.7 we will use the following orthogonality relation (see e.g., [3,
Lemma 4.4]), formally written as follows

∥∇ψ∥2 = ∥∇ψ∥2 + ∥∇ψ′∥2. (4.21)

which is valid for any field ψ : R+ → V , such that ψ is well-defined and the fluctuations are
defined as ψ′ = ψ − ψ.

Theorem 4.7. The families (Mt(Φz(y)))t>0 and (Mt(Φy(z)))t>0 converge (along certain
subsequences) as t→ ∞. Let Φz(y) and Φy(z) denote the corresponding limits. One has

Φz(y) = −Φy(z) ≤ 0, (4.22)

and the following dissipation balances hold true

ε↓ + Φy(z) = (∇ · σ(R)
y ,y), (4.23)

ε↑ + Φz(y) ≤ (∇ · σ(R)
z , z). (4.24)

Remark 4.8. Notice that by equations (4.22) and (4.23) we see that σ
(R)
y is dissipative in

mean, and follows the same law (4.14) as the complete Reynolds stress, namely

ε↓ ≤ (∇ · σ(R)
y ,y).

However, nothing similar can be concluded from (4.23) about σ
(R)
z , that might be at this

stage non dissipative in mean, which permits an inverse energy cascade to occur.

The results of Theorems 4.6 and 4.7 are original, even if similar results have been already
obtained in [11] and reported also in [12]. In that case, the results are based on the notion
of deterministic statistical solutions and on a sort of ergodic hypothesis. Even if statements
could look very similar to ours, the main difference is that we do not average over the set
H of initial data, and we do not introduce probability measures on H, as suggested by the
work by Prodi [33, 34]. Our approach is based on a more elementary functional setting and
also amenable to include treatment of sets of external forces, as those in several numerical
or practical experiments. The main point is an extension of the results in [3].

Proof of Theorem 4.6. We know, from the results in [3, 28] that Ut =Mt(u) is such that

Ut ⇀ u weakly in V,

Mt((u · ∇)u)⇀ B in L3/2(Ω) ⊂ V ′,

hence, if we define F := B − (u · ∇)u, we get

ν (∇u,∇φφφ) +
(
(u · ∇)u,φφφ

)
+ < F,φφφ >=< f ,φφφ >,
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and using u ∈ V as test function we obtain
ν ∥∇u∥2+ < F,u >=< f ,u > .

We assume now that Pmf = f , and we consider the equations satisfied by y = Pmu and
z = Qmu. In particular, the equation for y reads, as an abstract equation in Vm = PmV ,
as follows:

dy

dt
+ νAy + Pm[(y + z) · ∇(y + z)] = Pmf .

The uniform estimates on u from Theorem 4.3 combined with Theorem 4.2, about the
properties of the projection operator Pm as a continuous operator over V ′, yield

Mt(y) = Yt ⇀ y weakly in V,

PmMt((u · ∇)u) = PmMt[(y + z) · ∇(y + z)]⇀ PmB = B1 weakly in V ′,

in such a way that y satisfies, for the spectral basis Wk introduced in Section 4.1.1,
ν (∇y,∇Wk)+ < (y · ∇)y,Wk > + < Fy,Wk >=< f ,Wk > for all 1 ≤ k ≤ m,

where Fy := B1 − (y · ∇)y, which leads to (4.18) by De Rham Theorem, if written in
a strong formulation. Arguing as in [3] (which was already mentioned above), it is easily
checked that there exists σ(R)

y such that Fy = ∇·σ(R)
y . Hence, being y ∈ Vm ⊂ V a legitimate

test function, we get
ν ∥∇y∥2+ < Fy,y >= ν ∥∇y∥2 + (∇ · σ(R)

y ,y) =< f ,y > . (4.25)

The other term z of the decomposition satisfies
d

dt
z + νAz + Qm[(y + z) · ∇(y + z)] = 0.

The uniform estimates on u and the boundedness of the linear operator Pm imply the
following convergence (up to a sub-sequence), as already shown in Theorem 4.4

Mt(z) = Zt ⇀ z weakly in V,

QmMt((u · ∇)u) = QmMt[(y + z) · ∇(y + z)]⇀ QmB = B2 weakly in V ′.

By using that B = PmB + Qm B, we get
ν (∇z,∇Wj)+ < (z · ∇) z,Wj > + < Fz,Wj >= 0 for all j ≥ m+ 1, (4.26)

for Fz = B2− (z ·∇) z = ∇·σ(R)
z . Hence, (4.19) follows again by De Rham Theorem. Notice

that, z ∈ V ⊥
m ⊂ V and in particular z ∈ span{Wj}j≥m+1, so by linearity it can be used as

test function in (4.26). Next, since ∇ · z = 0, it follows that < (z · ∇) z, z >= 0 and we
have the following energy equality:

ν ∥∇z∥2 + (∇ · σ(R)
z , z) = 0, (4.27)

which concludes the proof.
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Proof of Theorem 4.7. We now write the energy inequality for z, obtaining

1

2

d

dt
∥z∥2 + ν ∥∇z∥2 + (Qm[(y + z) · ∇(y + z)], z) ≤ 0,

and hence, by using the orthogonality of the basis, we have that Qmz = z and

1

2

d

dt
∥z∥2 + ν ∥∇z∥2 +

(
[(y + z) · ∇(y + z)], z

)
=

1

2

d

dt
∥z∥2 + ∥∇z∥2 + Φz(y) ≤ 0,

recalling the definition of Φz(y) in (4.20).

Averaging the above equation over a fixed time interval (0, t), we get

1

2t
∥z(t)∥2 − 1

2t
∥z(0)∥2 + νMt(∥∇z∥2) +Mt(Φz(y)) ≤ 0.

The L2-uniform bounds on z imply that 1
2t
∥z(t)∥2 → 0, hence, possibly after having ex-

tracted another sub-sequence to ensure the convergence of the term Mt(∥∇z∥2) (that is
known to be bounded by the energy inequality (4.12)) we get

lim sup
n→∞

Mtn(Φz(y)) ≤ −ν ∥∇z∥2 ≤ 0. (4.28)

We now combine the orthogonality relation (4.21) with the energy balance (4.27), so that (4.28)
yields

ε↑ + lim sup
n→∞

Mtn(Φz(y)) ≤ (∇ · σ(R)
z , z),

which is almost inequality (4.24), up to the convergence of (Mt(Φz(y)))t>0 that remains to
be proved. To prove this, we deal with the budget for y, recall the definition of Φz(y) and
Φy(z) from (4.20).

Then, averaging the energy equality (in this case we have equality since y solves a finite
dimensional system of ordinary differential equations) which is satisfied for y, we get

1

2t
∥y(t)∥2 − 1

2t
∥y(0)∥2 + νMt(∥∇y∥2) +Mt(Φy(z)) =< f ,Mt(y) > . (4.29)

By the same argument, eventually after having extracted a further sub-sequence, as tn → ∞
(Mt(∥∇y∥2))t>0 is convergent, as well as (< f ,Mt(y) >)t>0. Therefore, {Mtn(Φy(z))} is also
convergent by (4.29). Let Φy(z) denote its limit. In particular, by (4.20), {Mtn(Φz(y)))} is
also convergent, with limit Φz(y) = −Φy(z). We are done with (4.24).

It remains to check (4.23). Taking the limit as n→ ∞ in (4.29) gives the equality

ν ∥∇y∥2 + Φz(y) =< f ,y >,

which, combined with the energy balance (4.25) and the orthogonality relation (4.21),
yields (4.23), ending the proof.
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4.4 Numerical results

In Theorem 4.4, we showed that

lim inf
T→+∞

1

T

∫ T

0

em(u(s)) + Em(u(s)) ds ≥ 0. (4.30)

In this section, we investigate numerically whether the inequality (4.30) holds. To this end,
we consider the one-dimensional Burgers equation with homogeneous Dirichlet boundary
conditions as a simplified, yet relevant test case [16, 17, 20, 21, 22, 23, 24, 31, 40, 43]:{

ut − νuxx + uux = f (x, t) ∈ Ω× [0, 1],

u = 0 (x, t) ∈ ∂Ω× [0, 1].
(4.31)

To calculate the long-time average of em(u) in (4.30), we use the composite trapezoidal rule:

1

T

∫ T

0

em(u(s)) ds ≈
1

2n

n∑
i=1

(
em(u(ti)) + em(u(ti+1))

)
, (4.32)

where ti = (i−1)∗ T
n
, i = 1, . . . , n+1. We also use the composite trapezoidal rule to calculate

the long-time average of Em(u).

4.4.1 Numerical results with step function initial condition

Our numerical results are obtained by using the one-dimensional Burgers equation (4.31)
with a step function initial condition [16, 43]:

u0(x) =

{
1, x ∈ (0, 1/2],

0, x ∈ (1/2, 1].
(4.33)

We use the following parameters in the finite element discretization of the Burgers equa-
tion (4.31): Ω = [0, 1], ν = 10−2, f = 0, mesh size h = 1/128, piecewise linear finite element
spatial discretization, and backward Euler time discretization.

Case 1:

For this test case, we consider the time interval [0, T ] = [0, 1] and the time step ∆t = 10−2.
We utilize all the snapshots to build the POD basis, whose dimension is d = 37. In the
composite trapezoidal rule, we use n = 100. In Figure 4.1, we plot the DNS results (which
are used to generate the snapshots). In Table 4.1, we list the time-averages of em(u) and
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Em(u) for different m values. We note that the time-average of em(u) is positive for all
m values. The time-average of Em(u) is positive for the low m values and negative for the
largest m values. Furthermore, the magnitude of the time-average of Em(u) is generally lower
than the magnitude of the time-average of em(u). Thus, we conclude that the time average
1
T

∫ T

0
em(u(s)) + Em(u(s)) ds in (4.30) is positive for all m values.

Figure 4.1: DNS solution obtained by using a piecewise linear finite element spatial dis-
cretization and the backward Euler time discretization.

m

∫ 1

0

em(u(s)) ds
∫ 1

0

Em(u(s)) ds

3 2.6170e-02 1.0451e-03
6 7.3208e-03 2.2524e-03
9 1.4934e-03 1.5977e-03
15 3.6181e-05 3.6287e-05
20 1.2776e-06 7.0356e-07
25 4.6207e-08 9.5638e-09
30 2.0257e-09 -1.1127e-10
35 8.2806e-11 -2.2595e-11

Table 4.1: Case 1: Time-averages of em(u) and Em(u) for d = 37 and different m values.

