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I. INTRODUCTION 

1.1 !h!. General Problem 

The problem of the pollution of the rivers and estuaries 

of this nation and the world is now receiving considerable 

attention, and rightly so. Many rivers are so grossly pol

luted that there is scum on the surface and the odor of meth

ane and hydrogen sulfide is noticeable. Consequently, there 

is a danger to health. For example, part of the Hudson River 

in New York is so foul that only eels can live in it. The 

lower Mississippi River is full of fish that have died. 

Through a great effort over a long period of time, the sewage 

load on the Potomac River has been reduced. The river has 

improved greatly and the more desirable species of fish are 

beginning to return. 

With the population increasing at such a rapid rate, 

the problem becomes more severe. More sewage and industrial 

pollution are added to the rivers and more water is needed 

for domestic and industrial use. Unfortunately, the amount 

of water available cannot be increased and therefore it is a 

question of using wisely the water that is available. At 

present, the money being spent on sewage treatment plants is 

hardly enough to keep up with the increased population, which 

implies that nothing is being done to reduce the backlog. 

The Public Health service estimates that through the next 

decade it will take 800 million dollars a year to catch up 

on the backlog - building of new plants, replacement for old 

plants and expansion of present facilities. 

What are the functions that a river serves? Initially, 

water is taken from the river and given a degree of treatment 

depending on its intended use. The treatment may include re

moving settleable material, chlorinating to kill bacteria 
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which might be pathogenic and removing undesirable tastes, 

odors, or color. Then the water is used either domestically 

or industrially and part of the water is returned to the 

river, with or without additional treatment. The quality of 

the water returned to the river is usually worse than when 

it was withdrawn. 

Secondly, the rivers are the source of fish for the com

mercial fishing industry. With increasing degradation of the 

stream, the yield of fish decreases. For example, the econo

my of the Pacific Northwest is strongly dependent on the sal

mon industry. The salmon return from the ocean to the head

waters where they were spawned to lay their eggs. Any gross 

pollution along the route could deter the fish and there 

would be fewer salmon in the river. 

Finally, the public depends on the rivers and lakes for 

recreation. Sport fishing and boating are popular pastimes. 

Swimming requires that the water be appealing and free from 

disease-causing organisms. A water course should be clean 

for its aesthetic beauty. For these and other reasons it is 

necessary to keep the rivers clean. Failure causes health 

hazards, requires expensive purification before water can be 

used, kills or drives away the better fish and spoils recrea

tional opportunities. 

On the other hand, rivers have a capacity for assimilat

ing pollution and thus saving on the cost of waste treatment. 

Por the sewage of a city it is not too difficult to remove 

the majority of the pollution by allowing it to settle out in 

a quiescent tank. To get a high degree of purity of the ef

fluent requires considerably more equipment and considerably 

higher cost. When pollution is put into a river, the bacteria 

present in the river decompose the complex dead organic matter 

into simpler compounds. The complex carbon molecules are 
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broken down first with the release of carbon dioxide. After 

a time the complex nitrogen molecules are broken down, yield

ing nitrates ultimately. These simple compounds are stable, 

non-offensive and harmless. The bacteria use the oxygen in 

the water in their feeding process. 

The amount of dissolved oxygen in the water is critical 

because the maximum solubility of oxygen in a stream is rela

tively lowr the concentration is only about 9 parts per mil

lion at 70°F. The solubility decreases with increasing tem

peratures, so that in the warmer months, when the solubility 

is least and the flows are lowest, the danger is greatest. 

Complicating the problem also is the fact that indus

tries use the water for cooling and return it to the stream 

at a higher temperature t _han they take it. This is called 

thermal pollution. The temperature of the river may be 

greater than would be expected under natural conditionsr 

hence there is a lower maximum dissolved oxygen level. 

There is always some pollution in a river. It may be 

due to the remainder from some large source upstream or it 

may be just small bits added along the water course. The 

result is that the dissolved oxygen is never able to main

tain its maximum. 

Now that the maximum has been discussed, what are the 

minimum desired levels of dissolved oxygen? Although cer

tain fish such as salmon require more, it is generally true 

that fish need roughly 5 ppm of dissolved oxygen. 

It is found that the range from the maximum present to 

the minimum desired is always small. This fact means that 

dissolved oxygen levels must be carefully observed because 

the concentration can go below desired levels very quickly. 
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1.2 Previous Developments 

Before discussing the previous work, it is necessary to 

discuss explicitly what is meant by pollution and dissolved 

oxygen. The dissolve.a oxygen concentration, denoted by DO, 

in a river is measured in parts per million, ppm. ·These units 

of concentration are equivalent to the units milligrams per 

liter, abbreviated mg/l, and the two will be used interchange

ably. The amount of pollution is indicated by the ultimate 

Biochemical Oxygen Demand, BOD, and is measured in units of 

ppm or mg/l. Essentially, the BOD is the amount of oxygen 

consumed by the bacteria in stabilizing the organic matter 

in a stream sample. Temperature, amounts of sample and other 

conditions are also specified for this determination. One 

way of thinking of these concepts is to consider the BOD as 

that which is owed and must be paid at a later time. The 

dissolved oxygen or DO is that which is on hand at the present 

time. One is not content just to have a high DO if the BOD 

is also high. Therefore, both quantities must be considered 

when evaluating the condition of a river. 

It should be remarked at this time that any change in 

DO or BOD, such as an increase in pollution from an outside 

source, should be measured in terms of its effect on the BOD 

and DO of the main river. 

There are many different forms of pollution and their 

effects are varied. The concern here is with organic pollu

tion only and its effect on the dissolved oxygen. For exam

ple, industrial chemical pollution and its effect on the 

river are not considered. Some industrial chemicals even 

in very minute amounts have a harmful effect on fish. Also, 

undesirable colors from industrial wastes are not considered 

unless, of course, these happen to be organic dyes. 
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For three decades sanitary engineers have been studying 

the factors affecting the BOD and DO of the stream as it pur-

sues its downstream course. In the earliest work Streeter 

and Phelps (11) considered only the following factorsr the 

pollution decrease ~ the action of the bacteria, the oxygen 

decrease for the same reason and the oxygen increase ~ re-

aeration from the atmosphere. These still are the major fac-

tors, but others have been included in more recent work. 

Very little work has been done on this problem from a 

statistical Point of view. To this author's knowledge most 

of the attempts thus far have been of a multiple regression 

and correlation nature. 

One of the most recent works of a non-statistical nature 

was published ~ Dobbins (3) in which he combines the work of 

many previous authors. Because many of the ideas and assump

tions of Dobbins' (3) article are included in later chapters, 

some of his work will be briefly discussed here. Three as-

sumptions must be made at the outsets 

1. \ The stream flow is steady and uniform. 

2. / The process for the stretch as a whole is a 

\ steady-state process, the conditions at every 

( cross-section being unchanged with time. 
\ . 
· 3( The BOD and DO are uniformly distributed over 

each cross-section, thus permitting the equations 

to be written in the usual one-dimensional form. 

Assuming a constant velocity of the stream, the rate of 

change of the pollution, L, with respect to time of travel, 

t, is given, according to Dobbins (3), ~ the deterministic 

differential equation 

(1.2.1) 
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The terms are as followss 

1. La is the rate of addition of pollution along the 

route and is uniform (ppm/time). This term includes 

minor sources only~ a large increase would require 

separate calculation from that point on. 

2. K1L is the rate of decrease in pollution due to the 

action of the bacteria, the rate of decrease being 

proportional to the amount of pollution present. 

Of course the units on K1 are day-1. 

3. K~ is the rate of decrease in pollution due to 

sedimentation of solids to the bottom and adsorp-

tion of the solids to the rocJ<s and debris. In 

addition, this includes other losses of pollution 

which do not cause a corresponding loss in dis-

solved oxygen. The rate of decrease is also pro-

portional to the amount of pollution present and 

the units of K3 are per day. 

For an initial condition of LA ppm ·at time t = O, the 

differential equation has the solution 

(1.2.2) 

The graph of pollution versus time of travel is a simple 

exponential decay from the maximum LA to the ultimate value 

Similarly for the dissolved oxygen, the rate of change 

of the dissolved oxygen, C, with respect to time of travel 

is given according to Dobbins (3) by the deterministic dif-

ferential equation 

dC 
dt 

The parameters in the equation are as followss 
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1. CN' is the maximum oxygen solubility concentration 

under the given conditions of temperature and baro-

metric pressure. Its units are ppm. 

2. K2c is the increase in dissolved oxygen due to the 

reaeration of the stream by the oxygen in the at-

mosphere. It is not a purely physical process be

cause it can be affected adversely by solutes in the 

water. The rate is proportional to the dissolved 

oxygen deficit and it is in units of per day. 

3. K1L is the decrease in dissolved oxygen due to the 

action of the bacteria. The parameter K1 is the 

same Ki as discussed above, the rate being propor

tional to the amount of pollution present. The 

rate is therefore independent of the concentration 

of the dissolved oxygen. Strictly speaking this 

assumption is not valid below about 1 ppm DO, but 

since values that low are out of the range of 

interest, this is not a problem. 

4. DB is the decrease in DO due to the benthal demand, 

that is, the oxygen used by the bacteria on the 

bottom of the river. It also includes the effects 

of algae. The rate is independent of the DO present 

and it is expressed in units of ppm/day. 

The pollution, L, in equation (1.2.3) is replaced by the 

value obtained in equation (1.2.2). For an initial condition 

of C0 at t = O, the differential equation has the solution 

C CN'(l - e-K2t ·) - K1{LA - KlL! K 3 ) (e-(K1+K3)t_e-K2t) 
K2 - (K1 + K3) 

(1.2.4) 
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The above function is approximately of the form graphed 

below. 

Dissolved 
Oxygen 

2 

0 1 2 3 4 5 

Time of Travel 

Figure 1.2.l Dissolved Oxygen Versus Time of Travel 

These two derived mean value functions are only appli

cable in the major regions of interest. For example, it is 

possible to make C negative by choosing a very large LA• How

ever, this equation is only applied in practice for values 

of the parameters that give reasonable values for c. Also, 

K2 is almost always greater than K1 + K3, so that it is not 

worth considering K2 = K1 + K3 in which case C would be 

indeterminate. 

Some authors have included an additional factor known 

as longitudinal dispersion. This factor is a measure of the 

nonuniformity with which the stream moves, or in other words, 

is the amount of short-circuiting that takes place as the 

stream progresses. Dobbins (3) includes the term and then 

concludes that this factor has very little effect on the re-

sults and hence drops it. Longitudinal dispersion becomes 

somewhat more important when the equations are applied to 

estuaries. 

Only the average conditions of a stream have been con-

sidered in the previous work and the possible variability 

about the average has not been taken into account1 hence, the 

usefullness of the results is limited. The purpose of the 

present work is to find the probability distribution of the 
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amounts of both pollution and dissolved oxygen in polluted 

streams as a function of time of travel. It is hoped that 

the mean values will be consistent with Dobbins (3) findings. 

The distribltions will allow one to see what proportion of 

the time the pollution and dissolved oxygen are outside of 

desirable limits. Hopefully, these results will lead to 

more realistic restrictions on the use of streams for dis

posing of wastes than merely a knowledge of the mean permits. 

l. 3 Scope and Aims 

The objective of this dissertation will be to consider 

the problem of pollution and dissolved oxygen in rivers from 

a stochastic point of view rather than from a deterministic 

point of view. Many of the assumptions used here are those 

accepted and applied in the field of sanitary engineering. 

One additional assumption will be needed. It is proposed to 

view the problem as a Stochastic Birth and Death Process with 

the BOD and DO being increased and decreased only by small 

amounts in a very short time interval. With this assumption 

a stochastic model will be developed. 

The model will provide a joint density function for 

both pollution and dissolved oxygen when initial conditions 

are assumed. There are many different initial conditions 

possible when one considers variability. There is basic 

river variability and the variability with which the initial 

pollution is added. Several possible initial conditions 

that could be encountered in practice and the resulting river 

profiles will be the subject matter of later chapters. 

Although it will be possible to compute conditional 

distributions these are of no interest. The question to 

which this investigation is addressed is, given the initial 

conditions of both BOD and DO what is the joint probability 
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distribution and what are the two marginal probability dis

tributions at a point downstream? For example, in no case 

are we given a BOD measurement downstream and asked to find 

the DO distribution at the point. For the same reason, there 

is no real interest in covariances and correlations of the 

two variables. 
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II. THEORETICAL RESULTS 

2.1 Stochastic Development 

As in the work of Dobbins (3) discussed previously, it 

will be assumed that the factors which can cause the concen

tration of pollution .and dissolved oxyqen to change are as 

follows a 

l. Pollution added at the rate La from an outside 

source. 

2. Pollution decreased at the rate K3L from 

sedimentation and adsorption. 

3. Pollution and oxygen decreased at the rate 

K1L from bacterial action. 

4. Oxygen decreased at the rate DB from the benthal 

demand. 

s. Oxygen increased at the rate K2 (CN• - C) from 

the physical process of reaeration. 

These factors were discussed in the previous chapter 

when they appeared in the differential equation solution to 

the problem. 

It is assumed that the pollution or dissolved oxygen or 

both can chang.e by a small amount !.I due to one of the factors 

described above. For example, the pollution may increase by 

6 may increase by a multiple of L or it may not change, de

pending on whether or not pollution enters from an outside 

source, La• In many ways this process is of a discrete na

ture. The pollution from the sides, La, does not enter con

tinuously, but in discrete quantities. Changes in the river 

depth, velocity and turbulence can cause discrete jumps in 

sedimentation and reaeration. 

The value of r::. depends on the properties of the stream. 

The way in which !::. enters into the results will be evident 
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later and at that time methods of estimation will be dis

cussed. 

The term state is defined as follows. A change of size 

r:, in the concentration will constitute a change of one state. 

Thus there are c, ppm/state. The pollution state M will cor

respond to a concentration of LM and the relationship between 

the two is 

state M = (LM ppm) + ( 6 ppm/state) 

or simply 

M = LM + 6 

In a similar manner the state of dissolved oxygen N 

corresponds to a concentration of CN ppm and the relationship 

between the two is 

state N (CN ppm) ( 6 ppm/state) 

or simply 

N = CN 

Throughout this development h will denote a small incre

ment in time. The order of magnitude of h will be such that 

h raised to any positive power greater than one will be negli

gible in comparison to h. Any term involving h to a power 

greater than one will be denoted by o(h). 

The assumptions made thus far in this section include 

the .five listed at the beginning of the section and the addi

tional one concerning the discreteness of the process in 

units of size 6 • The probabilities for the possible changes 

in state in time h will now be discussed. It is assumed that 

a change of more than one state by a factor in time h has 

probability o(h). The probability of a change of one state 

is assumed proportional to h. The probabilities of one change 

in state and no change in state for the five factors are as 
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follows a 

1. For the first factor the expected amount of in

crease in pollution due to La in the small time 

interval h is equal to Lah. Let Pr(L increases 

by an amount A due to La in time h) = ah, where 

a is a proportionality constant. Then, E(change 

due to La in time h) z b.p + o(h) + 0(1-p-o(h)). 

Solving for pone obtains p =Lah+ o(h). Pr(no --/:)-

increase due to La in time h) = l - Lah+ o(h). 
6 

2. Expected decrease in pollution due to sedimen-

tation in time h is KJLMh• Pr(L decreases by an 

amount t. due to K3 in time h) = KJLMh + o(h). 
fj 

Pr(no decrease due to K3 in time h) 

= 1 - K3LMh + o(h). 
A 

3. Expected decrease in pollution and oxygen due to 

bacterial action in time h is K1LMh• Pr(L and C 

decrease by an amount tJ due to Ki in time h) 

= KlLMh + o(h). Pr (no decrease due to K1 
fj 

in time h) = 1 - K1LMh + o(h). 
l:i 

4. Expected decrease in oxygen due to benthal demand 

in time his Dah. Pr(C decreases by an amount ti 

due to DB in time h) = DBh + o(h). Pr(no decrease 
6 

due to DB in time h) l - DBh + o(h). 
A 

s. Expected increase in oxygen due to reaeration in 

time h is K2(CN' - CN)h. Pr(C increases by an 

amount 'i due to K2 in time h) = K2(CN' - CN)h + o(h). 
LI 

Pr(no increase due to K2 in time h) 

= l - K2(CN' - CN)h + o(h). 
I~ 
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The assumptions made concerning the expected amounts of 

change are simply the rate assumptions of Dobbins (3) multi

plied by the time interval h. 

The joint probability of finding the system with the 

pollution in state M and the dissolved oxygen in state N at 

time t is denoted by PrM,N(t). Then PrM N(t + h) can be 
I 

expressed in terms of probabilities at time t in the ways 

listed below. l tlhen one factor changes two states o(h) will 

be used because this probability has already been assumed to 

be of this order. For a probability where two or more factors 

change state o(h) will be used·, because the product of the 

probabilities will ha·Ve h to a power greater than oneJ 

1. At time t the pollution is in state M - 1 and the 

dissolved oxygen is in state N. In the interval h 

the pollution state increases by one and the dis

solved oxygen state remains unchanged. The proba

bility of this event occurring is 

PrM-1,N(t) [(Lah+ o(h))(l - K3LM-lh + o(h)) 
6 ~ 

(1 - K1LM-lh + o(h))(l - DBh + o(h)) 
6 6 

(1 - K2(CN'-CN)h + o(h)) + o(h)] = 
6 

"L h 
PrM-1,N(t) [ .J!._ + o(h)J • 

t:. 

2. At time t the states are M + 1 and N. In time h 

the pollution decreases. The probability of this 

event occurring is 

PrM+l,N(t) [(K3LM+1h + o(h))(l - Lah+ o(h)) 
6 6 

(1 - K1LM+1h + o(h))(l - DBh + o(h)) 
6 6 

(1 - K2(CN'-CN)h + o(h)) + o(h)J 
6 
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= PrM+l,N(t) KJLM+1h + o(h)]. 
/:, 

3. At time t the states are M + l and N + 1. In time 

h the pollution and the dissolved oxygen decrease. 

The probability is 

(1 - KJI.M+lh + o(h))(l - DBh + o(H)) 
/::. -t:.-

(1 - K2(CN 1 -CN+1)h + o(h)) + o(h)] = 
/::. 

PrM+l,N+1(t) K1LM +1h + o(h)). 
t:. 

4. At time t the states are M and N + 1. In time h 

the dissolved oxygen decreases. The probability 

of this event occurring is 

PrM N+l(t) ((D~h + o(h)) (1 - Lah + o(h)) 
' t::.. ..,-

(1 - KJLMh + o(h)) (1 - K1LMh + o(h)) 
t:. /::. 

(1 - K2(CN 1-CN+1>h + o(h)) + o(h)) = 

PrM, N+l ( t) ~ + o(h) ]. 

s. At time t the states are M and N - 1. In time h 

the dissolved oxygen increases. The probability 

of this event occurring is 

PrM N-l(t) (K2(CN1-CN-1)h + o(h))(l - Lah+ o(h)) 
I 

/::. /::. 

(l - KJLMh + o(h)) (1 ·- KlLMh + o(h)) 
/::. /::. 

(1 - Dsh + o(h)) + o(h)J = 

PrM,N-l(t) K2(CN 1-CN-l)h + o(h)] • 
/::. 
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6. At time t the pollution is in state M and the dis

solved oxygen is in state N. In the interval h no 

change takes place. The probability of this event 

occurring is 

PrM N( t) [(l - La~ + o(h)) (1 - K3LMh + o .(h)) 
I f::,, f::,, 

(1 - K1LMh + o(h))(l - DBh + o(h)) 
6 6 

(1 _ K2(CN'-CN)h + o(h)) + o(h)) 
(:, 

Pr (t) [l - Lah - K~LMh 
M,N --6- ---6--

- K2(CN•-CN)h + o(h)]. 
t::,. 

The coefficients of PrM-l,N+1(t), PrM+l,N-1(t) and PrM-l,N-1(t) 

are o(h) and also all of the probabilities of the form 

PrM+a,N+b(t) where either a orb is 2, 3, 4, ••• have coeffi

cients o(h). Throughout the above it has been ass\lll\ed that 

the factors are independent so that the joint probabilities 

could be written as the product of marginal probabilities. 

Combining these disjoint probabilities and ignoring o(h), 

one obtains the difference equation 

PrM N(t+h) • [ l - Lah - KJMh - K1Mh - Dah -
I {:, {:, 

K2(CN 1 
- N)h] PrM,N(t) +Lah PrM-1,N(t) + 

6 6 

K3(M+l)hPrM+l,N(t) + K1(M+l)hPrM+l,N+1(t) + 

DBh C 
-6-PrM,N+l(t) + K2(~ - (N-l))hPrM,N-l(t). (2.1.1) 

{:,. 

It is assumed that Prv,-l(t) and Pr_1 ,v(t) are zero for all 

v. In this equation LMfo was replaced by M and CN/t::,. was 

replaced by .N. This is a difference equation in M, N and 

the continuous time variable t taken in units of size h. 
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Equation (2.1.1) gives the difference equation for the 

probability densities. It is desired now to find the form of 

PrM N(t) explicitly. Given PrM N(O), an initial probability 
I I 

distribution, one could find PrM,N(t) where t is the product 

of an integer n times h. One could, proceed by progressing 

in units of size h, find the probability distribution at h, 

2h, ••• , nh. This process is very tedious especially since 

h must be small so that o(h) can be neglected. These prob

lems can be avoided by the following method. 

