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Applications

Subhadip Chakrabarti

Networks, generically, refer to any application of graph theory in economics. Consider an undi-
rected graph where nodes represent players and links represent relationships between them.
Players can both form and delete links by which we mean that they can both form new re-
lationships and terminate existing ones. A stable network is one in which no incentives exist
to change the network structure. There can be various forms of stability depending on how
many links players are allowed to form or delete at a time. Under strong pairwise stability, each
player is allowed to delete any number of links at a time while any pair of players can form one
link at a time.
We introduce a network-value function, which assigns to each possible network a certain value.
The value is allocated according to the component-wise egalitarian allocation rule, which di-
vides the value generated by a component equally among members of the component (where
a component refers to a maximally connected subgraph). An e cient network is one that
maximizes the network value function. We show that there is an underlying conflict between
strong pairwise stability and e ciency. E cient networks are not necessarily strongly pair-
wise stable. This conflict can be resolved only if value functions satisfy a certain property
called “middlemen-security”. We further find that there is a broad class of networks called
“middlemen-free networks” for which the above condition is automatically satisfied under all
possible value functions.
We also look at three network applications. A peering contract is an arrangement between
Internet Service Providers under which they exchange tra c with one another free of cost. We
analyze incentives for peering contracts among Internet service providers using the notion of
pairwise stability.
A hierarchy is a directed graph with an explicit top-down structure where each pair of linked
agents have a superior-subordinate relationship with each other. We apply the notion of con-
junctive permission value to demonstrate the formation of hierarchical firms in a competitive
labor market.
Comparative or targeted advertising is defined as any form of advertising where a firm directly
or indirectly names a competitor. We also examine a model of targeted advertising between
oligopolistic firms using non-cooperative game theoretic tools.

(ABSTRACT)
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Chapter 1

Introduction

Networks, generically, refer to any application of graph theory in economics. Given that the

nature of such application may be varied, the literature on networks is diverse and wide-ranging.

Broadly speaking, one can discern two approaches to networks. The first approach assumes that

the network structure is fixed or given exogenously. The second approach considers flexible

rather than fixed network structures. In other words, the network structure is not given a

priori but produced endogenously based on decisions of the players.

The first approach has been used to model among other things, constraints on coalition

formation. Cooperative game theory assumes every decision maker is an autonomous acting

individual. Every group of individuals therefore is both a formable and an autonomous coali-

tion. This assumption underlies the traditional notions of the core, the Shapley value, and so

forth. However, one can get rid of this assumption and assume constraints in coalition forma-

tion. Myerson (1977) introduced the possibility that individuals may have limited ability to

communicate with each other. He introduced an undirected graph as a description of limited

communication possibilities open to individuals. Now, coalitions can form if it does not depend

on outside individuals with regard to its communication structure, i.e. a coalition can only

form if it constitutes a connected subgraph or component. Myerson focusses on an allocation

rule that satisfies certain desirable properties, which subsequently has been referred to as the

Myerson value. The Myerson value is simply the Shapley value of the restricted game where

the value attained by a certain arbitrary coalition is the sum of the values of all components in

the coalition.
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Myerson’s (1977) framework of a cooperative game in conjunction with an undirected graph

is referred to as a communication structure. These situations have subsequently received con-

siderable attention. Owen (1986) investigates the properties of the Myerson value for special

graphs called trees. Borm, Owen and Tijs (1992) and Hamiache (1999) focus on alternative

allocation rules. Of particular importance for the purposes of our dissertation, is the contribu-

tion by Gilles, Owen and van den Brink (1992). They came up with the possibility that there

may be an exogenous asymmetry between the decision makers in the sense that there be may

dominance relations between them. A hierarchy is a directed graph with an explicit top-down

structure where each pair of linked agents have a superior-subordinate relationship with each

other. Superiors in a hierarchy have veto power over the actions of subordinates and therefore,

each agent needs the permission of all her superiors in order to become productive. The chief

implication of this assumption is that the value attained by a certain coalition depends only

on those members of the coalition all whose superiors are part of the coalition. The set of

such agents constitute the autonomous part of a coalition. In other words, any member of the

coalition with one or more superiors outside the coalition does not contribute to the value. This

results in a restricted game where the value attained by a certain arbitrary coalition is the value

of the autonomous part and the Shapley value of the restricted game is called the conjunctive

permission value. Further analysis of the properties of this allocation rule are available in van

den Brink and Gilles (1996) and Derks and Gilles (1995).

Gilles and van den Brink (1999) slightly modify the above assumption. They assume that

each subordinate has to get permission from at least one direct superior in order to be pro-

ductive. Now a formable coalition is one in which for every player, there is at least one direct

superior in the coalition. The Shapley value of such a restricted game is called the disjunctive

permission value. In special hierarchies called forests each agent has only one direct superior

and hence the two allocation rules coincide. In that case, we will refer to the common allocation

rule as simply the permission value.

With regard to the second approach, namely strategic models of network formation, the

initial body of literature was closely related to cooperative game theory. Aumann and Myerson

(1988) were the first to take an explicit look at network formation in a strategic context. They

consider a two stage game. The first stage is the link formation stage which yields a certain
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communication situation. In the second stage, given the communication structure, payo s are

allocated according to the Myerson value. Link formation is a sequential process. Pairs of

players are chosen and given a chance to form links and they can either consent or refuse.

The authors examined the subgame perfect equilibria of such games. Their model has been

subsequently extended by Feinberg (1988) and Slikker and Norde (2000). Qin (1996) and

Dutta, van den Nouweland and Tijs (1998) study a somewhat di erent model, introduced by

Myerson (1991) in which bilateral relations are formed simultaneously rather than sequentially.

They consider a signalling game where agents signal their willingness to form relationships with

regard to all other players in the link formation stage. Links materialize if both agents in

question are willing to form relationships. In the second stage, payo s are allocated according

to the Myerson value or other exogenously specified allocation rules obeying certain desirable

properties.

The seminal paper by Jackson and Wolinsky (1996) made a fundamental break with mod-

elling constraints on coalition formation. The chief di erence with the earlier class of models

was that, in their model, value was generated directly by the network itself rather than any

underlying cooperative game. This means that value depended on exactly how agents are in-

terconnected rather than just who they are directly or indirectly connected to. The focus also

changed from characterization of value allocations to relations between stability and e ciency

under arbitrary allocation rules. The value attained by a network is allocated among the players

using an allocation rule. Of particular interest is the component-wise egalitarian allocation rule,

which divides the value generated by a component equally among members of the component.

Consider an undirected graph where nodes represent players and links represent relationships

between players. Players can both form and delete links by which we mean they can both form

new relationships and terminate existing ones. Link deletion can be achieved unilaterally by

either of the two linked players. Link formation requires bilateral consent of both players

forming a link. A stable network is one in which no incentives exist to change the network

structure by forming or deleting links. There can be various forms of stability depending on

how many links a player is allowed to form or delete at a time. The most basic kind of stability

in the literature is pairwise stability (due to Jackson and Wolinsky (1996)) where each player

is allowed to only delete one link at a time and each pair of players can form one link at a
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time. A stronger form of stability is strong pairwise stability (due to Gilles and Sarangi (2003))

which allows each player to delete any number of links at a time while still allowing a pair of

players to form one link at a time. Since link deletion does not require consent of other players,

one can argue that the latter is a more natural stability concept compared to the former. The

strongest form of stability is strong stability (due to Jackson and van den Nouweland (2004))

which allows any arbitrary coalition to form and players within the coalition can freely form

and delete links.

An e cient network is one that maximizes the network value function. The central theme

of the paper by Jackson and Wolinsky (1996) is that there is an underlying conflict between

pairwise stability and e ciency. In particular, there is no allocation rule satisfying certain

standard properties which ensures that under all possible value functions, all e cient networks

are pairwise stable. This conflict can be resolved in two ways - by placing restrictions on the

value function given the allocation rule or by placing restrictions on the allocation rule itself.

An example of the first would be that, under the component-wise egalitarian allocation rule,

all e cient networks are pairwise stable if and only if value functions satisfy a certain property

called critical link monotonicity.

One can modify the above setting to a more general framework where the utility obtained by

an individual player depends on the network and is not transferable across players. This makes

it more amenable to studying economic applications. An analysis of stable and e cient networks

can be conducted in this more general setting. There are a number of economic situations that

fit in this setting. One can think of informal social relationships and friendships. One can

also think of formal legal contracts between pairs of firms such as that between a franchisor

or franchisee or that between Internet Service Providers (ISPs) with regard to tra c sharing.

Some such applications have been studied. Goyal and Joshi (2003) and Goyal and Moraga

(2001) study collaboration in R & D among oligopolistic firms. Kranton and Minehart (2001)

introduce a model of exchange where a buyer and a seller must have a relationship to exchange

goods. Goyal and Joshi (2000) explore bilateral trading agreements among countries in this

setting and whether such agreements lead to free trade. Other examples are networks between

acquaintances (Brueckner (2003), Gilles and Sarangi (2004)), labor markets as contact networks

(Calvo Armengol and Jackson (2004)) and the Internet (Badasyan and Chakrabarti (2004 a and
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b)). For an excellent survey, we refer to Jackson (2003).

One can also modify the above setting to accomodate unilateral link formation (see Bala

and Goyal (2000)). In this setting, players can not only delete links unilaterally but also form

links unilaterally without consent of the player at the other end of the link. Examples may

include targeted advertising, making phone calls, invitation to a party etc. This reduces the

network-formation process into a non-cooperative game. An agent’s strategy is a specification

of the set of agents with whom he forms links. The links formed in a Nash equilibrium define

what is called a Nash network.

Another strand of literature looks at non-cooperative games played on graphs. Many of

such games focus on local interaction and introduce a small persistent noise to best response

dynamics. Stochastically stable states are states belonging to the limit stationary distribution

when the noise disappears. Ellison (1993), Blume (1993, 1997), Young (1998) and Haller and

Outkin (1999) consider symmetric two-player games played on graphs. Each agent is placed

on the fixed vertex of a given graph and interacts with her neighbors on the graph. Ellison

(1993, 2000) places agents along a one or two-dimensional torus and perturbs the myopic best

response by a Bernoulli tremble. He obtains the result that the stochastically stable state

is the risk dominant outcome. However, the result does not hold if the graph architecture

changes. Blume (1993 1997), Young (1998) and Haller and Outkin (1999) obtain the same

result with logit trembles but their result is stronger in the sense that it is robust to changes in

graph architecture. Baron et al. (2002) consider spatial games where the underlying two-player

game is not necessarily symmetric. They show that if the base game representing pairwise

interactions admits a symmetric weighted potential and the spatial game is quasi-symmetric,

then the spatial game has a potential and stochastically stable states are maximizers of that

potential. The stochastically stable states correspond to risk-dominant outcomes when the

latter exist.

In this dissertation (see chapter 2), we make a contribution to the theory of networks

by extending some results pertaining to the pairwise stability in the paper by Jackson and

Wolinsky (1996) to strong pairwise stability. However, we restrict ourselves to the component-

wise egalitarian allocation rule. We find that, critical link monotonicity is not su cient to

ensure that all e cient networks are strong pairwise stable. We need a stronger condition
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on value functions called ”middlemen-security”. We further find that there is a broad class

of networks called “middllemen-free networks” for which the above condition is automatically

satisfied under all possible value functions.

We also look at three network applications. We analyze incentives for peering contracts

among Internet service providers using the notion of pairwise stability (chapter 3). We apply

the notion of conjunctive permission value to demonstrate the formation of hierarchical firms

in a competitive labor market (chapter 4). We also examine a model of targeted advertising

between oligopolistic firms using non-cooperative game theoretic tools (chapter 5). We describe

each of these in some detail below.

In chapter 3, we employ a network framework to look at incentives for private peering among

Internet Service Providers. To give some background, there are two main types of customers in

the internet market - websites and the consumers who browse the websites, henceforth referred

to simply as consumers. Consequently, retail firms referred to as Internet Service Providers

(henceforth ISPs) provide both web-hosting and web-browsing services. There are other firms

called backbones which only carry tra c. There is a need for universal connectivity in the

sense that each consumer should be able to access each website. To ensure such universal

connectivity, the internet initially developed a hierarchical connectivity structure. ISPs are

connected to backbones, backbones connected to each other at switching points called National

Access Points and they interchanged tra c at such points. The ISPs send their tra c on to

backbones while backbones exchange tra c at National Access Points. Two kinds of economic

contracts govern the exchange of tra c. Under peering, the providers exchange tra c with

each other free of charge. Under transit, the downstream provider (i.e., the provider sending

tra c) pays the upstream provider (i.e., the provider receiving tra c) a certain fee for carrying

tra c. Generally, the backbones peer with each other at National Access Points while the ISPs

have transit arrangements with backbones.

Over the years, the explosion of tra c in the internet has lead to some congestion. Con-

gestion generally refers to the fact that there is too much tra c in the system. Without going

into technical details, su ce it to say that this has lead to delays in tra c moving from one

point to another with the consequence that a given consumer would experience some delay in

accessing a given website. Part of the problem lies in the fact that the Internet is priced as

6



a free good, namely customers are charged for access and not usage. Once they pay the fixed

access fee, they have unlimited usage. In response to increasing congestion, both ISPs and

backbones have built private lines connecting their networks and exchange tra c through such

lines using peering contracts. This is known as private peering. Private peering among ISPs is

also called retail peering.

There are two distinct ways through which retail peering reduces congestion. First, by

allowing transfer of tra c through uncongested privately peered lines, it reduces the delay as-

sociated with such tra c. We refer to this as the asymmetric e ect. Second, by transferring

tra c through privately peered lines, retail peering reduces congestion in the backbones them-

selves. This reduces the delay associated with tra c going through backbones. In a standard

model of vertical di erentiation with price competition, we show the impact of the symmetric

and the asymmetric e ects on the overall profitability of the firm. It turns out they have oppo-

site e ects. The asymmetric e ect by reducing delay and thereby enhancing quality increases

demands and also prices, boosting overall profits. The symmetric e ect of retail peering, on

the other hand, by reducing backbone congestion, sti ens price competition thereby reducing

prices and hence profits. The net e ect of retail peering on overall profitability of ISPs is am-

biguous. We examine a peering network in which nodes are ISPs constitute the nodes whereas

links denote peering agreements. In examples with six-providers and numerous asymmetries, a

variety of networks are pairwise stable depending on the underlying parameters.

In chapter 4, we switch to an application of the permission value. The traditional neoclassical

theory has described the firm using a production function that describes the technological

relation between inputs and outputs. The owner is supposed to use the most e cient technology

to produce the output at the least possible cost. Despite its merits in terms of simplicity, the

theory is rather vacuous in relation to real-world firms with their complicated organizational

structures. A related but separate issue is the optimal size of the firm. Neoclassical theory have

relied on the so-called “deceasing returns to scale” as an explanation of a finite firm. However,

the idea of decreasing returns to scale is quite debatable and lacks substantial empirical support.

Therefore it is not surprising that there have been an emergence of several alternative theories

including the theory of the hierarchical firm pioneered by Williamson (1967).

Williamson (1967) put forward the view that firms are hierarchical organizations. The
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emergence of a hierarchical firm has resulted from the fact that a given manager can e ectively

manage only so many subordinates. At the same time, with say constant returns to scale, firms

would be interested in maximizing the number of workers in the firm. This would automatically

result in a hierarchical structure. Williamson defines the firm as a regular hierarchy (each

superior has a fixed number of subordinates) and only the lowest level is productive. The limits

to the size of the firm stem from the fact that with an increase of the number of levels in a

hierarchical firm, there is a loss of control of the management over actions of workers at lowest

level resulting in a decline of productivity. This provides an upper bound to the number of

levels a hierarchical firm can have and results in firms of finite optimal size. Williamson’s model

provides for a finite firm even in presence of constant returns to scale, unlike the neoclassical

theory.

Ruys and van den Brink (1998) were the first to apply the conjunctive permission value

to the theory of the hierarchical firm. Using regular hierarchies, they assume that payo s

are determined by the conjunctive permission value in a hierarchical firm. While Williamson

exogenously assumed that there is a positional rent or premium stemming from being at higher

levels in the hierarchy, here the same follows from the properties of the conjunctive permission

value. The rest of the structure is similar to Williamson in the sense that only the lowest

level is productive, labor is homogeneous and there is a loss of control stemming from having

more levels inside the firm. There is an exogenously given market wage in the labor market

which is assumed to be competitive. The limits to the size of the firm are set at the point

where the conjunctive permission value declines (with increasing number of levels) to the point

where it just equals the competitive market wage. The principal di erence between the two

papers is therefore, while in Williamson, the payo is set exogenously, here the payo s are given

endogenously by the conjunctive permission value.

In chapter 4, we examine the impact of labor heterogeneity in the framework of Ruys and

van den Brink (1998). Consequently, we make two basic changes in their model. First, labor

productivity is no longer normalized to 1 but is a linear function of e ort level, which by itself

is costly. Second, the costs associated with such an e ort level may di er across workers. Also,

all levels of the hierarchy are productive and not just the lowest level. A cogent hierarchy is

one where more productive workers occupy higher levels. An e cient hierarchy is one where
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a reassignment of agents across positions in the hierarchy would not increase the sum of the

payo s. We find that the hierarchy that results in equilibrium is always cogent and e cient.

With regard to targeted advertising, given that it can be analyzed as a non-cooperative

game, we abandon the networks framework in favour of a purely non-cooperative game theo-

retic set up. In chapter 5, we use a two-stage game in which firms decide whom to advertise

against and by how much in the first stage while in the second stage, they compete as Cournot

oligopolists. We employ the taste-shifter approach due to Dixit and Norman (1978). Firms

by advertising against each other can shift tastes thereby reducing demand of competitors and

increasing their own demand. Each firm pays for its own advertising which is distributed free of

cost to consumers. We use specific functional forms - a linear demand function and a quadratic

cost function of advertising and assume that a given unit of advertising leads to a parallel right-

ward shift of the demand curve of the advertising firm and a parallel leftward shift of the firm

being advertised against. The player set consists of a finite number of firms. Our static game

has two stages. In the first stage, the players decide whom to advertise against and by how

much. In the second stage, given the advertising configuration determined in the first stage,

they compete as Cournot oligopolists.

We provide su cient conditions for the existence of a subgame perfect Nash equilibrium.

Under these conditions, the equilibrium advertising e orts are unique and positive. Then, we

consider the perfectly symmetric case with completely identical firms, where one can explicitly

solve for subgame perfect Nash equilibrium. In this particular case, equilibrium prices and

quantities are the same as in the Cournot model without advertising. In other words, the e ects

of advertising cancel each other out resulting in no net shift of the demand curve. Hence, each

firm would gain if they refrained from advertising and this sets up strong incentives for collusion.

We go on to study the sustainability of collusion with respect to advertising in the infinitely

repeated two-stage game. Collusion is sustainable in a dynamic model with appropriate trigger

strategies where any deviation by any firm would be punished by subsequent deviation by all

other firms in terms of advertising. Obviously, the firms could make further gains by colluding

in advertising and output decisions. It turns out that under certain conditions, collusion in

advertising and output can be supported as a subgame perfect equilibrium outcome of the

infinitely repeated game whenever collusion in advertising alone can be supported. In the
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symmetric static model, we further find, among other things, that individual advertising levels

decrease with the number of firms whereas aggregate advertising expenditures increase in the

number of firms.. Lastly, we explore possible links between the degree of product di erentiation

and e ectiveness of comparative advertising.
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Chapter 2

Strongly Pairwise Stable Networks

and Egalitarian Payo s

2.1 Introduction

Networks have been used to model a range of social and economic relationships that undeniably

play a significant role in the economic life of individuals through dissemination of information,

creation of synergies, ease of exchange, enforcement of norms and so on. The literature currently

covers diverse subjects such as networks between acquaintances (Brueckner (2003), Gilles and

Sarangi (2004)), trade networks (Goyal and Joshi (2000), Kranton and Minehart (2001), Furu-

sawa and Konishi (2002)), role of networks in the labor markets (Montgomery (1991), Calvo

Armengol and Jackson (2004)), information exchange networks (Bala and Goyal (2000), Haller

and Sarangi (2003)), and the Internet (Badasyan and Chakrabarti (2004a and b)). There is also

a relatively large literature on networks in other disciplines like sociology, operations research

and physics, e.g., Barabasi(2002), Watts (2003). The di erence of the treatment in economics

is that nodes are agents capable of volition and hence capable of forming and deleting links.

In this chapter we focus on a link-based stability concept called strong pairwise stability

introduced by Gilles and Sarangi (2004). The literature on networks witnessed an upsurge in

terms of both interest and clarity of the issues in question with the publication of the seminal

work by Jackson and Wolinsky (1996). In their model, networks are created by the addition and

deletion of links by agents who constitute the nodes of the network. Each network generates a
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certain collective value which is divided via an allocation rule among the agents. Of particular

importance is the component-wise egalitarian allocation rule which divides the value generated

by a component (a component being the maximally connected subgraph of a network) equally

among the members of a component. Any pair of agents can form one link at a time while

any agent can delete one link at a time. A network is pairwise stable if there are no incentives

on the part of the agents to form and delete links. A network is e cient if it maximizes the

collective value function. The main insight of the paper is that there is a fundamental tension

between stability and e ciency in the sense that networks that are e cient need not be always

stable. The conflict can be resolved by placing appropriate restrictions on the value function

and/or the allocation rule.1

Strong pairwise stability builds on this approach by allowing a player to simultaneously

sever a subset of her links. Since link deletion does not require consent, we believe that strong

pairwise stability is a more natural stability concept. Using the framework of Jackson and

Wolinsky (1996), we re-examine the relationship between stability and e ciency under this

stronger stability concept. However, we restrict ourselves to the egalitarian allocation rule. The

tension between stability and e ciency persists and can be resolved by placing even stronger

restrictions on the value function. Further, in general, the stability of networks is crucially linked

to the presence or absence of special agents called middlemen. Middlemen refer to agents who

by deleting a subset of links under their control can disconnect at least two other players.

Networks without middlemen are always stable. In presence of middlemen, value function have

to satisfy a certain condition called middlemen security in order for the network to be stable.

The rest of the chapter proceeds as follows. Section 2.2 introduces the notation and termi-

nology related to networks. In section 2.3, we introduce the various concepts of stability. In

section 2.4, we examine the properties of strongly stable networks using a number of well-known

examples. In section 2.5, we examine the relationship between stability and e ciency using the

framework of Jackson and Wolinsky (1996). Section 2.6 concludes.

1Since their seminal contribution, a number of other authors have contributed to this literature. For an
excellent review, see Jackson (2003).
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2.2 Modelling Principles

In this section we define the formal elements to describe network formation along with some con-

cepts borrowed from graph theory. This is followed by the description of creation of (collective)

value and its allocation in a network.

2.2.1 Networks and Network Values

Let N = {1, 2, . . . , n} be a finite set of players. Two distinct players i, j N with i 6= j are

linked if i and j are related in some capacity. Usually we think of such links as economically

productive relationships between players. These relationships are undirected in the sense that

the two players forming a relationship are equals within that relationship. We do not rule out

that these relationships have spillover e ects on the productive relations between other players.

This is captured by the formal description of network benefits.

Formally, an (undirected) link between i and j is defined as the set {i, j}. Throughout we
use the shorthand notation ij to denote the link {i, j}. It should be clear that ij is completely
equivalent to ji.

In total there are 1
2n(n 1) potential links on the player set N . The collection of these

potential links on N is denoted by

gN = {ij | i, j N and i 6= j} (2.1)

A network g is now defined as any collection of links g gN . The collection of all networks

on N is denoted by GN = {g | g gN}. The collection GN consists of 2 12n(n 1) networks. The

network gN consisting of all links is called the complete network on N and the network g0 =

consisting of no links is the empty network on N .

