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(ABSTRACT) 

 
 

An efficient beam-column approach, using an improved step-by-step numerical 

method, is developed in the current research for studying the ultimate strength problems 

of stiffened panels with two load cases: 1) under longitudinal compression, and 2) under 

transverse compression.   

Chapter 2 presents an improved step-by-step numerical integration procedure based 

on (Chen and Liu, 1987) to calculate the ultimate strength of a beam-column under axial 

compression, end moments, lateral loads, and combined loads.  A special procedure for 

three-span beam-columns is also developed with a special attention to usability for 

stiffened panels.  A software package, ULTBEAM, is developed as an implementation of 

this method.  The comparison of ULTBEAM with the commercial finite element package 

ABAQUS shows very good agreement. 

The improved beam-column method is first applied for the ultimate strength analysis 

of stiffened panel under longitudinal compression.  The fine mesh elasto-plastic finite 

element ultimate strength analyses are carried out with 107 three-bay stiffened panels, 

covering a wide range of panel length, plate thickness, and stiffener sizes and 

proportions.  The FE results show that the three-bay simply supported model is 

sufficiently general to apply to any panel with three or more bays.  The FE results are 

then used to obtain a simple formula that corrects the beam-column result and gives good 



 

agreement for panel ultimate strength for all of the 107 panels.  The formula is extremely 

simple, involving only one parameter: the product λΠorth
2. 

Chapter 4 compares the predictions of the new beam-column formula and the 

orthotropic-based methods with the FE solutions for all 107 panels.  It shows that the 

orthotropic plate theory cannot model the “crossover” panels adequately, whereas the 

beam-column method can predict the ultimate strength well for all of the 107 panels, 

including the “crossover” panels.  

The beam-column method is then applied for the ultimate strength analysis of 

stiffened panel under transverse compression, with or without pressure.  The method is 

based on a further extension of the nonlinear beam-column theory presented in Chapter 2, 

and application of it to a continuous plate strip model to calculate the ultimate strength of 

subpanels.  This method is evaluated by comparing the results with those obtained using 

ABAQUS, for several typical ship panels under various pressures. 
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Chapter 1 
 

Introduction 
 

 

Because of their simplicity in fabrication and excellent strength to weight ratio, steel 

stiffened panels find wide application in ships and other heavily loaded thin wall 

structures.  In recent years ship structural research engineers have strongly recommended 

the adoption of the limit state approach by Classification societies to develop the criteria 

and procedures for the design of stiffened panels. 

The structural design criteria to prevent the ultimate limit state of stiffened panels are 

based mainly on inelastic buckling.  Due to difficulties in the experimental investigation 

of inelastic buckling, there is not much experimental data regarding the ultimate strength 

of stiffened panels.  The preferred tool for evaluating the ultimate strength of stiffened 

panels is now nonlinear finite element (FE) analysis.  The goal of the research in this 

dissertation is to develop improved numerical methods for some of the collapse modes of 

stiffened panels based on FE investigations.  

The purpose of this chapter is to: (i) introduce stiffened panel terminology, (ii) give a 

brief list of previous work done on ultimate strength analysis of stiffened panels, and (iii) 

describe the aims, methods and scope of the present work. 
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Figure 1.1  Stiffened panel terminology 
 

1.1 Stiffened Panel Terminology 

A cross-stiffened panel contains three levels of panels, as shown in Figure 1.1: 

• The gross panel with longitudinal stiffeners and transverse frames is called a 

grillage or a gross stiffened panel. 

Side shell or longitudinal bulkhead 

Transverse frame 

Longitudinal stiffener 

Transverse bulkhead or other boundary structure 

Subpanel 
Stiffened panel 

Gross panel / grillage 
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• The longitudinally stiffened panel between adjacent transverse frames is one 

bay of a grillage, usually called stiffened panel for convenience. 

• The panel bounded by longitudinal stiffeners and transverse frames is a 

subpanel. 

Figure 1.1 also shows the structural members in a gross panel.  In general, the plating 

constitutes the majority of the cross sectional area of the plate/stiffener combination and 

carries most of the in-plane compressive load.  The longitudinal stiffeners strengthen the 

plating, keeping it stable so it can absorb the in-plane load.  They also provide the support 

necessary to handle any lateral loads.  The transverse frames provide intermediate 

support to the longitudinal stiffeners. 

Gross panel (or grillage) buckling occurs when the transverse frames are not stiff 

enough to provide undeflecting support to the longitudinal stiffeners and they buckle 

together with the longitudinal stiffeners.  If the transverse frames are rigid and provide 

adequate support to the longitudinals, failure will occur in the longitudinally stiffened 

panel between the transverse frames. 

In most cases, the transverse frames have substantially deeper webs and are more 

rigid than the longitudinal stiffeners, eliminating the possibility of grillage buckling.  

With the grillage buckling eliminated, the longitudinal stiffened panels between 

transverse frames must be analyzed.   