In equation (2.1.1) .in which t is a continuous variable 

subtract PrM,N(t) from both sides, divide both sides by h 

and take the limit as h approaches zero. The result is the 

differential-difference equation 

(2.1.2) 

The remainder of this section will deal with the probability 

generating function technique of finding a solution to equa

tion (2.1.2). The probability generating function is defined 

as 

P(S,Rrt) 
co co 

E E 
M:sO N=O 

Some of the basic generating function manipulations will be 

found in Appendix II. 

Each differential-difference equation is multiplied by 

sM and RN, where M and N correspond to the subscripts of the 

probability on the left side of the equations. The set of 

equations is then swnmed over all values of both M and N 

yielding 
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MIO NIO 
MN L ao 

NIO PrM,N~t). SMRN-d PrM N (t) S R ~ M~O at , 6 

K3 M~O N~O 
MN 

MPrM,N(t)S R - Kl M~O NIO 
MN 

MPrM,N(t)S R -

D CD 

NIO 
M N K CN' M~O N~O 

MN 
_! M~O PrM,N(t)S R PrM,N(t)S R + 2-

6 6, 

K2 M~O N~O NPrM,N (t) SMRN + L MIO a 
r 

M N 
PrM,N•l (t)S R -

Nlo PrM-1,N (t)SMRN+ 

(2.1.3) 

The simplification of this equation involves algebraic 

manipulations which are discussed fully in Appendix II. The 

result is the partial differential equation 

where P = P(S,RJt). 

P - K CN'P + 
2-6-

(2.1.4) 

Consider the term ~(DB+ K
1 

a) P(S,01t). To see how Rr as 
this term arises it is necessary to review some assumptions, 

namely, that for the factors 08 and K1 the transition proba-

bilitiee are independent of the dissolved oxygen state. In 

particular, even if the dissolved oxygen is in state zero, 

there is a non-zero probability that the dissolved oxygen will 
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decrease. This of course can not be true. In the term 

P(S,Ort) which equals M~O PrM,o(t) sM, one sums on the pollu

tion variable M when the dissolved oxygen state is zero, 

that is, N=O. 

to be added to complete the generating function and then sub

tracted so that the net change was zero. 

The assumption of independence of DB and K1 of the dis

solved oxygen state actually begins to lose its validity 

when the dissolved oxygen gets as low as 1 - 2 ppm. There 

is some dependence on the dissolved oxygen state at low 

levels. Sanitary engineers use this assumption realizing 

its limitations. No one has recommended a better assumption 

for low levels because the results are only applied when 

there is a reasonable amount of oxygen in the river. There-

fore, for all practical purposes PrM 0 (t) is essentially 
I 

zero for all Mand t. The whole term 1( 0 B + K1 4,..)P(S,01t) 
RA a;:, 

is negligible and will be omitted from the partial differen

tial equation. The justification of this assertion will be 

demonstrated in later chapters for particular cases. 

Rewriting (2.1.4) without the negligible term gives 

ap = - La_p - KJSE - K1S aP_ DBp - K2 CN'p + K2R..af + -n:- fl as as _ r aR 
t:. 

~p + KJ* + K1 ·~·* + ~ • ~ + Cf RP - K2R2·t. 

(2.l.4a) 

The equation can be further simplified by dividing through 

by P, letting z = ln P, and regrouping the terms. Equation 

(2.l.4a) then becomes 

~ - K2R(l-R) az - [ K3 (1-S) + K1Cl - S)] az = 
at ilR l\ as 

La(l-S) - DBcl-R) + K2CN'c1 - R). 
t; t; R fl 

(2.1.5) 
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The general theory of the solution of this type of par

tial differential equation is discussed in Appendix II. In 

particular, equation (2.1.5) is of the form of equation (II.l) 

in the Appendix. The· correspondence is as follows 1 

y = z C = -~Cl-S) 
!J. 

t = xl Al l 

R x2 A2 -K2R(l-R) 

s = x3 A3 = - CK 3 ( 1-S ) + Kl ( i - s ) ] • 

The subsidiary equations, (II.3) in Appendix 

dt - dR -dS 
1 K2R(l-R) K3(1-S) + K1(l - S) 

R" 

dz 

II, are 

(2.1.6) 

From these equations any three independent pairs are chosen 

for solution. 

The first pair chosen will be the first and second be-

cause each one contains only the variable in the differential. 

After integration of the differential equation and solving 

for the constant of integration c, one obtains 

C ::: R 
~ 

(2.1.7) 

The second pair chosen was the first and third terms 

in (2.1.6). Eliminate R from the third using (2.1.7) and 

then the only variables are t and s. Integration of the 

differential equation and subsequent elimination of C yields 
l 

B = - -K1 _ ___ (.l.=B.)e-(K1+K3)t + (l-S)e-(K1+K3)t 
K2 - (K1+K3) ~ 

(2.1.8) 

where B is the constant of inteJration. 
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The third independent pair chosen was the second and 

fourth terms of (2.1.6). It is necessary to use (2.1.7) and 

(2.1.B.) to eliminate S and then t. On integrating the result 

and eliminating B. and c, one obtains 

A = z + 1 + La ( 1-S) -
R 6(K1+K3) 

(1-R) - DB l - CN' lnR 
Ir tiK2 R -ti-

where A is the new constant of integration. 

(2.1.9) 

The three equations (2.1.7), (2.1.B) and (2.1.9) corre-

spend to the three equations (II.4) in Appendix rr. The ar-

bitrary function relating these solutions of the subsidiary 

equations is A= w(B,C). In order to determine thew func-

tion explicitly, it is necessary to specify initial condi-

tions. At time t = 0 1 it will be assumed that the probability 

generating function is known, i. e. P(S,R70) is specified. 

Specifying the form of P(S 1 R:O) corresponds to equation (II.6) 

in the Appendix. Replacing z by lnP(S,R1t) in (2.1.9) and 

putting the values of A, B and C evaluated at t e 0 in the ~ 

function one obtains 

w[(l-S) -

. R -

(1-S) - DB • 1 - CN' ln R. (2. l.10) 
tiK2 R -ti-

As in the Appendix, let 

v = (1-S) - (l-R) and w P. 
R =r:i5' 

and then solve for R and f 
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s (1-v) - K1 • 1 and R = w 
K2 _ (K1+K3) w l+w 

Using these relationships, one can eliminate R and s from 

(2.1.10) to obtain 

~(v,w) = lnP(l - v - K1 
K2 - (K1+K3) 

• :_, 2!_ 
w l+w 

0) + 

____ K'"'"1_L_a_ ( ~) + La v _ 
AK2 [K2 - (K1 +K3)] w A(K1 +K3) 

DB ·- ( l+!!) - CNA' 1n(~) • 
Lll<.2 w 1 +w 

(2.1.11) 

This equation (2.1.11) is the form of the ~ function for any 

initial probability generating function. It corresponds to 

equation (II.8) in the Appendix. The particular case of 

interest is A (B,C), therefore let v = B and w = c 

A = [lnP 

CN 1 C 
- i-ln<1+c> • 

(2.1.12) 

The procedure to complete the development is to replace 

A, Band C by their respective equals in (2.1.7), (2.1.8) and 

(2.1.9). The equation can be simplified and solved for 

P(S,R7t) as a function of the general initial probability 

generating function. Given a specific initial generating 

function, P(S,R~t) is then completely known. However, this 

procedure becomes very tedious because the s and R in the 

initial generating function will themselves be functions of 

s and R when the substitutions are made. 
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A less involved procedure and the one that will be fol

lowed in subsequent chapters is to rearrange these last few 

steps. 

1. As indicated in equation (2.1.12) let s = 1 - B -

K1 1 
K2 - (Kl +K3>9c 

and R = ~ in the given initial 
l+C 

generating function and substitute the result in 

(2.1.12). 

2. The new equation is a function of A, Band C, and 

these are replaced by their equals in (2.1.7), 

(2.1.8) and (2.1.9) respectively. 

3. The result is simplified and solved for P(S,R1t). 

2.2 Fixed Point Initial Conditions 

There are many different sets of initial conditions 

that one could assume, each of which corresponds to a dif-

ferent practical situation. The first condition to consider 

iss at time of travel equal to zero, both pollution and dis

solved oxygen are at given fixed levels. These results will 

be used as a basis for other initial conditions. 

For these initial conditions the dissolved oxygen is in 

state C0 /6 with probability one and the pollution is in state 

LA/6 with probability one. The probability generating func-

tion is therefore 

(2.2.1) 

Making the transformation of step l at the end of the previous 

section one obtains 
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substituting this result in equation (2.1.12), one obtains 

(2.2.2) 

In place of A, B and C one can substitut~ their equals 

as stated in step 2 of the previous section and simplify as 

stated in step 3 to obtain 

(1-R)
R 

This equation is the joint probability generating function 

for both pollution and oxygen. As stated in Appendix II 

this function could be expanded in a power series, the 

coefficient of sMRN being PrM,N(t), the probability that the 

pollution is in state M and the dissolved oxygen is in state 

Consider next the marginal distribution for pollution, 

which is obtained by setting R equal to one in (2.2.3) 
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(2.2.4) 

This function can be expanded in a power series in s, the 

coefficient of sM being PM(t), the probability that the pol

lution is in state M at time t. Thus, 

PM(t) = exp [- La (1 - e-(K1+K3)t) 1 

dK1 +K3) 

~·(1:1')(1 - e-(K1+K3)t)LA -1 (e-(K1+K3)t) i. 

i=O\i 
6 

where M* 

(M-i) 1 

fM for M ~LA,/6 
l. LA/6 for M> LA/t\ 

(2.2.5) 

A general discussion of moment generating functions can 

be found in Appendix II. The moment qenerating function for 

pollution M(O,t) is obtained by replacing S in (2.2.4) by e 9 

giving 

M(9,t) 

(2.2.6) 

The first derivative of (2.2.6) evaluated at 9 = 0 gives 

the mean state of pollution as a function of time 

(2.2.7) 

Multiplying the mean state (2.2.7) by ~gives the mean 

amount of pollution. 

L(t) (2.2.8) 
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The significance of this result will be discussed later in 

this section. 

The variance is obtained by taking the second deriva-

tive of the moment generating function, evaluating it at 

Q = O and subtracting the square of the mean. After multi

plying by ~ 2 the variance of the amount of pollution present 

is 

ll[ ~ + LAe-(K1+K3)t] [l - e-(K1+K3)t]. 
K1+K3 

(2.2.9) 

The form of the variance function is such that at t = 0 

the variance is zero. As t increases the variance increases 

to a maximum and then decreases slowly to its asymptotic 

value 

At t =~ the distribution becomes Poisson with the mean 

and variance of the states being equal~ It is independent 

of the initial amount of pollution. 

The marginal distribution for dissolved oxygen is found 

in a manner similar to that used for pollution. If s is set 

equal to unity in (2.2.3), one obtains 

L1KK - .._,.::i·-1 ( 1-R -K2t DB l R 
~---- ) (1 ) + ----(_:::_) (l-e-K2t) ] llK2 D<2-CK1+K3) ]. ~ -e llK2 R : 

(2.2.10) 

The power series expansion of this generating function is 

PN(t) = exp L _ ___ _:_L ::i.~l__ _____ (1-e-CK1+K3)t) + 
ll(K1+K3) fK2-(K1+K3)l 
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N* N** (LA) K LA 
E E a- (1 l (e-CK1+K3)t_9-K2t))~i 

i=O j=O i K2-(K1+K3) 

~ K1 (e-<K1+K3)t_e-K2t))i(CN~-c~1-e-K2t)CN•-Co_j 
K2-(K1 +K3) J A 

(e-K2t)j [ laI<l (l-e-CK1+K3)t) 
A(K1 +1<3) K2-(I<1 +1<3) ] 

l 

(CN' -N-j-i)I 
A 

r~· -N 
LA 

/:J. 

where N* = 

and N** = 
(N' ~N~~C: -

for ~ - N .S LA 

A [). 

for _CN' - N >LA 
t:,. A 

i CN' 
for -- - N -

i ~ CN•-Co 

A A 

for CN' - N - i > CN•-Co 

b. /:J. 

(2.2.ll) 

This power series expansion in powers of R has exponents of 

R ranging from N' down to - oo . The coefficient of RN, namely 

PN(t), is the probability of being in state N at time t. The 

negative exponents are due to the fact that a term was dropped 

from the solution of the partial differential equation as 

discussed in section 2.1. However, the coefficients when N 

is negative are negligibly small in cases where these results 

will be applied, so only the exponents from CN• down to zero 
A 

need be considered. This will be verified for particular 

cases in later chapters. 

The moment generating function M(~,t) . as explained in 

Appendix II is obtained by replacing R in (2.2.3) by e ~ 
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LaKl (l-e-K2t) + ~(l-e-K2t) 
AK2 [K2 -(I<l +1<3) ) AK2 

o.+ce -<P -l)e-I<2t1 CN•A- Co cp CN' • [ l+ K! 
e ---C:- K2-(K1+1<3) 

(2.2.12) 

The mean state of dissolved oxygen as a function · of time 

is found by differentiating the moment generating function 

(2.2.12) and evaluating the result at t=o. 

LaK1 (l-e-(I<1+K3)t) 
ll(Kl +1<3) [K2-(K1 +K3) ] 

(l-e-K2t) - Da (l-e-K2t) 
lll<2 

(2.2.13) 

Multiplying both sides of (2.2.13) by A gives the mean amount 

of dissqlved oxygen 

C(t) = CN' - LaK1 (l-e-(K1+K3)t) 
(K1 +1<3) [1<2-(1<1 +1<3)) 

+ La1<1 (1-e-K2t) - Da (1-e-K2t)-(CN·-Co)e-K2t 
K2£K2-CK1+1<3)] K2 

(2.2.14) 

The significance of this result will be discussed at the end 

of this section. 

The variance of the amount of dissolved oxygen present 

18 
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The variance is zero at t=O as required. The variance at 

t=., L educes to 

In between the variance rises quickly and "tapers off" slowly 

to its ultimate value. 

The probability function, mean and variance for the 

dissolved oxygen are all functions of the initial state or 

amount of ·pollution. However, this initial effect becomes 

less important for large t. 

Consider the mean pollution equation (2.2.B) and the 

mean dissolved oxygen equation (2.2.14). These two equations 

are exactly the same as the pollution and DO equations (1.2.2) 

and (1.2.4) respectively, obtained by Dobbins (3) using the 

deterministic differential equation approach. These results 

have been verified with actual data by sanitary engineers. 

The stochastic model obtained in this section has been de-

rived from a completely different point of view, yet the 

results are compatible with other known and accepted results. 

Since no previous theoretical work has given predicted 

variances, the only way in which the predicted variances of 

the present investigation can be checked is by obtaining 

actual river data and laboratory data. In later chapters 
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data will be obtained and comparisons made between the ob

served and predicted variances. 

Consider now the way in which A has entered into the 

results just obtained. The mean amount of both pollution and 

dissolved oxygen are independent of the choice of A • The 

variance of the amount of both pollution and dissolved oxygen 

are directly proportional to A. Thus the variance increases 

as A increases. 

This quantity then should be estimated from the measure

ments made of the variance. When a stream survey is made, 

various types of mea.surements are taken which enable the 

~nvestigators to estimate the stream parameters. During 

this survey repeated observations of both BOD and DO should 

be made at various points along the river. The time for these 

measurements should reasonably represent the period to which 

inferences are to be made. For example, if one can assume 

steady state conditions and if the results are to be appli

cable to summer conditions, then the measurements should be 

spread over this period. For each point there are predicted 

BOD and DO variances which, after the other parameters are 

estimated are functions of A. Hence, at each point at which 

these replicated observations are made there are two estimates 

of 6, one from the BOD and the other from the DO. These A 

values should be reasonably close together, that is, within 

the limits of experimental error. From these estimates the 

value of A can be obtained by finding a weighted average. It 

turns out that the measurement error in the pollution is 

often large enough so that it masks the true variability. 

In this case the estimate of 6 can be obtained from the dis

solved oxygen estimates of A • It is much more important to 

be able to predict dissolved oxygen variances than pollution 

variances, in any case. 
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2.3 Computer Program Usage 

In order that these results be made more readily useful, 

a computer program was written to perform the arithmetic. 

Given the parameters the program loops on time and prints 

out all of the results discussed below in one day intervals 

from one to five days. The program can be easily adjusted 

to print out the result for other times of travel. Initial 

conditions or conditions at time t = O must be known in order 

to use the program. First the program computes the proba

bility distribution for pollution and prints out the non

zero probabilities with their corresponding concentrations. 

Secondly for a given a confidence level the program sums 

the individual probabilities beginning with those correspond

ing to the upper concentrations of pollution. It stops and 

prints the concentration and cumulative probability for the 

nearest cumulative probability greater than a and the nearest 

cumulative probability less than a This gives an upper 

confidence · limit for pollution. Thirdly it evaluates the 

mean and variance functions for the amount of pollution and 

prints the results. This completes the pollution calculations. 

Continuing with the same time of travel used for the 

pollution computations it begins the dissolved oxygen calcu

lations. First it calculates the probability distriJ:ution 

and prints out the non-zero probabilities with their corre

sponding dissolved oxygen concentrations. secondly it sums 

the probability mass densities beginning with the smallest 

dissolved oxygen concentration until it reaches the confi

dence limit a • Then it prints out the cumulative probability 

and the corresponding concentration for the nearest cumula

tive probability greater than a and the nearest cumulative 

probability less than a • This gives a lower confidence 

bound on the dissolved oxygen. Finally, it evaluates the 
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mean and variance functions for the amount of dissolved oxygen 

and prints the results. 

It was decided that an upper confidence limit is more 

desirable for pollution, for one wants to guard against hav

ing too much pollution at a certain point. Also it is ob

vious that a lower confidence bound is needed for dissolved 

oxygen because concentrations that are too low are detrimental 

to the fish. 

The main program, written in Fortran 1.V, is listed as 

Program I in Appendix I. The Exponential Subroutine, the 

Binomial Subroutine and the Series Multiplication Subroutine 

are referred to from the main program, so they must be in

cluded with it. These are Subroutines I, II and III re

spectively in Appendix I. 

Some of the probabilities that must be computed are 

obviously very small, so it is necessary to include a card 

which permits underflows in the machine. This card varies 

with the various computer centers, so it is not included in 

the program. Other control cards may be needed at the be

ginning of the program, before each subroutine, before the 

data card and at the very end. 

The values needed for the input data card are K1, K2, 

KJ, La, Ds, fl, a, LAfo, CN'/ti , C0 / t.; . The parameter values 

should follow consecutively on the card with no spaces in 

between. The number of spaces allotted for each parameter 

are listed in Table 2.3.l. The decimal point in the Float

ing Point numbers must be placed in one of the six spacesr 

the Fixed Point numbers have no decimals. 

As stated previously, the program prints out the two 

concentrations nearest to an a confidence level. It is 

also of interest to specify a concentration and then find 
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Table 2.3.l Arrangement of Data Card 

Number 
Parameter of 

Spaces 

1<1 6 Floating Point 

1<2 6 Floating Point 

1<3 6 Floating Point 

La 6 Floating Point 

DB 6 Floating Point 

6 6 Floating Point 

a 6 Floating Point 

LA/6 4 Fixed Point 

CN 1/6 4 Fixed Point 

Co/6 4 Fixed Point 

tbe· corresponding probability of being above or below it. 

However, for dissolved oxygen this calculation would only be 

applicable for times of travel near the bottom of the sag. 

The probability of being below the specified concentration 

for small and large times of travel would be zero. For pollu

tion, if one specified a concentration and determined the 

probability of being above it, then the probability for small 

travel times would decrease to zero. 

Thus it was decided to find the concentration correspond-

ing to a specified probability level. The probability of 

being above or below a certain concentration is easily ob-

tained by summing probability mass densities. 
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III. OTHER INITIAL CONDITIONS 

3.1 Variable ~ Conditions 

Suppose it is assumed that upstream from t=O for a rea

sonable distance there is no major source of pollution, that 

is, the river has fully recovered from any large sources of 

pollution upstream. The pollution that is flowing past the 

initial point is small and can be attributed to La• The 

dissolved oxygen is below its maximum due to the effects of 

Ds and La• At t=O there may be some pollution entering. To 

describe the profile it is assumed that the pollution is 

entering at a constant rate. This case is included in order 

to cover the situation in which it is of interest to raise 

the level of pollution in the river to find out how much 

pollution the river can assimilate before the probability 

that the dissolved oxygen falls below the minimum levels ex-

ceeds certain preassigned values. This would be applicable 

in designing a treatment facility for an industrial plant or 

a municipality. 

The initial probability generating function satisfying 

the above conditions will be the joint probability generating 

function in (2.2.3) evaluated at t= <»with the mean pollution 

state raised by a constant amount Lp/6. From (2.2.3) 

(3.1.l) 

This is the generating function for the condition in which 

only minor factors are involved. There are no residual ef-

fects of large sources of pollution. 

Therefore, the initial probability generating function 

for this case is 
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LB 
P(S,RsO)=S~ exp 

ti. 

(1-S)] (3 .1. 2) 

that is, the right-hand side of (J.l.l) is multiplied by 

SLB/ 
ti. 

All of the assumptions and derivations of Section 2.1 

are applicable for this case. The derivation here begins 

with the recommended procedure at the end of that section. 

First, the substitution in step 1 at the end of Section 

2.1 is made in *3.1.2). The result becomes 

P(l-B- Kl 1 c 1 0) (1-B- Kl 1) = . 
K2-(I<l+K3) 

C'l+C 
K2-(Kl+K3) 

c 

[ ( La Kl + DB (1) L exp a 
KyS c 

6. (Kl+K3) 6.K
2 

(K
1

+K3) 

(B + Kl 1)] I c CN' [(r+C) 

K2-CK 1+K 3 ) 
• c 

6. 