In Case 1, we showed that the time average 1
T

∫ T

0
em(u(s))+Em(u(s)) ds in (4.30) is positive.

In the remainder of this section, we investigate whether this time average remains positive
if we make the following changes in our computational setting: (i) we increase/decrease the
time-interval; and (ii) we use more quadrature points (i.e., subintervals) in the composite
trapezoidal rule (4.32).
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Case 2:

In this case, we use a longer time interval, i.e., [0, T ] = [0, 10] (instead of [0, T ] = [0, 1], as
we used in Case 1). We also use different time step (∆t) values to generate the snapshots
and a different number of quadrature points to evaluate the time average 1

T

∫ T

0
em(u(s)) +

Em(u(s)) ds .

In Tables 4.2–4.5, we list the time-averages of em(u) and Em(u) for different time steps
(∆t) values, different number of equally spaced quadrature points (n), and different m
values. We note that the time-averages of em(u) and Em(u) are positive for all ∆t, n, and
m values. Moreover, the magnitude of the time-average of Em(u) is generally lower than
the magnitude of the time-average of em(u). Thus, we conclude that the time average
1
T

∫ T

0
em(u(s)) + Em(u(s)) ds in (4.30) is positive for all ∆t, n, and m values. Furthermore,

we note that decreasing the time step while keeping the same number of snapshots (i.e.,
n = 10000) does not change the time average 1

T

∫ T

0
em(u(s)) + Em(u(s)) ds significantly (see

Tables 4.3–4.5).

m
1

10

∫ 10

0

em(u(s)) ds
1

10

∫ 10

0

Em(u(s)) ds

3 3.3652e-03 8.6523e-05
6 1.0001e-03 2.1570e-04
9 2.1132e-04 1.8614e-04
15 5.4224e-06 5.5724e-06
20 4.3119e-07 2.5667e-07
25 5.6884e-08 1.0451e-08
30 1.1327e-09 3.2736e-10
35 2.0469e-11 2.6396e-12

Table 4.2: Case 2: Time-averages of em(u) and Em(u) for d = 38, ∆t = 10−2, 1000 equally
spaced quadrature points, and different m values.
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m
1

10

∫ 10

0

em(u(s))ds
1

10

∫ 10

0

Em(u(s)) ds

3 3.5296e-03 3.0515e-06
6 1.1402e-03 8.8746e-06
9 2.6359e-04 1.5090e-05
15 1.1126e-05 1.1156e-05
20 9.5913e-07 1.5183e-06
25 1.8140e-07 1.8704e-07
30 4.8765e-08 1.3491e-08
35 1.0291e-09 9.7629e-10
40 2.4680e-11 2.0416e-11

Table 4.3: Case 2: Time-averages of em(u) and Em(u) for d = 41, ∆t = 10−3, 10000 equally
spaced quadrature points, and different m values.

m
1

10

∫ 10

0

em(u(s))ds
1

10

∫ 10

0

Em(u(s)) ds

3 3.5637e-03 2.7841e-06
6 1.1664e-03 8.1109e-06
9 2.7346e-04 1.3956e-05
15 1.2084e-05 1.1937e-05
20 1.1785e-06 1.6370e-06
25 2.2727e-07 1.2913e-07
30 6.2606e-08 9.5191e-09
35 2.1106e-09 6.1538e-10
40 1.0330e-10 2.0241e-11

Table 4.4: Case 2: Time-averages of em(u) and Em(u) for d = 43, ∆t = 10−4, 10000 equally
spaced quadrature points, and different m values.
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m
1

10

∫ 10

0

em(u(s))ds
1

10

∫ 10

0

Em(u(s)) ds

3 3.5668e-03 2.7594e-06
6 1.1688e-03 8.0390e-06
9 2.7436e-04 1.3843e-05
15 1.2172e-05 1.2002e-05
20 1.2030e-06 1.6405e-06
25 2.3339e-07 1.2463e-07
30 6.4120e-08 8.8971e-09
35 2.2654e-09 5.6187e-10
40 1.1211e-10 1.8216e-11

Table 4.5: Case 2: Time-averages of em(u) and Em(u) for d = 43, ∆t = 2 ∗ 10−5, 10000
equally spaced quadrature points, and different m values.

Case 3:

In this case, we use an even longer time interval, i.e., [0, T ] = [0, 100], and compare the
time-averages for this time interval to those for the time intervals [0, T ] = [0, 1] (Case 1)
and [0, T ] = [0, 10] (Case 2). For each time interval, we use the same time step values
(∆t = 10−2) to generate the snapshots and all the subintervals in the composite trape-
zoidal rule utilized in the evaluation of the time average 1

T

∫ T

0
em(u(s)) + Em(u(s)) ds. In

Table 4.6, we list the time-averages of em(u) and Em(u) for all three time intervals and dif-
ferent m values. We note that the time-averages of em(u) and Em(u) are positive for all
time intervals and m values. Furthermore, the magnitude of the time-average of Em(u) is
generally lower than the magnitude of the time-average of em(u). Thus, we conclude that
the time-average 1

T

∫ T

0
em(u(s)) + Em(u(s)) ds in (4.30) is positive for all time intervals and

m values. Furthermore, we note that the time-averages of em(u) and Em(u) for the time
intervals [0, T ] = [0, 100] and [0, T ] = [0, 10] are close, whereas those for the time interval
[0, T ] = [0, 1] are slightly different. Thus, we conclude that the time interval [0, T ] = [0, 10]

is adequate for the approximation of the long time-average 1
T

∫ T

0
em(u(s)) + Em(u(s)) ds.
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m
1

100

∫ 100

0

em(u(s)) ds
1

10

∫ 10

0

em(u(s)) ds
∫ 1

0

em(u(s)) ds

3 3.3687e-04 3.3683e-04 1.7634e-04
6 1.0001e-04 1.0001e-04 7.3142e-05
9 2.1146e-05 2.1147e-05 1.6701e-05
15 5.5621e-07 5.5742e-07 4.7129e-07
20 7.9605e-08 7.9605e-08 6.3799e-08
25 8.3483e-09 8.3489e-09 5.7426e-09
30 1.0839e-10 1.0840e-10 9.2430e-11
35 2.7710e-12 2.7718e-12 2.9575e-12

Table 4.6: Case 3: Time-averages of em(u) for d = 36, ∆t = 10−2, different m values, and
all subintervals used in the composite trapezoidal rule.

m
1

100

∫ 100

0

Em(u(s)) ds
1

10

∫ 10

0

Em(u(s)) ds
∫ 1

0

Em(u(s)) ds

3 8.6270e-06 7.0320e-06 8.1057e-05
6 2.1568e-05 2.1520e-05 3.2405e-05
9 1.8614e-05 1.8599e-05 2.0255e-05
15 5.5718e-07 5.4232e-07 5.8207e-07
20 5.6044e-08 5.5874e-08 6.1423e-08
25 1.0936e-09 9.9763e-10 5.9386e-10
30 3.3046e-11 3.2478e-11 4.0949e-11
35 6.4170e-13 6.3739e-13 1.2125e-12

Table 4.7: Case 3: Time-averages of Em(u) for d = 36, ∆t = 10−2, different m values, and
all subintervals used in the composite trapezoidal rule.

Case 4:

In this case, we use a much shorter time interval, i.e., [0, T ] = [0, 0.1], and compare the time-
averages for this time interval to those for the time intervals [0, T ] = [0, 1], [0, T ] = [0, 10], and
[0, T ] = [0, 100] (Case 3). We use two different time step values to generate the snapshots,
but the same (i.e., n = 5000) equally spaced subintervals in the composite trapezoidal rule
utilized in the evaluation of the time average 1

T

∫ T

0
em(u(s)) + Em(u(s)) ds. In Tables 4.8–

4.9, we list the time-averages of em(u) and Em(u) for two different time step values and
different m values. We emphasize that, this time, the time-average of em(u) is negative for
some m values. Furthermore, the magnitude of the time-average of Em(u) is larger than the
magnitude of the time-average of em(u). This is in stark contrast with the previous cases.
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m
1

0.1

∫ 0.1

0

em(u(s))ds
1

0.1

∫ 0.1

0

Em(u(s))ds

3 -6.8687e-04 2.7378e-05
5 -2.6333e-05 1.7795e-05
7 -9.1458e-07 4.2432e-06
9 -9.8188e-09 4.1220e-07
13 2.3800e-10 1.5749e-09
15 8.5423e-12 4.8043e-11

Table 4.8: Case 4: Time-averages of em(u) and Em(u) for ∆t = 2 ∗ 10−5, different m values,
d = 18, and 5000 equally spaced subintervals used in the composite trapezoidal rule.

m
1

0.1

∫ 0.1

0

em(u(s))ds
1

0.1

∫ 0.1

0

Em(u(s))ds

3 -6.8807e-04 2.7338e-05
5 -2.6447e-05 1.7812e-05
7 -9.1691e-07 4.2755e-06
9 -9.5609e-09 4.1694e-07
13 2.5287e-10 1.5941e-09
15 1.0725e-11 4.7030e-11

Table 4.9: Case 4: Time-averages of em(u) and Em(u) for ∆t = 10−5, different m values,
d = 18, and 5000 equally spaced subintervals used in the composite trapezoidal rule.

4.5 Conclusions

In this preliminary study, we investigated theoretically and numerically the time-average of
the exchange of energy among modes of reduced order models (ROMs) of fluid flows. In
particular, we were interested in the statistical equilibrium problem, and especially in the
long-time averaging of the ROM solutions. The main goal of the paper was to deduce the
possible forward and backward average transfer of the energy among ROM basis functions
(modes). We considered two types of ROM modes: Eigenfunctions of the Stokes operator
and proper orthogonal decomposition (POD) modes. In Theorem 4.4 and Theorem 4.6, we
proved analytical results for both types of ROM modes and we highlighted the differences
between them, especially those stemming from the lack of orthogonality of the gradients of
the POD basis functions.