1.2 Collapse Modes of Stiffened Panels 

As shown in Figure 1.2, which is Fig. 6.1 of (Paik and Thayamballi, 2002) a 

stiffened panel has five types of buckling modes: 

• Mode I: overall buckling of the plating and stiffeners as a unit 

• Mode II: collapse due to predominant transverse compression 

• Mode III: beam-column buckling of the stiffeners 
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• Mode IV: buckling of the stiffener web 

• Mode V: flexural-torsional buckling (or “tripping”) of the stiffeners   

These modes are neither mutually exclusive nor independent; they can occur together 

and they can interact.  But they are sufficiently complex that there is no one model or 

analysis method that can deal with all of them simultaneously.  Instead, it has been found 

necessary and useful to make a separate model and a separate ultimate strength analysis 

for each of them, because this has allowed expressions to be obtained for the separate 

ultimate strengths that are suitable for structural design. 

 

 
 

Figure 1.2(a)  Overall buckling of the plating and stiffeners as a unit 
 

 
 

Figure 1.2(b)  Collapse due to predominant transverse compression 
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Figure 1.2(c)  Beam-column type collapse, plate induced failure 
 
 

 
 

Figure 1.2(d)  Buckling of the stiffener web 
 

 
Figure 1.2(e)  Flexural-torsional buckling (or “tripping”) of the stiffeners 
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The last two buckling modes can be prevented by using stiffeners with good 

proportions.  The present work deals with the first three modes because they are quite 

different and require different (almost opposite) modeling, and yet they can overlap and 

interact, and so a more unified approach would be beneficial. 

1.3 Two Models for Predicting Ultimate Strength for Modes I and III 

Many simplified design methods to estimate the ultimate strength of stiffened steel 

panels have been developed, considering one or more of the failure modes among those 

mentioned above. Some of those methods have been reviewed by the ISSC technical 

committee III.1 on Ultimate Strength (ISSC 2000). Comparisons between some of these 

methods have also been made by many researchers (e.g., Das & Garside 1991, Hughes et 

al. 1994, ISSC 1994, Rigo et al. 1995, Paik & Kim 1997, Pradillon et al. 2001).   

In the Mode I and Mode III ultimate strength analyses of stiffened panels there are two 

contrasting models that can be used. 

• Beam-column model  In this approach the stiffeners are modeled as beam-

columns, characterized mainly by their slenderness ratio λ = L/ρ, with corrections 

for the influence of the plating as characterized by the “orthotropic aspect ratio” of 

the panel, Πorth, defined in the Nomenclature.  A new version of this approach is 

presented in Chapter 3. 

• Orthotropic plate model  In this model large deflection orthotropic plate theory is 

used to “smear” the stiffeners into an equivalent orthotropic plate which has an 

increased flexural rigidity Dx in the x direction, defined in the Nomenclature.  Prof. 

Jeom Paik and his colleagues (Paik et al, 2001) have shown that this approach can 

be used to predict the ultimate strength of a stiffened panel for the overall collapse 

mode (Mode I) under a variety of in-plane loads. 

Both models have been used by major societies such as ABS, API, and DnV.  

Orthotropic plate method is used in the new Eurocode 3 (Johansson et al, 2001).  
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Currently, DnV is developing a new buckling procedure for stiffened panels using a new 

orthotropic model (Steen et al, 2001). 

1.3.1 Applications of the Two Models 

Beam-column Model 

Of its very nature the beam-column model is better when the stiffeners dominate 

over the plating; that is, when they act as individual and identical beam-columns, with 

little or no interaction.  The resulting failure is Mode III.  This will occur for: 

• a short or wide panel; i.e. small values of L/B 

• flexurally strong stiffeners relative to the plating; i.e. small values of D/Dx. 

• flexurally strong stiffeners relative to the length; i.e. small values of the 

slenderness ratio λ = L/ρ 

From the definition of the orthotropic aspect ratio in the Nomenclature we see that 

the first two conditions are equivalent to a small value of Πorth.  Thus it is possible that 

the three conditions are equivalent to a small value of some combination of λ and Πorth, 

and Chapter 3 will show that indeed this is the case, and that the appropriate combination 

is λΠorth
2. 

When the stiffeners are dominant (and are properly proportioned so as to prevent 

tripping, web bending, web buckling, and other local buckling modes) then the lowest 

failure mode is collapse (effectively simultaneous) of the stiffeners as beam-columns.  If 

there is no pressure the overall beam-column is usually taken as simply supported, but if 

there are cross frames then the structure is a multi-span beam-column, and this must be 

allowed for in the model.  A single span (or one-bay) model is an oversimplification of a 

multi-span beam-column, especially if there is pressure.   

One of the flanges of the beam-column is the plate flange.  Depending on the 

direction of the bending in the collapse bay, the collapse will be either “plate-induced” or 
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“stiffener-induced”.  In either case the collapse occurs either when the compressed 

portion of the cross section loses its axial stiffness, or when the entire section loses its 

flexural stiffness.  For plate-induced collapse the plating is in compression and it can lose 

its axial stiffness due to a combination of plate buckling and membrane yield.  For 

slender plating they occur in sequence; for more typical ship plating (1.5 < β < 3) they 

occur together.  For stiffener-induced collapse the portion of the section that is in 

compression is not a relatively thin flange (the plating) but rather a relatively deep section 

– nearly all of the stiffener.  Here the compressed portion loses its axial stiffness 

gradually, as yielding occurs progressively, starting at the stiffener flange surface and 

extending into the web.  Because of the vertical extent of the yielding, it is possible that 

the section can lose most of its flexural stiffness before losing its axial stiffness.  

