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CHAPTER I 

INTRODUCTION AND REVIEW OF LITERATURE 

Section 1.1 Introduction 

The principle of defining a group of transformations on a sample 

space together with a family of distributions such that the group carries 

the probability structure in a natural way has been considered by several 

investigators. In this dissertation we adopt this principle which leads 

to the consideration of equivariant estimators, discussed in Chapter V, 

and maximal invariant functions together with some associated concepts, 

discussed in Chapter VI. 

In Chapter II we present some definitions and results from group 

theory which will be helpful in later chapters. In particular, the no-

tion of semi-direct product is discussed. Mac Lane and Birkhoff [ 10] 

and Hall [6] are suggested as references. 

The ideas and definitions upon which the principle of invariance is 

based are discussed in Chapter III. For detailed discussions of this 

concept see Ferguson [ 2] , Lehmann [ 9J and Zacks [ 16} . 

In Chapter IV we introduce the Haar measure, a measure defined on~ 

locally compact topological group having certain properties with respect 

to the group. We use the Haar integral only as a tool to obtain, in a 

natural way, densities for maximal invariants. For other applications 

of the Haar integral in the literature, the reader is referred to Fraser, 

[ 3], [ 41, [ 5]; Hora and Buehler, [ 8]; Lehmann, [ 9); Wijsman, [ 14]; Zacks, 

[ 16). Nachbin, in his presentation in [ 12), discusses the existence (and 

uniqueness, up to a constant of proportionality) of the Haar measure and 

develops a theory for the Haar integral. 

l 
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In Chapter V, discussion centers on an invariant family of distribu-

tions, the goal being to characterfze equivariant estimators under suit-

able hypotheses. First we present the work of Berk [ lI who characterized 

equivariant estimators under certain hypotheses. We relax those hypothe-

ses and obtain the desired characterization. 

In obtaining the above characterization we also gain information 

concerning maximal invariants and global cross-sections, two ideas which 

were considered in detatl by Wijsman [ 14]. In particular, Wijsman made 

certain assumptions concerning the group of transformations in order to 

obtain a global cross-section, maximal invariant and a density for the 

maximal invariant. In Chapter VI we consider an invariant family of 

distributions similar to that introduced in Chapter V and obtain results 

comparable to Wijsman1s. Then, we use the density of the maximal invari-

ant to develop a test of hypothesis concerning a coset of the true para-

meter, a problem considered briefly by Fraser [ 51. Related to the pro--

bl em of testing the coset of the parameter is that of estimating the 

coset or orbit. In Chapter VII we discuss this in the context of invari-

ant estimation. Using results from Chapters V and VI we develop a loss 

function for invariant estimators. 

Section 1.2 Review of Literature 

As mentioned previously, both Lehmann [91 and Ferguson [ 2] will 

serve as general introductions to the principle of invariance. In parti-

cular, see Chapters I and VI of the former and Chapters I and IV of the 

latter. Zacks [ 161 consolidates some of the results presented in the 

literature and also provides a general introduction to invariance; of 
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particular note are Chapters I and VII. 

Fraser [31, [41 considered a group structure on a probability space 

and used these concepts to introduce the structural distribution and the 

pivotal quantity. Later, Fraser [51 considered in detail some of the 

ideas suggested in his earlier work. 

As indicated in Section 1. 1, Wijsman [ 141 discussed the relation 

between the group structure, maximal invariants and global cross-sections. 

He also obtained a density for the maximal invariant. 

Hora and Buehler [81, under assumptions similar to Fraser's, intro-

duced the fiducial distribution. Moreover, they characterized the form 

of invariant loss functions and showed that for those loss functions the 

best equivariant estimator is also best with respect tp the fiducial 

distribution. 

As mentioned in Section 1.1, Berk [ 11 obtained a characterization of 

equivariant estimators while Staudte [ 13] obtained a characterization of 

invariant loss functions similar to Hora-Buehler above. 

Finally, Younger [ 151 used methods similar to those discussed in 

Chapter VII applied to linear models to obtain an estimator of the stan-

dardized regression coefficient. This estimator was shown to have 

certain desirable properties when compared to the usual estimator. 



CHAPTER II 

A REVIEW OF GROUP THEORY 

The concept of a group of transformations is fundamental to the 

notion of invariant and equivariant estimation. Herein we review some 

elementary concepts of group theory and in particular those topics which 

will be used in our work on equivariant estimation. The reader ·is re-

ferred to Hall (61 and Mac Lane and Birkhoff [ 10]. We begin with the 

definitions of group and subgroup. 

Section 2.1 Groups and Subgroups 

Definition 2.1. A group is a non-empty set K together with a 

binary operation KxK+K written (k,k··) -+- kk' such that: 

i) This operation is associative. That is k1(k2k3) = (k1k2)k3. 

ii) There is an element e e K . with ek = k = ke for all k e K. 

That is, e is an identity element of K. 

iij) For this element e, there is to each element k e K an element 

k-l e K with kk-l = e = k-1k. That is every element of K has an in-

verse in K. 

Direct applications of the definitions establish that the identity 

element e is unique. Similarly, for each k e K the element k-l is 

unique and is referred to as the inverse of k. The element kk' is 

referred to as the product of k and k' and hence K is referred to 

as a multiplicative group. 

Much information about a group can be obtained from·a knowledge of 

its subgroups. 

Definition 2.2. A subset G of a multiplicative group K is 

4 
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closed under the operation of multiplication in K provided that 

g, g' E G imply that gg' E G. 

Definition 2.3. A subset G of a multiplicative group K is said 

to be a subgroup of K, provided that G is closed under the operation 

of multiplication and is itself a group with respect to the restriction 

of the multiplication in K to elements of G. 

The definition amounts to saying that G is a subgroup of K if and 

only if 

i) g, g' E G imply gg' E G. 

ii) e, the identity element of K, is an element of G. 

iii) g E G implies g-l E G. 

See for example Mac Lane and Birkhoff I 10). 

Section 2.2 Normal Subgroups 

The normal subgroups of a group play an important part in the theory. 

In particular, in order that we may define a "natural" group structure on 

the quotient of K by H, K/H, it is sufficient that H be a normal 

subgroup of K. Normal subgroups are also important in the development 

of some of the later chapters. 

Definition 2.4. A subgroup H of K is said to be normal in K, 

denoted H < K, provided that khk-l EH whenever k EK and h EH. 

The following elementary ideas follow directly from Definition 2.4. 

See for example Mac Lane and Birkhoff [10). 

Proposition 2.1. H is a normal subgroup of K if and only if 

k-l hk EH whenever k EK and he H. 
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Proposition 2.2. H is a normal subgroup of K if and only if for 

every he H and k e K there is an h' e H such that kh = h'k. 

It is well known that an equivalence relation E defined on a set 

X partitions X into mutually disjoint equivalence classes. That is, 

if x eX then {ye Xjy Ex}, where y Ex denotes y is equivalent 

to x under E, is the equivalence class containing x. The set of all 

equivalence classes partitions X. Now if K is a group and G a sub-

group, we may define an equivalence relation on K as follows: for 

k1, k2 e K, k1 is equivalent to k2 provided there exists a g e G 

such that k1 = gk2 or, in other words, provided k1k21 c G. 

Definition 2.5. If G is a subgroup of a group K then the left 

coset of k e K is the set Gk= {gklg e G}. 

It is easily seen that the collection of all left cosets Gk, k e K, 

is the set of equivalence classes for the equivalence relation of the 

preceeding paragraph so that k1 is equivalent to k2 if and only if 

Gk1 = Gk2. 

In a similar way we could define right cosets kG = {kgjg e G} and 

an equivalence relation: k1 is equivalent to k2 provided k~1 k1 e G. 

In general kG =I= Gk. In fact, a necessary and sufficient condition 

for kG = Gk for any k e K is that G < K. 

Proposition 2.3. If H is a subgroup of the group K then H < K 

if and only if every right coset is a left coset. That is Hk = kH for 

all k e K. 
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Definition 2.6. For H a subgroup of K let K/H = {Hkjk e: K} be 

the set of all left cosets. Furthermore, let [ k] denote the coset Hk. 

Further consequences of the normality of H in K are that we may 

impose a natural group structure on K/H as follows: 

Proposition 2.4. If K is a group and H < K then K/H is a group 

under the operation [ k1J [ k2J = [ k11<2] for any [ k1], [ k2J e: K/H. 

Deta.iled discussions of the ideas and results of this section may be 

found in any of the references cited. 

Section 2.3 The Direct Product 

Earlier it was stated that the subgroups of a group K can provide 

information about the structure of K. This is particularly true when 

K is the direct product of two of its subgroups. 

Definition 2.7. The multiplicative group K is said to be the 

direct product of the subgroups H and G, denoted K = ·H x G, provided 

that 

i) G n H = {e}. 

ii) For each he: H and g e: G, gh = hg. 

iii) For each k e: K there is an he: H and g e: G such that 

k = hg. 

Condition i) of Definition 2.7 states that the only element common 

to H and G is the identity; ii) says that elements of H and G 

commute with respect to multiplication and iii) says that any element of 

K can be factored into the product of an element of H and an element 

of G. Moreover, conditions i) and iii} imply the factorization is 
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unique as fo11ows: 

Proposition 2.5. If K is a group and G and H are subgroups 

satisfying iii) of Definition 2.7, then G n H = e if and only if the 

factorization guaranteed in iii} is unique. 

Proof. Suppose K, G and H satisfy the hypothesis of the theorem 

and let G n H = {e}. Let k £ K and suppose g, g' £ G and 

h, h' £ H such that h'g' = k = hg. It follows then that g'g-l = 

(h')-lh £ G n H so that g'g-l = (h')-lh = e and g = g' and h = h'. 

Thus the factorization is unique. Conversely, suppose the factorization 

is unique and let k £ G n H. Then k £ H and k =he where h £ H 

and e e G c K. Moreover, k £ G so k = e g where e £ H c K and 

g £ G. Since he= k = e g and the factorization of k is unique we 

have h = e = g and so k = e. That is G n H = {e}. Q.E.D. 

Thus, as a coro11ary to Proposition 2.5, we have that the factoriza-

tion in a direct product is unique. 

Proposition 2.6. If K is the direct product of H and G then 

for each k £ K there is a unique h £ H and a unique g e G such that 

k = hg. 

Proof. This result follows directly from Proposition 2.5 and Defi-

nition 2.7. Q.E.D. 

Condition ii) of the definition of direct product implies that both 

G and H are normal in K. Subsequently we will see that under certain 

other additional assumptions the normality of G and H is sufficient 

for K = HxG. 
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Proposition 2.7. If K = HxG then H < K and G < K. 

Proof. Let g e G and k e K. k = st for some s e H and 

t e G and so kgk-l = stgt-ls-l. By ii) of Definition 2.5 

s(tgt- 1)s- 1 = ss- 1(tgt- 1) = e(tgt- 1) = tgt-l and clearly tgt- 1 e G. 

Therefore, kgk-l e G and so G < K. Similarly H < K. 

• Section 2.4 The Semi-Direct Product 

In view of Proposition 2.7, both of the subgroups involved in a 

direct product group must be normal and moreover this was seen to be a 

direct consequence of part ii) of Definition 2.7. We may now ask what 

structure results when the requirement of commutativity of elements of 

G and H is dropped. In fact, we will require only that one of the 

subgroups be normal in K. This leads to the definition of semi-direct 

product. Not only is this interesting from an algebraic point of view, 

but we note also that the transformation group of scale and location 

changes on a sample space can be represented as a semi-direct product. 

We begin with a formal definition. 

