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ABSTRACT

Mechanical metamaterials are novel materials that display unique properties from their un-
derlying microstructure topology rather than the constituent material they are made from.
Their effective properties displayed at macroscale depend on the design of their microstruc-
tural topology. In this work, two classes of mechanical metamaterials are studied within
the 2D-space. The first class is made of trusses, referred to as truss-based mechanical meta-
materials. These materials are studied through their application to a beam component,
where finite element analysis is performed to determine how truss-based microstructures
affect the displacement behavior of the beam. This analysis is further subsidized with the
development of a graphical user interface, where users can design a beam made of truss-
based microstructures to see how their design affects the beam’s behavior. The second class
of mechanical metamaterial investigated is made of self-assembled structures, called spin-
odoids. Their smooth topology makes them less prone to high stress concentrations present
in truss-based mechanical metamaterials. A large database of spinodoids is generated in
this study. Through data-driven modeling the geometry of the spinodoids is coupled with
their Young’s modulus value to approach inverse design under uncertainty. To see mechan-
ical metamaterials applied to industry they need to be better understood and thoroughly
characterized. Furthermore, more tools that specifically help push the ease in the design of
these metamaterials are needed. This work aims to improve the understanding of mechanical

metamaterials and develop efficient computational design strategies catered solely for them.
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GENERAL AUDIENCE ABSTRACT

Mechanical metamaterials are hierarchical materials involving periodically or aperiodically
repeating unit cell arrangements in the microscale. The design of the unit cells allows these
materials to display unique properties that are not usually found in traditionally manufac-
tured materials. This will enable their use in a multitude of potential engineering applica-
tions. The presented study seeks to explore two classes of mechanical metamaterials within
the 2D-space, including truss-based architectures and spinodoids. Truss-based mechanical
metamaterials are made of trusses arranged in a lattice-like framework, where spinodoids
are unit cells that contain smooth structures resulting from mimicking the two phases that
coexist in a phase separation process called spinodal decomposition. In this research, com-
putational design strategies are applied to efficiently model and further understand these

sub-classes of mechanical metamaterials.
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Chapter 1

Introduction

1.1 Motivation and Objectives

Mechanical metamaterials are novel materials that provide a multitude of new and fasci-
nating applications to many fields of technology. They can elicit unique properties such as
high strength-to-weight ratios, negative Poisson’s ratios, high energy absorption and mul-
tifunctional capabilities [1], [2]. Their effective properties depend primarily on their inner
architecture rather than the base materials they are formed from [1]. Given their unique
properties, they have a wide range of potential applications. However, in order to see them
utilized in industry, these materials need to be further studied. Like traditional materials,
in order to see them applied within industry, they need to be thoroughly understood by
fully characterizing their properties and behavior [3]. Furthermore, this understanding can
also be driven by the establishment of new efficient design and modeling techniques catered

specifically towards mechanical metamaterials [3].

Within this research two subsets of mechanical materials are studied within the 2D-space.
The first type is based on truss-like structures. These truss-based mechanical metamaterials
are explored through the construction of a mechanical beam component, where the effect
of applied external forces was determined through finite element analysis. A graphical user
interface is created and implemented such that a user could easily understand how differing

geometries of truss-based unit cells can affect the resultant properties of the beam compo-
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nent. Mechanical metamaterials with spinodal topologies, also known as spinodoids, are the
second type of mechanical metamaterials explored within this research. These materials are
investigated by generating a large database of 2D-spinodoid unit cells which are represented
through monochrome images. By using surrogate modeling techniques a relationship be-
tween their calculated mechanical property and parameters controlling the geometry of the
unit cell is found. Through this established relationship, the design of spinodoids is further

investigated.

Through the study of these mechanical metamaterials the following contributions are made

to this particular field of material research:

« Developing a computational methodology and a graphical user interface to explore the

design of truss-based mechanical metamaterials.
o Considering the effects of uncertainty on spinodoids with data-driven modeling.

« Investigating the inverse design of spinodoids under uncertainty using data-driven mod-

eling.

o Forwarding the progress toward the realization of mechanical metamaterials within
industry by exploring efficient design and modeling techniques that have helped further

the understanding and characterization of these materials.

1.2 Mechanical Metamaterials

Metamaterials are a relatively new class of artificially developed materials that exhibit unique
properties and multifunctional capabilities. The properties they demonstrate are not fre-

quently found in nature, furthermore, these properties can even be tailored through the
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design of the material itself [1]. These materials were first recognized as “metamaterials”
in 1999 by the Defense Advanced Research Projects Agency Symposium on Meta-Materials
[4]. The prefix “meta” is a Greek loanword meaning “beyond”, this prefix was chosen due
to these materials” abilities to demonstrate very unique properties compared to the average,
naturally derived materials [4]. These unique properties most commonly fall under the field
classifications of mechanical, acoustic, electromagnetic, optical, and thermal [3]. The effec-
tive properties of mechanical metamaterials are dependent on the underlying microstructural
topology rather than the constituent material it is constructed from. These microstructures
usually consist of repeated geometries called unit cells. Altering the unit cell geometry and
varying how the unit cell is repeated and patterned control the material properties on the
macroscopic scale (3], [4]. Patterning of the unit cell can be completed by distributing the
unit cells periodically or aperiodically, while also altering the specific gradients of cell thick-
nesses throughout the entire material [3]. The shape, size, and the overall topology of the
unit cell architectures can be designed in a manner so that the material displays specific
mechanical properties as well [3]. There are several popular categories of mechanical meta-
materials that are more notable which include truss-based, chiral, and origami, visualized
in Figure 1.1 [5]. The images used in Figure 1.1 are derived from literature, examples of
truss-based mechanical metamaterials courtesy of [1], [6], origami-based examples courtesy

of [7], [8], chiral-based examples courtesy of [9], and kirigami-based examples courtesy of

10].

Mechanical metamaterials have many theorized applications, including to the fields of biomed-
ical, robotics, aerospace, and civil [1]. Some of these theorized applications include foldable
solar arrays based on origami structures, custom shoe soles inspired from truss-like struc-
tures, and medical implants formed by mimicking honeycomb microstructures [1], [11], [12].

Theorized applications of mechanical metamaterials are summarized in Table 1.1.
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Trusses Origami
; l
B . ;

Popular Types of
Mechanical Metamaterials

Chiral Kirigami

Figure 1.1: Popular types of mechanical metamaterials. examples of truss-based mechanical
metamaterials. The images utilized in this figure are derived from literature, examples of
truss-based mechanical metamaterials courtesy of [1], [6], origami-based examples courtesy
of [7], [8], chiral-based examples courtesy of [9], and kirigami-based examples courtesy of
[10].

Much of the research within this field is driven by the multitude of potential properties these
materials may elicit [3]. Although there are some instances of mechanical metamaterials
utilized in industry, given their potential applications and capabilities, they still are not
widely seen within the commercial industry. This may be due to the lack of research in
proving their reliability and resiliency compared to traditionally manufactured materials
[3]. Investigating these materials’ strength, toughness, and fatigue behavior is crucial in
determining how these materials can be properly applied in industry [3]. Understanding
the performance of mechanical metamaterials requires further experimental testing, as well

as the development of high-fidelity computational models and design tools. As with any
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Table 1.1: Examples of the theorized applications of mechanical metamaterials

Potential Application Fields

Aerospace Biomedical Robotics

 Foldable solar arrays [13] « Bone implants [5], [14] « Soft robotics [15]

« Materials within airplanes e Orthopedic support (shoe o Mechanical actuators
or satellites [16] soles) [12] [17], [18]

« Morphing airfoils [9] « Medicine delivery [19]

material, mechanical metamaterials may not perform to their original design and predicted
properties [3]. Therefore, determining the reasoning as to why mechanical metamaterials
may not perform as predicted or determining the uncertainty associated in their fabrication
is also necessary for characterizing them. The stray in predicted behavior can be quantified in
terms of uncertainty due to manufacturing or human interference in their eventual assembly
[20]. Part of this research focuses on quantifying the uncertainty and its effects on the design

of mechanical metamaterials by specifically focusing on spinodoids.

1.2.1 Truss-Based Mechanical Metamaterials

The first studied class of mechanical metamaterials in this research is the truss-based mechan-
ical metamaterials. These materials are made of trusses purposefully repeated or arranged
in a lattice-like framework [21]. Truss-based mechanical metamaterials can remain relatively
simple, but they can also be arranged in configurations that increase their complexity. Such
arrangements include octet-truss or cuboctahedron [22]. They can achieve high strength
and stiffness while remaining lightweight and they also have been found to demonstrate

high-energy absorption capabilities [23], [24].

Given their ability to demonstrate high strength and stiffness while remaining lightweight,
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they have the potential to be utilized within aerospace applications to aid in the ongoing
goal of weight reduction [25], [26]. Other applications that have been explored include heat
transferring and vibration control [24], [27], [28]. This idea of vibration control has also been
further expanded to include piezoelectric properties, which would allow the production of
electricity through vibrational harvesting [29]. Wang et. al have studied mechanical meta-
materials with beam-like structures with theorized applications in the field of construction

or materials with collapsible and flexible features [30].

1.2.2 Mechanical Metamaterials with Spinodal Topologies

Mechanical metamaterials with spinodal topologies form by following the process of spinodal
decomposition. Kumar and coworkers coined these materials as spinodoids, by utilizing a
simplified formulation of this decomposition process [5], [31]. They are a particular subset of
mechanical metamaterials that are formed through a phase separation process called spin-
odal decomposition. Compared to truss-based or origami-based mechanical metamaterials,
their design allows non-periodically repeating unit cell arrangements consisting of smooth
and bi-continuous structures, as shown in Figure 1.2. The phase separation process that they
are formed through occurs when two liquids or solids separate from each other, from one
thermodynamic phase to two separate phases that exist in cohesion [32]. This process can
be modeled analytically by the Cahn-Hilliard equation [33]. Yet, the numerical solution of
the Cahn-Hilliard equation is computationally expensive due to the time-marching scheme.
Therefore, Kumar and co-workers efficiently model the phase separation process through
the application of Gaussian random fields (GRFs). The approximated spinodal topologies
with the GRF model are defined as spinodoids [5], [31]. Unlike the more popularly known
truss- or origami-based mechanical metamaterials, spinodoids are less prone to high stress

concentrations that are more prevalent in the sharp corners existent in these metamateri-
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als. Additionally, because of their self-assembled structure they are also less susceptible to
symmetry-breaking defects which can cause unexpected behavior in more periodic geometries

such as truss-based materials.

Figure 1.2: The geometry of spinodoids is made of smoother structures lacking sharp corners,
this 3D-model was extruded from a generated 2D-spinodoid. Figure derived from [60].

Kumar and co-workers theorize spinodoids as replacements for bone implants as they were
able to match target properties of bones through the tailored design of 3D-spinodoids [5].
Kochmann et. al investigated the ease of manufacturing spinodoids through another method
aside from additive manufacturing using self-assembling polymers, allowing for easier scala-

bility of spinodoids [34].
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1.3 Design of Mechanical Metamaterials

Compared to traditionally manufactured, the microstructure topology of mechanical meta-
materials can be designed to meet specific targets on mechanical performance. The ability to
have such freedom in design results in vast design spaces for mechanical metamaterials [35].
In addition to this, the macro-scale properties are controlled by the microscale architecture
involving the repeating patterns of unit cells [1]. This creates a hierarchy in the material, that
can cause the property determination of the material to be difficult and computationally ex-
pensive, due to many complex microstructure topologies. Therefore methods to characterize
mechanical metamaterials are usually based on homogenization and reduced-order modeling
[36], [37]. With advancements in 3D-printing technology, the physical fabrication of me-
chanical metamaterials with complex geometries can also be achieved. Modeling difficulty
further increases when these materials are represented in three dimensions, therefore there is
a need to establish high-fidelity two-dimensional characterization methods to decrease this

computational complexity [38], [39].