Whichever occurs first causes collapse. 

Orthotropic plate model 

In contrast, it is obvious that the orthotropic plate model is better for small stiffeners.  

When the stiffeners are small, the lowest buckling mode is overall or “grillage” buckling.  

Until now, it has been customary to only consider the orthotropic model for Mode I 

buckling.  The beam-column model did not seem to be relevant. 

1.4 Properties of the 107 Three-bay Panels 

Table 1.1 lists the properties of the 107 three-bay panels that are investigated in this 

study.  They cover the full range of proportions of typical ship panels.  Approximately 

half have 3 stiffeners; the others have 5 stiffeners.  They are all 3600 mm wide.  The first 

49 panels (P1-P49) are used in Chapter 2 to verify the accuracy of the improved step-by-

step integration method for inelastic beam-columns.  Among the other 58 panels, 55  

panels (P50-P107, excluding P57, P66 and P75) are “crossover” panels, as explained in 

Section 1.5.  All 107 panels are used in Chapter 3 to obtain the formula for applying the 

beam-column approach to stiffened panels.  
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Table 1.1 Geometric properties of all 107 stiffened panels  (sheet 1 of 4) 

 
a t ns  hw tw bf tf Acturalγ  

Actural

KCO

γ
γ ,  

Actural

newCO

γ
γ ,  

P1 1800 21 3 42 12 100 15 7.17 - - 
P2 2640 21 3 48 12 100 15 8.79 - - 
P3 3600 21 3 80 12 100 15 20.59 - - 
P4 1800 21 3 80 12 100 15 20.59 - - 
P5 2640 21 3 90 12 100 15 25.46 - - 
P6 3600 21 3 150 12 100 15 68.06 - - 
P7 1800 21 3 150 12 100 15 68.06 - - 
P8 2640 21 3 150 12 100 15 68.06 - - 
P9 3600 21 3 200 12 100 15 123.30 - - 

P10 1800 16 3 40 9 100 14 12.24 - - 
P11 2640 16 3 45 9 100 14 14.68 - - 
P12 3600 16 3 72 9 100 14 32.18 - - 
P13 1800 16 3 60 9 100 14 23.48 - - 
P14 2640 16 3 80 9 100 14 38.83 - - 
P15 3600 16 3 100 9 100 14 58.57 - - 
P16 1800 16 3 120 9 100 14 82.98 - - 
P17 2640 16 3 160 9 100 14 146.90 - - 
P18 3600 16 3 180 9 100 14 186.94 - - 
P19 1800 10 3 40 6 80 10 24.14 - - 
P20 2640 10 3 60 6 80 10 49.08 - - 
P21 3600 10 3 60 6 80 10 84.01 - - 
P22 1800 10 3 90 6 80 10 105.47 - - 
P23 2640 10 3 120 6 80 10 187.03 - - 
P24 3600 10 3 150 6 80 10 296.32 - - 
P25 2640 21 3 24 12 100 15 3.39 - - 
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Table 1.1 Geometric properties of all 107 stiffened panels  (sheet 2 of 4) 

 
a t ns  hw tw bf tf Acturalγ  

Actural

KCO

γ
γ ,  

Actural

newCO

γ
γ ,  

P26 1800 21 5 42 12 100 15 10.31 - - 
P27 2640 21 5 48 12 100 15 12.62 - - 
P28 3600 21 5 80 12 100 15 29.44 - - 
P29 1800 21 5 80 12 100 15 29.44 - - 
P30 2640 21 5 90 12 100 15 36.35 - - 
P31 3600 21 5 150 12 100 15 96.39 - - 
P32 1800 21 5 150 12 100 15 96.39 - - 
P33 2640 21 5 150 12 100 15 96.39 - - 
P34 3600 21 5 200 12 100 15 173.55 - - 
P35 1800 16 5 40 9 100 14 17.48 - - 
P36 2640 16 5 45 9 100 14 20.95 - - 
P37 3600 16 5 72 9 100 14 45.77 - - 
P38 1800 16 5 60 9 100 14 33.45 - - 
P39 2640 16 5 80 9 100 14 55.17 - - 
P40 3600 16 5 100 9 100 14 83.00 - - 
P41 1800 16 5 120 9 100 14 117.30 - - 
P42 2640 16 5 160 9 100 14 206.66 - - 
P43 3600 16 5 180 9 100 14 262.39 - - 
P44 1800 10 5 40 6 80 10 34.57 - - 
P45 2640 10 5 60 6 80 10 70.08 - - 
P46 3600 10 5 80 6 80 10 119.62 - - 
P47 1800 10 5 90 6 80 10 149.97 - - 
P48 2640 10 5 120 6 80 10 264.85 - - 
P49 3600 10 5 150 6 80 10 417.97 - - 
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Table 1.1 Geometric properties of all 107 stiffened panels  (sheet 3 of 4) 

