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Abstract 
 
A numerical study of a proposed innovative jet interaction configuration is presented. 
This work aimed at improving present-day jet interaction configurations in their 
applications as control thrusters on hypersonic vehicles. Jet thrusters are a useful control 
system for fast-moving vehicles flying in the upper layers of the atmosphere because of 
their effectiveness and responsiveness. They produce a strong and responsive lateral force 
on the vehicle through the interaction of two main mechanisms. The first mechanism 
comes from the momentum of the injectant itself, basically the thrust of the jet. The 
second and subtler contribution comes from the jet interaction flowfield, the interaction 
of the expanding injectant with the crossflow. This interaction produces areas of high 
pressure ahead of the injector and areas of low pressure in the region aft of the jet. The 
combination of the high-pressure regions in front of and low-pressure regions aft of the 
injector produces an undesirable nose-down pitching moment on the vehicle. In order to 
counterbalance the nose-down attitude, modern-day thruster designs include a large 
secondary injector far aft of the center of gravity of the vehicle. The thrust of this second 
injector acting far aft of the primary injector neutralizes the nose-down pitching moment. 
This is not an efficient method to obviate the problem since it requires the vehicle to be 
designed to carry two large thrusters and double the quantity of fuel necessary for one 
thruster. In light of these considerations, this study aimed at developing a jet interaction 
configuration that can dispense from the need of a large secondary injector to compensate 
for the nose-down pitching moment. The cases studied here were first a primary jet alone 
and then a primary jet with pairs of smaller jets. This configuration was based on the 
notion that the interaction of the secondary jets, conveniently located immediately aft of 
the thruster, with the barrel shock and the wake of the primary jet can drastically reduce 
the nose-down pitching moment. Because of the complexity of the jet interaction 
flowfield the investigation of the feasibility and the assessment of the efficiency of the 
new jet interaction configurations combined the present numerical effort with 
experimental studies of jet interaction flowfields performed in the supersonic wind tunnel 
at Virginia Tech. 
 
During the present numerical study the jet interaction flowfield associated with the sonic 
injection of a gas into a high-speed crossflow was simulated by numerically solving the 
Reynolds Averaged Navier Stokes (RANS) equations. Turbulence was modeled through 
a first-order model, the Wilcox’s 1988 k-ω turbulence model. The computations made 
use of the finite volume code General Aerodynamic Simulation Program (GASP) Version 
4. For simplicity and to keep the study general, the jet interaction flowfield was studied 
on a flat plate instead of a body of revolution as on a vehicle. Calculations were run for a 



 

number of jet interaction configurations consisting of a primary jet alone, a primary jet 
and one pair of secondary jets, and a primary jet and two pairs of secondary jets. The 
flow conditions of the simulations ranged from a Mach number of 2.1 up to a Mach 
number of 4.5 and jet total pressure to freestream static pressure ratios of 14 to 680. A 
large effort was dedicated to the development of an efficient computational grid that 
could capture most of the flow-physics with a minimum number of cells. To this end , 
Chimera or overset grids were employed in the simulation of the secondary injectors. 
Grid convergence was shown to be achieved for the case of single injection by 
conducting a thorough convergence study. The discretization error was calculated 
through a modified Richardson extrapolation to be low. The numerical solutions were 
compared to the experimental results in order to assess the capability of RANS equations 
and of first-order turbulence models to properly simulate the complex flowfield. The k-ω 
turbulence model proved to be reliable and robust and the results it provided for this type 
of flowfield were accurate enough from an engineering standpoint to make informed 
decisions about the configuration layout. In spite of the overall good performance, the κ-
ω turbulence model failed to correctly predict the flow in the regions of strong adverse 
pressure gradients. Comparisons with experimental results showed that the separation 
region was often under-predicted thus highlighting the need to employ better turbulence 
models for more accurate results. The RANS equations were found accurate enough to 
provide physical mean-flow solutions. Further, the numerical simulations provided 
information about the detailed physics of the flowfield that is impossible to obtain 
through experimental work. The analysis of the numerical solutions highlighted the 
existence of a complex system of counter-rotating trailing vortices that are responsible for 
the mixing of the injectant with the freestream. The typical features of the flowfield 
created by an under-expanded jet exhausting in a quiescent medium were visible in the jet 
interaction flowfield with the difference of the existence of a crossflow and a non-
uniform back-pressure. The region of low pressure aft of the injector was shown to be 
generated by the detachment of the barrel shock from the surface of the flat plate that 
leaves a large volume to be filled by the surrounding fluid. 
 
The simulations showed that the innovative configuration with one primary jet and an 
array of smaller secondary jets can effectively decrease the nose-down pitching moment 
by as much as 101%. In some cases, it also increased the total normal force acting on the 
flat plate (namely the thrust) by as much as 5%. This effect was found to be caused by the 
reduction in size and intensity of the low-pressure region aft of the primary injector.   
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Chapter 1  
 
Introduction 

1.1 Background 

The jet interaction flow field produced by a jet exhausting in a crossflow (see Figure 1.1 
for a schematic) is a complex fluid dynamics problem that can be found in several real 
life applications. Reference [1] gives an ample and detailed review of the field. Examples 
of applications of the jet interaction principles range from the very low-speed regimes of 
a chimney plume in a crossflow to the very high-speed of scramjet combustion and 
hypersonic missile control systems, from the low mass flow of boundary layer control 
systems to the high mass flow of V/STOL aircraft [1]. The basic problem of a gas 
injected into a crossflow has several variations depending on the application it is used for 
[1]. Examples of these variables are the yaw angle and the pitch angle of the injector, the 
flow conditions of the jet (subsonic, choked, supersonic), and on the freestream 
conditions (subsonic, supersonic, laminar, turbulent), not to mention the chemical 
composition of the gases (single or multiple-phase, non-reacting mixture, reacting 
mixture etc.).  
 
The present study focuses on the case of normal injection of a perfect gas through a sonic 
circular jet into a perfect gas supersonic turbulent crossflow. This configuration is 
representative of a typical exterior arrangement of reaction control systems installed on 
the hypersonic vehicles such as experimental aircraft (e.g. North American X-15), re-
entry vehicles (e.g. Space Shuttle, any future re-usable launch system, ICBMs) and 
missiles (e.g. National Missile Defense interceptors or other high-altitude SAMs). Note 
that when jet thrusters are used for directional control, they are usually applied on the 
outside surface of the vehicle. However, thrusters can also be used as directional control 
units when they are inserted in the exhaust nozzle of a rocket-powered vehicles [86]. In 
this application, a secondary jet is introduced into the primary exhaust flow of the nozzle. 
The jet interaction of the secondary jet with the primary flow creates an asymmetric 
thrust and therefore a force normal to the flight direction of the vehicle. This normal force 
is usually larger than the thrust of the secondary jet.  
 
The main reasons for the use of reaction control systems on these fast-moving vehicles lie 
in the large forces that can be produced by jet thrusters and by their fast reaction time. 
Both of these characteristics of reaction control systems are essential when the medium 
the vehicle is moving in is very rarified making conventional control surfaces ineffective 
and when trying to intercept an extremely fast-moving object with a fast-moving 
interceptor. The extremely low-density of the upper layers of the atmosphere brings the 
flow conditions near the theoretical boundary between the continuous flow and slip flow 
conditions. In this study, continuous flow is assumed to exist for all the test conditions 
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examined. In reaction control systems, normal injection is usually chosen over angled 
injection because it maximizes the lateral force produced by the thrust of the jet. Two 
primary mechanisms contribute to the production of the lateral force. The first 
contribution comes from the thrust produced by the jet (remember that the thrust is 
simply the momentum of the injectant plus the pressure force acting on the cross-
sectional area of the injector exit). The second contribution is a subtler one and is 
produced by the complex interaction of the jet with the cross-flow. In fact the injected gas 
acts as an obstruction to the primary flow and, as such, produces a shock wave in the 
primary flow (see Figure 1.1). The shock wave produces an adverse pressure gradient 
that causes the boundary layer on the wall to form a separation region ahead of the 
injector. The high pressures typical of recirculated flows (see pressure plot of Figure 1.2) 
augment the lateral force produced by the thrust of the jet. Therefore, a jet operating with 
a crossflow will produce a larger force than if it was exhausting into a quiescent medium. 
However, at the same time, a large low-pressure region forms aft of the injector (Figure 
1.2). The low-pressure region has two main effects on the forces and moments produced 
by the jet on the flat plate. The first effect is to decrease the normal force on the plate 
created by the combined effects of the thrust of the jet and of the high-pressure region 
ahead of the injector. Note that the low-pressure region effectively creates a suction 
behind the jet. Even though the pressure is not significantly lower than freestream 
pressure, it acts over a large area behind the injector, thus creating a strong negative 
force. The second and in many aspects most detrimental effect is to form a couple with 
the high-pressure region ahead of the jet to produce a nose-down moment about the 
injector. The contribution to the nose-down moment from the low-pressure region is 
particularly high since, as mentioned above, this region extends far aft of the injector, 
therefore its moment arm is relatively large. 
 
 

1.2 Flowfield Description 

A better understanding of the flowfield created by the jet interaction is obtained when the 
problem is analyzed in three dimensions. To simplify the problem and to highlight the 
basic physics that govern the problem, we considered here the injector in a flat plate 
instead of a body of revolution. A typical static pressure distribution along the plate 
centerline associated with the three-dimensional jet interaction field is shown in Figure 
1.2. A schematic of the three-dimensional flow field formed by normal injection into a 
supersonic cross flow over a flat plate is shown in Figure 1.5. This flowfield model was 
created after the description of Santiago and Dutton [63] and Chenault, et al. [15] and 
Wallis [84][85] and after analyzing several of the flowfields obtained from the numerical 
simulations presented in this work. The injected gas enters through a circular sonic nozzle 
at a much higher static pressure than the freestream. The gas immediately expands 
through a Prandtl-Meyer expansion fan and is turned downstream by the incoming 
crossflow. The over-expanded gas is recompressed through a barrel shock wave and a 
Mach disk, and trails in the jet plume far downstream of the injection location. 
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Figure 1.1. Schematic cut along the tunnel centerline. The definition of the jet pressure 
ratio (PR) as given by Cubbison [22] is consistently used as the primary injection 
parameter all through the present work. 
 
 

 
Figure 1.2. Typical pressure distribution along the plate centerline for a three-
dimensional jet interaction flowfield created by the normal injection of a gas into a 
supersonic crossflow. From the experimental work of Spaid, et al. [70]. 
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A system of five pairs of counter-rotating vortices form in the recirculation region, along 
the barrel shock wave and immediately downstream of the Mach disk (see Figure 1.4). Of 
these ten vortices, eight form in the recirculation region and the other pair is formed by 
the recompression in the Mach disk (the so-called kidney-shaped vortex). The horseshoe 
vortex and the trailing upper vortex systems form and immediately move away from the 
centerline of the plate. The horseshoe vortex moves along the solid surface and away 
from the symmetry plane while the upper vortex moves along the symmetry plane and 
away from the flat plate surface (see Figure 1.4). The longitudinal vortices form in the 
recirculation region but gain in strength as they are convected downstream and upwards 
along the barrel shock plume. The trailing lower vortices also form in the recirculation 
region but remain close to the flat plate surface and to the tunnel centerline. The kidney-
shaped counter-rotating vortices form downstream of the jet plume and are the major 
contributor to the mixing of the injectant with the freestream (mainly by entrainment of 
the freestream in the vortices). Both the horseshoe and the upper vortex systems trail 
downstream isolated from other vortex systems not mixing with the other vortices, 
therefore they remain clear and easy to locate far downstream of the injection location. 
The lower trailing vortex remains attached to the solid surface as it entrains fluid from the 
surrounding boundary layer. The other two vortex systems, the longitudinal, and kidney-
shaped vortex systems, merge aft of the Mach disk into one strong vortex with its core 
trailing downstream along a constant cross-plane location. 
 
As discussed for the description of the flow along the tunnel centerline (Figure 1.1 and 
Figure 1.2), the barrel shock wave creates an obstruction to the crossflow. The similarity 
between the jet plume and a solid obstruction to the flow is such that analytical models of 
the jet interaction problems proposed by Zukoski and Spaid [70] and Glagolev, Zubkov 
and Panov [30] and Voitenko, Zubkov and Panov [83] actually approximated the shock 
patterns produced by the injection of a gas with those produced by blunt axi-symmetric 
solid bodies. Such an obstruction creates a region of very high-pressure gradients where 
the boundary layer separates. Depending on the type of incoming boundary layer, the 
separation will have different characteristics. A laminar boundary layer produces a 
separation region that extends further ahead of the injector than a turbulent boundary 
layer. However, the separation region for the laminar boundary layer is thinner and with 
lower static pressures than for a turbulent boundary layer. The fluid in the recirculation 
region cannot flow directly downstream along the tunnel centerline due the obstruction of 
the jet plume. This trapped fluid, therefore, forms a horseshoe vortex that starts in the 
recirculation region and trails downstream on both sides of the barrel shock (Figure 1.5). 
The rapid expansion of the injectant creates regions of flow with very high Mach number. 
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Figure 1.3. Detail of the separation-jet plume region along the tunnel centerline. 
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Figure 1.4. Schematic view of the flowfield at section AA (Figure 1.3). 
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Figure 1.5. Three-dimensional schematic view of the jet interaction problem with a 
single circular jet normally injecting into a supersonic cross flow. 
 
 

1.3 Motivation 

As mentioned above, in control systems applications, the region of negative pressure aft 
of the primary jet causes both a decrease in the normal force (Fy) and a nose-down 
pitching moment acting on the vehicle (see Figure 1.6). The decrease in normal force can 
be easily compensated for by increasing the total thrust of the jet. On the other hand the 
nose-down pitching moment cannot be corrected so easily. To counterbalance the nose-
down moment, it is necessary either to suppress the nose-down moment itself or to create 
a nose-up moment that will cancel out the nose-down moment on the vehicle. The most 
intuitive way to create a nose-up moment, is to add a thruster far aft of the center of 
gravity of the vehicle. This design philosophy is applied to modern hypersonic vehicles 
and it has been proven to work. However, this configuration has some drawbacks. The 
main one is the additional complexity and cost associated with the second thruster. The 
additional nozzle would be roughly the same size and mass as the main thruster, thus 
increasing the fuel requirements for the control system and decreasing the useful payload 
of the vehicle. For missiles other issues associated with a large secondary jet located far 
aft of the main injector concern the packaging of the control system in a very tight space 
and the breaking up of a large payload bay into two separate sections by the insertion of a 
secondary thruster.  
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Figure 1.6. (a) Model of the effect of a jet thruster on a hypersonic vehicle. (b) The effect 
of the nose-down moment. (d) Modern control system configuration. (e) Innovative 
configuration. 
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A way to eliminate the disadvantages of the double-thruster configuration is to develop a 
design with a single thruster that minimizes or cancels the region of negative pressure aft 
of the injector. In 1998, a team at Virginia Tech, (J. A. Schetz, S. Cox-Stouffer, R. Fuller 
[67]) while performing experimental work in fuel mixing for scramjet engines discovered 
an interesting feature of multiple-injector configurations. In an array of jets located to 
form an “aerodynamic ramp”, the influence of the injectors located in the second row of 
the array was to suppress the area of negative Cp behind the first row of injectors. This 
finding suggested that a secondary jet, smaller than and carefully located behind the 
primary thruster, could help reduce the region of negative Cp and in this way it could 
obviate the aforementioned problems created by the use of two similarly sized thrusters. 
A study was then initiated in the Aerospace and Ocean Engineering Department of 
Virginia Tech to determine the feasibility of the idea, to study the fluid dynamics 
phenomena governing the flow-field, and to establish the optimal location of the 
secondary jets. The effort was both experimental, taking advantage of the availability of 
the supersonic wind tunnel in the Aerospace and Ocean Engineering Department at 
Virginia Tech, and numerical, using the computing resources of the Interdisciplinary 
Center for Applied Mathematics (ICAM) of Virginia Tech and of AeroSoft, Inc. This 
work concerns the Computational Fluid Dynamics (CFD) aspect of the study. 
 

1.4 Approach to the problem 

The combined effort of an experimental and a computational investigation to study fluid 
phenomena seems a logical choice when dealing with very complex flowfields such as 
the three-dimensional jet interaction one (see Ref. [67]). While experiments provide data 
about the flow, they often lack the possibility of having a direct and detailed insight into 
the physics of the flowfield. Often the physics of the flow are indirectly inferred from the 
experimental measurements of mean flow variables or of surface conditions. However, 
this method leaves quite a large uncertainty about the exact nature and the interaction of 
the phenomena that ultimately produce the data measured by the experimentalist. The 
shortcomings of the experimental data are due both to the inherent nature of experimental 
work and to the technological limitations of the measuring techniques and equipment. An 
example of the first category of problems affecting experimental work is the need to 
insert a probe to obtain measurements of the pressure at a given location in a flowfield. 
The probe itself alters the flowfield and hence the data that it is supposed to measure. 
These types of problems that the experimentalist faces have been and are often solved by 
the development of new measuring techniques or more advanced measuring equipment. 
An example is the advent of Laser Doppler Velocimetry, a non-intrusive measuring 
technique that allows the measurement of the velocity almost everywhere in the flowfield 
without the need of an intruding Pitot tube. Another example is the advent of the Pressure 
Sensitive Paint (PSP) that allows a continuous mapping of the pressure field on a solid 
surface. Before the PSP became practical, an experimentalist would have tried to create a 
pressure mapping on a solid surface by using a large number of pressure orifices 
embedded in the surface. Each orifice would have produced a discrete data-point and the 
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whole collection of pressure data would have provided the researcher with a crude 
description of the rapidly varying pressure field.  
 
On the other hand, numerical simulations produce a continuous solution all through the 
computational domain. In this way, any flow variable can be probed at any point of the 
flowfield and mappings can be produced on any real surface or imaginary cutting plane.  
This almost infinite wealth of information generated by a CFD solution provides the 
researcher with a deep insight into the flow physics and therefore a better understanding 
of those processes and their interaction that ultimately produce the phenomena the 
experiment can measure. Furthermore, numerical simulations offer the advantage of 
reduced costs and, often, reduced times between the generation of a design and the 
preliminary results when compared to experiments. However, numerical simulations too 
are affected by some drawbacks and are far from being a perfect tool that can replace 
experiments. The main problem of numerical calculations is the simulation of turbulence. 
Common numerical models simulating turbulence are based on the Boussinesq 
approximation and are defined as “first-order models”. The fundamental assumption of 
the Boussinesq approximation states that “the principal axes of the Reynolds stress 
tensor, τij, are coincident with those of the mean strain-rate tensor, Sij, at all points in a 
turbulent flow…[and], the constant of proportionality between τij and, Sij, is the eddy 
viscosity, µt”[91]. First-order turbulence models can be further divided into three other 
sub-groups, depending on the number of equations used to simulate turbulent 
phenomena: zero-equation (algebraic) models, one-equation models and two-equation 
models. The implementation of a turbulence model in a numerical code requires the 
solution of extra equations in addition to the five basic Navier-Stokes equations. A one-
equation turbulence model will require the solution of the five Navier-Stokes equations 
plus a single equation for the turbulent quantity. Similarly, the implementation of a two-
equation model will require the solution of a total of seven equations. In general the more 
equations are used to simulate turbulence, the more accurate the model, and the more 
computational resources are needed. One step more complex than the first-order models 
are the second-order models, such as the Reynolds Stress turbulence model, that do not 
use the Boussinesq assumption and model each component of the Reynolds Stress tensor 
individually. The implementation of second-order models in numerical codes need the 
solution of the five Navier-Stokes equations plus six equations for the Reynolds stress 
tensor (one equation per component) and one equation for the turbulence length scale, for 
a total of twelve coupled equations. First-order models have been extensively used by the 
engineering community since they provide reasonably accurate turbulence predictions 
when used for specific flow fields and, more important, because they require significantly 
less computational resources than second-order models. As computational speed, 
memory and archival resources of computers have been increasing over the past years, 
the trend in the engineering community has been to routinely use more complex and more 
capable turbulence models. When initial jet interaction simulations were attempted in the 
late 80’s and early 90’s [89][78][17][94] the turbulence model used was the zero-
equation Baldwin-Lomax [8]. Later, most of the jet interaction simulations used either the 
one-equation model of Spalart-Allmaras or different two-equations models such as the k-
ε or the k-ω models. Only recently, researchers have also made use of Reynolds Stress 
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models [14][15][16] to simulate turbulence in jet interaction flowfields. However, the use 
of second-order turbulence models is still very limited, mainly because the required 
additional computational resources make this class of turbulence models impractical for 
routine engineering use. The present work makes use of the Wilcox 1988 k-ω turbulence 
model [93]. The k-ω turbulence model was chosen over other two-equation turbulence 
models because of its better performance in wall-bounded and free-shear compressible 
flows. Also, it adds only two equations for turbulence modeling to the set of the five 
Navier-Stokes equations, thus keeping the need for computer resources lower than a 
Reynolds Stress model which would have required seven additional equations for 
turbulence modeling. Furthermore, the goal of this investigation is to provide a better 
understanding of the flow physics that affect the forces and moments on the solid surface. 
These integrated quantities and the macro-scale flow structures that produce them are not 
so greatly affected by the individual component of the turbulent Reynolds stresses as to 
require the additional complexity and cost of second-order turbulence models. This study 
used the CFD code General Aerodynamic Simulation Program (GASP) developed by 
AeroSoft Inc., in both the 3.2 and 4.0 releases. The code solves the RANS equations 
numerically and it offers the choice of several first-order turbulence models. Note that the 
use of the RANS equations implies that a continuous flow is assumed to exist for all the 
test conditions under consideration. 
 
 

1.5 Objectives 

The main objectives of this study were: 

1) Assess the capability of CFD codes that solve the Reynolds averaged Navier-Stokes 
(RANS) equations with a practical turbulence model to properly simulate the physics 
of the three-dimensional jet interaction flowfield. 

2) Gain a better understanding of the jet interaction flowfield created by a single sonic 
jet and by multiple sonic jets exhausting normally into a supersonic cross flow 
through the use of numerical simulations.  

3) Use the numerical simulations to assess the validity of the proposed idea to use a 
multiple-jet configuration to improve the design of present-day jet thrusters.  

4) Support the jet interaction experiments performed at Virginia Tech by providing an 
insight into the flow physics in order to interpret more effectively the experimental 
data.  
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1.6 Overview of the Document 

This document starts with a description of the jet interaction problem, its relevance for 
selected aerodynamics applications and the problem related to its implementation. 
Following the current section is a review of the relevant research work in jet interaction 
flowfields of the past sixty years. The review is divided into two parts, one dealing with 
experimental and analytical studies and the other dealing with numerical simulations. 
More specifically, this collection of past works focuses on those studies that considered 
the jet interaction flowfield produced by reaction jet control systems rather than by fuel 
injectors.  
 
The section after the review of the past work deals with the governing equations, namely 
the Navier-Stokes equations (NS), the averaging of these governing equations using 
Reynolds and Favre’ averaging procedures to reduce the NS equations to the Reynolds 
Averaged Navier-Stokes equations (RANS) and the turbulence modeling. The NS 
equations are derived in the conservative form and are re-arranged in the matrix form 
which is more convenient when solving them numerically. Turbulence modeling and the 
closure problem are described and discussed in this section and the k-ω turbulence model 
is presented in more detail, being the model consistently used in this work. Also, the 
numerical code used to numerically solve the finite volume form of the RANS, 
AeroSoft’s GASP, is presented.  
 
The Results section presents the main computational results and their comparison to the 
experimental data. The results are presented in a logical order (that also matches the 
chronological order) starting with the preliminary laminar-flow jet interaction 
calculations simulating the Schetz [65] experiment, with a pressure ratio of 60, and the 
Cubbison experiment [22] with a pressure ratio of 677. Then, the first turbulent-flow jet 
interaction calculation performed in this study is presented. This calculation simulated the 
Letko experiment [42] with a pressure ratio of 680. The exhaustive grid-convergence 
study performed on the Letko case is shown in this section together with the simulation 
of the nozzle flow performed to estimate the discharge coefficient of the injector. Finally, 
the calculations simulating the Virginia Tech experiments are presented [84] [85]. Two 
sets of computations were run: the first one simulating the Virginia Tech cases with a 
freestream Mach number of 2.4 and a pressure ration of 14.0 and the second one 
simulating the Virginia Tech cases with a freestream Mach number of 4.0 and a pressure 
ratio of 532. In both cases the results of the numerical simulations run with only the 
primary jet and with both the primary and one or two secondary jets are presented. The 
CFD results for the case with only the primary injector are compared with the CFD 
results for the cases with the primary and one or two secondary jets. The numerical 
solutions are also compared to the experimental results. The comparison involves several 
parameters: the forces and moments, the pressure mappings on the surface of the flat 
plate, the flowfield features visible in Schlieren photographs. The Results section is 
concluded with a deeper study of the physics involved in the jet interaction flowfield.  
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The last chapters of the document are the Conclusions section, in which the major finding 
of the study are summarized and recommendations are made for future studies and the 
Bibliography. An appendix section follows with the presentation of raw data and of some 
additional research activity performed during the evolvement of this study. 
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Chapter 2  
 
Literature Review 

As discussed in the previous section, jet interaction flowfields are encountered in a large 
range of practical applications. At the extremes of this range there is the very low-
pressure ratios and low crossflow velocity encountered in the case of a smokestack with a 
crosswind and, at the other extreme, the very high-pressure ratios and high Mach number 
encountered in reaction control systems. However, many of the studies of jet interaction 
flow-fields concern fuel injection in ramjet and scramjet engines. These fuel injection 
cases include injection with normal or angled injection, subsonic, sonic or supersonic 
nozzle conditions and, usually, supersonic crossflow. Often, it is difficult to discern or 
precisely categorize the range of applications a jet interaction test case can apply to. The 
imaginary boundaries that define the conditions for which a jet can be used in fuel 
injection applications overlap those defining the regime in which a jet is used as a 
reaction control system. Also, many of the flow structures observed with the lower-
pressure ratio injection cases are essentially the same for higher-pressure ratios, the main 
difference being the intensity level at which they occur. An example of the overlapping 
of the fuel-injection regime with the jet-thruster regime, at least in the research field, is 
the work of Clark and Chan [17] that, in spite of the low-pressure ratio of the jet 
interaction case they considered, was intended as a study of supersonic aerodynamic 
control. 
 
 

2.1 Experimental Work 

As is often the case in engineering, many numerical calculations simulate physical 
problems that were extensively studied with experiments and analytical models before 
the advent of modern computational capabilities. The jet interaction problem is no 
exception to this pattern. In particular, the jet interaction problem with a supersonic 
crossflow and a sonic or supersonic jet started to raise interest in the scientific community 
after the Second World War. The interest was stirred by the advent of supersonic, and 
eventually hypersonic flight with re-entry vehicles and the related requirement for 
powerful control systems that would be effective also in the thin air of the upper 
atmosphere. At the same time, progress in rocket design made quantum steps thus 
favoring the use of small rockets as control system thrusters. Preliminary work was 
performed by the then young NASA in 1959 on a body of revolution [37][82], but it was 
not until the work of Cubbison in 1960 [22] that a more thorough study of the jet 
interaction problem was performed.  
 
Cubbison studied the jet interaction problem of a sonic jet exiting normal to the surface 
of a flat plate and an arrow wing in a crossflow with a laminar boundary layer, Mach 
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numbers that ranged from 2.92 to 6.40 and pressure ratios that varied from 677 up to 
5,453. Cubbison reported pressure coefficient (Cp) mappings and Cp plots along the 
tunnel centerline for several pressure ratios and two freestream Mach numbers. His 
definition of pressure ratio (PR) as the ratio of the jet total pressure to the freestream 
static pressure is used consistently through the present work. Also, he published Schlieren 
photographs of the interaction flow. He concluded that freestream Mach number had a 
large effect on the pressure level whereas the pressure ratio greatly affected the pressure 
field distribution. On the other hand, effects of Reynolds number at constant pressure 
ratio seemed to be very limited. He also concluded that since the interaction field can be 
extensive, in any application it would be necessary to know the detailed vehicle geometry 
to estimate the overall degree of thrust augmentation.  
 
Letko in 1963 [42] tested the effects of sonic and supersonic jets injecting normal to a flat 
plate with a turbulent boundary layer and a freestream Mach number of 4.5 over a range 
of pressure ratios. He reported Cp plots along the tunnel centerline and pressure mappings 
on the flat plate and computed the thrust augmentation created by the jet interaction. He 
concluded that a supersonic nozzle is more effective than a sonic nozzle as a control 
thruster and, very relevant to the present study, he discussed the benefits of eliminating 
the areas of negative Cp behind the injector. In particular, he estimated that a 12% 
increase in effectiveness could be attained by eliminating the zones of negative Cp. To 
attain such a goal he suggested cutting the plate following the zero-Cp contour.  
Both the Cubbison and the Letko experiments were aimed at an estimation of trends in 
forces and pressure fields as the flow parameters were changed. No detailed study of the 
flowfield or an analysis of the flow physics was attempted. In 1963 and 1966, a joint 
effort of the Jet Propulsion Laboratory and Caltech led by Spaid and Zukoski [70] [100] 
provided an extensive and detailed study of the jet interaction problem. They used normal 
sonic injection of Nitrogen, Argon and Helium through a circular port into a freestream 
Mach number of 1.38, 2.56 (with laminar or turbulent boundary layer) and 4.56 
(turbulent boundary layer only). The pressure ratio was changed as well as the injector 
diameter. The primary goal of their work was to obtain fundamental information about 
the jet interaction problem and to develop an analytical model of the process that could 
correlate the flow conditions and a scaling parameter to the forces on the flat plate. They 
were partially successfully, since the correlation they developed would work well for a 
very restricted number of cases, only for some flow regions and for turbulent boundary 
layers only. However, the extensive amount of pressure data, Schlieren photographs and 
velocity profiles they reported form an excellent database for the validation and 
comparison of jet interaction numerical calculations [14]. Also, they briefly experimented 
with multiple (two) injectors [70] of equal dimensions and with the centerlines aligned 
normal to the flow direction. They concluded that the interaction of the two jets increased 
the values in the region of high-Cp ahead of the injectors and decreased the values in the 
region of low-Cp behind the injectors.  
 
In 1963, Strike and Schueler [72] experimented with slot (i.e. two-dimensional), single 
and multiple circular injectors with sonic conditions on a flat plate and an ogive in a 
supersonic crossflow. They successfully developed a method to estimate, within generous 
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error margins, the normal force on the flat plate. They initially approached the jet 
interaction problem in two dimensions and developed a force-correlation formula that 
combined the inviscid normal force contribution (basically the force produced by a lateral 
jet without an approaching boundary layer) with the viscous contribution (i.e. the force 
produced by the boundary layer separation). They then extended the model to three 
dimensional flow fields. This work also determined the importance of three-dimensional 
effects on the force on the flat plate and the strong influence on the normal force of the 
type of boundary layer (with laminar boundary layers producing higher normal forces 
than turbulent ones).  
 
An attempt to develop an analogy between the well-understood case of an under-
expanded jet in a quiescent medium and the jet interaction problem was done by Schetz, 
et al. in 1966 [65]. In this work, Schetz proposed the use of the “effective back pressure”, 
previously introduced by the same author [66], as the correlation parameter. However, 
the correlation focused on the penetration and structure of the jet plume for fuel injection 
applications rather than on the pressure distribution and the forces acting on the flat plate. 
For this reason, the paper reported a Schlieren picture of the laminar jet interaction case 
under study (freestream Mach number of 2.1 and a pressure ratio of 60) but not the 
corresponding pressure data.  The laminar boundary layer and the low-pressure ratio used 
in this work made it suitable to be used in the initial stages of this study as a trial 
calculation. The preliminary simulation of this case was used to assess the capability of 
the numerical code of simulating three dimensional jet interaction flow-fields.    
 
A large amount of experimental data was accumulated between 1968 and 1979 by 
Russian researchers at the Institute of Mechanics of the University of Moscow. Glagolev, 
et al. [30] performed a detailed study of the three-dimensional jet interaction flow field. 
Analyzing the case of normal sonic injection into a Mach 3 flow with turbulent boundary 
layer and using pressure measurements and flow visualization (Schlieren photographs 
and oil patterns on the flat plate) they were able to produce a detailed model of the flow 
field (see Figure 2.1). In particular, they described the mechanism that forms the 
horseshoes vortices ahead of the injector and the absence of a recirculation region 
immediately aft of the injector due to the expansion of the injectant. In another 
publication Glagolev, et al. [31] focused on the structure of the jet instead of the external 
flow-field. They managed to successfully correlate the geometry of the jet plume to the 
pressure ratio, but no attempt was made to describe the complex system of expansion 
fans and compression shocks within the jet. Zubkov, et al. [99] studied the effects of 
boundary layer thickness and surface curvature for the three-dimensional jet interaction 
problem. Their work concluded that as the boundary layer thickness is increased, the 
extent of the separation region ahead of the injector increased while the peak pressure 
along the tunnel centerline decreased. Also, they established that the jet interaction flow 
field produced by a jet on curved surfaces is qualitatively the same as that produced on a 
flat plate. However, they differ quantitatively, a negative curvature producing a stronger 
separation and therefore higher forces than a positive (i.e. a cone) curvature. Finally, they 
analyzed the effect of injector inclination to the freestream; their conclusion was that the 
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maximum force magnification is obtained when the injector is inclined to the flat plate 
surface at an angle of 63° (the normal injection case being inclined at 90°). 
 

 
 
Figure 2.1. The three-dimensional schematic view of the jet interaction problem with a 
single circular jet normally injecting into a supersonic cross flow as proposed by 
Glagolev, et al. [30]. 
 
Aso, et al. in Japan carried out an extensive experimental investigation of the two- and 
three-dimensional jet interaction flow-field on a flat plate. In particular, they wanted to 
produce a pressure and geometry database for numerical code validation. In 1991, they 
started analyzing the two-dimensional jet interaction flow field on a flat plate [5]. They 
investigated the effects of changing the pressure ratio as well as changing the slot width. 
They reached the conclusion that for the same nozzle geometry, as the pressure ratio was 
increased the shape of the bow shock wave, Mach disk and barrel shock were kept in 
geometric similarity. The separation region increased in extent with increasing pressure 
ratio, linearly for the lower pressure ratio range and then for the higher-pressure ratio 
range not linearly. As reported by Chenault, et al. [14], the Aso experiment was probably 
affected by three-dimensional effects and the pressure orifice system in the flat plate was 
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not adequate to produce a detailed pressure plot. In fact, the Aso experiments failed to 
capture the pressure peak just ahead of the injector for the lower pressure ratio range. In 
1993, Aso, et al. [6] [7] extended the database for two-dimensional jet interaction flow-
fields to include three-dimensional ones. Through the use of Schlieren photographs, 
surface oil-flow visualization and pressure mappings they assessed the large differences 
between two and three-dimensional jet interaction flow fields and located the existence of 
a horseshoe vortex emanating from the separation region ahead of the injector. They also 
investigated the effect of injecting nitrogen versus helium concluding that qualitatively 
the flow-field remained the same, even though the Helium produced smaller separation 
regions than the nitrogen for the same conditions.  
 
A more recent body of work is that produced by researchers in the Department of 
Mechanical Engineering at the University of Illinois at Urbana-Champaign. 
VanLerberghe, et al. [79] used surface oil flow visualization, planar Mie scattering and 
planar laser-induced fluorescence to qualitatively study the jet interaction flow-field 
created by normal injection of a single sonic nozzle into a Mach 1.6 crossflow. Their 
study confirmed the existence of a horseshoe vortex ahead of the injector as well as a 
primary and a secondary recirculation region. The flow-field was found to be 
independent of the injected gas as long as the momentum ratio (i.e. the ratio of the 
momentum of the jet to the momentum of the crossflow, (ρV2)Jet/(ρV2)∞ ) was kept 
constant. They observed large turbulent structures at the interface between the jet and the 
crossflow that tended to penetrate far into the crossflow and to engulf large portions of it. 
The shape and rotation of these structures were an indication that the jet fluid was 
moving faster than the crossflow fluid at the interface. Also, the flow-field was found to 
be highly symmetric in the spanwise direction and, quite surprisingly and in disagreement 
with previous observations [53], steady. Santiago and Dutton [63] used Laser Doppler 
Velocimetry (LDV) measurements of the mean velocity fields to study the development 
of the crossflow vortices. They developed the three-dimensional jet interaction model 
shown in Figure 2.2 and focused on the streamwise development of the counter-rotating 
“kidney-shaped” vortex pair generated by the jet plume. They asserted that this pair of 
vortices is the primary source of entrainment of the surrounding inflow air into the 
injectant. Also the crossflow vector fields showed how the two kidney-shaped vortices 
are constrained by each other and by the wall in the near jet region and as they are 
convected downstream and move away from the wall they become elliptical in shape and 
behave more like free vortices. Importantly, they measured an asymmetry in the up-wash 
velocity of the vortices about the vortex core. The vortex asymmetry was attributed to the 
fact that the flow is highly three-dimensional and compressible. 
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Figure 2.2. Three-dimensional schematic view of the jet interaction problem with a 
single circular jet normally injecting into a supersonic cross flow as proposed by Santiago 
and Dutton [63]. 
 