(We assume that the reader is familiar with the notions of homo-

morphisms and isomorphisms of groups. Also, that an automorphism of a 

group K is simply an isomorphism from K into K and that the 

collection bf all automorphisms of K is itself a group under composi-

tion.) 

Definition 2.8. Let G and H be groups, let Aut(H) denote the 

group of all automorphisms of H and let a:G Aut(H) be a homomor-

phism. By the semi-direct product of H and G relative to a, denoted 

by Hx0G, we mean the group formed by the collection of ordered pairs 
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{{h,g)jh £ H, g £ G} under the binary operation given by 

That Hx0G is a group under the above operation, with identity 

(eH,eG), where eH and eG are the identities of H and G respec-

tively, and inverse of (h,g) given by ((e(g- 1))h-l, g-1), is verifi-

able by direct calculation. See, for example, Hall [6] or Mac Lane and 

Birkhoff [ 1m. We make the following observations: 

Proposition 2.8. If K = Hx0G then 

i) H' = {(h,eG) lh £ H} is a normal subgroup of K. 

ii) G~ = {(eH,g) 19 E G} is a subgroup of K. 

iii) H'nG' = {(eH,eG)}. 

Proof. Verifiable by direct appeal to the appropriate definitions. 

The following theorems serve to characterize semi-direct products: 

Proposition 2.9. Any group K with subgroups H < K and G 

satisfying both 

i) H n G = {e} and 

ii) For each k EK there is h EH and g £ G such that k = hg, 

is a semi-direct product. Explicitly, if is defined for 

each g by (e(g))ll = ghg-l then an isomorphism ¢:Hx0G K is given 

by ¢{h,g) = hg. 

Proof. See Mac Lane and Birkhoff [ 10]. 

Proposition 2.10. If a group K is isomorphic to a semi-direct 

product H1x0G1 then there exists subgroups H and G of K such 

that: 
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i) H < K. 

ii) H n G = {e}. 

iii) For each k EK there exists an h EH and g E G such that 

k = hg. 

Proof. Let ¢:H1x0G1 K be the given isomorphism. By Proposition 

2.8, Hi= {x,eG)lx E H
1

} < H
1

x0G
1 

and Gi = {(eH,x)lx E G
1

} is a sub-

group of H1x0G1 and moreover H1 n G1 = {(eH,eG)} the identity of 

Consider H = {k E Kl there is a z E Hf such that ¢(z) = k} and 

G = {k E Kl there is a z E G1 such that ¢(2) = k}. 

Now ¢ is an isomorphism so that: 

a) G is a subgroup of K because Gf is a subgroup of 

b) H < K because H1 < H1x0K1 and 

c} H n G = {ek} because Hf n G1 = {(eH,eG)}. Thus, i and 

ii of the conclusion are established. 

Now, let k EK. There exists an element (x,y) E H1x0G1 such that 

¢((x,y)) = k. Now (x,y) = (x,e 6)(eH,y) so that (x,eG) E Hf and 

(eH,y) E G1 and h = ¢{(x,e 6)) EH and g = ¢((eH,y)) E G. Therefore, 

k = ¢{(x,y)) = ¢{(x,e 6)(eH,y)) = ¢{(x,eG)) ¢({eH,y)) = hg and we see that 

if k EK there exist h EH and g E G with k = hg and so, part iii 

of the proposition is proved. Q.E.D. 

In view of Propositions 2.9 and 2. 10, if K is a group with sub-

groups G and H < K satisfying the hypotheses of Proposition 2.9 then 
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we say K is the semi-direct product of H and G and we write 

K = HxsG. Recalling our remarks at the beginning of this section we see 

that the two preceding propositions generalize the definition of direct 

product, Definition 2.7, having replaced ii) of that definition by i) of 

Proposition 2.10. 

The following two propositions develop some properties of the semi-

direct product which we will find useful in the sequel. 

Proposition 2.11. If K = HxsG is the semi-direct product of two 

subgroups H and G (so that H < K) then for each k £ K there is an 

h £ H and g £ G such that k = gh. 

Proof. Let k £ K. Since K = HxsG there exist h' £ H and 

g £ G so that k = h'g. Now h'g = g(g-l h'g) and g-lh'g £ H since 

H < K. Letting h = g-lh'g we have k = gh as desired. Q.E.D. 

Proposition 2. 12. If K = Hx G then for each k £ K there exist s 
unique elements g £ G and h and h' £ H such that hg = k = gh'. 

Proof. For each k £ K the existence of the elements g £ G and 

h and h' £ H is a direct corollary to the definition of K = HxsG and 

Proposition 2.11. The uniqueness of the factorizations follows from 

Proposition 2.5. Q.E.D. 

Note that, fn some sense, Proposition 2.12 stipulates two unique 

factorizations for an element k - a 11left hand11 and a 11right hand11 

factorization. 

The following propositions display the relationship between the 

semi-direct product and the direct product. 
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Proposition 2.13. If K = HxsG (so that H < K) and if also 

G < K then K = H x G. 

Proof. That conditions i) and iii) of Definition 2.7 obtain 

follows immediately from the definition of K = Hx5G. It remains to show 

thatii) of Definition 2.7 is fulfilled. 

Let h EH and g E G. Then hg = k EK and (hgh-l)h = k = 
g(g-lhg). Since both of H and G are normal in K we have g' = 

hgh-l E G and h' =g-1hg EH. By Pt·oposition 2.12 the two factoriza-

tions g'h = k = gh' are the same. That is hgh-l = g' = g or, 

equivalently, hg = gh. Thus, ii) of Definition 2.7 is satisfied so 

K = HxG. 

Finally, the following proposition notes that any direct product is 

trivially a semi-direct product. 

Proposition 2.14. If K = HxG for subgroups H and G then also 

K = HxsG. 

Proof. If K = HxG then H < K by Proposition 2.7. Moreover, 

H n G = {e} and the factorization of any k EK is provided for by i) 

and iii) of Definition 2.7. It follows at once from Proposition 2.9 

that K = Hx8G where 0:G+ Aut(H} is such that e(g} is the identity 

function on H for all g E G. That is, K = HxsG. Q.E.D. 



CHAPTER III 

THE PRINCIPLE OF INVARIANCE 

Lehmann (91 points out that statistical problems often display cer-

tain symmetries which give rise to natural restrictions to impose on the 

statistical procedures to be employed. The mathematical expression of 

symmetry is invariance under a group of transformations while the natural 

restrictions we impose comprise the principle of invariance. 

Section 3.1 Invariant Families of Distributions· 

Virtually all of our discussions will revolve around an invariant 

family of distributions. 

Definition 3.1. A family of distributions is a triple (X,n,P) 

where 

i) n is a non-empty set called the parameter space. 

ii) P = {P lw n} is a collection of probability distributions w 
defined on a a-algebra A of subsets of X and indexed by the elements 

of n such that w1 * w2 implies Pw1 * Pw2• 

With reference to Definition 3. 1, we take the a-algebra A to be 

the Borel subsets of X, if X carries some topology. We say that w 

is the parameter of the distribution P and we use X both to denote w 
the space of a random variable having distribution P and the random w 
variable itself. Moreover, X~P means X has the given distribution. w 

The following is the basis of the principle of invariance: 

Definition 3.2. AG-invariant family of distributions is a family of 

distributions (X,n,P) together with a group of transformations G on 

14 
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X such that: for every g e G and wen there is a unique w* en 

such that if X~P then gX~P *" w w 

In Definition 3.2, gX is the random variable which equals gx 

when X=x. Definition 3.2 implies certain measurability conditions for 

g e G. In fact, we assume that each g e G is a measurable transformation 

with respect to A. 

Definition 3.2 allows us to define a group of transformations on n 

as follows: for each g e G let g*:n-+n be given by g*w = w* if and 

only if gX~P * when X~P. That G* = {g*lg e G} forms a group of w w 
transformations under the composition g1 g2 = (g1g2}* is the subject of 

the next proposition. 

Proposition 3.1. If (X,n,P) is a G-invariant family of distribu-

tions then G* = {g*lg e G} is a group of transformations on n. 

Furthermore, g + g* is a homomorphism G + G* of groups. 

Proof. See Lehmann [ 9] or Ferguson I 2] . 

We note the following useful fact: 

Proposition 3.2. 

tions, and if A e A, 

P (A)= Pg* (gA). w w 

If (X,n,P) is a G-invariant family of distribu-

P e P, wen, g e G, all arbitrary, then w 

Proof. Let the hypothesis be satisfied and suppose X~P. Then 
w 

gX~Pg*w and under the transformation g, A is transformed to gA. 

Thus Pw(A) = Pw(X e A) = Pg*w(g Xe g A) = Pg*w(gA) as desired. Q.E.D. 

Section 3.2 The Invariance Principle: Eguivariant Estimation 

Given a G-invariant family of distributions (X,n,P}, the principle 
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of invariance suggests that we restrict our attention to equivariant 

estimators and invariant loss functions. 

By an estimator we mean a function ¢:X-+n. Invariance considera-

tions (gX~P * whenever X~P) suggest that if we estimate the para-g w w 
meter to be w when x is observed, then we should use the estimate 

g*w when gx is observed. That is, we should require our estimators 

to have the property ¢{gx) = g*¢(x) for all g E G and all x EX. 

Definition 3.3. Given a G-invariant family of distributions 

(X,n,P), a G-G* equivariant estimator is an estimator ¢ such that 

¢{gx) = g*¢{x) for all g E G and x EX. 

Again, consideration of the transformation structure leads to the 

definition of natural loss functions for equivariant estimators: In-

variant loss functions. By a loss function we mean a non-negative real 

valued function L on n x n. Invariant loss functions are those loss 

functions which have the property: 

L(g*w, ¢(gx)) = L(g*w, g*¢(x)) = L(w, ¢{x)). 

Equivariant estimators have the property that the risk associated 

with any ¢ under the invariant loss L is constant on the G* orbits 

of n. Letting 

R(w, ¢} = J L(w, ¢(x)) dP (x), w 

we have asserted the following: 

Proposition 3.3. If (X,n,P) is a G-invariant family of distribu-

tions, and if ¢ is a G-G* equivariant estimator and if L is an 
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invariant loss function then R(g*w, ¢) = R(w, ¢) for all g E G and 

WE f2. 

Proof. Let the hypotheses be satisfied. Now 

R(g*w, ¢} = J L(g*w, ¢(x)) dPg*w(x), 

so making the change of variable y = g-lx we have 

= f L(g*w, ¢(gy)) dPg*w(gy) 

= J L(g*w, ¢(gy)) dP(l/Y) by Proposition 3.2 

= f L(w, ¢(y)) dP (y) by invariance of L w 

= R(ws ¢) as required. Q. E.D. 

The term equivariant estimator derives from the fact that the risk 

function is constant on orbits. That is, R(g*w, ¢) = R(w, ¢) as in 

Proposition 3.3. 

Section 3.3 The Invariance Principle: Invariant Tests 

Just as invariance suggests that we restrict attention to equivariant 

estimators it also prescribes that invariant tests be used to test certain 

hypotheses. See Lehmann [ 9]. 

Definition 3.5. Given a family of distributions (X,n,P) and a 

hypothesis H: w E nH vs K: w E nK, a test for H vs K is a function 

¢: X ->-[0, l] such that, having observed X=x, the probability with which 

we reject H is ¢(x). 
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Definition 3.6. Given a family of distributions (X,n,P} and a 

test ¢ for H: w E nH vs K: w E nK then we say 

i) ¢ is a size a test provided that /¢{x) dP (x) ~a for all· w 

WE QH° 

ii) The power of ¢ at w E nK is s¢(w) = /¢{x) dPw(x) 

The following definition describes a certain type of hypothesis which 

leads to another application of the invariance principle. 