 
a t ns  hw tw bf tf Acturalγ  

Actural

KCO

γ
γ ,  

Actural

newCO

γ
γ ,  

P50 1800 21 3 50 20 200 30 35.12 0.64 0.93 
P51 1800 21 3 84 12 100 15 22.47 0.84 0.90 
P52 1800 21 3 50 10 200 30 34.57 0.64 0.93 
P53 1800 16 3 36 20 200 30 44.60 0.54 0.88 
P54 1800 16 3 56 12 100 15 23.03 0.83 0.88 
P55 1800 16 3 81 5 60 10 18.14 0.98 1.04 
P56 1800 16 3 31 10 200 30 36.92 0.64 1.12 
P57 2640 21 3 60 12 100 15 12.56 - - 
P58 1800 10 3 28 12 100 15 26.97 0.74 0.89 
P59 1800 10 3 41 5 60 10 19.50 0.93 0.94 
P60 2640 21 3 80 20 200 30 69.83 0.69 0.94 
P61 2640 21 3 123 12 100 15 45.92 0.87 0.93 
P62 2640 21 3 75 10 200 30 61.74 0.75 0.98 
P63 2640 16 3 58 20 200 30 85.10 0.60 0.95 
P64 2640 16 3 84 12 100 15 46.88 0.86 0.92 
P65 2640 16 3 53 10 200 30 73.60 0.68 1.02 
P66 2640 21 3 95 12 100 15 83.63 - - 
P67 2640 10 3 45 12 100 15 56.01 0.75 0.92 
P68 2640 10 3 62 5 60 10 40.62 0.93 0.96 
P69 3600 21 3 112 20 200 30 120.85 0.75 0.99 
P70 3600 21 3 166 12 100 15 83.65 0.89 0.94 
P71 3600 21 3 106 10 200 30 106.72 0.81 0.98 
P72 3600 16 3 83 20 200 30 147.74 0.65 1.01 
P73 3600 16 3 120 12 100 15 92.23 0.82 0.88 
P74 3600 16 3 76 10 200 30 125.70 0.73 1.03 
P75 2640 21 3 150 12 100 15 68.06 - - 
P76 3600 10 3 65 12 100 15 105.18 0.75 0.92 
P77 3600 10 3 86 5 60 10 75.71 0.92 0.95 
P78 1800 21 5 84 20 200 30 100.22 0.58 0.91 
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Table 1.1 Geometric properties of all 107 stiffened panels  (sheet 4 of 4) 

 
a t ns  hw tw bf tf Acturalγ  

Actural

KCO

γ
γ ,  

Actural

newCO

γ
γ ,  

P79 1800 21 5 116 12 100 15 58.32 0.77 0.87 
P80 1800 21 5 93 10 160 20 68.53 0.71 0.89 
P81 1800 21 5 77 10 200 30 85.73 0.65 1.01 
P82 1800 16 5 60 20 200 30 116.54 0.55 0.96 
P83 1800 16 5 82 12 100 15 63.34 0.73 0.81 
P84 1800 16 5 54 10 200 30 98.64 0.62 1.12 
P85 1800 10 5 31 20 200 30 144.46 0.53 0.95 
P86 1800 10 5 45 12 100 15 77.64 0.63 0.83 
P87 1800 10 5 56 5 60 10 48.66 0.86 0.91 
P88 2640 21 5 126 20 200 30 195.96 0.66 0.96 
P89 2640 21 5 168 12 100 15 121.14 0.82 0.90 
P90 2640 21 5 136 10 160 20 133.62 0.79 0.93 
P91 2640 21 5 116 10 200 30 165.09 0.73 0.98 
P92 2640 16 5 93 20 200 30 231.35 0.61 1.02 
P93 2640 16 5 120 12 100 15 129.47 0.78 0.86 
P94 2640 16 5 82 10 200 30 184.73 0.72 1.11 
P95 2640 10 5 52 20 200 30 291.22 0.58 1.01 
P96 2640 10 5 68 12 100 15 157.36 0.68 0.90 
P97 2640 10 5 84 5 60 10 103.97 0.87 0.91 
P98 3600 21 5 174 20 200 30 347.81 0.72 0.99 
P99 3600 21 5 223 12 100 15 218.23 0.87 0.94 
P100 3600 21 5 185 10 160 20 236.74 0.84 0.96 
P101 3600 21 5 159 10 200 30 283.85 0.81 1.00 
P102 3600 16 5 131 20 200 30 415.25 0.65 1.07 
P103 3600 16 5 164 12 100 15 241.07 0.81 0.88 
P104 3600 16 5 133 10 160 20 262.01 0.80 0.93 
P105 3600 16 5 115 10 200 30 321.76 0.78 1.10 
P106 3600 10 5 76 20 200 30 524.44 0.62 1.06 
P107 3600 10 5 95 12 100 15 291.10 0.71 0.94 
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1.5 Flexural Rigidity Ratio for Simultaneous Buckling 