1.3.1 Inverse Design of Mechanical Metamaterials

As stated, the unit cells of mechanical metamaterials can be designed to elicit specific me-
chanical properties. This gives the opportunity to approach the design of these materials in
the inverse manner. Meaning that the material can be tailored to the desired property, as
opposed to a choosing a material to satisfy the desired property. With mechanical metamate-
rials providing such a large design space, efficient optimization techniques are needed to help
approach the inverse design of these materials. Topology optimization is one method that
has been applied to optimize different types of mechanical metamaterials to meet specific

material properties [40], [41], [42]. Other methods of optimization that have been applied
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include stochastic optimization, linear-response optimization, and global optimization tech-
niques such as differential evolution algorithm [35], [43], [44]. Another method used in
approaching the inverse design of mechanical metamaterials include utilizing machine learn-
ing [45], [46], [47], [48]. In the inverse design approach of spinodoids by Kumar et. al, deep
neural networks were applied to help relate the parameters controlling the spinodoid design
and the mechanical properties [5]. Through a data-driven model, this research explores the

inverse design of 2D-spinodoids with the consideration of fabrication-related uncertainty.

1.3.2 Design of Mechanical Metamaterials under Uncertainty

Although a lot of research in the field of mechanical metamaterials is focused on the discovery
of new geometries that produce novel capabilities and properties, in order to see them uti-
lized in real-world applications, they need to be studied to the same lengths as traditionally
manufactured materials. Meaning that they need to be fully characterized in terms of how
they behave under mechanical defects, repeated, cyclic loading, and other more detailed, ex-
tended mechanical tests [3]. One property of materials that affects the expected behavior is
the effect of uncertainty on the design. This uncertainty stems from the fluctuations associ-
ated with manufacturing methods or any human interference in the development of materials
[20]. The effects of uncertainty on mechanical metamaterials have been explored in recent
years through robust optimization and with the consideration of hybrid uncertainties [49],
[50]. In this study, the numerical methodology is extended to design metamaterials under
the effects of the inherent uncertainty arising from processing and computational modeling.
This is achieved by developing a data-driven framework using Gaussian process regression
(GPR) to predict the expected behavior and variations of the mechanical properties as a

function of the microstructural topology.



Chapter 2

Investigating Truss-based Mechanical

Metamaterials

2.1 Research on Truss-based Mechanical Metamateri-

als

The main goal of the research on truss-based mechanical metamaterials is focused on de-
termining the best way to model a mechanical beam component made of 2D-truss based
microstructures. This mechanical component represents a smaller unit that would be re-
peated throughout a larger component to create a hierarchical structure. This larger com-
ponent would then contain a hierarchy of structures resulting in a mechanical metamaterial.
Although this research is based in the 2D-space, the modeling techniques established help
better understand how this could be expanded to the 3D-space. With emerging additive
manufacturing technology, the hierarchy that begins on the nano- to microscale can now be
achieved through advanced 3D-printing techniques. This study aims to develop a modeling
method to understand how external forces affect a 2D-mechanical beam made of truss-based
microstructures. This is completed by developing a database of microstructures of differing
truss-based geometry, constructing the beam component from these created microstructures,

and modeling the effect of external forces on the beam’s displacement behavior through fi-

10
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nite element analysis (FEA). An initial goal of optimizing the microstructure topology of
the beam eventually led to development of a graphical user interface (GUI). This GUI al-
lows users to design their own beam component and understand the resultant deformation
behavior subject to forces given by the user. Throughout this research an efficient modeling
technique is developed to represent the connecting interfaces between the truss-based mi-
crostructures so that FEA can be efficiently performed on a mechanical component. This
modeling technique allowed for the eventual creation of an easy-to-use GUI that could serve
as a template for future design tools specific to the design and development of mechani-
cal metamaterials. Some methods and techniques proposed in this chapter are published
as a journal article on ATAA Journal: K. McMillan and P. Acar, “Database Development
and Component Design with Two-Dimensional Trusslike Microstructures”, AIAA Journal,

published 2021 [51].

2.2 Development of a Database Made of 2D Truss-

Based Microstructures

The truss-based microstructures were created by first establishing a square border with
equal side lengths. Within this square border, trusses were connected in several different
arrangements that would produce a variety in structural layouts. These microstructures are
represented by black and white images, where the black lines represent trusses and white is
interpreted as void. See Figure 2.1 to view the 12 different structures composing the 2D-
database. These 12 microstructures make-up the selection of structures that can construct

the mechanical beam component to be modeled.



12 CHAPTER 2. INVESTIGATING TRUSS-BASED MECHANICAL METAMATERIALS

Ms-1 MS-2 MS-3 MS-4
MS-5 MS-6 MS-7 MS-8
MS-9 MS-10 Ms-11 MS-12

Figure 2.1: The database of microstructures contains 12 truss-based structures, each refer-
enced as a number, for example the first microstructure would be referenced as “Microstruc-
ture 17 or “MS-1" [53].

2.3 Modeling the Beam Component Constructed of Mi-

crostructures

Within this research, an optimization problem is set to determine the optimum layout of the
truss-based microstructures constructing the beam to minimize its horizontal displacement
when subject to external tensile forces. The mechanical beam component considered in this
optimization problem is modeled as a simple cantilever beam. The beam is considered to
be split up into equal length, square sections, where each section is comprised of one of the

twelve microstructures in the database. The external tensile force acts throughout the beam
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by pulling on the right corners of each microstructure section. The length and number of
sections within the beam can be arbitrarily chosen, therefore the size of the microstructure
contained within each section is determined as the entire beam’s length divided by the total
number of sections. A diagram of the described beam in the initial optimization problem is

displayed in Figure 2.2.

Figure 2.2: Representation of the cantilever beam made of five microstructures, with an
external tensile force acting on the two outer corners of each microstructure section [51].

2.3.1 Finite Element Analysis of Beam Component

After establishing the database of microstructures and the representation of the mechanical
beam component, the next task was determining how to model the component so that finite
element analysis (FEA) could be applied. FEA would need to be completed to determine
the beam’s deformation behavior when subject to the external forces. The formulation used

to perform FEA on the beam made of microstructures is described by,

(DK™ [u] = [FT, (2.1)

where [D] and [K*] relate to the elastic material properties and stiffness of the microstruc-



14 CHAPTER 2. INVESTIGATING TRUSS-BASED MECHANICAL METAMATERIALS

tures (where the global stiffness matrix [K] is given by [K] = [D][K*]), [u] is the vector of
the beam’s nodal displacements, and [F] is the applied force vector. To obtain the displace-

ment of the beam, [u] is solved for given the force, [F], and material properties of the beam,

(D] and [K*].

The FEA code utilized is a numerically, efficient code developed through MATLAB, that is
based on modeling the elements as trusses. The structure that is analyzed within this code
is constructed through the connections of the nodes which define the elements within the
structure. This takes into consideration the total number of elements, the amount of nodes
contained in each of these elements, and the total number of nodes in the entire structure.
The connections are established through the definition of one node connection to the next,
which results in the formation of one element. For example, if one element contains the

7

first and second nodes then this connection is defined as “(1,2)”. These connections are
defined until all elements of the structure have been described. Following the definition of
the structure, the properties of the structure are given by matrices [D] and [K*|. Matrix [D]
is first defined by the stiffness properties given by Ci1, C12, Ci3, Cs3, and Cy4. From the
definition of these stiffness values the elastic moduli and Poisson’s ratios of the material can
be calculated. Which together form the needed material property matrix, [D]. The matrix,
[K*], is defined by the length of each truss element, in which case of the beam are the bars
making up each structure. The length of each element is equal to the total length of the
beam divided by the total number of sections in the beam. Once the material properties
are defined through matrices, [D] and [K*], the local stiffness matrices can be established.
These local stiffness matrices are formed by also taking into account the element connections
and compiled to form the global stiffness matrix which represents the entire structure. This

global stiffness matrix along with the defined force vector is then used in Equation 2.1 to

solve for the displacements of the defined nodes in the analyzed component.
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Since the design of the beam can be arbitrarily altered given by the database of 12 varying
truss-based microstructures, the main part of the FEA code described above that considers
the changing microstructure topology, is the definition of the element and nodal connections.
Therefore, two different methods in modeling the individual microstructures for the appli-
cation of the FEA formulation were executed. Each method was derived using MATLAB.
The first method was applied to the initial optimization problem in determining the opti-
mum microstructure layout to minimize the horizontal displacement of the beam subject to
tensile force. The results from this completed optimization problem would command for the
derivation of the second modeling method. This second method allowed for a more compre-
hensive approach by modeling the entire beam as an assembly of underlying microstructural
members for the application of FEA. This second method of modeling the changing topology

would eventually be utilized in the development of the graphical user interface (GUI).

Method 1: FEA Performed on Each Microstructure Section

The first method used to establish the element and node connections of the beam for FEA
involved analyzing each separate section made of a microstructure. This involved creating
individual MATLAB functions, each belonging to one of the twelve microstructures within
the database. Depending on the microstructure assigned to the section of the beam, that
function would be called on to perform a FEA on that particular microstructure. This
function would then provide an output providing the summed displacement of all of the
nodes contained within that microstructure. The resultant displacement of each section
would then be stored and summed, once all of the sections were evaluated, to determine
the total displacement of the beam. As stated previously in order to perform the FEA
on the changing microstructures within the beam, the nodes and elements of each created

microstructure would need to be assigned. These assignments were manually defined for
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each microstructure and set at the beginning of each of its respective functions. Several
of these manual assignments are displayed as examples in Figure 2.3. As the FEA code is
completed within each individual function, each function requires the material properties
and force vector acting on the structure. Therefore, each function requires the input of the
material properties, which are defined by matrices [D] and [K*|, followed by the input of
the force vector, which indicates that the external force is acting on the right corners of
each section. The material properties are assumed to be consistent throughout the entire
beam so the property matrices are consistent throughout each function. Finally, another
aspect to consider in the FEA is the differing boundary conditions of each section within
the beam. In the initial optimization problem, the only differing boundary condition is the
first section attached to the fixed end of the cantilever beam. This boundary condition fixes
the displacement of all nodes connected to that fixed end, while all other nodes are free to
displace in both the z- and y-directions. This boundary condition is another input within
each function that is defined by a “0” or “1”. This binary condition indicates whether the
microstructure is connected to the fixed end of the beam, indicated by “17, or if it is free,
indicated by “0”. Once all the functions were constructed for each microstructure within the

database, the initial optimization problem was analyzed.

An optimization problem was conducted to determine the best layout of microstructures
to form a beam component that minimizes the horizontal displacement. Therefore, the
design goal was to determine the optimum placement of 2D-microstructures within each
section of the beam that would minimize the displacement resulting from a constant external,
horizontal force acting throughout the beam. A visual diagram of the defined optimization

problem is shown in Figure 2.4.

In order to determine the optimum microstructure topology, a central code was developed

that utilizes the 12 FEA functions defined in the first modeling method. As the beam
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Figure 2.3: Node and element assignments manually defined for the first method in modeling
for FEA. Microstructures 1, 5, and 7 are displayed. Node assignments are indicated by the
blue circles, where element assignments are indicated by the numbers inscribed by circles
[51].

properties can be arbitrarily chosen, the developed central code asks the user to input several
important factors that define the construction of the beam. This information is then utilized
in the FEA code within each function. The main code asks the user to input the material
properties of the beam, defined by C;, Ci2, Ci3, Cs3, and Cy4, the length of the entire
beam, and the number of sections within the beam, once these properties are established
matrices, [D] and [K*], can be assembled. After the beam properties are established, the
magnitude of the force acting on throughout the beam is also defined by the user. Once
these values are entered, the central code finds the optimum topology of the beam by looping
through each of the 12 microstructures within the database. This loop accesses each of
the defined functions, developed in the first modeling method, which runs a FEA on each
microstructure. The main code then stores the microstructure that produces the smallest
horizontal displacement. Once a microstructure for each section of the beam is determined,
the displacements are summed at the end to determine the final overall displacement of the

beam.