In Section 4.4, we performed a preliminary numerical investigation aiming at determin-
ing whether the time-average energy exchange between POD modes (i.e., 1

T

∫ T

0
em(u(s)) +
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Em(u(s)) ds) in Theorem 4.4 is positive. To this end, we used the one-dimensional Burgers
equation as a mathematical model. We utilized a piecewise linear FE spatial discretization
and a backward Euler temporal discretization. To compute the time-averages, we used the
composite trapezoidal rule. We tested different time steps, different number of subintervals in
the composite trapezoidal rule, and, most importantly, different time intervals, to ensure that
the computed quantities are indeed approximations of the time-averages and not numerical
artifacts. The main conclusion of our numerical study is that, for long enough time intervals
(i.e., time intervals longer than [0, T ] = [0, 10]), the time-average 1

T

∫ T

0
em(u(s))+Em(u(s)) ds

in (4.30) is positive. Furthermore, the magnitude of the time-average of Em(u) is much lower
than the magnitude of the time-average of em(u).

There are several research directions that we plan to pursue. Probably the most impor-
tant one is the numerical investigation of the theoretical results in three-dimensional, high
Reynolds number flows, which could shed new light on the energy transfer among ROM
modes. A related, but different numerical investigation was performed in [7].
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Chapter 5

Verifiability of the Data-Driven
Variational Multiscale Reduced Order
Model

This is joint work with Changhong Mou, Honghu Liu, Zhu Wang, Gianluigi Rozza, and
Traian Iliescu. My contribution in this work was being part of the mathematical analysis of
the model and presenting numerical experiments for the Burgers equation in Section 5.7.3.
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5.1 Abstract

In this paper, we focus on the mathematical foundations of reduced order model (ROM)
closures. First, we extend the verifiability concept from large eddy simulation to the ROM
setting. Specifically, we call a ROM closure model verifiable if a small ROM closure model
error (i.e., a small difference between the true ROM closure and the modeled ROM closure)
implies a small ROM error. Second, we prove that a data-driven ROM closure (i.e., the
data-driven variational multiscale ROM) is verifiable. Finally, we investigate the verifiability
of the data-driven variational multiscale ROM in the numerical simulation of the Burgers
equation and a two-dimensional flow past a circular cylinder at Reynolds numbers Re = 100
and Re = 1000.

5.2 Introduction

Full order models (FOMs) are computational models obtained with classical numerical meth-
ods (e.g., finite element or finite difference methods). In the numerical simulation of fluid
flows, FOMs often yield high-dimensional (e.g., O(106)) systems of equations. Thus, the
computational cost of using FOMs in important many-query fluid flow applications (e.g.,
uncertainty quantification, optimal control, and shape optimization) can be prohibitively
high.

Reduced order models (ROMs) are computational models that yield systems of equations
whose dimensions are dramatically lower than those corresponding to FOMs. For example,
in the numerical simulation of fluid flows that are dominated by recurrent spatial struc-
tures (e.g., flow past bluff bodies), the dimensions of the resulting system of equations can
be O(10) for ROMs and O(106) for FOMs, while the ROM and FOM accuracy is of the
same order. Thus, ROMs have been used in many-query fluid flow applications to reduce
the computational cost of FOMs. Probably the most popular type of ROM used in these
applications is the Galerkin ROM (G-ROM), which is constructed by using the Galerkin
method. The G-ROM is based on a simple yet powerful idea: Instead of using millions or
even billions of general purpose basis functions (as in classical Galerkin methods, such as the
tent functions in the finite element method), G-ROM uses a lower-dimensional data-driven
basis. Specifically, the available numerical or experimental data is used to build a few ROM
basis functions that model the spatial structures that dominate the flow dynamics.

The G-ROM has been successful in the efficient numerical simulation of relatively simple
laminar flows, e.g., flow past a circular cylinder at low Reynolds numbers. However, the
standard G-ROM generally fails in the numerical simulation of turbulent flows. The main
reason is that, in order to ensure a relatively low computational cost, only a few ROM
basis functions are used to build the standard G-ROM. These few ROM basis functions can
represent the simple dynamics of laminar flows, but not the complex dynamics of turbulent
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flows. Thus, in the numerical simulation of turbulent flows, the standard G-ROM is equipped
with a ROM closure model, i.e., a correction term that models the effect of the discarded
ROM basis functions on the ROM dynamics.

Over the last two decades, ROM closure modeling has witnessed a dynamic development.
Three main types of ROM closure models have been proposed: (i) Functional ROM closures
are constructed by using physical insight. Classical examples of functional ROM closures
include eddy viscosity models [35], in which the main role of the ROM closure model is to
dissipate energy, as predicted by Kolmogorov’s statistical theory of turbulence and confirmed
in a ROM setting both numerically [7] and theoretically [3]. (ii) Structural ROM closures are
a different class of models that are developed by using mathematical arguments. Examples of
structural ROM closures include the approximate deconvolution ROM [38], the Mori-Zwanzig
formalism [20, 26], and the parameterized manifolds [6]. (iii) The most active research area in
ROM closure modeling is in the development of data-driven ROM closures in which available
data is utilized to build the ROM closure model. An example of data-driven ROM closure is
the data-driven variational multiscale ROM (DD-VMS-ROM) that was proposed in [23, 36].
The DD-VMS-ROM has been investigated numerically in [17, 21, 23, 24, 36, 37]. However,
providing mathematical support for the DD-VMS-ROM is an open problem.

In classical CFD, there exists extensive mathematical support for closure modeling. For
example, the monographs [4, 13, 30] present the mathematical analysis for many large eddy
simulation (LES) models, as well as the numerical analysis of their discretization. In contrast,
despite the recent increased interest in ROM closure modeling, the mathematical foundations
of ROM closures is relatively scarce. Indeed, the ROM closure models are generally assessed
heuristically: The proposed ROM closure model is used in numerical simulations and is
shown to improve the numerical accuracy of the standard G-ROM and/or other ROM closure
models. However, fundamental questions in ROM numerical analysis are still wide open for
most of these ROM closure models: Is the proposed ROM closure model stable? Does the
ROM closure model converge? If so, what does it converge to?

Only the first steps in the numerical analysis of ROM closures have been taken. To our
knowledge, the first numerical analysis of a ROM closure model was performed in [5], where
an eddy viscosity ROM closure model (i.e., the Smagorinsky model) was analyzed in a
simplified setting. Next, the numerical analysis of eddy viscosity variational multiscale ROMs
was carried out in [10, 12]. Finally, the numerical analysis of the Samagorinsky model in a
reduced basis method setting was performed in [2, 29]. (We also note that numerical analysis
for regularized ROMs, which are related to but different from ROM closures, was performed
in [8, 39].)

In this paper, we take a next step in the development of numerical analysis for ROM closures
and prove verifiability for a data-driven ROM closure model, i.e., the DD-VMS-ROM pro-
posed in [23, 36]. Specifically, we show that the ROM closure model in the DD-VMS-ROM is
accurate in a precise sense. More importantly, we prove that the DD-VMS-ROM is verifiable,
i.e., we prove that since the DD-VMS-ROM closure model is accurate, the DD-VMS-ROM
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solution is accurate. We note that this is not a trivial task: The Navier-Stokes equations
(and their filtered counterparts), which are the mathematical models that use in this paper,
are nonlinear and sensitive to perturbations, so adding to them a relatively small term (i.e.,
the ROM closure term) does not automatically imply that the resulting solution will be close
to the original one. To prove that the DD-VMS-ROM closure model is verifiable, we use the
following ingredients: (i) We use ROM spatial filtering to determine an explicit formula for
the exact ROM closure term, which needs to be modeled. (ii) We use data-driven modeling
to construct the DD-VMS-ROM closure model and show that this closure model is accurate,
i.e., it is close to the exact ROM closure model. (iii) We use physical constraints to increase
the accuracy of our data-driven ROM closure model. We note that the verifiability concept
was defined in an LES context (see, e.g., [16] as well as [4] for a survey). However, to our
knowledge, this is the first time the verifiability concept is defined and investigated in a
ROM context.

The rest of the paper is organized as follows: In Section 5.3, we outline the construction
of the standard G-ROM. In Sections 5.4 and 5.5, we use ROM spatial filtering to build
LES-ROMs and utilize data-driven modeling to build the closure model in the DD-VMS-
ROM, respectively. In Section 5.6, we prove the main theoretical result in this paper, i.e.,
we prove that the DD-VMS-ROM is verifiable. In Section 5.7, we illustrate the theoretical
developments. Specifically, for the Burgers equation and the two-dimensional flow past a
circular cylinder, we show the following: (i) the ROM closure error (i.e., the difference
between the true ROM closure term and the DD-VMS-ROM closure term) is small and it
becomes smaller and smaller as we increase the ROM dimension; and (ii) as the ROM closure
error decreases, so does the ROM error (i.e., the DD-VMS-ROM is verifiable). Finally, in
Section 5.8, we present the conclusions of our theoretical and numerical investigations and
outline several directions for future research.

5.3 Galerkin ROM (G-ROM)

In this section, we outline the construction of the Galerkin ROM (G-ROM) for the Navier-
Stokes equations (NSE):

∂u

∂t
−Re−1∆u+ u · ∇u+∇p = f , (5.1)

∇ · u = 0 , (5.2)

where u is the velocity, p the pressure, and Re the Reynolds number. The NSE (5.1)–(5.2)
are equipped with an initial condition and, for simplicity, homogeneous Dirichlet boundary
conditions. To build the ROM basis, we assume that we have access to the snapshots
{u0

h, ...,u
M
h }, which are the coefficient vectors of the FEM approximations of the NSE (5.1)–

(5.2) at the time instances t0, t1, . . . , tM , respectively. The number of snapshots, M , is
an arbitrary positive integer. In what follows, we assume that M is fixed. Next, we use
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these snapshots and the proper orthogonal decomposition (POD) [9, 34] to construct an
orthonormal ROM basis {φ1, ...,φd}, which generates the ROM space Xd defined as follows:

Xd := span{φ1, ...,φd}, (5.3)
where d is the number of linearly independent snapshots {u0

h, ...,u
M
h }. Thus, d is the maximal

dimension of a basis that spans the same space as the space spanned by the given snapshots.
By using the ROM basis functions in (5.3), we construct ud, which is the d-dimensional
ROM approximation of NSE velocity, u:

ud(x, t) =
d∑

i=1

(ad)i(t)φi(x). (5.4)

To find the vector of ROM coefficients ad in (5.4), we use the Galerkin projection, i.e., we
replace u with ud in the NSE (5.1)–(5.2), and then project the resulting equations onto the
ROM space, Xd. This yields the d-dimensional Galerkin ROM (G-ROM):

((ud)t,vd) +Re−1(∇ud,∇vd) + (ud · ∇ud,vd) = (f ,vd) ∀vd ∈ Xd. (5.5)
We note that the G-ROM (5.5) does not include a pressure term, since the ROM basis
functions are assumed to be discretely divergence-free (which is the case if, e.g., the snapshots
are discretely divergence-free). We also note that, for simplicity, in the G-ROM (5.5) we
used a nonlinearity formulation that is equivalent with the nonlinearity formulation in the
NSE (5.1) when the velocity field is incompressible (i.e., it satisfies equation (5.2)).