Figure 1.3 is a simplified design space with only two design variables – plate 

thickness and stiffener height.  The axis normal to the page is the weight of the stiffened 

panel, and the contours are those of constant weight.  The figure shows the constraint 

against local plate buckling and the constraint against overall panel buckling, and it is 

evident that the optimum design is at the junction of the two constraints 

 

Figure 1.3  Design space for optimum design of a stiffened panel 
 

It is useful to have a structural parameter by which one can determine which mode of 

buckling occurs first.  The following flexural rigidity ratio is commonly used for this 

purpose: 

Db
EI x=γ                (1.1) 

Plate buckling

tp1 

final  tp 

hs hs1final  hs 

 tp 
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It is tempting to use the condition of simultaneous buckling as a simple way of 

obtain a least weight panel.  But from (Tvergaard and Needleman, 1975) and other 

studies it has long been known that, for elastic buckling, a simultaneous occurrence of the 

two modes causes the curve of load vs. average axial strain to have a much steeper 

negative slope immediately after buckling, compared to the post-buckling slope for 

overall buckling when plate buckling is not simultaneous, either occurring beforehand or 

not at all.  In other words, for “crossover” panels, for which γ is at or near the elastic 

“crossover” value, the load shedding is both sudden and large scale. Perhaps not aware of 

this earlier work (Grondin et al, 2002) have reported this same result.  

For panels that buckle elastically, either because they are very slender or are made of 

composite materials, designers generally prefer that local plate buckling should occur 

first, thereby giving some warning about possible overall buckling, which is more 

extensive and therefore more serious.   

(Klitchieff, 1951) derived a formula for the “crossover” value of γ, beyond which the 

stiffeners are large enough that local plate buckling precedes overall buckling. 
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In order to access the accuracy of Eq.(1.2) (Hughes and Ghosh, 2003) performed 

repeated eigenvalue analyses for 55 panels, gradually adjusting the stiffener height until 
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the local plate buckling stress and the overall (interframe) buckling stress were 

approximately equal (usually within 10%).  In Table 1.1 these “crossover” panels are 

P50-P107 (excluding P57, P66 and P75).  Besides the structural dimensions, the table 

gives the value of Actualγ  (which is also ActualCO,γ  for the “crossover” panels as obtained 

from eigenvalue analyses), and the ratio of the Klitchieff value KCO,γ  to ActualCO,γ .  The 

average error (using absolute values) of the 
ActualCO

KCO

,

,
γ

γ ratio is   26 % and the COV is 

0.148. 

This is a relatively large error, and so Hughes and Ghosh derived a new expression 

for the crossover value of γ.  They included allowance for the rotational restraint of 

stiffeners developed by (Paik and Thayamballi, 2000) an allowance for web bending and 

an allowance for transverse shear in the stiffener web.  The result is the following simpler 

and much more accurate formula (7 % mean error, COV 0.073): 
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ζζ rCr C=  where 
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The last column of Table 1.1 shows the ratio of the NewCO,γ  given by eq. (1.3) relative 

to the actual value.  The average error (using absolute values) of 
ActualCO

NewCO

,

,
γ

γ is   7 % 

(with COV of 0.073), compared to 26 % (with COV of 0.148) for the Klitchieff formula, 

Eq. (1.2).  Thus the new formula for crossover panels which are P50-P107 (excluding 

P57, P66 and P75) is more accurate and yet simpler in format. 

1.6 Significance of “Crossover” Proportions in Typical Ship Panels 

The undesirable post-bucking behavior of elastic “crossover” panels raises the 

question as to whether the same behavior occurs for panels that buckle inelastically.  This 

is important for ship panels, in which typically both buckling modes are inelastic.  To 

answer this question, the ship structures research group at Virginia Tech has performed 

an extensive series of nonlinear finite element ultimate strength calculations, using 

ABAQUS, on 107 stiffened panels.  Approximately half (55) of the panels were 

“crossover” panels, which means that their value of γ is equal or very close to the 

crossover value given by Eq. (1.3), regardless of whether their elastic buckling stresses 

(local and overall) are above or below the yield stress.  The results are presented in 

Chapter 4. All of these panels are typical ship panels, for which extensive yielding occurs 

along with the buckling, with a strong two-way interaction.  Because of these inelastic 

complications, the “crossover” panels did not have less ultimate strength but some of 

them (14 in all) did exhibit steep load shedding. Also, this study revealed that some 

“crossover” panels (21 out of 55) do have one surprising feature - they cannot be 

adequately modeled by orthotropic-based methods, whereas all of them can be modeled 

adequately by a beam-column approach. 
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1.7 Ultimate Strength of a Subpanel 

The collapse of stiffened panels under transverse compression with or without 

pressure is due to a localized buckling of subpanels, which is Mode II shown in Fig. 

1.2(b).   