The developed code for the optimization problem was tested by defining an arbitrary beam

made of Ti-6Al-4V, which is a common Titanium-Aluminum alloy used in aerospace materi-
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Section 1 Section 2 Section 3 Section 4 F
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Figure 2.4: Diagram of the defined optimization problem, where the goal is to find the
optimum layout of microstructures to minimize displacement due to an external horizontal

force [53].

als. The properties defining this material given to the code are 168, 95, 69, 191, and 48 GPa
for C1 1, C12, Ci3, Cs3, and Cy 4, respectively [52]. The length of the test beam was defined
as 10 mm with a total of five sections and a force with a magnitude of 1000 N acting on the
appropriate nodes was applied. Through the exhaustive search performed in the main code,
this resulted in the beam having the layout of Microstructure 1 being attached to the fixed
end of the beam, and all remaining sections set as Microstructure 4 [51]. This led to the
sectional displacement of 0.04 mm for Microstructure 1 and sectional displacements of 0.47
mm for the remaining sections made of Microstructure 4. Resulting in a total horizontal
displacement of 1.91 mm [53]. The output of the completed code and its results are displayed
in Figure 2.5. This resultant layout was consistent with altering the customizable factors
of the beam such as the length, number of sections, and magnitude of external force. With

changing magnitude of the force, the resultant displacement behavior changed accordingly,
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meaning a force with higher magnitude led to the same displacement, but with higher magni-
tude [53]. To verify that the code would always result in the same layout of microstructures,
each FEA function was tested individually with the same boundary conditions to determine
if Microstructures 1 and 4 would always result in the smallest displacement. This analysis
led to the realization that this first method used in modeling the beam for the application
of FEA may not be taking into account the structural connections between each section of
the beam. Meaning that although this method of modeling indicates the sensitivity of each
section contained in the beam, it may not be the most accurate method in that it does not
consider how the force is acting throughout the entire beam as a whole. More specifically,
it does not provide information regarding how the displacement behavior of one section of
the beam affects the next section. This led to the need of determining another method that
would allow FEA to be applied to the beam as an entirety as opposed to a conglomerate
of separate sections. The main part that would need to be altered in the first established
modeling technique is how the element and node connections of the beam are defined. In-
stead of defining the node and element connections manually, a method that determines
these connections automatically is needed. This led to the development of second modeling

technique defined in the following section.

Method 2: FEA Performed on the Beam as a Whole

The analysis of running the initial optimization problem with the first method in model-
ing the beam indicated that this initial method is not taking into account the behavior of
the interfaces between each section. Utilizing the first method of manually assigning the
node and element connections would require a high amount of human input. For just one
microstructure, the process of assigning the proper nodes and elements was extensive. Man-

ually assigning the nodes and elements for a beam made of more than one section would
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Input the value for C_11: 168

Input the value for C_12: 85

Input the value for C 13: €9

Input the value for C 33: 181

Input the value for C 44: 48

How long is the beam: 10

How many sguare sections are in the beam: 5

What is the value of the x-force acting on the bar: 1000

KAk AR AR ARk Ak KAk ko h Rk RREGULTSH %%k K%k hk ko hdk ok hk ko dh ko hdkk o hdkkhhhdk
The x-displacement of the beam is as follows in order from the left, fixed side of the beam:

0.04, 0.47, 0.47, 0.47, 0.47

The order of microstructure assignment in the beam is as follows:

Ms-1, MS-4, Ms-4, MS-4, MS5-4

The total displacement of the beam:

1.91

R R R R R

Figure 2.5: Input and result of the optimization code applied to the arbitrary beam made
of Ti-6Al1-4V [51].

be inefficient and most likely lead to human error. Therefore, the second method in model-
ing the beam for the FEA code, involved determining a technique that would allow for the

automatic assignment of the node and element connections.

After observing the geometry of the 12 microstructures, each structure could be defined
as a set of two or three triangles. Within MATLAB, using the plotting command, these
triangles can be traced by following a path of predefined z- and y- coordinates. The vertices
of each triangle can be considered as nodes within the entire microstructure. With the
idea that these nodes can be defined by 2- and y- coordinates, in conjunction with the
plotting command in MATLAB, the microstructures can be “drawn” by following a path of
coordinates defining each triangle in the microstructure. This was accomplished by defining a
three-by-three grid system that each microstructure can be placed on. The triangles making
up each of the 12 microstructures can be drawn using this grid system. The triangles within
each microstructure are defined by a path dictated by defining the smallest coordinate first,
considering the z-coordinate before the y-coordinate, this guideline is followed until the
triangle is closed by repeating the first pair of coordinates on its path. These base coordinates

make up each of the elements in the microstructure, which hold length values defined by the
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section length. The “pathway” of coordinates are the only parts of this method that require
manual input and these coordinates would be stored in a database or reference “library”,
which is in the form of a MATLAB function. This database is then called upon in later code
to construct the entire beam. See Figure 2.6 that shows how this process of defining each

microstructure through a list of coordinates was applied to Microstructure 1 (MS-1).
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Definition of 3-by-3 Definition of triangles Matrix definition of the 1%t triangle of MS-1.
grid system. making up microstructure. 0 0 0 L/2 L L/2 0
0 L/2 L L L L/2 0

Figure 2.6: Method of defining each microstructure with a set of coordinates making up
the triangles contained within each structure. This method is applied to Microstructure 1
(MS-1). Figure derived from [53].

The reference library contains a total of 12 matrices, each matrix defining the triangles
making up each microstructure. The size of each matrix is 2 x n, where the first row
contains the z-coordinates and the second row contains the y-coordinates, and n depends
on number of total coordinates to construct each triangle, as some microstructures contain
three triangles while others only contain two. These 12 matrices are the only values that are
manually defined in this code and by using the standard three-by-three grid that was used
to define each structure, any structure can be defined using this grid system. The automatic
assignment of nodes and elements for the entire beam component is completed in the main

code, outside of the reference library of matrices.
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This main code no longer considers the initial optimization problem, instead the basis of
this main code builds a beam of microstructures that is defined by the user and solves how
the displacement behavior of the constructed beam depends on the external force applied.
The automatic assignment of nodes and connections is completed in this main code by
first gathering the vector that defines the make-up of the beam. This vector is a list of
microstructures that can be any combination of the 12 microstructures in the database.
This vector tells the library function, containing the definition of each microstructure, which
matrices of coordinates to pull out in order to construct the beam within the main code. The
construction of the entire beam is defined as a matrix containing a list of all of the coordinates
pulled from this library. When this matrix is defined, it ensures that the coordinates of each
node within each microstructure is based on its current position of the beam, instead of its
base coordinates from the library. Therefore each new section or microstructure contains
coordinates that are based on n x L, where n is the number of sections that precede that
microstructure and L is the length of each section of the beam which is still based on the
total length of the beam divided by the total number of sections contained in the beam.
This matrix of coordinates defining the entire beam structure is then filtered by eliminating
repeated coordinates, as each, unique coordinate needs to define a node only once. This
filtered matrix is then converted into node numbers, from 1 to the total length of the matrix,
which also defines the total number of nodes in the beam. The conversion of coordinates
to node numbers is completed by using the same guidelines when defining the triangles of
each microstructure, where the smallest z-coordinate is defined first. After each, unique
coordinate is defined a node number, the pre-filtered matrix containing all of the original
coordinates that define the construction of the entire beam is called back. Each coordinate
within this matrix is then assigned its respective node number. The node connections that
define the finite elements are found by first separating this pre-filtered matrix into the

triangles making up the structure. This can be done by finding where adjacent, same-valued
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nodes are located in the matrix, since this would indicate the end and beginning of a new
triangle. Once the number of triangles in the beam is established the connections between
each node or the definition of elements can be found. This is done by following the same
tracing technique used to define the triangles of each microstructure, as the nodes are in the
original order of the coordinates defining each of these triangles. Since some connections
will be repeated in the connecting interfaces of each section, these repeated connections are
identified and eliminated. See Figure 2.7 to view the visual output that demonstrates an
example of the automatic definition of node numbers and their connections, defined as the

elements, for the entire beam of microstructures.
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Figure 2.7: Automatic assignment of nodes and subsequent elements by using the second
method, for a beam made of Microstructures 1, 12, and 5 in that order. Figure derived from

[51].
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This method allowed for the length of each element to be automatically defined as well as
the automatic generation of the force vector affecting the entire beam. Through this second
method of modeling the beam, the FEA of any length beam, made of any combination
of microstructures within the database, can be performed. As a result of the freedom of
design this modeling technique provides, the initial optimization problem was not applied.
As if the same exhaustive search method was used in completing this problem, it would
be computationally expensive to search through 12" different combinations, where n is the
number of sections making up the beam. Although this optimization was not analyzed, this
method led to the development of a graphical user interface (GUI) that allows users to build
any kind of beam made of the truss-based microstructures and subsequently, understand
how differing materials and external forces may affect the displacement behavior of their

built beam through FEA.

2.4 Development of Graphical User Interface

From literature review, the lack of design tools specifically for mechanical metamaterials was
listed as one of the factors that contributes to the delay in the application of these kinds of
materials in industry [3]. The developed graphical user interface (GUI), that allows FEA
to be performed on a beam made of truss-based microstructures, was made possible by the
development of the second modeling method previously described. This GUI could serve as
a template for future GUIs and design tools specifically meant to target users working with

truss-based or any kind mechanical metamaterial.

The GUI was created using MATLAB’s App Designer Tool. The main panel of this GUI,
shown in Figure 2.8, displays the different options a user can select from which allows them

to customize and construct their beam made of microstructures. The first property that
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the user needs to define is the material the beam is made of. They have the option of
selecting material presets of a-Ti-6Al-4V or (-Ti-6A1-4V, or they can select the “Manual
Input” option and enter the property values of C 1, Ci2, C13, Cs3, and Cy4 in order to
build a beam with any material of their choice. The following step is defining the boundary
conditions of the beam. The ability to define different kinds of boundary conditions of the
beam was not previously possible with the first method in modeling the beam, but with the
automatic assignment of the nodes and elements these boundary conditions can be adjusted
for. The beam’s boundary conditions that the user can select from include “Fixed-Free”,
“Fixed-Fixed”, “Fixed-Roller”, or “Roller-Roller”. The length of each section of the beam
is then defined by numerical input, this length value is consistent across each section of the
beam. The user then needs to input the external, horizontal force that is distributed across
all nodes of the beam, which can be defined as either tension or compression. When these
values are defined, the user can then design the microstructure topology of the beam. They
have the option of creating a beam of 1 to n number of sections. If their beam contains
five or fewer sections they can select from a drop-down menu of microstructures for each
section and see their constructed beam in real time. Otherwise they can type in a vector
that defines the microstructure make-up of the beam in a separate input. This allows the
user to exceed a beam made of five sections. Additionally, if the user has a pre-defined beam
make-up they can upload an Excel file into the program as well. This freedom of choice in
the design of the microstructures making up each section of the beam, allows a user to choose
from 12" combinations to define the microstructure topology of the beam, where n is the
number of sections they decide to have in their beam. The user does not need to input the
beam’s properties in the particular order described, to indicate when the beam is completely
defined the “Calculate Total Beam Displacement” button will turn from red to green. This
shift indicates that a FEA can then be applied to their constructed beam. Once this button

is pressed the total z- and y-displacement caused by the set external force will be displayed



26 CHAPTER 2. INVESTIGATING TRUSS-BASED MECHANICAL METAMATERIALS

in the adjacent box. While this number describes a simple summary of the beam’s resultant

behavior, there is another tab the user can view that will provide a more detailed overview

of the resultant beam.

4
Menu

Build Beam Resultant Beam

(1) Set the material of the transversely isotropic beam.

