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ABSTRACT

A flapping-wing micro-air-vehicle (FWMAV) represents a complex multi-disciplinary system whose analysis
invokes the frontiers of the aerospace engineering disciplines. From the aerodynamic point of view, a non-
linear, unsteady flow is created by the flapping motion. In addition, non-conventional contributors, such
as the leading edge vortex, to the aerodynamic loads become dominant in flight. On the other hand, the
flight dynamics of a FWMAV constitutes a nonlinear, non-autonomous dynamical system. Furthermore,
the stringent weight and size constraints that are always imposed on FWMAVs invoke design with minimal
actuation. In addition to the numerous motivating applications, all these features of FWMAVs make it an

interesting research point for engineers.

In this Dissertation, some challenging points related to FWMAVs are considered. First, an analytical
unsteady aerodynamic model that accounts for the leading edge vortex contribution by a feasible compu-
tational burden is developed to enable sensitivity and optimization analyses, flight dynamics analysis, and
control synthesis. Second, wing kinematics optimization is considered for both aerodynamic performance
and maneuverability. For each case, an infinite-dimensional optimization problem is formulated using the
calculus of variations to relax any unnecessary constraints induced by approximating the problem as a finite-
dimensional one. As such, theoretical upper bounds for the aerodynamic performance and maneuverability
are obtained. Third, a design methodology for the actuation mechanism is developed. The proposed actua-
tion mechanism is able to provide the required kinematics for both of hovering and forward flight using only
one actuator. This is achieved by exploiting the nonlinearities of the wing dynamics to induce the saturation
phenomenon to transfer energy from one mode to another. Fourth, the nonlinear, time-periodic flight dy-
namics of FWMAVs is analyzed using direct and higher-order averaging. The region of applicability of direct
averaging is determined and the effects of the aerodynamic-induced parametric excitation are assessed. Fi-
nally, tools combining geometric control theory and averaging are used to derive analytic expressions for the
Symmetric Products, which are vector fields that directly affect the acceleration of the averaged dynamics.
A design optimization problem is then formulated to bring the maneuverability index/criterion early in the

design process to maximize the FWMAV maneuverability near hover.
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Chapter 1

Introduction

In this chapter, a thorough literature review of the significant work done so far in the broad area of flight
dynamics and control of flapping-wing micro-air-vehicles (FWMAVs) is presented. The review includes
discussions of the design of wing kinematics, aerodynamic modeling, dynamic stability analysis, and control
synthesis. The aim is to point to un-answered questions in these areas that would help in advancing knowledge
about flapping flight. Section 1.1 provides the background and general analysis framework of flight dynamics
of FWMAVs. In Sections 1.2, 1.3, and 1.4, flapping kinematics, aerodynamic modeling, and dynamic stability
analysis are reviewed, respectively, and the associated issues and recommendations for future work are
presented in each corresponding section. In Section 1.2, design and parametrization of flapping kinematics
to achieve a high-control authority are discussed as well as designing flapping kinematics that is suitable
for multiple flight modes. In Section 1.3, the physical aspects of the aerodynamics associated with flapping
flight are listed. A review of most of the aerodynamic models in the literature of flapping flight is presented,
stating what each model captures from those physical aspects. However, emphasis is given only to models
used within the framework of flight dynamics and control of FWMAVs. In Section 1.4, the body dynamics
and stability analysis are considered. The assumptions usually made in the literature of dynamics and control
of FWMAVSs (e.g., neglecting the wing inertia and averaging) are discussed along with their limitations. A
review of the two main approaches for analyzing the dynamic stability of FWMAVs is provided. In Section
1.5, a review of the linear control design techniques as well as trials for nonlinear control design and motion
planning for FWMAVs are provided. Section 1.6 concludes the review and provides recommendations for

future work.



1.1 PREFACE

1.1 Preface

A general framework for the flight dynamics and control of FWMAVs is presented in Fig. 1.1. The flight
dynamics encompass the flapping kinematics, the aerodynamic modeling, and the dynamic equations of
motion. The kinematics design is performed to enhance the control authority, maneuverability, and aerody-
namic performance. This design is also driven by the enabling actuation mechanism and the available power.
The aerodynamic modeling is then performed using the wing motions selected in the kinematics design; this
modeling can be performed with different fidelity levels. The loads obtained from the aerodynamic model
are applied on the FWMAYV body through the dynamic equations of motion, which in turn are used to
analyze the dynamics of the flapping flight. This analysis includes simulation of the body motion, dynamic
stability analysis, and design of the controller and actuation mechanism. The control block is used to assign

kinematics modifications to the actuation mechanism in order to control the dynamics of the FWMAYV body.

Aerodynamic M odel
- Andlytic Quasi-Steady/Unsteady

- Unsteady Vortex Lattice

- Navier Stokes( RANS,LES,DNS)

Dynamics

. . . Nonlinear Time-Periodic
Kinematics Design - Averaging
- Control Authority - Linearization
- Maneuverahility - Floquet

- Aero-Performance

Body Mation

Actuation
Mechanism

Controller
Design

Kinematics

Commands

Figure 1.1: Framework of the flight dynamics of a FWMAV.



1.1 PREFACE

The flapping kinematics are usually described by the Euler angles of the wing with respect to the
body: the back and forth flapping angle ¢, the plunging angle ¥, and the pitching angle 1. These angles
manipulate the velocity vector seen by the airfoil section. This velocity vector, along with the pitching
angle and their time derivatives determine the aerodynamic loads. Figure 1.2 shows the three axis systems
needed to formulate the problem of flight dynamics of a FWMAV: an inertially-fixed frame xy,y;, and z; a
body-fixed frame xy, yp, and zp; and a wing-fixed frame x.,, ., and z,,. If the wing flexibility is considered, a
wing-deformed frame would be also needed. The zj-axis points forward, the yp-axis points to the right wing,
and the z,-axis completes the triad. Any sequence of the Euler angles could be used to describe the body-
fixed frame with respect to the inertial frame. However, the Euler angles sequence yaw-pitch-roll ) — 8 — ¢,
commonly used with conventional aircraft (13), has also been used for flapping flight (14; 15; 11; 16). The
wing-fixed frame is taken to coincide with the body-fixed frame for zero wing kinematic angles. Thus, the
sequence of Euler angles ¢ — ¢ — 1, flapping-plunging-pitching, is then used to describe the wing frame with
respect to the body frame.

Yi

-

Yb

Z

Xp

Figure 1.2: Axis systems used to describe the dynamics of a FWMAV.

Because the target of the kinematics is to manipulate the velocity vector seen by the airfoil section, it
is essential to provide a mathematical relation between these quantities. The velocity vector seen by the
airfoil section V, consists of two parts: the first is due to the flapping kinematics relative to the body and

the second is due to the body motion itself V. Hence,

Vo=Vp+wr_p XT+wp_p XT (1.1)

where r is the position vector of the origin of the wing-frame with respect to the origin of the body-fixed
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frame and wj_p and wy_,, are the angular velocity vectors of the body with respect to the inertial frame
and the wing with respect to the body-fixed frame, respectively. Hedrick et al. (17) and Faruque and
Humbert (18) emphasized the effect of the airfoil velocity due to the body motion; that is, the first two
terms in Eq. (1.1). Yet, in hovering configurations, where high-frequency flapping and slow or even no
body maneuvers exist, it is justifiable to neglect these terms and consider only the velocity due to flapping

(1; 15; 115 165 195 8; 9; 7). Doing so yields the airfoil velocity in the wing frame as

= —rpcostcosn — rdsing (1.2)
1.2

Ve
V., = —r¢cosvsinng + ) cosn

The velocity seen by the airfoil section, as presented in Eq. (1.2), is the input to the aerodynamic model,
which yields the aerodynamic forces and moments. The resulting aerodynamic loads are usually represented
either in the relative-wind frame (lift and drag) or in the wing frame (normal and tangential forces). The
relative-wind frame is the same as the wing frame but before the last pitching rotation. Thus, the relation

between the loads in the two frames is given by

Cp =Cpycosn— Crsing (13)
1.3

Cp = Cysinn+ Crcosn

where C, and Cp are the lift and drag coefficients, respectively, and Cy and C7p are the normal and

tangential force coefficients, respectively.

The dynamic equations of the body motion are usually written in the body frame. As such, it is necessary

to transfer the aerodynamic loads from the relative-wind frame to the body frame; that is,

X —d
v | =[RsR," | 0 (1.4)
z —0

L —d

M| =[RoR,)" | x| o (1.5)

N —0

where r&ﬁ) is the position vector of the wing center of pressure in the wing frame whose components are
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(xé@’,’),yﬁ”;,”), 0)and X, Y, Z, L, M, and N, are the contributions of the lift and drag (¢ and d) of the airfoil
section to the generalized forces in the body-fixed frame. Most insects have an approximately horizontal
stroke plane in hover (20; 21); that is, no out-of-plane motion (the plunging angle ¢ = 0). As such, the total
flapping velocity, seen by an airfoil section that is a distance r from the wing root, is just r¢$ with an angle
of attack a = 7. This latter configuration is used in Refs. (1; 15; 11; 16; 22; 19; 9; 7). Using this formulation

with the blade-element approach, one obtains the lift and drag forces as

(= 2fOR %pair(rgb)Qc(r)CL(a) dr = K12

d=2 fOR %paiT(rgb)zc(r)CD(a) dr = Kpp?

(1.6)

where pg; is the air density and ¢(r) is the spanwise chord-distribution. The aerodynamic loads in the body

frame are then given by

X —dcos
Y | = | —dsing (1.7)
zZ -
L —((y&“,)) cos p + ng) sin )
M| = | =@ sing — 2% cos o) (1.8)
N dyly

For a high flapping frequency relative to the natural frequencies of the body motion, the cycle-average
aerodynamic loads can be used instead of the instantaneous aerodynamic loads (23; 2; 15; 11; 16; 7; 24; 8;
9; 10; 25). From a dynamics perspective, this converts the system from a non-autonomous (time-variant)
system to an autonomous system. Details about the validity of the averaging assumption are discussed in
Section 1.4. Furthermore, the inertia effects of the wings on the body are usually neglected in the averaged

sense (2; 15; 16; 26; 27; 7; 24; 8; 9; 10; 25). With these two assumptions, the dynamic equations of motion
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are exactly the same as those used in conventional aircraft (13); that is,

m(4 + qu — rv 4 gsinf) =X
m(0 + ru — pw — gsin ¢ cos ) =Y
m(w + pv — qu — g cos ¢ cos ) =7
(1.9)
Ia:p - Imzr + (Iz - Iy)qrw - Izzpq =L
Iyd"‘(—rz —IZ)Twp—FIM(pQ—TE,) =M
Iry — Ie.p+ (Iy - Ix)pq +I.roqg=N
and the kinematic equations are
Y = (gsin¢ + rcos ¢)/ cos 0
0= qCcos¢p — rsing (1.10)

¢ = p+ (gsin g + rcos ¢) tan §

Equations (1.9,1.10) comprise nine dynamic equations for the body velocities (u,v, and w), the angular
velocities (p, ¢, and ry,), and the body Euler angles (1,6, and ¢). These equations are augmented with the
kinematic equations that relate the body velocities to the rate of change of the position of the body center

of mass in the inertial frame.

1.2 Flapping Kinematics

Configurations of the flapping kinematics that have been used in the literature for FWMAVs can be divided
into three types. In the first type, harmonic functions are assumed to ease the analysis (1; 2; 26; 28; 29; 22).
In the second type, observed kinematics from insects in nature are used (24; 15; 11; 16). In the third type,
the kinematics are designed for specific control purposes (7; 27; 8; 9; 10; 25). The latter type is discussed in

details here.
1.2.1 Design and Parametrization of Flapping Kinematics for High-Control Au-
thority

Schenato, Campolo, and Sastry (7) were the first to propose hovering kinematics, with specific parametriza-

tion to obtain high-control authority over the FWMAYV. They considered only one actuator per wing to



1.2 FLAPPING KINEMATICS

Flapping angle (p°

0 0.2 0.4 0.6 0.8 1
Non-dimensional time over one cycle

Figure 1.3: The flapping position angle proposed by Schenato et al. (7)

control the back and forth flapping position angle ¢. They proposed flapping with a constant angular ve-
locity during each half stroke, like the saw tooth function (shown in Fig. 1.3). They also used passive
pitching to maintain a constant angle of attack of 45° throughout the cycle because it is thought that this
configuration gives maximum lift. They did not consider plunging (out-of-plane motion). Their kinematics
are then described by

ot) Ao(1+w)(1 = 25) + 740, 0<t<pT L)

Ao(1 + n)(Q% —1)+~A40, pT <t<T

where vAy is used to represent an offset/bias for the motion, & is used to manipulate the amplitude of the
motion, and p represents the duration of the downstroke relative to the whole cycle; that is, p = 1/2 indicates
symmetric flapping. An asymmetric flapping is needed to generate forward/backward thrust on both wings
and, consequently, yawing moments. Thus, three kinematic parameters are tunable for each wing (k, p, and

7). Figure 1.3 shows the flapping position angle throughout the cycle.

As for aerodynamic modeling, they used a quasi-steady (QS) aerodynamic model based on the measure-
ments of Dickinson, Lehmann, and Sane (3). They took only the normal force into account, with the normal
force coefficient being C'y = 3.4sin« where « is the angle of attack, which they kept fixed at 45°. They
concentrated the normal forces at the ¢/4 point of the 0.7R section. They used these parameters to estimate

the aerodynamic loads from Egs. (1.3), (1.6), (1.7), and (1.8). Averaging these aerodynamic loads over the
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cycle and linearizing the averaged forces about hovering (i.e, ¥ = k = 0 and p = 1/2), they obtained

where

Fy

>
s}

—wy
Y|=fo| o [+F|o (1.12)
Z -1 — W2
Z —Wws
M| =M | w, (1.13)
N —Ws
32F A2 32FRA} 1,
= T2 MO = Ta F= ipairR SCN

and Ap and T can be chosen to make Fj balance the FWMAYV weight. The linearized forces and moments

are then related to the kinematic parameters through

wi = —sinc(5)[(pow — 3) + (prw — 3)]

W2 = KLW + KRW

wsg = —sinc(%)[/@w — KRW] (1.14)
wy = —sinc(42) [yLw + yrw]

ws = (pLw — %) — (prw — %)

Equation (1.14) represents a linear map between the six kinematic parameters for both wings and the

aerodynamic loads. Each equation can be intuitively interpreted from the physics of flight. Firstly, we note

that the amplitude manipulates the vertical lift. Thus, any change in the amplitudes from the hovering values

(i.e., k's # 0) would change the vertical lift force wy. A rolling moment ws can be generated if the amplitude

change is performed asymmetrically on the two wings (i.e., kLw # krw). Secondly, the relative timing

between the upstroke and the downstroke (parameterized by p) manipulates the forward thrust. As such,

any difference in the speed between the upstroke and downstroke on both wings (i.e., prw = prw # %)

would result in forward/backward thrust w;. A yawing moment ws can be generated if the speeds are

changed asymmetrically on the two wings (i.e., prw # prw ). Thirdly, the offset shifts the center of pressure

of the resultant aerodynamic forces longitudinally. Thus, a non-zero pitching moment w,4 can be produced

by making some offset. This linear map can be thought of as a control effectiveness matrix, whose rank
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indicates how many degrees of freedom can be controlled independently. Using the proposed kinematic
parametrization, they obtained a rank five control effectiveness matrix. All of the degrees of freedom, except
the translation in the y-direction, can be independently controlled. They proved that the full nonlinear

system is locally accessible and its linearization about hover is controllable.

Doman, Oppenheimer, and Sigthorsson in (19; 8; 9) emphasized the importance of minimal actuation
in FWMAVs, as this aspect was the main reason for the successful flapping flight of the Harvard Robofly
(30). It had only one actuator for both wings to control the back and forth flapping position angle ¢ sym-
metrically. That configuration was, however, only intended for climbing upward, no asymmetric maneuvers
were required. Doman et al. adopted the same idea used by Schenato et al. (7); they had only one ac-
tuator per wing and used passive pitching to maintain a constant angle of attack throughout the cycle.
However, Doman et al. (9) proposed different kinematic functions based on the flapping angle used in the
Harvard Robofly (30) and observed by Willmott and Ellington (31) in the hawkmoth flight; it is a simple
harmonic ¢(t) = coswt. In order to produce forward/backward thrust, they introduced asymmetry between

the upstroke and the downstroke. Their kinematics are then described by

©u(t) = cosl[(w — §)t] and @q(t) = cos[(w + o)t] (1.15)

where ¢ is "what they called” the split-cycle parameter and is used to produce the asymmetry. The com-

bination of the two modified-frequency half strokes must have the same period as the original one; that is,

%Tu + %Td =T, where T, = 2—”5 is the upstroke period, T; = Q—”J is the downstroke period, and T' = %’T is

w— w+

the full period. This condition dictates that o = w‘j—‘;é, which in turn results in a discontinuity at the end of

each cycle. Because the upstroke ends at ¢ = -, ¢, (t = ;%5) = cosm = —1, while

ul1=5) = (57 = ()

To eliminate this discontinuity in the wing position at the end of each cycle, they applied a phase shift to

the downstroke; that is, ¢4 = cos[(w + o)t + ¢] where ( = ;Egg As such, their proposed kinematics are
given by
u(t) = cos[(w—0)t], 0<t< T
° (1.16)
pa(t) = cosl(w + o)t + (], JT5 <t <
where o = w“_"; 5 and ¢ = ;E—’;g. Figure 1.4 shows the symmetric flapping case (6 = 0), along with cases

for advanced-downstroke, impeded-upstroke (6 > 0) and advanced-upstroke, impeded-downstroke (§ < 0).

Clearly two parameters are used to parameterize the kinematics of each wing: the fundamental frequency w
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Figure 1.4: The flapping position angle proposed by Oppenheimer et al. (8) and Doman et al. (9)

and the split-cycle parameter §.

As for the aerodynamic modeling, Doman et al. (19; 9) used the aerodynamic model of Dickinson,
Lehmann, and Sane (3). Because of its simplicity, it is the most common aerodynamic model used in the

literature of flight dynamics of FWMAVs. The lift and drag coefficients are given by

Cp = 0.225 + 1.58sin(2.13a — 7.20) 1)
1.17

Cp = 1.92 — 1.55 cos(2.04c — 9.82)

They substituted these coefficients into Egs. (1.6)-(1.8) to obtain the aerodynamic loads in the body frame
and then averaged the outcomes over the flapping cycle. For any generalized force G, they obtained the

cycle average by

w

G= o |7 Gletpa= 5 l |7 e as / Glpa(t)) dt] (L.18)

Substituting the proposed kinematics for ¢(t) into the aerodynamic loads, Egs. (1.6)-(1.8), and averaging
the outcomes using Eq. (1.18) results in quite difficult integrals. They found integrands like cos(cos wt) and
sin(coswt), which do not have indefinite integral solutions. Fortunately, Oppenheimer et al. (8) evaluated
these integrals over the required intervals from the results presented in Ref. (32). The evaluations required

the Bessel function of first kind J; (.) and the Struve function. The Struve function vanishes at the boundaries

10
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of the integrals. Finally, they obtained

Xpow = —2KpJi(Dwr,ow (6r,cw + or,LW)

Yrow =0

Zpiw = —1Kpwrow(2wr,ow — Sr.ow + OR,Lw)

Lriw = :F%KLWR,LW[(ZJS:;:)Jl(l) + 1) (2wr,Lw — Sr.Lw + OR,LW )] (1.19)

Mpw = $Krwr,Lw [wﬁ}f)Jl(l) cosa(6p,ow + orw) + 3AX g Lw (2wr,Lw — Or,Lw + OR,Lw)]

(w)

+%KDJ1(1)UJR’LW(5R,LW + URJ,W)(CL'C;J; sin o — AZR,LW)

Npw = £1Kpwrw (0r,Lw + UR,LW)[yg;}U) + wJi(1)]

where K and Kp are defined in Eq. (1.6), AXg pw and AZg pw are the shifts from the origin (vehicle
center of gravity cg) to the root hinge in the body frame, and w is the width of the vehicle fuselage (insect

abdomen).

One can extract some physical aspects from Eq. (1.19). The produced average lift force —Z is always
positive and the average side force is strictly zero with these kinematics. For a zero split-cycle parameter
d, one cannot produce average forward thrust X or yawing moment N. However, one can produce rolling
moment L by running one wing faster than the other wrw # wrw. It is interesting to note that, even with
a zero 8, there still exists an average pitching moment M for non zero AX. So, from a design point of view,
it is better to align the hinges of the wings with the vehicle cg to obtain zero pitching moment during hover

naturally without any active pitch trim.
Oppenheimer et al. (8) derived analytic formulas for the following control derivatives (sensitivities) near

hover where wr Lw = wo = , /% and o Lw = 0:

oG oG oG oG
Owrw’ pw’ Owrw Odw

oM _
OwR, LW

We recall that a zero AX is favorable for a self-pitch trim. However, the resulting control derivative
0; that is, the wings angular frequencies have no control authority over the pitching motion around hover.
This means that pitch control is achieved via the split-cycle parameters dg rw, which, in turn, give rise to
undesirable forward forces, indicating the need for an independent pitch control. To overcome this ptoblem,
Oppenheimer et al. (8) and Doman et al. (9) proposed the use of a bob-weight that shifts the vehicle cg
longitudinally along the x;-direction which yields independent pitch control. The bob-weight results in a

new moment term that must be added to the aerodynamic moments; that is, the moment due to the cg shift,

11
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which yields

L L Teg —sinf
M|=|M +1 0 [ *x(mo+mp)g| sinpcosd (1.20)
N N 0 cos ¢ cos b

aero

where x4 is the cg deflection of the whole vehicle from the original point, which is related to the bob-weight

displacement x g through the simple relation ., = nffﬁB , with my and mp being the masses of the vehicle

and the bob-weight, respectively. The deflection in the z,-direction is neglected, and a linear relation between

the bob-weight control voltage and its displacement is assumed; that is, g% = Kp.

Oppenheimer et al. (8) and Doman et al. (9) constructed the following linear map, similar to Eq. (1.14),
between the change in the generalized forces in the body frame and the control parameters (four kinematic

parameters and the bob-weight voltage):

AY —KDJ1(1)(,«)0 0 —KDJl(l)wo 0 0
. ORW
AY 0 0 0 0 O
o AwRW
AZ 0 Bas 0 Bss 0
= orw
AT 0 Bio 0 Bu 0
o Awrw
AM Bs1 0 Bss 0 Bss
VB
AN TKpi(Wwo(yly) +wi(1)) 0 —LKpJi(Dwolysy) + wJi(1)) 0 0
= [Béas)(lisa1)
(1.21)

where

1
B3y = B3y = —Kpwo, Bia = —Bu = —2Krwo {yéﬁ)h(l) + 414 ;

B51,3 = Jl(l)WQ KL-TS;;) cosa + KD(ﬂc(“’) sina — AZR,LW)} s

cp

B55 = KBmBg Cos ehover

The matrix [B] can be thought of as a control effectiveness matrix for the vector of the control parameters
@. The rank of [B] is five, indicating the authority to independently control five degrees of freedom; that is,
all but the translational motion in the yp-direction. This result is similar to that of Schenato et al. (7), with
the exception that the latter did not need a bob-weight. On the other hand, the proposed kinematics by

Oppenheimer et al. (8) are more feasible because the kinematic functions are smoother and the kinematic

12
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parametrization is more realizable. Both works have a split-cycle parameter. Oppenheimer et al. used the
frequency of the wings for vertical force manipulation, which is realizable through some speed control of the

actuator. Schenato et al. used the amplitude of the motion instead, which might be more difficult to realize.

Doman et al. (9) linearized the dynamic equations about hover, thereby reducing them to second-order
decoupled equations of the form ¥ = 4. Hence, a single-channel control could be applied on each equation
separately. The following control law guarantees the desired under-damped response for the state variable

x with a natural frequency w, and damping ratio ¢:

@ = —w2(x — Xd) — 20wn(X — Xa) (1.22)

where x4 and x4 are the desired/command values for this degree of freedom and its velocity, respectively.
This control law is applied on all channels (degrees of freedom) except the yp-channel; that is,
AYcom = _w%7x-73t(eb) - 2<Xwn,Xi'<gb)

(1.23)

ANcom = *W%,Nﬂ)e - QCan,Nd}e

where the subscript e refers to the error in the signal from the desired trajectory. Having obtained the
commands for these attainable five forces and moments, they augmented them with zero AY .,,. Performing
a pseudo inverse for [B] in Eq. (1.21), they obtained the five control inputs. These inputs were then
passed through a zero-order hold to keep them unchanged during the cycle. This is the inner-loop control.
Additionally, there is an outer loop control that was used to determine the error in the vehicle position
and attitude. In the outer-loop, they followed the technique of yaw-transfer. In this technique, the vehicle
first adjusts its heading while hovering to head toward the desired target, and then it transfers in that
direction while adjusting its attitude. They simulated their designed controller to fly over five way points.
The controller performed well except for the excessive required displacements from the bob-weight, which

exceeded 2.2mm. In fact, this limitation stimulated their follow-on research (33; 10; 25).

Doman et al. (9) found that an excessive bob-weight displacement is required during the simulation of
their designed controller, which makes its use questionable. Furthermore, Doman and co-workers (19; 8; 9;
33; 10; 25; 34) noted the importance of minimum actuation in flapping flight. In their more recent work,
Oppenheimer, Doman, and Sigthorsson (33; 10; 25) proposed kinematics to get rid of the bob-weight and
obtain higher control authority over the FWMAV. Comparing the works of Schentao et al (7) and Doman

et al. (9), we find that both have some manipulation for the vertical force: motion amplitude in the work

13
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of Schenato et al. and wing frequency in the work of Doman et al. Also, both of them have a split-cycle
parameter for manipulating the forward thrust. However, Doman et al. did not include any offset for the
wing motion as Schenato et al. This was the main reason for the lack in pitch control authority with the
previous proposed kinematics of Doman et al., and they overcame it by using the bob-weight. So, Doman
et al. (10) and Oppenheimer et al. (25), in their recent work, included an offset for the motion. This offset
seems to solve all of the problems; they were able to get rid of the bob-weight and provide a full rank (rank
6) control effectiveness matrix. They introduced a bias v to the kinematic functions, which leads to

wu(t) = cos[(w — §)t] + 7, 0<t< =

w—

(1.24)
pa(t) = cos[(w+ o)t + (] +7, Fo5 <t < &

g
<
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Figure 1.5: Discontinuity of Doman et al. (10) kinematics with a biasing term.

If the required bias for a certain cycle is different from that of the previous cycle, discontinuity will
occur between the adjacent cycles (see Fig. 1.5). Doman et al. (10) solved this problem by modifying the

amplitude of the second half of the downstroke as follows:
wa2(t) = (1 + AA)cos[(w+ o)t + ]+

The continuity between cycles (¢, (t = 2Z) = pgo(t = 22)) gives AA = 41 — 7, which dictates a one-period

14
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delay for applying the bias. Thus, the final form of the proposed kinematics is expressed as

o

pult) = cosl(w — 8)1] +7, <t<_T

Par(t) = cosl(w + )t + ¢+, e (1.25)

IA

Pas(t) = (1+ AA) cos|(w+ o)t + (] +7, Foe <t < 2z

where w, 9,7, and AA are all calculated at the beginning of the upstroke; w and § are applied immediately
for the whole cycle; AA is applied for the second half of the down stroke of the current cycle; and ~ is applied

for the whole next cycle.
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Figure 1.6: Doman et al. (10) final kinematics with a biasing term

Figure 1.6 shows the final proposed kinematics with the biasing term. They have three kinematic
parameters (w,d, and ) per wing. This results in a full rank control effectiveness matrix (rank 6), which
means having full control authority over the six degrees of freedom of the FWMAV. The addition of the
biasing term removes the need for a bob-weight and also adds the ability to produce a Y-force independently.
On the other hand, the proposed kinematic functions are not smooth, they exhibit slope discontinuity between

cycles, which might produce complex dynamics.
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1.2.2 Design of Flapping Kinematics Suitable for Multiple Flight Modes

In contrast to the design and parametrization of flapping kinematics to obtain a high-control authority with
minimum actuation, Chung and Dorothy (27) introduced the concept of Central Pattern Generators (CPGs).
According to Hooper (35), CPGs ”are neural networks that can endogenously (without rhythmic sensory or
central brain input) produce coordinated patterns of rhythmic outputs”. So, in application to flapping flight,
the degrees of freedom for the wing relative to the body (flapping, plunging, and pitching) are all driven
by a particular pattern, say some oscillatory function. The main controller is not directly responsible for
generating these patterns, but it is rather used to command the frequencies, amplitudes, and relative phase
shifts for these patterns. As such, the CPG-based control reduces the dimensionality and bandwidth of the
signals required from the main controller. An ideal, robust, simplified dynamic model for CPGs is a stable

limit cycle. Chung and Dorothy chose the Hopf oscillator as their CPG model, whose dynamics are given by

(x1—a)’+x3
X1—a A =2 —0) —w(t) X1—a
a4 = v L U®) (1.26)
dt x1i—a)’+x3
X2 w(t) “AHE——2 - o) X2

Equivalently, x = f(x;p;0) +U(t),x = (x1 —a, x2), where p > 0 is the radius of the circular limit cycle of
the Hopf oscillator. The rate of convergence to the stable limit cycle is determined by A > 0 and U (¢) is an
external or input signal. The time-varying parameters w(t) and a(t) represent the frequency of oscillations

and the bias of the limit cycle, respectively. The limit cycle is defined by the solution to Eq. (1.26):

X1(t) = pcos(wt 4+ 6) +a and x2(t) = psin(wt + 9)

Only the first state x1(t) of the Hopf oscillator was used to generate the desired oscillatory motion (CPG
Pattern) of the joints of the wings. For control purposes, the degrees of freedom are coupled by synchronizing
the oscillators (exact matching of the scaled amplitude with a desired phase difference). Coupling between

the oscillators and their phase-rotated neighbors is applied by replacing the external input signal U (¢) with

my

Pi
—k(1) Z (x; — —R(d:5)x;)
JEN; P
in Eq.(1.26), which yields
Xi = i) — k@) Y (6 — ZR(6:5)x;) (1.27)
JEN Pi

where f(x;; pi) represents the Hopf oscillator dynamics defined in Eq. (1.26) with o = 1. Here, IV; represents

the set of local neighbors to the i*" oscillator, m; is the number of these neighbors, R(d;;) is a two-dimensional
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rotation matrix of the phase difference d;; between the ith and j' oscillators, and k(t) > 0 represents the

coupling gain, which is allowed to be time-varying for different flight modes.

A single Hopf oscillator with U (¢) = 0 has a globally uniformly asymptotically stable limit cycle when
the bifurcation parameter ¢ = 1, with a Lyaponuv function V = {(XFZ% -1 2, see Strogatz (36).
For ¢ = —1, the system has a globally uniformly asymptotically stable equilibrium point at the origin
(x1 = a,x2 = 0), with a Lyaponuv function V' = (XPZ% + 1} (36). As such, a single Hopf oscillator
without external input signals is stable, but there is still a need to prove stability for the coupled Hopf
oscillators. Chung and Dorothy used the contraction theory (37; 38) to prove stability for the synchronized
Hopf oscillators. The stability analysis of coupled Hopf oscillators can also be found in Refs. (39; 40; 37).
The choice of Chung and Dorothy for the Hopf oscillator as a CPG model is justified by two reasons, namely,
its symmetry property and smooth bifurcation. The symmetry property of the Hopf oscillator, as opposed to
the van der Pol and Rayleigh oscillators (36), is essential for proving stability for the synchronized oscillators.

This property can be interpreted mathematically as
F(R(6)x; p;0) = R(3)f(x; pi 0) (1.28)

That is to say the vector field f, representing the dynamics, of a rotated state vector R(d)x is the rotation of
f of the un-rotated state. Furthermore, the symmetry property prevents the instability arising from switching
between two stable systems because one of the systems has to be asymmetric for the instability to arise (41).
In their proof of stability for the synchronized oscillators, Chung and Dorothy (27) exploited the scaling
property f(Ax;p;0) = Af(x;p/A; o) of a symmetric oscillator. The smooth bifurcation, represented by the
bifurcation parameter o, is used to smoothly switch from flapping to gliding flight. When the FWMAV’s
airspeed and altitude exceed some prescribed values, its potential and kinetic energy are enough to drive the
flight, without a need for continuous flapping. To stop flapping, the bifurcation parameter o is switched from
1 to -1, which in turn bifurcates the oscillators from their oscillatory motions to fixed positions corresponding
to the centers of rotations (x1(t) = a). It is noteworthy to mention that setting w = 0 would also drive the
FWMAV to steady-state gliding. However, the converged steady-state values would depend on the initial
conditions. In contrast, switching o to -1 guarantees convergence to the desired values (y; = a), irrespective

of the initial conditions and without having to set w = 0.

For the aerodynamic loads, they used the QS aerodynamic model of Dickinson et al. (3) along with
the potential flow formula for the rotational lift (to be discussed below). For the equations of motion, they
used the 6 DOF rigid-body dynamic equations, shown in Eq. (1.9). For control purposes, they had eight
joints (four per wing): three Euler angles and one intermediate joint for wing flexing to reduce drag in the

upstroke. Clearly their approach was too far from the minimal actuation concept emphasized by Wood (30)
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and Doman et al. (19; 8; 9; 33; 10; 25).

The previous three subsections introduced kinematics or dynamic models for the wing joints that are
designed from a pure control point of view. A question that arises is ”What about the aerodynamic per-
formance of such control-based optimum kinematics?” Using the calculus of variation, Taha et al. (42)
proved that the triangular waveform of Schenato et al. (7) yields the minimum hovering aerodynamic power
requirements. In contrast, the harmonic waveform used by Doman et al. (9; 10) and Oppenheimer et al.
(8; 25) requires 20 % more aerodynamic power for hovering than when using the triangular waveform. Later
on, Doman et al. (34) switched to the triangular waveform because of analytic and practical reasons. On the
other hand Berman and Wang (43) proposed kinematic parametrization (11 parameters) that sweeps a very
wide family of functions. They used both gradient-based and global optimization techniques to minimize
the required power (aerodynamic + inertial) under lift constraint. Also, Ghommem et al. (44) consid-
ered the same problem with different kinematics and aerodynamic model. They used the unsteady vortex
lattice method as their aerodynamic model and did not incorporate the inertial power. Considering these
investigations, the above question can be reversed to ”What is the the resulting control authority of those
aero-optimum kinematics?” The answer to these two questions is in a multi-disciplinary framework that
encompasses control authority /controllability /maneuverability and aerodynamic performance. Stanford et
al. (45) performed a multi-disciplinary optimization the flapping wing planform, structure, and kinematics.
Their objective was to minimize the aerodynamic power under lift constraint and also minimize the largest

Floquet multiplier to ensure flight stability.

1.3 Aerodynamic Modeling

Aerodynamics of flapping flight has been a subject of investigation for almost a century, mainly by biologists
(46; 47). Most of the results relevant to aerodynamics of flapping flight before the 1950’s were summarized
in the review by Weis-Fogh and Jensen (48). They reviewed many models, with detailed explanations for
what they referred to as the most complete models (49; 50; 51; 52). Holst and Kuchemann (49) assumed a
sinusoidal plunging motion of the whole wing without flapping about the fulcrum, but with a phase-shifted,
biased pitching oscillation. Because these kinematics describe the oscillatory motions of the tails of whales,
Parry (53) used their results to calculate the thrust due to plunging oscillations of these tails. It is noteworthy
that Holst and Kuchemann were the first to show that maximal thrust is attained at 90° phase difference
between pitch and plunge. Stolpe and Zimmer (54) and Chadwick (55) were the first to note the horizontal
stroke plane in hovering insects. In both works, they noted that the wing twist is used to ensure lift during

both half strokes. All of these early investigations were based on quasi-steady (QS) aerodynamics, which
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may be valid for slow flapping (low reduced frequency) in forward flight of large birds.

Models for General Aerodynamic Analysis: Ellington (56; 57; 21; 58; 59; 60) used QS aerody-
namics to analyze flapping flight of insects. Weis-Fogh (61) discussed the role of the unsteady aerodynamics
in hovering insects. He stated that there are two counteracting unsteady mechanisms: the delayed stall and
the Wagner effect. In the delayed stall, the wing can attain higher lift coefficients at angles of attack that
exceed the stall value. The reason is that it takes time to exchange energy for boundary-layer separation and
that time is not available when the wings flap at high frequencies. On the other hand, time is required for
the circulation to build up and for the wing to attain the steady lift corresponding to the geometric angle of
attack (Wagner effect (62)). He noted that it takes 2-3 chord lengths of wing travel for both of the dynamic
stall and Wagner effect to diminish. Considering that, in hover of the humming bird and drosophila, the
70% semi-span section travels about 5-6 chord lengths, these two effects would only be important at the
onset of each stroke. Because these effects have opposite impacts in terms of aerodynamic loads, the use of

QS models has been justified.

Ellington et al. (63) discussed the phenomenon of the Leading Edge Vortex (LEV) and its importance
in insect flight and noted that the LEV is a translatory effect, meaning that it could be modeled as a QS
effect. This notion led Dickinson et al. (3) to develop a QS empirical model for the lift and drag at high
angles of attack due to a stabilized LEV. The quasi-steady aerodynamic models are ideal for optimization,
sensitivity analysis, dynamic stability analysis, and control design. These models have also been refined
via augmentation with some inflow models, such as the actuator disk theory (64) and Peters’ inflow model

(65; 66).

Ellington (67) indicated the importance of the unsteady effects on the aerodynamics of insect flight.
Phlips et al. (68) developed and applied an unsteady lifting line theory to the forward flight of birds.
They assessed some relationships between the geometric and kinematic parameters and the forces and power
required. They generated the power-speed curve for some birds and compared their results with those of
Rayner (69; 70; 71). Fritz and Long (72) were the first to apply the Unsteady Vortex Lattice Method (UVLM)
to flapping in forward flight and exploit the object-oriented C++ in dealing with the UVLM algorithm.
The fact that UVLM can be performed with a feasible computation burden makes its use convenient for
optimization and sensitivity analyses. Stanford and Beran (73) performed gradient-based optimization of
flapping wing morphing kinematics using the UVLM as an aerodynamic model. Their objective was to
maximize the aerodynamic efficiency under lift and thrust constraints. Ghommem et al. (74) tackled the

same problem using global and hybrid optimization techniques.

Because of issues with vorticity accumulation in hovering flight, the use of three-dimensional UVLM may
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result in noisy flow quantities. Ghommem et al. (44) used the two-dimensional UVLM instead to obtain the
hovering kinematics that minimize the required aerodynamic power under a lift constraint. In fact, the use
of 2-D unsteady aerodynamics is somehow justifiable for such a problem because, for high-frequency flapping
associated with hover, the 3-D effects are negligible. Reissner (75) stated that the 3-D induction effects on
the unsteady aerodynamics are diminished as the reduced frequency k increases. Reissner and Stevens (76)
found that the finite-span effects are negligible for wings of aspect ratio 6 when k exceeds 1.0 and for wings
of aspect ratio 3 when k exceeds 2.0. This is due, in case of high-reduced frequencies, to the dominance
of the contribution of the added mass to the loads, in comparison to that of the circulatory component. It
should be noted here that, according to Reissner’s unsteady theory of finite wings, the added mass effects do
not change whether the flow is 2-D or 3-D. This notion has also been supported by Jones (77; 78) who found
a negligible 3-D induction near the start of an impulsive motion. The reason is that a high acceleration is
associated with the initial motion and dominates the added mass effects, which are well predicted by the

2-D aerodynamics.

Five terms can be identified as contributors to flow quantities during hover. They include the translatory
effects due to wing translation and the leading edge vortex (LEV), the rotational lift, the effects of wake
capture, the viscous effects, and the added mass effects. The UVLM captures all but the viscous and the LEV
effects. As shown by the experiments of Dickinson et al. (3; 79), the viscous effects for the range of Reynolds
numbers (75-4000) of hovering FWMAVs/insects can be neglected. However, the LEV contribution can be
very considerable in this range of Reynolds numbers with the high angles of attack encountered in hovering,
and as such it cannot be neglected. Ansari et al. (80; 81) extended the work of Von Karman and Sears (82)
to include the LEV effects by shedding vortices from both of the leading and trailing edges. They derived
two nonlinear integral equations for the shed wake and leading edge vortices. Because of the computational
cost associated with this formulation, its use in optimization, sensitivity analysis, and dynamics and control
is still limited. Gogulapati et al. (83) implemented the previous formulation to study aeroelasticity of a

flapping wing and to analyze the flexible hawkmoth wings in hover (84).

Ramamurti and Sandberg (85) solved the incompressible Navier-Stokes equations on the Drosophila
wing. Sun and Tang (86) solved the Navier-Stokes equations on the wing of a hovering of Drosophila to
calculate the lift generated and power required. Sun and Du (87) performed the same study on a wide range
of eight insects. Sun and Wu (88) solved the Navier-Stokes equations on the wing and body of the fruit
fly in forward flight. Sun and Tang (89) calculated the aerodynamic forces and consequently the stability
derivatives needed to analyze the dynamic stability of flapping flight (15; 11; 16). Finally, it is worthy to
note the model of DeLaurier (90) for the forward flight. This model aimed at checking the aerodynamic

calculations of the pterosaur developed by Aerovironment. The model included low-fidelity representations
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of the 3-D unsteady effects, friction effects, a partial leading edge suction, and a post-stall behavior. For
more details on the aerodynamics of flapping flight, the reader is referred to Mueller (91), Shyy et al. (92),
Sane (93), and Wang (94).

Models for Dynamics and Control: Almost all of the aecrodynamic models, used within the frame-
work of dynamics and control of flapping flight, are experimentally-based; that is, data fitting is used to
construct approximate formulas for the measured aerodynamic loads. One may classify these models based
on their representation as unsteady and quasi-steady. Trials to develop an unsteady aerodynamic model,
via representing the aerodynamic loads in a Fourier series, tend to be ad-hoc (23; 95; 96). Unfortunately,
these models may not be applicable or satisfactorily corrected if the wing kinematics or geometry are varied
and, as such, cannot be used with arbitrary kinematics and wing shapes. On the other hand, represen-
tation of the aerodynamic loads in a quasi-steady model (1; 2) tends to be somehow more general. The
QS model of Dickinson et al. (3) is ubiquitously used in the literature of flight dynamics of FWMAVs
(28; 29; 22; 7; 97; 24; 27; 19; 8; 9; 33; 10; 25). This model gives algebraic expressions for the lift and drag
coefficients as functions of the angle of attack. It captures the translatory leading edge vortex (LEV) effect.
Pesavento and Wang (4) and Andersen et al. (5; 6) added some modifications to the model of Dickinson et

al. by including the rotational lift and the viscous and added mass effects.

Berman and Wang (43) used the model of Andersen et al. (5; 6) to obtain optimum hovering kinematics
that minimize the total required power (aerodynamic + inertial) under a lift constraint. Dietl and Garcia
(26), and Orlowski et al. (98; 99; 100) used this model within the framework of flight dynamics. Weihua and
Cesnik (29) used two unsteady aerodynamic models within the framework of coupled aeroelasticity and flight
dynamic simulation: the model of Ansari et al. (80; 81) which allows for shedding vortices from both of the
leading and trailing edges and the finite-state airfoil theory of Peters (65; 66). Using the model of Ansari et al.
shedding vortices from both of the leading and trailing edges, they encountered high-frequency components
for the aerodynamic loads, which caused numerical problems. Consequently, the solution diverged before
completing one cycle of the coupled aeroelastic-flight dynamic simulation. The results of the model of Ansari

et al. without shedding vortices from the leading edge match very well those of Peters’ theory.

Off line direct numerical simulations have also been used by Sun and Xiong (15; 16) and Sun et al. (11)
to obtain the stability derivatives and consequently analyze the local stability of insects in both hovering
and forward flight. Gao et al. (101) also used the same aerodynamic model and approach for analyzing the
stability of the hawkmoth in hover. This model is useful for the local stability assessment about specific
equilibrium points. However, it may not be suitable for simulation purposes, where it is required to call the

aerodynamic sub-routine at every time step while marching the dynamics forward in time. Details of the
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aerodynamic models are provided next.

1.3.1 Unsteady Aerodynamic Representation

Thomas and Taylor (102) were the first to tackle the flight dynamics problem of animals. They (23) measured
the forces on a tethered locust in the wind-tunnel at different speeds and angles of attack. Then, they
averaged these aerodynamic loads over one cycle to obtain cycle-averaged longitudinal stability derivatives.
These derivatives were incorporated into the linearized equations of motion to yield the longitudinal natural
modes. One mode is similar to the short-period mode seen in conventional aircraft. However, their results
for the short-period natural frequency is 10 Hz, which is about only one-half the beat frequency (22 Hz) for
the locust. This indicates coupling between the periodic forcing and this mode, which refutes the assumption
that the body just feels the averaged forces. Actually, this motivated their later work (95), in which they

represented the measured forces in a Fourier series.