For transverse compression of these subpanels (Valsgård, 1979) presented a method 

for estimating the ultimate strength of a wide plate.  However, Valsgård’s method was for 

wide plates that are simply supported on all four edges.  For stiffened panels subjected to 

a lateral pressure the edge condition is in between simply supported and clamped, and 

until now no method was available that could deal with this.   

In Chapter 5 a direct numerical method is presented in which the edge restraint 

problem is solved by applying end moments at the loaded edges.  The magnitude of the 

end moments depends on the plate slenderness and the magnitude of the initial deflection.  

The new method gives results that agree well with nonlinear FE results. 

1.8 Summary 

This chapter mainly states the motivation of this research.  The work presented in the 

following chapters includes four parts, which can be summarized as follows: 

• Chapter 2 derives an improved step-by-step numerical integration procedure based 

on (Chen and Liu, 1987) to calculate the ultimate strength of a beam-column under 

axial compression, end moments, and lateral loads.  A special procedure is 

developed to analyze the collapse of a three-span beam-column which represents a 

typical stiffener-plate combination in a three-bay stiffened panel. 

• Chapter 3 compares the results of the fine mesh elasto-plastic finite element 

ultimate strength analyses with the results of the continuous beam-column 

calculations for the stiffener-induced collapse of 107 three-bay stiffened panels, 

covering a wide range of panel length, plate thickness, and stiffener sizes and 
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proportions.  It shows that the three span beam-column model developed in Chapter 

2 gives good results for stiffener-induced failure when the orthotropic plate 

parameter Πorth is small.  Section 3.2 shows that the three span beam-column model 

is sufficiently general to apply to any panel with three or more spans.  Sections 3.3 

and 3.4 then use the FE results to obtain a simple formula that corrects the beam-

column result and gives good agreement for panel ultimate strength for all of the 

107 panels.  The formula is extremely simple, involving only one parameter: the 

product λΠorth
2. 

• Chapter 4 compares the predictions of the new beam-column formula and the 

orthotropic plate theory with the FE solutions for all 107 panels.  It shows that the 

orthotropic plate theory cannot model the “crossover” panels adequately, whereas 

the beam-column method can predict the ultimate strength well for all of the 107 

panels, including the “crossover” panels.  A brief discussion about possible cause 

of the large overestimate of ultimate strength finishes this chapter.   

• Chapter 5 presents a new numerical method for calculating the ultimate strength of 

stiffened panels under transverse compression with and without pressure.  The 

method is based on a further extension of the nonlinear beam-column theory 

presented in Chapter 2, and application of it to a continuous plate strip model to 

calculate the ultimate strength of subpanels.  This method is shown to agree well 

with nonlinear FE solutions. 
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Chapter 2 
 

Inelastic Beam-Columns 
 

2.1 Introduction 

The critical load of a geometrically perfect beam-column is usually determined by 

the eigenvalue (or bifurcation) approach.  The lateral deflection will not occur until the 

applied load reaches a critical value.  At this critical load, a small disturbance on the 

member will produce a large lateral deflection.  To obtain the critical load, a linear 

differential equation is first written down for the member in a slightly deformed state.  

The solution to the characteristic equation derived from this governing differential 

equation then gives the critical load of the member.  This approach is also known as the 

method of neutral equilibrium. 

To account for the inelasticity in the eigenvalue analysis, the concept of effective 

modulus (tangent modulus and reduced modulus) is widely used.  Since the effect of 

inelasticity is to reduce the stiffness of the member, the plastic buckling load in an 

inelastic analysis is always smaller than that of the elastic bucking analysis. 

If the member is geometrically imperfect, lateral deflection will begin as soon as the 

load is applied.  As a result, the above neutral equilibrium method cannot be applied for 

the case of an imperfect member.  Instead, a more complex analysis known as the load-

deflection approach must be used.  In this approach, the complete load-deflection 

response of the member is traced from the start of loading up to the critical load.  

Rigorous load-deflection analysis for inelastic, imperfect members is rather complicated.  
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Numerical or approximate methods (Chen and Atsuta, 1976, 1977) therefore play an 

important role in the solution for the critical loads, and recourse is made to techniques 

such as the Raleigh-Ritz method, Galerkin’s method, Newmark’s method, and the step-

by-step method.  

This chapter presents a numerical integration procedure based on the step-by-step 

method, known herein as the ‘modified step-by-step method’.  The method is applicable 

to imperfect beam-columns with geometric and material nonlinearities.  Several beam-

columns with different cross sections, different load conditions, and different boundary 

conditions are analyzed by the method, and the results are shown to be very accurate by 

comparing them with fine mesh finite element (FE) solutions.  

2.2 Assumptions 

The three basic assumptions used in the following derivation are: 

1. The cross section remains plane after bending, and remains undeformed in the 

cross section plane.  

2. The stress-strain relationship is assumed to be elastic-perfectly plastic. (Fig. 2.1) 

3. The initially imperfection shape of the pinned-pinned member follows a half-sine 

wave; the initial imperfection shape of the clamped-clamped member follows a 

cosine wave. 

