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(ABSTRACT) 

The objective of this work was to employ artificial neural networks (NN) to solve inverse 

problems in different engineering fields, overcoming various obstacles in applying NN to 

different problems and benefiting from the experience of solving different types of 

inverse problems. The inverse problems investigated are: 1) damage detection in 

structures, 2) detection of an anomaly in a light-diffusive medium, such as human tissue 

using optical imaging, 3) structural optimization of fiber optic sensor design. All of these 

problems require solving highly complex inverse problems and the treatments benefit 

from employing neural networks which have strength in generalization and pattern 

recognition. Moreover, the neural networks for the three problems are similar, and a 

method found suitable for solving one type of problem can be applied for solving other 

types of problems.  

Solution of inverse problems using neural networks consists of two parts. The first is 

repeatedly solving the direct problem, obtaining the response of a system for known 

parameters and constructing the set of the solutions to be used as training sets for NN. 

The next step is training neural networks so that the trained neural networks can produce 

a set of parameters of interest for the response of the system. Mainly feed-forward 

backpropagation NN were used in this work. 
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One of the obstacles in applying artificial neural networks is the need for solving the 

direct problem repeatedly and generating a large enough number of training sets. To 

reduce the time required in solving the direct problems of structural dynamics and photon 

transport in opaque tissue, the finite element method was used. To solve transient 

problems, which include some of the problems addressed here, and are computationally 

intensive, the modal superposition and the modal acceleration methods were employed. 

The need for generating a large enough number of training sets required by NN was 

fulfilled by automatically generating the training sets using a script program in the 

MATLAB environment. This program automatically generated finite element models 

with different parameters, and the program also included scripts that combined the whole 

solution processes in different engineering packages for the direct problem and the 

inverse problem using neural networks. 

Another obstacle in applying artificial neural networks in solving inverse problems is that 

the dimension and the size of the training sets required for the NN can be too large to use 

NN effectively with the available computational resources. To overcome this obstacle, 

Principal Component Analysis is used to reduce the dimension of the inputs for the NN 

without excessively impairing the integrity of the data. Orthogonal Arrays were also used 

to select a smaller number of training sets that can efficiently represent the given system. 
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Chapter 1                                      
INTRODUCTION 

The transfer of a technology developed in one area to another area is very desirable. A 

soft computing method like artificial neural networks (NN), which are finding application 

in almost all branches of science and engineering, can be used in different engineering 

fields without changing much of the basic methodology. Here, the capability of solving 

inverse problems using Neural Networks has been studied for three different kinds of 

problems employing numerical simulations. The first one is a damage identification 

problem, the second is an optical imaging problem, and the third is the optimization of a 

fiber optic sensor.  

1.1 Objectives 

The objective in the damage identification problem is to identify damage parameters in a 

structure by measuring variations between the dynamic behavior of damaged and perfect 

systems. The objective in the optical imaging problem is to identify an anomaly in a 

light-diffusive medium, such as a human tissue, by studying the effect of an anomaly on 

the propagation of near-infrared light passing through the tissue. Both the problems have 

a common feature in that an attempt was made to find an anomaly in an otherwise perfect 

system using limited data such as natural frequencies and diffused measurements only at 

the boundary. Therefore, there exists a possibility of using similar approaches, such as an 

application of artificial neural networks, to solve both types of inverse problems. In 

addition, the similar approach can also be used in solving the optimization problem of a 
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fiber optic sensor, in which the role of neural networks is to identify the relationship 

between the change in design parameters and the structural response of the sensor.  

The artificial neural networks are imitations of real neurons in the human brain in their 

structure, data processing and restoring method, and learning ability. In artificial neural 

networks and real neurons, knowledge is acquired by the network through a learning 

process and inter-neuron connection strengths known as synaptic weights are used to 

store the knowledge.  This organization of neurons is what enables the brain to perform 

certain tasks, like pattern recognition and motor control, much faster than the fastest 

digital computer available even today.  Neural networks can be considered as universal 

approximators for arbitrary functions that make probabilistic assumptions about data and 

the learning can be considered as methods for finding parameter values that appear to be 

closest to the available data [ 1 ] [ 2 ]. The neural networks, by having advantages in that 

they are capable of representing non-linear systems and are capable of providing 

instantaneous responses once properly trained, possess a strong possibility of solving the 

three inverse problems efficiently.  

1.2 Three Inverse Problems 

1.2.1 Damage Identification Problem 

In the first inverse problem, that of damage identification, two structures were studied. 

The first was a one-dimensional beam and the second was two-dimensional plate. In the 

one-dimensional beam problem, a beam equation was solved to find the natural 

frequencies of a diffusively damaged beam and the obtained solutions were used to build 

the training set and the testing set for identifying a damaged zone using NNs. In the two-
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dimensional plate problem, a locally damaged plate finite element model developed in 

the NASTRAN*, a commercial finite element package, was utilized to build the training 

set and the testing set for a NN. The use of Principal Component Analysis (PCA) and 

Orthogonal Arrays (OAs) for NNs were also studied. The data used as inputs for NNs in 

identifying the location of the damage were the transient response data at a number of 

locations of the damaged plates. NNs were able to automatically map this two-

dimensional damage location parameter space and give the location of the damage, given 

the transient response of the damaged beam, in an instant. The problem in utilizing the 

transient response data was that the dimension of the input was quite large, making the 

use of NN somewhat impractical because of the time needed in training NNs. Therefore, 

the use of PCA was considered to be a viable option to reduce the dimension of the inputs 

for NNs. On the other hand, the size of the training samples has to be such that they can 

cover most of the possible variations in the parameters. This requires a huge number of 

training sets to be selected and the direct problem has to be solved repeatedly. Using OAs, 

the training dataset to be selected and solved was greatly reduced. The experience in 

utilizing NNs with PCA in the damage identification problem was found to be very 

valuable in solving the optical imaging problem. 

1.2.2 Optical Medical Imaging Problem 

Optical imaging means the methodology of using light in a narrow wavelength band in 

the near-infrared range (~700-1,000nm) to trans-illuminate a light diffusive medium such 

as a human tissue and to use the resulting measurements of intensity on the tissue 

boundary to map the internal optical properties. The main advantage of optical imaging is 

                                                 
* NASTRAN is a registered trademark of MSC.Software Corp. 
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its capability of safely and portably measuring tissue functions to detect non-functioning 

cells, like cancerous cells. It is known that to be able to observe the functioning of cells, a 

continuous, non-invasive imaging method is required. Moreover, optical imaging has 

advantages over X-ray, CT-scans, and PET (Positron Emission Tomography) because of 

its portability and lower equipment cost as well [ 3 ]. The main idea of optical imaging is 

that light passes through the body in small amounts, carrying with it characteristics about 

tissues through which it has passed. Based on these characteristics, optical images can be 

obtained by solving the inverse problem of light propagation. However, diffusive and 

scattering characteristics of near-infrared light when propagating in a tissue lead to a 

highly non-linear inverse problem whose solution requires large amounts of 

computational time, even for relatively coarse measurements, if conventional methods are 

used [ 4 ][ 5 ].  

The application of NN may help reduce the computational time to solve this inverse 

problem of optical imaging, thus making the use of optical imaging to determine the 

presence of an anomaly in a tissue a more viable approach. The process of solving this 

inverse problem consists of two parts. The first part entails solving the direct problem of 

the light diffusion equation to predict propagation of photons in a tissue. The second part, 

based on the solutions of the direct problem and the information observed in the detectors, 

entails obtaining an optical image by solving the inverse problem. A finite element 

program to solve the direct problem was developed in MATLAB† environment and has 

been integrated with NNs available in the Neural Network Toolbox in MATLAB to 

identify the location of an anomaly using measurements of near-infrared light which has 

                                                 
† MATLAB is a registered trademark of the Math Works, Inc. 
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propagated through a human tissue and has gone through a high degree of both scattering 

and absorption. 

1.2.3 Structural Optimization Problem 

In optimizing the configuration of a fiber optic sensor, the dynamic analysis of the sensor 

subjected to a blast profile was performed and a parametric study using the dynamic 

response was performed. To briefly describe the construction of the sensor; it is 

composed of a silicon base and two optical fibers mounted in V-grooves in the base. 

When the air pressure between the two fibers is changed, the density of the air is changed 

and this results in a phase change of the light that passes through and is reflected from the 

gap between the two fibers. For the sensor to be able to achieve a desired accuracy, the 

change in the distance between the two fibers due to the pressure change should not 

interfere with the phase change due to the change in the density of the air between two 

fibers. Therefore, accurate dynamic analysis of the sensor is essential to ensure the 

accuracy of the measurement of the sensor. To this end, a normal mode analysis and a 

transient response analysis of the sensor were performed. A parametric study of the 

design of the sensor was required to minimize the displacement between the two fibers 

caused by a pressure change.  In performing the parametric study, the need for a 

relationship between the design parameters and the response of the sensor was fulfilled 

by using an artificial neural network (NN). A NN was trained to map the relation between 

design parameters and the response of the sensor.  The optimization Toolbox of 

MATLAB was used to perform the optimization in the NN space.  
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1.3 Obstacles in Applying Neural Networks for Inverse Problems 

One of the obstacles in applying artificial neural networks is the need for solving the 

direct problem repeatedly and generating enough number of training sets. To reduce the 

time required in solving the direct problems of structural dynamics and photon transport 

in opaque tissue, the finite element method was used. To solve transient problems in the 

dynamic analyses of structures, which are computationally intense, the modal 

superposition method and the modal acceleration method were employed. The need for 

generating enough training sets was fulfilled by automatically generating the training sets 

using a script program, which automatically generated the finite element model with 

different parameters and included scripts that could combine the whole solution processes 

in different engineering packages for the direct problem and the inverse problem using 

neural networks. 

Furthermore, two of the common problems in applying NNs for solving inverse problems 

are that the dimension of the inputs for NNs can be too large for a quick training of the 

NN, and that the number of times that the direct problem needs to be solved to construct 

the training set can be too large to obtain meaningful solutions with the computing 

resources available. Principal Component Analysis can be used to reduce the dimension 

of the input needed to train a Neural Network and Orthogonal Arrays can be used to 

efficiently reduce the size of the training sets and obtain reasonable results. Therefore, the 

effects of using Principal Component Analysis (PCA) and Orthogonal Arrays (OAs) in 

applying NNs for solving the inverse problems have also been studied. 
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1.4 Dissertation Overview 

In Chapter 2, a literature review on artificial neural networks, damage identification using 

NN, optical medical imaging, structural optimization using NN, principal component 

analysis, and orthogonal arrays is given. In Chapter 3, damage identification in beams 

and plates using neural networks based on the dynamic response is given. In Chapter 4, 

an explanation of optical medical imaging is given followed by the procedure used to 

solve the photon transport equation using the finite element method. Next, an explanation 

of the application of neural networks in identifying an anomaly using optical medical 

imaging is given. In Chapter 5, the dynamic analysis of a miniature fiber optic sensor 

using finite element method, modal superposition method, and modal acceleration 

method is given. Next, the application of neural networks to the design of a miniature 

fiber optic sensor is given. This chapter is followed by a chapter on conclusions.  

In the Appendix, the steps and processes involved in the construction of a complicated 

shaped, three-dimensional solid finite element model is given, with the example of an 

analysis of 6-component sting balance used in wind tunnel testing. This example, for 

which experimental results were available, was solved to gain experience in developing 

three-dimensional finite element models of complex systems. The appendix also contains 

steps required in the formulation of the finite element analysis to solve the photon 

transport problem in human tissue. 
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Chapter 2                                                 
LITERATURE REVIEW 

2.1 Artificial Neural Networks 

2.1.1 Multi-Layer Feed-Forward Backpropagation Neural Network 

The most commonly used neural network structure is multi-layer feed-forward 

backpropagation neural network as shown in Figure 1.  The hidden neurons a are 

transferred sums of weighted inputs p with added bias and the outputs t of the network 

are transferred sums of weighted hidden neuron values a with added bias. A sigmoid 

function was used in hidden layers and a linear function was used in the output layer in 

our case. The relation of input and output is shown in Eq. (1)   where w is weight and f is 

a transfer function [ 1 ] [ 2 ]. 
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Figure 1: Multil-layer feed-forward backpropagation neural network (p = inputs, a = 

hidden neurons, W = weights, b = bias,  f = transfer function, n = number of inputs, r = 

number of hidden neurons, s = number of output neurons, t = outputs). 
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Two kinds of transfer functions are popularly used in multi-layer NNs. One is a 

piecewise linear function and the other is a logistic sigmoid transfer function shown in 

Figure 2. The piecewise linear transfer function can be expressed as 

11,         
2

1 1( ) ,
2 2

10,       
2

v

f v v v

v

⎧ ≥⎪
⎪
⎪= > > −⎨
⎪
⎪ ≤ −⎪⎩

       (2) 

where v is an input to the transfer function. 

The logistic sigmoid transfer functions can be expressed as 

1( )
1 cvf v

e−=
+

        (3) 

where c is a slope parameter of the sigmoid function. The slope of the logistic function at 
the origin equals / 4c . 
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       (a) Piecewise linear transfer function                           (b) Logistic sigmoid function 

Figure 2: The graphs of a piecewise linear transfer function and a sigmoid transfer 

function. 
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Once a collection of inputs and desired outputs for a NN is obtained, the training of the 

NN can be started. The process for the training of a multi-layer feed-forward 

backpropagation neural network can be outlined as follows. 