Definition 3.7. Given a G-invariant family of distributions (X,n,P), 

the hypothesis H: w E nH vs K: w E QK is said to be G-invariant pro-

vided that both g*nH = QH and g*nK = nK for all g E G. 

Recalling again that gX~P9* when X~P ·and given a G-invariant w w 

hypothesis, adoption of the invariance principle suggests that we consi-

der only those tests ¢ which are G-invariant. That is, those tests for 

which ¢{gx) = ¢{x) for all g E G, x EX. 



CHAPTER IV 

HAAR MEASURE 

We have mentioned that Chapter VI will include a discussion of den-

sities of maximal invariants. These densities will be obtained with 

respect to Haar measure. Haar measure is a measure µ on the Borel sets 

of a locally compact topological group G such that µ(gB) = µ(B). 

Nachbin [ 12J gives a complete account of Haar measure and integration. 

Section 4.1 Haar Measure and Differentials 

Definition 4. 1. A Haar measure µ on a locally compact topological 

group G is a measure defined on the Borel sets of G having the pro-

perty that µ(gB) = µ(B) for all g £ G and measurable B. 

The measure µ is often referred to as left invariant or left Haar 

measure. Analogous to Definition 4. 1 we may define right Haar measure. 

Nachbin [ 12] shows that a left Haar measure and a right Haar measure are 

related by a function called the modular function. We need only consider 

left Haar measure which we refer to as Haar measure. Nachbin also shows 

that if G is a locally compact topological group~ then there exists a 

Haar measure on G and this measure is unique up to a positive constant 

of proportionality. 

Nachbin goes on to develop an integral with respect to Haar measure, 

denoted ff (g}dµ(g) where f is a (real-valued) integrable function on 

G. It follows from the definition of Haar measure that, under the trans-

formation k = tg, t £ G_ arbitrary but fixed, we have: 

If (g)dµ(g) =If (t- 1k)dµ(t- 1k) =ff (t- 1k)dµ(k). 

19 
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That is, dµ{tg) = dµ(g) for all t E G. We refer to dµ(g) as an 

invariant Haar differential. 

Section 4.2 Haar Measure on Semi-Direct Products 

The following result arises in the development of the Haar integral. 

We also use it to obtain an invariant measure on a semi-direct product. 

Theorem 4.1. Let µ be a Haar measure on K and let a be a 

topological automorphism of K. There exists a unique positive real 

number o(a) such that 

J f (a-\x))dµ{x) = o(a) ff (x)dµ(x) 

for all integrable f. Moreover, a+o{a) is a homomorphism from the 

group of topological automorphisms of K into the multiplicative group 

of positive real numbers. 

Proof. See Nachbi n [ 12] . 

Recall Definition 2.8 and suppose Hx8G is the semi-direct product 

of H and G relative to e. If, in addition, H and G are topolo-

gical groups and Hx6G is endowed with the product topology and e(g) 

is a topological automorphism of H for each g E G then Hx8G is 

called a topological semi-direct product. If Hx6G is a topological 

semi-direct product and µ is a Haar measure on H then by Theorem 4. l 

there is a ~ertain homomorphism e{g)+o(e(g)) defined for all g E G. 

It is this homomorphism o that we refer to in the following. 

Theorem 4.2. Let K = Hx8G be the topological semi-direct product 

of H and G with respect to e. If dµ(h) and dv1(g) are invariant 
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Haar differentials on H and G respectively then 

dµ(h)dv1(g) 
dA(k) = o(e(g)) , k = (h,g), 

is an invariant Haar differential on K. 

Proof. See Nachbin [ 12]. 

Let us write dv(g) = dv1(g) / o(e(g)) so that dA(k) = dµ(h)dv(g). 

Since dv1(g) is an invariant differential on G it follows that 

dv(g1g) = dv1(g1g) / o(e(g1g)) 

= dv1(g) / o(e(g1)e(g)) 

dv1(g) 
= o(e(g))o(e(gl)} = dv(g) / o(e(gl)). 

Recall from Definition 2.8 that g1k = (l,g 1)(h,g) = (e(g 1)h,g1g). 

Since the differential dA(k) in Theorem 4.2 is K-invariant, it is also 

G-invariant. Thus 

dµ(h)dv(g) = dA(k) 

= dA(g1k) 

and we conclude that dµ(e(g1)h) = o(e(g1))dµ(h) for all g1 £ G. 

We remark that if we are considering a G-invariant family of distri-

butions (X,n,P), and if X is isomorphic to G, then it seems 

natural to try to find densities for the members of P with respect to 

a Haar measure on X=G. See Fraser [ 3] , [ 4] , [ 5] ; Hora and Buehler 

[8]; Lehmann [ ~; Wijsman [ l~ and Zacks [ l~. 



CHAPTER V 

EQUIVARIANT.ESTIMATION AND SPECIAL GROUP STRUCTURES 

R. H. Berk [ l] gave necessary and sufficient conditions for the 

existence of G-G* equivariant estimators given the G-invariant family 

(X,n,P). Moreover, he characterized the form of these estimators pro-

vided the group G is a direct factor of a group of transformations K 

on X such that K is transitive on X. In this chapter we show that 

it is sufficient for G to be a semi-direct factor of a group of trans-

formations K on X such that K is transitive on X. 

Section 5.1 Existence of Eguivariant Estimators 

Definition 5.1. Let (Xsn,P) be a G-invariant family of distribu-

tions, for y EX let ny = {w E nl(Gy)*w = w} where GY = {g!gy =·y}. 

Theorem 5.1. Let (X,n,P) be a G-invariant family of distributions. 

There exist G-G* equivariant functions ¢:X-+n if and only if for any 

y EX, ny =1: ~-

Proof. See Berk [1]. 

Theorem 5.1 is the basic existence theorem. Theorem 5.2 follows as 

a corollary: 

Theorem 5.2. Let (X,n,P) be a G-invariant family of distributions 

and y EX. There exist G-G* equivariant functions ¢:Gy-+n if and 

only if n =f: ~- Moreover, ¢ is determined by its value at any point y 
of Gy, say y, as follows: ¢(gy) = g*¢(y) where ¢(y) E ny. 

Proof. Let (X,n,P) be a G-invariant family of distributions and 

y EX. 

Suppose ¢:Gy-+n is a G-G* equivariant function. Consider 

22 
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rt>(y) and let g e: Gy. Then g*¢(y) = </>(gy) = rt>(y). That is, 

(Gy)*rt>(y) = ¢(y) or </>(y) e: ny * ~- Moreover, </> is determined by its 

value at the point y for if gy e: Gy then ef>(gy) = g*</>(y). 

Conversely, suppose n * and let w e: n. Define rt>:Gy->n to y O y 
be rt>*(gy) = g*w . 

0 
Note that if glGy = g2Gy then (g; 1g1)* = 

(g2)-lgi e: (Gy)* so that giw0 = g2w0 • That is, </1 is well defined. 

Moreover, </> is G-G* equivariant by construction. Q.E.D. 

Section 5.2 Eguivariant Estimators and the Direct Product 

Berk [ 1] discusses tta special group structure for which the charac-

terization 11 given in Theorem 5.1 "assumes a particularly interesting 

form." To wit: 

Let (X,n,P) be a G-invariant family of distributions and suppose 

there is a further group H of transformations of X such that: 

i) Every element of G commutes with every element of H. 

ii) If g e: G, he: H, x e: X such that gx = hx then gx = x. 

iii) The group K = GH is transitive on X. 

Now, if, in addition to i and iii above, we also have that 

H n G = {e}, where e is the identity transformation on X then K 

is the direct product of G and H. Berk says in fact that ii is a 

strong condition for G n H = {e}. Strictly speaking, this is not true 

unless G is effective on X: Suppose t e: G n H. Then if x e: X, 

tx = tx implies tx = x by ii. That is tx = x for every x e: X. Now 

if G is effective, we may conclude t = e. This leads us to a reformu-

lation of the above. 
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Definition 5.2. The G-invariant family of distributions (X,n,P) 

is said to have a direct product structure with respect to (K,H) provi-

ded that K is a group of transformations on X which is transitive on 

X and H is a subgroup of K such that 

i) K is the direct product of G and H. 

ii) If g E G, h EH and x EX such that gx = hx then 

gx = x. 

We are now ready to prove Berk1 s main theorem. 

Theorem 5.3. Let (X,n,P) be a G-invariant family of distributions 

with a direct product structure with respect to (K,H) and let y EX. 

To every G-G* equivariant function ¢:X-+n there corresponds a function 

¢Y:Hy+ny such that at X = ghy, ¢(x} = g*¢y{hy). Conversely, if 

ny =I= 4> then any function ¢ y=Hy-+ny determines a G-·G* equi variant 

function ¢:X+n such that at X = ghy, ¢(x) = g*¢y(hy). 

Proof. Let ¢:X-+n be a G-G* equivariant function. Define ¢Y 

on Hy to be the restriction of ¢ to Hy. That is ¢y(z) = ¢(z), 

z E Hy. It remains to see that ¢Y(z) E ny. Let g E GY. Since 

z = hy for some h EH, we see 

g*¢y(z) = g*¢y{hy) = g*¢(hy) = ¢{ghy) = 
¢(hgy) = ¢(hy) = ¢y(hy) = ¢y(z). 

Therefore, ¢Y:Hy+ny as required. 

Conversely, suppose ny =I= 4> and let ¢Y:Hy-+ny. Define ¢:X+n 

as follows: For x EX let k = ghEK so that x = ghy and let 
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¢(x) = g*¢y(hy). If g1h1y = k1y = x = ghy then by commutativity of 

G and H and ii of Definition 5.2 we have h1y = hy and g-1g1£GY. 

Thus ¢y(hy) = ¢y(h1y) and g~¢y(hy) = g1 ¢y(h1y) since ¢y(hy)£ny. 

Q.E.D. 

We note here the importance of Part ii of Definition 5.2 and also 

that of the commutativity of G and H in the proof of Theorem 5.3. 

Section 5.3 Measurability and the Direct Product Structure 

At this point we will consider conditions under which the G-G* 

equivariant functions specified in Theorem 5.3 are measurable. Thus, we 

will introduce into consideration a-fields A and B for X and n 

respectively in the G-invariant family of distributions (X,n,P). 

The following theorem will be useful in obtaining a characterization 

theorem for measurable equivariant functions. 

Theorem 5.4. Let (X,n,P) be a G-invariant family of distributions 

having a direct product structure with respect to (K,H) and let y £ X. 

Then there is a bijection o:X+Gy x Hy given by o(x) = (gy, hy) where 

k = gh£K such that x = ky. 

Proof. If x £ X then there is some k = gh£K such that ky = x. 

Suppose k1 = g1h1£K and k1y = x. Then g1h1y = x = ghy implying 
-1 -1 g1h1y = ghy. Since G and H commute h h1y = g1 gy. By ii of Defi-

nition 5.2 gi 1gy = y or hy = h1y and gy = g1y. In other words, a 

is well defined. 

Now, if (gy, hy) £ GyxHy then o(ghy) = (gy, hy), so o is 

onto. Now suppose x = ghy and x1 = g1h1y are such that o(x) = 
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x = ghy = g(hy) = g(h1y} = (gh1)y = (h1g)y = 
hl(gy) = hl(gly) = glhly = xl. 

That is, a is one-one also. Q.E.D. 

Note again the importance of Part ii of Definition 5.2 and also that 

of the commutativity of elements of G and H. 