 
McCann and Bowersox [44]measured mean flow quantities and turbulence quantities 
using film anemometry of a low-angled supersonic injector exhausting in a Mach 2.9 
crossflow.  They measured the strength of the “kidney-shaped” vortices and attributed 
their generation to two main mechanisms. The first mechanism is the low-pressure region 
behind the jet plume that induces rotation in the crossflow fluid wrapping around the jet 
plume. The second mechanism is the turning of the jet flow into the crossflow direction 
that adds energy to the secondary flow (rotational motion) in an analogous way as the 
secondary flow in curved ducts. They detected a third smaller vortex near the wall 
surface, below one of the counter-rotating vortices. They explained the existence of this 
smaller vortex with the asymmetry in the spanwise location and strength of the counter-
rotating vortices, but they did not provide an explanation for the asymmetry itself. 
Turbulent kinetic energy measurements showed the existence of two peaks coincident 
with the vortices. This was explained by the increased production that in turn is due to the 
effects of the three-dimensional, dilatational strain rates and by entrainment of high 
turbulence intensity boundary layer fluid. The structure of the shear stress distribution in 
the jet plume was found to be highly three-dimensional and quite complicated, especially 
because of the interaction of the expansion with the vortices and the convected turbulent 
structures. Also, it was assessed that compressibility accounts for 67-75% of the total 
Reynolds shear stress.  
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2.2 Numerical Work 

This section is a non-exhaustive review and discussion of representative examples of 
numerical works in jet interaction flowfields as listed in Table 2.1. Numerical studies of 
the jet interaction flow field started in the late 70’s with the work of Drummond [24] but 
they were mainly aimed at fuel injection applications. Fuel injection applications employ 
lower pressure ratios than those for control systems and focus on the prediction of the 
mixing of the gas species rather than on the prediction of the pressure field. Weidner and 
Drummond [89] performed a parametric study of two-dimensional staged injection on a 
flat surface. They reported pressure data on the surface of the flat plate only for a single-
jet validation case, and the result was an under-prediction of the extent of the separation 
region ahead of the injector and failure to correctly predict the pressure distribution 
behind the injector. The disagreement between the numerical calculation and the 
experimental data was primarily blamed on the algebraic turbulence model (Baldwin-
Lomax [8]). However, the parametric study indicated that the two injectors had to be far 
apart to see a difference in the flow fields produced by differently sized injectors.  
 
Thompson [78] compared a numerical solution obtained with the Baldwin-Lomax 
turbulence model to the experimental data from Zukoski and Spaid [100]. Thompson 
chose a two-dimensional test case with normal sonic injection into a freestream with a 
Mach number of 2.61 and a test pressure ratio of 24. An adaptive grid was used for the 
numerical solution. The comparison with the experiment of the pressure on the flat plate 
surface was “fair”, with the numerical solution again under-predicting the separation 
region and failing to properly capture the pressure well aft of the injector. Thompson 
attributed the deficiencies in the computational solution to the Baldwin-Lomax 
turbulence model as well as to the limiter used in the calculations. It was pointed out that 
the adapted grid greatly enhanced the quality of the solution.  
 
Rizzetta in 1992 [57] simulated the Aso, et al. two-dimensional experiment [5]. Rizzetta 
employed the k-ε turbulence model and compared the numerical solution to the 
experiment in terms of surface static pressure, separation region length and height of the 
Mach disk for different slot widths and pressure ratios. Agreement was reasonably good 
for the smaller slot width and the lower pressure ratio cases, the major disparity being the 
higher peak pressure levels predicted by the numerical simulations. Comparisons for the 
larger slot widths and higher-pressure ratios were not so favorable. Rizzetta attributed 
this disparity to the lack of knowledge of the turbulence properties at the nozzle exit. It is 
noted that the imposed boundary conditions at the nozzle exit can be expected to remain 
physically realistic only when they impact a small region in the immediate vicinity of the 
slot. This condition is not satisfied for large slots or for high-pressure ratios.  
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Author 2D/ 
3D M∞∞∞∞ Mj PR Lam/ 

Turb 
ReL 
[m-1] 

Normal/ 
Inclined Inj. Gas  Turbul. 

Model 
Experimental 
Comparison Comparison of 

Weidner, 
Drummond, 1981 

[89] 
2D 2.61 1.0 38.0 Turb 1.72x108  Multiple/ 

Normal 
He/  
Air B-L Same authors 

Cp centerline,  
Pressure in BL,  

He fraction 
Thompson 
1989 [78] 2D 2.61 1.0 23.5 Turb 1.15x108  Normal Air/  

Air B-L Zukoski Cp centerline 

Fuller 
1991 [26] 3D 6.0 1.7 26.7 Turb 5.42x107  

 
Inclined 
15deg 

He/  
Air B-L Same authors He concentration 

Rizzetta 
1992 [57] 

2D 3.70 1.0 10.1 
60.6 Turb 5.83x106 Normal Air/  

Air k-ε Aso  
[5] Cp centerline 

Clark, Chan, 
1992 [17] 

2D 3.71 1.0 31.7 Turb 6.27x107 Normal N/  
Air B-L Aso  

[5] Cp centerline 

Garlinger, et al., 
1994 [29] 2D 3.71 1.0 

31.7 
43.0 
50.2 

Turb 6.27x107 Normal H2, N 
/Air 

q-ω 
(k2-ω) 

Aso  
[5] 

Cp centerline, 
N fraction, Pressure in BL 

Williams 
et Al., 

1996 [94] 
3D 2.00 1.5 7.8 Turb 4.88x107 Inclined 

30, 45, 60deg 
Air 
/Air B-L No comparison N/A 

Chenault 
et Al., 

1998 [14] 
2D 3.75 1.0 9.2 

47.6 Turb 6.27x107 Normal Air 
/Air 

k-ε 
R-S 

Aso  
[5] 

Cp centerline,  
Separation Length 

Chenault 
et Al., 

same as previous 
2D 3.50 1.0 16.5 

120.2 Turb 1.34x107 Normal Air 
/Air 

k-ε 
R-S 

Zukoski  
[70] 

Cp centerl., Separat. 
Length 

Chenault 
et Al., 1999 [15] 3D 2.90 1.8 60.0 Turb 1.50x107 

 
Inclined 
25deg 

Air 
/Air 

k-ε 
R-S 

McCann, Bowersox  
[44] Cp centerl., Vorticity 

Wang 
2000, [87] 3D 0.5 1.5 0.8 Turb 6.59x107 

 
Inclined 
35deg 

Air 
/Air S-A Pietrzyk, et al. 

[56] Cp centerl., Vorticity 

Kennedy 
2000, [40] 

3D 1.6 1 8.4 Turb 3.49x107 Normal Air 
/Air k-ε Same authors Cp mapping., Velocity 

 
Table 2.1 Computational work on Jet interaction flow fields. 
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The two-dimensional Aso, et al. data was again used for a validation of a numerical code 
by Clark and Chan [17]. In this work the authors used a modified Baldwin-Lomax 
turbulence model to perform a parametric study on the influence of the angle of the 
injector to the freestream on the pressure field and on the force on the flat plate. A grid 
convergence study showed the importance of refining the mesh in the region around the 
injector. This was especially important ahead of the injector, since the grid density 
greatly affected the extent of the separation region. A comparison of the pressure 
distribution along the flat plate between the numerical solution and the experiment data 
revealed a bias in the Aso et al data. The measured pressure on the flat plate never 
reached the freestream value even when measured at stations much ahead of the 
separation region. In spite of this concern, Clark and Chan went on with the comparison 
that showed a partial agreement with the data in the separation region ahead of the 
injector and a good agreement in the region aft of the injector. Clark and Chan also 
performed a parametric study on the effect of the injection angle on the normal force. The 
study showed that canting the injector 60° forward (i.e. into the freestream), produces a 
normal force which is 15% greater than that produced by a normal injector (90°) for the 
same mass flow.  
 
Garlinger, et al. [29] simulated the two-dimensional Aso experiment using the q-ω 
turbulence model, a modification of the k-ω developed by Coakley [18]. They 
experimented with several modifications to the original q-ω model and obtained 
reasonable agreement for the pressure distribution along the flat plate, particularly in the 
region ahead of the injector. Their numerical predictions always tended to under-predict 
the extent of the separation region, the pressure peak due to the bow shock, and to greatly 
over-predict a pressure peak just ahead of the injector. They also verified that changing 
the turbulence intensity of the jet fluid does not have an impact on the overall flow-field.  
 
Williams, et al. [94] performed a numerical study of three-dimensional angled injection 
using Baldwin-Lomax turbulence model. They confirmed the presence of “kidney-
shaped” vortices trailing behind the injector and their importance in the mixing of the jet 
fluid with the crossflow fluid. Also, the solution well predicted the low-pressure region 
just aft of the injector, which is one of the major concerns of this study.   
  
A notable amount of work in numerical simulations of the jet interaction flowfield was 
performed at the Wright-Patterson Air Force base by Chenault, Beran and Bowersox and 
presented in two separate papers in 1998-1999. The work of these authors is significant to 
the present effort, since it covers the jet interaction flow-field in greater detail than any 
other previous work and it presents the first application of a Reynolds Stress turbulence 
model to this type of problems. Chenault and Beran [14] carried out a thorough 
comparison of numerical simulations to the two-dimensional experiments of the Aso, et 
al. [5] and Spaid and Zukoski [70], both with sonic normal injection. Chenault and Beran 
modeled the turbulent effects with k-ε and Reynolds stress turbulence models developed 
by Zhang, et al. [98] and additionally compared their results to the numerical results 
obtained by Rizzetta [57] with the Jones-Launder k-ε model for the Aso experiments. 
They used a Cartesian grid and verified the grid convergence of their results. They found 
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a poor agreement of the numerical solutions with the experimental data of the Aso, et al. 
experiment and attributed the disagreement to the poor quality of the experimental data. 
In particular, they point out that the Aso, et al. data is affected by three-dimensional 
effects because of the lack of fences at the side of the plate, lack of an appropriate 
number of pressure orifices to capture the characteristics of the flow details, and a 
“choppy” nature of the static pressure profiles ahead of the injector, an indication of 
shock/boundary layer interaction ahead of the primary separation (this shortcoming in the 
Aso et el. data was mentioned also by Clark and Chan [17], see above). Nevertheless, the 
comparison of the three turbulence models indicated that both the k-ε and Reynolds stress 
Zhang, et al. turbulence models performed quite well for the lower pressure ratios, but as 
the pressure ratio was increased their accuracy degraded. On the other side, the Jones-
Launder k-ε model performed better with the higher-pressure ratios, predicting more 
accurately the separation location and the plume height than the other two turbulence 
models. A better agreement is exhibited by the comparison between the Chenault and 
Beran numerical solutions and the Spaid and Zukoski data, mainly because of the better 
quality of the experimental data. Again, both the k-ε and Reynolds stress turbulence 
models predict the pressure distribution on the wall quite well for the lower pressure 
ratios. However, as the pressure ratio is increased toward the maximum value of 120 the 
disagreement between computed and experimental values increases. Both models under-
predict the length of the separation region (24% for the Reynolds stress turbulence model 
and 28% for the k-ε model) and over-predict the pressure peak ahead of the injector 
produced by the bow shock. Specifically, the k-ε model better predicts the pressure 
distribution in the region aft of the injector, whereas the Reynolds stress model better 
predicts the pressure distribution in the region ahead of the injector. With their 
calculations, Chenault and Beran also confirmed the observation made by Spaid and 
Zukoski that the boundary-layer separation distance is about four plume penetration 
heights upstream of the jet. The analysis of the turbulence data showed how both the κ-ε 
and Reynolds stress turbulence models satisfy the law of the wall for flat plates and that 
both models predicted similar shear stress values. However, the two models predict 
significantly different results in the vicinity of shock and at the interfaces of flow 
structures, especially when there are large differences in flow direction and pressure. 
Chenault and Beran attribute the discrepancy of the shear stresses predicted by the two 
models to the k-ε model not modeling the second-order pressure-velocity gradient term 
and because of the k-ε model employing an isotropic formulation of the turbulence 
dissipation rates. All these factors cause the k-ε model to predict a non-physical behavior 
at the interface of the two strong recirculation vortices ahead of the injector. 
 
Chenault, et al. [15] also performed a numerical analysis of the three-dimensional jet 
interaction flowfield with angled supersonic injection studied by McCann and Bowersox 
[44]. The authors used the Zhang, et al. [98] k-ε and Reynolds stress turbulence models 
and, in order to investigate any asymmetric behavior of the flowfield, the computational 
domain encompassed the wind tunnel on both sides of the centerline, thus avoiding the 
assumption of the symmetry plane. The need to avoid the symmetry plane assumption 
stemmed from minor asymmetric behavior in the experimental data of McCann and 
Bowersox. However, the numerical results did not show any type of asymmetry, 
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indicating that the asymmetric behaviors noted in the experiments were probably due to a 
combination of imperfections in the test section and nozzle, systematic errors in the test 
setup and to the coarseness of the data collection matrix. Also, the unsteadiness of the 
flowfield and some unstable transients that are damped out of the numerical solutions 
could be the cause of the asymmetries in the experiment. The comparison of the two 
turbulence models showed that both were able to satisfactorily predict the mean flow 
variables. However, as expected, the Reynolds stress model showed a better agreement 
with the experimental data in both the distribution and magnitude of the shear stresses, 
especially in the region downstream of the injector. The analysis of the flowfield 
evaluated with the Reynolds stress turbulence model highlighted the highly three-
dimensional pattern of alternating expansion and compression waves present in the plume 
and the complex rotational motion downstream of the injector. The plume featured the 
typical characteristics of under-expanded jets, with a diamond shock pattern and a Mach 
disk (in this case the Mach disk was very small due to the low-pressure ratio of the jet). 
The rotational motion present in the region downstream of the injector was found to be 
produced by the interaction of the oblique barrel shock and the upwash of the freestream 
fluid colliding along the plane of symmetry immediately aft of the jet plume. This 
interaction modified the barrel shock as it detached from the flat plate surface, with the 
upwash along the centerline creating an indentation in the base of the diamond-shaped 
plume (see Figure 2.3).   
 

 

 
Figure 2.3. Mach contours at 4 diameters downstream of the injection location In this 
case the injection is inclined to the surface of the flat plat and the jet conditions are 
supersonic. [15] 
 
 
Wang [87] used the one-equation turbulence model of Spalart and Allmaras to determine 
the influence of the eddy viscosity of the injectant on the three-dimensional jet interaction 
flowfield. In spite of the low crossflow Mach number (0.5), the low-pressure ratio (0.78) 
and the angled injector with supersonic conditions used in this experiment, it is 
informative to study the general behavior of the flowfield with a variation in eddy 
viscosity of the injected gas. Wang showed that increasing the magnitude of the eddy 
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viscosity changed the magnitudes and directions of the crossflow velocity components as 
well as reducing the vorticity level near the injector and inducing vorticity oscillation at 
downstream locations.  
 
Kennedy, et al. [40] analyzed the three-dimensional flowfield of a normal sonic jet 
exhausting in a supersonic crossflow. They used the k-ε turbulence model to produce 
numerical solutions that were then compared to the Laser Doppler Velocimetry (LDV) 
and Pressure Sensitive Paint (PSP) data produced by the same authors.  The comparison 
of the pressure mapping on the flat plate surface obtained with the numerical solution and 
the PSP data shows, quite surprisingly, a near-perfect agreement in the separation region 
with some discrepancies occurring aft of the injector along the centerline. The largest 
difference was along the edge of the injector, and this was attributed to the “slug flow” 
assumption for the jet boundary condition. The authors propose a simulation of the entire 
sonic nozzle of the injector to better reproduce the real flowfield. The comparison with 
the LDV-measured velocity field shows that the numerical solution over-predicts the 
expansion of the jet core with lower pressures and higher core Mach number than the 
experiment. Kennedy, et al. attribute the discrepancy to the perfect gas assumption made 
in the calculations. Interestingly, the authors report a lack of symmetry in the flow field 
measured in the experiment which is in disagreement with previous observations of jet 
interactions. As discussed by Chenault, et al. [15] the lack of symmetry in the 
experimental data is probably due to imperfections in the test apparatus that cause 
asymmetry in the flow or in transient flow features that are washed away in the steady-
state numerical simulation. However, Kennedy, et al. also stress the necessity to use time-
accurate solutions to accurately reproduce all the flow details. 
 
Similar in scope to the experimental study of Zubkov, et al. [99], the numerical work of 
Roger, et al. [60], is an attempt to determine the effect of the boundary layer thickness 
and of the jet Mach number on the jet penetration height. The computations simulated a 
square injector exhausting normal to the surface of a flat plate and into a Mach 5.0 
crossflow. The study concluded that for those flows where the jet plume is of the same 
order of magnitude as the boundary layer, and for fixed jet total conditions, the jet 
penetration height does not increase with increasing jet Mach number. However, for jet 
plumes that are larger than the order of magnitude of the boundary layer, the penetration 
height increases with jet Mach number. In addition to the above, Roger also confirmed 
that, as previously shown by Zubkov, et al. [99], penetration height increases with thicker 
boundary layers. 
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Chapter 3  
 
Governing Equations and Numerical Solvers  

The numerical solver used in this study was AeroSoft’s General Aerodynamics 
Simulation Program (GASP). In the initial stages of this study GASP Version 3.2 was 
used and as GASP Version 4.0 became available all the numerical simulations were 
switched to the newer version. GASP was chosen because it is a mature program with a 
proven reliability record in simulations of turbulent flows [60], vortical flows [50], jets 
[36], shock-vortex interaction [49] and jet interaction flows [45]. Furthermore AeroSoft 
Inc. of Blacksburg, the developer of GASP, was one of the subcontractors to the Air 
Force grant and made available its computational and human resources to support the 
project. The following is a brief description of GASP and of its features. 
 

3.1 GASP 

AeroSoft‘s GASP solves the integral form of the time-dependent Reynolds-Averaged 
Navier-Stokes (RANS) equations in three dimensions. The main difference between 
GASP Version 3.2 and GASP Version 4.0 exercised during this effort is that Version 4.0 
implements a fully implicit three-dimensional solution algorithm whereas Version 3.2 
implements a plane implicit solver. Other new features of GASP Version 4.0 used in this 
efforts are that Version 4.0 offers the possibility of using overset (Chimera) grids, a more 
efficient parallel computing capability and a generally more user-friendly environment 
than Version 3.2. 
 
GASP is capable of solving subsets of the RANS equations including two-dimensional 
and axi-symmetric problems, the Thin-Layer Navier-Stokes equations, the Parabolized 
Navier-Stokes equations and the Euler equations. The code is applicable to flows from 
subsonic to hypersonic speed and has options for thermo-chemical equilibrium and 
thermo-chemical non-equilibrium.  
 
The code requires multi-block structured grids with point-to-point matching or non-
matching at the block interfaces. Grid-sequencing is implemented. The solution is driven 
to a steady-state using relaxation algorithms (sweeping over a plane) or full 3-D solvers 
(Symmetric Block Gauss Seidel, Block Jacobi, GMRES). The inviscid fluxes are 
computed using the full flux option, scalar dissipation models or two flux-splitting 
methods: the flux-difference splitting of Roe or the flux-vector difference of Van Leer. 
The Monotonic Upstream-centered Scheme for Conservation Laws (MUSCL) scheme is 
used to interpolate the primitive variables at the cells interfaces. Through the MUSCL 
scheme, the spatial accuracy can be selected to be first-order, second-order fully upwind, 
second-order upwind biased and third-order upwind bias. The limiter can be chosen from 
the Van Albada, Min-Mod, Spekreijse-Venkat, Modified ENO and SuperBee limiter. The 
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viscous terms are discretized using a standard 2nd order accurate central differencing 
scheme. Most of the numerical simulations performed in this study used the 3rd order 
accurate Roe flux with the Min-Mod limiter in all three spatial directions. An exception 
to this flux combination was the replacement in only one computational direction of the 
Roe flux with the Van Leer flux leaving all the other parameters unchanged to avoid the 
“carbuncle effect” (see Ref. [55]) since the plume of the jet acts as a solid blunt 
obstruction to the incoming flow [100]. Several turbulence models have been 
implemented in GASP including a zero-equation model (Baldwin-Lomax) a one-equation 
model (Spalart-Allmaras) and two-equation models (high Reynolds number k-epsilon, 
Lam-Bremhorst and Chien k-epsilon, Wilcox-1988 k-ω, Wilcox-1998 k-ω).  
 
 

3.2 Governing Equations 

The flow of a viscous, heat conducting, compressible, single-species, non-reacting fluid 
can be described using the mass continuity equation (conservation of mass), Newton’s 
second law of motion (conservation of momentum) and the first law of thermodynamics 
(conservation of energy). The combined system of equations is generally known as the 
Navier-Stokes equations. The individual equations representing the conservation of each 
physical parameter are: 
 
Conservation of mass:  
 

 ( ) 0i

i

u
t x
ρ ρ∂ ∂+ =

∂ ∂
 (3.1) 

 
Conservation of momentum:  
 

 ( ) ( )i
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Conservation of energy:  
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where 
 

 1
2o i ie e u u= +  (3.4) 

 
The above equations are in tensor form and are valid in any coordinate system. The term 
ui is a vector representing the three velocity components, u1, u2, u3, in the three spatial 
directions defined by xi, that is x1, x2, x3. The term τij is a tensor representing the viscous 
stresses. The term δij is the Kronecker delta that takes the value of 1 if i=j or the value of 
0 if i≠j. Note that the system of equations contains five equations in terms of six 
flowfields variables, ρ, p, u1, u2, u3, e. Therefore it is necessary to introduce one more 
equation to close the system. Usually this additional equation is the equation of state. For 
a gas that does not behave like a perfect gas or for a mixture of gases, solving the 
equation of state can be quite complicated. However, for a thermally perfect gas the 
thermal equation of state can be used as the sixth equation to close the system:  
 

 p RTρ=  (3.5) 

 
Note that one more unknown, the temperature T, has been introduced. The entire system 
can be closed with a thermodynamic relation between state variables such as: 
 

 ( , )e e T p=  (3.6) 

 
If the gas is both thermally and calorically perfect (i.e. it obeys the thermal equation of 
state, Eq. (3.5) and the specific heats are constant [81]) the situation is greatly simplified 
since the above equation reduces to a linear relationship such as: 
 

 ve C T=  (3.7) 

 
 
The above equations can be re-written in matrix form and using Cartesian coordinates 
(i.e. replacing the general coordinates x1, x2, x3.with the linear coordinates x, y and z) as: 
 

 
t x y z

∂ ∂ ∂ ∂+ + + =
∂ ∂ ∂ ∂
Q F' G' H' J   (3.8) 

 
where F’, G’ and H’ are column vectors also called flux terms and J is the “source term” 
which is zero if body forces can be neglected. The above form of the equation is called 
the strong conservation form since all the terms are buried inside the derivatives, and all 
the spatial derivative terms can be identified as a divergence. Sometimes it is convenient 
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for clarity to divide the viscous terms (or viscous fluxes) from the inviscid fluxes. By 
doing so Eq. (3.8) becomes:  
 

 
t x y z x y z

   ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + = + + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
v v vQ F G H F G H J   (3.9) 

 
where Q is the vector of the conserved variables: 
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F, G and H are the inviscid flux vectors: 
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Fv, Gv and Hv are the inviscid flux vectors: 
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and J is the source term vector: 
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where ho is the stagnation enthalpy per unit mass given by: 
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Note that the vector of the primitive variables used in GASP is: 
 
 

 
u
v
w
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  =  
 
 
  

U   (3.15) 

 
 
Now, collecting the inviscid flux vectors as: 
 
 
 ( )= + +F(Q) F G H   (3.16) 
 
 
and the viscous flux vectors as: 
 
 
 ( )= + +v v v vF (Q) F G H   (3.17) 
 
 
Eq (3.9) becomes: 
 
 

 
t

∂ + ∇ = ∇
∂ v
Q F(Q) F (Q) + J   (3.18) 

 
 
Moving the viscous flux vector to the left-hand side and integrating over a volume V we 
get the integral form of the governing equations: 
 
 

 dV dV
t

∂ + ∇ − ∇ = ∂ ∫∫∫ ∫∫∫v
Q F(Q) F (Q) J   (3.19) 

 
 
GASP (as most of present-day fluid-dynamics numerical solvers) treats the above integral 
form of the Navier-Stokes equations. All of the above equations are in the differential 
form and need to be re-arranged into the integral form. This can be readily done using 
Gauss theorem. The theorem states that for a vector F with continuous partial derivatives 
in a domain V enclosed by the surface S with a normal vector n [39]:  
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 dV dS∇ = ⋅∫∫∫ ∫∫F F n   (3.20) 

 
 
Applying Gauss’ theorem to the inviscid and viscous flux vectors in Eq. (3.19) we obtain 
the usual integral form of the Navier-Stokes equations for a viscous, heat-conducting, 
compressible, non-reacting, single-species fluid: 
 

 [ ]dV dA dV
t

∂ + ⋅ =
∂ ∫∫∫ ∫∫ ∫∫∫vQ F(Q) - F (Q) n J   (3.21) 
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3.3 Non-dimensional Form of the Governing Equations 

The governing equations are often non-dimensionalized using reference quantities. The 
advantages of non-dimensionalization are several. First, the potential round-off error 
associated with the machine finite-precision is minimized. Second, characteristic 
parameters such as the Mach number, the Reynolds number and the Prandtl number can 
be varied independently. Many different non-dimensionalizing procedures are possible 
some using freestream values to non-dimensionalize the governing equations and some 
others using set reference values. In GASP non-dimensionalization is carried out using 
reference values that can be set close or equal to the freestream values. As it is common 
use, non-dimensionalized parameters are denoted by an asterisk, (.)*. The non-
dimensionalized parameters are defined in the following list. 
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The reference quantities: 
 
 e e e e, , ,r f r f r f r fV T Lρ   (3.23) 
 
are input by the user and the other reference quantities are calculated from: 
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The turbulent quantities such as the turbulent kinetic energy k and the turbulence 
frequency ω that will be derived in the subsequent section are normalized as  
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Using the above non-dimensional parameters and non-dimensional groups the governing 
equation in strong conservation form, Eq. (3.9), becomes: 
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The column vectors will then be re-written as: 
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where the non-dimensionalized total enthalpy per unit mass is: 
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The non-dimensionalized viscous terms are: 
 

 

* * *

* * *

* * *

0

0

0

*
**
*

* * * *

*
**
*

* * * *

*
**
*

* * * *

xx xx xx x

xy yy yz y

xz yz zz

xx

xy

xz

xy

yy

yz

xz

yz

zz

z

u v w q

u v w q

u v w q

τ τ τ

τ τ τ

τ τ τ

τ
τ

τ

τ
τ

τ

τ
τ

τ

+ + −

+ + −

+ + −

=

=

=

 
 
  
 
 
 
  

 
 
  
 
 
 
  

 
 
  
 
 
 
  

v

v

v

F

G

H
  (3.31) 

 
and the non-dimensionalized source term is given by: 
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Finally, the perfect gas equation of state, Eq.(3.6), becomes: 
 
 ( )* 1 * *p eγ ρ= −   (3.33) 
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3.4 The Reynolds Averaged and Favre Averaged form of the Governing 
Equations 

Most of present-day CFD codes including GASP numerically integrate the Reynolds-
Averaged Navier-Stokes equations. These governing equations can be written using time-
averaged (Reynolds averaged) values of the density and pressure and mass-weighted 
(Favre’) averages for the velocity components and temperature. The Reynolds averaged 
values (indicated by an over bar) are defined as:  
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t t
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f f dt

t
+∆

≡
∆ ∫  (3.34) 

 
It follows that the randomly changing flow variables can be replaced by the Reynolds 
averages plus the fluctuations about the average (Reynolds decomposition). We may then 
write: 
 

 f f f ′= +  (3.35)  

 
where f  is the randomly changing flow variable and f ′  is the fluctuation about the 
average. The Favre’-averaged values are convenient for treatment of compressible flows 
and mixtures of gases since the density variation of the fluid comes into play in the 
averaging process. The Favre’-averaged values (indicated by a tilde) are defined by: 
 

 ff ρ
ρ
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Using the above definitions and identities the Reynolds Averaged Navier-Stokes 
equations (RANS) become: 
 
Conservation of mass:  
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Conservation of momentum:  
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Conservation of energy:  
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where 
 

 1 1
2 2o v i i i ie C T u u u u′′ ′′= + +  (3.40) 

 
The perfect-gas law becomes: 
 

 p RTρ=  (3.41) 

 
Eq (3.38) shows that aside from replacement of instantaneous variables by mean values, 
the only difference between the time (Reynolds) averaged and instantanous momentum 
equation is the appearance of the correlation 
 
 ij i ju uτ ρ ′′ ′′= −  (3.42) 
 
also known as the Reynolds stress tensor. This is a symmetric tensor and thus has six 
independent components, all of which are unknown. Therefore as a consequence of time-
averaging, six more unknowns have been introduced without gaining any additional 
equations to close the system. For a general three-dimensional flow, these unknowns add 
to the five mean unknown flow properties, nominally the pressure, the three velocity 
components and the enthalpy to produce a system of 11 unknowns and five equations 
(conservation of mass, momentum and energy). This disparity between the number of 
unknowns and of equations is the closure problem of turbulent flows and it is commonly 
handled though turbulence modeling. 
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3.5 Turbulence Modeling 

Turbulence models to close the RANS can be divided into two broad categories, 
according to whether or not the Reynolds stress tensor is simulated using a combination 
of assumptions and physical relations (first-order models) or it is directly resolved into its 
six components (second-order models). First-order models, also known as eddy viscosity 
models, make use of the Boussinesq assumption. The Boussinesq assumption states that, 
in analogy to the laminar viscous diffusion terms, the turbulent shearing stresses are 
related to the rate of mean strain through and apparent scalar turbulent viscosity. In 
mathematical terms this is: 
 

 2 2
3 3

ji k
i T ij ijj

j i k

uu uu u k
x x x

ρ µ δ δ ρ
 ∂ ∂ ∂′′ ′′− = + − −  ∂ ∂ ∂ 

  (3.43) 

 
where Tµ is the turbulent viscosity and k is the kinetic energy of the turbulent fluctuations 
or turbulent kinetic energy (TKE): 
 

 1 1
2 2

i i
i i

u uk u u ρ
ρ
′′ ′′′′ ′′= =   (3.44) 

 
In contrast to the molecular viscosity which is an intrinsic property of the fluid state, the 
turbulent viscosity depends upon the mean flow. On the other hand, second-order models 
do not make use of the Boussinesq assumption and solve the transport equations for the 
individual stress components directly, rather than using an algebraic relationship for the 
stresses. For these reasons, second-order models are more general than first-order models 
for flows with sudden changes in the mean strain rate or with effects such as streamline 
curvature or gradients in the Reynolds normal stresses.  
 
With the exception of some preliminary laminar calculations performed to test the grid 
quality, to prove the code capability, and to understand the basic physics of the jet 
interaction problem, all the numerical calculations performed in this study were turbulent 
calculations. GASP offers the choice of zero, one and two-equation turbulence models. 
However, no second-order turbulence models have been implemented in the code at this 
time. The choice of the turbulence model was restricted to one of the two-equation 
models since they perform better in separated flows than zero or one-equations models. 
More specifically Wilcox’s k-ω model [91] was selected over k-ε. The k-ω model was 
chosen because of its good capability in predicting separation and in dealing with adverse 
pressure gradients and separated flows when compared to other two-equation models [1] 
[54]. 
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5.5.1 k-ωωωω 

As described above, the k-ω model is a first-order turbulence model. It uses the kinetic 
energy of the turbulence, k, as one of its turbulence parameters and the dissipation per 
unit turbulent kinetic energy, ω, as the second turbulence parameter. ω is normally 
referred to as the turbulent frequency having units of 1/second. The k-ω model used in 
this study is the Wilcox 1988 [92] [93] in the GASP Version 3.2 and Version 4.0 
implementation. In this model, the equations governing the turbulent parameters are: 
 
Eddy viscosity: 
 

 T
kCµ

ρµ
ω

=   (3.45) 

 
Turbulent Kinetic Energy: 
 

 * *( )i
j ij T

j j j j

k k U kU k
t x x x x

ρ ρ τ β ρ ω µ σ µ
 ∂ ∂ ∂ ∂ ∂+ = − + + ∂ ∂ ∂ ∂ ∂  

  (3.46) 

 
Specific Dissipation Rate: 
 

 2 ( )i
j ij T

j j j j

UU
t x k x x x
ω ω ω ωρ ρ α τ β ρω µ σµ

 ∂ ∂ ∂ ∂ ∂+ = − + + ∂ ∂ ∂ ∂ ∂  
  (3.47) 

 
The empirical closure coefficients for Wilcox’s 1988 model are: 
 
 * *5 / 9 3/ 40 9 /100 1/ 2 1.00Cµα β β σ σ= = = = = =   (3.48) 
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Chapter 4  
 
Boundary Conditions and Computational Grids.  
 
An important part of numerical simulations is the definition of appropriate boundary 
conditions and the creation of a computational grid with discretized volumes small 
enough to resolve the flow physics in detail. It is noteworthy to recognize that, while all 
the fluid problems are governed by the same equations, namely the full Navier-Stokes 
equations, what distinguishes one flow from another are the boundary conditions. This 
perspective makes evident the importance of using the correct boundary conditions.  
 
While the importance of the boundary conditions is dictated directly by the type of 
governing equations, the relevance of the computational domain comes from the type of 
method used to solve the governing equations. As discussed in Chapter 3, this study 
makes use of the finite-volume formulation of the RANS to numerically solve the 
flowfield. Therefore, a discretized computational space over which the RANS can be 
numerically solved has to be generated using appropriate software. The computational 
space, usually called domain, needs to describe correctly the geometry of the problem. At 
the same time the individual discretized volumes (cells) that compose the domain have to 
been small enough to capture the details of the flow physics. However, the total number 
of cells cannot be too large due to memory and CPU run time concerns. Therefore, a 
balance has to be found between the need for a fine grid and the limitations imposed by 
the computational resources available.  
 
This section discusses the current treatment of the boundary conditions for the jet 
interaction flowfield and the generation and adaptation process of the computational 
grids. 
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4.1 Boundary Conditions 

The computational domain for the flat plate with normal injection consisted of a six-sided 
box (see Figure 4.1). The lower plane, i.e. the plane defined by y/d=0.00, corresponds to 
the solid surface of the flat plate. The upper plane is not simulating a solid surface. The 
same is valid for the longitudinal plane far away from the plane of symmetry (z/d=0.00) 
and for the exit plane. One plane is defining the entry boundary conditions that are set at 
freestream conditions. An entry boundary layer can be simulated. Due to the fact that 
several experiments were simulated, specific freestream and jet conditions are reported in 
the Results section for each experiment. Data from the simulated experiments as used for 
all quantities when available. In some cases not all the necessary data was available and 
therefore assumptions had to be made. Notable examples of missing information about 
the exact boundary conditions are: the details of the jet exit flow, including the discharge 
coefficient and the inlet boundary layer profiles. The following is a general description of 
the applied boundary conditions.  
 
 
Wall 
The no-slip condition (u=v=w=0.00) is imposed on the flat plate along with ∂p/∂y=0.00 
and the adiabatic wall condition, ∂T/∂y=0.00.  The surface is assumed to be smooth.  
 
 
Primary Jet 
The injector is cut in the surface of the flat plate. The origin of the reference axes is at the 
center of the injector. For each case investigated, the nozzle was choked and the total 
conditions of the jet were known. Therefore, sonic conditions were applied at the cells 
simulating the jet (MaJ=1.00, ρJ=ρsonic, uJ=wJ=0.00 m/s, vJ=a, pJ=psonic). The jet was 
assumed to have a flat step profile i.e. no boundary layer in the nozzle was simulated. 
However, the area of the simulated jet is smaller than the real jet and the ratio of the two 
areas is equal to the discharge coefficient (Cd,J) of the real nozzle. In this way the mass 
flow rate and the thrust of the simulated jet was the same as the real jet. The discharge 
coefficient is defined by the relation:  
 
 

 ,
actual actual

d J
ideal J J J

m mC
m v Aρ

= =   (3.49) 

 
 
Notice that the primary injector is cut in half by the symmetry plane. 
 