By using the backward Euler time discretization, we get the full discretization of the d-
dimensional G-ROM (5.5) as follows: ∀n = 1, ...,M

(
un

d − un−1
d

∆t
,vd) +Re−1(∇un

d ,∇vd) + (un
d · ∇un

d ,vd) = (fn,vd) ∀vd ∈ Xd, (5.6)

where the superscript n denotes the approximation at time step n. To obtain the finite-
dimensional representation of the d-dimensional G-ROM (5.6), we choose vd to be φ1, · · · ,φd,
which yields the following system of equations:

an
d − an−1

d

∆t
= bn +Aan

d + (an
d)

⊤Ban
d , (5.7)

where an
d is the vector of unknown ROM coefficients, b is a d×1 vector, A is a d×d matrix,

and B is a d× d× d tensor. The system of equations in (5.7) can be written componentwise
as follows:

(an
d)i − (an−1

d )i
∆t

= bn +
d∑

m=1

Aima
n
m +

d∑
m=1

d∑
k=1

Bimka
n
ma

n
k , 1 ≤ i ≤ d , (5.8)

where, for 1 ≤ i,m, k ≤ d,
bni = (fn,φi), (5.9)

Aim = −Re−1 (∇φm,∇φi) , (5.10)
Bimk = −

(
φm · ∇φk,φi

)
. (5.11)
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5.4 Large Eddy Simulation ROM (LES-ROM)

The ROM closure that we investigate in this paper (i.e., the DD-VMS-ROM presented in
Section 5.5) is a large eddy simulation ROM (LES-ROM). Thus, in this section, we briefly
outline the construction of LES-ROMs.

LES-ROMs are ROM closures that have been developed over the last decade (see, e.g., [35,
38]). LES-ROMs are utilizing mathematical principles used in classical LES [4, 31] to con-
struct ROM closure models for ROMs in under-resolved regimes, i.e., when the number of
ROM basis functions is insufficient to represent the complex dynamics of the underlying
flows. Classical LES and LES-ROMs are similar in spirit: They both aim at approximating
the large scales in the flow at the available coarse resolution (e.g., coarse mesh in classical
LES and not enough ROM basis functions in LES-ROMs). Furthermore, they both use
spatial filtering to define the large scales than need to be approximated. We emphasize,
however, that there are also major differences between classical LES and LES-ROMs. One
of the main differences is the type of spatial filtering used to define the large flow structures.
In classical LES, continuous filters (e.g., the Gaussian filter) are used to define the filtered
equations at a continuous level. In contrast, in LES-ROMs, due to the hierarchical structure
of the ROM spaces, the ROM projection (which is a discrete spatial filter) is generally used
instead. (For a notable exception, see the ROM differential filter, which is a continuous spa-
tial ROM filter used in [38] to construct the approximate deconvolution ROM closure.) The
ROM projection is used, in particular, to build variational multiscale (VMS) ROM closures,
such as the closure that we investigate in this paper, which we describe next.

To construct the DD-VMS-ROM, we start by choosing the “truth” solution, i.e., the most
accurate ROM solution that we can construct with the given snapshots.

Definition 5.1 (Truth Solution). For fixed M and d, we define the d-dimensional G-ROM
solution of (5.6) as our “truth” solution.

The goal of an LES-ROM is to construct an accurate ROM of dimension r, which is much
smaller than the dimension of the “truth” solution (i.e., r ≪ d). Since r ≪ d, the LES-ROM
development takes place in an under-resolved regime.

Thus, we use the LES-ROM framework to achieve the following: (i) use the ROM projection
to define the large ROM spatial scales; (ii) Use the ROM projection to filter the d-dimensional
G-ROM (5.6) to obtain the LES-ROM, i.e., the set of equations for the filtered ROM vari-
ables; and (iii) Finally, use data-driven modeling to construct a ROM closure model for the
filtered ROM equations in step (ii). In this section, we discuss steps (i) and (ii); in the next
section, we discuss step (iii), i.e., we construct the DD-VMS-ROM.

To define the large ROM scales and build the VMS framework, we first decompose the
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d-dimensional ROM space Xd into two orthogonal subspaces

Xr := span{φ1, ...,φr}, (5.12a)
(Xr)⊥ := span{φr+1, ...,φd}, (5.12b)

where Xr contains first r dominant ROM basis functions, and (Xr)⊥, which is orthogonal to
Xr, contains the less energetic ROM basis functions. We also define the following orthogonal
projections:

Definition 5.2 (Orthogonal Projections). Let Pr : L
2 → Xr be the orthogonal projection

onto Xr, and Qr : L2 → (Xr)⊥ be the orthogonal projection onto (Xr)⊥, which can be
defined as

Pr(u) =
r∑

i=1

(u,φi)L2φi, u ∈ L2, (5.13a)

Qr(u) =
d∑

i=r+1

(u,φi)L2φi, u ∈ L2. (5.13b)

Next, in the LES spirit, we decompose the most accurate ROM solution at time step n, un
d

(i.e., the d-dimensional G-ROM solution (5.6), which is the “truth” solution that is employed
as a benchmark in our investigation) as

un
d := Pr(u

n
d)︸ ︷︷ ︸

large scales

+ Qr(u
n
d)︸ ︷︷ ︸

small scales

, (5.14)

where Pr and Qr are the two orthogonal projections in Definition 5.2. Equation (5.14)
represents the LES-ROM decomposition of the “truth” solution, un

d , into its large scale
component, Pr(u

n
d), and its small scale component, Qr(u

n
d).

The ROM spatial filter that we use to construct the LES-ROM is the ROM projection
filter [25, 35], i.e., the orthogonal projection Pr defined in Definition 5.2, which satisfies the
following equation: For given u ∈ L2,(

Pr(u),φi

)
=
(
u,φi

)
, ∀ i = 1, ..., r. (5.15)

To construct the LES-ROM, we need to construct the equation satisfied by the large scales,
Pr(u

n
d), defined in (5.14). We note that, by using Definition 5.2 and the ROM orthogonality

property, we obtain the following formula for the large scale component Pr(u
n
d):

Pr(u
n
d) =

r∑
i=1

(an
d)i φi. (5.16)

To construct the LES-ROM satisfied by Pr(u
n
d), we apply the ROM spatial filter, Pr, to

the equation satisfied by the “truth” solution, un
d (i.e., to the full discretization of the
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d-dimensional G-ROM (5.6)), we restrict the test functions in (5.6) to the r-dimensional
ROM subspace Xr defined in (5.12a), and we use the decomposition (5.14). This yields the
equations satisfied by the large scales, Pr(u

n
d), i.e., the LES-ROM equations:(

Pr(u
n
d)− Pr(u

n−1
d )

∆t
,vr

)
+Re−1(∇Pr(u

n
d),∇vr) + (Pr(u

n
d) · ∇Pr(u

n
d),vr)

+ En + (τ FOM(un
d),vr) = (fn,vr) , ∀vr ∈ Xr,

(5.17)

where we used that, by (5.15), (Pr(f
n),vr) = (fn,vr). In the LES-ROM equations (5.17),

the Reynolds stress tensor τ FOM(un
d) and commutation error E are defined as follows:

τ FOM(un
d) := un

d · ∇un
d − Pr(u

n
d) · ∇Pr(u

n
d), (5.18)

En := Re−1(∇Qr(u
n
d),∇vr), (5.19)

respectively. We note that, to obtain the LES-ROM equations (5.17), we used the fact that
the term (Qr(u

n
d),vr) vanishes since Qr(u

n
d) is orthogonal to any vector in Xr. We also note

that the term (∇Qr(u
n
d),∇vr) in the commutation error term (5.19) does not vanish since

the ROM basis functions are only L2-orthogonal, not H1
0 -orthogonal.

Remark 5.3 (Commutation Error). In [17], we investigated the effect of the commutation
error (5.19) on ROMs. We showed that the commutation error is genrally nonzero, but
becomes negligible for large Re. Since our current investigation centers around LES-ROMs
for turbulent flows, for simplicity, we do not consider the commutation error.
Definition 5.4 (Closure Model). A closure model consists of replacing in (5.17) the Reynolds
stress tensor τ FOM(un

d) by another tensor τROM(Pr(u
n
d)) depending only on Pr(u

n
d).

Thus, the role of the closure model τROM is to replace the true closure model τ FOM(un
d)

(which cannot be computed in Xr) with a term that can actually be computed in Xr.
Since a closure model cannot in general be exact (i.e., τ FOM(un

d) ̸= τROM(Pr(u
n
d))), when

τROM(Pr(u
n
d)) is inserted for τ FOM(un

d) in (5.17) the solution of the resulting system is just
an approximation to Pr(u

n
d). We denote this LES-ROM approximation to Pr(u

n
d) as un

r ,
which can be written as

un
r =

r∑
i=1

(an
r )i φi. (5.20)

Thus, the LES-ROM equations for un
r are

(
un

r − un−1
r

∆t
,vr) +Re−1(∇un

r ,∇vr) + (un
r · ∇un

r ,vr)

+(τROM(un
r ),vr) = (fn,vr), ∀vr ∈ Xr.

