
PHYSICAL REVIEW B, VOLUME 65, 094514
Nucleation of superconductivity in finite anisotropic superconductors
and the evolution of surface superconductivity toward the bulk mixed state
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In anisotropic superconductors having an arbitrary orientation of the sample surface relative to the crystal
principal axes, the surface critical fieldHc3 is less than 1.695Hc2 unless the field is situated along one of the
principal crystal planes. BelowHc3 in the vicinity of nucleation, the order parameter scales asAHc32H.
Computational studies for infinite cylinders having rectangular cross sections are presented which show that,
due to corners and a finite cross section, the surface superconductivity state persists for fields above the
theoretically predicted value for semi-infinite samples. They also show that vortices exist within the surface
superconductivity sheath above the bulk critical field.

DOI: 10.1103/PhysRevB.65.094514 PACS number~s!: 74.20.De, 74.25.Ha, 74.60.2w
t
b

h

th

th

-

d

ies
r-
e-
by

ving

ing

ry
us,

oth
the
re
the
ne.
are

of
pic
ane,
is
de

er-
but
tate

int-

the
on
s is
ors.
the

en in
I. INTRODUCTION

The maximum field,Hc3, at which superconductivity firs
nucleates at the surface of isotropic materials, is found
solving the linearized Ginzburg-Landau~GL! equation for
the order parameterc,

2j2P2c5c, ~1!

in a half-space~say,x.0) with the GL boundary condition
Pxc50 at the surface andc(x→`)50. Here,j is the co-
herence length andP5¹12p iA/f0 with A and f0 the
vector potential and the flux quantum, respectively. T
problem is uniform in they andz directions, and¹ has only
one component,d/dx. The maximum valueHc3 is achieved
when the field is parallel to the surface; thus, we choose
applied field H5H ẑ. Since f [ucu is infinitesimal at the
nucleation point, the field is uniform, and one can take
Landau gauge for the vector potential:Ay5Hx, Ax5Az50.
Looking for a solution to Eq.~1! of the form c5 f (x)exp
(2iky), one obtains

f 92q4~x2x0!2f 52 f /j2, ~2!

whereq252pH/f0 andx05k/q2. The boundary conditions
are f 8(0)50 and f (`)50. Therefore, the problem is re
duced to the determination of a maximum value forq2 ~the
field! for the given eigenvaluej22; this is achieved by vary-
ing x0 which is still a free parameter. Saint-James and
Gennes1 obtained the value

q251.695/j2, ~3!

i.e., Hc351.695Hc2.
Since the work of Saint-James and de Gennes,1 there have

been a number of theoretical~e.g., Refs. 2–13!, experimental
~e.g., Refs. 14–16!, and computational~Refs. 17–20! studies
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of the onset of superconductivity in high fields. These stud
dealt with isotropic materials and mostly focused on dete
mining the field value at which superconductivity first nucl
ates in domains other than the half plane considered
Saint-James and de Gennes. In particular, for samples ha
smooth boundaries, it was found~e.g., see Ref. 8! that super-
conductivity first nucleates at points on the boundary hav
maximum curvature and thatHc351.695Hc2 /(12KCmax),
whereCmax denotes the maximum curvature of the bounda
andK is a constant whose value is material dependent. Th
the surface nucleation field for samples having smo
boundaries with nonzero curvature is higher than it is for
half plane. Starting with Ref. 3, a number of studies we
devoted to domains with corners; again, it was found that
surface nucleation field was higher than for the half pla
Perhaps the results that are most relevant to our study
found in Ref. 12 and in the computational simulations
Refs. 17 and 18, in which it was determined that for isotro
material samples with square corners, e.g., the quarter pl
Hc3 /Hc2 has a value between 1.8 and 2. Note that this
higher than 1.695, the value found by Saint-James and
Gennes for the half plane.

Previous studies of the surface nucleation field in sup
conductors not only dealt with isotropic superconductors,
also failed to examine the transition between the vortex s
in type-II superconductors for lower fields, say belowHc2,
and the surface superconducting state nearHc3. Thus, in this
paper, we first give a theoretical generalization of the Sa
James and de Gennes result to the case ofanisotropicsuper-
conductors. Then, using computational simulations for
fully nonlinear Ginzburg-Landau equations, the transiti
between the vortex and surface superconductivity state
examined for both isotropic and anisotropic superconduct
The computational simulations are also used to illustrate
extensions of the Saint-James and de Gennes theory giv
Secs. II and III.
©2002 The American Physical Society14-1
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II. ANISOTROPIC MATERIALS

For anisotropic materials, Eq.~1! is generalized to

2j2m i j P iP jc5c. ~4!