Chapter  4.  42

 
 
 
 

 
 

 
 
Figure 4.1. Computational domain for the flat plate with normal injection. The surface of 
the flat plate is highlighted in gray. The arrangement of the computational domain is the 
same for all the calculations even though the dimensions of the plate and of the injector 
changed from case to case. 
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Secondary Jet 
 
The computations that involved secondary jets were either simulated cases that did not 
model an actual experiment (Section 5.5.3, “Letko Turbulent case with Simulated 
Secondary Jet”) or they were experiments run at Virginia Tech (the Virginia Tech Mach 
2.4 and Virginia Tech Mach 4.0 cases) for which detailed information about the jet exit 
conditions was available. The secondary injectors are cut in the surface of the flat plate. 
The same total conditions as the primary jet were applied to the secondary jets. The main 
difference between the two jets is the area of the injector. The area of the secondary 
injector (and therefore also the mass flow rate since the same total conditions are applied 
to the two jets) is 1/100th the area of the primary injector. Also, the discharge coefficient 
was the same for both injectors. Note that unlike the primary jet, the secondary injectors 
do not lie along the plane of symmetry of the computational domain and therefore the 
whole jet has to be simulated.  
 
Entry Conditions 
The flow upstream of the injector is supersonic. The flat plate can however, be mounted 
on supports and away from the tunnel floor, [65] [22] [42], or flush to the tunnel floor in 
the Virginia Tech cases. In the latter case, an entry boundary layer had to be simulated. 
All the dependent variables on the entry plane outside the boundary layer were assigned 
their respective freestream value. The known freestream quantities from the experiment 
usually are the Mach number and the total pressure. From knowledge of these two 
quantities and using isentropic relations for a perfect gas with γ=1.40 and the specific 
heat at constant volume, Cv, equal to 717.25 J Kg/K, all the other freestream quantities 
were derived. For the turbulence quantities (for the k-ω, k, the turbulent kinetic energy, 
and ω, the turbulent frequency) two assumptions had to be made since the exact 
turbulence level inside the wind tunnel for the Virginia Tech experiments was not known. 
First, due to the lack of actual turbulence measurements for each case, the freestream 
turbulence intensity (TI) was assumed to be 5%. Second the mixing length, lT, had to be 
assumed. The initial guess for the freestream mixing length was driven by stability 
considerations for the k-ω turbulence model. In fact the k-ω model shows a more stable 
behavior when the initial conditions for the turbulent viscosity, µT, is less than the 
laminar viscosity, µ. Therefore the mixing length was chosen so that the turbulent 
viscosity would be slightly less than the laminar viscosity. From the assumed values of TI 
and lT, the freestream k and ω could be derived using: 
 

 
k

TI
V

∞
∞

∞

=   (3.50) 

and  

 
T

kω =   (3.51) 
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As discussed above the turbulent viscosity is related to the mixing length through ω by 
virtue of the relationship: 
 

 T

C kµ ρ
µ

ω
=   (3.52) 

 
When an inlet boundary layer was simulated such as for the Virginia Tech cases [84] 
[85], the known parameters were the freestream conditions and the boundary layer 
thickness, δo, the latter obtained from Schlieren pictures of the tunnel flow. The turbulent 
velocity boundary layer profile was then assumed to follow the simple relationship [68]: 
 

 
1
7

e

U y
U δ

 =  
 

  (3.53) 

 
where Ue is the edge, or freestream, velocity. 
  
Plane of Symmetry 
The three dimensional computational domain simulated only half of the experimental 
setup. Assuming that no erroneous asymmetries are present in the wind tunnel flow, the 
flow field is symmetric about the centerline of the flat plate. The symmetry plane is 
represented by the x-y plane. The symmetry boundary condition ensures that the 
primitive variables are reflected across this plane. The Cartesian velocity component 
which is changing sign for this symmetry plane is the w component.  
 
 
Extrapolation from the Interior 
The three remaining sides of the computational domain (the exit plane, the top surface 
and the longitudinal plane opposite the symmetry plane) do not represent any physical 
surface. The top surface and the side wall of the wind tunnels were assumed [65] [22] 
[42] or actually measured [84] [85] to be distant enough from the injector not to interfere 
with the flowfield of interest. Therefore, a first-order extrapolation boundary condition 
was applied to these surfaces. The first-order extrapolation boundary condition applies 
the conditions at boundary cells inside the computational domain to the first and second 
ghost cells. In this way the gradients along the first-order extrapolation boundary 
condition are always zero. 
 
Zonal Boundaries 
A zonal boundary is the surface along which two blocks are connected. In GASP this can 
be a point-to-point match or a non-matching connection, i.e. not all the points of the two 
blocks are matching up. The zonal boundaries allow information to be transferred from 
one computational grid to the next one, and vice-versa. 
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4.2 Computational grids 

GASP uses a finite-volume, structured grid to discretized and solve the governing 
equations. The grid has to be input into GASP as a Plot3D format file, and it needs to be 
generated using a separate grid-generation software. In this study, GRIDGEN Version 
13.3 [32] was employed to generate the multi-block structured grid. The computational 
grids used in these calculations were developed in several consecutive stages. As 
calculations proceeded and a better understanding of the flow-field was obtained, the grid 
was adapted to better resolve the salient characteristics of the flow without drastically 
increasing the total number of cells.  
 
The initial grid was a standard H-type grid with clustering around the injector and near 
the wall. (see Figure 4.2 (a)). The H-grid topology is the most widely used in other 
numerical studies of jet interaction on a flat plate (see Ref.[24] through [87]). This grid 
topology requires the least amount of time to develop, its geometric parameters are quite 
easy to modify and comparisons between grids of different size are easily performed. 
However, the main disadvantage of this type of topology is the low efficiency of the cell 
clustering. Finely spaced cells around the injector mean that the fine mesh has to 
propagate in the three dimensions away from the injector, thus resulting in an overly 
refined mesh in regions where the flow is at freestream conditions.  
 
From the simple H-type topology, the grid evolved into a more complex combination of 
H-type and C-type grids with better cell clustering in the injector and jet plume regions 
(see Figure 4.2 (b)). A C-type grid can wrap around the injector, and any cell clustering 
will not be propagated far away from the injector but will stay concentrated around the 
jet. In fact, the complicated flow physics and the steep pressure gradients found in this 
region require a finely spaced grid to be accurately resolved. A further and final grid-
adaptation step produced an H-type and C-type grid combination with contoured zonal 
boundaries (Figure 4.2 (c)). The contoured zonal boundaries improved the cell 
distribution all through the C-grid surrounding the jet thus improving the grid quality. 
Figure 4.2 (d) shows the outline of the last adaptation process of the grid with a further 
optimized grid topology and a computational domain now divided into 14 zones to 
improve the computational efficiency of the grid when using parallel-processing. 
 
Figure 4.3 shows details of the different computational grids in the region around the 
primary injector. Figure 4.3 (a) shows the simulations of the primary injector in the H-
type grid of Figure 4.2 (a). The injector was simulated by shaping the grid on the surface 
of the plate in a circular pattern. Note the orthogonality of the grid lines surrounding the 
injector. In Figure 4.3 (b) the injector simulated in one of the first mixed H- and C-type 
grids without contouring of the zonal boundaries is shown (the whole grid is shown in 
Figure 4.2 (b)). Note that the injector surface corresponds to one of the sides of a grid 
block that extends from the surface of the injector and curves into the direction of the 
crossflow. The grid that wraps around the jet is a C-type grid. The radial lines of the grid 
extend from the injector toward the outer boundary of the C-type grid. This outer 
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boundary maps onto the other H-type blocks. Note that the interface, the zonal boundary, 
between the C-type grid and the H-type grid is rectangular. Also, note how the C-type 
topology allows to optimize the clustering of the cells around the injector and compare 
this distribution to the less-efficient cell distribution of the H-type topology of Figure 4.3  
The final large optimization process performed on the grid was to contour the outer 
boundary of the C-type grid in a circular shape as shown in Figure 4.3 (c) (the mesh 
detail corresponds to the grids shown in Figure 4.2 (c) and (d)). Again, the grid consists 
of a mixed H- and C-type topology but the contouring of the zonal boundaries allowed an 
improved cell distribution when compared to the grid shown in Figure 4.3 (b). Note that 
the C-type grid encloses the flat plate region where the strongest pressure gradients are 
found. 
 
Due to the fact that each experiment had different entry lengths and different injector 
dimensions, the grids had to be modified each time to match the physical dimensions of 
the plate and of the injector. The multi-block nature of the grid (i.e. the fact that the 
physical space simulated by the computational domain is subdivided into several 
computational sub-domains) allowed the extension of the flat plate by simply inserting an 
additional zone ahead of the original computational domain, when necessary. The grid 
size ranged from 1.0 million cells to 1.5 million cells. The grid size was dictated by the 
need to find a balance between the grid refinement and the time to converge a solution to 
a steady state. On average, it would take 2090 total CPU hours using SGI Origin CPUs to 
converge a turbulent calculation using a 1.5 million-cell grid. It was therefore paramount 
to optimize the cell clustering without increasing the number of grid cells. The original 
grids were sequenced twice so that three grid sequences would be produced: the fine, the 
medium and the coarse grid. Sequencing was automatically performed by the CFD code 
by eliminating every other grid point in the three spatial directions. In this way, the 
number of cells in the fine grid was 8 times (i.e.2x2x2) larger than the number of cells in 
the medium grid and 64 times (4x4x4) larger than the coarse grid. Sequencing is 
beneficial to the convergence of a solution for several reasons: (a) it allows the use of a 
higher CFL number, (b) it provides a higher level of absolute convergence since the 
relative tolerance is based on the interpolated solution and not on the solution from the 
initial conditions, and (c) it speeds up overall convergence thus requiring less CPU time 
[27]. 
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(a) H-Type grid, 967,680 cells, used in the Schetz 
laminar case. 
 

(b) H- and C-Type grid, 766,488 cells, used in the 
Cubbison laminar case. 

 
 

 
(c) H- and C-Type grid, 902,240 cells, used in the Letko 
turbulent case. 
 

(d) H- and C-Type grid, 1,460,672 cells, used in the 
Virginia Tech Mach 2.4 and Mach 4.0 turbulent cases. 

Figure 4.2. Overview of the adaptation of the computational grid. 
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(a) simple H-type grid (Schetz laminar case) 
 

b) combination of H-type and C-type grids 
(Cubbison laminar case) 
 

 
(c ) combination of H-type and C-type grids with contoured zonal boundaries (Letko and Virginia Tech 

Mach 2.4 and 4.0 turbulent cases) 
 
Figure 4.3. Comparison of the grids wrapping around the injector for the three grid 
topologies. See also the previous figure for comparison. 
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 Specific details about each individual grid are given in the Results section concerning the 
specific numerical calculation. Some common features of all the grids can be listed here: 
 
1) The computational domain covered only half of the flat plate, since it was assumed 

that a longitudinal plane of symmetry passing through the primary jet centerline 
existed. This is a common assumption in the study of normal injection, and it is 
validated by experimental evidence. 

2) The origin of the right-handed coordinate axes used in all of the jet interaction 
simulations is located at the center of the primary injector. The positive X-coordinate 
is downstream, the positive Y-coordinate is away from the top surface of the flat 
plate. 

3) In the normal direction, away from the wall, initial spacing ∆y was determined using 
the relation:  

 0.7
ReL

Ly∆ =   (3.54)  

 

The adequacy of the normal spacing was then assessed by calculating the y+ for the 
cells on the flat plate surface ahead of the separation region. All the cells adjacent to 
the solid surface were below a y+ of 1.0. This spacing close to the wall is a widely 
accepted value for accurate predictions using the k-ω turbulent model in wall-
bounded turbulent flows. 

4) One-dimensional hyperbolic tangent stretching [80] was used in all regions to 
distribute the cells along the grid connectors. This type of stretching has been used in 
several numerical works [15], since it provides an effective way to smoothly vary the 
cell spacing along a line.  

5) An elliptic solver was run on all the planes of the computational domain. The elliptic 
solver improves the orthogonality (quality) of the mesh, especially in those regions 
where the blocks intersect with sharp or convex corners. Orthogonality is also very 
important on the plane of symmetry since skewing will create a strong grid-
dependence on this plane. 

6) The injector was simulated by cells on the surface of the flat plate with imposed 
pressure and velocity equal to the jet total conditions (see Figure 4.3). Due to the 
plane of symmetry of the problem only half of the injector was simulated.  

 
The simulated injector has the same circular shape as the real nozzle, but its dimensions 
are slightly smaller. The area ratio of the simulated to the real injector corresponds to the 
discharge coefficient measured during the experiments. By reducing the area of the 
simulated injector the viscous effects of the flow through the real nozzle were taken into 
consideration and the mass flow through the simulated injector is the same as that of the 
real injector (see also Section Chapter 55.4.35.4.3).  
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In only one case, (the Virginia Tech Mach 4.0 case, see Section 5.7) a Chimera grid was 
used to simulate the secondary injectors. The Chimera grid was used to substitute a 
regular block of the original computational domain. The block that was substituted and 
the Chimera grid that replaced it are shown in Figure 5.62 (a) and (b), respectively. The 
Chimera grid was considerably finer than the original block (179,564 cells versus 
814,044 cells) since one of the goals of the substitution was to better resolve the flow 
details in the region around the secondary injector and to perform a localized grid 
convergence study. 
 
Chimera is a well-known method in CFD [77][9][76] that uses multi-block overlapping 
structured grids to model complicated geometries and resolve flow physics where most 
needed without re-gridding the entire computational domain. A Chimera grid is 
essentially a grid that does not require a point-to-point boundary with the neighboring 
grids as usually is the case in multi-block grids. Furthermore, the boundaries between the 
Chimera grid or block and the other blocks do not have to be fixed at the same location, 
but they can move with time. A Chimera grid can be completely embedded inside another 
grid so as to provide a very fine grid in a localized region without having to increase the 
number of cells in all the rest of the domain. The Chimera or overset grid method is a 
capability made available in GASP starting with GASP Version 4.0.  
 
Usually Chimera boundaries are non-conservative [38] and issues are often raised about 
the error introduced by the Chimera boundaries in the numerical solutions. There are two 
opposing lines of thought about the conservation error. The first one states that as long as 
the grid is fine enough, then the numerical solution is a valid physical answer. The 
second line of thought states that conservation is necessary to obtain a valid numerical 
solution no matter how fine the grid is. It has been shown [88] that if the Chimera 
boundaries are far from discontinuities then the solution is not affected by the 
conservation error and that the error decreases as the grid is refined.  
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Chapter 5  
 
Results 

5.1 Overview of Considered Cases 

In this section the salient results of the computational work and their comparison to the 
experimental data are presented in detail. The results are presented in a logical order (that 
roughly also matches the chronological order in which the calculations were performed) 
starting from the simplest jet interaction cases with a laminar boundary layer and the 
lowest pressure ratio and ending with the most complicated jet interaction cases with a 
turbulent boundary layer and multiple injectors. Table 5.1 is a description of the 
numerical computations performed, each computation named after the author of the 
experimental work that it simulated. 
 
In all of these experiments and calculations, the freestream flow had supersonic 
conditions. The primary and secondary injectors were circular in shape, injected normal 
to the flat plate surface and had sonic conditions at the exit. The types of comparison 
between the experiments and the CFD solutions were limited to the type of experimental 
data reported by the authors. Schetz, et al. [65] reported only a Schlieren picture of the 
barrel shock, therefore the comparison of the numerical solution to the experiment was 
limited to the visual comparison of the photographed and computed interaction shock and 
barrel shock. Cubbison [42] reported both Schlieren photographs of the barrel shock and 
pressure mappings on the surface of the flat plate. Therefore, the comparison of the 
experimental data to the numerical solution involved both the visual comparison of the 
shape of the interaction and barrel shocks and the comparison of the Cp mapping on the 
surface of the flat plate. Furthermore from the pressure mappings, the normal force and 
pitching moment acting on the plate could be estimated. The computation of the 
experimental forces and moments was performed by discretizing the mappings into small 
areas, computing the normal force and moments acting on each individual area element 
and then integrating the individual contributions over the entire area of the flat plate. In 
this way, the computed and experimentally measured normal force (Fy) and pitching 
moment (Mz) acting on the plate could be compared. The same type of comparisons as 
the Cubbison case were carried out for the Letko [22] case with the exception of the 
visual comparisons, since no Schlieren photographs were reported in the original Letko 
paper.  
 
The most comprehensive set of information was available for the Virginia Tech cases 
[84][85], since a close collaboration between the author of this work and the researcher 
carrying out the experiments (Scott Wallis) was present since the beginning of this study. 
The numerical study was intended to guide the development and the design of the 
experimental setup. In a coordinated effort, the numerical study would indicate the 
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location of the secondary jet that produces the most desirable results. It would also 
provide the researchers with an insight into the physics that govern the complicated flow 
field and that produce those phenomena of which the experiment can only measure the 
final effects (i.e. pressure field, skin friction, force and moments, shocks etc.). With this 
knowledge available, the experimentalist could design the experimental setup and 
validate (or confute) the numerical results. The benefits of this integrated and coordinated 
experimental-numerical approach to the study of a complex flow field is described and 
discussed in detail by Schetz, et al. [67]. Another advantage of the Virginia Tech 
experiments results over the other experimental works was the use of the Pressure 
Sensitive Paint (PSP) to create a continuous mapping of the pressure field acting over the 
flat plate surface. PSP technology enabled a direct and thorough comparison of the 
experimental and numerical pressure field on the flat plate without the need, for the 
experimentalist, to create isobar lines by interpolating between the discrete data available 
at the pressure orifices. Force and moment balances were not mounted on the Virginia 
Tech experimental setup but again, these quantities could be calculated using the pressure 
mappings on the surface of the flat plate. Also, Schlieren photographs were available for 
a visual comparison of the shape and location of the barrel and bow shocks. 
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Simulation  
Name 

2D/ 
3D M∞∞∞∞ Mj PR Lam/ 

Turb 
ReL 
[m-1] 

Normal/ 
Inclined Inj. Gas  Turbul. 

Model Experiment Comparison of 

Schetz 3D 2.10 1.0 60 Lam 1.24x107  Normal Air/  
Air N/A Schetz, 1966 

[65]  Schlieren photograph 

Cubbison 3D 2.92 1.0 677 Lam 2.76x106  Normal Air/  
Air N/A Cubbison, 1960 

[22] 
Schlieren photograph 

Pressure Mapping 

Letko 3D 4.5 1.0 680 Turb 1.74x107  Normal Air/  
Air k-ω Letko, 1963 

[42] Pressure Mapping 

Virginia Tech Mach 
2.4 

 
Primary Jet Alone 

 
Primary Jet  

+ Group 1 Jets 
 

Primary Jet +  
Group 1 & 2 Jets 

 

3D 2.4 1.0 14 Turb 4.03x107 Normal Air/  
Air k-ω Virginia Tech, 2000 

[84] 

Pressure Mapping 
Forces and Moment on 

Flat Plate 

Virginia Tech Mach 
4.0 

 
Primary Jet Alone 

 
Primary Jet +  
Group 2 Jets 

3D 4.0 1.0 532 Turb 5.14x107 Normal Air/  
Air k-ω Virginia Tech, 2001 

[84] 

Pressure Mapping 
Forces and Moment on 

Flat Plate 

Virginia Tech Ramp 
Cases 3D 3.92 1.0 474 Turb 5.57x107 Normal Air/  

Air k-ω Virginia Tech, 2001 
(Ramp cases) 

Pressure Mapping 
Forces and Moment on 

Flat Plate 
 
Table 5.1. Jet-interaction numerical simulations (a) laminar (b) turbulent (all turbulent calculations employed Wilcox’s k-ω 
turbulence model [91]). 
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5.2 Definition of Parameters. 

As mentioned above, depending on the information available for the experiments, the 
comparison of the flowfield observed in the experiment to the numerical solution 
involved a visual-qualitative comparison of the flow features and a quantitative 
comparison of such parameters as the forces and moments acting on the flat plate or the 
distribution of the pressure and skin friction coefficients. These parameters are very 
common to most readers, since they are fundamental quantities of fluid-dynamics. 
However, for completeness and to avoid any confusion regarding the definition of these 
parameters in this work, their definitions are presented in this section. 
 
The pressure coefficient, Cp, is one of the most basic parameters in the study of fluid-
dynamics. It is defined as: 
 
 

 p
p pC

q
∞−=   (5.1) 

 
 
where q is the dynamic pressure defined as: 
 
 

 21
2

q Vρ∞ ∞=   (5.2) 

 
 
The skin friction coefficient, Cf, is defined as: 
 
 

 x
f

FC
qA

=   (5.3) 

 
 
where A is a reference area and Fx is the viscous force component in the same direction as 
the freestream. 
 
The normal force acting on the flat plate, Fy, is obtained by integrating the pressure 
coefficient over a given area A: 
 
 
 y pF q C dA= ⋅ ∫   (5.4) 
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Note that when integrating only the pressure p instead of the pressure coefficient, the 
result is the force that would be produced if on the opposite side of the flat plate there 
was just a vacuum. Similarly to the force, the pitching moment, Mz, is given by: 
 
 
 ( )z pM q C x dA= ⋅ ⋅∫   (5.5) 

 
 
where x is the longitudinal distance along the flat plate with the origin of the axes located 
at the center of the injector. It is important to remember that these forces and moment do 
not include the contributions produced by the thrust of the primary and secondary 
injectors. Furthermore, when integrating the pressure coefficient to obtain forces and 
moments, the projected area of the injector was excluded from the integration altogether 
so that only the pressure force acting on the solid surface of the plate was taken into 
consideration.  
 
The normal force coefficient, CFy, is obtained dividing Fy by the thrust of the primary jet: 
 
 

 Fy
FyC

primary jet thrust
=   (5.6) 

 
 
The pitching moment coefficient, CMz, is obtained normalizing Mz by the jet thrust and 
the jet diameter, dj: 
 
 

 Mz
j

MzC
primary jet thrust d

=
⋅

  (5.7) 

 
 
Note that according to the coordinate axis used to define the computational domain in this 
study, a negative pitching moment about the center of the primary jet indicates a nose-
down moment. This convention is schematized in Figure 5.1. 
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xz

 
 
Figure 5.1. Reference coordinate system and pitching moment sign convention for the jet 
interaction problem. Note also the pressure ratio definition used in this work. The 
definition comes from Cubbison ’61 [22]. 
 
 
Another important factor to keep in mind is that the normal forces and pitching moment 
depend on the area of integration. Therefore both parameters can vary largely depending 
on the selected area of integration. The pitching moment is particularly sensitive to this 
issue since if the integration includes a large area in front of the injector where there are 
freestream conditions this would produce a strong nose-down moment. Also, the limits of 
integration depend on the dimensions of the flat plate used in the experiments. Therefore, 
it is not possible to compare one set of force and moment coefficients obtained for one 
test case with another since the area of integration will be different for the two 
experiments. The influence of the limit of integration on the normal force and pitching 
moment is illustrated in Figure 5.2. In this plot, the force and moments are normalized 
using the area of integration and the dynamic pressure instead of the jet thrust as before. 
These new force and moment coefficients are identified by the dash sign (.‘) and are 
defined as ' /( )FyC Fy q A=  and ' /( )Mz jC Mz q A d= , respectively. The normal force 
coefficient (solid squares) shows that when no jet is activated (dashed line with solid 
rectangles) , the force coefficient is independent of the limits of integration; this is easily 
explained by the fact that the freestream pressure is constant over the flat plate and 
therefore, when normalized using the area of integration, it will produce a constant 
values. When the injector is switched on 9solid line with solid squares), the force 
coefficient is higher when the limits of integration are closer to the injection location. As 
the limits of integration are moved away from the injector, the force coefficient decreases 
asymptotically to a value which is the summation of the contribution coming from the 

Positive pitching 
moment 

(nose-down) 
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freestream pressure (the dashed line with the solid squares) and the jet interaction 
flowfield. The effects of the jet interaction flowfield mainly influence the region in the 
immediate surroundings of the injection location as shown by the negative slope of the 
curve corresponding to the case with the jet on. The negative slope indicates that as the 
integration limits are moved further downstream, the normal force augmentation factor 
remains approximately constant indicating that the flow-physics causing the increase in 
normal force exist in the immediate surroundings of the injector. The same conclusions 
can be drawn form the plot of the pitching moment coefficient. When the jet is not 
activated, the pitching moment coefficient shows a constant negative slope as the limits 
of integration are extended further downstream. This behavior is explained by noting that 
forces acting aft of the injector produce a negative pitching moment. Therefore, when the 
limits of integration are extended downstream, there will be a larger force acting at a 
longer moment arm aft of the injector, creating a more negative pitching moment. When 
the jet is activated (solid line with solid rhomboids), the slope of the line becomes more 
negative in the region nearby the injector. As the limits of integration are extended 
downstream, the slope goes back to the no-jet value. As in the case of the normal force 
coefficients, this behavior indicates that the jet-interaction flow-physics responsible for 
the decrease I the pitching moment are concentrated around the injector location and the 
downstream flowfield does not influence the pitching moment to a high degree. 
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Figure 5.2. Reference coordinate system and pitching moment sign convention for the jet 
interaction problem. Note also the pressure ratio definition used in this work. The 
definition comes from Cubbison ’61 [22]. 
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5.3 Sources of Error in the Numerical Simulations. 

Numerical simulations of complex flow fields are sometimes regarded with skepticism by 
the scientific community. This skepticism finds foundations in the results of “numerous 
blind validation studies” [62] that undermine the credibility of numerical simulations. In 
order to increase the confidence of researchers and, in particular, of experimentalists in 
CFD it is essential to perform a careful and thorough study of the accuracy of the 
numerical solution. The uncertainty level in CFD solutions should be assessed using the 
latest developments in error analysis for numerical schemes. The present discussion is a 
review of the analysis presented by Roy [62] with additional details from Roache 
[58][59] and Hosder, et al. [35]. 
 
The uncertainty, or error, of numerical simulations can be divided into two broad areas, 
namely verification and validation. Verification deals with the mathematics of the set of 
equations that are being solved and can be thought of as “solving the equations right” 
[62]. Errors under this topic include iterative convergence errors, grid-convergence 
(discretization) errors, coding (or human) errors, and computer round-off errors. 
Validation deals with the physical modeling of the problem and can be thought of as 
“solving the right equations” [62]. Errors due to the inaccuracy of the physical models 
(i.e. the governing equations) to describe the flow physics and inaccuracies in the 
boundary solutions and in the geometry modeling of the problem fall under the validation 
group. Verification must be performed before validation since for the comparison of the 
numerical results to the experimental results to be meaningful, the reliability and 
accuracy of the numerics must be ascertained first. However, in practice it is extremely 
difficult to separate the two types of uncertainties, especially for complex flow problems 
such as the present jet interaction flowfield. In the current work both the verification and 
validation errors associated with the numerical simulations of the jet interaction flowfield 
are analyzed and estimated. However, due to the difficulty of the estimation of the 
experimental uncertainty, the errors in the physical modeling are just discussed without 
attempting to quantify them. The methods employed in this study to reduce the numerical 
uncertainty are presented and discussed. 
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5.3.1 Iterative convergence of the numerical solutions. 

The convergence of the calculations was determined by checking the change of several 
flow parameters over time. An approximate indication of the convergence of the solution 
was given by the plot of the normalized residual against the iteration number (Figure 5.3). 
In general, the smaller the residual the closer the solution is to convergence. However, 
convergence of the residual does not imply convergence of the flow, and many flow 
characteristics continue to evolve also after the residual has reached a constant value. If 
the focus of the numerical study is a particular flow variable or integrated quantity, then it 
is reasonable to consider the calculation converged, at least for the scope of the study, 
when that parameter has leveled off or oscillates about a fixed value. In this study, three 
primary integrated quantities were constantly checked for convergence: the normal force 
over the flat plate, the pitching moment and the axial force (drag). These quantities are 
plotted versus the iteration number in Figure 5.4 for the Virginia Tech Mach 4.0 case 
with only the primary jet activated. While the normal force and pitching moment are 
parameters governed mainly by inviscid flow features, basically the pressure distribution 
on the surface of the flat plate, the axial force depends on the viscous features that 
develop in the boundary layer, mainly the skin friction. Since viscous effects tend to be 
slower to form and converge than inviscid features, the axial force is a more reliable 
indication of convergence than the normal force or the pitching moment. Still since forces 
and moments are integrated quantities, they indicate the general level of convergence of 
the whole flowfield smoothing out differences in convergence level between different 
flow features and different locations. An example of such a difference in convergence 
level is the separation region. In the jet interaction flowfield, the separation location is 
particularly slow to converge, since it is created by the complex viscous interaction of the 
incoming boundary layer with the bow shock that, in turn, depends on the barrel shock. 
To assess the convergence of the numerical solution in the separation region, the 
distribution of the pressure coefficient and of the skin friction coefficient on the flat plate 
surface along the tunnel centerline were plotted versus the iteration number (see Figure 
5.5).  
 
The iteration number does not literally correspond to any specific physical time. It is 
anyway an indication of the level of advancement of the iterative process. How fast the 
convergence is for a specific problem depends on two main factors, these being the speed 
of the CPU and the largest admissible CFL number. The speed of the CPU concerns the 
real physical time (also called wall-clock time) that the machine needs to run one 
iteration. The CFL number (CFL stand for Courant, Friedrichs and Lewy, Ref. [20]) 
concerns the time needed in an iteration to reach a steady-state solution. The CFL number 
establishes a relationship between the characteristic size of the discretized space (i.e. ∆x) 
and a time step (i.e. ∆t).  
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The relationship between these two quantities is given by: 
 

 tCFL c
x

∆=
∆

  (5.8) 

 
where c is a constant of proportionality depending on the numerics of the problem. The 
maximum admissible CFL number is fixed for a given problem according to the “CFL 
condition” that takes into consideration the stability of the iterative process. In general, 
the stability of the numerical scheme employed in the iterative process can be analyzed 
using a Von Neumann stability analysis (note that a Von Neumann stability analysis is 
valid only for linear differential equations while the RANS equations are not linear and 
only a rough estimate of the stability conditions can be obtained from this type of 
approach). The CFL condition indicates what is the maximum allowable CFL that will 
produce a stable convergence behavior for the numerical scheme being employed in the 
iterative process.  Note that the parameter “c” too is fixed by the flow conditions and the 
iterative process. Therefore, the smaller the grid size, represented by ∆x, the smaller the 
allowable time ∆t. Small time steps mean that more iterations will be needed to reach a 
converged solution. In GASP, the time step is calculated from  
 

 CFL xt
c

∆∆ =   (5.9) 

 
where the CFL number, is input by the user. GASP calculates the group c/∆x from: 
 

 
( )ˆ a dAc

x Vol
⋅ +

=
∆

∫ V n
  (5.10) 

 
GASP has the option of time-stepping using three different strategies. The first one 
obtains the group c/∆x by calculating the characteristic speed ˆ a⋅ +V n  with freestream 
quantities. In this way, the fastest free-stream characteristic speed, q∞+a∞ is used in the 
calculation of the time step. The second strategy uses the local quantities to compute the 
characteristic speed and therefore the fastest local characteristic speed, q+a, is used to 
compute ∆t at each cell. The third option employs a physical time stepping, i.e. ∆t is input 
by the user as one value for all the cells. The first option is useful only in certain 
situations, since it tends to slow down the convergence of the solution in the viscous 
layers where the characteristic speed would be much lower than the freestream. The 
second option, employing the local characteristic speed, is the quickest way to reach 
convergence for most applications, since the fastest characteristic speed for each cell is 
used. However, it is clear that when employing these two options the time step changes 
from cell to cell, therefore a non-converged solution does not represent an instantaneous 
flow snapshot since different parts of the domain will be at a different physical time. 
Only the third option produces a flow solution that is at the same physical time all 
through the domain and therefore is the most realistic, especially when the converged 
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solution is unsteady. In this study, the solution was converged using a local or a 
freestream characteristic speed, depending on the stability of the calculation. After 
convergence was reached, a few iterations were run using the characteristic time stepping 
option to guarantee that the flow was at the same physical time all over the domain. In 
light of the above observations and noting that the CFL could be changed during a 
calculation depending upon stability considerations, it is clear that the iteration number 
does not indicate the physical-time a calculation has been running. However, in the 
convergence plots shown here the iteration number can be conveniently used as an 
indicator of the level of advancement of the calculation. Also, since one iteration 
corresponds to a given wall-clock time, knowing the time it takes a given machine to run 
one iteration, the iteration number can indicate how expensive a calculation is to 
converge. 
 

 

 
Figure 5.3. Residual history for the medium grid sequence of the Virginia Tech Mach 4.0 
case with only the primary jet activated. 
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(a) Normal Force (Fy) 
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(b) Pitching Moment (Mz) 
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(b) Axial force (Fx) 

 
Figure 5.4. History of the convergence of the numerical solution. The three main 
parameters used to check for convergence were (a) the normal force, (b) the pitching 
moment and (c) the axial force. This history is for the Virginia Tech Mach 4.0 case with 
only the primary jet activated. 
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5.3.2 Grid-convergence error. 

The most widespread and reliable methods to assess the grid-convergence for complex 
numerical problems are based on the Richardson extrapolation [58]. The starting point is 
a grid refinement study with at least a converged solution on two grid sequences, the ratio 
between the number of the cells on the two sequences being variable. In its general form, 
the Richardson extrapolation uses the solution on the two grid sequences and the 
knowledge of the nominal order of accuracy of the numerical scheme to produce an error 
estimate in the numerical solution. However, this approach can be misleading in that the 
nominal order of accuracy can be quite different from the real or observed order of 
accuracy. This discrepancy between the nominal and observed order of accuracy is 
particularly large for high-speed compressible flows that have shocks. In most 
commercial numerical codes, the numerical methods used to tackle high-speed 
compressible flows are second-order, characteristic-based, upwind schemes, mainly due 
to their accuracy and stability properties. However, in order to avoid non-physical 
oscillations around shocks, limiters are used. Limiters reduce the order of accuracy of the 
scheme to first-order in the regions across the shock. All of the simulations performed in 
this study with GASP used a third-order spatially accurate scheme for the inviscid terms. 
The min-mod limiter was used consistently with third-order schemes to reduce the 
oscillations. This mixed order of accuracy greatly increases the difficulty in performing 
grid-convergence analysis, since it produces a non-monotonic convergence of some of 
the flow properties as the grid is refined [61]. The non-monotonic behavior of the 
convergence is further exacerbated by the use of the κ-ω turbulence model [35]. It was, 
therefore, necessary to use the Generalized Richardson Extrapolation by Roache [58] that 
employs the discrete solutions on three different grid sequences called the “Mixed 1st + 
2nd Order Extrapolation”. An ideal error estimator would produce an error that is both 
very close to the real error and that has a statistical measure of the confidence that the 
error will be conservative (usually a 2σ or 95% confidence band). However, for complex 
non-linear, multi-dimensional problems such as the jet interaction flowfield, it is almost 
impossible to prove and to assess such an error band. The researcher is then forced to rely 
a not-so-rigorous and heuristic method, such as the one here presented, to determine 
discretization errors.  
 
 

General Richardson extrapolation 

The Richardson extrapolation procedure is based on a series expansion of the 
discretization error, DE, on the grid level k: 
 
 k k exactDE f f= −   (5.11) 
 
where fexact is the exact solution and fk is the solution on grid level k. On a uniform grid 
the series expansion for the solution can be written as: 
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 ( )2 3 3
1 2 3k exact k k k kf f g h g h g h O h= + + + +   (5.12) 

 
where gi is the ith order error term coefficient and hk is a measure of the grid spacing n 
sequence k. Then, the above equation is written for a number of grid sequences solved for 
an approximate fexact and the error term coefficients, gi. In certain cases, an error term of 
an “observed” order p will be used and the equation solved for both the error term 
coefficients and p. The fine grid spacing can be normalized to unity so that a grid 
refinement factor for sequence k, rk, can be introduced, rk being defined as: 
 

 1
, 1

1

k
k k

hr
h

+
+ =   (5.13) 

 
For example, in a three-dimensional domain, if the number of cells is doubled in each of 
the three spatial directions, the total number of cells will increase by 8 (i.e. 2x2x2) and 
the grid refinement factor will be 8. For convenience, define also the difference between 
the solution of two successive grid sequences, ε, as:  
 
 1 1k k k kf fε + += −   (5.14) 
 
Richardson extrapolation can be generalized following Roache [58] to a general grid 
refinement factor r and order p. In this case the series expansion of Eq (5.12) is written 
as: 
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( )

( )

p p
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p p
exact p

f f g h O h

f f g h O h

+

+

= + +

= + +
  (5.15) 

 
The above equations can be used to find the pth order error coefficient gp and the exact 
solution, fexact, by dropping the higher-order terms, to give: 
 
 

 

21

21
1

1

1

p p

exact p

g
r

f f
r

ε

ε

=
−

= −
−

  (5.16)  

 
where the order of the discretization p must be assumed since only two solutions are 
used. In general, the nominal order of accuracy is used as p. In order to estimate the real 
order of accuracy, at least three solutions are needed. These three solutions should be 
monotonic as the grid is refined and, to recover the nominal order of accuracy, the 
solutions should be in the asymptotic grid convergence range. If all these conditions are 
met, then we can write, in the same fashion as Eq (5.12): 
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  (5.17) 

 
Neglecting the higher-order terms, the above equations can be solved for approximations 
to the order p, the error coefficient gp and the exact solution fexact as: 
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  (5.18)  

 
 
The top line of the previous equation has to be solved iteratively since it is implicit in p.  
If the refinement factor r is constant for the three grid sequences, then the equation for p 
can be reduced to: 
 
 

 32 21ln( / )
ln( )

p
r

ε ε=   (5.19)  

Problems arise when the solutions do not converge monotonically as the grid is refined. 
In this case the ratio ε32/ε21 is less than zero and p is undefined. This issue has been 
heuristically solved by Celik and Karatekin [13] by adding a negative sign in front of  the 
negative ε. term so that the natural logarithmic is defined. However, although the method 
provides an order of accuracy p for no-monotone solutions, no mathematical justification 
for this procedure was provided. 
 