C_11: 168
Enter the numerical C_12: 95
Select a material preset: |Alpha Ti-T6... ¥ OR property values of C 13: 69
the material (in GPa): C:33: 191
C_44: 48
(2) Set the boundary conditions of the beam. Fixed-Free ¥
(3) Enter the length of each microstructure section. L: 1 ' mm
(4) Enter the external force value acting on the beam. F: 2500 N
(5) Select a microstructure for each section from Microstructures 1 to 12. If beam has more than five sections, input
-If the beam is less than five sections, place "---" in remaining empty sections. the microstructure vector below.
4 v |6 v [10 v(3 v|8 v Format as [1,2,3..]:
L
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Calculate Total Beam Displacement | (0.83, -1.652) mm @ PalE e

Figure 2.8: The main panel of the GUI that allows the user to build a beam of their choice
[51].

Once the user is done defining and running the FEA on their beam they can select the “Resul-
tant Beam” tab to switch to another panel that displays a more detailed account of the beam’s
displacement behavior, shown in Figure 2.9. Within this panel the user can view the individ-
ual displacement of each node of the beam. More detailed information, aside from the total
displacement of the beam is also included, such as the z- and y-displacement at the start and
end nodes, along with indicators that select the nodes of maximum z- and y-displacement.

By preferences of the user, this amount of detail can be toggled on and off by the knobs
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located on the left panel and saved as a photo. A video demoing this GUI is provided,
https://youtu.be/YF1iXNeSI20. This developed GUI has been published on the open-source
platform of GitHub, available at https://github.com/kmemid86 /buildabeamofmicrostructures/.
By having this code available to the public, anyone has the opportunity to interact with this
interface and understand how truss-based microstructures can affect the displacement be-

havior a mechanical beam component.
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Figure 2.9: The resultant panel of the GUI that displays a more detailed account of the
beam’s displacement behavior. This beam is the result of the design and inputs displayed
in Figure 2.8 [51].

To ensure that the developed GUI was working properly, several varied beam configurations
were tested and analyzed. Two configurations were directly compared to one another in
order to determine the direct effect that different inputs would have on the resultant beam

output. The first configuration that will be discussed is a beam made of a-Ti-6A1-4V. This
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beam contains a total of four sections and a fixed-free boundary condition. The horizontal
force acting on the beam is a tensile force of 2500 N. The second configuration is made of (-
Ti-6Al-4V with four sections and a fixed-roller boundary condition. In this configuration, a
compression force double in magnitude, of 5000 N, is acting on the beam. Both configurations
have section lengths of 1 mm. Each configuration and their resultant z- and y-displacement
values are summarized in Table 2.1, while Figure 2.10 displays the resultant first and second
beam configurations respectively from left to right, respectively.

Table 2.1: The varied parameters for each beam configuration and their resultant z- and
y-displacements [51]

Input Parameters | Configuration 1 | Configuration 2
Material a-phase Ti-6A1-4V | S-phase Ti-6Al-4V

Applied Force (N) 2500 -5000

Section Length (mm) 1 1

Boundary Conditions Fixed-Free Fixed-Roller

Microstructure Design [1,6,5,3] [12,7,10,11]

Resultant Total Displacement Values
X-Displacement (mm) 0.837 -1.859
Y-Displacement (mm) -1.582 3.403
1.5 1.5

0 b .23 0 2
-0.5 -0.5
1 1 1 | L 1 1 1 1 |
0 1 2 3 4 0 1 2 3 4
X X

Figure 2.10: The beams resulting from the defined first and second configurations [51].

When analyzing the first configuration that experiences a smaller, tensile force the resultant
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direction of the beam is the southeast direction, with displacement values smaller in value
when compared to the second configuration which experiences a compression force twice
higher in magnitude. The resultant beam of this second configuration is also displaced in
the opposite direction of northwest. After analyzing the numerical and visual results of the
configurations, it was determined that the GUI executes properly, but in order to verify the

results more extensively, external FEA software can be utilized [53].

2.5 Possible Improvements to Developed Graphical User
Interface and Future Work on Truss-Based Me-

chanical Metamaterials

The development of the GUI led to a generation of new ideas in how this GUI could be
improved for actual industry. As the microstructure for mechanical metamaterials can be
selected and designed to exhibit certain properties, instead of having the GUI display the
resultant behavior of a predefined mechanical beam the user could instead input design
constraints or goals which could then be interpreted as objectives in the design of beam.
This objective would be to determine an optimum layout of microstructures that satisfies
the user’s inputs. These kind of inverse design problems could be approached as optimization
problems, similar to the initial optimization problem discussed during the development of the
first method in modeling the beam of microstructures. Yet, instead of utilizing an exhaustive
search, a time-efficient, gradient-based optimization algorithm can be applied so that an
optimum solution could be obtained more efficiently. Extending on this idea, developing a
machine learning algorithm that can learn from the solutions of the inverse design problems,

could possibly lead to the generation of more kinds of truss-based geometries that are based
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on the defined grid system discussed in the second modeling method. While the original
developed database of truss-based microstructures does provide a variety in topology, along
with idea of adding solutions by applying machine learning, the database could also be
improved by having the user input their own geometry based on the same grid system.
To expand outside of the option of analyzing transversely isotropic materials, more kinds
of materials could also be considered by expanding the manual input material properties.
To verify the results from the GUI, several 2D-beam configurations within the GUI were
tested and analyzed. In order to further verify these results from the GUI, the 2D-beam
component could be translated in external FEA software or to an actual 3D-component
through additive manufacturing. Once 3D-components are fabricated, the 2D-results can be

analyzed and compared to corresponding tension and compression tests.

Aside from possible improvements to the developed GUI, other ideas on how to further study
these truss-based mechanical metamaterials is also considered. To further characterize the
effect of these truss-based microstructures on the mechanical beam component, other proper-
ties beside displacement behavior could be investigated. This could include observing failure
behavior of these microstructures such as buckling and how long term force applications,

such as cyclic loading, affects these structures as well.

2.6 Summary

In this research, truss-based mechanical metamaterials were studied through their applica-
tion to a 2D-mechanical beam component. This was completed by developing a database
made of 12 truss-based microstructures that make up the topology of the beam component.
In order to understand how the beam component would behave with these kinds of structures

a computational modeling strategy would need to be employed in order to conduct FEA on
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the beam. As the beam is split into square sections that can be filled with the database of
truss-based microstructures, the first method developed to model the beam analyzed each
section individually. Using an exhaustive search method an optimization problem was ap-
proached in which the optimum layout of microstructures was determined to minimize the
displacement of the beam subject to an external, horizontal force. From the analysis of the
results of this optimization problem, the interfaces of each beam section were not accurately
being accounted for, therefore the second method in modeling the beam for FEA resulted.
This method led to standardizing the make-up of each microstructure on a grid system. This
standardization allowed for the automatic assignment of nodes and elements, and their subse-
quent connections. Therefore, no matter the microstructure topology of the beam, the beam
could be analyzed in its entirety as opposed to a conglomerate of individual microstructure
sections. This second modeling method led to the development of an easy-to-use GUI, which
helps users easily understand how truss-based microstructures can affect the displacement
behavior of a mechanical component. This GUI allows a user to construct a beam of any
combination of the 12 microstructures from the database and understand the deformation
behavior of their designed beam. It is aimed that the GUI contributes to the development
of computational tools for the design of mechanical metamaterials in industry. Although
there are promising applications for truss-based mechanical metamaterials, such as to fields
of biomedical and aerospace, literature has indicated that these materials are prone to high
stress concentrations in their corners and susceptible to symmetry breaking defects when
manufactured [5], [25], [54]. This is also implied by the displacement results of Figure 2.10.
With the continued study of different kinds of mechanical metamaterials, a self-assembled
kind of mechanical metamaterial was discovered. Contrast to trusses and other periodic
mechanical metamaterials, the geometry of the unit cells is smooth and less susceptible to
high stress concentrations. These found mechanical materials are called spinodoids and the

study completed with these materials will be discussed in Chapter 3.



Chapter 3

Investigating Mechanical
Metamaterials with Spinodal

Topologies, Spinodoids

3.1 Research on Spinodoids

The beginning of this research involved studying mechanical metamaterials with truss-based
geometry. These truss-based structures were studied within the 2D-space through the devel-
opment of a database which was applied to the construction of a mechanical beam compo-
nent. The research was finalized through the development of a graphical user interface which
allows users to understand the effect these truss-based microstrucures have on a mechanical
component. To further extend the study of mechanical metamaterials, more research was
completed on a novel kind of mechanical metamaterial called spinodoids. Spinodoids form
by replicating the process of spinodal decomposition. Spinodal decomposition is a phase
separation process that results in the formation of two smooth phases [55]. In the formation
of spinodoids, one phase from the process is classified as void, while the other is classified as
solid [5]. The combination of these phases produces the smooth, bi-continuous structures,
seen in Figure 3.1. The smoothness of these structures makes these materials less susceptible

to high stress concentrations present in truss-based mechanical metamaterials. In addition,

32
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the spinodal topologies are aperiodic compared to more commonly known origami-, plate-,
or truss-based mechanical metamaterials [5]. Periodic geometries are more prone to symme-
try breaking defects that lead to unpredictable mechanical behavior [5]. With the perceived
benefits over commonly known mechanical metamaterials, these spinodal topology-based
mechanical metamaterials, known as spinodoids, were further studied within the 2D-space.
Within this study, 2D-spinodoids were generated and characterized and through the use of
data-driven modeling techniques the inverse design of these structures was performed. Some
methods and techniques proposed in this chapter have been submitted as a journal article to
ATAA Journal: K. McMillan and P. Acar, “Inverse Design Optimization of 2D-Mechanical

Metamaterials under Uncertainty”, AIAA Journal, under review.

Figure 3.1: Example of a spinodoid-like structure created from 3D-extrusions of generated
images representing spinodoids. These extrusions were meshed together to form the spinodal-
like geometry seen in this structure. Figure derived from [60].
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3.2 Mechanical Metamaterials Formed from Spinodal

Decomposition: Spinodoids

The materials studied take form by simulating the phase separation process called spinodal
decomposition. This is a natural process that is taken advantage of in the manufacturing
of polymeric membranes, binary alloys, and micro-emulsions [5], [33], [56], [57]. Spinodal
decomposition occurs in a thermodynamically unstable solid solution [32], [58]. The process
first appears as a solution of finely mixed precipitates, as it eventually evolves, two-distinct
phases form, which then coexist in equilibrium [32]. Compared to other phase separation
processes, the dynamics of spinodal decomposition can be modeled through an approximate
analytical solution known as the Cahn-Hilliard Equation [55], [59]. Although this phase
separation can be modeled through this analytical solution, it is computationally expensive
to model it numerically. Therefore Kumar et. al utilized an efficient model of the equation by
ridding of its time dependency and applying Gaussian random fields (GRFs) [5], [31]. This
formulation can be described by defining a phase field of ¢ that represents the fluctuations of
the differing concentrations of the two separating phases. When considering the formation of
spinodoids, one phase is defined as solid, while the other is defined as void. Through GRFs,
this phase field can be decomposed with Fourier analysis. With this, the concentration ¢

can describe the solid or void phase at x € V, where V' is described by V € R? [5],

9 N>>1
o(X) = \/i cos(fn; - x + ;), with
N ; (3.1)

n; ~ U(S2)v Yi ™~ Z/{([O, 2”])

where 5% = {k € R?: ||k|| = 1} represents the unit circle in two dimensions. Within this
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equation N is the number of waves, 8 > 0 is a constant wave number, n; ~ U(S?) is the
direction of the wave vector, and v; ~ U([0,27]) is the phase angle of the ith wave vector,
both the direction and phase angle of the wave vector are uniformly-distributed. Equation
3.1 represents the GRF that produces isotropic topologies, where anisotropic topologies
are resultant of the approximation produced from a non-uniform orientation distribution

function (ODF) described by [5],

n ~ Uk €S%: (k-6 >cost) @ (k-6 > cosbh) ® (k-3 > cosbs)}), (3.2)

where the 6 values control the resultant formed spinodoid topologies. To determine the
assignment of solid and void phases in the structure the level sets of the phase field were

computed. Through a binary indicator function, solid or void is assigned at X by [5],

Lif p(X) < o
solid network : x(X) = (3.3)

0if p(X) > o

where g is the threshold at the average relative density of the solid phase. This is described
by [5],

0y = ﬂerf_l(Qp - 1) (3.4)

where p is defined by p = E[x]|. To prevent disjoint solid domains p is contained within the
range of p € [0.3,1], in this research a value of p = 0.64 was used. To summarize, these
equations allow for the generation of spinodal-like topologies without the need to undergo
computationally expensive simulations of the Cahn-Hilliard equation [5], [31]. In this study,

these equations are considered in the 2D-domain as opposed to the 3D-domain considered
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in Kumar et al.’s work.