(5.21)

Inserting (5.20) into (5.21) yields the following matrix form of the LES-ROM:
an
r − an−1

r

∆t
= bn +Aan

r + (an
r )

TBan
r + [−(τROM(un

r ),φi)i=1,...,r], (5.22)

where the vector bn, the matrix A, and the tensor B are defined in (5.9)-(5.11).
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5.5 Data Driven Variational Multiscale ROM (DD-VMS-
ROM)

In this section, we outline the construction of the data-driven variational multiscale ROM
(DD-VMS-ROM) closure model proposed in [23, 36]. We also describe the physical con-
straints that we add to the DD-VMS-ROM in order to increase its stability and accuracy.
The construction of the DD-VMS-ROM is carried out within the LES-ROM framework de-
scribed in Section 5.4.

To construct the DD-VMS-ROM, we start from the LES-ROM equations (5.22). First, we
notice that since we used the ROM projection as a spatial filter, the LES-ROM (5.22) is
in fact a variational multiscale ROM (VMS-ROM). However, the VMS-ROM (5.22) is not
closed since the closure term τROM(un

r ) still needs to be determined. To construct a VMS-
ROM closure model, we use data-driven modeling. Specifically, we first postulate a linear
ansatz for the VMS-ROM closure term, and then we determine the parameters in the linear
ansatz that best match the FOM data. The linear ansatz for the VMS-ROM closure term
can be written as follows:

−(τROM(un
r ),φi)i=1,...,r ≈ Ã an

r , (5.23)

where an
r is vector of ROM coefficients of the solution un

r . To determine the r× r matrix Ã
in (5.23), in the offline stage, we solve the following low-dimensional least squares problem:

min
Ã

M∑
n=1

∥∥∥∥−[(un
d · ∇un

d − Pr(u
n
d) · ∇Pr(u

n
d) , φi

)
i=1,...,r

]
−

(
Ã an

d

)
i=1,..,r︸ ︷︷ ︸

:=(τROM (Pr(ud)),φi)i=1,...,r

∥∥∥∥2 , (5.24)

where un
d and Pr(u

n
d) are obtained from the available FOM data and are defined in (5.4)

and (5.16), respectively.

Physical Constraint In the numerical investigation in [7], it was shown that, in the
mean, the LES-ROM closure model dissipates energy. Thus, to mimic this behavior, in [21]
we equipped the DD-VMS-ROM with a similar physical constraint. Specifically, in the least
squares problem (5.24), we added the constraint that Ã be negative semidefinite:

(an
r )

T Ãan
r ≤ 0 ∀an

r ∈ Rr. (5.25)

Solving the least squares problem (5.24) with the physical constraint (5.25), using the result-
ing matrix Ã in the linear ansatz (5.23), and plugging this in the VMS-ROM (5.22) yields
the data-driven variational multiscale ROM (DD-VMS-ROM):

an
r − an−1

r

∆t
= bn + (A+ Ã)an

r + (an
r )

TBan
r . (5.26)
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5.6 Verifiability of the DD-VMS-ROM

In this section, we prove the verifiability of the DD-VMS-ROM described in Section 5.5.
In Section 5.6.1, we introduce the verifiability and mean dissipativity concepts in the ROM
setting. In Section 5.6.2, we prove that the DD-VMS-ROM is verifiable.

5.6.1 Definition of Verifiability and Mean Dissipativity

The goal of this subsection is to define the verfiability of ROM closure models. Verifiability
of closure models has been investigated for decades in classical CFD (see, e.g., [16] as well
as [4] for a survey of verifiability methods in LES). We emphasize, however, that, to our
knowledge, the verifiability concept has not been defined in a ROM context. In this section,
we take a first step in this direction and define verifiability of ROM closure models. We also
define the mean dissipativity of ROM closures, which will be used in Section 5.6.2 to prove
the verifiability of the DD-VMS-ROM.

Definition 5.5 (Verifiability). Let the number of snapshots, M , (and, thus, the number of
linearly independent snapshots, d) be fixed. A ROM closure model is verifiable in the L2

norm if there is a constant C such that, for all r ≤ d and for all n = 1, . . . ,M , the following
a priori error bound holds:

||Pr(u
n
d)− un

r ||2L2 ≤ C
1

n

n∑
j=1

||Pr( τ
FOM(uj

d)− τROM(Pr(u
j
d) )||

2
L2 , (5.27)

where uj
d represents the “truth” solution (i.e., the d-dimensional G-ROM solution of (5.6))

at t = tj, j = 1, . . . ,M , and un
r solves the ROM equipped with the given ROM closure

model at t = tn, n = 1, . . . ,M .

Definition 5.5 says that a ROM closure model is verifiable if a small average error in the
ROM closure term implies a small error in the LES-ROM approximation.

Definition 5.6 (Mean Dissipativity). A ROM closure model satisfies the mean dissipativity
condition if Pr(u

n
d),u

n
r ∈ Xr satisfy the following inequalities:

0 ≤ (τROM(Pr(u
n
d))− τROM(un

r ) , Pr(u
n
d)− un

r ) <∞. (5.28)

5.6.2 Proof of DD-VMS-ROM’s Verifiability

In this section, we first prove that the DD-VMS-ROM is mean dissipative. Then, we use
this result to prove that the DD-VMS-ROM is verifiable.
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Theorem 5.7. The DD-VMS-ROM with linear ansatz (5.26) and physical constraint (5.25)
satisfies mean dissipativity according to Definition 5.6.

Proof. The least squares problem (5.24) yields the ROM operator Ã for −(τROM(Pr(u
n
d),φi),

which is the VMS-ROM closure term. We emphasize that the same ROM operator Ã is used
to construct the VMS-ROM closure term −(τROM(un

r ),φi). Specifically, the ROM operator
Ã that is created by solving the least squares problem (5.24) for the VMS-ROM closure term
−(τROM(Pr(u

n
d),φi) is used in the linear ansatz −(τROM(Pr(u

n
d),φi)i=1,...,r ≈ Ã br, where

bnr is an r-dimensional vector that contains the first r entries of the vector an
d . The same

ROM operator Ã is also used in the linear ansatz (5.23) for the VMS-ROM closure term
−(τROM(un

r ),φi): −(τROM(un
r ),φi)i=1,...,r ≈ Ã ar. We approximate the VMS-ROM closure

terms with these ansatzes and we obtain the following equalities:

(τROM(Pr(u
n
d))− τROM(un

r ) , φi) =
(
τROM(Pr(u

n
d) , φi

)
−
(
τROM(un

r ) , φi

)
= (−Ã bnr )i − (−Ã an

r )i

=
(
− Ã (bnr − an

r )
)
i

∀i = 1, .., r.

(5.29)

To prove that the inner product (τROM(Pr(u
n
d))−τROM(un

r ) , Pr(u
n
d)−un

r ) is non-negative,
we use the definitions of Pr(u

n
d) in (5.16) and un

r in (5.20) and rewrite it as follows:(
τROM(Pr(u

n
d))− τROM(un

r ) , Pr(u
n
d)− un

r

)
=
(
τROM(Pr(u

n
d))− τROM(un

r ) ,
r∑

i=1

(an
d − an

r )iφi

)
=

r∑
i=1

(an
d − an

r )i

(
τROM(Pr(u

n
d))− τROM(un

r ) , φi

)
.

(5.30)

By applying (5.29) to (5.30) and using the physical constraint (5.25), we get

(τROM(Pr(u
n
d))− τROM(un

r ) , Pr(u
n
d)− un

r ) =
r∑

i=1

(an
d − an

r )i
(
− Ã (bnr − an

r )
)
i

= −(bnr − an
r )

T Ã (bnr − an
r ) ≥ 0,

(5.31)

since Ã is negative semi-definite. In (5.31), we have used that bnr is an r-dimensional vector
that contains the first r entries of the an

d . The inequality in (5.31) concludes the proof.

Remark 5.8. We note that in Theorem 5.7 we prove the ROM mean dissipativity property
only for Pr(u

n
d) and un

r . This is contrast with the FEM context, where mean dissipativity is
proven for general FEM functions (see, e.g., [16]).

Next, we prove that the DD-VMS-ROM is verifiable. We note that, as explained in Sec-
tion 5.4, the goal for the DD-VMS-ROM solution is to approximate as accurately as possible
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Pr(u
n
d), which is the large scale component of the d-dimensional G-ROM solution (5.6),

which is the “truth” solution that is employed as a benchmark in our investigation. We
also note that Pr(u

n
d) satisfies the LES-ROM equations (5.17), which, for clarity, we rewrite

below:

(
Pr(u

n
d)− Pr(u

n−1
d )

∆t
,vr) +Re−1(∇Pr(u

n
d),∇vr) + (Pr(u

n
d) · ∇Pr(u

n
d),vr)

+(τ FOM(un
d),vr) = (fn,vr),

(5.32)

where we used the fact that (τ FOM(un
d),vr) is equal to (Pr(τ

FOM(un
d)),vr). We also rewrite

the full discretization of the DD-VMS-ROM (5.21):

(
un

r − un−1
r

∆t
,vr) +Re−1(∇un

r ,∇vr) + (un
r · ∇un

r ,vr)

+(τROM(un
r ),vr) = (fn,vr).

(5.33)

Furthermore, we use the linear ansatz (5.23) and the physical constraints (5.25) for the ROM
closure model in the DD-VMS-ROM (5.33). We also choose the initial condition u0

r = Pr(u
0
d).

Thus, the DD-VMS-ROM error at time step n, which we denote with en, is defined as the
difference between the large scale component of the “truth” solution, Pr(u

n
d) (which is the

solution of (5.32)), and the DD-VMS-ROM solution of (5.33), un
r : en = Pr(u

n
d)− un

r .