Mixed 1st+2nd order Richardson extrapolation 

The Richardson extrapolation procedure is based on a series expansion of the 
discretization error, DE, on the grid level k: 
 
 k k exactDE f f= −   (5.20) 
 
where fexact is the exact solution and fk is the solution on grid level k.  
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On a uniform grid the series expansion for the solution can be written as: 
 
 ( )2 3 3

1 2 3k exact k k k kf f g h g h g h O h= + + + +   (5.21) 
 
where gi is the ith order error term coefficient and hk is a measure of the grid spacing n 
sequence k. Then, the above equation is written for a number of grid sequences solved for 
an approximate fexact and the error term coefficients, gi. In certain cases, an error term of 
an “observed” order p will be used and the equation solved for both the error term 
coefficients and p. The fine grid spacing can be normalized to unity so that a grid 
refinement factor for sequence k, rk, can be introduced, rk being defined as: 
 

 1
, 1

1

k
k k

hr
h

+
+ =   (5.22) 

 
For example, in a three-dimensional domain, if the number of cells is doubled in each of 
the three spatial directions, the total number of cells will increase by 8 (i.e. 2x2x2) and 
the grid refinement factor will be 8. For convenience, define also the difference between 
the solution of two successive grid sequences, ε, as:  
 
 1 1k k k kf fε + += −   (5.23) 
 
The “Mixed 1st+2nd Order Extrapolation” method requires the solution on three different 
grid sequences, which is the usual number of grid sequences used in this study to 
converge a solution on the fine grid. The solution on the each grid sequence can be 
written as a series expansion from (5.21) as: 
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  (5.24) 

 
The above equation can then be solved for approximations to g1, g2, and fexact, the 
approximation being indicated by a tilde over the symbol of the parameter: 
 



Chapter  5.  69

 

( ) ( )
( ) ( )( )

( ) ( )
( )( )( )

( ) ( )
( )( ) ( )

2 2 2
32 12 21 12 23

1
12 12 23 12 23

32 12 21 12 23
2

12 12 23 12 23

2
32 12 21 12 23 12 23

1
12 23 12 23

1 1
1 1 1

1 1
1 1 1

1 1
1 1 1exact

r r r
g

r r r r r

r r r
g

r r r r r

r r r r r
f f

r r r r

ε ε

ε ε

ε ε

− + −
=

− − −

− − −
=

− − −

− − − − −
= +

− − −

  (5.25) 

 
 
For the case of a constant grid refinement factor, i.e.: 
 
 12 23r r=   (5.26) 
 
the above equations reduce to: 
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  (5.27) 

 
According to Roy [62] the “Mixed 1st+2nd Order Method” produces the best error 
estimation for non-monotonic, mixed-order solutions by best implying it is the most 
conservative and that it is the closest to the true error. In the grid sequencing performed 
in this study, r is theoretically constant since the number of grid points is halved/doubled 
in each spatial direction between two consecutive grid levels. Thus, the overall 
refinement factor is 8 (2x2x2) between two grid levels. Equation (5.25) is used to 
compute the approximate exact solution, exactf . Once this is known, the discretization 
error, DE, on sequence k can be calculated as suggested by Roy [62] using: 
 

 k exact
s

exact

f fDE F
f
−=   (5.28) 

 
where Fs is the “factor of safety” added by Roy to ensure a wider confidence band for the 
error estimate. Roy suggests taking Fs to be 3 and this value is used in the error 
estimation of this study. Note that fk can be the solution of either a flow parameter at a 
point in the domain or an integrated quantity. 
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5.3.3 Discretization error and round-off error 

The round-off error is the error that results from the substitution of an exact number with 
a finite-precision number. An example is the substitution of the fractional exact number 
1/3 by the decimal number 0.333  where the overbar indicates that the 3 is repeated to 
infinity. In this case, if the 3 could be repeated to infinity, both numbers would be exact. 
However, since computers use finite-precision numbers stored as bytes, the decimal 
number needs to be truncated at a decimal place. Where the number is truncated depends 
on the precision of the machine being used. Obviously, the more precision that is 
required, the more CPU and memory-expensive any operation on the number will be. The 
round-off error is usually very small, since modern machines use 64-bit precision that 
give ten decimal place of accuracy. Also, the accuracy of the machine can be adjusted to 
double precision or to adjustable precision so that a number can be described by many 
decimal points. As already mentioned, increasing the precision increases the memory 
requirement as well as the CPU time required to run any operation on the number. 
However, since the numerical solution of the governing equations is iterative, round-off 
errors tend to accumulate. Furthermore, as the size of the grid cells is refined (i.e. as the 
discretization error is reduced) the round-off error becomes a more important source of 
error. 
 
The round-off error can be related to the discretization error in the following way. The 
present discussion follows the treatment of the round-off error by Anderson [90]. If we 
let NS describe the exact analytical solution to the Navier-Stokes equations, DNS 
describe the exact solution to the discretized Navier-Stokes equations and N be the 
numerical solution produced by a finite-accuracy computer then we can write: 
 
 Discretization error = NS – DNS 
 Round-off error = N – DNS 

 
and: 
 
 N = DNS + Round-off error 

 
According to the above, the numerical solution of the discretized Navier-Stokes equations 
produced by a finite-precision machine correspond to the exact solution of the Navier-
Stokes equations plus the round-off error. For a more exhaustive treatment of the round-
off error the reader is referred to Ref. [73]. 
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5.3.4 Perfect gas assumption 

All of the calculations performed in this study assumed that the freestream flow and the 
injectant behaved as a perfect gas (i.e. a gas which is both thermally and calorically 
perfect) with a specific heat ratio (γ) of 1.40 and a perfect gas constant of 286.9 J/(kg K) 
[27]. The perfect gas assumption was justified by the fact that in most of the flowfield the 
thermodynamic conditions are such that the specific thermal heats for air vary very little 
and can be considered to be constant. However, the injectant undergoes a very rapid 
expansion as it exits the nozzle and forms the barrel shock. For the higher pressure ratios 
investigated here the static temperature reached minimum values of 10 K in some small 
areas of the plume. The low temperature predicted inside the barrel shock, well below 
both the Nitrogen and Oxygen freezing point, raised the issue of having frozen gases in 
the jet plume and how this would affect the flowfield. This issue concerned both the 
experimental results and the computational solution. During July 2000, Frank Spaid, the 
author of Ref. [70] was contacted by Dr. Schetz to inquire about any eventual 
measurement that they carried out during the experiment to assess whether or not 
condensation occurred during the experiment. Spaid replied that he assumed that no 
phase change of the gas occurred during the experiment. Spaid justified this assumption 
with the finite-rate kinetics of condensation. Basically Spaid and the other authors of the 
experimental work assumed that a gas particle would be exposed to the very low 
temperatures and low pressures for an extremely short time interval over which any phase 
change would not have enough time to occur. The numerical solutions offered the 
possibility of easily measuring the average time interval that it would take an injectant 
particle to flow through the barrel shock. The calculation was performed along the 
longest possible particle path inside the barrel shock. Along this particle path, called AB 
in Figure 5.6, the velocity magnitude and temperature are known from the numerical 
solution. Knowing the distribution of the velocity magnitude and the length of the particle 
path AB (see Figure 5.7), the average velocity could be calculated and used to estimate 
the average time necessary for a particle of injected gas to flow through the barrel shock. 
Using the average values shown in Table 5.2 and calculating the average time as:  
 
 

 50.03 4 10
750avg

avg

St s
V

−∆= = = ×   (5.29) 
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Figure 5.6. Temperature contours and streamlines inside the barrel shock. The white 
thick diagonal line represents the line along which the velocity magnitude is plotted in 
Figure 5.7. This calculation is representative of all the other jet interaction cases and uses 
flowfield data of the Virginia Tech case with only the primary jet activated. 
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Figure 5.7. Velocity magnitude and static temperature distribution along the particle path 
AB (see Figure 5.6). 
 
 
 
Parameter  
Vavg  750 m/s 
∆S 0.03 m 
Tavg  25 K  
Tmin 10 K 

Table 5.2. Summary of flow parameters. 

 
The estimated average time for a particle to flow through the longest possible path inside 
the plume at a temperature below the freezing temperature of Nitrogen and Oxygen is 
4.0x10-5 second. This time interval is short compared to the rate at which phase changes 
are likely to occur, and it validates the assumption first made by Spaid and then used 
throughout the present work. Daum in 1963 [23] noted that in hypersonic wind tunnel 
flows large amounts of super-saturation could occur. As a result of this phenomenon, 
single-phase isentropic flow might be obtained also at conditions considerably past the 
theoretical ones required for obtaining condensation-free flow with no super-saturation. 
Stever and Rathbun [71] reported that “oxygen and nitrogen condense on nuclei of 
impurities rather than on the self-generated nuclei postulated in the pure-vapor theory”. 
This would mean that while in theory substantial levels of super-saturation can be 
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reached before running into condensation phenomena, in a real experiment where 
particles impurities are present in the injectant, condensation would occur at much lower 
levels of super-saturation. The subject is further complicated by the fact that 
condensation can start both on impurities or on self-generated nuclei of liquid. However, 
not all of the nuclei will act as catalysts for the condensation process since this also 
depends on the curvature of the interface between the drops and the gas as it was shown 
by Thompson [74]. This subject is quite vast and would require a complex analysis of the 
flow. For the primary goal of this study condensation does not seem to sensibly affect the 
results. However, further investigation into the condensation effects is recommended for 
future studies possibly using a real-gas chemistry model that includes real-gas effects and 
condensation effects. Examples of condensation models can be found in the work of 
Masuda, et al. [43]and Eppard, et al. [25]. 
 

5.3.5 Accuracy of boundary conditions 

Apart from the error introduced in the numerical solution by the treatment of the 
boundary conditions there is also an error associated with the representation of the 
physical boundary condition with a simplified model. A typical example of this type error 
is the simulation of an entry boundary layer as an inlet boundary condition. In the 
Virginia Tech cases [84] [85], the flat plate was mounted flush to the tunnel floor. A 
turbulent boundary layer could be observed in the Schlieren pictures of the flowfield. 
From these pictures, it was possible to measure the boundary layer thickness at the start 
of the flat plate surface. However, since no boundary layer velocity profiles were 
measured, the velocity distribution in the boundary layer had to be assumed. As discussed 
in the Boundary Conditions section, Section 4.1, the boundary layer velocity profile was 
assumed to follow the simple distribution [68]: 
 

 
1
7

e

U y
U δ

 =  
 

  (5.30) 

 
where Ue is the edge, or freestream, velocity. The static pressure and the total temperature 
were assumed to stay constant through the boundary layer, the static temperature and 
density varying as functions of the other parameters. Turbulent quantities were 
extrapolated from the interior cells and therefore did not require any assumption. 
Obviously, the assumed boundary layer profile will introduce some error in the numerical 
solution even though the governing equations will tend to adjust the flow to its physical 
state thus reducing the error introduced by the inlet boundary conditions.  
 
Another numerical boundary condition prone to error is the jet boundary condition. Apart 
from the discharge coefficient issue discussed before, the calculations assumed a jet with 
a step-profile. In reality, a boundary layer would form on the walls of the nozzle, and 
there would be a velocity profile exiting the nozzle. Other researchers found the step 
profile to be a source of instability [14] [15]. In this study, a velocity profile and a step-
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profile were used for the simulation of a methane-injection case on a flat plate. As long as 
the mass flow of the two jets was kept the same no noticeable differences in the flowfield 
were noticed and both simulations had the same stability and convergence behavior. The 
discrepancy of the behaviors observed by Chenault, et al. [14] [15] and during the current 
study could be attributable to the grid refinement and to the grid topology. Chenault, et al. 
used a simple H-type orthogonal grid all through the computational domain while the 
present study employed a much more elaborate and adapted grid topology that might 
have alleviated any instability generated by the step profile of the jet. 
 
The plane of symmetry is a reasonable assumption. Some experimental studies [44] 
showed the existence of minor flow asymmetries in the jet interaction flowfield. 
However, these asymmetries do not have any physical basis that justifies their existence. 
In a following numerical study [15] Chenault, et al. attributed these asymmetries in the jet 
interaction flowfield to flow asymmetries generated by a combination of imperfections in 
the tunnel walls, systematic errors in the data collection apparatus and to the coarseness 
of the measurement matrix. 
 
The solid surface of the flat plate was assumed to be adiabatic and smooth. While these 
two assumptions are reasonable for any type of engineering calculations they are 
approximations to the real conditions on the surface. As shown by the Schlieren pictures 
of the flowfield (see Figure 5.12 for the Schetz case or Figure 5.57 and Figure 5.77 for 
the Virginia Tech cases) usually a weak shock existed ahead of the injector. The shock 
was produced by the leading edge of the flat plate (Schetz, Cubbison and Letko and 
cases) or by imperfections in the tunnel floor (Virginia Tech cases). 
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5.4 Sources of Error of the Experimental Data Used for Comparison with 
the Numerical Solutions. 

The numerical simulation of the experiments required a full knowledge of the freestream 
and jet conditions as well as the geometry of the flat plate and of the injector. However, 
especially for the experimental cases taken from the earlier literature (Schetz, Cubbison 
and Letko) some important information about the flow conditions was missing and had to 
be estimated, introducing an additional source of uncertainty. Also, in most of the 
experiments, an estimate of the experimental error/uncertainty was missing thus making 
the comparison with the numerical solution more difficult. Following is a detailed 
analysis of the major sources of uncertainty and discrepancy in the comparison of the 
numerical results to the experimental data. 
 
 

5.4.1 Experimental Uncertainty 

All the experimental measurements are subject to a certain degree of uncertainty that can 
be decreased by using very accurate instrumentation and by a careful experimental setup, 
but it cannot be completely eliminated. The experimental uncertainty affects the direct 
measurements, and it is propagated through the derived quantities. A proper analysis of 
the experimental uncertainty requires the knowledge of the uncertainty in each individual 
reading. Unfortunately, few of the experimental works considered in this study reported 
any uncertainty information for the experimental conditions and measurements. 
Assuming that the experiment was properly setup, that the experimental equipment 
worked according to its specifications, and that no human errors were made, it is 
reasonable to assume an experimental uncertainty of ±10% for pressure coefficient data. 
Assuming an uncertainty of ±5% in the measurement of the tunnel dynamic pressure and 
negligible errors in the geometric measurement of the plate dimensions (moment arm, 
surface area), the uncertainty in the forces and moments acting on the plate would be 
±11% according to the uncertainty propagation theory explained by Coleman and Steele 
[19]. 
 

5.4.2 Pressure Mapping Uncertainty 

It must be noted that in the experimental pressure mappings reported by Cubbison and 
Letko the experimental uncertainty is particularly high. The high level of uncertainty is 
due to the fact that the authors generated a continuous mapping of the pressure field by 
curve-fitting the discrete pressure data they measured at a limited number of stations on 
the flat plate. The flat plate setup with the distribution of the pressure orifices used by 
Cubbison is shown in Figure 5.8. Therefore, a large human error is introduced by the 
curve fitting procedure into the mapping and, as a consequence, in the calculation of the 
normal force and pitching moment from the pressure data. In addition to all this, the 
calculation of forces and moment by integration of the pressure mapping is also affected 
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by a discretization error. It is not unreasonable to assume a final uncertainty in the 
computed experimental forces and moments in the region of ±20%. Nevertheless, the 
pressure mappings can give a good and useful overview of the pressure field that one can 
expect in a jet interaction case.  
 
 

 
 
Figure 5.8. Plan-view of the flat plate used by Cubbison [22] in his jet interaction 
experiments. The pressure orifices used to draw the pressure contours of Figure 5.22 are 
shown as circles. The drawing on the left is a detailed drawing of the locations of the 
pressure orifices in the area around the injector. All dimensions in inches. From Ref. [22]. 
 
Also in the Virginia Tech cases the experimental results had a high level of uncertainty. 
The uncertainty is due to the difficulty of calibrating the Pressure Sensitive Paint (PSP) 
correctly and in eliminating any bias in the reading due to the angle at which the CCD 
camera is inclined to the surface of the flat plate (see Section 5.6.1). In the Virginia Tech 
experimental setup (Figure 5.44) the PSP was sprayed on the surface of the flat plate. the 
presence of some pressure orifices in the flat plate surface allowed for an “in situ” 
calibration of the PSP. However, as shown by spanwise plots of the static pressure ahead 
of the separation, i.e. where the flow is smooth and homogeneous, the PSP data presented 
a clear bias (see Figure 5.53). Error estimation in the pressure readings was performed 
using these spanwise pressure distributions and assuming that the maximum error is 
given by the difference between the highest and lowest pressure value, with the average 
value being considered the real static pressure. By performing such an error estimation, 
uncertainty in the static pressure readings was ± 15%. This uncertainty was then 
propagated into the calculation of the pressure coefficient and into the calculation of the 
forces and moment generating much larger errors.  
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5.4.3 Discharge Coefficient Uncertainty 

Another large source of uncertainty at least for the Schetz, Cubbison and Letko cases is 
the lack of information about the discharge coefficient of the injectors. The definition of 
discharge coefficient of the jet, Cd,j, is here repeated for completeness: 
 

 ,
actual actual

d J
ideal J J J

m mC
m v Aρ

= =   (5.31) 

 
This quantity is an indication of the actual mass flow through the nozzle compared to the 
isentropic mass flow that neglects any loss due to viscous effects or to geometric 
imperfection. In general, the total conditions of the jet are reported by the authors and, 
knowing that the nozzle is choked, all the other jet conditions can be calculated. 
However, it is not known exactly where the total conditions were measured or, more 
important, what the mass flow of the jet was. The location of the total conditions affects 
the discharge coefficient of the injector since the longer the distance between the 
measurement location and the nozzle, the larger the viscous losses and the lower the mass 
flow through the injector (i.e. the smaller the discharge coefficient). The lower the jet 
mass flow, the smaller the barrel shock and the weaker the bow shock and the smaller the 
normal force acting on the solid surface. So for an accurate comparison of the 
experiments with the numerical solutions, it is essential to know the actual mass flow of 
the jet. In order to alleviate this problem numerical simulations of the flow inside the 
injector for the Letko case were run to estimate the losses. Initial calculations assumed an 
isentropic flow through the nozzle and a discharge coefficient of 1.00. More detailed 
information about the calculations of the jet flow and the relative results are given when 
discussing the Letko case. Information about the discharge coefficient is available for the 
Virginia Tech cases, since the mass flow through both the primary and the secondary 
injectors were measured during the experiments. 
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5.5  Laminar Cases  

Laminar calculations were run to simulate the Schetz [65] and then the Cubbison [22] 
experiments; both experiments reported a laminar boundary layer before separation 
occurred. The goal of the two laminar calculations was to prove the capability of the 
numerical approach to accurately describe the jet interaction flowfield without the added 
computational burden and the added complication of a turbulence model. Laminar 
calculations in fact do not require the solution to any additional equations beyond the five 
basic governing equations as discussed in Chapter 3. Furthermore, since laminar 
calculations do not have to resolve the fine flow structures in the laminar sub-layer as is 
the case for turbulent calculations, the boundary layer can be resolved with fewer grid 
cells than a turbulent calculation, thus reducing the computational load and speeding up 
convergence. It is interesting to note the scarcity of experimental works in jet interaction 
flowfields with laminar boundary layers. The only other three dimensional jet interaction 
experimental work with a laminar boundary layer found is that of Zukoski [100]. This 
shortage is probably due to the low possibility of encountering a laminar boundary layer 
in any practical applications of jet thrusters. Nevertheless, in spite of the very high flow 
speeds, laminar conditions can be encountered when a vehicle is flying at very high 
altitudes where the atmospheric density is very low to reduce the Reynolds number below 
transition.   
 

5.5.1 Schetz Laminar Case (PR62, Mach 2.10) 

This initial laminar simulation was performed to validate the GASP capability to simulate 
the main flow features. The selected case is the experimental study of a circular sonic jet 
in a Mach 2.1 supersonic crossflow described by Schetz in Ref. [65]. The nozzle is cut in 
the solid surface of a flat plate mounted on a sting (Figure 5.9). The boundary layer is 
laminar (see Table 5.4 and Table 5.3 for the flow conditions and the plate dimensions) 
and the pressure ratio is relatively low compared to the flight conditions of a real jet 
thruster. Nevertheless the flowfield presents all those features typical of a jet interaction 
problem such as the shock-induced boundary layer separation, the bow shock and the 
barrel shock. The comparison was quite useful in that it showed GASP was able to 
resolve most of the flow features produced by the boundary-layer-jet interaction.  
 
 
Parameter  
Flat plate entry length, x0  5.08 cm 
Injector diameter, dj 0.389 cm 
x0/dj  13.1 

Table 5.3. Flat plate dimensions.  
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Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 2.1 
P∞, t 101.5 kPa 
P∞ 11.1 kPa 
T∞ 159 K 
Type of boundary layer Laminar 
(a) Free-stream 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 690.5 kPa 
PJ 364.8 kPa 
TJ 250 K 
PJ, t / P∞ 62 
(b) Jet 

Table 5.4. Summary of flow parameters. 

 

 
Figure 5.9. Experimental set up of the Schetz experiment (from Ref. [65]). 

 
The computational domain for this problem consisted of a standard H-type grid divided 
into a four-zone, six-sided rectangular box as shown in Figure 5.10 (a). Figure 5.10 (b) 
shows a side view of the computational domain together with a view of the sharp-edged 
flat plate. The overall grid dimensions are 144x120x56 for a total number of cells of 
967,680. Since the physical problem is symmetrical with respect to the XY-plane, the 
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computational domain simulated only half of the wind tunnel width. The grid was 
generated using GRIDGEN v. 12. The grid features a highly refined mesh in two regions: 
the near wall region to capture the viscous boundary layer and in the region around the jet 
where very high pressure gradients are found (Figure 5.10 (b)). One-dimensional Tanh 
stretching was used in all regions, and an elliptic solver was run on the domains around 
the injector. The elliptic solver was useful to blend the curved lines defining the injector 
surface with the straight lines describing the plate surface (see Figure 5.11). All zones 
except the one immediately downstream of the jet (zone 4) were run using third-order 
accuracy for the inviscid fluxes, and the Min-Mod limiter. All viscous fluxes were 
second-order accurate, and the Roe-flux was used for the inviscid fluxes in all the four 
zones. This numerical calculation was run using all the 4 CPUs of AeroSoft’s Cray J90 
and it took 35 wall-clock hours to reach convergence.  
 
Figure 5.12 and Figure 5.13 show the comparison between the experimental Schlieren 
picture and the CFD results. The comparison was performed by visually analyzing the 
main features that could be observed in the Schlieren picture and then by superimposing 
them onto the CFD solution. The major flow features can be clearly picked out in the 
Schlieren picture and lines describing the shock waves, the jet plume and the boundary 
layer can be easily drawn. All superimposed lines are subject to an error due to human 
judgment. On the other hand, the large bands describing shock waves and the boundary 
layer in the CFD results are somewhat more inclined to the subjective judgment of what 
line best describes a flow feature. For this reason the comparison will focus on the 
superposition of the lines of the main flow details drawn from the Schlieren photographs 
onto computational solution (Figure 5.13). As shown by Figure 5.13, the simulation is in 
good agreement with the experimental results. Both the boundary layer thickness and 
shock wave position and inclination were correctly predicted by the numerical solution, 
an indication that most of the flow physics are captured by the simulation. However, it 
was not possible to fully validate such agreement between the experiment and the 
simulation, since the original paper reported only the Schlieren picture. In the visual 
comparison, it is important to note that the Schlieren photograph is a two-dimensional 
representation of a three-dimensional flowfield. Therefore, all the flow features within 
the camera field of view and present at different z-locations integrated onto one plane. It 
is important to bear in mind this factor in the visual comparison of the experiment to the 
numerical solution since the numerical results shown in Figure 5.13 are the two-
dimensional mapping of the flow on just the plane of symmetry. Another caveat of the 
visual comparison is the fact that the Schlieren picture highlights the zones of higher 
(whiter) and lower (darker) density gradient. The post-processing package used in this 
study (FieldView) does not have the capability of displaying density gradient contours. 
After some trials and error, it was found that the mapping of the Mach contours on the 
plane of symmetry best highlighted the salient features of the flowfield. Therefore, Mach 
number contours were chosen as the parameter to be mapped on the plane of symmetry 
for the visual inspection of the numerical solution throughout this study. 
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(a) (b) 
 

 
Figure 5.11. (a) Perspective and (b) top view of the of the surface mesh around the 
injector. 
 
As a means of comparison of different jet interaction test cases and to prove the 
correctness of a theory to predict the height of the jet plume, Schetz used a logarithmic 
plot of a modified pressure ratio versus the barrel shock height, h. The plot is shown in 
Figure 5.14 (a) with the definition of the barrel shock height presented in Figure 5.14 (b). 
Superimposed on the plot is the data point indicating the height of the plume produced by 
the simulation (star). As might have been expected by the examination of the comparison 
of the Schlieren photograph with the Mach number contours produced by the numerical 
solution (Figure 5.13), the simulation result falls right on top of the experimental data 
point  corresponding to the same test case. Note that the vertical axis of Figure 5.14 (a) 
plots the ratio Pj/Peb. As usual, Pj is the static pressure of the jet. Peb is the “effective back 
pressure”, a concept introduced by Schetz [66] that relates the case of a jet in a crossflow 
to the case of a jet exhausting in a quiescent medium. In the plot of Figure 5.14 (a) the 
effective back-pressure was calculated as 80% of the total pressure behind a normal 
shock. Note that the current study instead of using the effective back-pressure as a 
parameter to define the strength of the injection the jet pressure ratio, PR, as defined by 
Cubbison [22] was used.    
 
Figure 5.13 shows that the numerical solution presents some grid-dependence issues. The 
Mach number contours inside the barrel shock (Figure 5.13) seem to follow the 
orthogonal pattern of the gridlines in the region near the injection location. However, the 
rest of the flowfield is free of any grid-dependence issue. This isolated case might be 
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exacerbated by the combined effects of some localized grid-dependence issues and the 
high pressure gradients encountered at the nozzle exit. The localized grid-dependence 
issue can be attributed (see Figure 5.10 (b)) to the extremely fine longitudinal grid 
spacing near the injector that becomes abruptly coarser. However, the goal of this 
simulation was not to obtain an accurate solution and to perform an extensive comparison 
with the experiment. The primary goal was just to assess the capability of the numerical 
code to properly simulate the jet interaction flowfield and, also, to familiarize the author 
with the numerical code. Therefore the grid-dependence issue concerning this test case 
was not studied any further. However, care was taken in the development of the other 
grids used in the jet interaction flowfield to avoid abrupt changes in the grid spacing 
especially in regions of high pressure gradients.  
 
Overall the H-type grid was found to be numerically inefficient due to the clustering of 
cells in regions where the variable gradients were very small. In fact the fine mesh that 
can be observed in the Figure 4.2 (a) extends all across the width of the plate up to the 
furthest side of the computational domain. The calculations showed that in this region all 
the variables have a constant value, the free-stream values. A more efficient grid, with a 
combination of C-type and H-type grid topologies that allows cell clustering only around 
the jet, would enable the use of a smaller number of cells to produce the same accuracy as 
the current grid, thus increasing the computational efficiency. 
 

 
 
Figure 5.12. Schl
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Figure 5.13. Mach number contour lines as predicted by the CFD calculations. The solid 
black lines represent the shock waves, jet plume and boundary layer thickness that can be 
observed in the Schlieren picture of Figure 5.12. 
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(a) 

 
(b) 

Figure 5.14. (a) Plume height comparison for the Schetz experiment (from Ref. [65]). 
The arrow indicates where the data point corresponding to the experiment simulated in 
this work. The star is the data point corresponding to the numerical simulation. As 
expected from looking at Figure 5.13 the height of the plume for the numerical 
calculation and the experiment are exactly the same. (b) Definition of plume height. 
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5.5.2 Cubbison Laminar Case (PR677, Mach 2.92) 

The Schetz case described above proved that a numerical solution with approximately 
1,000,000 cells could capture most of the flow physics of the jet interaction problem; this 
is for a flow with a laminar boundary layer and a relatively low-pressure ratio. Also, the 
experience gained by generating the grid and the subsequent analysis of the flowfield, 
showed that the simple orthogonal H-grid topology is not very efficient to resolve the 
flow details. To extend the range of conditions over which the code was tested it was 
decided that the next calculation should have a much higher-pressure ratio. Also a new  
grid should be developed to improve on the clustering efficiency of the orthogonal H-
type grid. The new grid should feature a combination of C-type and H-type zones to 
increase the clustering around the injector without significantly increasing the overall 
number of cells. However, for consistency with the previous calculation and to avoid 
adding extra complications, the new simulation should still be laminar. Following all 
these objectives, the Cubbison experiment [22] was chosen as the test case. This 
experiment had a much higher-pressure ratio than the Schetz case (677 versus 62), a 
higher Mach number (2.92 versus 2.1) but it still featured a laminar boundary layer and a 
sonic injector. The dimensions of the flat plate and of the injector are shown in Table 5.5, 
and the whole set of test conditions is presented in Table 5.6. A schematic of the 
experimental setup from the original Cubbison paper is shown in Figure 5.15 
 
 
 

 
 
Figure 5.15. Experimental flat plate configuration for the Cubbison test case as shown in 
Ref. [22]. 
 
 
 
Parameter  
Flat plate entry length, x0  6.35 cm 
Injector diameter, dj 0.1575 cm 
x0/dj  40.3 

Table 5.5. Flat plate dimensions for the Cubbison case.  
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Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 2.92 
P∞, t 34.2 kPa 
P∞ 1.05 kPa 
T∞ 107.6 K 
Type of boundary layer Laminar 
(a) Free-stream 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 710.5 kPa 
PJ 375.4 kPa 
TJ 280 K 
PJ, t / P∞ 677 
Jet mass flow 0.00305 Kg/s 
Jet thrust 1.02 N 
(b) Jet 

Table 5.6. Summary of flow parameters for the Cubbison case. 

 

 
 
Figure 5.16. Perspective view of the computational domain for the Cubbison case (not all 
gridlines are shown). The flat plate surface (no-slip adiabatic) is in red, the injector (fixed 
jet conditions) is in black, the back-plane (extrapolation) is in purple and the far cross-
plane (extrapolation) is in blue.  

jetFlow 
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The new grid developed for this test case was composed of a total of 12 zones (see Figure 
5.16). Both H-type and C-type grid topologies were used together to improve the 
clustering around the injector area where most of the flow physics (very high-pressure 
gradients, barrel shock, bow shock, Mach disk, separation) occur. The injector was 
simulated by an H-type grid and the flat plate in the immediate surrounding of the 
injector was simulated with a C-type grid that wraps around the nozzle as shown in 
Figure 5.17. This mixed configuration allows a finely clustered grid around the injector, 
and, as the distance from the injector increases, the cells fan out and map onto a much 
wider area decreasing the clustering. The domain had to be subdivided into 12 zones to 
accommodate the mixed topology and to help increase the clustering around the injector. 
The final result was a quite complicated grid layout in three dimensions (Figure 5.16) that 
required a considerable effort to generate. The total number of cells for this configuration 
was 766,488. The grid was sequenced twice by eliminating every other grid cell to 
generate three grid levels, fine (level 1 with 766,488 cells), medium (level 2 with 110.382 
cells) and coarse (level 3 with 18,308 cells).  
 

 
 

Figure 5.17. Detail of the grid laying on the flat plate surface and around the injector. 
Note how the C-type grid (in red) wraps around the injector (in black) and how it allows 
a much more efficient clustering than the H-type grid since it “fans-out” the finely spaced 
cells near the injector to a larger area. 

Injector, 
H-type grid Flat plate C-type 

grid wrapping 
around the 
injector, 

Flat plate, 
H-type grid 
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The solution was converged on the three grid levels, and the results were compared to 
assess the level of grid-convergence. The normal force coefficients and the pitching 
moment coefficients for the three grid levels are plotted and compared in Figure 5.18 and 
Figure 5.19, respectively. In these plots, the experimental quantities are also shown with 
an error band representing the estimated experimental uncertainty. For the Cubbison case, 
the experimental uncertainty in the integrated forces and moment was assumed to be 
±20% which, taking into consideration the experimental uncertainty and the error in the 
calculation of the pressure force as described in Section 5.4 is likely a conservative 
estimate. The force and the moment plots show two behaviors that at first sight might 
seem in contradiction, but that after deeper analysis of the results show a common trend. 
While the moment features a monotonic convergence, Figure 5.18 shows that the force 
does not converge monotonically as the difference between the fine sequence and the 
medium sequence is greater than that between the medium and coarse sequences as 
shown in Table 5.7. This non-monotonic convergence makes necessary the use of the 
“Mixed 1st and 2nd Order Extrapolation” (see Section 5.3.2) instead of the “Generalized 
Richardson Extrapolation” to compute the discretization error (see Table 5.7). The 
discretization error on the fine grid level is 31% for the normal force and a low 4% for 
the pitching moment. Note that both the normal force and the pitching moment results 
obtained on the fine grid already fall within the uncertainty band of the experimental 
measurements. However, the normal force on the coarse and medium grid sequences is 
well beyond the uncertainty band of the experiment. On the other hand, the pitching 
moment results on the three grid sequences are all within the experimental uncertainty 
bands and, unexpectedly, the difference with the experimental value increases as the grid 
is refined. The small discretization error and the trend in the pitching moment might 
indicate that the converged numerical solution would approximately differ by 20% from 
the experimental value.  
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 18,308 0.214 10.925 66 -11 
2 110,382 0.236 11.198 63 -9 
1 766,488 

0.636 12.282 
0.571 12.106 10 -1 

Table 5.7. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation”. “ε” is the discretization error in the 
solution. 

 
Experiment CFD  

Sequence Number of Cells 
CFy  CMz  CFy  CMz  

∆∆∆∆CFy % ∆∆∆∆CMz %

3 18,308 0.214 10.925 -55 6 
2 110,382 0.236 11.198 -50 9 
1 766,488 

0.472 10.268 
0.571 12.106 21 18 

Table 5.8. Comparison of the experimental to CFD force and moment for the Cubbison 
case.
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Figure 5.18. Comparison of the experimental and CFD force for the three grid sequences.  
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Figure 5.19. Comparison of the experimental moment and the CFD moment for the three 
grid sequences.  
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Figure 5.20. Comparison of the experimental and the CFD (for the three sequences) Cp 
distribution along the centerline. Mach 2.92, PR=1247. 

 
The trend of an increase with grid refinement in both the normal force and the pitching 
moment is confirmed by the plot of the pressure coefficient along the tunnel centerline in 
Figure 5.20. While the Cp in the region aft of the injector is converged on all the grid 
sequences, the separation region ahead of the injector increases in extent and in intensity, 
as the grid is refined. This increase in pressure coefficient ahead of the injector as the grid 
is refined causes both the augmentation in normal force shown in Figure 5.18 and the 
increase in the nose-down moment shown in Figure 5.19. Clearly, Figure 5.20 indicates 
that the area in the computational domain that needs more grid cells to improve the grid 
convergence is the separation region, since the changes in the Cp distribution between the 
grid sequences are concentrated in this region. The comparison of the three grid 
sequences shows that the grid employed in the Cubbison test case was not fine enough to 
produce a grid-converged solution. In particular the non-monotonic convergence of the 
normal force raised questions about the grid quality and the grid clustering around the 
injector that had to be taken into consideration in the generation of the next grid.  
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The Mach contours from the numerical solution are qualitatively compared to the 
flowfield shown by the shadowgraph taken by Cubbison during the experiment in Figure 
5.21. and to the Cp mapping on the flat plate surface in Figure 5.22. The CFD and the 
experimental results show an overall good agreement with the shadowgraph lines closely 
matching the Mach contour lines of the CFD solution. Also, the Cp distribution computed 
with GASP shows a good agreement with the experimental distribution.  
 
 

 
Figure 5.21. Mach number contour lines on the plane of symmetry. Mach 2.92, PR=677, 
sequence 1(709,161 cells). 
 