3.3 Generating Spinodoids

Like the research on truss-based mechanical metamaterials, MATLAB was utilized in the
generation of the 2D-spinodoids in this research. The geometries are produced by following
the formulations defined in Equations 3.1 and 3.2. The geometries are considered as unit cells
that can be repeated or distributed throughout a material to create a hierarchy that defines
a mechanical metamaterial. The spinodoid geometries in this research are represented by
2D-monochrome images, where black is considered solid material and white is considered as
void. These images are defined by square arrays, whose size depends on the pixel resolution
of the image. These arrays consist of zeros and ones, where zero indicates black and one
indicates white. The geometries are controlled by the 6 values displayed in Equation 3.2. The
range of these values lie between 0 and 7/2, as symmetric values would produce duplicate
geometries. Although there is not a set number of  parameters that control the resultant
geometry of the spinodoid, the same number of  parameters set in Kumar et. al’s research
were used in this study. To study the effect of increasing the number of # parameters on
the spinodoid geometry, the Young’s modulus, which is the mechanical property that is
later used to characterize the generated spinodoids, was compared for spinodoids controlled
by four and five 6 parameters. The ranges of the Young’s modulus values resulting from
spinodoids controlled by four and five 6 values were determined through a genetic algorithm
where the highest and lowest values were determined. Figure 3.2 demonstrates that the
range of the Young’s modulus values did not differ significantly between spinodoid geometry
controlled by three, four, or five § parameters [60]. This indifference to increasing the amount

of controlling parameters justified using only three 6 parameters. In addition, increasing the
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amount of § parameters increases the dimensionality of the system, which would eventually
lead to a system that is not as efficient to model as one controlled by fewer parameters.
A lower amount of parameters was not utilized, as it would not allow for a greater control
over the geometry compared to three. Therefore, due to the idea of reducing the amount of
parameters that would later be defined as design variables and to also maintain a greater
control over the resultant geometry, three 6 values were selected to be used in generating the
data set of spinodoids. Depending on the pixel resolution of the desired image, the spinodoid
can be generated in under a few minutes, but as the pixel resolution of the image increases
so does the required time to produce the image within MATLAB, see Figure 3.3 [60]. Within
this research the idea of computational efficiency was kept in mind, therefore a large database
of lower resolution images were generated to be utilized later in the data-driven modeling

techniques.
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Figure 3.2: The value of Young’s modulus dependent on the number of f#-parameters con-
trolling the resultant spinodoid [60].
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Figure 3.3: The time it takes to generate a 2D-spinodoid image depends on the pixel reso-
lution of the image [60].

Examples of generated spinodoids and the 6 values that produced them are displayed in
Figure 3.4, the top images have a 50 by 50 pixel resolution, while the remaining bottom
images have a 200 by 200 pixel resolution. To generate an extensive training data set, a
total of 10,000 50 by 50 images were generated as the initial set of images representing
different spinodoid unit cells. This data set was later extended for a specific data-driven

modeling technique by the addition of 100 200 by 200 pixel images.

3.4 Characterizing Spinodoids

As the potential applications for this kind of mechanical metamaterials have been theorized
to serve as replacements for bone implants, the mechanical properties of these generated

spinodoids need to be determined [5]. Calculating the Young’s modulus values of the gener-
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Figure 3.4: Examples of the generated spinodoid monochrome images, the top images have
a resolution of 50x50 pixels, while the bottom images have a resolution of 200x200 pixels.
Figure derived from [60].

ated 2D-spinodoids would allow for the determination of the design space of these materials.
Since spinodoids are represented in the form of 2D monochrome images, their Young’s mod-
ulus is calculated through density-based pixel calculations. These calculations follow the
formulation presented by Wang et. al, who used a modified solid isotropic material with
penalization (SIMP) to calculate the Young’s modulus of porous 2D-mechanical metama-
terials while optimizing their designs [61], [62]. As this formulation calculates the Young’s
modulus of each element within the unit cell, the generated spinodoid images needed to be
discretized based on their pixel resolution. Therefore the total number of elements whose
Young’s modulus would be calculated would be n?, where n is the size of the square pixel
resolution. The Young’s modulus of the unit cell is then taken as the average of the Young’s
modulus of each element. Which is found by summing each modulus value and dividing the
sum by the total number of elements in the image. The formulation applied to these images

is provided [61], [62],
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Ee(ﬂe) = Em'm + PQ(EO - Emzn); (35)

where FE,, is the Young’s modulus of each element, FE,,; is the Young’s modulus of the
void material to prevent singularity of the stiffness matrix (this was set to 107 GPa), p. is
assigned a value of 0 or 1 depending on if the pixel is black or white, p is the penalization
factor if p. was not a discrete value of 1 or 0 (to further drive the density to a 0 to 1
solution), and FEj is the Young’s modulus of the material that makes up the solid spinodoid.
In this study, black pixels are considered solid material and white pixels are void, therefore
pe is assigned a value of 1 if the element is a black pixel and assigned a value of 0 if the
element is a white pixel. Additionally, this density-based pixel formulation is not sensitive to
direction. The solid material assigned to the spinodoids was arbitrarily chosen as polymethyl
methacrylate (PMMA), leaving E, to be 3.3 GPa, but any material could be assigned if the
Young’s modulus is known [63]. The final Young’s modulus of the spinodoid would then be

found through,

Z Ewe7 black pixels + Z Ee, white pixels
)
n

Espinodoid = (36)

where Eginodoia 1S the Young’s modulus of the spinodoid, ) E., is the summation of the
Young’s modulus values for all of the black and white pixels respectively, and n is the
total number of elements (or pixels) in the image. Using this formulation, the Young’s
modulus value of all generated spinodoids was calculated. Figure 3.5 demonstrates the
entire design space of the 10,100 generated spinodoids, where the range of Young’s modulus
values lies between 1.55 and 1.71 GPa. This figure also indicates that the calculated Young’s
modulus value does not depend on the pixel resolution as similar modulus ranges arise

between the 50 by 50 and the 200 by 200 resolution images. Some spinodoids and their
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corresponding Young’s modulus values are displayed in Figure 3.6. With these calculated
values, a relationship between the 6 parameters controlling the resultant geometry of the
spindodoids and the Young’s modulus value could be explored through data-driven modeling
techniques. By defining the relationship between the input, the controlling # parameters,
and the output, the Young’s modulus value, an inverse design approach can be used to drive
the unique design of a spinodoid that is created from a desired material property, as opposed

to selecting a material satisfying a desired material property.
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Figure 3.5: The calculated Young’s modulus depending on 6y, 65, and 63 for all generated
spinodoids is displayed on the left and on the right, the same relationship is displayed for
the generated 200 by 200 resolution images. Figure derived from [60].
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Figure 3.6: Examples of spinodoids and their calculated Young’s modulus values found
through density-based pixel calculations. Figure derived from [60].
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3.5 Graphical User Interface to Design Spinodoids

With the capability to generate a 2D-monochrome image to represent the spinodoid and
calculate the Young’s modulus of the generated spinodoid, another graphical user interface
(GUI) was created. This GUI allows a user to enter in three 6 values, which give them control
of the resultant geometry of the spinodoid. Along with these parameters, the user must enter
the pixel resolution of their image and the material that their spinodoid unit cell is be made
from. Once these values are entered into the GUI, seen in Figure 3.7, the user would then
press the “Generate Spinodoid” button. This prompts the program to begin generating the
spinodoid image. Once the spinodoid is generated, the Young’s modulus value is calculated
using the same density-based pixel formulations described above and the calculated value
is displayed under the resultant spinodoid image. The first version of the developed GUI is
published on GitHub and available at https://github.com/kmcmid86/designaspinodoid. A
video demoing this GUI is provided, https://youtu.be/YF1iXNcS120. This GUI is another
design tool created to aid in the same goal described in the development of the GUI in
Chapter 2.4, that allows users to construct a beam made of truss-based microstructures.
These GUIs are based solely around working with and designing mechanical metamaterials,
with the common goal of understanding the specific mechanical metamaterials studied in

this research.

3.6 Data-driven Modeling of Spinodoids

Data-driven modeling is a popular method used in many areas of research particularly in
the materials field [64], [65], [66]. This kind of modeling is utilized in materials research to

estimate the non-explicit relationship between the materials and properties [67]. Machine
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Figure 3.7: The main panel of the GUI created to design spinodoid unit cells. Figure derived
from [60].

learning is a popular technique used to determine the relationship between the material and
its property or more generally the input and output [31], [68], [69], [70]. In this research,
principal component analysis (PCA) was first applied to the large database of spinodoid
images. PCA was used to reduce the dimensionality of the image-based design space. How-
ever, the reduction in the problem dimension was not found to be satisfactory. Therefore,
Gaussian process regression (GPR), was then applied to model the relationship between the
controlling # parameters and the resultant spinodoid geometry. With using this method
comes the added benefit of considering uncertainty. The GPR model computes the expected

values and the associated uncertainty of the material properties, without using a numerical
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uncertainty quantification algorithm [71].

3.6.1 Principal Component Analysis

Principal component analysis (PCA) is a machine learning method whose main goal is to
reduce the dimensionality of a system, while also keeping the key characteristics of the
system [72]. It is mainly applied to image-based data due to the high amount of dimensions
contained within a color or monochrome image. PCA reduces the dimensions of the data by
projecting the data onto lower dimensions defined as principal components (PCs). In order
to reduce the dimensions while also covering the design space of the system the projected
points are found by maximizing the variance of each PC, while also ensuring that each PC
is uncorrelated. Therefore, each PC is orthogonal to each other in its projection to a lower
dimension. These PCs are considered numerical representations of the data that describe

the features or patterns of the high-dimensional data [73].

Initially a large database of 10,000, 50 by 50 monochrome images were generated. With each
spinodoid being represented by a 50 by 50 pixel image the number of dimensions describing
this data is 2500, derived from the resolution of the image. The high problem dimensionality
increases the required computing times exponentially. Once the dimensions of the system
are reduced, the PCs could be summed together with linear coefficients to describe each
spinodoid. Ideally if the 2500 dimensions could be reduced to a reasonable amount of PCs,
the resultant linear coefficients could be used as design variables to later optimize or derive
a spinodoid with a specific modulus value. Using Scikit-learn library of Python, PCA was
applied to the data set of 10,000 images [74]. With the initial application of PCA, a total
of 450 PCs were needed to cover 90% of the data and a total of 938 PCs were needed to

cover 95% of the data. See Figure 3.8 to view the explained variance based on the number
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of dimensions utilized, the figure demonstrates the number of dimensions needed to cover a
certain percentage of the image-based data. After filtering was applied to the images, a total
of 18 PCs were still needed to cover 80% of the data. Although this is significantly smaller
than the pre-filtered data, it is still a high amount of PCs to work with, especially if the

subsequent coefficients of these terms are to be considered in future optimization problems.
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Figure 3.8: Explained variance of the database of 10,000 spinodoids based on the number
of principal components utilized, as the percentage increases so does the number of required
principal components [60].