The aerodynamic loads X (t), Z(t) and M (t) were measured over a range of angles of attack a and
forward speeds U on a tethered locust. They represented the forces in a Fourier series with eight harmonics

that were found to be sufficient. At the equilibrium (reference) point, each force/moment, P, was written as

8
P.s(t) = Z(al,n cos nwt + by ,, sin nwt) (1.29)

n=0

For the a-series, and the U-series, they wrote

P(O‘vt) :Pref(t)+Pa(t)(a_aref) (130)

P(U7 t) = Pref(t) + PU(t)(U - Uref) (131)

where
8

P,(t) = Z(ag,n cos nwt + ba ,, sin nwt)
n=0

Py(t) = Z(ag,,n cos nwt + bs ,, sin nwt)

n=0

Their generalized forces at any o and U were written as

P(a,U,t) = Pref(t) + Po(t) (oo — arey) + Pu(t)(U — Upey) (1.32)
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Thus the X force, for example, in Eq. (1.9) would be substituted as

Xyef(t) + Xo(t) (arctan% - Oéref) + Xu(t) (\/ u? + w? — Uref)

It is clear that their model is quite strong for their specific problem because it captures all of the (experimentally-
based) physics. Furthermore, it allows the dynamic model to be nonlinear time periodic, which is the most
rigorous representative form. On the other hand, the model is only applicable for a specific case, as the

determined Fourier coefficients could not be used with arbitrary kinematics and wing shapes.

1.3.2 The Quasi-Steady Model of Khan and Agrawal (1; 2)

Khan and Agrawal (1) developed an aerodynamic model for a wing undergoing back and forth flapping ¢
and pitching 7, without an out-of-plane motion 9. The total velocity seen by the airfoil section is simply r¢.

The velocity components in the wing frame were then determined from Eq. (1.2) by setting ¢ = 0; that is,
Voo = —1pcosn and V,, = —r@sing
They considered the translatory effects, the rotational lift, and the added mass effects, and neglected the

viscous effects.

For a wing section of width dr at a distance r from the root, the translatory force is written as
1 2
dFgsyLev = ipm-,a(rgo) Ch(a)c(r)dr (1.33)

where C1(a) represents the translatory force coefficient. A similar equation can be written for the rotational
force using a different coefficient. However, they represented it in another way. They considered the trans-
latory and rotational effects simultaneously to appear exactly as Eq. (1.33) with the velocity being taken
at a point, different from that of the pitch-axis whose velocity is just 7. For a point that is a normalized
distance d ahead of the pitch axis, the velocity components in the wing frame are written as

Ve, = —r@cosn and V., = —r¢psinng —den (1.34)

w

The total velocity is then given by Vi,s = /V;2 + V2. As such, the total force, including the translatory
and rotational effects, is written exactly as Eq. (1.33) with r¢ being replaced by V.

As for the added mass effects, they considered only the effect of the acceleration normal to the chord
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(plunging like). They took the added mass to be the mass of a cylinder whose radius is the semi-chord, see
(103); that is,
1

dFadded mass — ECSpairﬂ-c2 (T)(_Vzw)dr (135)

where

V.. = —rgcosn + ronsinng — deij

w

Three coefficients need to be determined: C7,Cj3, and the effective point in rotation represented by d. To

obtain these parameters, they chose the following kinematics:
o(t) = Aysinwt and n(t) = —A, coswt

They picked instants where two effects vanish or diminish while the other attains its maximum. At the
mid-stroke where ¢ = 0,7 = 0, and ¢ and 4 attain their maxima, the rotational effects vanish while the
translatory and added mass effects attain their maximum values. However, the translatory effects outweigh

the added mass effects. As such,

Cr = fpmmtise =0 (130

They considered 24 configurations of different Ay, A,, Reynolds numbers, and frequencies. For all
configurations, the translatory coefficient could be fitted by C;(«) = %a, although one cannot expect to find
a pure linear relation between the normal force coefficient and the angle of attack up to 90°. Then, they set
17 = 0 (no rotational effects) during the whole cycle to estimate the coefficient C5 associated with the added
mass effects. As such, at the end of each half stroke, the translatory effect vanishes, while the added mass

effect attains its maximum. Thus,

Cs = Total measured force —4A 1.37
3 T JE () (=V(rt),,)dr’ 7 v ( )

The value of C'5 was found to vary from 0.5-1.0 in the 24 configurations. On the other hand, they tuned d in
the model to match the experimental results and found d = 0.75 — zy, where T is the normalized position of
the pitch axis, to be the most appropriate. This exactly matches the result of the rotational lift as derived
from potential flow, see Ellington (58; 59). The rotational circulation is given by T'yo; = m¢2(0.75 — ).
This indicates that the effective point in rotation is the three-quarter chord point, which is also found to be
the effective point in all potential flow analysis according to the Pistolesi theorem (104), see (105). In their
work, Khan and Agrawal managed to make their coefficients independent of the kinematics. However, these
coefficients are strong functions of the wing geometry (aspect ratio and sweep), especially the coefficient

representing the translatory effect.
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1.3.3 The Quasi-Steady Model of Dickinson et al. (3)

Almost all of the early trials of explaining insect flight invoked non-conventional high-lift mechanisms. Elling-
ton et al. (63) explained how insects exploit the Leading Edge Vortex (LEV) as a high-lift mechanism, which
is also known to be critical for lift generation of highly swept and delta wings aircraft. These wings are al-
ways associated with low-aspect ratios, which result in low lift-curve slopes. To attain the high lift needed
for takeoff, large angles of attack would be required. This may cause tail scrape on the ground. So, the
exploitation of the LEV is inevitable for highly swept and delta wings. The LEV augments the bound vortex
on the wing and, as such, the lift increases. This phenomenon is similar to the one observed in dynamic stall
when the wing exhibits a rapid variation in the angle of attack. There is no immediate pressure change on the
airfoil surface corresponding to the new geometric angle of attack because of the lag associated with unsteady
aerodynamics. It is as if the airfoil sees a lower angle of attack than the geometric one and, consequently,
a LEV is formed. This vortex grows and moves downstream on the upper surface. At this stage, 50-100%
additional lift could be generated (106). The LEV movement shifts the center of pressure downstream as
well, causing highly nose down moment, which is the start of stall. As the LEV leaves the trailing edge, a

complete flow separation occurs.

In contrast to the dynamic stall situation, the LEV formed in insect flight has stable characteristics.
What stabilizes the LEV is the outward spanwise flow, which convects the LEV towards the tip (63; 107;
108; 109). This spanwise flow is generated by the flow component parallel to the highly swept leading edge
in delta wings. In insect flight, similar to helicopters and propellers, the rotational motion creates a spanwise
velocity gradient, which in turn creates a pressure gradient that generates the spanwise flow. The LEV is
due to the translational motion of the wing. Thus, Dickinson et al. (3) let their model wing move with
a constant velocity at different angles of attack in an arc of 180° and measured the resulting aerodynamic
loads. We note that the curved motion along the arc is necessary to simulate flapping and to stabilize the
LEV by the spanwise flow as discussed above. They measured the lift and drag, normal and parallel to
the instantaneous velocity, respectively, and fitted the data to represent the lift and drag coefficients due to
translational motions by

C = 0.225 + 1.58sin(2.13a — 7.20) (135)
1.38

Cp = 1.92 — 1.55 cos(2.04a — 9.82)

Wang, Birch, and Dickinson (110) fit their data with simpler forms, namely

Cp = Asin2a, Cp = B — Ccos2a or Cp = Cp(0) cos® o + Cp(g) sin? o
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where the coefficients A, B,C,Cp(0), and Cp(%) depend mainly on the Reynolds number and the wing
shape. Equation (1.38) could model one of the high-lift mechanisms exploited by flying insects (LEV). It
is applicable for the whole range of the angles of attack (—7,%). Sane and Dickinson (111) provided a
revised model that accounts for the added mass effects. Dickson and Dickinson (112) considered forward
flight and determined the coefficients in Eq. (1.38) as functions of the reduced frequency. Polhamus (113),
who was the first to model the LEV contribution on highly swept and delta wings by a leading edge suction
analogy, identified two components for the lift. They are the potential flow lift with zero leading edge suction

2 o and the vortex lift C, = Kscosasin? . Both of K1, and K5 are functions of the

Crp = Kisinacos
aspect ratio (AR). Particularly, K7, which becomes the lift-curve slope in the limit of small angles of attack,
is a strong function of the AR. Consequently, the coefficients in the model of Dickinson et al., Eq. (1.38),

are not be valid for any arbitrary wing because they can drastically change with variations in AR.

In the same work, Dickinson et al. (3) emphasized the importance of two other high-lift mechanisms,
namely the rotational lift and wake-capture effects. They obtained the contributions of these effects by
measuring the total forces due to flapping over one cycle and subtracting the forces due to the translatory
effect, as predicted by Eq. (1.38). They found peaks at the beginning and end of each half stroke. The
rotational lift is mainly due to the wing rotation at the end of each half stroke to adjust the angle of
attack for the next half stroke. This rotational velocity of the wing creates a rotational circulation I',.,; =
712 (0.75—), which can be accurately predicted by the potential flow (3; 111). It is interesting to note that
the resulting circulation may be favorable (creates upward lift) or unfavorable (creates downward force), it
depends on the phase between the wing rotation and the reversal of the translational motion. If the rotation
starts before the wing reversal, a favorable circulation forms and vice versa. Actually, this notion can be
clearly seen if one recalls the circulation necessary to generate lift on a circular cylinder, hence, Dickinson
et al. (3) related this effect to the magnus effect (a circular cylinder rotating in an oncoming free stream).
On the other hand, although the rotation may add to the resulting lift, it essentially leads to an increase in
the angle of attack, which may in turn decrease the lift due to the nonlinearity of the C'r-a curve at these

high values of a. Therefore, there is an optimum rotation schedule that is usually sought by researchers.

The rotational mechanism is related to the high-lift peaks found near the end of each half stroke. On
the other hand, the peaks observed at the beginning of half strokes, where there is almost zero forward speed
for the wing sections, cannot not be explained by the same mechanism. These peaks are actually due to
the lingering wake created during the previous half stroke (3). Unfortunately, this effect is very difficult to
be independently modeled; that is, separated from the translational and rotational effects. Dickinson et al.
noted that the wing rotation strengthens the lingering wake and set the wing at the appropriate angle to

make use of the shed vorticity. As such, the rotational and wake-capture mechanisms can simultaneously
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interact to control the aerodynamic forces during maneuvers. Dickinson et al. found that, although the
rotational and wake-capture mechanisms exist for quite small periods during the cycle, they can contribute
by 35% of the total lift produced during the whole cycle. A rotation phase advance of 8% of the cycle period

results in a 40% increase in the average lift coefficient.

1.3.4 The Quasi-Steady Model of Pesavento and Wang(4) and Andersen et al.
(5; 6)

This model is a quasi-staedy, quasi-2D model based on the blade element theory. It captures the leading
edge vortex (LEV) and rotational effects into a circulation term, along with the viscous and added mass
effects. It is presented in terms of the velocity seen by the airfoil section and the pitching angle. The forces

and moment in the plane of the wing section are given by

dF,,, = [ (™22 4 mon ) Ve i 4 pair Ve, T = murVa, | dr = dFyq
AF,,, = [ ("2 4 m11) Ve i = pair Ve, T = ma Vs, | dr — dF. (1.39)

dr = [(maa — m11) Ve, Ve, — Lofi] dr — dr,

where m,, represents the wing mass, m,,c(r)/c¢ represents the mass of the wing-section, F, and 7, are the

viscous force and torque, respectively, and

1 1
mi = Zﬂ-pairtQ(r)v Mmoo = Zﬂ-pairCZ(T)? I, = @ﬂ-pa”(c2(’r) + tz(r))

2

The first term in each force equation compensates for the centripetal forces due to the rotation of the force-
measurement frame. The second term is due to the circulation, which includes both of the translatory and
rotational effects. The last term is the viscous term, which accounts for the viscous boundary layer and the
pressure drag due to separation. The same terms exist in the moment equation except for the circulation

term with the moment being taken at the center of pressure. The circulation is given by

1
L = —50L(@)e(r)Vior + 5 ()

VVZ“’ and the lift coefficient is being given by C, = Asin 2a.

Tw

with the signs being adjusted for a = arctan

The first term represents the translatory effect and the second term represents the rotational circulation.
Although the rotational circulation is supposed to depend on the location of the pitch-axis, it seems that

the pitching axis was taken at the quarter-chord point.
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The viscous forces and moment are then written as

AFue ) .
— 1puirc(r)C Vi dr
i v (1.40)
dr, = 167 Pairc (r) [ f + palil] ndr

where the viscous drag coefficient is given by Cp = Cpg cos? o + Cpz sin? a. As discussed previously, the
coefficients A, Cpo, Cpz, p1, and ps depend mainly on the Reynolds number. However, Berman and Wang
(43) varied pq and po in the range (0,20) and found less than 1% change in both of the lift and power and

recommended a value of 0.2 for both of them.

1.4 Dynamic Stability Analysis

Three assumptions are ubiquitously made when deriving the equations of motion in the literature of flight
dynamics of FWMAVs. These assumptions include (a) neglecting the wing inertia effects, (b) averaging the
body dynamics over the flapping cycle to obtain an autonomous system, and (c) linearizing this system to
obtain a linear time invariant system whose stability and controllability analyses are well posed. Next, the

issues associated with each of those assumptions are discussed in detail.

1.4.1 Wing Inertia Effects

The inertial effects of the wing on the body are usually neglected (102; 114; 23; 95; 96; 1; 2; 15; 16; 26; 27;
19; 8; 9; 33; 10; 25). In contrast, Gebert and Gallmeier (14) derived the equations of motion of FWMAVs,
taking into account the effect of the wing inertia forces and the variation of the vehicle mass distribution
and moments of inertia in the body frame and consequently variation of the center of gravity cg during the
flapping cycle. Sun et al. (11) noted some errors in the equations of Gebert and Gallmeier, re-derived them,
and obtained

©)

c9

FY =m, (g(b) +V, +w® x VE?) +a1+ by

(1.41)
MY = [L]D6® +w® x (L] Pw®) + ay + b

where F 4 and M 4 are the aerodynamic forces and moments, respectively, my, is the body mass, [I}] is the

body inertia matrix, V.4 is the linear velocity of the body cg, w is the body angular velocity, and the super-

script b denotes a vector represented in the body frame. The vectors a; and as represent, respectively, the

forces and moments due to the wings’ weight and the inertia contributions by the body motion. The vectors
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b, and by represent, respectively, the the wings’ inertia forces and moments due to flapping. Neglecting
these four vectors aq,as, by, and by yields the equations of motion governing the dynamics of conventional
aircraft, as presented above, see Eq. (1.9). It is reasonable to neglect a; and as in cases where the wing
mass is much less than the body mass. Neglecting a; and as, replacing each variable in Eq. (1.41) by its
cycle-average plus the flapping-frequency component or the fast perturbation, v = T+ 0, and averaging over

one flapping cycle yields the following averaged equations:

= = (b) — o =\ -
PO (50T 130 VY 15070 ) 45

(1.42)

MY = 1,)05" + 5O « ([Ib](b)w(b)) +o x ([Ib](b)@(b)) + b,

To recover the equations of motion for the 6 DOF rigid body, Eq. (1.9), by, by and the product terms
m, @ x ([I,]@) must be eliminated. Sun et al. (11) justified this elimination by performing a simulation
for the reduced system and quantifying the eliminated terms. It turns out that each of the product terms
is O(1072), meaning the product is O(10~%), while the retained terms for the aerodynamic acceleration are
O(107Y). As for by and by, they represent the mean inertia forces and moments due to flapping, which
are almost zero for symmetric upstroke-downstroke flapping. The same simulation quantified these terms
to be O(107%). It is important to note that neglecting these terms is justifiable only when considering the
averaged quantities. Orlowski and Girard (115) represented the equations of motion in a form that is the
standard form of conventional aircraft plus terms O(¢) and O(e?) perturbations containing the wing inertia

effects; that is,
X~ Ot +efPx 1)+ FP (x 1)

Orlowski and Girard (100) showed that neglecting the wing mass may be problematic in dynamics and
control studies as it may lead to different behaviors. Bolender (116) stated that, for proper development of
control laws for FWMAVs, the wing mass should be included. Weihua and Cesnik (22) studied the dynamic
stability of flexible FWMAVs using the QS aerodynamic model of Dickinson et al.(3) and a nonlinear beam
element. They used the Floquet theory to analyze the stability of the linearized time periodic system and
to plot a root locus for the system’s eigenvalues as the wing inertia increases. It was found that increasing
the wing inertia leads to destabilizing effects in both of the longitudinal and lateral dynamics. This notion
supports the above claim that the wing inertia effects may be neglected on an average basis as long as the
averaging is valid. Because the work of Weihua and Cesnik is for relatively low flapping frequency (10 Hz),

at which the averaging assumption may be questionable, neglecting the wing inertia may not be justifiable.
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1.4.2 Averaging Effects

The flight dynamics of a FWMAV constitute a nonlinear time-periodic system (NLTP). In general, such
systems can be converted to autonomous ones using the averaging theorem (102; 114; 23; 7; 97; 24; 1; 2; 15;
115 16; 19; 8; 9; 33; 10; 25). The averaging theorem is an application of the singular perturbation theorem,

see Khalil (117). A non-autonomous dynamical system is written as

x =ef(t,x;€) (1.43)

Assuming that f is T-periodic in ¢, the averaged dynamical system corresponding to Eq. (1.43) is written

as

X =cf(X) (1.44)

where f(x) = + fOT f(7,x,0) dr. According to the averaging theorem:

o If x(0) —x(0) = O(e), then there exist b and €¢* such that x(t) — X () = O(e) Vt € [0,b/¢] and Ve €
[0,e*].

e If the origin ¥ = 0 is an exponentially stable equilibrium point of Eq. (1.44) and if x(0) —x(0) = O(e),
then there exists an €* such that x(t) — x(t) = O(e) ¥t > 0 and Ve € [0,e*]. Moreover, the system
(1.43) has a unique, exponentially stable, T-periodic solution x(t) with the property ||x(¢)|| < ke

for some k.

For FWMAVSs; € is represented by the ratio of flapping period T' to one of the periods of the body motion.
Clearly, the faster the flapping is, the smaller the error associated with averaging is, and vice versa. In fact,
the key issue is in the difference between the flapping (forcing) frequency and the natural frequencies of the
body motion. In cases where the flapping frequency is much larger than the body natural frequencies, the

body will mostly be affected by the average forces only.

Taylor and Thomas (114) were the first to discuss this issue. They recalled the approximate expressions
for the natural frequencies of symmetric motions (longitudinal) for conventional aircraft: the phugoid mode
and the short-period mode. Lanchester’s approximation for the phugoid period (118) is T}, ~ \/iﬂ%; that
is, it depends only on the forward speed Uy. The phugoid frequency for fast birds is about one seventieth
of the flapping frequency and, for even slow birds, it is about one ninth of the flapping frequency. As such,

the phugoid mode is too slow to be affected by the oscillation of the aerodynamic forces about their mean

values. On the other hand, the period of the short-period mode can be approximated by Ty, ~ \/E”T,
see (13). This period depends on the common stability derivative M, = % I,, where I, is the moment
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of inertia about the pitch axis, M, has to be negative for static stability, and the higher its magnitude is,
the heavier the stability is. Thus, the short-period frequency can be seen as a direct measure for static
pitch stability. In conventional aircraft, the short-period frequency ranges between 0.15-1.5 Hz (119). So,
the claim of Taylor and Thomas is that, since the flapping flight is expected to be less stable than the
conventional aircraft, they would have less short-period frequencies or even fall in the same range. Thus,
for a high-flapping frequency, too far above this range, the short-period mode as well as the phugoid would
not be affected by the oscillations of the aerodynamic forces. As an evidence, the smooth trajectories, which
small insects (flapping at frequencies higher than 100 Hz) exhibit, give no hint about the periodic nature of
the driving forces. On the other hand, for slow flapping animals (like large birds), their wobbling motion is

an evidence for the coupling between the oscillating aerodynamic forces and the body modes.

For simulation purposes, Orlowski and Girard (115) introduced the concept of local averaging over each
quarter-cycle. They showed that, when the cycle-averaged pitching moment is zero, there is no variation
in the pitch angle. However, the full simulation exhibits pitch divergence, and the local averaging over the
cycle-quarter was sufficient to match the response of the full simulation. The local averaging introduced
by Orlowski and Girard may lower the computation burden for simulation purposes. Yet, from a dynamics

point of view, the system is still non-autonomous.

Several experimental studies (120; 121) suggest that averaging of the high-frequency excitation might lead
to erroneous results because of the interaction between high- and low-frequency modes. In these experiments,
a high-frequency mode was directly excited either perimetrically (122) or externally (123), yet the response
contained a large contribution from the first mode. In another experiment, Nayfeh and Nayfeh (124) excited
a circular rod near its fifth-mode frequency (83.105 Hz), yet observed a large response near its first-mode
frequency (1.303 Hz). In a fourth experiment, Oh and Nayfeh (125) excited a composite plate near its
seventh-mode frequency (1001.4 Hz) and observed a large response near its first-mode frequency (42.79
Hz). In a fifth experiment, Popovic et al. (126) excited a three-beam-frame structure near its eighth-mode
frequency (195.6Hz.) and yet observed a large response near its first-mode frequency (3.7Hz). The presence
of the first mode was accompanied by a slow modulation of the amplitude and phase of the high-frequency
mode with the frequency of the modulation being nearly equal to the natural frequency associated with the
first mode. The results indicate that the mechanism for the excitation of the first mode is neither a classical
internal resonance nor an external or a parametric combination resonance involving the first mode. Rather,
the appearance of the first mode is accompanied by a slow modulation of the high-frequency modes. Thus,
the mechanism for this energy transfer is the interaction between slow dynamics of the high-frequency mode,
represented by its amplitude and phase, with the dynamics, which is slow, of the low-frequency mode, as

shown analytically by Nayfeh and Nayfeh (127) for externally excited systems and by Nayfeh and Chin (128)
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for parametrically excited systems. These studies indicate that averaging the dynamic forcing in FWMAVs
may not reveal important aspects, such as the possible energy transfer from the high-frequency modes to

the low-frequency modes of the body motions.

1.4.3 Stability Analysis

Two different approaches have been proposed in the literature to check the dynamic stability of flapping
flight. The first approach, adopted in the early studies (102; 114; 23; 15; 11; 16), is to average the system
dynamics over a flapping cycle to convert the nonlinear time periodic (NLTP) system to a nonlinear time
invariant (NLTI) system. Linearization of the NLTT system leads to a linear time invariant (LTT) system
whose stability analysis could be easily checked via the eigenvalues of its matrix. Then, asymptotic stability
of the averaged system implies asymptotic stability for the original NLTP system, by the averaging theorem.
The second approach, first adopted by Dietl and Garcia (26) and then by Weihua and Cesnik (22), is to use
Floquet theory to study the stability of the linearized time periodic system. Dietl and Garcia stated that the
first approach, which encompasses averaging of the dynamics, is not suitable for a large ornithopter whose
beat frequency is close to the natural frequencies of its body motion. In contrast, Floquet theory is suitable

for analyzing the stability of linear time periodic (LTP) systems, independent of the value of their period.

Floquet theory, as illustrated in Nayfeh and Balachandaran (129), Nayfeh and Mook (130), or Strogatz
(36), is used as a tool for linear stability analysis of periodic orbits. Floquet theory can be applied to both
autonomous and non-autonomous systems. To determine the stability of a periodic solution Y7 (t) of minimal

period T of a non-autonomous nonlinear system

x=fx1) (1.45)

where f is periodic in its argument with a period related to T', a perturbation y = x — xp is introduced to

obtain

y+xr=Ffy+xrt)

Expanding the right-hand side of this equation around x, using the fact that x = f(xr), and linearizing

the outcome, one obtains the following linear system with periodic coefficients:

v =[Aly (1.46)

where [A] = D, f(xr, 1) is a periodic matrix with period 7. We note that if the system (1.45) is autonomous,

it would have the same representation as (1.46) when linearized about the periodic solution of interest. Then,
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the problem of determining the stability of the periodic solution x5 (t) of Eq. (1.45) has been transformed
into the problem of finding the stability of solutions of Eq. (1.46). It is also assumed that this periodic

solution is isolated and hence it is a limit cycle.

To determine the stability of the solutions of Eq. (1.46), one constructs n linearly independent solutions
of it and collect them into what is called a fundamental matrix solution Y (¢) with its columns being the
n linearly independent solutions. Then, the matrix M = Y (0)"'Y(T) is called the monodromy matrix.
According to Floquet theory, the stability of the solutions of Eq. (1.46) are ascertained from the eigenvalues
p; of the monodromy matrix. These eigenvalues are referred to as the Floquet multipliers. Note that the
monodromy matrix depends on the initial conditions used to construct it. However, the Floquet multipliers
are unique. For autonomous systems, at least one Floquet multiplier equals unity (p; = 1 for some j), called
the trivial multiplier. Because the eigenvector associated with this trivial multiplier points toward the limit
cycle trajectory, any disturbance provided along this direction (tangent to the periodic orbit) would neither
grow nor decay. If none of the Floquet multipliers except the trivial one lies on the unit circle, the limit cycle
is called hyperbolic. On the other hand, if one or more Floquet multipliers besides the trivial one lie on the
unit circle, the limit cycle is called nonhyperbolic. A limit cycle is asymptotically stable if it is hyperbolic and
none of its Floquet multipliers lies outside the unit circle. On the other hand, a limit cycle is unstable if one
or more Floquet multipliers lie outside the limit cycle. If none of the Floquet multipliers of a nonhyperbolic
limit cycle lies outside the unit circle, linearization is not sufficient to ascertain its stability. In contrast, for
non-autonomous systems such as Eq. (1.45), there is no trivial multiplier and all the eigenvalues must lie
inside the unit circle in order to conclude stability. It is noteworthy that Dietl and Garcia (26) provided an

improved numerical algorithm, based on Lust’s work (131), for determining the Floquet multipliers.

It is noteworthy that the monodromy matrix is the state matrix for the discretized form of Eq. (1.46);
that is, y(k+1) = [M]y(k). So, it is as if the time periodic continuous system is converted into an autonomous

discrete-time system with the sampling period being the minimal period T of the original continuous system.

1.4.4 Stability Results

Research reports on the dynamics of flapping flight have had significant discrepancies about the instability
types or the associated modes. Taylor and Thomas (23) setup an experiment to measure the longitudinal
stability derivatives for a tethered locust in a wind tunnel. Their set up did not enable them to measure the
pitch rate derivatives. They neglected the wing inertia effects and used the 6 DOF rigid-body equations of
motion, Eq. (1.9). They averaged the aerodynamic forces over the flapping cycle to obtain a NLTT system.
Then, they linearized their system to obtain a LTI system, which allowed them to study the stability of the
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system through eigenvalue analysis. Their analysis showed a stable oscillatory mode, a subsidence mode,

and an unstable divergence mode.

Taylor and Zbikowsky (95) utilized the measured data of Taylor and Thomas (23) and analyzed them in
a more rigorous form based on a time periodic representation of the aerodynamic forces in an 8-harmonics
Fourier series, Eq. (1.32), which yielded a NLTP system. They studied the stability of both of the NLTI
and the NLTP systems via simulation. All of the models, including the NLTP, NLTI, and the LTI predicted
instability and failed to explain stability of the locust. The NLTP even predicted instability without any
perturbation of the equilibrium state; that is, just by starting simulation. Taylor and Zbikowsky (95) listed
six reasons as to why these models fail to explain stability. The most two important reasons are tethering
and the absence of pitch damping in their measurements. One important conclusion of their work is that
the asymptotic stability of flapping flight should be an asymptotic orbital stability, which is analogous to
stability of limit cycle oscillations (LCO). Consequently, LCO control strategies are best suited for control
of flapping flight. Such control strategies are difficult to be implemented on non-autonomous systems. As
such, implementation of these strategies on FWMAVs demands the dynamical system to be asymptotically
autonomous; that is, its trajectories converge asymptotically to the same orbit irrespective of the initial
conditions. Taylor et al. (96) modified their setup (23) to allow for measurement of the pitch rate derivatives.
They found out that the unstable root can be stabilized using just pitch feedback with a gain of about -0.0014
N.m/rad. This value of the control gain is equivalent to moving the center of pressure by less than 1mm
along the locust body for every 1° of pitch disturbance, indicating the possibility of the control. On the
other hand, they concluded that the oscillatory mode is close to the wing beat frequency, which undermines

the quasi-static assumption (averaging of the dynamics) on which the NLTI and LTT models are based.

Sun and Xiong (15) studied the stability of the bumblebee in hover and Sun et al. (11) generalized their
analysis to cover four other insects in the range of 11 - 1,648 mg in mass and 26-157 Hz in the flapping
frequency. They solved the Navier-Stokes equations on the wing in hover. Xiong and Sun (16) added the
body in the case of forward flight. However, they did not consider the interactions between the two wings
or between the wings and the body. Sun et al. (11) included the wing inertia effects in the equations of
motion and reduced them to the 6 DOF rigid-body system. They justified this reduction by quantifying
the neglected terms using quantities from simulations of the reduced system. Like others, they averaged
the aerodynamics and the dynamics over the cycle to obtain an autonomous system. They justified this
step for insects having relatively large beat frequencies, above 150 Hz (hoverfly, dragonfly, and bumblebee)
because the largest body natural frequency is about 1/30 of the beat frequency. For insects having relatively
a small beat frequency (24-45 Hz) like the cranefly and hawkmoth, the largest body natural frequency is
only about 1/8 of the beat frequency, which makes the 6 DOF rigid-body assumption questionable. Under
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these assumptions, for all of the four insects studied by Sun et al. (11) and the bumblebee studied by Sun

and Xiong (15), they found an unstable mode, a fast subsidence mode, and a slow subsidence mode.

Gao et al. (101) used the same aerodynamic solver (Navier-Stokes), with the same stability analysis
(eigenvalues of the linearized system matrix), on the hawkmoth, but with slightly different kinematics. They
used more realistic kinematics, as described by Willmott and Ellington (31) who represented each of the
three kinematic functions ¢,n, and ¥ as a four-term Fourier series. In contrast, Sun et al. (11) used an
idealized kinematics without the out-of-plane motion (¢) as described by Dickinson et al. (3). Although
both of the kinematics are observed in nature, this slight variation of the kinematics led to different stability
results. The analysis of Gao et al. (101) resulted in a stable oscillatory mode, a fast subsidence mode, and
a slow subsidence mode; that is, a stable system. On the other hand, Sun et al. (11) found an unstable
system. Gao et al. attributed this difference in stability to the difference in the assumed kinematics and
indicated that the real part of the unstable oscillatory mode by Sun et al. is quite small. This actually shows
the high sensitivity of the FWMAV /insect stability to variations in wing kinematics. Of particular interest
in the work of Sun et al. (11) is their notion that the unstable oscillatory mode is decoupled from the slow
subsidence mode. The first mode is associated mostly with in-phase perturbations of the forward speed u
and the pitch rate q. The second mode exhibits variations of the angle of attack or the speed w. Then, they
derived approximate formulas for the individual eigenvalues corresponding to each mode, in a way similar to
the decoupling of the short-period mode and the phugoid mode usually performed in studying the dynamics

of conventional aircraft. They obtained

where J = —% (% + %) /i MIA—“E and"refers to a non-dimensional quantity.
Y Y

Xiong and Sun (16) studied forward flight of the bumblebee and found results similar to those of Refs.
(15; 11) in hover up to 3.5 m/sec forward speed, but a considerable change when the flight speed was
increased from 3.5 m/sec to 4.5 m/sec. Furthermore, they found no decoupling between the modes in forward
flight. These works of Sun and co-workers (15; 11; 16) discussed above are good enough for analyzing the
dynamic stability near equilibrium. However, their framework may not be suitable for simulation purposes.
First, they used their aerodynamic solver to obtain the stability derivatives off line and then fed them as
given parameters to the dynamic model (loose aerodynamic-dynamic coupling). Second, they averaged the
dynamics over one flapping cycle even for the cases in which the body natural frequencies are comparable to
the beat frequencies. Third, they never made a full nonlinear time-varying simulation for the whole system.

Finally, they neglected the effects of the aerodynamic forces on the wing due to body acceleration (unsteady
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maneuvers).

As stated above, Dietl and Garcia (26) were the first to introduce the Poincare map and Floquet theory
in the stability analysis of flapping flight. They found results similar to those of Taylor et al. (23); namely,
a stable oscillatory mode, a subsidence mode, and a divergence mode of approximately one beating cycle

doubling time.

Weihua and Cesink (22) used the quasi-steady aerodynamic model of Dickinson et al. (3), along with
a nonlinear beam element having three nodes and four local strains: extension, twisting, and two bending
strains. This beam element was introduced as a strain-based approach for the nonlinear modeling of coupled
aeroelasticity and flight dynamics of very flexible aircraft (a HALE aircraft with rigid fuselage and highly
flexible, high-aspect ratio wings) (132; 133). As such, their dynamic model (22) includes the 6 DOF of
the rigid body and multiple flexible DOFs. They used Floquet theory in the stability analysis. For the
longitudinal modes, they found an unstable oscillatory mode (phugoid), a divergence mode having a doubling
time of approximately 1.4 flapping period (like that of Dietl and Garcia (26)), and a subsidence mode. As
for the lateral modes, they also found an unstable oscillatory mode (Dutch Roll), a slow divergence mode,
and a subsidence mode. They studied the loci of the eigenvalues as the rigidity and the wing inertia increase.
Varying the rigidity does not affect much the eigenvalues, while the wing inertia has a destabilizing effect,

especially on the subsidence modes.

Although there are some discrepancies among research reports concerned with the dynamics of flapping
flight about the instability types or the associated modes, almost all of the studies concluded instability.
This dictates the design and implementation of control algorithms to stabilize the dynamics of FWMAVs.
It is also noteworthy that a full nonlinear time periodic analysis has never been applied to the dynamics of

FWMAVs.

1.5 Control Design

The flight dynamics of FWMAVs are very rich and complex in the sense that they constitute a NLTP system.
Advanced control techniques, including geometric and adaptive control, are possibly the best candidates for
proper control of these vehicles over a wide range of operating conditions. To date, most of the proposed
controllers for FWMAVs are linear controllers (7; 24; 8; 9; 10; 25) applied to the NLTP system after being

averaged and linearized about one of their equilibrium states.
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1.5.1 Linear Control Design

Section 1.2 discussed how Schenato, Campolo, and Sastry (7) designed and parameterized the flapping
kinematics to obtain a high-control authority for FWMAVs. As for their control strategy, they applied
a high-frequency periodic control; that is, instead of manipulating the time history of the actual inputs
©Lw, Prw, they manipulated the time history of some parametrization of these actual inputs (the kinematic
parameters k, p, and yAg for each wing). These parameters are referred as virtual inputs. One advantage of
the high-frequency control is the gain of extra virtual inputs to solve the problem of under-actuated systems;
that is, systems having less inputs than the number of their degrees of freedom. It should be noted that they
do not vary the virtual inputs continuously in time, but rather periodically at the beginning of each cycle.
This variation means that the kinematic parameters are considered as inputs to the averaged dynamics of

the system over the flapping cycle. Mathematically, the dynamical system is represented by

where @ is the control input vector (¢rw,@rw ). The parametrization of the kinematics is then represented
by 4 = @(®,t+7T) where ¥ represents the virtual inputs (k, p, and yAq for each wing). This parametrization
indicates the periodicity of the kinematic/input functions. Applying the averaging theorem to the dynamical

system yields a NLTT system of the form

The error in the response between the averaged system and the actual system is O(T), which dictates the
use of relatively high frequency in order for the periodic control to work effectively. This is intuitively
expected because the averaging itself is not valid unless T is relatively small. They showed that the averaged
nonlinear system is locally accessible and that the linearized system about hover is controllable. Then,
they used a full state feedback control law W = K’x to stabilize the system, where W = [B]? is the
linear map, Eq. (1.14), between the generalized forces in the body frame and the kinematic parameters.
Obtaining W from the control law, they used a pseudo inverse of the linear map to determine the kinematic
parameters. Furthermore, they modeled the wing thorax dynamics as a four-bar mechanism and checked
that the system, using the proposed kinematics, is still controllable and that the closed-loop system remains
stable. Their conclusion is that a FWMAV with a pair of wings, each having a single degree of freedom
and passive rotation, is controllable even when the dynamics of the wing thorax are included. Furthermore,
high-frequency periodic control can stabilize the FWMAV provided that the beat frequency is much higher

than the natural frequencies of the body dynamics.

Deng et al. (97; 24) expanded their earlier work of Schenato et al. (7) to implement a similar control
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law using more realistic aerodynamic loads and kinematics. They added a tangential force coefficient of the

form

0.4 cos?(2a) ,0 < a < 45°
Cr = (1.48)

0 , Otherwise
to the normal force (Cy = 3.4sin «) used in their earlier work. They also included the effects of the rotational
normal force I'yop = mc?(0.75 — Tp). They formulated two aerodynamic models; the first is based on the
flapping velocity V, = r¢ only and the second adds the body velocity in the wing frame V, = r¢ + V.
They used the first model to design their controller and used the second model to check the robustness of
the designed controller. As for the dynamic model, they used the 6 DOF rigid-body dynamics. They added
viscous damping Fg = —bV, to the body, relying on the fact that, for small Reynolds numbers, viscous
damping dominates the quadratic inertial damping. They neglected the effects of rotational damping, based

on the experiments of Fry et al. (134).

Deng et al. (97) provided a taxonomy for the whole FWMAV system: a locomotion unit, a sensory
system, a power supply, a communication unit, and a control system. They provided a thorough discussion
and list of references of the sensors, which are ultra-light and having very low-power consumption to fit
FWMAV applications. These sensors include the Halteres (135; 136; 137), which is a replacement of the rate
gyro. It has a set of small balls at the ends of thin sticks, which move up and down at the flapping frequency
in non-coplanar planes through 180° anti-phase to the wing motion. Ocelli (138; 139) is another sensor
that measures the roll and pitch angles. It consists of four ideal photo receptors fixed with respect to the
body frame. They proposed a magnetic compass to measure the heading angle. They pointed out that the
development of such novel sensors is inevitable for FWMAV control feasibility. This is because the currently
adopted sensors for avionics are too heavy and require too much power to be used for FWMAYV applications.
Their target FWMAV is 100 mg with a 100 mW power budget, whereas the smallest commercial gyro weighs
about 500 mg and consumes about 30 mW . The proposed Halteres weighs about 30 mg with a 1 mW power

consumption.

Deng et al. (24) proposed completely different kinematics from those used in their previous work of
Schenato et al. (7). These include manipulating the back and forth flapping angle ¢ and the pitching
angle n. This dictates two actuators per wing instead of one used in the previous work, which unexpectedly
led to less control authority. The new proposed kinematics resulted in having control authority over four
independent DOFs, versus five in the previous formulation. They stressed that these new kinematics are
neither unique nor optimum, but proposed to mimic observed data from nature. Their kinematics are

represented by

o(v,1) = go(t) + v1g1(t) and @(v,t) = ga(t) + v2g2(t) (1.49)
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where the angle of attack is related to their rotation angle via a = 90° — [al; g,(t) = % cos(wt) and

ga(t) = 7 sin(wt) are supposed to generate symmetric motion with maximum lift; g1 (t) = g2(t) = {5 sin®(4t),
with g; modifying the stroke amplitude and go modifying the timing of rotation at the end of the down stroke.

As such, they have four kinematic parameters (v; and vy for each wing).

They pointed out that trajectory tracking and stabilization of fish and snake like vehicles, which are
mostly under-actuated systems, can best be performed by combining the averaging theorem, the high-
frequency periodic control, and the geometric control. The goal of the geometric control is to develop a
time-varying control input @(x,t) directly from the structure of the drift vector field f(x). The drift term
greatly complicates the controllability checks and control design. Only few tools are available for systematic
design of control laws for such systems, see (140; 141). For drift-less systems, some algorithms have been
developed and constructive control techniques are available, see (142; 143; 141). Deng et al. (24) used the
averaging theorem to convert the NLTP system into a NLTT system, where the generalized forces G are related
to the kinematic parameters ¥ via the nonlinear map IT : ®* — R%; G = I1(9). It is difficult to determine the
nonlinear map IT analytically. Furthermore, they look for an affine approximation G = Il + ILd + A(D).
They randomly selected 100 different combinations of ¥, determined the corresponding aerodynamic forces

and moments from the aerodynamic model, estimated ITy and II; using the least squares technique, and

found that _ _
0 0 0 1.0 1.0
0 0 0 0.3 -0.3
—mg —-0.9 -09 0 0
II, = ,II; = 0.1myg (1.50)
0 —0.4R 04R 0.1R —-0.1R
0 —0.2R —0.2R —0.4R —0.4R
0 0 0 0.5R —0.5R

where R represents the wing length.

Equation (1.50) not only indicates the FWMAV’s degree of control authority, but also provides estimates
for the maximum maneuverability that can be attained by the FWMAV body. Firstly, the linearized map
II; has a full rank of four, which indicates a control authority over four DOFs. This actually was expected
a priori because we have only four kinematic parameters. Hence, the best (highest control authority) one
can have is independent control of the 4 DOF's, which include the vertical thrust and the three moments.
This situation is similar to helicopters; however, here the pitching moment is always associated with forward
thrust and the rolling and yawing moments are associated with side forces. Furthermore, one can infer from

Eq. (1.50) that, in addition to the force necessary to balance the weight ITy, the FWMAV can generate X
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or Z forces up to 0.1-0.2 mg and moments up to 0.1 mgR. As such, the maximum translational acceleration
that can be generated is about 2 m/sec?. According to Ellington (57), the principal moment of inertia for
insects is O(0.1 mR?), thus the maximum angular acceleration that can be produced is about g/R, which

for a 10 mm wing length yields 5.7 x 10* deg/sec?.

In fact, this illustrates the high maneuverability of
insects in some situations like chase mate, in which they are observed to have a turning velocity of more

than 3000 deg/sec with less than 30 msec delay time.

They represented the wing thorax dynamics by two piezoelectric actuators in the form

Vi . Pa Pd Pd
=T, M, + By + K (1.51)

Vs aq Qg Qq

where Ty, M, By, and K are constant matrices defining the piezoelectric actuator dynamics and ¢4 and
@y are the desired flapping and pitch rotation angles, respectively. Because Eq. (1.49) can be written as
a(t) = g(t)+T(t)o(t), it follows from Eq. (1.51) that the piezoelectric actuator voltages V' can be written in
terms of the kinematic parameters ¢ as V' (t) = h(t) + H(t)©(t). According to their model, the time constant
of the kinematics error decay (wing thorax dynamics) is about 1-2 cycles. So for relatively fast flapping,
the thorax dynamics are so fast that one could assume having direct control over the wing kinematics and

neglect these dynamics.

They represented the system as a discrete time control system in the form
x(k+1) = Ax(k) + Bo(k) + A(k)

where A and B can be determined analytically. Yet, they performed system identification to obtain A and
B and used the least squares technique to estimate the non-zero entries in A and B. They used the pole
placement technique to stabilize the linearized system (A, B). Having stabilized the system, they used the
prediction error method (PEM), which cannot be applied directly to unstable systems. The PEM did a
better job in the identification and provided estimates for the noise variances and biases associated with
the process and measurements. These estimates can be used to design better robust controllers. They also
used the linear quadratic regulator (LQR) technique for controller design; that is, they chose & = —Kx to

minimize the performance index function

= hm E(ZX Y'Qx(n) (n)TR'FJ(n)>

The elements of R and Q were tuned iteratively to obtain a satisfactory transient response. Then, & = —Ky
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was replaced by © = — Ky, where y is the output from the sensors models given in Ref. (97). As such, the

input voltages to the piezoelectric actuators are given by

V =h(t)+ Ky(t) and y(t) = y(kT)

where K is a T-periodic gain matrix. It is interesting to note that a simple proportional T-periodic feedback
is sufficient to stabilize that complex nonlinear time-varying system, including the sensor measurements,
actuator dynamics, and the process and output noise. Moreover, K could be calculated off-line. Then, they
tested the LQR performance on the fully nonlinear system with the aerodynamic model being modified as
stated before, with an initial offset in the Euler angles of 25° and an inertial position of the body center
of gravity of 25 mm in each direction. The LQR took 50 cycles (2/3 sec) to reach steady state with the

steady-state error being 1—10R in position and 5° in the body angles.

They proposed another formulation for the control problem, similar to that used with helicopters, where
the longitudinal, lateral, heave, and yaw degrees of freedom are decoupled. They repeated the identification
process, neglected some terms, and found that it is possible to apply single channel control. As such,

they obtained a new gain matrix K = diag[Kl(mg K1t Kheave K , with each sub-gain matrix being of

yaw ]
smaller size, thereby requiring less computational costs. Actually, this idea of single channel control to the
fully decoupled DOFs was exploited by Doman, Oppenheimer, and Sigthorsson (8; 9; 10; 25), as discussed

in Section 1.2.