 
 

 
Figure 5.22. Cp contour lines on the flat plate surface. Mach 2.92, PR=677. 
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The comparison of the experimental force and moment with the three grid sequences is 
shown in Figure 5.18 and Figure 5.19, respectively. Note that the experimental force and 
moments were calculated by integration of the Cp plot as found in the original Cubbison 
paper. It is important to remember that, as discussed in Section 5.4.2, due the limited 
number of pressure orifices on the surface of the flat plate the experimental pressure 
mapping was drawn by interpolating the isobars from one point to the other. This 
interpolation process necessarily creates a data-reduction uncertainty that is added to the 
experimental uncertainty. The combined effect of the uncertainty in the measurements 
and in the data-reduction affects the values for the experimental normal force and 
pitching moment. 
 
In spite of the similarity in the shape of the isobars of the pressure mappings on the flat 
plate surface (Figure 5.22) the force and moments plots (Figure 5.18 and Figure 5.19) and 
data (Table 5.8) show the need to improve the number of cells in the grid. Note in fact 
how the force and moment values are still changing considerably between the medium 
(sequence 2) and the fine (sequence 1) grids. Figure 5.20 shows a comparison of the Cp 
distribution. Again it is noticeable the change in the solution between the three different 
grid sequences. Note how the fine grid can resolve much better the flow in the region just 
ahead of the injector. These laminar calculations showed the need for an improved grid 
with more grid cells. Also it was found out that in order to assure the stability of the 
problem the calculations have to be run with a constant time step instead of a constant 
CFL number. Using a constant time step slows down the convergence but assures 
stability. Once the problem has been settled on the fine grid it was possible to ramp up 
the time step and to speed up the convergence again.  
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Figure 5.23. Comparison of the experimental and the Cp distribution along the centerline. 
Cubbison case, Mach 2.92, PR=677. 
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Turbulent Cases  
The laminar calculations showed a good overall agreement with the experiment. More 
important, they showed that the numerical solution could adequately describe the flow 
physics of the complex three-dimensional jet interaction flowfield. A few areas for 
improvement were highlighted, the main one being the need for a finer grid especially in 
the separation region. The grid used for the simulation of the Cubbison experiment 
comprised 766,488 cells on the fine sequence. The challenge now was to decrease the cell 
size around the injector without affecting the rest of the grid and without greatly 
increasing the overall number of cells. In addition to these requirements that were pointed 
out by the laminar calculations, the grid now had to have a fine enough spacing at the 
wall to handle a turbulent boundary layer. To meet the above requirements, the mixed H- 
and C-type grid topology was retained, but the zones were re-shaped to optimize the cell 
distribution around the injector and in the separation region. The zones in the new grid 
smoothly blended one into the other with the C-type grid around the injector having a 
curved outer boundary rather than a rectangular one as in the old grid (see Figure 5.16). 
The new grid is shown in Figure 5.24. This grid topology will be used consistently for the 
turbulent Letko case and then for all the other Virginia Tech cases. However, the total 
number of cells will change due to the need to improve the refinement in one region or 
another or due to a longer entry length. As discussed in Chapter 3 the turbulence model 
chosen for the calculations was the k-ω model as developed by Wilcox in its 1988 version 
[92] [93]. Wilcox [93] listed the main deficiencies of the k-ε model as being its ill-
behavior approaching a solid surface and it inaccuracy for flows with adverse pressure 
gradients. The first issue is usually addressed by the use of damping functions but they 
make the model stiff. The second issue cannot be solved since, as shown by Wilcox, the 
k-ε model’s “defect-layer structure is consistent with measurements only for constant-
pressure turbulent boundary layers” [93]. On the other hand, the k-ω’s defect-layer model 
has been proven to be consistent with experimental data in all types of pressure gradients. 
In addition to this, the k-ω model can be integrated all the way to the wall without the use 
of complicated viscous damping functions. Ultimately, Wilcox’s k-ω model was chosen 
because of its proven reliability and for its better performance than the k-ε model for 
compressible wall-bounded flows and adverse pressure gradients. [11] [54]. 
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(a) The entire computational grid 
 

 
 

(b) Detail of the injector 
 
Figure 5.24. (a) Perspective view of the new grid topology used for the Letko case.(b) 
Detailed view of the grid around the injector. Letko case, Mach 4.50, PR=680.  
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5.5.3 Letko turbulent case (Mach 4.50, PR680) 

The first turbulent test case to be simulated was the Letko experiment [42] from 1963. 
This experiment was chosen as an intermediate step between the laminar cases and the 
Virginia Tech experiments mainly because the latter were still in the process of being set 
up and the exact test conditions were not known. The simulations were first run on a fine 
grid with 902,204 cells. However, to perform a more exhaustive grid-convergence study, 
the grid was refined further in the freestream direction. The new grid feature 1,769,280 
cells and was called “superfine sequence” to distinguish it from the fine sequence. So, a 
total of four grid sequences were available to assess the discretization error. Since the 
Letko paper did not report any mass flow through the nozzle but only the geometric 
dimensions and the flow conditions, the grid convergence study assumed a discharge 
coefficient of 1.00. This assumption does not affect the validity of the grid convergence 
study since the discretization error is a pure mathematical issue and it is independent of 
the errors in the physical modeling. However, as shown further below, the comparison of 
the numerical solution with a discharge coefficient of 1.00 and the experiment was not 
favorable and showed that a better estimate of the discharge coefficient was needed to 
simulate the real flowfield. To address this, simulations were run of the internal flow 
through the sonic nozzle as will be shown in the following sections. The new discharge 
coefficient was calculated to be 0.78. Once this better estimate for the discharge 
coefficient  was available, the simulation of the Letko experiment was run again with the 
new nozzle mass flow on the coarse, medium and fine grid sequences (see the section 
“Comparison of CFD calculations with a jet discharge coefficient of 0.78 to 
Experiment.). As expected, the comparison with the experimental results showed a better 
agreement than the numerical solution employing a discharge coefficient of 1.00. The 
flow conditions were the same for all the simulations of the Letko experiment and they 
are shown in Table 5.9 and Table 5.10. The flat plate model used in the experiment is 
shown in Figure 5.25. 
 
The Letko experiment was also used as a test case to assess the effect that adding a small 
secondary injector behind the primary injector would have on the forces and moments 
acting on the flat plate. Because this calculation was only meant to indicate trends in the 
flow parameters, it was run only on the coarse and medium grid sequences. 
 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 4.5 
P∞, t 587.75 kPa 
P∞ 2.03 kPa 
T∞ 66.8 K 
Type of boundary layer Turbulent (Wilcox k-ω) 
(a) Free-stream 
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Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 1,380.95 kPa 
PJ 729.53 kPa 
TJ 298 K 
PJ, t / P∞ 680 
Jet mass flow (Cd=1.00) 0.5384 Kg/s * 
Jet thrust (Cd=1.00) 186.31 N * 
(b) Jet. * These values were not reported by Letko but were calculated assuming 
isentropic flow through the nozzle and a discharge coefficient of unity. 
 
Table 5.9. Summary of flow parameters for the Letko experiments. 
 
 
Parameter  
Flat plate entry length, x0  37.5 cm 
Injector diameter, dj 1.52 cm 
x0/dj  24.6 
 
Table 5.10. Flat plate and injector dimensions for the Letko experiment. 
 

 
Figure 5.25. Experimental flat plate configuration for the Letko test case as presented in 
Ref. [42]. 
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Grid-Convergence Study with a discharge coefficient of 1.00 

In order to assess with more accuracy the discretization error and the level of grid 
convergence for a jet interaction case, the numerical solution of the Letko experiment 
was converged on four grid levels instead of the usual three. The baseline grid from 
which the other three grid sequences were obtained was the fine grid with 902,240 cells. 
This grid was sequenced twice in the usual way as described in Sections 5.5.2 i.e. by 
eliminating every other grid cell in the three spatial dimensions. The result was a coarse 
sequence with 20,362 cells and a medium grid sequence with 127,976 cells. The fourth 
grid sequence was obtained by refining the fine grid sequence thus obtaining a “super-
fine” grid sequence. Due to computational limitations it was not possible to double the 
number of cells in the three spatial dimensions since this “super-fine” grid level would 
have had more than 7 million cells. The fine grid spacing in the spanwise direction and in 
the directions normal to the surface of the flat plate (the cell adjacent to the surface is 
well below a y+ of 1.00) were proved to be more than adequate to resolve the pressure 
gradients encountered in these directions. Also, the previous calculations showed that the 
area of major need of refinement was the separation region which was mostly affected by 
the longitudinal (x-direction) spacing of the cells in this region. Therefore, the number of 
cells was doubled only in the longitudinal direction (the freestream direction). The 
resulting “super-fine” grid level had 1,769,280 cells. For this reason the grid factor 
between the fine and superfine grid sequences is 2.  
 
Even though the main goal of this calculation was to perform a grid convergence study, 
the numerical solution is compared to the experimental forces and moment for 
completeness. Note how the force predicted by the simulation over-predicted the 
experimental value by as much as 61% while the pitching moment was under-predicted 
by roughly 50%. Figure 5.26, Figure 5.27 and Table 5.12 show the results of the grid 
convergence study. The forces and moments on each grid level are compared to the 
“approximate exact solution”: obtained from the “Mixed 1st +2nd Order Extrapolation”. 
Note that the convergence of both the force and moment is not monotonic. This behavior 
is the same as observed by Hosder [35] when employing Wilcox’s k-ω turbulence model. 
However, the discretization error is quite small for both the fine and superfine grid 
sequences as it ranges between 0% and 2% for the force and 2% and 10% for the pitching 
moment (Table 5.12). When the discretization error is so small, other types of errors in 
the numerical solution become important, such as the round-off error and even the error 
produced by the iterative convergence. The force data for the superfine grid indicates a 
slight decrease in force. As seen before for the Cubbison case, the convergence is critical 
in the separation region indicating that probably this non-monotonic behavior of the 
Letko calculation is caused by changes in the separation region. The convergence of the 
moment results shown in Figure 5.27, indicates the same trend as the convergence of the 
force. In fact, a decrease in the force ahead of the injector and in the separation region 
would cause a more negative pitching moment.  
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The order of accuracy p for the first three sequences (coarse, medium and fine) and for 
the last three grid sequences (medium, fine and super-fine) are compared in Table 5.13. 
The order of accuracy was calculated following the procedure described in  Section 5.3.2. 
The two calculated orders of accuracy were found to be quite close, differing by 5%. This 
behavior indicates that the solution is in the asymptotic convergence region. Note that the 
real order of accuracy of the computational solution is first-order rather than somewhere 
in between the nominal second-order for the viscous fluxes and third-order for the 
inviscid fluxes. The reduction of the order of accuracy to first-order is due to the presence 
in the solution of shocks. Due to the use of flux-limiters, the accuracy of the solution is 
effectively reduced to first-order in the regions where shocks exist. Even though limiters 
reduce the order of accuracy of the solution to first-order only in the regions near the 
shocks, this local change greatly affects all the rest of the computational domain as 
shown by the calculated first-order accuracy. 
 
It is difficult to find a clear trend for the Cp distribution ahead of the injector for the fine 
and superfine grid sequences as shown in Figure 5.28. The pressure coefficient for the 
fine grid appears to be slightly higher than the superfine grid in the region between a x/D 
of -2.0 and -0.5.  
 
But, the reverse is true for the region between a x/D of –4.5 and –2.0. On the other hand, 
the comparative behavior of the Cp distribution on the coarse, medium and fine grid 
indicates a monotonic convergence of the Cp. The trend in the Cp distribution 
corresponds to the trend of the forces and moments of Figure 5.26 and Figure 5.27. As 
the pressure coefficient in the separation region increases with grid refinement, so does 
the normal force (higher Cp means higher pressure force on the flat plate). Also, since the 
increase in normal force occurs ahead of the injector, it creates a more positive (nose-
down) pitching moment and again this is verified by the trend of the curve in Figure 5.27.  
 
An even more accurate test for grid convergence is the convergence of the skin friction 
coefficient since it involves the derivative of the velocity with respect to the spatial 
direction normal to the solid surface. The Cf distribution ahead of the injector is shown in 
Figure 5.29. This plot basically mimics the convergence of the pressure coefficient. There 
are clear trends towards convergence in the coarse and medium grids, but the Cf 
distribution for the fine and superfine grids is virtually the same. Figure 5.29 also shows 
the separation location for the four grid levels. Note the small change between the 
medium and fine grid and the negligible difference between the fine and superfine 
sequences.  
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Experiment CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,362   0.774 -1.713 54 -46 
2 127,976 0.800 -1.638 59 -48 
1 902,240 

0.501 -3.170 
0.810 -1.588 62 -50 

0 1,769,280   0.806 -1.635 61 -48 

Table 5.11. Comparison of the experimental to CFD force and moment for the Letko 
case with a discharge coefficient of 1.00. 

 
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,363   0.774 -1.713 -4 4 
2 127,976 0.800 -1.638 -1 0 
1 902,240 

0.805 -1.645 
0.810 -1.588 1 -3 

0 1,769,280   0.805 -1.635 0 -1 

Table 5.12. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Letko case with a discharge 
coefficient of 1.00. “ε” is the discretization error in the solution. 
 
 
 

Sequence Number of Cells Order of Accuracy, p 

3 20,363 
2 127,976 

0.96 

1 902,240 
0 1,769,280 

0.91 

Table 5.13. Comparison of the order of accuracy, p, calculated using the first three grid 
sequences and the last three grid sequences. Letko case with a discharge coefficient of 
1.00.  
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Figure 5.26. Comparison of the normal force coefficient on the four grid sequences for 
the Letko case. 
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Figure 5.27. Comparison of the pitching moment coefficient on the four grid sequences 
for the Letko case.  
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Figure 5.28. Comparison of the pressure coefficient just ahead of the injector for the four 
grid sequences. 
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Figure 5.29 Comparison of the skin friction coefficient just ahead of the injector for the 
four grid sequences. 
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a) dimensional velocity profiles. 
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b) wall law plot. 

Figure 5.30 Comparison of the (a) dimensional plot of the boundary layer velocity 
profiles and of (b) the wall law plot just ahead of the separation (x/d=-8.5) on the 
symmetry plane for the four grid sequences. 
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The above remarks concerning the overall grid convergence of the fine grid level are 
further confirmed by the boundary layer profiles shown in Figure 5.30. Note that the 
velocity distribution and the y+ distribution for the medium, fine and superfine grid 
sequences are virtually unchanged while that of the coarse grid shows some differences. 
 
To complete the grid convergence study, a visual comparison was carried out of the main 
flowfield features on the four grid sequences. Figure 5.31 compares the Mach contours 
on the four grids and it also introduces the bow shock angle, θ1, the plume angle, θ2, and 
the plume height, h, as comparison parameters to assess the grid convergence. The bow 
shock angle, θ1, is the angle formed by a line with the same inclination as the bow shock 
and the flat plate surface (see Figure 5.31). The plume angle, θ2, is the angle formed by a 
line drawn between the center of the injector and a point halfway across the Mach disk of 
the plume (Figure 5.31). The plume height, h, is simply the distance from the flat plate of 
the center of the Mach disk. There is virtually no difference between the medium, fine 
and superfine grids. The solution on the coarse grid can capture most of the inviscid flow 
physics but as shown by the Cp and Cf plots, it does not perform well in predicting the 
separation region.  
 
Figure 5.32 is a comparison of the pressure distribution on the flat plate for the four grid 
sequences. The angle formed by the zero-Cp line and the plane of symmetry is defined as 
the zero-Cp line angle, β. This angle does not change considerably between the medium, 
fine and superfine sequences. However, these plots show some interesting trends. First of 
all, the separation region ahead of the injector becomes more defined as the grid is 
refined. It also extends further across the plate with increasing cell number. This was 
expected from the Cp plots shown in Figure 5.28. Second is the change in the pressure 
distribution in the region contained by the zero-Cp line. The Cp plots along the centerline 
did not indicate any change in this area. However, the mapping on the whole plate 
indicates that, as the grid is refined, the location of the zero-Cp line remains constant but 
the Cp values inside this line become more negative. The negative pressure coefficient 
means a stronger suction region aft of the injector that adds to the effect of the stronger 
separation ahead of the injector to increase the nose down pitching moment seen in 
Figure 5.27. 
 
The grid convergence study showed how the medium and fine grid can capture most of 
the flow characteristics and can produce reliable force and moment estimates. As shown 
by the contour lines in Figure 5.31 and Figure 5.32, the salient flow details are adequately 
resolved by the medium and fine grid, with very small differences between the solution 
on these two grid sequences and the superfine grid. The force and moment data plots 
shown in Figure 5.26 and Figure 5.27 respectively confirm the adequacy of the coarser 
grid sequences in estimating the integrated quantities. A stricter grid-convergence test 
than the one provided by the integrated quantities is the comparison of the Cp and the Cf 
on the flat plate in the separation region. Figure 5.28 and Figure 5.29 show the 
comparison of the Cp and Cf for the four grid sequences. It is apparent how, when 
considering such sensitive convergence parameter, the fine grid is producing much more 
accurate results than the coarser sequences. Note the general closeness of the solutions 
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obtained from the fine and superfine grids and the relative larger difference between the 
coarse, medium and fine grid solutions. The same conclusions can be drawn from the 
comparison of the boundary layer velocity profiles shown in Figure 5.30. Thus the “fine” 
grid is adequate for single jet calculations 
 
 

Fine Grid
(902,240)

Medium Grid
(127,976)

Coarse Grid
(20,363)

Superfine Grid
(1,769,280)

θθθθ1 θθθθ2
h

θθθθ1 = 30°
θθθθ2 = 34°
h = 8.85 cm

θθθθ1 = 32°
θθθθ2 = 31°
h = 8.74 cm

θθθθ1 = 32°
θθθθ2 = 30°
h = 8.74 cm

θθθθ1 = 32°
θθθθ2 = 30°
h = 8.74 cm

 
 

Figure 5.31. Comparison of the Mach number contour lines on the plane of symmetry for 
the four grid sequences. Some of the main flow parameters, such as the penetration height 
and the plume angle were measured and compared. 
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Figure 5.32.  Comparison of the Cp contour lines on the flat plate for the four grid 
sequences. The angle formed by the zero-Cp line and the flow direction was measured and 
compared (β). Other parameters used for comparison are the normal force on the flat 
plate (Fy) and the moment about the z-axis (Mz). 
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Calculation of Discharge Coefficient for the Injector 

The numerical simulations for the laminar (Cubbison) and the turbulent (Letko) cases 
overestimated the experimental normal force acting on the flat plate (see Table 5.14). 
Consideration of all the factors that might create a consistent over-estimation of the 
normal force highlighted the lack of knowledge of the discharge coefficient (Cd) of the 
nozzle and the inadequacy of the assumption of isentropic flow through the nozzle (i.e. 
the discharge coefficient was assumed to be 1.00 in all the numerical simulations up to 
this point). Since the discharge coefficient is a measure of the mass flow of the jet, a 
change in this parameter directly affects the pressure distribution on the flat plate (see the 
discussion about the uncertainty due to the Cd in Section 5.4.3). The forces and moments 
presented are obtained by integrating the static pressure over the surface of the flat plate. 
Therefore, both the jet thrust and the pressure force of the primary and secondary jets are 
not included in the computations of the forces and moments. However, an increase in the 
jet mass flow creates a larger barrel shock wave that in turns creates a stronger bow shock 
and a stronger separation thus altering the pressure field on the flat plate. Neither the 
Cubbison [22] or the Letko [42] papers provided any information about the mass flow of 
the jet. 
 

Experiment CFD  
Experiment 

CFy  CMz  CFy  CMz  
∆∆∆∆CFy % ∆∆∆∆CMz % 

Cubbison 0.472 10.268 0.571 12.106 +21 +18 
Letko 0.501 -3.170 0.810 -1.588 +62 -50 

Table 5.14. Comparison of the experimental and CFD force and moment for the 
Cubbison (laminar) and the Letko (turbulent) experiment.  

 
Both papers gave information about the jet total conditions and stated that the nozzles 
were sonic, but they lacked detailed information about where the jet conditions were 
measured. Flow conditions might have been measured in a plenum or they might have 
been measured along a duct leading the pressurized air to the nozzle or in the nozzle 
itself. The location of the measurements is important since it affects the viscous losses 
and hence the true mass-flow through the nozzle.  
 
To address this lack of information about the location where the flow conditions were 
measured and to determine the mass flow of the jet, several numerical calculations of the 
flow inside the nozzle were run. Schematics of all the flow conditions that were 
considered are shown in Figure 5.33 as well as the geometry of the nozzle as presented 
by Letko. Each calculation simulated a different scenario such as that of a uniform 
velocity profile entering the nozzle or a fully-developed velocity profile or the flow from 
a plenum chamber through a converging pipe. In addition to the changes in nozzle 
geometry, the back-pressure, the turbulent model (Baldwin-Lomax vs. k-ω) and the flux 
type (full-flux vs. split flux) at the sonic exit boundary condition were changed to verify 
the effect of these parameters on the discharge coefficient. The results of all the GASP 
calculations are presented in Figure 5.34. It is clear that the largest effect on the discharge 
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coefficient is produced by the type of inlet boundary condition. Although possible, it is 
unlikely that the conditions were measured along a pipe leading the pressurized air to the 
nozzle. It is most likely that the pressurized air would be drawn from a plenum (or 
settling chamber) so as to reduce losses and turbulence in the jet. Because of this, the 
calculations involving a plenum are considered to be more representative of what the real 
experimental setup was. The plenum was simulated by building a large reservoir with 
smooth walls that gradually lead to the smaller nozzle. Note that Figure 5.33 is a 
schematic of the geometry used in the calculations, is not drawn to scale, and does not 
represent the plenum geometry used in the calculations. The estimated value for the 
discharge coefficient was obtained by averaging the results of the calculations that 
simulated a plenum. The final averaged discharge coefficient was then chosen to be 0.78. 
Note in Figure 5.34 the small effect that the turbulence model or the back-pressure have 
on the discharge coefficient. A discharge coefficient of 0.78indicates that the true mass 
flow through the injector is 78% the mass flow of an ideal nozzle with no losses. 
 
 

 
(a) 

po ,to specified 
Ma=0.00

Ma=1.00

1) Unifrom Nozzle 
Inflow

2) Fully Developed 
turbulent Profile

3) Plenum 

(b) 
 
 
Figure 5.33. (a) The nozzle drawing from the original Letko paper [42] (all dimensions 
in inches). (b) The different inflow conditions that were used to calculate the nozzle flow. 
Drawings not to scale. 
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Figure 5.34. Discharge coefficient (Cd) results of the GASP calculations with the 
different flow conditions. 
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Comparison of CFD calculations with a jet discharge coefficient of 0.78 to Experiment. 

The discharge coefficient obtained from the simulations of the sonic injector was then 
used to modify the mass flow rate of the nozzle of the Letko case. This was obtained by 
reducing the area of the injector by 22% of its original dimensions and keeping the total 
conditions of the jet the same as before. This approach created an injector area smaller 
than the physical jet it simulated even though the mass flow was the same. The jet kept its 
step-profile; no boundary layer profile inside the nozzle was simulated. This approach 
was followed since no detailed information about the jet exit velocity profile was 
provided. 
 
The simulation was re-started on the coarse grid sequence from the solution of the 
flowfield with a discharge coefficient of 1.00. All the other flow parameters and grid 
topology were the same as for the Letko case with a discharge coefficient of 1.00. The 
force and moment results obtained from the solutions on the three grid sequences are 
shown in Figure 5.35 and Figure 5.36. The comparison shows a better agreement between 
the experimental measurements and the CFD calculations with a Cd of 0.78. Table 5.15 
shows that the numerical results for the simulation with a Cd of 0.78 differ from the 
experiment by -25% for the normal force (∆Fy) and by 45% for the pitching moment 
(∆Mz). These discrepancies compare with those obtained for the numerical solution with 
a discharge coefficient of 1.00, 62% and -48% for the normal force and moment 
respectively (Table 5.11). Both the simulation with a Cd of 0.78 and the simulation with a 
Cd of 1.00 showed the same grid convergence trend. In both calculations, as the grid was 
refined, the normal force and the pitching moment converged to values that are less in 
agreement with the experimental results than the coarser grid calculations (see Figure 5.35 
and Figure 5.36).  
 
The comparison of the pressure mappings on the surface of the flat plate are shown in 
Figure 5.37. The general shape and trend of the isobars is predicted fairly well by the 
CFD. The predicted zero-Cp line (line “C”) is in very good agreement with the 
experiment. The experimental mapping presents some non-physical features that are 
difficult to explain. For example, the lobes of positive Cp immediately ahead of the 
injector should extend to the symmetry plane instead of curving back and creating an 
almost oval lobe. These arguable features in the experimental mapping are probably the 
result of too few pressure ports to draw reliable pressure mappings. The small number of 
pressure ports is confirmed by the pressure plot along the tunnel centerline shown in 
Figure 5.23. Note that especially ahead of the injector there are only five pressure 
orifices. In order to draw the continuous pressure mapping of Figure 5.37, the 
experimentalist had to make some assumptions about the shape of the iso-surfaces thus 
increasing the level of uncertainty in the pressure mappings. From looking at Figure 5.23, 
it appears clear that the computations under-predicted the extent of the separation region 
even though it appears that the maximum Cp values were over-predicted by the CFD. As 
seen also in the simulation of the Cubbison experiment there is very good agreement 
between the experiment and the CFD in the region aft of the primary injector where the 
negative pressure coefficient slowly recovers to the freestream value at a x/d of 23.0. 
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Figure 5.35. Comparison of the force on the flat plate obtained from the solution on the three 
sequences of Grid 5 for the Letko case with a discharge coefficient of 1.00 and 0.78. 
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Figure 5.36. Comparison of the moment obtained from the solution on the three sequences of 
Grid 5 for the Letko case with a discharge coefficient of 1.00 and 0.78. 
 
 



Chapter  5.  113

 
 
Figure 5.37. Comparison of the Cp mapping on the surface of the flat plate for the Letko 
experiment (top) and the numerical simulation (bottom) with a discharge coefficient of 
0.78. 
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Figure 5.38. Comparison of the experimental and the Cp distribution along the centerline. 
Letko case, Mach 4.50, PR=680. 
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Experiment CFD  

Sequence Number of Cells 
CFy  CMz  CFy  CMz  

∆∆∆∆CFy % ∆∆∆∆CMz %

3 20,364   0.548 -2.418 9 -24 
2 127,976 0.501 -3.170 0.624 -1.799 24 -43 
1 902,240   0.628 -1.734 25 -45 

Table 5.15. Comparison of the experimental to CFD force and moment for the Letko 
case with a discharge coefficient of 0.78. 

 
 
In order to assess the discretization error of this calculation, the solution was converged 
to a steady state on the three grid sequences. The discretization error was calculated using 
the “Mixed 1st and 2nd order” extrapolation method and the results are shown in Table 
5.16. The small discretization error of the fine grid sequence (0% for the normal force 
and 2% for the pitching moment) is an indication that the mesh is very refined and that 
the solution is grid. As in the grid convergence study with a discharge coefficient of 1.00, 
the Mach contours on the plane of symmetry for the three grid levels are compared in  
Figure 5.39. There exist a noticeable difference in the plume shape and in the definition 
of the bow shock between the coarse and medium grid levels. On the other hand, the 
Mach contours of the solutions on the medium and fine grids are almost the same, thus 
confirming the force and moment convergence of Table 5.16.  
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,364   0.548 -2.418 -13 40 
2 127,976 0.629 -1.725 0.624 -1.799 -1 4 
1 902,240   0.628 -1.734 0 1 

Table 5.16. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Letko case with a discharge 
coefficient of 0.78. “ε” is the discretization error in the solution. 
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Figure 5.39. Comparison of the Mach contours on the plane of symmetry on the three 
grid sequences of the Letko calculation with a discharge coefficient of 0.78. Letko case, 
Mach 4.50, PR=680. 
 
 



Chapter  5.  116

Letko Turbulent case with Simulated Secondary Jets 

The complex boundary-layer-shock-plume interaction found in the transverse injection 
cases such as in the Cubbison and Letko experiments generate a Cp pattern on the surface 
of the flat plate that can be roughly divided into two main regions (see Figure 5.40). The 
first region is where positive values of Cp dominate; it covers the area just in front of the 
injector and it follows the lateral patterns of the bow shock. The second region develops 
immediately behind the injector and is characterized by negative Cp values. The latter 
region is working against the effect of the main jet since it is creating a force in the 
opposite direction of the desired control force. As mentioned in the Motivation section 
(Section 1.3), one of the main goals of this study was to find ways to reduce the 
magnitude of the negative Cp values in this region and the size of this region itself.  In this 
study the use of small secondary injectors in this area of negative Cp is considered:  
 
In this particular “proof of concept” calculations a smaller secondary jet was inserted aft 
of the main injector. The computational grid used in this study was the same as the 
baseline Letko case. The location of the secondary injectors was chosen according to the 
set up of the flat-plate experiment that was being manufactured at Virginia Tech. The 
experimental set up was designed to have all the secondary jets inside the region of 
negative Cp as shown in Figure 5.40. The reason for choosing these locations for the 
secondary jets was that a jet inside the region of negative Cp would create a smaller jet 
interaction flowfield with an area of increased pressure ahead of the injector. The 
interaction of several jets, it was hoped, would have the net effect of eliminating the 
region of negative Cp. The jets were located along a straight line that radiates from the 
center of the primary injector and trails downstream forming an angle of 12 degrees with 
the tunnel centerline.  
 
To simplify and speed up the grid development, the secondary jet was simulated by 
switching the boundary condition on some cells that initially simulated the flat plate 
surface from no-slip adiabatic to a point-wise boundary condition with the same 
conditions as the primary jet. In this way, the cross section of the secondary jets was not 
circular as the primary jet but rather it followed the contours of the grid lines that defined 
the secondary jets as shown in Figure 5.41. The area ratio of the primary jet to the 
secondary jets was 10. The grid was then slightly modified to better capture the effect of 
the secondary jet by clustering cells around the location of the jets. The conditions of the 
freestream and of the primary and secondary jets are shown in Table 5.17 and Table 5.18. 
Note that all the flow conditions are the same as the Letko case with the primary jet only 
discussed earlier and that the primary and secondary jets have exactly the same flow 
conditions. 
 
Due to the fact that no experimental data exists for this simulated multiple jet case, the 
main goal of this calculation was to obtain a qualitative result and to highlight the trend in 
the forces and moments on the flat plate generated by the secondary jets behind the 
primary injector. For this reason, the discharge coefficient of both the primary and 
secondary jets was set at 1.00.  
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The solution was converged only on the coarse and medium grid sequences (24,065 and 
137,200 cells respectively) since, as shown by the previous grid convergence study, the 
medium grid can capture most of the flow details and accurately predicts the trend of 
forces and moments. The two solutions, one for the case with only the primary jet 
activated and the other one for the case where both the primary jet and one of the 
secondary jet pair were activated, were compared to each other on the corresponding grid 
sequences.  
 
The flowfield generated by the interaction of the two jets with the free stream is shown in 
Figure 5.42 for two cross plane locations. The plume of the secondary jet impinges on the 
lower side of the barrel shock of the primary jet. The barrel shock generated by the 
primary jet is forced to move into a more vertical position than in the case with only the 
primary jet (see Figure 5.31). The movement of the barrel shock creates a stronger bow 
shock since the flow is now “seeing” a larger obstacle (the barrel shock). In the region 
behind the primary injector, a small area of positive Cp is formed by the presence of the 
leading edge of the plume of the secondary jet. However, a relatively large area of 
negative Cp forms behind the secondary jet in the same way as the area of negative Cp 
forms behind the primary jet. The overall effect of the secondary jet is to increase the 
normal force with the combined effect of: 
 
- the stronger bow shock  
- the region of positive Cp between the primary and secondary injector.  
- the overall reduced area of negative Cp behind the primary injector  
 
Figure 5.43 and Table 5.19 show the comparison of the predicted Cp mapping for the 
Letko case with only the primary jet on and for the case with both the primary and 
secondary jet on. Note how the force has been increased by 9% in the case with the 
secondary jet on. The moment too has been increased in magnitude and the trend 
indicated by the values confirms the trend expected after inspection of the Cp mapping. 
These preliminary results are encouraging since they confirm the idea that lays behind the 
philosophy of the entire project; that the area of negative pressure can be decreased by 
inserting small secondary injectors at convenient locations behind the primary jet.  
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Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 4.5 
P∞, t 587.75 kPa 
P∞ 2.03 kPa 
T∞ 66.8 K 
Type of boundary layer Turbulent (Wilcox k-ω) 
(a) Free-stream 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 1,380.95 kPa 
PJ 729.53 kPa 
TJ 298 K 
PJ, t / P∞ 680 
Jet mass flow (Cd=1.00) 0.5384 Kg/s * 
Jet thrust (Cd=1.00) 186.31 N * 
(b) Jet.  
 
Table 5.17. Summary of flow parameters for the Letko Multiple Jet case. 

 
Parameter  
Flat plate entry length, x0  37.5 cm 
Injector diameter, dj 1.52 cm 
Aj,primary /Aj,secondary  10 
x0/dj  24.6 

Table 5.18. Flat plate and injector dimensions for the Letko Multiple Jet case. 
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Figure 5.40. Plan view of the location of the secondary injectors with superimposed the 
Cp mapping of the Cubbison case [22]. 
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Figure 5.41. Plan view of the grid on the surface of the flat plate in the region behind the 
main injector. The secondary injectors where created by specifying a flow-rate for some 
cells on the surface of the flat plate. Not all gridlines shown.  
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(a) z/d =0.00 

 
 

(b) z/d=-1.31 
 
Figure 5.42. Mach number contours for the Letko case with simulated secondary 
injector. Top view is on the plane of symmetry (z/d =0.00) and the one at the bottom is 
on the longitudinal plane intersecting the secondary jet axis (x/d =-1.31). 
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(a) Primary jet only 
 

 

(b) Primary and secondary jets 
 
Figure 5.43. Comparison of the Cp for the Letko case with only the primary jet on and 
the Letko case with both the primary and the secondary jet on (medium grid sequence, 
127,976 cells).  
 
 

Case CFy  δδδδCFy % CMz  δδδδCMz % 
Primary jet only 0.91 0 3.99 0 

Primary jet  
+ 1 pair of Secondary jets 0.99 9 4.94 24 

 
Table 5.19. Comparison of the forces and moments for Letko case with only the primary 
jet and the Letko case with a simulated secondary injector. 
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5.6 Virginia Tech Mach 2.4, Turbulent (PR 14) 

Following the encouraging results of the Letko case with a simulated secondary jet, an 
experimental investigation was set up in the supersonic wind tunnel of the Aerospace and 
Ocean Engineering department at Virginia Tech. The main goal of the experiments was  
to further investigate the effect of inserting smaller secondary injectors aft of the primary 
injector. The experiments were trials to prove the feasibility of the concept, and the 
layout of the primary and secondary injectors was not optimized. The numerical 
investigation is here used to both provide support to the analysis of the flowfield and to 
optimize the configuration in order to reduce the nose-down pitching moment produced 
by the primary jet alone.  
 
In the initial stages of the experimental study a proof-of-concept test was run with a 
relatively low freestream Mach number (2.4) and pressure ratio (14). This test case is 
here referred to as the Virginia Tech Mach 2.4 case. The Mach 2.4 experiment was an 
interim step while the wind tunnel piping was upgraded to withstand the high-pressures 
required to run the cases with a higher freestream Mach number (4.0) and a higher 
pressure ratio (532). That case is then referred as the Virginia Tech Mach 4.0 case. The 
experimental setup and procedures for both the Virginia Tech 2.4 and the Virginia Tech 
4.0 cases are the same and are thoroughly described by Wallis [84] and Wallis and Schetz 
[85]. Following is a brief description of the experimental set up and of the pressure-
sensitive paint (PSP) used to map the pressure field on the flat plate during the 
experiment. 