Here m i j 5mi j
21 is the inverse mass tensor. The tensor

‘‘superconducting masses’’mi j has in general three differen
eigenvaluesma , mb , andmc ; these are commonly norma
ized so thatmambmc51. The average coherence distance
defined as j5(jajbjc)

1/3, where the actual coherenc
lengths arej i5j/Ami . The GL boundary condition impose
on the free surface is now given by

mx jP jc50, ~5!

where thex direction is perpendicular to the surface.
Let us introduce the modulus and phase of the order

rameter,c5 f eix, so thatPc5eix(¹ f 1 iQf ), where

Q5“x12pA/f0 . ~6!

In terms of these variables, Eq.~4! contains the factoreix on
both sides. After canceling this factor and separating the
and imaginary parts, one obtains

2j2m ikS ]2f

]xi]xk
2 f QiQkD5 f , ~7!

m ikF ] f

]xk
Qi1

]

]xi
~ f Qk!G50. ~8!

One easily verifies that Eq.~8! coincides with div j50,
where the current densityj i} f 2m ikQk ~the second GL equa
tion!. Therefore, we have to solve Eq.~7!; for f 5 f (x) and
x52kyy2kzz ~in the anisotropic case, currents may hav
component along the field directionz as well as alongy) Eq.
~7! assumes the form

mxxf 92mabQaQb f 52 f /j2, ~9!

wherea,b5y,z andQ5$0,q2x2ky ,2kz%. This equation is
of the same type as Eq.~2! for the isotropic case since th
coefficient off is a quadratic polynomial inx, i.e.,

mxxf 92 f ~myyq
4x222q2myakax1mabkakb!52 f /j2

~10!

or

f 92
myy

mxx
q4~x2x0!2f 52

f

j2mxx
S 12kz

2j2
d

myy
D ~11!

with x05myaka /myyq
2 and d5detmab is the minorxx of

m i j .
The complex-valued boundary condition~5! yields

mxxf 850, mxyQyf 50, ~12!

i.e., bothf 8 and j x vanish at the surface, as expected. Eq
tion ~11! differs from its isotropic analog Eq.~2! only in the
values of the constant coefficients, so we can utilize the
sult ~3! to obtain
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q25
1.695

j2Amxxmyy
S 12kz

2j2
d

myy
D . ~13!

Straightforward algebra yields thatd5myymzz2myz
2 .0 so

that the maximum value ofq2 is achieved forkz50. Thus,

Hc3,z5
1.695f0

2pj2Amxxmyy

. ~14!

Recall that the bulk upper critical field in the directionz is
given by ~see Refs. 22 and 23!

Hc2,z5
f0

2pj2Amzz

5
Hc2

Amzz

, ~15!

where

Hc25
f0

2pj2
, j5~jajbjc!

1/3. ~16!

Then, sincemzz5mzz
215mxxmyy2mxy

2 (detm i j 51), we ob-
tain

Hc3,z

Hc2,z
51.695A12

mxy
2

mxxmyy
. ~17!

Equations~14! and ~17! are our main results. Equation~17!
shows that if the directionx of the normal to the crysta
surface coincides with one of the principal crystal axes~or
equivalently, the surface is one of the principal crys
planes!, then mxy50 and Eq. ~17! implies that the ratio
Hc3,z /Hc2,z is the same as for the isotropic situation. In oth
words, in this case the angular dependence ofHc3 is the
same as that ofHc2.

For all other surface orientations, the ratio is less th
1.695. Moreover, if mxxmyy2mxy

2 <1.69522mxxmyy , or
equivalently,

0.652mxxmyy<mxy
2 , ~18!

Hc3,z /Hc2,z<1 which means thatsurface superconductivity
is completely suppressed.