To prove the DD-VMS-ROM’s verifiability, we use the following sharper bound on the non-
linear term, which is given in Lemma 22 in [19] (see also Lemma 61.1 in [32]):

Lemma 5.9. Let Ω ⊂ R
q be an open, bounded set of class C2, with q = 2 or 3. For all

u,v,w ∈ [H1
0(Ω)]

q,

b(u,v,w) ≤ C(Ω)
√
||u|| ||∇u|| ||∇v|| ||∇w||, (5.34)

where the trilinear form b(·, ·, ·) [19, 33] is defined as

b(u,v,w) = (u · ∇v,w). (5.35)

Theorem 5.10. The DD-VMS-ROM (5.33) with linear ansatz (5.23), physical constraint
(5.25), and the initial condition u0

r = Pr(u
0
d) is verifiable: For a small enough time step,

∆t dj < 1, ∀ j = 1, ...,M , where dj =
(

3ReC(Ω)2

4
||∇Pr(u

j
d)||4 +Re

)
and C(Ω) is the constant

in Lemma 5.9, the following inequality holds for all n = 1, . . . ,M :

||en||2 +∆t
n∑

j=1

Re−1||∇ej||2 ≤

exp
(
∆t

n∑
j=1

dj
1−∆tdj

)(
∆t

n∑
j=1

Re−1||Pr(τ
FOM(uj

d)−τROM(Pr(u
j
d))) ||

2
)
.

(5.36)
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Proof. We subtract (5.33) from (5.32), and replace n with j to get the error equation:

(
ej − ej−1

∆t
,vr) +Re−1(∇ej,∇vr) + b(Pr(u

j
d), Pr(u

j
d),vr)− b(uj

r,u
j
r,vr)

+
(
τROM(Pr(u

j
d))− τROM(uj

r),vr

)
= −

(
τ FOM(uj

d)− τROM(Pr(u
j
d)),vr

)
.

(5.37)

We set vr = ej in (5.37), add and subtract b(uj
r, Pr(u

j
d), e

j), and use the fact that b(uj
r, e

j, ej) =
0 to get the following equation:

∆t−1(ej − ej−1, ej) +Re−1||∇ej||2 + b(ej, Pr(u
j
d), e

j)

+ (τROM(Pr(u
j
d))− τROM(uj

r), e
j)

= −(τ FOM(uj
d)− τROM(Pr(u

j
d)), e

j).

(5.38)

From Theorem 5.7, we have the following inequality:
(τROM(Pr(u

j
d))− τROM(uj

r), e
j) ≥ 0. (5.39)

Then by applying (5.39) to (5.38), we get the following inequality:
∆t−1

(
ej − ej, ej

)
+Re−1||∇ej||2 ≤ −b(ej, Pr(u

j
d), e

j)

−
(
τ FOM(uj

d)− τROM(Pr(u
j
d)), e

j
)
.

(5.40)

Applying Hölder’s and Young’s inequalities to the terms (ej − ej−1, ej) and −(τ FOM(uj
d)−

τROM(Pr(u
j
d)), e

j) in (5.40) we obtain that, for any C1, C2 > 0, the following inequalities
hold:

(ej − ej−1, ej) = ||ej||2 − (ej, ej−1)

≥ ||ej||2 − ||ej|| ||ej−1||

≥ ||ej||2 − C1

2
||ej||2 − 1

2C1

||ej−1||2
(5.41)

and

| − (τ FOM(uj
d)− τROM(Pr(u

j
d)), e

j)|
= | − (Pr(τ

FOM(uj
d)− τROM(Pr(u

j
d))), e

j)|

≤ 1

2C2

||Pr(τ
FOM(uj

d)− τROM(Pr(u
j
d))) ||

2 +
C2

2
||ej||2.

(5.42)

Applying Lemma 5.9 to the term −b(ej, Pr(u
j
d), e

j) we obtain the following inequality for
any C3 > 0:

| − b(ej, Pr(u
j
d), e

j)| ≤ C(Ω) ||∇ej||3/2 ||∇Pr(u
j
d)|| ||e

j||1/2

≤ 3C3C(Ω)

4
||∇ej||2 + C(Ω)

4C3

||∇Pr(u
j
d)||

4||ej||2,
(5.43)
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where C(Ω) is the constant in Lemma 5.9.

By choosing C1 = 1, C2 = Re, and C3 = 2Re−1/3C(Ω), we get the following inequality:

1

2∆t
(||ej||2 − ||ej−1||2) + Re−1

2
||∇ej||2

≤
(3ReC(Ω)2

8
||∇Pr(u

j
d)||

4 +
Re

2

)
||ej||2 + Re−1

2
||Pr(τ

FOM(uj
d)− τROM(Pr(u

j
d))) ||

2.

(5.44)

By multiplying (5.44) by 2∆t and summing the resulting inequalities from j = 1 to n, we
obtain the following inequality:

||en||2 +∆t
n∑

j=1

Re−1||∇ej||2 ≤ ||e0||2 +∆t
n∑

j=1

(3ReC(Ω)2
4

||∇Pr(u
j
d)||

4 +Re
)
||ej||2

+∆t
n∑

j=1

Re−1||Pr(τ
FOM(uj

d)− τROM(Pr(u
j
d))) ||

2.

(5.45)

To apply the discrete Gronwall’s lemma, we first make the following notation:

aj := ||ej||2 ≥ 0,

bj := Re−1||∇ej||2 ≥ 0,

dj :=
(3ReC(Ω)2

4
||∇Pr(u

j
d)||

4 +Re
)
≥ 0,

cj := Re−1||Pr(τ
FOM(uj

d)− τROM(Pr(u
j
d))) ||

2 ≥ 0,

H := ||e0||2 ≥ 0.

(5.46)

We also recall that, by the small time step assumption, the following inequality holds:
∆t dj < 1, ∀j. By using the notation in (5.46), we rewrite (5.45) as follows:

an +∆t
n∑

j=1

bj ≤ ∆t
n∑

j=1

dj aj +∆t
n∑

j=1

cj +H. (5.47)

By using the discrete Gronwall’s lemma (see Lemma 27 in [19]) in (5.47), we obtain the
following inequality:

an +∆t
n∑

j=1

bj ≤ exp
(
∆t

n∑
j=1

dj
1−∆tdj

)(
∆t

n∑
j=1

cj +H
)
. (5.48)

(We note that choosing the initial condition u0
r = Pr(u

0
d), implies that e0 = u0

r −Pr(u
0
d) and

H = 0.) The inequality (5.48) proves (5.36).
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Remark 5.11. We note that the small time step assumption that we made in the theorem,
i.e., that ∆t dj < 1 ∀j = 1, ...,M , is also made in a FE context (see Lemma 27 and the proof
of Theorem 24 in [19]).

Remark 5.12. In this paper, we used backward Euler time discretization to obtain the full
discretizations of the ROMs. However, other time discretization schemes could be applied
as well.

5.7 Numerical Results

In Theorem 5.10, we proved that the DD-VMS-ROM presented in Section 5.5 is verifiable.
In this section, we present numerical support for the theoretical results in Theorem 5.10. In
Section 5.7.1, we provide details on the numerical implementation of the DD-VMS-ROM.
We numerically show that the DD-VMS-ROM is verifiable for the Burgers equation in Sec-
tion 5.7.3 and for the flow past a cylinder in Section 5.7.4.

5.7.1 Numerical Implementation

“Truth” Solution For computational efficiency, instead of solving the G-ROM (5.5),
which is a very large-dimensional system, to get the “truth” solution, ud, we simply project
the FOM data on the ROM space, i.e., ud = Pr(uh), r = d. In our numerical investigation,
the two approaches yield similar results (i.e., the difference between the two approaches
is on the order of the time discretization error). Thus, using the projection of the FOM
data as “truth” solution does not affect our numerical investigation of the DD-VMS-ROM’s
verifiability.

Truncated SVD As is often the case in data-driven modeling [27], the least squares
problem (5.24) that we need to solve in order to determine the entries in the ROM closure
operator Ã used to construct the DD-VMS-ROM (5.26) is ill conditioned. To alleviate the ill
conditioning of the least squares problem, we proposed the use of the truncated SVD [23, 36]
(see also [40] for a related approach). For completeness, in Algorithm 4, we outline the
construction of the DD-VMS-ROM with the truncated SVD procedure.

The tolerance tol specified in step 3 of Algorithm 4 plays an important role in the numerical
implementation of the DD-VMS-ROM. Specifying a large tol value yields a well conditioned
least squares problem in step 1 and, as a result, minimizes the numerical errors in the least
squares problem. However, a large tol value also decreases the accuracy of the least squares
problem, i.e., yields a DD-VMS-ROM closure operator Ã that does not accurately match
the FOM data. On the other hand, choosing a small tol value does not significantly decrease
the accuracy of the DD-VMS-ROM closure operator Ã, but does not significantly alleviate
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the ill conditioning of the least sqaures problem either. In our numerical investigation, a
careful choice of the tolerance tol yields optimal DD-VMS-ROM results.

Algorithm 4 Truncated SVD in Solving Least Square Problem
1: Formulate the standard linear least square problem for the unknown vector xu:

min
xu

∥∥Exu − f
∥∥2, (5.49)

where E ∈ RMr×r2 is a matrix whose entries are determined by ad(tj), j = 1, · · · ,M , f ∈
RMr×1 is a vector whose entries are determined by Pr(τ

FOM(tj)), and xu ∈ Rr2×1, j =
1, · · · ,M is a vector whose entries are determined by Ã.

2: Calculate the SVD of E:

E = UΣV ⊤. (5.50)

3: Specify a tolerence tol.
4: Keep the entries in Σ that are larger than tol; the result matrix is Σ̃ (σ̃ = σ if σ > tol;

also the singular values of E can be chosen as a tol).
5: Construct the truncated SVD of E, Ẽ:

Ẽ = ŨΣ̃Ṽ ⊤, (5.51)

where Ũ and Ṽ are the entries of U, V that correspond to Σ̃.
6: The solution is given by

xu =
(
Ṽ Σ̃−1Ũ⊤

)
f . (5.52)

Time Discretization Although the DD-VMS-ROM’s verifiabiliy was proven in Theo-
rem 5.10 for the backward Euler time discretization, in the numerical investigation in this
section we are using two different time discretizations: Crank-Nicolson for the Burgers equa-
tion (Section 5.7.3) and the linearized BDF2 for the flow past a cylinder (Section 5.7.4).
We use this higher-order time discretization in order to decrease the impact of the time
discretization error onto the LES-ROM error, which is the main focus of the numerical in-
vestigation in this section. Furthermore, we believe that the mathematical arguments used
to prove the DD-VMS-ROM’s verifiabiliy in Theorem 5.10 can be extended to higher-order
time discretizations such as those considered in this section.