1.5.2 Nonlinear Control Design

Few investigations have implemented nonlinear control techniques for the stabilization of FWMAVs. Khan
and Agrawal (2) used their experimentally-based aerodynamic model (1), as discussed in Section 1.3. They

wrote the dynamic equations of motion of the rigid FWMAYV in longitudinal flight as

x=Ffx)+TF()

where F'(t) represents the periodic aerodynamic forces and moments. Applying the averaging theorem to

this system yields
X =f(x) +IFo

They used a differential flatness-based controller. A system is said to be differentially flat if a set of variables,

called the flat variables y, can be found such that all of the state variables x and system inputs @ can be
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determined without integration. That is, for the system x = f(x, @), there exists

~

y = h(X7u71i’ ’l.?;’? "'7ﬁ(k))

such that

X =94, 9,4,.y"?) and @ = k(y,9,9,...,y")

This property is usually used for motion planning. They stated that the FWMAV system under hand is
differentially flat with the flat variables being the coordinates of the ” Huygens center of oscillation” (144).
The center of oscillation of any arbitrary shaped body is defined as the distance from the axis of oscillation
to the length of a simple pendulum having the same natural frequency as the body. Thus, the flat outputs
for their FWMAV are

y1 =2+ Esinf and y, = z+ Fcosf (1.52)

where E = I,,/(mAZw), m is the body mass, I, is the moment of inertia about the y-axis, and AZy is

the shift of the wing hinges from the body center of gravity along the zp-axis.

They introduced the following new control inputs instead of the forces X and Z:

_ + (1.53)
E0 0 -1 X 0

They managed to represent all of the state variables x, (, and C in terms of the flat outputs. Then, they
decoupled the system into two linear systems in Brunovsky’s form by setting y§4) = v; and yé‘l) = vg. As

such, they proposed control laws of the form

v = yﬁ% ~ ks(yf” — yﬁ)l) — ko (91 — yila) — k1(Y1 — yi,a) — ko(y1 — y1,0)

4 3 3 . . . .
Vg = yéc)l - 73(2/& ) — yé;) - ’Yz(yz - yz,d) - N (yz - yz,d) - ’Yo(yz - yz,d)

(1.54)

where y; 4 and y2 4 are used to represent the desired trajectories for the flat outputs and the k; and ;

represent feedback gains. With this control law, the closed-loop characteristic equations can be written as

84 — k‘383 - k2$2 - kls— kO =0
(1.55)

st — 383 — 952 — 415 — 90 =0

They determined the feedback gains so that all of the closed-loop poles lie at s = —2. After determining the
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control inputs v; and vs, they obtained C and 6 from

¢ 1 | ¢siné Ccosd v1 — 2(0cosh — CO2sinb
—_ = (1.56)

6 ¢ cosf —sinf v2—|—2¢0'sint9—40'20089
They simulated a circular trajectory as

27t 27t
Zq = Rirqjsin =7 and 24 = Rirqj(cos UL 1) — 2
Ty Ty
where Ry.q; is the radius of the circular trajectory and zg is the initial height. They specified the desired
pitching angle 84 = 0 of the body during the whole maneuver, such a situation is like a gondola on a Ferris

wheel. The procedure is to determine y; 4 and ys 4 from Eq. (1.52), v; and vo from Eq. (1.54), ¢ and 6 from
Eq. (1.56), and finally the forces required to drive the maneuver from Eq. (1.53).

1.6 Conclusion and Recommendations

This chapter provides a thorough review of the three main blocks underpinning the dynamics of flapping-
wing flight: the kinematics, the aerodynamic modeling, and the body-dynamics. Designing the flapping
kinematics is usually done for two independent purposes: optimization of the aerodynamic performance
and control. These two objectives may not be compatible. So, the first raised point here is the need
for a multi-disciplinary framework that encompasses control authority/controllability /maneuverability and
aerodynamic performance. As for the aerodynamic modeling, no moderate fidelity aerodynamic model has
been proposed in the literature that captures most of the physics. Models that have been proposed include
either quasi-steady, or unsteady ones that do not capture the essential leading-edge vortex. The proposed
models that capture both of these effects require high-computational burdens and, hence, are not feasible
for optimization and sensitivity analyses or dynamics and control purposes. So, there is a need to develop
a phenomenological model that captures the leading-edge vortex, but in the form of differential equations,
which can model the lift build up during the cycle and consequently provide the lag associated with the

unsteadiness.

From the dynamics perspective, averaging and linearization of the FWMAVs dynamics poses serious
limitations. For example, averaging is erroneous for relatively slow flapping. Furthermore, it would not
capture the possible energy transfer from the high-frequency flapping modes to the low-frequency body
modes. As such, there is a need to study the stability of the FWMAYV system as a nonlinear time periodic

system. Moreover, the above assumptions on the FWMAV dynamics, which lead to a linear time invariant
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system, allow for the exploitation of tools used in linear control design, such as linear quadratic regulation
and state feedback. However, the uncertainty in the aerodynamic modeling requires utilizing adaptive control
for FWMAVs. Besides, the minimal actuation dictated by the size and weight constrains of FWMAVs might
lead to an under-actuated system, thereby invoking the possibility of exploiting system nonlinearities via
geometric control theory for example. On the other hand, this raises a need for developing efficient actuation

mechanisms that might exploit nonlinearity to produce motions in the un-actuated directions.

As for simulation purposes, the literature of flight dynamics of FWMAVs lacks some fidelity in simulation
and needs reexamination of some of the major assumptions. There is a need for a rigorous aeroelastic-flight
dynamic model. This model has to include a moderate fidelity unsteady aerodynamic representation, which
can be run every time step to determine the instantaneous aerodynamic loads, which are in turn fed to
a complete dynamic model without the ubiquitous assumptions of averaging the dynamics and neglecting
the wing inertia forces. Then, the dynamic model is marched forward in time using an appropriate time
marching scheme. As such, one can have a fair assessment of the stability of flapping flight and hence remove

the discrepancy in the literature, which rarely show agreeing results.
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Chapter 2

Aerodynamic Modeling

In this chapter, a state-space formulation for the aerodynamics of flapping flight is presented. The aspect
ratio effects on the empirical formulae used to predict the static lift due to a stabilized leading edge vortex
(LEV) is provided in section 2.2. In section 2.3, the Duhamel’s principle, applied in linear unsteady flows,
is extended to non-conventional lift curves to capture the LEV contribution. The unsteady lift due to
arbitrary wing motion is generated using the static lift curve. Hence, state-space representation for the
unsteady lift is provided. The developed model is then applied to hovering micro-air-vehicles and insects
in section 2.4. In section 2.5, the proposed model is validated through a comparison with direct numerical
simulations of Navier-Stokes on hovering insects. A comparison with quasi-steady models that capture the
LEV contribution is also performed to assess the role of unsteadiness. Similarly, a comparison with classical
unsteady approaches is presented to assess the LEV dominancy. Then, a reduced-order model that is more
suitable for flight dynamics and control analyses is derived from the full model and presented in section 2.6.

Finally, estimates for the drag and power requirements are provided in section 2.7.

2.1 Introduction

The aerodynamics of flapping flight have been the focus of research investigations for almost a century. The
early studies were concerned with birds and insect flights and mainly carried out by biologists, such as Demoll
(46; 47). More recently, there has been a significant interest in the modeling and simulation of flapping flights
for design of micro-air-vehicles (MAVs). Flapping flight of MAVs/insects generates an unsteady nonlinear

flow field that exploits non-conventional mechanisms to enhance the aerodynamic loads. Almost all of the
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early trials of explaining insect flight have invoked non-conventional high-lift mechanisms. Ellington et al.
(63) explained how insects exploit the Leading Edge Vortex (LEV) as a high-lift mechanism, which is also
known to be critical for lift generation of highly swept and delta wings aircraft. The LEV augments the
bound vortex on the wing and, as such, the lift increases. This phenomenon is similar to the one observed
in dynamic stall whereby the wing undergoes a rapid variation in the angle of attack. Yet, in contrast to
dynamic stall, the LEV formed in insect flight has stable characteristics. This stability is attributed to an
outward spanwise flow that convects the LEV towards the wing tip (63; 107; 108; 109). In the case of highly
swept and delta wings, this spanwise flow is generated by the free-stream component parallel to the highly
swept leading edge. In insect flight, similar to helicopters and propellers, the rotational motion creates a

spanwise velocity gradient which, in turn, creates a pressure gradient that generates the spanwise flow.

Although the LEV is known to be the dominant contribution in insect flight, Dickinson et al. (3)
indicated two other high-lift mechanisms, namely the rotational lift and wake-capture effects. The rotational
lift is mainly due to the wing rotation at the end of each half stroke to adjust the angle of attack for the next
half stroke. This rotational velocity of the wing creates a circulation that induces additional aerodynamic
lift. On the other hand, Dickinson et al. observed peaks in the generated lift at the beginning of half
strokes, when forward speed of the wing is almost zero. These peaks could not be explained by the previous
two mechanisms. Dickinson et al. related these peaks to the lingering wake created during the previous
half stroke. In addition to the non-conventional high-lift mechanisms discussed above, the role of unsteady
aerodynamics in flapping flight is also quite significant. Other flow aspects that affect the aerodynamic loads
include non-circulatory and viscous friction contributions. Unfortunately, it is very difficult to formulate
a model for the aerodynamic forces that accurately captures all these phenomena without an expensive

computational burden.

Over the two past decades, significant advancements have been made towards the understanding and
modeling of the aerodynamics of flapping flight. For detailed reviews, the reader is referred to Mueller (91),
Shyy et al. (92), Sane (93), Wang (94), and Ansari et al. (145). Taha et al. (146) provided a review
for the aerodynamic models specifically used in flight dynamics and control analyses. Table 2.1 lists the
aerodynamic models that are available in the literature to be applied to hovering MAVs/insects. It also
lists the physical aspects associated with the aerodynamics of flapping flight that are captured by each of
these models and the associated computational cost. Computational cost is based on the complexity level of
the aerodynamic model. The first two models have algebraic forms and the third one comprises finite-state
ordinary differential equations. The last two models involve simulation of the vortex kinematics at many
locations on the airfoil surface and in its wake. Clearly, the first three models have a lower computational

cost than the last two and hence are better-suited for flight dynamics and control analysis. It is concluded
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from Table 2.1 that there is no aerodynamic model that can capture the dominant LEV contribution along
with the prominent unsteadiness with a feasible computational burden so that it could be used in flight

dynamics analysis, control synthesis, optimization, and sensitivity analysis.

Dickinson Berman & Peters VLM Ansari

et al. (3)  Wang (43) et al. (65; 66) ot al. (80; 81)
Computational Cost v v v - X
LEV Contribution v v X X v
Unsteadiness X X v v v
Rotational Lift v v v v v
Added Mass v v v v v
Wake Capture (Hovering) X X X v v
Viscous Friction X v X X X

Table 2.1: The aerodynamic models in the literature that could be applied to hovering MAV's /insects
and the physical aspects associated with the aerodynamics of flapping flight that each of the listed
models captures along with the computational cost associated with that model. UVLM refers to
the unsteady vortex lattice method.

More generally, Fig. 2.1 presents a taxonomy of the flapping flight regimes. For forward flights with a low
reduced frequency k, typically k < 0.1, the quasi-steady aerodynamics are applicable. For forward flight with
a relatively high k£ with local angles of attack up to 20°, a number of aerodynamic theories can be applied
to capture the unsteadiness with a good accuracy either for two-dimensional or three-dimensional wings,
see for example, Theodorsen, Shwarz and Sohngen (see (103)), Peters et al. (65; 66; 147; 148; 149; 150),
Jones (151; 77; 78), and Reissner (75). In addition, methodologies such as the unsteady lifting line theory,
the unsteady vortex lattice method, and the unsteady doublet lattice method can also be used to capture
the unsteady effects on three-dimensional wings. On the other hand, for hovering with very high flapping
frequency w relative to the body natural frequency wy, it is generally assumed that there is no coupling
between the periodic aerodynamic forces and the body natural modes (146). As such, the body feels only
the average forces, which might be predicted by the quasi-steady models that capture the dominant effect
(LEV), for example, Dickinson et al. (3), Pesavento and Wang (4), and Andersen et al. (5; 6). For the middle
regimes in Fig. 2.1, there is no aerodynamic model that could cover this gap with a feasible computational
burden. The main characteristics of this regime is the LEV contribution, the prominent unsteadiness, and
the coupling between the periodic aerodynamic forces and the body modes. The objective in this chapter is
to develop a physics-based model in the form of ordinary-differential equations that describe the lift buildup
during the flapping cycle, including the effect of the LEV on the aerodynamic loads. This model can provide
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Forward Flight | Hovering
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Figure 2.1: Taxonomy of hovering and forward flight regimes. In forward flight, the reduced

frequency k = 57 is the key parameter to identify the region of application for each aerodynamic

model. In hovering, the ratio of the flapping frequency w to the body natural frequency w, is used
to characterize the flight regimes.

better assessment of the flapping flight dynamic stability, when augmented with the body equations of

motion.

Motivated by developing such a model, the effects of aspect ratio are embedded in the empirical formulae
used to predict the static lift due to a stabilized LEV. Then, the Duhamel superposition principle, applied
in unsteady linear aerodynamics, is extended to flows with arbitrary Cp-a curves. This approach basically
utilizes the static lift curve to determine the unsteady lift due to an arbitrary wing motion. A specific aspect
of this approach is the use of the quasi-steady circulation as the aerodynamic forcing input rather than the
angle of attack or the airfoil speed. Hence, the developed model can be used to predict the temporal lift
build up due to stabilized LEV, including the lag and phase shift associated with unsteady flows. The LEV
contribution is captured as included in the static lift curve, which in turn, is used to construct the quasi-steady
circulation (the aerodynamic forcing input). Finally, a state-space representation of a complete unsteady
aerodynamic model with application to hovering insects is provided. Validation of the derived model is
performed through a comparison of time-histories of the modeled lift with corresponding results obtained by
Sun and Du (87) solving Navier-Stokes equations for different insects. The results are also compared with

those of the quasi-steady model of Berman and Wang (43) and those of the classical unsteady models.
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2.2 Static Lift Due to a Stabilized LEV-Effect of Aspect Ratio

Due to its compactness, the model of Dickinson et al. (3) has been extensively used in dynamics and control
of flapping-wing MAVs (FWMAVs), e.g., (28; 22; 7; 97; 27; 9; 25). It is a quasi-static expression; i.e., it gives

an algebraic expression for the lift and drag coefficients as functions of the instantaneous angle of attack

Cp, = 0.225 + 1.58sin(2.13a — 7.20) o)
2.1

Cp = 1.92 — 1.55 cos(2.04c — 9.82)

Wang et al. (110) fit their data with simpler forms; C, = Asin2a, Cp = B—C cos2a or Cp = Cp(0) cos? a+

Cp(%) sin? o, where the coefficients A, B, C, Cp(0), and Cp(%) were determined experimentally.

There are two fundamental shortcomings with the quasi-steady models mentioned above. Firstly, they
do not account for the unsteady aspects associated with flapping flight. Secondly, the coefficients describing
the aerodynamic terms in these models are determined empirically and typically do not account for any
variations in the wing shape. This latter concern can best be explained by considering the work of Polhamus
(113) who was the first to model the LEV contribution on highly swept and delta wings by a leading edge
suction analogy. He identified two components for the lift, namely the potential flow lift with zero leading

2 o, and the vortex lift C,, = K, cos asin a. Both K, and K, are functions

edge suction, Cr,, = K, sin a cos
of the aspect ratio (4AR). Particularly, K, which becomes the lift curve slope in the limit of small angles of
attack, is a strong function of the AR. Since Polhamus’ formula models the same phenomenon (a stabilized
LEV) as the previously mentioned quasi-steady models such as Dickinson’s model, Eq. (2.1), the coefficients
in these models would not be valid for any arbitrary wing, as those coefficients could considerably change

with variations in the AR. In this section, a more general formula for the lift coefficient in terms of the wing

AR is provided.

Wang et al. (110) showed that the static lift coefficient for a translating wing, taking into account the
LEV effect, could be fit by C, = Asin 2« where A is a constant coefficient. Berman and Wang (43) provided
values for A for the hawkmoth, bumblebee, and fruitfly. However, there are no general formulas for this
coefficient as a function of the wing geometry. In the limit to small angles, the formula by Wang et al.
reduces to C, = 2Aq; i.e., 2A may be considered as the lift curve slope of the three-dimensional wing C7,,,.
Since flapping flight is associated with low aspect ratio wings, one can use the Eztended Lifting Line Theory

(Schlichting and Truckenbrodt(105)) to obtain the dependence of Cp, on the wing AR, which is given by

C, = A (2.2)

Tl (22 4

ao
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Insect R (mm) S (mm?) Aspect Ratio A
Drosophila virilis 3 2.97 3.10 -
Hawk moth 51.9 947.8 2.84 1.678
Bumble bee 13.2 54.9 3.17 1.341
Fruit fly 2.02 1.36 3.00 1.833

Table 2.2: Morphological and aerodynamic parameters for the four studied insects.

R2

with the A% being based on one wing; i.e., &2 = -, and ao is the lift curve slope of the two-dimensional

airfoil section, e.g. it is equal to 27 for a flat plate. For conventional airfoils, it could be determined from lift
curves such as the ones presented by Abbott and Doenhoff (152). Using Eq. (2.2), the static lift coefficient
can be written as

Cp = B sin 20 (2.3)

2(1+ (%)24—1)

A comparison is performed among the Cr-a curve using Eq. (2.3), Polhamus’ formula, the potential flow lift
coefficient C, = Cp_ sin «, and benchmark results for four insects: Drosophila virilis, Hawk moth, Bumble
bee, and Fruit fly. Equation (2.2) was used to determine Cf_ in Polhamus’ formula (K, = C_) and the
potential flow equation. As for the coefficient K, in Polhamus’ formula for the lift due to LEV, the expression

given in (113)
1

K, = (K, - KgKi)@

(2.4)

1

M, which can be taken as —z for elliptic wings, and A is the sweep angle,

is adopted, where K; = ace
which is assumed to be zero. Dickinson’s empirical model, Eq. (2.1), was used to obtain the benchmark CT,
in Fig. 2.2(a) for the Drosophila virilis wing which was used as the basis for their empirical model in (3).
For the other three insects, the formula of Wang et al. C, = A sin 2a was used to obtain the benchmark Cp,,
taking the values of A provided by Berman and Wang (43) for those insects. Table 2.2 lists the morphological
parameters (R, S and AR) for the four insects, and the aerodynamic parameter A for the three insects given

in (43). It should be noted that although the range of the aspect ratio over which Eq. (3) is validated is

small, it covers the typical range for hovering insects and proposed flapping-wing micro-air-vehicles.

The divergence observed in Fig. 2.2 between the potential flow lift and the benchmark results for all
insects at relatively high values of « is expected. Although Polhamus (113) did not verify his results for this
wide range of «, his approach shows a good agreement with the benchmark results. However, the proposed
formula, Eq. (2.3), is quite simpler and yields C, values that are closer to the benchmark results than those

of Polhamus for all insects.
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Drosophila Virilis

35 ‘ ‘ ‘ ‘ ‘ ‘
Benchmark - T
= = = Proposed »"\'
3| v Polhamus /’.
= = Potential Flow ke
25F
ol
o
(@)
15+
1k
0.5
0 . . . . . . - y
0O 10 20 30 40 5 60 70 8 9
o«
(a) Drosophila virilis
Bumble bee
35 ‘ ‘ ‘ o
BaW PR
e U&E steady e
3 O Ug&Eearly ",
= = = Proposed <
25| o+ Polhamus »~
+ = = Potential Flow ’
of
g 15
n
0.5
ol
-05 X ‘ ‘ | ‘
50 0 20 40 60 80 10
o«
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2.3 EXTENSION OF DUHAMEL PRINCIPLE TO ARBITRARY Cf-a CURVES

The bumble bee case deserves a more thorough discussion. Two benchmark results have been shown
in Fig. 2.2(c), namely, those of Berman and Wang (43) and Usherwood and Ellington (153). Berman and
Wang obtained the coefficient A by fitting the data of Dudley and Ellington (154), which were for steady
forward flight not hovering. That is, these data were for a completely fixed wing in a wind tunnel, not a
revolving wing like that of the experiments of Dickinson et al. (3) or Usherwood and Ellington (153). This
may be the reason for the relatively larger discrepancy between the estimated Cp by Berman, and Wang,
and the one predicted by Eq. (2.3) and that of Polhamus’ formula. It should be noted that Usherwood
and Ellington (153) provided two sets of Cr-measurements. They categorized them into early and steady
measurements. The early set represents measurements during the first half revolution of the wing from the
start time excluding transients. The steady set represents measurements from 180° to 450° (from half to one
and a half revolutions). Since a steady rotation (not back and forth flapping) is considered in the experiment,
the early measurements are taken before the propeller wake and downwash are fully developed and steady
conditions are reached. Hence, Usherwood and Ellington suggested the use of the early set for analysis of
flapping flight . The C}, values predicted by Eq. (2.3) are in a better agreement with the early results of
Usherwood and Ellington than those of Berman and Wang. On the contrary, the estimated C, by Berman
and Wang is closer to the steady results of Usherwood and Ellington. In conclusion, Eq. (2.3) has been

shown to provide a surrogate model that accounts for the AR effects on the lift due to a stabilized LEV.

2.3 Extension of Duhamel Principle to Arbitrary C;-a Curves

Because of their ability to capture the unsteady effects in a compact form, finite-state aerodynamic models
have been used for aeroelastic and flight dynamic simulations and control design. The basis for most of the
developed finite-state aerodynamic models is either Wagner’s and/or Theodorsen’s model for the unsteady
lift. Wagner (62) obtained the time-response of the lift on a flat plate due to a step input (indicial response
problem). Theodorsen (155) obtained the frequency response of the lift; that is, lift response due to a
harmonically oscillating input, and applied it to the flutter problem of fixed-wing aircraft. Garrick (156)
showed that the Wagner function, W(s), and the Theodorsen function, C'(k), are related through the Fourier

transform.

The principle underpinning this investigation is the Duhamel superposition principle. Wagner (62)
determined the circulatory lift due to a step change in the wing motion. The unsteady lift is then written
in terms of the static lift as

(s) = L, W (s) (2.5)
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2.3 EXTENSION OF DUHAMEL PRINCIPLE TO ARBITRARY Cf-a CURVES

where the non-dimensional time s is defined as s = @ for constant free-stream velocity U and defined as

9 [t
5= 7/0 U(r)dr (2.6)

Cc

for varying free-stream U(7) in this work. As for the dynamic lift, knowing the indicial response for a
linear dynamical system, the response due to arbitrary excitation (input) can be written as an integral
(superposition) using the indicial response and time-variation of the input variable. As such, the variation

of the circulatory lift due to an arbitrary change in the angle of attack is expressed as

U(s) = mpU%c (a(O)W(s) + /O ) d‘;‘lg") W (s — 0)d0> (2.7)

It is noted that W(s) can also be used as an indicial response to aerodynamic inputs other than the
angle of attack. Van der Wall and Leishman (157) used it as an indicial response to the wing normal
velocity, w = Uq, in the case of time-varying free stream. For a relatively high angle of attack, the Duhamel
superposition is performed using a more exact normal velocity w = U sin a. Equation (2.7) is then re-written

)sin (o))
do

L(s) =mpU(s)c (U(O) sin a(0)W(s) + /OS dU(e W(s— o)do) (2.8)

This equation is usually used in dynamic stall models where relatively high a’s are encountered, e.g., the

Beddoes-Leishman dynamic stall model developed in (158; 159; 160; 161).

The main issue with the classical unsteady formulations discussed above is their inability to account
for a non-conventional lift curve (lift mechanism), such as the LEV contribution. To remedy this, it is
noted that the above discussion presumes linear dependence of the lift on «, Uc, or Usina. Within the
framework of potential flow, the lift is linearly dependent on the circulation. This linear dependence presents
the possibility of generalizing Eq. (2.8) for an arbitrary lift curve using the circulation as an aerodynamic

forcing input in the Duhamel integral. As such, the Duhamel’s integral is written as

U(s) = pU(s) (I‘QS(O)W(S) + /05 drzii(U)W(s - U)do’) (2.9)
where I'gg is the quasi-steady circulation. For a translating wing, I'gs(s) = 3cU(s)Cr(s), where the
static lift curve is used to predict C(s); i.e., Cr(s) = Cp s(a(s)). Equation (2.9) is the extension of
the unsteady aerodynamic modeling using Duhamel superposition to arbitrary static Cp-a curves, and
arbitrary-varying free-stream U (s). It should be noted that Eq. (2.9) reduces to all the previous forms of
Duhamel superposition for the particular cases of interest. Moreover, Eq. (2.9) allows us to account for the

instantaneous rotational effects (&-effects). This can be achieved by splitting the translational component
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Figure 2.3: Linear and nonlinear lift build up.

from the rotational one and writing the total circulation as the sum of the two terms, i.e., I' = I'tyqns + Lot

As for I';.,¢, one could use the potential flow result of a pitching airfoil, see (162)
9.3
'yt = e Q(Z — Tp) (2.10)

This splitting is justified as Eq. (2.10) matches well the experiments of Dickinson et al. (3), Sane and
Dickinson (111) and Andersen et al. (5).

The main assumption here is that the flow dynamics remain linear and the Wagner function could be
used to represent the indicial response of the circulatory lift even for high values of «; that is, Eq. (2.5) is still
valid for high values of a. In other words, it is assumed that the nonlinearity of the Cp-a curve is accounted
for in the steady circulation term (input) and does not affect the temporal build up of the circulatory lift, as
illustrated in Fig. 2.3 for a constant free stream. Figure 2.3(a) shows static linear and nonlinear lift curves,
from which the C}, values at a certain angle of attack, a, are picked. Figure 2.3(b) shows the corresponding
lift build up to these values. It is assumed that both the linear and nonlinear lift exhibit the same temporal

lift build up but to different values; ones corresponding to the static lift curves.

To be more suitable for dynamic stability analysis and control synthesis, Eq. (2.9) would be written in

a state-space form. For constant U, one could use a finite-state approximation for W(s) , e.g., R.T. Jones
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2.3 EXTENSION OF DUHAMEL PRINCIPLE TO ARBITRARY Cf-a CURVES

(151) or W.P. Jones (163), which presents W (s) on the form
W(s)=1— Aje " — Age b2° (2.11)

Then, one can use Laplace transform to get a transfer function and consequently to obtain the corresponding
state-space model. However, for a variable free-stream, the targeted state-space model is expected to have
time-varying coefficients, which eliminates the ability to use the Laplace transform. Rewriting Eq. (2.9) in

terms of the dimensional time variables, ¢ and 7, and integrating the second term by parts, one obtains

0 = pUT15(0) = U (0) (TasOW () = [ Tastn ™= ar) (212)

where I'c¢¢ is the effective unsteady circulation. Using the two-state approximation of the Wagner function

as presented in Eq. (2.11) and recalling the definition of the non-dimensional time from Eq. (2.6), the term

dW (t—7)

5 is written as
=

W — APy (e e (2.13)
T C

where summation on the repeated indexes is used. Thus, I'cff is given by
Feff(t) = (1—A1 —AQ)FQS(t)-i-xi(t) , 1=1,2 (2.14)
where x; is written as
t
21)1 —2b; rt .
zi(t) = / U(N AU (r)e e FUMdTgr =12 (2.15)
0 C
Eq. (2.15) represents solution to the linear differential equation

i) = 200 () + ATgsw) L =12 (2.16)

with 2;(0) = 0. In conclusion, the circulatory lift per unit span is written as
2t) =pU(t) [(1 — A1 — As)Tgs(t) + z1(t) + x2(t)] (2.17)
where the state equations for z1 and x; are given in Eq. (2.16) and I'gg(t) is given by

Pas(t) = 5eU(1)C1(alt) + 7 ~Fo)a) (2.18)

Any arbitrary wing motion (U(¢), «(t)) along with any arbitrary nonlinear C s-a curve can be plugged

into Eq. (2.18) to obtain the time variation of the quasi-steady circulation I'gg(¢). This term is, in turn,
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considered as a forcing term in the state-space model, Eq. (2.16). The circulatory lift per unit span, ¢, is

then determined from Eq. (2.17).

2.4 Application to Hovering M AVs/Insects

In flapping-wing flight, the flapping kinematics with respect to the body is usually described by the three
Euler angles: the back and forth flapping angle ¢, the plunging angle ¥, and the pitching angle . However,
it can be assumed that most insects hover in a horizontal stroke plane without an out-of-plane motion (¢ =
0) as stated by Weis and Fogh (20) and Ellington (21). Figure 2.4 shows a schematic diagram for a hovering
FWMAV performing a horizontal stroke plane and the axis-systems used to describe the wing kinematics:
an inertially-fixed frame x7,y;, and z7; a body-fixed frame xy, vy, and zp; and a wing-fixed frame x,, Y.,
and z,. If the wing flexibility is considered, a wing-deformed frame would also be needed. The xz,-axis
points forward, the y,-axis points to the right wing, and the zp-axis completes the triad. Two rotations are
considered, in this work, from the body-frame to the wing-frame; that is ¢ and 1. The flapping angle ¢ is
the rotation about the zp-axis and the pitching angle 7 is the rotation about the y,,-axis. As such, the total
flapping velocity, seen by an airfoil section that is a distance r from the wing root, is r¢$ with the angle of

attack given by

n, ©>0
a(t) = (2.19)
T—mn,9 <0

Hence, according to the unsteady finite-state model developed above, the instantaneous lift per unit span

on that airfoil section is given by
(r,t) = tno(r,t) + prig()| [(1 — Ay — A2) Tos(rt) + 21 (r,t) + z2(r, 1)) (2.20)
where the non-circulatory lift component, ¢y¢, is given by

Ine(r,t) = —Mgpp(r)ay(r, t) cosn(t) (2.21)

_

where My, (r) = Fpc?(r) is the apparent mass of the two-dimensional strip, a,(r,t) and T'gg(r,t) are the

airfoil upward normal acceleration and the quasi-steady circulation, respectively, and are given by

ay(r,t) = r(=g(t)sinn(t) — ¢(t)n(t) cosn(t))

Los(r.t) = 5c(r)rot)Crs(n(t)) + e (r)(§ — To)i(t)

(2.22)
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Figure 2.4: A schematic diagram for a hovering FWMAV performing a horizontal stroke plane and
the axis-systems used to describe the wing kinematics.

where, for hovering MAVs having LEV shed, it has been shown in section 2.2 that Eq. (2.3) is sufficient to
predict the static lift coefficient C7, s of the three-dimensional wing. Finally, the dynamics of the internal

flow-states x1 and zo are governed by

#i(r,t) = 2O gy (r ) + AiTgs(r )], j =i = 1,2 (2.23)

The three-dimensionality is accounted for by using strip theory and C, s of the three-dimensional wing.

2.5 Validation and Comparison with Previous Models

Validation of the aerodynamic loads as predicted by the proposed model is performed by comparing its results
to those obtained by Sun and Du (87). They performed direct numerical simulation (DNS) for Navier-Stokes
equations on the wings of different insects that cover a wide range of operating conditions and morphological
parameters. According to the above model, the lift force is driven by the wing kinematic functions, ¢ and 7.
Sun and Du considered idealized kinematics without an out-of-plane motion (¢ = 0) that closely match the
observed kinematics in nature, as described by Dickinson et al. (3). Their kinematics prescribe the flapping

angle to be a simple harmonic: ¢(t) = —% cos(wt), where ¥ is the flapping amplitude. As for the pitching
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2.5 VALIDATION AND COMPARISON WITH PREVIOUS MODELS

angle, 7, it takes a constant value, referred to as «a,,, except at the beginning and near the end of each half

stroke. During the rotation phase, the n variation is described by

n(t) = Z‘i (t—t,)— 2; sin(%;t’“)) (2.24)

where At, is the duration of each rotational phase, and ¢, is the time at which this phase starts. Knowing
Q. 1s enough to determine Ac, since the wing rotates from ., to @ — a,,, or vice versa. Setting At, equal
to 0.25T, and considering symmetric rotation, ¢, can be determined. As for the wing planform, one just
needs the chord distribution, or more specifically the weighted moments of the wing area. The values of
these moments can be found in (164) for the fruitfly and in (57) for all other insects. Sun and Du listed all

the required morphological parameters, f, ®, a,,,, S, R, and the total mass for all the insects under study.

To further emphasize the physical aspects captured by the developed model, the obtained results are
compared to the most recent quasi-steady model of Berman and Wang (43) which is based on Andersen et
al. (5; 6) and Pesavento and Wang (4). This comparison is expected to show the effects of unsteadiness
on the aerodynamics of flapping flight. The obtained results are also compared with the classical unsteady
approach; i.e., the state-space formulation of Eq. (2.8) along with the added mass contribution. This model
is described in details in (160; 161). This comparison is expected to assess the effects of the LEV on the
aerodynamics of flapping flight. It should be noted that, because of the low aspect ratio of insect wings,
keeping the lift curve slope at 27 like the classical unsteady approach shown in Eq. (2.8), leads to highly
erroneous results (almost doubles the aerodynamic loads). So, it is opted to use the three-dimensional lift
curve slope as presented in Eq. 2.2 in the classical unsteady formulation as well to make the comparison

more meaningful.

Figure 2.5 shows a comparison of the steady-state periodic variation of the lift coefficient over one cycle
for four insects. The lift coeflicient is based on the reference speed adopted by Sun and Du, U,y = 2f®rs,
where ro/R is the non-dimensional second moment of wing area. As such, the lift coefficient is defined as
Cp = ﬁ. It should be emphasized that despite the complexity of the flow field and the simplicity and
compactness of the proposed model, it is able to capture the LEV contribution in an unsteady fashion as

the lift variation throughout the cycle matches well the benchmark results for all the insects.

It is very well known that quasi-steady models predict higher loads than their unsteady counterparts,
see (106) for example. This illustrates the reason behind the higher Cp-values predicted by the model of
Berman and Wang. Its unsteady counterpart (the present model) is closer to the DNS results of Sun and
Du. The largest deviation amongst the four insects of the quasi-steady model of Berman and Wang from

the present and the DNS results takes place in the case of fruitfly (f = 254Hz). This is consistent with
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Figure 2.5: Comparison of the Cf, over one flapping cycle using the current state-space model, the
DNS results of Sun and Du, the quasi-steady model of Andersen et al., and the classical unsteady
approach for four insects.

59



2.5 VALIDATION AND COMPARISON WITH PREVIOUS MODELS

the fact that the deviation of quasi-steady models from their unsteady counterparts is more pronounced at
higher frequencies. On the other hand, the steady values for C, due to a stabilized LEV are less than those
predicted by the classical potential flow formula Cr, = Cf,_ sin «, as shown in Fig. 2.2, particularly for angles
of attack higher than 25°. This illustrates the reason behind the higher C';-values predicted by the classical
unsteady approach in the middle of half strokes where the LEV contribution is dominant. Deviations of
the classical unsteady results from the present and the DNS ones are larger in the cases of a,, = 46° and
43 (fruitfly and ladybird) in comparison to the cases of a,, = 29° and 30 (hoverfly and cranefly). This is
consistent with the fact that the deviation of the classical potential flow theory from the true LEV steady
CL-a curve becomes larger as the angle of attack is increased, see Fig. 2.2. It should be noted that, however,
near stroke reversals where the effect of wing rotation becomes dominant, the classical unsteady approach
predicts C'-values that are very close to the present results and the DNS results. Note that they have the

same models for rotational contributions.

It is noted from Fig. 2.5 that the quasi-steady model of Berman and Wang is closer to the present
results and the DNS results than the classical unsteady approach in the middle of half strokes where the
LEV contribution is dominant. However, its performance is poorer near stroke reversals where the rotational
contribution is dominant. Thus, for symmetric flapping (identical downstroke and upstroke) where the net
rotational contribution to the cycle-average lift is zero, the quasi-steady models of Berman and Wang or
Dickinson et al. (3) might result in good estimates for the cycle-average lift coefficients. This notion along
with their compactness make them suitable for performing preliminary designs of FWMAVs. However,
because they perform poorly near stroke reversals, these models are not satisfactory when used to perform
aerodynamic optimization that may depend on rotational contributions or to analyze asymmetric flapping
cycles necessary for control purposes. It is noteworthy to mention that because the present model is intended
to be a blend of the quasi-steady models (capturing the LEV contribution) and the classical unsteady
representations, its results are always closer to the better model in its region of applicability; i.e., closer to

the quasi-steady model in the middle of half strokes and closer to the unsteady model near stroke reversals.

Table 2.3 presents the operating conditions for the four insects under study along with two comparison
metrics between each of the three studied models and the DNS results. These metrics are the percent-

age deviation in cycle average lift coefficient from the DNS value AC1% = WM x 100 and
DNS
the root-mean-squared difference of the lift coefficient in percent of maximum lift coefficient ACy, % =
\/% foT (CLmodel(t)_CLDNS(t))2dt
maz(CrLp,yg)

x 100. Both metrics show that the performance of the present model is better
than the other two models. It should be also emphasized that the computational cost of the three models
under study are almost the same. Therefore, using the present model allows capturing non-conventional

lift curves/mechaisms (LEV) in an unsteady fashion without an extra computational burden. Finally, it
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Present Model Previous Unsteady Berman Wang

Insect ° o f (Hz) ACL% ACL% ACL%
AC'[/’l"’W.SVO ACLTMS% AC'[/’l"’W.SVO
7.3 26.9 13.12
Crane fly 123 30 45.5
7.9 15.5 14.6
1.8 43.1 7.0
Lady bird 177 43 54
5.8 22.0 12.7
34 14.0 8.6
Hover ly 90 29 160
10.4 13.6 25.2
. 0.3 49.2 16.9
Fruit fly 150 46 254
12.8 36.2 31.6

Table 2.3: The operating conditions for the four insects under study along with the two comparison
metrics ACL, and ACY, . between each of the three studied models and the DNS results.

is noteworthy to mention that using the two-dimensional lift-curve slope 27 as in Eq. (2.8) leads to very
large deviations of the classical unsteady approach. In terms of the stated comparison metrics, it leads to

ACL% = 85.5,150.9,86.0,183.6 and ACy, % = 43.4,75.9,46.6,111.0 for the four insects, respectively.

rms

2.6 Reduced-Order Modeling

The above calculations were performed using 50 spanwise stations, which required a total of 100 aerodynamic
states. However, flight dynamicists may wish to have a more reduced-order model in terms of the internal
aerodynamic states that is more suitable for flight dynamics and control analyses without loss of the physics

being captured.

Motivated by such a goal, a fourth order model that still captures the same physical aspects (LEV,
unsteadiness, and rotational contributions) is proposed. This is achieved by exploiting the knowledge of
the spanwise distributions of all the lift contributors in the integration of Eq. (2.20) over the wing. This
dictates the separation of the translational term from the rotational one because the two terms have different

2

spanwise distributions: 72¢(r) for the translational term versus rc?(r) for the rotational term. As such, the
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Figure 2.6: Results for the C}, build up throughout the cycle using the reduced-order model versus

the full model.
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Frequency response of the autonomous system in the s—domain
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Figure 2.7: Frequency response of the autonomous system in the s-domain; an approximation to

o(k).
total lift on the wing is written as L = Lyc + Lirans + Lyrot Where

Lyc(t) = Tpha[@(t)sinn(t) + ¢(t)n(t) cosn(t)] cosn(t)
Lirans(t) = 2pIn|o(t)| [(1 — A1 — A2) ¢(t)Cr s(n(t)) + z1(t) + 22(t)] (2.25)

Lyot(t) = pha(§ —Z0)@(t) [(1 — Ay — Ag)5(t) + x3(t) + 24(t)]

where Ip; = ZfOR r?c(r)dr, and I3 = 2fOR rc?(r)dr are the weighted moments of area for the two wing
halves. The state equations for the four state variables are then given by

di(t) = 2T gy (8) + Ajp(t)CLs(n(®)],  j=i=1,2 o0

@i(t) = 2O gy (8) + Agi(t)], j=i-2=1.2

where 7 and € are taken at a certain reference section. For the plots shown below, the section at r = ry = QIS"‘}%

is used as a reference section.

Figure 2.6 shows a comparison between the lift coefficient obtained by using the reduced-order model
(four states) and that using the full model (100 states). The plots show a very good agreement. Hence,
the reduced-order model could capture the dominant contributions of the aerodynamic loads with a quite
feasible computational burden. Moreover, it is represented in a compact form that is very well suited for
flight dynamic stability and control analyses of FWMAVs. Finally, it is noted that a similar agreement is

obtained when using the section having the mean chord length as a reference section.
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It should be noted that the dynamic equation, Eq. (2.23) or Eq. (2.26), represents an autonomous
system in the non-dimensional time domain (s-domain). Figure 2.7 shows the frequency response of this
autonomous system, which is an approximation to Theodorsen function. It has a maximum phase shift of
15° at a frequency of 0.35 corresponding to the s-domain. According to the definition of s and the way

it is applied to hovering here, the period in the s-domain is given by 42T which ranges between 14.8-28.4

T

for the four insects under study. As such, the frequency corresponding to the s-domain ranges between
0.22-0.42. Despite the vast variation in the operating frequency among the four insects, the variations in
the frequencies corresponding to the s-domain are relatively narrow. Furthermore, all insects operate near
the frequency of maximum phase shift (0.35). However, this maximum phase shift (15°) is not too high
and may be neglected. In fact, this could be deduced from Fig. 2.5, where the peaks of the translatory
components appear almost at the same time for the four models; i.e., the lag may be neglected. This fact
is very important when considering the reduced-order-modeling for flight dynamics applications. Since the
most common kinematics used in flight dynamics of FWMAVs use a constant angle of attack throughout
each half stroke, e.g., (7; 9; 25; 34), the dependence of the aerodynamic loads on the « time derivatives
comes only from the memory effects (lag). Noting that this lag may be neglected, the aerodynamic loads
could be modeled as functions of the instantaneous angle of attack. However, this should not be thought
of as a pure quasi-steady model, since there is a significant drop in the magnitude due to the unsteadiness.
Figure 2.8 shows the deviation of the translatory peaks, when using the proposed model and the quasi-steady
model of Andersen et al., from those of Sun and Du. As expected, the quasi-steady modeling over-estimates
the aerodynamic loads. This difference is larger as the frequency increases. Noting that the frequency
corresponding to the s-domain varies between 0.22-0.42 which correspond to a magnitude drop of 0.75-0.64.
This fact along with the above one of neglecting the lag are important when developing a reduced-order
model. These two facts justify modeling the aerodynamic loads associated with flapping flight using quasi-
steady means with the amplitude of the fundamental harmonic reduced by a factor of 0.64-0.75. It is
important to note, however, that this may not be true with kinematics having higher harmonics, such as the

rotational kinematics considered here.
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Figure 2.8: Over estimation of the translatory peaks of the quasi-steady model of Andersen et al.
and the proposed model over those of Sun and Du.

2.7 Drag and Power Prediction

Since the flow under consideration is associated with the formation of a leading edge vortex, there would

be no suction force. Consequently, similar to the aerodynamic drag on delta wings, the drag on flapping

wings will mostly be the component of the pressure force in the direction parallel to the free stream or the

instantaneous wing motion; i.e., D = L tan «,, where the positive drag force opposes the downstroke velocity.

As for the viscous drag, the experiments of (3; 79) suggest that it might be neglected in the range of Reynolds

numbers of interest in hovering MAVs/insects (75-4000). Yet, a low fidelity estimate for the viscous drag;
0.148

the flat plate drag with fully turbulent boundary layer, Cpy = e is used. As such, the viscous drag is
estimated by Dy = %p[glc’pf\gbhb.

The power required to overcome the aerodynamic drag can be estimated as Pyero = %ng, where
I3 =2 fOR r3c(r) dr. This is the aerodynamic power required to maintain the flapping motion, . As for the
aerodynamic power required to maintain the pitching motion, 7, the work of (43) is followed, in which the

power required to overcome the viscous rotational effects is written as

v . .
Prot = EPIM (o f + palnl) 7? (2.27)

where Ioy = 2 fOR c*(r) dr, uy and ps depend on the viscosity of the fluid. Berman and Wang recommended a

value of 0.2 for both of them. The power required to overcome the inertial loads is written as Pjpertiar = 2109,
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where I is the moment of inertia of one wing about the flapping axis. It is noted that there is a similar term
for the n-motion. However, the corresponding moment of inertia is much smaller than that of the flapping
(about 10~ times) and, as such, the flapping term outweighs this latter term by far. On the other hand,
there is another source for the aerodynamic rotational power that should be accounted for. This is due to
the fact that the aerodynamic forces are not necessarily located at the hinge point. The rotational lift may
lie at the hinge point, and the way the non-circulatory load is formulated here suggests locating it at the
same point. However, in general, the circulatory lift is not located at the hinge point. Locating it at the
quarter chord point yields an aerodynamic pitching moment at the hinge location. This moment is then
used to calculate the average aerodynamic power which was found to be 1000 times less than the viscous
rotational power, given by Eq. (2.27). Finally, for no out-of-plane kinematics, it is recommend to use the

three power terms stated above; namely, P,c., = %ng, P,.ot given by Eq. (2.27), and Pipertiar = 219p.

2.8 Conclusion

This chapter provides a state-space model for the unsteady lift due to flapping flight. The model is based on
an extension to Duhamel’s principle to non-conventional lift curves with the specific objective of capturing the
contribution of the leading edge vortex (LEV). The unsteady lift due to arbitrary wing motion is generated
using the static lift curve. The effects of the aspect ratio on the empirical formulae used to predict the static

lift due to a stabilized LEV are also accounted for.