As an example, consider the case when the field is app
in a principal crystal direction, say alonga (z5a), whereas
the axisb forms an angleu with the x axis ~see Fig. 1!. The
frameabc is rotated relative toxyz about the axisz5a:

x5b cosu2c sinu, y5b sinu1c cosu, z5a.
~19!

This yields

mxx5mb cos2u1mc sin2u,

myy5mb sin2u1mc cos2u,

mxy5~mb2mc!sinu cosu.

Then, we have thatmxxmyy5mbmc1(mb2mc)
2cos2u sin2u

and, introducinggcb
2 5mc /mb5mb /mc , we obtain from Eq.

~18!
4-2
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NUCLEATION OF SUPERCONDUCTIVITY IN FINITE . . . PHYSICAL REVIEW B 65 094514
Hc3,a5
1.695

A11~gcb2gcb
21!2cos2u sin2u

Hc2,a . ~20!

Now, Eq. ~20! yields the critical misalignment angleu0 be-
tween the normal to the surface and a principal crystal dir
tion such that foru0,u,(p/22u0), surface superconduc
tivity is completely suppressed; this critical angle
determined from

sin 2u05
2.737

ugcb2gcb
21u

. ~21!

For example, for~nearly uniaxial! Y-Ba-Cu-O withg'7.9,
u0'11.5°, while for NbSe2 , g'3.1 andu0'44.6°. One can
see that forg,3.064,Hc3,a.Hc2,a for all values ofu.

III. BEHAVIOR FOR FIELDS BELOW H c3

It is of interest to see how the surface state with an infi
tesimally small order parameter atHc3 evolves when the
applied field decreases. One can obtain some insight by
ploying the method used to investigate bulk superconduc
ity in fields underHc2 ~see, e.g., Ref. 21!.

To find the nucleation field, the linear Eqs.~1! or ~4! are
solved. These, of course, yieldc up to a constant factor. To
determine this factor, one turns to the full nonlinear G
equation

2j2P2c5c~12uc2u! ~22!

(c is normalized on the zero-field value of the order para
eter!. For our purpose, it is convenient to write Eq.~22! in
terms of the operatorsP65Px6 iPy that have the property
P1P25P21q2; one then obtains

~P1P22q21j22!c5cucu2/j2. ~23!

At Hc3,

~P0
1P0

22qc3
2 1j22!c050, ~24!

FIG. 1. Sample surface, crystal axes, and coordinate axes
semi-infinite anisotropic sample; thez anda axes are perpendicula
to theb-c andx-y planes.
09451
c-

-

m-
-

-

wherec0 is the order parameter at the point of nucleati
andP0

6 correspond toHc3. For a fieldH slightly belowHc3,
we look for a solution to Eq.~23! in the form c5c01c1

with c1!c0. We now write q2 in Eq. ~23! as qc3
2 2(qc3

2

2q2)5qc3
2 2dq2, andP65P0

66 ia6, wherea is a correc-
tion to 2pA0 /f0. Substituting in Eq.~23! and keeping only
the first-order terms, one obtains forc1

~P0
1P0

22qc3
2 1j22!c15c0uc0u2j2222dq2c0

22ia•P0c0 . ~25!

The operator at the left-hand side of this inhomogene
equation coincides with that of Eq.~24!. Therefore, the right-
hand side of this equation must be orthogonal to the solu
of the homogeneous Eq.~24!, i.e., toc0. Then,

E
0

`S uc0u422
Hc32H

Hc2
uc0u222j2a•uc0u2Q0Ddx50.

~26!

This is the normalization condition forc0. Sinceuau}(Hc3
2H), the square of the order parameter in the surface sh
should scale with (Hc32H). In other words, starting from
zero atHc3, the order parameter grows with decreasing fie
approximately asAHc32H.

IV. COMPUTATIONAL STUDY
OF ISOTROPIC MATERIALS

The results given so far for surface nucleation at h
fields are derived assuming asemi-infinitesample, e.g., the
surface of the sample is the planex50. We now study the
effects of anisotropies on surface nucleation at high fields
infinite cylinders having rectangular cross sections throu
the use of computational simulations. We also examine w
happens to the vortex state for fields aboveHc2 ~the critical
field for bulk samples!, a behavior that cannot be modeled b
the semi-infinite, one-dimensional situation of the theoreti
developments in Secs. I–III.