Criteria To illustrate numerically the DD-VMS-ROM verifiability proven in Theorem 5.10,
we use the following approach: First, we fix the number of snapshots, M . Therefore, the
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maximal dimension of the ROM space, d, is also fixed. Furthermore, the “truth” solution ud

(i.e., the solution of the d-dimensional G-ROM (5.5)) is also fixed. The goal of our numerical
investigation is to show that, for fixed M,d, and ud, there exists a constant C such that for
varying r values and for varying tol values, the inequality (5.36) is satisfied.

To this end, we use the following metrics: To quantify the LES-ROM error, i.e., the term on
the LHS of inequality (5.36), we use the following average L2 norm:

E(L2) =
1

M

M∑
n=1

∥Pr(u
n
d)− un

r ∥2 =
1

M

M∑
n=1

∥en∥2 . (5.53)

To quantify the LES-ROM closure error, i.e., the term on the RHS of inequality (5.36), we
use the following metric:

η(L2) =
1

M

M∑
n=1

∥∥Pr(τ
FOM(un

d)− τROM(Pr(u
n
d) ) )

∥∥2
L2 . (5.54)

5.7.2 Assessment of Results

To illustrate numerically the DD-VMS-ROM verifiability proven in Theorem 5.10, we need
to show that, for varying r values, as η(L2) in (5.54) decreases, so does E(L2) in (5.53). To
this end, for different r values, we decrease the tolerance in the truncated SVD algorithm
to increase the accuracy of our LES-ROM closure term approximation and, therefore, to
decrease η(L2).

We note that our numerical investigation is somewhat different from the standard investi-
gations used in the numerical analysis literature. In our numerical investigation, we first
consider several r values, and for each of these r values we decrease the tolerance used in the
truncated SVD algorithm in order to decrease the LES-ROM closure term error, which is
quantified by η(L2) in (5.54). Our hope is that, as η(L2) decreases, so does the corresponding
LES-ROM error, which is quantified by E(L2) in (5.53). Thus, our results do not illustrate
the error convergence with respect to r (as is the case in standard numerical analysis papers).
Instead, our numerical results aim at showing that, as η(L2) decreases, so does E(L2).

5.7.3 Burgers Equation

In this section, we investigate the DD-VMS-ROM verifiability in the numerical simulation
of the one-dimensional viscous Burgers equation:

ut − νuxx + uux = 0 , x ∈ [0, 1], t ∈ [0, 1],

u(0, t) = u(1, t) = 0 , t ∈ (0, 1],

u(x, 0) = u0(x) , x ∈ [0, 1],

(5.55)
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with non-smooth initial condition (5.56):

u0(x) =

{
1, x ∈ (0, 1/2],

0, x ∈ (1/2, 1].
(5.56)

This test problem has been used in [1, 11, 18, 36].

Snapshot Generation We generate the FOM results by using a linear finite element (FE)
spatial discretization with mesh size h = 1/2048, a Crank-Nicolson time discretization with
timestep size ∆t = 10−3, and a viscosity coefficient ν = 10−3.

ROM Construction We run the FOM from t = 0 to t = 1. To generate the ROM basis
functions, we collect a total of 1000 equally spaced snapshots. These snapshots are the FOM
solutions from t = 0 to t = 1. To train the DD-VMS-ROM closure operator Ã, we use FOM
data on the time interval [0, 1]. We test the DD-VMS-ROM on the time interval [0, 1]. Thus,
we consider the reconstructive regime.

Numerical Results In Table 5.1, for three different r values, we list E(L2) in (5.53), which
measures the DD-VMS-ROM error, and η(L2) in (5.54), which measures the DD-VMS-ROM
closure error. To compute E(L2) and η(L2), we fix the r value and decrease the tolerance
in the truncated SVD, which is used in the data-driven modeling part. As the tolerance
decreases, we monitor the decaying rate of E(L2) with respect to η(L2). The results in
Table 5.1, for r = 3, 7, and 11, generally show that, as η(L2) decreases, so does E(L2). In
Figure 5.1, we plot the linear regression (LR) slope to understand the relation between E(L2)
and η(L2). For r = 3, 7, 11, the LR slope is around 3.

Overall, the results in Table 5.1 and Figure 5.1 support the theoretical results in Theo-
rem 5.10.

r = 3 r = 7 r = 11
η(L2) E(L2) η(L2) E(L2) η(L2) E(L2)

2.047e-01 1.131e-02 5.597e-01 3.230e-02 8.021e-01 1.516e-02
2.040e-01 1.121e-02 5.600e-01 3.187e-02 8.040e-01 1.490e-02
2.032e-01 1.109e-02 5.606e-01 3.135e-02 8.051e-01 1.466e-02
1.976e-01 1.048e-02 5.543e-01 2.906e-02 7.969e-01 1.396e-02
1.912e-01 9.150e-03 5.452e-01 2.678e-02 7.900e-01 1.329e-02
1.596e-01 4.203e-03 4.933e-01 1.706e-02 7.433e-01 9.463e-03
1.354e-01 3.070e-03 4.453e-01 1.101e-02 6.932e-01 6.822e-03
1.158e-01 2.123e-03 2.628e-01 1.667e-03 4.441e-01 1.705e-03

Table 5.1: Burgers equation (5.55), reconstructive regime: E(L2) and η(L2) values for fixed
r values and different tolerance values in the truncated SVD.
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Figure 5.1: Burgers equation (5.55), reconstructive regime: linear regression for E(L2) and
η(L2) for fixed r values and different tolerance values in the truncated SVD.

5.7.4 Flow Past A Cylinder

In this section, we investigate the DD-VMS-ROM verifiability in the numerical simulation
of a 2D channel flow past a circular cylinder at Reynolds numbers Re = 100 and Re = 1000.
This test problem has been used in, e.g., [21, 23, 36].

Computational Setting As a mathematical model, we use the NSE (5.1)–(5.2). The
computational domain is a 2.2 × 0.41 rectangular channel with a radius = 0.05 cylinder,
centered at (0.2, 0.2), see Figure 5.2.

0.2

0.2 0.05
0.41

2.2

Figure 5.2: Geometry of the flow past a circular cylinder numerical experiment.

We prescribe no-slip boundary conditions on the walls and cylinder, and the following inflow
and outflow profiles [14, 21, 22, 28]:

u1(0, y, t) = u1(2.2, y, t) =
6

0.412
y(0.41− y), (5.57)

u2(0, y, t) = u2(2.2, y, t) = 0, (5.58)

where u = ⟨u1, u2⟩. There is no forcing and the flow starts from rest.
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Snapshot Generation For the spatial discretization, we use the pointwise divergence-
free, LBB stable (P2, P

disc
1 ) Scott-Vogelius finite element pair on a barycenter refined regular

triangular mesh [15]. The mesh yields 103K (102962) velocity and 76K (76725) pressure
degrees of freedom. We use the linearized BDF2 temporal discretization and a time step
size ∆t = 0.002 for both FOM and ROM time discretizations. On the first time step, we
use a backward Euler scheme so that we have two initial time step solutions required for the
BDF2 scheme.

ROM Construction The FOM simulations achieve the statistically steady state at dif-
ferent time instances for the two Reynolds numbers used in the numerical investigation: For
Re = 100, after t = 5s and for Re = 1000, after t = 13s. To construct the ROM basis func-
tions, we use 10s of FOM data. Thus, to ensure a fair comparison of the numerical results
at different Reynolds numbers, we collect FOM snapshots on the following time intervals:
For Re = 100, from t = 7 to t = 17 and for Re = 1000, from t = 13 to t = 23.

To train the DD-VMS-ROM closure operator Ã, we use FOM data for one period. The period
length of the statistically steady state is different for the two different Reynolds numbers:
From t = 7 to t = 7.332 for Re = 100 and from t = 13 to t = 13.268 for Re = 1000. Thus,
we collect 167 snapshots for Re = 100 and 135 snapshots for Re = 1000.

Numerical Results for Re = 100

In Table 5.2, for three different r values, we list E(L2) in (5.53), which measures the DD-
VMS-ROM error, and η(L2) in (5.54), which measures the DD-VMS-ROM closure error. To
compute E(L2) and η(L2), we fix the r value and decrease the tolerance in the truncated
SVD, which is used in the data-driven modeling part. As the tolerance decreases, we monitor
the decaying rate of E(L2) with respect to η(L2). The results in Table 5.2, for r = 4, 6, and
8, generally show that, as η(L2) decreases, so does E(L2).

r = 4 r = 6 r = 8
η(L2) E(L2) η(L2) E(L2) η(L2) E(L2)

3.545e+03 1.231e-01 5.571e-01 4.186e-03 8.361e-01 4.334e-03
9.360e+02 8.742e-02 3.261e-01 3.223e-03 6.380e-01 4.062e-03
1.126e+01 1.536e-02 3.642e-02 1.323e-03 2.393e-02 2.368e-03
3.094e-02 4.021e-03 1.507e-03 1.837e-04 5.515e-03 2.593e-04
1.378e-02 9.042e-04 1.503e-03 1.802e-04 4.972e-03 1.225e-04
1.379e-02 9.043e-04 5.862e-05 5.407e-06 2.586e-03 3.106e-05
2.549e-04 2.313e-04 5.615e-05 5.382e-06 2.144e-04 4.229e-06

Table 5.2: Flow past a cylinder, Re = 100, reconstructive regime: E(L2) and η(L2) values
for fixed r values and different tolerance values in the truncated SVD.
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In Figure 5.3, for r = 4, 6, and 8, we plot the LR slope for E(L2) with respect to η(L2). For
r = 4, the LR slope is 0.54, for r = 6 the LR slope is 0.94, and for r = 8 the LR slope is
1.18. These results indicate an almost linear correlation between E(L2) and η(L2).

Overall, the results in Table 5.2 and Figure 5.3 support the theoretical results in Theo-
rem 5.10.

Figure 5.3: Flow past a cylinder, Re = 100, reconstructive regime: linear regression for
E(L2) and η(L2) for fixed r values and different tolerance values in the truncated SVD.