LB 

~ 

I f the above is substituted in (2.1.12) and A,B, and c are 

replaced by expressions given in (2.1.7), (2.1.8) and (2.1.9) 

respectively, the result simplifies to 

P(S,R7t)nexp [( LaKl 
6.K

2
(K

1
+K

3
) 

.RS!.:_ (l-(l-S)e-(Kl+K3)t + 

6. 

(3.1 

r,a (1-S)] 
~6.'""(':"!'K-l~+~K-3"'")--

( e- (Kl +K 3) t _e -K 2 t) 

(3.1.3) 

This is the joint probability generating function for both 

pollution and dissolved oxygen. 

Allowing R to equal one in (3.1.3), one obtains the 

marginal probability generating function for pollution 
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P(S,lrt) 

(3.1.4) 

Expanding this in a power series in S, ·One obtains as a 

coefficient of sM ~he probability of being in state M at 

time t, 

i: 
a=a 

( La )M-a 

La -a (e-(K1+K3)t)a (R1+K3) 
tl{Kl +K;f (M-a) l (3.1.5) 

The result (3~1.5) could have been obtained from a 

different point of view, namely, using the theory of condi

tional distributions. Equation (2.2.5) which gives the 

probability mass densities for fixed initial conditions can 

be regarded as the probability density at time t conditioned 

on a fixed initial state. The probability density for ~he 

initial state of this section is formula (3.1.2). Forming 

the product of the conditional and marginal probability den

sities gives the joint probability that the pollution is in 

state M and the initial state is, say d. Then swnming over 

the range of d, one obtains equation (3.1.5). 

As explained in Appendix II, the moment generating 

function is found by replacing s in (3.1.4) by eo, obtaining 

(3.1.6) 

From (3.1.6) the mean and variance of the amount of 

pollution present can be found to be 

Hean (3.1.7) 
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Variance = 6 [ Kl~:3 +LB e -(K1+K3)t(1-e-(K1+K3)t) l . 

(3.1.8) 

The mean is identical to the value of Dobbins (3), equation 

(1.2.2), if LB is replaced by its equivalent LA - ~ • 
K1+K3 

Recall that LB is defined as an increase in pollution, that 

is, the addition of pollution to the mean level of the river 

which is ~ and LA is defined as the total pollution. 
Kl +K3 

The variance consists of two terms, the first of which is 

the inherent river variability. The second term is the 

variability due to the increased pollution which is zero at 

the beginning of the reach. Then as t increases this term 

increases to a maximum and then decreases. 

The marginal probability distribution for dissolved 

oxygen is found in a manner similar to that for pollution. 

If S is set equal to one in (3.1.3), then 

[ l + Kl (e-(K1+K3)t -e-K2t)(l-R)] LB 
K2-(K1+I<3) R ~ 

(3.1.9) 

As stated previously this can be expanded in a power series 

where the coefficient of RN is the probability that the dis-

solved oxygen is in state N at time t. Negative values of 

N are not considered. Thus 

i ( K1 ( 9 -(K1+K3)t 
K2-(K1+I<3} 

CN'- N - i 1 
' • ~N 1 -N-i} 1 

(3.l.10} 
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~
N ' -

where N* = L ~ 

LI 

CN' - N ,, LB N for _ 
6 

for CN 1 
- N LB 

I~ T 

Replace R by e <P to get the moment generating function 

M( <P ,t)=exp [ ( LaK1 + ~ )(e- <P -l}J • e <P CN'. 
6.K2(K1+K3) K2 ~ 

[ 1 + Kl (e-(K1+K3)t -e-K2t) (e- <P -1)] LB 
R2-CR1+K3J 6. 

(3.1.11) 

From this the mean and variance of the amount of dis-

solved oxygen can be found 

(3.1.12) 

The mean in this form shows that for any time t the dissolved 

oxygen is at its maximum less an amount due to the factors 

that use oxygen. Tlie variance is, of course, the sum of the 

factors that contribute to the variance. The mean value 

again checks with Dobbins' (3) result, equation (1.4), if 

LB is replaced by LA - ~ and c0 is replaced by CN' -
K1+K3 

LaK1 - DB • This second relation is true because it 
K2 CK1+K3) K2 

is the result when t is set equal to zero in (3.l.12). 

A computer program was written for the formulas developed 

in this chapter. The explanation in section 2.3 concerning 
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that computer program (denoted as Program I) can serve as the 

explanation for this program. The print-outs are the same 

for both programs. The main program for this chapter is Pro

gram II in Appendix I. The Binomial Subroutine, the Exponen

tial Subroutine, and the Series Multiplication Subroutine 

from Appendix I are needed also. The input data card for 

this program is almost exactly like the one for Program I, 

the exception being that for this data card the parameter 

~ is not needed so that the spaces allotted to S:_ are 
/:J 

left blank. The format for this card is Table 2.3.1 also. 

3.2 .Measured Variability Initial Conditions 

The problem to be studied in this chapter is, perhaps, 

the most frequently occurring one. It is assumed that the 

distribution at t•O of both pollution and dissolved oxygen 

is a complex combination of the effects of various sources 

of upstream pollution and the pollution entering at t=O. 

Thus, no effort is made to find the distribution at t=O by 

studying upstream effects on the river. The form of ~he 

distribution at t=O must therefore be postulated a nd its 

mean and variance will be measured. If one assumes a random, 

non-systematic variability, a unimodal distribution seems to 

be a reasonable choice. A discrete distribution is needed 

and the binomial was chosen. The pollution and dissolved 

oxygen states have independent binomial distributions whose 

means and variances can be measured. 

The pollution will have a mean state designated by LA/n , 

the upper limit of the range will be R2/ Li and the lower 

limit will be R1 / n . The parameter p (the probability of 

success in a Bernoulli trial) will then be ::A-Rl and q is, 
R2-Rl 

as usual, 1-p. The probability generating function then will 

be 
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(pS+q)R2-RJ:. • sRl~ 
/:::,. 

where the first term is the standard probability generating 

function for a binomial and the second term raises the mean 

level by R1~ uni ts from zero to R1/ L\ • 

In a similar manner for the dissolved oxygen the mean 

state is designated by C
0

/ 1:::,. and the range of states will be 

from a maximum of o2/ 6 to a minimum of 01/1:::,. • The binomial 

parameter, denoted in this case asp', will be Co-D1 and q' 
D2-D1 

is then 1-p•. The probability generating function will be 

where again the first factor is the binomial generating 

function with the lowest state zero and the second term 

raises each state by D1/1:::,. states. Becau_se of the independence 

assumption the joint distribution at t=O will be the product 

of the two binomials, i.e., 

P (s, R ~o )=(ps+q)R2-1:::,.R1 • sRlfci • ( P 'R+q') (D2-D1) / LI .RD1;t.i 

(3.2.1) 

All of the assumptions and derivations of Section 2.1 

are applicable for this case. Mathematical manipulations of 

probability generating functions and moment generating func

tions can be found in Appendix II. The derivation here be

gins with the equations at the end of that section. 

If we make the substitution of Step 1 of Section 2.1 

into (3.2.1) we obtain 
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If we ~eplace A, B, and C by their equals (as stated in Step 

2) and simplify, the result becomes 

e-(K1+K3)t}] (R2-R1)/6. [l +q•e-K2tcl-R)J (D2-D1)h. 
R 

(3.2.3) 

This is the joint probability generating function for both 

pollution and dissolved oxygen. The joint density PM,N(t) 

is the coefficient of sMRN in the power series expansion. 

The marginal probability generating function for pollu

tion is found by allowing R to be one in (3.2.3) 

[l - (l-S)e-(K1+K3)t] Rl/t; • l-p(l-S)e-(K1+K3)t](R2-R1) 
6 

(3.2.4) 

Expanding this in a power series in s, one obtains as a 

coefficient of sM the probability of being in state M at 

time t. 
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The moment generating function is obtained from (3.2.4) 

by replacing S by eQ 

[ 1- ( 1-e 9) e - (Kl +K 3 ) t j R l /fl • [ 1-p ( 1-e 9 ) e- (Kl +K 3 ) t J ( R 2-R l ) / ti • 

(3.2.5) 

The mean amount of pollution is once again found from (3.2.5). 

The definition of p was used in the simplification. The mean 

amount of pollution present is 

Mean (3.2.6) 

This result is identical to the mean obtained by Dobbins' (3), 

equation (l.2.2). The second term dominates for small values 

of t and the first term dominates for the larger values of t. 

The variance of the amount of pollution present is also 

found from (3.2.5) 

(3.2.7) 

For R1 = R2 

ter II. 

LA this case reduces to that studied in Chap-

For the marginal probability generating function for 

dissolved oxygen we set S equal to unity in (3.2.3), obtainin•3 
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(1-R)) ,- (3.2.8) 

As stated previously this can be expanded in a power series 

where the coefficient of. RN is the probability that the dis-

solved oxygen is in state N at time t. Negative values of N 

are once again not considered. 

For the moment generating function for dissolved oxygen 

replace R bye in (4.7) obtaining 

M( ,t) =exp La Kl 

6(K1+K 3 ) [K2-CK1+K 3)J 

(l-e-K2t) + DB (l-e-K2t)) [e-•-1) 

(l+ (e-!1) e-J2t] CN 1 _0
2 

6 

6K 2 

(3.2.8) 

From this the mean and variance of the amount of dis-

solved oxygen are found as follows 

Mean • DN,+ 

(l-e-(Kl+K3)t) DB 

R2 
(3.2.9) 

(e-<K1+ K3) t_e-K2t) 
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LaKl (1-e-K2t) + DB (1-e-K2t) 
K2(K2-(K1+K3)] K2 

(e- (K1+K3)t_e-K2t).(l- K1 
K2-(K1+K3) 

(l-q 1e-K2t)]. (3.2.10) 

The mean is identically equal to that of Dobbins (3), equation 

(1.2.4). The terms involving LA and Co are dominant for small 

t. As t increases these terms are "damped out 11 and the others 

become dominant. Similarly for the variance, as t increases 

the importance of the initial conditions is less. For R1=R2= 

LA and D1=n2=co, this case reduces to the one originally 

studied in Chapter II. 

Consider next the estimates for the values of LA, R1 , 

and R2 in the pollution initial condition. From a random 

sample one can get estimates for the mean and variance. This 

would enable two of the three to be estimated, but not the 

third one. The recommended procedure is as followsa esti

mate LA from the observations. Then choose in a reasonable 

manner upper and lower limits R2 and R1 • Perhaps the maximum 
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and minimum values in a random sample would be reasonable 

estimates or better estimates might be LA t 3s where s is a 

sample standard deviation. One obviously outlying value 

should not determine either R2 or R1 • In a similar manner 

estimates of c0, D1 and D2 are obtained. The choice of 

values used for the ranges is not critical, in most cases, 

because with increasing time their effect is diminished. 

The initial mean values do, however, contribute significantly 

to the variance. 

For this case, as with the previous cases, a computer 

program was written to perform the arithmetic involved in 

the use of the formulas. The explanation in section 2.3 is 

a satisfactory explanation of this program also. The print

outs for the two programs are the same. 

The main program for this chapter is Program III in 

Appendix I. The tnree subroutines I, II and III in Appendix 

I must be included when using the main program. 

Because of the additional initial condition parameters 

the input data card for this case must be expanded. The 

parameters that must be specified are K1 , K2, K3, La, DB, 

t:.• <H LA , CN' , Co , R2 , ~ , ~ , and D_i_ • The 
--'!: -e;- t:. t:. A ti --e;-

va l ues follow consecutively on the card with no extra spaces 

in between the parameters. The number of spaces allotted to 

each parameter appears in Table 3.2.l. 
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Table 3.2.1 Arrangement of Data Card 

Number 
Parameter of 

Spaces 

K1 6 Floating l'oint 

K2 6 Floating Point 

K3 6 Floating Poi:lt 

La 6 Floating Point 

DB 6 Floating Point 

ti 6 Floating Point 

a 6 Floating Point 

LA~ 4 Fixed Point 

CN'/t:. 4 Fixed Point 

coA, 4 Fixed Point 

R2A, 4 Fixed Point 

Rl/ll 4 Fixed Point 

D2A, 4 Fixed Point 

D1~ 4 Fixed Point 
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IV• APPLICATIONS TC SACRAMENTO RIVER 

4.1 Description 

The background and data for this chapter come from Bul

letin No. lll of The Resources Agency of California, Depart

ment of Water Resources (10). One of the purposes of the 

report is to describe the conditions of the river with re

gard to organic pollution. The river is in good condition 

to support fish life but the amount of pollution is increas

ing. One reason that the quality must be maintained is that 

five cities use the river for their domestic water supply. 

Also, the river supports a large commercial fishing industry. 

The king salmon is hatched upstream, journeys to the ocean 

where after four years it returns to spawn and die. Any 

single grossly polluted reach could disrupt this process. 

Recreational use of the river is also important. Water con

tact sports are very popular so that the water quality af

fects the public health. Other large recreational opportuni

ties are for boats and sport fishing. 

The organic water pollution is increased by homes and 

towns and by the effluent of municipal sewage treatment 

plants. Industries also furnish organic pollution. Irriga

tion returns increase the mineral content but not the organic 

content of the river to any great extent. 

The Sacramento River begins in northern California, flows 

southward past Sacramento and westward to the Pacific Ocean. 

The quantity of flow is controlled by the Shasta Dam in 

northern California so that the sea water cannot intrude in

land during periods of low rainfall. The upper portion of 

the river passes through mountainous country and there is a 

relatively small amount of pollution entering. The water is 
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cold which allows high concentrations of dissolved oxygen 

and the percent saturation is above 90%. The middle portion 

has some pollution entering from towns and small cities, but 

there is no place where there is a significant source of pol

lution which causes a sag in the dissolved oxygen. The pol

lution from towns is rapidly assimilated and the · river rapid

ly recovers. This reach has many irrigation diversions and 

returns. Also, several rivers flow into the Sacramento in 

this reach. The water temperature continues to increase 

slowly which lowers the maximum solubility levels for dis

solved oxygen. However, the percent saturation still remains 

high. 

The lower portion, which is of special interest, is the 

region from Sacramento to the sea. There is very little ir

rigation water taken and there are no large tributaries. 

There is one large canal which takes water from the river, 

but it has no effect on the present analysis. The pollution 

from the city of Sacramento is large enough to cause a sig

nificant lowering of the oxygen levels below Sacramento. 

The water temperature remains relatively constant throughout 

the reach at about 70 degrees Fahrenheit. Hence it has no 

effect on the present analysis. 

The three reaches were each sampled intensively at dif

ferent seasons of the year, generally between May and October. 

An intensive survey lasts four days and during this time 

measurements of both pollution and dissolved oxygen were 

taken about eight times each day. Unfortunately many of the 

sampling stations measured only dissolved oxygen and not pol

lutionr thus, the data available on pollution was limited. 

The actual measurements are included in the report. 

The data in the report for the lower reach is confounded 

by tidal actions. The tidal action results in flow retardation 
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throughout the reach. The Sacramento pollution enters at 

several points at approximately 50 miles above the mouth of 

the river and there are flow reversals due to tides up to 

approximately 44 miles above the mouth. 

The report suggests that the data be censored so as to 

eliminate (as much as possible) the tidal effect. The method 

recommended in the report was adopted here and is explained 

in the following paragraph. 

The time of low low water at various points was recorded 

as part of the intensive survey. Then by interpolation be

tween these points the time of low low water can be found at 

each sampling station for each day. Then the times of slack 

water were determined by subtracting 30 minutes from the low 

low water times. The data used in this analysis is any data 

taken within one hour of slack water. Each sampling station 

thus contributes a maximum of four points, that is, one per 

day. Many times only three data points were available and 

sometimes only two or one, because no measurements were made 

at times near enough to slack water. 

There are approximately thirty sampling stations which 

are used to give dissolved oxygen data and approximately 

three points per station, see Table 4.1.1. The situation 

with regard to pollution data is not good because as stated 

earlier very few of the 30 sampling stations recorded pollu

tion measurements. With an average of three per station, one 

has only a few points with which to work. Also in this case, 

the initial concentration of pollution was not high enough 

to show a trend. Thus, minor fluctuations affected the shape 

of the curve. The report states that there is a large error 

in the analytical technique of measuring pollution when the 

pollution level is low. Therefore, because of the limited 

number of points and the large measurement variability of 
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Table 4.1.l Sacramento River Data 

River Time of Dissolved River Time of Dissolved 
Mile Travel, Oxygen, Mile Travel, Oxygen, 

da~s ee!!! dais :eem 

so.a 0.s 28.4 1.33 7.4 
8.7 1.5 
8.7 7.6 

49.8 8.5 27.4 1.52 7.3 
a.a 7.0 
8.9 7.6 

48.4 B.6 26.8 1.63 7.1 
8.7 7.3 

47.l 8.5 6.8 
8.7 7.4 
8.9 25.5 1.96 7.3 

46.3 o.oo 8.3 7.5 
8.6 6.8 
8.9 24.·3 2.09 7.2 

45.l 0.05 8.2 7.5 
8.7 6.8 
8.6 7.7 

43.4 0.14 s.o 23.3 2.25 7.6 
8.6 7.1 
8.3 7.3 
8.4 22.3 2.43 7.2 

42.1 0.22 B.l 7.3 
a.o 7.3 
8.4 21.1 2.65 7.2 
8.5 7.7 

41.l 0.29 8.2 8.0 
a.o 7.5 
0.2 20.1 2.83 7.2 

39.8 0.39 7.9 7.7 
1.9 0.2 
s.o 7.6 
8.3 18.8 3.03 7.2 

38.6 0.47 7.7 7.8 
0.0 8.2 

37.2 o.sa 7.9 17.5 4.2 0.1 
7.9 8.5 

35.9 0.68 7.8 8.7 
34.4 o.so B.l 15.1 5.6 8.1 
33.5 0.87 s.o 8.4 

7.9 a.a 
32 .. 5 0.95 7.8 13.4 7.0 0.2 
31.6 1.02 7.9 8.3 

7.7 8.6 
7.8 8.9 

30.l 1.15 7.4 11.1 8.2 8.3 
7.5 B.4 
7.7 
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the points, it was decided not to try to fit a pollution 

curve. The pollution data was used only as a guide to the 

value of LA for the dissolved oxygen prediction. 

The report shows plots of the dissolved oxygen for the 

slack following both high high water and low low water· ·~ It 

shows a definite oxygen sag. Then, in addition, the report 

makes the observation that the scatter of points tends to be 

greatest near the bottom of the sag and smaller near the up-

per levels. This is precisely the form of the variance func

tion derived in earlier chapters. The magnitudes of the 

theoretical and actual variances will be examined later in 

this section. 

4.2 Analysis of ~ Data 

Before the estimates of the parameters are obtained it 

is necessary to decide which set of initial conditions are 

most applicable to these conditions. In the river above 

Sacramento there is only minor pollution from small sources 

along the river. In the area around the city of Sacramento 

a significant amount of pollution is added. This description 

is most closely associated with the assumptions of Chapter 

III, Section 3.1. Hence its results will be used here• The 

probability generating function for oxygen is 

CN' 
P(l,R:t) =exp[( LaKl + ~ ... .)(lR-R)] .R-6.-

hl<2 (K1 +K3) tK2 

and the mean and variance for the amount of dissolved oxygen 

are 
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Mean 

In order to apply the theory of Chapter III the times of 

travel between Sacramento and the sampling stations are needed. 

Time of travel t = 0 was chosen at Mile 46.3. This station 

is approximately where the oxygen begins to decrease. It is 

below the Sacramento Sewage Treatment Plant Outfalls. In 

this river, as in most rivers, the velocity is not constant 

so that the time of travel is not related to river mile by a 

simple equation. For a given flow of water the cross sectional 

area varies inversely with the velocity, see Fair and Geyer 

(6). Using these values and interpolating for intermediate 

points, one obtains the approximate times of travel between 

stations. The cumulative sums give the time of travel. from 

Sacramento. 

The times of travel values are listed in Table 4.1.1. 

The four or five stations nearest the ocean have very small 

velocities of 0.03 feet per second, so that the time of 

travel figures may be less accurate than they are at the 

upper stations. An error in these velocities might change 

the times of travel considerably. The effect would be to 

make two neighboring stations either closer together or 

further apart. However, the recovery is practically com-

plete in this lower stretch, so that the dissolved oxygen 

levels show little change with time of travel. 
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Using only the factors of bacterial reaction with coef

ficient K1 and reaeration with coefficient K2 , the report 

predicts a single value for the dissolved oxygen deficit at 

one point downstream. This prediction is the extent of the 

use of these concepts in the report. The parameters used in 

the present analysis were arrived at in several ways. The 

values are as followss 

K1 0.35 per day 

K2 = 0.75 per day 

0.20 ppm/day 

DB 0.10 ppm/day 

K3 = 0.20 per day 

6.80 ppm. 

The value of K1 is taken directly from the report. Samples 

were taken and the rate of reaction was measured in the 

laboratory. This value is the approximate average. The K2 

value was chosen from within the range of K2 values reported. 

Many of the reported values were negative and therefore im

possible. As would be expected for this type of river the 

K2 value is small. The river is deep so the exposed surface 

area per unit volume is small. The river has a small velo

city and thus the turbulence is small. The three small para

meters KJ, Ds, and La were obtained from pertinent measure

ments of the report, from studying the predicted mean value 

of dissolved oxygen at the extremes of t = 0 and t =m and 

from fitting the curve to the observed data. These values 

are small in this case, so that any error in these would not 

significantly affect the prol:ability distribution. The value 

used for LA was obtained from the BOD data. 