Since this attempt with PCA led to a high number of required PCs to accurately represent
the data, the goal of utilizing PCA as a potential modeling technique could not be proceeded
with. Instead, another efficient data-driven modeling technique would need to be applied.

This led to the application of GPR as another method to model the potential relationship
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between the spinodoids and their resultant Young’s modulus value.

3.6.2 Gaussian Process Regression

Gaussian process regression (GPR) is a data-driven technique that is used to model and
explore unknown relationships and functions [75]. This regression method has the same
goal as other machine learning techniques of establishing a connection between the inputs
and outputs of the system model. The added benefit of GPR over image-based modeling
techniques, including PCA, is its ability to simultaneously calculate uncertainty associated
with the expected value predictions. The analysis of uncertainty will also provide a better
understanding on the effects of the fabrication-related uncertainty on spinodoid design. GPR
works by predicting the probability distributions over functions that fit over a set of points.
The form of these functions depends on the kernel function and its hyperparameters. The
hyperparameters can be optimized to improve the fidelity of the GPR predictions [76], [77].
In this study, a multi-fidelity surrogate model is developed using GPR. This multi-fidelity
model is built from low- and high-fidelity data, where the high-fidelity data is considered
to be a more accurate representation of the problem. The high-fidelity data was created by
generating higher resolution images of 200 by 200 pixels, that represent larger microstructural
solution domains. This is characterized as high-fidelity data as the homogenized material
property predictions over large microstructure domains are expected to be more convergent
than the predictions over smaller domains. Accordingly, the low-fidelity data was assigned

as the lower resolution images of 50 by 50 pixels.

To apply GPR, the input and output data needed to be established. The input data in this
system are the three 6 parameters that control the geometry of each of the spinodoid and the

output data is the Young’s modulus value of each spinodoid. The GPR model attempts to
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find a correlation between this data, while also predicting the Young’s modulus values based
on the 0 parameters. In addition, GPR does not need a high amount of data to establish
a model, therefore only 10% of the original database of 10,100 samples were utilized. In
order to build and test the model, the data needed to be separated into training and testing
for both the low- and high-fidelity data. A total of 80% of low-fidelity data and 70% of
high-fidelity data was assigned as training data. The remaining percentage from each data
set was assigned for testing. The application of GPR was completed in MATLAB. The
following formulation describes the process in which GPR was applied to this system. Since
calculations would be performed in matrix form, the input and output data of both training

and testing are represented by matrices [X] and [Y],

H H XH YH
xg= | = | T e T
X [Y:] X] Y]

where [X,] is a 7 by 3 matrix, where r is the number of training samples and the value, 3,
represents the three 6 values that control the geometry of each spinodoid, and [Y,], with
size of by 1. The test samples are represented similarly in that [X¢] is a ¢ by 3 matrix and
[Y¢] is a ¢t by 1 matrix, where ¢ is the number of test samples. Within the GPR formulation
a multi-fidelity covariance needs to be calculated to determine the variance within the data
points considered as inputs, these inputs are the 6 values that generated each image. The
covariance matrix is constructed by plugging the input data into a kernel function. As
mentioned, any kernel function can be used, but a rational quadratic kernel function was
used in this model. To see other types of kernel functions, see Appendix A. The rational

quadratic kernel function takes the form below,
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K(z,7) = (1 4 (";;lf))_a , (3.8)

where o and [ are the hyperparameters to be optimized and the z-values are the input values
to be used to calculate the covariance [78]. The covariance matrix that holds the calculated

values from the kernel function is represented by matrix, [K],

K] = , (3.9)

where [K] compares the correlation within the training data of 6 values with a size of r x
r x p, where p represents the number of input parameters, which takes the value of 3, as
there are three # values that are being varied to generate each spinodoid. [K.] compares the
correlation between the training and test data with a size of r x t x p, [K,]? is the preceding
matrix transposed, and [K,.] compares the correlation between the test data of 6 values with
a size of t x t x p. Once this covariance matrix is found, the expected values of the output

data, which are the Young’s modulus values, can be found through,

E[Y.] = [K.]"[[K] + o*[T]o,]'[Y], (3.10)

where o2 is the initial estimation of the variance of the system, E[Y,] is the expected value of
Young’s modulus and the matrix, [Y] includes both the low- and high-fidelity training mod-
ulus values. The GPR model is calibrated by optimizing the hyperparameters in Equation

A.1 which is completed by minimizing the objective function,

1
f=1E[Y. —-Egy[Y.]| +§ |STD — STD]|, (3.11)
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where the amount of error in the prediction of the modulus values and associated standard
deviation is minimized in comparison to the high-fidelity test points, which portray a more
accurate representation of the system. This optimization problem was completed using a
genetic algorithm, where the optimum values of o, «, and [, were found to be as 0.0661,
0.0406, and 4.4396, respectively [60]. The uncertainty of the predictions can also be found

simultaneously by,

8. = (K — K" [[K] + 02 [Lisa]] " [K.] + 02 L] (3.12)

with this, variance of the output or Young’s modulus can be found, from which unit variance

can be calculated.

With the above formulation, MATLAB was used to derive the GPR model to represent the
relationship between the input of the 6 parameters and output of Young’s modulus values.
Figure 3.9 demonstrates the GPR model predictions plotted with the test data to verify the
model [60]. The range of values expanding the predictions represent the uncertainty of the
predictions. This uncertainty may arise from pre- and post-processing-related variability,
inherent material uncertainty, variations arising from computational models, and any hu-
man involvement in the manufacturing. Since the training values of Young’s modulus were
dominated by values around 1.63 GPa, specifically with an average of 1.635 GPa, the GPR
predictions also fall within this range of hovering around 1.63 GPa. When calculating a
value to multiply by o to cover 95% of the data, a value of 3.10 was found, see Figure 3.10
[60]. Since this value falls within a range of 30 to 3.5¢ it helps further validate that the
predictions also follow a Gaussian distribution as the test values follow a Gaussian distribu-
tion, shown by Figure 3.11. Figure 3.11 also demonstrates how closely the distribution of

the GPR predictions replicates the test data. This help support the idea that the developed
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GPR serves as an accurate model to represent the system. With the establishment of the
GPR model that is able to link the 6 parameters and Young’s modulus, inverse design under

uncertainty with spinodoids could be approached and is discussed in the following chapter.

1.68 - - -

1.58 | Test Data
GPR Prediction
1.56 ' ' ' : :
0 50 100 150 200 250 300

Test Data Samples

Figure 3.9: Test data compared to the GPR predictions for expected values, this also demon-
strates the uncertainty associated with the GPR predictions [60].
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Figure 3.10: A value of +3.10 with the GPR predictions covers 95% of the test data [60].
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Figure 3.11: Probability distribution functions of the predictions from the GPR model and
test data [60].



Chapter 4

Inverse Design of Spinodoids Under

Uncertainty

4.1 Inverse Design of Spinodoids using Gaussian Pro-

cess Regression

The benefit of mechanical metamaterials over that of traditionally manufactured materials
is the ability to design the underlying microstructure topology so that the material can elicit
specific, desired properties. This capability provides the opportunity to approach the design
of mechanical metamaterials inversely, where the properties can first be defined and the
material is then constructed based on these set properties. In this study, inverse design
is explored with 2D-spinodoid unit cells, with the additional analysis of uncertainty in the
resultant design. In the inverse design problems explored in this research, the desired spin-
odoid is found by determining the three 6 parameters that control the spinodoid geometry, as
these variables are the inputs that the developed Gaussian process regression (GPR) model
is based upon. The desired properties that can be targeted include a specific Young’s mod-
ulus or the uncertainty in the design. The inverse design problems are approached through
the definition of optimization problems. A total of three inverse design problems are de-

fined and analyzed. These three optimization problems focus on generating a spinodoid

92
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that satisfies an arbitrarily selected Young’s modulus value, minimizing the uncertainty or
variance of Young’s modulus in the spinodoid design, and a combination of the two where
a desired Young’s modulus value is set with the additional goal of minimizing the expected

uncertainty.

4.2 Defining the Inverse Design Problems

The first design problem aims to find the three 6 values that will generate a spinodoid with
a desired Young’s modulus value. The goal of this optimization problem is to minimize the
error between the desired modulus value and the Young’s modulus found through the cali-
brated GPR model created through the process detailed in Chapter 3.6. This optimization

problem takes the form of,

min HE [Y:k] - Edesired”

EY.] = f(K]{ 0, a,01,65,05)) (4.1)

st 0< 00,0005 < g

where E[Y,] is the target expected E value that is predicted by the calibrated GPR model
whose predictions depend on the multi-fidelity covariance matrix [K] and hyperparameters,
l, o, and « that were optimized to calibrate the model. The 6 values selected must fall
within the same range used to generate the spinodoid of 0 < 6,605,035 < 7/2. These 0
values are also the input values that are used as the test values in the formation of the
GPR model, which also affect the multi-fidelity covariance matrix. The resultant expected

Young’s modulus value, F, is compared to the target Young’s modulus value. Given that

the range of the Young’s modulus values used to train the model were dominated by values
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around 1.63 GPa and the GPR model resulted in a prediction range of 1.63 to about 1.64
GPa, the target Young’s modulus value for this initial optimization problem was set to 1.636
GPa [60]. This target Young’s modulus value would be utilized in the two remaining inverse
design problems. The second inverse design problem focused on producing a spinodoid
with a minimum amount of uncertainty associated with the design, therefore minimizing
its subsequent unit variance associated with the Young’s modulus. This unit variance is
interpreted as the variance per number of test samples. This kind of optimization focused
on minimizing uncertainty is also known as robust optimization. This optimization problem
has a similar form as the first established optimization problem, excluding the objective

function,
min  ¢%[E]

olE)* = f(K|(l,0,a,0,0,,05)) (4.2)

s.t. 0 S 91,92,93 S ga

where ¢?[E] is the unit variance of the expected Young’s modulus, E. The last inverse
problem combines the design goals of the first two, resulting in the goal to find a target
Young’s modulus, while also minimizing the associated uncertainty in the spinodoid design.
This led to the development of a multi-component objective function that is a sum of both

previous objective functions. This optimization problem is defined as follows,

min ||E [Y:k] — Edesired” + STD[E]

EY.],0%[E] = f(K]({, 0, 0,01, 02,05)) (4.3)

st 0< 01,0505 < g

here both goals are considered through the composite objective function. Each of these

optimization problems were executed within MATLAB using an interior-point optimization
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algorithm. In addition, to determine if a global minimum existed for each optimization
problem, several initial guesses of 6 values were tested for each problem. The same initial
guesses were given to each formulated optimization problem. The results of each optimization

problem are discussed in detail in the following section.

4.3 Analysis of Optimum Spinodoids Found with In-

verse Design

After executing the optimization problems defined in the previous section, the first goal
of finding a specific Young’s modulus and third goal that is a combination of finding a
specific Young’s modulus value and minimizing the uncertainty in Young’s modulus resulted
in multiple possible solutions. The second optimization problem, which focused solely on
minimizing the uncertainty of Young’s modulus, initially resulted in only one solution, but
with further analysis the resultant uncertainty or variance value was consistent with other

optimized spinodoids.

The first problem focused on finding a target Young’s modulus value of 1.636 GPa. By using
an interior-point algorithm, a spinodoid with 6 values of 0.850, 0.309, and 0.332 for 6, 0,
and 03, respectively, satisfied the target Young’s modulus value. After trying another initial
guess for the 6 parameters, another spinodoid, generated from 6 values of 0.827, 1.321, and
0.459 also met the design target for Young’s modulus. These spinodoids serve as two options
that satisfy the first inverse design problem in targeting a specific Young’s modulus value
and are displayed in Figure 4.1 [60]. Other initial guesses were tried and the associated

optimized spinodoids are summarized in Figure 4.4.