Let : N N be a permutation on N . For every network g GN the corresponding

permutation is denoted by g = { (i) (j) | ij g} GN . Two networks g, h GN have the

same topology if there exists a permutation : N N such that h = g . This is denoted as

g h. For g GN the corresponding network topology is denoted by g = {h GN | h g}.
Clearly a network topology/architecture is a mathematical equivalence class with regard to the

binary relationship . It is obvious that the collection of all networks GN is partitioned into
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network topologies.

For every network g GN and every player i N we denote i’s neighborhood in g by

Ni(g) = {j N | j 6= i and ij g}. Player i therefore is participating in the links in her link
set Li(g) = {ij g | j Ni(g)} g. We also define N(g) = i NNi(g) and let n(g) = #N(g)

with the convention that if N(g) = , we let n(g) = 1.2

A path in g connecting i and j is a set of distinct players {i1, i2, . . . , ip} N(g) with p > 2

such that i1 = i, ip = j, and {i1i2, i2i3, . . . , ip 1ip} g. The network g0 g is a component

of g if for all i N(g0) and j N(g0), i 6= j, there exists a path in g0 connecting i and j and
for any i N(g0) and j N(g), ij g implies ij g0. In other words, a component is simply

a maximally connected subnetwork of g. We denote the class of network components of the

network g by C(g). The set of players that are not connected in the network g are collected in

the set of (fully) disconnected players in g denoted by

N0(g) = N \N(g) = {i N | Ni(g) = }.

Furthermore, we define

(g) = {N(h) | h C(g)} { {i} | i N0(g)} (2.2)

as the partitioning of the player set N based on the component structure of the network g.

With regard to the description of benefits or “utilities” generated by participation in a network,

we limit our discussion in this paper to so-called collective network benefit functions given by

v : GN R such that v( ) = 0. Following Jackson and Wolinsky (1996), we also denote such

functions as “network value” functions. A network value function v assigns a total benefit

v(g) R to the network g GN . The space of all network value functions v such that v( ) = 0

is denoted by VN . It is clear that VN is a
³
2
1
2
n(n 1) 1

´
-dimensional Euclidean vector space.

Let v VN be some network value function. We consider two fundamental properties of

such a network value function:

2We emphasize here that if N(g) 6= , we have that n(g) > 2. Namely, in those cases the network has to
consist of at least one link.
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(i) The network value function v is component additive if v(g) =
X

h C(g)

v(h). Component

additivity immediately implies that disconnected players i N0(g) generate no value.

(ii) The network value function v is anonymous if v(g ) = v(g) for all permutations and

networks g. Anonymity implies that benefits v(g) depend on the topology of the network g

only.

Finally, we define an e ciency concept. A network g GN is e cient with respect to value

function v if v(g) > v(g0) for all g0 gN .3

2.2.2 Allocation Rules

Following the literature, we consider the allocation problem of collective benefits or “values"

over all players in a network. The allocated payo to an individual player is determined by an

allocation rule Y : GN × VN RN which determines how the collective value is distributed

over the individual players. Yi(g, v) is the payo to player i from the network g under the value

function v. Next we define some necessary properties of an allocation rule.

Recall that : N N is a permutation. Let v be defined by v (g ) = v(g).

(i) An allocation rule Y is anonymous if for any permutation , Y (i)(g , v ) = Yi(g, v).

Anonymity of the allocation rule simply means payo of a player depends solely on the position

in the network rather than the label of the players.

(ii) An allocation rule Y is balanced if
X
i N

Yi(g, v) = v(g) for all v and g. Balance is also

known as “e ciency” in the literature.

(iii) An allocation rule Y is component balanced if
X
i N

Yi(g, v) = v(h) for every g and

h C(g) and every component additive v. It is obvious that component balance implies

balance. Component balance along with component additivity implies that fully disconnected

players in N0(g) always have an allocated payo of zero.

Let v VN be component additive. The component (-wise) egalitarian allocation rule is

3Jackson and Wolinsky (1996) refer to these as strongly e cient networks, implicitly implying thereby that
weak e ciency corresponds to a Paretian e ciency notion.
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defined by

Y cei (g, v) =
v(hi)

n(hi)
(2.3)

where hi C(g) such that i N(hi) and hi = if there is no h C(g) such that i N(h).

Under this rule, the value generated by a component is split equally among the members of

that component. The component-wise egalitarian allocation rule satisfies component balance.

Also, we consider the egalitarian allocation rule defined by

Y ei (g, v) =
v(g)

n
for all i N . (2.4)

Clearly this allocation rule satisfies balance, but not component balance.

In our discussion these two allocation rules are featured prominently.

2.3 Stability Properties

In this section we discuss network formation principles from a link-based perspective. Central

to this approach is that the formation of a link in principle is considered separately. Each link

in the networks involves a pair of players. While mutual consent is required for establishing a

link, each player can delete a link unilaterally. Therefore we consider stability with respect to

the deletion of links and the addition of links separately.

We introduce some auxiliary notation. Denote by g + ij the network obtained by adding

link ij to the existing network g, i.e., g + ij = g {ij}. Similarly, g ij denotes the network

that results from deleting link ij from the existing network g, i.e., g ij = g \ {ij}.
We introduce three fundamental link formation principles.

(i) A network g GN is link deletion proof (LDP) if for every player i N and every

neighbor j Ni(g), it holds that Yi(g ij, v) 6 Yi(g). Link deletion proofness requires

that each individual player has no incentive to sever an existing link with one of his

neighbors.

(ii) A network g GN is strong link deletion proof (SLDP) if for every player i N and every

set of its neighbors M Ni(g), it holds that Yi(g\hM , v) 6 Yi(g, v) where hM = {ij
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g|j M} g. Strong link deletion proofness requires that each player has no incentive

to sever links with one or more of his neighbors. Obviously, SLDP implies LDP.

(iii) A network g GN is link addition proof if for all players i, j N , it holds that Yi(g +

ij, v) > Yi(g, v) implies Yj(g + ij, v) < Yj(g, v). Link addition proofness states that there

are no incentives to form additional links. This is founded on a process of mutual consent

in link formation. Indeed, if one player would like to add a link, the other player would

have strong objections.

Link deletion proofness and link addition proofness were not explicitly introduced as such,

but were introduced in Jackson and Wolinsky (1996). Strong link deletion proofness has been

introduced by Gilles and Sarangi (2004).

These three fundamental stability concepts can be used to define additional stability con-

cepts. A network g GN is pairwise stable if it is link deletion proof and link addition proof.

Furthermore, a network g GN is strongly pairwise stable if it is strong link deletion proof and

link addition proof.

Pairwise stability was seminally introduced by Jackson and Wolinsky (1996). Strong pair-

wise stability as defined above has been introduced by Gilles and Sarangi (2004). A similar

concept has been introduced independently by Goyal and Joshi (2003) as “pairwise stable equi-

librium”. This concept is a hybrid between the Nash equilibrium concept and link addition

proofness. It should be clear that pairwise stable equilibrium networks can only be investigated

in the context of (non-cooperative) network formation games. For a comparison of pair-wise

stable equilibrium and strong pairwise stability we also refer to the appendix of Bloch and

Jackson (2004).

We first remark that strong pairwise stability is a natural link-based stability concept.

Since links require mutual consent, it considers the addition of one link at a time. However,

link deletion is unilateral and, hence, it allows for a single player to delete multiple links at the

same time. Second, Goyal and Joshi (2003) discuss positive and negative spillovers in networks

in relation to strong pairwise stability. They show that in games with positive spillovers where

the players are playing against the field, a strongly pairwise stable network is either empty, or

complete, or has the dominant group topology. With negative spillovers it is possible to obtain
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the empty networks and stars as strongly pairwise stable networks. Moreover, symmetric and

asymmetric networks with unequal connections are possible with negative spillovers in the

playing field games. Finally, the paper also characterizes the strong pairwise stable equilibria

in the presence of local spillovers.

In this paper we intend to investigate the strong pairwise stability notion in more detail.

The main di erence between regular pairwise stability and strong pairwise stability is that

individual players are allowed to remove multiple of their links rather than a single link. This

is the same as the di erence between LDP and SLDP. The consequences of this di erence are

illustrated in the next example, which shows that under regular LDP a player might not be

able to get rid of “bad company”.

Example 2.1 Being stuck with bad company

Consider a three player situation with N = {1, 2, 3}. For simplification of notation we denote
the potential links in this situation as follows: a = 12, b = 13, and c = 23. Hence, GN =

{ , a, b, c, ab, ac, bc, abc}.
Let > 0. We consider an allocation rule Y : GN ×VN R which for every v VN is defined

by

Y ( , v) = (0, 0, 0)

Y (a, v) =
³
v(a)
2 ,

v(a)
2 , 0

´
Y (b, v) =

³
v(b)
2 , 0,

v(b)
2

´
Y (c, v) =

³
0, v(c)2 ,

v(c)
2

´
Y (ab, v) = (v(ab), 0, 0)

Y (ac, v) =
¡

v(abc), v(ac) 1
2(1 )v(abc), 12(1 + )v(abc)

¢
Y (bc, v) =

¡
v(abc), 12(1 + )v(abc), v(bc) 1

2(1 )v(abc)
¢

Y (abc, v) =
¡

v(abc), 12(1 + )v(abc), 12(1 + )v(abc)
¢

Note that Y is component balanced. Our main claim is now that in general, under the

allocation rule Y , the complete network abc is LDP, but not SLDP:

Claim 2.1 If v V N such that v(g) > 0 for every g 6= , then the network g? = abc is link

deletion proof, but not strong link deletion proof, with respect to the allocation rule Y .
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The claim states that without the possibility of a player to remove multiple links simulta-

neously, he might get stuck with “bad company”. Indeed, here player 1 would like to remove

his links with player 2 as well as player 3, but using LDP he can only remove at most one of

these two links. Under SLDP player 1 is able to remove both links and improve his situation.

Proof of Claim 2.1. Let v VN be such that v(g) > 0 for every g 6= . That g? = abc is

not SLDP is clear, since player 1 would like to remove both links a and b to arrive at network

c, which yields him Y 1(c) = 0 > v(abc) = Y 1(abc).

We show that g? = abc is LDP. Removing link a or link b would not yield a strict improvement

for either of the involved players, since Y 1(abc) = Y 1(bc) = Y 1(ac), Y 2(abc) = Y 2(bc), and

Y 3(abc) = Y 3(ac). Finally, it is not profitable to remove link c for players 2 and 3 since

Y 2(ab) = 0 < 1
2(1 + )v(abc) = Y 2(abc) and

Y 3(ab) = 0 < 1
2(1 + )v(abc) = Y 3(abc).

This implies that the complete network g? = abc is LDP, as asserted.

2.4 Strongly Stable Networks

In this section we analyze the properties of strongly pairwise stable networks and compare them

to pairwise stable networks.

Using the insight from Example 2.1 we may conclude that in general SLDP networks yield

only bounded payo s. This is the subject of the next proposition.

Proposition 2.1 Let v be a component additive network value function and Y be a component

balanced allocation rule. Then there exists some V > 0 such that 0 6 Yi(g, v) 6 V for every

strong link deletion proof network g GN and every player i N .

Proof. Let v be a component additive network value function and Y be a component

balanced allocation rule. These properties immediately imply that disconnected players are

always allocated zero. Hence, if for some player i we have that Yi(g) < 0 in some network

g GN , then

Yi (g \ {ij | j Ni(g)}) = 0 > Yi(g) (2.5)
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In other words, by severing all links, player i can earn zero payo s. Hence, if any player i earns

less than zero payo s in a certain network, the network is obviously not strong link deletion

proof.

Next, let

V = max
g GN

v(g). (2.6)

Consider an arbitrary network g GN . Given that Y is balanced,
P
i N Yi(g, v) = v(g) 6 V .

From the above, Yi(g) > 0 for all i N. Hence,

Yi(g) = v(g)
X
j 6=i
Yj(g) 6 v(g) 6 V (2.7)

for all i N.

Note that the result does not require anonymity of v or Y .

We emphasize that the boundedness of payo s on strongly pairwise stable networks cannot

be extended to pairwise stable networks. Example 2.1 shows that individual players do not have

the ability to guarantee themselves complete separation from the other players in the network

under (regular) pairwise stability. Hence, under pairwise stability, the individually lower bound

of the payo to an individual player is not zero, but rather whatever this player is confronted

with by his fellow players. This is not the case under strong stability, where this lower bound

is zero.

Next we discuss strong pairwise stability within the context of two well-known and well-

developed explicit models of network value functions.4 First, we discuss the connections model

and, subsequently, we investigate strong pairwise stability with unequal connections.

2.4.1 The Connections Model

The connections model of Jackson and Wolinsky (1996) is one where links represent social

relationships between individuals, for instance friendships. It is unrealistic to suppose that

payments could be exchanged for friendship so let us assume away side payments so that

4For elaborate discussions of other applications and models we refer to Jackson (2003) and Goyal (2004).
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Yi(g, v) = Yi (g) for all v VN . The payo that player i receives from network g is

Yi (g) =
X
j 6=i

tij(g)
X
j : ij g

cij (2.8)

where cij > 0 is the cost of establishing link ij for player i and tij(g) is the number of links on

the shortest path between i and j called the geodesic distance between i and j. (If i and j are

not linked, ij / g, then the geodesic distance between them is assumed to be infinite.) If for the

connections model given in (2.8) it holds that all link formation costs are equal, i.e., cij = c > 0,

then we refer to this setup as the symmetric connections model.

Jackson and Wolinsky (1996) describe the unique e cient network and the collection of

pairwise stable networks in the symmetric connections model. The next proposition shows that

all pairwise stable networks in the symmetric connections model are also strong pairwise stable.

This is a consequence of the additive structure of the connections allocation rule.

Proposition 2.2 Let n > 3. Every pairwise stable equilibrium in the symmetric connections

model is strong pairwise stable.

For a proof of Proposition 2.2 we refer to section 2.7.

An interesting extension of this symmetric connections model to a spatial setting has been

developed by Johnson and Gilles (2000). In their model, player i N , is located at xi and

the set X = {x1, . . . , xn} [0, 1] with x1 = 0 and xn = 1 represents the spatial distribution of

players. Without loss of generality assume that xi < xj if i < j. Thus the distance between the

players i, j N is given by dij = |xi xj | 6 1. Thus, instead of having a fixed cost per link,
we now have costs dependent on the spatial distance between players.

It is easy to verify that both Proposition 1 and 2 (which characterize the pairwise stable

networks) of Johnson and Gilles (2000) are satisfied by strong pairwise stability. The class of

acyclic pairwise stable (empty network and the chain) networks identified in their paper are also

strong pairwise stable. Arguments similar to the one given above can be used to demonstrate

this.
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2.4.2 Unequal Connections

Goyal and Joshi (2003) develop a framework to discuss unequal connections in which they

allow explicitly for the possibility of positive and negative spillovers due to the existence of

links between players. They consider playing the field games where spillovers depend on the

number of links all the other players have and local spillovers where the spillover depends on

the number of links of a potential partner. We restrict attention to the local spillover games.

The (gross) payo s of player i satisfy local spillovers if for any network g and any additional

link ij it holds that

i(g + ij) i(g) = ( i(g), j(g)). (2.9)

where i(g) = #Ni(g). Thus marginal returns depend on the identity of the potential partner

and on the links of the partners of the partners. Each link has a cost c > 0 which must be

subtracted to obtain the net benefits of a link. We say that marginal returns satisfy positive

spillovers with respect to own links (PSOL) as well as links of the potential partners (PSPL)

if ( i, j) is increasing in both i and j . We now show that a pairwise stable equilibrium

may not be strongly pairwise stable.

Example 2.2 Let c > 0. Consider the complete network gN with four players, i.e., with

N = {1, 2, 3, 4}, where the marginal returns are given by (2, 2) = 1.2c, (1, 1) = c and

(0, 0) = 0.5c. This network satisfies both PSOL and PSPL.

It is easy to check that no player wishes to break a single link and hence the network is

pairwise stable. But by deleting 3 links simultaneously a player is better o since 3c 2.7c > 0.

Hence gN is not strongly pairwise stable.

Note that it is also possible to construct other such examples when the marginal benefits satisfy

the PSOL property. This is because the marginal link may outweigh the links costs, but the

earlier links fail to do so. Hence, by deleting a subset of links a player might be able to obtain

a higher payo .
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2.5 Critical Links and Middlemen

In this section we explore the relationship between strongly pairwise stable and e cient net-

works. We focus attention on the component-wise egalitarian allocation rule since it splits the

value of a network equally among all members of the component. We begin by introducing the

notion of a critical link.

Definition 2.1 A link ij g GN is critical in the network g if # (g) < # (g ij).

Hence, a link is critical if after its removal either the number of components of the network

increases, or the number of disconnected players increases. It means that there is no alternative

path to replace such a critical link.

Let h C(g) denote a component that contains a critical link in the network g GN and

let h1 h and h2 h denote components obtained from h by severing that critical link. (Note

that it may be the case that h1 = or h2 = .)

The following concept of critical link monotonicity has been introduced by Jackson and

Wolinsky (1996) in their discussion of certain properties of the component egalitarian allocation

rule Y ce.

Definition 2.2 The pair (g, v) satisfies critical link monotonicity if for any critical link

ij h with h C(g) and the two associated components h1 and h2 of h ij, we have that

v(h) > v(h1) + v(h2) implies that
v(h)

n(h)
> max

·
v(h1)

n(h1)
,
v(h2)

n(h2)

¸
(2.10)

As shown by Jackson and Wolinsky (1996), this constitutes a necessary and su cient condition

for the existence of e cient networks that are pairwise stable with regard to the component

egalitarian allocation rule:

Claim 2.2 (Jackson and Wolinsky, 1996, Claim, page 61)

If g is e cient relative to a component additive v, then g is pairwise stable for Y ce relative to

v if and only if (g, v) satisfies critical link monotonicity.

We next show with the use of an example that the critical link monotonicity is not adequate

for strong pairwise stability.
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Example 2.3 Let n = 4. Let the collective network benefits function v be given by

v({ij}) = 10,
v({ij, ik}) = 5,
v({ij, ik, il}) = 13,
v(gN) = 2, and

v(g) = 0 for all other g GN

Note that v is component additive and anonymous. Next consider the component-wise

egalitarian allocation rule Y ce for this particular situation. Now, every e cient network is a

star given by {ij, ik, il}. However, a star is not strongly pairwise stable because it is not SLDP.
In fact, Y cei ({ij, ik, il}) = 314 , Y cei ({ij, ik}) = 123 , and Y cei ({ij}) = 5. Therefore, player i would
sever two of his three links: Y cei ({ij, ik, il} \ {il, ik}) = Y cei ({ij}) = 5 > 314 = Y cei ({ij, ik, il}).
For the star h = {ij, ik, il} all three links are critical. Consider deletion of any link and let h1
and h2 = be the two associated components. Then, v(h) = 13, v(h1) = 5, and v(h2) = 0,

implying that
v(h)

n(h)
= 314 ,

v(h1)

n(h1)
= 123 , and

v(h2)

n(h2)
= 0.

Hence the e cient network h obviously satisfies critical link monotonicity but is not strongly

pairwise stable. (In fact, in this example all the 64 possible networks satisfy critical link

monotonicity.)

This naturally leads to the question: What conditions are required to make e cient networks

strong pairwise stable under the component egalitarian allocation rule? We identify a condition

related to the presence of middlemen in the network which ensures that this is the case.

2.5.1 Middleman Positions

A critical link referred to a single link between two players, which removal resulted into a

disintegration of the network. When a single player removes multiple links and the network

disintegrates, then we call such a player a middleman in the network. In graph theory, the

position of a middleman in the network is also referred to as a “cut node”.

Definition 2.3 A player i N has a middleman position in the network g GN if there

exists some set of links h Li(g) under the control of player i in g such that there are at least
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two distinct players j1, j2 N \{i} who are connected in g and who are not connected in g \h .
A player with a middleman position in a network g is denoted as a middleman in g. The set

of middlemen in the network g is denoted by M(g) N .

It is clear from the definition that a middleman in a network has a critical position in the sense

that she can break up communication within the network between other players by deleting a

well-chosen subset of her own links. A subset h Li(g) of links that a middleman i M(g) can

delete to break up communication within a network g is called a critical link set for middleman

i.

The following re-statement of the definition of a middleman is given without a proof. It

follows immediately from the definition of a middleman position in a network.

Remark 2.1 Let n > 3 and let g GN be some network with #C(g) = 1. Now, i M(g)

if and only if player i N controls a critical link set h Li(g) such that exactly one of the

following properties holds:

(i) #C(g\h ) > #C(g) = 1;
(ii) #C(g\h ) = 1 and there is some player j N\N0(g) such that j N0(g\h ), and
(iii) #C(g\h ) = 0 and N0(g\h ) = N .

Remark 2.1 states that a middleman in a network can either increase the number of non-trivial

components in the network by removing some critical links, or disconnect some players from

the network. In the latter case, such disconnected players i are always marginal in the sense

that #Li(g) = 1. Remark 2.1(iii) discusses the case of a so-called star network, where player i

is the center of the star. Hence, g = {ij | j 6= i}.
In general it is not true that a player who can refine the partitioning of the player set into

components by deleting some links, is a middleman. Indeed, consider a player i in a network g

such that # (g) < # (g \h) for some h Li(g). Then this player might be a middleman, but

she might also be a marginal player in the network g. In the latter case it is not appropriate to

indicate this player as a “middleman”, since she has no critical role in communication among

other players in the network.
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This is illustrated by referring to the trivial two player network g1 = {12} on the player
set N = {1, 2, 3}.5 Clearly 12 is a critical link in g1, but neither player 1 nor player 2 are

middlemen. On the other hand, in the network g2 = {12, 13}, player 1 is a middleman. This
conforms with the definition of a middleman.

We introduce some further notation to describe the removal of a critical link set by some

middleman in the network. Let g GN be some network and let h C(g) be one of its

components. Let i M(h) be a middleman in h and let h Li(h) be a critical link set for

middleman i. Now we denote by C(h \ h ) = {h1, h2, . . . , hm} the components obtained from
h by deleting the critical link set h . It should be clear that one of these components might be

empty. Furthermore, we denote by bh C(h \ h ) that component of h that contains player i,
i.e., i N(bh). Note that bh might be the empty set. In that case player i has herself become a
disconnected player in the disintegrated network after removal of h , i.e., i N0(h \ h ). The
latter is exactly the situation covered in Remark 2.1(iii).

Definition 2.4 A pair (g, v) GN × VN is middleman secure if for every component h

C(g), every middleman i M(h), and every critical link set h Li(h) for middleman i we

have that

v(h) >
mX
i=1

v(hi) implies that
v(h)

n(h)
> v(bh)
n(bh) , (2.11)

where C(h \ h ) = {h1, h2, . . . , hm} and bh C(h \ h ) such that i N(bh).
It can be shown that middleman security implies critical link monotonicity.

Proposition 2.3 Let v VN+ be nonnegative in the sense that v(g) > 0 for all g GN . If

(g, v) satisfies middleman security, then (g, v) satisfies critical link monotonicity as well.

Proof. Consider any component h C(g) of the network g and a critical link ij h.

Denote by h1 and h2 the two components in the reduced network h ij produced by severing

ij where i N(h1) and j N(h2). We consider three cases:

5 It should be clear that this case is not covered by Remark 2.1, since it is explicitly assumed that n > 3.
Instead this case has to be referred back to the general definition of a middleman position.
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Case A: h1 = h2 = .

In this case h consists of a single link, namely h = {ij}. Hence, n(h) = 2, n(h1) = n(h2) =
1, and v(h1) = v(h2) = 0. Therefore, v(h) > 0 = v(h1) + v(h2) implies that

v(h)

n(h)
=
v(h)

2
> 0 = max [v(h1), v(h2)] = max

·
v(h1)

n(h1)
,
v(h2)

n(h2)

¸
.