In the first step, the weights and biases of the NN are randomly picked. Next, the weights 

and biases are adjusted by going through forward and backward calculation for each 

training cases. Here, the forward calculation is to calculate the output of the NN with the 

current values of the weights following forward direction of the NN and to calculate the 

error between the output of the NN and the desired output for the training case presented. 

The backward calculation is to calculate the local gradients of the network from the error 

between the output and the input and the slope of the transfer function and to adjust the 

weights of each layer in backward direction of the network. When all the training cases 

are presented, the whole process of the forward and the backward calculation for each 

training case is repeated by randomly varying the order of the presentation of the training 

cases. Here, one iteration is called one epoch. This process is repeated until the average 

error between the output of the NN and the desired output becomes less than or equal to 

the desired value. 

Feed-forward networks with one or more hidden layers of sigmoid neurons and a linear 

output layer are often used. Multiple layers of neurons with nonlinear transfer functions 

allow the network to learn nonlinear and linear relationships between input and output. 

This structure of neural network can approximate any function with a finite number of 

discontinuities given that enough numbers of neurons are present in the hidden layers. 
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Another structure of neural network that is frequently used is a radial-basis function 

neural network, shown in Figure 3. A radial-basis function neural network has one input 

layer and only one hidden layer and one output layer. The relation between the input p1 

and the output t1 is shown in (2) where b is bias, fr is radial basis function and  ⋅  

means dot product of two vectors. 

( )i r it f w p b= ⋅
        

(4) 

 

 

Figure 3: Radial-basis neural network (p = inputs, W = weights, fr = radial basis function, 

t = outputs). 

The output of the first layer neurons, each of which represents a basis function, is 

determined by the distance between the network input and the center of the basis function. 

A radial-basis function neural network uses a linear output layer and a radial-basis 

function neural network can be constructed very quickly by adding as many radial basis 

neurons as there are in the input layer. A radial-basis function neural network is more 
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suited to be used to find local minimum since it uses exponentially decaying localized 

nonlinearities [ 1 ]. 

2.2 Damage Identification Using Artificial Neural Networks 

There have been many efforts to use NNs in studying damage identification problems. 

Kudva, et al. [ 6 ] used back-propagation NN in identifying holes of various diameters in 

a plate stiffened with bays. Neural networks were used to identify the location and size of 

the holes based on the strain gage data. They demonstrated that a NN can be used to 

determine damage location and size in a typical structure. Wu, et al. [ 7 ] used back-

propagation NN in identifying damage in a three story building. The NN simulated the 

level of damage in each of the members based on the Fourier transform of the 

acceleration data. They were able to predict damages in the first and the third floor but 

not on the second floor.  

Leath, et al. [ 8 ] used multi-layer back-propagation NN in identifying damage in a four 

element cantilever beam based on the first two bending frequencies, and also developed a 

training algorithm that can create a NN that fits the data with a minimal number of 

neurons. The damage was modeled by reducing Young’s modulus by up to 95%. They 

fixed the number of hidden nodes to be one less than the number of data points, and also 

found that exactly fitting the data can cause problems in most cases.  Spillman, et al. [ 9 ] 

used feed-forward NN in identifying damage in a steel bridge using accelerometer and 

fiber optic modal sensor. Damage was modeled by loosening or removing a bolted plate 

in the bridge. The NN used the height and frequency of the first two modal peaks and the 

impact intensity and location as inputs. They were able to diagnose damage correctly in 
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58% of the testing cases. Worden, et al. [ 10 ] used back-propagation NN in a framework 

structure. Damage was modeled by removing one member from the framework. The NN 

identified the map from static strain data to a measure of the damage. They used three 

hidden layers and used a finite element method (FEM) to generate training data and an 

experimental model of the same geometry to test the trained NN. The trained NN was 

able to identify the location of the damage most of the time.  

Kirkegaard and Rytter [ 11 ] used back-propagation NN in a steel lattice mast. Damage 

was simulated by bolted joints of reduced thickness. The NN simulated the degree of 

damage in stiffness based on the first five natural frequencies. They also used FEM to 

generate the training data and the training data had 0% to 100% reduction in diagonal 

cross sectional area. The trained NN was able to locate damage which had a magnitude of 

more than 50%. Manning, et al. [ 12 ] used back-propagation NN in a truss structure. 

Damage was modeled by a change in one of the members’ cross-section. The NN 

simulated member cross-sectional area based on a pole-zero location extracted from the 

frequency response functions between the actuator and the two piezoceramic sensors on 

the same member and the stiffness information of the member. The networks were tested 

on three examples and could predict member area within 10% for most of the members. 

Povich and Lim [ 13 ] used a back-propagation NN in a planar truss with struts. Damage 

was modeled by removing struts from the structure. The NN simulated damage in each 

member based on the Fourier transform of the acceleration time history. The NN had 384 

inputs and 60 outputs that corresponded to each strut. The NN was trained with 61 

examples and was able to correctly identify a missing strut in 21 out of a total of 38 

testing cases.  
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Tsou and Shen [ 14 ] used back-propagation NN in 3-DOF and 8-DOF spring-mass 

systems. Damage was modeled by reducing one of the spring constants by an amount that 

varied from 10% to 80%. The NN simulated the change in the spring stiffness based on 

the changes in the natural frequencies for the case of a 3-DOF system and using the 

residual modal force in an 8-DOF system. They employed a two-step approach in 

identifying the damage using NNs. The first NN identified which spring was damaged. 

Based on the output of the first NN, an appropriate NN was chosen to quantify the 

damage in the damaged spring. They were able to identify the extent of the damage with 

an accuracy of 5% in the interpolation case, but the error went up to 30% if the NN had to 

use extrapolation. Rhim and Lee [ 15 ] used back-propagation NN in identifying 

delamination in a composite cantilevered beam modeled using the finite element method. 

An auto-regressive system identification was performed on the transfer function of the 

beam from the force input to the displacement. Next, the NN was used to simulate an 

experimental damage scale based on the denominator of the transfer function.  The 

network was trained with 10 training patterns and was able to correctly identify the 

damage in three test examples.  

Barai and Pandey [ 16 ]  used back-propagation NN to identify the changes in the 

stiffness in different elements in truss structures using nodal time histories. They used a 

finite element simulation of a truss structure representing a bridge with a moving point 

force to simulate a vehicle at constant velocity. They were able to predict the change in 

stiffness within an accuracy of 4%. Ceravolo, et al. [ 17 ] used back-propagation NN in a 

truss structure by a finite element method. Damage was modeled by removing elements 

from the structure. The NN simulated the location of damage using the first 10 natural 
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frequencies. They found out that a NN with two hidden layers performs better than a NN 

with only one hidden layer. Schwarz, et al. [ 18 ] used back-propagation NN in spring-

mass systems. They used the NN to identify the changes in the spring constants that 

simulate damage based on the changes in the natural frequencies. 

Ganguli and Chopra [ 19 ] used a comprehensive physics based model of a helicopter 

rotor in a forward flight. The rotor model employed finite elements in both space and 

time. They used two neural networks. The first was to classify the type of damage and the 

second was to characterize the level of damage from noise-contaminated simulated 

vibration and blade response test data. Back propagation NN with one hidden layer was 

used with adaptive learning. They were able to identify single and multiple faults by 

moisture absorption, damaged lag damper, and damaged pitch control system using a NN 

trained on simulated ideal and noise contaminated data. They found out that it is 

important to train a neural network using noise contaminated response data for accurate 

estimation. The NN, trained on noisy data, gave almost zero error for noise levels less 

than 10%.  

Marwala [ 20 ] used a committee of NNs with three types of information, namely, the 

frequency response function, modal properties, and wavelet data, to identify four types of 

faults in a cylindrical shell. The committee of three networks used together resulted in a 

lower mean square error than the average mean square error given by any individual 

approach. He also found that the effectiveness of the method was enhanced when 

experimental data were used because the committee approach assumes that the three 

types of data used in the three approaches are uncorrelated. Palakal, et al. [ 22 ] used 

backpropagation NN with wavelet transform to predict material loss based on images of 
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corroded regions in the structure. They used wavelet transforms using the Harr filter for 

extracting parameters for segmenting the image. They obtained a large set of data 

required for the neural network training by perturbing images. The trained NN was able 

to predict the material loss quite well.  

There have been a number of researchers who tried to use neural network types other 

than the feed-forward back-propagation neural network. Szewczyk and Hajela [ 23 ] used 

a counter-propagation NN, which is similar to building an adaptive table from the given 

data to find damage in a truss structure. The advantage of this NN is that the architecture 

is selected by the data. The trained NN identified the stiffness of the members based on 

the static deformation under a given load within an error of 30%. Klenke and Paez [ 24 ] 

used a probabilistic NN and a probabilistic pattern classifier in identifying the existence 

of damage. They used a Gaussian kernel-density estimator to approximate the probability 

density function to be used in their scheme. For a piece of new data, an estimated 

likelihood was computed for membership into two classes, damaged and undamaged. The 

greater of the two likelihoods was taken as the guess for class membership. Damage was 

modeled by changes in spring constants. In all the test cases, damage was clearly 

identified.  

Luo and Hanagud [ 25 ] proposed a dynamic learning rate steepest descent (DSD) method 

in detection of delaminations and impact damage, using modal analysis and a finite 

element model. Real-time health monitoring techniques based on the modal analysis or 

finite element analysis are limited by time consuming signal processing. Their method, 

based on the simple steepest descent method, improved the learning convergence speed 

significantly so that they were able to show that a NN can be used in real-time signal 
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processing with modal data and finite element analysis.  Doyle and Fernando [ 26 ] used 

a fast Fourier transform in the pre-processing stage, and back-propagation and learning 

vector quantization neural networks in detecting impact damage in a composite material 

using an optical fiber vibration sensor system. They achieved a lower error with fewer 

iterations using a learning vector quantization NN than with a back-propagation NN.  

Li, et al. [ 27 ] used an adaptive resonance theory neural network embedded with fuzzy 

classifiers. The adaptive resonance theory based on neural networks is made up of two 

layers of cells, an input feature layer and an encoded category representation layer. When 

the pattern of an input matches one of the stored examples, only the matching cell 

resonates with the input and the outputs a value that is close to 1. The trained NN was 

able to correctly identify the condition of significant wear on the tool prior to the rapid 

wear stage based on the optical scattering image of a surface. Wu, et al. [ 28 ] used 

wavelet based NNs with a data-fusion method for the damage detection of anisotropic 

composite materials. They used a piezoelectric ceramic patch as an actuator and another 

as a sensor to obtain output acceleration signals. Using wavelet packets, they decomposed 

signals into eight different wave bands and were able to obtain different features in 

decomposed wave bands for a healthy structure and for structures with various levels of 

damages. The obtained features for different cases of damage were used to train an 

adaptive NN to recognize the characteristics of different damage, and the trained NN was 

able to distinguish between different levels of damage. 

In our damage identification problem, a diffusively damaged Euler-Bernoulli beam 

model, described in Cerri and Vestroni, [ 29 ], was utilized to evaluate the use of NNs for 

identification purposes. In Cerri and Vestroni’s work, a procedure based on modal 
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equations was used to solve the inverse problem. Differences in natural frequencies of the 

damaged beam and the perfect beam were utilized in determining three damage 

parameters. The process used in Cerri and Vestroni in finding the parameters was 

graphical and was difficult to implement for some cases, e.g., ill-conditioned cases which 

occur when the distinction between the two different cases is too small to identify with 

the regular method. On the other hand, NNs are able to automatically map this three-

dimensional parameter space and give the values of damage parameters, given the natural 

frequencies of the damaged beam, in an instantaneous manner. Our work differs from 

previous works using NNs in that we are identifying the extent of the damage in addition 

to location and magnitude of the damage. In our case, the inputs for the NNs are the 

natural frequencies of a damaged beam and the targets to be identified using a NN are the 

location, the extent, and the magnitude of the damage. For this purpose, most suitable 

structure of NNs and training methods were studied. The experience in utilizing NNs in 

this damage identification problem was found to be very valuable in solving the optical 

imaging problem. 
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2.3 Optical Imaging Using Near Infrared Light 

Optical imaging means the methodology of using light in a narrow wavelength band in 

the near-infrared (~700-1,000nm) range to transilluminate a light diffusive medium such 

as a human tissue, and to use the resulting measurements of intensity on the tissue 

boundary to reconstruct a map of the internal optical properties. The main advantage of 

optical imaging is its capability of safely and portably measuring tissue functions to 

detect non-functioning cells, such as cancerous cells. It is known that to be able to 

observe the functioning of cells, a continuous and non-invasive imaging method is 

required. Moreover, optical imaging has advantages over X-rays, CT-scans, and PET 

(Positron Emission Tomography) because of its portability and lower equipment cost as 

well [ 3 ]. The main idea of optical imaging is that light passes through the body in small 

amounts, carrying with it characteristics about tissues through which it has passed. Based 

on these characteristics, optical images can be obtained by solving inverse problem of 

light propagation. However, diffusive and scattering characteristics of near-infrared light 

when propagating in a tissue leads to a highly non-linear inverse problem whose solution 

requires large amounts of computational time, even for relatively coarse measurements, if 

conventional methods are used [ 4 ] [ 5 ] [ 30 ] [ 31 ] [ 40 ] [ 41] [ 42 ] [ 43 ] [ 44 ]. 