For the second design goal, focused on minimizing the uncertainty of Young’s modulus, only
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Figure 4.1: The two spinodoids and their 6 values that are solutions to the first inverse
design problem of targeting a specific Young’s modulus of 1.636 GPa. Figure derived from
[60].

one solution within the bounds of 0 to 7/2 was found after attempting the same initial
guesses utilized in the first and last optimization problems. Optimized values for #,, 65, and
03 of 0.827, 0.790, and 0.787, produced a spinodoid with a Young’s modulus of 1.636 GPa and
a unit variance value of 0.0221 GPa? [60]. The resultant simple geometry of this spinodoid
compared to other spinodoids, led to the initial conclusion that simple geometry was expected
to decrease uncertainty. However, further investigation reveals that this conclusion did
not withstand. Once other initial guesses were attempted, outside of the initial guesses
used in the other optimization problems, a spinodoid with 6 values of 0.794, 1.571, and 0,
also satisfied the design goal. See Figure 4.2 to view both of the discussed solutions [60].
Continued closer inspection of the unit variance values given with each step taken during the
optimization process, the value of the unit variance centered around 0.0221 GPa?. This unit
variance value was also consistent in the other optimized spinodoids as well. This consistency
may indicate that the geometry of the spinodoid may have little effect on the uncertainty
of properties. Another reason could be the prediction dependency on the 2D-domain and a
future work is recommended to investigate the uncertainty behavior of spinodoids in large

3D-microstructural spaces.
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Figure 4.2: The solutions found for the second inverse design problem focused on minimizing
the uncertainty of the spinodoid. Figure derived from [60].

The last optimization problem also resulted in multiple solutions. With the same two initial
guesses used for the initial optimization problem, the first optimum solution with 6 val-
ues of 0.836, 0.309, and 0.330 satisfied the goal of targeting a Young’s modulus value and
minimizing uncertainty. The spinodoid forming from 6 values of 0.824, 1.308, and 0.439
for 61, 0, and 03, was the second found optimum solution [51]. Both of these solutions
are displayed in Figure4.3. Analyzing the multiple solutions that resulted from this last
design problem, where the goals included targeting a Young’s modulus value and minimiz-
ing uncertainty, the geometry of the optimum spinodoids were very similar to that of the
solutions found for the initial optimization problem, where the focus was just on targeting a
specific Young’s modulus value. This may indicate that the first design goal in targeting a
specific Young’s modulus value is dominating the objective function in this multi-objective
optimization problem, since the unit variance values do not change between solutions, given
by the analysis of the second optimization problem. The average objective function values
of each optimization problem was also analyzed. The first objective function had an average
value of 4.9491e-12 GPa, while the second and third average values increased in magnitude
of 0.0221 GPa? and 0.0111 GPa, respectively. Figure 4.4 demonstrates a summary of all

of the optimized spinodoids given the trial of four different initial guesses for each inverse
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design problem, plus that of the second solution found for the second optimization problem,

resulting from an initial guess outside of the other four guesses.

\

W
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6, = 0.836,0, = 0.309,6, = 0.330 6, = 0.824,6, = 1.308,0; = 0.439

Figure 4.3: The two spinodoids and their 6 values that are solutions to the last defined
inverse design problem with the multi-objective goal in targeting a specific Young’s modulus
value and minimizing uncertainty. Figure derived from [60].

Figure 4.4 summarizes that more than one spinodoid can be chosen as solutions for each
optimization problem. These multiple solutions may be explained by Figure 4.5, which
demonstrates that the Young’s modulus values used in training the GPR model lie within
a range of 1.5484 to 1.6922 GPa, with many values lying within the range of about 1.62 to
about 1.64 GPa, with an average of 1.6350 GPa. Furthermore the resultant expected Young’s
modulus values used in finding the optimum spinodoids lie in the reduced range of 1.6318 to
1.6379 GPa, with an average of 1.6349 GPa. With the target Young’s modulus value used
in the optimization problems of 1.636 GPa, this study aimed to demonstrate the capability
of obtaining multiple optimum solutions, as shown in Figure 4.4. These multiple options
provide a potential benefit, as it gives the flexibility to choose more than one design over
the other if other considerations such as ease of manufacturing or possibly specific aesthetics

come into play.
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Figure 4.4: Summary of solutions from all the inverse design problems approached with
optimization problems [60].

4.4 Summary

In this study, spinodoids, a subset of mechanical metamaterials were further investigated
over that of truss-based mechanical metamaterials, due to their known benefits over this
popularly known sub-group. Spinodoids are less susceptible to high stress concentrations due
to their smoother topology and are less prone to symmetry breaking defects because of their
aperiodicity [5]. These materials were studied within the 2D-space by first generating a large
database of 2D-monochrome images representing individual spinodoid cells. Following the
formulation defined by Equations 3.1 and 3.2, the images were generated within MATLAB.
These spinodoids were then characterized by their Young’s modulus through density-based
pixel calculations. Once characterized by this mechanical property, data-driven modeling
techniques were then applied to derive a relationship between the spinodoid geometry or the

0 parameters controlling the geometry and their calculated Young’s modulus value. Initially,
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Figure 4.5: The 6 parameters plotted against the Young’s modulus values used to develop
the GPR model for the optimization problems (left) and 6 parameters plotted against the
expected or predicted Young’s modulus values resulting from the developed GPR model
(right) [60].

a principal component analysis was applied in an attempt to reduce the dimensionality of the
image-based data. Given that this method did not result in a significant enough decrease
in the needed dimensions to represent the data, another data-driven modeling technique
was applied. GPR was then applied given its added benefit of simultaneous uncertainty
quantification with its calculation of predictions. A GPR model was derived by using a multi-
fidelity approach and further utilized to approach several inverse design problems. These
inverse design problems were defined as three optimization problems. One had the objective
of finding a target Young’s modulus value, the second focused on minimizing uncertainty
with the design, and the last combined these goals to create a multi-objective optimization
problem. What was critical about the results of these inverse design problems was result of
multiple optimum spinodoid solutions [60]. Having a choice between which optimum design
to select from prevents a potential designer from being locked into a certain design, which
may not satisfy other manufacturing or cost constraints. The overall process in this study of

spinodoids is summarized by Figure 4.6. After developing a method to perform inverse design
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with spinodoids, the graphical user interface developed to design spinodoids in Chapter 3.5
could be expanded upon by also offering the option for a user to derive a specific spinodoid
that satisfies their design goals. These design goals can be defined by specific mechanical
properties, such as a target Young’s modulus value or uncertainty considerations. This
consideration of design tools keeps in mind that more tools focused specifically on the design
of mechanical metamaterials need to be developed in order for industry to understand and

utilize their many potential capabilities [3].
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Figure 4.6: Summary demonstrating the research focused on spinodoids. Figure derived
from [60].
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Chapter 5

Conclusion

5.1 Future Work

Although two different kinds of mechanical metamaterials were studied in this research,
truss-based and spinodoids, spinodoids were chosen to be studied in greater detail. Due to
their smoother and aperiodic topologies, they are less prone to high stress concentrations
and symmetry-breaking defects prevalent in truss-based mechanical metamaterials [5], [31].
Therefore, further interest in how this study of spinodoids can be expanded upon was ex-
plored, particularly in how the characterization of these spinodoids could be improved. In
the characterization process, a density-based pixel calculation was used to obtain the Young’s
modulus of each generated spinodoid. Although, the presented formulation has been utilized
in other peer-reviewed research [61], [62], the similarity in the resulting Young’s modulus
values between each image, could provide an indication that the characterization of these
materials should also consider the effects of the underlying topology in addition to the volume

fraction of the solid and void phases.

5.1.1 Analyzing Characterization Methods

Another factor to consider when characterizing each spinodoid could be the consideration of

the shapes making up each spinodoid. This consideration may allow for a more unique and
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explicit characterization for each spinodoid within the data set. To aid in quantifying the
shapes, the method of shape moment invariants could be applied. The calculation of shape
moments allows an image to be quantified in terms of moment values that are invariant to
rotation, scaling, or translation [79], [80]. The method of calculating moment invariants was
first utilized in recognizing patterns [81]. These calculated moment invariants are defined
as Hu moments [81]. Initial research on applying shape moment invariants to the generated

spinodoids is detailed in Appendix B.

In addition to characterizing the shapes effects using moment invariants, the mechanical
properties such as Young modulus should also be computed with a higher fidelity approach
than the density-based model. Therefore the Young’s modulus values calculated through the
density-based pixel calculations need to be verified through finite element analysis (FEA)
to determine if the found range of Young’s modulus values through these calculations is
sufficient in determining the Young’s modulus of the spinodoids. As well as verifying the
calculated Young’s modulus, directional properties could also be found by performing FEA.
These FEA simulations can be completed by transferring the 2D-geometry of a spinodoid to
a 2D-solid part within Abaqus or other FEA software. Ideas on how the geometry can be
transferred to Abaqus are visualized in Figure 5.1. These ideas show that the eventual part
within Abaqus can be constructed as one solid part with a thin frame in order to simplify
the application of loads and boundary conditions, or the part could be constructed of two
phases, solid and void. In this second idea, the void phase is assigned material properties
close to zero, such as 1079 GPa for Young’s modulus, similarly done in the density-based
pixel calculations for the void material. Refer to Appendix C for suggestions on how to

utilize Abaqus to determine mechanical properties of a spinodoid unit cell.

Ideally, all of the Young’s modulus values within the data set of images would be calcu-

lated through FEA simulations and compared with the density-based, pixel calculations,
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Figure 5.1: Ideas on how to transfer a spinodoid image to a part in Abaqus. The left part
demonstrates a solid material with true void sections, whereas the right part is made of two
materials, one material has solid property values (green) and the other material has very low
material properties to closely represent true void (gray). Figure derived from [60].

but performing the FEA of 10,100 spinodoids through Abaqus would be computationally
expensive. Therefore, with a study by Chan ef. al, only a small, yet diverse database of
unit cells are needed to develop sufficient machine learning techniques to model relationships
between unit cells and properties [46]. Therefore a machine learning model that relates the
Young’s modulus and the spinodoid could be developed by running FEA simulations on a
smaller subset of spinodoids containing specifically chosen diverse geometries [46]. This cho-
sen subset of spinodoids could be selected visually or through the analysis of their calculated
shape moment values. The shape moment values would be compared against one another
to determine which spinodoids have the most variation from one another. If the proposed
machine learning model provides higher fidelity predictions for the mechanical properties,
it can be used to replace the density-based model to compute the mechanical properties of

spinodoids.



5.1. Future WORK 65

5.1.2 Development of a Graphical User Interface for Inverse De-

sign of Spinodoids

Although a graphical user interface (GUI) was developed in Chapter 3.5 that allows a user
to design a spinodoid, after establishing the process of approaching inverse design in Chapter
4, this GUI could be expanded upon by incorporating this inverse design process as another
feature of the GUI. This inverse design tool would allow a user to input the desired proper-
ties they would like a spinodoid to elicit. In terms of this research, their design goals could
be finding a specific Young’s modulus, minimizing the uncertainty related to the design,
or a combination of both. With their chosen design goal they would then need to enter
their desired Young’s modulus value and the GUI would then determine the three 6 values
that would generate a spinodoid that satisfies their design requirements. This inverse de-
sign problem would be approached using the same method presented in Chapter 4 where
an optimization problem would be executed and multiple solutions would result using an
interior-point algorithm. The spinodoids resulting from this GUI would then be displayed
as potential options from which they could select from. See Figure 5.2 for a mock-up in how

the addition to this GUI could be designed.