The only unknown remaining to be estimated is the para

meter ~. Since the mean amount of dissolved oxygen is inde

pendent of 6, it cannot be used for the estimate. Thus, the 

estimate will be obtained from the variance function. Using 

the parameters and any downstream point, one can obtain an 
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estimate of ~ by equating the sample and predicted variance. 

Several estimates could be combined to get a pooled estimate. 

For the purpose here the estimate will be obtained from the 

variance function, upstream from t = o. The data in Table 

4.1.l between Mile 50.8 and Mile 47.l was used. The pooled 

sample variance is 0.0298. A~ t = O the predicted variance 

is 0.3036. Thus ~ = 0.10. The downstream data was not used 

for this estimate because it will be used to compare the ob

served variance with the predicted variance. Thus the esti

mate is independent of the data which will be used to test 

the theory. 

The maximum solubility of oxygen in water at 21oc at 

sea level is 9 ppm. These are the conditions under which 

the study was made. As a result~ N' = 9.0. 

This completes the information needed for the proba

bility generating function and hence, the mean and variance 

functions. At any point in time the probability distribu

tion can be given which describes the condition of the 

river. 

The data points for various times of travel ~re plotted 

in Figure 4.2.l along with the predicted mean function and 

the lower 20% and 10% confidence curves. Some points are 

plotted to the left of t = O to sh~w that the mean level is 

steady until the effect of the Sacramento pollution becomes 

apparent. The last three travel times were omitted from 

the figure, because if they were included the time scale 

would be too small for small travel times. These points are 

strongly influenced by tidal action and they are, therefore, 

the least reliable. Table 4.1.1 shows these points to be 

above 8 ppm. The predicted mean rises from e.2 to about a.s. 
Thus the fit is good in this recovery zone. 
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The predicted mean function is the upper curve in Figure 

4.2.1. It fits the data reasonably well. 

If the theoretical distribution is correct, then the 

lower 20 percent confidence curve should have roughly 20 per

cent of the data points below it. An actual count was made 

of the number of points below several such confidence bounds, 

with the results in Table 4.2.1. 

Table 4.2.1. Number of Points Below Confidence Bounds. 

Number 
of Points 

17 

8 

0 

Actual Percent 
of Points 

18 

8.6 

0 

Expected Percent 
of Points 

20 

10 

1 

The total number of data points is 93. It should also be 

noted that in Figure 4.2.l the points below the confidence 

curve are spread out along the time axis and not confined to 

any one region. 

One of the main uses of the results of this investigation 

will be for the determination of confidence bounds under fu-

ture conditions. The agreement above between the actual per

cent and the predicted percent is excellent. There is reason-

able evidence from the data used here that confidence bounds 

will give useful and accurate results. 

There appears to be a slight jump in dissolved oxygen 

concentration in the region of 11 three-fourths day" time of 

travel. More points are needed in this region to make clear 

what is occurring. Nothing in the report gives reason to 

believe that there is a sudden increase in dissolved oxygen. 

For example, one might suspect that this is the confluence 
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of the Sacramento River and another river of higher dissolved 

oxygen, but such is not the case. 

Continuing with Fiqure 4~2.1 one notices that the confi

dence c:qrves are farthest from the mean in the region of the 

bottom of the sag because the variance is larger than at the 

extremes. This is the most critical part of the curve be'Cause 

this is where the fish are most likely to be killed. Thus if 

a person added more pollution purely on the basis that the 

mean level would still allow a healthy fish population, fish 

kills could occur in the sag region because of the large vari

ability about the mean. 

Consider next the variability in the data. From the 

theory developed here, the variance for any time of travel can 

be predicted. The samples from each station provide estimates 

of the variance. However, the small sample sizes result in 

highly variable estimates, but the large number of sampling 

stations enables trends to be detected. 

For the given parameters, Figure 4.2.2 shows a plot of 

the variance function curve for various times of travel. 

At t = O the variance equals 0.03 and this is also the limit

ing value of the variance for large t. The variance is 

greatest in the region of the oxygen sag which is the cause 

of the widened confidence limit previously discussed in 

Figure 4.2.1. Also plotted in Figure 4.2.2 are the sample 

variances from the data. Difterent markings are used to de

note sample variances obtained from samples of size two, 

three and four. Even a sample of size four is small, so it 

is expected that the points in the figure will "bounce 

around" considerably. If one considers only the points where 

the sample size is four, the points are reasonably close to 

the curve. As stated when discussing Figure 4.2.1, the 

region around one day time of travel needs more data points 

so that the situation can be better understood. It appears 
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in Figure 4.2.2 that the within station variability i• •mall 

and Figure 4.2.l indicates a high between station variability. 

Also an investigation might reveal that stations do not have 

the same analytical errors in their measurements. 

In conclusion it can be said that bOth the sample and 

predicted variances start at small values, increase to a 

maximum and then decrease. 

With sample sizes less than five the range can often 

give a good indication of variability. Hence, it was decided 

to use a control chart for ranges to indicate the approximate 

expected ranges and 3d limits. These are approximate be

cause the theory of control charts is based on normal dis

tribution theory. The data is from a non-normal population 

which has some skewness and a finite range. The sample range 

and the predicted mean range should be reasonably close, but 

one would not expect the larger ranges with truncated data 

that may be encountered with normally distributed data. 

The predicted value for the ~ean range is found by mul

tiplying the predicted a by d2 and the upper control limit 

is D2 0 • All lower control limits are zero. The multiplier 

d2 is defined as the expected value of the range divided by 

a and for normally distributed data d2 is a function only 

of the sample size. The upper control limit or 3 a. limit 

is d2o + 30 R where" R is the standard deviation of the range. 

The variance aR equals a times a function of the sample size 

for a normal population. Hence, the upper control limit i• 

given by D20 where D2 is a function of the sample size only. 

The probabili'ty of having a value above the 30 limit is o.oos. 

The lower 3 o limit is similarly defined, but for small sample 

sizes this limit is negative. Thus a zero value for the 

lower limit is chosen. 
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Figure 4.2.3 is a control chart for ranges with a known 

population variance. Note that the time scale is changed 

f ran the upper to the lower portion. In general, tl",e sample 

points are near and on both sides of the expected range cen

ter line. None of the points are out of control which is due 

·to the fact that the population is truncated, especially on 

the upper side. This should be clarified in that it is possi

ble in daylight with photosynthesis to get concentrations of 

dissolved oxygen higher than 9 ppm, but it is known that 

photosynthesis is not occurring to such an extent in this 

river. 

The points to the left of t = O have the same predicted 

variance as the points at t • o. They are included in the 

control chart as an indication that the variability is at a 

constant level until the oxygen begins to sag from the city 

of Sacramento pollution. 

The next point of interest in Figure 4.2.3 is the region 

in the vicinity of one day of travel. There is a run of 

several points below the predicted range. This is the region 

discussed previously in connection with Figure 4.2.1 of the 

dissolved oxygen mean level. Although . the variability within 

stations appears to be small on the control chart, Figure 

4.2.1 shows that there is considerable variability between 

stations. Perhaps more data in this region would show less 

abrupt changes in the mean level between stations and more 

variability within each sampling station. There are several 

stations which contribute only one data point and thus do 

not appear on the control chart. More data at these points 

would have been most helpful. 

The data in the control chart show that the variability 

i• large near the sag portion and smaller before the sag and 

after the river recovers. Thia is the conclusion reached 

theoretically and plotted in Figure 4.2.2. 
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This completes the analysis of the data. The theoretical 

results have been verified by this data as well as can be ex

pected. More data is needed for parameter and time of travel 

estimation. It would be preferable to space the stations more 

evenly according to time of travel, that is, fewer stations 

at the higher velocities near Sacramento and more stations 

further downstream. 

4.3 Applications E2 ~ Situations 

The theory developed in this dissertation has been used 

to describe the Sacramento River dissolved oxygen profile. 

The next question concerns future population and industrial 

growth and its affect on the river. With new sets of para

meters the resulting new profile can be predicted. There are 

many possible changes that are reasonable to consider, and 

one such change will be considered here. 

Suppose that the pollution from the city of Sacramento 

were to increase to a higher level, that is LB, the increase 

over ordinary river amounts, was at a value of 15 ppm. Sup

pose also that pollution coming in from the sides, denoted 

by La, increased. The parameter La is defined as the change 

in level of the entire river by the pollution from the sides 

in one day. Because of the large flow or quantity of water 

in the river it takes a lot of pollution to raise its level. 

Hence it is reasonable that La was small in the last section 

and the value used now will be only La = o.so. However, al

though it takes a lot of pollution to increase the river level, 

it takes a lot of change to improve the river condition when 

the sag becomes too great. 

With these two changes in the parameters from Section 

4.2, the parameters are now 

K1 = 0.35 per day 0.10 ppm/day 
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K2 = 0.75 per day 

La o.so ppm/day 

K3 = 0.20 per day 

LB • 15 ppm. 

These new parameters were used in the computer program and 

the new profile obtained. The complete printout is in Table 

4.3.1. Looking at the probability mass densities first, 

it is evident at what concentrations the stream is most like

ly to be found. Also the probabilities of extreme values are 

given. By finding the cumulative probabilities one can find 

the concentration corresponding to a given cumulative proba

bility and one can also find the probability of being below 

a given concentration. The shape of the distribution can be 

seen from a plot of the probabilities. 

Figure 4.3.l shows plots of the pollution and dissolved 

oxygen mass densities for a time of travel of two days. The 

pollution plot is unimodal and at this point is almost sym

metrical. Other plots will show some skewness at the two ex

tremes of travel times. The dissolved oxygen plot is also 

symmetrical, but other plots show some skewness at the ex

tremes because of truncation. The lower scales are the same, 

so that the higher maximum of the dissolved oxygen shows that 

it has a smaller variance. 

Figure 4.3.2 shows both the pollution and oxygen means 

plotted versus time of travel and also their corresponding 

10 per cent confidence bounds. Note that the scales for the 

two concentrations are different, which makes the pollution 

confidence bound seem closer to the mean. The pollution 

mean is just a simple exponential decay and because of La 

it does not have zero as its lower limit. The dissolved 

oxygen profile is similar to the profile obtained in the 

previous section except that it starts lower and has a lower 

minimum. 
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Table 4.3.1. Computer Printout For Future Conditions 

TIMB OP TRAVEL IN mys • 1 

PROB&BILITY MASS DENSITIES FOR POLLUTION 
PROBABILITY OF HAVING 7.00 PPM = 0.0000 
PROBABILITY OP HAVING 7.10 PPM • 0.0001 
PROBABILITY OF HAVING 7.20 PPM• 0.0001 
PROBABILITY OP HAVING 7.30 PPM• 0.0002 
PROBABILITY OF HAVING 7.40 PPM• 0.0003 
PROBABILITY or HAVING 7.50 PPM • o.ooos 
PROBABILITY OF HAVING 7.60 PPM • 0.0008 
PROBABILITY OF HAVING 7.70 PPM• 0.0013 
PROBABILITY OF HAVINl 7.80 PPM• 0.0019 
PROBABILITY OF HAVING 7.90 PPM• 0.0028 
PROBABILITY OF HAVINl 0.00 PPM • o.0040 
PROBABILITY OF HAVING s.10 PPM • o.0056 
PROBABILITY OF HAVING 8~20 PfM • 0.0077 
PROBABILITY OF HAVING 8.30 PPM = 0.0103 
PROBABILITY or HAVING B.40 PPM • 0.0134 
PROBABILITY OP HAVING a.so PPM • 0.0172 
PROBABILITY or HAVING 8.60 PPM • 0.0215 
PROBABILITY OP HAVING 8.70 PPM • 0.0262 
PROBABIL.ITY OF HAVING a.so PPM • 0.0313 
PROBABILITY OF HAVING 8.90 PPM • 0.0366 
PROBABILITY OF HAVING 9.00 PPM • 0.0419 
PROBABILITY OP HAVING 9.10 PPM • 0.0468 
PROBABILITY OF HAVING 9.20 PPM = 0.0512 
PROBABILITY OF HAVIOO 9.30 PPM • 0.0548 
PROBABILITY OF HAVING 9.40 . PPM • 0.0574 
PROBABILITY OP HAVING 9.50 PPM • 0.0588 
PRO:ellBILITY OF HAVING 9.60 PPM = 0.0589 
PROBABILITY OF HAVING 9.70 PPM• 0.0577 
PROBABILITY OP HAVING 9.80 PPM • 0.0554 
PROBABILITY OF HAVING 9.90 PPM • 0.0520 
PROMBILITY OP HAVING 10.00 PPM = 0.0478 
PROBABILITY OP HAVING 10.10 PPM • 0.0429 
PROBABILITY or HAVING 10.20 PPM • 0.0377 
PROBABILITY OP HAVING 10.30 PPM = 0.0325 
PROBABILITY OF HAVING 10.40 PPM = 0.0274 
PROBABILITY OF HAVING lo.so PPM = 0.0226 
PROBABILITY OP HAVING 10.60 PPM • 0.0182 
PROBABILITY OP HAVING 10.70 PPM • 0.0144 
PROBABILITY or HAVING 10.80 PPM 0.0111 
PROBABILITY OF HAVING 10.90 PPM • 0.0084 
PROBABILITY OP HAVIOO 11.00 PPM • 0.0062 
PROBABILITY OP HAVING 11.10 PPM = 0.0045 
PROBABILITY OF HAVING 11.20 PPM • 0.0032 
PROBABILITY OP HAVING 11.30 PPM • 0.0022 
PROBABILITY OP HAVING 11.40 PPM • 0.0015 
PROBt.BILITY OP HAVING 11.50 PPM = 0.0010 
PRO~BILITY OF HAVING 11.60 PPM • 0.0006 
PROBABILITY OF HAVING 11.70 PPM• 0.0004 
PROBABILITY OF HAVING 11.80 PPM • 0.0003 
PROBt.BILITY OP HAVIOO 11.90 PPM • 0.0002 
PROBABILITY OP HAVING 12.00 PPM • 0.0001 
PROBABILITY OF HAVING 12.10 PPM= 0.0001 
PROBABILITY OF HAVING 12.20 PPM • 0.0000 

MEAN • 9.56 VARIANCE = 0.4570 
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Table 4.3.1 Continued 

PROMBILITY OP HAVING MORE THAN 10.40 PPM = 0.0949 
PROMBILITY OP HAVING MORB THAN 10.30 PPM = 0.1223 

TIME OF TRAVEL IN mys = 1 
PROMBILITY MASS DBNSITIBS POR OXYGEN 
PROBABILITY OF HAVING 7 .60 PPM • 0.·0000 
PROMBILITY OF HAVING 7.50 PPM • 0.0001 
PROBA.BILITY 01' HAVING 7.40 PPM • 0.0002 
PROBABILITY OF HAVING 7.30 PPM• 0.0004 
PROBABILITY OP HAVING 7.20 PPM = 0.0009 
PROBA.BILITY 01' HAVING 7.10 PPM• 0.0017 
PROBA.BILITY OF HAVING 7.00 PPM• 0.0030 
PROBA.BILITY OP' HAVING 6.90 PPM • 0.0050 
PROBA.BILITY OF HAVING 6.80 PPM • 0.0080 
PROBA.BILITY OF HAVING 6.70 PPM• 0.0122 
PROBA.BILITY OF HAVING 6.60 PPM = 0.0177 
PROBA.BILITY OP' HAVING 6.50 PPM • 0.0245 
PROBA.BILITY OF HAVING 6.40 PPM • 0.0325 
PROMBILITY OF HAVING 6.30 PPM • 0.0413 
PROBA.BILITY OF HAVING 6.20 PPM = 0.0503 
PROBA.BILITY OF HAVING 6.10 PPM = 0.0588 
PROBA.BILITY OF HAVING 6.00 PPM • 0.0662 
PROBA.BILITY OF HAVING 5.90 PPM • 0.0717 
PROBABILITY OF HAVING 5.80 PPM • 0.0748 
PROMBILITY OP' HAVING 5.70 PPM= 0.0752 
PROMBILITY OF HAVING 5.60 PPM • 0.0731 
PROBA.BILITY OP HAVING 5.50 PPM • 0.0686 
PROBi\BILITY OF HAVING 5.40 PPM = 0.0622 
PROBi\BILITY OP HAVING S.30 PPM = 0.0547 
PROMBILITY OP HAVING 5.20 PPM • 0.0465 
PROBi\BILITY OF HAVING 5.10 PPM = 0.0383 
PROBA.BILITY OF HAVING 5.00 PPM • 0.0306 
PROMBILITY OF HAVING 4.90 PPM = 0.0237 
PROBi\BILITY OF HAVING 4.80 PPM = 0.0178 
PROBABILITY OF HAVING 4.70 PPM• 0.0130 
PROBi\BILITY OF HAVING 4.60 PPM • 0.0093 
PROBi\BILITY OP HAVING 4.so PPM • 0.0064 
PROBABILITY OF HAVING 4.40 PPM = 0.0043 
PROMBILITY OP HAVING 4.30 PPM • 0.0028 
PROBi\BILITY OF HAVING 4.20 PPM = 0.0018 
PROBA.BILITY OP HAVING 4.10 PPM = 0.0011 
PROBA.BILITY OP HAVING 4.00 PPM • 0.0007 
PROBABILITY OP HAVING 3.90 PPM = 0.0004 
PROBABILITY OF HAVING 3.80 PPM • 0.0002 
PROMBILITY OF HAVING 3.70 PPM• 0.0001 
PROBi\BILITY OF HAVING 3.60 PPM • 0.0001 
PROBA.BILITY OF HAVING ~.so PPM = 0.0000 

MEAN• 5.70 VARIANCE • 0.3016 

PROBA.BILITY OF HAVING LBSS THAN 5.10 PPM = 0.1124 
PROBABILIT;< OF HAVING LESS THAN 5.00 PPM • 0.0818 

TIME OF TRAVEL IN mys - 2 

PROBABILITY MASS DENSITIES FOR POLLtrl'tON 
PROMBILITY OF HAVING 3.50 PPM • 0.0000 
PROBABILITY OF HAVING 3.60 PPM • 0.0001 
PROBA.BILITY OF HAVING 3.70 PPM= O.OOOl 
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Table 4.3.1 Continued 

PRO:eABILITY OF HAVING 
PRO:eABILITY .OF HAVING 
PRO:eABILITY 01" HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OP HAVING 
PRO:eABILITY OP HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILI'l'Y OP' HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PRO:eABILITY OF HAVING 
PROMBILITY OF HAVING 
PRO:eABILITY OP' HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILITY OP HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PROBABILITY OP' HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILITY OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PROMBILI'l'Y OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILI'l'Y OF HAVING 
PRO:eABILITY OF HAVING 
PROMBILITY OF HAVING 
PROBABILITY OF HAVING 
PRO:eABILITY OP' HAVING 
PRO:eABILITY OF HAVING 
PROBABILITY OF HAVING 
PROEl\BILI'l'Y OF HAVING 
PRO:eABILITY OF HAVING 
PROMBILITY OF HAVING 
PRO:eABILITY OF HAVING 
PROMBILITY OF HAVING 
PROMBILITY OF HAVING 
PROM~ILI'l'Y OF HAVING 

3.80 PPM • 0.0002 
3.90 PPM • 0.0004 
4.00 PPM = 0.0007 
4.10 PPM • 0.0011 
4.20 PPM = 0.0017 
4.30 PPM = O.C027 
4.40 PPM = 0.0040 
4.5o PPM = 0.0050 
4.60 PPM = 0.0081 
4.70 PPM• 0.0111 
4.80 PPM = 0.0147 
4.90 PPM = 0.0197 
5.00 PPM = 0.0239 
5.10 PPM • 0.0294 
5.20 PPM = 0.0351 
5.30 PPM = 0.0410 
5.40 PPM = 0.0466 
5.50 PPM · = 0.0516 
5.60 PPM = 0.0558 
5.70 PPM= O.OS90 
5.80 PPM a 0.0608 
S.90 PPM = 0.0612 
6.00 PPM = 0.0602 
6.10 PPM = O.OS78 
6.20 PPM • 0.0543 
6.30 PPM = 0.0498 
6.40 PPM = 0.0447 
6.SO PPM = 0.0393 
6.60 PPM = 0.0337 
6.70 PPM= 0.0283 
6.80 PPM = 0.0233 
6.90 PPM = 0.0187 
7.00 PPM= 0.0148 
7.10 PPM = 0.0114 
7.20 PPM= 0.0086 
7.30 PPM a 0.0064 
7.40 PPM= 0.0046 
7.SO PPM= 0.0033 
7.60 PPM • 0.0023 
7.70 PPM• 0.0016 
7.80 PPM= 0.0010 
7.90 PPM• 0.0007 
8.00 PPM = 0.0004 
8.10 PPM = 0.0003 
8.20 PPM = 0.0002 
8.30 PPM = 0.0001 
8.40 PPM • 0.0001 
a.so PPM = 0.0000 

MEAN • 5.90 VARIANCE 0.4240 

PRO:eABILI'l'Y OF HAVING MORE THAN 6.70 PPM= 0.0977 
PROBr\BILI'l'Y OF HAVING MORE THAN 6.60 PPM = 0.1260 

TIME OF TRAVEL IN I».YS = 2 

PROBA.BILI'l'Y MASS DENSITIES FOR Or.lGEN 
PROMBILI'l'Y OF HAVING 7 .SO PPM = 0.0000 
PRO:eABILI'l'Y OF HAVING 7.40 PPM = 0.0001 
PROBA.BILI'l'Y OF HAVING 7.30 PPM= 0.0002 
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Table 4.3.1 Continued 