The application of NN’s may help reduce this computational time, thus making the use of 

optical imaging to solve the underlying inverse problem a more viable approach. The 

process of solving this inverse problem consists of two parts. The first part entails solving 

the direct problem of the light diffusion equation to predict propagation of photons in a 

tissue. The second part, based on the solutions of the direct problem and the information 
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observed in the detectors, entails obtaining an optical image by solving the inverse 

problem.  

There also have been a number of researchers who have used NNs in various medical 

imaging problems, but none have used NNs in optical medical imaging. Chiu and Yau 

[ 45 ] used neural networks for the reconstruction of x-ray computer tomographic (CT) 

images of a time-varying object that has motion artifacts. They introduced an imaging 

reconstruction method based on the previous knowledge of the projections and developed 

a novel training algorithm. Nakao, et al. [ 46 ] used a backpropagation algorithm to 

construct a CT image using 4 projections, compared the performance of this algorithm 

with that of the algebraic reconstruction technique (ART), and found that their algorithm 

is more effective than the ART. Kiliç and Korürek [ 47 ] used a finite element based 

neural network algorithm which calculates conductivity distribution from the electrical 

measurements on the medium boundary. Aizenberg, et al. [ 48 ] used a special kind of 

cellular neural network based on multiple valued threshold logic in the complex plane to 

detect edges and enhance resolution in a CT image. 

Among the existing approaches to solve the direct problem of photon transport in tissue, 

the fastest method at present perhaps is the finite element method to solve the photon 

diffusion equation. In our research, we have used a finite element program and have 

integrated this program with NNs available in the Neural Network Toolbox in the 

MATLAB‡ to identify the presence of an anomaly using measurements of near-infrared 

light which has propagated through a human tissue and has gone through a high degree of 

scattering and absorption. As far as the optical imaging is concerned, the inverse problem 

has been solved using traditional techniques like a gradient-based optimization scheme 
                                                 
‡ MATLAB is a registered trademark of the Math Works, Inc. 
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and the perturbation approach [ 4] [ 5 ][ 30 ] [ 31 ].These conventional methods are slow 

and may get trapped in a local minimum. We have used NNs in this problem so as to be 

able to obtain both a set of outputs (location and size of an anomaly) to the given set of 

inputs (near-infrared light measured at a number of detectors and the light emitted by a 

number of sources) and to simultaneously achieve a higher resolution in an instantaneous 

manner. 
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2.4 Application of NNs in Engineering Optimization Problems 

The capability of NNs has been utilized in various design optimization problem by many 

researchers. Mukherjee, et al. [ 32 ] combined NNs with rule-based expert system 

(RBES) approaches to overcome the shortcomings of  RBES which are that RBES  lacks 

the learning capability, the rules need to be stated explicitly. They used a mathematical 

optimization model to generate the training set and the testing set for NNs. Jayatheertha, 

et al. [ 33 ] applied a simulated annealing process in their approach in optimizing the 

configuration of a laminated composite plate. Simulated annealing is a statistical training 

method and resembles the annealing of a metal. 

Ramasamy, et al. [ 34 ] used  a feed-forward backpropagation neural network in an expert 

system and compared the optimization results with those of the genetic algorithm in 

designing a truss roof system. Rai et al. [ 35 ] started the design process with the initial 

condition from the reference design and used a sequence of response surfaces based on 

both neural networks and polynomial fits in traversing the design space to find an optimal 

dimension of an airfoil. 

Nikolaidis et al. [ 36 ] used NNs and response surface polynomials to rapidly predict the 

performance characteristics of an automotive joint given the component dimensions. 

They found that the performance of NNs and the response surface polynomials are very 

similar to each other. Kaveh et al. [ 37 ] used feed-forward backpropagation NNs to 

predict the maximum deflection and the weight in the design of double layer grids for 

minimum weight. They used a data ordering method to reduce the nonlinearity of the data 

and to increase the speed of the training. 
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Greenman et al. [ 38 ] combined a bootstrap technique that estimates network 

generalization performance with stochastic and deterministic optimization techniques in 

adjusting the interconnection geometry of NNs to optimize a NN that models a multi-

element airfoil with small training data sets.  

Hadi [ 39 ] used NNs in optimizing a concrete beam for weight and cost with strength 

and serviceability constraints by storing many optimum designs and training a neural 

network for the stored design. They also used this approach in optimizing the design of 

fiber reinforced concrete beams.  

The most important features that were utilized from NNs in most design processes listed 

above were the superior generalization quality that is capable of extracting significant 

information from a massive set of data, and the ability to cope with the ill-defined 

problems. 

One of the main problems in applying NNs for engineering optimization problems is that 

the process of obtaining the solution for different design parameters is done manually and 

preparing data takes a great portion of the time. In this work, this problem has been 

solved by automating the whole optimization process including the direct problem and 

inverse problem. 
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2.5 Principal Component Analysis 

 
Principal Component Analysis (PCA) is an algorithm of self-organized learning for NNs. 

PCA decomposes the data set to the principal components and reduces the dimension of 

the input. This method is most useful in cases when the dimension of the input is large 

but the data are highly correlated to each other and the size of the useful content is 

limited. The procedure in performing Principal Component Analysis (PCA) is as follows 

[ 49 ] [ 50 ]. 

 Let [ ]M NH ×  be an output composed of M sampling points and N output sets. The first 

step in PCA is normalizing the matrix. The mean value and the standard variance at each 

point can be calculated as  
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Then, the output matrix can be normalized for each point as follows.   
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From the normalized output matrix, the correlation matrix is calculated as 

[ ] [ ] [ ]T
M M M N N MC H H× × ×=                     (8) 
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The eigenvectors and eigenvalues of the correlation matrix are the principal components 

of the output matrix and can be calculated from [ ]{ } { }i i iC λΨ = Ψ  where 
iλ  is the ith  

eigenvalue and 
iΨ  is the ith eigenvector. The eigenvalues and eigenvectors are ordered in 

a way that the largest value of eigenvalue comes first.  

The maximum variation from the mean is calculated as: 
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v i
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= ∑                      (9) 

When we select the first P principal components to reconstruct the output matrix, the 

reconstruction error is 
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The relative reconstruction error in representing the system with P number of the 

principal components can be calculated as 
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The value of P can be determined so that the error is within a desired level.  

The projection of the response variation matrix [ ]M NH ×
 to the principal components is 

 [ ] [ ] [ ]T
M N M M M NA H× × ×= Ψ                     (12) 
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If we choose to select P number of the principal components, the projection of the 

response variation matrix is reduced to [ ]P NA × . This reduced response variation matrix is 

used as inputs for the NNs instead of the full output matrix. 

The normalized output matrix restored back from the reduced response variation matrix 

can be calculated as  

[ ] [ ] [ ]M N M P P NH A× × ×≈ Ψ                     (13) 

The output matrix is restored back from the normalized output matrix by 

( ) ( )ijR i ij ih S N h Hω ω= + .              (14) 
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2.6 Orthogonal Arrays 

Orthogonal Arrays (OAs) can be defined as a simplified method of putting together an 

experiment. In Orthogonal Arrays, ‘Orthogonal’ means being balanced and not mixed 

and, in the context of experimental matrices, it means statistically independent [ 51 ]. The 

advantage of the orthogonal array is the benefit of efficiency and simplicity. Orthogonal 

arrays have been employed in number of different areas. One of their successful 

applications has been in quality engineering [ 52 ] [ 53 ].  

As an example, Table 1 shows an OA with seven factors, two levels, and strength two. 

Here, ‘seven factors’ means that there are seven variables and ‘two levels’ means that 

there are two possible variations for the seven variables.  ‘Strength two’ means that when 

we pick any two columns from the array, the possible combinations are 00, 01, 10, and 11. 

In Table 1, for any two columns picked, the number of the occurrence of the possible 

combination is always same. The maximum possible runs, which is called full factorial, 

can be calculated as 2^7 = 128. Minimum runs selected by the orthogonal array is 

(number of levels - 1) × (number of factor) + 1 = (2-1) × 7 + 1 = 8. 

For our use in NNs, OAs were selected from an internet database of orthogonal arrays for 

matching number of factors and levels. 

(http://www.research.att.com/~njas/oadir/). 
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Table 1: Example of an Orthogonal Array (7 factors, 2 levels, strength 2) 

 1 2 3 4 5 6 7 

1 0 0 0 0 0 0 0 

2 1 0 1 0 1 0 1 

3 0 1 1 0 0 1 1 

4 1 1 0 0 1 1 0 

5 0 0 0 1 1 1 1 

6 1 0 1 1 0 1 0 

7 0 1 1 1 1 0 0 

8 1 1 0 1 0 0 1 
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Chapter 3                                                   
DAMAGE IDENTIFICATION 

3.1 Damage Identification in a Beam 

3.1.1 Direct Problem 

As shown in Figure 4, the damage zone of the beam is represented as being at a distance 

X away from the midspan, having a length LD, a density ρ, area A and a zone of reduced 

stiffness of EID in a beam that has initial bending stiffness EI and an overall span of L. 

These quantities are non-dimensionalized with respect to the total beam dimensions to 

form three non-dimensionalized damage parameters: [ 29 ] location x = X/(L/2), damage 

length b = LD/L, and damage magnitude β = (EIU – EID)/EIU. 

 

 

Figure 4: Damaged beam model with three damage parameters (X = location, LD = 

extension of damage, EID  = magnitude of damage). 

 
The governing equation of a vibrating Euler-Bernoulli beam is given by 
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By segmenting the damaged beam with three zones, ξ1, ξ2, and ξ3, each segment can be 

expressed as (14) where 4 2 4( /( ) )i iA EI Lλ ω ρ= , /i ix Lξ = . Utilizing the solution in the 

form shown in (15) and satisfying the boundary conditions at the beam ends and at each 

of the segment boundaries, the characteristic equation for the problem is obtained [ 29 ]. 

The solution of the direct problem was obtained by numerically solving this characteristic 

equation for each beam segment: 
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MATLAB was used to solve the characteristic equation. To develop a NN to identify 

damage parameters, the Neural Network Toolbox in MATLAB has been used. A neural 

network was trained for the first three to five natural frequencies, which themselves are 

obtained by solving the direct problem, as inputs and the damage parameters as the 

training targets. The trained NN was able to provide damage parameters as output for a 

new set of inputs (natural frequencies). These cases where the NNs have to identify one, 

two, and three damage parameters have been studied separately. 

3.1.2 Inverse Problems 

In the first case, only one damage parameter was identified from the three known natural 

frequencies. A total of the 3 inputs, the three natural frequencies, and as output, the 

damage location, were considered. In the first step, the characteristic equation was solved 

to get natural frequencies for various values of possible locations of damage and these 

natural frequencies coupled with the target, the location of the damage, were used to train 

a NN.  
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The artificial NN used in this analysis was a multi-layer feed-forward NN with two 

hidden layers. Transfer functions found to be most efficient for the NN were the sigmoid 

transfer function for the two hidden layers and a linear transfer function for the output 

layer. Among many backpropagation training algorithms available, the algorithm which 

was found to be most versatile and efficient was the resilient back-propagation method. 

This algorithm eliminates harmful effects of magnitudes of partial derivatives required in 

the steepest descent method and enables a faster training of a multi-layer NN that uses 

Sigmoid transfer functions requiring minimal storage [ 54 ]. Figure 5 shows the 

simulation errors, which are the errors between the desired value and the output of the 

trained NN, in the case when the NN was trained with 40 data points. In this case, the 

errors were relatively small compared to the case when the NN was trained with only 20 

data points. 
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Figure 5: The simulation errors of a trained feed-forward NN in the prediction of the 

location of damage (39 testing points). 
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Next, the two parameter case was studied. Here, the diffused damage is represented by a 

concentrated damage in the form of a reduced beam bending rigidity. Figure 6 shows an 

example of training and testing points. The training points are shown as squares and the 

testing points, which lie midway between training points, are shown as diamonds.   

 

20

22

24

26

28

30

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x

D
am

ag
e 

Sp
rin

g 
St

iff
ne

ss
, k

Testing Points
Training Points

 

Figure 6: Distribution of testing and training points for a NN to identify two parameters. 

 
Selecting the location x and the stiffness k values for 30 points each resulted in 900 

training data points. To train NNs for 900 points, a radial basis NN was used instead of a 

multi-layer feed-forward NN, because a radial basis NN was better  suited for the case in 

which a large number of testing data points are available. 

A radial basis NN has one input layer, one hidden layer and one output layer and has a 

radial basis function as the transfer function. The difference between a feed-forward NN 

and a radial basis NN is that in the case of a feed-forward NN, a NN with a random 

parameter is created and the NN so created is trained with the training data set, but in the 
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case of a radial basis neural network, a radial basis NN is created with a training data set 

that has near zero error vectors. When a multi-layer feed-forward NN was tried, it took 

too much time to train that NN. Therefore, the radial basis NN can be more suitable for a 

case with a large number of training data points. The ‘newrb’ function in MATLAB 

creates a radial basis NN by adding neurons to the network until the sum-squared error 

falls below an error goal or a maximum number of neurons have been reached. Figure 7 

shows the case when the NN, which is trained with 900 data sets, was tested using the 

“test” data points.  
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Figure 7: The simulation errors of a trained NN at testing points in identifying two 

damage-parameters when the first three natural frequencies of the damaged beam are 

given (841 testing data points, x: 29, k: 29). 