5.6.1 Description of the experiment  

The Virginia Tech supersonic wind tunnel is of the blow-down type with a working 
section measuring 23x23 cm.  Contrary to the previous experiments that were simulated 
in this study where the flat plate was had a sharp leading edge, the flat plate for the 
Virginia Tech cases was mounted flush to the tunnel wall. This set up means that a 
developed turbulent boundary layer existed at the leading edge of the flat plate. The 
thickness of the boundary layer was measured from the Schlieren pictures and a boundary 
layer velocity profile had to be assumed as discussed in Section 4.1. The boundary layer 
profile was then used as an inlet boundary condition to the numerical calculations. Also, 
the fact that the flat plate was mounted flush to the tunnel floor introduced another source 
of uncertainty in the comparison of the experiment to the numerical results. In fact, a 
small misalignment  existed at the fitting of the tunnel with the surface of the flat plate. 
The effects of this gap on the flow conditions are not certain but, as shown by the 
shadowgraph photograph of the flow (see Figure 5.57) a weak shock existed ahead of the 
bow shock produced by the jet interaction flowfield. This weak shock seems to be 
produced by the joint between the plate and the tunnel floor and was not included in the 
numerical simulations. But, the shock could be strong enough to make the isentropic 
conditions in the freestream invalid thus effectively changing the flow conditions for the 
experiment and introducing another source of discrepancy between the experimental 
results and the numerical solution. The flat plate had one primary injector drilled in its 
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surface and five pairs of secondary injectors drilled behind the primary one. The 
secondary injectors were drilled along a straight line on the surface of the plate that 
formed an angle of 12 degrees with the plate centerline (Figure 5.44). The pairs of 
secondary injectors are identified by a ”Group” number; “Group 1” is located 1.78 cm 
behind the primary injector, “Group 2” is 2.54 cm behind the primary injector and so on. 
The distance between two injectors was measured from the axis of one of the injectors to 
the axis of the other. The plate dimensions are 30.48 cm long and 22.86 cm wide. 
 
 
Secondary injector group x [cm] x/dj z [cm] z/dj 

Group 1 1.78 1.520 -0.4398 -0.923 
Group 2 2.54 2.169 -0.5864 -1.231 
Group 3 3.81 3.254 -0.8796 -1.847 
Group 4 5.08 4.338 -1.1728 -2.463 
Group 5 7.62 6.507 -1.7592 -3.694 

 

Table 5.20. Longitudinal distance (x) of the secondary injector groups from the primary 
injector. The distance is measured between the jet axes. The Mach 2.4 cases simulated 
the Primary jet alone, Primary +Group 1, and Primary + Group 1&2. The Mach 4.0 cases 
simulated the Primary jet alone and the Primary + Group 2. 

 
 

 
Figure 5.44. Top view of the flat plate used in the Virginia Tech jet interaction 
experiments. The primary and secondary injectors are highlighted. All dimensions in 
centimeter [84].  
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The origin of the axes of reference is at the center of the primary injector which is found 
at –7.62 cm from the leading edge of the flat plate and at 11.43 cm from the sides of the 
plate. Both the primary and the secondary injectors were converging nozzles drilled 
through the thickness of the flat plate. The high-pressure air and the converging geometry 
of the injectors assured sonic conditions at the nozzle exit.  
 
High-pressure air was supplied to the nozzles from either the tunnel plenum chamber 
(Mach 2.4 cases) or from pressurized air in industrial gas cylinders through a manifold, a 
heavy-duty piping system, a dome regulator and switch valve that could cut off the flow 
through the injector (Mach 4.0 cases).  
 
The discharge coefficient for the primary nozzle was measured by Wallis [84] [85] to be 
0.75 and 0.78 with a freestream Mach number of 2.4 and 4.0 respectively. The discharge 
coefficient for the secondary injectors was measured to be 0.80 at both freestream Mach 
numbers.  
 

 
 
Figure 5.45. Cross-section of the primary (main) and secondary injectors as drilled in the 
flat plate. All dimensions in centimeter [84]. 
 
 
Pressure orifices were embedded in the surface of the flat plate; however, the pressure 
field acting on the flat plate was measured and mapped through the use of Pressure 
Sensitive Paint (PSP) and the pressure orifices were used for calibration and to double 
check the PSP pressure readings. PSP is an innovative experimental technique that can 
produce a continuous mapping of an entire pressure field without the need to extrapolate 
discrete data corresponding to the pressure orifices. The paint covers the surface of the 
flat plate and is illuminated with a near-UV light source. When a pressure field is applied 
over the flat plate the paint emits different types of light, depending on the intensity of 
the force it is locally experiencing; this principle is known as the oxygen quenching 
effects and it is extensively described by Morris and Donovan [46] and Crites [21]. A 
CCD camera can take pictures of the patterns produced by the PSP on the surface of the 
flat plate. The calibration of the PSP is then used in combination with the CCD pictures 
to deduce the pressure value at each pixel of the image. The final result will be a 
continuous pressure field over the surface of the flat plate from which the forces and 
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moments can be calculated. Wallis reported the uncertainty in the forces and moments to 
be ±11%. However, the data acquisition and data reduction of the experiments for the two 
Mach numbers were performed by two different subcontractors that used different 
equipment and set up and it is not clear if the uncertainty reported above is valid for the 
Mach 2.4 or the Mach 4.0 case. 
 
It is important to note that in the Letko case with a simulated secondary injector the ratio 
of the mass flow of the primary injector to the secondary injector was 10 (Table 5.18). On 
the other hand in the Virginia Tech cases the ratio was increased to 100 (Table 5.22). The 
decrease of the size of the secondary injector reflects the philosophy behind the idea of 
inserting the secondary jets close behind the primary injector; a smaller secondary 
injector strategically located can create a force magnification much larger than the thrust 
of the secondary injector alone. Also, the smaller size of the secondary injector would 
make the jet interaction configuration more efficient and simpler to implement on small 
vehicles than present-day configurations employing two large injectors of the same size.  
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5.6.2 Numerical results 

The Virginia Tech Mach 2.4 calculations simulate three experiments run at Virginia Tech 
with a freestream Mach number of 2.4 and a pressure ratio of 14.0. Each experiment 
featured a different injection configuration as follows (see Figure 5.44 and  
Table 5.20): 
 
1) Only the primary jet activated. 
2) The primary jet and Group 1 secondary jets. 
3) The primary jet and Group 1 and Group 2 secondary jets. 
 
The flow conditions for the three test cases are shown in Table 5.21 and the geometric 
dimensions of the plate are presented in Table 5.22. Note that the ratio of the area of the 
primary jet to the area of the secondary jet in now 100 instead of 10 as in the case of the 
Letko case with a simulated secondary injector.  
 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 2.40 
P∞, t 379.49 kPa 
P∞ 25.96 kPa 
T∞ 134.8 K 
Type of boundary layer Turbulent (Wilcox k-ω) 
Inlet boundary layer (δo) 0.9 cm 
(a) Free-stream 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 354.31 kPa 
PJ 187,17 kPa 
TJ 234 K 
PJ, t / P∞ 13.65 
Primary Jet mass flow  0.0114 Kg/s * 
Primary Jet thrust  3.5 N * 
Secondary Jet mass flow  0.00013 Kg/s * 
Secondary Jet thrust  0.040 N * 
(b) Primary and Secondary Jet. * These values are for a discharge coefficient of 0.75 for 
both the primary and secondary nozzles. 
Table 5.21. Summary of flow parameters for the Virginia Tech Mach 2.40 experiments. 
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Parameter  
Flat plate entry length, x0  7.62 cm 
Injector diameter, dj 0.4763 cm 
APrimary/ASecondary  ≅100 
Plate entry length, x0/dj  16.00 

Table 5.22. Flat plate and injector dimensions for the Virginia Tech experiment. 

 

 
 

Figure 5.46. Perspective view of the computational grid employed for the Virginia Tech 
Mach 2.4 cases. It is composed of 12-zone some of which are H-type and others are C-
type grid topology. The C-type grids wrap around the primary injector to optimize the 
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grid refinement in this area. The total number of cells is 1,100,024. Not all grid lines are 
shown. 
 

a) Plan view of the grid on the surface of the flat plate showing the primary and 
secondary injectors. Not all grid lines are shown. 
 
 

 
b) Detail of the grid on the surface of the flat plate showing the primary jet and the 
secondary injector of Group 1 jets. Not all grid lines are shown. 
 
Figure 5.47. Plan view of the grid on the surface of the flat plate.  
 
Figure 5.46 shows the grid topology employed in this set of numerical calculations. The 
overall grid features are the same as for the Letko case. The topology is a mix of H-type 
and C-type grids that optimize the clustering of the cells around the primary injector (see 
Chapter 4). However, because of the presence of the secondary injectors, the grid on the 
surface of the flat plate had to be adapted as shown in Figure 5.47. To modify the grid 
without modifying the existing grid topology, grid cells were clustered around the radial 
line along which the secondary injectors lay and along the tangential grid line of the C-
grid defining the downstream location of the jets (Figure 5.47 (a)). A difference from the 

Primary Jet 

Group 2
Secondary 

Jets: Group 1
Group 3 Group 4 Group 5
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Letko case with simulated secondary injection is that in the Letko calculations the shape 
of the secondary injector was roughly rectangular for ease of gridding. In the Virginia 
Tech cases, care was taken to make sure that the secondary injectors had the same 
circular shape as those in the experiment (see Figure 5.47 (b)). Note that due to the need 
to cluster the grid cells in the immediate surroundings of the secondary injectors, some 
areas of the grid featured relatively large cells spacing.  
 
The effects of the discharge coefficient of the primary and secondary jets were simulated 
by reducing the cross sectional area of the sonic nozzles by the value of the discharge 
coefficient. That means that the physical dimensions of the injectors in the numerical 
simulations are smaller than the dimensions of the real injectors. This assured that the 
mass flow was the same as that measured in the experiment. No boundary layer was 
simulated inside the injector so that the jet had a step-profile.  
 
As in the case of previous simulations, the solution was converged on the three grid 
sequences to check for grid convergence. The discretization errors calculated using the 
“Mixed 1st and 2nd order extrapolation” procedure for the three Virginia Tech Mach 2.4 
cases are shown in Table 5.23. The force and moment coefficients are plotted in Figure 
5.48 and Figure 5.49. The discretization error in the normal force was calculated to be 3% 
for the fine grid sequence of all the three simulations; the error associated with the 
pitching moment ranges between 4 and 5%. Overall the numerical solution is very close 
to grid convergence as indicated by the small percentage error in the forces and moments 
and by the trend of the curves of Figure 5.48 and Figure 5.49 that are almost flat at the 
point corresponding to the fine grid sequence. Figure 5.48 and Figure 5.49 graphically 
show also the relatively small predicted effect on the force and moment produced by the 
secondary injectors.  
 
 
 

Case Richardson 
Extrapolation CFD   εεεεCFy % εεεεCMz % 

 CFy  CMz  CFy  CMz    
Primary jet 

 2.35 2.69 2.33 2.65 -3 -4 

Primary jet + Group 1 
jets 2.43 2.92 2.40 2.88 -3 -5 

Primary + Group 1&2 
jets 2.49 3.28 2.47 3.23 -3 -4 

 
Table 5.23. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Virginia Tech case with a 
freestream Mach number of 2.40. “ε” is the discretization error in the solution 
 
The percentage increases of the force and moments due to the secondary injectors are 
given in Table 5.24. The calculated increase in force due to the secondary jets of Group 1 
is 3%. When two pairs of the secondary jets were activated, Group 1 and Group 2, the 
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normal force was increased by double the value obtained with a single jet, i.e. 6%. On the 
other hand the pitching moment (Table 5.24 (b)) did not show a linear increase as the 
normal force. The pitching moment coefficient was increased by 9% when only Group 1 
was activated and by 22% when Groups 1 & 2 were activated at the same time. The trend 
in the force and moment is can be explained by the fact that all the secondary injectors 
produce the same thrust, therefore activating two pairs of secondary injectors instead of 
one pair doubles the force increase obtained with only one group. However, this 
explanation hides the fact that the secondary injector experience a different flowfield 
form each other since Group 1 is very close to the larger primary jet and Group 2 is in the 
wake of both the primary and Group 1 jets. Differences in the local flowfield mean that 
each of the secondary jets should produce a different force magnification factor which 
does not happen here.  
 
 

Experimental CFD  Case CFy  δδδδCFy % CFy  δδδδCFy % 
Primary 12.05 0 2.33 0 

Primary + Group 1 13.32 11 2.40 3 
Primary + Group 1&2 14.01 16 2.47 6 

(a) Normal Force 
 

Experimental CFD  Case CMz  δδδδCMz % CMz  δδδδCMz % 
Primary -95.58 0 -2.65 0 

Primary + Group 1 -99.67 4 -2.88 9 
Primary + Group 1&2 -102.94 8 -3.23 22 

(b) Pitching Moment 
 
Table 5.24. Increase in (a) normal force and (b) pitching moment due to the action of the 
secondary jets without taking into consideration the thrust of the jets. On the right column 
are the results from the experiment and on the left are the results from the numerical 
simulations. Virginia Tech cases with a freestream Mach number of 2.40. Note that δ C(.) 
represents the augmentation of the parameter C(.) with respect to the case with the 
primary injector only. No jet thrust. 
 
 
One explanation for this inconsistency in the theoretical prediction is the fact that the 
pressure ratio of the jets is so small that in spite of the different location of the two 
secondary jets, the secondary jets of Group 1 do not interact with the flowfield of the 
primary injector. Therefore, both secondary jets experience approximately the same wake 
flow produced by the primary injector and, having the same exit conditions, produce the 
same force magnification factor. The non-linear behavior of the pitching moment can be 
easily explained by noting that Group 2 is located much further downstream of the 
injector than Group 1, thus producing the same thrust as the injectors of Group 1 but 
acting at a larger moment arm. The increase in normal force is consistent with the trend 
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observed in the Letko case with the simulated secondary injector. In the Letko case, the 
mass flow of the secondary injector was 10% of the mass flow of the primary injector and 
the net force augmentation was 10% (see Table 5.19). In the Virginia Tech Mach 2.4 
cases, the mass flow through the secondary injector is 1% of the mass flow through the 
primary injector and the increase in normal force is 3 % with one pair of secondary 
injectors and 6% with two pairs of secondary injectors, i.e. the force augmentation factor 
is of the same order of magnitude as the increase in total thrust. Note that the experiment 
predicted much higher augmentation factors for both the normal force and pitching 
moment (see Table 5.24). Because the pressure ratio was low, the thrust produced by the 
primary and secondary injectors was small. So, when the jet thrust is taken into 
consideration in the calculation of the forces and moments, the results do not change 
significantly as shown by the values of Table 5.25.  
 
 
 

Experimental CFD  Case CFy  δδδδCFy % CFy  δδδδCFy % 
Primary 13.05 0 2.33 0 

Primary + Group 1 14.33 10 2.40 3 
Primary + Group 1&2 15.04 15 2.47 5 

(a) Normal Force 
 

Experimental CFD  Case CMz  δδδδCMz % CMz  δδδδCMz % 
Primary -95.58 0 -2.65 0 

Primary + Group 1 -99.68 4 -2.88 9 
Primary + Group 1&2 -102.94 8 -3.23 22 

(b) Pitching Moment 
 
Table 5.25. Increase in (a) normal force and (b) pitching moment due to the action of the 
secondary jets taking into consideration also the thrust of the jets. On the right column are 
the results from the experiment and on the left are the results from the numerical 
simulations. Virginia Tech cases with a freestream Mach number of 2.40. Note that δ C(.) 
represents the augmentation of the parameter C(.) with respect to the case with the 
primary injector only. No jet thrust. 
 
 



Chapter  5.  132

 

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

1.0E+04 1.0E+05 1.0E+06 1.0E+07
 Number of Cells

 C
Fy

 

CFD, Primary Jet only
CFD, Primary Jet + Group 1 jets
CFD, Primary Jet + Group 1&2 jets

Experiment, Primary Jet only
l

Experiment, Primary Jet + Group 1 jets

Experiment, Primary Jet + Group 1&2 jets

 
Figure 5.48. Comparison of the normal force coefficient acting on the flat plate for the 
three Virginia Tech, Mach 2.4, Pr=14 test cases. 
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Figure 5.49. Comparison of the pitching moment coefficient acting on the flat plate for 
the three Virginia Tech, Mach 2.4, Pr=14 test cases. 
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The small predicted force increase produced by the secondary injectors is reflected in the 
visual comparison of the Mach contours on the plane of symmetry for the three Virginia 
Tech Mach 2.4 cases run (Figure 5.50). No clear effect of the secondary injectors is 
visible in the comparison; the three mappings being extremely similar. It is noteworthy 
that due to the low pressure ratio (14) of this case, the jet plume is relatively small and it 
is almost entirely contained within the thickness of the incoming boundary layer. As 
shown experimentally by Zubkov and Glagolev [99] and numerically by Roger and Chan 
[60], the effect of a thick boundary layer is to increase the upstream influence of the jet.  
This effect is achieved because “as boundary layer thickness increases, the thickness of 
its subsonic portion also increases, so that disturbances caused by the shock wave 
propagates for large distances upstream” [99]. Therefore, the force augmentation of the 
jets for the Virginia Tech Mach 2.4 case would have been lower had there not been a 
relatively thick entry boundary layer.  
 
Differences between the three injection configurations can be noted in the predicted 
pressure mapping on the flat plate surface shown in Figure 5.52 The influence of the 
secondary injectors is visible only in the area in the immediate surroundings of the 
injection location. For the case with only Group 1 jets activated, no major disruption of 
the flowfield is indicated either far or near the location of the secondary injector. Note in 
the top section of Figure 5.52 how the “D” pressure line corresponding to a Cp of –0.025 
is almost identical for the two cases. A stronger effect on the flowfield is indicated when 
both the secondary injectors of Groups 1 and 2 are activated (bottom plot of Figure 5.52). 
The pressure lobe defined by the letter “F’; and corresponding to a Cp of +0.025 has 
decreased in size as a result of the action of Group 2 jets. However, note that in both plots 
of Figure 5.52, the zero-Cp line hasn’t changed at all as a consequence of switching on the 
secondary jets. Also, the secondary jets do not produce any effect upstream of the 
primary injector as highlighted by the size and intensity of the separation region for the 
three test cases. As seen previously in the Letko case with a simulated secondary injector, 
the separation region was magnified by the effect of the secondary jet that pushed the 
barrel shock of the primary jet into a more vertical position thus increasing the blockage 
effect (see Figure 5.42 and Figure 5.43). However, in the Virginia Tech Mach 2.4 test, 
the pressure ratio of the jets was not high enough to produce large barrel shocks that 
impinged one on the other thus creating a strong interaction. On the contrary, each barrel 
shock, the one produced by the primary injector and the one produced by secondary 
injectors, acted independently as shown by the small upstream effect produced by the 
secondary jets. The above impressions drawn from the pressure mappings are confirmed 
by the Cp plots along the tunnel centerline (Figure 5.51). The predicted effect of the 
secondary injectors is small in intensity and limited to the region in the immediate 
surroundings of the secondary jets. No effect of the secondary injectors is visible far 
ahead of the injection location in the separation region as shown in Figure 5.51 (a). The 
effect of the secondary injectors on the low-pressure region is to create a localized 
pressure peak followed by a deeper trough in the pressure distribution. In Figure 5.51 (b) 
this is highlighted by the red line with crosses that is drawn for the injection case with the 
secondary jets of Group 1. Note that the pressure peak is located at the same downstream 
distance as the injection location (x/d=5.0). The pressure peak is followed by a dip in the 
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pressure that is lower than in the case with only the primary jet. The same observations 
are valid for the injection case with both pairs of secondary injectors (Groups 1 and 2) 
with the only difference that there are two peaks in the pressure plot corresponding to the 
two injection locations. The second peak (corresponding to the injection location of 
Group 2) is lower than the first peak since the secondary jets of Group 2 are further away 
from the centerline than Group 1. Note that the low-pressure region aft of the two 
secondary injectors is lower than the other two injection cases and extends further 
downstream. In the three pressure plots, the effects of the reflected shock impinging on 
the flat plate are clearly visible as a sharp pressure rise at an x/d of 10.0. It is noteworthy 
that the location at which the shock impinges on the flat plate is the same for the three 
injection cases thus confirming that the secondary jets do not have any upstream effect on 
the primary jet.  
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Figure 5.50. Comparison of the CFD Mach contours on the plane of symmetry for the 
primary jet only case (top), the primary jet plus the secondary jets of Group 1(center)  
and the primary jet plus the secondary jets of Group 1 and Group 2 case (bottom). 
Virginia Tech Mach 2.4, Pr=14. 
 
 
 
 



Chapter  5.  136

-0.20

-0.10

0.00

0.10

0.20

0.30

-10.0 -5.0 0.0 5.0 10.0 15.0 20.0

x/D 

C
p

Primary Jet only
Primary jet + Group 1 jets
Primary jet + Group 1 & 2 jets

 
(a) over the whole computational domain. 
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(b) detail of the low-pressure region. 
 
Figure 5.51. Comparison of the CFD Cp plots along the tunnel centerline for the three 
configurations. (a) Over the whole computational domain. (b) Detail of the low-pressure 
region where the secondary injectors are located. Virginia Tech Mach 2.4, Pr=14. 



Chapter  5.  137

 

 

 

 
Figure 5.52. Comparison of the CFD Cp mapping for the Primary jet only case (top) and 
the primary jet plus Group 1 secondary jets case (bottom). Virginia Tech Mach 2.4, 
Pr=14. 
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5.6.3 Comparison of numerical results with experiment 

The numerical calculations were run with the same nominal conditions as the 
experiments performed in the Virginia Tech supersonic wind tunnel by Wallis [85]. The 
data collected with the Pressure Sensitive Paint (PSP) during the experiments produced a 
continuous mapping of the pressure on the surface of the flat plate. However, this 
technique still presents a high uncertainty level in the exact measurement of pressure data 
as shown by Figure 5.53. This figure shows a spanwise plot of the static pressure on the 
surface of the flat plate along three lines that transverse the flat plate ahead of the injector 
and the separation region. Since these crossplane plots are ahead of the separation, the 
flowfield is smooth and uniform and the pressure is constant at or close to the freestream 
values as shown by the numerical data plotted on the left side of Figure 5.53 (remember 
that the domain of the CFD calculations was only half the physical domain since a 
symmetry plane exist at z/d=0.00). However, the experimental pressure data shows a 
clear slope in the spanwise direction, with the maximum pressure value reached at the 
location of minimum z/d. The trend in the experimental data seems to indicate a bias in 
the PSP data probably due to the fact that the CCD camera was inclined at an angle to the 
flat plate rather than being perpendicular above it. From similar plots of the spanwise 
pressure distribution at different x/d locations, an uncertainty range for the pressure 
readings could be estimated. Using standard error propagation procedures such as those 
described by Coleman and Steele [19] the minimum experimental uncertainty in the Cp 
value could be calculated as shown in the Cp plot along the tunnel centerline of Figure 
5.54. The comparison of the experimental and numerical Cp plots along the tunnel 
centerline puts in evidence another possible problem relative to the experimental pressure 
data. Note in fact how the pressure far downstream of the injector for all the three 
configurations (Figure 5.54, Figure 5.55, and Figure 5.56) reaches a plateau but it does 
not recover the value of the freestream static pressure. The recovery of the freestream 
static pressure far aft of the injector is both predicted by the numerical solution (see the 
Cubbison, the Letko and the Virginia Tech simulations) and it has been shown to occur in 
all of the experimental works [22] [42] [70] [5]. This longitudinal bias affects negatively 
the comparison of the numerical solution with the experiment, but it is not easily 
reducible to an error estimate due to the presence of the complex jet interaction flowfield 
and the pressure gradients associated with it. As shown by the pressure plots of Figure 
5.54 through Figure 5.56, the calculation of the forces and moments was performed 
assuming that the pressure ahead of the separation and along the centerline of the tunnel 
is the correct freestream pressure. As a result of this assumption there is a large area of 
positive Cp far aft of the Primary injector. The presence of this area of positive Cp has two 
consequences on the experimental data. The first is that the normal force is over-
predicted. The second is that the pitching moment is very negative (i.e. nose-up) due to 
the large force acting at a large arm.  
 
Another source of discrepancy between the CFD solution and the experiment is the 
prediction of the separation. The separation location is greatly under-predicted by all the 
three numerical solution, as is the location of the bow shock. However, the CFD over-
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predicts the intensity of the separation compared to the experiment as evidenced by the 
Cp peaks present in the separation region computed by the CFD. Note that the under-
prediction of the separation region is consistent with the results of the previous 
calculations (Cubbison and Letko) and it is likely mainly attributable to the k-ω 
turbulence model [54]. 
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Figure 5.53. Comparison of Cp plots along the tunnel centerline for the experimental and 
numerical data sets. Virginia Tech, Mach 2.4, Pr=14. 
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Figure 5.54. Comparison of Cp plots along the tunnel centerline for the experimental and 
numerical data sets with only the Primary jet. Virginia Tech, Mach 2.4, Pr=14. 
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Figure 5.55. Comparison of Cp plots along the tunnel centerline for the experimental and 
numerical data sets with both Group 1 secondary jet. Virginia Tech, Mach 2.4, Pr=14. 
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Figure 5.56. Comparison of Cp plots along the tunnel centerline for the experimental and 
numerical data sets with both Group 1 and Group 2 secondary jets. Virginia Tech, Mach 
2.4, Pr=14. 
 
 
The quantitative comparison of the experimental and numerical normal force and 
pitching moment is not very favorable as shown by the data of Table 5.26. The pitching 
moment coefficient data especially exhibits large percentage differences. However, the 
direct comparison of forces and moments is affected by the discrepancy between the 
actual experimental conditions and the nominal conditions used in the numerical 
computations. The discrepancy in the flow conditions is evident in the spanwise static 
pressure plots of Figure 5.53 where the experimental pressure data is higher than the 
computed pressure. This difference between the experimental flow conditions and those 
used in the computations is probably due to two main factors. The first factor is the 
difficulty in accurately controlling the flow conditions in the tunnel. The second and 
probably the most important factor is the presence of a shock ahead of the separation 
region as shown by Figure 5.57. This shock is generated by the misalignment of the 
junction between the tunnel floor and the flat plate mounted flush to the floor. The shock 
being ahead of the injection location effectively changes the freestream conditions “seen” 
by the jet interaction flowfield. As a consequence of this inconsistency between the 
experiment and the numerical calculations, a more indicative and useful quantitative 
comparison is the analysis of the force augmentation factor produced by the secondary 
injectors. These values are shown in Table 5.24 as percentage values of the force and 
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moment results obtained with only the primary jet activated. Again, the numerical 
solution under-predicts the experimental values. This is probably due to the fact that the 
CFD fails to predict a stronger separation ahead of the primary injector caused by effects 
of the secondary jets as seen in the experiments (see the Cp plots of Figure 5.54, Figure 
5.55, and Figure 5.56 and the Cp mappings of Figure 5.58, Figure 5.59 and Figure 5.60).  
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8% for the case with one and with two pairs of secondary injectors, respectively. The 
CFD, as discussed before, predicted a decrease in the nose-down pitching moment of 9% 
and 22%. The CFD solutions correctly predicted the trend in the behavior of the force and 
moments for all the three injection configurations. 
 
 

Experimental CFD  Case CFy  CMz  CFy  CMz  
∆∆∆∆CFy % ∆∆∆∆CMz % 

Primary jet  
 12.05 -95.58 2.33 -2.65 -81 -103 

Primary jet  
+ Group 1 jets 13.32 -99.67 2.40 -2.88 -82 -103 

Primary jet  
+ Group 1&2 jets 14.01 -102.94 2.47 -3.23 -82 -103 

Table 5.26. Comparison of the experimental to CFD force and for the Virginia Tech case 
with a freestream Mach number of 2.40. 
 
 
Figure 5.58 through Figure 5.60 show comparisons of the experimental and numerical 
pressure coefficient mappings on the surface of the flat plate. Some general comments 
can be drawn: 
 
- As already noted for the Cp plot along the tunnel centerline, Figure 5.54, the 

numerical solution consistently under-predicts the extent of the separation region.  

- However, the Cp peaks predicted by the CFD in the separation region are higher than 
those measured in the experiment. This difference could also be due to the lack of 
definition of the CCD camera, being limited by the number of pixels. 

- The zero-Cp line (line “G”) is predicted by the CFD in agreement with previous 
simulations and with the experimental mappings of Cubbison and Letko. However, 
the experimental mappings of the Virginia Tech cases do not show a clear zero-Cp 
line extending further downstream but rather it forms small lobes around the 
secondary injectors.  

- As evidence by the shift in location of the “K” pressure line corresponding to a Cp of 
0.133, the experiment measures an upstream effect of the secondary injector. The 
numerical solution completely fails to capture any upstream effect. Failure to 
correctly predict the upstream effects of the secondary jets might depend on the 
turbulence model. Wilcox’s k-ω model has in fact been shown to inaccurately predict 
the separation produced by adverse pressure gradients [54]. 

 
It appears that the experimental Cp mappings show an overall higher pressure acting on 
the flat plate. This could be due to the effects of the shock wave produced by the gap 
between the tunnel floor and the flat plate that were not simulated in any way in the CFD 
calculations. 
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 5.58. Comparison of the experimental (top) and CFD (bottom) Cp mapping for the 
ith only the Primary injector activated. Virginia Tech Mach 2.4, Pr=14. 
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e 5.59. Comparison of the experimental (top) and CFD (bottom) Cp mapping for the 
ith the Primary injector and the secondary injectors of Group 1 activated. Virginia 
ach 2.4, Pr=14. 
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Figure 5.60. Comparison of the experimental (top) and CFD (bottom) Cp mapping for the 
case with the primary and secondary injectors of Group 1 and Group 2 activated. Virginia 
Tech, Mach 2.4, Pr=14. 
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5.7 Virginia Tech Mach 4.00, Turbulent  (PR 532) 

The previous Virginia Tech calculations were a “proof-of-concept” and were run with a 
relatively low Mach number and pressure ratio (2.4 and 14 respectively). Their scope was 
to provide an interim step between the calculations run with only the primary injector 
activated (see the Schetz, Cubbison and Letko cases in the previous sections) and the 
current numerical simulations with multiple jets, high Mach number and with a high 
pressure ratio. Note that the Virginia Tech Mach 2.4 cases are not very representative of 
any realistic application since all the jet thrusters applications found in real-life operate at 
high Mach number and very high pressure ratios. Therefore, the latest set of experiments 
performed at Virginia Tech were run at with a freestream Mach number of 4.0 and with a 
pressure ratio of 532, and they are here called the Virginia Tech Mach 4.0 cases. The full 
set of conditions is shown in Table 5.28 and Table 5.27. The experimental set up was 
almost identical to the Virginia Tech Mach 2.4, as has been described in the previous 
section. The only differences in the experimental-set up between the two cases were: 
 
- The wind tunnel nozzle (changed from the Mach 2.4 to the 4.0). 
- The improved plumbing system to handle the much higher pressures necessary to 

produce the pressure ratio of 532. 
- A different CCD camera with better resolution used to photograph the surface of the 

flat plate covered with Pressure Sensitive Paint (PSP). 
 
The Virginia Tech Mach 4.0 experiments produced a more reliable set of pressure data. 
The improvement of this set of data with respect to the Virginia Tech Mach 2.4 cases is 
probably due to two main reasons. The first one is that the imperfections at the junction 
between the tunnel floor and the flat plate were smoothened. And the second fact is that 
an improved data acquisition system (primarily the higher-resolution CCD camera) was 
employed to photograph PSP patterns. 
 
 
Parameter  
Flat plate entry length, x0  7.62 cm 
Injector diameter, dj 0.4763 cm 
APrimary/ASecondary  ≅100 
Plate entry length, x0/dj 16.00 

Table 5.27. Flat plate and injector dimensions for the Virginia Tech experiment. 
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Parameter  
Gas Air, perfect gas (γ=1.40) 
M∞ 4.025 
P∞, t 1,120.58 kPa 
P∞ 7.135 kPa 
T∞ 70.3 K 
Type of boundary layer Turbulent (Wilcox k-ω) 
Inlet boundary layer (δo) 1.65 cm 
(a) Free-stream 
 
Parameter  
Gas Air, perfect gas (γ=1.40) 
MJ 1.0 
PJ, t 3,797.62 kPa 
PJ 2,006.21 kPa 
TJ 261 K 
PJ, t / P∞ 532 
Primary Jet mass flow  0.1159 Kg/s * 
Primary Jet thrust  37.53 N * 
Secondary Jet mass flow  0.00132 Kg/s * 
Secondary Jet thrust  0.4270 N * 
(b) Primary and Secondary Jet. * These values are for a discharge coefficient of 0.75 for 
both the primary and secondary nozzles. 
 

Table 5.28. Summary of flow parameters for the Virginia Tech Mach 4.0 (PR=532) 
experiments. 

 
 
The overall grid topology was the same as for the grid used in the Virginia Tech Mach 
2.4 case. Both the grid used for the primary jet only case and the grid used for the case 
with the primary and the secondary injector were composed of 13 zones with mixed H-
type and C-type grid topologies (Figure 5.61). However, the grid used for the case with 
only the primary injector did not have any clustering around the location of the secondary 
injector, as was the case for the grid used to run the Virginia Tech Mach 2.4 case (see 
Figure 5.54). Therefore, the grid used for the Virginia Tech Mach 4.0 case with only the 
primary injector activated was smooth all around the primary injector. The grid used for 
the case with the primary and secondary injector replaced one of the zones of the 
previous grid with a modified zone as shown in Figure 5.62. The modified zone served 
two purposes: 
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1) Simulate the geometry of the secondary injector in the surface of the flat plate. 

2) Increase the overall refinement of the grid in the region around the secondary injector 
so that a localized grid-refinement study of the area directly affected by the secondary 
jet could be performed. 

 

 
 
Figure 5.61. Perspective view of the overall grid topology employed for the Virginia 
Tech Mach 4.0 cases. It is composed of 13-zone some of which are H-type and others are 
C-type grid topology. The C-type grids wrap around the primary injector to optimize the 
grid refinement in this area. The total number of cells varied depending on the case: 
1,544,098 for the case with only the primary injector activated and 2,073,024 cells for the 
case with the primary and secondary injectors activated). Not all grid lines are shown. 
The dashed rectangle shows the location of the block that was replaced with a Chimera 
grid when the secondary jet was activated. The area inside the rectangle is shown in more 
detail in Figure 5.62.  

block replaced 
with Chimera 
grid (see Figure 
5.62 for details)

Flow 

jet
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(a) Primary Jet only case. The block is made of 179,564 cells and does not have the secondary injector cut 
in the surface of the flat plate 

 

 
 

(b) Primary and secondary jet case. The Chimera grid is made of 814,044 cells and it replaces the block 
shown above. Note the secondary injector in the surface of the flat plate and the clustering of cells around 

it. 
 
Figure 5.62. Comparison of the regular grid used in the case with only the primary 
injector and of the Chimera grid used for the case with the primary and secondary 
injector. Virginia Tech, Mach 4.0, Pr=532. 
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The secondary injector was simulated by contouring the grid lines on the surface of the 
flat plate and then by clustering cells around it as shown in Figure 5.62 (b) and Figure 
5.63 (a). The localized grid refinement study was approached in a different way from the 
previous grid convergence study performed with the Letko case (see Section 5.5.3). With 
the Letko case, the grid was refined everywhere in the computational domain so as to 
generate an additional grid level which had more clustering than the fine grid sequence. 
The grid convergence study performed on the Letko case showed that the solution was 
grid converged on the fine grid level at least as far as engineering information is 
concerned.  
 
However, that study was performed with only the primary jet activated, and no 
information was available about the convergence of the solution in the region 
surrounding a secondary jet. Thus, the Virginia Tech Mach 4.0 case with both the 
primary and the secondary jets was used to perform a localized grid refinement study in 
the area around the secondary injector. In order to refine the grid only in the region in the 
immediate surroundings of the secondary injector without increasing the number of cells 
in those regions of the computational domain where grid convergence had already been 
proved, the Chimera method was employed.  
 
In the present study, a Chimera grid was used to substitute a regular block of the original 
computational domain. The block that was substituted and the Chimera grid that replaced 
it are shown in Figure 5.62 (a) and (b), respectively. The Chimera grid was considerably 
finer than the original block (179,564 cells versus 814,044 cells) since, as discussed 
before, one of the goals of the substitution was to better resolve the flow details in the 
region around the secondary injector.  
 
The finer Chimera grid allowed very close clustering of the cells around the secondary 
injector (see Figure 5.63) without negatively affecting the rest of the domain. Since the 
Chimera grid uses a layer of two interpolation cells to transmit flow information to the 
neighboring grids, the boundaries of the Chimera grid overlapped the blocks around it as 
shown by the detail of the primary injector in Figure 5.63 (b). However, the overlapping 
serves only for the Chimera algorithm, and the physical solution is analyzed only on the 
non-overlapping section of the two grids as shown in Figure 5.63 (c). The Chimera 
technology provided an efficient method to refine the grid only in a very localized area 
without affecting the gridding and the number of cells of the rest of the computational 
domain. The overall size of the grid with the Chimera block is 2,073,024 cells compared 
to 1,544,097 of the baseline grid. Note that the half million increase in cell number is 
concentrated in the region of the secondary jet. To reach such a fine grid level in the 
region of the secondary jet without using the Chimera method would have required a grid 
with a minimum overall number of cells of 3.5 million. 
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(a) Grid in the region of the primary and secondary injector. Note that the grid surrounding the primary 

injector is a C-type grid and that the grid section with the secondary injector is a Chimera grid 
 

(b) Gridding of the primary injector with Chimera 
overlapping shown 

(c) Gridding of the primary injector without 
overlapping 

 

 
(d) Detail of the gridding of the secondary injector 

 
Figure 5.63. Details of the Chimera grid around the Primary jet and the secondary jet of 
Group 2. Virginia Tech, Mach 4.0, Pr=532 test cases. 
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The numerical solution was converged on the three grid sequences for both the case with 
only the primary injector on and the case with the primary jet and Group 2 jets activated. 
The normal force and pitching moment obtained from these calculations are shown in 
Figure 5.64 and Figure 5.65 respectively. From the plots, the solution appears to be grid 
converged as confirmed by the values in Table 5.29. The discretization error in the 
normal force is almost zero in both cases. The discretization error in the pitching moment 
appears to be much higher but these values are misleading. The pitching moment on the 
fine grid is very close to zero, therefore when results from different grid levels are 
compared to the fine grid results, the percentage difference appears very high. In addition 
to this, the diameter of the injector together with the jet thrust are used to non-
dimensionalize the moment. Since the diameter is a small value (0.0047 m) the pitching 
moment coefficient appears to be a large number.  
 