This is equivalent to critical link monotonicity.

Case B: h1 6= and h2 = .

Here, n(h) > 3, n(h1) = n(h) 1 > 2, n(h2) = 1, and v(h2) = 0. This case corresponds

to the disconnection of exactly one marginal player j from the network g by middleman

i. In other words, player i is a middleman with critical link set {ij}. Suppose that

v(h) > v(h1) + v(h2) = v(h1). Then from the middleman security condition applied to

middleman i and critical link set {ij} it follows that

v(h)

n(h)
> v(h1)

n(h1)
= max

·
v(h1)

n(h1)
, 0

¸
= max

·
v(h1)

n(h1)
,
v(h2)

n(h2)

¸
,

since by non-negativity v(h1) > 0. This shows that this case indeed satisfies critical link

monotonicity.

Case C: h1 6= and h2 6= .

Considering player i as the middleman with critical link set {ij}, middleman security
implies that

v(h) > v(h1) + v(h2) =
v(h)

n(h)
> v(h1)

n(h1)
(2.12)

Similarly, considering player j as the middleman with critical link set {ij}, middleman
security implies that

v(h) > v(h1) + v(h2) =
v(h)

n(h)
> v(h2)

n(h2)
. (2.13)

Hence, from (2.12) and (2.13) it follows that

v(h) > v(h1) + v(h2) =
v(h)

n(h)
> max

·
v(h1)

n(h1)
,
v(h2)

n(h2)

¸
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which is equivalent to the condition of critical link monotonicity.

This completes the proof of the assertion.

Note that the construction in Example 2.3 does not satisfy middleman security. It is violated

because regarding the critical link set h = {ik, il} for middleman i in the network g = {ij, ik, il},
severing of all links in h results in one non-null component h1 = bh = {ij} and two disconnected
players k and l. Now, v(g) = 13 > 10 = v(bh) + v( ) + v( ) but v(g)n(g) = 3

1
4 < 5 =

v(bh)
n(bh) .

Proposition 2.4 If g GN is e cient relative to a component additive v VN , then g is

strong link deletion proof with respect to the component-wise egalitarian allocation rule Y ce if

and only if (g, v) is middleman secure.

Proof. Without loss of generality we may restrict ourselves to a network g GN that

consists of a single component, i.e., # (g) = 1, and such that g 6= .

Only if : Suppose g is e cient relative to v as well as strong deletion proof for Y ce relative to

v. Then for any critical link set h Li(g) for middleman i M(g), it must hold that i does

not wish to sever the links in that set. With the notation employed above, this requires that

v(g)

n(g)
> v(bh)
n(bh) (2.14)

This evidently implies that middleman security holds for (g, v).

If : Suppose that g is e cient relative to v and that (g, v) is middleman secure.

Severing a non-critical link set by any player will only change the value of the component

without changing the number of players in that component. By e ciency of g and component

additivity of v, this value is already at a maximum and hence there can be no net gain.

Suppose that some middleman i M(g) in g severs a critical link set h from Li(g). This

results into the component set C(g\h ) = {h1, . . . , hm}. This has no benefit for the middleman
i because by e ciency of g and component additivity, we have that

v(g) >
mX
k=1

v(hk)
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which by middleman security implies that (2.14) has to hold. This confirms that g is in fact

strong link deletion proof.

This completes the proof of the assertion.

The next result is a straightforward corollary of Proposition 2.4.

Corollary 2.1 If g GN is e cient relative to a nonnegative and component additive v VN+ ,

then g is strongly pairwise stable for the component-wise egalitarian allocation rule Y ce if and

only if (g, v) is middleman secure.

Proof. From Proposition 2.4 we know that middleman security implies that g is strong

link deletion proof for Y ce. Using Proposition 2.3 we know that middleman security implies

critical link monotonicity. From Claim 2.2, we know that if a network g satisfies critical link

monotonicity, it is pairwise stable as well and, therefore, link addition proof. Hence, g has to

be strongly pairwise stable.

2.5.2 Middleman Security: Some Applications

We showed in the previous discussion that the presence of middlemen in a network has significant

implications for stability with regard to allocating benefits in a network through the component-

egalitarian allocation rule. Middlemen exert crucial positional power in the allocation process

of those benefits. This paper will not investigate these positional power structures, which is

left for future research. Instead we discuss several examples to illustrate this obstruction to the

proper fair division of benefits to all players in a network.

We first turn to the study of networks that are always middlemen secure, irrespective of the

network value function employed. These networks are denoted as middleman-free. Subsequently

we investigate whether regular or symmetric networks are necessarily middleman-free. This

turns out not to be the case.

Networks without Middlemen

A network g GN is called middleman-free if M(g) = . Hence, in a middleman-free

network there are no middleman positions.
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Proposition 2.5 A network g GN is middleman-free if and only if for every network value

function v VN the pair (g, v) is middleman secure.

Proof. We first consider the case that n > 3 and that the network g GN consists of a

single non-trivial component, i.e., # (g) = 1. Since n > 3 it is obvious that g has to consist of

at least two links.

If :

Suppose to the contrary that g has at least one middleman. We proceed by constructing a

network value function v0 for which (g, v0) is not middleman secure.

Let i M(g) be a middleman in g. Note that by definition of a middleman position it has to

hold that #Li(g) > 2.

Next, consider a critical link set h Li(g) such that C(g \ h ) = {h1, . . . , hm} with i N(h1)

and n(h) > n(h1). It is clear that since g consists of at least two links we can select the

critical link set h for middleman i in this fashion. This follows from an application of the

characterization of a middleman position given in Remark 2.1.

Now select the network value function v0 such that v0(h) = v0(h1) = 1 and v0(hk) = 0 for all

k = 2, . . . ,m. Then we have obviously that

v0(h) = 1 = v0(h1) =
mX
k=1

v0(hk)

and
v0(h)
n(h)

=
1

n(h)
<

1

n(h1)
=
v0(h1)
n(h1)

.

This implies that middleman security is not satisfied for the pair (g, v0).

Only if:

Suppose that g is middleman-free. SinceM(g) = it follows immediately that for any network

value function v VN the pair (g, v) has to be middleman secure.

To show the assertion for any non-empty network, the only remaining case to be investigated

is that g = {ij} for some i, j N . This network g is middleman free and as a consequence

is middleman secure as well. Combining this insight with the previously investigated case we

have shown the assertion for any non-empty network.
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Combining Corollary 2.1 and Proposition 2.5 we attain the insight that e cient and middleman-

free networks are always strongly pairwise stable under egalitarian payo s. In particular this

has bearing on situations with link monotone value functions, in which the complete network

is e cient.

Corollary 2.2 If g GN is middleman-free as well as e cient relative to a nonnegative and

component additive v VN+ , then g is strongly pairwise stable for the component-wise egalitarian

allocation rule Y ce.

Regular Networks

A network g is k-regular if # (g) = 1 and for every player i N it holds that #Ni(g) = k.

Hence, the network consists of exactly one component and every player is connected to exactly

k other players.

The class of k-regular networks has a non-empty intersection with the class of middleman-

free networks for every k > 2. Indeed, it is trivial to see that every 2-regular network has

essentially a unique topology and can be described as a circle consisting of all n players. Such

a network is middleman free. For k > 3 any complete network consisting of n = k + 1 players

is k-regular and middleman free.

On the other hand, for k > 3 there exist networks with critical links and middlemen.

Figure 2-1 depicts a 3-regular network with a unique critical link and, therefore, two middlemen

indicated by “M” in the figure. It should be remarked that it is impossible to construct a 3-

regular network that has a unique middleman.

For larger values of k it is possible to construct k-regular networks with a unique middleman.

Figure 2-2 depicts a 4-regular network with a unique middleman indicated by “M”.

2.6 Conclusions

In this chapter we have investigated the properties of a link based stability concept called strong

pairwise stability. It di ers from pairwise stability by permitting the simultaneous deletion of a
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M M

Figure 2-1: A 3-regular network with one critical link

M

Figure 2-2: A 4-regular network with an unique middleman-position
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subset of the player’s links. We find that while all strong pairwise stable networks are pairwise

stable the reverse is not always true. In many instances like the symmetric connections models

and the spatial version of this model we show that the set of stable networks under both concepts

is identical. However, when there exist positive spillovers from own links we show this is not

always the case. Our main focus is on the tension between stability and e ciency of networks.

We find that under the component-wise egalitarian allocation rule, critical link monotonicity

(which is adequate for pairwise stability) is not su cient to ensure that all e cient networks are

strong pairwise stable. Instead we show that for middleman security, under the component-wise

egalitarian rule there is no tension between stability and e ciency.
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2.7 Proofs and Derivations

Proof of Proposition 2.2

All subsequent notions are developed fully within the context of the symmetric connections

model with payo parameter (0, 1) and cost parameter c > 0. Consider any network g. Let

i, j N . The shortest path between these two agents (assuming that a path exists between

i and j) is denoted by pij(g). The set of all such shortest paths is Pij(g). If there is no path

between i and j, then Pij(g) = .

Recall that tij(g) denotes the number of links in the shortest path between i and j, and

is called the geodesic distance between i and j. If Pij(g) = , then tij(g) = . Otherwise

tij(g) = |N(pij(g))| 1.

The neighborhood of i is denoted by Ni(g). It is the set of all agents who have a link with

j, namely, Ni(g) = {j|ij g}.
The neighborhood link-set of i denoted by Li(g) is the set of all links adjacent to i, namely,

Li(g) = {ij|j Ni(g)}. Note that every path between i and j can contain one and only

one member of the neighborhood link set Li(g) as well as one and only one member of the

neighborhood link set Lj(g).

Denote by ij
ik(g) the reduction in gross benefits accruing to player i from player k by

deleting link ij g through a possible increase in geodesic distance between i and k. Then,
ij
ik(g) > 0. The set of k for which

ij
ik(g) is positive is rather restricted, namely

ij
ik(g) > 0 is if

for all pik(g) Pik(g), pik(g) Li(g) = {ij}. In that case

ij
ik(g) =

tik(g) tik(g ij)

The set of all k N for which ij
ik(g) > 0 is denoted by Wij(g).Obviously, j Wij(g).

Following Jackson and Wolinsky (1996), let uiji (g) denote the gain to agent i by deleting

link ij. Then,

uiji (g) = c
X

k Wij(g)

ij
ik(g)

In general we use uhi (g) to denote the gain to agent i by deleting a star h g.6

6Obviously i has to be the center of the star h.
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Lemma 2.1 For any network g such that ii1, ii2 g, uii2i (g ii1) 6 uii2i (g).

Proof. First note that any path between i and k N cannot include more than one

member of Li(g). Given that any path between k Wii2(g) must by definition include ii2, it

cannot possibly include ii1. Hence, elimination of ii1 cannot disconnect any such path. Hence,

Wii2(g) =Wii2(g ii1) =W (2.15)

This also means that the geodesic distance between i and k, where k W , in g and g ii1 are

the same. Hence, for all k W ,

tik(g) = tik(g ii1) (2.16)

Now,

uii2i (g) = c
X

k Wii2
(g)

ii2
ik (g)

= c
X
k W

h
tik(g) tik(g ii2)

i

Also,

uii2i (g ii1) = c
X

k Wii2(g ii1)

ii2
ik (g ii1)

= c
X
k W

ii2
ik (g ii1) from (2.15)

= c
X
k W

h
tik(g ii1) tik(g\{ii1,ii2})

i
= c

X
k W

h
tik(g) tik(g\{ii1,ii2})

i
from (2.16).

Hence, in order to find out which one is greater, we have to compare tik(g ii2) and tik(g \
{ii1, ii2}) for all k W .

Given, g \ {ii1, ii2} g ii2, tik(g \ {ii1, ii2}) > tik(g ii2).

Also, given 0 < < 1 and tik(g \ {ii1, ii2}) > tik(g ii2), tik(g\{ii1,ii2}) 6 tik(g ii2) for all

k W . Hence, uii2i (g ii1) 6 uii2i (g).
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Lemma 2.2 Consider any network g which is pairwise stable. Then it is strongly pairwise

stable as well.

Proof. Let g be a pairwise stable network in the connections model. To show the assertion

we only have to prove that the network is strong link deletion proof. Consider any player i

contemplating deletion of a set of m links ii1, ii2, . . . , iim where i1, i2, . . . , im Ni(g). Let

h = {ii1, ii2, . . . , iim}
Then, one way to represent the resulting gain is as follows:

uhi (g) = u
ii1
i (g) + u

ii2
i (g ii1) + u

ii3
i (g \ {ii1, ii2}) + · · ·+ uiimi (g \ {ii1, ii2, . . . , iim 1}) (2.17)

Since, g is strong deletion proof, uiil(g) 6 0 for all l = 1, 2, . . . ,m.

Now, we can apply Lemma 2.1:

uii1i (g) 6 0

uii2i (g ii1) 6 uii2(g) 6 0

uii3i (g \ {ii1, ii2}) 6 uii3(g ii1) 6 uii3(g) 6 0

Proceeding thus each term on the right hand side of the third inequality is non-positive. Hence

uhi (g) being a sum of non-positive terms is non-positive as well. Consequently, g is strong link

deletion proof.
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Chapter 3

Retail Peering Among Internet

Service Providers

3.1 Introduction

The Internet is a super-network, or a network of networks, each individual network consisting

of computers connected via fibre-optic or copper lines. Each firm has its own network. The

end-users of the Internet are consumers and websites. End-users generally want to have access

to all other possible end-users, regardless of the network they are attached to. To provide such

universal connectivity to their users, the firms must interconnect with each other and share their

network infrastructure. Two main forms of interconnection emerged following privatization of

the National Access Points - peering under which firms carry each other’s tra c without any

payments and transit under which the downstream firm pays the upstream firm a certain

settlement payment for carrying its tra c.

Universal connectivity requires some structure on the connectivity agreements. The Internet

has a loosely hierarchical structure (Ross and Kurose, 2000). At the top of the hierarchy

are the backbones, also called Internet Access Providers (hereafter IAPs), that own national

and/or international high speed networks. The four largest IAPs in the U.S. are UUNET/MCI

(27.9%), AT&T (10%), Sprint (6.5%) and Genuity (6.3%) (Haynal, 2003). The second layer

of the hierarchy includes so called retail Internet Service Providers (hereafter ISPs). At the

bottom of the hierarchy are the end users, i.e. namely consumers who browse the web and
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Figure 3-1: Hierarchical structure of the Internet

websites.

In general,end-users connect to ISPs. ISPs connect to backbones. Backbones connect to each

other at the National Access Points (hereafter NAPs) as illustrated in Figure 3-1. With regard

to connectivity agreements, large IAPs mostly peer with each other at the NAPs and these

are called public peerings. The growing congestion at the NAPs have increasingly necessitated

private peering between the IAPs which refer direct connections between providers bypassing

NAPs. ISPs generally have transit agreements with backbones but they also privately peer with

other ISPs which are called retail peerings.

We refer peering between two ISPs connected to the same backbone as intra-backbone

peering and that between two ISPs connected to di erent backbones as inter-backbone peering.

We show both kinds of peering in Figure 3-2.

Inter and intra-backbone peerings among Internet Service Providers have two distinct e ects

on the quality of service and ultimately profits of the firms. First, intra-backbone peering

reduces the tra c within the backbone and raises the quality of all ISPs connected to that
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Figure 3-2: Inter-backbone and intra-backbone peering

backbone. Inter-backbone peering reduces the tra c between backbones and raises the quality

of all ISPs connected to both backbones. We call this the symmetric e ect or tra c diverting

e ect. In Figures 3-3 and 3-4, the red arrows indicate the route taken by tra c travelling

trough privately peered lines. The dotted blue arrows indicate the route that would have been

taken by the same tra c in absence of retail peering. Due to the symmetric e ect, peering in

general has strong positive externalities.

The chief reason why ISPs may be interested in peering is not the symmetric e ect but the

asymmetric e ect or the circumventing e ect. Users (both web sites and consumers) who con-

nect through privately peered lines avoid the congestion/delays associated with going through

backbones and National Access Points. This raises the quality of the ISPs who peer and in-

creases the demand of those ISPs. We call this the asymmetric or circumventing e ect.

The first e ect has been captured by DangNyugen and Penard (1999) using a model of club

behavior and vertical di erentiation. They consider a model with two asymmetric backbones

and identical retail ISPs connected to those backbones. The retail ISPs engage in both intra-

backbone peering and inter-backbone peering. They make the assumption that ISPs connected

to the same backbone behave like a club and collude with regard to pricing and connectivity
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Figure 3-4: Symmetric e ect of intra-backbone peering
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behavior. The authors extend the standard model of vertical product di erentiation to show

that ISPs connected to the high quality backbone will always peer with each other. But they

may or may not peer with the ISPs connected to the low quality backbone. Also, in the latter

case, the ISPs of the low quality backbone will peer with each other. The results are illustrated

with some evidence from the French Internet market. The second e ect has been captured

among others, by Badasyan and Chakrabarti (2004a) who show that threat of tra c diversion

creates strong incentives for peering among backbones or IAPs.

DangNyugen and Penard’s (1999) model has several weaknesses. First, they only take the

symmetric e ect and not the asymmetric e ect into account. Given that the asymmetric e ect

provides the principal incentives for peering, a realistic model of retail peering would take both

e ects into account. Second, as the authors themselves admit, the assumption of club behavior

is quite strong. Even if ISPs collude, there is no reason why they would collude within and not

across backbones.

We modify their model in two principal ways. We have a model of non-cooperative behavior

on the part of the firms and we take both the symmetric and asymmetric e ects into account.

ISPs can choose to peer both within and across backbones. A two stage game is considered. In

the first stage, ISPs decide on peering and in the second stage, given the contractual configura-

tion, they compete in prices. We find that symmetric and asymmetric e ects of peering often

have opposite e ects on firms’ profits making the net e ect ambiguous. Hence, the decision to

peer or not largely depends on underlying parameters such as network capacity, number of ISPs

connected to each backbone and number of consumers and websites connected to each ISP. In

examples with six ISPs and two backbones, we find that a variety of configurations emerge in

equilibrium depending on the values of the aforesaid parameters.

Before starting the formal analysis, we will briefly discuss the literature. Much of the

literature on Internet economics has focussed on connectivity and pricing. With regard to

connectivity, consider a model of two firms connected by a line and exchanging tra c under a

peering contract. If there are large asymmetries between the providers, there will be a tendency

on part of the smaller firm to free-ride on the common line. This reduces incentives to invest in

the common line, and generally, one would expect investment in the Internet infrastructure to be

sub-optimal under peering. A number of authors have made this point in a variety of contexts
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(see Little and Wright (1999), Cremer et al. (2000)). Such problems can be avoided under

transit or settlement payments. However, transit between large backbones may be impractical

given prohibitive costs of monitoring the Internet tra c and may account for the paucity of

transit agreements among large backbones. In the future, when monitoring technology improves

bringing down monitoring costs, we expect to see peering agreements being replaced by transit

agreements.

There is a related body of literature in Internet economics that deal with pricing. The

Internet is priced as a free good, namely, consumers and websites are charged for access but not

usage. One they pay a fixed access fee, consumers and websites are entitled to unlimited usage.

Mackie-Mason and Varian (1995) have pointed out that this type of flat-rate pricing encourages

overusage and hence congestion. Their solution to the problem is setting up a smart market

to price consumers according to usage. Of course, this involves a technological leap but may

become feasible in near future.

There is also a small body of literature related to product di erentiation. Currently, Internet

services o ered by an ISP have little horizontal di erentiation o ering the same basic services

of web-browsing, emails, real time conversation and some Internet telephony. There is some

limited vertical di erentiation with dial-up connections coexisting with DSL, ethernet etc. Some

authors have issues related to product di erentiation in services. Odlyzko (1997) suggests

multiservice mechanism, where users can choose between first and second class service and

pay accordingly, even though the quality is not necessarily di erent. Gibbens et al (2000)

discusses the competition between two Internet service providers, when either or both of them

choose to o er multiple service classes. Assuming a uniform distribution of user preferences

towards congestion and a finite number of networks, they prove that, even when Internet service

providers are free to set capacities as well as prices, multiproduct competition is not sustainable

in a profit maximizing equilibrium.

The rest of the paper is organized as follows. In section 3.2, we discuss the assumptions

underlying the model. In section 3.3, we analyze the second stage and we determine equilibrium

prices. In section 3.4, we analyze the first stage and determine the equilibrium networks. In

section 3.5, we conclude. Section 3.6 has proofs and derivations.
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Figure 3-5: Structure of interconnection arrangements in the model

3.2 The Model

We begin with the assumptions underlying the model. We consider two backbones A and B and

a finite set of ISPs denoted by N = {1, 2, 3, . . . , n} where n N, the set of natural numbers.

We assume that each ISP is connected to one of the backbones, but not both. Every ISP

has a transit agreement with the backbone it is connected to. According to that agreement

the ISP pays the backbone a certain settlement for interconnection which is given exogenously.

Without loss of generality, we assume that ISPs 1, . . . ,m are connected to backbone A and ISPs

m + 1, . . . , n are connected to backbone B. Let NA = {1, . . . ,m} and NB = {m + 1, . . . , n}.
Generally we will index backbones by l, l {A,B} and ISPs by i, j, i, j N . We illustrate

this in Figure 3-5. We assume that each ISP pays an access fee (transit) cl if it is connected

to backbone l.We distinguish between two types of end-users - consumers and websites. There

is a continuum of consumers of mass 1 and a continuum of websites of mass 1 as well. We

assume away any micro-payments from websites to consumers and vice versa. Let i denote

the proportion of consumers connected to ISP i and di be the proportion of websites connected
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to ISP i. Obviously
nX
i=1

i = 1 =
nX
i=1

di

Also denote
mX
i=1

i =

i’s are given exogenously. di’s will be determined endogenously by explicit modelling of website

preferences. Thus, is the proportion of consumers who have chosen the ISPs connected to

backbone A. Similarly, 1 is the proportion of consumers who have chosen the ISPs connected

to backbone B.

In general it can be asserted that there is little tra c between websites. Tra c between

consumers while not negligible are miniscule compared to tra c from websites to consumers.

Thus, most of the tra c between the websites and the consumers is unidirectional, i.e., from

websites to consumers. To capture this tra c pattern in its simplest form, we ignore all tra c

between consumers, and from consumers to websites and focus exclusively on the tra c from

websites to consumers. We assume, following La ont et. al (2003), that consumers are inter-

ested in all websites independently of their network choices. A consumer is as likely to request

a page from a given website belonging to her network as another website belonging to a rival

network. This is referred in the aforesaid paper as ”balanced calling pattern”. Hence, we as-

sume each consumer requests one unit of tra c from each website. This gives precise measure

to the proportion of tra c originating in ISP i and terminating in ISP j, namely,

tij = di · j

To be consistent with the standard terminology, we refer to tra c between ISPs belonging to

the same backbone as on-net tra c and tra c going from one backbone to another as o -net

tra c. With regard to tra c movement between backbones, backbone providers follow what is

called “hot potato routing” - pass o net tra c as soon as possible. Given this pattern of tra c,

it is not unrealistic to assume that all o -net tra c is borne by the receiver backbone. Hence,

tra c requested by consumers in backbone A from websites in backbone B will be borne by

backbone A. Similarly, tra c requested by consumers in backbone B from websites in backbone
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A will be borne by backbone B.

Let Ui be the utility derived by a website connected to ISP i. We assume

Ui = V i pi

where pi is the price charged by ISP i and i is the delay associated with ISP i, and V is the

value from the connectivity to the Internet. We assume V to be su ciently large so that no

website drops out of the market, in other words, there is no participation constraint.