 
Moreover, a NN was trained to identify three parameters. The training was done for 20 

locations of x, 8 values of span size b between 0.05 and 0.2, and 8 different values of the 
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damage-magnitude parameter β between 0.1 and 0.5. In this case, a multi-layer feed-

forward NN was used with resilient back-propagation training. The trained NN was 

tested for a new set of data which lies between the training points. The trained NN 

showed a relative error of only 1% for the testing points as shown in Figure 8. 
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Figure 8: The simulation errors of a trained NN at testing points in identifying three 

parameters (931 testing points, x: 19, b: 7, β: 7). 

 

3.1.2.1 Application to Noisy Data 

The effect of measurement error in the frequency inputs was studied. The noise was 

simulated by introducing errors in the measurement of the difference between the natural 

frequencies of the damaged and the undamaged beam for the first five modes and these 

error infested data were used as inputs for the trained NNs to predict the location of 
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damage. Figure 9 shows the predicted location of damage versus the actual location for 

different degrees of errors in the measurements of the difference between the natural 

frequency of the damaged beam and that of the undamaged beam. The straight line with a 

slope of unity shows the points with no errors in predicting the damage location. From 

Figure 9, we can see that the error in the measurement should be less than 8% for NNs to 

correctly predict the location of damage. 

 

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

Actual Location

Pr
ed

ic
te

d 
Lo

ca
tio

n

ε = 1 %
ε = 2 %
ε = 4 %
ε = 8 %
ε = 16 %

 

Figure 9: Prediction of the location of damage for different degrees of error in the 

measurement of the difference of frequency between damaged and undamaged beam (b = 

0.05 and β = 0.3). 

 

Next, we investigated how well the damage in a beam can be predicted using error 

infested frequency data for different values of the span and the degree of damage. Figure 

10 (a) shows the prediction of the location of damage for different values of the span of 

damage, b. Figure 10 (b) shows the prediction of the location for different values of the 
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degree of damage, β.  The straight lines with a slope of unity here also show the points 

with no errors in predicting the damage location. From these figures, we can see that a 

trained NN can predict the location of the damage even though errors are present in the 

input, but the span of the damage should be larger than 8 % of the whole length of the 

beam and the reduction in the bending stiffness should be larger than 20 % of the bending 

stiffness value of an undamaged beam for the present neural network based approach to 

identify the damage. 
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(a) For different values of b (when β = 0.3).                    (b) For different values of β  (when b = 0.08). 

Figure 10: Prediction of the location of damage for different values of the span and the 

degree of the damage (ε = 8 %). 
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3.2 Damage Identification in a Plate 

3.2.1 Formulation of the Problem 

Damage was identified in a cantilevered plate shown in Figure 11. NASTRAN was used 

to build a FE model and obtain dynamic response. The damage was represented as 

elements with reduced Young’s modulus. To identify the location of damage, two 

properties of the dynamic behavior of the damaged plate were utilized. One was the 

transient displacement response and the other was the frequency response function. To 

calculate the transient displacement response, NASTRAN was used to calculate the 

modal stiffness and mode shapes of the plates repeatedly, each with a damaged zone at 

different locations. Next, the modal superposition method was used to calculate transient 

response based upon the transient input, the modal stiffness matrix, and the mode shapes 

of the plate for each case. PCA was used to reduce the dimension of the transient 

response before being used as input to NNs. To calculate the frequency response function, 

the fast Fourier transform (FFT) was applied to the transient response obtained using the 

mode superposition method. 

 

Figure 11: A cantilever plate for damage identification problem (E = 62.05 GPa, ν = 0.35, 

ρ = 2700 kg/m3, thickness 5mm)  
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One of the problems in applying NNs to the damage identification problem was that we 

have to perform FE analysis for each damage location and feed the output file to the 

NN’s training and testing. Therefore, a code in the MATLAB environment was 

developed that can automatically generate the input file for NASTRAN for different 

locations of damage, execute the NASTRAN analysis for each case, read the modal data 

from the NASTRAN output file, and perform the modal superposition method and FFT. 

Next, the same code was used to train NNs and test the trained NNs. This procedure is 

illustrated in Figure 12. This automatic code made it possible to generate training sets and 

testing sets, as many as needed, and to use the set directly in the NN analysis.  

3.2.2 Modal Method 

To solve the dynamic equation shown in equation (16), the reduced dynamic equation 

shown in (17) was used and this reduced dynamic equation was solved independently 

using piecewise linear approximation to obtain the transient displacement response at 

various locations.  

( )t+ =Mu Ku p                     (18) 

( )tη η+ =M K p                     (19) 

 
t

t

t

η= Φ
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= Φ

u
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K K
p p

      

where M  is the mass matrix, K is the stiffness matrix,  ( )tp  is the forced input vector, u is 

the displacement vector, M  is the modal mass matrix, K is the modal stiffness matrix, p  
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is the modal force vector, η  is the modal displacement vector, and Φ  is the eigenvector 

matrix. 

 

Figure 12: Procedure for obtaining dynamic response and training and testing NNs. 
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3.2.3 Direct Problem 

The finite element model constructed for the damage identification has 40 x 80 = 3200 

elements. The training set was selected for 10 locations in the x direction and 20 locations 

in the y direction. This resulted in 200 training sets. The testing set was selected at the 

midpoint between the training points. This resulted in 9x19=171 testing sets. For each set 

selected, the modal stiffness and the modal displacement vector were calculated using 

NASTRAN.  

The transient out-of-plane response of the plate was calculated against the excitation by 

the half sine wave shown in Figure 13.  The transient response was calculated at 8 

locations using modal superposition method with 10 modes for each case. Figure 14 

shows the location where the half sine wave is applied and the locations where the 

transient displacement vectors were calculated.  
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Figure 13: The time history of the force applied to the plate. 
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Figure 14: Location of the displacement reading and the location of the force applied. 

The transient out-of-plane displacement vectors at 8 locations were selected for the 

duration of 0.25 second.  

3.2.4 Inverse Problem 

3.2.4.1 FFT of Transient Displacement as Input 

The FFT of the transient out-of-plane displacement vector was used as the training inputs 

for NNs. The input vector was constructed from the first 200 frequency points that 

include the highest mode considered in the modal superposition method for each location 

of displacement calculation. The size of the training input matrix was 1600 by 200. The 

NN used was multi-layer feed-forward back-propagation NN. The resilient 
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backpropagation training scheme was used. The target was the x and y coordinates of the 

center of the damaged zone. Figure 15 shows the relative error of the trained NN in 

simulating the damage location with the FFT of the transient displacement vector. It took 

about 1 hour and 30 minutes to train the NN.  
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Figure 15: Relative simulation error of a NN trained with FFT of the transient 

displacement vector at each testing points placed midway between training data points in 

predicting the location of the damage. (Input Matrix = 1600×200, Time required for 

training = 1 hour 30 minutes) 

 

3.2.4.2 PCA of Transient Displacement as Input 

Next, PCA was applied to the transient displacement vector and reduced the dimension 

from 4000 to 44 when the relative error was set to be 0.1%. A NN was trained with the 

reduced set of principal components of the displacement vector. The training target was 

also the x and y coordinates of the center of the damaged zone. The size of the training 
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input matrix was composed of reduced principal components with 44 dimensions and a 

total of 200 cases. Therefore, the training input matrix was 44 by 200. The target was 

composed of two values for the location coordinates, and each coordinate values 

corresponded to each training input. Therefore, the training target matrix was 2 by 200. 

The training took 24 seconds on a Sun Blade 1000 workstation to reach the simulation 

error goal. Figure 16 shows the simulation errors of trained NNs relative to the length of 

the plate. Here, we can see that the simulation error is not more than 4 % and not less 

than 2%.  The value of the average mean error in the case without PCA was close to that 

of the case where PCA of the displacement vector was used as input. However, there 

were more variations in the simulation error and there were certain points with high value 

of error as can be seen in Figure 15. 
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Figure 16: Relative simulation Error of a NN trained with PCA of the transient 

displacement vector at each testing point placed midway between training data points in 

predicting the location of the damage. (Input Matrix = 44×200, Time required for training 

= 24 sec) 
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3.2.4.3 Use of Orthogonal Arrays 

To select a smaller number of training sets, OAs were used. The original training space is 

10 by 20 and composed of 200 cases. To apply an OA of known construction to this 

problem, the space composed of 10 by 20 design points was divided into a different 

parameter space; 10 x 20 was divided into 2 x 2 x 2 x 5 x 5 sections as shown in Figure 

17 and an orthogonal array was used in selecting the minimum set. Table 2 shows part of 

an orthogonal array selected. The number of the set selected with this OA was half the 

number of the whole set. Therefore, the size of the training input matrix became 44 by 

100 from 44 by 200. The training took only 7 seconds while the NN with PCA took 24 

seconds and NN with FFT took one and one-half hour. Figure 18 shows the simulation 

errors to be between 2 % to 29%. 

 

 

 

Figure 17: Dividing 20×10 sections to 2×2×2×5×5 sections. 
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Table 2: Part of an orthogonal array for 3 factors with 2 levels, 2 factors with 5 levels, 
and strength 2 

 1 2 3 4 5 

1 0 0 0 0 4 

2 0 1 1 0 4 

3 1 0 1 0 4 

4 1 1 0 0 4 

5 0 0 0 1 2 

6 0 1 1 1 2 

7 1 0 1 1 2 

8 1 1 0 1 2 
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Figure 18: Relative simulation error of a NN trained with a training set that was obtained 

from PCA of the transient displacement vector and the selection from OA at each testing 

points placed in the midway between training data points in predicting the location of the 

damage (Input Matrix = 44×100, Time required for training = 7 seconds). 
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Chapter 4                                                        
OPTICAL IMAGING PROBLEM 

4.1 Direct Problem 

The first step in the optical imaging problem is solving the direct problem, which is, for 

given location and strength of a light source, calculating the intensity of the light or 

photon time of flight measurements at detector locations. This can be done using the 

finite element method that solves the photon diffusion equation. The photon diffusion 

equation is known to be a very good approximation of photon transport in human tissue 

[ 40 ]. A diagram depicting the direct problem solution is shown in Figure 19.  

 

 
Figure 19: Solution of the direct problem. 
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The photon diffusion equation, which is the approximate solution of the photon transport 

equation, is shown below. This is valid for the scattering dominant case with isotropic 

source condition [ 40 ]. 

),(),()()],()([),(1 tSttDt
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n

rrrrrr =Φ+Φ∇⋅∇−Φ µ
∂
∂                  (20) 

Φ(r, t): Photon intensity at position r and time t. 

D(r): Diffusion constant. F(t): Diffusion intensity. 

S(r, t): Source strength.   µa (r): Absorption coefficient. 

cn : Speed of light in the medium 

The solution of the light diffusion equation can be obtained by the finite element method 

using the Galerkin approach as follows: 
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where K, C, and B are the system matrices, Q represents source values, ψi are the element 

interpolation functions, κ  is the diffusion coefficient, Ω is the tissue domain, aµ  is the 

absorption coefficient, sµ  is the reduced scattering coefficient, and c is the speed of light. 

For the time independent case, expression (19) is reduced as follows: 
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[ ] QCK =Φ+ ),()( caµκ                            (22) 

4.1.1 Development of Finite Element Code 

The triangular element is chosen to discretize the media because it is more convenient to 

construct a circular or an oval shape using triangular elements than using rectangular 

elements. A linear interpolation function is chosen as the interpolation function over each 

element. The developed code can easily generate a mesh with any level of detail as 

shown in Figure 20, which shows the mesh generated by the MATALB code and 

visualized using Tecplot§.  

The developed code can generate a finite element model for a circular shape when the 

radius of the circle and the number of elements across the radial direction is specified. In 

evaluating element matrices, exact integral formulae were used for integration over a 

triangle [ 55 ] 

The code can also automatically generate a finite element mesh for rectangular shaped 

domains. Figure 21 shows the photon intensity contour throughout a rectangular shaped 

model when a light source is present on the right middle end. Figure 22 shows the photon 

intensity difference contour with and without an anomaly. Figure 23 and Figure 24 are 

for the case when the tissue shapes are circular.  

 

                                                 
§ Tecplot is a registered trademark of the Amtec Engineering, Inc. 
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Figure 20: An example mesh using triangular elements for the optical finite element 

code as applied to a circular domain. 
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    (a) Rectangular Finite element mesh    (b) Photon intensity contour with one source. 

Figure 21: A finite element mesh and the corresponding photon intensity contour over a 

rectangular shaped tissue. 
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                (a) Absorption anomaly       (b) Scattering anomaly 

Figure 22: The contour of photon intensity difference with and without the presence of 

an anomaly for two types of anomalies, (a) absorption and (b) scattering anomaly. 
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(a) A finite element mesh for a circular domain. (b) Photon intensity contour. 

Figure 23: Finite element mesh and photon intensity contour over a circular shaped 

tissue. 
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              (a) An absorption anomaly    (b) A scattering anomaly 

Figure 24: The contours of photon intensity-difference with and without anomalies for 

two types of anomalies. 

 

Figure 25 shows a photon density contour when a light source is present at the top right 

corner. The contour clearly shows the disturbance of the contour when an anomaly is 

present in the medium. Figure 26 shows, along the boundary, the difference in the photon 

density when an anomaly is present as compared to when it is not. Based on this 

information, NNs can be trained for two different cases.  