In view of the bijection X-+-Gy x Hy given in Theorem 5.4, we may 

use A, the a-field for X, to induce a-fields AG and AH on Gy 

and Hy respectively and on Gy x Hy. 
I 

The following is due to Berk: 

Theorem 5.5. Let (X,n,P) be a G-invariant family of distributions 

which has a direct product structure with respect to (K,H), let y £ X 

and let the function Gy x ~\ -~ n given by (gy, w) g*w be_ AG x B 

measurable. Then a G-G* equivariant function ¢:X-+n {necessarily of 

the form given in Theorem 5.3) is measurable if and only if the corres-

ponding ¢Y is measurable. 

Proof. Let the hypothesis of the theorem be satisfied. If ¢:X-+n 

is a measurable G-G* equivariant function, then ~y' the restriction 

of ¢ to Hy, is measurable with respect to the a-field AH. 

Conversely, suppose ¢y:Hy-+ny is measurable and let be the 

associated G-G* equivariant function. Letting B £ B and identifying 

X with Gy x Hy as in Theorem 5.4 we have 



27 

{XEXj¢(x)eB} = {(gy, hy) s Gy x Hy ¢(gy, hy) EB} 

= {(gy, hy) E Gy X Hy g*¢y(hy) EB} 

= (ex¢yf 1 {(gy, w) E Gy x ny I g*w E B} 

where e is the identity function on Gy. Since the function 

(gy, w) g*w is measurable, the set C = {(gy~ w) E Gy x ny I g*w EB} 

is measurable. Since ¢Y is measurable by assumption, the function 

ex¢ : Gy x Hy+ Gy x ny is measurable. Thus, . y 

is measurable in A and hence ¢ is measurable. Q.E.D. 

Thus, under the hypotheses of the theorem, all functions of the form 

given by Theorem 5.3 having measurable ¢Y are measurable and conversely. 

Section 5.4 Eguivariant Estimators and a Semi-Direct Product 

In Section 5.3 we presented some results which serve to characterize 

G-equivariant estimators under the condition K = GxH. In this section 

we will present results which give the same characterization but require 

only a semi-direct product structure for K. Since any direct product 

is trivially a semi-direct product, the theorems of Section 5.3 will 

then be seen to be a special case of the theorems to follow. A corollary 

to this statement is that in theory we are able to characterize estima-

tors for a larger class of groups. 

He begin this section with some preliminary results. 

Definition 5.3. If G is a group of transformations on X then 

G is said to have a semi-direct product structure with respect to 
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(K,H) provided that K is a group of transformations on X which is 

transitive on X and H is a normal subgroup of K such that 

i) K = HxsG. 

ii) h £ H, g £ G, x £ X such that if gx = hx then gx = x. 

Proposition 5.6. Let G be a group of transformations on X 

having a semi-direct product structure with respect to (K,H). If 

g1, g2 £ Gs h1s h2 £ H and x £ X, such that either g1h1x = g2h2x or 

hlgl~ = h2g2x then, g1x = g2x. 

Proof. Let g1, 92 £ G, h1, h2 £ H and x £ X and suppose 

g1h1x = 92h2x. Then 

where 
-1 -1 -1 . (g2 91)h1(g2 g1) = h3 £ H since H <I K. 

Thus, -1 -1 -1 g2 g1x = h3 h2x so by ii of Definition 5.3, g2 g1x = x or 

where 

Thus, -1 -1 -1 h3 x = 92 g1x so by ii of Definition 5.3, g2 g1x = x or 

Q. E. D. 

Proposition 5.7. Let G be a group of transformations on X 

having a semi-direct product structure with respect to (K,H) and let 
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x EX. If x EX then Gx n Hx * $ and if z, y € Gx n Hx then 
0 0 0 

z = y. That is, the H-orbit of x0 intersects each G-orbit in X in 

one and only one point. 

Proof. Fix, x EX and let x EX. Since K is transitive on X 
0 

there is a k = hg EK such that hgx = x. Thus, gx E Gx n Hx * $. 
0 0 

Now suppose z, y E Gx n Hx0 • Then there exist elements g1,g2 E G 

and h1,h2 EH such that g1x = z = h1x0 and g2x = y = h2x0 • Hence 

so by Proposition 5.6 

Q. E. D. 

The phenomenon referred to in Proposition 5.7 is often described by 

saying that the H-orbit of x provides a cross section for the 
0 

G-orbits. In particular, they have been considered by Wijsman [ 14). 

Proposition 5.8. Let G be a group of transformations on X 

having a semi-direct product structure with respect to {K,H) and let 

x EX. Then the assignment x +z where z E Gx n Hx is a function 
0 0 

aH:X + Hx0 • Furthermore: 

i) aH is onto 

ii) if z € Hx0 then crH(z) = z 

iii) aH(x) = aH(y) if and only if Gx = Gy 

iv) if z E Hx and g E G such that gz E Hx then gz = z. 
0 0 

Proof. It follows immediately from Proposition 5.7 that the assign-

ment x + z, z E Gx n Hx, 
0 

Now suppose z E Hx0 • Since Gz n Hx0 = {z}, aH(z) = z by 
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definition. Thus, we have established both i and ii. 

In order to establish iii consider x, y EX such that Gx = Gy. 

Then Gx n Hx 
0 

= Gy n Hx so 
0 

Then Gx n Hx = 
0 

Conversely, suppose 

Gy n Hx so there exist elements 
0 

g1, g2 e G such that g1x = z 

Gx = Gy. 

= g2y from which it follows that 

Finally, suppose that z E Hx and g E G such that gz E Hx. 
0 0 

By ii 

and by iii 

crH(z) = z and oH(gz) = gz 

oH(gz) = crH(z). 

Thus, gz = z as required. Q. E. D. 

Although the semi-direct product is not symmetric, Propositions 

5.7 and 5.8 are still true when the roles of G and H are inter-

changed. Thus: 

Proposition 5.9. Let G be a group of transformations on X 

having a semi-direct structure with respect to (K,H) and let x e X. 
0 

If X € X, 

Proof. 

then Hx n Gx * and if z, ye Hx n Gx , then z = y. 
0 0 

This is simply a restatement of Proposition 5.7 and estab-

lishes the fact that the G-orbit of x provides a cross section for 
0 

the H orbits in X. 

Proposition 5.10. Let G be a group of transformations on X 

having a semi-direct product structure with respect to (K,H) and let 

X € X. 
0 

Then the assignment x + z where z e Hx n Gx 
0 

is a function 
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i) oG is onto 

ii) if z E Gx0 then oG(z) = z 

iii) oG(x) = oG(y) if and only if Hx = Hy 

iv) if z E Gx and h EH such that hz E Gx then hz = z. 
0 0 

v) oG(gx) = g oG(x) for all g E G and x EX. 

Proof. It follows at once from Proposition 5.9 that oG is a 

function. Since for any z E Gx we have z E Hz n Gx it follows that 
0 0 

oG(z) = Hz n Gx0 = z which establishes i and ii. 

In order to establish iii suppose x, y EX with Hx = Hy. Then 

Hx n Gx0 = Hy n Gx0 so o6(x) = o6(y). Conversely, if crG(x) = oG(y), 

then Hx n Gx = Hy n Gx. Letting z E Hx n Gx there exist 
0 0 0 

h1, h2 EH so that h1x = z = h2y and thus Hx = Hy. 

In order to establish iv, let z E Gx and h EH and suppose 
0 

hz E Gx0 • By ii, oG(hz) = hz. By iii, oG(z) = oG(hz) so z = 
oG(z) = oG(hz) = hz as required in iv. 

Finally, let g E G and x EX. Now oG(x) E Hx n Gx0 so let 

hx = o6(x) = gx0 • Then 

so that 

and x EX as required. Q. E. D. 
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We may now use the functions a6 and aH to establish a bijection 

from X to Hx x Gx. This bijection will be helpful in obtaining a 
0 0 

characterization of G equivariant estimators. 

Theorem 5.11. Let G be a group of transformations on X having 

a semi-direct product structure with respect to (K,H) and let x e X. 
0 

Then the assignment x + (aH(x), aG(x)) establishes a bijection 

a:X + Hx x Gx. 
0 0 

Proof. That the assignment determines a function follows from the 

fact that aG and aH are functions. Now suppose x1, x2 e X such 

that a(x1) = a(x2). Then a6(x1) = aG(x2) and aH(x1) = aH(x2). By 

Part iii of Proposition 5.8, there is g e G such that x1 = gx2. 

Similarly, by Proposition 5.10, x1 = hx2 for some he H. Thus, 

gx2 = x1 = hx2 \'1hich implies x1 = gx2 = x2 by ii of Definition 5.3. 

This demonstrates that a is one to one. It remains to show that a 

is onto. Let (z1, z2) e Hx0 x Gx0 • Then there is g e G and he H 

Let x = ghx. Then 
0 

by iii of Proposition 5.8. But aH(hx0 ) = hx0 = z1 by ii of that pro-

position. On the other hand, x = ghx0 = {ghg-l)gx0 and ghg-l e H 

since H is normal in K. Therefore, 

gx 
0 

by Parts iii and ii of Proposition 5.10. Thus 
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establishing that a is onto. Q. E. D. 

Proposition 5.12. Let G be a group of transformations on X 

having a semi-direct product structure with respect to (K,H), let 

x e X and let cr:X + Hx x Gx be the bijection of Theorem 5.11. 
0 0 0 

Then a has an inverse function a- 1:Hx x Gx + X and the assignment 
0 0 

(g,(z 1, 22)) + a(gcr-1(2 1, 22)) for each g £ G and (z1, 22) £ Hx0 x Gx0 

defines an action G on Hx x Gx. Furthermore, cr-l is G-equivariant. 
0 0 

. -1 Proof. Since a is a bijection, it has a unique inverse a 

• -1( ) () ( ) given by a 21, 22 = x where ax = 21, 22 . 

Now let g £ G and (z1, 22) e Hx0 x Gx0 • Under the given assign-

ment 

a- 1(g(z1, 22)) = cr-1(cr(g(cr-1(z1, 22)))) = 

so that -1 a is equivariant as required. 

We are now ready to prove the analog of Theorem 5.3 under the con-

dition that G has a semi-direct product structure. 

Definition 5.4. The G-invariant family of distributions (X,n,P) 

is said to have a semi-direct product structure with respect to (K,H} 

provided that G has a semi-direct product structure with respect to 

(K,H). That is·, G must satisfy Definition 5.3~ 

Theorem 5.12. Let (X,n,P) be a G-invariant family of distribu-

tions which has a semi-direct product structure with respect to (K,H) 

and let y £ X. To every G-G* equivariant function ¢:X+n there 

corresponds a function ¢Y:Hy + ny such that at x £ X, 
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c/>(x) = g*[c/>Y(oH(x))l where gy = oG(x). Conversely, if ny=fo<p then 

any function c/>Y:Hy + ny determines a G-G* equivariant function 

c/>:X + n such that c/>(x) = g* c/>Y(oH(x)) where gy = crG(x). 

Proof. Let (X,n,P) and G satisfy the hypotheses. Let ye X 

and let a be the bijection X + Hy x Gy given in Theorem 5.11 with 

X = y. 
0 

Let c/>:X + n be a G-G* equivariant function. Induce a function 

;:HyxGy+n by ;(z)=c/>o- 1(z). Note that; iswelldef"inedandis 

G-G* equivariant because cr-l is G equivariant and c/> is G-G* 
A A 

equivariant. For each t e HY let c/>t:Gy + n be given by c/>t(s) = 
,. ,- A 

c/>(t,s) for each s e Gy. Note that c/>tl = c/>t2 if tl = t2 E Hy 
also that 

;t(gs) = ;(t, gs)= c/>o-1((t, gs))= c/>(go-1(t, s)) = 

g*c/>cr-1((t, s)) = g*;t(s) 

A ,-

and 

so that c/> is G-G* equivariant. Then by Theorem 5.2, c/>t(y) e ny 

for any t e Hy. Now define c/>Y:Hy + ny by c/>Y(t) = ;t(y) = ;{t, y). 