Also, the beam-column is assumed to be symmetric about the mid-length cross 

section. 
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Figure 2.1  Idealized stress-strain diagram 

 

2.3 M - F - P relationship 

In the process of numerical integration, we will need to use the nonlinear relationship 

between the internal moment M and the curvature F and the axial force P.  To derive the 

M- F -P relationship, we need to evaluate the integrals for the axial net force P and 

internal bending moment M. The force equilibrium condition and moment equilibrium 

condition determine the strain or stress distribution, from which we can get the 

expression for curvature F in terms of P and M. 

2.3.1 Rectangular cross section 

When a member with rectangular cross section (h X b) is subjected to axial 

compression, a plastic collapse mechanism will form as sketched in Fig. 2.2.  Before the 

formation of the final perfect plastic hinge (Fig. 2.2d), the cross section will experience 

three stages: elastic (no yielding, Fig. 2.2a), primary plastic (Fig. 2.2b), and secondary 

plastic (Fig. 2.2c). 
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Strain Stress

 
 Figure 2.2  Strain and stress diagram (Rectangular section) 
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Elastic, Fig. 2.2(a) 

Since the member remains fully elastic, the moment-curvature relationship has the 

simple form 

M
EI

=Φ               (2.1) 

Primary plastic, Fig. 2.2(b) 

Equilibrium: 

The axial force P and the internal moment M are related to the stress s(z) by 
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A∫= σ  
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Substitute Eq. 2.4 into Eq. 2.2, solve for sL, the substitute sL and s(z) into Eq. 2.3 

and solve for dPP. 

Finally, get curvature 
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Secondary plastic, Fig. 2-2(c) 

Equilibrium: 
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The axial force P and the internal moment M are related to the stress s(z) by 

dAP
A∫= σ  
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Substitute Eq. 2.8 into Eq. 2.6, solve for dSPD, the substitute dSPD and s(z) into Eq. 

2.7 and solve for dSP. 

Finally, get curvature 

)(
22
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Perfect plastic hinge, Fig. 2-2(d) 

From equilibrium: 

( )hdbP PHY −= 2σ           (2.10) 
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The perfect plastic hinge moment MPH then is: 

 )( PHPHY dhbdM −= σ               (2.12) 
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Note that if the member is fully elastic, the axial force has no effect on the moment-

curvature relationship.  However, as soon as yielding commences, M and F are affected 

by the axial force.   

 

 

Figure 2.3 Cross-sectional geometry (Asymmetric I) 
  

2.3.2 Asymmetric I cross section 

Figure 2.3 shows the cross section geometry properties of a T type stiffener with 

attached plating (acting as the bottom flange), representing an asymmetric I cross section, 

which is of the most interest in this thesis. 

Figure 2.4 shows a series of strain and stress diagrams that correspond to four stages 

of loading sequences: no yielding, yielding in flange, yielding in web, and yielding in 

plating, respectively.  For convenience, they are designated in the following as Case 1, 

Case 2, Case 3, and Case 4.   

Note that Case 2 - 4 are all primary plastic.  For the sake of simplicity, the secondary 

plastic cases (yielding in tension starting from the bottom of the plating) are not covered 

here for asymmetric I cross section. 
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Case 1: Elastic, Fig. 2.4(a) 

Since the member remains fully elastic, the moment-curvature relationship has the 

same form as Eq. 2.1 for rectangular section. 

Case 2: Yielding in flange, Fig. 2.4(b) 

Equilibrium: 

The axial force P and the internal moment M are related to the stress s  by 
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where: 

L
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−
−
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Substitute Eq. 2.15 into Eq. 2.13, solve for sL, the substitute sL and s(z) into Eq. 

2.14 and solve for df . 

Finally, get curvature 
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Figure 2.4 Strain and stress diagram for asymmetric I cross section (Case 1 and 2) 
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Figure 2.4 Strain and stress diagram for asymmetric I cross section (Case 3 and 4) 
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Case 3: Yielding in web, Fig. 2-4(c) 

Equilibrium: 

The axial force P and the internal moment M are related to the stress s by 

dAP
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where: 
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Substitute Eq. 2.19 into Eq. 2.17, solve for sL, the substitute sL and s(z) into Eq. 

2.18 and solve for dw . 

Finally, get curvature 
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Case 4: Yielding in plating, Fig. 2-4(d) 

Equilibrium: 

The axial force P and the internal moment M are related to the stress s by 

dAP
A∫= σ  
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Substitute Eq. 2-23 into Eq. 2-21, solve for sL, the substitute sL and s(z) into Eq. 2-

22 and solve for dp . 

Finally, get curvature 
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The moment-curvature-thrust relations developed above are for stiffeners with 

rectangular flanges.  For stiffeners with bulb and other cross sections with general stress-

strain behavior, the derivations are similar. 
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2.4 Modified Step-by-step Method 

In the original step-by-step method (Chen and Liu, 1987): 

1. The member is divided into n segments with n + 1 stations within the full length. 

2. The deflection of the first station is specified. 

3. The deflections at subsequent stations are calculated from station to station in a 

systematic, forward marching manner. 