Let tl be the amount of tra c coming into backbone l. Given the balanced calling pattern

and the hot potato routing,

tA =
mX
i=1

mX
j=1

i · dj +
mX
i=1

nX
j=m+1

i · dj =

tB =
nX

i=m+1

mX
j=1

i · dj +
nX

i=m+1

nX
j=m+1

i · dj = 1

ISPs can enter into private peering agreements with each other. If two ISPs build a private

peering link, then that peering is referred to as intra-backbone peering, if the ISPs are con-

nected to the same backbone, and inter-backbone peering, if the ISPs are connected to di erent

backbones. For example, in Figure 3-6, ISP 2 has an intra-backbone peering agreement with

ISP 1 and an inter-backbone peering agreement with ISP m + 2. For any two distinct ISPs i

and j, define a binary variable ij {0, 1} where

ij =
1 if a private peering arrangement exists between i and j

0 if no such arrangement exists

Obviously, ij = ji. If ij = 1, we say a link exists or a link is formed between i and j. The

network g = {ij| ij = 1, i, j N, i 6= j} is then a collection of links. Let g ij denote the

network obtained by severing an existing link between i and j from the network g while g + ij

is the network obtained by adding a new link between i and j in the network g. The network g

for which ij = 1 for all i, j N, i 6= j is called the complete network. The network g for which
ij = 0 for all i, j N, i 6= j is called the empty network.
We assume each private peering link entails a capacity amounting to between i and j.

45



Backbone A Backbone B

NAP 

ISP1

End users

ISP2 …
ISPm

ISPm+1

…

ISPN

ISPm+2 ISPN-1

Inter-backbone PeeringIntra-backbone Peering

Backbone ABackbone A Backbone BBackbone B

NAP NAP 

ISP1ISP1

End usersEnd users

ISP2ISP2 …
ISPmISPm

ISPm+1ISPm+1

…

ISPN

ISPm+2 ISPN-1

Inter-backbone PeeringIntra-backbone Peering

Figure 3-6: Inter-backbone and intra-backbone peering agreements in the model

Thus capacity of each private peering link is exogenously given and set equal to . Usage is

shared equally and costs are borne equally. Assuming quadratic costs, each such link costs 2

and the cost borne by each of the two ISPs forming a link is 2/2. We assume that the private

lines are completely uncongested and hence tra c traversing such links experience zero delays.

Given that private links carry tra c that otherwise would have been carried by backbones,

private peering links also reduce backbone congestion by reducing backbone tra c.

Now we can compute the average delay experienced by ISP i, namely, i. Let nAA denote

the number of intra-backbone links for backbone A, nBB be the number of intra-backbone links

for backbone B, and nAB be the number of inter-backbone links. Obviously,

nll =
X
j Nl

X
i Nl, i<j

ij

nAB =
X
j NB

X
i NA

ij

where l {A,B}.
Further, let niA be the number of links ISP i has with members of NA and niB be the
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number of links ISP i has with members of NB. Let ni be the total number of private links of

ISP i. Hence,

nil =
X

j Nl, ,j 6=i
ij

ni = niA + niB

where l {A,B}.
Let l be the reduction or leakage in the tra c of backbone l as a result of private peerings.

Then,

A = (nAA) · + (nAB) · ( /2)

B = (nBB) · + (nAB) · ( /2)

Delays occur due to excessive tra c in the backbone. Define sl to be the network capacity

of backbone l (l {A,B}). The network capacity is the maximum amount of tra c that the

backbone can handle without experiencing delay. We assume that the network capacities are

exogenously given. The tra c of backbone l is reduced by the amount of on-net tra c diverted

through intra-backbone private peering links and by the amount of the outgoing o -net tra c

diverted through inter-backbone peering links. Each intra-backbone link reduces on-net tra c

by and each inter-backbone link reduces o -net outgoing tra c by /2 given that usage of

peered links is shared equally.

Hence, if l is the amount of congestion in backbone l, then

l = tl sl l

Tra c going through private peering links experience zero delays because we explicitly assume

that ISPs keep their private links uncongested. All extra tra c is routed through the backbones.

The tra c going through backbone A experience congestion of A and the tra c going through

backbone B experience a congestion of B. If A > B, we refer to A as the low quality backbone

and B as the high quality backbone and vice versa.

Consider an ISP connected to backbone A. Given that this ISP has niA intra-backbone
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links and each such link can carry /2 of tra c, on-net tra c circulating through privately

peered lines is equal to niA · ( /2) and this tra c experiences zero delay. Given that total

volume of on-net tra c going out from this ISP is · di, the tra c that traverses backbone A

and experiences a delay of A is · di niA · ( /2). Next, the o -net tra c going out from

this ISP is (1 ) · di of which again niB · ( /2) amount of tra c travels through privately

peered lines and experiences zero delay. Hence, a volume of (1 ) · di niB · ( /2) amount
of tra c traverses both backbones and is largely borne by the receiver backbone B and hence

experiences delay B. Therefore, if i NA
1,

i = A · ( · di niA · ( /2)) + B · ((1 ) · di niB · ( /2))

Similarly, if j NB,

j = B · ((1 ) · dj njB · ( /2)) + A · ( · dj njA · ( /2))

Equilibrium demands are determined by equating utilities of all websites given that in equi-

librium all websites must derive an identical utility from each ISP. As far as the ISPs are

concerned, we will analyze a two-stage game. In the first stage, ISPs form links that determines

the network structure g. In the second stage they compete in prices. Consistent with the logic

of backward induction, we start with the second stage.

3.3 Analysis of the Second Stage

When ISPs decide on private peeing agreements in the first stage, a network g, is formed, and

nAA, nBB and nAB are determined. Given a certain network g and the fact that firms compete

in prices, we can solve for equilibrium prices in the second stage. We show the details in section

3.6. Here we just present the results in the form of Proposition 3.1.

1Tra c going from websites to consumers connected to the same ISP do not have to traverse any backbone or
private peering link. So strictly speaking, we have to deduct this leakage from tra c flows through backbones.
We assume that this leakage is relatively small and can be ignored.
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Proposition 3.1 Suppose the following parameter constraints are satisfied.

0 < sA < < 1 (3.1)

0 < sB < 1 (3.2)

0 < < Min

½
2( sA)

m(n 1)
,

2(1 sB)

(n m)(2 · n 2 ·m 1)

¾
(3.3)

Denote

i =
(niA · A + niB · B)

2
for all i Ne = · A + (1 ) · B

A = sA

³
nAA +

nAB
2

´
B = (1 ) sB

³
nBB +

nAB
2

´
Then there is an unique interior solution represented by an equilibrium price, demand and profit,

respectively, of i Nl in stage 2 is given by

pi =

Ã e
n 1

!
+

1

2n 1
n · i

nX
j=1

j (3.4)

di =

µ
n 1

n · e
¶ Ã e

n 1

!
+

1

2n 1
n · i

nX
j=1

j (3.5)

i =

µ
n 1

n · e
¶ Ã e

n 1

!
+

1

2n 1
n · i

nX
j=1

j

2 µ
2

2

¶
ni cl (3.6)

For the above solution to be valid and be applicable, we need certain parameter constraints.

Specifically, A > 0 and B > 0 requires

<
2( sA)

(2 · nAA + nAB) (3.7)

<
2(1 sB)

(2 · nBB + nAB) (3.8)

sA < (3.9)

sB < 1 (3.10)
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Given that

nAA 6 m(m 1)

2

nBB 6 (n m)(n m 1)

2

nAB 6 m(n m)

we have

2 · nAA + nAB
2

6 m(n 1)

2
2 · nBB + nAB

2
6 (n m)(2 · n 2 ·m 1)

2

Therefore, conditions (3.7) through (3.10) are satisfied for all possible networks under (3.1) to

(3.3). To allow the possibility of link formation within each backbone, we also assume that

m > 1, n > 3.

We have stated before that A is the measure of congestion in backbone A and B is the

measure of congestion in backbone B. The backbone with the lower level of congestion will be

referred to as the high quality backbone and that with the higher level of congestion will be

referred to as the low quality backbone.

Hence, e = · A + (1 ) · B is the level of congestion in each backbone weighted by

the tra c flowing through each backbone. It is an average measure of congestion in the whole

network. e captures the symmetric e ect of peering because changes in backbone congestion
primarily a ect this parameter.

As far as the asymmetric e ect is concerned, i will be referred to as the “link density factor”

of ISP i. It is proportional to the number of links ISP i has in each backbone weighted by the

level of congestion. The weights reflect the fact that forming links in congested backbones to

divert tra c is more valuable than forming links in uncongested backbones. Next, define

i = n i
1

n

nX
j=1

j
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i which is proportional to the di erence between the link density factor of ISP i and the

average link density factor captures the asymmetric e ect of peering because it is proportional

to i which reflects the impact of circumventing congested backbones on delay.

To see this clearly, we can express the delay or congestion of ISP i, namely i in terms of e
and i.

i = di · e i

Higher the overall backbone congestion, greater is the delay, but delay can be reduced by

increasing the link density factor because tra c can now circulate through uncongested lines.

Increasing demand also increases delay because larger amount of the tra c passes through

congested backbones.

We can express prices, demands and profits in terms of e and i.

pi =

Ã e
n 1

!
+

µ
i

2n 1

¶

di =

µ
n 1

n · e
¶"Ã e

n 1

!
+

µ
i

2n 1

¶#

i =

µ
n 1

n · e
¶"Ã e

n 1

!
+

µ
i

2n 1

¶#2 µ
2

2

¶
ni cl

By gross profits we mean profits gross of link formation costs or profits not taking into

account link formation costs. Hence, gross profit is simply the product of price and demand

minus the transit fee paid to the backbones. We can examine the impact that symmetric and

asymmetric e ects of peering have on gross profits.

Next let us examine how peering a ects gross profits. First note that

pie =
1

n 1
> 0

die =
(n 1) · i

(2 · n 1) · n ·
³e´2 < 0 if i > 0 and > 0 if i < 0.
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Hence, increasing the level of overall congestion increases prices.2 For ISPs with above

average link density, increasing the level of congestion reduces demand while reducing the link

density increases demand. For ISPs with below average link density, the opposite is the case.

Increasing the level of overall congestion increases demand and vice versa.

Now an intra-backbone link reduces e by through its e ect on the backbone the ISPs

belong to. An inter-backbone link reduces e by /2 through its impact on both backbones.

While those boost consumer utilities, they have either a negative or an ambiguous e ect on

firm profits. For ISPs with below average link density ( i < 0) the impact is definitely negative

because given the signs of the derivatives above, both prices and demands fall and hence gross

profits fall. For ISPs with above average link density ( i < 0), the impact is ambiguous. While

prices fall, demands rise and hence the net e ect depends on the relative magnitudes of the two

e ects.

It is somewhat counter-intuitive that peering should have a negative or ambiguous e ect on

gross profit. This is because the e ect of reducing overall congestion on price is always negative.

This is because,

i j = (di dj) · e ( i j)

Hence, any increase in e accentuates the di erence in quality or congestion or the level of
vertical di erentiation between firms i and j. The increase in vertical di erentiation softens

price competition and enables both firms to charge higher prices. In fact, both prices rise by

an exactly equal amount in equilibrium and hence final di erences in prices remain unchanged.

Next, consider the asymmetric e ects of peering. We have

pi

i
=

1

2 · n 1
> 0

di

i
=

(n 1)

(2 · n 1) · n · e > 0
Consider the impact of intra and inter-backbone links on i. There is a direct e ect owing

to the fact the tra c can now travel through uncongested lines and there is an indirect e ect

2This is a standard result for congested goods (see De Palma and Leruth (1989)).
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owing to the impact of link formation on congestion in the backbones A and B. We ignore

the indirect e ect because it involves terms 2 which is negligible if is small. Thus an intra-

backbone link for i Nl boosts i by
n · · l

2
and hence has a positive impact on gross profits.

An inter-backbone link increases i by
[(n 1) l l]

2
where l refers to the backbone other

than l. If i belongs to the high quality backbone, namely, l > l, inter-backbone links increase

gross profits. If i belongs to the low quality backbone, l < l, inter-backbone links increase

gross profits provided the quality di erence between the two backbones is not very high, i.e.

(n 1) l > l. However, if the quality di erence between the two backbones is very high,

(n 1) l < l, then inter-backbone peering has indeed a negative e ect on gross profits.

Hence we get Proposition 3.2.

Proposition 3.2 (a) For ISPs with link density that is below the average link density, the sym-

metric e ects of intra-backbone or inter-backbone peering on gross profits are always negative.

For those with link density above the average, the e ect is ambiguous.

(b) For all ISPs, the asymmetric e ect of intra-backbone peering on gross profits is always

positive. For ISPs connected to high quality backbones, the e ect of inter-backbone peering is

also positive. However, for ISPs connected to low quality backbones, the e ect is positive if the

di erence in quality between the two backbones is su ciently small and negative otherwise.

We can summarize these facts in form of the following tables. Let HH denote the fact that

the ISP in question belongs to the high quality backbone and has higher than average link

density. Let HL denote the fact that the ISP in question belongs to the high quality backbone

and has lower than average link density. Let LH denote the fact that the ISP in question belongs

to the low quality backbone and has higher than average link density. Let LL denote the fact

that the ISP in question belongs to the low quality backbone and has lower than average link

density. We analyze the e ect of peering on gross profit under the two following conditions:

condition 3.1 requiring that (n 1) l > l and condition 3.2 requiring that (n 1) l < l.

Hence, one finds that quite often the symmetric e ect and asymmetric e ects actually work

against each other. This is because while peering improves quality and hence prices, demands

and profits, its e ect on backbone congestion has the unintended e ect of reducing vertical

di erentiation, sti ening price competition and reducing prices and profits. The net e ect us
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PositiveNegativePositiveNegativeHL
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Table 3.1: E ect of peering on gross profits under condition 3.1

NegativeNegativePositiveNegativeLL

NegativeAmbiguousPositiveAmbiguousLH

PositiveNegativePositiveNegativeHL

PositiveAmbiguousPositiveAmbiguousHH

Asymmetric 
Effect

Symmetric
Effect

Asymmetric 
Effect

Symmetric
Effect

Inter-backbone PeeringIntra-backbone Peering
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Asymmetric 
Effect

Symmetric
Effect

Asymmetric 
Effect

Symmetric
Effect

Inter-backbone PeeringIntra-backbone Peering

Table 3.2: E ect of peering on gross profits under condition 3.2
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almost always ambiguous and stating anything further would require comparison of relative

magnitudes which in turn would depend on relative values of parameters , sl and m. Hence

one would expect to find a multitude of equilibrium networks depending on the values of these

parameters, a fact that we illustrate in the next section with an example.

However, we can state one thing with certainty. If the quality di erence between the two

backbones is substantial, namely (N 1) A < B or vice versa, then ISPs connected to the

low quality backbone have no interest in inter-peering if they also have lower than average link

density. This is because gross profits reduce with inter-backbone peering given that both the

symmetric and asymmetric e ects are negative, and the added cost of link formation further

reduces net profits. This actually forms the basis of Proposition 3.3 formulated in the next

section.

3.4 Analysis of the First Stage

We will analyze the first stage using the notion of pairwise stability which was introduced by

Jackson and Wolinsky (1996). A network is pairwise stable if given the network, there is no

incentive to either form links or destroy links. Since links are formed unilaterally but can be

broken bilaterally, we can formally define it as follows:

Definition: Let i(g) denoted the reduced profits of stage 1 for a network g. The network

g is pairwise stable if for all i, j N :

(a) If ij = 1, then i(g) > i(g ij) and j(g) > j(g ij)

(b) If ij = 0 and i(g + ij) > i(g), then j(g + ij) < j(g)

The intuition here is quite simple. Links are formed bilaterally but can be broken unilaterally.

Hence, in a pairwise stable network, neither player should gain by breaking a link while at least

one player must lose or remain indi erent through forming a new link.

Before we continue with an example, let us formalize our analysis in the previous section in

the form of Proposition 3.3.

Proposition 3.3 Let (n 1) l < l where l represents the low quality backbone, namely the
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quality di erential between the two backbones is su ciently large. Then, in any pairwise stable

network, there will be no inter-backbone peering between two ISPs with di erent link densities

if the ISP belonging to the low quality backbone has lower than average link density.

In all other cases, given that net e ects of peering are ambiguous, we cannot state anything

for certain. Thus, we can consider an example. We only study six-provider networks. The

choice of six is not entirely arbitrary. Since the number of ISPs attached to each backbone has

to be greater than or equal to two for any meaningful analysis, six is the smallest number that

allows us to consider both symmetry as well asymmetry in the number of firms attached to

individual backbones. We will consider only the following eight possible cases or eight possible

networks.3

1. All ISPs peer with each other. The resulting network called a complete network is

denoted by gAB1.

2. There is no peering whatsoever. The resulting network called an empty network is

denoted by g000.

3. All ISPs belonging to both backbones engage in intra-backbone peering but there is no

inter-backbone peering. We refer to the resulting network by gAB0.

4. All ISPs belonging to backbone A engage in intra-backbone peering. However there is

neither any inter-backbone peering nor any intra-backbone peering in backbone B. We refer to

this network as gA00.

5. All ISPs belonging to backbone B engage in intra-backbone peering. However there is

neither any inter-backbone peering nor any intra-backbone peering in backbone A. We refer to

this network as g0B0.

6. All ISPs belonging to backbone A engage in intra-backbone peering. There is no intra-

backbone peering in backbone B but there is inter-backbone peering. We refer to this network

as gA01.

7. All ISPs belonging to backbone B engage in intra-backbone peering. There is no intra-

backbone peering in backbone A but there is inter-backbone peering. We refer to this network

as g0B1.

3Checking more complicated networks for pairwise stability requires some programming which is reserved as
a future endeavour.
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8. No intra-backbone peering whatsoever but there is inter-backbone peering. We refer to

this network as g001.

Case 3.1: We start with perfect symmetry, namely, = 0.5, m = 3, sA = sB = s (say).

Then the area where all parameter constraints (3.1)-(3.3) are satisfied is represented by Figure

3.7A where we plot and s along the two axes. This figure and all subsequent figures are in

given in appendix to this chapter. We will refer to the parameter range for which constraints

(3.1)-(3.3) are satisfied as the feasible parameter range or the feasible range.4

We find that with complete symmetry, two networks are pairwise stable in the feasible

parameter range, namely, the complete network and the empty network. Figure 3.7B represents

the area where the complete network is pairwise stable. Figure 3.7C represents the area where

the empty network is pairwise stable. The two areas represent mutually exclusive parameter

ranges. Hence, for a given set of parameter values, there is an unique pairwise stable network

which is either the complete or the empty network. This is clear from Figure 3.7D where we

represent the two areas in the same figure. Under complete symmetry, all firms face exactly

the same benefits and costs. Hence, it is expected that we get symmetric outcomes, namely

either all firms will peer or nobody will peer. Depending on the magnitudes of and s either

outcome is feasible.

Case 3.2: Next we will introduce asymmetries. We find that introduction of asymmetries

results in other pairwise stable networks. We begin with an asymmetry in the network capacity.

Specifically, assume that sA > sB = s. We plot , sA and sB = s along the three axes. We

find that there are two additional pairwise stable network configurations within the feasible

parameter range besides the complete and the empty network, namely, the network gAB0 and

the network g0B0. We summarize this in figures 3.7E to 3.7I. The figures are three dimensional

to account for the fact that sA and sB are represented in two di erent axes. Figure 3.7E

represents the feasible parameter range. Figure 3.7F represents the area where the complete

network is pairwise stable. Figure 3.7G represents the area where the empty network is pairwise

stable. Figure 3.7H represents the area where the network gAB0 is pairwise stable. Figure 3.7I

represents the area where the network g0B0 is pairwise stable.

Case 3.3: Next, starting from perfect symmetry, let us introduce an asymmetry in the

4The figures have by developed using Mathematica.
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number of firms connected to each backbone. Here our options are quite limited. We can

consider only the case where m = 4 and n = 6. We plot and s(= sA = sB) on the two axes.

We find that again there are two possible pairwise stable networks besides the complete and the

empty network in the feasible parameter range, namely, the network gAB0 and the network g0B0.

We represent this situation in figure 3.7J to 3.7O. Figure 3.7J represents the feasible parameter

range. Figure 3.7K represents the area where the complete network is pairwise stable. Figure

3.7L represents the area where the empty network is pairwise stable. Figure 3.7M represents

the area where the network gAB0 is pairwise stable. Figure 3.7N represents the area where the

network g0B0 is pairwise stable. The areas are mutually exclusive hence for a certain parameter

value we get an unique stable network. This can be seen from figure 3.7O where we bring all

the di erent areas in one figure.

Case 3.4: Finally, let us explore asymmetries in the consumer base. Assume, for instance,

starting from a perfectly symmetric setup with n = 6, that > 0.5. We represent this situation

in figure 3.7P to 3.7T. The figures are three dimensional and we plot , and s(= sA = sB)

along the three axes. This time we find that besides the complete and the empty network, two

more networks namely gAB0 and gA00 are pairwise stable within the feasible parameter range.

Figure 3.7P represents the feasible parameter range. Figure 3.7Q represents the area where the

complete network is pairwise stable. Figure 3.7R represents the area where the empty network

is pairwise stable. Figure 3.7S represents the area where the network gAB0 is pairwise stable.

Figure 3.7T represents the area where the network gA00 is pairwise stable.

We summarize these results of our simulations in the form of Observation 3.1.

Observation 3.1 Let n = 6 and parameter values satisfy constraints (3.1)-(3.3). Then,

(1) for complete symmetry, namely, = 0.5,m = 3 and sA = sB, there are two pairwise stable

networks, namely the complete network and the empty network; (2) for an asymmetry in the

network capacity, namely, = 0.5,m = 3 and sA > sB, there are four pairwise stable networks,

namely the complete network, the empty network, gAB0 and g0B0. (3) for an asymmetry in the

number of firms connected to each backbone, namely, = 0.5,m = 4 and sA = sB, there are

four pairwise stable networks, namely the complete network, the empty network, gAB0 and g0B0

(4) for an asymmetry in the consumer base, namely, > 0.5,m = 3 and sA = sB, there are

four pairwise stable networks, namely the complete network, the empty network, gAB0 and gA00.
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Nature of asymmetry Pairwise Stable Networks
None gAB1, g000
Asymmetry in network capacity sA > sB gAB1, g000, gAB0, g0B0
Asymmetry in the the number of firms m > n/2 gAB1, g000, gAB0, g0B0
Asymmetry in the consumer base > 1/2 gAB1, g000, gAB0, gA00

Table 3.3: Results of the example

We summarize this in the following table.

We find there are two major trends in our example.

(a) First, when ISPs connected to backbones whose congestion, without taking to account

leakage due to peering, namely ( l + l), is higher tend to intrapeer, the ISPs belonging to the

other backbone do not intrapeer.

(b) There is no interpeering in presence of asymmetries in networks other than the complete

network.

Now, (b) could be partly due to Proposition 3.2 especially given the fact that n is small.

But there is likely other e ects that we are unable to capture in a formal manner.

We will briefly compare our results with that of DangNyugen and Penard (1999). In their

model, ISPs connected to each backbone collude with each other and behave like a club while

ours is a purely non-cooperative game. Further, in their model, the only asymmetry is with

regard to an exogenously given quality, while in ours there are many sources of asymmetry and

quality is determined endogenously by a complex interaction of several factors. Their model

only takes the symmetric e ect into account while ours take both e ects into account. If we

extend their results in context of pairwise stability, one would be likely to observe the network

configuration gA00, gAB0 and g0B0 depending on whether A or B is the high quality backbone.

We also find that in our simulations, these three networks recur with some regularity. However,

depending on parameter values, two other networks namely, the complete and empty network

are also pairwise stable.

3.5 Conclusions

We find that there are two main avenues by which peering a ects gross profits. The impact on

the quality of service o ered by the ISP given that tra c can circumvent congested backbones
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which we term the asymmetric e ect and the impact on backbone congestion which we term

the symmetric e ect. The asymmetric e ect generally increases gross profits and the symmetric

e ect has a negative or ambiguous impact on gross profits. The two e ects often work against

each other making the net e ect ambiguous as well.