Thus to cf> there corresponds c/>Y:Hy + ny. Moreover, if x e X and 

cr(x) = (t, s) then c/>(x) = ;(t, s) = ;t(s). Since oG(x) = s e Gy 
A 

there is g e G and gy = s and since c/>t is G-G* equivariant it 
A A 

follows that c/>(x) = c/>t(gy) = g*c/>t(y}. Moreover, if also g1 e G 
,. ,. ,. 

such that g1y = s then g1 c/>t(y) = g* c/>t(y) since c/>t(y) e ny. 

Finally, ;t(y) = c/>Y(t) where t = oH(x) so that o(x) = g*¢y(t) as 

required. 
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Conversely, suppose y s X such that ny * and let ¢Y:Hy + ny 

be given. Then for any x e X let ¢(x) = g*¢y(t) where o(x) = 
(t, s) = (oH(x), oG(x}) and g £ G such that gy = s = oG(x). If also 

g1 e G such that g1y = s then g?."ef>Y(t) = gi¢y{t) since ¢Y(t} e ny. 

Thus ¢ is well defined. It remains to show that this ¢ is G-G* 

equivariant. Thus let g1 e G and x £ X. Now~ ¢{x) = g*¢y(t} where 

gy = aG(x) and t = aH(x). By iii, Proposition 5.8, aH(g1x) = aH(x) 

and by v, Proposition 5.10, aG(g1x) = g1aG(x). Thus g1gy = aG(g1x) 

while 

Hence ¢ is G-G* equivariant. Q. E. D. 

We remark here that ¢ agrees with ¢Y on Hy. 

Section 5.5 Measurability and the Semi-Direct Product 

Theorem 5.12 provides a characterization of all G-G* equivariant 

functions ¢:X + n under the semi-direct product structure. We now wish 

to consider conditions which assure the measurability of such functions. 

That is, we seek the analog of Berk's Theorem 5.5 for the semi-direct 

product structure. 

Given the G-invariant family of distributions (X,n,P) with 

a-algebras A and B on X and n respectively and given that the 

family of distributions has a semi-direct product structure with respect 

to (K,H) let y £ X and let AG denote the a-algebra induced on Gy 

by A. That is, A' £ AG if and only if A' = Gy n A where A£ A. 

Similarly, let AH be the induced a-algebra on Hy. Recalling the 
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bijection cr:X + Hy x Gy given by Theorem 5.11 let Ax be the 

a-algebra induced on the product space by a. That is, A' E Ax if 

and only if a- 1(A1 ) EA. 

Preliminary to characterizing the measurable equivariant functions 

we consider the following lemma: 

Proposition 5.13. Let (X,n,P} be a G-invariant family of dis-

tributions having a semi-direct product structure with respect to (K,H), 

let ye X and let cr:X + Hy x Gy be the bijection of Theorem 5.11. 

Then to each G-G* equivariant function ¢:X + n there corresponds a 

unique function ¢:Hy x Gy + n given by ;(s, t) = ¢{a··1(s, t)). 
A 

Furthermore, ¢ is (A, B) measurable if and only if ¢ is (Ax, B) 

measurable. 

Proof. We consider only the measurability requirements. Suppose 

¢ is (A, B) measurable and let B e B. Now ;-·I (B) = cr¢-l (B) and 

¢- 1(B) EA since ¢ is measurable. By definition of Ax, ;-l(B) e Ax. 
,. 

Thus ¢ is (Ax, B) measurable. 

Conversely, suppose ¢ is measurable and BE B. Now ~- 1(8) = 

a- 1(;- 1(B)) where ;- 1(B) E Ax. By definition of Ax, ¢-l(B) = 

a-1,;- 1(B)) e A so ¢ is (A, B) measurable. Q.E.D. 

We now characterize all measurable G-G* equivariant functions ¢ 

in terms.of their corresponding ¢y• This is the semi-direct product 

version of Berk's Theorem 5.5. 

Theorem 5. 14. Let (X,n,P) be a G-invariant family of distribu-

tions having a semi-direct product structure with respect to (K,H), 
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let y s X, let ¢:X + n be a G-G*. equivariant function and let 

¢ :Hy+ n be the corresponding function given by Theorem 5.12. Under y y 
the conditi ans 

i) Ax= AG x AH and 

ii) the function f:Gy x n + Q given by (gy, w) + g* w is 
.Y 

(AG x 8, 8) measurable~ 

the function ¢ is (A, B) measurable if and only if ¢Y is (AH' B) 
measurable. 

Proof. We first show the forward implication. Thus, let the hy-

potheses of the theorem be satisfied and let ¢:X + n be G-G* equi-

variant and (A, 8) measurable with corresponding ¢Y:Hy + ny. ~•le 
-1( ) -1 ) claim that ¢Y B = ¢ (B n Hy for any B c n. Indeed, let 

x s ¢; 1(B). Then x s Hy and ¢Y(x) s B. Recalling the remark 

following Theorem 5.12 that </> agrees with </>Y on Hy \•te get that 

¢(x} = ¢Y(x) s B. That is, x EX and ¢{x) EB or x E ¢- 1(8). 

That is ¢; 1(B) c ¢-l(B) n Hy. On the other hand, if x E ¢-l(B) n Hy, 

then x E Hy and ¢Y(x) = ¢(x) EB. Thus ¢; 1(B) = ¢- 1(B) n Hy. Con-

sequently, if ¢ is measurable and B s B then, ¢; 1(B) = ¢-l(B) n 

Hy s AH by definition. Thus ¢ measurable implies ¢Y measurable 

which completes the forward implication. 

Conversely, suppose that ¢y:Hy ny is (AH' 8) measurable. 

Consider momentarily the identity function e: Gy + Gy and the function 

{¢ xe): Hy x Gy + n x G given by (¢ xe) (hy, gy) = (</JY(hy), gy) and y y y y 

note that {¢Yxe) is AH x AG measurable. Furthermore, recall Pro-

position 5.13 whkh states that the (A, 8) measurability of ¢ is 
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... 
equivalent to the AH x AG measurability of the induced function ~-

We wil1 establish the desired implication then if we show that ,py is 
A 

measurable implies·¢ is measurable. 

Thus, let BE B. Then, 

;- 1(8) = {(hy, gy) E Hy x Gyji(hy, gy) EB}= 

{(hy, gy) E Hy x Gyjg*,py(hy) e B} = 

(¢y x e)- 1{(w, gy) E ny x Gylg* w EB}. 

Now the measurability of {{w, gy)lg* we B} follows from ii of the 

hypotheses. Furthermore, since ¢Y x e is (AH x AG, Bx AG) measur-

able we see that ;- 1(8) is AH x AG measurable. Since AH x AG= Ax, 
,. 

by i of.the hypothesis we may conclude that ¢ is Ax measurable and 

hence that ¢ is A measurable. Q.E.D. 



CHAPTER VI 

DENSITIES FOR MAXIMAL INVARIANTS 

In this chapter we explore further the information provided by the 

existence of the so-called global cross-section mentioned in Chapter V. 

In particular, we show how a global cross-section gives rise to a func-

tion on the space X called a maximal invariant. The relationship 

between the distributions of the maximal invariant and the distribution 

on X are displayed. In addition, we give the density of the maximal 

invariant with respect to a certain measure. Finally, we consider a 

test of hypothesis involving cosets in the parameter space. 

In 1 ater sections we will fo 11 ow Fraser ([ 31 , [ 4] , [ 5] ) and Younger 

([ 15]} in that we will assume that (X,n,P) is a K-invariant family 

of distributions and furthermore that K = X = n and in this way we 

will identify sample points, parameter points and group elements. In 

addition, we will assume that K is isomorphic to the semi-direct pro-

duct of two subgroups H and G. Initially however, we will not re-

quire K = X = n. 

Section 6. 1 Global Cross Sections and Maximal Invariants 

Following the proof of Proposition 5.7, we noted that the H-orbit 

of the point x provided a cross-section for the G-orbits in X. 
0 

We now formalize this notion. 

Definition 6. 1. Let K be a group of transformations on X and 

let L be a subgroup of K. Then Z c X is said to be a global 

cross-section for the L-orbits in X provided that: 

i) for every x e X there is a unique zxeZ such that 

Lx n Z = {zx}. 

39 
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ii) LZ = {t zit e L, z E Z} = X. 

Thus, as noted in the remarks following Propositions 5.7 and 5.9, 

global cross-sections exist when K is transitive on X, K = HxsG 

and hgx = x implies gx = x. In the context of Definition 5.3, these 

conditions are that G has a semi-direct product structure with respect 

to (K,H). We now restate these properties formally. 

Theorem 6.1. Let K be a group of transformations on X such 

that: K is transitive on X; there exist subgroups G and H such 

that K = HxsG and hgx = x implies gx = x. If X EX then: 
0 

i) Hx is a global cross-section for the G-orbits in x. 
0 

ii) Gx is a global cross-section for the H-orbits in x. 
0 

Proof. As noted above, the hypothesis means that G has a semi-

direct product structure with respect to (K,H) as described in Defini-

tion 5.3. Thus the conclusions of Propositions 5.7 and 5.9 hold which is 

to say the conclusions of this Theorem hold. Q.E.D. 

Closely associated with the notion of gl9bal cross-section is that 

of maximal invariant. 

Definition 6.2. Let K be a group of transformations on X and 

let L be a subgroup of K. Then an L-invariant is a function f on 

X such that f (x) = f (y) whenever Lx = Ly. 

Thus an L-invariant is simply a function which is constant on the 

L-orbits in X. 

Definition 6.3. Let K be a group of transformations on X and 

let L be a subgroup of K. A maximal L-invariant is any function T 
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on X such that T(x) = T(y) if and only if Lx = Ly. 

This definition follows Lehmann [ 12]. Thus it is seen that a maxi-

mal L-invariant is constant on an L-orbit and takes distinct values 

on distinct orbits. Furthermore, a maximal invariant is unique in the 

sense that any invariant function depends only on the maximal invariant. 

Proposition 6.2. Let K be a group of transformations on X and 

let L be a subgroup of K and let T be a maximal L-invariant. A 

necessary and sufficient condition for f to be an L-invariant is that 

f (x} depend only on T(x) for each x e: X. That is, there exists a 

function h such that f (x} = h (T(x)). 

Proof. If f is a function of T(x), say f (x) = h (T{x)) for 

every x e: X, then f is L-invariant since x = iy gives 

J (x} = hT (x) = hT (R.y) = hT (y) = f (y) by the L-invariance of T. 

This establishes the sufficiency of the condition. 

Conversely, suppose f is L-invariant. Let A= {tit= T(x) for 

some x e: X} and B ={sis= f (x} for some x e: X}. Define h:A+B by 

h(t) = f (x) where x e: X such that T(x) = t. That h is well 

defined follows from the fact that T is a maximal L-invariant: 

Suppose x, y both satisfy T(x) = t = T(y). Then 

x = R.y and h(t) = J (x) = J (R.y) = f (y). 

Finally, by definition, f (x) = h (T(x)) which establishes the necessity 

of the condition. Q.E.D. 

Now, when a global cross-section exists, a maximal invariant can be 
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defined in a natural way as follows: 

Proposition 6.3. Let K. be a group of transformations on X, let 

L be a subgroup of K and let Z be a global cross-section for the 

L-orbits in X. Then T;X+Z given by T(x) = Lxnz for each x e X 

is a maximal L-invariant. 