PROBABll.ITY OF HAVING 7 .• 20 PPM = o.0004 
PROBABll.ITY OF HAVING 7.10 PPM = 0.0000 
PROBABll.ITY OF HAVING 1.00 PPM :: 0.0015 
PROBABll.ITY OF HAVING 6.90 PPM 0.0027 
PROBABll.ITY OF HAVING 6.80 PPM = 0.0045 
PROBABll.ITY OF HAVING 6.70 PPM = 0.0073 
PROBABll.ITY OF HAVING 6.60 PPM 0.0111 
PROBABILITY OF }:!AVING 6.50 PPM = 0.0161 
PROBABll.ITY OF ·HAVING 6.40 PPM = 0.0225 
PROBABll.ITY OF HAVING 6.30 PPM 0.0299 
PROBABll.ITY OF HAVING 6.20 PPM = 0.0383 
PROBABILITY OF HAVING 6.10 PPM = 0.0470 
PROBABILITY OF HAVING 6.oo PPM = 0.0555 
PROBABll.ITY OF HAVING S.90 PPM 0.0631 
PROBABll.ITY OF HAVING 5.00 PPM = 0.0690 
PROBABILITY OF HAVING 5.70 PPM = 0.0729 
PROBABll.ITY OF HAVING 5.60 PPM = 0.0742 
PROBABILITY OF HAVING 5.50 PPM = 0.0731 
PROBABILITY OF HAVING 5.40 PPM 0.0695 
PROBABILITY OF HAVING 5.30 PPM = 0.0640 
PROBABILITY OF HAVING 5.20 PPM = 0.0571 
PROBABILITY OF HAVING 5.10 PPM = 0.0493 
PROBABll.ITY OF HAVING 5.00 PPM = 0.0413 
PROBABILITY OF HAVING 4.90 PPM o.0335 
PROBABILITY OF HAVING 4.80 PPM 0.0264 
PROBABILITY OF HAVING 4.70 PPM 0.0202 
PROBABILITY OF HAVING 4.60 PPM = 0.0151 
PROBABILITY OF HAVING 4.50 PPM = 0.0109 
PROMBILITY OF HAVING 4.40 PPM = 0.0011 
PROBABILITY OF HAVING 4.30 PPM = 0.0052 
PROBABILITY OF HAVING 4.20 PPM = 0.0035 
PROBABILITY OF HAVING 4.10 PPM 0.0023 
PROBABILITY OF HAVING 4.00 PPM a 0.0014 
PROBABILITY OF HAVING 3.90 PPM = 0.0009 
PROBABILITY OF HAVING 3.80 PPM o.ooos 
PROBABILITY OF HAVING 3.70 PPM = 0.0003 
PROBABILITY OF HAVING 3.60 PPM = 0.0002 
PROBABILITY OF HAVING 3.50 PPM = 0.0001 
PROBABILITY OF HAVING 3.40 PPM = 0.0001 
PROBABILITY OF HAVING 3.30 PPM = 0.0000 

MEAN = 5.56 VARIANCE = 0.3122 

PROBABILITY OF HAVING LESS THAN 5.00 PPM = 0.1284 
PROBABILITY OF HAVING LESS THAN 4.90 PPM 0.0949 

TIME OF TRAVEL IN DAYS = 3 

PROBABILITY MASS DENSITIES FOR POLLUTION 
PROBABILITY OF HAVING 1.70 PPM 0.0000 
PROBABILITY OF HAVING 1.80 PPM = 0.0001 
PROBABILITY OF HAVING 1.90 PPM 0.0001 
PROBABILITY OF HAVING 2.00 PPM 0.0003 
PROBABILITY OF HAVING 2.10 PPM 0.0005 
PROBABILITY OF HAVING 2.20 PPM = 0.0010 
PROBABILITY OF HAVING 2.30 PPM 0.0017 
PROBABILITY OF HAVING 2.40 PPM 0.0029 
PROBABILITY OF HAVING 2.50 PPM 0.0047 
PROBABILITY OF HAVING 2.60 PPM 0.0073 
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Table 4.3.1 Continued 

PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBA.BILITY OF HAVINq 
PROBABILITY OF HAVING 
PROBABILITY QF HAVING 
PROBABILITY OF HAVING 
PROBA.BILITY OF HAVING 
PROBA.BILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF aAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROMBILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 
PROBABILITY OF HAVING 

2.70 PPM= 0.0109 
2.00 PPM = 0.0154 
2.90 PPM = 0.0211 
3.00 PPM = 0.0277 
3.10 PPM • 0.0351 
3.20 PPM = 0.0428 
3.30 PPM 0.0505 
3.40 PPM = 0.0575 
3.50 PPM = 0.0634 
3.60 PPM = 0.0676 
3.70 PPM= 0.0698 
3.80 PPM • 0.0699 
3.90 PPM = 0.0679 
4.00 PPM = 0.0640 
4.10 PPM = 0.0586 
~.20 PPM = 0.0521 
4.30 PPM 0.0450 
4.40 PPM = 0.0379 
4.50 PPM = 0.0310 
4.60 PPM = 0.0248 
4.70 PPM= 0.0192 
4.80 PPM = 0.0146 
4.90 PPM = 0.0108 
5.00 PPM 0.0078 
5.10 PPM = 0.0055 
5.20 PPM = 0.0037 
5.30 PPM = 0~0025 
5.40 PPM = 0.0016 
5.50 PPM = 0.0011 
5.60 PPM = 0.0007 
5.70 PPM = 0.0004 
5.80 ~PM 0.0002 
5.90 PPM 0.0001 
6.00 PPM = 0.0001 
6.10 PPM = 0.0000 

MEAN= 3.79 VARIANCE = 0.3237 

PROBABILITY OF HAVING MORE THAN 4.50 PPM = 0.0931 
PROBABILITY OF HAVING MORE THAN 4.40 PPM = 0.1242 

TIME OF TRAVEL IN DAYS = 3 

PROBABILITY MASS DENSITIES FOR OXYGEN 
PROBABILITY OF HAVING 0.00 PPM = 0.0000 
PROBABILITY OF HAVING 7.90 PPM 0.0001 
PROBABILITY OF HAVING 7.ao PPM • 0.0002 
PROBABILITY OF HAVING 7.70 PPM = 0.0004 
PROBABILITY OF HAVING 7.60 PPM • 0.0008 
PROBABILITY OF HAVING 7.50 PPM = 0.0016 
PROBABILITY OF HAVING 7.40 PPM = 0.0029 
PROBABILITY OF HAVING 7.30 PPM= 0.0052 
PROBl\BILITY OF HAVING 7.20 PPM 0.0087 
PROBl\BILITY OF HAVING 7.10 PPM = 0.0136 
PROBl\BILITY OF HAVING 7.oo PPM= 0.0201 
PROBl\BILITY OF HAVING 6.90 PPM = 0.0282 
PROBABILITY OF HAVING 6.80 PPM 0.0376 
PROBABILITY OF HAVING 6.70 PPM 0.0478 
PROBl\BILITY OF HAVING 6.60 PPM = 0.0579 
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Table 4.3.l Continued 

PROBABILITY OF HAVING 6.50 PPM • 0.0669 
PROBABILITY OF HAVING 6.40 PPM = 0.0741 
PROBABILITY OF HAVING 6.30 PPM = 0.0786 
PROBABILITY OF HAVING 6.20 PPM = 0.0000 
PROBABILITY OF HAVING 6.10 PPM = 0.0782 
PROBABILITY OF HAVING 6.00 PPM • 0.0736 
PROBABILITY OP' HAVING S.90 PPM = 0.0667 
PROBABILITY OP' HAVING s.00 PPM = 0.0582 
PROBABILITY OF HAVING 5.70 PPM= o.0491 
PROBABILITY OF HAVING 5.60 PPM = 0.0399 
PROBABILITY OF HAVING 5.50 PPM = 0.0314 
PROBABILITY OP HAVING 5.40 PPM = 0.0239 
PROBABILITY OF HAVING 5.30 PPM = 0.0176 
PROBABILITY OF HAVING 5.20 PPM 11 0.0126 
PROBABILITY OF HAVING 5.10 PPM • 0.0087 
PROMBll.ITY OP' HAVING 5.00 PPM • 0.0050 
PROMBll.ITY OF HAVING 4.90 PPM = 0.0038 
PROMBILITY OF HAVING 4.80 PPM = 0.0024 
PROM.BILITY OP' HAVING 4.70 PPM = 0.0015 
PROMBILITY OF HAVING 4.60 PPM = 0.0009 
PROMBll.ITY OP' HAVING 4.50 PPM = o.0005 
PROMBILITY OF HAVING 4.40 PPM = 0.0003 
PROBABIL!TY OF HAVING 4.30 PPM = 0.0002 
PROBABILITY OF HAVING 4.20 PPM = 0.0001 
PROBABILITY OF HAVING 4.10 PPM = Q.0000 

MEAN • 6.17 VARIANCE = 0.2635 

PROBABILITY OP' HAVING LESS THAN 5.60 PPM = 0.1098 
PROMBILITY OP HAVING LESS THAN 5.50 PPM = 0.0784 

TIME or TRAVEL IN D>'YS = 4 

PROMBILITY MASS DENSITIES P'OR POLLtn'ION 
PROMBILITY OF HAVING 0.00 PPM = 0.0000 
PROBABILITY OF HAVING 0.90 PPM = 0.0001 
PROBABILITY OF HAVING 1.00 PPM = 0.0002 
PROMBILITY OP HAVIOO 1.10 PPM = 0.0004 
PROBABILITY OF HAVING 1.20 PPM = 0.0009 
PROMBILITY OF HAVING 1.30 PPM = 0.0019 
PROBABILITY OF HAVING 1.40 PPM = 0.0036 
PROBABILITY OF HAVING 1.50 PPM = 0.0064 
PROBA.BILITY OF HAVING 1.60 PPM = 0.0106 
PROBABILITY OF HAVING 1.70 PPM • 0.0164 
PROMBILITY OF HAVING 1.80 PPM :; 0.0241 
PROBABILITY OF HAVING 1.90 PPM 0.0304 
PROBABILITY OF HAVING 2.00 PPM = 0.0438 
PROBABILITY OF HAVING 2.10 PPM • 0.0546 
PROMBILITY OF HAVING 2.20 PPM = 0.0647 
PROBA.BILITY OF HAVING 2.30 PPM 0.0731 
PROBABILITY OF HAVING 2.40 PPM = 0.0799 
PROMBILITY OF HAVING 2.so PPM = 0.0916 
PROBABILITY OF HAVING 2.60 PPM = 0.0000 
PROBABILITY OF HAVING 2.10 PPM 0.0769 
PROBABILITY OF HAVING 2.80 PPM 0.0703 
PROBABILITY OF HAVING 2.90 PPM 0.0619 
PROBABILITY OF HAVING 3.00 PPM = 0.0525 
PROBABILITY OF HAVING 3.10 PPM 0.0430 
PROBABILITY OF HAVING 3.20 PPM 0.0340 
PROBABILITY OF HAVING 3.30 PPM = 0.0260 
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Table 4.3.l Continued 

PROBABILITY OF HAVING 3.40 PPM = 0.0182 
PROBABILITY OF HAVING 3.50 PPM 0.0138 
PROBABILITY OF HAVING 3.60 PPM 0.0096 
PROBABll..ITY OF HAVING 3.70 PPM 0.0064 
PROBABILITY OF HAVING 3.80 PPM 0.0042 
PROBABILITY OF HAVING 3.90 PPM = 0.0027 
PROBABILITY OF HAVING 4.00 PPM 0.0011 
PROBABILITY OF HAVING 4.10 PPM = 0.0010 
PROBABILITY OF HAVING 4.20 PPM = 0.0006 
PROBABll..ITY OF HAVING 4.30 PPM o.0003 
PROBABILITY OF HAVING 4.40 PPM = 0.0002 
PROBABILITY OF HAVING 4.50 PPM 0.0001 
PROBABILITY OF HAVING 4.60 PPM = 0.0001 
PROBABILITY OF HAVING 4.70 PPM = 0.0000 

MEAN = 2 .57 VARIANCE = 0.2387 

PROBABILITY OF HAVING MORE THAN 3.20 PPM = 0.0859 
PROBABILITY OF HAVING MORE THAN 3.10 PPM 0.1199 

TIME OF TRAVEL IN Dl\YS = 4 

PROBABILITY OF HAVING 8.40 PPM = 0.0000 
PROBABll..ITY OF HAVING 8.30 PPM 0.0001 
PROBABILITY OF HAVING 0.20 PPM 0.0003 
PROBABILITY OF HAVING a.10 PPM = 0.0009 
PROBABILITY OF HAVING a.co PPM = 0.0020 
PROBABILITY OF HAVING 7.90 PPM = 0.0041 
PROBABILITY OF HAVING 7.80 PPM = 0.0011 
PROBABILITY OF HAVING 7.70 PPM = 0.0132 
PROBABILITY OF HAVING 7.60 PPM 0.0211 
PROBABILITY OF HAVING 7.50 PPM = 0.0313 
PROBABILITY OF. HAVING 7.40 PPM = 0.0434 
PROBABILITY OF HAVING 7.30 PPM = 0.0563 
PROBABILITY OF HAVING 7.20 PPM 0.0688 
PROBABILITY OF HAVING 7.10 PPM = 0.0793 
PROBABILITY OF HAVING 7.00 PPM = 0.0865 
PROBABILITY OF HAVING 6.90 PPM = 0.0895 
PROBABILITY OF HAVING 6.80 PPM = 0.0880 
PROBABILITY OF HAVING 6.70 PPM = 0.0825 
PROBABILITY OF HAVING 6.60 PPM = 0.0738 
PROBABILITY OF HAVING 6.50 PPM = 0.0631 
PROBABILITY OF HAVING S.40 PPM = 0.0517 
PROBABILITY OF HAVING 6.30 PPM 0.0406 
PROBABILITY OF HAVING 6.20 PPM 0.0306 
PROBABILITY OF HAVING 6.10 PPM 0.0222 
PROBABILITY OF HAVING 6.00 PPM = 0.0155 
PROBABILITY OF HAVING 5.90 PPM = 0.0105 
PROBABILITY OF HAVING 5.80 PPM 0.0068 
PROBABILITY OF HAVING 5.70 PPM = 0.0043 
PROBABILITY OF HAVING S.60 PPM = 0.0026 
PROBABILITY OF HAVING 5.50 PPM = o.001s 
PROBABILITY OF HAVING S.40 PPM = 0.0009 
PROBABILITY OF HAVING 5.30 PPM = o.ooos 
PROBABILITY OF HAVING s.20 PPM= 0.0003 
PROBABILITY OF HAVING s.10 PPM = 0.0001 
PROBABILITY OF HAVING s.oo PPM = 0.0001 
PROBABILITY OF HAVING 4.90 PPM = 0.0000 
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Table 4.3.1 Continued 

MEAN = 6.94 VARIANCE = 0.2062 

PROBABILITY OF HAVING LESS THAN 6.40 PPM = 0.1365 
PROBABILITY OF HAVING LESS THAN 6.30 PPM = 0.0959 

TIME OF TRAVEL IN I»lYS = 5 

PROBABILITY MASS DENSITIES FOR POLLUTION 
PROBABILITY OF HAVING 0.40 PPM 0.0000 
PROMBILITY OF HAVING o.so PPM = 0.0001 
PROBABILITY OF HAVING 0.60 PPM = 0.0004 
PROBABILITY OF HAVING 0.10 PPM = 0.0011 
PROBABILITY OF HAVING 0.00 PPM = 0.0026 
PROBABILITY OF HAVING 0.90 PPM o.ooss 
PROBi\BILITY OF HAVING 1.00 PPM 0.0104 
PROBABILITY OF HAVING 1.10 PPM ;: 0.0179 
PROMBILITY OF HAVING 1.20 PPM 0.0202 
PROMBILITY OF HAVING 1.30 PPM = 0.0411 
PROBABILITY OF HAVING 1.40 PPM = 0.0553 
PROBABILITY OF HAVING 1.50 PPM = 0.0695 
PROMBILITY OF HAVING 1.60 PPM 0.0817 
PROMBILITY OF HAVING 1.70 PPM = 0.0902 
PROMBILITY OF HAVING 1.80 PPM = 0.0939 
PROBABILITY OF HAVING 1.90 PPM 0.0924 
PROBi\BILITY OF HAVING 2.00 PPM o.oa63 
PROBi\BILITY OF HAVING 2.10 PPM 0.0166 
PROBABILITY OF HAVING 2.20 PPM = 0.0647 
PROMBILITY OF HAVING 2.30 PPM 0.0522 
PROBABILITY OF HAVING 2.40 PPM = 0.0403 
PROMBILITY OF HAVING 2.so PPM 0.0299 
PROBi\BILITY OF HAVING 2.60 PPM = 0.0212 
PROMBILITY OF HAVING 2.70 PPM 0.0145 
PROBi\BILITY OF HAVING 2.80 PPM = 0.0095 
PROEABILITY OF HAVING 2.90 PPM 0.0060 
PROMBILITY OF HAVING 3.00 PPM 0.0037 
PROMBILITY OF HAVING 3.10 PPM = 0.0022 
PROMBILITY OF HAVING 3.20 PPM = 0.0012 
PROMBILITY OF HAVING 3.30 PPM = 0.0001 
PROMBILITY OF HAVING 3.40 PPM = 0.0004 
PROBi\BILITY OF HAVING 3.50 PPM 0.0002 
PROBlt.BILITY OF HAVING 3.60 PPM = 0.0001 
PROMBILITY OF HAVING 3.70 PPM 0.0000 

MEAN = 1.87 VARIANCE = 0.1807 

PROMBILITY OF HAVING MORE THAN 2.40 PPM 0.0896 
PROMBILITY OF HAVING MORE THAN 2.30 PPM = 0.1300 

TIME OF TRAVEL IN MYS = 5 

PROMBILITY MASS DENSITIES FOR OXYGEN 
PROMBILITY OF HAVING 8.70 PPM= 0.0001 
PROBABILITY OF HAVING 8.60 PPM = 0.0002 
PROBABILITY OF HAVING a.so PPM = 0.0001 
PROMBILITY OF HAVING 8.40 PPM = 0.0020 
PROBABILITY OF HAVING 8.30 PPM = 0.0048 
PROMBILITY OF HAVING 8.20 PPM 0.0100 
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Table 4.3.l Continued 

PROBABILITY OF HAVING 0.10 PPM = 0.0184 
PROBABILITY OF HAVING 0.00 PPM = 0.0305 
J?ROBABILITY OF HAVING 7.90 PPM = 0.0457 
PROBABILITY OF HAVING 7.80 PPM = 0.0626 
PROBABILITY OF HAVING 7.70 PPM = 0.0789 
PROBABILITY OF HAVING 7.60 PPM = 0.0921 
PROBABILITY OF HAVING 7.50 PPM = 0.1000 
PROBABILITY OF HAVING 7 .40 PPM = 0.1015 
PROBABILITY OF HAVING 7.30 PP~ = 0.0966 
PROBABILITY OF HAVING 7.20 PPM = 0.0867 
PROBABILITY OF HAVING 7.10 PPM = 0.0734 
PROBABILITY OF HAVING 1.00 PPM = 0.0589 
PROBABILITY OF HAVING 6.90 PPM = 0.0449 
PROBABILITY OF HAVING 6.80 PPM = 0.0325 
PROBABILITY OF HAVING 6.70 PPM = 0.0225 
PROBABILITY OF HAVING 6.60 PPM = 0.0149 
PROBABILITY OF HAVING 6.50 PPM 0.0094 
PROBABILITY OF HAVING 6.40 PPM 0.0057 
PROBABILITY OF HAVIOO 6.30 PPM = 0.0033 
PROBABILITY OF HAVIOO 6.20 PPM = 0.0019 
PROBABILITY OF HAVIOO 6.10 PPM = 0.0010 
PROBABILITY OF HAVING 6.00 PPM = 0.0005 
PROBABILITY OF HAVING 5.90 PPM 0 .0003 
PROBABILITY OF HAVING 5.00 PPM = 0.0001 
PROBABILITY OF HAVING 5.70 PPM = 0.0001 
PROBABILITY OF HAVIOO 5.60 PPM = 0.0000 

MEAN = 7.38 VARIANCE = 0.1575 

PROBABILITY OF HAVING LESS THAN 7.00 PPM = 0.1370 
PROBABILITY OF HAVING LESS THAN 6.90 PPM 0.0921 
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For pollution the upper 10 per cent confidence limit 

is plotted. It indicates that the variability is smallest 

at the extremes and larger in the middle. The problem is 

that in actual practice the variability in the measuring 

technique at low BOD levels is so large that it "masks" 

the real variability. This is not a serious problem be

cause the prediction of pollution is much less important 

than the prediction of the dissolved oxygen. 

For the dissolved oxygen the lower confidence limit is 

plotted. Fortunately the measurement of oxygen level is 

done with a small error in comparison with the actual vari

ability in the river. Thus the measurement error is assumed 

to be zero. Due to its size, the river has a relatively 

small oxygen variance. In a smaller river where there is 

more oxygen variability the effect of measurement error 

might be less. 

These results give a complete picture of what can be 

expected in the future when the initial conditions are 

realized. After the analysis, those in authority can snake 

intelligent decisions on the course of action to be taken, 

i.e., decisions regarding waste-treatment plants, pollution 

laws, etcetera. 

Consider again the discussion in Section 2.1 with regard 

to equation (2.1.4). In that equation the term containing 

PM,o(t) was said to be negligible in practical situations. 