To be able to solve the inverse problem using NN, enough training cases should be 

generated to train a NN to correctly solve the inverse problem.  
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Figure 25: Solution of photon diffusion equation using finite element method for the 

case when an absorption anomaly is present in a homogeneous medium (medium: 
1mm 025.0 −=aµ , 1mm 0.2 −=′sµ , anomaly: 1mm 5.0 −=aµ ). 

 

 

                 

(a) Photon density difference contour.     (b) Photon density difference along the edge. 

Figure 26: Photon density difference with and without the presence of an absorption 

anomaly. (optical properties of tissue: medium: µa = 0.025 mm-1, µs = 2.0 mm-1; anomaly 

µa = 0.05mm-1)  
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4.1.2 Characteristics of the Solution of the Direct Problem 

 
The results on the photon mean time of flight (PMTF) calculation at the boundary of the 

tissue were compared for different anomaly locations and sizes. Figure 27 shows the case 

of a homogeneous tissue and the results from three trial cases in the presence of an 

anomaly in the tissue. Figure 28 shows the PMTF calculation for each case. Here, we can 

observe some distinctive patterns in each case at the peak of each detector reading graph. 

The pattern can be clearly seen when we see the difference between the homogeneous 

case and each of the anomaly cases in Figure 29. These distinctive patterns can be used in 

solving the inverse problems in NN. The locations of these peaks in the detector reading 

graphs are obtained by the detectors located at the opposite end of the light source.  

Because this distinctive pattern happens at the detectors located at the opposite end of the 

source, it is clear that the calculation of PMTF needs a higher resolution of FE model.  

 

           (a) FE mesh        (b) anomaly at 90°  (c) anomaly at 270°  (d) small anomaly at 90° 

Figure 27: Finite element mesh and three anomaly locations for calculating PMTF and 

light intensity readings at detectors. 
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Figure 28: Detector readings corresponding to a source placed at four locations.  
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Figure 29: Difference of PMTF between homogeneous and anomaly cases for 4 source 

locations.  
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4.1.3 Validation of Finite Element Code 

Figure 30 shows the comparison of the PMTF calculation using both the code developed 

here and TOAST, an optical imaging program developed by the Biomedical Research 

Group at  London College. The difference between the two results is due to the fact that 

different boundary conditions were used in each method. The simpler Dirichlet condition 

was used in our code and the Robin condition was used in TOAST. 
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Figure 30: PMTF calculation using MATLAB and TOAST (Matlab Result: 24 circles, 

Dirichlet boundary conditions, Collimated source condition; TOAST Result: 32 Circles, 

Robin boundary conditions, Collimated source condition) 

 

Next, convergence studies were performed for the finite element model. When the 

number of elements was increased, the detector readings converged to a certain value as 
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seen in Figure 31. The studies were done up to a case with 24,576 elements, with 64 

concentric circles in the mesh.  
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Figure 31: Convergence study of the finite element model for various anomaly locations. 
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4.2 Inverse Problems 

Various methods and complexity were utilized in using NNs in identifying an anomaly in 

a circular shaped tissue. A simple problem that only identifies one parameter was solved 

first, and the complexity was increased gradually to the case where the number of outputs 

was the same as the number of elements in a finite element model. Throughout the 

solution, a multi-layer feed-forward neural network with two sigmoid hidden layers and 

linear output layers and resilient back propagation training scheme were used except in 

one case that identifies both the orientation and depth of an anomaly. Here, the tissue is 

assumed to have a large degree of scattering coefficient, which is the valid assumption to 

use the photon diffusion equation to approximate photon transport in tissue, and the 

anomaly is assumed to have different values of the scattering coefficient and larger 

values of the absorption coefficient. The exact values of the coefficients are different 

from problem to problem and are noted in the figure captions.  

Preliminary results were obtained using an optical finite element program available on 

the Internet                      (Biomedical Optics Research Group‘s internet homepage, 

http://www.medphys.ucl.ac.uk/research/borg/index.htm, 2001.) but subsequently a finite 

element code was developed to solve the direct problems. Because utilizing an existing 

finite element code had limitations in regards to the code’s integration with the 

MATLAB Neural Network Toolbox, such as in generating enough training cases, we 

have developed our own finite element code for solving the direct problem in two 

dimensions as part of solving the inverse problem. The code was developed in the 



 58

MATLAB environment for an easy and efficient integration with the MATLAB Neural 

Network Toolbox.  

4.2.1 Identification of the Depth and the Orientation of an Anomaly 

In the first case, the neural network was only trained in one radial direction for different 

locations. Figure 32 (a) shows the training data set that was used to generate training data 

set for NN. A NN was trained with 8 data sets from FEM to locate an abnormality in 

radial directions. Figure 33 shows the simulation error when the NN was tested with 

testing data generated from 7 data points between training data points. Here we can see 

that simulation errors near the center are higher. 

 

 
(a) 8 Training Data Points                   (b) 7 Testing Data Points 

Figure 32: Finite element mesh for the abnormality lined up in uni-radial direction. 
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Figure 33: Simulation error compared testing data set. 

 

The results from the finite element method were obtained only for cases when the 

abnormality is lined up along the positive y-axis as shown in Figure 32.  

For locations other than on the positive y-axis, axi-symmetry of the cross section was 

utilized to generate training data. As can be seen in Figure 34, the detected intensities at 

D1 and D2, when the abnormality is at B and the light source is at S1, are the same as the 

intensities at D16 and D1, when the abnormality of the same size is at A and the light 

source is at S16. In this way, the training data set can be easily generated for all the 

directions of sources using data for the cases where the abnormality is on the positive y- 

axis. 
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Figure 34: Array of Light sources and detectors. 
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The total number of data sets for each location was 1+16×7=113. Each set contained 

16*16=256 training data and 2 target data. The target data are the direction and the 

distance from the center of the abnormality. 

Radial basis neural network was used because the amount of data was large. The training 

was completed with success in simulating the direction of the abnormality but with some 

errors in predicting radial distance in the case when the abnormalities were near the 

center, as shown in Figure 35. 
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Figure 35: Error between target obtained from trained NN and training target. 

 
 
In the further analysis of optical imaging with NN, it has been found that radial-basis NN 

is less efficient than backpropagation feed forward NN in converging to the training data. 

Although a feed forward neural network takes a lot of time to train with a large amount of 

data, feed-forward neural network seems to be a more viable structure to solve optical 

imaging problems. 

Figure 36 shows one example of training and testing data sets on one segment. In this 

study, the number of training points along the radial direction was 7 and the number of 

testing points was 6. There are two targets in this neural network. They are the distance 
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from the center and the direction of the abnormality. These two values yield the two 

dimensional location of the abnormality.  
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Figure 36: Testing points and training points on the tissue. 

 

Figure 37 shows the simulation error in the case of a radial-basis neural network. The 

simulation error for distance from the center was too high to give any useful information.  
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Figure 37: Simulation error for the testing points with radial basis neural network. 
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Figure 38 shows the simulation error for the testing points with feed forward neural 

network. We can see that the simulation error for the distance from the center in the case 

of feed forward NNs is greatly reduced. Table 3 shows the simulation of training data for 

the trained neural network. In this Table, the simulated distance and the angle from a 

trained feed-forward NN is the same as, or very close to, the training data. However, we 

can see that the simulation output in the case of a radial-basis neural network for the 

distance failed to converge to the training data. The reason that a radial basis neural 

network (RBF) was less efficient than a back-propagation feed-forward multi-layer 

neural network (MLP) seems to be that the result of MLP is a global approximation and 

that of RBF is a local approximation [ 1 ]. Therefore, MLP can be more efficient when 

there are many local optimals. So, the method of using RBF to find the direction of 

abnormality and MLP to find the distance from the center of the abnormality seem to lead 

to the correct solution. Therefore, we need to use a feed-forward neural network to result 

in a viable solution even though it would take a much longer time to train the network.  

 

 
Figure 38: Simulation error for the testing points with feed forward neural network 

 

Table 3: Simulation outputs for the training points from the trained neural network. 
Distance Radial 7.65 7.66 7.78 8.80 14.67 19.07 21.85

FF 3.13 6.25 9.38 12.50 15.62 18.75 21.87
Angle Radial 101.25 101.25 101.25 101.25 101.25 101.25 101.25

FF 101.25 101.25 101.24 101.26 101.24 101.25 101.25  
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4.2.2 Identification of the Existence of an Anomaly 

In human tissue, the rough shape of the cross section of a tissue would be similar for 

different people but there would be variety of variations in its size and detailed shape. So, 

we wanted to find out whether a trained NN would be able to tell the existence of an 

anomaly in a non-homogeneous medium with known absorption and scattering properties 

but having an unknown distribution of its constituents such as fat and parenchyma. Figure 

39 provides examples of a non-homogeneous medium with anomalies. The white-colored 

medium is the fat and the light gray-colored area is the parenchyma. The dark-colored 

region is the anomaly. The NN was trained with randomly selected parenchyma locations 

and shapes and both with and without anomalies. After training, the probability of a 

correct prediction was found to be only 50% with a NN trained with 100 training sets. 

However, this probability increased to 70% for a NN trained with 200 samples, and to 

90% for a NN trained with 500 samples. Figure 40 shows the increase in the probability 

of correctly predicting the presence of an anomaly as the training set size increases. From 

this, we can see that it is possible for a trained NN to tell whether a region having an 

abnormal property exists in a tissue of known absorption and scattering properties but 

with an unknown distribution of fat and parenchyma. 
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Figure 39: Examples of an anomaly in a non-homogeneous medium with different 

shapes of inside composition. (tissue properties: white area: medium, 10.01 mmaµ −= , 

11.0 mmsµ −′ = ; gray area: parenchyma,  10.03 mmaµ −= , 10.5 mmsµ −′ = ; dark area: 

anomaly (tumor) 10.5 mmaµ −= , 13.0 mmsµ −′ = ) 
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Figure 40: Probability of successfully predicting the existence of an anomaly in a non-

homogeneous medium by a trained NN for different number of training sets, which were 

randomly generated. 
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4.2.3 Identification of the Location and the Size 

In the next case, a NN was trained to identify three anomaly parameters, which are the 

location and the size of an anomaly. They are two coordinate values of the center location 

of the anomaly and the radius of the anomaly. The training was done based on training 

sets distributed evenly over the cross section. Figure 41 shows the locations of testing and 

training points. The training succeeded in converging to a simulation error of 10-5. Figure 

42 shows that the simulation error displaying the deviation in location prediction was 

mostly less than 1 mm in a sample with an overall diameter of 50 mm. From these results, 

we can expect that higher accuracy can be achieved by using a higher number of training 

sets and a finer mesh. 

 

Training Set
Testing Set

 

Figure 41:  Distribution of training and testing set for a NN that predicts the location and 

the size of an anomaly. (Optical properties of tissue: medium 1mm 025.0 −=aµ , 1mm 0.2 −=′sµ , 

anomaly 1mm 05.0 −=aµ ) 
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Figure 42: The simulation error of a NN in predicting the location and the size of an 

anomaly in FE-model with 384 elements. 

 
 
 

4.2.4 Identification of the Property of An Element 
 
Next, we trained a NN in a different way. We assigned each output neuron to represent 

the absorption coefficient of each element in the finite element model as shown in Figure 

43. In this way, drawing contours based on the values of the simulation output of neurons 

corresponding to each finite element can reveal the intrinsic tomography of the section.  

We used two finite element meshes having different resolutions for solving the direct and 

inverse problems, respectively, for restudying the aforementioned case. Recall, in that 

case, each output neuron represented the absorption coefficient of an element in the finite 

element mesh. In Figure 44, the two meshes are shown for the case with the presence of 
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an anomaly in the tissue. The fine mesh, with the anomaly present, is used in solving the 

direct problem to simulate various detector readings. At the same time, the absorption 

coefficients of each element in the corresponding coarse mesh with the same shape of 

anomaly are used as the training targets for the NN’s output layer. The training was done 

for every possible location in the coarse mesh with two different sizes of the anomaly as 

shown in Figure 44. In this way, we have more accurate results for the direct problem and 

a smaller mapping space for the NN. The training now took 3000 epochs. This is much 

shorter than the case when only a coarse mesh was used for obtaining both the data for 

simulating the measurements and for training the neural network. When only a coarse 

mesh was used, it took more than 6000 epochs for training. 

 

 

Figure 43: The structure of a multi-layer feed-forward NN to identify the property of 

each element. Each output neuron corresponds to the parameters of each element. 
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Figure 44: Fine mesh for the direct problem solution and coarse mesh for the inverse 

problem solution showing two sizes of anomalies corresponding to each mesh used in the 

training. (fine mesh: 1536 elements ; coarse mesh: 384 elements; optical properties of 

tissue: medium: µa = 0.025 mm-1, µs = 2.0 mm-1; anomaly µa = 0.5mm-1) 

 
The trained NN was tested with new data obtained using the fine mesh and with an 

anomaly whose edges do not coincide with those of the anomaly that can be represented 

in a coarse mesh. In four out of five testing cases, the NN revealed quite similar anomaly 

shapes. Figure 45 shows the close prediction given by a trained NN. Although Figure 46 

shows less accurate results, we can still observe that the NN gives good information 

about the anomaly. In this figure, both the actual target in the testing set and the 

simulation result by the trained NNs to inputs corresponding to the actual target are 

shown on the fine and coarse meshes. Here, we can see that although the trained NN has 

only seen the anomaly whose edges coincide with those of a coarse FE-mesh, the trained 

NN can successfully predict the shape of an anomaly whose edges do not coincide with 

the edge of the coarse FE-mesh.  