Proof. Given the hypotheses it is clear that T is well defined 

by i of Definition 6.1. This same property also gives that T is 

L-invariant for if ix= y then Lx = Ly and so T(x) = Lxnz = 

Lynz = T(y). The maximality of T follows similarly: Suppose 

Lxnz = T(x) = T(y) = Lynz. Then there is a z £ Z with ix= 7. = t' y 

for some 1, t' el. Thus Lx = Ly which establishes that T is a 

maximal L-invariant. Q.E.D. 

Recalling Propositions 5.8 and 5.10 we see that the functions 

crH and crG are maximal invariants. That this is true also follows 

from Proposition 6.3. 

Theorem 6.4. Let K a group of transformations which is transitive 

on X and such that K = Hx5G and hgx = x implies gx = x. If 

x0 eX then the functions aH:X+Hx0 and crG:X+GX0 where crH(x) = 

GxnHx0 and crG(x) = HxnGx0 are, respectively, maximal G-invariant and 

maximal H-invariant. 

Proof. Suppose the hypotheses are satisfied. The conclusions 

follow from Propositions 5.8 (iii) and 5. 10 (iii) or by applying Propo-

sition 6.3 and Theorem 6. 1. Following the second line of reasoning, 

Theorem 6. 1 asserts that Hx is a global cross-section for the· 
0 

G-orbits in X and Gx is a global cross-section for the H-orbits 
0 
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in X. It then follows by Proposition 6.3 that where 

aH(x) = GxnHx, is a maximal . G-i nvari ant and that aG:X+GX0 , where 
0 

aG(x) = HnGx o' is a maxima 1 G-invariant as required. Q.E.D. 

Section 6.2 Maximal Invariant Parametric Functions 

and Distributions of Maximal Invariants 

The definitions and results of the preceeding sections did not in-

volve an invariant family of distributions. Their applications will, 

however, so that our discussions will once again revolve around some 

family of distributions (X,a,P) invariant under a group. Also, since 

we wish to find distributions for maximal invariants we will introduce 

measurability considerations concerning them. 

Thus, we will consider a K-invar-iant family of distributions 

(X,a,P) where PEP is defined on some a-algebra A of subsets of 
w 

X. Fo"llowing Wijsman [ 14] we say: 

Definition 6.4. Ac X is L-invariant (L a subgroup of K) if 

tA = {ta I a£ A}= A for all i £ L. 

Denoting by AI all sets A£ A which are L-invariant we again 

follow Wijsman and say: 

Definition 6.5. A maximal L-invariant statistic is a triple 

(Z, B~ T) where T: X Z is a maximal L-invariant function and B 
-1 is a a-algebra of subsets of Z such that T (B)EA1 for all BE B. 

Now for any PwEP, T induces on B the distribution P! given 

by PT (B) = P (T-1(B)). The most useful fact concerning such distri-w w 
butions is that they depend only on some maximal invariant on the para-
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meter space. 

Definition 6.6. Given the K-invariant family of distributions 

(X,n,P) and a subgroup L of K, a function TI on n is a maximal 

L-invariant parametric function provided n is a maximal invariant 

with respect to the group L* on n. 

Theorem 6.5. Let (X,n,P) be a K-invariant family of distribu-

tions, TI a maximal L-invariant parametric function and (Z, B, T) a 

maximal L-invariant statistic. Then the induced distribution of T 

depends only on TI(w). 

Proof. If w1, w2 En such that n(w1) = TI(w2), then w1 = t*w2 
since TI is a maximal L-invariant function. For BE B we have 
PT (B) = P (T-l (B)) = 
w, w, 

satisfies Definition 6.5. 

P (A) where w, 
Moreover, P 

w, 

A= T-l (B) E A1 since T 

(A)= Pn* (A)= P (A) by 
N w2 w2 

the K-invariance of the family P and the fact that A E A1. Finally, 

P (A)= P (T-1(B)) = PT (B). 
w2 w2 w2 

Therefore, TI(w1) = TI(w2) implies P1 = PT as required. 
. w1 w2 

Q.E.D. 

We wish now to apply Theorem 6.5 in the case where (X,n,P) is a 

K-invariant family, K= Hx5G, K* = H* xs G* and K and K* are 

transitive on X and n respectively such that hgx = x implies 

gx = x and h* g* w = w implies g* w = w. Letting A be the 

a-algebra of subsets of X and AH and AG be as in Theorem 5.14, 

we have as maximal invariant statistics the functions oH:X + Hx0 and 

oG:X + Gx0 and as maximal invariant parametric functions we have 
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nH:Q + H*w0 and nG:Q + G*w0 given by nH(w) = G*~1H*w0 and n6(w) = 
H*wnG*w. In these cases x and w represent arbitrary but fixed 

0 0 0 

points. As corollaries to the preceeding result, we have: 

Theorem 6.6. If (X~n,P) is a K-invariant family of distribu-

tions as described above then the distribution of the maximal G-invari-

ant crH:X + (Hx0 , AH) depends only on the value of the maximal 

G-invariant parametric function nH:Q + H*w0 • 

Proof. Follows immedio.tely as a corollary to Theorem 6.5. 

Theorem 6.7. If (X,n,P) is a K-invariant family of distribu-

tions as described above, then the distribution of the maximal H-invari-

ant cr6:X + (Gx0 , AG) depends only on the value of the maximal 

H-invariant parametric function n6:n + G*w0 • 

Proof. Again, a coro l1 ary to Theorem 6. 5. 

Section 6.3 Densities for Maximal Invariants 

In this section we will consider the problem of obtaining densities 

for maximal invariants, a problem originally investigated by Wijsman 

[14]. Follm-1ing Fraser [3], [5] and Younger [15] we restrict ourselves 

to a K-invariant family (X,Q,P) such that X n K = K*. In this 

way we identify points in X, K and n where X and w correspond 
0 0 

to e e: K and x = kx corresponds to k and w = k w corresponds 
0 X W 0 

to k . w 
Concerning the group K, we will assume that K is topo l ogi ca lly 

isomorphic to the semi-direct product of two locally compact topological 

groups H and G relative to some 0. That is, K = Hx0G. 

As is Chapter IV, we let µ be a left invariant Haar measure on H 
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and "l be a left invariant Haar measure on + G. , Then for o :Aut H + R , 

R+ the positive reals as a group under multiplication, 

is left invariant Haar differential on K = Hx8G. We denote 

dv1(g) I o(e(g)} by dv(g). 

Concerning the distributions 

has a density with respect to A. 

PEP we will assume that each P w w 
That is, for PEP we may write w 

P (A) = ff 1 (h, g; w) dµ(h)dv(g) 
w A 

where it is understood that the measurable sets are the Borel sets and 

that A, the a-algebra on X = K~ is such that A= AH x AG. Here 

again we follow Fraser [ 4], [ 5]. 

Without further qualification we will assume that these conditions 

are satisfied. 

In this context, a maximal H-invariant is a function T on X = K 
such that 

if and only if 

for some h EH. In particular, the function oG discussed earlier 

becomes oG:K + G given by oG(h, g) = g. Wijsman, in [ 14], considers 

the problem of obtaining a density for aG: 
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Theorem 6.8. If (X,n,P) is a K-invariant family of distribu-
oG 

tions, then a density for P with respect to the measure v on G 
w 

is given by ff (h, g; w) dµ{h) where f (h, g; w) is the density of 
H 

P with respect to A. 
(I) 

Proof. By definition, for 

Now P has density J(h, g; w) with respect to A so that 
(I) 

oG 
P {B) = f ff (h, g; w) dµ(h) dv(g) 
w B H 

oG 
from which it follows that .fJ(h, g; w) dµ(h) is a density for P 

H 
with respect to v. Q. E. D. 

oG 
In fact, we see that P has a density which is given by the 

(I) 

marginal density obtained from f (h, g; w} by integrating out the first 

coordinate. 

In addition, since nG(w) = nG(h, g ) = g is a maximal w w w 

H-invariant parametric function it follows from Theorem 6.7 that the 

density depends only on the point g. 
w 

As a corollary, we obtain the following concerning probability 

ratios. 

Theorem 6.9. Let (X,n,P) be a K-invariant family of distribu-

tions and let f (h, g; w1) and I (h, g; w2) be probability densities 

for P , P EP. Then, for the maximal H-invariant o6(x) = 
wl w2 

oG(hx, gx} = gx its probability ratio is: 
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dP G 

w1 
- (a6(x}) = 

aG 
dP 

W2 
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I J. (h, gx; w1) dµ (h) 
If (h, gx; w2} dµ (h) 

Proof. Applying Theorem 6.8 with P and P and forming the 
W1 W2 

ratio the result follows at once. Q.E.D. 

Our objective now is to find a density for the maximal G•ninvariant. 

In the terms used in this section the maximal G-invariant corresponds 

to oH(x) = oH(hx, gx) = e(g~1)(hx). 

Theorem 6.10. Let (X,n,P) be a K-invariant family of distribu-

tions. Then the function aH: K = X given by aH (h, g) = 
e(g-1)(h) is a maximal G-invariant statistic. 

Proof. Consider he H. Then 

which is the G-orbit of (h, 1) in this context. Thus, aH is 

G-invariant. On the other hand, suppose h, h' e H. If 

{{0(g)(h), g) I geG} = {{e(g)(h'), g) I geG} 

we may write (h, e) = (e(g)(h), g) for some g e G, implying in fact 

g = e6 so that h = e(e6)(h) = h'. Thus aH is maximal G-invariant. 

Furthermore, 

Thus, aH is a maximal H-invariant statistic. Q. E. D. 
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a 
It follows from Theorem 6.6 that the distribution PH induced 

w 

by P w and aH depends only on 0(9: 1 )(hw) = rrH(w) the maximal 

G-invariant parametric function. We now turn to finding the density 

of aw 

Theorem 6.11. If (X,n,P) is a K-invariant family of distribu-
aH tions, then a density for P with respect to the measure µ on H 
w 

is given by 

g(t; w) =ff (0(s)(t), s; w) o(0(s)) dv(s) 

where f (h, g; w) is a density for P with respect to A on K. w 

Proof. By definition, 

0 H l P (B) = P .(aH- (B)) = f If (h, g; w) dµ(h) dv(g) 
w w A . 

where 

A= {(0(g)(b), g) I beB, geG} = aH-l(B). 

Consider the transformation 

This transformation is one-one onto with inverse (h, g) = (e(s)(t), s). 

Under this transformation 

dµ x dv(h, g) = dµ{h) dv(g) = 

dµ(e(s)(t)) dv(s) = 0(0(s)) dµ(t) dv(s). 

Moreover, under this transformation the set A is transformed to Bx G= 
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{(b, g) I be:B, ge:G}. Thus, 

aH 
P (B) = J Jf(h, g; w) dµ(h) dv(g) = 
w A 

J(l f (e(s}(t), s; w) 0(0(s)) dv(s) dµ(t). 
B G 

a 
Therefore, PH has a density with respect to µ given by 

(i) 

g(t; w) =ff (e(s)(t), s; w) o(e(s)) dv(s) 
G 

which is the desired conclusion. Q. E. D. 

Corresponding to Theorem 6.9 we obtain the following concerning 

probability ratios: 

Theorem 6.12. Let (X,n,P) be a K-invariant family of distribu-

tions and let I (h, g; w1} and f (h, g; w2) be probability densities 

for P , P e:P respectively. Then, for the maximal G-invariant 
wl w2 

its probability ratio is: 

Section 6.4 A Test of Hypothesis Concerning Cosets 

Fraser [ 5] assumes the same basic structure considered in the pre-

vious section and discusses two tests of hypotheses concerning cosets. 

In particular, Fraser indicates a method of testing the hypothesis 
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H : wehGw or equivalently that the H-component of the parameter 
0 0 

is a specified point. The second test Fraser discusses is H : weHgw 
0 0 

or equivalently that the G-component of the parameter is a specified 

point. 