If PM,o(t) is summed over M, one obtains the marginal proba

bility for dissolved oxygen. The computer printout in 

this section shows that the probabilities below 3 ppm or 

state 30 are very small. Therefore the marginal probabili

ty that the oxygen is in state zero is negligible. Hence 

each term in the joint probability must be small, that is, 

PM 0 (t) ~ o. 
I 
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V. IABORATORY TBSTS 

5.1 Apparatue 

In order to further teat the theoretical results, it 

was decided to run a •erie• of controlled experiments in the 

laboratory. There are some advantage• in a teat of this 

kind. Moat important is the control that one obtains. All 

•ources of pollution are known. All changes in the amount 

of water are known. The temperature i• kept constant at 

21°c •o that corrections of K1 and K2 with temperature 

changes are not needed. The amount of turbulence and hence 

K2 i• kept con•tant, whereas in a river there are rapid• and 

there are quieac:ent conditions. Also, there i• no time lapse 

while •ample• are being transported. l'inally, the parameters 

are more easily meaaured as will be •hown later. 

On the other hand there is always the question of the 

applicability of laboratory result• to actual conditions. 

It is difficult to simulate all that i• occurring in the 

stream. Por example, there was no benthal layer and hence 

no benthal demand. Although there was no sedimentation of 

pollution, the factor KJ was not zero because the pollution 

was consumed in ways other than by bacterial action, K1. 

Reason• for thia will be given later. 

The experiment was carried out in polyethylene wa•te 

c:ana which contained 20 litera of liquid. Bach can represents 

a parcel of river water to which pollution is added. In a 

river aituat.ion thi• parcel would flow down atream, during 

which time the bacteria would oon•ume the pollution and the 

loaa of oxygen would be replaced by reaeration from the at

mo•phere. Of courae in a river any parcel of water will 

mix with the surrounding water, bit the surrounding water 

ha• e•sent.ially the same amount of pollution and diaaolved 
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oxygen a• the parcel. Thus, after any time of travel one 

•hould obtain from any sample the aame pollution and oxygen 

measurements a• would be in the original parcel after the 

aame time of travel, if one could recover it. The waste 

cans represented a parcel of water, the paaaage of time cor

reaponding to movement downstream. 

For this eXperiment five identical can• were uaed. 

The depth of liquid waa 12 inches with an exposed surface 

area of about 90 square inches. The water in a river i• 

mixed due to rapids, boats, currents, etcetera. The water 

of higher dissolved oxygen concentration near the surface is 

mixed with the underlying layers. The water in the can• al

so had to be agitated in some manner. The reaeration para

meter K2 depends on the agitation so that keeping the agita

tion constant keeps K2 constant. Thia, of course, can only 

be approximated in an actual river situation. It wa• decided 

therefore to provide each can with a mechanical •tirrer. A 

•mall motor was mounted above each can and a padclle extended 

into the can to a depth of 9 1/2 inches. The motor was ad

juated horizontally so that the paddle pierced the water aur

face at the interaection of the diagonal• of the approximate

ly rectangular water surface. With the motors in operation 

the padclle stem waa in the center of the vortex. 

At the •tart of a run each can contained initially 20 

liters of water from the pond on the campus of the Virginia 

Polytechnic Institute. Thia waa done because it vaa aure to 

contain a complex bacterial flora and certain type• would 

multiply rapiclly when the aumtrate was added. Tap water 

could not be used because the chlorine would hinder the 

growth of the bacteria. The substrate chosen was the •imple 

augar, dextroae. To provide a complete diet for the bacteria 

this was •upplemented with ammonium sulfate, the amount of 
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which wa• •uch that there would be one part nitrogen to for

ty part• • .ugar. Al•o, potaHium phoaphate wa• added to pro

vide one part pho9pborou• to 200 parts •ugar. 

It i• known that the bacteria need the•• two elementa 

in order to develop new cell•, that 1•, they are constituents 

of cell protopla• just as are carbon, hydrogen, and oxygen. 

'l'he carbon i• anilable in the augar and the hydrogen and 

oxygen are preaent in the •ugar and in w. ter. 

The resulta reported in thia ehapter are from two com

plete ruu. Pre•h pond water was used for each run. 

S.2 BatiJ!ation !!& Parameter• 

During the course of a run periodic ••tillatea were made 

ot the pollution remaining and the amount of di••olved oxygen 

present. A diac:uHion of all of the methoda employed ia in

eluded in Appendix III. 

Throughout thi• di•aertation the pollution ha• bee~ de

fined aa the Biechemical Oxygen Daand. With a relatively 

pure aubatrate such as the sugar the correlation between the 

BOD and another 1DM•ur•ent the COD ha• been found to be 

high. 'l'he COD or Chemic:al Oxygen Demand has the advantage 

that the entire determination can be made in five hour• 

whereas the BOD requires a five-day storage period before 

the determination i• completed. A compariaon of BOD and COD 

meaaurementa at aeveral le~la of pollution showed the two 

methoda give very •illilar results. All pollution measure

ment• reported will be COD measurement•. 

In later sections the data from two separate runs are 

reported. 'l'heae give the actual observed means and vari

ances of both pollution and disaolved oxygen. The predicted 

means and nriancea are given l::!a' the theory previously de

veloped in thi• diaaertation. For these predicted means and 
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variance•, estimate• of the parameter• are needed. The eati

matea will be choaen from the range of nlue• indicated by 

the mea•ur111Dents. 'l'he parameter• are not expected to vary 

much with tille. The pond water may change •lightly, bat ita 

main purpose i• to provide a source ot bacteria which will 

grow and conaume the auqar. Pollution i• provided mainly by 

the sugar and not the pond water. The initial condition 

parameters which are determined by the experimenter are dif

ferent for the two runs. 

The f irat parameter to be conaidered i• K1 +K3. Thi• i• 

the rate at which the pollution decrease•. The firat quea

tion to be anawered concern• the nec:eaaity of K3 • Why don •t 

the pollution and oxygen decrease at the aame rate K1? Thia 

is becauae the bacteria uae the sugar in tvo different ways. 

In the f irat caae the bacteria take the augar and ca11pletely 

oxidize it to carbon dioxide and water. Thi• proceH of 

respiration uses moat of the oxygen and provide• energy for 

the cell. In the second proc:eH the bacteria uae the energy 

to synthesize the sugar into cellular materialr the cell 

grGWB and then splits into two cells which continue the pro

cess. Growths were evident on the side• of the ean during 

the run. Thua all the pollution wa• not ccapletely oxidized 

and henee both K1 and K3 are needed. 

To estimate K1+K3, two 10 liter glass jars were filled 

with pond water and eugar was added. The jar• were stirred 

with a magnetia stirrer. Several days elapsed while the 

bacteria developed. At the •tart of a time period the pollu

tion wa• measured. The parameter, K1+K3, i• estimated using 

formula (2.2.8) 

L(t) • LAe-(K1+K3)t • 

Solving for the parameter, one obtaina 
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The reaulta of the measurements are in Table s.2.1. 

Table S.2.l Data for Estimating the Parameter K1+K3 

Jar 1 Jar 2 

Time, days 1.71 l.71 

LA, ppm 43.0 55.66 

L(t), ppm 28.0 32.70 

K1 +K3, per day .25 .31 

We will uae the value .26 a• our estimate of K1+K3. It 1• 

quite reasonable and gives the best fit. 

The second parameter Ki ia the rate at which the oxygen 

is used by the bacteria. The jars of the previous aection 

were used to estimate this parameter also. The procedure is 

to aerate the bottle by rubbling air through it so that there 

ia plenty of dissolved oxygen at the start of the teat. Then 

the initial dissolved oxygen concentration is measured. The 

bottle is then sealed with a stopper and water seal ao that 

no air can enter. After a period of time the dissolved OX'f

gen concentration will be reduced by the bacteria. The para

meter is estimated using formula (2.2.14) with K2•o. (In 

setting K2=o, it is necessary to recall that 

Thia can be shown by l'Hospital 1s Rule.) 

C(t) • Co - LAKl (1-e-<K1+K3)t). 
K1+K3 

Solving for Ki and replacing K1+K3 by its estimate .26, one 

obtains 
_ C0 -C(t) (.26)] 

K1 -l LA(l-e-.26£) • 
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Several different trials yielded the result• ~ llaJle I.I.I. 

Table s.2.2 Estimates of the Parameter Ki 

t,days Co, ppm C(t),ppm LA, ppm 1<1,per day 

8.5/24 e.oo 7.10 35 .076 

13/24 1.ss s.as 34 .099 

10/24 7.70 4.70 44.7 .167 

10/24 1.ao 4.ao 54.S .137 

It was found in the later sections that K1•.085 fit the first 

set of data and K1=.07 fit the second set of data. Both 

values are reasonably close to the above estimates. The two 

values are close together and the difference ceuld be due to 

any one of many variables. 

The final rate parameter to be estimated is the reaera

tion rate 1<2• In order to do this the water was boiled in 

order to kill the bacteria (so that K1 and K1+K3 would be 

zero) and to lower the dissolved oxygen concentration. Then 

the water was allowed to cool overnight in •stoppered• ves

sels so that no reaeration could take place. Finally the 

water was put in the waste cans again and the mechanical 

stirrer was started. An initial dissolved oxygen determina

tion waa made. 

There are several ways in which one can get misleading 

data from ~his experiment. First of all, it is impossible 

to get rid of all of the bacteria, so that while the water 

is cooling and reaerating, if there is sugar present the 

bacteria will again develop and the K1 and K1+1<3 will no 

longer be zero. Also K2 must be measured using dissolved 

oxygen concentrations approximating those to be found in the 

cans. For example the reaeration rate for concentrations 
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between 3 and 5 ppm is slightly greater than the reaeration 

rate obtained for concentrations between 5 and 7 ppm. How

ever the formulas are applied only in regions above 5 ppm, 

since 3 ppm is not considered enough dissolved oxygen for 

optimum use of most natural waters. 

To overcome these difficulties, fresh pond water (with 

no sugar preaant) was boiled and cooled. It was then placed 

in the can and aerated rapidly until it reached around 5 ppm. 

'l'hen some pollution was added, the stirrer was started, and 

the concentration of dissolved oxygen was determined. In 

this situation there are relatively few bacteria present and 

it takes time for them to get acclimated to the environment 

and develop. The reaeration process is affected by the 

pre•ence of •olutes. Thus in order to evaluate reaeration 

correctly it must be carried out in the presence of the sugar 

substrate. 

For K1 and K1+K3 zero, formula (2.2.14) for dissolved 

oxygen with fixed initial condition becomes 

After rearranging and taking logarithms one obtains 

The maximum disaolved oxygen concentration CN' = B.4 (this 

will be justified subsequently.) Using four pair of data 

points (ti, N(ti)) one can estimate using simple linear 

regres•ion K2 and ln (CN' - C0 ) and therefore c0 • More than 

four points are desirable but the volume baa to remain con-

Stant. 
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Table 5.2.3 Data for latimatinq the Parameter K2 

0 
9/24 

18/24 
22/24 

6.3 
7.4 
7.8 
7.88 

The estimates are K2 • 1.53 and c0 ~ 6.4 • . In the first 

equation of this paragraph the error is assumed to be multi

plicative. On taking logarithms the error becomes additive. 

Using additional theory of simple linear regression one 

can obtain one standard deviation interval for K2 • ror this 

case the a lillita are 

1.38 < K2 < 1.68. 

The value chosen for K2 ia 1.6. 

The correction for the maximum amount of dissolved oxy

gen will now be discussed. The maximum concentration that 

will disso1._ in water at 21oc is 9 ppm at sea level. The 

correction is due to the elevation of BlacJcsburg above sea 

level. 

It is generally assumed that the ratio of the solubili

ties at different barometric pressures equals the ratio of 

the barometric preaaures, so that 

CN' • B 
9 760 

where B is the barometric pressure at BlacJcsburg in units 

of millimeters of Mercury and 760 is the barometric pressure 

at sea level (see Fair and Geyer (6)). Now B can be obtained 

from the formula 

(l )760 - B z • 7,350 760 + B 

which is in a reduced form because the temperature is constant. 

'rhe variable z equals the difference in elevation in meters. 
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The elevation at Blacksburg is approximately 2200 feet which 

is equivalent to 660 meters. On performing the above alge

braic manipulations one obtains cN• • 8.4. 

All of the parameters except u have been specified and 

t he estimate of .', can ·be easily obtained becaua~ the variance 

function is linear in t:. . The parameter t:. can be estimated 

from the ratio of the sample variance to the coefficient of 

t:. in the predicted variance. Por the two sets of data that 

follow, we choose ~ a 0.0055. 

5.3 ~ ~ !.!!!!. 
Initially the five cans were filled with 20 liters of 

pond water. To each can 800 mg of sugar dextrose were added 

for an initial concentration of 40 ppm. For a better diet, 

ammonium sulfate was added in the ratio of l part nitrogen 

to 40 parts sugar, that is 800 x 1/40 x 4.72 • 94.4 mg, where 

the factor 4.72 is the ratio of the molecular weight of am

monium sulfate to the molecular weight of nitrogen present 

in the compound. Similarly, potassium phosphate was added 

in the ratio of l part phosphorous to 200 parts sugar yield

ing 800 x 1/200 x 6.85 = 27.4 mg, where the factor 6.85 is 

the reciprocal of the percentage of phosphorous in the mole

cular weight of the compound. 

During the course of a run the DO and COD were measured 

periodically. A description of the tests involved i• in 

Appendix III. 

'l'he COD readings must be corrected for the chloride in 

the pond water. 'l'he chloride increases the COD but the 

bacteria do not oxidize it, so it is necessary to -subtract 

its effect on the COD determination. To determine the amount 

present the Mohr Method was used. This method is described 

in Appendix III. 'l'he average of two measurements yielded a 
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concentration of 21 mq/l. The oxyqen demand equivalent to 

thia is found by multiplying the mg/l Cl by 0.23. This gives 

a value of 4.83 and this value was subtracted from all COD 

values reported in this run. 

Before the parameters can be used to give the predicted 

means, it i• necessary to establish a point, which will be 

the reference point t • o. In a river situation, the pollu

tion comes in almost continuously, from a sewaqe treatment 

plant for example. There are then in the river some dis

tance below the outfall, an al:undance of bacteria. These 

types will readily attack the effluent. The pollution is 

used up at the rate K1 + K3 not long after it enters the 

river. This is somewhat similar to the case with the trash 

cans. In the waste cans, time is required while the bacteria 

become acclimated to the new environment. Then the particu

lar strains of bacteria that attac:Jc sugar must develop. 

There i• a period of time during which K1 and K1 + K3 are 

leas than their ultimate values. The decrease in pollution 

should theoretically be largest at the beginning because the 

rate is proportional to the amount present. Now, consider 

Figure 5.3.2, which is a plot of pollution for various times 

of travel. The decrease from Monday niqht to Tuesday niqht 

is small compared with the decrease from Tuesday night to 

Wednesday night. If K1 + K3 were at its ultimate value, the 

latter decrease should be less than the former. Thus, t•O 

will be at 9 PM Tuesday. 

The observed DO values plotted against time of travel 

are shown in Figure 5.3.1. The ti111e t = O has been eatab

li•hed as 9 PM Tuesday. The average of the five points at 

t • O in Figure s.3.1 give the initial concentration of dis

solved oxygen C0 as 6.4. Similarly, in Figure 5.3.2 the 

average at t • O gives LA = 52 ppm. 
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The predicted mean for dissolved oxygen is given in 

formula (2.2.14) 

This formula is in reduced form because La and Ds have been 

set equal to zero. The predicted pollution equation i• for

mula (2.2.8) 

L(t) • LAe-(K1+t<3)t. 

In this formula La has been set equal to zero. 

The value• of the rate parameters K1 , K2 and K1+K3 

were selected from within the estimated ranges given in 

Section s.2. Midpoint• or averages were used initially and 

then these were adjuated &lightly to give a better fit of 

the means. The •estimated" values of the parameters are 

K1+K3 • 0.26 per day 

K2 = 1.6 per day 

K1 • o.oes per day. 

The predicted means are the continuous curves in Figures 

S.3.1 and s.J.2. The predicted curves fit the observed 

value• very well. 

The dis•olved oxygen measurement• were taken in the 

following manner. All five cana were teated with the DO 

meter. Then one of the cana (a different one each time) was 

teated using the Winkler Method and the scale factor ¢ wa• 
obtained. The Winkler Method is described in Appendix III. 

All meter reading• were adjusted by this tactor ¢ • Any 

alight error in the Winkler Method would raiae or lower all 

five points. This might possibly account for the readings 

on Thursday at 9 AM being slightly low. 
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The sample variances for pollution are in Table S.3.1. 

Table S.3.l Sample Pollution Variance• - Run 1 

Time of 
Travel, Days 

o.oo 
0.92 
1.88 
2.54 
3.71 
4.71 

Sample 
Variance 

3.92 
4.13 
5.01 
2.67 
1.91 
0.61 

As stated above the variances increase with time and then 

decrease. 'l'he observed and predicted maxima occur at ap

proximately the aarae time of travel. 

The next general discussion concerns the variances of 

both pollution and dissolved oxygen. Before considering 

specific values for the estimated and predicted variances, 

consider all of the points in Figure 5.3.l. and Figure 5.3.2. 

The theory developed in this dissertation predicts that for 

fixed initial conditions, •uch as were the case on Sunday 

evening, the variances of both pollution and dissolved oxy

gen increase to a maximum and then decrease with time. Thia 

ia the impression that one gets looking at the dispersion 

of points. Formulas for the predicted variance are (2.2.9) 

and (2.2.15). 

Unfortunately, the measurement error in the pollution 

is of such magnitude that it maaka the variability between 

the cans. The standard error of measurement was found to 

be about 2.0. Thia value was obtained from a test using 

five replicates. Therefore, only the oxygen variances can 

be cheeked in any detail. 

The theory predicts the pollution variability to be 

much larger than the oxygen variability, but in thi• case 
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the meaeurement variability of the pollution is still too 

large to be ignored. In actual stream conditions one ia not 

likely to run into this problem since the stream variability 

will be of much greater magnitude than one finds in the con

trolled experiment. Thus the measurement errors will be much 

less significant. In ueing these results one ia moat inter

ested in the dissolved oxygen because it is the laek of dis

solved oxygen whic:h is harmful to the fish. 

It haa been previously established that t • O i• at 

9 PM on Tueaday. At this point it can no longer be said 

that the initial amount.a of pollution and dissolved oxygen 

are fixed. Therefore, the theory of Chapter III, Section 

3.2 and the computer program are needed. The formula for 

the dissolved oxygen variance is formula (3.2.9) of Chapter 

III. The parameters OB and La are set equal to zero. 

It ia necessary to specify the mean level of pollution 

and diasolved oxygen and also the upper and lower limits of 

the range for each one. J'or the pollution a reasonable 

eetimate of the limits would be a1 • 50 ppm and R2 • 54 ppm. 

The estimates of the limits of the range of the dis

solved oxygen are obtained in the following manner. The 

standard deviation at t • O is a • o.087. The limits which 

are within 3 standard deviations of the mean are 6.1 ppm 

and 6.7 ppm for o1 and D2 respectively. 

What is the measurement error associated with dissolved 

oxygen? The physical situation here obviously favors ac

curate readings. The meter is stationary throughoutr the 

time lapse between readings is short, although several min

utes are allotted each can for the meter to stabilizer the 

velocity of water passing the probe is constant. The meter 

is read to the nearest .OS ppm so that the maximum roundoff 

error is 0.00078 if each reading is off by 0.025. The 
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reading• are highly reproducible, rarely differa9 111.r .os. 
Scaling the roundoff urer by ~ •br factor, t:he recip

rocal of +2 one obtaina about 0.001 aa a r••omhle order 

of -gnitude for ti. variance. Tbi• 18 net large when com

pared with the nriance between the c:ana. 

Pigure 5.3.3 giri• the omernd nriance• and the pre

dietec! diaaolved oxygen variance cur••· '1'he omer~ valU8 

are rea•ona'bl.y c:lo.. to the pre41c::t'..ed CNrft ana the Allpl• 

~inta and predicted curn ban maxi• at approximately the 

•a.a time of traYel. The •ample variance• are la•ed on only 

5 obeervationa. 

Piqure 5.3.4 i• a control c::hart for the di••olved o~

gan variance•. The aample ranges appear to be in control. 

SOl!De of the obeer•e4 range• are abon the mean range and 

80IM below. Only the fir•t omerntion i• near the upper 

control 11111. t. 

Next it va• decic:led to uae all of the data in exaainin9 

the nrianoe. Before Tue•day at 9 PM the rate• K1 and K1 + 

K3 were not at their ultimate value•. To compenaate for 

thi• the time from Monday 9 AM to Tuesday 9 PM va• ahortened. 

It was found b!( trying •enral .ala.a that when t 1• replaced 

by -7/24 in the diHolvMI ~ mean function, the value ob

tained i• 7.2, and thia value i• th• mea•urecl -n for Mon

day 9 AM. If t • 0 i• taken at 2 PM Tae•day, the lnltlal 

di••olYed ~gen concentration i• 7.2 and LA• the initial 

pollution, · muat be changed to 56 ppa. 'l'be three ·~te para

meter• r-in unchanged. 

With t • o at 2 PM Tuesday con•ider the variance func

tion for fixe4 initial conditions. The predicted Yariance 

1• formula (2.2.15) of Chapter II. Pigure 5.3.5 •hova a 

curve of the predicted variance function with the Allple 

nriancee plotted. It 1• e•ident that both ban a tendency 
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to •tan at a •ull value, .increa•• to a Jl&Jd.ll\ml and t.hen 

decrease. The fit i• qood although there i• •me t.en4ency 

for the oblerved point.a to ban a higher .axJ.Jlm. The maxi

ma for the ob9erved and pre4ic:t.ed .ariance• •- tct occur 

at. approximat.ely the -• point in t~. 