The derived model is validated through a comparison with direct numerical simulations of Navier-
Stokes on hovering insects. The results show that the lift variation throughout the flapping cycle matches
well those of the benchmark results for all insects. A comparison with quasi-steady models that capture
the LEV contribution is performed to assess the role of unsteadiness. The results show that quasi-steady
models, which capture the LEV contribution, result in higher aerodynamic loads. Deviations up to 16.9% in
cycle-average lift coeflicients and 31.6% in root-mean-squared errors of the lift coefficient were found using
those quasi-steady models. On the other hand, a comparison with classical unsteady approaches is also
presented to assess the LEV dominancy. It is found that the classical unsteady approaches overestimate the
aerodynamic loads, particularly at high angles of attack. They perform well near stroke reversals where the
rotational contribution is dominant. Deviations of the classical unsteady approach from the direct numerical
simulations were up to 49.2% in cycle-average lift coefficients and 36.2% in root-mean-squared errors of the

lift coefficient.

The derived model can be considered as a blend of the classical unsteady aerodynamic models and

the quasi-steady models that capture the LEV contribution. Therefore, it performs better than the two
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and requires almost the same computational cost. In terms of the comparison metrics, the deviation of
the derived model from the DNS results ranges between 0.3%-7.3% in the cycle-average lift coefficients
and between 5.8%-12.8% in root-mean-squared errors of the lift coefficient. Finally, a reduced-order model
consisting of four internal aerodynamic states is derived from the full model (100 states) for flight dynamics
and control analyses. The resulted lift coefficient using the reduced-order model is in a very good agreement

with that of the full model.

Two conclusions can be drawn from the presented study that are useful for further reduced order modeling
for flight dynamics and control purposes. Firstly, the lag associated with the unsteadiness of the flow of
flapping flyers may be neglected. Secondly, for the considered vast range of operating conditions, the unsteady
magnitude drop of the aerodynamic loads ranges between 0.64-0.75. These two conclusions are very vital
for developing reduced-order models that are suitable for flight dynamic analysis. As such, if the wing
motion has a dominant fundamental frequency, one can use the quasi-steady approaches that accounts for
the dominant LEV contribution to determine the aerodynamic loads associated with flapping flight with a

reduction in the amplitude of the oscillatory forces by a factor of 0.64-0.75.
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Chapter 3

Kinematic Optimization

In this chapter, the wing kinematics optimization is considered for enhanced aerodynamic performance and
maneuverability. In each case, an infinite-dimensional optimization problem is formulated using tools from
the calculus of variations and optimal control. As such, the unnecessary constraints induced by approximating
the problem to a finite-dimensional one are relaxed. Hence, theoretical upper bounds for the hovering
aerodynamic performance and maneuverability are obtained. Sections 3.2, 3.3 present the formulation and

solution of the aerodynamic and maneuverability optimization problems, respectively.

3.1 Introduction

The stringent weight and power constraints, imposed on the design of flapping-wing micro-air-vehicles (FW-
MAVSs), necessitate the need for optimum design and performance. As such, many researchers have inves-
tigated optimum wing shapes, wing flapping kinematics, and flapping actuation mechanisms. This chapter
is concerned with optimization of the flapping kinematics. For FWMAVs, three Euler angles are usually
used to describe the flapping kinematics with respect to the body, namely, the back and forth flapping angle
¢, the plunging angle ¥, and the pitching angle . Taha et al. (146) identified two common frameworks
within which optimal time variations of these Euler angles are sought. In the first framework, the wing
kinematics are optimized from the aerodynamic performance point of view. In the second framework, spe-
cific patterns along with associated parametrization for the kinematic functions are sought to achieve high
control authority for the FWMAV, see Schenato et al. (7), Doman et al. (9; 10), and Oppenheimer et al.
(8; 25).
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3.2 Aerodynamic Optimization

Berman and Wang (43) considered optimization of the wing Euler angles with respect to the body for
hovering insects, namely, the hawkmoth, bumblebee, and fruitfly. They proposed specific functional forms
and kinematic parametrization (11 parameters) for the three Euler angles that sweep a very wide family
of functions. They used the quasi-steady aerodynamic model developed by Pesavento and Wang(4) and
Andersen et al. (5; 6). This model accounts for the translatory (leading edge vortex), rotational, viscous,
and added mass effects. Berman and Wang used both gradient-based and global optimization techniques
to minimize the average required power (aerodynamic + inertial) under lift constraint. Ghommem et al.
(44) considered the same problem with different kinematic patterns and parametrization. They used the
two-dimensional unsteady vortex-lattice method to determine the aerodynamic forces. Kurdi et al. (165)
considered the same problem of wing kinematics optimization to minimize the required hovering power under
a lift constraint. They used the quasi-steady aerodynamic model of Pesavento and Wang(4) and Andersen
et al. (5; 6). However, they adopted a different approach for optimization of the shapes of the kinematic
functions. They used 30 design variables for each Euler angle to specify the magnitudes of each angle at
specific instants during the flapping cycle. Spline interpolation was then performed to obtain differentiable
functions. Despite the large number of design variables, Kurdi et al. used gradient-based algorithms for their
optimization problem. They also determined the effect of the levels of elastic storage and cost to dissipate
negative power on the optimization problem. The elastic storage was modeled as a fraction of the inertial

power, and the remaining inertial power was modeled as a dissipation cost.

Stanford and Beran (73) performed a gradient-based optimization of flapping-wing active-shape-morphing
in forward flight. They performed a sensitivity analysis for the three-dimensional unsteady vortex-lattice
method to obtain the gradient of their objective function with respect to the design variables. Their objective
was to maximize the aerodynamic efficiency under lift and thrust constraints. They represented the wing
morphing along with the flapping motions by a finite series of spatial and temporal functions. The spatial
functions are the first twisting and bending modes of the wing. As for the design variables, they adopted
two techniques. The first technique assumes harmonic functions for the time variation of the generalized
coordinates and, as such, the design variables are the amplitudes and phase shifts of the generalized coor-
dinates. The second technique is similar to that of Kurdi et al. (165), in which the time variations of the
kinematic functions are approximated by cubic splines and the amplitudes of the generalized coordinates at
specific control points represent the design variables. Ghommem et al. (74) adopted the same approaches

using global and hybrid (global and gradient-based) optimization techniques.

In conclusion, all the of the previous efforts on the aerodynamic optimization of flapping wing kinematics
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adopted finite-dimensional optimization, using one of two basic approaches. In the first approach, kinematic
functions and their parametrization are specified. The parameters of the functions are used as design variables
in the optimization process (43; 44). In the second approach, the magnitudes of the kinematic functions at
specific control point throughout the flapping cycle are used as the design variables (165). In some efforts,
both approaches were combined (73; 74). The second approach allows more freedom for the shape of the
kinematic functions, but through using more design variables. Both approaches impose constraints on the
optimization process. It is well known that less optimality is obtained when more constrains are imposed.
On the other hand, the problem is essentially a calculus of variations problem, in which the shapes of the
kinematic functions are chosen to minimize the required power functional. As such, the use of the calculus

of variations to tackle such a problem is essential to obtain true optimality.

In general, the three Euler angles ¢, 9, and n are used to describe the wing flapping kinematics with
respect to the body. However, most insects have approximately a horizontal stroke plane in hover without
an out-of-plane motion (¢ = 0) (20; 21). Furthermore, Doman, et al. (19; 9) emphasized the importance
of minimal actuation in FWMAVs, as this aspect was the main reason for the successful flapping flight of
the Harvard Robofly (30). Therefore, hovering kinematics without an out-of-plane motion are considered in
this chapter. Figure 2.4 represents a schematic diagram for the Euler angles ¢ and 7. As such, the total
flapping velocity, seen by an airfoil section that is a distance r from the wing root, is r¢$ with an angle of
attack @ = 1. The calculus of variations is used to obtain the optimum ¢(.) and 7(.), simultaneously, that

minimize the hovering power.

3.2.1 Problem Formulation

Quasi-steady aerodynamics is used to determine the aerodynamic forces. In this formulation, the lift and drag
coefficients are functions of the instantaneous angle of attack. It is important to note that this formulation
do not restrict the functional form of the lift and drag coefficients to specific formulas. As such, the lift
and drag coefficients can be written as Cp = Cr(«) and Cp = Cp(a), where Cr(.) and Cp(.) are arbitrary

smooth functions.

For hovering FWMAVs, the flapping kinematics can be assumed to be symmetric; that is, identical
downstroke and upstroke. As such, one needs to consider either one of the half strokes. For a horizontal

stroke plane without an out-of-plane motion, the cycle-averaged lift and aerodynamic power, based on quasi-
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steady aerodynamics, can be written as

L =2 [T2 020 Cp(n(t)) dt (3.1)

]
>

L [T12 536 Cp (n(t)) dt

where Iy = 2f0R r2c(r)dr and I3; = 2f0R r3c(r) dr are the weighted moments of area for the two wing
halves. The objective is to minimize the required average power during hover under a lift constraint whereby
the average lift has to support the weight W. Although the required power consists of aerodynamic and
inertial contributions, our concern here is the aerodynamic one only. This is because the inertial contribution
can be recovered using any elastic means; e.g., a spring action in the flapping direction. It is noteworthy to
mention that this spring action is needed anyway to produce the desired kinematics. In addition, Wood et al.
(30) showed that driving the wing-actuator system at resonance would lead to recovery of the strain energy.
As such, the functional to be minimized is the power functional given in Eq. (3.1). The lift constraint is

expected to be active. As such, the cost and constraint functionals are written as

Te()sn() = [T G3()Cp(n(t) di

(3.2)
Gle()n() = Jy > [P OCr () - 2] de =0

The calculus of variations problem is to find (¢*(.),n*(.)) € ©, such that

Je™(),m"()) < J(e(), (), ¥(e(.),n(.) € U™ (.),n"(-);6) N O

and G(o*(.),n*(.)) = 0, where

© ={(e(.);n()le() € PWS(0,T/2),n(.) € PWC(0,T/2) and ¢(0) = —p(T/2),n(0) = n(T/2)}

and Ui (p*(.),n*(.);9) is the d-neighborhood of (¢*(.),n*(.)); that is, a weak local minimum is sought.
The set of admissible functions © is chosen to be the largest set of functions that would make the the
problem mathematically well-posed. That is, because ¢(.) has to be differentiable and its derivative has
to be integrable, it must be at least piecewise-smooth (PWS). As for the pitching angle, n(.), it has to
be integrable only and, as such, piecewise-continuity (PWC) is enough. We note that allowing for these
non-smooth functions may seem impractical, but is necessary to obtain the true optimality as it is the main

objective of this work.
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The Lagrangian functional for the constrained optimization problem is then constructed as

A(p(),n() = Ao (()s ) + MG (), ()

where Ag and Ay are constants such that |Ag| + |A1| # 0. However, one can show that (¢*(.),n*(.)) are not

extremal of G(.) unless ¢*(t) = 0 or C7 (n*(t)) = 0, where C}(n) = dCL . These two conditions correspond to
minimum or maximum lift, respectively. It is expected that neither of these conditions would be a solution
to the optimization problem at hand. As such, (¢*(.),n*(.)) are not extremal of G(.), and Ag # 0. Therefore,

we construct the Lagrangian functional as

T/2
A(.):J(.)+/\G(.):/O 0, (1), (b)) dt (3.3)

where A = i—; It can be proved that if (¢*(.),n*(.)) provides a weak local minimum for J(.) on © subject

to the constraint G(¢*(.),n*(.)) = 0, then

e The Euler integral equations for the Lagrangian functional can written as

2L (t, 07 (1), (1)) = e1, Vt € 0,T/2) (3.4)

ft gf; 7,0*(7),n* (7)) dT = ¢2, Vt € [0,T/2] (3.5)
where ¢; and ¢y are constants and £ is the integrand of the Lagrangian functional defined in Eq. (3.32).
e The essential boundary conditions are given by ¢*(0) = —¢*(T/2), and n*(0) = n*(T/2)
e The natural boundary condition is written as

550,070, 77(0)) = = 55(T/2,*(T/2). 1" (T/2))

Substituting for ¢ into Egs. (3.4, 3.5) and differentiating Eq. (3.5) with respect to t yields

3" 2()Cp (n* (1)) + 208" (H)CL(n*(t)) = 1, ¥t € [0,T/2)

()" (1) + Ag*2(HCL (" (1)) =0, Vt€[0,T/2]

(3.6)

Applying the first natural boundary condition yields a zero value for ¢;. Assuming X, C,(n*(¢)), and
Cp(n*(t)) are not zeros, and since ¢*(t) # 0, we obtain from Eq. (3.6) that

30,0 (1) _ 200" (1)
Crnr®) = om0 VL€ [0, T/2] (3.7)
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Integrating Eq. (3.7) yields
Ch(n")
Ci(n*)

=T (3.8)

where T is a constant. Equation (3.8) is an algebraic equation in %*(¢), which has any time dependance.
As such, the optimal pitching angle has a constant value throughout the half-stroke, referred to as 7,,. It
should be noted that this piecewise continuous variation of the pitching angle is convenient for the concept
of minimal actuation, because it can be passively controlled. Therefore, it has been used in the work of
Schenato et al. (7), Doman et al. (19; 9; 10; 34), and Oppenheimer et al. (8; 33; 25). In fact, Eq. (3.7) is
%, associated with minimum aerodynamic power for conventional
aircraft, see Ref. (166). Thus, n(¢) has to be kept fixed at the angle of minimum % of the FWMAYV drag
polar. As for ¢*(¢), Eq. (3.6) yields

equivalent to the condition of minimum

P Cr(Mm
pr(t) = —5Elm) 1 e [0,7/2] (3.9)

The value of either A or ¢*(¢) could be determined from the application of the active constraint, G(¢*(.),n*(.)) =

\_ 13Co( 2WT
QCL /1121CL Tm) pla

with the £ indicating upstroke and downstroke motions, respectively. As such, the optimum flapping angle

0. This gives

in the downstroke is given by the following triangular wave:

P (1) = /s (L= T/4), 1 €(0,T/2] (3.10)

which is presented in Fig. 3.1. A sufficient condition for the optimality of ¢(.) is that

(3.11)

which is strictly positive, V¢ € [0,7/2].
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Figure 3.1: Optimum shapes for the flapping and pitching angles.

3.2.2 Results and Discussion

Substituting the aero-optimal triangular waveform kinematic function, as obtained above, into the aerody-

namic power functional P in Eq. (3.1), yields

— I 2W3 m I 2IW3
= ). 2 2 (3.12)
Iy P Cy " (m) Iy P

It is interesting to note that, similar to conventional aircraft, the minimum aerodynamic power for FWMAVs

Cp (Mm) —
i (nm)
throughout the flapping cycle, which is similar to the case of a wing on a cruising aircraft. However, the drag

occurs when VT is minimum. This is because the flapping speed and pitching angle are constant
polar of a flapping wing is quite different from that of a conventional aircraft wing. Next, the implications

of this difference in the drag polar on the optimal performance of the flapping wing is assessed.

Pesavento and Wang (4) and Andersen et al. (5; 6) showed that the lift coefficient of the translatory
(leading edge vortex) effect can be written as Cp,(a) = Asin2«, where A is a constant that depends on the
Reynolds number and wing geometry. Taha et al. (167; 168) showed that, in the limit of small angles of
attack, 24 may be considered as the lift curve slope of the three-dimensional wing C7,_; that is, Cr(a) =

%C L., sin 2a.. They also showed that the use of the extended lifting line theory to determine the dependance
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of C,, on the wing aspect ratio AR is satisfactory. As such, the translatory lift coeflicient can be written as

Cp = AR sin 2a (3.13)

2(y/3AR* +1+1)

The flow considered here is associated with the formation of a leading edge vortex. As such, there is no

suction force. Consequently, similar to delta wings, the drag is mostly the component of the pressure force,
normal to the wing surface, in the direction parallel to the free stream or the instantaneous wing motion;

that is, Cp = C tan . Hence, the drag coefficient in such a flow can be written as

A
Cp = Cpo+ ——22 g2 (3.14)

VIARP +1+1

where Cpg is the viscous drag coefficient. Using Eq. (3.13) and (3.14) for C, and Cp, respectively, yields

C% . S(CDO + CLa sin? 04)2

Cb _ , 3.15
c3 C3. sin®(2a) (8.15)

Equation (3.15) is written in terms of Cp_ for simplicity. The hawkmoth wing is considered whose aspect
ratio is 2.84, see Ellington (57), and Cpg = 0.07, see Berman and Wang (43). Figure 3.2 shows variation of
the resulted % as a function of « for the hawkmoth wing. It is clear that the angle of attack corresponding
to the minimum % is relatively small with a value of 13.5°. This refutes the misconception that the
optimum pitching angle is 45°. In fact, n* = 45° results in the maximum lift, but is not optimal for hovering.
It consumes more than double of the aerodynamic power consumed when hovering by the angle of attack

. .. c?
corresponding to the minimum

C—L%’.

It is noteworthy to mention that the angle corresponding to the minimum % decreases as C'pg decreases.
Furthermore, the viscous effects in the range of Reynolds numbers (75-4000) of interest in hovering FWMAVs
/ insects can be neglected, see the experiments of Dickinson et al. (3; 79). Consequently, the smaller « is,
the better obtained performance is. However, a smaller « yields a smaller Cf,, which, in order to satisfy
the lift constraint, requires a higher flapping velocity and/or a larger flapping amplitude. According to Eq.
(3.10), the flapping amplitude ® is given by

w
=T m (3.16)
So, for negligible C'pg, the optimization process for the aerodynamic power using quasi-steady aerodynamics

results in the maximum flapping amplitude and frequency, in order to fly with the least possible angle of
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Figure 3.2: The performance index g—’g versus the angle of attack for the hawkmoth
L

attack, which is then given by

1. 4 T2 . W
f = —gin ! (—omin 3.17
fhm = g 50 (4pCLa121<I>2 ) (8:17)

max

We note that a limit on the flapping amplitude ® usually exists in practical designs. However, such a limit
is not imposed here because it will not affect the shape of the kinematic function at all, which is our main
concern. This will rather add an additional constraint requiring the right-hand-side of Eq. (3.16) to be less

than the ®-limit. That is, it will put some limitation on the flapping frequency, wing area, and the pitch

angle based on the FWMAV weight.

It is noteworthy to mention that the triangular waveform, as obtained in the preceding section, was used
by Schenato et al. (7) for control purposes. They parameterized this kinematic function by three parameters.
An amplitude modulation is used to control the vertical force, a relative timing between the upstroke and
downstroke motions is used to control the forward force, and an offset is used to control the pitching moment.
Manipulating the kinematic parameters asymmetrically yields rolling and yawing moments. The use of such
a kinematic function with the described parametrization yields a rank five control effectiveness matrix; that
is, authority to independently control five degrees of freedom, all but the lateral translation in the body

frame.

Doman et al. (9; 10) and Oppenheimer et al. (8; 25) adopted a different kinematic function for the
flapping angle ¢(.). It was a harmonic based function that has a similar parametrization. Without the
offset, there is a lack in the pitch control authority, which they compensated for by adding a bob-weight
that shifts the vehicle center of gravity (8; 9). In their latter work (10; 25), they added an offset to their
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kinematic function, which achieved a full rank (six) control effectiveness matrix. However, the harmonic

based kinematic function is not aero-optimal like the triangular one. Substituting this harmonic kinematic

function ¢(t) = —® cos(2F) into the power functional yields
5 _ 167%pI5iCp (i) &5
P = P 1
e (3.18)

™

— 161 w3 C m 161 rws
po LW W Cln) _ YoMy | (3.19)
37T121 p CL (nm) 37121 p

Equations (3.12) and (3.19) can be used to assess the difference in the power levels required to hover using

Satisfying the lift constraint yields ® = L, /W, which in turn gives the following cycle-averaged

power

the triangular and harmonic kinematic functions. The ratio of the two equations shows that the harmonic
function requires 20% more aerodynamic power than the triangular waveform. In fact, this is the main
motivation of this effort, which is to provide a performance basis against which the performance using any

other proposed kinematic function can be evaluated.

More recently, Sigthorsson, Oppenheimer, and Doman (34) switched to the triangular kinematic function.
They stated some interesting advantages when using this waveform in comparison to the previous harmonic
one. First, it is much easier to derive analytic expressions for the cycle-averaged forces and moments using
the triangular waveform than using the harmonic one where integrands of the form cos(coswt) and sin(cos wt)
are encountered. Second, Sane and Dickinson (169) indicated that the triangular waveform may be closer to
the observed flapping in nature. Finally, from the actuation mechanism point of view, the use of a triangular
waveform allows the wing to attain its maximum velocity almost instantaneously. As such, the actuation
mechanism attains the passively controlled angle of attack more rapidly than when using the harmonic
function. Hence, the assumption of constant angle of attack throughout the half stroke is more realistic.
One impractical aspect of the triangular waveform is its slope discontinuity at the ends of each half stroke,

which makes its exact implementation unrealistic.

3.3 Maneuverability Optimization

In this section, we consider a FWMAYV equipped with one actuator performing a horizontal stroke plane. The
pitching motion is passively controlled with the back and forth flapping angle ¢ in such a way to maintain a
constant angle of attack throughout the entire stroke. This kinematics is very suitable for hovering and has

been ubiquitously used in the literature of hovering FWMAVs (7; 19; 8; 9; 33; 10; 25; 34; 42; 170; 171). In the
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previous section, the calculus of variations is used to derive the optimum shape of the back and forth flapping
angle ¢ and the pitching angle n for minimum hovering power. The use of the calculus of variations allows
us to obtain true optimal kinematics and, as such, a reference performance against which the performance
of any other proposed kinematics could be compared to assess how close it is to the reference one. Using
quasi-steady aerodynamics and neglecting the aerodynamic effect of wing rotation, it has been shown that
the triangular waveform for the back and forth flapping angle ¢ along with constant angle of attack yields

the optimum hovering performance, see Fig. 3.1.

In this section, we are concerned with the FWMAV maneuverability near hover. The objective is to use
the calculus of variations and optimal control techniques to derive an optimum shape for the back and forth
flapping angle ¢ that produces the maximum cycle-average forward thrust force under the constraint that
the cycle-average lift is equal to the weight. The derived kinematics will be very suitable for fastest transition
from hovering to forward flight or for minimum-time transition from one hovering point to another. The use
of the calculus of variations and optimal control techniques also yields a reference performance; the maximum
forward acceleration that a FWMAV can ever achieve from the hovering position using a horizontal actuator
only. That is the FWMAYV designer can determine the maximum theoretical ability of his designed vehicle
and also have a reference maneuverability index against which he can compare the maximum achievable

maneuverability to assess how far his design from the reference one.

3.3.1 Problem Formulation

For a horizontal stroke plane without an out-of-plane motion, the total flapping velocity, seen by an airfoil
section that is a distance r from the wing root, is 7. The cycle-average lift and forward thrust forces, based

on quasi-steady aerodynamics, are then given by

Il

N T . T .
= j gt [ 1 Q3(t) dt = Ky [y ¢*(t)dt

X = —1280m [ o1)|o(t)| cos p(t) dt = —Kp [} @(1)|¢(t)] cos p(t) dt

(3.20)

= Cr(am), and Cp,, = Cp(am); am being the fixed angle of attack used

m

where Iy = 2fOR r2c(r)dr, Cr,

throughout the entire stroke.

The objective is to find ¢(.) that maximizes the forward thrust functional X (p(.)) satisfying the lift
constraint L(p(.)) = W. As such, this kinematics would result in the highest possible forward acceleration
with zero vertical acceleration on the averaged dynamics of the FWMAV,| leading to fastest possible transition

from hovering to forward flight or from one hovering point to another.
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This problem could be tackled as a calculus of variations problem. However, because the generation of
forward thrust forces by horizontal stroke plane is mainly performed by asymmetry between the downstroke
and upstroke, there may not exist a weak local minimum. The wing may go arbitrary slowly and return

arbitrary fast to produce arbitrary large asymmetry as shown in Fig. 3.3. This invokes the need to impose a

0 0.2 0.4 0.6 0.8 1
Non-Dimensional Time

Figure 3.3: Different kinematics, each with higher returning speed while the total lift is preserved,
indicating no maximum.

constraint on the returning speed or, in general, on the speed of the wing. This is a physical constraint that
is imposed by the used actuator; that is, |¢(t)] < Ymaz- Unfortunately, adding this hard constraint on the
function derivative complicates the problem. It changes the problem from a classical calculus of variations
problem into an optimal control problem. As such, the Euler-Lagrange equations can no longer be used to

provide the necessary conditions for optimization. We rather apply Pontryagin maximum principle.

Optimal Control Approach

Letting x1(¢) = ¢(t) and z2(t) = fot @%(7) dr, we consider the following initial/boundary value problem:

(3.21)

and the functional

T T
J(u(.)):/o u(t)|u(t)\cosx1(t)dt:/0 Fola(t), u(t)) dt
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Then, the optimal control problem is to find a piecewise continuous control u(.) : [0,7] = [—Pmazs Pmaz] C R
that steers the system (3.21) from (z1(0),z2(0)) = (¢0,0) to (z1(T),z2(T)) = (o, %) and minimizes the
functional J(u(.)).

The ingredients needed to apply Pontryagin’s Maximum Principle (MP) are illustrated next. For a
vector x € R2, its augmented correspondence ¥ € R? is defined by X = [x0,Xx?]*. Thus, the augmented

state vector f , corresponding to the state vector f representing the system dynamics, is given by

u|u| cos 21
f($07337u) _ fO(anxvu) _ " (322)
f(w07:c,u)
w2

where fo(z0, x, u) represents the integrand of the cost functional. The Jacobian matrix, A, of the augmented

state vector f evaluated at the optimal performance is then given by

0 —u*(t)|u*(t)| sinzi(t) O
Alt)= 1o 0 0 (3.23)

0 0 0

where u*(t) and x*(t) represent the optimal control and response, respectively.

According to the MP, if v*(.) : [0,7] = [—Pmazs Pmaz] C R minimizes J(u(.)), then there exists a

nontrivial solution to the adjoint equation

n=—[AW")
That is,
1o (t) 0
mt) | = | no(®)u*(t)|u*(t)|sinzj(¢) (3.24)
n2(t) 0

The first and last equations yield constant 7y and 7, respectively; that is,

No(t) =no <0 and n2(t) = 79

It should be noted that the MP dictates a non-positive 79 for this formulation. Also, the optimal control
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u*(t) maximizes the Hamiltonian

U‘C(.’ﬁ,f’,u) = Wof0($07$,U)+ <mn, f(‘rOaxau) >

on the set of admissible controls [—¢@maz, Pmaz]- Thus, either u*(t) = £Ymar or 88—9; = 0, which gives

=1 m (t) *
U*(t) _ 2 n2+mno coszy (t)’ u (t) >0 (325)

—1 1 (t) *
"2 mz—mo cosz} (L)’ u <t) <0

Next, we check wether 79 can be zero or not. If ng = 0, then 7, () = 1, and H = nyu+mn.u?. Noting that

the MP indicates that u*(t) = max ]f]-C(a“:,ﬁ,u) and the optimal Hamiltonian has to be constant

UE[—PmazPman
throughout the entire time period [0, 7], we conclude that either

U () = PmazVt € [0,T] , u*(t) = —PmazVt € [0, T] ,or mp =0, n2 > 0and u*(t) = £Vmax

The first two options do not satisfy the periodicity boundary condition. Considering the latter possibility and
calculating the lift from Eq. (3.20), we obtain L = K12, ,,T. Because K, ¢maz, and T are all specified,
the obtained value for the lift may or may not match the desired value (weight). That is, we cannot satisfy
the lift constraint for a FWMAV of arbitrary weight. In fact, this condition is the one corresponding to

maximum lift. As such, ny < 0.

Having proved that g # 0, we define A\; = 1L \y = "; and H’ = 25 Thus, the equations describe

—no’ —no’ —no "

the evolution of the optimal response are given by

a1 (t) = u*(t)

5(t) = u*?(t) (3.26)

where the optimal control, u*, is either +,,4, or

1 Al(t) *
S cosa  (£)— s u (t) >0
wi(t) = Fesmih=r (3.27)

1 —Ai(t) *
2 cos z’{(lt)+)\27 u (t) <0
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subject to the initial and boundary conditions

The optimal Hamiltonian

— cosxt(t))u*? 1(Hu*(t), u*
3 () = (A2 1(@0)u=(t) + A (t)u™(t), u*(t) > 0 (3.28)

(Mg + cos i (8)u*?(t) + A\ (t)u* (), u*(t) <0

is constant throughout the entire time period [0, T.

Application of the MP yielded two possibilities for the optimal control. These are u* = +¢,,4, and the
solution given in Eq. (3.27). Because the forward thrust force X is maximized by the asymmetry between
the downstroke and upstroke, the largest X is obtained by moving the wing forward (downstroke) as slowly
as possible or optimally by the positive solution given in Eq. (3.27) and moving the wing back (upstroke)

with the maximum allowable wing speed (—@maqz). As such, the optimal control would be given by

1l - 0<t<Ty
u* (t) _ 2 cosz} (t)— A2 -7 = (329)

*Qbmaxa Tl S t < T

where T7 is the switching time, which is unknown.

Point-to-Curve Calculus of Variations Approach

Having realized that the optimal return is performed at the maximum angular wing speed (—@maz), the
problem at hand may be formulated as a point-to-curve calculus of variations problem. That is; what is
the optimum ¢(.) that connects the point (0,¢0) to the curve o + Pmas (T — t) which represents returning
by —¢maz, and minimizes the cost functional while satisfying the lift constraint. Figure 3.4 illustrates the

point-to-curve nature of the problem.

We opt to pursue with this formulation because of its physical indication and the simplicity of its
sufficient condition check. Note that the ¢y may be free, but we will solve the problem for fixed ¢y and then
optimize with respect to it. The cost functional that needs to be minimized is then the X integral over the

downstroke only, which is written as

Ty
() = / G2(1) cos (1) dt (3.30)
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Figure 3.4: Different possible going functions intersect the returning curve. The problem is to find
the one that minimizes the cost functional and satisfies the lift constraint.

The lift constraint
T o W
[ ewa= [ Fayds g -1 = ==
0 0 K

is written as

i T w

Gl = [ 60+ Ghe (7~ 1) - 77| dt =0 (3:31)
0 Ty Ty

where T} is the unknown optimum intersection time. By considering the following curve ¢, (.) : [0,00) = R

defined by

oult) = @o + Pmaz (T — 1)

and the set of admissible functions
© = {p(.) € PWS(0,00)|¢(0) = @0, p(T1) = ¢u(T1) , for someTy > 0}
the point-to-curve calculus of variations problem is then to find ¢*(.) € ©, such that
J(e™() < J(e(), V() € Ur(¢™(.);0) N O

and G(¢*(.)) = 0, where Uy (¢*(.); 0) is the d-neighborhood of ¢*(.); that is, we seek a weak local minimum.
The set of admissible functions © is chosen to be the largest set of functions that would make the the
problem mathematically well-posed. That is, because ¢(.) has to be differentiable and its derivative has

to be integrable, it must be at least piecewise-smooth (PWS). We note that allowing for these non-smooth
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functions may seem impractical, but it is necessary to obtain the true optimality as it is a main objective in

this work.

Because 79 # 0 in the optimal control formulation, we write the Lagrangian functional for the constrained

optimization problem as

A() = J()+AG() = [ et o(t), ¢(1)) dt

= Jo T [Pt cospt) + A (P(0) + e (2 —1) - &) |

(3.32)

It can be proved that if ¢*(.) provides a weak local minimum for J(.) on © subject to the constraint

G(¢*(.)) =0, then (172)

e The Euler differential equation for the Lagrangian functional can be written as

% (%(t,sﬂ*(f),sé*(t))) = 2L(t, 0" (1), 9% (1)), Vt € (0,T7) (3.33)

where ¢ is the integrand of the Lagrangian functional defined in Eq. (3.32).

e The essential boundary conditions are given by ©*(0) = ¢, and ¢*(T}) = ¢1, where ¢1 = o +
Sbmaw (T - Tl*)

e The transversality (natural) boundary condition is written as

UTY @(T7), ¢*(T7)) + (PulTV) — *(T7)) gi(Tf,@(Tf)@*(Tf)) =0

3.3.2 Analytical Solution of the Point-to-Curve Problem

The Euler-Lagrangian differential equation, Eq. (3.33), yields

2¢* (1)(A + cos p*(t)) = ¢*3(t) sinp*(t), ¥t € (0,T7) (3.34)

Expanding ¢p* as ¢* gi: , we obtain

*

do
=TT S5t £0
p* A + cos p* s

*

_ sinp*dp

2

Integrating the outcome yields

P (1) = poy /2 vt € (0,T7) (3.35)
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Thus,

VA4 cosprdp™ = po/ \ + cos podt

Through some mathematical manipulation, it can be shown that the integration of the previous equation

yields
E(sm&\%)—E(sin%\%):%,/H;ifl“’ot,vte(o,Tf) (3.36)
where E(¢\ m fo 11’_”;52 dt is the incomplete elliptic integral of the second kind.

For a given ¢q, three unknowns must be determined. These are the initial speed ¢q, the switching time
T}, and the lagrange multiplier A. To determine these unknowns, we have three corresponding equations.

The first condition represents continuity at the intersection

Pl 2 ©o 2 Yo | A+ Cospo .
E(sinZ\ =) - B(sin 22\ =) =20, /2T Y0p 3.37
(Sm 2 1+/\) (Sm 2 1+/\) 2 VT xrr (3:37)

where ¢1 = o + Omaz (T — T7). Secondly, we have the transversality condition which yields

. . ) ) T w
@1( A+ cos 1) (P1 + 2Pmaz) = A (sﬁim (T* - 1) - T*) (3.38)
1 1

where 1 = o*(T}) = o iizg: £2. Thirdly, the lift constraint, Eq. (3.31), yields

. [A+cospg ©1 2 . %o 2 . .
2@0 )\7—’_1 |:F (bln 7 m — F' [ sin 7 m + (pfmal (T — Tl ) =w (339)

where F(¢\ m fo A /m dt is the incomplete elliptic integral of the first kind.

For a fixed ¢g, Egs. (3.37,3.38,3.39) represent a nonlinear system of algebraic equations in the three
unknowns ¢, 77, and A. However, the forward thrust functional depends on the initial angle ¢y. Therefore,

there may be an optimum value for it that should come out of the solution as well. In that case, a fourth

equation should be added to determine ¢g; that is, ; = 0. We write the thrust functional in Eq. (3.20) as
. ®1 ®o
X =—-Kp {/ &(p) cos p d + Vmax / Cos ¢ d(p] (3.40)
%o P1

Applying Leibniz integral rule, we obtain the fourth equation that completes the system as

0X ; ) ;
78(,0 = —Kp [p1 08 p1 — Pg €08 o + Pmaz (COS g — cosp1)] =0 (3.41)
0

After solving the nonlinear system of algebraic equations, Egs. (3.37,3.38,3.39,3.41), to determine ¢¢, 77,
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A, and g, we need to check the sufficient condition for minimization of the cost functional J (maximization

of X). That is, g—;(t, ©*(t), ¢*(t)) must be positive. Thus, the following condition must be satisfied:

A+ cos*(t) >0 Vt e (0,17)

Given a certain design for a FWMAYV that is equipped with one horizontal actuator, one can use the
above constructive technique to assess the optimum kinematics that would result in the maximum forward
thrust from the hovering position. Hence, the designer could determine the ability of the vehicle at hand.
The design parameters needed to perform the above analysis are the FWMAYV mass m, the flapping frequency
f, the wing design (Is1), the operating g—’j, and the maximum allowable wing speed ¢mq.. We perform the

above analysis using, as an example, the following data of the hawkmoth (57):
f=20Hz , m=15gm , ¢=18.6 mm , R=50mm

where ¢ and R are the mean chord length and the wing radius, respectively. We consider a rectangular wing
and a mean angle of attack of 30°. Thus, since the leading edge vortex is the main aerodynamic contributor

to the loads, g—f = tan au,. As such, the required values to perform the above analysis are given by

f=25Hz , m=15gm , Iy; =155.01 cm* and g—D =0.5774
L

We use the least-squares technique to solve the nonlinear system of algebraic equations with ¥4 = 24/%.
It should be noted that /% is the required speed to balance the weight if the wing operates with a constant
speed (symmetric triangular waveform), which corresponds to the minimum hovering power as found by
Taha et al. (42). The least-squares technique converges to the following solution:

$o )

T
5 :Q%M,—%:me3,A:—QmBzmd¢m:—M3ﬁ

which corresponds to the kinematics shown in Fig. 3.5. The check of the sufficient condition is shown in

Fig. 3.6, which shows that the Hessian of the Lagrangian is positive throughout the entire stroke.

The ability of the vehicle to generate forward thrust forces from a hovering position using a horizontal
actuator having a specified maximum speed can be assessed by calculating the resulting X. Recalling Eq.

(3.40), substituting by ¢(¢) from Eq. (3.35), and carrying out the integrations, we obtain

Y:fmﬂ%dkmmwh+@m$m%fmwg (3.42)
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Maneuverability-Optimum Kinematics Maneuverability-Optimum Kinematics
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Figure 3.5: Maneuverability-optimum kinematics for the hawkmoth using a horizontal actuator
having a maximum speed double the balance speed.

where
Ir=2V2[B (shsin g\ 52) - B (s g\ 2] +

2
— e [P (sin g\ i) - F (sin g\ )]

Now, we use Eq. (3.42) to obtain the maximum achievable forward thrust force/acceleration by a FW-

MAV from the hovering position using a horizontal actuator. For the hawkmoth data using a maximum
speed double the balance speed, we find that the maximum achievable cycle-average forward acceleration is

4.16m/s>.

3.3.3 Results and Discussion

In this section, we compare the derived maneuverability-optimum kinematics with the asymmetric triangular

waveform and the biased split-cycle kinematics proposed by Doman and Oppenheimer (10; 25).

Asymmetric Triangular Waveform (ATW)

In the previous section, it has been proven that the triangular waveform results in the best hovering perfor-
mance in a horizontal stroke plane. One might also think that the triangular waveform would be optimum
from a maneuverability point of view because it allows the wing to operate at a constant (possibly the

favorable) speed during each half stroke and, consequently, produce the maximum aerodynamic loads. How-
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Figure 3.6: Check of the sufficient condition, positiveness of the Hessian of the Lagrangian.

ever, the objective is not to merely maximize the aerodynamic loads but to maximize their component in
a certain direction (forward thrust in our case). The resolution of the aerodynamic loads (the cos ¢ in the
X functional) may cause the optimum kinematics to take place at a varying wing speed rather than at a

constant one. This point will be explained more below.

We consider an upstroke with —¢;,4. too and calculate the downstroke speed required for balance. The
continuity at the intersection dictates that the downstroke speed must be given by ¢4 = Vmax (Tll — 1).

Then, the appropriate 77 is determined to satisfy the lift constraint

= w

(£1)2T1+(TT1)

T
A ()bZ (t) dt = @znax

Thus, the appropriate 177 for ATW going back with —¢,,4, 18 given by

L (3.43)

where K = Qrmaa/+/ F is the ratio between the maximum allowable wing speed and the balancing wing speed.

Then, the corresponding cycle-average forward thrust force X is given by

_ T
X = —Kp¥maz (2 - T> (sin g — sin 1) (3.44)
1

Also, there is an optimum (g, which is obtained by setting % equal to 0, which yields cos g = cos p;.
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Thus, the optimum g for the ATW is given by
1 Ty
= 3 .mazT 1—-—
%0 P < T >

The maximum X using ATW is then given by

— 21 1
X:zKD,/%“H sin(2\/wT " ) (3.45)

k241

We performed an ATW on the hawkmoth data using x = 2 and found that the maximum cycle-average
forward acceleration is 3.20m/s?, which is about 23.21% less than the one achieved by the optimized kine-

matics.

Doman and Oppenheimer Biased Split-Cycle (BSC) kinematics (10; 25)

One of the very common kinematics that has been introduced to obtain high control authority for FWMAVs
near hover is the BSC kinematics proposed by Doman, Oppenheimer and Sigthorsson (10; 25). They started
with the harmonic wave form and introduced a split-cycle parameter § to create asymmetry between the two
half-strokes (8; 9). In a more recent work (10; 25), they introduced a bias to the waveform to obtain higher

control authority.

Recall their kinematics, the BSC flapping angle is written as

ou(t) = =D cos[(w — §)t] + 7, 0<t< T

w

(3.46)
pa(t) = —Pcos[(w+ o)t + ]+, 25 <t <

- w

where ® is the amplitude of the symmetric motion, w is the angular flapping frequency, J is the split-cycle

parameter, and « is the bias. In order for the combination of the two modified-frequency half-strokes to

have the same period as the original one, o = w“j‘; 5. Then, continuity between the adjacent strokes dictates

g _ =279

—=55- They used the parameters w, J, and v for each wing as control inputs. They also found that,

if the required v for control differs from one cycle to another, the backward motion (upstroke in this case)
must be split into two pieces and the amplitude of the second half of the upstroke must be modified to have

continuity between strokes. Because we do not have such a case in our analysis, we will ignore it.

We adapt the BSC kinematics to be compared with the optimized and ATW kinematics. To generate

forward thrust forces, a positive § is required and, intuitively, backward speeds are larger than the forward
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ones. Then, the maximum speed of the BSC kinematics needs to be constrained to ¢.,q44; i-€.,
(D(w + 0) = Sbmaz (347)

Also, the following lift constraint must be satisfied:

/Tng(t) dt = o> l(w—§)2/ﬁ sin2(w—5)tdt—|— (w—|—0)2/J sin2[(w+0)t+g] dt| =w
0 0 T

w—36

which yields

o (w— 5)2 _

Equations (3.47,3.48) can be solved to determine § and ® that satisfy the lift and maximum wing-speed

constraints. They result in

P4 (2 -2)

vwoT 7/{2’12

(3.49)
P =

3 o

It should be noted that the balancing speed using a harmonic waveform is /2 times the balancing speed
using a triangular waveform. Thus, x must be greater than /2 in order to produce forward thrust forces

using the BSC kinematics; that is, to have positive ¢ as shown in Eq. (3.49).

Recalling the definition of X from Eq. (3.20), the resulting X using the BSC kinematics is written as

% = (w+o0)? fi sin?[(w 4 o)t + ¢] cos [P cos[(w + o)t + (] + 7] dt+

—(w —0)? Oﬁ sin?(w — 6)t cos[—® cos(w — )t + 7] dt

These integrals are evaluated in Ref. (10), which result in

w
X =2ndK [
T®Kpdi( )6w725

cosy (3.50)

where J; is the Bessel function of the first kind of order one. Because ¢y = v — ® and the maximum X is
achieved at zero bias (y = 0), the optimum ¢q for the BSC kinematics occurs at ¢g = —®. The maximum
cycle-average forward acceleration using the BSC kinematics with x = 2 is found to be 1.79m/s?; that is,

56.96% less than that of the optimized kinematics.

Figure 3.7 shows a comparison among the optimized kinematics, the ATW, and the BSC kinematics for
the hawkmoth case study. An explanation to why the proposed kinematics produces a larger X than the

other ones can be obtained by considering Fig. 3.7(b). Because the objective is to minimize the accumulation
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Figure 3.7: Maneuverability-optimum kinematics for the hawkmoth versus ATW and the BSC
kinematics using a horizontal actuator having a maximum speed double the balance speed.

of $? cos p, the proposed kinematics slows down during the period where ¢ is close to zero (cos ¢ is large),
to have a smaller multiplication of ¢ cos¢ and keep this small value for longer times. On the other hand,
the ATW operates with a constant speed and, as such, results in a larger multiplication of (2 cos ¢ in those
periods. As for the BSC kinematics, it operates almost in the opposite way of the optimized kinematics and,
as such, produces much smaller cycle-average forward accelerations than the optimized kinematics and the

ATW. However, it does not have slope discontinuity between half-strokes.

The maximum achievable cycle-average forward thrust force is presented in Eq. (3.42) for the optimized
kinematics, Eq. (3.45) for the ATW, and Eq. (3.50) with v = 0 for the BSC kinematics. Figure 3.8
shows the variation of the maximum achievable cycle-average forward acceleration and the optimum g with
Vmaz (k) for the optimized kinematics, the ATW, and the BSC kinematics for the hawkmoth case study.
Some conclusions can be drawn from Fig. 3.8. Firstly, the difference between the maximum achievable
forward acceleration in the three cases decreases as k increases. Secondly, the optimum g for the proposed
kinematics is very close to that of the ATW kinematics. Fig. 3.8(a) indicates that there is an asymptotic
value for the maximum forward acceleration to be reached by each set of kinematics as k increases. Figure
3.9 replicates Fig. 3.8(a) for large values of ¢4, (k) showing the asymptotic value of the maximum forward
acceleration. It is interesting to note that all of the three kinematics reach the same asymptotic value. The
optimized kinematics approaches it at a x smaller than the ATW and than the BSC kinematics. Since all of

the kinematics exhibit the same asymptotic value, it is easier to determine this value from the ATW equation
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Figure 3.8: Variation of the maximum forward acceleration and the optimum ¢y with ¢ (k) for
the maneuverability-optimum kinematics, the ATW, and the BSC kinematics for the hawkmoth.
for X, Eq. (3.45). The limit cycle-average forward acceleration ajin;; is then given by

1 — 2K 21 1
alimit:—lisziD zlim/{ sin(x/wT r )

M K—00 m Tr—oo K 2 K2+ 1
Interestingly, the mathematical manipulation of the previous equation results in

C
Alimit = C%g (3.51)

In summary, the calculus of variations and optimal control techniques allowed us to derive maneuverability-
optimum kinematics. For a given maximum wing speed ¢qz, this kinematics is able to produce higher
cycle-average forward accelerations than both of the asymmetric triangular waveform and the biased split-
cycle kinematics of Doman and Oppenheimer. As the allowable ¢4, increases, the produced cycle-average
forward accelerations from the three kinematics become closer together. As ;4. reaches infinity, the three
kinematics produce the same cycle-average forward acceleration aj;,q¢. Interestingly, this limit is simply

: c
given by aiimit = 9
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3.4 Conclusion

Using the calculus of variations approach allows for the relaxation of the un-necessary constraints induced by
parameterizing the kinematics and formulating the problem as a finite-dimensional optimization problem.
As such, true optimality is obtained. The optimal back and forth flapping position angle is determined,
simultaneously, with the pitching angle that minimize the aerodynamic power under a lift constraint. Use
of the calculus of variations along with quasi-steady aerodynamics allowed us to obtain a reference true
optimality. Because there are many objectives for the optimization problem of flapping kinematics, this
reference performance is intended to represent a basis against which the performance using newly proposed
kinematics can be evaluated. It is found that a triangular waveform flapping angle along with a constant
pitching angle throughout the half-stroke yield the optimal performance. This pair of optimal kinematic
functions is convenient for the minimal actuation concept necessary for micro-air-vehicles feasibility. It is
found that the harmonic waveform requires 20% more aerodynamic power than the triangular waveform.