 

Richardson Extrapolation CFD  Case CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz % 

Primary jet only 
 1.16 -0.55 1.16 -0.53 0 -4 

Primary jet  
+ Group 1 jets 1.23 -1.34 1.22 -1.06 -1 -21 

 
Table 5.29. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Virginia Tech case with a 
freestream Mach number of 4.0. “ε” is the discretization error in the solution. 
 
 
The normal force is increased by 4.8% by the effects of the secondary jet.(see Table 5.31). 
Note that this trend is in agreement with what observed in previous simulations with a 
secondary injector such as the Letko case and the Virginia Tech Mach 2.4 cases. The 
moment is made more negative (Table 5.31 (b)) by the secondary jet. This result is very 
important since it indicates that the secondary jet actually alleviates the nose-down 
moment created by the primary injector.  
 
The increase in the normal force and the decrease in the nose-down pitching moment can 
be understood from the pressure coefficient mapping of Figure 5.66. The upper half of 
the figure shows the results with only the primary injector and the lower part with both 
injectors activated. The secondary injectors marginally reduce the area of negative Cp 
behind the primary injector. They also make the separation region extend further 
upstream than the case with only the primary jet. But, the Cp in the two separation lobes 
does not reach the high levels seen in the single jet case. This phenomenon is visible in 
the Cp plot along the tunnel centerline of Figure 5.67. It is noteworthy the complex shape 
of the zero-Cp line (the “D” line) for the case with only the primary jet (Figure 5.66, top 
half). In previous cases (Cubbison, Letko, Virginia Tech Mach 2.4) the zero-Cp line 
appeared to radiate almost linearly from the region of the primary injector towards the 
downstream location (see Figure 5.52). However, in this case, the zero-Cp line extends 
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linearly up to a certain downstream location and then it moves back upstream to form a 
lobe around a region of higher pressure (line “E” in top half of Figure 5.66). Note that 
when the secondary injectors were activated, the lobe formed by the zero-Cp line around 
the higher-pressure region was canceled by the effects of the secondary injectors. 
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Figure 5.64. Comparison of the normal force, Fy, acting on the flat plate for the two 
Virginia Tech, Mach 4.0, Pr 532 test cases. 
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Figure 5.65. Comparison of the pitching moment, Mz, acting on the flat plate for the two 
Virginia Tech, Mach 4.0, Pr 532 test cases. 

 



Chapter  5.  156

 
The separation region in the case with the secondary jets on appears larger than the case 
with only the primary injector, even though the peak pressures are lower. The secondary 
injectors also affect the region aft of the primary injector. Note the steep pressure rise in 
the middle of the region of negative pressure at a x/d of 5.0. In addition to this, the 
secondary injector smear and push downstream from x/d of 15.0 to 17.0 the location at 
which the reflected shock of the Mach disk (see Figure 1.3 for the description of this 
shock) impinges on the flat plate.  
 
The weakened reflected shock also does not thicken the boundary layer as much as in the 
case of the primary jet alone, and the region of positive Cp aft of the impingement is 
shorter. These differences such as the larger separation and the lack of a strong reflected 
shock for the case with the secondary injectors are confirmed by the mapping of the 
Mach number contours on the plane of symmetry (Figure 5.68). It is noteworthy the 
secondary injector impinging on the back side of the barrel shock reduces the size of the 
barrel shock itself. As a consequence of this, the injectant does not expand to such a large 
extent as in the primary jet alone case and the Mach disk has virtually disappeared from 
the top of the barrel shock. Also the wake behind the plume is larger when the secondary 
injectors are activated, indicating a slower mixing between the injectant and the 
freestream fluid.  
 
The localized grid convergence study of the mesh around the secondary injectors 
demonstrated that the fine Chimera grid produced a converged solution. Figure 5.69 
shows the comparison of the Cp plot along the axis of the secondary injector for the fine 
and medium grid sequences. The Cp between the two sequences does not change 
significantly. Note that the scale of the Cp plot is very small, and it magnifies the 
differences. It is noteworthy that the Cp distribution follows the same pattern as that 
produced by the primary injector (Figure 5.67). A gradual pressure increase is created by 
the separation, and it is followed by a shallow pressure trough. Aft of the trough, there is 
a steep pressure rise that creates two high-pressure peaks divided by another trough in the 
Cp. A low-pressure that slowly recovers to the local static pressure region exists aft of the 
injectors. Note, however, that since all the area represented in Figure 5.69 is immersed in 
the low pressure region created by the primary injector, the local static pressure is lower 
than the freestream pressure as indicated by the plateau of negative Cp ahead of the 
secondary jet. 
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igure 5.66. Comparison of the CFD Cp mapping for the Primary jet only case (top) and 
e primary jet plus 1 secondary jet case (bottom). Virginia Tech, Mach 4.0, Pr 532. 
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Figure 5.67. Comparison of the Cp plots along the tunnel centerline for the primary jet 
only case and the Primary + Group 2 jet case. Virginia Tech, Mach 4.0, PR 532. 
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Figure 5.68. Comparison of the CFD Mach contours on the plane of symmetry for the 
primary jet only case (top) and the primary jet plus 1 secondary jet case (bottom). 
Virginia Tech, Mach 4.0, Pr=532. 
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Figure 5.69. Comparison of the pressure coefficient along the same spanwise location as 
the secondary injector for the medium and fine sequences of the Chimera grid. The top 
figure shows in detail the line along which the Cp is plotted. Virginia Tech, Mach 4.0, 
Pr=532 with secondary injector. 
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Comparison of experimental and numerical results 

The forces and moments obtained from the numerical solution are compared to the 
experimental values in Table 5.30 for both the case with the primary jet only and the case 
with the primary and secondary jets. The CFD solution under-predicted the normal force 
and the pitching moment in both cases. The difference between the experiment and the 
computation is 24% and 20 %for the normal force and it increases to 39% and 62% for 
the pitching moment for the case with the primary jet only and for the case with the 
secondary jets, respectively. The discrepancy in the forces and moments between the 
experiment and the CFD solution can be explained by analyzing the pressure mappings 
and pressure plots of Figure 5.73 through Figure 5.76. Figure 5.73 shows the comparison 
between the CFD and the experiment for the case with only the primary jet.  
 
 

Experimental CFD  Case CFy  CMz  CFy  CMz  
∆∆∆∆CFy % ∆∆∆∆CMz % 

Primary jet only 
 1.53 -0.87 1.16 -0.53 -24 -39 

Primary jet  
+ Group 1 jets 1.52 -2.77 1.22 -1.06 -20 -62 

Table 5.30. Comparison of the experimental and numerical results for the normal force 
and pitching moment. Virginia Tech Mach 4.0, PR 532. The limit of integration for these 
calculations, in meters, are –0.037<x<0.041 and –0.07<z<0.00. 

 
The mappings are in good agreement with the isobars having the same shape and the 
same values. Note, for example, how the zero-Cp line (line “D”) is virtually identical in 
both sets of results. But, the CFD mapping predicts a higher pressure coefficient in the 
separation region as shown by the Cp plot of Figure 5.74. From this plot, it is also clear 
that the experimental data fails to shows the two peaks and the trough in the Cp just ahead 
of the injector. Apart from this discrepancy, the experimental and CFD Cp plots are very 
similar in the separation region far ahead of the injector and in the region of negative 
pressure aft of the jet. The experimental Cp mapping shows considerably more noise than 
the CFD as indicated by the jagged isobars of the top half of the figure. It is not possible 
to exactly assess whether or not the separation location is properly predicted by the CFD, 
since the experimental data does not extend upstream far enough. From the Cp plot in 
Figure 5.74 it seems that the CFD is slightly under-predicting the separation location. It is 
noteworthy that other numerical works, such as that of Payne, et al. [54], have shown a 
tendency of the k-ω turbulence model to under-predict the separation location but to over-
predict the Cp peak values in a jet interaction flowfield.  
 
The Cp mapping for the case with the secondary injectors is shown in Figure 5.75. Again, 
the experiment and the numerical solution are in good agreement as shown by the nearly 
exact match between the shape and location of the zero-Cp line (line “D” of Figure 5.75). 
As for the case with only the primary injector, the CFD predicts two peaks in the Cp just 
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ahead of the primary injector that do not appear in the experiment. (Figure 5.76). Also the 
CFD over-predicts the increase in the Cp at a x/d=5.0 due to the presence of the secondary 
injectors (see Figure 5.76). The CFD over-predicts the separation location as shown by 
the Cp plot of Figure 5.76.  
 
The larger separation region and the higher Cp just ahead of the primary injector as 
calculated by the CFD explains why the CFD moment is less negative by 62% than the 
pitching moment from the experiment (Table 5.30). In fact, a force pushing down on the 
plate at a location ahead of the primary injector produces a positive (nose-down) moment. 
However, the under-prediction of the normal force from the CFD solution is not so easily 
explained since both the CFD and the experimental mapping are similar.  
 
The discrepancy in the experimental and CFD results might be attributable to the 
uncertainty in the measurement of the freestream pressure. Similarly to, but not as much 
as the Virginia Tech Mach 2.4 case, a relatively large uncertainty affected the freestream 
pressure. This is shown by the spanwise static pressure plot of Figure 5.71. Note that 
experimental data was not available for the region in front of the separation. The 
distribution of Figure 5.71 plots the furthest upstream data that can be extracted from the 
experiment. The experimental pressure plot shows a peak near the centerline of the flat 
plate that corresponds to the front section of the separation region. However, far from the 
centerline, the static pressure should be constant, at the freestream level. Instead there is a 
slope in the pressure data that indicates a bias in the data acquisition/reduction system. As 
observed for the Mach 2.4 case (see Section 5.6.3 and Figure 5.53), the probable cause of 
this spanwise bias is the fact that the CCD camera was inclined at an angle to the flat 
plate rather than being perpendicular above it. In addition to this, Figure 5.72 shows 
longitudinal plots of the pressure coefficient far away from the centerline of the tunnel. 
Note that the experimental pressure distribution in front of the shock (the steep increase 
in the Cp) is not constant and that the experimental static pressure is higher than that used 
in the numerical computations. As in the case of the Virginia Tech Mach 2.4 
computations, these spanwise plots were used to estimate the experimental uncertainty, 
computed to be ±15% for the static pressure. The propagation to the pressure coefficient 
of this error in the static pressure is calculated using standard error propagation 
procedures (see Coleman and Steele [19]). The uncertainty propagated to the pressure 
coefficient is then plotted as error bars as shown by the plots of Figure 5.74 and Figure 
5.76. Figure 5.71 also put in evidence another issue with the experimental data. The 
average freestream pressure in the experiment was higher than the one used in the CFD 
calculations (approximately 10 kPa in the experiment versus 7,135 Pa in the numerical 
computations). Again, as in the Mach 4.0 case, the higher freestream pressure is 
attributable to two main factors. The first one is the difficulty of controlling with 
precision the freestream pressure in the supersonic wind tunnel. The second, and most 
likely largest contribution, is the presence, in front of the jet interaction flowfield, of a 
shock generated by the misalignment of the tunnel floor with the flat plate. The combined 
effect of the sources of errors in the experimental data produced an estimated error of 
±18%  in the normal force and ±7% in the pitching moment. 
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Figure 5.70. Locations of the Cp plots of Figure 5.71 and Figure 5.72 superimposed on 
the experimental Cp mapping for the case with only the primary jet. Virginia Tech, Mach 
4.0, Pr=532. 
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Figure 5.71. Comparison of the experimental and numerical spanwise Cp plots ahead of 
the separation region at x/d= -8.0 for the case with only the primary jet. Virginia Tech, 
Mach 4.0, Pr=532. 



Chapter  5.  164

4000

6000

8000

10000

12000

14000

16000

18000

20000

-10.0 -8.0 -6.0 -4.0 -2.0 0.0 2.0 4.0 6.0 8.0 10.0
x/D 

P 
[P

a]

CFD

Experiment 

 
 
Figure 5.72. Comparison of the experimental and numerical longitudinal Cp plots at z/d= 
-15.0 for the case with only the primary jet. Virginia Tech, Mach 4.0, Pr=532. 
 
Due to the discrepancy between the experimental and the numerical freestream 
conditions it is convenient to compare the force and moment augmentation factor of the 
secondary jets. The force and moment increase generated by the secondary injectors are 
shown in Table 5.31 and Table 5.32. Table 5.31 shows the augmentation factors when the 
contribution of the jets is not considered, i.e. the forces and moments are calculated 
exclusively from integration of the pressure on the flat plate. The experiment predicts a 
small decrease of the normal force (-0.9%) due to the secondary injector. This result is in 
disagreement with previous results and experiments (the Letko case with a simulated 
secondary injector and the Virginia Tech Mach 2.4 calculations) that predicted an 
increase in force of the same order of magnitude as the increase in the total jet thrust. On 
the other hand the numerical result predicts an increase in the normal force which is in 
agreement with the observations made for the Letko case and the Virginia Tech Mach 2.4 
cases. Basically the force augmentation factor is of the same order of magnitude as the 
increase in total thrust. In fact, one pair of secondary injectors with a combined mass 
flow which is approximately 2% that of the primary jet, produce a force increase of 4.8% 
(this is without taking into account the thrust of the jets). The effect on the pitching 
moment is the same for the experiment and the CFD. In both cases, the pitching moment 
is made more negative (nose-up), i.e. the nose-down attitude of typical jet interaction 
configurations is decreased. The experimental data gave a pitching moment increase with 
respect to the case with only the primary jet of 218% and the numerical solution of 101% 
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(see Table 5.31 (b)). When the jet thrust is taken into consideration in the calculation, the 
forces and moments results improve (see Table 5.32). Note that the normal force is almost 
unchanged in the experiment while it is increased in the CFD solution. The pitching 
moment shows the same trend as for the calculations without the jet thrust, but the 
percentage increase is slightly higher due to effects of the secondary injector that is 
located far downstream of the reference point (Table 5.32 (b)). 
 

Experimental CFD  Case 
CFy  δδδδCFy % CFy  δδδδCFy % 

Primary jet only 1.53 0.0 1.16 0.0 
Primary jet 
G 2 j

1.52 -0.9 1.22 4.8 
(a) Normal Force 
 

Experimental CFD  Case 
CMz  δδδδCMz % CMz  δδδδCMz % 

Primary jet only -0.87 0 -0.53 0 
Primary jet  
G 2 j

-2.77 218 -1.06 101 
(b) Pitching Moment 
 
Table 5.31. Increase in (a) normal force and (b) pitching moment due to the action of the 
secondary jets without taking into consideration the jet thrust. On the right column are the results 
from the experiment and on the left are the results from the numerical simulations. Virginia Tech 
cases with a freestream Mach number of 2.40. Note that δ C(.) represents the increase of the 
parameter C(.) with respect to the case with the primary injector only. 
 
 

Experimental CFD  Case 
CFy  δδδδCFy % CFy  δδδδCFy % 

Primary jet only 2.53 0.0 2.16 0.0 
Primary jet 

+ G 2 j t
2.53 -0.1 2.23 3.1 

(a) Normal Force 
 

Experimental CFD  Case 
CMz  δδδδCMz % CMz  δδδδCMz % 

Primary jet only -0.87 0 -0.53 0 
Primary jet 
G 2 j

-2.78 219 -1.07 103 
(b) Pitching Moment 
 
Table 5.32. Increase in (a) normal force and (b) pitching moment due to the action of the 
secondary jets taking into consideration the contribution of the jet thrust. On the right column are 
the results from the experiment and on the left are the results from the numerical simulations. 
Virginia Tech Mach 4.0. Note that δ C(.) represents the increase of the parameter C(.) with respect 
to the case with the primary injector only. 
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Figure 5.77 is a shadowgraph of the jet interaction flowfield produced by the primary 
injector alone. Some of the flowfield characteristics appear clearly in this photograph. 
However, it is important to note the weak shock ahead of the separation. This shock is the 
disturbance produced by the junction between the tunnel floor and the flat plate. As 
mentioned in the discussion of the Virginia Tech Mach 2.4 cases, this shock was not 
simulated by the CFD and could change the freestream conditions experienced by the jet 
thus increasing the discrepancy between the experimental data and the numerical 
solution. Figure 5.78 and Figure 5.79 show the Schlieren photographs for the case with 
the primary injector only and the case with the primary and secondary injectors, 
respectively [84]. These photographs were used to draw an outline of the main flow 
features visible in the experiment such as the barrel shock, the bow shock and the 
separation-induced shock. Since the Schlieren photographs depict the first spatial 
derivative of the density, the outline of the flow features drawn from these photographs 
can be superimposed on the mapping of this parameter on the plane of symmetry 
produced by the numerical solution. It is important to remember that while the Schlieren 
picture is a two-dimensional representation of a three-dimensional flow, the CFD solution 
is a real two-dimensional slice through the flowfield. Therefore, some of the flow 
features visible in the Schlieren photographs that may appear to lie on the symmetry 
plane in actuality do not lie on the plane of symmetry but away from it and cannot be 
compared to the CFD mappings on the symmetry plane. The comparisons of the 
Schlieren photographs to the numerical solution are shown in Figure 5.80 (Primary jet 
only) and Figure 5.81 (Primary jet and Secondary jets). In both cases the CFD correctly 
predicted the location of the separation-induced shock (at least near the location where it 
impinges on the bow shock), the location and shape of the bow shock and barrel shocks. 
Note that in the case with the secondary jets the numerical solution correctly predicted 
the disappearance of the Mach disk from the top of the barrel shock and it  
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.73. Comparison of the experimental (top) and numerical (bottom) Cp mappings 
rface of the flat plate for the case with only the primary jet switched on. Virginia 
ch 4.0, Pr=532. 
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Figure 5.74. Pressure coefficient plots from the numerical solution (solid line) and from 
the experimental (dashed line with error bars) for the case with only the primary injector. 
Virginia Tech, Mach 4.0, Pr=532. 
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Figure 5.76. Pressure coefficient plots from the numerical solution (solid line) and from 
the experimental (dashed line with error bars) for the case with the primary and 
secondary injectors. Virginia Tech, Mach 4.0, Pr=532. 
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Figure 5.77. Shadowgraph of the flowfield generated by the primary jet only. Virginia 
Tech, Mach 4.0, Pr=532. From Wallis [84].  
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Figure 5.78. Schlieren photograph of the flowfield generated by the primary jet only. 
Virginia Tech, Mach 4.0, Pr=532. From Wallis [84] 
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Figure 5.79. Schlieren photograph of the flowfield generated by the primary jet only. 
Virginia Tech, Mach 4.0, Pr=532. From Wallis [84]. 
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Figure 5.80. Visual comparison of the Schlieren picture with the flowfield features from 
the CFD solution on the plane of symmetry; the CFD contours represent the spatial 
derivative of the density. Primary injector only. (see Figure 5.68). Virginia Tech, Mach 
4.0, Pr=532. 
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Chapter 6  
 
Analysis of the Jet Interaction Flowfield Using the 
Numerical Results. 
 
The jet interaction flowfield produced by normal sonic injection into a supersonic 
crossflow is a very complicated flowfield where strong bow shocks can be found along 
with separated flows, expansion fans, reflected shocks, a Mach disk, viscous interaction 
and a complex system of trailing vortices. The analysis presented here is based on the 
numerical results obtained from the simulation of the Virginia Tech Mach 4.0 case with a 
jet pressure ratio of 532 and employing Wilcox’s k-ω turbulence model. A general 
description of the jet interaction flowfield was given in the Introduction and some of its 
basic characteristics were schematically shown in Figure 1.1, Figure 1.3 and Figure 1.4. 
These sketches were based on the flowfield descriptions given in many of the 
experimental and numerical studies presented in the Literature Review section (Chapter 
2) and also by the numerical calculations performed in this study.  
 
A detailed view of the jet interaction flowfield is provided by the isometric view of the 
injection location of the Virginia Tech Mach 4.0 case (Figure 6.3). This snapshot shows 
the Mach contours mapped on the plane of symmetry, the Cp contours mapped on the 
surface of the flat plate and the vorticity magnitude contours mapped on the crossplane 
aft of the barrel shock. The paths of the trailing vortices are highlighted by streamlines 
that follow the vortex core. Following the flow along its path from right to left, as 
indicated in the figure by the arrow, the first flow conditions to be encountered are those 
produced by the undisturbed freestream (Region 1 of Figure 6.2 (a)). A boundary layer 
profile was used as an inlet boundary condition, since, as discussed in the previous 
section, the plate was mounted flush to the tunnel wall. The inlet boundary layer is 
clearly visible at the extreme left of Figure 6.2 (b) where the Mach number on the solid 
surface of the flat plate is zero, and it gradually increases to the freestream conditions as 
we move away from the solid wall. The boundary layer is allowed to develop along the 
flat plate surface until the separation location is reached. Separation (Region 2 in Figure 
6.2 (a)) is caused by the shock-boundary layer interaction. The strong pressure gradient 
caused by the bow shock propagates upstream through the subsonic thickness of the 
turbulent boundary layer. As noted previously when comparing the Cubbison case with a 
laminar boundary layer to the Letko case with a turbulent boundary layer, the separation 
region is much shorter when the boundary layer is turbulent than when it is laminar. This 
is attributable to two main factors: the velocity profile is such that the thickness of the 
subsonic portion of the boundary layer is much thicker in a laminar than in a turbulent 
boundary layer thus allowing disturbances to propagate further upstream. Then, it is well 
known that turbulent boundary layers stay attached much longer than laminar boundary 
layers in positive pressure gradient regions [68]. Another difference between the two 
types of flows is that in a turbulent boundary layer separation the pressure peaks in the 
separation region are much higher than those in a laminar boundary layer.  
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Figure 6.1. Isometric view of the oblique barrel shock with two groups of streamlines 
highlighting the flow out of the recirculation region ahead of the injector. The contours 
on the plane of symmetry are Mach number contours, the colors on the flat plate surface 
are Cp contours and the contours on the crossplane are Mach number contours with 
velocity vectors (y-z projection) superimposed. Virginia Tech, Mach 4.0, Pr=532, 
Primary jet only. 
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 (a) Cp plot along the tunnel centerline 

 

 
(b) Mach number contours on the plane of symmetry. 

 

 
(c)  Cp contours on the flat plate surface. 

Figure 6.2. Analysis of the jet interaction flowfield produced by the Virginia Tech, Mach 
4.0 case with only the primary jet switched on. (Pr=532). 
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Going back to Figure 6.2 (a), the Cp plot along the centerline shows the separation as a 
region where the pressure increases steeply (Region 2), it plateaus and then decreases 
slightly (Region 3). The Cp contours of Figure 6.2 (c) show the separation as a well-
defined lobe near the plane of symmetry (corresponding to Regions 2 and 3 of Figure 6.2 
(a)) that extends downstream and away from the tunnel centerline. The Mach contours of 
Figure 6.2 (b)) also indicate the presence of a separation-induced shock. This shock is not 
very strong and it impinges further downstream on the bow shock. The boundary between 
Region 3 and Region 4, where the pressure along the centerline decreases at an x/d of 
about -4.0 is where the core of the horseshoe vortex forms and is shed sideways away 
from the symmetry plane as seen in Figure 6.1. The core of the horseshoe vortex appears 
on the plane of symmetry as one of a pair of counter-rotating vortices clearly visible 
through the velocity vectors of Figure 6.4 or the streamlines of Figure 6.1. The couple of 
counter-rotating vortices is divided by an attachment line (Region 5 in Figure 6.2 (a)), 
indicated as a peak in the Cp plot. On the two sides of the attachment line, the vortices 
rotate in opposite directions. The rotation of the second vortex is dictated by the shear 
layer formed at the interface between the barrel shock and the fluid in the separation; the 
freestream fluid moves in the same direction as the high-momentum expanding injectant 
it is in contact with. Note the symmetry at least in the trends of the Cp plot along the 
centerline about Region 5 in Figure 6.2 (a). Both upstream (Region 4) and downstream 
(Region 6) of Region 5 the pressure drops rapidly and then it recovers to some level in 
Region 3 and Region 7. The pressure drops corresponds to the acceleration of the fluid 
moving away from the attachment line and that forms the core of the two counter-rotating 
vortices. The pressure rise corresponds to the fluid moving away from the attachment line 
being slowed down and turned around by either the boundary layer fluid ahead of Region 
5 or by the barrel shock aft of Region 5.  
 
It is more complicated to trace the path of the second of the two counter-rotating vortices, 
since the fluid is dispersed in several directions. The primary direction follows the 
leading edge of the barrel shock away from the solid surface and it is clearly visible in 
Figure 6.1. As this vortex trails downstream, it keeps moving away from the solid surface 
and, to a lesser degree, away from the plane of symmetry as it is visible in Figure 6.9 and 
Figure 6.10 for an x/d > 8.0. The rest of the fluid of the second counter-rotating vortex is 
convected downstream sideways, close to the surface of the flat plate and around the 
footprint of the barrel shock to form the Surface Trailing Vortex.  
 
As shown by Figure 6.3, the Surface Trailing Vortex in order to be convected around the 
footprint of the barrel shock moves away from the symmetry plane as the boundary of the 
barrel shock expands. Once the axis of the injector has been passed at x/d =0.0 and the 
barrel shock detaches from the surface of the flat plate, the vortex moves back towards 
the centerline and into the low-pressure region behind the injector. Due to its closeness to 
the solid surface, the Trailing Vortex entrails large quantities of boundary layer fluid as it 
trails downstream, as it is evident from Figure 6.7. Chenault and Beran [14] in their 
numerical analysis of the two-dimensional jet interaction flowfield reported a tertiary 
vortex in the separation region, rotating counterclockwise and located between the core 
of the horseshoe vortex and the flat plate. However, in the present study no tertiary vortex 
was noticed in the separation region. This fact can be due to the fact that a two-
dimensional study used extremely refined grids in this region that can capture the 
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existence of this tertiary vortex. However, it may also be that the tertiary vortex is a 
characteristic peculiar to only the two-dimensional jet interaction flowfield. In fact, also 
Chenault, et al. [15] during a three-dimensional numerical simulation of the jet 
interaction flowfield did not report the existence of this vortex.  
  
Figure 6.2 (b) puts in evidence the “λ-shaped” shock as it is often referred in the 
literature. This shock is just ahead of the barrel shock and, especially in shadowgraphs 
and Schlieren photographs, it appears as the Greek letter “λ”. In reality the “λ-shaped” 
shock is the merging of the separation-induced shock and the lower part of the bow 
shock. The Mach number contours along the plane of symmetry show that in evidence 
that the two shocks actually never merge even though shadowgraphs and Schlieren 
pictures that “collapse” a three-dimensional flowfield in a two-dimensional plane show 
them as touching.  
 
The pressure peaks in Regions 6 and 7 of Figure 6.2 (a) are also visible in the pressure 
mapping of Figure 6.2 (c) as the two small lobes with the highest Cp just in front of the 
injector. The two lobes merge together as they move away from the centerline and trail 
downstream to form the footprint of the bow shock on the flat plate surface. The bow 
shock forms in front of the barrel shock because of the obstruction to the flow created by 
the latter. A normal shock forms the lower part of the bow shock as shown by Figure 6.3 
and in particular by the velocity vectors of Figure 6.4 that, as in the case of a normal 
shock, do not change direction when crossing the shock. When the bow shock moves 
away from the plane of symmetry and from the flat plate surface it becomes a curved 
shock as it bends around the jet plume. This shock pattern is very similar to that 
generated by a blunt body in a three-dimensional flow. This similitude has been 
recognized since the early experimental works in jet interaction flowfields and much 
analytical work has been done to correlate the two flowfields [72] [70] with different 
degrees of success.  
 
Some of the typical flow structures of the under-expanded jet exhausting in a quiescent 
medium [45] [95] [96] as seen in Figure 6.5 are visible in the flow snapshot of the jet 
interaction flowfield shown in Figure 6.6. The main flow feature that the two flowfields 
have in common is the barrel shock. The barrel shock has the general resemblance of a 
typical under-expanded jet exhausting in a quiescent medium as shown in Figure 6.5. 
However, because of the presence of a crossflow in the jet interaction flowfield the back-
pressure is not constant around the expanding jet, being much higher on the windward 
side than on the leeward side of the plume. This non-uniformity of the back-pressure 
causes the plume to trail downstream and to lose its symmetry. The volume inside the 
barrel shock is a large expansion fan with its boundaries defined by a recompression 
shock that merges at the top of the plume into a Mach disk as shown in Figure 6.2 (b) 
and, more in detail, in Figure 6.6. Because of the mixing with the crossflow and because 
of the strong bow shock it is difficult to identify the sonic line and the outer shear layer of 
the jet plume. Furthermore, the windward side of the barrel shock seems to have less 
resemblance to the under-expanded jet flowfield than the leeward, side, mainly because 
of the presence of the bow shock. The leeward side of the plume is sheltered from the 
high pressure gradients of the windward side by the barrel shock itself, therefore more 
features of the under-expanded jet flowfield can be recognized in this region. However, 
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the presence of a thick boundary layer and the existence of strong vortical motions 
coming from the separation region hinders the development of the marked features 
typical of the under-expanded jet flowfield. For a short distance, the leeward side of the 
barrel shock is attached to the solid surface of the flat plate. As the barrel shock detaches 
from the surface (Region 8 of Figure 6.2 (a)) and it leaves a large volume of space to be 
filled by the mixed freestream and injectant fluids, a large low pressure region is formed 
(Region 9). The reflected shock extending from the triple point and impinging on the 
surface at x/d=15.0 can be clearly identified in Figure 6.6. The adverse pressure gradient 
produced by the shock on the surface of the flat plate causes the boundary layer to 
thicken rapidly across the shock. The location at which the reflected shock impinges on 
the flat plate is also clearly identifiable in the Cp plot along the tunnel centerline of Figure 
6.2 (a) as Region 10.  
 
Past Region 10 of Figure 6.2 (a), the boundary layer grows undisturbed (Region 11) until 
the Surface Trailing Vortices come in contact with the system of the three Trailing 
Vortices. The latter lift the Surface Trailing Vortices away from the solid surface (see 
Figure 6.9 and Figure 6.10 at an x/d of 20.0 and 25.0) thus creating a short region of low 
pressure (Region 12 of Figure 6.2 (a)). However, the pressure recovers quickly to the 
freestream value (Region 13) and continues undisturbed downstream (Region 14). The 
Mach disk at the apex of the barrel shock slows down the supersonic flow inside the 
plume to a subsonic Mach number. The subsonic stream of fluid forms a slip surface with 
the supersonic flow around it. Further downstream, the two streams of subsonic and 
supersonic flows mix together forming a turbulent uniform stream.  
 
The mixing of the various streams of fluid is enhanced by the action of four distinct pairs 
of counter-rotating trailing vortices (Figure 6.3). The cores of the four vortices are 
highlighted in Figure 6.7 through the plotting of the vorticity magnitude on a crossplane 
15 jet diameters downstream of the injection location. The Surface Trailing Vortex has 
been discussed earlier, and it was shown that it is generated by the second counter-
rotating vortex found in the separation region in front of the injection location. It was also 
shown that as it trails downstream it entrains large quantities of boundary layer fluid 
being close to the flat plate surface. Almost all of the fluid contained in this vortex is 
from the freestream. The Trailing Vortex 1 and Trailing Vortex 3 are a couple of counter-
rotating vortices formed as the injectant is compressed through the Mach disk (see Figure 
6.9 and Figure 6.10). Most of the fluid contained in these two vortices is injectant fluid, 
but some freestream fluid is entrained from the shear layer existing at the interface 
between the barrel shock and the surrounding fluid. Relatively little mixing with the 
freestream occurs until a location 30 diameters downstream of the injection location. The 
last vortex shown in Figure 6.7 is Trailing Vortex 2. This vortex forms along the barrel 
shock axis at the sharp angle formed by the inner reflection line of the barrel shock 
(Figure 6.8). Figure 6.8 also shows the mechanism that forms the Surface Trailing 
Vortices. When the barrel shock detaches from the solid surface of the flat plate it leaves 
a large volume to be filled by the boundary layer fluid. The interaction of the boundary 
layer fluid being drawn towards the centerline and the shear layer at the interface between 
the barrel shock and the surrounding gas creates the rotational motion of the vortex that is 
confined in the small space between the plate surface and the bottom side of the barrel 
shock . As shown in Figure 6.9 and, in more detail in Figure 6.10 the three upper vortices 
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(Trailing Vortex 1, Trailing Vortex 2 and Trailing Vortex 3) rotate with respect to each 
other around a common longitudinal axis (Figure 6.9 and Figure 6.10, x/d=20.0). As they 
trail downstream they merge into a single vortex (Figure 6.10, x/d=30.0) that is the main 
mechanism driving the mixing of the freestream fluid with the injectant. Note that the 
horseshoe vortex and the Trailing Upper Vortices continue to be convected downstream 
in their respective locations without merging with other flow structures (Figure 6.9 and 
Figure 6.10, x/d=35.0 and 40.0). 
 
A good insight of the mechanisms that create the pressure field on the flat plate can be 
obtained by a simulated oil surface flow visualization as shown in Figure 6.12. In this 
figure the streamlines are drawn just above the surface and highlight the projection of the 
two-dimensional velocity field just above the surface. It is important to bear in mind that, 
while this plot is a two-dimensional projection of the streamlines, in reality the flow is 
three-dimensional and there exist velocity components that are moving particles into (or 
out of) the direction of the page. The major flow structures such as the bow shock, the 
separation and the barrel shock are clearly visible as thick lines. The freestream appears 
undisturbed until the bow shock. Behind the bow shock the freestream takes on a lateral 
velocity component. In the separation region the fluid is recirculated and flows in the 
opposite direction as the freestream. From the separation region the horseshoe vortices 
are shed, as highlighted by the dashed line. The core of these vortices can be easily traced 
by following the low-pressure lobe on the solid surface. The presence of the barrel shock 
creates a region of extremely high pressure in front of the injector. Immediately aft of the 
injector there is a small region where the plume is attached to the solid surface. Once the 
plume detached from the solid surface a low-pressure region forms and the Surface 
Trailing Vortices can be found forming in this region. The footprint of the barrel is 
clearly visible on the surface as well as the attachment lines of the Surface Trailing 
Vortices. The plume end is clearly visible as well as the disturbance caused by the Mach 
disk. Further downstream the reflected shock from the Mach disk (see above) impinges 
on the solid surface. The local increase in pressure along the centerline (see also the Cp 
plot of Figure 6.2 (a)) causes the Surface Trailing Vortices to move away from the 
symmetry plane. Once past this location, the Surface Trailing Vortices return to move 
parallel to the symmetry plane and, apart from some localized low pressure areas, the 
pressure recovers to the freestream value and the streamlines tend to align themselves 
with the freestream.  
 
Figure 6.11 shows a top-view of the flowfield for planar planes at different heights above 
the solid surface. The mappings represent the vorticity magnitude (left half) and the Mach 
number contours (right half). The first mapping at a y/d of 0.1 shows the same flow 
features as those described above for Figure 6.12. As we move further away from the 
solid surface the cross-section of the barrel shock becomes clearly visible. At a y/d of 0.3, 
there is a large wake of high-vorticity fluid aft of the barrel shock. The vorticity is 
convected downstream from the shear surface surrounding the barrel. Part of the vorticity 
is also formed by the detachment of the barrel shock from the solid surface. Note that 
further downstream the high-vorticity fluid is disrupted by the presence of the reflected 
shock. The effect of the reflected shock (Figure 6.11, y/d =0.3, 0.4 and 0.6) is to push the 
high-vorticity fluid away from the plane of symmetry and to mix it with the surrounding 
freestream fluid. Also, the reflected shock increases the thickness of the boundary layer at 
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the location where it impinges on the solid surface. This effect is visible in the isolated 
peak of high-vorticity fluid located downstream of the barrel shock (see Figure 6.11, y/d 
=0.8 and 1.0). As we move further away from the surface of the flat plate the barrel shock 
enlarges and it reaches its maximum cross-sectional size around a y/d of 3.0. Note that 
the mapping at a y/d of 3.0 shows the formation of the Trailing Vortex 2, its core being 
denoted by the fluid with a high vorticity intensity that trails laterally on the outside of 
the barrel shock. In the same picture, it is also shown the formation of the Trailing Vortex 
3 at the back end of the shock, where the Mach disk is located. Note that the cross 
sectional area of the barrel shock shows that the Mach disk is not planar but slightly 
concave. Moving further away form the solid surface, the barrel shock decreases in size 
until it disappears (Figure 6.11, y/d =6.0) and only the upper section of the bow shock is 
visible. As expected and as visible in the mappings on the plane of symmetry (Figure 
6.6), the bow shock curves in the same direction as the freestream as it moves away from 
the flat plate (Figure 6.11, compare snapshots at y/d =7.0 and 15.0). 
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Figure 6.3. Isometric view of the oblique barrel shock with the groups of streamlines 
identifying the main rotational motion. The contours on the plane of symmetry are Mach 
number contours, the contours on the flat plate surface are Cp contours and the contours 
on the crossplane are vorticity magnitude contours. Virginia Tech, Mach 4.0, Pr=532, 
Primary jet only. 
 