~.4 Second ~ !,!m 

'l'h• run to be d.i•cnaa•e4 J.D ~i• ••et.ion i• •illilar to 

the f int run, but it. i• different. in .... ral aignifieant. 

waya. The firat -jor difference 18 that. in t.hi• run the 

pollutien La caming in fra11 the aid•• baa been aillulated. 

The .. thod conaiated of having a •ource of pollution, -

ly •ugar di••olved in diatilled water. ~· •u9ar aolution 

was ·pumped through one channel of a feed pump to a •con

atant level• re•erwolr. Pin tube• carried the water from 

the re•ervoir through f i'le other channel• of the feed pump 

and into the au. '1'he reservoir waa kept at a constant 

level •o that the pump alway• had the .... amount of work to 

do and vould alway• pump at the aame rate. The flow rate in 

each c:bannel was adjustable, ao tbat the five channel• were 

each c:alibrated to gin the same flow. The flow cho•en waa 

500 Ill/day and thia flow replaced loaaea due to aa11pl1n9 

and evaporation. It wa• dec::ided to choose La equal to 2 mg/l/ 

day. Thi• concentration oorreapoada to 40 •CJ in 20 lit.era. 

Prom the molecular weights of sugar and oxygen it waa deter

mined that 40 mg/20 1 COD c:orreaponded to 37.5 119 sugar in 

20 1. Thus the pollution entering contained 37.5 •9 augar 

in 500 Ill of diatilled water. The pollution entering ala.o 

contained amaonium sulfate and potassium phosphate in pro

portions aa deac::ribed earlier. 

The second d.if f erence between this and the f irat run 

oonc::erns the chloride ion which interferes with the COD teat 
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by oxidizing the chloride• to chlorine and thu• using some 

of the potaHium ' dichrcmate. In the first run it• effect 

waa subtracted from all COD measurement•. A better method 

of handling the situation 1• to add mercuric aulfate which 

keeps the chloride in undissociated form, and this method 

wa• adopted for this run. To correct for a 100 mg/l concen

tration of chloride in a 50 ml •ample the sample could con

tain 5 119 chloride as a maximum. It is then recommended 

that mercuric aulfate be added in a 10 to 1 ratio. There

fore 50 mg of mercuric sulfate are·needed. Mercuric sul

fate can be disaolved in distilled water made slightly 

acidic with aulfuric acid. The solution i• of a concentra

tion such that only .3 ml are needed for each sample in 

order to get 50 mg of mercuric sulfate. 

A third major difference between the two runs concerns 

the way in which they were begun. The principle was to add 

a small amount of sugar when the can• are filled to encourage 

the growth of bacteria. Approximately 24 hour• later the 

major portion of the pollution i• added. The initial dose 

doean•t affect the di••olved oxygen level appreciably, if 

it i• not too large and when the major dose 1• added the 

variance of both pollution and diaaolved oxygen are small. 

If the firat de•• i• toe> •mall then the bacteria won't de

velop in a day. It va• arbitrarily decided to make the ini

tial small dose one tenth of the dose giftn in run 1, name

ly, 80 mg dextroae, 9.44 mg aaaoniwa sulfate and 2.74 mg of 

potaaaium phosphate. 

The second run began on Wedneaday at 8 PM with the 

filling of the five cans and the •tarting of the five stir

rer•. The initial •mall dose of pollution mentioned in the 

preceding paragraph waa added, but the pollution in the 

form of La was not started at thi• time. The cans were not 

touched for the next 24 hours while the bacteria developed. 
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At 8 PM on 'l'buraday the Min pollution dose wa• added 

to each can. 'l'he doae was identical to the pollution ~dded 

for run 1, namely, 800 mg of dextrose, 94.4 mg of aaaonium 

•ulfate, and 27.4 mg of pota••ium pho•phate for each can. 

The pl.mp was •tarted for the adctition of pollution, La, and 

it continued in operation for the duration of the run. 

During the cuurae of the run, perioctic mea•ur-nt• 

were made of the COD and DO. '1'he methods involved in mea•ur

ing the COD and DO are described in Appendix III. 

Fiqure 5.4.1 is a plot of the COD against ti.lie of tra

vel for the run. Before any prediction equation• can be 

used, it i• nece••ary to determine~ - · o. l'rom the data 

points it is clear that the decreaae in pollution from Fri

day morning to Friday evening i• small, •o that K1 i• below 

its ultimate value. After Friday evening, it appears that 

K1 ha• reached it• ultimate value and therefore t • O was 

choaen as 8 PM l'riday. 

One can find the predicted COD mean from formula (2.2.8) 

in Chapter II. The value chosen for LA is 61 ppm, tbe aver

age of the five data points. 

The data points for the dissolved oxygen profile for 

thi• run are plotted in Figure 5.4.2. '1'he time for t • O 

has been eatablMthed aa 8 PM Friday. The predicted diHolved 

oxygen mean function ia formula (2.2.14) in Chapter II. It 

ia in reduced form because Ds baa been aet equal to zero. 

The initial diaeolved oxygen .concentration C0 ia choaen at 

7.6 ppm, the average of the five data points. 

The eatimatea of the rate parameter• used for the pre-

diction equations area 

K1 + K3 • .26 per day 

K2 • 1.6 per day 

Ki • .01 per day. 
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These are the same a• the rate parameters of the previou• 

section except that K1 i• •lightly lower in thi• case. 

'l'he predicted mean functions, evaluated with the aid 

of the computer program, are plotted in Figures 5.4.1 and 

S.4.2. 'l'he curves provide a very good fit of the observed 

data. 

Next consider the variances for pollution and di•-

sol ved oxygen. With this run, as with the previous run, 

Figure 5.4.l and Figure 5.4.2 indicate that the variances 

are larger near the center of the run than at either of the 

extremes. The form of the theoretical variance function• 

are described similarly. 'l'he magnitudes will now be 

examined. 

The time t = O has already been established as 8 PM 

Friday. Since the initial variances are small the theory 

of Section 2.2 will be used and the predicted result• will 

be obtained from the computer program of Section 2.3. 

Again the size of the measurement error in the pollu

tion measurements was a large portion of the total varia

tion. Thus the theoretical and observed variances could not 

be canpared. 

'l'he sample variances for the pol~ution measurements 

are in Table S.4.1. 

Table S.4.1. sample Pollution Variances - Run 2 

Time of 
Travel, days 

o.oo 
0.83 
1.63 
2.54 
3.00 
4.00 
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Sample 
Variance 

1.22 
6.06 

10.67 
6.58 
4.77 
2.ao 



With increasing time the sample variances rise to a maximum 

and then decrease. The predicted variance follows the same 

form. The dissolved oxygen variance formula is formula (2. 

2.15) of Chapter II. In the formula DB has been set equal 

to zero. 

The value of ~ used in this case is the same as the 

value used in the previous run, namely, 0.0055. Figure 5.4. 

3 shows the predicted variance curve and the observed vari

ances. The sample estimates were obtained from samples of 

size five. The observed variances are larger near the mid

dle of the time of travel scale and this is the same form 

as the continuous predicted curve. 

In the previous run the observed variances had more of 

a tendency to "peak .. than the predicted variances and in 

this run the opposite is true. This fact further substan

tiate• the theoretical variance function. 

Now let us examine the dissolved oxygen variance• on 

a range control chart. Figure 5.4.4, the control chart, 

shows that the ranges are close to the expected values. 

None of the observed points are near the upper limits, since 

the probability of being above these limits is only o.oos. 
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VI. CONCLUSIONS 

6.1 Y!.!.!. of 1h!, Results 

In order to find out where these results can be applied, 

one need only ref er back to Chapter I in which the uses of 

the river are partially enumerated. A municipality or indus

try can determine the effect of their pollution on the river. 

In designing a municipal or industrial waste treatment facili

ty the designer can find out what the quality of his effluent 

ahould be, so as not to cause excess pollution. 

The commercial fishing industry and sport fishermen 

want the fish protected and f i•h kill• prevented. Govern

ment agencies can formulate minimum requirements in terms of 

the probability that the dissolved oxygen i• below a fixed 

concentration a certain proportion of the time. For example, 

the requirement might be that ten percent of the time the 

di••olved oxygen can be below 5 ppm. Also the requireaent 

might be stated as two probabilities associated with two 

concentrations !nstead of one probability and concentration 

as in the previous example. 

Recreation agencies would want upper limits on the 

amount of pollution flowing through a park. The requirement 

could be stated in terms of the proportion of time that the 

pollution can exceed a given concentration. 

One may be interested in varying the condition•. The 

initial conditions at some future time may be used to deter

mine what the condition of the river would be at that time. 

Also changes in the rate parameters may be of interest. All 

of the above results could be obtained with the computer 

programs. 
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6.2 Conclusion• 

The problem investigated here has been considered by 

many people, but there were essentially no approaches to 

the problem from a stochastic point of view. With very fe111 

assumptions in addition to the rate assumption• assumed by 

other•, the resul.ts were obtained. The only additional 

parameter to be estimated is tJ. and it• value i• easily ob

tained from the variances of dissolved oxygen observations 

made during a stream survey. All of the arithmetic work 

involved can be accomplished with the computer programs 

provided. 

The results obtained in this investigation agree with 

other proven results in so far as the proven results have 

been developed. The additional results of this investigation 

haft been confirmed by the two sets of data examined. Also, 

the author of the Sacramento River study made an observation 

on the scatter of points along the dissolved oxygen profile. 

These results agreed with the theoretical results obtained 

here. Much data would be needed to teat the form of the 

predicted probability maSB densities, but it seems that a 

unimodal distribution is appropriate. 

In regard to future work, the present theoretical re

sults could be expanded if needed. Any set of initial con

ditions could be substituted into the procedure outlined in 

Section (2.1) and hence the probabilities, means and vari

ances. could be obtained. Higher momenta could be obtained 

if desired. Also, an approximation to the probability dis

tribution could be obtained which requires less calculation. 

Finally, but certainly not the least important, work should 

be done on the estimation of parameters. Some estimation 

procedures were briefly considered. These techniques require 

the solution of very difficult algebraic expressions. 
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same work ha• been done and doubtless other work will 

follow in which the five aeewaptiona in S•ction 2.1 will be 

chanted or be increased in number. The methode ueed here 

will A9ain be applicable. A derivation paralleling Section 

2.1 will be needed and tlien reeult.a e1an be obtained tor vari

ou• initial c:oncUb.ena. 
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APPBNDIX I COMPOTSR PROGRAMS 

PROGRAM 1 

C PROGRAM POil PINDING PROB. DISTRIBOTIONS WITH l'IXSD 
INITIAL COND. DIMBNSION A(lOOO), B(lOOO), T(lOOO), 

l OP(lOOO), D(lOOO), S(lOOO), B(lOOO) 
&BAD (5,7) lkl, llK2, ZK3, ZIA, ZDB, IZLS, ALPHA,I r ·'llP, J 

7 FORMAT (71'6.0, 314) 
AI= I 
NJ • RP - J 
ANP • NP 
AJ = J 
ZK4 == .ZK2 = (ZKl + Zlt3) 
DO 12 NT • 1, S 
TI.MB • NT 
Z • (ZKl + ZIU) * TIMB 
O = EXP (-Z) 
V = l.O .,. 0 
w :II (ZIA * V) I (DBLTA * (ZKl + ZK3)) 
X = BXP (-W) 
CALL BINOM (V, I, O, I+lt B, B) 
CALL BXPON (I, W, I+l, Al 
CALL SBRMO (I, I, B, I+l, A, I+l, T, I+l) 
IPl • I + 1 
DO 14 N • 1, IPl 
BNP•N-1 
OP(N) • BNP * DSLTA 

14 T(N) • X * T(N) 
SMBAN = (ZIA/ (Bl + ZK3)) * V + AI * DSLTA * O 
SVAll = DBLTA* (ZLA/(ZKl + IK3) + AI * DELTA * 0) * V 
N • l 
StJMl :11 T(l) 

8 IP (l.O - ALPHA - StJMl) 10, 10, 9 
9N•N+l 

SOMl = StJMl ~ T(N) 
GO 'l'O 8 

10 StJM2 • StJMl - T(N) 
StJM3 • 1.0 - SUMl 
StJM4 • l.O - SUM2 
WRITS (6,500) NT 

500 PORMAT . (2680TIMB or TRAVBL IN I&YS. !3/) 
WRITE (6,600) 

600 FORMAT (418 PROMBILITY MA.SS DBNSITIBS roa POLLUTION) 
DO 60 KN • l, IP! 
IF (T(KN) - 0.00001) 60, 60, 80 

80 WRITS (6,601) UP(KN), T(KN) 
601 FORMAT (238 PROB&BILITY or SAVING P7.2, 7H PPM. P7.4) 

60 CONTINUE 
WRITB (6,700) SMBAN, SVAR 

700 FORMAT (8HOMBAN = P7 .2, 138 VARIANCE = P9.4/) 
WRITS (6,800) UP(N), SUM3 

800 PORMAT (33H PROMBILITY OP HAVIR; M01lB THAN P7.2, 
1 78 PPM• P7.4) 

WRITS (6,800) UP(N-1), SOM4 
SI<T • (-ZK2)* TIMB 
UPI< = BXP(SI<T) 
WPK • 1.0 - OPK 
P • (ZIA * ZI<l)/(DBLTA*(-ZK4))*(WPK/ZK2-V/(ZIU+ZK3)) 

l +ZDB * WPK I (DBL'l'A * ZK2) 
G = ZI<l * (UPI< - 0) I (-ZK4) 
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PROGRAM l CONTD 

NPl • NP + l 
y • 1.0 - G 
CALL BINQM (WPK, NJ, OPK, NJ + l, B, I) 
CALL BINOM (Y, I, G, IPl, D, B) 
CALL BXPON (NP, F, NPl, A) 
CALL SBRMO (NP, NJ, B, NJ + l, A, NPl, S, NPl) 
CALL SBRMO (NP, I, D, I +l, S, NPl T, NPl) . 
Fl • BXP(-P) 
DO 26 N • 1, NPl 
BNP • NPl - N 
UP(N) = BNP * DBLTA 

26 .'f'(N) • PB * T(N) 
SMBAl\T • DBLTA * ANP - ZIA* ZI<l/ ((ZI<l + ZK3) * ZK4) * V + 

1 ZLA * ZKl / (ZK2 * ZK4) * WPK - ZDB / ZK2 * WPK - DBL'l'A 
2 * (ANP - AJ) .. .,_, .. OPK - AI * DBL'l'A * ZKl / ZK4* ( 0-0PK) 

SVAR = DBL'l'A * (-(ZLA * zKl)/ {ZK2 * ZK4) * WPK+ZLA*ZI<l/ 
) .C (ZKl + ZK3) * ZK4) * V + ZDB / ZK2 * .WPJ< + DBLTA * 

(ANP - AJ) 
2 . * WPK * UPK + AI * DBL'l'A * ZKl / ZK4 * (U - UPK) * 

(l.O • ZKl/ 
3 ZI<4 * (0 - UPK))) 

N • NP + l 
S0M4Jis 'l'(N) 

18 IP. (litl.t'HA - 30Ml) 20, 20, 19 
19 N •·a - 1 

soo F emu + T(N) 
GO '1'0 18 

20 StJM2 = SUMl - 'l'(N) 
WRITE (6,100) N'1' 

100 FORMAT (26HOTIMB OP TRAVEL IN ~YS = 13/) 
WRITE (6,101) 

101 PORMAT (38H PROMBILITY MASS DBNSI'l'IES !'OR OXYGEN) 
DO 70 JK = 1, NPl 
IF ('l'(JK) - 0.00001) 70, 70, 90 

90 WRITE . (6,102) OP(JK), T(JK) 
102 FORMAT (238 PROMBILITY OF HAVIN; P7.2, 7H PPM 11 P7.4) 

70 CONTINUE 
WRITS (6,103) SMBAN, SVAR 

103 PORMA'l' (BHOMEAN • P7.2, l3H VARIANCB • F9.4/) 
WRI'l'B (6,104) OP(N-1), SOMl 

104 FORMAT (338 PROMBILI'IY 01" HAVIN; LBSS THAN F7.2, 
l 7H PPM II P7.4 ) 

WRITE (6,104) OP(N), SOM2 
12 CONTINUE 

STOP 
END 
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PROGRAM 2 

C PROGRAM l'OR FINDING PROB. DISTRIBUTIONS WITH SMALL DO DBl'ICIT 
DIMBNSION D(lOOO), A(lOOO), C(lOOO), T(lOOO), OP(lOOO), 

1 B(lOOO), B(lOOO), S(lOOO) 
READ (5.7) ZKl, ZK2, ZK3, ZLA, ZDB, DBLTA, ALPHA, IP, NP 

7 FORMAT (7F6.0, 2I4) 
DNP • NP 
AIP • IP 
SK13 • ZKl + ZK3 
F = ZIA I (DBLTA * SK13) 
0 = BXP(-!') 
Jr = r 
ta = IP + Jr 
CALL BXPON (NA, F, ta + 1, D) 
G • ZIA*ZK1/(DBLTA*ZK2*SK13) + ZDB/(DBLTA*ZK2) 
Y = BXP(-G) 
CALL BXPON (NP, G, NP+l, B) 
QT = ZK1/(ZK2-SK13) 
DO 14 NT • 1, 5 
TIME • NT 
PR = SK13 * TIMB 
X = 1XP (-PR) 
w • 1.0 - x 
CALL BINOM (W, IP, X, IP + l, A, C) 
CALL SBRMU (NA, IP, A, IP + 1, D, NA + l, T, NA + 1) 
MPl = la + 1 
DO 17 J • l, NAPl 
BNP = J - l 

. UP(J) • BNP * DBLTA 
17 T(J) • U * T(J) 

SMBAN = (F + AIP * X) * DBLTA 
SVAR • DBLTA * (ZIA / SK13 + ~IP * DELTA * X * W ) 
K • 1 
SUMl = 1.0 - T(l) 

8 IF(SUMl - ALPHA) 10, 10, 9 
9KaK+l 

SUMl • SOMl - T(K) 
GO TO 8 

10 SOM2 = SUMl + T(K) 
WRIT! (6,500) NT 

500 FORMAT (26HOTIMB OF TRAVEL IN J».YS = 13/) 
WRIT! (6,600) 

600 FORMAT (41H PROMBll.ITY MASS DBNSITIBS FOR POLLUTION) 
DO 60 KN = 1, NAPl 
IF (T(KN) - 0.00001) 60, 60, 80 

80 WRIT! (6,601) UP(KN), T(KN) 
601 PORMAT (23H PROBl\BILITY OF HAVING P7.2, 7H PPM= P7.4) 

60 CONTINUE 
WRIT! (6,700)SMEAN, SVAR 

700 FORMAT (8HOMBAN = F7.2, 13 H VARIANCE = F9.4/) 
WRIT.B (6,800) UP(K), SUMl 

800 FORMAT (33H PROMBILITY OF HAVIN'.l MORB THAN F7.2,7H PPM• F7.4) 
WRIT! (6,800) UP(K-1), SUM2 
SR a ZK2 *·-TIMB 
Z = EXP(-SR) 
COE = QT * (X-Z) 
WZ = 1.0 - COB 
CALL BINOM (WZ, IP, COE, IP+l, B, C) 
CALL SBRMU (NP, IP, B, IP+l, E, NP+l, S, NP+l) 
NPPl = NP ·+ 1 
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DO 16 NM • l, NPPl 
ANP • NPPl - NM 
UP(NM) = ANP * DELTA 

16 S(NM) = Y * S(NM) 
SMEAN = (Dl!P-G)*DELTA - AIP* DELTA* COB 
SVAR = DBL'l'A*(G*DBL~ + AIP*DBL'l..*COB*(l.O- (X-Z))) 
l<K • NP + 1 
SUM3 -= S(I<Jt) 

18 IF (ALPHA-StM3) 20, 20,19 
19 l<K = l<K - l 

SUM3 = SUM3 + S(l<K) 
GO TO 18 

20 SUM4 = SUM3 - S(KK) 
WRI'l'B (6,500) NT 
WRITE ( 6, 101) 

101 FORMAT (38H PRO~BILI'l'Y' MASS DENSITIES FOR OXYGEN) 
DO 70 JI< = l, NPPl 
IF (S(JI<) - 0.00001) 70, 70, ,90 

90 WRITE (6,601) UP(JI<), S(JI<) 
70 CONTINUE 

WRITE (6, 700) SMEAN, SVAR 
WRITE (6,104) UP('KK-1), SUM3 

1.04 FORMAT (33H PRO~BILI'lY or HAVINJ LESS THAN F7.2, 7H PPM=P7.4) 
WRITE (6,104) UP(l<K), SUM4 

14 CONTINUE 
STOP 
END 
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PROGRAM 3 

C PROGRAM l"OR l"INDI!G PROB. DISTRIBUTIONS WITH VARIABLB 
C INITIAL CONDITIONS 

DIMBNSION A(SOO), 8(500), C(SOO), D(SOO), E(SOO), G(SOO), 
1 S ( 500), T( 500), OP('SOO) 