5.1.3 3D-Modeling of Mechanical Metamaterials

Although this research focused primarily on the design of two classes of mechanical meta-
materials within the 2D-space, to provide a further accurate analysis of these materials they
would need to be considered in three dimensions. See Figure 5.3 on the theorized 3D-models
of one generated truss-based unit cell and one generated spinodoid unit cell from this re-
search. This may allow for a more holistic idea on how specifically the studied mechanical

metamaterials could be applied to different real-world applications. Given that 3D modeling
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Figure 5.2: Mock-up for a potential future addition to GUI developed in Chapter 3.5, this
addition would add the capability of performing inverse design for spinodoids. Figure derived
from [60].

significantly affects the computational time in modeling and calculations of properties, the
work completed within the 2D-space could serve as a step towards establishing a multi-scale
model that could be utilized in exploring the design and property space in 3D. Using a lower-
fidelity model may also assist with efficient, further characterization of other aspects of these
mechanical metamaterials as well. Further investigation of these materials could include ob-
serving their behavior under temperature effects, long-term loading, and determining their

behavior under failure.
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Figure 5.3: 3D-representations of one truss-based geometry from the database of 12 mi-
crostructures developed and one spinodoid unit cell from the generated data set of 10,100
spinodoid images. Figure derived from [51] and [60].

5.2 Concluding Remarks

In this research two kinds of mechanical metamaterials were investigated. The first type
are truss-based, whose geometry is based on lattices made of truss-like structures. These
mechanical metamaterials are well-known within this area of material research, with po-
tential applications including aerospace, medical, and construction fields [23], [25], [30].
These materials were studied by investigating how the deformation behavior of a mechanical
beam component changed based on the varying topology made of these microstructures. A
database of 12 2D-truss-based structures was developed. To analyze how these structures
would affect the displacement behavior of a simple cantilever beam, finite element analy-

sis (FEA) was applied to the beam. In order to apply FEA, the nodes and elements of the
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structures and eventually the entire beam needed to be assigned. Initially, these assignments
were manually determined for each of the 12 structures. With this method, an optimization
problem was developed to determine the topology of the beam in order to minimize the dis-
placement resulting from a force acting across the entire beam. The results of this problem
indicated that the first method developed to model the beam for FEA, only allowed for a
separate FEA of each individual microstructure within the beam. Although, this method
considered the sensitivity of each structure, it did not consider how one section of the beam,
containing one microstructure, would affect next section in the beam, containing another
microstructure. Therefore, a new method in modeling the beam such that FEA could be
performed on it as one entire component needed to be developed. In this method a standard
grid was defined, using this grid every structure within the database could be assembled.
Since each microstructure was made of a set of triangles, each microstructure was defined
through a path of coordinates that trace each triangle in the structure. This allowed for a
library containing the reference coordinates of each microstructure to be called upon when
constructing the beam component made of multiple microstructures. This method allowed
for the automatic assignment of nodes and elements, and their connections, which led to
capability to run a FEA on the mechanical beam component as a whole, no matter the
combination of the 12 microstructures used in its construction. This modeling led to the
development of graphical user interface (GUI) that allows a user to build a beam component
with any of the 12 microstructures and understand how any external tension or compression
force can affect the overall displacement of the beam. The development of this GUI helps
with the idea that new design tools need to be created to allow for a greater understanding
in the behavior and capabilities of mechanical metamaterials [3]. With further development,
the same optimization problem executed with the initial modeling method could be incor-
porated into the developed GUI, which could instead determine the topology of the beam to

minimize its displacement given an external force. The incorporation of this inverse design
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problem would be an added benefit to the developed design tool. The research performed on
truss-based mechanical metamaterials led to a better understanding of these materials, yet
with the known factors that these materials contain sharp corners and their properties are
highly dependent on their periodicity, making them susceptible to high stress concentrations
and symmetry-breaking defects, a relatively new kind of mechanical metamaterial based on

the process of spinodal decomposition was studied [5], [31].

The second kind of mechanical metamaterial investigated in this research is made of unit cells
generated from following the phase separation process of spinodal decomposition. This ther-
modynamic, phase transformation process leads to two distinct phases that coexist together
[32]. The microstructures resulting from following this process have smooth and aperiodic
geometry, which makes them less prone to the discussed susceptibilities of truss-based me-
chanical metamaterials. Through research from Kumar and co-workers, the spinodoids are
defined as geometries where one phase is assigned as solid and the other phase as void [5].
They modeled the process that these structures are simulated from through a simplification
of the Cahn-Hilliard equation which serves as an analytical solution to spinodal decomposi-
tion [5], [31], [55]. Through three 6 values, the geometry of the spinodoid can be controlled.
In this research, this subset of mechanical metamaterials is studied within the 2D-space. To
study these materials, spinodoids were generated by representing unit cells with monochrome
images. In these images, black represented solid material and white represented void. A total
of 10,000 50 by 50 images were developed and later subsidized by 100 200 by 200 images.
In order to understand the behavior of the generated spinodoids, the Young’s modulus for
each spinodoid was found through density-based pixel calculations. In order to relate the
spinodoid geometry to the calculated modulus values, two different kinds of data-driven
modeling techniques were applied to the characterized data set. Principal component analy-

sis (PCA) was the first method applied. With the application of PCA, the dimensionality of
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the 10,000 50 by 50 images (2500 dimensions) could only be reduced to 450 principal com-
ponents (PCs) to represent 90% of the original image data. Through further filtering 80%
of the data could be represented by 18 PCs. Although, the dimensions were significantly
reduced from 2500, this high number of PCs would still be difficult to model and utilize in
determining the relationship between the PCs and calculated Young’s modulus values of each
spinodoid. The second data-driven technique applied to the data set was Gaussian process
regression (GPR). Compared to PCA, this method had the added benefit of simultaneously
calculating uncertainty associated with its eventual predictions. In this research a multi-
fidelity model was used, where the 10,000 50 by 50 images were considered as low-fidelity
data and the 100 200 by 200 images were considered as high-fidelity data. This model would
help define a relationship between the parameters controlling the geometry of the spinodoid,
01, 65, and 03, and the calculated Young’s modulus values through the development of a
covariance matrix constructed from the training data, a rational-quadratic kernel function,
and optimized hyperparameters. Using this developed GPR model several inverse design
problems were defined and solved through gradient-based optimization. Multiple solutions
resulted for each defined problem, indicating that there is more than one solution in tar-
geting a specific Young’s modulus and minimizing uncertainty. These multiple options offer
choice in the design, therefore the selection of a spinodoid to satisfy a certain design is
not constrained to one specific geometry. To expand on this research, the characterization
methods would like to be further investigated through further quantification methods such
as shape quantifiers, like Hu moments [81]. Additionally, the calculated Young’s modulus
values would like to be compared to FEA simulations. With these additions, a more unique
and verified model between the controlling parameters of # and the Young’s modulus could
be established. This improved model could help further improve the inverse design prob-
lems to later be incorporated into the GUI that allows a user to develop spinodoids. This

added capability would again serve as another design tool that allows others to understand
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and design unique mechanical metamaterials. These kinds of design tools need to be devel-
oped in order to help further the realization of these materials in industry and real-world
applications. Mechanical metamaterials have many potential applications, inverse design is
a unique design approach that can be applied to develop mechanical metamaterials with
outstanding mechanical properties. The methods developed in this research to study the
design of mechanical metamaterials are aimed to contribute to the ongoing research for their

design and development in different engineering fields.
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Appendix A

Types of Kernel Functions

A.1 Rational Quadratic Kernel Function

This rational quadratic kernel function was used in the development of the Gaussian process

regression (GPR) model. The rational quadratic kernel function takes the form below,

K(z,7) = o (1 4 (ﬂ;;lf))_a, (A1)

where o2 the initial estimation of the variance of the system, o and [, are the hyperparameters

to be optimized and the z-values are the input data [78].

A.2 Constant Value Kernel Function

A more simple kernel function where a constant value is solved for is,
K(z,7) = o’c, (A.2)

where o2 is the variance of the training data or hyperparameter to be optimized and c is the

constant value to be solved for, and the z-values are the input data [82].
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A.3 Squared Exponential Kernel Function
Squared exponential kernel function is defined as,
_ a2
K(z,7) = o”exp (—u) : (A.3)

where o2 is the initial estimation for variance or hyperparameter to be optimized, [ is another

hyperparameter to be optimized, and the z-values are the input data [78].

A.4 Periodic Kernel Function

Periodic kernel function is defined as,

—2sin(7 |z — | /p)
12 )7

K(z,7) = oexp( (A.4)

2

where ¢° is the initial estimation for variance or hyperparameter to be optimized, p and [

are additional hyperparameters to be optimized, and the z-values are the input data [78].



Appendix B

Potential Application of Shape

Moment Invariants

The topology of the spinodoids can be characterized using the shape moment invariants
that are defined in terms of Hu moments. Although shape invariants involve seven different
Hu moment functions, the first moment value is found to capture sufficient information of
different microstructural topologies [83]. Therefore, in this analysis only the first moment,
¢1, is used to quantify the topology of spinodoids. Initially to determine whether each
individual 6 value had an effect on the resulting spinodoid, three sets of spinodoids were
generated. The first set of 50 200 by 200 images was generated by varying #,, and keeping
0y and 05 constant. The remaining two sets were generated by varying 0, orfl3 and keeping
the remaining 6 parameters constant. Figure B.1 demonstrates how the ¢; values varied
with each varying 6 value, along with how the ¢, values varied with the calculated Young’s
modulus of the generated spinodoids in the each set. These Young’s modulus values were
also found by using the density-based pixel calculations detailed in Chapter 3.4. Initially it
appears that there could a relationship between these moment values and the 6 parameters,
but to verify this a larger data set of 1,000 50 by 50 images were generated that varies 6.
Figure B.2 shows a random ¢, distribution for varying #; values. The figure also indicates
that there is no explicit relationship between ¢; and Young’s modulus values. This analysis

demonstrates that the potential relationships seen in Figure B.1 does not continue, and the
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¢ becomes more randomly distributed with varying 6; and that there is no clear relationship

between ¢, and Young’s modulus.
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Figure B.1: Each varying 6 parameter plotted against the calculated shape moment value of
¢1 (top). Young’s modulus values for each spinodoid set are compared to the calculated ¢,
values (bottom).

The moment values were also calculated for all of the 50 by 50 pixel images of spinodoids
generated, a total of 10,000 images. Within this data set none of the # are kept constant,
therefore all 6 values are randomly varied. With this larger data set it appears that a large
amount of spinodoids circles around one particular value. Figure B.3 demonstrates that with
the entire data set of 10,000 images, the first moment value (¢;) is centered around a Young’s
modulus value of about 1.63 GPa. Although these ¢; values circle around one particular
Young’s modulus value and have a particular range within itself as well, incorporating the
values of ¢, along with the density-based pixel calculations may allow for a more unique
characterization of each spinodoid. The similar ¢; may also indicate that many of the

spinodoids within the data set have similar geometries as well. One observation from this
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Figure B.2: Larger set of 1,000 50 by 50 images with spinodoids generated by varying 6, the
left figure shows ¢, plotted against 6; and the right figure demonstrates Young’s modulus

plotted against the calculated ¢, values.

initial analysis of shape moment invariants, was the somewhat differing ranges of ¢; from
images with different resolutions. As the moment invariants should not be sensitive to

image-scaling, this observation should be further investigated.
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Figure B.3: Largest set of 10,000 50 by 50 images generated, the left figure shows ¢; plotted
against 61 and the right figure demonstrates Young’s modulus plotted against the calculated
¢1 values.



Appendix C

Potential Application of Finite

Element Analysis Software

Utilizing external finite element analysis (FEA) software such as Abaqus can help determine
the validity or verify the Young’s modulus calculations found through a density-based pixel
formulation. Abaqus can run FEA simulations of this 2D-solid to determine the desired
properties. By simulating a tensile test on the spinodoid unit cell, the average stress and
strain can be found through Abaqus. Another method to find material properties could
be through the application of an Abaqus plug-in, called EasyPBC [84]. An exemplary
mesh generated in Abaqus that could be utilized in future simulations is shown in Figure
C.1. By running such FEA simulations or utilizing other Abaqus tools, the density-based
computations can be verified for the studied database of spinodoids. The FEA can also be

used to develop surrogate models with the integration of the shape moment invariants.
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e x

Figure C.1: The mesh file created for a spinodoid transferred to Abaqus.
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