Trailing 
Vortices 

Bow Shock 
projected on 
symmetry 
plane 

Barrel 
Shock 

SeparationHorseshoe 
vortex 

U∞∞∞∞  



Chapter  6.  183

 
Figure 6.4. Velocity vectors and Mach number contours on the plane of symmetry in the 
separation region just ahead of the injector. Virginia Tech, Mach 4.0, Pr=532, Primary jet 
only. 
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Figure 6.5. Schematic of the flowfield generated by an under-expanded sonic jet 
exhausting in a quiescent medium [95]. 
 
 

 
Figure 6.6. Crossplane mappings of vorticity magnitude (left) and Mach number (right) 
with velocity vectors superimposed at a location of x/d=15.00 downstream of the injector. 
Virginia Tech, Mach 4.0, Pr=532. (y/d: 0-10.0, z/d: 0-5.0). 
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Figure 6.8. Crossplane mappings 
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Figure 6.9. Crossplane mappings of vorticity magnitude (left) and Mach number (right) 
at different x/D. Virginia Tech, Mach 4.0, Pr=532. (y/d: 0-32.0, z/d: 0-24.0). 
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Figure 6.9 (Continued). 
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Figure 6.10. Blown-up crossplane mappings of vorticity magnitude (left) and Mach 
number (right) with velocity vectors superimposed at different x/D. Virginia Tech, Mach 
4.0, Pr=532. (y/d: 0-21.0, z/d: 0-10.0). 
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Figure 6.10 (Continued). 
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Figure 6.10 (Continued). 
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Figure 6.11. Planar mappings of vorticity magnitude (left) and Mach number (right) at 
different heights over the flat plate surface (y/D). Virginia Tech, Mach 4.0, Pr=532. (x/d: 
-8→39.0, z/d: 0→24.0). 
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Figure 6.11. (Continued). 
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Figure 6.11. (Continued). 
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Figure 6.12. Streamlines above the flat plate simulating oil surface flow visualization 
with pressure coefficient mapping superimposed. Virginia Tech, Mach 4.0, Pr=532. (x/d: 
-7→40.0, z/d: 0→24.0). 
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Chapter 7  
 
Summary and Conclusions 

Numerical simulations of a three-dimensional, jet interaction flowfield produced by 
several configurations of sonic circular injectors exhausting normal into a supersonic 
crossflow were presented. The numerical calculations solved the compressible Reynolds 
Averaged Navier-Stokes equations (RANS) using the General Aerodynamic Simulation 
Program (GASP), a commercial CFD code developed by AeroSoft Inc. Both laminar and 
turbulent calculations were performed employing the perfect gas assumption. The CFD 
study is a numerical assessment of a proposed idea to improve present-day jet thruster 
configurations used on hypersonic vehicles. The new suggested configuration consists of 
inserting a pair of smaller secondary injectors behind the primary jet. The secondary 
injector, when properly located, can alleviate the problems generated by the region of low 
pressure that forms behind the single primary injector. This low-pressure region is 
undesirable in jet thruster configurations for two main reasons. First and most important, 
it creates a strong nose-down pitching moment that must be compensated for by inserting 
another injector far aft of the center of gravity of the vehicle. The second problem is the 
reduction in the net lateral force produced by the thruster. In fact, the low-pressure region 
on the surface of the vehicle acts as a suction and it works against the thrust of the jet. 
Small secondary injectors, by impinging on the barrel shock produced by the primary 
injector and by decreasing the low-pressure region behind the primary injector can 
eliminate the need of using a second large injector far aft of the center of gravity of the 
vehicle to counter-balance the nose-down pitching moment. The numerical studies were 
also aimed at providing support to the preliminary experimental studies of the innovative 
jet interaction configuration that were performed in the supersonic wind tunnel at 
Virginia Tech. The integration of the numerical effort with the experiments proved to be 
essential to thoroughly study the complex jet interaction flowfield. Finally, the numerical 
simulation results can be interrogated to provide many details about the fluid physics of 
the complex flow. 
 

7.1 Summary of the relevant accomplishments 

The numerical study was carried out in a systematic way, starting with the simulation and 
analysis of relatively simple jet interaction cases, building knowledge and experience in 
this type of calculations and then moving on to the simulation of a more complex jet 
interaction case. In the preliminary stages of this study, jet interaction flowfields on a flat 
plate with laminar boundary layers were simulated. The first laminar case simulated a test 
from Schetz, et al. [65] performed in 1967 with a freestream Mach number of 2.10, 
pressure ratio of 60 and sonic injection. A comparison of the numerical solution to the 
shadowgraph of the flowfield showed good agreement in the shape and position of the 
shock and of the jet plume. No pressure data was available from the original paper and 
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therefore the comparison between the CFD solution and the experiment was limited to 
the visual comparison of the flow features. Important experience was acquired about the 
meshing process for this type of problem and how to optimize the cell clustering and the 
grid topology to improve the quality of the solution. The second laminar case was a 
simulation of an experiment run in 1961 by Cubbison [22]with a freestream Mach 
number of 2.92, a pressure ratio of 677 and sonic injection. Pressure mappings on the flat 
plate and shadowgraphs of the plume were available for this experiment. The CFD 
solution over-predicted the normal force by 21% and the pitching moment by 18%. But, 
the large uncertainty associated with the experimental data makes the comparison of the 
forces and moments not very indicative. More significant was the favorable comparison 
of the pressure mappings on the surface of the flat plate and of the pressure coefficient 
plots along the tunnel centerline. The CFD solution seemed to properly predict the 
separation location, the high-pressure lobes of the bow shock and the low-pressure region 
behind the injector. These positive results were confirmed by the visual comparison of 
the flow features visible in the Schlieren photograph with the CFD solution.  
 
The overall positive results obtained from the laminar calculations prompted the research 
to focus on the simulation of the more complex case of injection on a flat plate with a 
turbulent boundary layer. The first simulation of a jet interaction problem with a turbulent 
boundary layer using Wilcox’s k-ω turbulence model was that of an experiment run in 
1965 by Letko [42], with freestream Mach number of 4.5, a pressure ratio of 680 and 
sonic injection. The comparison of the experimental and computed pressure mapping on 
the flat plate showed that the CFD was correctly predicting the shape of the pressure 
patterns, but the pressure levels were somewhat higher than the experimental levels thus 
producing higher forces and moments. This discrepancy was found to be mainly 
attributable to the lack of information about the jet mass flow and to the assumption of a 
discharge coefficient of 1.00. Simulations of the flow in the sonic nozzle showed that a 
discharge coefficient of 0.78 was a more realistic estimate than the initial estimate of 
1.00. The flowfield calculations with the corrected discharge coefficient showed an 
improved agreement with the experiment, especially taking into consideration the 
uncertainty in the experimental values. The computed normal force differed by 25% from 
the experimental force value and the pitching moment by 45%. The comparisons of the 
pressure coefficient mappings were somewhat more favorable, and the numerical solution 
was able to correctly predict the shape and intensity of the low-pressure region. Grid 
convergence was shown for the single jet case by converging the solution on four grid 
sequences and comparing the flow features and integrated quantities to the finest grid 
level. The discretization error for the finest grid level, calculated using a modified 
Richardson’s extrapolation was 0% for the normal force and 2% for the pitching moment. 
The Letko simulation was also used as a preliminary test case to study the effects of 
inserting a pair of secondary injectors aft of the primary jet. Computations were run on a 
medium-sequence grid to simulate such a configuration and to check the trends in the 
forces and moments. The preliminary results showed that a secondary injector with a 
mass flow of 10% of the primary injector increased the normal force by 9% and 
decreased the nose-down moment by 24%.  
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Both the laminar and turbulent calculations were simulations of past experiments and 
highlighted the need for more accurate experimental results if these were to be used to 
confirm the numerical predictions. The Virginia Tech cases [84][85] were conceived in 
part because of this need for more reliable experimental data. Two sets of experimental 
data with different freestream Mach numbers and different jet pressure ratios were 
available. The first set, a proof-of-concept for the configuration, had a freestream Mach 
number of 2.4 and a pressure ratio of 14. The second set of experiments was run at a 
freestream Mach number of 4.0 and a pressure ratio of 532. In both sets of experiments 
Pressure Sensitive Paint (PSP) was used to map the pressure field on the surface of the 
flat plate. Also, accurate data was available about the discharge coefficient of the nozzle 
(0.78). The numerical calculations simulated the turbulence effects using Wilcox’s k-ω 
model The grids used in these calculations were an evolution of the computational grids 
used in the previous calculations, and they optimize the cell distribution in the region 
around the injectors where the highest pressure gradients are to be found. The grids used 
in the calculations of the two sets of experiments are slightly different. The grid used in 
the Mach 2.4 cases (1,100,024 cells) simulates the secondary injectors by imposing the 
jet conditions at selected cells on the surface of the flat plate. Three computations with a 
Mach number of 2.4 were converged: primary jet only, primary jet and one pair of 
secondary jets and primary jet and two pairs of secondary jets. The three calculations 
were run using exactly the same grid and changing only the boundary conditions at the 
appropriate cells designed to simulate the secondary injectors.  
 
The comparison of the experiment with the CFD forces and moments for the Virginia 
Tech Mach 2.4 cases did not show good agreement. The difference for the three 
converged cases was on the order of 85% for the normal force and 97% for the pitching 
moment. However, a bias was found in the experimental pressure field. This bias 
negatively affected the direct comparison of the forces and moments. In addition to the 
bias in the data, Schlieren photographs of the flowfield showed that a weak shock was 
present in the tunnel flow ahead of the jet interaction flowfield. This shock was found to 
be produced by the junction between the tunnel floor and the flat plate mounted flushed 
to it. The shock effectively altered the freestream conditions “seen” by the jet. Due to this 
discrepancy between the freestream condition of the experiment and of those used in the 
CFD calculations, a more valuable comparison was found to be the analysis of the force 
augmentation factors generated by the secondary jets. The experiment predicted an 
augmentation factor of 11% with one pair of secondary jets and 16% with two pairs of 
secondary jets for the normal force and of 4% and 8% for the pitching moment, 
respectively. The percentage refers to the increase in the force or moment with respect to 
the case with only the primary injector. The CFD under-predicted the augmentation 
factors of the normal force (3% and 6%) but gave better estimates for those of the 
pitching moment (9% and 22%). The pressure coefficient plots indicated that as seen in 
the turbulent calculation of the Letko experiment, the CFD under-predicted the extent of 
the separation region. Furthermore, while the experiment showed that the effects of the 
secondary injectors propagated upstream and increased the strength of the separation 
region, no upstream effect was predicted by the numerical solution. The under-prediction 
of the effects of the secondary jets and the absence of any upstream effect highlighted 
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one possible problem affecting the calculations with the secondary injector: lack of 
adequate grid refinement in the region where the secondary jets are located. It was 
hypothesized that in spite of overall good grid convergence, the grid around the 
secondary injector might not be able to capture some relevant flow physics created by the 
interaction of the primary with the secondary jets. Therefore, a finer grid was developed 
for the simulations of the Virginia Tech Mach 4.0 cases. The new baseline grid had 
1,544,098 cells for the case with only the primary injector. For the case with the one pair 
of secondary injectors, a fine Chimera grid that simulates the secondary injector replaced 
one of the computational blocks of the baseline grid. Therefore, the grid used to simulate 
the case with only the primary injector has fewer cells (1,544,098) than the one used to 
simulate the secondary injector case (2,073,024). The Chimera grid had a two-fold use. 
The first was to simulate the secondary injector without changing the cell distribution in 
the baseline grid. The second was to provide a very fine mesh in the region surrounding 
the secondary injector so as to make possible a localized grid-convergence study. As in 
the Mach 2.4 case, the Mach 4.0 experimental results were affected by high uncertainty 
mainly due to the weak shock created by the junction of the tunnel floor with the flat 
plate and, to a lesser degree, by a bias in the PSP data. The comparison between the 
experiment and the numerical solution showed better agreement than the one obtained in 
the previous case. The CFD under-predicted the normal force by 24% for case with only 
the primary jet and by 20% for the case with one group of secondary jets. The pitching 
moment was under-predicted by 39% and 62%, respectively. Again, the comparison of 
the augmentation factors is more relevant than the direct comparison of the forces and 
moment due to the slightly different freestream conditions of the numerical computations. 
The experimental augmentation factors were measured to be –1% (i.e. a decrease) for the 
normal force and a pitching moment more negative than the case with the primary jet 
alone by 218%. The CFD predicted an increase in the normal force of 4.8% and a 
decrease in the nose down attitude of 101%. The CFD and the experiment disagreed in 
the prediction of the trend of the normal force. On the other hand, both the CFD and the 
experiment predicted a decrease in the nose-down pitching moment caused by the 
secondary jets. The CFD also correctly predicted the separation region for the case with 
only the primary injector. This time the numerical solution showed an upstream effect of 
the secondary injector that caused the separation region to extend further upstream. 
However, the experiment did not show such a strong upstream effect as that predicted by 
the numerical solution. The prediction by the CFD of the upstream effect of the 
secondary jets and the overestimation of the separation region suggest two major 
findings. The first one is that a fine grid in the region where the secondary injector 
interacts with the barrel shock of the primary injector is essential to correctly predict the 
upstream effects of secondary jets. Second, the non-conservative property of the Chimera 
zonal boundaries might negatively affect the accuracy of the numerical solution. In 
particular the presence of strong shocks across the Chimera boundary is detrimental to 
the reliability of the numerical results. In spite of this problem, the visual comparison of 
Schlieren photographs to the numerical solutions showed a high level of agreement. The 
CFD properly predicted the location and inclination of the separation-induced shock, of 
the bow shock, the barrel shock, the Mach disk and the reflected shocks that trail 
downstream of the jet plume.  
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The jet interaction flowfield generated by a single jet was studied further in detail to 
better understand the mechanisms that sustain the formation of the low-pressure region 
aft of the injector. This analysis concluded that the detachment of the barrel shock from 
the solid surface of the flat plate associated with the vortical motion originating in the 
separation region are the main phenomena creating the low-pressure region. 
 

7.2 Conclusions 

The numerical study showed that it is possible to improve present-day jet thruster 
configurations by using smaller secondary injectors that interact with the primary jet. The 
study showed that the main improvement that this configuration produces is a 
considerable reduction in the nose-down pitching moment typical of jet interaction flows. 
However, it is important to optimize the design of the injection configuration so as to 
maximize the effect of the secondary injectors. In the present configuration a pair of 
secondary jet with approximately 2% the mass flow of the primary jet produced an 
increase in the normal force of 5% and a decrease in the nose-down pitching moment of 
101%. It is believed that these values can be improved by locating the secondary jets at a 
more convenient location. 
 
The investigation further showed that a combined effort of numerical studies and 
experiments could efficiently and effectively lead to the understanding of complex fluid-
dynamics phenomena. Such a coordinated approach is most desirable in the development 
and design stages of new technologies because of its time- and cost-saving advantages 
over an exclusively experimental approach.  
 
From the point of view of the numerical techniques it was shown that Reynolds Averaged 
Navier Stokes equations in conjunction with a first-order two-equation turbulence model 
such as Wilcox’s k-ω can reproduce the main physics of a highly complex phenomenon 
such as the multiple jet interaction flowfield. The k-ω turbulence model proved to be 
reliable and robust and the results it provided for this type of flowfield were accurate 
enough from an engineering standpoint to make informed decisions about the 
configuration layout. However, in spite of the overall good performance the k-ω 
turbulence model failed to correctly predict the flow in the regions of strong adverse 
pressure gradients. Comparisons with experimental results showed that the separation 
region was often under-predicted, highlighting the need to employ second-order 
turbulence models that, according to other numerical studies [15], may improve the 
accuracy of the computations. In addition to the above it might be useful to study the 
unsteady behavior of the flowfield by running time-dependent simulations. In general, the 
steady-state RANS equations were found accurate enough to provide correct physical 
mean-flow solutions form an engineering standpoint.  
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A large effort was dedicated to the development of an efficient computational grid that 
could capture the flow-physics with the least amount of cells. The grid was adapted to the 
physics of the flow using a combination of H- and C-type grids. Also, Chimera or overset 
grids were employed in the simulation of the secondary injectors to improve the 
efficiency of the calculation. Grid generation proved to be the most expensive task in 
terms of man-hours. A solution to decrease the grid generation effort would be the use of 
a simpler H-type grid that reaches the desired mesh –refinement level by simply 
increasing the number of cells. However, with today’s technology and computational 
resources, such an approach is not a realistic one at least for routine engineering 
applications. This is mainly because of the large grid size that would be needed by an H-
type grid (probably around 6 million cells for a three-dimensional multiple jet interaction 
calculation) to properly describe the flowfield. 
 
Grid convergence was shown to be achieved for the case of single injection by 
conducting a thorough convergence study. The discretization error was calculated 
through a modified Richardson extrapolation to be as low as 0%. Grid convergence was 
also shown to be achieved in the flowfield around the secondary injector through a 
localized grid convergence study that made use of the Chimera grid. the normal force for 
the case with only the primary jet was predicted with an acceptable level of accuracy 
from the engineering standpoint by all the grid sequences. The discretization errors in the 
normal force was computed to be –5%, -2% and 0% for the coarse, medium and fine grid 
sequences, respectively. 
 

7.3 Recommendations for future work 

The recommendations focus on two aspects of the present study. The first one is the 
assessment of the performance and the improvement of the proposed jet interaction 
configuration. The second one is the improvement of the modeling through the use of the 
Reynolds averaged Navier-Stokes equations of complex flowfields. 
 
The experiments run in the Virginia Tech supersonic wind tunnel were preliminary tests 
to assess the validity of the proposed jet interaction configuration. Due to the simplicity 
of the test set up and to the innovative nature of the Pressure Sensitive Paint (PSP) 
technique the experiments were affected by some problems. The experimental data 
suffered from a high degree of uncertainty. The Pressure Sensitive Paint (PSP) proved to 
be very useful to describe the pressure field and to perform qualitative comparisons with 
the numerical solution. However, the calculation of the forces and moments from 
integration of the PSP pressure field produced a high uncertainty level. Furthermore the 
flow disturbances caused by imperfections in the junction between the tunnel flow and 
the flat plate effectively altered the freestream condition experienced by the jet. To 
obviate these two problems it is suggested that a new set of experiments is run. A flat 
plate with a sharp leading edge and mounted on a three-axis balance would solve both of 
the aforementioned problems. Schlieren pictures and PSP could be used to provide visual 
comparisons of the experimental and computational flowfields. An increased number of 
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pressure orifices in the flat plate could provide reliable discrete pressure data as well as a 
mean to calibrate the PSP at different locations over the plate. It would be useful to 
obtain skin friction measurements on the flat plate so as to have more types of 
experimental data to compare the numerical solutions with. 
 
The current locations of the secondary injectors on the flat plate used in the experiments 
were chosen intuitively according to the position of the zero-Cp line in the Cubbison 
experiment. In order to optimize the location of the secondary injector with respect to the 
primary jet it would be necessary to perform a sensitivity study. A preliminary attempt to 
use sensitivity analysis with sliding boundary conditions applied to a two dimensional jet 
interaction flowfield was performed by Borggard, Cliff and Godfrey [10]. However, the 
study was performed in two dimensions, the injector was subsonic and it was not 
exhaustive. Therefore, there is the need for a thorough sensitivity study that could be run 
as a complement to a parametric study. 
 
The turbulent calculations showed that in most cases Wilcox’s k-ω turbulence model 
failed to accurately predict separation. In light of the results of numerical studies 
performed by other researchers with similar flows it is recommended that a second-order 
turbulence model be applied to the solution of the jet interaction flowfield. This 
calculation could take advantage of the soon-to-be released implementation of the 
Reynolds Stress turbulence model in GASP version 4.0. The existing converged fine-grid 
solutions with Wilcox’s k-ω model could be restarted using the Reynolds Stress model. 
The new calculations would accomplish two main objectives. The first one would be to 
compare the experimental results to more reliable numerical solutions. The second 
objective would be an assessment of the capacity of Wilcox’s k-ω model to properly 
model complex flowfields such as jet interaction.  
 
The use of the Chimera grid greatly facilitated the task of inserting a secondary injector 
inside a computational domain without the need to modify the existing grid. Also it made 
it possible to refine the region in the immediate surroundings of the secondary injector 
without affecting the rest of the grid. However, the non-conservative Chimera zonal 
boundaries are a probable cause of inaccuracy in the numerical solution. It is suggested 
the implementation of a Chimera scheme with conservative zonal boundaries be 
undertaken. A Chimera grid with conservative zonal boundaries would allow the 
refinement of the computational grid in zones where the highest pressure gradients are 
found without the need to modify the grid topology and to increase drastically the total 
number of cells. 
 
The perfect gas assumption was proven to be reasonable for the scope of this study. 
However, it would be advisable to perform a numerical study of the jet interaction 
flowfield employing a model for air that takes into account low-pressure, low-
temperatures real gas effects. 
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Appendix A.General form of Conservation laws 
 
The reader is reminded that the present discussion as well as all the rest of the present 
work is valid only for non-relativistic physical systems, i.e. those systems in which the 
Newtonian laws are assumed to appropriately approximate the physical phenomena.  
In Chapter 3.2 the Navier-Stokes equations were presented in conservation form. 
However, the Navier-Stokes equations are valid only within the assumption that the fluid 
under consideration is a continuum. For continuum it is meant a system of particle for 
which, on a macroscopic scale, meaningful statistical averages of the motion of the 
particles can be taken [34]. This implies that the number of particles in an infinitesimal 
volume is very high. For air at standard room conditions and for the macroscopic 
phenomena fluid dynamics deal with the continuum assumption is certainly true since 
one cubic millimeter of air contains roughly 2x1016 molecules [34]. The extremely large 
number of particles in such a small volume makes so that any statistical average of the 
motion of the particles is a valid and meaningful average. The continuum assumption 
breaks down when the mean path of a molecule is of the same order of magnitude of the 
characteristic length of the flow. In this case it is appropriate to talk about rarefied flow 
or, in the case in which the free-path is larger than the characteristic length, of free-
molecular flows. An indication of whether or not the continuum assumption is valid can 
be supplied by the similarity parameter called Knudsen number, Kn. The Knudsen 
number is defined as the ratio of the particle mean path, λ, to the flow characteristic 
length, L. Usually it is assumed that the continuum assumption holds for Knudsen 
numbers less than 0.2. Above this value the flow is considered rarefied and, for a 
Knudsen number greater than 1.00, free-molecular flow exist (for a more extensive 
discussion see Anderson [4]). For rarefied or free-molecular flows the continuum 
assumption is not valid anymore and it is necessary to use the kinetic energy approach in 
which the dynamics of the collision of the particles as well as the intermolecular forces 
are mathematically modeled. However, the conservation laws (mass, momentum and 
energy) in their most universal form do not need the continuum assumption and therefore 
are valid also for rarefied flows. The conservation laws in their most general form and for 
general linear coordinates are presented here in conservation form. 
 
Conservation of mass:  
 

 ( )
t
ρ ρ∂ + ⋅

∂
V∇∇∇∇  (5.32) 

 
Conservation of momentum:  
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where the tensor on the right hand side of the equation, Fij, represents the total force 
acting on the infinitesimal mass. Usually the total force is composed by body forces (also 
known as volume forces) and surface forces. Using this convention the total force can be 
decomposed as:  
 
 ij i ijF ρ= + ∇ ⋅ ∏f  (5.34) 
 
The first term on the right-hand side of Equation , fi, represent the body forces 
(sometimes also called volume forces). Body forces act at a distance and on the entire 
mass of the system. Examples of body forces are gravity and electromagnetic forces. 
Usually in fluid dynamics only gravity force is the relevant body force. Therefore the 
force vector fi can be replaced by the gravity vector, gi. The second term on the right hand 
side of Equation , Πij, is a tensor representing the surface forces. Surface forces are 
created by external stresses acting on the surface boundary of the infinitesimal mass. All 
the stresses are represented by the components of the stress tensor, Πij, and can be further 
divided into normal stresses (the stress components along the diagonal of the stress tensor 
that also include the inviscid component of the stress, pressure) and shear stresses (the 
off-diagonal stress components of the stress tensor). It is at this point, with the selection 
of an approximate mathematical model to describe the shear stresses that the conservation 
laws lose their generality. For a large range of fluids, it can be stated that the stress at a 
point is linearly dependent on the rates of strain of the fluid. With this observation it is 
possible to derive a general deformation law that relates the stress tensor to the strain 
tensor and, in turn, the shear stain tensor to the pressure and rate of change of the velocity 
components (for a derivation see Schetz J. A. Schetz, “Boundary layer analysis”, Prentice 
Hall, Englewood Cliffs, New Jersey 07632, Chapter 7, p. 240, 1993, ISBN 0-13-086885-
X. or Schlichting [75]). Then the shear stress tensor can be expressed as: 
 

 'ji k
ij ij ij

j i k

uu up
x x x

δ µ δ µ
 ∂∂ ∂∏ = − + + +  ∂ ∂ ∂ 

 (5.35) 

 
where δij is the Kronecker delta, µ is the first coefficient of viscosity (laminar viscosity), 
µ’ is the second coefficient of viscosity. The two viscosity coefficients are related to each 
other through the coefficient of bulk viscosity, κ, through: 
 

 2 '
3

κ µ µ= +  (5.36) 

 
However, the coefficient of bulk viscosity is considered to be negligible (Stoke’s 
hypothesis) except for the study of shock structures or in the study of acoustic waves. 
With this assumption the two viscosity coefficients are related by: 
 

 2'
3

µ µ= −  (5.37) 
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Also, as mentioned above, it is convenient in fluid dynamics to distinguish the inviscid 
component from the viscous or shear component since the latter is negligible in special 
cases and can be dropped from the conservation equations thus leading to the inviscid 
study of the flow. Following the common fluid dynamics convention the stress tensor can 
then be sub-divided as: 
 
 ij ij ijpδ τ∏ = − +  (5.38) 
 
where the first term, a scalar, is simply the pressure or inviscid component and the second 
term, a tensor, is the viscous stress tensor given by: 
 

 2
3

ji k
ij ij

j i k

uu u
x x x

τ µ δ
  ∂∂ ∂= + −   ∂ ∂ ∂   

 (5.39) 

 
Substitution of Equation (5.38) and Equation (5.39) into Equation (5.33) produces the 
proper Navier-Stokes equations, i.e. the equation of conservation of momentum for a 
single-species, Newtonian fluid and the start point for the discussion presented in [33]. 
Note that the result of the above substitution, after some simple re-arrangement of the 
terms is the same as Equation (3.2), here repeated for completeness: 
 

 ( ) ( )i
i i ij ij i

i i

u u u p f
t x x

ρ ρ δ τ ρ∂ ∂ ∂+ + = +
∂ ∂ ∂

  (5.40) 

 
 
The conservation of energy is  
 

 ( ) ( ) ( )o i
o i i o i ij j j j

i i i

e qe u pu e u u u f q
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where 
 

 1
2o v i ie C T u u= +  (5.42) 
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Appendix B. Full set of numerical results on all the grid sequences for 
the Virginia Tech cases. 

 
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,410   1.51 1.59 108 122 
2 145,798 2.354 2.687 2.18 2.41 23 31 
1 1,100,024   2.33 2.65 3 4 

(a) Primary jet only 
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,410   1.55 1.71 103 109 
2 145,798 2.430 2.924 2.24 2.61 15 8 
1 1,100,024   2.40 2.88 3 5 

(b) Primary jet + group 1 secondary jets. 
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 20,410   1.59 1.92 98 85 
2 145,798 2.494 3.276 2.30 2.94 7 28 
1 1,100,024   2.47 3.23 3 4 

(c) Primary jet + group 1&2. 
 

Table B.1. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Virginia Tech case with a 
freestream Mach number of 2.40. “ε” is the discretization error in the solution. 
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Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 22,824   0.99 -0.70 -5 -90 
2 182,584 1.04 -7.12 1.02 -4.92 -2 -31 
1 1,544,097   1.04 -6.84 0 -4 

(a) Primary jet only 
 
 

Richardson Extrapolation CFD  
Sequence Number of Cells 

CFy  CMz  CFy  CMz  
εεεεCFy % εεεεCMz %

3 32,391   0.94 2.46 -9 -151 
2 259,128 1.03 -4.84 0.94 2.46 -9 -151 
1 2,073,024   1.02 -3.83 -1 -21 

(b) Primary jet + group 2 secondary jets. 
 

Table B.2. Comparison of the solution on the three grid levels with the solution obtained 
with the “Mixed 1st +2nd Order Extrapolation” for the Virginia Tech case with a 
freestream Mach number of 4.0. “ε” is the discretization error in the solution. 
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Appendix C. Reynolds Stress turbulence Model. 
 
All the turbulent calculations presented in this study employed Wilcox’s k-ω turbulence 
model [91]. However, the use of a second-order model such as the Reynolds Stress 
turbulence model might have produced a better agreement between the experimental 
results and the numerical solution because of its capability of automatically accounting 
for convection and diffusion of the Reynolds stress tensor and the effects of flow history. 
Also a parallel comparison of the numerical results obtained with the κ-ω turbulence 
model to those obtained with the RS turbulence model would have highlighted the 
deficiencies of first-order turbulence models. Chenault, et al. [14] showed that in two-
dimensional flows the Reynolds stress turbulence model produced marginally better 
results than the k-ε model. However, for the three-dimensional study of a jet interaction 
case Chenault, et al. [15] and Chenault [16] showed that the RS turbulence model 
produced consistent and accurate predictions of the flow whereas the κ-ε turbulence 
model failed to produce consistent results. In the present study an attempt was made to 
run a numerical simulation of the Virginia Tech Mach 4.0 employing the Reynolds Stress 
turbulence model. Since GASP Version 4.1 does not have any second-order turbulence 
model implemented as yet another numerical code was selected to run this calculation. 
The code chosen for the RS calculations was the Integrated Algorithm for Arbitrary 
Configurations (ISAAC), a numerical code developed by J. Morrison at NASA Langley. 
However, due to time restrictions and to computational limits of the ORIGIN machines 
only very simple two-dimensional cases were run and the idea of running on the fine grid 
level (1.5M cells) the Virginia Tech Mach 4.0 case had to be abandoned. Note that a 
Reynolds Stress turbulence model requires the simultaneous solution of a minimum of 12 
governing equations if the working fluid is composed of only one species: the five 
Navier-Stokes equations, six transport equations for the Reynolds Stress tensor, τij, and 
one equation for the dissipation rate. Following is a brief description of the Zhang, So, 
Gatski, Speziale (ZSGS) [98] Reynolds Stress turbulence model suggested by Chenault 
as being reliable and accurate for jet interaction flowfields [14] [15] [16]. The same 
model was used in the trial calculations run with the RS turbulence model in this study. 
At the end of the section the code ISAAC is briefly described; ISAAC is a potential tool 
for future further investigation of the jet interaction flowfield using second-order 
turbulence models. 
 
Reynolds Stress Turbulence Model 
 
Second-order turbulence models are assumed to capture more of the true physical nature 
of a flow-field because they directly compute the Reynolds Stress (RS) tensor. In order to 
obtain a useful expression for the RS tensor, moments of the Navier-Stokes (NS) 
equations are taken, i.e. the NS equations are multiplied by a fluctuating property and the 
product is time-averaged. The final goal is to obtain a differential equation for the RS 
tensor. Following Wilcox (pp. 17-19, Ref. [91]) through the above procedure and 
reporting the final result in the form presented by Zhang at Al. [52], the final form of the 
RS transport equation is: 
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where:   
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  (5.44) 

 
is the exact production term, ijΠ is the modeled pressure-strain term, v

ijkD  is the 

molecular diffusion, and t
ijkD  is the turbulent diffusion. ISAAC offers several RS 

models. The RS model used in this study was the Zhang, So, Gatski, Speziale (ZSGS) 
[98]. The choice fell on this model because it was specifically developed for supersonic 
flows, can be integrated to the wall without the use of wall functions, and its reliability 
has been extensively proven for flat plates [98], flat plates with injection [15], 
compression ramps [48] and flows around axi-symmetric bodies [47]. The terms in the 
RS transport equation as modeled in the ZSGS RS turbulence model are: 
 

 ij jkv ik
ijk ik jkj i

k i j

D u u
x x x
τ τ τσ σ µ

 ∂ ∂ ∂′ ′ ′ ′= + ≅ + +  ∂ ∂ ∂ 
  (5.45) 

 
 

 ij jkt ik
ijk i j k s

k i j

KD u u u C
x x x
τ τ τρ ρ

ε
 ∂ ∂ ∂′′ ′′ ′′= − ≅ + +  ∂ ∂ ∂ 

  (5.46) 

 
 

 2
3

wall
j iji

ij ik jk ij
k k

u u
x x

ε
ε σ σ εδ

ρ
 ′∂ ′∂′ ′= + ≅ +  ∂ ∂ 

  (5.47) 

 
  

 ( )ji
ij i jk j ik

j i k

uup p p u p u
x x x

δ δ
 ′∂′∂ ∂′ ′ ′ ′ ′ ′Π = + − +  ∂ ∂ ∂ 

  (5.48) 

 
where the two parts of the velocity-pressure gradient correlation tensor, ijΠ , are also 
know separately as the pressure strain rate and the pressure diffusion. Zhang, et al. 
proposed a model for ijΠ  where:  
 
 ,1 ,2

R wall
ij ij ij ij ijφ φ φ φΠ ≅ + + +   (5.49)  



Chapter  C.  217

 
the first two terms being the high-Reynolds number model of Launder, et al. [41], the 
third term the pressure echo term proposed by Zhang, et al. and the final term the near-
wall correction formulated by Zhang, et al. [97]. 
 
The six RS transport equations are coupled with a transport equation for the isotropic 
dissipation rate. The model of this transport equation, again as proposed by Zhang, et al. 
[98], is:  
 

 ( ) ( )
v t

k
k k k

D Du P D
t x x x

ε ε
ε ερε ρ ε ξ∂ ∂ ∂ ∂+ = + + − + Ψ +

∂ ∂ ∂ ∂
  (5.50) 

 
The terms in the above transport equation as modeled in the ZSGS RS turbulence model 
are: 
 

 v

k

D
xε
εµ ∂=

∂
  (5.51) 

 
 

 t
ij

k

KD C
xε ε
ερ τ

ε
∂ =   ∂ 

  (5.52) 
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  (5.53) 
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  (5.54) 

 
 

 1 2 2iiC f P
Kε ω
ε Ψ =  

 
  (5.55) 

 
 
 

 
2

2
2 1.5wf K K
εε εξ ρ  

= − + 
 

  (5.56) 
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2

2
j

K
x

ε ε ν
 ∂= −   ∂ 

  (5.57) 

 
 

 22
j

K
x

ε ε ν
 

= −   
 

  (5.58) 

 
The damping function 2wf  is given as: 
 
 

 
2

2
Reexp
40

T
wf

  = −  
   

  (5.59) 

and the closure constants are: 
 
 
 1 20.1 1.5 1.83 1.5C C Cε ε ε σ= = = =   (5.60) 
 
Closure for the energy equation is achieved by modeling the turbulent heat flux as:  
 

 
Pr

T
k

T k

Cp TCp u T
x

µρ   ∂′′ ′′ = −   ∂ 
  (5.61) 

 
where PrT , the turbulent Prandtl number is set to 0.9, and the turbulent eddy viscosity is 
defined as: 

 
2

T
KC fµ µµ ρ
ε

 
=  

 
  (5.62) 

 
where Cµ=0.096 and the damping function is given as: 
 

 3.451 tanh
115ReT

yfµ

+   
= +       

  (5.63) 

 
where: 

 wall

wall

yuy uτ
τ

τ
ν ρ

+  = = 
 

  (5.64) 

 
and τwall is the shear stress at the wall. 
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