(a) Fine mesh for the direct problem (b) Coarse mesh for the inverse problem 
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Figure 45: Actual target and simulated output of trained NNs displaying the edges of an 

anomaly on fine and coarse finite element meshes in the testing set. 

 
In the optical imaging problem, the orientation of an anomaly in a circular shaped tissue 

was identified based on integrated intensity, and photon mean time of flight was based on 

the detector readings placed around the tissue as depicted in Figure 19. The properties of 

photons which have passed through the tissue can be calculated using photon 

transportation theory. A good approximation to this theory is the photon diffusion 

equation. The finite element method can be readily used to solve this photon diffusion 

equation to obtain the property of light which went through the tissue. Two kinds of 

photon properties were calculated in this study. One is the time-independent integrated 

light intensity and the other is the photon mean time of the flight. The methods to solve 

these two properties followed Arridge et al.’s work [ 40 ] [ 41 ] and are explained in the 

appendix. 

Actual 
Target 

Simulation 
Output 



 70

 

Figure 46: The worst cases in the simulation results using different meshes for direct and 

inverse problems. 

 
 
There are various kinds of source and boundary conditions in tissue optics. The Dirichlet 

boundary condition assumes a perfect absorbing medium surrounding the domain. The 

Robin boundary condition assumes a non-scattering medium surrounding the domain. 

The Dirichlet boundary condition was assumed in our analysis because of its ease in 

application.  

For source conditions, two kinds of conditions are mainly used in tissue optics. One is a 

collimated source condition which is represented by an isotropic point source located at a 

depth. The other is a diffused source condition which assumes that an inward directed 

diffuse photon current is distributed over the illuminated boundary segment. The 

collimated source condition was assumed in our analysis. 
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In the numerical experiment, the dimension of the original training set for the model with 

20 sources and 20 detectors was 400. When the contribution limit set was 0.075% for 

photon mean time of flight (PMTF) inputs, the dimension was reduced from 400 to 80 

after principal component analysis. In the case of integrated intensity (E), the dimension 

reduced to 82 from 400 when the contribution limit was set to 0.005%. As shown in 

Figure 47, principal component analysis saves training time and achieves a smoother 

training process. Figure 48 shows the simulation error for different combinations of 

inputs. Among the various cases, we can see that a combined input of PMTF and E with 

principal component analysis gave the most accurate results. 

 

(a) PMTF, 6697 Epochs.                             (b) PMTF with PCA, 441 epochs. 

Figure 47: The learning process for various sets for the training inputs. 
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Figure 48: The simulation error in predicting the orientation of an anomaly (E: integrated 

intensity; PMTF: photon mean time of flight; PCA: principal component analysis). 

 
Next, Principal Component Analysis (PCA) was used in reducing the size of the training 

set for the element property simulation NN, whose output neurons simulate the 

absorption constants of each element in the finite element model. The PCA reduced the 

size of training input from a 144×274 data set to a 72×274 data set, thereby reducing the 

time to train the NN by a factor of four and increasing the probability of success in the 

prediction of the edge of an anomaly using integrated photon intensity measurements. 

Figure 49 (a) shows the convergence of the simulation error in the learning process 

without principal component analysis on the training input. It didn’t reduce the error to 

less than 10-4 even after 5,811 epochs. Figure 49 (b) shows the convergence of the 

simulation error in the learning process with principal component analysis. Here, we can 

see that it took only 1,981 epochs to reduce the error below 10-5. Figure 50 shows the 
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simulated edges of anomalies by NN in red along with the corresponding edges of testing 

targets in blue. Here, we can see that in 10 out of 10 testing cases, the NN trained with 

PCA closely identified the edge of the anomaly. In the case of the NN trained without 

PCA, the prediction was successful in 9 out of 10 testing sets. 
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(a) Training without PCA                         (b) Training with PCA 

Figure 49: Training process of the NNs to identify element properties  

 

Figure 50: Simulation of element properties for 10 cases using a NN trained with PCA. 
Each case was tried separately. (Blue line: edge of testing absorption anomaly, Red line: 
edge of simulated anomaly) 

0 1000 2000 3000 4000 5000
10

-6

10
-4

10
-2

10
0

10
2

10
4

5811 Epochs

Tr
ai

ni
ng

-B
lu

e 
 G

oa
l-B

la
ck

Performance is 0.000349898, Goal is 1e-005



 74

4.2.5 Identification with One-Sided Information 
 

In the next case, the case when the light sources and the detectors were arranged on only 

one side of a tissue sample was studied. For this purpose, a rectangular shaped mesh was 

created and the training and testing sets for the NN were constructed by using the finite 

element method. From the solution of the direct problem, it was found out that the 

anomaly should be less than 25mm in depth for the detectors to have reasonable readings. 

Figure 51 shows the arrangement of the light sources and the detectors, along with 

contours of the light intensity when one light source is active.  

Feed-forward backpropagation NN were used in this case as well. Figure 52 shows the 

simulation error of a trained NN in identifying a smaller anomaly, and Figure 53 shows 

the simulation error of a trained NN in identifying a larger anomaly. Both figures show 

somewhat reasonable results for their size and errors, and we can say that one-sided 

arrangement imaging can be possible using NNs. 
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Figure 51: Contour plot of mean time of flight in a rectangular shaped tissue model with 
one active source. 
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Figure 52: Identification of smaller anomalies (Radius of an anomaly = 2.5 mm) 
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Figure 53: Identification of larger anomalies (Radius of Anomaly = 5 mm) 
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Chapter 5                                                 
STRUCTURAL OPTIMIZATION OF A FIBER 

OPTIC SENSOR 

5.1 Direct Problem 

5.1.1 Finite Element Modeling 

The miniature fiber-optic sensor analyzed here is a sensor which is used to accurately 

measure pressure change in air by utilizing the phase change in an optical fiber in the 

sensor. Figure 54 (a) shows the geometric drawing of the sensor and Figure 54 (b) shows 

the detailed drawing around the gap area of the sensor displaying two light paths in an 

optical fiber which reflect from two surfaces. The change in the phase difference between 

two light paths occurs as a result of the change in the air density in the gap area due to 

pressure changes in surroundings. This change is measured to accurately determine a 

pressure change. However, the structural vibration can also result in the change in the 

phase difference. Therefore, structural analysis and optimization is essential to minimize 

the interference between structural vibration and air density change.    

A three-dimensional finite element model was used to analyze and optimize the miniature 

fiber optic sensor. This model represents one quarter of the sensor that represents the 

whole model by employing two planes of symmetry. Figure 55 shows the full finite 

element model and one quarter of the finite element model. The quarter model is 

represented using a hexagonal finite element that has 20 nodes. The model has 4,593 

nodes and 838 elements, and has 13,677 degrees of freedom. 
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               (a) Fiber Optic Pressure Sensor        (b) Light paths near the gap area 

Figure 54: Geometric drawing of the miniature fiber-optic pressure sensor and the light 

paths around the gap area. 

 

            

(a) The FEM model for the whole sensor                                      (b) The FEM model for a quarter model 

Figure 55: Finite Element Model of the miniature fiber-optic sensor. 

 

5.1.2 Normal Mode Analysis 

A modal analysis was performed to obtain the natural frequencies and the modal 

displacement vector of the sensor. The calculation was done using the MSC/NASTRAN 

normal mode solver. In studying the normal modes of the sensor, two kinds of boundary 

conditions were considered. One was a sliding bottom boundary condition and the other 
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was a fixed bottom boundary condition. The natural frequencies for the two cases are 

shown in Table 4. 

Table 4: Natural frequencies of the miniature fiber optic sensor for different boundary 

conditions 

Natural Frequency (KHz) Mode 

No. Sliding Bottom Case Fixed Bottom Case 

1 647.05 1648.5 

2 722.96 1728.2 

3 818.86 1802.4 

4 1404.3 1964.4 

5 1588.4 2243.9 

6 1929.3 2411.2 

7 2019.2 2437.8 

 

The mode shapes for each case were also studied to find the modes that can affect the 

displacements of the fiber at the gap. For the sliding boundary condition, the 3rd mode 

and the 7th mode were found to be most influential on the displacement at the gap area. 

Figure 56 shows these two modes. For the fixed bottom condition, the 2nd and the 8th 

modes were found to be most influential on the response of the sensor, as shown in 

Figure 57. 
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                    (a) 3rd mode                                                       (b) 7th mode 

Figure 56: The mode shapes of the sensor with sliding bottom boundary condition. 

 
 
 

 
              (a) 2nd mode                                                       (b) 8th mode 

Figure 57: The mode shapes of the sensor with fixed bottom boundary condition. 

5.1.3 Transient Response Analysis Using Direct Method 

5.1.3.1 Experimental Blast Profile 

The transient response analysis was performed using a transient blast input that was 

obtained from an experiment. The approximate experimental blast profile, given to us by 

Luna, consists of a pressure rise to 70 psi in 20 microseconds, and the trailing edge is 

approximated by a line from t = 0.008 sec and p = 70 psi to t = 0.02 sec and p = 0 psi. 

This blast profile is shown in Figure 58. 
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Figure 58: Pressure Time-history approximated from experimental data. 

The transient response was calculated using NASTRAN’s direct time-integration method 

with a sliding bottom boundary condition. Figure 59 shows the time history of the 

displacement of the gap. The analysis was done only for a short duration of time that 

includes the pressure rise because of the limitation in computational hardware.   
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Figure 59: Calculated time history of the displacements at the tip of the fiber, obtained 

using NASTRAN 
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The Fast Fourier Transform (FFT) was calculated for the time history of the gap 

displacement. Figure 60 shows the FFT of the gap displacement. The small peaks are at 

0.808 MHz and 2.13 MHz which correspond to the 3rd and 7th modes, respectively. 

Figure 61, which shows the transfer function FFT of the displacement output divided by 

the FFT of the pressure input, clearly shows the peaks that correspond to the 3rd and 7th 

modes. 
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Figure 60: FFT of the response at the tip of the sensor 
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Figure 61: FFT of the output divided by FFT of the applied pressure 
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5.1.3.2 Functional Form of a Blast Profile 

The blast profiles are the result of pressure waves that are created by the sudden and 

violent release of energy in an explosive charge, which causes a sharp rise in the pressure 

of the surrounding medium. The general blast profile shown in Figure 62 can be 

represented by a functional form. One proposed functional form was developed by Baker 

[2] and is given by 

4

0( ) 1
t

T
s

t tp t p p e
T T

−−
−

− −
⎛ ⎞⎛ ⎞= − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

      (23) 

 

Figure 62: Time history of the Pressure Profile with negative phase. 
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where t denotes time, 0p  ambient pressure,  sp−  peak negative phase, and T −  the 

duration of the negative pressure phase. This functional form was used as the blast profile 

in most of the cases in this research, because this includes both the positive and negative 

phases of the pressure profile. 

The modal analysis capability in NASTRAN was used to approximate the transient 

response. For the fixed bottom boundary condition, we retained fifty modes. The time 

step for integrating the modal equations was selected to be one-tenth of the time for a 

wave to traverse the thickness of the base. We compared the modal method to the direct 

method of integration. Figure 63 shows the time history of the gap change obtained with 

the direct method.  
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Figure 63: Time history of the gap change obtained with NASTRAN’s direct method 
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Next, an FFT analysis was performed on the time history of the gap displacement of the 

sensor. Figure 64 shows the FFT of the output divided by the FFT of the input. Here, the 

highest peak for the modal case was found to be at the 2nd and the 8th modes. In Figure 64, 

we can find that the results from the direct method correspond to the main signature of 

the modal method results. 

The transient response calculation using the direct method in NASTRAN took a 

relatively long period of time, and required a large amount of disk space. In the current 

case, which uses the three-dimensional FEM model and 1000 time steps, the calculation 

took about one-half hours and required about 1GB of disk space. Therefore, we needed to 

have a method that could speed up the calculation and require much less disk space to 

perform a parametric study, because a parametric study requires repeated calculations of 

the transient response for different design parameters. The solution for this was the modal 

method and is explained in the next section. 

 

 

Figure 64: FFT of Output divided by FFT of Input using Modal method 
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5.1.4 Transient Analysis Using Modal Methods 

5.1.4.1 Modal Superposition Method 

Any forced motion of a linear Multi-Degree-Of-Freedom (MDOF) system may be 

expressed in terms of forced modal vibrations. The first modal method to be used is the 

modal superposition method. The dynamic equation for a case of Multi-Degree-of-

Freedom (MDOF) Systems can be expressed as 

( )t+ =Mu Ku p ,        (24)  

where M is the mass matrix, K is the stiffness matrix, u is the displacement vector, and p 

is the forced input. Here, the effect of damping of the structure was not considered. 

The first step in a modal superposition method is to obtain natural frequencies and normal 

modes of the system. The natural frequencies and modes satisfy 

 2( )r rω φ− =K M 0         (25) 

The modes can be collected to form the so-called modal matrix  

 1 2[  ] Nφ φ φΦ = …         (26) 

The coordinate transformation that relates the displacement vector and the modal 

displacement vector is 

1

( ) ( ) ( )
N

r r
r

t t tη φ η
=

= Φ = ∑u        (27) 

The reduced dynamic equation can be expressed in terms of the modal displacement 

vector η  as 
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( )t+ =Mη Kη p ,         (28) 

where the modal mass matrix is calculated as t= Φ ΦM M , the modal stiffness matrix 

t= Φ ΦK K , and the modal force vector t= Φp p . The components of the modal 

displacement vector η  can be obtained by solving the equations independently since the 

modal mass and stiffness matrices have diagonal form. 