One may object to this paper on the grounds that it does not have a clear point as a result of

our equilibrium analysis. Yet, it is precisely that absence of a punchline that we strive to show.

Retail peering has quite complicated e ects on firm profits and it is by no means certain that

improving the quality of service by forming peering agreements would automatically increase

gross profits even if we disregard the costs of peering. Peering among retail ISPs have both a

positive and negative e ect with regard to gross profits. On the positive side, peering improves

quality, increases demand and enables firms to charge higher prices. On the negative side, it

reduces di erentiation and promotes sti er price competition. Also, it may lead to overuse

of one’s network without adequate reciprocity. The relative magnitude of these factors help

or hinder peering. In complex settings, such magnitudes also quite complex to analyze and

give rise to a multitude of equilibrium configurations depending on the various exogenously

determined factors. This paper helps to illustrate this with the help of simulations.
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Figure 3-7: Figures related to the example
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3.6 Proofs and Derivations

We will solve for the Nash equilibrium from the second stage. Given the network g, we know

nil for i N , l {A,B}. Further, we know nAA, nAB and nBB.
Let ,

i =
(niA · A + niB · B)

2
for all i Ne = · A + (1 ) · B

A = sA

³
nAA +

nAB
2

´
B = (1 ) sB

³
nBB +

nAB
2

´
We know that if i NA,

i = A · ( · di niA · ( /2)) + B · ((1 ) · di niB · ( /2))

If i NB,

i = B · ((1 ) · di niB · ( /2)) + A · ( · di niA · ( /2))

Hence,

i = di · e i for all i N

Equating utilities across websites, for all i 6= j

Ui = Uj

i + pi = j + pj

di · e i + pi = dj · e j + pj = (say)

di =
+ i pie for all i N
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Now,

nX
i=1

di = 1

n ·
nP
i=1
pi +

nP
i=1

ie = 1

=

e+ nP
i=1
pi

nP
i=1

i

n

Hence,

di =

µ
1e
¶
·

e+ nP
j=1
pj

nP
j=1

j

n
+ i pi

=
1

n
+

µ
1

n · e
¶ nX

j=1

(pj j) n · (pi i)

=
1

n
+

µ
1

n · e
¶ X

j 6=i
(pj j) (n 1) · (pi i) (3.11)

Equation (3.11) gives us equilibrium demands for all ISPs. Next we will solve for equilibrium

prices. Profits for ISP i are given by

i = pi · di Ci

where costs of ISP i connected to backbone l are given by

Ci =

µ
2

2

¶
· ni + cl

Since Ci does not depend on prices, it can be treated as a constant.

Hence,
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pi · di =
pi
n
+

µ
pi

n · e
¶ X

j 6=i
(pj j) (n 1) · (pi i)

=
pi
n
+

µ
pi

n · e
¶ X

j 6=i
(pj j)

µ
n 1

n · e
¶
· (p2i i · pi)

i

pi
=

1

n
+

µ
1

n · e
¶ X

j 6=i
(pj j)

µ
n 1

n · e
¶
· (2 · pi i) = 0

pi =

µ
1

2 · n 1

¶
· e+ nX

j=1

pj

nX
j=1

j +N · i

Let
nX
j=1

pj = ep and nX
j=1

j = e
.

Then

pi =

µ
1

2 · n 1

¶
·
he+ ep e + n · i

i
Summing up for all i,

ep =

µ
n

2 · n 1

¶
·
·e+ ep e] +µ n

2 · n 1

¶
· e¸

=

µ
n

2 · n 1

¶
· (e+ ep)

ep = e · n
n 1

Hence,

pi =

µ
1

2 · n 1

¶
· e+ e · n

n 1

nX
j=1

j + n · i

=
e

n 1
+

µ
1

2n 1

¶
n · i

nX
j=1

j (3.12)
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Equation 3.12 gives us equilibrium prices. From the above two equations, after some ma-

nipulation, we get equilibrium demand of ISP i :

di =

µ
n 1

n e
¶ e

n 1
+

µ
1

2n 1

¶
n · i

nX
j=1

j (3.13)

Hence the profits are given by:

i =

µ
n 1

n e
¶ e

n 1
+

µ
1

2n 1

¶
n · i

nX
j=1

j

2 µ 2

2

¶
· ni cl (3.14)

where ISP i is connected to backbone l.
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Chapter 4

Endogenous Formation of the Firm

as a Dedicated Hierarchy

4.1 Introduction

The traditional neoclassical theory has described the firm using a production function that

describes the technological relation between inputs and outputs. The owner is supposed to

use the most e cient technology to produce the output at the least possible cost. Despite its

merits in terms of simplicity, the theory is rather vacuous in relation to real-world firms with

their complicated organizational structures. A related but separate issue is the optimal size of

the firm. Neoclassical theory have relied on the so-called “decreasing returns to scale” as an

explanation of a finite firm. However, the idea of decreasing returns to scale is quite debatable

and lacks substantial empirical support. Therefore it is not surprising that there have been

some numerous attempts to introduce alternative theories of the firm.

Williamson (1967) put forward the that view firms are hierarchical organizations. The

emergence of a hierarchical firm has resulted from the fact that a given manager can e ectively

manage only so-may subordinates. At the same time, with say constant returns to scale, firms

would be interested in maximizing the number of workers in the firm. This would automatically

result in a hierarchical structure. Williamson defines the firm as a regular hierarchy (each

superior has a fixed number of subordinates) and only the lowest level is productive. The limits

to the size of the firm stem from the fact that with an increase of the number of levels in a
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hierarchical firm, there is a loss of control of the management over actions of workers at lowest

level resulting in a decline of productivity. This provides an upper bound to the number of

levels a hierarchical firm can have and results in firms of finite optimal size. Williamson’s model

provides for a finite firm even in presence of constant returns to scale, unlike the neoclassical

theory.

Williamson’s theory is quite plausible. But there have been other explanations of a finite

firm which are somewhat less plausible. Consider for instance, Rajan and Zingales (2001) who

opine that the possibility of expropriation sets limits to the size of a hierarchical firm. Managers

have the option of walking out of the firm with all of their subordinates and the proprietary

technology and compete with the original firm. Hence, significantly large firms would cede too

much power to managers and increase their incentives to walk out of the firm.

Meanwhile, there were some developments in the cooperative game theoretic literature with

implications for the theory of the hierarchical firm. A TU-cooperative game is described by

a player set and a characteristic function which maps the set of all possible coalitions to the

maximum value such a coalition can achieve. One issue is how should value attained by a

coalition should be allocated to individual agents. Shapley (1953) proposed an ideal allocation

rule (henceforth called the Shapley value) with several desirable properties. Later authors

introduced some restrictions on coalition formation in such a setting. Myerson (1977) and

Owen (1986) considered the possibility that there may be limited communication between the

players and this limited communication structure is represented by an undirected graph. This

results in a graph-restricted game with only connected players contributing to the value of the

coalition. The Shapley value of such a restricted game is called the Myerson value of the game

itself.

Gilles, Owen and van den Brink (1992) extended the idea to hierarchies. Superiors in a

hierarchy have veto power over the actions of subordinates and therefore, each agent needs the

permission of all her superiors in order to become productive. The chief implication of this

assumption is that the value attained by a certain coalition depends only on those members of

the coalition all whose superiors are part of the coalition. Any member of the coalition with

one or more superiors outside the coalition does not contribute to the value. This results in a

restricted game and the Shapley value of the restricted game is the conjunctive permission value
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of the game itself. A related idea is that of the disjunctive permission value (see Gilles and Owen

(1999)) where it is assumed that subordinates need the permission of only one out of possibly

many superiors in order to become productive. In special hierarchies called “forests” each agent

has only one superior and hence the two values coincide. Gilles and van den Brink (1996) have

further developed an axiomatic treatment of the conjunctive permission value outlining a series

of properties uniquely satisfied by the conjunctive permission value.

Ruys and van den Brink (1998) were the first to apply the conjunctive permission value to

the theory of the firm. Using regular hierarchies, they assume that payo s are determined by

the conjunctive permission value in a hierarchical firm when the production process itself can

be represented as a cooperative game. While Williamson exogenously assumed that there is a

positional rent or premium stemming from being at higher levels in the hierarchy, here the same

follows from the properties of the conjunctive permission value. The rest of the structure is

similar to Williamson in the sense that only the lowest level is productive, labor is homogeneous

and there is a loss of control stemming from having more levels inside the firm. There is an

exogenously given market wage in the labor market which is assumed to being competitive.

The limits to the size of the firm are set at the point where the conjunctive permission value

declines (with increasing number of levels) to the point where it just equals the competitive

market wage. The principal di erence between the two papers is therefore, while in Williamson,

the payo is set exogenously, here the payo s are given explicitly by the conjunctive permission

value.

The framework used by Ruys and an den Brink fits very well with the notion of team

production put forward by Alchian and Demsetz (1972). The latter hypothesize that firms exist

because they allow team production by owners of inputs under supervision of a central agent

the employer. Such team production yields various forms of e ciency (see below) that would

not be possible under individualized production governed by the price mechanism. A good way

to mathematically represent such team production is a TU-cooperative game. The notion of

e ciency under team production is close to what game theorists would call superadditivity of

the characteristic function in context of TU-cooperative games.

In this paper, we want to examine the impact of labor heterogeneity in the framework of

Ruys and van den Brink (1998). Consequently, we make two basic changes in their model.
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First, labor productivity is no longer normalized to 1 but is a linear function of e ort level,

which by itself is costly. Second, the costs associated with such an e ort level may di er across

workers. Also, all levels of the hierarchy are productive and not just the lowest level. A cogent

hierarchy is one where more productive workers occupy higher levels. An e cient hierarchy

is one where a reassignment of agents across positions in the hierarchy would not increase the

sum of the payo s. We find that the hierarchy that results in equilibrium is always cogent and

e cient.

In section 4.2, we discuss the notion of a hierarchy and the relevant terminology and notation

used in the literature on hierarchies. In section 4.3, we discuss the basic model. In section 4.4,

we solve the basic model for specific functional form of the production and cost functions.

In section 4.5, we introduce agent heterogeneity and examine cogent and e cient hierarchies.

Section 4.6 concludes.

4.2 Preliminaries

The hierarchy of a firm is described by a finite set of positions N and a set of directed relations.

The relational structure is determined by a map S : N 2N which assigns to each position

p N a set of successor positions S(p). Hence the positions q S(p) are the successor positions

of p. The positions p S 1(q) are called the predecessor positions of q. The collection of

relational structures on the set of positions N is denoted by SN .

For every relational structure S SN , we introduce its transitive closure by the mappingbS : N 2N . Hence for every position p N , we define q bS(p) if there exists a sequence
(h1, h2, . . . , hz) with h1 = p and hz = q and for every 1 6 k 6 z 1, hk+1 S(hk). We call

the positions in the collection bS(p) the subordinate positions of p in the relational structure S.
The set bS 1(p) = {q| p bS(q)} is called the set of superior positions of p. Next, BS = {p N |
S 1(p) = } is the set of top positions and WS = {p N | S(p) = } is the set of front positions
in the structure S. The other positions belonging to the set N\(BS WS) are the intermediate

positions.

Denote the cardinality of any arbitrary set A by # A or |A|. A hierarchy is a forest if #

S 1(p) = 1 for all p N\BS . It is a tree if additionally # BS = 1. A tree is an (m, s) regular

69



hierarchy or simply an (m, s)-hierarchy if # S(p) = s for all p N\BS and # bS 1(p) = m

for all p WS. m is called the depth of the hierarchy and s is called the span of control. In

other words, the depth of a hierarchy indicates the maximum number of superiors an agent can

possibly have. For an (m, s)-hierarchy the positions at the lth level are members of a set Nl for

l = 1, . . . ,m such that each position has the same relational distance to the top level, namely,

# bS 1(p) = l for all p Nl. The set of levels are denoted by L = {0, 1, 2, . . . ,m}. Note that #
Nl = s

l. Note that N0 = BS and Nm = WS. The depth of the hierarchy is therefore the total

number of levels in the hierarchy minus one.

For a (m, s)-hierarchy, to denote a certain position, we will sometimes use a double-index

notation. The members of the set Nl are given by {pl,1, . . . , pl,sl} for l = 1, . . . ,m. The relational
structure is then specified by S(pl,k) = {pl+1,(k 1)s+1, . . . , pl+1,ks}.

The number of positions in a (m, s)-hierarchy is given by

|N | =
mX
l=0

sl =
sm+1 1

s 1

We denote by bSl(p) the set of subordinate positions of p at level l, namely, bSl(p) = bS(p) Nl.

For p Nl, ¯̄̄ bS(p)¯̄̄ = mX
j=l+1

(s)j l =
sm l+1 s

s 1

Also

|Sk(p)| =
sk l for l < k 6 m

0 otherwise

A (m, s)-hierarchy is vertical if s = 1. For E N , let bS 1(E) = {bS 1(p)| p E}, bS(E) = {bS(p)|
p E}, S 1(E) = {S 1(p)| p E}, S(E) = {S(p)| p E}.

A hierarchy is activated if some or all the positions are occupied by agents. Any occupied

position p will be interchangeably used to refer to the agent occupying the position. Let us

initially assume that all positions are occupied. Hence, N also refers to the set of agents in the

hierarchy.

Alchian and Demsetz (1972) put forward the view that the chief di erence between market

transactions and activities within a firm is principally that in the latter, production is the
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outcome of a cooperation among several agents, which they term team production, whereas

market activities are outcomes of individual e orts of agents governed by the price mechanism.

The reason firms exist is that such cooperation results in outcomes that are e cient relative

to those without such cooperation as is the case with market transactions. There are several

sources of this e ciency, the principal ones being first, team production allows better monitoring

of workers to reduce shirking; second, a set of bilateral contracts between each worker and a

central agent, the employer is superior to multilateral contracts between those agents; finally,

the flow of information from all agents to a central agent the employer results in more e cient

processing of information. Of course, for such organizations to thrive, payo s must be fair, i.e.

in accordance to productivity.

Hence, a plausible way to model the above theory is to describe the team production within

a firm as a TU-cooperative game. We can define a TU cooperative game by a player set N

and characteristic function v : 2N R where v(E) denotes the maximum value achieved by a

coalition E N . Given a cooperative game, one can always define a Shapley value as a fair

payo allocation. We first define the Harsayni dividend of an arbitrary coalition E by

v(E) =
X
F E

( 1)|E| |F |v(F ).

Then, the vector of Shapley values is given by Sh = (Shp)p N where

Shp(v) =
X

E N : p E

v(E)

|E| .

But, in the context of a hierarchical firm, one has to take into account the hierarchical structure.

The preferred way to incorporate the hierarchical structure in the literature is the method

introduced by Gilles, Owen and van den Brink (1992) where it is assumed that each agent

needs the permission of all of his superiors in order to be productive.1 Based on this, one can

define a restrictive game,

RS(v)(E) = v( (E))

1Strictly speaking there are two distinct approaches. The conjunctive approach introduced by Gilles, Owen
and van den Brink (1992) assumes that each agent needs the permission of all his superiors in order to be produc-
tive. The disjunctive approach introduced by the same authors assumes that each agent needs the permission of
at least one superior in order to be productive. For a tree, the two approaches are identical for obvious reasons.
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where (E) = E\bS(N\E) called the sovereign part of E. We also derive (E) = E bS 1(E)

as the authorizing set of E in S. Gilles and van den Brink (1996) have shown that

Shp(RS(v)) =
X
E p

v(E)

| (E)| (4.1)

where

p = {E N |E
hbS(p) {p}

i
6= }.

p(v, S) = Shp(RS(v)) is called the permission value of the agent in the position p.

Next consider the case where not all positions are occupied. In that case, the relevant

hierarchy is the reduced hierarchy taking into account only occupied positions. Let M N

denote the set of occupied positions. Then, we can define an authority relation SM given by

SM(p) = S(p) M for all p M

bSM(p) = bS(p) M for all p M

where SM(p) denotes the set of successors of p under SM and bSM(p) indicates the set of
subordinates of p under SM . Obviously, S = SN . (M,SM) is the relevant hierarchy and the

above discussion pertains to (M,SM) instead of (N,SN ).

4.3 The Model

There is one owner/entrepreneur which we denote e and a su ciently large but finite set of

available workers/input providers in the outside external market denoted by A = {1, 2, . . . , a}.
All workers are identical and have a reservation wage w which is the competitive wage in

the labor market2. Workers in the labor market are indexed by i, j. The entrepreneur owns a

productive asset and can choose a hierarchy and the workers can make a decision whether or

not to join the firm as described by the hierarchy. To make the model tractable, we impose

2The set of workers is large enough such that the employer can hire as many workers as required at the
competitive wage.
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restrictions on the organizational form that the entrepreneur can select and assume that he can

select only an (m, s)-hierarchy. The span of control s is given exogenously. The notion of a fixed

span of control simplifies the computations and is used both in Williamson (1967) as well as

Ruys and van den Brink (1998). In a model with homogeneous agents, this is justifiable in the

sense that if all agents are identical, each has the ability to manage the same number of agents

and the latter is given by the organizational technology. We assume that the entrepreneur is

free to choose the number of levels namely, m.

The top position p0,1 is always occupied by the entrepreneur. We will use e interchangeably

to denote the top position and the entrepreneur. The other positions namely the intermediate

and front positions are free to be occupied by the workers. Once workers occupy some or all

positions the firm is activated. We will denote by N the set of positions and M to denote the

set of occupied positions. For an occupied position, p M, we will use p interchangeably to

denote the position as well as the worker occupying the position.

Assume that the entrepreneur is completely unproductive but workers are productive. The

team production technology of the firm can be described a cooperative game as follows:

v(E) =
X

p E\{e}
µp

for E M describes the level of output achieved through team production by the coalition

E where µp is the productivity of the worker in position p. The productivity of the workers

depend on investment in costly skills which can be interchangeably interpreted as e ort levels.

Hence if a worker at position p invests µp in costly skills or provides an e ort level of µp, his

productivity is µp and he has to incur a cost given by C(µp) where C : R+ R+ is a function

denoting the cost of investment. Assume C(µp) = µ
2
p. The use of specific functional forms in

this model is obviously a drawback. But at the same time, this paper is the first one to explicitly

use e ort levels and costs associated with it. Others, namely, Ruys and van den Brink (1998)

and Williamson (1967) simply assume that all workers have a fixed productivity of one which

is independently given. Quadratic costs allow us to examine the impact of assigning an agent

in a certain position on his e ort level and allow us to incorporate labor heterogeneity in the

model.
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We can also define an authority relation SM given by

SM(p) = S(p) M for all p M

bSM(p) = bS(p) M for all p M

where SM(p) denotes the set of successors of p under and SM and bSM(p) indicates the set
of subordinates of p under SM . Obviously, S = SN . We will assume that the payo s are

determined by the permission value of the resulting hierarchy when unoccupied positions are

excluded. We denote by e the payo of the entrepreneur and for all workers p M\{e} the
payo s are denoted by p.

Hence for p M\{e},

p = p(v, SM) C(µp) (4.2)

Further,

e = e(v, SM)

The model is based on a three stage game. In the first stage, the entrepreneur decides

the number of levels m. Hence, the strategy of the entrepreneur in the first stage is given by

se = m N. In the second stage, there is entry of workers from the outside labor market into

the firm. The entry process can be described as follows. Each worker i in the outside labor

market is assigned a rank ri N. The workers are summoned sequentially based on their rank

number in ascending order and given a chance to join the firm. Let Q A denote the set

of ranks of all workers receiving job o ers. The entrants fill up positions from the top to the

bottom and from the left to the right. If a worker with rank ri chooses not to enter, the same

position is o ered to the worker with rank ri+1. Given that there are n =
¡
sm+1 s

¢
/(s 1)

positions available the entry process stops when n workers have entered or when no worker is

willing to accept any o ered position. In any case, |Q| > n. Each worker i receiving a job o er
i.e. ri Q has a strategy given by si {E ,NE} where E stands for enter and NE stands for
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don’t enter. Once employed, a contract is signed and the entrepreneur cannot fire the worker

for that production cycle. Given workers are homogeneous, the assignation of ranks has no

strategic importance and simply used to precisely describe the game. In section 4.5, when we

introduce agent heterogeneity, rank assignment will assume strategic importance and will be

part of the strategy space of the entrepreneur.

Once entry occurs, the set of occupied positions define the firm. Thereafter, in the third

stage, workers decide on their optimal e ort level or optimal investment in costly skills. We

look at the subgame perfect Nash equilibrium (SPNE) and the nature of the firm in such an

equilibrium.

4.4 Homogeneous Agents

Our first result is that in the subgame perfect Nash equilibrium, a firm of finite size will be

formed. The reasoning is straightforward. One can show that workers at the same level earn

the same payo s. Further, the payo accruing to a worker p Nl decreases with l. At the same

time, the payo accruing to the entrepreneur increases in l. Consequently, the reservation wage

in the competitive labor market basically determines the number of levels. The entrepreneur

will increase the number of levels till the point where payo of the workers fall below the

reservation wage and hence workers are not interested in joining the firm.

We show this in form of Proposition 4.1.

Proposition 4.1 There exists an unique subgame perfect Nash equilibrium in which the entre-

preneur would form a firm with the number of levels given by m = Int

µ
1

2 w
1

¶
(where the

Int(.) operator indicates the largest integer smaller than or equal to its argument)

The proof consists of solving the model through backward induction. We will prove Propo-

sition 4.1 using a series of lemmas.

Lemma 4.1 For an additive game v(E) =
P
p E

µp,

v(E) =
µp if E = {p}
0 otherwise
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Proof. : Suppose

v(E) =
µp if E = {p}
0 otherwise

Then indeed, v(E) =
P
F E

v(E) =
P
p E

µp.

Lemma 4.2 Consider an (m, s)-hierarchy and assume all positions are filled. Let p Nl.

Then the permission value of player p is given by:

p =
µp
l + 1

+
mX

j=l+1

X
q bSj(p)

µ
µq
j + 1

¶
(4.3)

Proof. We know from equation (4.1) that permission value of player p is given by

p =
X
E p

v(E)

| (E)| .

where p = {E N |E
hbS(p) {p}

i
6= } and (E) = E bS 1(E).

In calculating the conjunctive permission value, by Lemma 4.1, we need only consider singleton

coalitions. Let j L. For all q Nj , | ({q})| = j + 1. Also, v({q}) = µq where µq is the

investment by player q. Hence, v({q})
| ({q})| =

µq
j + 1

.

Further player p has sj l subordinates at level j given by the set bSj(p) for all j > l and zero
subordinates for j 6 l. Hence, applying the formula given by equation (4.1),

p =
µp
l + 1

+
mX

j=l+1

X
q bSj(p)

µ
µq
j + 1

¶

Lemma 4.3 Consider an (m, s)-hierarchy and assume all positions are filled. Then all players

at a certain level l L\{0} make the same amount of optimal investment in skills given by:

µl =
1

2(l + 1)

Proof. Consider p Nl. By Lemma 4.2 and equation (4.2),
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p =
µp
l + 1

+
mX

j=l+1

X
q bSj(p)

µ
µq
j + 1

¶
µ2p.

Hence,
d p

dµp
=

1

l + 1
2µp = 0 µp =

1

2(l + 1)
.

The second order conditions are satisfied since
d2 p

dµ2p
= 2 < 0.

Lemma 4.4 Let m =Int
µ

1

2 w
1

¶
(where the Int(.) operator indicates the largest integer

smaller than or equal to its argument). Any worker i with ri Q will choose E if he is o ered
a position pk,l if l 6 m and choose NE if l > m.