For the computational simulations, we use a finite elem
discretization of the fully nonlinear GL equation, i.e., Eq.~1!
for the isotropic case of this section and Eq.~4! for the an-
isotropic case of Sec. V; details are given in, e.g., Refs.
and 25. The sizes of the samples used in the computati
simulations are very small, even smaller than were pre
ously used~see, e.g., Refs. 24–26! for fields well belowHc2.
The reason for this is that the grids used for simulations
fields larger thanHc2 need to be much finer than those f
lower values of the field. As we shall see, our computatio
show that vortices exist within the surface superconductiv
sheath. They appear in regions in which the order param
is already very small in magnitude. The need to differenti
between true zeros of the order parameter and merely s
values requires very fine grids. In fact, in a previous com
tational study17 of the surface superconductivity state at hi
fields, vortices within the surface sheath were not notic
probably because only about two grid points per cohere
length were used. Even so, in our computational simulatio
it is possible that we have not captured all vortices that

or
4-3
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FIG. 2. f [ucu vs H/Hc2 in an
isotropic sample having a 10j
310j square cross section. Soli
curve: f at the midsides, dashe
curve: f at the corners, and dot
dashed curve: average off over
the sample perimeter.
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present, especially near the center of the samples where
magnitude of the order parameter is extremely small.

The particular finite element method utilized involves
subdivision of the rectangular cross section of a cylindri
sample into a grid consisting of small squares. Typically,
use up ten points per coherence length; i.e., for a sampl
cross-sectional size 10j310j, we would use up to a 100
3100 grid. Each square is subdivided into two triangles
introducing a diagonal to effect a triangulation of the cro
section. Solutions of the GL equation are then approxima
by a continuous, piecewise quadratic polynomial with
spect to the triangulation; thus, the discretization metho
of third-order accuracy with respect to the grid size. S
Refs. 24 and 25 for further details. We merely note that
combination of the use of at least ten grid points per coh
ence length and the use of quadratic polynomial approxi
tions results in very accurate computational simulations.

We first examine an isotropic, infinite cylinder having
square cross section of size 10j310j, wherej is the coher-
ence length. The magnetic field in the calculations ran
from a low field of 0.7Hc2 to a field where superconductivit
is totally destroyed which, for this sample, is observed
occur atHc3'2.0Hc2. The magnitude of the order paramet
f [ucu vs the applied field strength is given in Fig. 2. Th
solid curve corresponds tof at the midsides, the dashed cur
to f at the corners, and the dot-dashed curve to the averag
f over the sample perimeter. The curves forf roughly display
the square-root-type behavior vs (Hc32H) predicted by the
theory ~see Sec. III!. As the field approachesHc3, the aver-
age and the corner values off exceed its value at the mid
sides of the sample. This is due to corner effects that ren
the order parameter bigger in the corners than at the re
the sample in high applied fields nearHc3 as discussed in
e.g., Refs. 3, 12, 17, and 18. The notch nearH5Hc2 is
characteristic of many of our results; its meaning is uncl
to us at the moment.

A surface plot off for H51.6Hc2 is given in Fig. 3. We
can clearly see that the order parameter is larger at the
ners of the sample than at the midsides. We also see
indication thatthe state is not merely a surface supercond
tivity state, but that it also has vortices in the interior of th
sample. This is confirmed by an examination of the nume
09451
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cal results which show that the minima exhibited in Fig.
correspond to zeros of the order parameter and to ph
changes of 2p, i.e., the minima correspond to vortices. No
that the vortices occur in regions where the order param
is small in magnitude.

In Fig. 4, contour plots off are shown for the steady state
obtained with the applied magnetic field ranging fro
0.7Hc2 to 1.8Hc2. The first contour corresponds to a fie
strength of 0.7Hc2 which is well belowHc2; eight vortices
are seen for this small material sample. AtHc2, there are
eight vortex cores evident near the center of the sample
there are four other vortices appearing nearer to the corn
Then, as the field increases further, the order parameter a
midsides of the boundary and at the center of the sam
approaches zero with the corner values lagging behind u
the whole sample becomes normal atHc3'2.0Hc2. This
value forHc3 agrees with that found in Ref. 17. One sees
surface superconductivity state appearing for fields betw
Hc2 andHc3. However, note that four vortices persist even
fields betweenHc2 and Hc3. The four vortices coexisting
with the surface superconductivity state are important to n
since they are always present in the steady state of e
isotropic and anisotropic sample we have studied in fie