Other mathematical and practical advantages of the triangular waveform are discussed.

The calculus of variations and optimal control techniques are also used to determine the maneuverability-
optimum back and forth flapping kinematics. The optimization problem is to maximize the cycle-average
forward thrust force from the hovering position under the lift equality constraint. Thus, the sought kinematics
would be suitable for sudden collision avoidance and possibly for fastest transition from hovering to forward
flight. It is found that an additional constraint on the wing speed must be added to have a well-posed,
and also realistic, optimization problem. Addition of this constraint, which represents a hard constraint

on the function derivative, turns the problem from a conventional calculus of variations problem into an
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optimal control one. As such, the necessary conditions for optimization can no longer be derived from the
Euler-Lagrange equation but from Pontryagin’s maximum principle, which result in four possibilities for the
optimal control law (wing speed). Then, physical intuition dictates use of a certain combination of these four
possibilities; that is, returning back (upstroke) with the maximum allowable wing speed and going forward
with the slower option. Having realized that, the problem can then be formulated as a point-to-curve calculus
of variations problem; that is, what is the optimum function that connects the initial point to the returning
curve (with the maximum speed) that minimizes the negative contribution to the forward thrust during the

downstroke and satisfies the lift constraint.

The obtained kinematics are compared with the asymmetric triangular waveform and the biased split-
cycle kinematics of Doman and Oppenheimer. For small values of the maximum allowable wing speed, the
obtained kinematics results in cycle-average forward accelerations that are considerably higher than both
of the asymmetric triangular waveform and Doman’s biased split-cycle kinematics. As the maximum wing
speed constraint is relaxed, the performances of the three set of kinematics become close to each other.
Interestingly, the cycle-averaged forward accelerations resulted from each of the three set of kinematics
approach the same asymptotic finite value for infinite maximum wing speed. This asymptotic value (limit),
which represents the maximum cycle-averaged forward acceleration that a flapping vehicle can ever generate

from the hovering position, is simply the drag-to-lift fraction of the gravitational acceleration.
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Chapter 4

Saturation-Based Design of the

Actuation Mechanism

In this chapter, a design methodology for the actuation mechanism of flapping-wing micro-air-vehicles (FW-
MAVs) is presented. The challenge stems from the fact that hovering and forward fight require different wing
motions and, as such, independent actuators. Besides, the stringent weight and size constraints imposed on
FWMAVs dictate using a limited number of actuators. In this chapter, a design for the actuation mech-
anism that provides the required kinematics in each flight condition is proposed using only one actuator.
The idea is to exploit the nonlinear dynamics of the flapping wing to induce the saturation phenomenon.
The equations of motion of the flapping wing are derived in Section 4.2 and the used aerodynamic model
is presented in Section 4.3. An explanation of the saturation phenomenon and its origin is given in Section
4.4. Then, Section 4.5 shows how the saturation phenomenon is exploited in the proposed design of the
actuation mechanism so that both kinematics would be obtained. Finally, the methodology is implemented

on the hawkmoth data as a FWMAYV in Section 4.6.

4.1 Introduction

The stringent weight and size constraints that are always imposed on FWMAVs invoke minimal actuation.
Wood (30) noted that the concept of minimal actuation (minimum number of actuators) was a main factor
that led to the first successful take off of a FWMAV (Harvard robofly). This concept is also emphasized by

Doman et al. (19; 9) and used by Schenato et al. (7). This limitation represents the main motivation for this
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work. Unlike conventional aircraft, the design of FWMAVs includes additional aspects, such as design of
the kinematics of the wing motion relative to the body and its actuating mechanism. Many attempts aimed
at optimizing the wing kinematics either for better aerodynamic performance (43; 165; 73; 74; 42), higher
control authority (9; 25; 34; 7; 27), multi-objective optimization (45), or for gust resilience (173). However,
when it comes to practical implementation, it is usually preferred to follow the minimal actuation concept.
In fact, this is one of the main reasons for the need to decide in the early stages of the design process of
a FWMAYV whether the main mission of the targeted vehicle is to hover or to travel longer distances. The
reason is that the kinematics of hovering and, consequently, the associated actuator are considerably different

from those required for forward flight.

Following insects, Weis-Fogh (20) and Ellington (21) observed that hovering is performed in an approx-
imate horizontal stroke plane; that is, no out-of-plane motion (the plunging angle ¥ ~ 0). In contrast, the
wing motion must have a vertical component to tilt the air velocity vector and, consequently, the produced
lift force to create a significant thrust force in forward flight, as shown in Fig. 4.1. As such, the hovering
and forward flights require different wing-motions and, consequently, two independent actuators. However,
in their trials to obtain high control authority near hover, Doman et al. (9), Oppenheimer et al. (25),
and Schenato et al. (7) showed that forward thrust forces can be generated by some manipulation of the
wing beat in a horizontal stroke plane. This manipulation uses asymmetric flapping (different relative times
between the upstroke and downstroke) along with some offset for the back and forth flapping angle . This
approach is convenient for generating forward thrust forces to transfer from a hovering point to another.
Also, it may be essential in the initial transition from zero forward speed to some forward speed, but not
efficient at higher, sustained forward speeds. This is why either a hovering or a forward-flight requirement

should be included in the mission and design statements of a FWMAV.

The main objective of this work is to provide a design methodology for an actuation mechanism that is
able to provide the required kinematics for both of hovering and forward flight. The idea is not as trivial as
tilting the stroke plane so as to have components of the wing motion in the horizontal and vertical planes.
Instead, the idea is to have almost pure horizontal motion for the wing in hovering and, when desired, the
wing motion is transferred into almost pure plunging. This is done by exploiting nonlinearities to transfer
energy from one mode to another. The proposed design requires a physical spring in the vertical direction
along with feedback of the flapping and plunging angles and the flapping angular rate. It is noteworthy to
mention that the flapping angle and angular rate feedback are needed anyway for adjusting the required
kinematics in hover. As such, the plunging spring and the plunging angle feedback are the only additional
items needed to implement the proposed actuation. The used actuator is in the horizontal direction, which

in normal conditions provides the required kinematics in hover.
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4.2 EQUATIONS OF MOTION
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Figure 4.1: Favorable kinematics for hovering and forward flight. The dot represents the leading
edge.

Noting that plunging is not effective unless some forward speed is present, we first apply a means for
initial transition, as discussed above, to produce some forward speed. The feedback gains are then tuned
to induce the saturation phenomenon. Thus, the motion is transferred to the plunging direction, thereby
creating a considerable thrust force needed for continuing the transition phase and pursuing sustained,
efficient forward flight for long periods. In addition, the amplitude of the control torque (originally actuating
the back and forth flapping direction) can then be considered as a control input for the amplitude of the
plunging motion and consequently the forward thrust force and speed. On the other hand, the amplitude of
the horizontal flapping motion saturates and becomes independent of the amplitude of the actuating torque.
Tuning the gains with the system parameters can even make the saturated value of the flapping amplitude

so small that pure plunging motion is obtained.

4.2 Equations of Motion

Because both hovering and forward flight can be considered as longitudinal flight conditions, identical motions
for the left and right wings are considered. As such, one needs to consider the motion of one wing only.
Three consecutive rotations are used to describe the wing kinematics relative to the body: the back and
forth flapping angle ¢, the plunging angle 9, and the pitching angle . A piecewise constant time-variation

of 1 is assumed; that is, during hover where considerable amplitudes for y-oscillations exist, i is assumed
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4.2 EQUATIONS OF MOTION

to be constant throughout each half stroke and to change instantaneously between half strokes for the wing
to have the same angle of attack in the next half stroke, referred to as 7,,. Thus, the time variation of the
pitch angle, n(¢), is given by:

n(t) = M 0<t<T/2,0>0 1)

T =N, T/2<t<T, <0

Taha et al. (42) showed that this time variation for 7 yields the minimum aerodynamic power required for
hover. It is also convenient for the minimal actuation concept, as it can be passively controlled with the
p-motion. As such, this piecewise constant variation of  was used by Schenato et al. (7), Doman et al.
(9; 10), and Oppenheimer et al. (8; 25). Using this time variation of n results in its time derivatives be
identically zero except at the flip between half strokes where these derivatives are not defined. As such, the

n-dynamics is neglected in this work.

Because the main concern is the dynamics of the wing motion, the inertial frame x, yy, and zy is attached
to the vehicle body. The zj-axis points forward, the y; points to the right wing, and the z; points downward
to complete the triad. The wing axis system x,,, ¥, and z,, is assumed to coincide with the inertial system
at zero kinematic angles. The back and forth flapping angle ¢ represents the rotation about the negative
zr-axis, the pitching angle 1 represents the rotation about the rotated y;-axis, and the plunging angle ¢
represents the rotation about the final z,-axis. Figure 4.2 shows the axis systems and rotations used to

describe the wing kinematics with respect to the body.

Xo=Xw X

Y1=Y2 \ Y1

X|

X1
Yi

2 ©

=71

VARYL)

Figure 4.2: The axis systems and rotations used to describe the wing kinematics with respect to
the body.

Using the above axis systems, we write the rotation matrices from the the inertial frame to the wing
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4.2 EQUATIONS OF MOTION

frame as

cosp —sinp 0 cosn 0 —sinn 1 0 0
3 1
R(_;: sing cosp 0| > Rff): 01 o0 and Ré): 0 cosd sind (4.2)
0 0 1 sinn 0 cosn 0 —sin cos ¥

The total transformation matrix is then written as
R =B\ RY|RY)) (4.3)
and the wing angular velocity vector @) in the wing frame is given by
S = [RV)[RP)(~ k) + O, (4.4)

where the Z,j, and k represent unit vectors in the x,y, and z directions, respectively, and the superscript

refers to the axis system to which these vectors belong to as shown in Fig. 4.2. Thus, J(*) is given by

w1 sinny + ]
) = wy | = | —sindcosng (4.5)
w3 —cos Y cosne

Assuming the wing axis system is composed of the principal axes of the wing, we write the inertial time

derivative of the angular momentum vector represented in the wing frame as

I.rwl + (Iz - Iy)WQWB
hw) = Iywy + (Iy — I2)wiws (4.6)

IZO:)3 + (Iy — Ix)wlwg

The loads applied on the wing include the aerodynamic loads Aw) = [aly aly al3]T, the actuating
torque 7 about the zr-axis, the gravity, and the action of the plunging spring Ky. As such, the total moment

vector applied on the wing is written as

—

M@ = A®) 1 [RIVRD)(—7ky) — Kydiy, + M (4.7)
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4.2 EQUATIONS OF MOTION

where Mg(w) is the moment vector due to gravity, which is given by

Tcg COS VY COS N
Méw) = (—di:u + rcgj:u) x mwgk_} = Myg dcos ¥ cosn (4.8)
TcgSiNN — dsind cosn
and d and 7.4 are the distances between the wing root hinge point (the origin of the wing axis system) and

the wing’s center of gravity along the negative z,,-axis and the y,,-axis, respectively. Thus, the total moment

vector is given by

M, aly + 7sinn — Kg¥ 4+ my,greq cosd cosn
M) = M | = aly — 7sin ¥ cos n + my,gd cos ¥ cosn (4.9)
Mj alz — 7 cos ¥ cos N + My g(reg sinng — dsind cos n)

Applying the principle of virtual power (174),

o 00
_ ) -
(h— M) a4, 0,

i=1,2

where ¢ represents the generalized coordinates (¢, 1) and noting that

sinn 1
) L 9
- = o aln = =
9% sin ¥ cosn By 0
—costcosn 0

we write the dynamic equations describing the wing motion as

(Im sin®n + (1, sin? ¥ + I, cos? 9)) cos? 77) G+ Iysinnd = 7 — Kgdsinn + aaq ( )
4.10
I, sinng + I3 + %(Iz — 1) sin 29 cos? ng? = 7sinn — Ky¥ + aly + mygreg cosd cosn

where

aay = aly sinn — alg sinv cosn — als cos ¥ cosn
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4.3 AERODYNAMIC MODELING

4.3 Aerodynamic Modeling

Considering an airfoil section that is a distance r from wing root, its velocity components in the wing frame
are written as

Vi, = rpcostd cos ) — 0 sin g + Vi (cos 1 cos ¢ + sinnsin ¢ sin 6) (411)
4.11

V., =rpcosdsinng + mécosn + Voo (sinn cos ¢ — cosnsin ¢ sin §)

where V, is the free-stream velocity (body velocity in the case of forward flight). The forces in the plane of

the wing section are then given by (43)

dFy, = pV,, I'dr — dFy, (4.12)
12

dF., = |—pV,, T — map,,vz,w} dr — dFy,

where gy, = Tmpc?(r) is the apparent (added) mass and I' = —1Cp (a)c(r) Vi is the circulation, with the

signs adjusted for o = arctan VVZ’“ and the lift coefficient given by (167) Cp, = %C’La sin 2a. where the lift

Taw

curve slope is given by
AR
Cr. = T

ao

with the aspect ratio, AR, being based on one wing; that is, AR = %2 and ag is the lift curve slope of the

two-dimensional airfoil section, taken to be 27 here.

The drag force is written as

= 5rc(r)CpVior dr (4.13)

dFy, V.

where the drag coefficient is given by Cp = Cpo + Cp,, sin? . The viscous drag coefficient is taken to be

__0.148

= The where Re is the Reynolds number.

the flat plate drag with fully turbulent boundary layer, C'pg

Using the above equations, the components of the aerodynamic moment vector in the wing frame are

written as
aly(t) foR dF, (r,t)r dr
A(w) = al2 (t) =2 fOR szw (T’, t) (d - jCP)C(T) dr
als(t) foR dFy,, (r,t)r dr

where d — 2, is the distance between the wing root hinge point and the center of pressure, assumed to lie
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at the quarter chord point.

4.4 The Saturation Phenomenon and Energy Transfer

The saturation phenomenon is one of the very interesting phenomena in the area of nonlinear dynamics. Its
history can be traced back to 1863 when Froude noted that a ship whose roll frequency is close to one-half
its heave frequency has undesirable sea-keeping characteristics. At that time, only linearized six-degrees-
of-freedom rigid body equations of motion were used to model the ship dynamics in which the roll and
heave motions are decoupled. About a hundred years later, Nayfeh, Mook, and Marshall (175) explained the
nontraditional response for ship dynamics having a two-to-one frequency ratio using the nonlinear equations
of motion that account for the coupling between the roll and heave motions. Several analytical and exper-
imental investigations have shed more light on the consequences of this internal resonance to show how it
promotes energy transfer and leads to the saturation phenomenon (e.g., Haddow et al. (176), and Nayfeh

and Balachandran (177)).

The saturation phenomenon is associated with dynamical systems having quadratic nonlinearities and
some resonance characteristics. Nayfeh et al. (175) introduced the following system as a paradigm for

systems exhibiting the saturation phenomenon:

1.1.,1 + wful = 72#1711 —+ Uy uo
(4.14)

fig + w3ug = —2u2ts + ut + F cos Ot

If the us mode is directly excited by a primary resonance (i.e., 2 = wy+e€01, where € is a small nondimensional
parameter) and if it is involved in a two-to-one internal resonance with the u; mode (i.e., we = 2w; + €oq),
where o1 and o9 are detuning parameters, the saturation phenomenon is induced. That is, if the excitation
amplitude F' exceeds a certain threshold, the amplitude of the directly excited mode us will saturate and
become almost independent of the excitation amplitude. On the other hand, the amplitude of the u; mode,
indirectly excited via the internal resonance, will increase with increasing F. The method of multiple scales
(178; 179) has been used to explain this phenomenon analytically. Figure 4.3 shows typical force-response

curves for the system (4.14) exihibiting the saturation phenomenon.

The bifurcation associated with the saturation phenomenon is not always a supercritical bifurcation like
the one shown in Fig. 4.3, but may be a subcritical bifurcation accompanied by a jump and hysteresis.
In addition, the periodic responses associated with the saturation phenomenon may undergo a secondary

Hopf bifurcation for some excitation parameters, as shown by the experimental and theoretical work of
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4.5 EXPLOITATION OF THE SATURATION PHENOMENON

Saturation Force Response Curve
8 . . ‘ ‘

Figure 4.3: Typical force-response curve for a system (paradigm) exhibiting the saturation phe-
nomenon.

Balachandran and Nayfeh (180).

If uo represents a mode of an excited linear or nonlinear system, then one can exploit the saturation
phenomenon to suppress its resonant vibrations. To this end, one designs in either hardware or software
another mode wu; and couples it quadratically with ug using a sensor and an actuator. Oueini et al. (181)
exploited the saturation phenomenon in suppressing the resonant vibrations of a single-degree-of-freedom
system. Oueini et al. (182) extended the earlier work to control the vibrations of distributed parameter
systems such as cantilever beams. Hall et al. (183) used the saturation phenomenon to suppress flutter
of aircraft wings. For more details about the saturation phenomenon, the reader is referred to Nayfeh and

Mook (184) and Nayfeh (185).

4.5 Exploitation of the Saturation Phenomenon

This section illustrates how the saturation phenomenon can be exploited in the flapping-wing dynamics
governed by Eq. (4.10) to induce energy transfer from the back and forth flapping mode (i.e., ¢) to the
plunging mode (i.e., ). As such, operating the system away from saturation, the hovering kinematics
(flapping motion) is obtained. In contrast, tuning the feedback gains to meet the resonance requirements
for saturation, the kinematics appropriate for forward flight (plunging motion) is obtained. The method
of multiple scales (178; 179) is used to show analytically that the proposed design exhibits the saturation

phenomenon.
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4.5 EXPLOITATION OF THE SATURATION PHENOMENON

Considering the flapping-wing dynamics governed by Eq. (4.10), note that all of the existing nonlineari-
ties are cubic nonlinearities except the one due to gravity. Because quadratic nonlinearities are essential for
activating the saturation phenomenon, a spring Ky in the plunging direction is used to create an equilibrium
position for the plunging angle . Expanding the trigonometric functions of ¥ around this equilibrium yields
the required quadratic nonlinearities. In addition, because two parameters are required to tune the two
natural frequencies to satisfy the required resonance conditions, we introduce another feedback spring action

K, in the actuating torque. As such, Eq. (4.10) has equilibria ¢, and 9. satisfying

Koo +sinnKyv, =0
(4.15)
sin nK,pe + Kg¥e — mMygreg cosncostde = 0

At this stage, the aerodynamic loads have been ignored and its effect will be assessed later via simulations.
Equations (4.15) constitute a nonlinear algebraic system of equations, which can be solved numerically.

However, because ¢, and ¥, are expected to be small, this system possesses the following approximate

solution:

K -K ? Ky,
19€~19C0877j:\/<ﬁcosn> +2 and ¢, = ———Csiny (4.16)
MwTeg MwGTeg KLP

Expanding the trigonometric functions of ¢ in Eq. (4.10) around ¥. and keeping up to quadratic

nonlinearities yields

(o — o) + 5Sinn = f—w2@ —widsiny
. o (4.17)
@sing + 9+ Jawp® =sinn(f - w2@) — (w§ + az)d — azd? cot Y,

where

P=p—pe , V=01, ,

I, sin* 9, + I, cos® I -1
ay = sin®n + y SN Ve + 15 COS7 Ve s2n ., ag = =—Ysin29,cos’n
I:L‘ x
043:%511119@(30877 ,
xr
T K Ky
f=—, wi==%2 and w?==-"2
I, ¢TI, L

Note that the dynamical system (4.17) does not exhibit a saturation response because of the lack of damping
and the weakness of the nonlinear terms associated with as. The latter issue originates from the fact that

the design problem, shown below, dictates a certain tuning value for the spring Ky, which in turn results in
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4.5 EXPLOITATION OF THE SATURATION PHENOMENON

small J.. Adding the damping term —by and the nonlinear terms K 195@, Kgc,é to the actuating torque, we
rewrite the system (4.17) as

(o1 — )G + I sinn + wi@ + wgﬁsinn =€ (f — P+ k1 @0 + k2¢2)
ésinn—i—é—l—wigbsinn—i—(wg—kag)ﬁ :esinn<f—CgZ+k1¢1§+k;2<ﬁ2) (4.18)

—€ (%0@52 — az9? cot 196>

where ( = Ii, kn, = %, and € is a bookkeeping parameter that has been introduced to balance the relative
weights of the different terms.

A second-order uniform expansion of the solution of Egs. (6.12) is sought using the method of multiple

scales in the form
@ = @o(To, Th) + €1 (To, Ty) + ... and 0 = Vo(Ty, T1) + é01(To, T1) + ... (4.19)

where T;, = €™t. In terms of these time scales, the time derivatives become

2

d d
i Do+ €Dy + ... and i D3 4 2eDgDy + ... (4.20)

where D,, = ai Substituting Eqs. (6.13) and (6.14) into Eqgs. (6.12) and separating coefficients of like

Tn "

powers of €, two sets of equations are obtained, which can be solved successively.

The first set is expressed as

a1 D2 @o + sinnD3d, + w2 @o + sin nw3dg =0 (421)
sinnD3@o + D20y + sin nw2po + (w3 + as)ly = 0
The solution of Eqgs. (6.15) is expressed in the form
o = A1 (Th)e 1 To + Ay (Ty)e™2To + cc
(4.22)

’l§0 = AlAl(Tl)eiwlTO + A2A2(T1)eiw2T0 + cc

where cc represents the complex conjugate of all of the preceding terms, w; and ws are the solutions of the

characteristic equation

2
©

2

(a1 —sin® n)w* — (w2 cos® n + w3 (o — sin®n) + araz) w? + wi(wﬁ cos’n+az) =0
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4.5 EXPLOITATION OF THE SATURATION PHENOMENON

2 2
W, —w,

and A, = — 2_“0

_Fe " Sing, n=1,2
Wi — w2 + as

Due to the coupling between @ and 9 in Egs. (6.12), the direction in which the energy flows is not
known; that is, is it from ¢ to ¥ or the other way around? To fix this direction, it is required that each of
the degrees of freedom (p and ) has a dominant response at a specific characteristic frequency. Thus, the
system is designed so that Ay is negligible compared with A; so that Yo has its dominant response at wi.
Consequently, the dominant response of ¢y will be at ws. Then, to transfer energy from ¢ to ¥, the following

external and internal resonances are required:

QO =wy + €01 and wy = 2wy + €09 (4.23)

Given the flapping frequency €, the values of w; and w9 are dictated according to Eq. (4.23). Substituting
the obtained values for w; and ws into the characteristic equation of the system yields two nonlinear algebraic
equations in w, and wy. These two equations are augmented with the equations defining the o; and 9. to
determine the required K, and Ky. However, the above requirement on A; and Ay is not satisfied for any
arbitrary . Figure 4.4 shows variations of A; and A with Q using the resonance conditions (4.23). Because
these resonance conditions will induce energy transfer from the second mode (w2) to the first one (w;), we
require A; to be much larger than A, as stated above. As such, ¥ will have its dominant response at w;
and ¢ will have its dominant response at ws. This scenario occurs for () greater than a certain threshold, as
shown in Fig. 4.4. It is important to note that this threshold depends strongly on the pitching angle n; Fig.

4.4 is plotted for n = 32° and the values of the system parameters given in the next section.

Having chosen 2 to satisfy the requirements on A; and A and then designed K, and Ky to meet the
resonance conditions, recall the first-order problem (i.e., the coefficients of € in the multiple scales expansion);

that is,

a1 D3y + sinnDE1 + w2 @y + sin w3y = —Do[2D1 (1o + sinndo) + (o] + +a2do D3 o
+k1oo + k2(Dogo)? + f

(4.24)
sinnD3@1 + D391 + sin nwf,gbl + (w3 + a3)¥y = —Do[2D1 (sinn@o + Jo) + sinn(C1@o + C290)]+

+ (k2 sinn — %042) (Do@o)? + kyq sin 77(,50190 — a3 cot, 19615‘8 + fsinn

Substituting for ¢ and Jy from Egs. (4.22) into Egs. (6.16), the following expressions for their right-hand
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Figure 4.4: Effect of the excitation frequency 2 on the parameters A; and As for n = 32°.

sides (the forcing terms) are obtained:

RHS) = —iw,[2(a1 + sinnAy) Al + CAyle™n ™o + [Ny, (kb — cow?) + kow?] (AZe?iwnTo 4 A, A,,)

+ [kl (A1 + Ag) — 2kswiws — ao(Aw3 + Agwf)} (AgAlei(“’erwl)TO + AQ/Ilei(‘”T““)TO) + FeiTo 4 cc
RHSy = —iw,[2(sinn + A,) A/, + sinnCA,]enTo + F sin ne*To 4

[Ankl sinn + (%az — kg sinn)w? — az cot 1961\%] (A%e%‘“"TO + AnA_n) +

+ [k’l(Al + AQ) + (042 — 2k2 sin n)wlwg — 20&3 cot 19€A1A2] (A2A16i(w2+wl)T0 + Agglei(u&iwl)q}]) + cc
(4.25)
where summation on the repeated indices is used, A’ = 44 A is the complex conjugate of A4, and

=4,
f =2FcosQt = Fe?To 4 cc.

Considering the resonance conditions, given in Eq. (4.23), and collecting the coefficients of e“170 and
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e*2To in Eq. (4.25), we obtain

Ry = —iwi[2(aq +sinnAq) A} + CA] + [lﬁ (A1 4+ Ag) — 2kowiwse — az(A1w§ + Agw%)] Ag Aqeto2Tt

Ris = —iws [2(0&1 + sin 7’]A2)A/2 + CAQ] + [lﬁAl — kzw% — agAlw%] 14%(?_&72T1 + FetorTh

R21 = 721(4)1 [2(81117] + Al)A/ + sin ’I7CA1]

' (4.26)

+ [k1 sinnp(Aq + Az) + (a2 — 2k sinn)wiws — 2a3 cot e Ay Ao ApAjeiozT

Rgy = —iwe[2(sinn + Ag) A} + sinnAs)

+ [k1A1sing + (Fa2 — ko sinn)w? — ag cot Y.AT] Afe~"72T1 + Fsinpe'or ™
where the first index in R,,, refers to the equation and the second one refers to the frequency of this
forcing term. Because the homogeneous Egs. (6.16) are the same as Eqs. (6.15) and because the latter

have a nontrivial solution, the nonhomogeneous Eqgs. (6.16) have a solution only if a solvability condition is

satisfied (179). Imposing the solvability condition, we obtain

R, sin 17(@129 —w?)

=0, n=12

Ro, wg + agz — wfb

which in turn gives the complex-valued modulation equations

226114’1 + iﬂlAl + 52A2A1€iJ2T1 =0
(4.27)

2@5314/2 + i,u,QAQ + 54A%6_iU2T1 — 55F€i01T1 =0

where

61 = w1 [(oq —sin®n) (w3 — w?) + az(ar + Ay sing)]
b2 = oz [(Arw3 + Agwi + wiws sinn) (w3 — w?) + (Arw3 + Asw?)as] +

—2as cot Ve sin A Ag (w3 — wi) + [2kowiws — k1 (A1 + Ag)] [(w§ —w?)cos?n + a3]
61 = aow? [(A1 + & sinn) (w3 — w3) + Aras] — azcot e sinnAd(w? — wd)+

+ (k‘g(.d% — klAl) [(w?g —w3)cos?n + 043}

85 = (w3 — w3) cos? n + a

and p, = Cwy[(w3 — w2)cos® n + ag]. Letting A; = %aleiﬁl and Ay = %azew? and separating the real and
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imaginary parts of Eq. (4.27), the real-valued modulation equations are obtained

51&16{ — iégalag COS Y1 =0
S1a} + Spar + 10xarazsiny =0
? * (4.28)
dzasfh — %54(1% cosy1 + 05F cos s =0
dsah + %Mgag — i&;a% siny; — 05 F siny, =0
where v, = 2 + 0211 — 231 and v = 0111 — Ba.
Considering the steady-state solution of the modulation equations; that is,
N N 5 5 1
ay=dy =0, B2=o01, and B = 5(01 + 032)
we obtain
%51(01 + 02)(11 - %52&1@2 COS Y1 =0
%ulal + doaqas sin vy =0
(4.29)

030103 — %54@% cosy + 05F cosya =0
%HQGQ — %64(1% SiIl")/l — 55F Sin’}/g =0

The nonlinear algebraic system of equations (4.29) has two possible solutions; namely, the linear solution

(a1=0) and the nonlinear saturation solution (a; # 0). If a;=0, then

93

(4.30)
207+ 113

ag =

which indicates that the amplitude ay of the directly excited mode is proportional to the excitation amplitude

F. On the other hand, if a; # 0, it follows from the first two equations in Egs. (4.29) that

2 2 2
ay = 12\/51 (o1 +§22) Rl (4.31)
2

which is independent of the excitation amplitude F' and

20 20
cosy, = —1(01 +09) and siny; = — !
doas 202

(4.32)

Substituting for cosy; and sin~y; from Eq. (4.32) into the last two equations in Eq. (4.29) and squaring and
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adding them, a quadratic equation in a? is obtained whose solution is given by

2
af =Ty 44/ 162—2F2 —T3 (4.33)
4

166183 M1 w2 01+ 02
dTy= Mo, B2
} e 2 s 6 [“1251 255 2

where
I = 165153 o1+ 09 12
1= 01 -
0204 2 46103

If 'y > 0, there are two possible nontrivial solutions, one is stable and the other is unstable, when

EAN
| i(s; |< F < /T2 + 1?2

and there is only one nontrivial solution, which is stable, when

F>/T?+T?2

see Nayfeh and Mook (184) or Nayfeh (185). In the first case, the response depends on the initial conditions.

However, if I'; < 0, there is only one nontrivial solution, which is stable, when
F > /T2 413

Because the amplitude of @g is approximately as and that of Uy is approximately Aja;, Egs. (4.31) and
(4.33) represent the required saturation solution. That is, if the forcing amplitude F' exceeds the threshold
discussed above, the amplitude as of the directly forced flapping motion saturates and does not increase
with any further increase in F'. On the other hand, the amplitude of the indirectly excited plunging motion

characterized by a1 increases with increasing F'.

4.6 Results and Discussion

This section presents an implementation for the design exploiting the saturation phenomenon on the dynamics
of the hawk moth flapping wing whose morphological parameters, as provided by Ellington (57), are given

by

R=519mm , ¢=1826mm , m,=1.648g , % —0.0579 and S = 947.8mm?>
m

v
assuming a rectangular wing, the span-wise center of gravity location r.4 is located at R/2. In addition,

assuming a uniform mass distribution over the wing and that the hinge line passes through the wing center

110



4.6 RESULTS AND DISCUSSION

of gravity (i.e., d = 0) and neglecting the wing thickness with respect to the other dimensions, we write the

wing’s moments of inertia as

1 1
I, = gme% I,= Emw627 and I, =1,+1,

The hovering frequency and flapping amplitude of the hawk moth are, respectively, 26 Hz and 60° (57). The
pitch angle 7, required for balance at hover, as calculated by Sun and Du (87), is 32°. However, according
to Fig. 4.4, a high flapping frequency is required to induce the required energy transfer. Therefore, instead
of equipping our mechanism by a variable speed controller to operate at one frequency in hover and another
in forward flight, we opted for using the same frequency. Two choices are then available to achieve balance
at hover by this high frequency: either reducing the flapping amplitude or reducing the pitching angle 7,,.
Although the second option might be more aerodynamically efficient, as stated by Taha et al. (42), it is
found that the first choice is preferable for the saturation phenomenon to take place. Keeping the pitching
angle at 32° it is found that the required flapping amplitude at hover with the flapping frequency 120 Hz is
15°.

Specifying the flapping frequency at 120 Hz dictates certain values for the natural frequencies w; and
wa through Eq. (4.23), which in turn specify the values of K, and Ky. On the other hand, to make the
saturated value of ag small, we choose o1 + 02 = 0, as indicated in Eq. (4.31). The main objective from
incorporating the nonlinear terms K9 + Ka¢? is to compensate for the weak quadratic nonlinearities
associated with as. Knowing that the weights of the linear terms are around unity, it is found that as = 0.1
gives satisfactory results. Because oo affects only do and d4, the gains ki and ko are designed to give the

same effect of the desired as. That is, k1 and ky are determined according to

—(A1 4+ A2) A 2wiwa Ay ky 024 — 0224
- (4.34)

—A Ay wiAs ko 04d — O4zg

2

2) cos? n+ as, 0,4 is the desired value of §; corresponding to the satisfactory as, and 4.,

is the value of §; at zero gains. Finally, the value of the damping coefficient b = 0.001% was found to be

wher A, = (W —w

sufficient.

Figure 4.5 shows the numerical time-integration of the exact dynamics (4.10) of the flapping wing using

the above values for the system parameters and the following control torque:

T:Acoth—wa—b¢+Klgo19+Kgap2 (4.35)
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Figure 4.5: A plunging motion of amplitude 15° is obtained by tuning the gains and applying a
0.5N.um forcing amplitude.

with the amplitude A = 21, F' = 0.5N.um.

The analytic solution given by Eqs. (4.33) and (4.31) yields almost pure plunging with an amplitude
of 15°, which is supported by the simulation shown in Fig. 4.5. This kinematics is considerably suitable
for efficient sustained forward flight. Moreover, increasing the level of the forcing amplitude A to 2.0N.um
doubles the plunging amplitude, while the flapping amplitude is saturated at very small value, as shown in
Fig. 4.6. As such, due to the saturation phenomenon, the torque in the direction of the back and forth
flapping provides a direct control over the amplitude of the plunging motion. Hence, one can achieve the
required level of forward thrust forces and consequently forward speeds. Future work should include the
wing-body dynamic interaction; that is, the effect of body dynamics on the saturation phenomenon and the

effect of the kinematics associated with the proposed actuation mechanism on the vehicle’s stability.

The required kinematics for forward flight (pure plunging) has been produced via exploiting the satura-
tion phenomenon, as shown above. Since the back and forth flapping angle is directly actuated, it is expected
to produce the hovering kinematics easily when desired. To do so, it is intuitive to set the gains K7 and Ky
of the nonlinear terms equal to zero and detune the feedback spring action K, from the value corresponding
to saturation. Since it is required to have almost a zero flapping offset ¢ at hover to achieve balance, one
has to increase K, when detuning from the tuned value. Setting K, equal to 10 times the tuned value,
keeping the same damping coefficient b, setting K7 and K5 equal to zero, and applying a forcing amplitude

of 120N.mm, one can produce the required hovering kinematics, as shown in Fig. 4.7.
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Figure 4.6: A plunging motion of amplitude 30° is obtained by tuning the gains and applying a
2.0N.um forcing amplitude.
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Figure 4.8: Force-response curves in both of the hovering and forward flight operating conditions.
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Figure 4.9: Zoomed-in force-response curves in the saturation case near the bifurcation point: a
dotted line indicates an unstable solution while a solid line indicates a stable solution.

114



4.6 RESULTS AND DISCUSSION

Figure 4.8 shows the force-response curves in both hovering and forward flight operating conditions. In
the hovering case, where the system is away from saturation, the flapping amplitude varies linearly with
the forcing amplitude. Because of the coupling between ¢ and ¥ in the flapping wing dynamics, see Eq.
(4.10), there is a non-zero but small linear amplitude response for the plunging angle ¥ as shown in Fig.
4.8(a). Figure 4.8(b) shows the force-response curve in the forward flight operating condition. Although the
system exhibits the saturation phenomenon in this case, the bifurcation is not shown because the system
parameters are tuned such that the bifurcation occurs at a very small actuation amplitude. This results in

a small saturated amplitude of the back and forth motion.

A zoomed-in version of the force-response curve in the saturation case near the bifurcation point is
presented in Fig. 4.9. The dotted line represents an unstable solution while a solid line represents a stable
solution. Note that this is the saturation case where the system exhibits jumps and hysteresis due to the
subcritical nature of the bifurcation. The analysis presented in Section 4 shows that, for I'y > 0, two critical
values A1 and Ao for the forcing amplitude are determined. In addition, in the range between these two
limits, two non-zero solutions for a; are shown. As the forcing amplitude, A, is increased from zero to Ao,
a1 remains zero, while ay increases linearly with A. When A exceeds A2, as assumes a constant value
(i.e., saturates), while a; jumps to point B and increases along the curve BD, as shown in Fig. 4.9(b).
Decreasing A from point D, a; decreases along the curve DBC, while as remains constant. When A is
decreased further below A1, a1 jumps to zero, while as jumps to the point A on the linear curve, as shown
in Fig. 4.9(a). For more details about the types of bifurcations associated with the saturation phenomenon

and their characterization by using the normal form, the reader is referred to Nayfeh (185).

One issue that is worth considering is the power requirement in hovering and forward flight. The

instantaneous power is written as

P(t) = (1) (g‘;(t) +9(t) sin n) (4.36)

where 7 is given by Eq. (4.35). In the hovering configuration, the maximum peak power is 1.7029 W while
the cycle-averaged value is 0.3284 . In forward flight (15° plunging amplitude), the maximum peak power
is 15.0835 W while the cycle-averaged value is 0.0090 W. Since the average power requirements are mainly
due to aerodynamic resistance, the hovering configuration requires more average power than the forward
flight. However, the peak power is much higher in the forward flight case as would be required to induce

saturation.
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4.7 Conclusion

Hovering and forward flight of flapping-wing micro-air-vehicles require different kinematics and consequently
actuators. Horizontal plane flapping is preferable during hover, while plunging is essential for forward flight.
However, it is very difficult to instrument a flapping-wing micro-air-vehicle with more than one actuator due
to the stringent weight and size constraints. This work proposes a design for an actuation mechanism that
can produce the horizontal motion during hover and, when desired, transfers the wing motion into plunging
to perform forward flight using only one actuator. The energy transfer is enabled by exploiting the nonlinear

dynamics of the flapping wing to stimulate the saturation phenomenon.

The proposed design of the actuation mechanism makes use of the flapping angle and angular rate
feedback that are usually used for adjusting the hovering kinematics of a flapping-wing micro-air-vehicle.
In addition, the proposed design requires a physical spring in the plunging direction and a plunging angle
feedback. The plunging spring is necessary to create an equilibrium position. As such, expansion of the
trigonometric functions of the plunging angle about this equilibrium yields the quadratic nonlinearities
essential to induce the saturation phenomenon. The plunging angle feedback is required along with the
flapping angle one to create a nonlinear coupling term that compensates for the weak nonlinearities of the
governing equations of motion. Because the back and forth flapping angle is directly actuated, the hovering
kinematics is achieved easily (tuning the feedback gains away from the saturation requirement.) On the other
hand, tuning the gains to induce the saturation phenomenon transfers the motion to the plunging direction
and results in saturating the flapping amplitude. That is, any further increase in the forcing amplitude will
not lead to an increase in the flapping angle but rather to an increase in the plunging angle. As such, the
excitation (forcing) is then providing a direct control over the plunging motion and consequently the forward

thrust and speed.

116



Chapter 5

Aerodynamic-Dynamic Interaction
and Longitudinal Flight Dynamics of
Hovering M AVs/Insects

In this chapter, the longitudinal flight dynamics of hovering micro-air-vehicles and insects are considered.
Section 5.2 presents the dynamic formulation and the used equations of motion. Section 5.3 presents an
analytical quasi-steady aerodynamic model that captures the main contributions of the aerodynamic loads
due to flapping; i.e., the leading edge vortex and rotational contributions. Knowing that hovering is usually
performed at relatively high flapping frequencies relative to the body natural frequencies (this may justify
averaging,) Section 5.5 presents the formal statement of the averaging theorem and the averaged dynamics
of hovering insets. Section 5.6 presents a more compact aerodynamic model that is sufficient for local
stability analysis. Then, the averaging theorem is used to assess the stability of such nonlinear time-periodic
system. Section 5.7 provides a characterization for the dynamic stability of hovering insects by performing a
parametric study on the cycle-averaged stability derivatives and the eigenvalues of the averaged, linearized

system matrix.
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5.1 Introduction

Unlike the longitudinal dynamics of conventional aircraft where the two common modes (short period and
phugoid) are ubiquitously encountered, the studies discussed in section 1.4 did not reveal similar common
modes for the dynamics of hovering insects. Moreover, one can find different studies performed on the same
insect using the same aerodynamic and dynamic models and the same stability analysis, yet resulting in
considerably different responses, e.g., Sun et al. (11) versus Gao et al. (101). These issues motivate an
analytical study for the effects of the system parameters on the stability of hovering insects which, in turn,
invokes tight coupling between the dynamic model and an analytical aerodynamic model in which the system

parameters appear explicitly.

Flapping flight dynamics has a been a research topic of interest for more than a decade since the studies
of Taylor and Thomas (102). Flapping flight dynamics is very rich as it constitutes a multi-body, nonlinear,
non-autonomous (time-varying) dynamical system. One ubiquitous assumption about the flapping flight
dynamics is to neglect the effect of the wing inertial forces on the body dynamics (2; 15; 16; 26; 7; 24; 9; 25;
186). It should be noted that this assumption is arguable within the flapping flight dynamics community, see
Taha et al. (146) for a discussion about the topic. Because the mass of the wing is very small with respect
to that of the body, researchers usually accept and utilize this assumption. Doing so, there will not be a
multi-body nature for the dynamical system and the dynamics of the vehicle’s body will be described by the
exact set of equations as the conventional aircraft. However, there is still a major distinction between the
nature of the dynamics of flapping flight and that of conventional aircraft. That is, because of the inevitable
time-variation of the aerodynamic loads due to the essential oscillatory motion of the flapping wing, flapping
flight dynamics constitutes a non-autonomous system. This is in contrast to the autonomous dynamics of

conventional aircraft.

Since hovering is usually performed at relatively high frequencies with respect to the body’s natural
frequencies, it is usually claimed that the body of a hovering insect feels only the cycle-averaged aerodynamic
loads. In fact, this is a very common assumption in the analysis of flapping flight dynamics. Some research
reports utilize this assumption on the basis of physical intuition (114; 23; 15; 11; 16; 9; 25). Others use
its rigorous mathematical representation (7; 24; 2); namely, the averaging theorem. There still exists some
debate about the range of validity of this assumption, see Taha et al. (146) for a discussion about the topic.
If the averaging assumption is acceptable or the dynamics of the insect under study are amenable to the
averaging theorem, then one can convert the time-varying system into an autonomous one (averaged system).

Then, stability of the averaged system implies stability of the original nonlinear time-periodic system.

The aerodynamic loads are dictated by the air velocity vector seen by the wing sections. This vector
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consists of two components: one due to the flapping kinematics relative to the body and another due to
the body motion itself. Hedrick et al. (17) and Faruque and Humbert (18) emphasized the effect of airfoil
velocity due to the body motion. Yet, in hovering configurations, where high-frequency flapping and slow or
even no body maneuvers exist, it is justifiable to neglect this component and consider only the velocity due to
flapping (1; 15; 11; 16; 19; 8; 9; 7). Although this neglection may be justifiable for general aerodynamic and
performance analyses at hover, it is quite erroneous when studying the dynamic stability. This is because the
inherent (in)stability of any flying vehicle is mainly dictated by the aerodynamic loads due to the vehicle’s
motion. Hence, the notion of stability derivatives arose, see (13; 187). The stability derivatives are the
first-order linear variations of the aerodynamic loads in the body frame due to changes in the state variables
of the body dynamics. The notion of stability derivatives for these aerodynamic derivatives is due to their

decisive role in determining stability of the motion.

Several experimental (23; 1) and computational (15; 11; 16; 101) investigations have been performed
to determine the cycle-averaged stability derivatives for hovering insects and micro-air-vehicles (MAVs).
However, there have been few trials that aimed at deriving analytical expressions for the stability derivatives
in terms of the system parameters. Cheng and Deng (12) derived the cycle-averaged stability derivatives for
hovering insects in terms of their morphological parameters. However, because they did not adopt a specific
aerodynamic model, they provided general expressions in terms of the cycle-averaged aerodynamic lift and
drag coefficients which, in turn, need to be expressed in terms of the system parameters. Moreover, they
did not account for the aerodynamic rotational effects (3), which may considerably affect pitch damping.
Also, they considered only one trim configuration at hover which yielded four non-zero longitudinal stability

derivatives out of the full nine.