Numerical Results for Re = 1000

In Table 5.3, for three different r values, we list E(L2) in (5.53), which measures the DD-
VMS-ROM error, and η(L2) in (5.54), which measures the DD-VMS-ROM closure error. To
compute E(L2) and η(L2), we fix the r value and decrease the tolerance in the truncated
SVD, which is used in the data-driven modeling part. As the tolerance decreases, we monitor
the decaying rate of E(L2) with respect to η(L2). The results in Table 5.3, for r = 4, 6, and
8, generally show that, as η(L2) decreases, so does E(L2).

r = 4 r = 6 r = 8
η(L2) E(L2) η(L2) E(L2) η(L2) E(L2)

3.679e+02 4.427e-01 3.265e+00 2.138e-01 2.684e+01 2.585e-02
1.966e+00 3.315e-01 1.927e+00 1.840e-01 7.423e+00 1.519e-02
1.757e+00 3.743e-02 1.017e+00 1.095e-01 1.550e+00 9.833e-03
7.410e-01 2.729e-01 7.261e-01 6.325e-02 6.149e-01 6.654e-03
7.400e-01 2.636e-01 9.313e-02 2.291e-02 2.586e-01 4.936e-03
5.783e-01 2.041e-02 5.425e-02 2.451e-03 9.122e-02 2.085e-03
4.991e-02 1.448e-03 2.899e-02 1.889e-04 3.382e-02 1.760e-04

Table 5.3: Flow past a cylinder, Re = 1000, reconstructive regime: E(L2) and η(L2) values
for fixed r values and different tolerance values in the truncated SVD.

In Figure 5.4, for r = 4, 6, and 8, we plot the LR slope for E(L2) with respect to η(L2). For
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r = 4, the LR slope is 1.10, for r = 6 the LR slope is 1.00, and for r = 8 the LR slope is
1.29. These results indicate an almost linear correlation between E(L2) and η(L2).

Overall, the results in Table 5.3 and Figure 5.4 support the theoretical results in Theo-
rem 5.10, which is indentical to the conclusion in Section 5.7.4.

Figure 5.4: Flow past a cylinder, Re = 1000, reconstructive regime: linear regression for
E(L2) and η(L2) for fixed r values and different tolerance values in the truncated SVD.

5.8 Conclusions and Future Work

Over the last two decades, a plethora of ROM closure models have been developed for
reduced order modeling of convection-dominated flows. Various ROM closure models have
been constructed by using physical insight, mathematical arguments, or data. Although
these ROM closure models are built by using different arguments, they are constructed by
using the same heuristic algorithm: (i) In the offline stage, the ROM closure model is built
so that it is as close as possible (in some norm) to the “true” ROM closure term. (ii) In
the online stage, one needs to check whether the ROM closure model yields a ROM solution
that is as close as possible to the filtered FOM solution. If the ROM solution is an accurate
approximation of the filtered FOM solution, the ROM closure model is deemed accurate.
This heuristic algorithm is the most popular approach used in assessing the success of the
current ROM closure models. However, a natural question is whether one can actually prove
anything about these ROM closure models. For example, can one prove that an accurate
ROM closure model (constructed in the offline phase) yields an accurate ROM solution (in
the online phase)?

In this paper, we took a step in this direction and we answered the above question by extended
the verifiability concept from classical LES to a ROM setting. Specifically, we defined a ROM
closure model as verifiable if the ROM error is bound (in some norm) by the ROM closure
model error. Furthermore, we proved that a recently introduced data-driven ROM closure
model (i.e., the DD-VMS-ROM [23, 36]) is verifiable. Finally, we showed numerically that
the DD-VMS-ROM closure is verifiable. Specifically, in the numerical simulation of the
one-dimensional Burgers equation and the two-dimensional flow past a circular cylinder at
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Reynolds numbers Re = 100 and Re = 1000, we showed that by decreasing the error in the
ROM closure term, we can achieve a decrease in the error in the ROM error, as predicted
by the theoretical results.

There are several natural research directions that can be pursued in the quest to lay math-
ematical foundations for ROM closure models. For example, one could investigate the ver-
ifiability of (functional, structural, or data-driven) ROM closure models that are different
from the DD-VMS-ROM investigated in this paper. One could also extend the verifiability
concept to ROM closures that are built from experimental data. In that case, one could
replace the high-dimensional “truth” solution used in this paper with the experimental so-
lution interpolated onto a discrete mesh. Finally, one could consider other mathematical
concepts that are used in classical LES (see, e.g., [4]) and extend them to a ROM setting.
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6.1 Conclusions

In this dissertation, we addressed the pointwise optimality of the classical ROM in Chapter
2, the numerical accuracy of a data-driven ROM in Chapter 3, the time-average of the
exchange of energy among ROM modes in Chapter 4, and the verifiability of a data-driven
ROM closure model in Chapter 5.

In Chapter 2, we studied the effect of the DQs in the optimality of the pointwise projection
and error bounds with respect to the time discretization and ROM discretization errors. For
both the theoretical and numerical investigations, we used the heat equation. We theoret-
ically and numerically proved that in the noDQ case, the pointwise projection and error
bounds are suboptimal; however, when the DQs are used, the pointwise projection and error
bounds are optimal with respect to both the ROM discretization and time discretization
errors.

In Chapter 3, we proposed a new data-driven variational multiscale reduced order model
(DD-VMS-ROM) framework. Using the VMS methodology and the ROM basis’ hierarchical
structure, we built the closure term, which models the interaction among the ROM spatial
scales. We built two DD-VMS-ROMs, i.e., the two-scale DD-VMS-ROM (2S-DD-VMS-
ROM) and the three-scale DD-VMS-ROM (3S-DD-VMS-ROM). In the 2S-DD-VMS-ROM,
we decomposed the scales as resolved and unresolved. Thus, we constructed just one closure
term to model the interaction between two different scales. However, in the 3S-DD-VMS-
ROM, since we decomposed the scales into three parts, i.e., the resolved large, resolved small
scales, and unresolved scales, we constructed two closure terms to model the interaction
among the three different scales. Our numerical investigation showed that both the 2S-DD-
VMS-ROM and the 3S-DD-VMS-ROM are more accurate than the standard Galerkin ROM
(G-ROM), and the 3S-DD-VMS-ROM was generally more accurate than the 2S-DD-VMS-
ROM.

In Chapter 4, we investigated theoretically and numerically the time-average of the exchange
of energy among ROM modes of fluid flows. We considered two types of ROM modes:
Eigenfunctions of the Stokes operator and proper orthogonal decomposition (POD) modes.
In Theorem 4.4 and Theorem 4.6, we proved analytical results for both types of ROM modes,
and we highlighted the differences between them. In Section 4.4, we used a one-dimensional
Burgers equation as a mathematical model to show numerically that the time-average energy
exchange between the most energetic POD modes and the least energetic POD modes is
positive. Furthermore, we showed that for a longer time interval, the time-average energy
exchange is still positive. However, for a short time interval, e.g., [0,0.1], the time-average
energy exchange is negative.

In Chapter 5, we presented the first numerical analysis work for the DD-VMS-ROM closure.
In this dissertation, we investigated under which conditions a small difference between the
ROM closure term and the FOM closure term implies that the ROM solution is close to
the FOM solution. In other words, we theoretically proved and numerically demonstrated
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the verifiability of the data-driven ROM closure model. For both the numerical and the
theoretical investigations, we used the ROM projection filter and the data-driven closure
model with a linear ansatz.

6.2 Future Work

There are several research directions that we plan to pursue for each chapter.

Pointwise Optimality of the Classical ROM Several research directions need to be
investigated related to the optimality of the error bounds. One future direction is to extend
optimal uniform estimates to more complicated nonlinear PDEs (e.g., the Navier-Stokes
equations). Another direction is to investigate the effect of the POD adaptivity, which
allows choosing snapshot time instances optimally to minimize the error between the ROM
and FOM trajectories. In this dissertation, we focused on the optimality of the rates of
convergence of ROM error bounds; however, we did not address the size of the ROM error.
Thus, the relation between the ROM error size in the noDQ and DQ cases should also be
investigated. Finally, we plan to investigate the extension of these results to 2D and 3D
problems as well as to nonlinear problems, e.g., the NSE.

DD-VMS ROMs Several research directions need to be investigated related to the DD-
VMS-ROM framework. The first research direction is finding the optimal parameter r1
(which determines the decomposition of the resolved scales into large resolved scales and
small resolved scales) and the optimal tolerances tolL and tolS in the new 3S-DD-VMS-ROM.
Another research direction that we plan to pursue is the development of new DD-VMS-ROM
closure models by leveraging ideas from VMS methods for finite element discretizations (see,
e.g., Section 8.8 in [6]), e.g., the time-dependent subscale-orthogonal methods [4, 9, 10]. We
also plan to explore different topological structures for the ROM closure term. We emphasize
that, without loss of generality, our DD-VMS-ROM framework can be formulated by utilizing
a supervised machine learning approach [8, 11, 12, 13], a topic that we would like to explore
in the future. Furthermore, we intend to explore the extension of the new DD-VMS-ROM
to the Petrov-Galerkin framework [2, 3, 5, 7]. Finally, we plan to investigate the role played
by residuals in the DD-VMS-ROM framework.

Long-time Averaging of ROMs The most important direction that we plan to pursue
is the numerical investigation of the theoretical results in three-dimensional, high Reynolds
number flows, which could shed new light on the energy transfer among ROM modes. Fur-
thermore, we will also investigate the time-average energy exchange for general short time in-
tervals, which are not necessarily located at the beginning of the simulation (as in the present
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study). Finally, we plan to investigate the potential connection between time-averaging and
Reynolds-averaged Navier-Stokes (RANS).

Verifiability of the DD-VMS ROM As future work, we plan to investigate the ver-
ifiability of the DD-VMS-ROM closure with a quadratic ansatz and the ROM differential
filter. Furthermore, we will investigate whether this type of numerical analysis can be per-
formed for different functional, structural, or data-driven ROM closure models, e.g., the
Smagorinsky eddy viscosity and the approximate deconvolution closure models. Finally, one
could consider other mathematical concepts that are used in classical LES (see, e.g., [1]) and
extend them to a ROM setting.
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