5.1.4.2 Modal Acceleration Method 

The modal acceleration method can account for the effects of higher modes in the modal 

analysis with a small number of modes [ 56 ]. Therefore, the modal acceleration method 

has many advantages over the modal superposition method including the improved 

convergence properties and more accurate results with a smaller number of modes. The 

dynamic equation for MDOF system shown in Eq. (26) can be expressed as : 

1( )−= −u K p Mu         (29) 

1 1

1

N

r r
r

− −

=

= − Φ∑u K p K M η        (30) 

The solution of Eq. (28) can be obtained by solving for the modal acceleration vector η  

from Eq. (26). 

5.1.4.3 Transient Analysis Using Modal Methods 

A piecewise linear approximation of applied force, as shown in Figure 65, was utilized in 

solving the independent equations (26) or (28). The exact solution of the equation below 

was used in piecewise fashion to obtain η  and η . 
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Figure 65: Piecewise linear approximation 
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The use of the modal method to approximate the transient response permitted a much 

larger number of time steps within the available computational resources. The transient 

response was calculated using the modal superposition method in MATLAB based on 

normal modes extracted from NASTRAN. The results of the modal superposition method 

were close to those of the NASTRAN modal method when the same numbers of modes 

were used as can be seen in Figure 66. As the number of modes increased, the results 

from modal superposition were close to those of NASTRAN’s direct method. 
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Figure 66: Time history of the gap displacement using modal superposition method and 

NASTRAN modal method. 

 
Next, the transient response was calculated using the modal acceleration method. As can 

be seen in Figure 67, the results of the modal acceleration method were close to those of 

the NASTRAN direct method even when a small number of modes were used.  

The advantage of the modal acceleration method is that it saves considerable CPU time 

compared to the CPU time required by the direct method used in NASTRAN.  

Table 5 shows the comparison of CPU time once normal mode and static displacement 

calculations are prepared for the modal methods using a Sun Blade 1000 Workstation. 

Also, the advantage of the modal acceleration method over the modal superposition 

method is found to be that the latter requires a lesser number of modes to be extracted, 

thus saving time. 
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Figure 67: Time history of the change in the length of gap obtained with the modal 

acceleration method and the NASTRAN direct method. 

 

Table 5: The comparison of CPU time for calculating the transient response with 

different methods 

Method NASTRAN 

Direct 

NASTRAN Modal 

(50 modes) 

Mode Superposition 

(50 modes) 

Mode Acceleration

(10 modes) 

Time 6 m 20 s 1 m 02 s 39 sec 10 sec 

Relative 38 6 4 1 
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5.2 Inverse Problem 

5.2.1 Parametric Study Using NNs 

The objective in this design study is to minimize the size and the weight of the sensor 

which can sustain a 50,000 psi pressure wave. The design constraints are that the 

fundamental frequency in the axial direction should be greater than 1MHz and the 

structural displacement at the gap should be less than 1nm. Also, the design has to 

prevent silicon failure and prevent fiber rebound failure. The fixed values in this design 

are the fiber diameter (124mm), gap length (100mm), V-groove etch angle (54.7°), and 

bond length (larger than 2 mm). Figure 68 shows the fixed values in the design. 

Therefore the design parameters are to be the size of the silicon base (height, width, and 

depth (H, W, D), the size of the rectangular shaped groove (width and depth (Wg, Dg)), 

the depth of the V-groove (Dv), and the exposed length of the fiber (Lf). 

From the design constraints, the related geometrical constraints were found to be 

H > Dg > Dv > 169.3 mm, | Wg – Lf | > 100 mm 

In performing a parametric design study on the sensor, the MATLAB code developed in 

the damage identification problem that can connect the input and output of NASTRAN to 

the MATLAB environment was used.  

The steps followed in this parametric study are as follows.  

The first step in performing the parametric study on the design of the sensor was to obtain 

the response of the sensor for different dimensions of the sensor. A MATLAB code was 

used to automatically generate input files for NASTRAN with different dimensions of the 

sensor.  
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Figure 68: Fixed geometric values in the sensor design around the grooved area 

 

Next, a NN was trained for the set of the dimension of the sensor and the calculated 

response of the sensor such that for a given dimension of the sensor, the NN can output 

the response of the sensor. The trained NN was tested with an unseen set of data for 

verification. 

In the next step, a gradient based optimization was performed on the input and output 

mapping of the trained NN. The objective function was minimizing the overall volume of 

the sensor. The constraints were the minimum of 1MHz natural frequency and the 

maximum of 1nm displacement at the gap. The calculations of the constraints were 

quickly performed using the trained NN. The constrained nonlinear multivariable 

optimization function in the optimization toolbox of MATLAB was used to find the 

optimal dimensions of the sensor.   
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The overall step is shown as a flow chart in Figure 69. This whole process involving 

NASTRAN analysis was performed automatically in the MATLAB environment. 

 

Figure 69: The procedure in parametric study on the design of the sensor. 

 

The responses of the sensor calculated for each set of dimensions were the first natural 

frequency and the peak displacement at the gap when 50,000 psi peak pressure was 

applied at the top of the sensor in the form shown in Figure 62. Multi-Layer Feed-

forward back-propagation NNs were used with a resilient backpropagation learning 

scheme. 
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0.1mm step. Figure 70 shows the simulation error in the training process of the NN and 

Figure 71 shows the simulation error for testing sets of data. The optimization that fulfills 

exact constraints, which are 1MHz natural frequency and 1nm of displacement, did not 

converge. The optimization that fulfilled loose constraints, 1MHz natural frequency and 

100nm displacement at the gap, resulted in the dimensions 2.82mm (W), 2.41mm (L), 

and 1.15mm (H).  

The response of the sensor was obtained for a broader range of dimensions. The width 

was varied between 2.5mm and 3.5mm, length between 2.3mm and 3.5mm, and height 

between 0.8mm and 2.0mm. The optimization, which fulfilled loose constraints 1MHz 

frequency and a gap displacement of 100nm, resulted in the width 2.69mm, length 

2.3mm, and height 1.15mm. A verification run of MATLAB and NASTRAN resulted in 

1.18MHz natural frequency and 142nm of displacement at the gap. 

The optimization using trained NN, which fulfilled the constraints 1MHz first natural 

frequency and 1nm displacement gap, resulted in the width 2.5 mm, length 2.3 mm, and 

height 1.0 mm.  
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Figure 70: Convergence of a simulation error in training of NNs for various dimensions 

and the response of the sensor 
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Figure 71: Simulation of the trained NN for unseen testing data set 
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5.2.2 Optimization Using Gradient Method and Relaxed Constraints 

Next, relaxed constraints were used to find optimal dimensions using only a gradient-

based optimization method. Four sets of optimal dimensions, which violate one or more 

constraints to some extent, were found. The result is summarized in Table 6. The details 

and diagrams of the four sets of optimal dimensions are as follows. Since the 

optimization was done without the constraints on stress concentration, further study is 

needed that can satisfy all the constraints. 

 

Table 6: Optimal dimensions of a quarter model that fulfills relaxed constraints. (The 

values related to the constraints are in bold case and the values that violate a constraint 

are in italics and are underlined. The dimensions of the original design are W=2.5mm, 

L=2.5mm, and H=0.8mm). 

 First Case Second Case Third Case Fourth Case 

Width (W, mm) 3.48 3.74 2.30 3.76 

Length (L, mm) 0.78 2.01 1.50 1.89 

Height (H, mm) 0.83 2.23 2.02 2.05 

Gap Displacement 
(nm) 

0.75 0.58 0.67 2.00 

Natural Frequency 
(MHz) 

1.63 0.66 0.84 0.70 

Upper bound of 
Maximum Principal 
Stress (GPa) 

1.01 1.09 1.32 1.06 

Lower bound of 
Maximum Principal 
Stress (GPa) 

-2.53 -2.79 -2.81 -2.77 
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First Case:  

Optimal dimensions, which do not comply with the bond length constraint of 2mm, were 

found. The optimal dimensions found were width = 3.48 mm, length = 0.78 mm, and 

height = 0.83 mm as shown in Figure 72. (original dimensions 2.5mm x 2.5mm x 0.8mm) 

 

 

Figure 72: Finite element model of the sensor in the first case. (Width, W=3.48mm; 

Length, L=0.78mm; Height, H=0.83mm). 

  

The maximum static displacement at 50,000psi is 0.75 nm and the natural frequency is 

1.63 MHz for the optimal dimensions found. From Figure 2, we found that the silicone 

base would not fail less than 50,000 psi of pressure but the stress in the fiber and the bond 

need to be examined further.  

W 
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Second Case  

In the second case, the natural frequency was allowed to be below 1MHz but more than 

0.5 MHz. The optimal dimensions found in this case were width=3.74 mm, length= 

2.01mm, height=2.23mm as shown in Figure 73. The gap displacement was 0.58 nm and 

the natural frequency was 0.66 MHz.  

 

 

Figure 73: The finite element model of the sensor in the second case (W=3.74mm, 

L=2.01mm, H=2.23mm). 

 

Third Case 

In the third case, the natural frequency was allowed to be more than 0.8 MHz and the 

bond length was allowed to be more than 1.5mm. The optimal dimensions found were 

width = 2.30 mm, length = 1.50 mm, and height = 2.02 mm as shown in Figure 74. In this 

case, the gap displacement was 0.67 nm and the natural frequency was 0.840547.  
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Figure 74: Finite element model of the sensor in the fourth case (W = 2.3 mm, L = 1.5 

mm, H = 2.02 mm). 

 

Fourth Case 

In the fourth case, the gap displacement was allowed to be more than 1 nm but less than 2 

nm, the natural frequency was allowed to be less than 1MHz but more than 0.7 MHz, and 

the bond length was allowed to be less than 2 mm but more than 1.8 mm. The optimal 

dimensions found in this case were width = 3.76 mm, length = 1.89 mm, and height = 

2.05 mm as shown in Figure 75. The gap displacement was 2 nm and the natural 

frequency was 0.7 MHz.  
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Figure 75: The finite element model in optimal dimensions in the fourth case (W = 3.76 

mm, L = 1.89 mm, H = 2.05 mm) 
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Chapter 6                                                       
SUMMARY AND CONCLUSIONS 

6.1 Summary of Obstacles and Solutions 

There were many obstacles encountered in application of NN to the three inverse 

problems studied in this dissertation. For those obstacles, many solutions were also found. 

To summarize the obstacles encountered and the solutions arrived:  

The problems which required time marching and needed long computational time caused 

repeated solving of the direct problem implausible. In the damage identification problem 

and in the structural optimization problem, modal methods were used to reduce the 

calculation time for the dynamic transient response. In the optical imaging problem, the 

use of mean time reduced the time in calculation of time of arrival.  

When large dimensions of correlated data were present in input, the training of NN can 

take a lot of time. This could be solved by use of Principal Component Analysis (PCA). 

The use of PCA was essential in optical imaging problem which used the photon property 

values at different detector locations for each source locations. The experience on the use 

of PCA in optical imaging problem enabled the use of complex data in damage 

identification problem like the use of transient response of structures.  

When a vast number of direct problem was required to be solved to generate large 

enough training sets in damage identification problem, orthogonal arrays can be used to 

help selecting the sets to be used in training of the NN. 
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When different computational environments which required manual labor and delayed 

computational process, MATLAB script was used to integrate a commercial FEM 

package to NN solution process in MATLAB in damage identification problem and this 

was further extended in structural optimization problem. In optical imaging problem, a 

FEM code in MATLAB was developed to integrate the whole solution process including 

use of NN.  

 

6.2 Conclusions 

The first step in solving inverse problems of damage detection and optical imaging is 

finding the best information that will most efficiently identify the parameters that we are 

seeking. In the damage identification problem, natural frequencies of a beam and 

transient response of a plate provided sufficient information. In the optical imaging 

problem, the intensity of light and the photon mean time of flight observed at various 

locations were utilized to both locate and determine the size of an anomaly. In the 

optimization problem, the first natural frequency and the maximum deflection in transient 

analysis of a fiber optic sensor were the constraints in solving the problem. 

The second step lies in finding the best structure and training method to employ NN to 

solve the specific inverse problem. In all three problems, Multilayer Feed-Forward 

Backpropagation NN which has2 hidden layers that uses sigmoid transfer functions for 

hidden layers and a linear transfer function for output layer and employs a resilient 

backpropagation training scheme was found to be most efficient, it was found that using 
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radial basis NNs in solving some aspects of the problem can have benefits. Further, the 

damage identification problem in two-dimensions would need similar steps as in the 

optical imaging problem. In both the problems, for NN to predict accurate values, the 

generation of a large enough number of training sets and long learning processes are 

needed.  

In all three problems, the finite element method was used as a highly flexible and 

efficient tool to generate enough training sets and testing sets for NN. Hence, FEA 

provides the essential calculation speed and desired accuracy. 

In applying NN for solving inverse problems related to optical imaging, one of the 

important features that the NN can supply seems to be their capability of classifying the 

existence of an anomaly in a tissue and of providing information related to both the 

geometry and the optical properties of a constituent in a tissue. This would also be the 

case for the damage identification problem wherein a well-trained neural network can 

provide both the location and the extent of damage.  