RBAD (5.7) ZKl, ZK2, ZK3, ZLA, ZDB, DELTA, ALPHA, I, NP, 
1 J, MR2, MRl, MD2, MDl 

7 FORMAT (71"6.0, 714) 
AI • I 
AMRl = MRl 
AMR2 = MR2 
MR21 = MR 2 - MRl 
p = (AI - AMRl ) I (AMR2 - AMRl) 
SK13 = ZKl + ZK3 
BP II ZLA I (DELTA * SK13) 
CONS • EXP(-BP) 
AJ :s J 
ANP = NP 
Dl = MDl 
D2 = MD2 
Rl = MRl 
R2 = MR2 
MD21 = MD2 - MDl 
DSK = ZK2 - SK13 
TBP • (BP * ZKl) / DSK 
SBP = (ZLA * ZKl) I (DBLTA * ZK2 * DSK) 
RBP = ZDB / (DELTA * ZK2) 
PP • (AJ - ZDl) / (ZD2 - ZDl) 
QP = l.O - PP 
ESK = ZIU / DSK 
DO 12 N'l' = 1,5 
TIME = N'l' 
Z = SK13 * TIMB 
0 = EXP(-Z) 
TU = P * 0 
W•BP*U 
SS = EXP(W) 
X = CONS * SS 
v • l.o· - u 
TV = 1.0 - TU 
'lW = BP * V 
CALL BINOM (V, MRl, U, MRl + l, B, B) 
CALL BINOM (TV, MR21, TU, MR21 + 1, C, D) 
CALL EXPON (MR2 I 'lW I MR2 + 1, A) 

CALL SERMU (MR2, MRl, B, MRl+l, A, MR2+1, S, MR2+1) 
CALL SBRMU (MR2, MR21, C, MR21 + 1, S, MR2 + 1, T, MR2 + 1) 
MRPl = MR2 + 1 
DO 14 N = 1, MRPl 
BNP • N - 1 
UP(N) = BNP * DELTA 

14 T(N) • X * T(N) 
SMEAN = 'lW + DELTA * AI * U 
SVAR = DELTA * ('l'W + DELTA * AMRl * U * V + DELTA *(AI-AMRl)* 

1 U * TV) 
N = 1 
SUMl = T(l) 

8 ~l" (l.O - ALPHA - StlMl) 10, 10, 9 
9 N • N + 1 

SUMl = SUMl + T(N) 
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PROGRAM 3 CONTD 

GO 'l'O 8 
10 StM2 • SOMl - T(N) 

SOM3 • l~O - SOMl 
SOM4 = 1.0 - StJM2 
WRITB (6,500) NT 

500 PORMAT (26HO'l'IMB OP TRAVEL IN Dl\YS • I3/) 
WRITB (6,600) 

600 PORMAT ( 41H PROBABILITY MASS DBNSITIBS POR POLLUTION) 
DO 60 KN = 1, MRPl · 
IP (T(KN) - 0.00001) 601 60, 80 

80 WRITE (6~601) OP(KN), T(KN) 
601 PORMAT (23H PROBABILITY OP HAVI!G P7.2, 7H PPM= P7.4) 

60 CONTINUB . 
WRI'l'E (6,700) SHEAN, SVAR 

700 FORMAT (8HOMEAN = F7.2, l3H VARIANCE • P9.4/) 
WRITB (6,800) OP(N), StJM3 

800 FORMAT (338 PROBABILITY or HAVIR; MORE THAN P7.2, 7H PPM=P7.4) 
WRITE (6,800) UP(N-1), SUM4 
STU = -ZI<2 * TIME 
OTN = BXP (STU) 
VTN = 1.0 - tJTN 
CC • TBP * V + (RBP - SBP) * VTN 
EC = BXP (-CC) 
NPl a NP + 1 
NPD = NP - MD2 
OAT = ESK * (U - UTN) 
VAT = 1.0 - OAT 
USA = P * OAT 
VSA = 1.0 - USA 
0tJA = QP * U'l'N 
WA • 1.0 - Uta 
CALL BXPON (NP, CC, NP + 1, A) 
CALL BINOM (VTN, NPD, UTN, NPD+ll B, C) 

.CALL BINOM (VAT, MRl, OAT, MRl+l, D, C) 
CALL ~INOM (VSA, MR21; USA, MR21+1, E, C) 
CALL BINOM (VVA, MD21, UUA, MD21 +l, G, C) 
CALL SBRMU (NP, NPD, B, NPD+l, A, NPli S, NPl) 
CALL SERMU (NP, MRl, · D, MRl+l, s~ NPl, T, NPl) 
CALL SBRMU (NP, MR2li B, MR21 +l, T, NPl, S, NPl) 
CALL SBRMU (NP, MD21, G, MD21+1, S, NPl, T, NPl) 
DO 110 .N = 1, NPl 
BNP = NPl - N 
OP(N) = BNP * DELTA 

110 T(N) = EC * T(N) 
SMBAN = DBI.TA * (ANP + S BP * VTN - TBP * V - RBP * VTN 

1 - AI * OAT - (ANP - AJ) * UTN) 
SVAR = DELTA ** 2 * (TBP * V - SBP * VTN + RBP * VTN 

l + (ANP-D2) * tJTN * VTN + Rl * UAT * VAT +(R2 - Rl) * USA 
2 * VSA + (D2 - Dl) * UtJA * WA) 

StJMl = T(N) 
18 IF (ALPHA - StlMl) 20, 20, 19 
19 N :; N - l 

SUMl = SOMl + T(N) 
GO TO 18 

20 SUM2 = SUMl - T(N) 
WRITB ( 6, 500) NT 
WRITE (6,101) 

101 PORMAT (38H PROBABILITY MASS DENSITIES FOR OXYGEN) 
DO 90 JI< = 1, NPl 
IF (T(JI<) - 0.00001) 90, 90, 70 
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PROGRAM 3 CON'l'D 

70 WRITE (6,601) UP(JK), T(JK) 
90 CONTINUE . 

WRITB (6,700) SMBAN, SVAR 
WRITE (6,102) OP(N-1), SUMl 

102 FORMAT (33H PROMBILI'l'Y OP HAVIlG LBSS TlaN F7.2, 7HPPM = !'7.4) 
WRITE (6,102) OP(N), SUM2 

12 CONTINUE 
STOP 
END 

SUBROUTINE l 

SUBROUTINE EXPON (I, W, M, A) 
DIMENSION A(M) 
A(l) = l.O 
DO 10 I< = l, I 
I<Pl = I< + 1 
CI< = I< 

10 A(I<Pl) = A(I<) * w I CK 
RB TURN 
END 

SUBROUTINE 2 

SUBROUTINE BINOM (V, I, O, M, B, C) 
DIMENSION B(M), C(M) 
C(l) = 1.0 
B(l) = V ** I 
DO 8 J = 1, I 
JPl = J + 1 
AI = I 
AJ = J 
AJMl = J - l 
C(JPl) = C(J) * (AI - AJMl) * 0 I AJ 

8 B(JPl) = C(JPl) * (V **(I -J)) 
RETURN 
END 
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SOBROtJTINB 3 

SOBROO'l'INB SBRMU (NP, I, D, MN, S, NN, T, IQ() 
DIMENSION S(NN), D(MN), T(IQ<) 
NPl = NP + 1 
IF (NP - 1) 13, 13, 15 

13 DO 5 M • 1, NPl 
T(M) • O.O 
DO SL = 1, M 
MIL•M+l-L 

5 T(M) = S(L) * D(MIL) + T(M) 
RB TORN 

15 IPl = I + 1 
DO 22 N = 1, IPl 
T(N) • O.OO 
DO 22 L = 1, N 
NIL=N+l-L 

22 T(N) = S(L) * D(NIL) + T(N) 
IP2 = IPl + 1 
DO 24 K = IP2, NPl 
T(K) = O.OO 
12 = K - I 
DO 24 M = 12, K 
KMl = K - M + 1 

24 T(K) = S(M) * D(I<Ml) + T(K) 
RB TORN 
IND 
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APPENDIX II - MATHEMATICS 

PRO~BILITY GBNBRATI?G PUNCTIONS 

The first part of this section will be devoted to the 

study of some of the properties of generating functions. The 

probability generating function for two random variables ia 

defined by 

P(S,R1t) = ~ E 
M•O N=O 

Where PrM N(t) is the joint probability that the pollution , 
is in state M and the dissolved oxygen is in state N. Given 

the joint probability mass densities, one can multi~ly by 

sM and aN and sum to obtain the generating function. Also 

if one is given P(S,Rst), this can be e>..panded in a power 

series in R and s whose coefficients will be the joint proba

bility mass densities. Similar statements are true if one 

is considering one of the two marginals. 

If R = l, the joint density is summed o~sr N and the 

marqinal probability generating function is formed. A simi

lar result is obtained if s = 1. 

The term M=1h PM
10

{t) sM can be written aa P(s,o 1t). 

This can easily be shown by letting R ~ O when P(S,Rst) is 

written in summation notation. 

Consider next some of the algebraic manipulations in

volved in writing an equation 1n terms of genera~1ng functions. 

00 00 

l. = sMJo NJo PrM, N( t) MSM-laN 
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2. I I PrM-1,N (t} SMRN I l PrM N(t) SM+lRN= S P. 
M=l N=O M=O N=O ' 

In going from the first term to the second term, M was 

replaced by M + 1. 

3. I I (M+l) PrM+l,N(t) 
SMRN I l M PrM,N(t) M=O N=O M=l N=O 

aP as . In going from 

the first term to the sP.cond M+l was replaced by M. The index 

on M could be lowered to zero because the value of the term 

added is zero. 

4. 
MN l l (M+l) PrM+l, N+l (t) S R 

M=O N=O 

!.-1._ I<I 
R as M=O N=O 

1 aP 1 a Ras Ras P(S,O;t). The change 

from the first term to the second is the same as Number 3. 

In going from the second to the third, N was replaced by N-1. 

5. l l PrM,N+l(t)SMRN = ~ P - ~ P(S,O;t). 
M=O N=O 

The changes involved here are the same as those involved in 

the latter part of Number 4. 

6. MN l l PrM N-l(t)S R =RP. 
.M=O N=l ' 

This is similar to Number 2 above. 

7. M N 2 Cl l ·l: (N-l)PrM N-l(t)S R = R ~ l l PrM N-l(t) 
M=O N=l ' aR M=O N=l ' 

In going from the second to the third term N-1 was replaced 

by N. 
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PARTIAL DIFFERENTIAL EQUATION 

The Stochas~ic development requ~ras the solution of a 

partial differential equation. Some of the mathematics in

volved will be given here. One possible differential equa

tion reference is the book by Nelson, Folley, and Coral (9). 

It is desired to find a solution to a partial differential 

equation of the form 

(I I. J.) 

where A11 A21 A3 and C are functions of the dependent vari

able y and independent variables x1 , x2 , aad x3 • This equa

tion is a quasi-linear partial differential equation of the 

first order. 

Consider also the linear partial differential equation 

of the first order 

A ... 
.) 

which will have for its solution 

a is the constann of integration. 

C a+ • 0 (II.2) 
ay 

When (x1 ,x2 ,x3 , y)= 4 is solved for y in terms of 

x1 , x2 , x3 , and a, &t can be shown that the result will be a 

solution for (II;l). Hence if a solution is found for (II.2) 

a solution for (II.l) ia easily obtained. 

The solution of (II.2) can be found using Lagrange's 

Method, which is ou~lined in the following paragraphs. 

Consider the system of ordinary differential equations 

(called subsidiary equations) 

(II. 3) 

It can be shown that any solution of the subsidiary equation 
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is also a solution of the partial differential equation (II.2). 

Now the problem has been reduced to solving a seried os ordi-

nary differential equations (II.3). For this case choose 

three independent equations, which are integrable, from the 

subsidiary equations. Perform the inteqrations and obtain 

the solutions. 

(II.4) 

where c1 ,c2 , and c~ are the constants of integration. The 

above equations can each be solved for y and each of the y's 

will be a general solution of the original partial differen-

tial equation (II.l). 

Any assumed initial condition will determine a unique 

functional relationship among , 1 , , 2 , and , 3 • Any arbitrary 

function ec,1 , , 1,,3) • O possessing partial derivatives will 

be a general solution of (II.2). This arbitrary function 

can also be written 

this latter form being more convenient. The • function can 

be explicitly determined if initial conditions are giveD. 

The initial condition is a given relationship among the vari• 

Suppose the initial condition is 

(II.6) 

In (II.5) make the substitution of (II.6), that is, let x1•0 

and replace y by the given function of x2 and x3 • This sub

stitution means that (II.5) must hold for the initial condi-

tions. Hence 
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(II. 7) 

(II.8) 

then solve these two equations for x2 and x3 in terms of v 

and w. 

Then this result is substituted into (II.7) to obtain 

~(v,w) as a function of v and w. Now the form of the ~ func-

tion is known completely and this has been determined by the 

initial conditions. 

In particular (II.5) is what ia desired, so in (II.8) 

let v• ~l and w=• 2 • Then , 3• ~<• 1 ,, 2 ) is a known function of 

+1 ,+ 2 and +3• Replace , 1 , +2 , and +3 by ~heir equals in 

(II.4). 

We can the1\ solve for y as a function of x1 , A 2 , and 

~3 • Then the partial differential equation is satisfied be

cause the result i• a function of the +'s and the initial con-

dition is satisfied because it determined the form of ; • 

MOMENT GENERATING FUNCTIONS 

A joint moment generating function is defined as 

(II• J 

If S is · replaced by e 9 and R is replaced bye• in the proba-

bility generating function, one obtains the moment qenerating 

function 

The marginal moment generating function M(e,t) is found 

by setting •=O in M(e,+1t). It can also be found by replacing 

s by e 9 in the marginal probability generating function P(e 9,l;t) 
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(II.10) 

The first moment, i.e., the mean, is found by differenti-

ating tne moment generating function (II.10) with respect to 

e and evaluatinq the zesult at S•O. 

(II,11) 

The second non-central moment is the second partial 

derivative of M(e,t} with respect to e, evaluated at S•O. 

2 
2 

= a M(e,t) 
µ 

ae
2 0•0 

2 The variance is theft µ 2_µ 1 

2 • a M(e,t) 

ae 2 

C aM(e,t) 

ae e-o 
(II.12) 

Other non-central and central moments can be found 

similarly. 
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APPENDIX III - METHODS OJ!' MEASUREMENT 

CHEMICAL OXYGBN DEMAND 

The COD procedure ia included in Standard Methods for 

1h! Exuination 2f. ~ ~ ~ ~ (l). The first 

a~ep is to obtain 50 ml. of settled sample. The settled 

aample was used because the sugar, the amount of which is 

what is actualiy being measured, is in solution, and it is 

possible that solids such as small pieces of grass in the 

pond water, if not settled out, could be oxidized during 

the COD test. These solids would interfere with the pollu

tion measurement because the bacteria would not attack them 

at the same rate at which the sugar is attacked and samples 

would not contain a uniform amount of them. 

To this sample is added potassium dichromate and sul

furic acid. The mixture is refluxed for two hours while the 

aulfuric and chromic acids oxidize the sugar and any other 

oxidizable material. After cooling, the excess potassium 

dichromate is titrated with ferrous ammonium sulfate in the 

presence of ferroin indicator. The more pollution in the 

sample the smaller the amount of ferrous ammonium sulfate 

needed to arrive at the endpoint, this endpoint representing 

change in color. A blank of 50 ml. of distilled water is run 

as described above. The lllank, having no pollution, will 

always use more ferrous ammonium sulfate than the sample. 

Then the normality of the ferrous annonium sulfate is ascer

tained by standardizing it against the potassium dichromate. 

Finally, the COD can be calculated using 

mg/liter COD = <a-b)s x a,ooo where 
SO ml sample 

a ~ ml of ferrous ammonium sulfate used for blank 

b = ml of ferrous ammonium sulfate used for sample 
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c • calculated normality of ferrous ammonium sulfate. 

several points of this teat require further diacusaion. The 

test has two features which increase the accuracy. First, 

the end point of the titration is not exact, so the blank is 

titrated first and an endpoint color is established. Then 

the sample• are titratedr the final color of the sample is 

ti t..·a ted to correspond to the color of the blank. Thus, when 

the subtraction is made in the formula, the effect of one 

drop more or leas in both the blank and sample is eliminated. 

The second aid to increased accuracy is the sandardization 

of the f erroua ammonium sulfate each time the test is run. 

This eliminates the effect of alight errors in the initial 

concentration of the ferrous aJ11Donium sulfate and also the 

effect of any time change in the concentration. 

Better result• can also be obtained if the concentrations 

are chosen so that (a-b) is about 1/2 a. For this the text

book recommended that dilute potassium dichromate be used, 

.025N, and the ferrous ammonium sulfate concentration was 

then chosen to be 1/12 N and toward the end of the run 1/24 

N was used. If the ferrous ammonium sulfate is too dilute 

the effect of one drop is not noticed in the titration. 

This test is beat used for high concentrations of pollu

tion. When the dilute potassium dichromate is used, any 

small amount of dirt on glassware can be oxidized and may 

greatly influence the test. Thia is especially true with 

the blank. Even small amounts of stopcock grease on the re

flux apparatus can influence the test. The manual states 

that whenever concentrations of pollution fall below 20 ppm, 

the test is accurate only to an order of magnitude of l ppm. 
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BIOCHBMICAL OXYGBN DEMAND 

In order to compare the COD pollution measurement with 

the standard BOD several .BOD measurements were made during 

the run. For this test. ••ttled sample• of 5 and 10 ml were 

taken from each can initially, and arter the pollution de

creaaed, samples of 10 and 20 ml were taken. These samples 

were placed in standard BOD bott~es and the lx>tties were 

filled with dilution water. The dilution water was distilled 

water containing small quantities of phosphate buffer, mag

nesium sulfate, calcium chloride and ferric chloride. The 

lx>ttles were sealed and stored for five days. Enough dilu

tion water was made so that there was some remaining and it 

was used to determine the initial dissolved oxygen content 

of the sealed lx>ttles. Dissolved oxygen concentration is 

measured using the Winkler Method to be discussed later in 

this section. After five day• the 10 bottles were opened 

and their dissolved oxygen content determined. The 5-day 

BOD is then determined as followsa 

mg/liter BOD = Do-0 2 
p 

where 

Do • DO of original dilution water 

D2 = DO of diluted sample after incubation 

P = ml sample/ml in BOD lx>ttle. 

For this teat to give accurate result• the difference 

Do-D2 . must be greater than one ppm and there mu•t be a residu

al concentration of one ppm. A difference which is too small 

is greatly affected by alight errors in measuring D0 and o2• 

If o2 is too small then the bacteria have slowed down due to 

a lack of oxygen. In order to insure that at least one re

sult would be in the desired range, two dilutions were made. 
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It is now evident why the COD was preferable to the 

BOD. 'l'he COO take• five hours while the BOD take• five days. 

'l'he BOD requires many bottle• for storage, requires time .to 

make the dilution water, and requires care that the dilution 

water i• not aerated in transferring it between vessels. 

DISSOLVBD OXYGEN 

Two methods were used to make the dissolved oxygen de

terminations. 'l'he first is a chemical method which is known 

as the Winkler Method. A 132 ml sample was collected in a 

glass stoppered bottle and manganous .sulfate and alkali

iodide-azide reagent were added. 'l'he resultant manganese 

hydroxide floe is shaken and allowed to settle twice. Then 

with the addition of sulfuric acid, iodine i• liberated. 

'l'he amount now taken for titration is eqµivalent to 100 ml 

of the original aample, i.e., 

100 x 1i~~2 ~ 101.5 ml 

where the 2 is the 2 ml of sample displaced by the manganese 

sulfate and the alkali-iodide-azide reagent. Fina1ly, the 

101.S ml is titrated with sodium thiosulfate using starch as 

the indicator. 'l'he erd point of the titration i• the disap

pearance of the blue color. One ml of 0.025 N sodium thio

sulfate is equivalent to 0.2 mg in DO. For a volume equal 

to 100 ml of original sample 

1 ml thiosulfate = concentration of 2 mg/liter of 

dissolved oxygen. 

Hence, the amount of thiosulfate used is multiplied by 2 to 

obtain the concentration of dissolved oxygen in mg/liter or 

ppm. It is necessary to standardize the thiosulfate regu

larly with either potassium biniodate or potassium dichromate 
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and make any necessary adjustments in the thiosulfate con

centration to bring it to 0.025N. 

The other dissolved -oxygen determination is made using 

a galvanic cell oxygen analyser. The probe is held in the 

can approximately two inches below the aurface, two incQes 

from the mechanical stirrer shaft and pointed in the direc

tion opposing the flow. 'l'he meter readings are affected by 

the velocity of the water passing the probe. It is essential 

therefore to place the probe in the aame position each time. 

'l'he meter stabilizes after approximately tw0 minutes and 

the meter is read to the nearest o.os units. 'l'he meter 

must be calibrated and this is done as followa 1 A sample 

is taken from one can and a Winkler determination is made 

of the dissolved oxygen. 'l'he calibration factor ~ is de

fined as 

Meter DO 
Winkler Method DO • 

All other meter readings are divided by ¢ to obtain the 

actual dissolved oxygen. No temperature correction is needed 

as all work was done in a constant temperature room at 21°c. 

CHLORIDE 

'l'he Mohr Method for chloride is included in standard 

Methods for the Examination 2' ~ ~ !!!lli ~ (1). A 

100 ml sample is taken and 1 ml of potassium chromate is 

added as an indicator. Thi• is titrated with silver nitrate 

to a pinkish yellow endpoint. A blank of 100 ml of diatilled 

water is titrated to the same color. Also, the silver ni

trate must be standardized against a known solution of sodium 

chloride. '!'hen 
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mg/l Cl = (a-b)c x 35,460 
100 ml sample 

where 

a = ml silver nitrate for the sample 

b = ml silver nitrate for the blank 

c • normality ot silver nitrate. 
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