Proof. From Lemma 4.3, if all positions are filled,

pk,l =
mX

j=l+1

µ
1

2(j + 1)2

¶
(s)j l +

1

4(l + 1)2
(4.4)

Note that this payo is independent of k and only depends on l. The worker i will choose E if
pk,l > w and NE otherwise. Since all players at the same level receive the same payo s, each
level with be either completely occupied or completely unoccupied but never partially occupied.

Further, as l increases, pk,l decreases. This automatically means, given that m is su ciently

large, there is a critical level m (say) such that all workers with receiving job o ers at positions

pk,l for l 6 m will choose E and all workers receiving job o ers at positions pk,l for l > m will

choose NE. Hence, if m is su ciently large we end up in a (m, s)-hierarchical firm.

We can calculate m precisely. Consider the worker at the lowest level m at a position say pk,m.

Given that she has no subordinates, her payo is pk,m =
1

4(m+ 1)2
.

Now, pk,m > w
1

4(m+ 1)2
> w m 6

µ
1

2 w
1

¶
Taking the integer constraint into account,

m = Int
µ

1

2 w
1

¶
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This completes our analysis of stage 2 and 3. Next, we come to stage 1.

Proof of Proposition 4.1. From Lemma 4.4, we can consider two cases.

Case I: If m 6 m, M = N and e =
mP
j=1

·
1

2(j + 1)2

¸
(s)j which is strictly increasing in m.

Case II: If m > m, M ( N and e =
mP
j=1

·
1

2(j + 1)2

¸
(s)j .

Hence e is maximized at m > m and the payo of the entrepreneur by forming a firm is given

by

e =
mX
j=1

·
1

2(j + 1)2

¸
(s)j

The firm as defined by the set of occupied positions is a (m, s)-hierarchy.

4.5 Heterogeneity of Agents

So far, all agents are assumed to be homogeneous. We will now relax this assumption and have

heterogeneous agents. We introduce an e ciency parameter i R++ for agent i A. Let us

further assume i < i+1 for all i A. Under the new assumptions if an agent with index i

invests µ R+, his investment costs are given by i · µ2. Agents with lower indices are more
e cient. The rest of the assumptions remain unchanged.

Once we have agent heterogeneity, the way in which agents are assigned ranks matters with

regard to the payo received by the entrepreneur. Note that the rank is di erent from the

index. The index is simply a way to order workers according to their e ciency. The rank is a

way to assign workers to various positions in the hierarchy. The way ranks are assigned are no

longer superfluous but an integral part of the strategy of the entrepreneur. Hence, while the

strategy space of the workers remain unchanged, the strategy space of the entrepreneur changes

to se = (m, (ri|i A0 A)). Any worker not assigned a rank is simply not given a job-o er.

While assigning ranks, the entrepreneur is making three separate decisions simultaneously:

(a) how many people to hire;

(b) whom to hire;

(c) once hired, what position to assign each worker in the hierarchy.

For the purposes of analysis, we will address each question separately in order to simplify the

analysis. First, we show that it is in the entrepreneur’s interest to make job o ers to the most
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e cient workers.

Lemma 4.5 The entrepreneur will make job o ers to workers with indices i = 1 to a0 where

a0 is a positive integer less than or equal to a.

Proof. Consider a (m, s)-hierarchy and let all positions be filled. Consider p Nl. The

permission value of p from equation (4.3) is

p =
µp
l + 1

+
mX

j=l+1

X
q bSj(p)

µ
µq
j + 1

¶
(4.5)

The payo of the entrepreneur is

e =
mX
j=1

X
p bSj(p)

µ
µp
j + 1

¶
(4.6)

Consequently for any p N\{e}, e is increasing in µp. Suppose an agent i occupies the position

p. Then his net profits

p = p i · µ2p (4.7)

Therefore,
d p

dµp
=

1

l + 1
2 · i · µp = 0 µp =

1

2(l + 1) i

Since, e is increasing in µp, e is decreasing in i and hence in i. Hence, workers with the

lowest indices would be chosen. Hence workers with i = 1, 2, . . . , a0 would be given job o ers.

Now, the expression in (4.6) makes it abundantly clear that each additional level in the

hierarchy increases the payo s of the entrepreneur. So the entrepreneur will increase the number

of levels till the point where the payo s of the workers fall below the reservation wage and

workers are unwilling to join the firm. Call the highest such level m. m must satisfy the
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following three inequalities:

1

4 · i · (m+ 1)2 > w ; (4.8)

1

4 · j · (m+ 1)2 < w for all j > i.;

1

4 · k · (m+ 1)2 > w for all k < i.

for some i A. The precise value of m cannot be determined without further specification

of the e ciency parameter.

Combining this with the above lemma, we find that a (m, s) hierarchy in which all positions

are occupied by the most e cient agents, i.e. agents with indices i = 1 to
¡
sm+1 s

¢
/(s 1)

results in equilibrium. The only question that remains is that how are these agents assigned

to the di erent positions. Before addressing this issue, we will define a cogent hierarchy. The

definition pertains to assignment of workers among positions in a hierarchy which is fully oc-

cupied. How agents are chosen initially is irrelevant. Any hierarchy is cogent if more e cient

agents occupy higher positions. Formally,

Definition 4.1 A (m, s)-hierarchy where all positions are occupied is cogent, if for any two

levels li and lj, if agents with indices i and j occupy positions at li and lj, li < lj i < j

(i < j).

It turns out that the hierarchical firm consistent with subgame perfect Nash equilibrium is

cogent. We will prove the same as follows. In any non-cogent hierarchy, there are at least two

agents with indices i and j such that i < j ( i < j) occupying positions pi and pj at levels li

and lj respectively such that li > lj .3 We will show that by simply swapping positions, that is,

assigning agent i to position pj and agent j to position pi, the entrepreneur can increase his

payo . It immediately follows that a non-cogent hierarchy does not maximize the payo of the

entrepreneur because there is an alternative hierarchy that is better. The only hierarchy that

is immune to such improvement via swapping is a cogent hierarchy. We begin by defining the

notion of an asymmetric interchange of positions.

3Because, if not, by definition the hierarchy is cogent. Note that i 6= j for all i 6= j.
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Definition 4.2 Consider two agents with indices i and j occupying positions pi and pj at two

levels li and lj where li, lj L with i < j (i < j) but li > lj. A reassignment of positions

where agent i is assigned to pj and agent j is assigned to pi is called an asymmetric interchange

of positions.

In other words, an asymmetric interchange of positions is a swap or interchange of positions

such that starting from a non-cogent hierarchy a relatively e cient agent is assigned to a higher

position and a relatively ine cient agent is assigned to a lower position. We will show that any

such interchange will unambiguously increase the payo s of the entrepreneur. We state this in

form of the next lemma.

Lemma 4.6 Consider an (m, s) hierarchy in which all positions are occupied. Any asymmetric

interchange of positions will unambiguously increase the payo s of the entrepreneur.

Proof. Consider two arbitrary levels li and lj and two agents with indices i, j with i < j.

Let agent i occupy a position at level li (call it pi) and agent j occupy a position at level lj

(say pj). Let all other positions be filled and li > lj with li lj = l N. Let j i = > 0.

In that case

µpi =
1

2 · i · (li + 1)
µpj =

1

2 · j · (lj + 1)

Consider an asymmetric interchange of positions under which agent i is assigned to to pj and

agent j is assigned to pi. In that case, following the interchange,

µpi =
1

2 · i · (lj + 1)
µpj =

1

2 · j · (li + 1)

Let g represent the net gain in entrepreneurial payo s as a result of this asymmetric interchange.

81



Then,

g =
1

2 · i · (lj + 1)2 +
1

2 · j · (li + 1)2
1

2 · i · (li + 1)2
1

2 · j · (lj + 1)2

=
· l · (li + lj + 2)

2 · i · j(li + 1)2(lj + 1)2
> 0.

That completes the proof.

So, in any non-cogent hierarchy, the entrepreneur can do better by simply swapping po-

sitions. The only hierarchy immune to such improvements via asymmetric interchanges is a

cogent hierarchy.

It is also fairly easy to show using an argument very similar to the one above, that in a cogent

hierarchy, swapping positions at the same level does not change the payo of the entrepreneur

and swapping positions at di erent levels actually reduces her payo s. It automatically follows

that in an SPNE, a cogent hierarchy will be chosen. We state this as the following corollary.

Corollary 4.1 Under subgame perfect Nash equilibrium, the resulting firm is a cogent hierar-

chy.

There is another interesting property that a hierarchical firm under SPNE satisfies, namely,

e ciency. Consider an (m, s) hierarchy in which all positions are occupied. An e cient hier-

archy is one where the sum of payo s of all agents is maximized, in other words, the sum of

payo s cannot be increased by a reassignment of agents among positions. Like cogency, e -

ciency pertains to assignment of workers among positions in a hierarchy which is fully occupied.

How agents are chosen initially is irrelevant. Formally,

Definition 4.3 Consider any (m, s)-hierarchy in which all positions are occupied. It is e cient

if there does not exist any set of positions, say, P = {p1, p2, . . . , pk} N with agent ipj belonging

to position pj such that a reassignment of the set of agents {ip1 , ip2 , . . . , ipk} among the set of
positions P would increase the sum of the payo s of all agents in the hierarchy

X
p N\{e}

p+ e.

It turns out that any non-cogent hierarchy is ine cient. This is because in a non-cogent

hierarchy, it is possible to increase the sum of payo s of all agents by asymmetric interchange

of positions. We show this formally below.
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Lemma 4.7 Consider an (m, s) hierarchy in which all positions are occupied. Any asymmetric

interchange of positions will unambiguously increase the sum of the payo s of all the agents in

the hierarchy.

Proof. Consider two arbitrary levels li and lj and two agents with indices i, j with i < j.

Let agent i occupy a position at level li (call it pi) and agent j occupy a position at level lj

(say pj). Let all other positions be filled and li > lj with li lj = l N. Let j i = > 0.

Consider an asymmetric interchange of positions under which under which agent i is assigned

to to pj and agent j is assigned to pi. We can conceive of two separate cases.

Case 1: Assume that the agent with index i is not a subordinate of the agent with index j in

the original hierarchy.

All agents in the set bS 1(pi) gain

gi =
1

2 · j · (li + 1)2
1

2 · i · (li + 1)2

=
2 · i · j(li + 1)2

All agents in the set bS 1(pj) gain

gj =
1

2 · i · (lj + 1)2
1

2 · j · (lj + 1)2
=

2 · i · j(lj + 1)2

Given that
¯̄̄ bS 1(pi)

¯̄̄
= li and

¯̄̄ bS 1(pj)
¯̄̄
= lj and that the player with index j is not a subor-

dinate of the player with index i, the net gain of the coalition of all players other than players

with indices i and j is,

bG = li · gi + lj · gj
=

lj ·
2 · i · j(lj + 1)2

li ·
2 · x · y(li + 1)2

=
· l · (li · lj 1)

2 · i · j(lj + 1)2 · (li + 1)2 .

Finally the coalition consisting of the player with rank i and the player with rank j will incur

83



a net gain of

eG =
1

4 · j(li + 1)2
1

4 · j(lj + 1)2
+

1

4 · i(lj + 1)2
1

4 · i(li + 1)2

=
· l · (li + lj + 2)

4 · i · j(lj + 1)2 · (li + 1)2

Hence, net gain in terms of total payo s is

bG+ eG = · l · (li + lj + 2 · li · lj)
4 · i · j(lj + 1)2 · (li + 1)2 > 0

which is always positive. Hence swapping positions results in a net gain in terms of total payo s

of all players.

Case 2: Now suppose the agent with index i is a subordinate of the agent with index j.

Then all superiors of j are also superiors of i. There are lj such common superiors including

the entrepreneur. As shown in Lemma 4.6, payo of the entrepreneur through the asymmetric

interchange increases by

g =
· l · (li + lj + 2)

2 · i · j(li + 1)2(lj + 1)2

It is also quite obvious that payo s of the the remaining (lj 1) superiors increases by g as

well.

Of course, i has some superiors other than j who are not superiors of j and there are li lj 1

such superiors and we know from Case 1 that each such superior gains

gi =
2 · x · y(li + 1)2

.

The coalition consisting of the player with index i and the player with index j will incur a
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net gain of

G =

·
1

4 · j(li + 1)2
1

4 · j(lj + 1)2
1

2 · i(li + 1)2

¸
+

·
1

4 · i(lj + 1)2
1

4 · i(li + 1)2
+

1

2 · j(li + 1)2

¸
= eG+ 1

2 · j(li + 1)2
1

2 · i(li + 1)2

Hence, net gain in terms of total payo s is

g · lj + gi · (li lj 1) +G

=
· l · (li + lj + 2 · li · lj)

4 · i · j(lj + 1)2 · (li + 1)2 > 0

The net gain of the set of all players is not only positive but exactly the same as in Case 1. We

will refer to this gain by G. Hence,

G =
· l · (li + lj + 2 · li · lj)

4 · i · j(lj + 1)2 · (li + 1)2

That completes the proof.

So no non-cogent hierarchy can possibly be e cient. As far as cogent hierarchies are con-

cerned, swapping positions at the same level yields a net gain of zero. One can also show that

swapping positions at di erent levels, say li and lj with li > lj results in a net loss of4

( i j) · (li lj) · (li + lj + 2 · li · lj)
4 · i · j(lj + 1)2 · (li + 1)2 > 0

where i is the e ciency parameter of the agent at level li and j is the e ciency parameter of

the agent at level lj . So there is no possible set of interchanges that can yield a positive payo .

This leads directly to following corollary.

Corollary 4.2 A hierarchy is e cient if and only if it is cogent.

We have already proved through Corollary 4.1 that the hierarchy formed under SPNE is

4The method is exactly the same as in lemma 4.7, so we will not replicate it to aviod repitition.
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cogent. Corollary 4.2 proves that it is e cient as well. Hence, we arrive at the main result of

this section which we state as the following proposition.

Proposition 4.2 Under subgame perfect Nash equilibrium, the resulting firm is a cogent and

e cient hierarchy.

Consequently, we have two desirable properties of the hierarchy formed under subgame per-

fect Nash equilibrium - it is both cogent and e cient. It follows that in SPNE, the entrepreneur

chooses m = m satisfying inequalities (4.8) to (4.9), and assigns ranks 1, . . . , s to workers with

indices 1, . . . , s (who are therefore positioned in level 1); ranks s + 1, . . . , s2 to workers with

indices s + 1, . . . , s2 (who are therefore positioned in level 2) ; and so on. Within a level, it

does not matter how ranks are assigned. So there are finitely many rank assignments consistent

with the equilibrium. One obvious such assignment is simply ri = i for all workers from i = 1

to i =
¡
sm+1 s

¢
/(s 1).

The intuition behind Proposition 4.2 is fairly straightforward. The entrepreneur gets a

fixed proportion of the product or output of the worker at each level. At the same time,

promotion to higher positions increase the incentive of workers to put in a higher e ort and

thereby increase output of the worker. The amount of such increase in output is greater for

a more e cient worker relative to a less e cient worker. So in any asymmetric interchange,

the amount of increase in the e cient worker’s output outweighs the amount of decrease in

the ine cient worker’s output. Therefore, it is in the entrepreneur’s best interest to put more

e cient workers at higher levels.

4.6 Conclusions

We have illustrated the endogenous formation of hierarchies using a cooperative game theoretic

framework. The limits to the size of the firm are set by the external environment represented

by the competitive wage. Payo s are determined by the permission value and agents higher-up

in the hierarchy get a positional rent because of their ability to stifle productivity of the subor-

dinates. In this set-up., we examine the endogenous formation of hierarchies with homogeneous

agents. Then we introduce heterogeneity of agents and examine issues related to cogency and
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e ciency of the hierarchy. The hierarchy formed under subgame perfect Nash equilibrium is

both cogent and e cient.

The purpose of this paper is to examine implications of agent heterogeneity in the frame-

work used by Ruys and van den Brink (1998) under constant returns to scale. One principal

drawbacks of this paper is that the results are restricted to particular functional form - linear

production function and quadratic cost function. It is an open research question whether the

results can be generalized to a broader class of functional forms. Another obvious issue is that

how appropriate is the permission value as a payo functions for agents within a hierarchical

firm. Alternative approaches to determining payo s within hierarchical firms include rank or-

der tournaments (see Lazear and Rosen (1981)), bargaining (see Rajan and Zingales (2001))

etc. Which payo function best describes compensation in real world firms is an issue that

can be appropriately settled only by empirical analysis. Our paper shows that the conjunctive

permission value has leads desirable outcomes in terms of organizational form and structure

under a limited set of production and cost functions.
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Chapter 5

Targeted Advertising

5.1 Introduction

In this chapter, we address a fairly common phenomenon in today’s advertising world that has

been largely ignored in the literature, namely advertising wars where one brand compares itself

favorably with a competing brand in various kinds of media, especially television. The reader is

reminded of the cola wars and similar episodes of casual empiricism. We are mainly interested

in the economic aspects of advertising and advertising wars and less into the details of the

craft which is the subject of marketing research. The economics literature on advertising has

focussed on two separate yet related issues. First, the competitive or anti-competitive e ects

of advertising. Second, the question whether advertising is too much or too little from the

perspective of social welfare.

On the issue of competitive e ects of advertising, Kaldor in his seminal (1950) contribu-

tion suggests a “concentration-e ect” which, depending on the circumstances may operate at

the manufacturing, wholesale or retail level. Advertising may facilitate or simply accelerate

industry concentration through the creation of brands, di erentiated products and “goodwill”.

Much of the later debate centers around the question whether and why incumbent firms have an

advantage in advertising and can use it to put barriers to entry1. In a very influential empirical

study, Telser (1964) concludes that “there is little empirical support for an inverse associa-

1See Bain (1956), Schmalensee (1974), Comanor and Wilson (1979) among others.
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tion between advertising and competition, despite some plausible theorizing to the contrary”.

Porter’s 1974 study suggests that competitive e ects of advertising are likely to be found in a

small group of “convenience goods” industries with particular characteristics. On theoretical

and empirical grounds, Sutton (1991) suggests within advertising-intensive industries, there

can coexist a small number of advertisers and a competitive fringe of firms with little or no

advertising.

On purely theoretical grounds, it may be di cult to separate causes and e ects of adver-

tising, if the degree and e ectiveness of advertising depend on market conditions which in turn

are modified by advertising. 2 In the sequel, we shall assume an oligopolistic industry struc-

ture. This assumption permits comparative statics of the equilibrium levels of advertising with

respect to the number of oligopolists. Thus to some extent, the e ect of the market structure

on the intensity of advertising can be studied in our model. The converse question of the causes

of the prevailing market structure - and of advertising as a potential cause - is beyond the scope

of our investigation.

Regarding the question of whether firms buy the socially optimal amount of advertising,

the direct costs and benefits to the individual firm are evident. As a rule, it pays for its own

advertisements. Its benefits derive from the fact that ceteris paribus its advertising e ort a ects

the demand for its product separately. This may occur through a gain of market share at the

expense of other firms or an increase of demand for the entire industry. 3 In the first case,

in the absence of greater general demand, it is possible that individual demand shifts - which

each are profitable for the respective firm - neutralize each other. Then the aggregate e ect

of advertising may be insignificant, whereas firms incur substantial advertising costs. Such a

Prisoner-Dilemma-like situation can arise in our model.

As for consumer welfare, the literature distinguishes between “informative advertising” and

“persuasive” advertising. As Kaldor (1950) noted, this distinction is a matter of degree; whereas

all advertising is persuasive in intention and informative in character, the motive of persuasion

can be very strong in some cases and relatively weak in others. Informative advertising can

2According to Dorfman and Steiner (1954), there will be no advertising under prefect competition and heavy
advertising under imperfect competition. The specific conclusion of zero advertising under perfect competition
need not obtain in other models; see e.g. Stigler and Becker (1977), Stegeman (1991).

3Advertising may also help deter entry as noted earlier.
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be beneficial to consumers to the extent that it reduces search costs.4 When used to signal

quality, informative advertising can be conducive to the profitability and provision of high

quality products, another benefit to consumers. Despite these positive consequences, the net

benefit of informative advertising can be negative for many consumers. Take for example, the

viewer of “free” network television news which is bundled with advertising. Even if the ads are

informative, the information may be quite useless to a viewer who is not or very infrequently

interested in the particular products. This viewer could spend some of her time in a more

productive or pleasant way, if the news were available without the ads.

The implications of persuasive advertising for consumer welfare are much more controversial.

For instance, consider the partial equilibrium model of oligopolistic competition that we are

going to analyze. Suppose one ignores the usual concerns whether consumer surplus is an

adequate measure of welfare and compares consumer surpluses for di erent levels of advertising.

Are these valid welfare comparisons, if the shift of the demand curves is brought about by a

shift in consumer tastes. For their model with explicit utility functions which have advertising

as an argument, Dixit and Norman (1978) argue that di erent market outcomes should be

compared on the basis of constant preferences, say pre-advertising or post-advertising tastes.

They find excessive advertising in terms of pre-advertising and post-advertising tastes. Fisher

and McGowan (1979) argue that each outcome should be evaluated on the basis of the tastes

that brought it about. See also the reply by Dixit and Norman (1978).

Fisher and McGowan’s argument against Dixit and Norman’s “shifting tastes” approach

hints at the main alternative, the “stable tastes” approach pioneered by Stigler and Becker

(1977), applied by Nichols (1985) and further developed by Becker and Murphy (1993).5 Apart

from some striking conclusions, the appeal of the stable tastes approach lies in the fact that

it can rely on standard methods of economic analysis without resorting to explanations from

other social sciences.

Although consumer preferences are not explicitly modelled in our partial equilibrium setting

of oligopolistic competition, the distinction between shifting and stable tastes remain relevant.

4 It may inform consumers about the existence of a product, its charecteristics, its price or price distribution,
the location of its vendors, etc.

5Stigler and Becker assume that consumers do not care about goods per se, but their attributes -or charecter-
istics in the tradition of Lancaster. Becker and Murphy postulate that advertisements and goods advertised are
complements in stable metautility functions.
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Namely, one can follow either Dixit and Norman or Fisher and McGowan when comparing

total (consumer plus producer) surpluses. For some symmetric versions of our model, such a

choice is unnecessary. We side with Fisher and McGowan, if we have to choose. Let us add

that the prevailing taxonomy, shifting versus stable tastes, is neither exclusive nor exhaustive.

As a conceivable third alternative, consider the case of two chemically and physically identical

laundry detergents. Some consumers are well aware of this fact and indi erent between the two.

If prices are significantly di erent, a consumer will choose the cheaper alternative. Otherwise,

the consumer chooses at random or, as a repeat buyer, sticks with the previously chosen brand

with occasional experimentation. All that advertising does is to raise consumer awareness of

a brand so that consumers choose it or experiment it with higher probability. But advertising

does not make the brand more valuable to consumers. If the advertised brand happens to be

unavailable in the store while the other brand is available, consumers are not disappointed, since

they still assess the two brands as equally good. Last but not the least, there are indirect welfare

e ects of advertising beyond the scope of this paper and most of the literature. For example, if

for whatever reasons, advertising could boost general consumer demand, then it might be helpful

in preventing, mitigating or shortening economic recessions. As another example, advertising

happens to have a “concentration-e ect”, then one has to deal with pros and cons of industry

concentration as well.

Our subject are advertising wars where explicitly or by implication one brand takes on

a particular competing brand and vice versa. Such targeted ad campaigns are comparative

in nature and suggest the superiority of one’s own brand in some dimension(s). They may

turn negative and stress the inferiority of the competing brand. Because of its surge in recent

political campaigns and its rise in commercial campaigns, comparative advertising has received

increasing attention in both popular and specialized media. However, the tactical details of

comparative advertising such as optimal framing of ads are of secondary concern to us here

- despite some potentially exciting economic, ethical, legal and marketing issues.6 For our

purposes, we need not and do not specify whether the content of a firm’s ads is positive or

negative, though we implicitly assume that the firm chooses whatever format works best for it.