The main contribution of this work is to take into account the effect of the body motion on the aero-
dynamic loads in a full nonlinear sense. Thus, it provides a tight coupling between the aerodynamic and
dynamic models. We use an analytic aerodynamic model that accounts for the dominant contributors (lead-
ing edge vortex and rotational effects) to the aerodynamic loads in hovering insects. This model allows
the system parameters to appear explicitly in the lift and drag expressions. The obtained model is very
useful in simulations, since it is not limited to a small neighborhood around some operating point. In ad-
dition, the obtained aerodynamic-dynamic model can be used for nonlinear analyses of the dynamics and
control of hovering insects. Then, a formal derivation of the full longitudinal stability derivatives for hovering
MAVs/insects is presented. For validation purposes, a numerical simulation for the aerodynamic model is
performed over one cycle and a complex-step finite differencing is used to determine the stability deriva-
tives of the hawkmoth using the kinematics and trim data considered by Sun et al. (11) in their direct

numerical simulation of Navier-Stokes equations. The effects of trim configuration on the cycle-averaged
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stability derivatives are then determined. The averaging theorem is used to analytically assess the stability
of this time-periodic system. Finally, a parametric study for the cycle-averaged stability derivatives and the

eigenvalues of the averaged, linearized system using the symmetric-flapping trim-configuration is performed.

5.2 Equations of Body Motion

In the present dynamic analysis, only rigid-body degrees of freedom are taken into account and the inertial
effects due to the wing motion are neglected. In fact, these assumptions are ubiquitous in the literature of
dynamics and control of flapping flight (2; 15; 16; 26; 27; 7; 24; 8; 9; 10; 25). Moreover, the interest here is

in the stability of the longitudinal dynamics.

In general, three axis systems are needed to formulate the flight dynamics problem of a rigid flapping
MAYV. This includes an inertially-fixed frame x;,y;, and z;; a body-fixed frame zy, ¥y, and zp; and a wing-
fixed frame z,, Y, and z,,. The xp-axis points forward, the y,-axis points to the right wing, and the z,-axis
completes the triad. The Euler angles sequence yaw-pitch-roll ¥ — § — ¢, commonly used with conventional
aircraft (13), is also used to describe the body-fixed frame with respect to the inertial frame. Since the
interest here is in the longitudinal motion, only one body rotation is considered, namely, the pitching angle
6. The wing-fixed frame is considered to coincide with the body-fixed frame for zero wing kinematic angles.
Thus, the sequence of Euler angles ¢ — ¢ — 7, flapping-plunging-pitching, is used to describe the wing frame
with respect to the body frame. Most hovering insects perform a stroke in an approximate horizontal plane
without an out-of-plane motion (¢ = 0) (20; 21). As such and because the aerodynamic loads are expressed
in the relative wind frame (normal and tangential to the horizontal flapping velocity), only the kinematic
flapping angle ¢ would be of interest to transfer the aerodynamic loads to the body frame. Figure 2.4 shows

a schematic diagram for a flapping MAV whose wing sweeps in a horizontal plane.

Using the above representation, the equations of the longitudinal body motion are written similarly to

those of a conventional aircraft (13); that is,

U= —qw—gsinf + X/m (5.1)
w=qu+gcost+Z/m (5.2)
q:M/Iy (5.3)
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0 =g (5.4)

where m and I, represent the body mass and moment of inertia about the y-axis, respectively; and u, w, g,
and 6 are the state variables of the longitudinal motion with v and w being the velocity of the body center
of mass in the x,- and zp-directions, respectively; and 6 and ¢ being the pitching angle and angular velocity
about the y,-axis, respectively. The generalized forces X, Z, and M are the aerodynamic forces in the x-

and zp-directions and the aerodynamic moment about the y,-axis, respectively.

5.3 Aerodynamic Modeling

The aerodynamics of flapping flight are characterized by a very complex flow field; that is, an unsteady
nonlinear flow field with non-conventional contributors to the aerodynamic forces. Dickinson et al. (3)
pointed out that the main contributors are the translatory effect (leading edge vortex effect), the rotational
effect, and the effect of wake capture. The latter is very difficult to be modeled analytically. As for the
translatory effect, Wang et al. (110) showed that the static lift coefficient for a translating wing, taking into
account the leading edge vortex effect, can be fit by Cp = Asin2a, where « is the angle of attack and A
is a constant coefficient that is determined experimentally. Berman and Wang (43) provided values for A
for the hawkmoth, bumblebee, and fruitfly. Taha et al. (167; 168) proposed a technique for estimating A
taking into account the effect of the aspect ratio. As for the drag coefficient, one could assume a similar
representation to the aerodynamic drag on delta wings where the effect of leading edge vortex is pronounced,
ie., Cp = Cp tana = 2Asin? a. The viscous drag is neglected here according to the experiments of Dickinson
et al. (3; 79). As for the rotational lift, according to the experimental results of Dickinson et al. (3; 111)
and Andersen et al. (5), it is reasonable to use the potential flow result for the two-dimensional rotational
circulation

3
Lrot = 776277(1 - xO)

where c is the airfoil chord length and Zj is the chord-normalized position of the pitch axis from the leading

edge.

Using the above representation for the aerodynamic forces, the lift and drag forces per unit span on an

airfoil section that is a distance r from the wing root are written as:

0r,t) = %pAc(T)VQ(T, ) sin 2a(r, £) + Wp(% BV )E)H(®) (5.5)
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d(r,t) = pAc(r)V?(r,t) sin? a(r, t) (5.6)

where V is the horizontal velocity of the airfoil section. The aerodynamic pitching moment per unit span

about the hinge axis is then given by
Mj (r,t) = [l(r,t) cosn(t) + sgn(V)d(r,t) sinn(t)] Azc(r) + 7, (r, t) (5.7)

where AZ is the normalized chordwise distance between the center of pressure and the hinge location and
Ty is the viscous rotational damping torque per unit span. The center of pressure is assumed to be located
at the quarter chord point. As for 7,, the formula provided by Berman and Wang (43) is used; that is,
Ty = —%pc4 (u1 f + p2|n|) n, where f is the flapping frequency and p; and po depend on the viscosity of the
fluid. Berman and Wang recommended a value of 0.2 for both of them. Note that although 7, may be too
small to be accounted for in this medium-level of fidelity analysis, its inclusion is highly recommended for the
stability analysis near hover. This is because the pitch damping plays a very important role in determining
the stability and because there exists two counteracting mechanisms for pitch damping and this latter one

may help one outweigh the other.

If the effects of body motion on the aerodynamic loads are neglected, the velocity of the airfoil section
would just be V(r,t) = r(t), and the angle of attack would be totally determined by the pitching angle
according to

1, V>0
(1) = (5.8)
T—n,V <0

Integrating Eqgs. (5.5-5.7) over the two wing-halves yields the total lift and drag forces and the pitching

moment about the hinge axis as

L(t) = oA $(0)Ip(0)] sin20() + mp(§ — o) Lp0)i(1) (59)

D(t) = pAly ¢*(t) sin® n(t) (5.10)

Mi(t) = [pATalp(t) (t) sin(t) + mp(3 — Fo) Tisp(1)i(t) cosn(t)] Ad+ (5.11)

—T5Ploa (i f + a2l (t)]) ()

where a, is the angle of attack induced by the pitching angle and I,,, = 2 fOR r™c™(r) dr are weighted
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moments of area for the two wing-halves. The generalized forces X, Z, and M are then related to L, D, and

Mh via
X(t) = —sgn(V)D(t) cos ¢(t) (5.12)
Z(t) =—L(t) (5.13)
M(t) = Mp(t) coso(t) + L(t)xn, + Map(t) (5.14)

where V' is assumed positive in the forward (downstroke) direction, x, is the distance between the vehicle
center of mass and the root of the wing hinge line along the x,-axis, and M 4p is the pitching moment due
to asymmetric flapping whose distribution per unit span is given by M’y i (r,t) = £(r,t)rsin p(¢). Thus, Egs.
(5.1-5.4) are written as

U —qw — gsinf —LDcosy
w qu + g cos 6 —%L
_ ; (5.15)
q 0 iM
0 q 0

or in vector form as x = f(x) + 9,(x, t).

5.4 Aerodynamic-Dynamic Interaction

In this section, we consider the aerodynamic loads due to the body motion variables in a full nonlinear sense.
The vector field g, in Eq. (5.15), which represents the aerodynamic loads, must be, in general, a function
of the states x and time. However, the way the aerodynamic loads are represented in Eqgs. (5.9-5.11) yields
a g, that is independent of x. This can be shown by substituting the temporal functions (t) and n(t)
into Egs. (5.9-5.11) to obtain L(t), D(t), and M (t), substituting these loads into Eq. (5.15), and averaging
the outcome over the flapping period. it is found that the contribution of g, to the averaged system is a
constant drift and, as such, would not affect the stability analysis at all. Hence, the stability of the flapping
MAV would be totally determined by the Hamiltonian vector field f(x), irrespective of the nature of the
aerodynamic loads applied on the vehicle. This is not physically correct as the motion stability of a flying

vehicle is mainly determined by the aerodynamic loads due to this motion.

Equations (5.9-5.11) are based on the fact that the velocity seen by the airfoil section is the flapping
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velocity, r¢, only; that is, the effect of the body motion on the aerodynamic loads is neglected. This
assumption is justified in the analysis of hovering flight where body maneuvers are negligible relative to
the flapping motion and, as such, was used in previous investigations (1; 15; 11; 16; 19; 8; 9; 7). However,
because the objective here is to analyze the stability of the body motion, the contribution of the body motion
to the aerodynamic loads must be taken into consideration. To do so, one should include the effect of the

body motion variables on the velocity of the airfoil section and its angle of attack; that is, we write:

V=+(r¢+ucosp)2+w? , a=a,+a;, and i — 7+ qcosp

-1 w is the angle of attack induced by the body motion. Cheng and Deng (12)

where o; = tan
have derived the first-order linear variations (stability derivatives) of the aerodynamic loads due to the body
motion variables u,w, and g. In this work, the full nonlinear effect is considered. In addition, Cheng and
Deng (12) did not account for the rotational lift and, as such, their g-contribution appears only as an induced

angle of attack w. This assumption overestimates the pitch damping (known as flapping counter

torque), since the g-contribution in the rotational lift component results in a negative pitch damping.

Recalling the basic definitions of the lift and drag forces per unit span, Egs. (5.5,5.6), expanding their

trigonometric functions of o around a,, and keeping up to second-order terms in «;, we obtain

Ux, ;1) = 5pAc(r)V2(x, ;1) [sin 200, (t) + 2 cos a (t)ovi (x; 1) — 28in 200, ()2 (x; )] +
(5.16)

~

+7p(3 — Zo)(r)V (x, t; 1) [1(t) + g cos p(t)]

d(r,t) = pAc(r)V?(x, t;7) [sin® oy, () + sin 2, ()i (x; 1) + cos 2a, (t)ad (x; 7)] (5.17)

Note that the additional angle of attack, oy, induced by the body motion would tilt the lift and drag forces
so that the X and Z forces per unit span would be given by

X' =—sgn(V)HF'cosp and Z'=-VF’ (5.18)

where HF’ and VF’ are the horizontal (opposing the instantaneous velocity) and vertical (upward) aerody-

namic forces per unit span, respectively, which are written as

HF' =dcoso; —¥¢sina; and VF' = /{cosa; + dsina;

124



5.4 AERODYNAMIC-DYNAMIC INTERACTION

Expanding the trigonometric functions of «; and keeping up to second-order terms in «;, we obtain

HF'(x,t;r) = $pAc(r)V(x, t;r) [sin® oy (£)(2 — o2 (x; 7)) + sin 200, (H) o (x; 7)) +

~

—7p(3 = Zo)A(r)V (X, tyr)es (x; ) [17(t) + g cos o(t)]

(5.19)

VE'(x,t;7) = $pAc(r)VZ(x, ;1) [sin 200, (1) (1 — 202 (x; 7)) + 2 cos? oy ()i (x; 7)] +

+mp(§ — To)*(NV(x, 1) [(t) (1 — 307 (x; 7)) + g eosp(t)]

(5.20)

The pitching moment per unit span about the y,-axis is then written as M’ = M} cosyp — Z'z), + M),

where the hinge moment, M/, is then given by
My (x, tir) = [VF'(x, tyr) cosn(t) + sgn(V)HF'(x, t;r) sinn(t)] Adc(r) + 7o (X 1)

and the pitching moment due to asymmetric flapping is then written as M)y, = —Z'rsing. Thus, the

pitching moment per unit span about the y,-axis is written as

M'(x,t;7) = —Z'(x, t;7) [AZc(r) cos p(t) cosn(t) + x5, + rsing(t)] + (5.21)

—X'(x, t;r) sinn(t) Azc(r) + 7, (x, t; ) cos @

The aerodynamic loads (X, Z, and M) are then obtained by substituting Egs. (5.19,5.20) into Egs.
(5.18,5.24) and integrating the outcome over the wing span. These loads can then be substituted into
Egs. (5.1-5.4) to obtain a tight coupling between the aerodynamic and dynamic models. As such, the

obtained model is useful for simulation purposes as it does not rely on a linearization about some trajectory.

The derived model can be made more compact and, hence, more suitable for nonlinear dynamics and

control analyses by making the following assumptions. Firstly, assume that «; =~ u"vf( where werr =

w — q(rsin ¢ + x). This assumption along with the definition of o, given in Eq. (5.8) allow us to write X’,

7' and M’ as

X' = —cos p{3pAc [sinn (2VIV| = w2y sgn(V)) + [Viwes s sin2n] + (5.22)

—7p(§ — To)Pwess [1) + g cos o]}

— _{1pAe {Sm 2 <v|v| effsgn(V)) + 2cos? n(t)|V|weff} n

(5.23)
+mp(3 — Zp)c? [7'7 (V — e”) + VQCOSQO}}
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5.4 AERODYNAMIC-DYNAMIC INTERACTION

M’ = pAc [(V\V\ - %wgffsgn(V)) sinn + [V§wes s cosn| ((xn + rsing) cosn + AZccos ) +

(5.24)

2
—mp(3 — 550)627'7“;‘7 (xp 4+ rsing + AZccos p cosn)+

— T pct (paf + paln + qeosg|) (1) + g cos ) cos

Secondly, assume that

V~ro+ucosy and sgn(V) =~ sgn(p)

It should be noted here that, while doing this, we were cautious to include the w?-contribution in the term

2
V|V|. Thirdly, expand + in the term w;‘f/f around %, which yields

2 2 2
Werf . Wers [ _ucos@ _ Yers
2V T 2rp % T 2rp

Considering the above three simplifications, the components of the aerodynamic vector field, g, = [ga1 , ga2 5 a3 , 0]%,

are written as

a1 (X, t) = 7% cos {2K219|P| sin? N+ |o|[ K11 (4u cos gasin2 7 + wp, sin 277) +
—K>1gsin ¢ sin 2n] + sgn(@)[Ko1 (2(u? cos® ¢ + w?) sin® 7 + wyu cos psin 2n) + (5.25)
5.25
—Kj1ugsin ¢ cos psin 2n — sin? n (K(nw%b — 2K 1wprgsine + Ko q? sin? go)]+

— Koty Wh (N 4+ qcos ) + Ko, qsin (1) + gcos @) }

Ja2 (X, 1) = 7%{K21¢|¢| sin 21 + |@|[ K11 (2ucosgpsin 21 + 2wy, cos? 7]) +
—2K>1gsin g cos? ] + sgn(¢)[Kor ((u? cos? ¢ + w?) sin 2 + 2wpu cos ¢ cos? 1) +
—Kj1ugsin2¢ cos? n— % sin 2 (KOlw,zl —2K1wpgsinp + Ko ¢? sin® <p)]—|—

+(1 + qcos @) [Krotg, 08 + Koty @] — % (Krot_1swi — 2K ot wngsing + Kooty , 42 sin? o)}
(5.26)
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9a3(X;t) = i{2¢|gb| sinn [(Ka12, + K31 sin @) cosn + Koo A cos ] + 2]¢|[(2u cos g sinn+
+wp, cosn) [(K112p + Ko1sing) cosn + K12AZ cos ] — ¢sin ¢ cosnx
X [(Ka1@p + K31 sin @) cosn + Koo A cos )] + 25gn(9)[((u? cos® ¢ + w? — fw}) sinn+
+uwp, cos p cosn) [(Korzn + K11 sin ) cosn + Koo A cos ] + gsin o (wp, sinn — u cos ¢ cosn) x
X [(Ky1zp + Ko sin ) cosn + K12 AZ cos @] — %qQ sin? @ sin N[(Ka12p + K31 sin @) cosn+
KA cos @] + (1 + 008 @) [Erotah 4 Krotys $in @+ Kyoryy Ad cos pcos ] +

+1 oS @ [Krotgs ®h + Krotys SINQ 4+ Krotyy A cos p cosn] — Ky cos @ (pa f + pz|n + qeosp|) +

—AZ cos psing (Kyotes Wh + Krot,59)] — % [w? (Kmtflth + Krotg, SN + Ko, COS @ COS 77) +

—2wpq sin @ (Krotyy, h + Krotys SIN @ + Kyot,, COS @ cosn) +
+¢%8i02 © (Kyot1oTh + Krotyy 5N + Kpop,, cos @ cosn)]}
(5.27)
where K,,,, = %pAI,,m, Krot,,, = wp(% — A%)ln, Ky = gploa, and wy, = w — qxp,. It should be noted
that integrals containing r of negative powers must not start from 0 but from an outer section to avoid

singularities. This simulates the real case where the wing starts from r;pper = where w is the width

5
of the insect abdomen or the MAV body. The expressions of the components of the aerodynamic vector
field, given in Eqs. (5.25-5.27), are quite complicated. However, the aerodynamic-dynamic interaction is
accounted for in a full nonlinear sense and by substituting these expressions into Eq. (5.15), a full nonlinear

non-autonomous model is obtained.

5.5 Averaged Dynamics

Equation (5.15) represents a nonlinear time-periodic (NLTP) system. Two different approaches have been
proposed in the literature to investigate the dynamic stability of this NLTP system. The first approach,
adopted in the early studies (102; 114; 23; 15; 11; 16), is to use the averaging theorem to obtain a nonlinear
time invariant (NLTT) system for which the periodic orbit of the NLTP system is reduced to a fixed point.
As such, linearization of the obtained NLTI about this fixed point allows stability analysis of the fixed
point. Based on the averaging theorem, if the averaged system has an exponentially stable fixed point,
the NLTP system will have an exponentially stable periodic orbit. The second approach, first adopted by
Dietl and Garcia (26) and then by Weihua and Cesnik (22), is to use numerical techniques to obtain the

periodic solution of the NLTP system. Then, linearization about the obtained periodic orbit yields a linear
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5.5 AVERAGED DYNAMICS

time periodic (LTP) system whose stability analysis can be performed using Floquet theory. The Floquet
theory dictates solving the LTP system to obtain the state transition matrix (fundamental matrix solution)
evaluated at the minimal period, called the monodromy matrix. Then, stability analysis of the periodic orbit
is performed by checking the eigenvalues of this monodromy matrix. Dietl and Garcia (26) stated that the
first approach, which encompasses averaging of the dynamics, is not suitable for a large ornithopter whose
beat frequency is close to the natural frequencies of its body motion. In contrast, Floquet theory is suitable
for analyzing the stability of LTP systems, independent of their characteristic time-scales. However, the
difficulty in determining the periodic orbit and the corresponding monodromy matrix analytically makes the
first approach more suitable when analytical results are required. Since the goal here is to study the effect

of system parameters on the dynamic stability of hovering MAVs/insects, the first approach is adopted.

5.5.1 Averaging Theorem

A non-autonomous dynamical system is represented by

x =ecf(xt) (5.28)

According to Khalil (117), if f is T-periodic in ¢, the averaged dynamical system corresponding to Eq. (5.28)

is written as

X = ef(X) (5.29)

where f(x) = % fOT f(x, 7)dr. According to the averaging theorem:

e If x(0) —x(0) = O(e), then there exist b and €* such that x(t) — Xx(¢t) = O(e) Vt € [0,b/€] and Ve €
[0,€*].

o If the origin X = 0 is an exponentially stable equilibrium point of Eq. (5.29) and if x(0) —x(0) = O(e),
then there exists an ¢* such that x(¢t) — x(t) = O(e) V¢t > 0 and Ve € [0,e*]. Moreover, The system
(5.28) has a unique, exponentially stable, T-periodic solution x,(¢) with the property ||x,(t)|| < ke

for some k.

Considering the abstract form of Eq. (5.15); x = f(x) + g,(x,t) and introducing a new time variable

7 = wt, where w is the flapping frequency, the dynamics in this new time variable is given by

dx _

X~ L (500 +9.007)) (5.30)
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The dynamic equations in the new time variable, Eq. (5.30), have the form of Eq. (5.28), with € = %, that
is amenable to the averaging theorem. Since the averaging theorem is valid in the limit ¢ — 0, this approach
of using the averaging theorem in analyzing the dynamics of flapping flight works well for high flapping

frequencies and vice versa.

5.5.2 Application to Hovering M AVs and Insects

Applying the averaging theorem on the NLTP system given by Eq. (5.30) and transform it back to the

original time variable, ¢, the following autonomous system is obtained
X = f(X) +9.(%) (5.31)

where X is the averaged state vector and g,(X) is the average of the vector field g,(x,t) over the flapping
. L T
period; i.e., §o(X) = 7 [y 9a(x.7)dr.

The following piecewise constant variation for the n-kinematics is used here

ag, 0<t<T/2
n(t) = (5.32)
=y, T/2<t<T

where a4 and «, are the set angles of attack in the downstroke and upstroke, respectively. The majority of
dynamics and control investigations for hovering MAVs assumed fixed pitching angle throughout each half-
stroke with an instantaneous flip between the adjacent half-strokes (15; 16; 7; 8; 9; 10; 25). The piecewise
continuous variation of the pitching angle is convenient for the minimal actuation concept for flapping MAVs
emphasized by Wood (30), Doman et al. (9; 10), and Oppenheimer et al. (8; 25). Substituting the 5
time-variation, given in Eq. (7.1) and averaging out over a flapping cycle, the cycle-averaged aerodynamic

vector field is obtained as

ao + a1 + a2 + a3q + a4 + asW? + agq> + a7Uw + agiq + agWq

o b + b1 + bo® + b3q + byT? + bsw? + bgq> + byuw + bguq + bywq
9.(%) = (5.33)
Co + €1 + T + €37 + 4T + c5W2 + ¢G> + CrUW + cgTq + coWq + 104

0
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where
apg = *?nf;zl J16a sin® a*, a; = *ﬁf;“ J13a sin® a*, as = *n[fT“ J10s sin 2a*
az = B209,5, sin 20* — asxy, ag = =3T3, 5in” o, a5 = f-J1qsin” o
ag = E27g, sin® o “’”2 J7s + (aszp — ag)wn, a7 = =280y, sin 2a%, as = 14075 sin 20" — aray
ag = *QK“\‘JM sin? o* + ’”t"? Jos + 2asxp,
bo = K21 J15, sin 2a*, by = %[;“3105 sin 2a*, by = #(COS Qg+ cos? ay,)
bs = 271:%1 cos? a* — K;f}lz J10s — baxh, by = ’rfL{TM Jos sin 2a*, bs = K‘“ (sin 2ag + sin 2ay,)
b = 72153%555 sin 2a* + (b533h — bg)xh, by = _72711;01 J1a cos? o*
Ko - 3 *
bg = 27571} J6a COSZ 0 — 20205, — bry, by = Tf%l J4s sin 2a* + 2bsxy,,
1 . L. ) N 2 . . . « MTh
Co = —F— [2A$K22316a sino + K31317S sin 2« ]7 bo s, C1 = 70— [QAIKlgjlga sino + Kgljlgs sin 2a ]7 b1 ,
1,T I, I,T 1,
2 . y 9« maxp
Cy = —— [AxKlg.'Jlos cos ™ + K91J114 cOS” v ] - by
1,T 1
1 - * * * K /’Llf mIp
C3z = ﬁ [Ax(Kmthlga cosa — 2K223125 COs «x ) — 2K31314a COS2 o + Krot22312s] — ; T jQS—Cgl‘h—T(bQ.’L’h‘i‘lB) )
y Yy Yy
1 mz mx
C4 = —— [QASCKogjga SlIlOé + Kllj'?g sin 20 ] h b4 , C5 = [AIKogjla sin o™ + K1134s sin 20" ] h b5 y
1,T 1, 2[ T 1,
-1 . . . . . map, 2
% =T [2AZ(Ko92dsq sin ™ + Kot 4J2s sin ™) + K31J94 sin 20| + (e5xp, — co)xn + 7 (bsxs, — boxy, —bg)
y Y
2 . N 9 x mxp
cr = T [AacKOngS cos ™ + K11Jg4 cOS” ] -7 by
Yy Yy
1 - * * 2 % mIp
cg = ﬁ [Ax(Krotogjiia cosa” — 2K19J75 cos a ) + K,«Ot12373 — 2K51Jg, cOs” a ] — C7xTp — 7 (b7$h + bg) s
y Y
1 . . . . . mp — Ky o
cg = — [AZ(2K12T64 sin " — Kpoto5J2s sin ™) + Ko1J56 sin 2a*]+2¢5 x5+ (2bsxp,—bg) and cjp = NP
1,T 1y 1,T
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where

J1 = [ cosp(t)dt,
Js = [ sin® p(t)d

Jg = [sin® p(t)d

Jo = [ cos® p(t)dt,

I3 = [ cos® p(t)dt,

Js = [sin(t)dt,

J6 = [ sinp(t) cos p(t)dt, Ir = [sinp(t) cos? p(t)dt, I = [ sin® p(t) cos p(t)dt,

J10 = [ ¢(t) cos p(t)dt,

Ji3 = [ @(t) cos? p(t)dt, J1a = [ ¢(t)sin® p(t)dt, Ti5 = [ $2(t)dt,

Ji7 = [¢*(t) sinp(t)dt

J11 = [ @(t) sinp(t)dt,

T = [ (1) sin (1) cos p(t)dt,

Jie = [ () cos p(t)dt,

and for any J;, J;q is the integral over the downstroke period (0 — T'/2 where ¢ > 0), J;, is the integral

over the upstroke period (T//2 — T where ¢ < 0), and

5.6 Stability Analysis

1;sF (") =TaF (aq) + TjuF () and T;,F (") =0T (aq) — Tju T (o)

For the sake of analyzing the flight dynamic stability of hovering insects near hover, the first-order variations

of the aerodynamic vector field g, with respect to the body motion variables x are sufficient (i.e., the stability

derivatives.) Neglecting the higher-order variations of g, with respect to x, the following compact flight

dynamic model is obtained

—q(t)w(t) — gsind(t)
q(t)u(t) + g cosH(t)
0

q(t)

m

(5.34)

where, assuming piecewise constant variation for the wing pitch angle (9 = 0), we write the aerodynamic

loads due to the flapping motion of the wing in terms of the system parameters as

Xo = —2K2519|¢] cospsin®n , Zy= —Ko1¢|¢| sin 2n

My = 2¢|@|sinn [Ka A cos ¢ + Koy 2, cosn + K31 sin ¢ cos 7]
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and the time-varying stability derivatives as

Xy = —4%|¢| cos? psin?n, X, = —K”lll |¢| cos psin2n, X, = %|gp| sin ¢ cos @ sin 2y — xp Xy,
Zy = 2X,, Ty = —2%\@ cos?n, Z, = 211{731 || sin p cos? n — %gbcosga —xp 2y

M, = 4%|¢| cos? psinn + 72Xy —anZy)
M, = 27](1&AI || cos p cosn + 2%\@ sin ¢ cos?n — —"}j" Zw

M, = QIA;’ || cos @ cosn (K1ozp, + Koo sin ) + ic,b €08 ¢ (Kot A cos  cos N + Koy, SiDp) +

—%|¢)| cos? nsin ¢ (Ko + K31 sin @) — K’Jli’:lf cos? p — ml—j’*Zq

The averaged dynamics of Eq. (6.3) is then written as

u(t) —q(t)w(t) — gsinO(t) L X0 Xu X X0/ [ u@)
w(t) _ q(t)u(t) + gcosf(t) . 17 . Zy Zw Z, 0| | w(t) (5.35)
q(t) 0 iﬂo M, M, M,0| | gt
(1) 0 0 0 0 o0 ol\dw

5.6.1 Trim/Balance of the Averaged System

The advantage of the averaging theorem is that it converts the NLTP system, Eq. (6.3), into an autonomous
system, Eq. (7.15). As such, the process of finding the periodic orbit reduces to finding a fixed point of the
averaged system. For example, the periodic orbit of the steady hovering configuration corresponds to the
origin of the autonomous system in Eq. (7.15). Thus, to find the trim conditions for steady hovering of the

MAYV /insect, the vector field describing the dynamics of Eq. (7.15) must vanish at the origin, i.e.,

XOZO s —ZOZZQng 5 MQZO

Two approaches can be used to trim MAVs at hover. If symmetric flapping (identical downstroke and
upstroke) is used, X will vanish automatically. This is intuitively expected because symmetric flapping
yields zero cycle-averaged forward thrust at hover. However, there might be a non-zero net pitching moment
(the cycle-average of the second term of My proportional to ). Thus, to make My = 0, the hinge line
needs to be aligned with the vehicle’s center of mass (z;, = 0). Finally, the condition Ly = mg ensures that

the generated averaged lift balances the weight. This dictates a certain combination of flapping amplitude
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1

®, frequency f = 7, and mean angle of attack (c,). For example, if a triangular waveform is used for

o(t), am = %sin_1 (%). Using a harmonic waveform results in o, = %sin_1 (#}2;2)- This trim
approach has been adopted by Doman et al. (9) and Oppenheimer et al. (25). As a second approach, if it is
not possible to align the hinge line with the center of mass, one can use asymmetric flapping (with an offset
in p(t), referred to as ¢, and possibly different angles of attack during downstroke and upstroke ag # ay,)
and solve the three trim conditions to find three of the five controlling parameters ayg, o, ®, 9o and f. This

trim approach has been adopted by Sun and Xiong (15) and Sun et al. (11).

5.6.2 Stability of the Averaged System

After ensuring trim at hover (the origin is a fixed point for the averaged system), the stability of this
equilibrium position is investigated. By the statement of the averaging theorem, exponential stability of this
fixed point yields exponential stability of the hovering periodic orbit for the original time-varying system.
A necessary and sufficient condition for local exponential stability of the origin of Eq. (7.15) is that the
Jacobian of its vector field evaluated at the origin be Hurwitz. The Jacobian of the non-dimensional form of
the vector field of Eq. (7.15), evaluated at the origin and expressed in the terminology used by (15; 11; 16; 12)

is written

_ . -
XLoXy Xeo o+
mt mt mt 9

.
ziozi 7h

mt mt+ mt
(5.36)
+
M}P M}P M 0
Iy IS If

0 0 1 O
where m* = it It = %7 gt = %7 and
X, Z) i = 7 : x 7yt = "M% %) ar  ZyMuw e Ty
) )uw pUgS ) ’ )q /)UQSE ’ u,w /)UQSC y q pUQSCQ

where S is the area of one wing, ¢ is the mean chord length, and Us is the maximum wing speed at the

section of the second moment of the wing chord distribution.

The use of the above formulation is validated by comparing the hawkmoth stability results with those of
Sun et al. (11) obtained by solving Navier-Stokes equations. The morphological parameters of the hawkmoth

are (11; 57)

f=263Hz , ®=60.5° , S=947.8mm2 , R=51.9mm , ¢=183mm , 1 =0.44 , 7y = 0.525
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m =1.648¢g , I, =2.08g.cm? , x, =0.22R

where f is the flapping frequency, ® is the flapping amplitude, and 7#; and 75 are defined as
R
Iy = 2/ rRe(r) dr = 2SRF#F
0

Because the insects, in general, do not have zero xj, Sun et al. adopted the second trim configuration
(asymmetric flapping). They considered a horizontal stroke plane flapping with ¢(t) = pg — ® cos(2n ft).
As for the pitching kinematics, they considered a constant value in each half stroke, referred to as ay and
Q,, except near the beginning and end of each half stroke. During the rotation phase, the n variation is

described by

n(t) = ﬁt’i (t—t,)— %sin (2”(22”)} (5.37)

where At, is the duration of each rotational phase, and ¢, is the time at which this phase starts. Knowing
g and «y, is enough to determine A, since the wing rotates from a4 to m — o, or vice versa. Setting At,
equal to 0.257, and considering symmetric rotation, ¢, can be determined. As for the wing planform, the
method of moments used by Ellington (57) is adopted here to obtain a chord-distribution for the insect that

matches the documented first two moments 7, and 75, i.e.,

G-
where

Y
g —T1

Sun et al. (11) obtained the following trim parameters
¢o=9°, ag=255° and «, = 28°

In the present analysis, the exact aerodynamic model, discussed in section 5.3, is used without any ap-
proximations. Then, the complex-step finite-difference is used to obtain accurate approximations for the
cycle-averaged stability derivatives using the morphological parameters of the hawkmoth and the kinematics

used by Sun et al. (11). For example, X, is calculated as

10X 90X _ imag (X(u+ih))
pUsS Ou * ou h

X =
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Eigenvalues of the averaged, linearized system
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Figure 5.1: Validation of the calculated eigenvalues of the averaged, linearized dynamics of the
hawkmoth at hover versus those of Sun et al. (11) and Cheng and Deng (12).

Figure 5.1 shows a comparison between the eigenvalues of the non-dimensional form of the averaged, lin-
earized system matrix, given in Eq. (5.36), using the stability derivatives obtained by complex-step finite-
difference and those of Sun et al. (11) and Cheng and Deng (12). Although the adopted aerodynamic model
lacks the unsteadiness, it gives a good estimate for the cycle-averaged stability derivatives, as the eigenvalues
of the averaged system are much closer to the benchmark results of Sun et al. (11) than those of Cheng and
Deng (12). The deviation of the results obtained by Cheng and Deng may be attributed to their neglection

of the rotational lift contribution and some of the stability derivatives.

5.7 Stability Characterization

5.7.1 Effect of Trim Configuration

In the previous section, the asymmetric-flapping trim-configuration (AFTC) has been considered. The
trim configuration has a considerable effect on the cycle-averaged stability derivatives. If the other trim
configuration (symmetric flapping along with zero ) is considered, only four derivatives remain non-zero;
Xt ZF, M, and M. Considering this latter trim configuration, a triangular waveform for the back and

forth flapping angle ¢, and a piece-wise constant wing pitching angle to maintain a constant angle of attack

135



5.7 STABILITY CHARACTERIZATION

Table 5.1: Cycle-averaged stability derivatives for the hawkmoth case study using different kine-
matics and trim configurations
Trim Configuration X.F X Xt zZr zb Zr Mf MS M

q u w q
AFTC using
kinematics of -1.31 0.028 -0.021 0.05 -2.14 -0.22 0.05 1.81 -1.90
Sun et al. (11)
AFTC using
triangular ¢ and -1.15 0.028 -0.022 0.06 -2.18 -0.14 0.05 1.82 -2.11
constant «
SFTC using
triangular ¢ and -1.69 0 0 0 -1.53 0 013 0 -1.39

constant o

Qm, the non-dimensional, cycle-averaged stability derivatives are written in terms of the system parameters

as
X = 42372 + sin 20) sin® v,
zZh = —8p§21§T<I> cos? ay, (5.38)
M = 459228 (20 + sin 20) sin a,
M;‘ = m@@ + sin 20) [—2K31 cos? o + Koty s AT COS Qtyy, — %}

Table 5.1 presents a comparison between the cycle-averaged stability derivatives for the hawkmoth case
study during hover using three sets of kinematics and trim configurations. The first set is the one considered
in the previous subsection (AFTC and kinematics used by Sun et al. (11)). The second set includes the
AFTC using a triangular waveform and piecewise constant wing pitching angle. The third set includes
the symmetric-flapping trim-configuration (SFTC) using triangular waveform and piecewise constant wing
pitching angle. Thus, comparison between the first two sets will show the effects of kinematics on the
cycle-averaged stability derivatives and comparison between the last two sets will show the effects of trim

configuration.

Table 5.1 shows that the waveform does not have a considerable effect on the stability derivatives. It
also shows that the SFTC leads to a higher damping X! in the longitudinal direction. This is because the

flapping offset associated with the AFTC decreases the component of any u-perturbation perpendicular to
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the leading edge. An analytical investigation using a triangular waveform shows that

XD)spre = —450 17 (20 + sin 20) sin o,

XH)arrc = 454 (20 + sin 20 cos 2pp) S Lufsinto

One should note the cos2¢py factor in the expression for the asymmetric flapping case. Also, the speed
stability derivative M,' is higher for the SFTC than the asymmetric one because of the same reason. On the
other hand, the AFTC leads to higher damping in both of the vertical direction (Z}) and pitching direction
(M;‘ ). It should be noted that the non-zero z, associated with the asymmetric-flapping trim-configuration
results in a considerable pitch damping. This is because any g-perturbation induces a change in the angle of
attack on the wing sections and, consequently the produced lift which, in turn, produces a restoring pitching

moment that is proportional to the given perturbation.

5.7.2 Parametric Study

In this section, the SFTC is used with a triangular waveform for the flapping angle (t) and piecewise
constant wing pitching angle 1. Using such trim configuration and kinematics, the analytic expressions
for the cycle-averaged stability derivatives are provided in Eqgs. (5.38) in terms of the system parameters.
Exploiting the analytic nature of the current formulation, the effect of the system parameters on these
derivatives is assessed. Figure 5.2 shows the variation of the cycle-averaged stability derivatives for the
hawkmoth at different mean angles of attack ay,, flapping frequencies f, and hinge locations Zy. It includes
four sub-figures; each for a different value of Ty. Three plots corresponding to different values of f are

presented in each sub-figure.

Recalling the non-dimensional Jacobian of the averaged dynamics evaluated at the fixed point, Eq. 5.36,
and eliminating the vanishing stability derivatives due to the SFTC, the characteristic polynomial of this

Jacobian matrix is given by
+1733 + +1)2 + a7+ + v+
A= Z )N = ( Xy + M)A+ X7 MIA+ g7 X /] (5.39)

The negative signs in the analytic expressions of the derivatives X, and Z] indicate positive damping in
the x;, and z, directions. As for the rotational damping about the y,-axis (dictated by the sign of M;‘ ),
there are three sources of pitch damping. Recall the analytic expression for Mq+ presented in Eq. (5.38).
The first term yields positive pitch damping (flapping counter torque); the one discussed by Cheng and

Deng (12). The other two terms were not considered in their work. The second term, which provides a
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Figure 5.2: Variation of the cycle-averaged stability derivatives for the hawkmoth with the mean
angle of attack a,, at different flapping frequencies f and hinge locations Ty, using symmetric-
flapping trim-configuration, triangular waveform, and piecewise constant wing pitching angle.
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5.7 STABILITY CHARACTERIZATION

negative contribution to the pitch damping, is a result of the induced pitch rate at the wing sections due
to g-perturbation. This creates a rotational lift component which may result in a destabilizing pitching
moment. Therefore, one should be cautious to include models for almost all the considerable aspects of
pitch damping. Hence, a third component is added. This is a viscous component adopted from the model of
Berman and Wang (43) and definitely augments the pitch damping. It is noted that the second destabilizing
component is proportional to Ko, Az which, in turn is proportional to (% — Az)Az. Thus, negative Ax
(fore hinge locations) or Az > % (backward hinge locations far enough from the quarter-chord; center of

pressure) results in a stabilizing contribution instead.

It is clear from the characteristic polynomial in Eq. (5.39) that the stability of the motion in the zj-
direction is decoupled from the other motions. In addition, since Z] is negative, it yields one of the stable
eigenvalues. This is similar to the results of Sun et al. (11) where the eigenvector analysis showed decoupling
between the w-degree-of-freedom and the other ones. The other three eigenvalues may be analyzed using the
Routh-Hurwitz criterion, which requires checking the signs of the sequence —(X,F + M), X;F M + %7
and gT M, . They all have to be positive for a stable system. In most cases, the first and the latter are
positive but the middle is not, which indicates two unstable poles. Although this trim configuration is

characterized by zero pitch stiffness (M,, or M,,), stability is still achievable via proper damping in all

directions and speed stability.

Figure 5.2(a) shows that fore hinge locations lead to speed instability (negative M,"), which according
to the above stability analysis concludes instability for the averaged system irrespective of the damping
values in all directions. This can be explained by looking at the analytic expression for M presented in
Eq. (5.38). It is noted that M, is proportional to the chord-normalized distance between the hinge line
and the center of pressure along the xp-axis, Az. Therefore, unlike conventional aircraft, using the SFTC
for hovering MAVs/insects leads to the fact that if the hinge line (coincident with the center of gravity) is
ahead of the wing’s center of pressure, negative M, results and, consequently the system is unstable. On
the other hand, for all hinge locations behind the center of pressure (located at the quarter-chord), Fig. 5.2
shows positive M that increases as a,, and f increase, and increases considerably as the hinge is located
further backward. Figure 5.2 also shows that the damping in the longitudinal direction (—X;) increases as
am, and f increase. This is because any increase in ., or f leads to a decrease in the flapping amplitude
® to maintain balance. Thus, the flapping wing sweeps smaller angles which, in turn, increases both of
the components of the u-perturbation perpendicular to the wing leading edge and the resulting wing drag
along the xp-axis. Also, the drag curve slope increases with the operating angle of attack in the range of
interest. As for the damping in the vertical direction (—Z;), it is independent of the hinge location and

frequency. The hinge location affects only the moment derivatives. Z; is proportional to the flapping speed
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5.7 STABILITY CHARACTERIZATION

%, which is fixed upon specifying «,, to achieve balance. Thus, any change in the frequency at a fixed o,
is associated with a change in ® so as to maintain the same %, and consequently the same Z;. In addition,

the damping in the vertical direction decreases as the mean angle of attack increases. This is because any

2

7 to maintain balance. Also, the lift curve slope

increase in a,, leads to a considerable decrease in the ratio
decreases as the operating angle of attack increases. Finally, Fig. 5.2 shows a positive pitch damping for all
cases that decreases as a,, and f increase for the same reasons. In addition, there is a sweet range of hinge
locations over which a considerable pitch damping is obtained. This range can be specified based on the
analytical investigation of M(;L contributors, discussed above. This range is for fore hinge locations Az < 0

%0 < &¢p = +) or for backward hinge locations far enough from the quarter-chord Az > 1 (&9 >= 2) where
P = 1 2 1

the rotational contribution augments the other translatory and viscous contributions for pitch damping.

If the averaging assumption is acceptable, or the system is amenable to the application of the averaging
theorem, the current study (due to its analytic formulation) would be useful in determining the effect of
the system parameters on the hovering stability. Figure 5.3 includes root locus plots of the characteristic
polynomial of the dimensional form of the averaged, linearized system for the hawkmoth for varying mean
angles of attack a,,. It includes four sub-figures; each for a different value of hinge location Zy. Three root
locus plots corresponding to different values of flapping frequency f are presented in each sub-figure. For
each combination of «,, and f, a balancing amplitude is calculated to ensure trim. Then, stability is studied
around this newly established hovering equilibrium position. The dimensional form of the system is used here
to produce more clear plots. Some conclusions can be drawn from these root locus plots. Firstly, increasing
the frequency and/or the mean angle of attack has a destabilizing effect, since the above discussion about
the variation of the stability derivatives with the system parameters shows a decrease of the pitch damping
(crucial in maintaining stability) with «,,, and f. It should be noted that according to Taha et al. (42), higher
f leads to lower aerodynamic power consumption. However, the above dynamic analysis shows that higher
f values lead to a more unstable system. This is a common contradiction between performance and stability
found in flight vehicles. Secondly, lack of pitch stability (negative M,") for fore hinge locations explains the
instability shown in Fig. 5.3(a) for all values of «,, and f. On the other hand, the relatively weak pitch
damping shown in Fig. 5.2(c) may explain the instability shown in Fig. 5.3(c) for all values of a,, and f.

Although backward hinge locations far enough from the quarter-chord leads to favorable speed stability and
g M}
XF+My
some proper combination of the involved stability derivatives. A positive, small enough M;" and a negative,

pitch damping as discussed above, the term X, M, ; + which must be positive for stability, requires
large enough (X;© + M;‘ ) must exist for stability to be concluded. Thus, the considerable large values of
M| observed at o = 90%, as shown in Fig. 5.2(d), may also explain the instability shown in Fig. 5.3(d)
for all values of «,, and f. Thus, small positive values of £g and f, though lead to relatively weak pitch

damping, may provide the required combination. Hence, Fig. 5.3(b) shows a narrow region of stability for
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5.7 STABILITY CHARACTERIZATION

the hawkmoth when Zy = 30% at low values of 7, (less than 38°) and consequently larger ® (higher than
62.4°) at the natural f = 26 Hz. This region becomes narrower at higher frequencies as expected; 7,, < 10°

(® > 55.3°) at f = 50 Hz. This observation shows the potential for passive stabilization of hovering MAVs.
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5.8 CONCLUSION

5.8 Conclusion

A longitudinal hovering flight dynamics and stability analysis of flapping flight is performed. A quasi-steady
aerodynamic model that captures the dominant leading edge vortex and the rotational effects is used to
obtain an analytical representation of the flight dynamics. The effects of the body motion variables on the
aerodynamic forces is included in a full nonlinear sense. Consequently, the proposed model accounts for the
aerodynamic-dynamic interaction essential for investigating dynamics of flying vehicles. Stability derivatives
in terms of first order linear variations of the aerodynamic loads due to the body motion variables and the
second order nonlinear contributions are derived. The obtained model, though complicated, has a quite
wide region of application and, as such, can be used for simulation purposes. The nonlinear nature of the
proposed model allows for further nonlinear dynamics and control analyses; e.g., geometric mechanics and

control.