FIG. 3. Surface plot off [ucu for an isotropic sample having a
10j310j cross section with field strength of 1.6Hc2.
4-4
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NUCLEATION OF SUPERCONDUCTIVITY IN FINITE . . . PHYSICAL REVIEW B 65 094514
close toHc3. The predicted value ofHc3 using the theory for
semi-infinite samples1 is 1.695Hc2. The observed valueHc3
'2.0Hc2 is higher than the predicted value. This is,
course, due to the finite size of the sample cross section
the corners.

Another series of computations was performed to obse
the effects on the value ofHc3 resulting from embedding the
superconductor within a normal material other than
vacuum.~For the calculations reported on so far and for
other calculations given in the paper, the whole region ex
rior to the superconductor was assumed to be a vacuu!
These calculations were performed using the models and
merical techniques discussed in Ref. 26; see also Ref. 2
series of calculations was performed on a cylindrical sup
conductor with a square cross section surrounded by no
material of different widths. For example, a 5j35j super-
conducting sample was surrounded by a normal strip
width 5j and a 9j39j sample by a strip of widthj. The
region exterior to the normal material was assumed to b
vacuum. In all cases, for all applied fields aboveHc2, there
was a total loss of superconductivity throughout the en
sample. As expected, our calculations supported the th
that Hc3 is totally suppressed, i.e.,Hc35Hc2 in supercon-
ducting samples surrounded by normal materials.

V. COMPUTATIONAL STUDY OF ANISOTROPIC
SAMPLES

The next example is for an anisotropic sample havin
square cross section of size 10j310j. Thez axis is perpen-
dicular to the sample cross section and the other two coo

FIG. 4. Contour plots off [ucu for an isotropic sample having
10j310j cross section with different magnetic-field strength
H/Hc25 0.7 ~a!, 1.0 ~b!, 1.6 ~c!, and 1.8~d!. For fields larger than
2.0Hc2, the order parameter vanishes.
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nate axes are aligned with the boundary of the sample c
section. In this case, the mass tensor is diagonal. Specific
we choosemb5mxx53/2, mc5myy51, mxy50, and ma
5mzz52/3. Note that for this anisotropic sample we ha
from Eq. ~15! that Hc2,z5Hc2/Amzz5A3/2 Hc2 so that the
theoretically predicted value of the field at which superco
ductivity is completely suppressed in semi-infinite samp
with this anisotropy is obtained from Eq.~17! to be Hc3,z

51.695Hc2,z52.076Hc2.
Now we turn to the results of computational simulatio

for the 10j310j sample. The magnitude of the order para
eter f vs the applied fieldH is given in Fig. 5. Again, the
solid curve corresponds tof at the midsides, the dashed curv
to f at the corners, and the dot-dashed curve to the averag
f over the sample perimeter. The midside values ofc again
approach zero faster than the corner or average values
predicted in Sec. III, the behavior off again conforms to a
square-root-like behavior as the applied field is increased
wards Hc3. @We continue to scaleH with respect toHc2
5f0/2pj2, where j5(jajbjb)1/3, in order to make com-
parisons between isotropic and anisotropic calculations.# Due
to the boundedness of the sample used for Fig. 5, we h
that superconductivity is actually not completely suppres
until H'2.4Hc2.

Comparing the field values at which superconductivity
suppressed for the isotropic and anisotropic samples,
finds that their ratio is approximately 2/2.450.833 which is
very close to the ratioAmzz5A2/350.817 predicted by the
semi-infinite sample theory; see Eqs.~15! and ~17!. Thus,
although the actual values of the field at which supercond
tivity is suppressed are affected by the presence of cor
and the boundedness of the sample, the percentage ch
due to anisotropies is seemingly unaffected by these featu

In Fig. 6, contour plots off are shown for the steady state
obtained with the applied magnetic field ranging fro
0.5Hc2 to 2.2Hc2. For fields aboveHc2,z5A3/2 Hc2, we see
a combination of vortices and surface superconductivity. D
to the anisotropy, the vortices are now elliptical with the ra
of major to minor axes equal toAmxx /myy5A3/2. Likewise,
the thickness of the superconducting region near the sur
of the sample is thicker adjacent to the sides parallel to thx