6What exactly constitutes comparative advertising is a matter of degree and perception. For attempts to
define negative advertising and assess its e ectiveness, see James and Hensel (1991) and Sorescu and Gelb
(2000).
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Thus in our reduced form model of advertising wars, a firm simply determines the amount of

advertising against each of the other firms.

We develop a simple game theoretic model wherein targeted comparative advertising will

have a positive impact on the demand of the advertised brand and a negative impact on the

demand of the targeted competing brand. The player set consists of a finite number of firms.

Our static game has two stages. In the first stage, the players decide whom to advertise against.

In the second stage, given the advertising configuration determined in the first stage, they

compete as Cournot oligopolists. In section 5.2, we introduce the second-stage Cournot model.

In section 5.3, we develop the static two-stage model of comparative advertising and provide

su cient conditions for the existence of a subgame perfect Nash equilibrium. Under these

conditions, the equilibrium advertising e orts are unique and positive. Later in the section, we

revisit some of the welfare issues raised above.

In section 5.4, we consider the perfectly symmetric case where one can explicitly solve for

subgame perfect Nash equilibrium. In this particular case, equilibrium prices and quantities

are the same as in the Cournot model without advertising. Hence, each firm would gain if they

refrained from advertising. We go on to study the sustainability of collusion with respect to

advertising in the infinitely repeated two-stage game. Obviously, the firms could make further

gains by colluding in advertising and output decisions. It turns out that under certain condi-

tions, collusion in advertising and output can be supported as a subgame perfect equilibrium

outcome of the infinitely repeated game whenever collusion in advertising alone can be sup-

ported. In the symmetric static model, we further find, among other things, that individual

advertising levels decrease with the number of firms whereas aggregate advertising expenditures

increase in the number of firms.

In the section 5.5, we explore possible links between the degree of product di erentiation and

e ectiveness of comparative advertising. Section 5.6 contains concluding comments. Section

5.7 contains proofs and derivations.
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5.2 The Cournot Model

In this section, we present the Cournot model, that will constitute the second stage of our

two-stage advertising model. There are a finite number n > 2 of firms belonging to the set

N = {1, 2, . . . , n}. Generic firms are denoted i, j or k. pi denotes firm i’s price and qi denotes

its quantity. Firms produce close but imperfect substitutes so the inverse demand function for

firm i assumes the form

pi = i qi ·
X
k 6=i
qk (5.1)

where i > 0 and 0 < < 1.

For each firm, we assume a constant marginal cost ci and a fixed cost CFi resulting from

the first-stage advertising decision so that its total costs are

Ci = ci · qi +CFi (5.2)

With profits given by: i = pi · qi Ci, we solve the Cournot equilibrium in subsection

7.1 where we also develop the necessary and su cient conditions (5.19) for positive equilibrium

quantities. In the latter case, Cournot equilibrium quantities and profits are given by:

qi =
1

2
[ i ci]

2
· 1

2 + (n 1)

X
k N

[ k ck] (5.3)

i = q2i CFi . (5.4)

From (5.3), we obtain qi/ i =
1
2 ·

³
1 2+(n 1)

´
and qi/ j =

1
2 · 2+(n 1) for

i 6= j. Since < 2, qi/ i > 0 and qi/ j < 0 for i 6= j.
For later reference, let us also report the collusive outcome. If firms collude to maximize

joint profits, the quantity chosen and the profits earned are given by

qi =
1

2(1 )
[ i ci]

2(1 )
· 1

1 (n 1)

X
k N

[ k ck] ; (5.5)

i =
1

2
[ i ci] qi CFi . (5.6)
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5.3 The Two-Stage Model of Advertising

In this section, we consider a two-stage game played by n firms where in the second stage, the

firms engage in Cournot competition described by the model of the previous section.

In the first stage of the game, a (pure) strategy for firm i is a vector si = (si1; .....; si,i 1; si,i+1; ...; sin)

where sij R+ for each j N\{i}. Throughout the paper, we restrict our attention to pure
strategies. The set of first-period (pure) strategies of firm i is denoted by Si. Since firm i

has the option of advertising against each of the other (n 1) agents, Si = Rn 1
+ . The set

S = S1 × S2 × S3 × . . . × Sn is the joint strategy space of all agents. A strategy profile

s = (s1,s2, · · · , sn) S defines an advertising outcome. Also denote S i =
Q
j 6=i
Sj , the set of

strategy profiles of all firms but i.

To describe the e ects of advertising, we introduce numbers i
ij > 0 and

j
ij > 0 for all i and

j 6= i. If firm i chooses the advertising level of sij > 0 against firm j, then there is a positive

gain for firm i in the sense that its demand increases by sij . iij . If conversely firm j chooses an

advertising level sji against firm i, the latter’s demand falls by sji. iji. To be precise, advertising

a ects the intercepts of the second-stage inverse demand functions (5.1) as follows:

i = i +
X
j 6=i
sij · i

ij

X
j 6=i
sji · i

ji (5.7)

where i > 0 is exogenously given. Notice that (5.1) can be viewed as a demand relation where

i’s demand depends on its own price and the quantities produced by others.

qi = i pi ·
X
k 6=i
qk (5.8)

We have stated that the second-stage fixed costs in (5.2) are advertising expenses determined

by first-stage decisions. Specifically, we assume numbers ij > 0 for all i and j 6= i. Then for
firm i the cost of advertising is given by

CFi =
X
j 6=i
s2ij · ij (5.9)

In the second stage, the firms maximize profits, given their cost functions, the (inverse)
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demand functions and the strategy profile of the first stage. The Cournot outcome is unique

and is given by (5.3) and (5.4) in case it is positive. It depends on the first-stage profile s S

via (5.7) and (5.9). Hence, for every strategy profile s of the first stage, there will be a unique

Cournot Nash equilibrium in the second stage. Let qi(s) denote the equilibrium quantity chosen

by firm i given the strategy profile s of the first stage and i(s) be the resultant equilibrium

profits. In the reminder of this section, we utilize the explicit expressions for qi(s) and i(s)

to determine gains and losses from advertising (subsection 5.3.1), present su cient conditions

for the existence of the subgame perfect equilibrium (subsection 5.3.2), and assess equilibrium

welfare (subsection 5.3.3).

5.3.1 Gains and Losses from Advertising

If one disregards advertising costs, then as a rule, an advertiser gains from comparative adver-

tising and the targeted firm loses. Moreover, the profits of third parties tend to be a ected

as well. Each e ect has two components. By (5.3), (5.4), (5.7), and (5.9) firm i’s advertising

impacts its own profits as follows:

i(s)

sij
= 2qi(s).

·
qi(s)

i
.

i

sij
+

qi(s)

j
.

j

sij

¸
CFi
sij

= 2qi(s) · 1

(2 )
·
·µ
1

2 + (n 1)

¶
i
ij + 2 + (n 1)

j
ij

¸
2sij. ij

Hence there are two sources of gain from strategic advertising, namely, the fact that the

advertising firm’s demand is increasing and the fact that the demand of the firm advertised

against is decreasing. The loss of course stems from the cost of advertising. Hence as long as

the cost of advertising is su ciently small, a firm always gains by advertising.

If firm i advertises against firm j, then the profits of the latter are a ected as follows:
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j(s)

sij
= 2qj(s).

·
qj(s)

j
.

j

sij
+

qj(s)

i
.

i

sij

¸
= 2qj(s) · 1

(2 )
·
·µ
1

2 + (n 1)

¶
j
ij + 2 + (n 1)

i
ij

¸

There are also two sources of loss for the firm being advertised against, namely a decline of

its own demand and a rise of its rival’s demand.

Finally consider the third parties, that is firms k di erent from i and j. Such a firm’s profit

is a ected by i’s advertising against j as follows:

k(s)

sij
= 2qk(s).

·
qk(s)

j
.

j

sij
+

qk(s)

i
.

i

sij

¸
= 2qk(s) · 1

2
·
2 (n 1)

h
j
ij

i
ij

i
Thus third parties stand to gain if the loss of the firm incurred by the firm advertised against

is greater than the gain of the advertising firm (where advertising costs are ignored).

5.3.2 Subgame Perfect Nash Equilibrium

We have solved for the Cournot Nash equilibrium in the second stage, obtaining quantities qi(s)

and profits i(s) as functions of the first-period strategy profile. To obtain the Subgame Perfect

Nash Equilibrium (SPNE), we can use backward induction and solve for a Nash equilibrium

s S of the one-stage game based on continuation payo s i(s). To this end, put

Vij =
1

2
·
·µ
1

2 + (n 1)

¶
i
ij + 2 + (n 1)

j
ij

¸
for i 6= j. Then the previous expression i(s)/ sij reduces to

i(s)

sij
= 2qi(s)Vij 2sij. ij .
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Assuming Vij > 0, the first order condition for maximization with respect to sij becomes

sij = qi(s)Vij/ ij (5.10)

where qi(s) is is given by (5.3) and (5.7). If the resulting system of linear equations in the

n(n 1) variables sij , i 6= j has a strictly positive solution s , then (s , q(.)) = (si , qi(.))i N is
a candidate for a SPNE of the two-stage game. For a wide range of parameter values, such a

s exists and is unique and (s , q(.)) is a SPNE indeed.

Proposition 5.1 Suppose Vij > 0 holds for all i 6= j and (5.20) holds for all i N . Then for

su ciently large ij, i 6= j, there exists a subgame perfect equilibrium (s , q(.)) of the two-stage

game. Moreover, s is unique and satisfies 0 < sij < 1 for all i 6= j.

The proof can be found in subsection 5.7.2. In essence, the proposition says that if the

cost of advertising is su ciently large, then there will be a positive but limited amount of

advertising.

5.3.3 Equilibrium Welfare

Under certain conditions, like in the special case considered in the next section, the equilibrium

advertising e orts of firm i against firm j and vice versa will o set each other. Hence, the

advertising expenses constitute a net loss from a social welfare perspective. Neither producers

nor consumers are ultimately a ected by the possibility of comparative advertising, except

for advertising costs. Still, each individual firm has an incentive to advertise up to a certain

point. Such a scenario is reminiscent of the Prisoner’s Dilemma and has been described verbally

already by Pigou (1924, p. 176): “It may happen that the expenditures on advertising made by

competing monopolists simply neutralize one another, and leave the industrial position exactly

as it would have been if neither had expended anything. For clearly, if each of two rivals makes

equal e orts to attract the favour of the public away from the other, the total result is the

same if neither had made any e ort at all.” Consumers may have gained, of course, if the

advertising e orts have created the perception of higher product quality. With comparative

advertising, however, the utility e ects may also neutralize each other and Pigou’s verdict of

wasteful advertising may be well be justified even if consumer welfare is taken into account.
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In general, straightforward welfare conclusions may prove impossible. First, our existence

result relies on the quadratic form of the cost terms s2ij · ij in (5.9). This gives rise to second

order terms

2
i(s)/ s

2
ij = 2V

2
ij 2 ij

which becomes negative for su ciently large ij . On the other hand, linear cost terms sij · ij

would yield second order terms

2
i(s)/ s

2
ij = 2V

2
ij > 0.

Consequently best responses and SPNE would fail to exist. Secondly, advertising e orts need

not be o setting across firms and, therefore equilibrium quantities and prices may be a ected

by advertising. In that case, the welfare of firms can still be evaluated. But as explained in the

introduction, the assessment of consumer welfare tends to be more problematic if consumers

respond to comparative advertising. To the extent that comparative advertising is uninforma-

tive and merely persuasive, in other words is an attempt to manipulate consumer preferences,

the question arises how to account for the part of the change in consumer surplus that is at-

tributable to a shift of the consumers’ willingness to pay. Thirdly, as a rule, the SPNE is

only implicitly given which makes it di cult to draw firm conclusions. For these reasons, we

specialize in the next section.

Before we turn to this special case, let us report (without the straightforward but lengthy

analytical details) some general facts. In the spirit of Stigler and Becker (1977), Fisher and

McGowan (1979), and Becker and Murphy (1993), let us take preferences as stable.7 In concrete

terms, let us measure welfare by means of total surplus that is the sum of producer surplus

(industry profits) and consumer surplus. Obviously one source of ine ciency is the very fact

that the firms behave as Cournot oligopolists and hence do not choose quantities at levels where

price equals marginal cost. But that is a well-known fact and we are primarily interested in

ine ciencies related to strategic advertising. So let us suppose that firms continue to behave

as Cournot oligopolists but the social planner can now select levels of strategic advertising in

a bid to maximize welfare. Then as a rule, the first order conditions for welfare maximizing

7For lack of an explicit description of preferences, this is an implicit assumption, though.
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advertising levels di er from the system (5.10). In the special perfectly symmetric case of the

next section, the welfare maximizing advertising levels turn out to be zero so that Pigou’s

verdict holds even if consumer welfare is taken into account. However, the welfare maximizing

advertising levels are not always zero. The latter occurs for an almost symmetric model with

di erential impact of advertising as follows. There are constants > 0, c > 0, > 0 and > 0

such that for all i and j 6= i : i = , ci = c, i
ij =

j
ji = 2 ,

j
ij =

i
ji = , ij = . Provided

that the existence and uniqueness result of Proposition 1.1 holds, we find that for su ciently

large , the welfare maximizing advertising levels are positive but less than the SPNE levels.

We conjecture that for large, but not too large , the welfare maximizing advertising levels may

exceed the SPNE levels.

5.4 The Symmetric Case

In the perfectly symmetric case, one can explicitly solve for the SPNE. This permits detailed

welfare analysis and a study of the e ects and sustainability of collusion. The perfectly sym-

metric case is given by constants > 0, c > 0, > 0, and > 0 such that for all i and j 6= i :
i = , ci = c, ij = , j

ij =
i
ji =

i
ij =

j
ji = . Because of the last identities, advertising has

an o -setting impact, if firms choose equal advertising levels.

5.4.1 Subgame Perfect Nash Equilibrium

As a immediate consequence of Proposition 5.1, we obtain

Corollary 5.1 Suppose > c + (n 1) . Then for su ciently large , there exists a unique

subgame perfect equilibrium (s , q(.)) of the two stage game with the property that 0 < sij < 1

for all i 6= j.

Under the symmetry assumptions, the SPNE can be easily found. Namely, we obtain

Vij = /(2 ) for all i 6= j. Hence (5.10) reduces to sij = qi(s) · /((2 ) ). Now set

sij =
1

2
· c

2 + n
· (5.11)
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for i 6= j. With that choice, (5.7) and (5.3) become i = for all i and

qi(s ) =
c

2 + (n 1)
(5.12)

for all i, respectively, and the first order conditions (5.10) are satisfied. Therefore:

Corollary 5.2 Suppose > c+ (n 1) . Then for su ciently large , the SPNE advertising

levels are given by (5.11) and the equilibrium quantities are given by (5.12).

This SPNE possesses several interesting properties. First and foremost, as expected the

equilibrium quantities are una ected by the benefit and cost parameter and and the cor-

responding equilibrium levels of advertising. The pairwise levels of advertising in (5.11) are

linear in the benefit-cost ratio / . It is also deceasing in n indicating that smaller the number

of firms, more intensive is the advertising.

Individual advertising expenditures is given by (n 1)e where e = 1
³

1
2

c
2+(n 1)

´2
.

The derivative of this expression with regard to n is given by
2 ( c)2

(2 )2
(2 (n 1) )
(2+(n 1) )3

. Hence, if the

number of firms are smaller than 1+2/ , then individual advertising expenditures are increasing

in the number of firms. Otherwise, they are decreasing in the number of firms. A rise in the cost

parameter leads to a reduction in e and hence a decline in individual advertising expenditures.

Finally, consider the total advertising expenditure given by E = n(n 1)e. The derivative of

this expression with respect to n is always positive and consequently aggregate advertising

expenditures are increasing with the number of firms.

5.4.2 Beneficial Collusion

Firms have an incentive to collude with respect to advertising or output decisions, or both.

Let us focus on advertising first. The equilibrium advertising levels (5.11) amount to a total

advertising expenditure E = n(n 1)e. Since the equilibrium quantities (5.12) are una ected by

advertising, consumer welfare is una ected by advertising. Hence the advertising expenditure E

incurred by firms is a clear welfare loss. This would be a justification for a ban on comparative

advertising. Germany, for instance, has traditionally banned comparative advertising, because

it was considered a form of “improper competition”. Another way to avoid the welfare loss
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would be collusion among firms. Compared to the SPNE outcome each firm gains

g = (n 1)e

if they refrain from advertising, assuming that the second-stage Cournot competition persists.

But given that no body else advertises, the firm has an incentive to deviate from the collusive

outcome. If it does not advertise, its payo is given by (5.4) and (5.12) with CFi = 0. Let

h be the additional payo the firm receives, if it chooses optimal levels of advertising. Since,

i(s)/ sij = 2qi(0, . . . , 0)Vij =
2 ( c)

(2 )(2+(n 1) ) > 0 at s = (0, . . . , 0), h > 0 holds. If is

su ciently high, one can calculate h precisely namely,

h =
( c)2 · 2(n 1)

(2 + (n 1) )2((2 )2 (n 1) 2)

and in fact, h > g is possible.

5.4.3 Sustainable Collusion

While there exist incentives to deviate from the collusive outcome in the two-stage game,

collusion may be sustainable if the two-stage game is infinitely repeated. Suppose there are

multiple periods denoted t = 0, 1, 2, . . . . In each period the two-stage game is played. Suppose

firm i’s time preferences are given by a discount factor i (0, 1). By a standard argument

there exists a subgame perfect Nash equilibrium in trigger strategies for the repeated game,

without advertising along the equilibrium path, provided g · i
1 i

> h or i >
h/h
1+h/g for all i.

This means that the collusive outcome is sustainable for su ciently large discount factors.

The firms have an incentive to collude with respect to advertising and output levels, since

without advertising, the collusive payo s given by (5.5) and (5.6) exceed Cournot payo s given

by (5.3) and (5.4), say by g0 > 0. One can calculate g0 precisely, namely,

g0 =
( c)2(n 1)2 2

4(1 + (n 1) )(2 + (n 1) )
.

Then, G = g + g0 is a firm’s payo from two-fold collusion relative to its SPNE payo in the

two-stage game. Clearly, there exist stronger incentives for two fold collusion than collusion in
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advertising only. But, one might suspect that the incentives for deviation are also stronger. It

turns out that in the infinitely repeated two-stage game, the incentives to deviate from two-fold

collusion can be less than the incentives to deviate from collusion in advertising only. Let h0

denote the additional payo the firm receives if it deviates optimally from collusion, in the

Cournot model without advertising. The key observation is that in each period, the two-stage

game is played. Therefore, if in any period, a player deviates in the first stage, the other players

have the opportunity for instantaneous retaliation in the second stage of the same period. To

be concise, let us state

Proposition 5.2 Suppose h0 6 h. If for some discount factor i, i N , collusion in advertising

can be supported by a subgame perfect equilibrium in trigger strategies, then there exist discount

factors 0
i < i, i N , such that collusion in advertising and output can be supported by a

subgame perfect equilibrium in trigger strategies.

The essence of the argument is as follows. Suppose that a firm considers a first deviation

in the first stage of some period. Then the trigger strategies can be such that play reverts

from collusion in output to Cournot equilibrium play in the second stage of that period and

from collusion in advertising and output to the SPNE of the two-stage game in all subsequent

periods. Hence, the one-time undiscounted gain from such deviation is equal to h g0 which

is less than h the one-time undiscounted gain from such a deviation when only collusion in

advertising was implemented, and the subsequent forgone benefits from collusion is equal to G

which is higher than g.

Suppose next that in some period, a firm considers a first deviation in the second stage

of that period. Then h0, the one-time undiscounted gain from such a deviation is at most h.

But the potential deviator forgoes the (undiscounted) collusive benefits G in every subsequent

period when play reverts from collusion in advertising and output to the SPNE of the two-stage

game. Since G is higher than g, the forfeited benefits from collusion in advertising only, it

follows that smaller discount factors su ce to sustain collusion in advertising and output.

It can be shown that

h0 =
( c)2(n 1)2 2

16(1 + (n 1) )2
.
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Hence, h0 6 h if and only if

(n 1) · 2 · (2 + (n 1) )2 · ((2 )2 (n 1) 2)

16(1 + (n 1) )2
6 1

For instance, if n = 2, = 0.5, = 1 and = 2, the left hand side of the above inequality is

equal to 175
1052 and hence the condition is obviously satisfied.

5.4.4 Near Symmetry

Finally, we will slightly change the assumption of perfect symmetry to near symmetry. Namely,

firms i = 2, . . . , n are still identical to each other. However, firm 1 is di ers from other firms in

exactly one attribute. By examining one asymmetry at a time, we can derive insights into the

relative behavior of firms. Let us begin by increasing the intercept of firm 1’s demand curve.

Hence, keep all assumptions of the symmetric model unchanged except that now we assume

1 = bµ · where bµ > 1 represents the asymmetry parameter. Then, solving the system of

equations given by (5.3), (5.7) and (5.10), we find that firms other than 1 will advertise more

aggressively against firm 1 than firm 1 does against other firms if and only if n· /( (2 )2) > 1.

This condition is independent of bµ. Increasing the intercept of the inverse demand function of
firm 1 both increases the gain to firm 1 of advertising against other firms as well as the gain of

other firms of advertising against firm 1. Hence, which of them will advertise more is ambiguous

and depends on parameters other than bµ.
Other forms of near symmetry also do not lead to clear cut results. For instance, consider the

asymmetry in the benefit parameter. Keep all assumptions of the symmetric model unchanged

except that now we assume 1
i1 =

i
i1 = eµ· where eµ > 1 for all i 6= 1. Hence, advertising against

firm 1 lead to substantial gains on part of the advertising firms and substantial losses on part

of firm 1. This may be true if firm 1 is the incumbent firm and other firms are new entrants

with small market shares. One would clearly expect all firms to advertise aggressively against

firm 1. This is indeed the case. Solving the system of equations represented by (5.3), (5.7) and

(5.10), we find that all firms other than 1 advertise eµ times as much against firm 1 than they

do against each other. However, it is not clear whether it also exceeds the level of advertising

of firm 1 against other firms. This is indeed the case if
£
(2 )2/( 2(eµ2 + n 1))

¤
> 1. If eµ

103



is su ciently large however, the inequality is reversed and firm 1 advertises more aggressively

relative to what other firms advertise against firm 1. One interpretation is that if firm 1 is more

vulnerable, it might fight harder to protect its turf.

We will finish this subsection by considering an asymmetry in costs. Let firm 1 be the high

cost firm. Hence, Hence, keep all assumptions of the symmetric model unchanged except that

now we assume 1j = µ · for all j 6= 1 where µ > 1. One would intuitively expect firm

1 to advertise less. We find that this is indeed the case if is su ciently large, namely if

(µ (2 )2)/( (µ+ n 1)) > 1.

5.5 Product Di erentiation

In this section we explore two plausible premises about the link between the degree of product

di erentiation and the e ectiveness of comparative advertising. One assumption is that less

horizontal product di erentiation makes comparative advertising more e ective. The other

assumption is that comparative advertising is an attempt to create or alter perception of vertical

product di erentiation.

5.5.1 Horizontal Product Di erentiation and Advertising

To convey the general idea, let us assume that each firm places itself (its product) in an abstract

product space represented by a metric space. If two firms i and k are close in the product space,

then their products are close substitutes and comparative advertising between them is highly

e ective.

Formally, the inverse demand functions (5.1) are replaced by the slightly more general form

pi = i qi
X
k 6=i

ik · qk (5.13)

Let dik denote the distance between firms i and k. Then, the assumption that less product

di erentiation make products closer substitutes and comparative advertising more e ective

amounts to the following two conditions:

(a) ik = ki is strictly decreasing in dik.
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(b) i
ik and

k
ik are strictly decreasing in dik.