As Fraser points out, these two tests may be regarded in other 

terms as tests about cosets. That is, H: weHgw is taken to mean 
0 0 

that the parameter is in the left coset of H indexed by g. Since H 

is normal under our assumptions we have Hg= gH so a test about a left 

coset of H is a test about a right coset and vice versa. 

Finally, Fraser considers the coset H : wehGw. Here, however, 
0 0 

it is not necessary that hG = Gh and so this test is not also a test 

about left cosets of G. In this section we propose to consider such 

a test. Recall Definitions 3.5, 3.6 and 3.7. 

Definition 6.7. A size a test, ff, of the hypothesis H : weS 
0 

vs H1: weT is uniformly most powerful for testing H0 vs H1 provi-

ded that if ffl is any other size test of H0 vs H1 then: 

/ff(x)P d(x) ;;;;i. Jff1(x)P d(x) for all weT. w w 

What follows is the fundamental lemma of Neyman-Pearson: 

Theorem 6.13. If P w are two probability distributions 
0 

on a space having densities p0 and p1 respectively with respect to 

some measure µ then there exists a most powerful test ff of size a 

for testing H0 :w = w0 vs H1:w = w1. Furthermore, there exists a con-

stant c such that ff(X) = 1 if p1(x) > cp0 (x} and ff(X) = o if 

p1(x} < cp0 (x). 
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Proof. See Lehmann [ 91 . 

If a hypothesis is invariant under a group, then the principle of 

invariance suggests that tests be invariant also. That is, that 

n(kx) = n(x) for all x and k. This is discussed in detail by 

Lehmann [91 and in Chapter III. 

Returning to the problem of testing cosets, consider the hypothesis 

H0 : wEGw1 vs H1: wEGw2. It is seen that the hypothesis is invariant 

under G. Moreover, if the conditions on a family of K-invariant dis-

tributions (X,n,P) are assumed to be as in the preceeding section, then 

it follows from the results of that section that the distribution of the 

maximal G-invariant statistic oH is constant for all w satisfying 

H0 and constant for all w satisfying H1. We have: 

Theorem 6.14. Let (X,n,P) be a K-invariant family of distribu-

tions as specified in Section 6.4. Then: 

i) there exists a size a test, ~, for testing H0 : wEGw1 vs 

H1: wEGw2. 

ii) n depends only on the value of the maximal G-invariant 

statistic crH(x) = crH(hx' gx) = 0(g; 1)(hx). That is, n is G-invarian~ 

iii) is most powerful for testing H0 vs H1 among tests which 

depend only on the maximal G-invariant. 

Proof. (i and ii) Given the assumptions of the preceeding section, 

it follows from Theorem 6.6 that the distribution of the maximal G-invari-

ant statistic crH is constant for all w satisfying H0 since the 

maximal G-invariant parametric function is constant on Gw1 having 

the value 0(g-1)(h ) where (h , g ) = w1. Similarly, it follows w1 w1 w1 w1 
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that the induced distribution for aH is constant for all w satisfying 

Hr 

is equivalent to the hypothesis Thus, the hypothesis given 

H!: T = aH(x) has distribution 
pT. 

PT vs HT: T = aH(x) has distribution w1 l 

w2 

By Theorem 6.11, P1 and P1 have densities g(t; w1) and 
wl w2 

g(t; w2}, respectively, with respect to a left invariant Haar measure 

µ on H where t = aH(x). Thus, by the Neyman-Pearson Lemma, 

Theorem 6.13, there exists a most powerful test n of size a for 

testing H! vs Hi of the form n(t} = l if g(t; w2} > cg(t; w1) 

and n(t) = 0 if g(t; w2) < cg(t; w1) for some constant c. Note 

that n depends only on the value t = aH(x) and that n determines 

a test for H0 vs H1 by accepting H0 if and only if one accepts 

HT. This establishes i and ii. 
0 

To establish iii, suppose that n1 is a test for H0 vs H1 
which depends only on t = aH(x}. Then n1 determines a test for 

H1 vs HT1 by: accept HT if and only if one accepts H. But by the 
0 0 0 

Neyman-Pearson Lemma n is most powerful for H! vs Hi· Thus, n 

is most powerful for H0 vs H1 among those tests which depend only on 

t, that is, among the G-invariant tests. Q. E. D. 

As an illustration, consider the family of normal distributions 

P'( ) and the corresponding distributions P( ) on the space of µ, a µ, a 

the sufficient statistic (X, S). This family is invariant under the 

group K of location-scale transformations and K is topologically 
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isomorphic to the semi-direct product Rx0R+, where R is the set of 

real numbers considered as a topological group under addition, R+ is 

the positive reals under multiplication and 0: R+ + Aut(R) is given 

by 0(B}(a) = aS for all 

In this case, dµ(x) = dx, the usual differential on R, is left 

invariant on 

differential 
d d _ dxds µv---

s2 
0(0(s)) = s. 

R and dv1(s) = ~s, where ds is again the lebesque 

on R, is a left invariant differential on R+ and 

is a left invariant differentia'l on K = Rx0R+ so that 

In this situation, the maximal G-invariant statistic obtained in 

Theorem 6.10 is crH(x, s) = x/s and by Theorem 6.6 the distribution of 

x/s induced by P(µ, cr) for (x, s) depends only on µ/cr, the value 

of the maximal invariant parametric function. 

Thus, the G-invariant hypothesis: 

H : (I, S) follows P , wE{(Sµ, Bo) 
0 W 

+ SER = G} = G(µ, cr) vs 

may, according to Theorem 6.14, be tested by considering the test: 

H!: T = X/S follows P(µ, cr) which depends only on µ/cr vs 

Hi: T = X/S follows P(µ1, 01) which depends only on µ1/cr1 

based on the densities (with respect to dx) 
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g(t; (µ, o)) == J f (st, s; (µ, o)) 

and 

ds s -s2 

where f (x, s; (µ, o)) is the density of P( ) with respect to the µ, 0 

K-invariant differential dx ds 
7 

Note that H0 vs H1 is equivalent to H0 : (µ/o) = c1 vs 

H1: (µ/a)= c2 and of course T = X/S is a form of the T statistic. 



CHAPTER vrr 
INVARIANT ESTIMATION AND SOME EXAMPLES 

In this chapter we will discuss some examples and propose a method 

of evaluating invariant estimators. 

Section 7.1 An Illustration Dealing with the Normal Family 

In order to illustrate the application of Theorem 5.12 we will dis-

cuss in some detail the example mentioned briefly in Section 6.4 when we 

considered a test of hypothesis concerning cosets. 

Throughout this chapter let R denote the real numbers and let R+ 

denote the multiplicative group of positive reals and let x1, ... , Xn 

be i.i.d. normal random variables with mean µ and standard deviation 

The distribution of the X11 s induces a distribution, P(µ, o)' 

on the space of the sufficient statistic (X, S), S = J >.:(X; - X)2/(n-l). 

Let (X,n,P) then be the family of distributions where 

X = (X, S) the space of the sufficient statistic 
+ n = {(µ, o) l µER, oER} 

P = {P( ) I (µ, o) En} µ, 0 

+ Consider the group G = R. We may define an action of G on the 

space X by 

gx = g(x, s) = (gx, gs) for all gEG and (x, s) = XEX. 

It may be seen that if the variable 

X = (X, S) ~ P(µ, cr)' then 

56 
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gx = g(X, s) = (gx gs)~ P , (gµ, ga). 

This follows from the fact that if X. is normal with mean µ and 1 

standard deviation a, that is Xi~N(µ, a), then gXi~N(gµ, ga). Thus, 

we may define a group of transformations G* = G on n such that 

g*(µ, a}= g(µ, a)= (gµ, ga). 

It follows from the above discussion that (X,n,P) is a G-invari-

ant family of distributions with X,n,P and G = G* as above. Recall 

Definition 5.1 and Theorem 5.1 which deal with the existence of G-equi-

variant functions ~= X n. For the example under discussion, we have 

the following: 

For any y = (x, s) EX 

Gy = {gjgy = y} = {gl(gx, gs)= (x, s)} = {1} 

* G = G = {l} y y 
and * ny = {wEnj(GY) w = w} 

={(µ,a) Enjl•(µ, a)={µ, a)} 

thus it follows from Theorem 5.1 that G-equivariant functions do 

exist. 

Our aim now is to apply Theorem 5.12 to describe these G-equivariant 

functions. In order to do this, we must first find groups K and H 

acting on X such that the family (X,n,P) has a semi-direct product 

structure with respect to (K,H} (Definition 5.4). Thus, we consider 

the following: 
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Let K = {(h, g)lhcR, gcR+}. K is a group with identity element 

(o, 1) and multiplication given by 

(h, g)(s, t) = (h+gs, gt). 

The inverse of (h, g) is (h/g, g- 1). 

We may define an action of K on X = (X, S) as follows: 

(h, g)(x, s) = (h+gx, gs) so that K is a group of 

transformations on X. 

We note that 

G., = {(o, g)lgcR+} is a subgroup of K 

that H = {(h, 1) lhcR} is a normal subgroup of K 

and that any element, (h, g), of K may be written uniquely as 

(h, g) = (h, l)(o, g). That is~ K = HxsG.,. 

Finally, we note that H = R and that G' = G our original group. 

Thus, we can and will identify the element (h, l)cH with hcR and the 

element (o, g)cG., with gcG. With this in mind, we write K = HxsG. 

We claim that K and H are groups such that the requirements of 

Definition 5.4, and thus the hypothesis of Theorem 5.12, are met. In 

order to see this, we must show the following: 

i) K=Hx5G 

ii) if hcH, gcG, xcX such that gx = hx then gx = x 

iii) K is transitive on X. That is, if x, ycX then there is a 

kcK such that kx = y. 

We verified i above. We now show ii. Let x = (x, s)cX and 

hcH and gcG such that gx = hx. We have 

gx = (o, g)(x, s) = (gx, gs} 
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and 

hx = (h, l )(x, s) = (h+x, s) 

so that gx = hx implies gs= s or g = 1. Therefore, 

gx = (o, l)(i, s) = (i, s) = x as required for ii. 

In order to show iii we need only remark that K and the space 

X are 11isomorphic11 -- in fact, they are equal. For illustrative purposes 

we show it by direct calculation. Let x = (i, s), y = (u, v)e:X. We re-

quire k = (h, g)e:K such that 

(u, v) = y = kx = (h, g)(x, s) = (h-tgx, gs). 

That is v = gs or a= s- 1v ., 

and h = u-gx = u-s-1vx. 

That is k = -1 -(u-s vx, s- 1v) is the required group element. Hence, 

is transitive on X and so, according to our previous remarks, the 

hypothesis of Theorem 5.12 is satisfied. 

When we apply Theorem 5.12 we note that we must pick a point ye:X 

and then calculate the following: 

i) The subset Hy of X 

ii) the subset ny of n 

iii) the function oG: X-+ Gy 

iv) the function OH: X-+ Hy 

v) for each xe:X the element ge:G such that gy = crG (x). 

We find it convenient to do so now. Thus, let y = (o, l)e:X. Then: 

i) Hy= {hyjhe:H} = {{h, l)(o, l)lhe:H} = {(h, l)jhe:H} 

ii) ny = n. We verified this earlier when applying Theorem 5.1 

K 
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iii) crG: X + Gy is defined by 

crG(x) = crG(x, s) = H(x, s) n Gy 

= {(h+i, s)jhEH} n {(o, g)lgEG} 

= {(o, s)} 

iv) crH: X + Hy is defined by 

crH(x) = crH(x, s) = G(x, s) n Hy 

= {(gx, gs)!gEG} n {(h, l)jhEH} 

= { (x/s, 1)} 

v) Let (x, S)EX. Then from iii crG(x, s) = (o, s). Since 

y = (o, l}, we see (o, s) = crG(x, s) = (o, s}(o, 1) = (o, s)y so that 

g = (o, s) is the required element of G. 