;

FIG. 5. f [ucu vs H/Hc2 for an anisotropic sample having
10j310j cross section and an in-plane mass ratio 3/2. Solid cu
f at the midsides, dashed curve:f at the corners, and dot-dashe
curve: average off over the sample perimeter.
4-5
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KOGAN, CLEM, DEANG, AND GUNZBURGER PHYSICAL REVIEW B65 094514
axis compared to the sides parallel to they axis; this is most
easily seen by comparing the separation between con
lines. Again, these thicknesses are roughly in the ratio
A3/2 which is to be expected since this is the ratio of
coherence lengths in the directions perpendicular to
sides.

Note in Fig. 6~b! that in the contour plot corresponding
the field value 0.8Hc2, one can see several vortex cores n
the center of the sample, and the ever present four vort
nearer to the corners. As the field increases, the former ar
longer visible, while the latter persist untilHc3,z is reached.

The effects of anisotropy on the shape of the vortices
on the thickness of the surface superconductivity region
more visible if one increases the mass ratio. In Fig. 7,
contour plot on the left is for an isotropic sample having
cross section 5j35j at a field strength of 1.8Hc2. The one
on the right is for an anisotropic sample having a cross s
tion 5j35j with massesmxx56, myy51, mzz51/6, and
mxy50 with a field strength of 3.8Hc2. Due to the larger

FIG. 6. Contour plots off [ucu for an anisotropic sample hav
ing a 10j310j cross section and mass ratio 3/2 forH/Hc250.5 ~a!,
0.8 ~b!, 1.6 ~c!, 1.8 ~c!, 2.0 ~e!, and 2.2~f!; for fields larger than
2.4Hc2, the order parameter vanishes.
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mass ratio, the effects of the anisotropy are now more cle
pronounced.

By the way, for these two samples, the calculatio
showed that superconductivity was completely suppres
for fields above 2.1Hc2 for the isotropic sample and 5.1Hc2
for the anisotropic sample. The ratio 2.1/5.150.412 is again
in close agreement with the ratioAmzz5A1/650.408 pre-
dicted by the theory for semi-infinite samples in this case
which we havemzz51/6 andmxy50; see Eqs.~15! and~17!.
Of course, due to the boundedness of the sample and
presence of corners, the actual values of these critical fi
are larger than that predicted by the theory for semi-infin
samples.

VI. COMPUTATIONAL STUDY FOR CRYSTAL AXES
OBLIQUE TO THE BOUNDARIES

We now consider anisotropic samples for which the pr
cipal axes of the crystal are oblique to the boundaries of
sample. We will examine samples having rectangular cr
sections aligned with the coordinate axes so that the cry
axes will not be parallel to the coordinate axes. We assu
that one of the principal axes of the crystal, say thea axis, is
aligned with thez-coordinate axis and that the applied field
also in this direction. Theb axis of the lattice is assumed t
form an angleu with the x-coordinate axis which itself is
parallel to a pair of sides of the rectangular sample. See
1. We will refer to the case ofu50, i.e., the crystal axes ar
parallel to the sample boundaries, as thealignedcase, and to
any case for which 0,u,p/2 as anunalignedcase.

We examine a rectangular sample having a cross sec
of size 30j310j; the larger length of two of the sides of th
rectangle~compared to the previous calculations! will allow
a reduction of the effects due to corners on at least part of
sample. The masses are chosen to bema5mzz51/2, mb
52, andmc51.

In Fig. 8, contour plots off are shown for the steady state
obtained with the applied magnetic field ranging fro
0.5Hc2 to 2.5Hc2. The figures on the left are foru50; for
those on the right,u5p/4. As expected, the major and mino
axes of the elliptically shaped vortices align themselves w
the principalb and c axes of the crystal. The first thing t