Principal component analysis (PCA) and orthogonal arrays (OA) were used to reduce the 

time and effort required in solving inverse problems. In the damage identification 

problem in a plate, the use of PCA reduced the training time significantly and resulted in 

a NN which gave outputs with a consistent level of error but not lower than certain value.  

The reason seems to be that certain characteristics of the data are lost using PCA, another 

characteristic, however, strengthens the consistency of the data when using PCA. The use 

of PCA in the optical imaging problem gave output without a lower limit for the 

simulation error. This seems to be due to the fact that the characteristics of the input data 



 104

are different in the two problems. Also, the use of OA showed some prospect for 

reducing the time and effort required in applying NN to solve the damage identification 

problem.  

The code developed in the MATLAB environment that can automatically connect 

NASTRAN analysis to MATLAB analysis made it possible to generate enough training 

data for NN in the damage identification problem. Moreover, this code has made it 

possible to use a highly complex NASTRAN structural models in an analysis or a design 

process that involves NN and other analyses like the modal superposition method, and 

Fast Fourier Transform analysis in the MATLAB environment.  

A miniature fiber optic sensor was analyzed for its reliability against high peak blast 

pressure. Moreover, a parametric study was performed to obtain optimal dimensions for 

the sensor. The normal mode solution made sure the design of the sensor was within the 

limit of the natural frequency. However, the parametric study utilizing NASTRAN 

normal mode analysis for the displacement constraints and neural networks found an 

optimal solution without the need for solving every possible direct problem existing in 

the design space.  

This work provides an example of applying a technology such as identifying damage 

using neural networks and structural optimization developed in the field of structural 

engineering to a problem in a totally different field, which is biomedical engineering, and 

applying the experience gained in the second field back to the structural engineering field. 

Eventually, we can have benefits in solving inverse problems in both the fields.  
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APPENDIX 

A. Three-Dimensional Solid Finite Element Analysis of a Sting Balance 

A.1 Introduction 

The process involved in constructing a solid finite element model for a complex 

geometry requires careful attention in many steps. Here, the steps and the processes 

involved in the construction of a complex shaped three-dimensional solid finite element 

model and FE analysis has been demonstrated using a complex shaped 6-component 

internal sting balance. 

Internal sting balances are used for the measurement of 6 components of aerodynamic 

loads associated with wind tunnel testing. They usually fit into a model and are arranged 

to send data out through electrical wiring. A sting balance is a carefully designed and 

precisely machined cantilever beam that has complicated cross-sections and is generally 

equipped with electrical resistance strain-gage sensors. The balance used in this research 

project is a six-component moment balance designed and developed by Arnold 

Engineering Development Center and is designated as Balance ID 8106 (4.00-Y-36-081) 

[ A.1 ].  Figure A. 1 shows a rendered CAD drawing of the 6-component sting balance, 

and Figure A. 2 shows a wireframe of the developed geometric model. One can see that 

the shape of the model is complicated both inside and on the outside. 

The main goal of the research project was comparing the performance of the existing 

strain gages on the balance and new fiber optic strain sensors. Therefore, the fiber optic 

sensors had to be placed on the pre-existing sting balance avoiding the location of already 
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installed strain gages and at the same time giving nearly the same order of magnitude of 

strain as the already existing strain gages. A finite element analysis of the balance was 

required to help determine suitable locations for the placement of the fiber optic strain 

sensors. The FEM results were confirmed by comparing the predictions to measured 

values of the strain gage located with static loads applied.  

 

A.2 Finite Element Model of the Sting Balance 

To fully represent the complicated geometry of the balance, tetrahedral solid finite 

elements were chosen. The main advantage of using tetrahedral solid finite element is 

that meshing can be automatically done in MSC/PATRAN, a pre and post-processor for 

NASTRAN, as long as the surface geometric model, which fully covers the geometry of 

the complex solid model, can be developed. Therefore, a surface geometric model, shown 

in Figure A. 1 and Figure A. 2, which represents the detailed geometry of the balance was 

developed via MSC/PATRAN, and the solid that is represented inside of this surface 

model is set. This solid is called a body representative solid (B-Rep Solid) in PATRAN 

[ A.2 ]. Then, the inside of the B-Rep. solid model is filled with a tetrahedral finite 

element mesh, and the solid finite element model that fully represents the geometry of the 

balance is constructed. Figure A. 3 shows the mesh drawing of the developed tetrahedral 

finite element model of the balance. The constructed geometric model, which was used to 

generate tetrahedral elements, can be meshed again to generate a finer meshing if the user 

wishes to reach a more accurate result. 
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Figure A. 1: Rendered drawing of the geometric model. 

 

 

Figure A. 2: Wireframe drawing of the geometric model. 

 

The other solid finite element meshing method available in MSC/PATRAN is isometric 

meshing. This method meshes the solid model with isometric hexahedral elements 

resulting in more uniform elements and a finite element model with a lesser number of 

elements and which reaches the desired result more easily when the geometry is a simple 

symmetric solid model. Although the tetrahedral mesh needed a relatively high number of 
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elements for correct representation of the solid, the results obtained with such a mesh can 

also be considered to be quite accurate with less effort in the construction of the model. 

Moreover, a finite element mesh that uses hexahedral elements needs all the solids to be 

constructed as 5 or 6-sided solids which share common faces to the adjacent solid. 

Constructing this kind of geometric model for the balance, which has various complex 

cross-sections, would have taken far longer. Although an isometric solid mesh can be 

more accurate with a lesser number of elements, construction of this kind of a solid 

model would have taken a large amount of manual labor without any guarantee of 

success in the short term. 

 

Figure A. 3:  A solid finite element model with tetrahedral elements for the sting balance. 

 

The details of the construction of the geometric model using tetrahedral meshing are as 

follows. The solid model constructed is composed of 3 lumps of B-rep solids and a 

number of simple solids. The whole geometric model could not be developed as a one-

lump body because a body representative (B-rep) solid in PATRAN cannot contain a hole. 
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Also, to enable PATRAN to recognize these 3 lumps of B-rep solids as one continuous 

body, each of the B-rep solids was made to have common surfaces at the contacting faces. 

Much time would have had to be spent in matching the faces of solids if various solid 

parts of the body did not combine to construct a bigger lump of the B-rep solid. Also, 

when a tetrahedral mesh is generated, curvature error was set to be less than 25%. 

Without curvature error definition, PATRAN resulted in a finite element model that 

somewhat misrepresented the load. A finite element model without the setting of a 

curvature error limit resulted in unsymmetrical displacement under a symmetric load. For 

example, when the balance was symmetric in one plane, there was a relative error of 6% 

in the FEM model without the curvature error limit setting, compared to a model 

constructed with the curvature error limit set.  

 

Next, the specific material properties of the balance were put into the finite element 

model. The material is stainless steel 17/4. The developed finite element model can give 

detailed distribution diagrams of the stress tensor, the strain tensor, and the displacements 

in any direction.  Numerical results can be obtained at points and areas where nodal 

points and elements are present. Also, the mesh of the finite element can be refined to 

give better results.  

 

To calculate strains and stresses, simulated lift, drag, and side forces were applied to the 

balance at the end of the center hole at the tip. Rolling, pitching, and yaw moments were 
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applied as two forces applied tangentially around the tip, because the tetrahedral element 

is not efficient in getting results when a point moment is applied at one point. 

A.3 Results 

To demonstrate the capability of the model, stress contour diagrams of the balance were 

obtained for various loading cases. Figure A. 4 shows the stress distribution in the x-

direction in psi when a drag force of 14.61 lb and a lift force of 12.36 lb are applied 

together at the tip. These results were obtained with the linear static solver of NASTRAN 

[ A.3 ]. Here, we can clearly see where the highest stress is produced. Figure A. 5 shows 

the stress contours in psi when a lift force of  12.36 lb  alone is applied at the tip.  

 

 

Figure A. 4: x component strain contour with displacement when a lift force of 12.36 lb 

and a drag force of 14.61 lb are applied together showing relative displacement. 
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Figure A. 5: x component stress distribution in psi when a lift force of 12.36 lb is applied 

at the tip. 

 

Figure A. 6 shows the contour of σxy on the surface of the sensor when a rolling moment 

of 10 lb-in. is applied. In the diagram, the highest stresses are observed near the base and 

the end of the balance. From this, the best placement of the sensor to observe the rolling 

moment seems to be putting the sensor on top of the place where the highest value of σxy 

exists. Figure A. 7 gives the σx distribution and the displacement profile when a pitching 

moment of 10 lb-in. is applied at the tip. Figure A. 8 shows the x component stress 

contour when a side force of 10 lb is applied at the tip, and Figure A. 9 shows the same 

under a yawing moment of 10 lb-in. applied at the tip. 
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Figure A. 6: The contour diagram of σxy on the surface of the sensor when a rolling 

moment of 10 lb-in. is applied around the tip of the balance (psi). 

 

So far, the finite element model has been tested with all 6 components of forces and 

moments and all have displayed different stress concentrations for each case. From the 

contours, it is easy to identify the area which is affected most by each load.  

The locations determined for placement of the fiber optic sensors can be seen in Figure A. 

10. From this model, we can deduce that the forward and aft foil strain gages will 

experience approximately 750 psi and 70,000 psi, respectively, while the chosen fiber 

optic locations will provide approximately 2500 psi in the forward section and 3500 psi 

in the aft section of the balance. 
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Figure A. 7: x component stress contour in psi when a pitching moment of 10 lb-in. is 

applied at the tip showing relative displacement. 

 

 

Figure A. 8: x component stress contour in psi when side force of 10 lb is applied at the 

tip.  
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Figure A. 9: x component stress contour in psi when yawing moment of 10 lb-in. is 

applied at the tip.  

 

 

Figure A. 10: The location of fiber optic sensor is chosen based on x component stress 

distribution (in psi) when lift force of 12.36 lb is applied at the tip. 

Foil Strain Gage Locations 

 Selected Fiber Optic 
Sensor Locations
Selected Fiber Optic Strain 
Gage Locations 
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To check the validity of the finite element model, the stresses observed by the strain 

gages and the stresses predicted through solving the finite element model were compared 

to each other. For this purpose, a static calibration was performed on the balance using a 

calibration rig along with the calibration matrix from the manufacturer of the balance. 

Table 1 shows the comparison of the experimental results with the FEM results. The 

experimental result was obtained by Edwards [A.1]. The results show that the FEM 

corresponds well to the actual stress encountered by the strain gage sensors. Results show 

that the error in the FEM was less than 6% in the forward and rear balance locations. 

 

 

Table A. 1: Comparison of FEM and Experimental Stress Results. 

σxx Experimental 

Results 

FEM 

Results 

Error 

Front 

Location 

-710 psi -748 psi 5.4 % 

Rear 

Location 

-6,944 psi -7,130 psi 2.7 % 

 

A.4 Remarks 

The finite element model was able to successfully model the complicated strain 

distribution over a complex shaped sting balance. Also, the strain contours over the 
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complex surface helped determine the best locations of gages for the calculation of force 

and moments over the body. Any complicated solid model can be meshed by constructing 

the surface model first. 
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B. Calculation of Photon Transport 

Here, the detailed procedure and steps involved in the formulation for finite element 

analysis for solving photon transport from the approximation of the photon diffusion 

equation is shown.  

The photon diffusion equation that approximates the photon transport in human tissue can 

be expressed as below: 

[ ]1 ( , ) ( ) ( , ) ( ) ( , ) ( , )a
n

t D t t S t
c t

µ∂
Φ − ∇ ⋅ ∇Φ + Φ =

∂
r r r r r r     (B.1)

 

D(r): Diffusion constant.  F(t): Diffusion intensity. 

S(r, t): Source strength.    µa(r): Absorption coefficient. 

r : Position.                   t: time. 

cn : Speed of light in the medium 

The solution of this light diffusion equation is obtained by the finite element method 

using the Galerkin approach: 

[ ] QBCK =
∂
Φ∂

+Φ+
t

ca ),()( µκ                   (B.2) 
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where κ  is the diffusion coefficient, aµ  is the absorption coefficient, sµ  is the reduced 

scattering coefficient, and c is the speed of light. 

The time-independent photon intensity is calculated as below: 

[ ] 1

00

1ˆ ( ) ( )d ( ) ( , )
2 at t c

ω
ω κ µ

π
∞ −

=
Φ = Φ = +∫ K C Q         (B.3) 

To introduce the concept of Photon Mean Time of Flight (PMTF), the Mellin transform 

needs to be introduced. The Mellin transform, which is the moment of the temporal 

distribution of an intensity, can be expressed as 

* 1

0
( ) ( )dss t t t

∞ −Γ = Γ∫                    (B.4) 

where Γ is a time varying intensity. 

Then, the mean time of the occurrence of the time varying intensity shown in Figure B. 1 

is 
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The definition of Fourier transform is  
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Differentiation by ω results in  
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When ω is zero, the Fourier transform becomes 
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When ω is zero, the derivative of the Fourier transform becomes 

0
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Therefore, the mean time of flight can be expressed with the Fourier transform and its 

derivative as below: 
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Taking the Fourier transform of (B.2) results in 

[ ] )(ˆ)(ˆi),()( ωωωµκ QΦBCK =++ ca                 (B.12) 
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Differentiating with respect to ω results in  
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When Q is an impulse, its Fourier Transform is a constant and the derivative is zero. 

Evaluation of (B.12) and (B.13) at ω = 0 results in  
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Figure B. 1: A time varying intensity. (<t> is mean time of the occurrence of the 

intensity) 

Mean time of flight is calculated as 
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