Finally, we may apply Theorem 5.12. Suppose we take our G-equ1va-

riant </>: X + n to be <t>(x, s) = (x, s). According to the theorem there 

is a function ¢y: Hy+ ny such that at X = (x, S)EX 
* <t>(x} = g </>Y(crH(x)) where gy = crG(x} and 

* * g = g since G = G. 

From the preceeding discussions we have that 

Multiplying both sides by the inverse of (o, s), namely (o, s- 1), we 

get 

(x/s, 1} = (o, s- 1}(x, s) = 
(o, s- 1}[(o, s) </>y(x/s, 1)1 =<t>y (x/s, 1}. 

Thus, we see that </>Y: Hy+ ny = n is given by 
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Consider another G-equivariant estimator ¢(i, s) = (i, cs) where 

c = ((n-1)/2) 112 r((n-1)/2) / r(n/2) 

and n is the sample size. 

Applying Theorem 5.12 we get 

(x, cs)= ¢(x, s) = (o, s) ¢y(x/s, 1) 

and multiplying both sides by (o, s)-l = (o, s- 1) we have 

(i/s, c) = (o, s- 1)(i, cs)= (o, s- 1)¢(x) = 
( o, s - l )( o, s) ¢ y(i/ s, 1) = ¢ y (xis, l) 

from which it follows that ¢Y: Hy+ QY = Q is given by ¢Y (h, 1) = 

{h, c), c as above. 

Section 7.2 A Loss Function for an Invariant Estimation Problem 

We will illustrate the general idea to be considered in this section 

by continuing the discussion of the example from the preceeding section. 

First, we note that the family (X,n,P) from above is not only G 

invariant, but K invariant as well. That is, if 

X = (X, S) ~ P( ) and if k = (h, g)e:K then µ, (J 

kX = (h, g)(X, S) = (h+gX, gs)~ P(h+gµ, go)· 

* Thus, K induces a suitable group K of transformations on Q, namely 
* K = K, which makes (X,Q,P) into a K-invariant family of distribu-

tions. This is evident if we note that K is simply the group of loca-

tion-scale changes. 

Observe also that K = X = n so that we are in the situation 
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described at the beginning of Section 6.3. Thus, the theorems and re-

marks of that section and of Section 6.4 apply. 

In Section 7.1 we discussed the functions crH: X + Hy, a maximal 

G-invariant, and crG: X + Gy, a maximal H invariant. Since we have 

K = X = Q, we may define analogous maximal invariant parametric functions. 

Let w = (o, l)eQ and 
0 

and 

We see that for weQ 

GuflHw = {(o, g)(µ, cr)jgeG} n {{h, l){o, l)jheH} 
0 

= {{gµ, gcrjgeG} n {{h, l)jheH} 

= {{µ/cr, 1)} 

so that nH(µ, a)= (µ/a, l) and is a maximal G-invariant parametric 

function. Similarly nG(µ, cr) = (o, cr) and nG is a maximal H-invari-

ant parametric function. 

With these preliminaries out of the way we now return to our example 

in order to motivate the general discussion which follows. 

• In our example suppose we are interested in the parameter {µ, cr) 

only up to its H-orbit. Now the H-orbit of (µ, cr) in Q is 

H{µ, cr) = {(h, l)(µ, cr)lheH} = {(h+µ, a)lheH}. 

Note that for all (~, o)eH(µ, cr) we have o = cr so that estimating 
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the H orbit of (µ~ o) is equivalent to estimating o. As Hora-

Buehler [81 have discussed this is an equivariant estimation problem. 

Note that o = nG(µ, a), the value of the maximal H-invariant parame-

tric function. 

Similarly, suppose we are interested in the parameter (µ, a) only 

up to its G-orbit. The G-orbit of (µ, o) in n is 

G(µ, o) = {(o, g)(µ, o)jgEG} = {(gµ, go)lgEG}. 

Note that (t, 8)EG(µ, o) if and only if t/o = µ/o. Thus, analogous 

to the above, estimation of the G-orbit of (µ, o) is equivalent to 

estimating µ/a= nH(µ, a) the value of the maximal G-invariant para-

metric function. 

As Hora-Buehler [8] specifically point out, this is not an equiva-

riant estimation problem and they exclude it from consideration. However, 

it is an invariant estimation problem in the following sense. 
+ We will identify µ/a with (µ/a, l)Ea = {{t, 8)lt~R, 8ER }. Thus, 

estimation of the G-orbit of (µ, o) is equivalent to selecting a 

function 

$: X (I, S) + {(µ/o, 1)1(µ, o)ED} = n 
0 

as we have seen, 

where 

(t, 8) = (gµ, go) so that t/o = µ/o. 

Adoption of the principle of invariance therefore suggests that we consi-

der only those $: X + n for which $(gx) = ~(x). Following Definition 
0 



64 

6.2 we see $ is G-invariant. It follows from Proposition 6.2 that 

w is a function of a maximal G-invariant. From our discussions 

earlier in this chapter (or directly from Theorem 6.4), we know that 

oH(x) = oH(x, s) = (x/s, 1) is a maximal G-invariant. 

Thus, any G-invariant function 

iµ: X + n 
0 

is a function of 

y = (o, 1) e:X 

so that estimating the G-orbit of {µ, a) is equivalent to estimating 

µ/a is equivalent to finding a suitable function 

</JY: Hy->-n0 • 

Recall our notation of Section 7.1 where we saw that ny = n. Since 

n0 c ny and since the hypotheses of Theorem 5.12 are satisfied, we may 

infer that corresponding to each </J : Hy+ n there is a G-equivariant y 0 

estimator ¢: X + n. For example, as we saw in the example in Section 

7.1, if 

then corresponding to ¢Y is the G-equivariant estimator ¢(x, s) = 

(x, s). 

Since the ¢ corresponding to a ¢Y is G-equivariant there do 

exist natural loss functions for ¢ namely the G-invariant loss 

functions. That is, loss functions L such that 

L(w, <I> (x)) = L(gw, g¢ (x)) = L(gw, IP (gx)). 

We propose now to use such an L to define a 11natural 11 loss function 
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LI for "'y· 
Thus, let L be a given G-invariant loss function and consider 

an estimator of µ/a. That is, a function 

q, : Hy = {(x/s, 1} I (x, s)e:X} -+ n c n. y 0 

We now observe t = x/s. Since Hy provides a global cross-section for 

the G-orbits in X, the value t specifies a G-orbit. For any 

(o, l)e:n0 we define the loss LI(o, ¢Y{t)) to be the average loss in-

curred using the corresponding G-equivariant estimator q, and the loss 

function L (evaluated at (o, 1)), the average being taken over the 

G-orbit in X specified by t. 

We will now turn to the general case to make these ideas explicit. 

Let (X,n,P) be a K invariant family of dist:"·ibutions, let 
* * K = HX0G, let 

each P e:P has 
w 

K K where K is the group on n and suppose that 
* * a density f (x; w) = f ((h , gx); (h , g )) with respect 

X w w 

to a K-invariant Haar measure. In short, assume that we are in the 

situation described in Section 6.3. 

Let us consider the problem of estimating the G-orbit of we:n. 

Since a maximal G-invariant parametric function will distinguish 

between G-orbits and since 

(where w e:n 
0 

* * is arbitrary but fixed and (h., g.} w = w) is a maximal W W O • 

G-invariant, the problem of estimating the G-orbit of n is equiva-

lent to finding a suitable function 

principle these functions should be 

* t/J: X-+ H w • 
0 

G-invariant, 

By the invariance 

that is ~(gx) = ~(x). 
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Since is invariant, it must be a function of the maximal invari-

ant aH(x) = aH(hx, gx) = 0(g; 1 )(hx)e:Hy where yEX fixed but arbitrary 

and (hx, gx)y = x. 
* Thus, we need only consider functions </>Y: Hy+ H.w0 • 

If L is a G-invariant loss function, we may use L to defi~e a 

loss L1 for ~Y as follows: Let </> be the G-equivariant estimator 
* corresponding to <l>y given by Theorem 5. 12. For wEH w0 and tEHY 

let 

L ( </> (t)) = JL(w, <1>(0(ili, s)) f (0~s)t, s; w) o(e(s))dv(s) 
I w, y Jf°101s)t, s; w o(e(s))dv(s) 

where f (h, g; o) is the density of P0 with respect to the left 

invariant Haar differential dA = dµdv as in Section 6.3. 

Note the similarity of the above with Theorem 6.11. In fact, if we 

make the change of variable (t, s) == (0(g·-l)(h), g) we get a density 

for (t, s) given by 

g(t, s; w) = f (0(s)t, s; w) o(0(s)) 

and the marginal for t is the density of the maximal G-invariant as 

in Theorem 6. 11. 

Thus, we may write L1(w, <l>y(t)) as 

L1(w, </>y(t)) = JL(w, ¢{0(s)t, s))g(slt; w)dv(s) 
sit * = E (L(w, </>(0(s)t, s)) wEH.w, tEHy. 
W 0 

This is precisely what was meant by saying we would assign a loss 

L1(w, </>Y(t)) defined to be an average taken over the G-orbit in X 

specified by t. 
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Finally, we consider the risk, RI, associated with the loss L1. 

He have 

t = Ew L1(w, </>y(t}) 

= Et [ Es It L ( w, <I> ( 0 ( s) t, s) )l w w 

= E L(w, <I> (e(s)t, s)) 
w 

= ff L(w, </>(0(s)t, s)} g(t, s; w)dµ(t)dv(s) 

= ff L{w, <1>{0(s}t, s)) f (e(s)t, s; w) o(e(s))dµ(t)dv(s). 

Making the transformation {h, g) = (0(s)t, s) we get 

=R{w,</>). 

Now R(w, </>) is just the risk associated with the G-invartant 

loss function L and the G-equivariant estimator </>. Hence, L1 
has been defined in such a way that the minimum risk G-invariant esti-

mator <l>y corresponds to the minimum risk G-equivariant estimator </> 

for the loss function L. Thus, we may assert: 

Theorem 7.1. Let (X,n,P) be a K-invariant family of distribu-

tions satisfying the conditions outlined in Section 6.3. Let L be a 

G-invariant loss function and let LI be as above and let yeX and 

wen. For the G-invariant estimation problem described by the functions 
0 

* </>Y: Hy+ H w0 , the minimum risk invariant estimator with respect to LI 

corresponds to the minimum risk G-equivariant estimator with respect to 
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L within the class of G-equivariant estimators ¢: X n corres-

ponding to the various ¢Y. 
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EQUIVARIANT ESTIMATORS AND A 

SPECIAL GROUP STRUCTURE 

by 

Thomas H. Woteki 

(ABSTRACT) 

Given a G-invariant family of distributions and under suitable 

hypotheses concerning G, we characterize the form of G-equivariant 

estimators. In fact, corresponding to each G-equivariant estimator is 

an appropriate G-invariant function and conversely. 

In the course of characterizing the G-equivariant estimators, we 

obtain two maximal invariant functions. Some properties of these 

functions are obtained and in particular we calculate their densities 

with respect to an appropriate Haar measure. 

Finally, we consider an invariant estimator ~roblem, the problem 

of estimating the orbit of a parameter. It is seen that this invariant 

problem may be referred back to an equivariant one. A loss function for 

the invariant problem is defined in such a way that the minimum risk 

invariant estimator corresponds to the minimum risk equivariant esti-

mator within a subclass of all equivariant estimators. 
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