FIG. 7. Contour plots off [ucu for isotropic ~left! and aniso-
tropic ~right! samples of cross section 5j35j with field strengths
of 1.8Hc2 and 3.8Hc2, respectively. The anisotropic sample has
in-plane mass ratio of 6.
4-6
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FIG. 8. Contour lines off for
two 30j310j anisotropic samples
with in-plane mass ratio 2. On the
left, the crystal axes are aligne
with the sample boundaries; o
the right, the crystal axes are ro
tated by 45°. The applied field
strengths areH/Hc250.5 @~a! and
~b!#, 1 @~c! and ~d!#, 1.5 @~e! and
~f!#, 2 @~g! and ~h!#, and 2.5@~i!
and ~j!#.
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notice is that the aligned sample (u50) becomes completely
normal at alower field than does the unaligned sampleu
5p/4), i.e., the calculated value ofHc3,a for the first sample
is lower than that for the second. On the other hand,
theory for semi-infinite samples predicts that, for the ca
under study here,Hc2,a5Hc2/Amzz5A2 Hc2 for both
samples@see Eq.~15! with mzz51/2], Hc3,a51.695Hc2,a

52.397Hc2 for the sample having the crystal axes align
with the boundaries@see Eq.~20! with u50], and Hc3,a

50.9428(1.695Hc2,a)51.598Hc2,z52.260Hc2 for the
sample withu5p/4 @see Eq.~20! with u5p/4], i.e., super-
conductivity is completely suppressed at ahigher field for
the aligned sample than for the unaligned one.

An examination of Fig. 8 reveals that superconductiv
persists for higher fields for the unaligned sample at the c
ners. At the midsides of the samples we would expect
the effects due to the corners are somewhat mitigated.
deed, there is an indication from that figure that superc
ductivity persists for higher fields at the midsides for t
aligned sample; see Fig. 8~e! and Fig. 8~f! for the long sides
and Fig. 8~g! and Fig. 8~h! for the short sides. This is verife
in Fig. 9 where the values off at the middle of the long side
vs the applied field are given for both samples. It is clear t
superconductivity is suppressed at a lower value of the fi
for the unaligned sample. In fact, from Fig. 9, the ratio of t
values of the field at which superconductivity is suppres
09451
e
s

r-
at
n-
-

t
ld

d

for the unaligned case withu5p/4 and the aligned case wit
u50 is roughly 0.94 which is in excellent agreement wi
the theoretically predicted value 2.260/2.39750.93. Of
course, the samples used here are extremely small, so tha
effects of corners are much more pronounced than t

FIG. 9. Value off at the middle of the long sides of the aligne
~solid! and unaligned~dashed! samples.
4-7
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would be for more realistic sample sizes.
For the above example,Hc3,a.Hc2,a for all anglesu, so

that the surface superconductivity state is present for
angles. Calculations were also performed for an anisotro
sample of a cross section 10j310j having massesma
51/10, mb510, andmc51. If the sample were semi-infinite
in extent, according to Eq.~21!, the surface superconductiv
ity state should not be possible for 37.04°<u<52.96°, and
in particular, foru545°. However, we found that due to th
effect of corners for this small sample, the surface superc
ductivity state persisted even foru545° for fields as large as
5Hc2. Note that in this caseHc2,a53.162Hc2 and, for the
semi-infinite case, one obtains the theoretical value ofHc3,a

50.9746Hc2,a53.082Hc2.
We note that the lack of symmetry in plots such as F

8~e! and Fig. 8~g! is a residual of the fact that for lowe
fields, e.g., see Fig. 8~a!, it is not possible to fit a symmetric
arrangement of vortices into the rectangular sample.
course, the lack of alignment between the sample bounda
and the crystal axes wheneveruÞ0 induces the lack of sym
metry seen for the plots in the right-hand column of Fig.

VII. CONCLUDING REMARKS

For isotropic, semi-infinite samples, the critical field
which superconductivity is completely suppressed was de
al

y

tie

C
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mined by Saint-James and de Gennes.1 We have extended
that theory to the case of anisotropic superconductors ha
one crystal axis parallel to the surface of the supercondu
and the other two crystal axes arbitrarily oriented with
spect to that surface. We have also examined the depend
of the order parameter on the applied field for fields near
below the critical field. A number of results of computation
simulations were presented which both illustrate the theo
ical results and the effects of corners and finite-sized sam
on the critical field. These studies indicate that, due to
finite size of the sample cross section and due to corners
surface superconductivity state persists for fields above
predicted theoretical value for semi-infinite samples. T
computational studies also show that vortices exist within
surface superconductivity sheath for fields above the b
critical field.
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