A more compact flight dynamic model that is sufficient for local stability analysis is obtained by neglect-
ing the higher-order variations of the aerodynamic loads with respect to the body motion variables. The
aerodynamic-dynamic interaction is then validated in terms of the stability results against those obtained
via direct numerical simulation of Navier Stokes equations on the hawkmoth wings. Despite of the lack of
unsteadiness in the reduced model, a good agreement for the eigenvalues of the averaged, linearized system
is obtained. The analytical formulation of the problem has led to some interesting results. Firstly, two ap-
proaches are found to trim MAVs at hover. The first one is to flap symmetrically with aligning the hinge line
with the vehicle center of gravity. If this alignment is not possible, the MAV has to flap asymmetrically with
a prescribed flapping offset angle to satisfy balance at hover. The symmetric-flapping trim-configuration
leads to vanishing of five cycle-averaged stability derivatives out of nine. Also, it leads to a higher damping
in the longitudinal direction, higher speed stability derivative, and lower damping in both of the vertical
and pitching directions. Secondly, increasing the mean angle of attack and/or flapping frequency has similar
effects on the stability derivatives; i.e., it leads to a higher damping in the longitudinal direction, higher speed
stability derivative, and lower damping in both of the vertical and pitching directions. Thirdly, backward
hinge locations are favorable for speed stability. Realizing, via Routh Hurwitz stability analysis, that speed
stability is a must to conclude stability for the whole system, fore hinge locations (specifically ahead of the
wing’s center of pressure) leads to instability of the system irrespective of the values of the other parameters
and derivatives. Thus, unlike conventional aircraft, stability of the symmetric-flapping trim-configuration
necessitates backward center of gravity position (coincident with the hinge location). Finally, passive stabil-
ity of the hawkmoth is achievable at lower mean angles of attack and flapping frequencies (higher flapping

amplitudes) and hinge locations that are backward and too close to the wing’s center of pressure.
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Chapter 6

Effects of the Aerodynamic-Induced
Parametric Excitation on the
Longitudinal Stability of Hovering
MAVs/Insects: Necessity of

Higher-Order Techniques

In this chapter, we assess the effects of the aerodynamic-induced parametric excitation terms on the longi-
tudinal flight dynamics of hovering micro-air-vehicles and insects. Since, these terms are neglected by the
direct application of the averaging theorem. The presented study is used to provide a region of applicability
of such a theorem. In Section 6.2, we present the used flight dynamic model. Then, we discuss the shortcom-
ings of the previous approaches (direct averaging and Flouet theorem) in Section 6.3. Section 6.4 provides
the approaches we propose to overcome these shortcomings; namely the method of multiple scales and the
generalized averaging theorem. Using these approaches, we assess the effects of the aerodynamic-induced
parametric excitation on the hovering stability of the hawkmoth in Section 6.5. By considering four other
insects, we study the region of applicability of direct averaging in Section 6.6. Finally, we use second-order
averaging to show the effects of the interaction between the high-amplitude, periodic aerodynamic-forcing

due to the flapping motion of the wing and those due to the body motion in Section 6.7.
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6.1 INTRODUCTION

6.1 Introduction

The dynamics of flapping flight has been a research topic of interest for more than a decade. In addition
to the complex dynamics associated with flapping flight, the periodicity aspect of the flapping motion gives
the flapping flight dynamics a time-varying characteristic. Since hovering is usually performed at relatively
high frequencies with respect to the body’s natural frequencies, it is usually claimed that the body of a
hovering insect feels only the cycle-averaged aerodynamic loads. In fact, this is a very common assumption
in the analysis of flapping flight dynamics. Some research reports utilize this assumption on the basis
of physical intuition (114; 23; 15; 11; 16; 9; 25). Others use its rigorous mathematical representation
(7; 24; 2; 186); namely, the averaging theorem. There exist interesting discussions about the range of
validity of this assumption in (114; 146). However, there has been no mathematical investigations that
rigorously support or refute the direct use of averaging in the stability analysis of hovering insects and

micro-air-vehicles (MAVs).

One major issue with the direct application of the averaging theorem is the neglection of the periodic,
parametric excitation terms with zero-mean, which may provide a stabilizing action. In fact, this is a
proved characteristic of high-frequency, high-amplitude periodic forcing, known as vibrational stabilization,
see Bullo (140) and Sarychev (188). One example is the linear, time-periodic Matieu equation, see Nayfeh
(179). To assess the effects of these neglected terms and whether they lead to a change in the system’s
dynamic behavior, one has to take into account the effect of the flow along the non-autonomous vector field
comprising these terms. In this work, we assess the validity of the direct application of the averaging theorem
to the hovering flight dynamics of flapping MAVs/insects. Particularly, we determine the range of frequency
ratios over which this theorem is valid. We use higher order perturbation techniques (namely the method
of multiple scales) to determine the effect of the aerodynamic-induced parametric excitation terms on the
longitudinal stability of hovering MAVs/insects. In addition, we use second-order averaging to assess the
interaction between the high-amplitude aerodynamic periodic forcing due to the flapping motion and the

time-periodic dynamics of the system (represented in the time-varying stability derivatives.)

6.2 Flight Dynamic Model

Neglecting the effect of the wing inertial forces, the body dynamics is described by the same set of equations

as that of conventional aircraft. That is,

& = (@) + g (@) (6.1)
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6.2 FLIGHT DYNAMIC MODEL

with the exception that the aerodynamic vector field g, has an explicit time dependance. We focus on
longitudinal flight dynamics and use the standard set of body axes (13) to formulate the flight dynamic
problem; that is, the xp-axis points forward, the y,-axis points to the right wing, and the zy-axis completes
the triad. Then, the vector of state variables is = [u, w, ¢,0]”, where u and w are the velocity of the body
center of mass in the x,- and zp-directions, respectively, and 6 and ¢ are the pitching angle and angular

velocity about the y,-axis, respectively. Then, Eq. (6.1) is written as

U —qw — gsin 6 %X(:c,t)
w qu+ gcosf %Z(x,t)
= + (6.2)
q 0 7 M(z,t)
6 q 0

where g is the gravitational acceleration, m and I, represent the body mass and moment of inertia about
the yp-axis, respectively. The generalized forces X, 7, and M are the aerodynamic forces in the x,- and

zp-directions and the aerodynamic moment about the y,-axis, respectively.

The flight dynamic model used in this work was developed in (170) and presented in the previous chapter.

Neglecting the higher order dependance of g, on x, we obtain

u(t) —q(t)w(t) — gsin6(t) = Xo(t) Xu(t) Xu(t) Xq(t) 0] [ u(t)
w(t) q(t)u(t) + g cos6(t) = Zo(t) Zu(t) Zuw(t) Zg(t) O] | w(?t)
= + + (6.3)
q(t) 0 7 Mo(t) My () My (t) Mo(t) 0| | q(t)
o(t) q(t) 0 0 0 0 o\ 6@

where, assuming a horizontal stroke plane (parametrized by the back and forth flapping angle ¢) and a

piecewise constant variation for the wing pitch angle ( = 0), one obtains
Xo = —2K91¢9|@| cospsin®n , Zg = — Ko || sin 2n

My = 2¢|¢|sinn [K22 A cos ¢ + Koy 2, cosn + K31 sin ¢ cos 7]

where x;, is the distance between the vehicle center of mass and the root of the wing hinge line along the
Tp-axis, AZ is the normalized chordwise distance between the center of pressure and the hinge location,
Ky, = % pCL. Imn, p is the air density, Cr_, is the three-dimensional lift curve slope of the wing, I, =

2 foR r™c™(r) dr, ¢(r) is the spanwise chord distribution, and R is the wing radius. The time-varying stability
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derivatives are written directly in terms of the system parameters as

Xy = —4%|¢| cos? psin?n, X, = —K”lll |¢| cos psin2n, X, = %|gp| sin ¢ cos @ sin 2y — xp Xy,
Zy = 2X,, Ty = —2%\@ cos?n, Z, = 211{731 |o| sin ¢ cos? n — %gbcosga —xp 2y

M, = 4%|¢| cos? psinn + 72Xy —anZy)

_ o KAz - Ko |5 i 2, _ mzp
M, =252 || cos p cosn + 2 7 |4] sin ¢ cos® n Iy‘Zw

M, = fQIAy” || cos @ cosn (K1ozp, + Koo sin ) + ic,b €08 ¢ (Kot A cos  cos N + Koy, SiDp) +

—%|¢)| cos? nsin ¢ (Ko + K31 sin @) — K’Jli’:lf cos? p — ml—j’*Zq

where Ko, = ﬂp(% — AZ) Iy and K, = {5 plos.

6.3 Issues With the Previous Approaches

The dynamics of flapping-wing MAVs are represented by a nonlinear, time-periodic (NLTP) system. Stability
of such systems is usually performed using either one of two ways as showing in Fig. 6.1. The first approach
has been adopted in the early studies either on the basis of physical intuition (114; 23; 15; 11; 16; 9; 25), or
on the basis of its rigorous mathematical representation (7; 24; 2). That is to use the averaging theorem to
obtain a nonlinear time-invariant (NLTT) system for which the periodic orbit of the NLTP system is reduced
to a fixed point. As such, linearization of the obtained NLTT system about this fixed point allows stability
analysis of the fixed point. Based on the averaging theorem, if the averaged system has an exponentially
stable fixed point, the NLTP system will have an exponentially stable periodic orbit. The second approach,
first adopted independently by Dietl and Garcia (26) and Bierling and Patil (189), then by Weihua and
Cesnik (22), is to use numerical techniques to obtain the periodic solution of the NLTP system. Then,
linearization about the obtained periodic orbit yields a linear time periodic (LTP) system whose stability
analysis can be performed using Floquet theorem. Floquet theorem dictates solving the LTP system to
obtain the state transition matrix (fundamental matrix solution) evaluated at the minimal period, called the
monodromy matrix. Then, stability analysis of the periodic orbit is performed by checking the eigenvalues

of this monodromy matrix.

Hovering is usually performed using relatively high flapping frequencies compared to forward flight;
flapping frequencies of hovering insects typically fall within the range of 25-250 Hz (57). So, the dynamics
of hovering insects exhibit two time scales; a fast time scale for the variation of the aerodynamic loads due

to fast flapping, and a slow time scale for the body motion. For example, the insect motion is noticeable

147



6.3 IsSUES WITH THE PREVIOUS APPROACHES

Finding the periodic orbit Averaging over the period
NLTP

Linearization about

the periodic orbit
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LTP NLTI
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Solvetoget F(t) the fixed point

»| Modes/Stability

Figure 6.1: The typical two approaches to study the stability of nonlinear, time-periodic systems.

to a human’s eye while the motion of its wings is not. Clearly, if the ratio of the two time scales is quite
large, averaging may be intuitively justifiable. One great advantage of the second approach incorporating
application of Floquet theorem is that it does not depend at all on this ratio; i.e. it is valid irrespective of
the time scales of the system dynamics. However, finding the periodic orbit and the application of Floquet
theorem (solving for the fundamental matrix solution) is quite difficult to be performed analytically, even
for the simplest systems. As such, there will be an unavoidable error because of the numerical nature of its
implementation. This error may lead to false conclusions about the stability and dynamics as shown below.
In contrast, the other approach incorporating the averaging theorem is very tractable and can be performed
analytically for most of the mechanical systems (as well as the non-conventional forces on the system are
modeled analytically.) However, it is only valid for large ratios between the two time scales of the system

dynamics, as stated above.

This section shows that direct application of the averaging theorem is not sufficient to capture the true
stability characteristics of the hovering hawkmoth. In addition, it shows that because of the numerical nature
of applying Floquet theorem, it may lead to false conclusions about the system stability. In the following
calculations, a triangular waveform for the back and forth flapping angle p(¢) and a piecewise constant

variation for the pitching angle n(¢), that maintains a constant angle of attack v, throughout the entire
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stroke, are used.

49 T T T
olt) = | t) = (6.4)
—F (=), 3 <t<T T—am L<t<T

It should be noted that this combination of ¢(t) and 7(t) yields hovering with minimum aerodynamic power
(42). Table 6.1 shows the morphological parameters of the hawkmoth as well as the other insects under
study. The hinge line is set at 30%c (AZ = 0.05) and the value of C,_ is calculated based on the wing aspect
ratio using the extended lifting theory according to Taha et al. (167; 168).

Insect f(Hz) @  S(mm?) R(mm) e(mm) # fo  m(mg) I,(mg.cm?)
Hawkmoth  26.3  60.5 947.8 51.9 18.3  0.440 0.525 1648 2080
Cranefly 45.5  61.5 30.2 12.7 2.38 0.554 0.601 11.4 0.95
Bumblebee 155 58.0 54.9 13.2 4.02  0.490 0.550 175 21.3
Dragonfly 157  54.5 36.9 11.4 3.19 0481 0.543  68.4 7.0
Hoverfly 160  45.0 20.5 9.3 2.20 0.516 0.570 27.3 1.84

Table 6.1: The morphological parameters for the five studied insects.

The moments of the wing chord distribution 7, and 72 are defined as
R
Iin = 2/ rfe(r) dr = 2SR*
0

As for the wing planform, the method of moments used by Ellington (57) is adopted here to obtain a

chord-distribution for the insect that matches the documented first two moments 7; and 73, i.e.,

050

where

s A a1 1
o= |Me = 1) o= aea PR ] wa s [ e
2 1 0

TR =T
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6.3.1 Direct Averaging Approach
A non-autonomous dynamical system is represented by

z =Y (x,t) (6.5)
If Y is T-periodic in ¢, the averaged dynamical system corresponding to Eq. (6.5) is written as

T =Y (T) (6.6)

where Y (z) = 7 fOT Y (x,7)dr. According to the averaging theorem, see Khalil (117) for example, if €
is small enough, then exponential stability of the averaged system concludes exponential stability of the

original time-periodic system.

Applying the averaging theorem to Eq. (6.1), the averaged dynamics is written as (170)

z = (%) +g,(T) (6.7)

where T is the averaged state vector and g, (%) is the average of the vector field g, (x,t) over the flapping

period; i.e., g (x) = 7 fOT go(@,7)dr.

One of the big advantages of using the averaging approach is its extremely easy trim procedure in
comparison to the Floquet theorem approach. For example, if balance/trim at hover is required, the trim
problem is stated as follows. What are the flapping parameters P (frequency, amplitude and angle of attack)
necessary to ensure f(0)+g,(0; P) = 0 ? This is easily answered by solving a set of algebraic equations. In
contrast, the trim problem using the Floquet theorem approach is stated as follows. What are the flapping
parameters P and the periodic orbit x*(t) such that x*(t) = f(x*(t)) + g,(x*(t),t; P), with z* = 07
Obviously, it is a much harder question and cannot be solved analytically. It requires a double iteration
loop, where the inner one is to capture a periodic orbit corresponding to some set of flapping parameters,

and the outer one is to iterate on P to obtain a periodic orbit with zero mean for hovering.

Adopting the averaging approach to achieve balance/trim at hover yields the well-known conditions
70:0 s —ZOZZQng 5 MQZO

where L is the cycle-averaged lift force due to flapping. This trim approach leads to the known intuitive

facts that symmetric flapping automatically ensures zero cycle-averaged forward thrust force. In addition,
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aligning the hinge line to coincide with the vehicle’s center of mass (zj, = 0) ensures self pitch trim (Mg = 0).
Then, the hovering vehicle has to flap enough to support its weight. This dictates a certain combination

of flapping amplitude ®, frequency f = %, and mean angle of attack a,,. For example, if a triangular

2
waveform is used for p(t), o, = %SHF1 (%), and if a harmonic waveform is used instead, o, =

% sin~? (#ﬁi@). After ensuring trim at hover (the origin is a fixed point for the averaged system), the
stability of this equilibrium position is investigated. By the statement of the averaging theorem, exponential
stability of this fixed point yields exponential stability of the hovering periodic orbit for the original time-
varying system. A necessary and sufficient condition for local exponential stability of the origin of Eq. (6.7)

is that the Jacobian of its vector field evaluated at the origin be Hurwitz.

For the hawkmoth case, the resulting eigenvalues of the averaged, linearized system matrix are
0.19+5.749 , —11.89 , —3.30

which indicates an unstable system. This approach has been adopted in (114; 23; 15; 11; 16; 100; 115; 12; 170)
to assess the stability of flapping dynamics. Similar to the obtained results, almost all of the previous
studies concluded instability for hovering flight. Deceivably, simulating the original system (6.3) supports
this conclusion, as shown in Fig. 6.2. The states of the system do not oscillate about zero means, but rather
deviate from the hovering equilibrium. However, this deviation from the equilibrium is not because of the
instability concluded by the averaging theorem. In fact, a deeper look into the dynamics is required. To

show that, consider the following example.

Note that the aerodynamic vector field g, in Eq. (6.2) is written as

ga(@,t) = go(t) + [G(t)]x

where g, represents the aerodynamic loads due to the flapping motion of the wing and the matrix G represents
the time-varying stability derivatives; i.e., the aerodynamic loads due to body motion. The periodic terms
go and G can be written as

90(t) =G +9:(t) . G(t) =G+ Gi(t)

where g, and G are the cycle-averaged quantities of g, and G, respectively, while g; and G are the corre-
sponding zero-mean parts, which are mainly neglected by the direct application of the averaging theorem.
It should be noted that, because g, and G; are of zero-mean, stability analysis by direct application of the

averaging theorem yield the same result for the cases where both exist, Eq. (6.3), both do not exist, Eq.
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Figure 6.2: Simulation of the nonlinear flight dynamics of the hovering hawkmoth.

(6.7), or one of them exists, such as

= f(x)+g,+[G+Gi(t)x (6.8)

Firstly, the system represented in Eq. (6.8) has a fixed point at the origin at all times. This is because
the above trim procedure (based on the average) yields f(0) 4+ g, = 0. Secondly, the averaged, linearized
version of this system has the exact same eigenvalues as the original system presented in Eq. (6.3); i.e., direct
application of the averaging theorem concludes instability too. However, Fig. 6.3 shows that the system

(6.8) is stable.

Figure 6.3 shows that direct application of the averaging theorem is not sufficient to analyze the stability
of the system (6.8) which, with respect to the averaging theorem, is exactly the same as the original hovering
flight dynamics (6.3). Hence, the instability deduced from the simulation shown in Fig. 6.2 is not attributed
to the averaging analysis. In addition, Fig. 6.3 shows that the high-frequency periodic signals of the hovering
dynamics may provide stabilizing actions. In fact, this is a proved characteristic of high-frequency, high-

amplitude periodic forcing, known as vibrational stabilization, see Bullo (140) and Sarychev (188).
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Nonlinear Flight Dynamics With Fixed Point
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Figure 6.3: Simulation of the nonlinear flight dynamics of the hovering hawkmoth assuming balance
(having a fixed point).

6.3.2 Floquet Theorem Approach

It is easier to apply Floquet theorem to the system (6.8) than the system (6.3) because the former has a
fixed point representing the equilibrium not a periodic orbit. So, the step of finding the periodic orbit is

skipped. Linearizing the system (6.8) about the origin, one obtains
z(t) = [DF(0) + G + G1(t))z(t) (6.9)

which is a linear, time-periodic system that is amenable to the Floquet theorem. Even in this relatively
simple case, Floquet theorem has to be applied numerically. The system (6.9) is simulated due to four
independent initial conditions. They are collected in a matrix called [IC]. Then, the solution due to all
initial conditions are evaluated at the period T. The four obtained vectors are collected in a matrix called

[E]. The Monodromy matrix is then given by
[M] = [1C]™'[E]

The eigenvalues of M are called the Floquet multipliers, see Nayfeh and Balachandran (129) for example. If

all of the Floquet multipliers lie inside the unit circle, then the origin is an exponentially stable fixed point
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for the system (6.9), which concludes exponential stability of the origin of the system (6.8) by Lyaponuv
indirect method (117).

Using [IC] = 0.1[II], where [II] represents the identity matrix, and Matlab ode45 solver (adaptive
step), the following floquet multipliers are obtained

0.78 £0.074¢: , 1.0497 , 0.8887

which indicates an unstable system in spite of the stability of the system shown in Fig. 6.3. If a traditional,
fixed step (100 points per cycle), fourth-order Runge-Kutta solver is used instead, the following Floquet
multipliers are obtained

0.96 £0.11z , 0.6881 , 0.8889

which all lie inside the unit circle and, hence, truly capture the system stability characteristics. Thus, the
inevitable error associated with the numerical implementation of Floquet theorem may lead to false conclusion
about the system stability. In fact, this is one of the main motivations of this work; is to provide an analytic

compact approach that can be robustly used to analyze the flight dynamics of hovering MAVs/insects.

6.4 Proposed Approaches

In this section, we propose two approaches that can be used to assess the effects of the aerodynamic-induced
parametric excitation terms that have a zero-mean; terms that are neglected when applying the averaging

theorem directly. These are the method of multiple scales and the generalized averaging theorem.

6.4.1 The Method of Multiple Scales
Consider the linearized, time-periodic dynamics in Eq. (6.9) that is written as
a(t) = [Al2(t) + [G: (D] (1) (6.10)

where A = Df(x = 0) + G is the system matrix obtained by direct application of the averaging theorem.

To determine the effects of the acrodynamic-induced parametric excitation term [G1(t)]x, we consider

the transformation @ = P(, where P is the invertible matrix constructed from the eigenvectors of the matrix
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A as its columns. As such, we write the dynamics of the system in Eq. (6.10) in the new coordinates as
C(H) = [PTTAPK(1) + [P G PIC(1)

The diagonal (Jordan diagonal) matrix J = P~ 'AP can be partitioned into two parts. The first block
represents the stable part (having eigenvalues with negative real part) and the second block represents the

unstable part. The above equation can be written as

¢.(t) Js 0 ¢s(t) Vi) Vaa(t) | [ ¢s(2)
= + (6.11)

Cult) 0 Ju| \Cu(®) Voi(t) Vaa(t) | \ Cu(t)

Next, we use the method of multiple scales (184; 179) to obtain a second order uniform expansion for

Eq. (6.11). We rewrite Eq. (6.11) as

Co(t) = [T1¢ (1) + e (Vi (DIC,(8) + [Vaa(1)]Cu (1)

6.12
Cult) = e ((Var(®)I¢, (1) + Va2 (0)]¢, (1) + [ T]¢, (1) o
Then, we expand ¢, and ¢, as
Cona(T0, T2) = €y g (To, T2) + €€y (To, T2) + €€ 5y (To, T2) + .. (6.13)
where € is a bookkeeping parameter, T,, = €™t and
4 =Dy + €Dy + €Dy + ... (6.14)

dt

where D,, = %. Substituting Eqs. (6.13) and (6.14) into Eq. (6.12) and separating coefficients of like

powers of €, we obtain three sets of equations, which can be solved successively.

The first set is expressed as
DOCSO = [JS]CS()

DoC,, =0

(6.15)

Since J is a Hurwitz matrix, {,, will exponentially decay to a zero steady state value. On the other hand,
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Cuy = Cuy (T2). The second set of equations is given by

Doy, + DGy, = [Js]Cs, + [V11(T0)ICs, + [V12(T0)ICy,

Do, + D1C,, = [Vor(T0)I¢s, + [V 22(T0)]Cu,

(6.16)

Since [V'12(Tp)] is periodic in Tp, it can be represented in Fourier series as

[Vi2(Tp)] =R (%[ﬁ]neiano>

where [V'12],, is a matrix of complex entries. Thus, the steady state solution of Eq. (6.16) is written as

¢, (To, Tz) = R (%Znein“’TO)

(6.17)
Cur (T0, T2) = [y " [Vas(7)] d7¢,,, (T2)
where 2, = [iw,] — A]7*[V12]nC,,- Finally, the third set is given by
DOCSQ + DlCSl + DQCSO = [JS]CSQ + [Vll]c,sl + [V12]Cu1 (6 18)

DoC,,, + D1€,, + D€y = [V21]Cs, + [V22]Cy, + [TulCy,

The first system (¢,,-dynamics) is a stable autonomous system that is subjected to periodic forcing. Thus,
¢, will not diverge. On the other hand, the second system (¢,,-dynamics) has trivial dynamics and is also
subjected to periodic forcing. Thus, to have a bounded solution, the sum of all of the Ty-independent terms

must vanish. As such, we obtain the following solvability condition
1 T
C,uO (TQ) = T / {[VQl(t)]Csl (t7 TQ) + [V22 (t)]Cul (tv TQ)} dt + [Ju]Cuo (TQ) (619)
0

di
where ¢’ ,,o = dCZl;O

. The above equation represents a linear time-invariant system for ¢,,,. Hence, the matrix

1

Buws) = |7 [ { VR (Stiont = 2T luc) + Va0 [ Vaaoar} a4 (620)

must be Hurwitz for stability.
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6.4.2 The Generalized Averaging Theorem

While direct averaging is valid only for weakly forced systems or very high-frequency forcing, the generalized
averaging theory (GAT) can be applied successfully to high-amplitude periodic forcing, because it provides
an arbitrarily higher-order approximation to the flow along the time-periodic vector field. In addition,
unlike the Floquet theorem approach, the GAT provides a compact way of analyzing nonlinear time-periodic
systems. Thus, it can be used analytically and, hence, avoids any numerical errors. In fact, the analytical

tractability allows better understanding of the system dynamics as shown below.

Agrachev and Gambkrelidze have laid the foundation for the GAT in their seminal work (190). A solution
to the non-autonomous differential equation (6.5) with (0) = @y can be written using the Volterra series

expansion as

o0 t 1 Tm—1
x(t) = xo + Z/O /O /0 (Y, 0Y 0..0Y, ) (xo)drm..dn (6.21)
m=1

where Y, =Y (., 7) and o is the composition between maps, i.e., (Y oY ) (z) =Y . (Y, (x)). Agrachev
and Gambkrelidze have provided the conditions of convergence of the series presented in Eq. (6.21). Similar to
the exponential representation of solutions to autonomous differential equations, Agrachev and Gamkrelidze
have denoted the flow of the non-autonomous vector field Y - as e;p < fg YTdT) and called it the chronological

exponential. They, then, have defined the logarithm of this exponential map as

t
Vi=In e;p (/ YTd7'>
0

That is, the flow along the autonomous vector field V; for a unit time is equivalent to the flow along the
non-autonomous vector field Y for a time ¢t. Although V; is an autonomous vector field, it is parametrized
by time; i.e., if the final time ¢ is changed, the vector field will change. Agrachev and Gamkrelidze have
shown that V, =>"*_, V™ where

t 1 Tm—1
V,Em):/ / / G (Yrss oo Vo Y
0 Jo 0

and G, are commutator polynomials. The first three polynomials are written as

(1G5 [Cos Ga]] + (G55 C2]s Ca])

| =

G1(¢1) =¢ 5 92(¢1,G2) = %K%Cl] ; 93(C1,C2,G3) =

where [.,.] is the commutator which, for vector fields, is the Lie bracketing operation. Thus, Agrachev and
Gamkrelidze have provided an algorithmic approach to analytically determine the logarithm of time-periodic

vector fields.
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Sarychev (188) and Vela (191) have utilized the above concepts to develop a generalization for the
classical averaging theorem. Sarychev (188) has introduced the notion of complete averaging to denote the

following averaged vector field corresponding to the time-periodic system (6.5)

T
Y = %m exp ( / Y,-dT) =Vy (6.22)
0

Thus, one can write the averaged system corresponding to the NLTP system in (6.5) as
T=cY =eA(T) + EA(T) + ... (6.23)

where

Al(m);/OTY(m,t)dt : Ag(m)le/OT [/OtY(w,T)dT,Y(a:,t)

The power of the GAT lies in the fact that the A’s can be computed analytically in terms of the Lie brackets
between the vector fields describing the time-periodic dynamics. Sarychev (188) and Vela (191) have related
this generalization of the averaging theorem to the nonlinear extension of Floquet theorem and shown that

the averaged vector field Y is the logarithm of the the Monodromy map in the nonlinear case.

6.5 Effects of Aerodynamic-Induced Parametric Excitation

In this subsection, we show that the effect of the aerodynamic-induced parametric excitation on the dynamics
in Eq. (6.8). Both the method of multiple scales and second-order averaging are able to capture the true
stability characteristic of the time-periodic system at hand. That is, using both methodologies, we could

prove stability for the system in Eq. (6.8).

Figure 6.4 shows the resulting eigenvalues that determines the stability of the system (6.8) using first-
order averaging, second-order averaging, method of multiple scales, Floquet theorem with the traditional
Runge-Kutta solver, Floquet theorem with Matlab ode45 solver. To have the same eigenvalue representation,
the presented eigenvalues using Floquet theorem approach are the Floquet multipliers transformed from the
Z-plane to the 8-plane (192) via the common transformation z = e¢7*. On the other hand, the eigenvalues
obtained using the method of multiple are the stable ones using direct averaging and the modified unstable

ones; i.e., eigenvalues of the matrix presented in Eq. (6.20).

Figure 6.4 shows that the proposed approaches capture the true stability characteristics of the system

in comparison to direct averaging and the Floquet theorem approach using the Matlab ode45 solver. One
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Eigenvalues determining the system stability
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Figure 6.4: Eigenvalues determining the stability of the time-periodic system (6.8) for the hawkmoth
case using first-order averaging, second-order averaging, method of multiple scales (MMS), Floquet
theorem with the traditional Runge-Kutta solver, Floquet theorem using the Matlab ode45 solver.

interesting note from Fig. 6.4 is that all the approaches resulted in the same eigenvalue at -3.09 for the
vertical motion. It should be noted that the vertical motion is decoupled from the forward and pitching
motions near hover (11; 170). Thus, the direct averaging can provide a good estimate for the eigenvalue
corresponding to the vertical motion

Kn®

A = Zyy = —8 %
o cosa

for constant angle of attack a,, with any ¢(t)-waveform. One of the interesting outcomes from the GAT is
the ability to specifically determine the stabilizing action due to the high-amplitude periodic signals. That
is, it provides an answer to the question: what is the stabilizing mechanism provided by the high-amplitude

periodic signals? Consider the linearized, first-order averaged system-matrix for the hawkmoth case

~359 0 0 -981
0 -330 0 0
D(A1)(0) =
39.95 0 -7.92 0

0 0 1 0
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Using the adopted trim procedure (symmetric flapping along with zero x), the system lacks any pitch-
stiffness (170). There cannot exist a pitching moment M due to the body pitching angle 6 in most of the
flying vehicles. Moreover, the adopted trim procedure leads to zero M due to w (or «); the essential stability
derivative for the static stability of conventional aircraft (13). However, due to the high-amplitude, high-
frequency, periodic signals, the system gains a considerable pitch-stiffness that is shown in the linearized,

second-order averaged system-matrix

-3.58 0 0 -9.81

0 =309 0 0
D(A1 + A5)(0) =
2998 0 —8.13 —28.45

=290 0 0.96 0

The periodic signals have led to a little decrease in the damping in the forward and vertical directions. It also
leads to a decrease in the speed stability (M due to u) which is a favorable effect (170). The pitch damping
is increased however. Of particular interest, the creation of a considerable pitch stiffness (negative M due to
0). Thus, the GAT allows specifying the stabilizing mechanism due to the high-amplitude periodic forcing.
It is also interesting to note that the kinematic equation 6 = q is changed to 6 = —2.90u + 0.96q. This is
because the time-periodic signals do not satisfy the condition fOT f(f v(T)drdt = 0, where v is the zero-mean

signal.

6.6 On the Applicability of Direct Averaging

In this section, we consider the hovering dynamics of four other insects; namely, the cranefly, bumblebee,
dragonfly, and hoverfly. These insects, along with the hawkmoth, cover a wide range of operating conditions.
Their morphological parameters are given in Table 6.1. The objective is to determine an estimate for the
region of applicability of direct averaging in analyzing the flight dynamics of hovering MAVs/insects. This
is performed by comparing the stability characteristics using direct averaging and the proposed approaches
for all of the insects. We use the ratio between the flapping frequency to the natural frequency of body

dynamics as the basis of comparison.

Table 6.2 shows the ratios of flapping frequency to the body natural frequency for the five insects, and

the eigenvalues revealing the stability of the system in Eq. (6.8) using direct averaging and the proposed

approaches. It is noteworthy to mention that the ratio 2% is not monotonically increasing with f as the

n

increase in the flapping frequency f may be associated with larger increase in the natural frequency w,, as
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shown in the hoverfly case in comparison to the dragonfly. Note that the body mass of the hoverfly is con-

siderably smaller than that of the dragonfly as shown in Table 6.1. Table 6.2 shows that the high-frequency,

)\ nda—av; -~
Insect %j—f AMst—avg Znd—ave Cum,
" AMMS
. [—10.40, —3.09, —0.66 £ 3.72i]
Hawkmoth  28.78 [—11.89, —3.30, 0.19 £ 5.744] -0.0302
[—11.89, —3.30, —0.53 £ 4.344]
. [-45.76, —16.26, —13.16, 7.90]
Cranefly 50.62 [-47.71, —17.31, —1.13 4+ 5.53(] -0.0661
[—47.71, —17.31, —12.42, 7.41]
, [~11.26, —4.37, 1.38 % 6.17i]
Bumblebee 144.46 [-11.63, —4.39, 1.58 £ 6.557] -0.0033
[—11.63, —4.39, 1.39 + 6.241]
) [—12.56, —6.98, 1.04 £ 5.99]
Dragonfly 145.50 [—-13.11, —7.03, 1.34 £ 6.657] -0.0038
[~13.11, —7.03, 1.06 = 6.09i]
) [—13.377 —7.24, 1.79+ 7.921']
Hoverfly =~ 113.98  [-14.01, —7.27, 2.13 & 8.56i] [ | -0.0083

—14.01, —7.27, 1.81 £8.03¢

Table 6.2: The eigenvalues revealing the stability of the system in Eq. (6.8) using direct averaging
and the proposed approaches for the five insects along with the ratio between the flapping frequency
to the natural frequency wy, of the flight dynamics. Cyy, is the pitch stiffness coefficient that is
induced by the high-frequency, high-amplitude periodic signals. It is calculated using second-order
averaging.

high-amplitude, periodic signals do not impact the stability characteristics of hovering MAVs/insects for
large % ratios (above 100). That is, direct averaging is capable of capturing the true stability characteris-
tics over this range. It should be noted that all the insects exhibit creation of stabilizing pitching stiffness
due to the high-frequency, high-amplitude, periodic signals. However, Table 6.2 shows that there are cases
where this stabilizing effect is not strong enough (clearly the cases of % > 100), cases where the net result
is a destabilizing effect rather (cranefly), and cases where the induced pitch stiffness is enough to stabilize the
system dynamics. Unlike all the other insects, the hovering dynamics of the cranefly exihibits a considerable
increase in the speed stability (M,,), which is a harmful effect as shown in (170). As such, although the
cranefly hovering dynamics exhibits the largest induced pitch stiffness, the net effect of the high-frequency,

high-amplitude periodic signals is destabilizing.
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6.7 Aerodynamic-Dynamic Interaction: Hovering Dynamics With

Periodic Orbit and Change of Equilibrium

So far, we have studied the flight dynamics of hovering MAVs/insects ignoring the zero-mean forcing term
g, (t); the zero-mean part of the aerodynamic loads due to the flapping motion of the wing. Doing so yields
a system with fixed point, Eq. (6.8), that has been shown to be stabilized for the hawkmoth case due to
the high-amplitude periodic signals. The full dynamics (6.3) can be regarded as the system (6.8) subjected
to a bounded, zero-mean, periodic forcing g, (t). A matter which, knowing that the system (6.8) is stable,
may deceivably indicate stability of the periodic orbit produced by the forcing g, (t). In this section, we

determine the effect of g,(¢) on the system dynamics.

First of all, incorporating g, (t), the system cannot have a fixed point for all times and its equilibrium
will rather be described by a periodic orbit. Knowing that, if the vehicle is balanced based on the average
f(0)+g, = 0 (e.g., the cycle-averaged lift force is equal to the weight), then the origin is ensured to be a fixed
point for the first-order averaged dynamics but not necessarily for the higher-order averaged dynamics. That
is, the forcing term g4 (¢t) may interact with the time-varying dynamics (represented in G1(t)) resulting in a
constant drift in the higher-order averaged dynamics. This constant drift, in turn, changes the equilibrium
state of the system. This is an important note because if the system dynamics (6.3) is simulated using
the flapping parameters that achieve balance/trim based on the average, the system will certainly deviate
from hovering to another equilibrium. This behavior has nothing to do with the stability characteristics of
hovering. It is just because the hovering itself is not balanced. This is why most of the previous studies
concluded hovering instability; direct averaging falsely concludes instability and simulation deceivably shows

divergence from hovering.

Using second-order averaging, the flapping parameters P are required to satisfy
Ay (Zegm; P) + Ax(Tegm; P) =0 (6.24)

to achieve trim/balance. If hovering equilibrium is desired, then, 7 = 0, W = 0, and § = 0, while # can be
any admissible value. That is, Zeqm = [0, 0,0, Heqm]T. It should be noted that triangular waveform for the
back and forth flapping ¢(t) along with a piecewise constant variation for the wing pitching angle will be

used in the computations below.
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6.7.1 Symmetric Flapping

Similar to the observed change in the kinematic equation 0= g in the previous example, incorporating g, (t)

results in a constant drift in the corresponding second-order averaged equation

Koo Az® sin ® sin oy,

A m) —
2,4($eq) 8 TI,

Thus, the only choice to eliminate this constant drift in the symmetric flapping case is to have Ax = 0; i.e.,
the hinge line has to be aligned with the wing’s line of center of pressure. The drift in the pithing moment

is then given by
Ko sin 200, (sin 28 — 2 cos 29)
4017,

A2,3 (weqm; Ax = O) = —g sin Heqm

which is eliminated by choosing foqm = 0. Now, we are left with two trim equations to be satisfied

A2,1(0§ Az = 0,9, am) =0 (6 25)

ALQ(O; Az =0,9, Otm) + AQ,Q(O; Az =0,9, am) =0

These are two nonlinear algebraic equations in flapping amplitude ® and the angle of attack «,,. One feasible

solution to this set of equations in the hawkmoth case is

® =83.05° , a,, =18.35°

Many researchers have used the intuitive, ubiquitous balancing methodology based on the average,
either for aerodynamic optimization (minimum power or maximum thrust with cycle-averaged lift equal to
the weight) (43; 165; 74; 45; 193) or flight dynamics and control analyses (15; 11; 16; 12; 9; 25; 7; 24; 170).
However, the above study shows that such methodology is not sufficient to ensure trim/balance. That is,
symmetric flapping does not ensure zero cycle-averaged forward thrust force, cycle-averaged lift equal to
the weight does not ensure balance in the vertical direction, and aligning the hinge line with the vehicle’s
center of gravity is not enough to achieve self pitch trim. In particular, Fig. 6.5 shows the first and second-
order averaging results for the variation of the generated upward acceleration with the angle of attack a,,
using triangular waveform and the documented ® = 60.5° for the hawkmoth. Figure 6.5 shows that direct
averaging overestimates the generated lift force. That is, the oscillatory motion of the body due to the
periodic forcing leads to a decrease in the generated lift force, which is consistent with the result of Wu et al.
(194). In other words, the flapping-wing MAV /insect has to flap so as to produce cycle-averaged lift (due to
flapping) that is more than its weight. It should be noted that the total cycle-averaged lift (due to flapping
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Figure 6.5: First and second-order averaging results for the variation of the generated upward
acceleration with the angle of attack a,, using triangular waveform and the documented ® = 60.5°
for the hawkmoth. Zero acceleration is required for trim.

+ due to body motion), however, equals the weight at balance.

Because of their potential importance, a general representation for the trim equations (6.25) is provided

to be used in the future aerodynamic and dynamic analyses

A2:1(0) = o L ( t) Jo Xo(r)dr — Xo(t) fy Xu(r)dr + X (t) [y Zo(T)dT — Zo(t) Xw(T)dT) +
+,L( £) [ Mo(r)dr — Mo(t) [} Xq(r)df)}dt
ALQ( )+A22 = 2T fO m ( fO Xo dT—XU fO dT+Z fO ZO dT—Zo( )f Zw(T)dT)+

+%( fOMO dT—MO fO d’T)dt"‘g"‘i/ ZO

1st order contribution

(6.26)
To give an estimate about how high the amplitude of the periodic forcing that hovering MAVs/insects
experience, it is worthy to mention that the term iMo(t) has an amplitude about 2700 rad/s? in the
hawkmoth case. It should also be noted that the constant drift (change of the equilibrium) becomes more
considerable for light vehicles flapping at low frequencies; i.e., it is inversely proportional with the mass,

moment of inertia, and flapping frequency.

Although the matrix representing the linearized, second-order averaged dynamics [D(A; + A2)(0)] is
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exactly the same as that of the previous example (nonlinear flight dynamics with fixed point), evaluating it
at the new flapping parameters that achieve trim (® = 83.05°, a,;, = 18.35°, and Az = 0) yields an unstable

fixed point with the following eigenvalues for the hawkmoth case
3.64 , —5.16 , —28.02 , —6.49
The new set of flapping parameters results in another fixed point at
T =[1.45m/s , —3.03m/s , 0.00 , —180°]T

which corresponds to a vertical descent with a rate of 3.03 m/s and a backward motion at a speed of 1.45 m/s
at a pitching angle of —180°. The eigenvalues of the matrix representing the linearization of the second-order

averaged dynamics about this fixed point are
—2.81£3.03: , —23.93 , —6.48

which indicates stability of the vertical descent equilibrium. This analysis shows that any perturbation
from the hovering equilibrium will lead to pitching down while descending and moving backward until the
MAV /insect reaches a stable upside-down descending equilibrium while moving backward. Figure 6.6 shows

simulation of the system (6.3) using the new trim parameters.

6.7.2 Asymmetric Flapping

Using symmetric flapping, we could not achieve balance at the documented ® for the hawkmoth (® = 60.5°
(57)). Hence, the stability results obtained in the last subsection may not be quite representative to a
hovering hawkmoth. To obtain stability results that are more representative for the hovering hawkmoth, we

use asymmetric flapping on the form

go+ 7 (t—F), 0<t<7F ad, 0<t<Z
olt) = t) = (6:27)
o— T (t-3%), 5t<T T, 3 <t<T

where ¢¢ is an offset angle to create asymmetry for the triangular waveform of ¢(t) and a4 and «,, are the
angles of attack during the downstroke and upstroke, respectively. In addition, we use the documented xj, of
the hovering hawkmoth (z;, = 0.22R (11)). Then, we seeck the flapping parameters a4, ay,, ¢o, and Az and

the operating feqm to ensure trim of the second-order averaging at hover; i.e., to satisfy Eq. (6.24). Using
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6.7 AERODYNAMIC-DYNAMIC INTERACTION: HOVERING DyNaMIcS WITH PERIODIC ORBIT
AND CHANGE OF EQUILIBRIUM

Nonlinear Flight Dynamics With Periodic Orbit
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Figure 6.6: Simulation of the full nonlinear flight dynamics with periodic orbit for the hawkmoth
case.

the least squares, we obtain

ag =44.93° | «a, =44.93° , ¢g=—-381569° , Az =042 , Oqm = 2.48°

Linearizing the second-order averaged dynamics about the ensured fixed point, the eigenvalues of the
system matrix are

273 , —4.80£4.57 , =2.77

which indicates instability of the hovering hawkmoth. Although this conclusion about the instability of the
hawkmoth at hover is not new, the technical justification for that conclusion is. Moreover, the adopted
methodology reveals some interesting facts about the dynamics of flapping flight. Specifically, the high-
amplitude periodic forcing may lead to stabilizing actions as shown in the case of dynamics with fixed point.
It may also lead to a change in the equilibrium state which dictates that the flapping MAV /insect has to

flap more to keep balance.
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6.8 Conclusion

Longitudinal flight dynamics of flapping-wing micro-air-vehicles (MAVs) and insects are considered. It is
shown that direct averaging is not sufficient to assess the hovering stability of the relatively low flapping
frequency. Typically, direct averaging is applicable over the range of flapping-to-natural frequency ratio
above 100. On the other hand, the complication of the Floquet theorem approach dictates numerical im-
plementation whose associated error may lead to false conclusions about the stability of the system. It is
shown that either the method of multiple scales or higher-order averaging is suitable to analyze the flight
dynamics of hovering MAVs/insects as it overcomes the issues with the other approaches (direct averaging
and Floquet theorem). In particular, using second-order averaging, it is shown that the high-amplitude
periodic forcing associated with flapping cannot be neglected as it induces stabilizing pitch stiffness for the
studied five insects. It may also lead to a change in the equilibrium state. This refutes the previous common
intuition about balancing a hovering vehicle. That is, symmetric flapping does not ensure zero cycle-averaged
forward thrust force, cycle-averaged lift equal to the weight does not ensure balance in the vertical direction,
and aligning the hinge line with the vehicle’s center of gravity is not enough to achieve self pitch trim. In
contrast, The flapping MAV /insect has to provide average lift due to flapping that is more than its weight

to keep balance.
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Chapter 7

A Geometric Control Approach for

Enhanced Maneuverability of

FWMAVs Near Hover

In this chapter, the maneuverability of flapping-wing micro-air-vehicles near hover is revisited. We propose
an algorithmic approach that brings the maneuverability early in the design problem by combining tools
from geometric control and averaging theory. Sections 7.2 and 7.3 provide the wing-kinematics and the
used aerodynamic model, respectively. In Section 7.4, we derive the coupled equations of motion of the
multi-body dynamics problem using the principle of virtual power. Section 7.5 provides the required tools
from geometric control and averaging theory to analyze the dynamics of mechanical systems subjected to
high-frequency, high-amplitude, periodic forcing. In Section 7.6, we apply these tools on the flapping-wing
micro-air-vehicle dynamics near hover. In Section 7.7, we formulate a design optimization problem for a
flapping-wing to maximize a desired maneuverability index. The tools from geometric control and averaging
give relations between the cycle-averaged accelerations of the body and the components of the analytically-

computed symmetric product vector fields.
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7.1 INTRODUCTION

7.1 Introduction

The dynamics of flapping flight is challenging to model and analyze. The propulsion and control mecha-
nization results in a fundamentally underactuated system and for even the simplest models, the governing
equations are nonlinear and time-varying. Wood (30) noted that minimal actuation was an important factor
in the success of the first flapping-wing micro-air vehicle (FWMAV), the Harvard Robofly. The concept was
also emphasized by Doman et al (19; 9) and Schenato et al (7) in their design and analysis efforts. The use of
time-periodic inputs to generate motion in underactuated mechanical systems is a well-established concept

and leads naturally to the use of geometric control and averaging theory for analysis of these systems (195).