Notice that dki = dik and by symmetry the e ect of k’s advertising against i decreases as well

if they locate further apart. One would expect that ceteris paribus that a firm will advertise

more against close than against distant competitors. Ford’s Lincoln may be pitted primarily

against General Motor’s Cadillac and not against Fiat’s Uno. This could even happen only when

(a) holds while the 0s are independent of distance so that the impact of horizontal product

di erentiation is transmitted through only one channel. Consider, as a numerical example, the

situation of three firms where firms 1 and 2 sell (almost) identical products whereas firm 3 sells

a product quite di erent from the other two.

Example: There are three firms. Let us assume that there exists a number > 0 such that

i ci = for each firm i. We postulate that d12 = 0 or d12 0 whereas d13 and d23 are very

large. Let us further assume that this implies 12 1, 13 0 and 23 0. For simplicity we

set 12 = 1 and 23 = 13 = 0.Hence, the market is divided into a segment served by firms 1

and 2 and a segment served by firm 3. However, we allow for advertising spillovers from one

segment of the market to the other, assuming i
ij =

j
ij = 1 for each pair of firms i and j. Let

the advertising cost parameters be given as ij = 8 for each pair of firms i and j. Then they

are su ciently large to satisfy second order conditions with respect to advertising.

In the second-stage Cournot equilibrium of the duopoly formed by firms 1 and 2, the equi-

librium profits are

1 =
1

9
· (2 1 2)

2 CF1 , 2 =
1

9
· (2 2 1)

2 CF2 (5.14)

where 1 = + s12 s21 + s13 s31 and 2 = + s21 s12 + s23 s32. The second-stage

monopoly profit for firm 3 is

3 =
1

4
· 2

3 CF3 (5.15)

where 3 = + s31 s13 + s32 s23. To determine equilibrium advertising levels, we exploit

symmetry and set s12 = s21, s13 = s23, s31 = s32. This reduces the first order conditions (5.10)

to the following three equations immediately derived from (5.14) and (5.15):
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8s12 =
3

9
( + s13 s31);

8s13 =
2

9
( + s13 s31);

8s31 =
1

4
( + 2s31 2s13).

The solution is

s12 =
43.5

1048
, s13 =

29

1048
, s31 =

33

1048
.

Thus, indeed, advertising between the two duopolists is fiercer than across market boundaries.

Interestingly enough, the monopolist advertises somewhat more aggressively against a duopolist

than vice versa. The reason is that for equal advertising levels, the i are equal whereas the

monopolist’s profits and marginal benefits from advertising are clearly higher as a comparison

of (5.14) and (5.15) shows.

Now, suppose in the example, the impact of horizontal product di erentiation gets trans-

mitted through both channels, i.e. both (a) and (b) hold. We can achieve this by setting

1
12 =

2
12 =

1
21 =

2
21 =

b > 1 while keeping all other parameters fixed at their previous levels.
Then, only the first of the first order conditions changes and becomes

8s12 =
3

9
b( + s13 s31).

Therefore, the new equilibrium advertising levels are bs12 = bs12, bs13 = bs13, bs31 = s31. The

advertising war among the duopolists has intensified as to be expected while advertising across

market boundaries has not changed.

Symmetric Case: For arbitrary fixed locations, the analysis becomes very complicated.

In contrast, the situation becomes fully transparent in the symmetric case with two firms to

which we turn next. Let us assume n = 2 and make the symmetry assumptions of the previous

section. Moreover, we assume (a) and (b). Since there are only two firms, we can drop the

subscript from and . In the absence of advertising, (5.3) and (5.4) become qi = ( c)/(2+ )

and i = (qi)
2, respectively. Consequently a firm’s Cournot equilibrium profits is decreasing in

and by (a), increasing with its distance from the other firm. In a two stage game, where firms
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first choose locations on the unit interval and then choose quantities, these comparative statics

yield maximum product di erentiation:

Proposition 5.3 Suppose the product space is the unit interval. In a subgame perfect equilib-

rium of the two-stage game, where firms first choose locations and then choose quantities, one

firm locates at one end-point and the other firm locates at the opposite end-point.

Next we introduce advertising and consider a three stage game. In the first stage, firms

choose locations in the product space. In the second stage, they choose advertising levels. In the

final stage, they choose quantities. Notice that when locations are fixed, and are determined

and the two firms face a symmetric situation as in the previous section. Hence the subgame

perfect equilibrium outcomes of stages two and three are given (5.11) and (5.12). For n = 2 these

expressions simplify to si = (( c)/(4 2)) · ( / ) and, as before, qi = ( c) / (2 + ). We

have already seen that a firm favors maximum product di erentiation, if we ignore advertising.

The comparative statics of the equilibrium advertising levels si reinforce this conclusion: si

is increasing in and . Hence a firm spends less on advertising if it is located further away

from the other firm. Therefore, qi increases and CFi = · s2i decreases, if firm i moves further

away from the other firm. Consequently, i’s profit i = qi
2 CFi is increasing with its distance

from the other firm. In the three-stage game, these comparative statics yield again maximum

product di erentiation:

Proposition 5.4 Suppose the product space is the unit interval. In a subgame perfect equilib-

rium of the three-stage game where choose first locations, next advertising levels, and finally

quantities, one firm locates at one endpoint and the other firm locates at the opposite endpoint.

In the classical Hotelling model of a linear city, firms first choose locations on the interval

and then compete as Bertrand duopolists for consumers uniformly distributed on the interval.

If a firm moves closer to its competitor, it experiences two opposing e ects on its profits. The

strategic e ect refers to the loss the firm incurs because of fiercer price competition. The market

share e ect refers to the increased demand for the firm’s product. D’Aspremont, Gabsewicz

and Thisse (1979) have shown that the strategic e ect dominates the market share e ect so

that maximum product di erentiation results in the subgame perfect equilibrium. Here we
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have obtained a similar result in a very di erent context: the losses from moving closer to one’s

competitor outweigh the gains. In particular, if a firm reduces its distance from its competitor,

then its advertising becomes more e ective. But the competitor’s advertising becomes also

more e ective. Consequently, the ensuing advertising war intensifies to the detriment of both

firms’ profits.

5.5.2 Advertising as Perceived Product Di erentiation

In this section, we briefly elaborate on the possibility that functionally equivalent products may

be perceived as di erent as a consequence of persuasive advertising. If advertising is merely

aimed at brand recognition, otherwise identical products may be perceived as horizontally dif-

ferentiated. If advertising is comparative, otherwise identical products may be perceived as

vertically di erentiated. This kind of virtual product di erentiation can coexist with actual

product di erentiation and amplify and alleviate the e ects of the latter. To be more spe-

cific, let us reconsider a modified inverse demand function of the form (5.13). In our previous

interpretation, we had assumed that the degree of actual horizontal product di erentiation de-

termines the magnitude of substitution coe cients ik and of the marginal advertising e ect

parameters i
ik and

k
ik in (5.7). Now let us make the opposite assumption that actual product

di erentiation is non-existent or ine ective. By postulating (5.7) and (5.1) or (5.13), we have

always presumed that comparative advertising makes the own product more desirable and the

product of the firm advertised against less desirable. In that sense, the e ect of comparative

advertising is similar to raising the quality of one’s own product quality or lowering the quality

of the other product. In addition to a ecting the intercepts (constant terms) i of the inverse

demand functions, advertising could influence the substitutability of products in a more direct

way, for example as follows:

ij = sij · i
ij + sji · i

ji (5.16)

This formulation reflects the intuition that if a firm advertises against another firm, then its

own product becomes more of a substitute for the other firm’s product whereas the other

firm’s product becomes less of a substitute for one’s own product. This specification allows

for the possibility of ij 6= ji. In other words, substitutability is no longer a symmetric
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property - as should be the case with vertical product di erentiation. One can reanalyze the

symmetric two stage game of section 4 under new assumptions. In particular, let us assume

n = 2, c = 0, ij = , and i = i = so that i does not respond to advertising. On the other

hand, let us assume (5.16) with i
ij =

j
ij =

j
ji =

j
ij = . Then once more (5.12) obtains for

the SPNE quantities. In contrast, the SPNE advertising levels are now given by

sij =
1

2

µ
2 +

¶2
. (5.17)

Although (5.11) and (5.17) are not directly comparable because of di erent roles of in (5.7)

and (5.16), they share several qualitative features. In particular, in both instances, equilibrium

advertising is positive and linear in the benefit-cost ratio / .

5.5.3 Two-dimensional Product Di erentiation: a Reinterpretation of the

Model

So far we have argued that comparative advertising creates the perception of vertical product

di erentiation. It takes only a minor conceptional step to say that advertising “is” vertical

product di erentiation, at least in the case of a symmetric duopoly. In that case, our formal

model can be converted into a model with vertical product di erentiation by means of the

following reinterpretation: s1 = s12 is the quality choice of firm 1 and s2 = s21 is the quality

choice of firm 2. As a consequence of Corollary 5.2, one obtains

Corollary 5.3 For c > and su ciently large, in the SPNE of the two stage game

where firms make first quality and then quantity choices, the duopolists choose identical positive

qualities, that is minimum vertical product di erentiation.

By (5.17), a similar conclusion holds under the alternative specification (5.16). Next suppose

that the spectrum of product variety (horizontal product di erentiation) is given by the unit

interval and the range of product quality (vertical product di erentiation) is given by the

nonnegative real numbers. Then the analogue of Proposition 5.4 holds.

Corollary 5.4 In a subgame perfect equilibrium of the three-stage game where the two firms

decide first on variety, next on quality and finally on quantities, maximum horizontal product
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di erentiation and minimum vertical product di erentiation (with a positive quality level) result.

Thus as a by-product, our analysis yields an interesting result on two-dimensional product

di erentiation. Our model is a special reduced form in that individual consumer choice is not

explicitly specified. Fully specified models of multi-dimensonal product di erentiation prove

hard to analyze. Economides (1989) considers quality variations in a duopoly of locationally

di erentiated products with linear transportation costs. In his two-stage game, variety is chosen

in the first stage and quality and prices are chosen in the second stage. In his three-stage game,

variety choice occurs in the first stage, quality choice in the second stage, and price choice in

the last stage. Equilibria in pure strategies need not exist. They do exist for certain parameter

ranges in which case the SPNE outcome for both models is maximum horizontal product dif-

ferentiation combined with minimum quality di erentiation. Neven and Thisse (1990) consider

quality variations in a duopoly of locationally di erentiated products with quadratic trans-

portation costs. Potential qualities are restricted to an interval [q, q]. In their two-stage game,

variety and quality are chosen in the first stage and prices are chosen in the second stage. They

identify numbers Kh > Kv > 0 such that for q q > Kv, there exists an equilibrium with

maximum horizontal product di erentiation and minimum vertical product di erentiation (at

quality q) and for q q 6 Kh, there exists an equilibrium with minimum horizontal product

di erentiation (at location 1/2) and maximum vertical product di erentiation. In particular,

for q q [Kv,Kh], both types of equilibria exist. As Neven and Thisse (1990) have noted their

findings as well as those of Economides and ours suggest that “firms have a tendency to select

similar strategies with respect to some characteristics, if at the same time they are su ciently

di erentiated along the remaining dimensions.” Neven and Thisse further assert that a similar

result can be established with two vertical charecteristics. Indeed, Vandenbosch and Weinberg

(1995) study a two-stage game of product competition in two vertical dimensions followed by

price competition and show the existence of a subgame perfect equilibrium with MaxMin dif-

ferentiation, that is maximum di erentiation in one dimension and minimum di erentiation

in the other dimension. However sometimes an equilibrium with maximum di erentiation in

both dimensions (or with maximum di erentiation in one dimension and intermediate di er-

entiation in the other) may also exist. Irmen and Thisse (1998) find that in a location game

with n > 2 charecteristics, firms tend to maximize di erentiation in the dominant character-
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istic and to minimize in the others when the salience coe cient of the former is su ciently

large, corroborating findings by Tabuchi (1994) and Ansari, Economides and Steckel (1998) for

n = 2, 3.

5.6 Conclusions

In this paper, we perform a theoretical analysis of advertising wars where firms engage in com-

parative advertising against each other. This practice has received a fair amount of media

attention in recent years. Any rendition of comparative advertising episodes would be incom-

plete without mentioning the cola wars; see, e.g. Prince (2000). In 1975, Pepsi launched a

widely publicized taste test called the “Pepsi Challenge” in which customers were asked to

sample both Pepsi and Coke side by side without being aware of the labels. The alleged su-

perior performance of Pepsi in this test was widely advertised and led to impressive increase

in sales. Over the years, both soft drink giants have launched numerous spot ads against each

other.

The basic premise of our analysis is that disregarding costs, a firm’s advertising against

another firm benefits the advertiser and harms the target James and Hensel (1991) summarize

a number of studies in the marketing literature on the impact of negative advertising on brand

perception and induced brand demand based on consumer surveys. Several authors find that

comparative advertising is particularly beneficial to new brands. Comparative advertising can

also be very e ective if it makes undisputed claims like ads by Visa against American Express

or for Aleve against Tylenol. Comparative advertisements invite retaliation with potentially

devastating e ects for both sides and likely benefits to third parties. Examples are AT&T

versus MCI, Pizza Hut versus Papa John’s, Tylenol versus Advil. In our static model, we

obtain advertising wars, namely positive levels of advertising, provided that advertising is not

too expensive. The asymmetric version of the model allows for (positive and negative) side-

e ects on third parties, a feature notably absent for most of the literature.

In the perfectly symmetric version of the model, we obtain that advertising levels are positive

in equilibrium, but second-stage quantities and prices are same as with zero advertising. Indeed,

zero advertising would be socially optimal. This result supports the time-honored contention
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- dating back to Pigou (1924) at least - that advertising e orts by competitors might just

neutralize each other and prove wasteful. Netter (1982) reports empirical evidence for the

mutual cancelling of advertising e orts. Indeed, some firms “have chosen disarmament after

years of ad warfare proved fruitless - such as Unilever’s Ragu and Campbell Soup Co.’s Prego”

as Ne (1999) reports. But other long-lasting feuds keep going. Even as we were writing this

paragraph, we have seen television ads for Advil against Tylenol, for Aleve against Tylenol and

for Pine-Sole against Lysol.

If in fact advertising e orts by close competitors neutralize each other, then there are po-

tential gains (explicit or tacit) collusive agreements to refrain from comparative advertising.

This possibility motivated us to study the sustainability of collusion in the dynamic version of

our model. Empirically, collusion may be hard to identify and to our knowledge has not been

systematically investigated at the brand level.8 However, the research of Alston et al. (2001)

hints at potentially huge gains from collusion at the more aggregate level. They start from

the premise that profits from generic advertising by a producer group often come partly at the

expense of producers at closely related commodities. They compare a scenario where di erent

producer groups cooperate and choose their advertising expenditures jointly to maximize the

sum of profits across groups, and a scenario where they optimize independently. They calibrate

an example using 1998 data for U.S. beef and pork and find that the non-cooperatively chosen

expenditure on beef and pork is more than three times the cooperative optimum.

Collusion is one possible explanation why comparative advertising is not predominant.

Other reasons are regulatory restrictions and their legal repercussions. Moreover, compara-

tive advertising may just not be e ective in some markets. While it may not be predominant,

comparative advertising seems far from negligible. According to Ne (1999), among ads in the

ARS database used in a 1997 study, 12 % had direct comparisons while 16 % used indirect

comparisons.

In section 6, we relate product di erentiation and comparative advertising. We first explore

the assumption that less horizontal product di erentiation makes comparative advertising more

e ective. We illustrate the implication of this assumption in an asymmetric example with

8Though Scherer and Ross (1990, pp. 596f) mention a few overt collusive attempts by cigarette and automobile
manufacturers which failed with one exception.

112



three firms. We then consider the symmetric case with two firms and the unit interval as the

product space. In a subgame perfect equilibrium of the three-stage game where firms first

choose locations, next advertising levels, and finally quantities, one firm locates at one end-

point and the other firm locates at the opposite end-point.9 Next, we discuss the assumption

that comparative advertising e ort is an attempt to create or alter consumer perception of

vertical product di erentiation. Finally, we identify comparative advertising e ort with quality

choice and obtain a result on two-dimensional product di erentiation. Prior to us, Economides

(1989) also considers two-dimensional product di erentiation and mentions advertising e ort

as an example of a quality feature whose cost is independent of output. Research e ort falls

into this category as well. But other quality features like use of better material, say stainless

steel. often contribute to the unit cost of output. There is also a crucial di erence between true

and perceived quality attributes of consumer durables - which brings us to the earlier debate on

the e ects of advertising on consumer welfare. True high quality attributes like reliability, size

and speed are embodied in the product and tend to last whereas perceived quality is subject

to change, in particular if the ads creating the perception are discontinued or countered by the

competition.

5.7 Proofs and Derivations

5.7.1 Cournot Equilibrium

Let Q =
P
i
qi. Firm i chooses a positive best response if and only if

i qi >
P
k 6=i
qk (5.18)

In that case, the best response of firm i is given by the first order condition

2qi = i ci
P
k 6=i
qk.

9Some of the literature on persuasive advertising, e.g., von der Fehr and Stevik (1998), Bloch and Manceau
(1999) adopts Hotelling’s linear city model with exogenously given firm locations, because it provides a convenient
way to model individual consumer responses to advertising.
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Therefore,

qi =
1

2
[ i ci]

2
Q.

Summation over all firms yields:

Q =
1

2

X
k N

( k ck)
n

2
Q;

Q =
1

2 + n

X
k N

( k ck) .

(5.3) and (5.4) follow. Now replace the summation index k in (5.18) by j. Next replace each

qj by the corresponding right hand expression in (5.3). This results in the following necessary

and su cient conditions for positive equilibrium quantities

·
(2 ) +

(n 1) 2

2 + (n 1)

¸
( i ci) >

·
(n 1) 2

2 + (n 1)

¸X
k 6=i

( k ck) (5.19)

for all i.

The conditions (5.19) are satisfied if the terms i ci are identical or not too di erent across

firms. When the conditions are not met, one can distinguish a set F of firms who choose a

positive output in equilibrium and the setN\F of firms who choose a zero output in equilibrium.
Then the counterparts of (5.3) and (5.19) hold for forms i and k restricted to F .

5.7.2 Existence

We are going to prove the existence claim of Proposition 5.1 by means of a fixed point argument.

We assume Vij > 0 for all i 6= j and (5.20) (see below) for all i N .

An SPNE has the form (s , q(.)). Among other things, we have to associate a Cournot equi-

librium q(s) = (q1(s), . . . , qn(s)) to each strategy profile s of the first stage. It is straightforward

to show that given any strategy profile s of the first stage, a Cournot equilibrium of the subse-

quent subgame exists. It is also clear from the previous subsection that at most one Cournot

equilibrium exists at which all firms produce positive amounts. Now take any Cournot equilib-

rium given s. By keeping the equilibrium quantities of all but two firms fixed and analyzing the
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reduced game between the remaining two firms, say i and j, one finds that if i ci 6 j cj ,

then the corresponding equilibrium outputs satisfy qi 6 qj . Therefore, applying the analysis of

the previous subsection to the subset of firms who choose positive equilibrium quantities, we

can select a Cournot equilibrium q(s) by requiring that the number of players choosing positive

quantities be maximal. Let us proceed with this selection q(s), s S.

The next step is to establish existence of a strategy profile s S that satisfies the first

order conditions (5.10). In two further steps, we show that the pair (s , q(.)) is an SPNE and

that s is unique. The arguments of all three steps require that the coe cients ij , i 6= j, be
su ciently large. Given the assumption that Vij > 0 for all i 6= j and (5.20) for all i, we shall
show the existence of a number > 0 such that if ij > for all i 6= j, then the conclusion of
Proposition 5.1 holds.

Without advertising, the conditions (5.19) become

·
(2 ) +

(n 1) 2

2 + (n 1)

¸
( i ci) >

·
(n 1) 2

2 + (n 1)

¸X
k 6=i

( k ck) (5.20)

for all i. The conditions (5.20) are satisfied if the terms i ci are identical or not too

di erent across firms. Now suppose they are satisfied and each Vij is positive. Then, because of

(5.7) there exists a number b (0, 1) such that if 0 6 sij 6 b for all i 6= j, then the conditions
(5.19) hold. Choose b > 0 with this property and and let B = [0, b]n(n 1) S. Then for s B

and i N , qi(s) is given by (5.3) and positive. Since each qi(s) depends continuously on s B

and B is compact, there exists K > 0 such that qi(s) 6 K for all i N and s B. Therefore

there exists 1 > 0 such that if ij > 1 for all i 6= j, then 0 6 qi(s).Vij/ ij 6 b for all s B

and i 6= j. Let us choose such a 1 > 0 and suppose ij > 1 for all i 6= j. Then we can define
a continuous mapping : B B by setting ij(s) = qi(s)Vij/ ij for all s B and i 6= j. Since
B is non-empty, compact and convex, has a fixed point, by Brouwer’s fixed point theorem.

A fixed point s of satisfies s = (s ). Hence for any i 6= j : sij = ij(s ) = qi(s )Vij/ ij .

That is, s satisfies the first order conditions (5.10). Hence (s , q(.)) is an SPNE, provided that

for each firm i, i(si, s i) is maximized at si . We distinguish two cases.

Case 1: sij 6 b for all j 6= i. Recall that (5.3) and (5.4) hold for any choice of s = (si, s i)

such that sij 6 b for all j 6= i. Because of (5.7) and (5.9), there exists i > 0 such that if
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ij > i for all j 6= i, then firm i’s profit function i(si, s i) has a negative definite Hessian

matrix and, therefore, is a strictly concave function of si [0, b]n 1. Choose such a i > 0 for

each i and set 2 = 1 +
P
i

i. Suppose ij > 2 for all i 6= j. Then because of the first order
conditions (5.10), si is the unique best response against s i in [0, b]

(n 1).

Case 2: sij > b for some i 6= j. Let k·k denote the Euclidean norm on Rn 1. The best that

can happen to firm i is that all other firms choose zero advertising and zero output. In that

case, its monopoly profit is

i(si) = i ci +
X
j 6=i
sij

i
ij

2,
4

X
j 6=i
s2ij ij

if firm i chooses si Si in the first stage and its profit maximizing quantity given si in the

second stage. There exists i > 0 such that if ij > i for all j 6= i, then i(si) < 0 for ksik > b.
Choose such a i > 0 for all i. Set 3 = 2 +

P
i

i. Suppose ij > 3 for all i 6= j. Then

sij > b for some i 6= j implies ksik > b and i(si, s i) 6 i(si) < 0 < i(s ). Combined with

Case 1 this means si is the unique best response to s i in Si. Since this holds true for any i,

(s , q(.)) is an SPNE indeed. Moreover, 0 < sij < 1 for all i 6= j as asserted.
It remains to be shown that s is unique. To this end, consider the system of linear equations

given by (5.10), (5.3) and (5.7). It can be summarized in the form s = y +As or (I A)s = y

where I is the n(n 1) × n(n 1) identity matrix and y + As is the right-hand side of the

system (5.10). The constant vector y and the square matrix A are determined by the model

parameters. Ceteris paribus, the entries in A can be made arbitrarily small in absolute value

by setting the advertising cost parameters ij , i 6= j su ciently large. Choose 4 > 3 so that

this holds true if ij > 4 for all i 6= j. Suppose that in fact ij > 4 for all i 6= j. In that

case, the matrix I A has a dominant diagonal and consequently is non-singular [by Theorem

1 of McKenzie (1960)]. Therefore, the system (I A)s = y has a unique solution s . Hence,

there exists only one SPNE where all firms choose positive quantities and advertising levels.

Under the hypothesis that Vij > 0 for all i 6= j and (1.20) for all i, we have shown existence
of a number 4 > 0 such that if ij > 4 for all i 6= j, then the conclusion of Proposition 5.1
holds. This completes the proof.
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