A fundamental challenge in modeling and analyzing the flight dynamics of FWMAVs is the inertial
effects of the wings. Treating the wings as elements in a multi-body system results in a more accurate, but
more complicated flight dynamics model. In fact, wing inertial effects have often been ignored altogether in
analysis of flapping flight (102; 114; 23; 95; 2; 15; 16; 26; 27; 9; 25). Neglecting the multi-body wing effects
results in the rigid body dynamic equations for a conventional, fixed-wing aircraft. Sun et al (11) derived the
dynamic equations for flapping flight including wing inertial effects, hence, identified the usually neglected
terms. They, then, performed numerical simulations using the reduced model and quantified the neglected
terms illustrating that the reduced model is justifiable in hover. On the other hand, Orlowski and Girard
(100) showed that neglecting the wing mass may result in erroneous predictions and Bolender (116) argued
that wing mass should be included when developing flight control systems for FWMAVs. Weihua and Cesnik
(22) studied the dynamic stability of flexible FWMAVs and found that increasing the wing inertia tends to
destabilize both the longitudinal and the lateral flight dynamics. For more details about the inertial effects
of the wing motion on the dynamics of flapping flight, the reader is referred to the review article by Taha et

al (146).

In this work, we consider the longitudinal flight of FWMAVSs near hover and use averaging and tools from
geometric control theory to derive analytical expressions characterizing the net control force and moment
that a given configuration can generate. Specifically, we develop analytical expressions for the Lie bracket
and symmetric product vector fields that play a fundamental role in the averaged dynamic equations (195).
These expressions include parameters that define the system’s geometry and gait; maximizing elements
of the symmetric products directly influences the vehicle’s maneuverability. The work illustrates a design

optimization approach for enhancing the maneuverability of a FWMAV.
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7.2 Wing Kinematics

In general, three types of reference frames are required to formulate the flight dynamic model for a rigid-
winged FWMAV: an inertial reference frame {zr,yr, 21}, a body-fixed reference frame {zv,yp,2p}, and a
wing-fixed reference frame {Z, Yw, 2w} for each of the flight vehicle’s wings. Because only longitudinal flight

is considered in this work, symmetric wing motions are assumed.

By convention, the xp-axis points forward defining the vehicle’s longitudinal axis, the yp-axis points to
starboard, and the zp-axis completes the right-handed frame. The conventional yaw-pitch-roll (1-6-¢) Euler
angle sequence traditionally used with fixed-wing aircraft (13) is adopted here to describe the body’s inertial

orientation. Because only longitudinal flight is considered, however, only the body’s pitch angle 6 is required.

The wing-fixed frame is defined such that it is aligned with the body-fixed reference frame when the
wing kinematic angles are zero. Wing motion relative to the body is typically described using three Euler
angles: the flapping angle ¢ (describing back and forth motion), the plunging angle ¥ (describing up and
down motion), and the pitching angle n (describing rotation of the wing about a chord line). Consistent
with observations of biological flyers (20; 21), the wing motion is restricted such that the plunging angle
9 remains zero. Figure 2.4 shows a schematic diagram for a FWMAV hovering using a horizontal stroke

plane.

As for the pitching angle, 7, it is assumed to experience the following piecewise constant variation

Qq, Q0>O
n(t) =
T— 0y, <0

where a4 and «,, are the setting angles of attack in the downstroke and upstroke, respectively. The majority
of dynamics and control investigations for hovering FWMAVs assumed fixed pitching angle throughout each
half-stroke with instantaneous flip between the adjacent half-strokes (15; 16; 7; 8; 9; 10; 25). This piecewise
constant kinematics for 7 is asymptotically realized through passive control along with the flapping velocity
¢ and, hence, is convenient for the minimal actuation concept. Moreover,symmetric flapping is assumed
here; that is, ag = a,, = aun, where a,, is the mean angle of attack maintained throughout the entire stroke.
As such, we can write

sinn = sinq,, and cosn = sign(y) cos a,
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7.3 Aerodynamic Model

The aerodynamics of flapping flight has been a subject of interest for almost a century. The flow field resulting
from flapping motion is unsteady and nonlinear, resulting in nonconventional mechanisms for aerodynamic
force production. Dickinson et al (3) pointed out that these nonconventional mechanisms are the translatory
effect (due to the leading edge vortex), the rotational effect, and the effect of wake capture. With regard
to the translatory effect, Wang et al (110) showed that the static lift coefficient for a translating wing,
taking into account the leading edge vortex effect, is reasonably well-described as C;, = Asin 2a where the
parameter A may be determined experimentally. Berman and Wang (43) provided values for A for the
hawkmoth, bumblebee, and fruitfly. Taha et al (167; 168) proposed a technique for estimating A taking into

account the effect of aspect ratio. Hence, the lift coefficient is written as

TR
2 [1+ (T2 4 g

ao

A:

with the AR based on one wing; i.e., AR = %2, where R is the wing radius, S is the area of one wing and
ap is the lift curve slope of the two-dimensional airfoil section (taken here 27). As for the drag coefficient,
similarly to aerodynamic drag on delta wings where the effect of the leading edge vortex is pronounced, one

may write Cp = Cp tana = 2Asin? o. This model neglects the viscous drag, relying on the experiments of

Dickinson et al (3; 79).

Since constant angle of attack is maintained throughout the entire stroke and because symmetric flapping
is used, no rotational lift is produced. The effect of wake capture is difficult to be modelled analytically; in
model-based control design, this effect is typically ignored, with the expectation that well-designed feedback

control can compensate for unmodeled dynamics.

Considering the above setup, the total flapping velocity seen by an airfoil section that is a distance r

from the wing root is r¢. The lift and drag force per unit span on that section are

1
L(r,t) = ipArgc(r)ng (t) sin 2cu,, dr

d(r,t) = pArie(r)|p(t)|p(t) sin? ay,dr

where the drag force above is defined positive opposite to the wing motion in the down-stroke. The aerody-

namic pitching moment per unit span about the hinge axis is then given by

Mj (r,t) = [€(r,t) cosn(t) + d(r,t) sinn(t)] Azc(r)
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7.4 EQUATIONS OF MOTION

where Az is the normalized chordwise distance between the center of pressure and the hinge location. The
center of pressure is assumed to rest at the the quarter-chord line. Writing # in terms of «,, and integrating
over the two (left and right) wings yields the total lift and drag and the pitching moment about the hinge

axis in the form

1
L(t) = 5;01412@2(1?) sin 2a,,
D(t) = pAlxn |¢(t)|p(t) sin® a,

Mp(t) = pAlsa|p(8)]p(t) sin o, (7.1)

where the I,,, =2 fOR r™c"(r) dr are weighted moments of area for the two wings.

7.4 Equations of Motion

Recall that the pitch angle is kept constant throughout each half-stroke, 17 = 0 except between half-strokes
where the derivative is not defined. As such, it is convenient to neglect the wing pitching dynamics. Since the
two wings move symmetrically, the equations of motion are defined in terms of four generalized coordinates:
qg=1[z, 2,0, ¢", where r and z are “quasicoordinates” associated with body velocity components u and
w along the x}, and z}, directions, respectively. In the following subsections, the principle of virtual power
(174) is used to derive the equations of motion:

Z [mi(0; + Pei) — Fil - ZZ + [hi + mipe; X D —my] - O

i=b,w

=0 (7.2)

where j = 1 — 4 and p,; is the vector pointing from the reference point of the i*? rigid body to its center of

gravity.

7.4.1 Body

Setting the origin of the body frame at the body center of gravity, the velocity of the origin of the body axis

system and the corresponding angular velocity are written as

vy, = uty + wky, and wy = éjb
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7.4 EQUATIONS OF MOTION

where ¢, j, and k are unit vectors along the z, y, and z directions in the axis-system indicated by the

subscript. Thus,

% — 3 dvy _ % -0 % -0
ou ° ow b 96 0P
8wb - 6wb _ 6wb . 8wb
ou 0 ow 0 20 T 9p 0

and

vy = (04 wh)iy, + (0 — ud)ky,

The angular momentum vector of the body about the body center of gravity and its inertial derivative are
given by
hy = I05y, Py = Lybj,

The body exhibits gravitational forces only with no moments. Thus, the body forces in the body frame are
written as

_)"'l(jb):mbg[—siDH7 0, cosf]”

7.4.2 Wing

Locating the origin of the wing frame at the hinge root, the velocity of the origin of the wing frame and its

angular velocity are written as

Vy = Ubp, + (w - xhé)km Wy = éjb — ok,

Thus,

vy, . Ovy Ovy, Ovy

= = Yk Y = gk, =Y =0

Ju Y hw P e R Thg

Ow Ow Ow Oow

~ =0 T =0 —=3j — =k

ou Bw Y EX b

and

by = [+ (w — 2,0)0), + (b — 21,6 — ub) Ky,
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7.4 EQUATIONS OF MOTION

The rotation matrices from the the body frame to the wing frame are

cosp —sinp 0 cosn 0 —sinn
R, = |sinp cosp 0| » Ry= 0 1 0
0 0 1 sinn 0 cosn
and
R, = R,R,

The wing angular velocity vector in the wing frame is

w1 0 gbsinn—écosnsingo
stw) =l we | = [Ry) 0 = écosga
w3 — —gbcosn—ésinnsingo
The position vector pointing from the hinge root to the wing center of gravity is pe,, = —diw +7c¢J,, Where

d and r., are the distances between the wing root hinge point and the wing center of gravity along the

negative xy-axis and the yy,-axis, respectively. Thus, we obtain the the inertial acceleration

1 d(w? + w%) — Teg(Ws — wiws)
pésvw) = | pe | = | —d@s+wiwz) — reg (Wi +wi)
ﬁg d(UJQ — wlwg) + Tcg(wl + (Jngg)

Assuming the wing reference frame is fixed in the wing principal axes, the inertial time derivative of the

angular momentum vector represented in the wing frame is written as

hl Izwl + (Iz - Iy)w2w3
- (w) .
h‘w = h2 = Iywy + (IT - Iz)w1w3
]'13 I, ws + (IU — Iw)w1w2
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The wing is subject to aerodynamic and gravitational forces. The force vector applied on the wing is

—Dcosp —sind
£ = 0 +mug| 0
—L cosf

The moment vector contains three contributions: aerodynamic, gravitational, and the control torque. The
first is written as My, = Mypj,, + Nky, where M}, is the hinge moment as presented in Eq. (7.1) and N is

the opposing moment due to the drag force distribution along the wing:
N(t) = pAli | (1) (1) sin® o,

The second contribution, the moment due to gravity, is My = (—diy + 7cgd,,) X mwgki. The last contri-

bution, the control torque, is M, = —7,ky, where 7, is the actuating torque in the flapping direction.

Having prepared all the required terms to apply the principle of virtual power (7.2), the equations of

motion are obtained.

M (0 + w6 + gsin ) + My (1 cos 1 cos @ + po sin g + fs sinn cos ¢ — 21,62) = —Dcosp

My (0 — ub — gcos0) + muy, (s cosn — py sing — 21,0) =L

My [dsinni + (dcosncosg — regsing — xp) W+ 2,0 (z) — dcosncos  + regsin ) +

+25,(p1sinn — fz cosn + ub + gcos ) + dsinnd(w — 2,0) — (d cosncos p — T'eg SIN ) X

(ud + g)] + beé + hy cos ¢ — hy cosnsin ¢ — hg sinnysin ¢ = Lay + My cosy

My (dcosnsing + ¢4 cos ) |4+ (w — 21,60)0| + (hysinng — hs cosn) =7,
(7.3)

Note that the contributions of the opposing moment N from the two wing-halves cancel each others.

7.5 Averaging for Mechanical Systems
This section provides a brief discussion of the tools to be used in our analysis. Our primary references

are Bullo’s work on vibrational control for mechanical systems (140) and a series of papers by Vela et al

concerning geometric methods for biomimetic locomotion (196; 197; 191).
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7.5 AVERAGING FOR MECHANICAL SYSTEMS

7.5.1 Averaging and the Variation of Constants Formula

In discussing vibrational control, Bullo (140) considers a system with a time-invariant drift vector field and

with high-amplitude, high-frequency forcing

%m — f(a) + %g(az, te),  a(0) = o (7.4)

where 0 < ¢ < 1. The time-varying vector field g(ax,t/¢) is assumed to be periodic in its second argument

with period T'. Let '~I>g’7 denote the flow of the vector field g(x, 7). Define the time-varying vector field

F@,7)=((2,)" f) @)
where the pull-back of the vector field f along the diffeomorphism ‘1’8,7 is

(@) 1)@= (4 @) " oroat, )@ (7.5

By the variation of constants formula (195)

(®5.)°f

f+9 _ &9
q)O,T - q’O,T o q’O,T

the solution of (7.4) satisfies

d

at ég(w,t/e% 2(0) = 2(t)

where z(t) satisfies

d
BE= F(z,t/e), z(0) = x

Solutions x(t) of (7.4) exhibit a slow and a fast time scale as e — 07 and the behavior of a given solution

over time scales of order one (i.e., the slow time scale) matches that of the following T-averaged system

T
%:c — F(a) = %/0 F(a,7)dr,  o(0) =z (7.6)

Moreover, if the system (7.6) has an asymptotically stable equilibrium point and g is within an e-neighborhood
of it, then the true and averaged solutions remain e-close for all time. That is, asymptotic stability of an

equilibrium of (7.6) implies asymptotic stability of a periodic orbit of (7.4).

To show that the system (7.4) is in a form amenable to conventional averaging theorems (see (198), for
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7.5 AVERAGING FOR MECHANICAL SYSTEMS

example), one defines a new independent variable 7 = t/e. Recognizing that

d dx dt dx
t = =€

alt(r) = G = e

one obtains the following system

%a) =ef(x,7)+g(x,7), x(0) = xg.

The essential obstacle to computing the averaged dynamics for periodically forced control systems of
the form (7.4) is in computing the pull-back of f along <I>g)7 defined in (7.5), given that g is time-varying.
Bullo discusses an integral series representation, attributed to Agrachev and Gamkrelidze (190). Although
computation (and convergence) of the series are problematic, in general, the series terminates under certain
structural conditions on the vector fields. Such structural conditions are exhibited by a special class of

mechanical control systems.

7.5.2 Mechanical Control Systems

Bullo (140) considers mechanical control systems with n degrees of freedom and m < n inputs, which can

be written in the form

m(q)g+C(q,q)q = Xo(q) + E(q,q) + Xa(q)v" () (7.7)

where C(q, q) represents the “Coriolis and centripetal” effects associated with the positive definite kinetic
energy metric m(q). On the right hand side, the vector X 0(q) represents configuration-dependent effects

such as forces arising from a scalar potential function (e.g., moments due to gravity). In Bullo’s work,

E(q,q) = R(q)q represents dissipation that is linear in velocity. The configuration-dependent vector fields

X, where a € {1,...,m}, are the input vector fields. The dynamic equations then become
§=-m'(q)C(g.9)qg+m "(q)Xo(q) +m (@) R(@)qg+m '(a)X.(q) v (1) (7.8)
Zq.q) Xo(@) R@)q X.(@

Define the 2n-dimensional state vector = [qT, qT]T. The dynamic equations (7.8) become
z=2Z(x)+Yo(x)+ R(x)+ Y.(x)v(t), (7.9)

where terms are defined by obvious correspondence.
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7.5 AVERAGING FOR MECHANICAL SYSTEMS

The vector fields on the right hand side of equations (7.9) are polynomials of known degree in ¢. Bullo
notes several consequences of this special structure. For example, the Lie bracket of any two input vector
fields vanishes:

Yo, Yp]=0 (7.10)

This observation, together with the Jacobi identity for Lie brackets of vector fields, implies that [Y,, [f, Y]] =
[Ys,[f,Y o] for any smooth vector field f(x). Bullo therefore introduces the following symmetric product
with respect to Z(x): (X, : Xp) = (X : X,) is the last n-components of the 2n vector field [Y 4, [Z, Y]]
This is the coordinate representation of the intrinsic definition given in (195). There, the symmetric product
of vector fields on a smooth Riemannian manifold is given in terms of the geodesic spray for the Levi-Civita

connection associated with the Riemannian metric.

In discussing locomotion methods for underwater vehicles, Vela et al (196; 197) relax some of Bullo’s

assumptions and consider the case where

letting Ey(q, q) represent “state-feedback terms” that are quadratic in velocity. In the case of a FWMAV,
the terms in Fy(q, q) might instead represent aerodynamic effects more complicated than linear damping.
Standard models for lift and drag, for example, are quadratic in velocity. Vela and colleagues (196) make

the following important observation:
[Yca [Yba [Ya7 Z + YO + RH] =0 (711)

Equations (7.10) and (7.11) imply that the integral series representation of (‘I'g,T)* f terminates.

Bullo (140) showed that if the mechanical system structure satisfies (7.10) and (7.11) and the control

inputs v*(t) satisty
T T p1
/ v¥(r)dr =0 and / / v*(s)dsdr =0 (7.12)
0 o Jo

then the averaged dynamics corresponding to the system (7.8) are written as
= Z(r,7) + Xo(r) + R(r)i — Y Aap(Xa(r) : Xp(r)) (7.13)
a,b=1

where

= % OT (/OT v (s) ds) (/OT vb(s) ds> dr
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That is, there exists ¢y > 0 such that, for all € € (0, €],

q(t) =r(t) + O(e)

q(t) = 7(t) + ( /O t v(s) ds) X, +0(e) (7.14)

7.6 The FWMAYV System Revisited

This section shows the FWMAV model developed in Section 7.4 in the context of Section 7.5. Noting that
one of the system parameters depends on one of the generalized velocities n = n(¢), the FWMAV system
structure may not be amenable to apply the averaging results of the previous section. However, since the
dependence is on the sign of ¢ only, the dynamic structure of the FWMAV still satisfies the conditions (7.10)

and (7.11). In particular, we have the generalized inertia

my, 0 Mz My

0 my M23 0
m(q) =
M3 Moz M3z M3y
Mgy 0 Mgy Myy
where
M5 = My, dsinn
My = My (dcosnsing + 14 oS @)
Mos = My (dcosncosp —regsing — xp,)

Mas(xp, = 0) = I + I, cos® o + sin® (I, cos? n + I, sin? )
M3y = sinypsinncosn(l, — I,)

My = (I, sin?n + I, cos®n)

and the input vector field is written as

% T
X,.(@)=[0001
It has been shown in chapter 5 that there are two ways to achieve trim for a FWMAYV in hover. The

first of these is considered here, in which the wing hinge is aligned with the body center of gravity (x5 = 0)

and the wings execute symmetric flapping motions (identical upstroke and downstroke). The control input
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is written as

T,(t) = U coswt

which satisfies (7.12). Then its corresponding coefficient A is given by A = v

4w?
The symmetric product (X, : X, ) may be easily determined using symbolic software, resulting in
(lengthy) expressions involving the generalized coordinates g and the geometric and aerodynamic parameters.
Using an overbar to indicate time-averaged quantities, the averaged dynamics of (7.3) is then written as

U2

q=2(a.9) + Xo(@) + R(2)q -

(X7, (q) : X-,(q)) (7.15)

7.7 Maneuverability Optimization

One can relate the maneuverability of the FWMAYV to the elements of the symmetric product defined earlier,
as these components directly affect acceleration in the averaged dynamics. Our objective is to formulate an
optimization problem in which the design variables are the system parameters and the objective function
is a specific element of a symmetric product evaluated at the desired fixed point of the averaged dynamics.

This fixed point should correspond to the desired periodic orbit of the original system.

Symmetric downstroke/upstroke flapping at hover is considered; that is (gg, qo,) = (0,0). For this state
to be a fixed point for the averaged dynamics, the right hand side of Eq. (7.15) evaluated at the origin
must vanish. The vector fields in Eq. (7.15) evaluated at the origin with zero x; = 0 have the following
components

Z(0,0) + Xo(0)=[0, g, 0, O]

(X, :X;,)(0) =0, 2Ky sin2a, x ¥< 0o, o

My

where Ko = % pAly; and WIC represents a lengthy expression containing the wing-inertia contribution.
Thus, similar to the results obtained by neglecting the wing dynamics, aligning the hinge line with the
body center of gravity along with symmetric flapping automatically ensures zero cycle-averaged forward
thrust force and pitching moment, see Doman et al (9) and Taha et al (170). In addition, it ensures zero
cycle-averaged flapping acceleration. Hence, we are left with one trim equation to be satisfied; that is, the

cycle-average lift has to balance the weight.

U2 x WIC

K1 sin 20, = Myg (7.16)

This equation is analogous to the one determined by neglecting the wing dynamics and considering p(t) =
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® coswt. The lift constraint

w [ Ry
L=— / 2/ —pr2@?(t)e(r) Asin 2a,, dr dt = m,g
2T 0 0 2

is then written as
. w2®?
Ko sin 2av,,,

= myyg (7.17)

It is interesting to note that limOWIC = m Thus, in the limit to a vanishing wing mass, the
My —> z m

flapping amplitude is related to the torque amplitude via ¢ =

w21, sinZ a,,

Having achieved balance (trim) at hover, our objective is then to maximize the upward acceleration of
the averaged dynamics from the hovering position; that is w(0) due to the maximum allowable torque. This

quantity is considered as the maneuverability index in this analysis and is given by

. vz, . —U?
E(O)maz _ “mazx 0

40 X o (7.18)

where Uppq, is the maximum allowable torque amplitude, Uy is the balancing torque amplitude (required
for trim) which satisfies Eq. (7.16), and X2 is the second entry of the symmetric product vector field
(X, : X,). Note that using the above configuration, the pitch angular acceleration cannot be manipulated
because setting z;, = 0 results in lack of pitch control authority at hover (9). In addition, zero x; along with

symmetric flapping results in lack of forward thrust control authority at hover too.

We consider a trapezoidal wing having a radius R, aspect ratio AR, taper ratio A, and planform area S.
The vector of design variables is # = [AR X f a,,]T. Given a fixed mass of the body my,, the mass of the
vehicle is then m, = mp + my,, where my, = 2 fOR m’c(r)dr = 2m’S and m’ is the wing mass per unit area,

which is assumed to be uniform. The following approximations are used

R
I, = 2/ m'r?e(r)dr = m'Iy
0

R
I, = 2/ m'dc3 (r) dr = m'dIy3
0
where d is the chord-normalized distance from the wing hinge line to the center of gravity line.

fOR m're(r)dr Iy

I.=1,+1, and 7.y = )2 =3¢
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7.7 MANEUVERABILITY OPTIMIZATION

The optimization problem is formulated as follows

max  wW(0),ae subject to
xr

2mvg < Umaz

U =
0= N Ky WICsin2a,,

and z1g < x < TUB

where z1,5 and xyp are the lower and upper bounds of the design variables, respectively. The hawkmoth
data is considered as a case study. The values for the wing radius, body mass, and moment of inertia about

the yp-axis (11) are given by
R =519 mm, my=1.648 g and I, = 2.080 g cm”

Assuming uniform areal distribution for the wing mass, its density is deduced from Ellington (57) to be
m’ = 0.005 g/cm2. A maximum allowable torque for tiny actuators is considered as U,qe = 1 mN.m. The
hinge is assumed to lie at the 30% chord station (AZ = 0.05) and the wing-section center of gravity to lie
at the 45% chord station (dA = 0.15). The distance between the wing root hinge point and the wing center

of gravity along the negative z,,-axis is then given by

d = de, (1—(/\—1)%)

where ¢, is the root chord dictated from the trapezoidal chord distribution as ¢, and S = %.

_ _28
= OT+VR
Table 7.1 shows the lower and upper bounds for the design variables.

Table 7.1: Design parameter bounds.

Variable IILB TUB

Wing aspect ratio, AR 1
Wing taper ratio, A 0
Flapping frequency, f 0
Mean Angle of Attack, a,, 0

T =

It is found that the optimum solution lies on the boundaries of the design variables. A parametric
study, which is shown in Fig. 7.1, is performed on the objective function, E(O)mm, to support the optimizer

converged solution. While varying one of the design variables to assess its effect on the objective, the other
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7.7 MANEUVERABILITY OPTIMIZATION

design variables assume the following values
r=[3, 1, 25Hz, 30°|"

Some interesting conclusions can be drawn from the performed analysis either for the FWMAV hovering

example per se or for the general optimization of a vehicle’s maneuverability.

Parametric study for the maximum cycle—average upward acceleration in g
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50
0
0
-2 -50
0 500 1000 0 50 100
f (Hz) .

Figure 7.1: Parametric Study for the maximum cycle-average upward acceleration @ (0),,q, With
fixed R.

Including the effects of wing mass and inertia results in considerably different behaviors from those ob-
tained by neglecting the wing dynamics. Firstly, although increasing the aspect ratio for a given wing radius
results in a decreased wing area and consequently decreased aerodynamic loads, the inertial contributions
leads to a favorable effect of AR on w. It should be noted that, however, fixing the wing area instead leads to
an unfavorable effect of AR on W, as shown in Fig. 7.2. Therefore, if the wing radius is specified, a high aspect
ratio rectangular wing will result in the maximum cycle-average upward acceleration. Secondly, neglecting
the wing dynamics and dealing with a specified kinematics for the flapping angle ¢(t) suggests higher flapping
frequencies for higher aerodynamic loads (particularly the lift force) and consequently higher accelerations.

However to achieve the required flapping amplitude with a very high frequency a considerably large torque

U

amplitude is required which is constrained to U,,q.. Since the lift is proportional to w?®?, ® o =, and

U is set to Upage, the net result is that a lower f(w) is recommended for higher w. Thirdly, the kinematic

analysis suggests a 45° mean angle of attack for the maximum lift and consequently @ because of the sin 2a

U

in the lift expression. However, as shown previously (at least in the limit to vanishing m,,) ® = FrsnTar
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7.7 MANEUVERABILITY OPTIMIZATION

that is, @ approaches infinity as o, approaches zero. Therefore, the maneuverability-optimum mean angle

of attack is no longer 45° but as low as possible.

Parametric study for the maximum cycle—average upward acceleration in g
5 4
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Figure 7.2: Parametric Study for the maximum cycle-average upward acceleration (0),,q, with
fixed S.

One of the very important and intuitive questions that may arise with this analysis is that ” As far as
the vehicle’s maneuverability is concerned, why one does not directly maximizes the elements of the input
vector fields instead of following the proposed approach?” This intuitive question stems from the fact that
those elements of the input vector fields are known to directly affect, not only the averaged, but also the
instantaneous accelerations. In fact, the answer to this question represents the main motivation and novelty
of the proposed approach. It should be noted that the above claim may be misleading for systems forced
by high-frequency periodic inputs. In the worked example of hovering FWMAVs, the input vector field
X ;, includes non-zero components in all directions. In addition, it has non zero components in both of
the longitudinal and pitching accelerations even at the trim configuration (z;, = 0 and ® = 0). However,
it has been already shown that the corresponding contributions to the averaged dynamics (corresponding
components of the symmetric product (X, : X)) are zero. In fact, this is one of the main drawbacks
of the adopted trim configuration (symmetric flapping and zero xp,); that is, it leads to a lack in forward
thrust and pitch control authority. Thus, although there are nonzero instantaneous contributions to those
accelerations, because of the high frequency periodic nature of the applied torque and consequently the
resulting kinematics, there are no contributions to the corresponding averaged accelerations; contributions
cancel out over the flapping cycle. One more issue that is noteworthy is the deceptive indication of having a

lack of control authority in some direction. Projecting on the adopted example, the second entry of the vector
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field X, evaluated at the trim configuration is zero, falsely indicating the lack of vertical motion control
authority at hover. On the contrary, there is a considerable ability to produce upward acceleration which is
considered as an objective in maximizing maneuverability. This is a common trait of the geometric control
theory; that is to allow us to generate motions in unactuated directions. Finally, a clear issue, though, needs
to be stressed is the necessity to apply the variation of constants formula before averaging. Otherwise, direct
averaging is not useful in this analysis as it leads to vanishing contributions from the zero-mean periodic

inputs.

7.8 Conclusion

In this work, we have considered the problem of optimizing maneuverability of a flapping-wing micro-air
vehicle in longitudinal flight near hover. In modeling the vehicle, we have accounted for the wing-dynamics
of the back and forth flapping degree of freedom, so that the flight dynamic model has four degrees of
freedom. The resulting system is an under-actuated, nonlinear mechanical system with time-periodic forcing.
We have used tools from geometric control and averaging theory to derive analytical expressions for vector
fields, known as symmetric products, which play a crucial role in the averaged dynamics. Because these
vector fields are directly related to the vehicle’s acceleration, and they depend on system parameters, we
have proposed formulating and solving design optimization problems, such as maximizing maneuverability.
We have provided an example to illustrate this approach for design optimization of a flapping-wing micro-air
vehicle, focusing on the cycle-averaged upward acceleration of the body as a maneuverability index: fast

vertical takeoff.

It has been found that direct optimization of the elements of the input vector fields does not guarantee
optimization of the resulted vehicle’s accelerations for a high-frequency periodically forced system. This is
due to the fact that the generated accelerations may cancel each other resulting in a zero cycle-averaged
acceleration and net motion. The proposed approach resolves this by maximizing the elements of the sym-
metric product vector fields instead, which directly affect the averaged dynamics. It also gives the ability to

produce motions in unactuated directions.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

In this dissertation, we have provided analytical formulations for the unsteady aerodynamics, kinematic
optimization, flight dynamics, and control of flapping-wing micro-air-vehicles (FWMAVs). A FWMAV rep-
resents a complex multi-disciplinary system whose analysis invokes the frontiers of the aerospace engineering
disciplines. From the aerodynamic point of view, a nonlinear, unsteady flow is created by the flapping mo-
tion. In addition, non-conventional contributors, such as the leading edge vortex, to the aerodynamic loads
become dominant in flight. On the other hand, the flight dynamics of a FWMAYV constitutes a nonlinear,
non-autonomous dynamical system. Furthermore, the stringent weight and size constraints that are always
imposed on FWMAVs invoke a design with minimal actuation. The main conclusions/contributions of this

dissertation are stated below.

A thorough literature survey: We have provided a thorough literature review of the significant work
done in the mechanics of flapping flight. This includes aerodynamic modeling, kinematic design, flight
dynamics and control. Based on this review, we have proposed some un-answered technical questions

which have been tackled throughout the dissertation.

Analytical unsteady aerodynamic model: The literature survey has revealed that there exists no un-
steady aerodynamic model that could capture the dominant contribution to the aerodynamic loads on
hovering insects (i.e., leading edge vortex) with a feasible computational burden so that it could be
used in optimization, sensitivity analysis, dynamics and control. Literature is teeming with potential-

flow, linear, unsteady models whose asymptotic steady behavior is the pure linear lift curve. These
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models cannot capture the effects of any non-conventional lift mechanisms such as the leading edge
vortex. On the other hand, there have been recent experimental efforts that have lead to simple em-
pirical algebraic relations for the quasi-steady effects of the leading edge vortex on hovering insects.
Clearly, these steady empirical models cannot be used solely because the unsteady effects of such flow

filed are quite significant.

In this dissertation, we have developed an unsteady aerodynamic model whose asymptotic steady
behavior is dictated by the empirical models that capture the quasi-steady effects of the leading edge
vortex. This is achieved by extending Duhamel’s superposition principle to non-conventional lift
mechanisms. The underpinning assumption is the linearity of the lift with respect to the circulation
and the use of the quasi-steady circulation as an aerodynamic input to Duhamel’s integral. In addition,
finite-state unsteady aerodynamics have been adopted to derive a two-dimensional, second-order model
that is quite suitable for aeroelasticity and flight dynamic analyses. Moreover, a three-dimensional,
fourth-order model has been developed that is even more suitable for such applications. The lift
generated by the developed models has been validated against the lift resulting from direct numerical
simulation of Navier-Stokes equations on the wings of different hovering insects. Good agreement
with the results of Navier-Stokes equations has been shown in comparison to those of the linear
unsteady models and the nonlinear quasi-steady models. In particular, during the mid-stroke periods,
where the leading-edge-vortex contribution becomes dominant, the developed models show a significant
improvement over the classical (linear) unsteady models. Also, during stroke reversals, where the
rotational contribution becomes dominant, the developed model show a significant improvement over

the quasi-steady empirical models.

Kinematic optimization as a calculus of variations problem The wing kinematics (wing motion with
respect to the body) is usually described by three Euler angles; the back and forth flapping angle, the
pitching angle, and the plunging angle. Two frameworks have been identified within which optimal
time-variations of these Euler angles are usually sought; aerodynamic performance and control author-
ity. In one framework, specific patterns along with some parametrization for the kinematic angles are
assumed from the outset. Then, the parameters of the assumed functions are used as design variables
in a finite dimensional optimization problem to enhance the desired aerodynamic performance index;
e.g., minimum power or maximum thrust. This approach induces more constraints to the optimization
problem because the true optimal functions do not have to be on the assumed forms, irrespective of
what these forms are. Thus, the obtained results are the optimal ones within the family of the assumed
functions but not the absolutely optimal ones. In this dissertation, we have relaxed these additional
constraints that are induced by approximating the infinite-dimensional optimization problem to a

finite-dimensional one. We have formulated and solved a calculus of variations problem to obtain the
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true optimal time-variations of the flapping and pitching angles that result in hovering with minimum
aerodynamic power. We have shown that a triangular waveform for the flapping angle along with
a piecewise constant variation for the pitching angle form the true optimal pair. The aerodynamic
performance due to this true optimality forms a reference performance against which the performance
of any other proposed kinematics can be compared to assess how far the performance of this proposed
kinematics from the reference one (like the Carnot cycle in thermodynamics or the Betz law in the

operation of wind turbines.)

In the other framework, no constructive techniques have been used to derive the wing kinematics.
The kienamtic functions are also assumed from the outset with some parametrization to achieve
high control authority for the averaged dynamics. In this dissertation, we have used the calculus of
variations and optimal control techniques to derive the optimal time-variation of the flapping angle
that maximizes the cycle-averaged forward acceleration from a hovering position using a horizontal
stroke plane subject to the lift equality constraint. The sought kinematics would be suitable for
sudden collision avoidance and possibly for fastest transition from hovering to forward flight. It has
been found that an additional constraint on the wing speed must be added to have a well-posed, and
also realistic, optimization problem. The addition of this constraint has changed the problem from a
conventional calculus of variations problem to an optimal control one where Pontryagin’s maximum
principle provides the necessary conditions. Picking the physically intuitive solution from the possible
outcomes of Pontryagin’s principle, the problem has been formulated as a point-to-curve calculus
of variations problem. The analytical formulation of the problem has lead to an interesting result.
That is, the cycle-averaged forward acceleration resulted from any set of kinematics approach some
fixed asymptotic finite value for infinite maximum wing speed. This asymptotic value (limit), which
represents the maximum cycle-averaged forward acceleration that a flapping vehicle can ever generate

from the hovering position, is simply the drag-to-lift fraction of the gravitational acceleration.

Saturation-based design of the actuation mechanism: Hovering and forward flight require different
wing motions and consequently independent actuators. Horizontal stroke plane is preferred for hovering
while plunging is essential for forward flight. In addition, there are stringent weight and size constraints
imposed on the design of FWMAVs. In this dissertation, we have proposed a design methodology for
the actuation mechanism that can provide the required kinematics in both flight conditions using only
one actuator. The idea is not as trivial as instrumenting the FWMAV by a single actuator in a tilted
plane so as to have components in both directions. The idea is to achieve almost pure horizontal
motion for the wing (appropriate for hovering) and when desired, the motion is transferred to have
almost pure vertical motion that is appropriate for forward flight. This is achieved by exploiting the

nonlinearities of the wing dynamics to induce the saturation phenomenon such that the energy is
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transferred in the favorable direction.

The saturation phenomenon takes place when a two degree-of-freedom mechanical system having a
special quadratic nonlinearity exhibits an external resonance and a two-to-one internal resonance.
Then, if the amplitude of the oscillating force exceeds a specific threshold, the steady-state amplitude
of the directly forced mode saturates and does not increase with any further increase in the forcing
amplitude. On the other hand, the other unforced mode sinks the energy and its steady-state amplitude
increases as the forcing amplitude increases. This idea has been exploited in the flapping wing dynamics
where the two modes are the horizontal flapping and vertical plunging. Horizontal actuator is used to
directly provide the required kinematics at hover. If forward flight is required instead, linear feedback
gains are tuned to achieve the saturation resonance requirements and nonlinear feedback gains are
tuned to provide the quadratic nonlinearities essential to induce saturation. As such, the motion is
transferred from the horizontal flapping to the vertical flapping mode. The system parameters can be

tuned to make the saturated amplitude of the horizontal motion vanishingly small.

Analytical flight dynamic analysis: In this dissertation, we have developed an analytical flight dynamic
model that accounts for the aerodynamic loads due to the body motion variables in a nonlinear sense.
The used aerodynamic model captures the dominant contributions of flapping flight; the leading edge
vortex and rotational effects. This tight aerodynamic-dynamic coupling along with the analytical
formulation of the problem have lead to interesting results about the dynamics of hovering insects.
Firstly, the symmetric-flapping trim-configuration leads to vanishing of five out of the nine cycle-
averaged stability derivatives. Also, it leads to a higher damping in the longitudinal direction, higher
speed stability derivative, and lower damping in both of the vertical and pitching directions. Secondly,
increasing the mean angle of attack and/or flapping frequency has similar effects on the stability
derivatives; that is, the lead to a higher damping in the longitudinal direction, higher speed stability
derivative, and lower damping in both of the vertical and pitching directions. Thirdly, backward
hinge locations are favorable for speed stability. Realizing, via Routh-Hurwitz stability analysis, that
speed stability is a must to conclude stability for the whole system, a fore hinge location (specifically
ahead of the wing’s center of pressure) leads to instability of the system irrespective of the values of
the other parameters and derivatives. Thus, unlike conventional aircraft, stability of the symmetric-
flapping trim-configuration necessitates backward center of gravity position (coincident with the hinge

location).

Higher-order techniques in the stability analysis: Flapping flight dynamics constitutes a nonlinear,
time-periodic systems. Two basic approaches are usually adopted to analyze the dynamic stability

of such system; the Floquet theorem approach and the averaging approach. In this dissertation,
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we have shown that the numerical error associated with the implementation of the Floquet theorem
approach may lead to false conclusions about the system’s stability. Also, we have shown that the
zero-mean aerodynamic-induced parametric excitation terms that are neglected by direct averaging
provide stabilizing actions to the flight dynamics of hovering insects. Two methodologies have been
proposed to overcome the shortcomings of the previous approaches; the method of multiple scales and
the generalized averaging theory. In particular, using the generalized averaging approach (second-order
averaging), we have determined the specific stabilizing mechanism that is induced by the aerodynamic-
induced parametric excitation; a pitch stiffness action. Also, using second-order averaging, we have
shown that the interaction between the high-amplitude, periodic aerodynamic loads due to the flapping
motion of the wing and the time-varying dynamics results in an unbalanced (untrimmed) system and
consequently leads to another equilibrium (not hovering). That is, a cycle-averaged lift that is equal
to the weight does not guarantee balance in the vertical direction because the periodic aerodynamic
forces interact with the body oscillation resulting in a negative lift force. As such, the FWMAYV /insect
has to flap more to support its weight. Unfortunately, this new operating parameters (higher flapping

amplitude) leads to an unstable hovering dynamics in spite of the aerodynamic-induced pitch stiffness.

Geometric control and maneuverability: Geometric control theory and averaging can be combined to
provide useful analysis tools for mechanical systems subject to high-frequency, high-amplitude, peri-
odic forcing. Using such tools, the effects of these forces on the body averaged accelerations appear
through what is called symmetric product vector fields. In this dissertation, we have proposed a de-
sign methodology that considers the vehicle’s maneuverability early in the design process instead of
designing the vehicle for minimum operating cost and assessing the maneuverability level at a later
stage. Since symmetric product vector fields directly affect the averaged acceleration of the body,
maximization of the components of these symmetric products will result in a vehicle with optimum
maneuverability. Relying on the ability to analytically determine these symmetric products, we have
formulated a design optimization problem in which the vertical acceleration component of the sym-
metric product vector field is maximized. Such a design will lead to fast vertical takeoff. We have
shown that direct maximization of the components of the input vector fields (that directly affect not
only the averaged but also the instantaneous accelerations of the body) may be deceptive. This is
because the oscillation of the input signal may lead to a zero net averaged acceleration for the body.
Thus, following the proposed approach for maneuverability maximization of periodically-forced vehi-
cles is necessary in comparison to any direct or brute-force approach. Moreover, we have shown that
the proposed approach will exploit the ability to generate motions in unactuated directions due to
high-frequency, high-amplitude periodic forcing. That is, it will remove any deceptive lack of control

authority.
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8.2 Future Work

Indeed, analysis of flapping flight invokes the frontiers of the aerospace engineering disciplines. Throughout

this dissertation, we have proposed a number of research points that need to be addressed in the future.

Unsteady, nonlinear aerodynamic modeling: In general, there are two common shortcomings when
applying the classical linear unsteady models to non-conventional flights or to a high angle of attack
regime. These are the nonlinearity of the flow dynamics and the nonlinearity of the asymptotic
steady behavior. In this dissertation, we have come up with a methodology to overcome the second
shortcoming while assuming the linearity of the flow dynamics to hold. Therefore, there is still a need

to develop unsteady models that account for the nonlinearity of the lift build up.

Kinematic optimization: In this dissertation, we have formulated and solved a calculus of variations
problem to obtain the true optimal wing kinematics that minimizes the hovering aerodynamic power;
i.e., aerodynamic power under lift constraint. The intuitive, ubiquitous lift constraint is that the
cycle-averaged lift due to flapping is equal to the weight. However, we have shown in chapter 6 that
this balancing methodology is not sufficient to achieve trim because the interaction of the periodic
aerodynamic forcing with the oscillation of the body motion results in a negative lift force. This raises
the need to formulate a design optimization problem in which the balancing constraint accounts for
this interaction determined by the second-order averaged dynamics; that is, use Eq. (6.26) as the
trim constraint. Because of the structure of Eq. (6.26), the formulated problem will not be a classical
calculus of variations problem but an optimal control one. The effect of this new trim constraint on
the optimum performance should be of interest.

Another extension to the kinematic optimization problem is to use the full dynamics (not the averaged
one) and apply Pontryagin’s maximum principle to drive the system from some periodic orbit (not a
fixed point), say hover, to another periodic orbit, say forward flight with some speed, while minimizing
a given cost functional, say final time. On the other hand, there is a need to extend Pontryagin’s

principle to handle a periodicity constraint of a control input.

Transition from hovering to forward flight: In this dissertation, we have proposed a design method-
ology for an actuation mechanism that can provide the required kinematics for both of hovering and
forward flight using one actuator. However, there is still a need to analyze the flight dynamics during
the transition phase (from hovering to forward flight) and to design control laws that achieve this

objective efficiently.

Adaptive nonlinear control: We have shown that the aerodynamics of flapping flight can be described

by simple analytical models that include some parameters (e.g., lift curve slope and drag coefficient).
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However, exact determination of these parameters for all of the regimes and types of flapping flight
might be impossible. Thus, adaptive control is an appropriate candidate for designing robust con-

trollers for flapping-wing micro-air-vehicles.

Nonlinear controllability: We have shown that high-frequency, high-amplitude, periodic forcing may lead
to motions in un-actuated directions and may also lead to stabilizing actions. So, it would be of great
interest to analyze the flight dynamics of hovering insects in a geometric control framework so as
to relate their morphological changes to locomotion and stability. For example, it has been noticed
that the humming bird performs an almost pure pitching maneuver at hover. So, the question is
”what is the symmetric product vector field that spans this direction in the tangent space (direction of
body pitching)?” Then, what is the morphological change that realizes the flow along this symmetric

product vector field?
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