4. The applied force corresponding to the specified deflection is sought iteratively. 

5. Stop the iteration when the deflection at the other end equals to zero. 

This procedure, which is discussed in more detail in Chen and Liu’s book, can only 

deal with pinned-pinned boundary conditions.  In the following sections, the method is 

modified so that it is applicable for both pinned-pinned and clamped boundary condition.  

A special procedure for three-span beam-columns is also developed.   

2.4.1 Pinned-pinned 

Consider Figure 2.5, in which a pinned-pinned beam-column with initial deflection 

of w0 is shown.  The member is subjected to axial compression load.  The boundary 

conditions are: 

w = w’’ = 0  at 
2
ax ±=         (2.25) 

Because of symmetry, only half of the overall length of the beam-column needs to be 

analyzed.  Using the second-order central difference equation for the curvature at station 

1, we can get the deflection at station 2: 

1
21

2 2
wxw +∆

Φ
−=            (2.26) 
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Figure 2.5  Geometry for step-by-step procedure (Pinned-pinned member) 
 

For a given w1, the maximum added displacement (at the middle), we can use the 

following step-by-step numerical integration procedure to find the corresponding axial 

load P: 

1. Set initial value for P 

2. Calculate the external moment at station 1: 

Mext1 = P (w1 + w01)                     (2.27) 

3. From Mint1 = Mext1, obtain the curvature F1 from the moment-curvature-thrust 

relationship developed in Section 2.3. 

4. Calculate the deflection of Station 2, w2, from Eq. 2.26. 

5. Knowing w2, calculate the external moment at station 2: 

Mext2 = P (w2 + w02)                      (2.28) 

6. From Mint2 = Mext2, obtain F2 from the moment-curvature-thrust relationship 

developed in Section 2.3. 
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7. The deflection at Station 3 is obtained from the second order difference equation, 

12
22

3 2
2

wwxw −+∆
Φ

−=                 (2.29) 

8. Repeat Steps 5, 6 and 7 for successive stations until the end of the member is 

reached. 

If the displacement wn at the end of the member differs from zero, a correction needs 

to be made to P, then repeat the whole procedure until wn equals zero. 

 

 

Figure 2.6  Clamped-clamped member 
 

2.4.2 Clamped-clamped 

Consider Figure 2.6, in which a clamped-clamped member with initial deflection of 

w0 is shown.  The member is subjected to axial compression load.  The boundary 

conditions are: 
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w = w’ = 0  at 
2
ax ±=          (2.30) 

For the pinned-pinned case, the boundary condition of w’’ = 0 is satisfied 

simultaneously when w = 0 at both ends, because of the absence of end moment.  It is 

different for the clamped-clamped case, in which the end moment ME is unknown before 

we perform the step-by-step integration procedure.  To satisfy the above boundary 

conditions for the clamped-clamped case, the step-by-step procedure needs to be 

modified further as illustrated in Fig. 2.7.  

 
 

Figure 2.7 Modified step-by-step procedure for clamped beam-columns 
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Figure 2.8 A stiffener-plate combination as in a 3 bay stiffened panel 

 

 
Figure 2.9 The free body diagram of the stiffener-plate 

 
2.4.3 Three-span simply supported beam-columns 

Consider an equally spaced three-span simply supported member subjected to axial 

compressive load as shown in Fig. 2.8.  Assume the initial deflection shape follows an 

up-and-down half sine pattern.  If the cross section is symmetric about the x-axis 

(rectangular and symmetric I sections, for example), each bay will behave just as a 

separate pinned-pinned member.  If the cross section is not symmetric about the x-axis 

(asymmetric I section, for example), there will be reactionary bending moments MR at 

mid-supports once the member is deflected, as shown in Fig. 2.9.  With the following 
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special case, another procedure is developed to deal with the unknown bending moment 

MR. 

 

Figure 2.10 Modified step-by-step procedure for a three-span beam-column 
 

Consider Figure 2.8 in which the initially crooked beam-column represents a 

stiffener with attached plating in a 3 bay stiffened panel.  Figure 2.9 shows the free body 

diagram of the stiffener-plating combination.  Fig. 2.9a represents half of the middle bay, 

in which stiffener-induced failure will occur; Fig. 2.9b represents the end bay, which will 

remain elastic. 

For an initially crooked simply supported beam-column with elastic behavior, like 

the end bay, the analytical load-deflection equation is: 
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a
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x
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kxkx

EIk
Mxw R πφ sin)1

tan
sin(cos)( 02 +−+−=                         (2.31) 

where: 

EP
P

−
=

1

1φ                             

(2.32) 

EI
Pk =                             (2.33) 

The first derivative of w(x) gives the slope, at the connection between middle bay 

and end bay 

a
w

aka
k

EIk
M

w R
end

πφ
θ 0

2

1
tan

)0(' +





 +−==                        (2.34)  

At the connection between the end bay and the middle bay, we have two boundary 

conditions for the middle bay: 

w = 0  at 
2
ax =          (2.35) 

w’ = qend  at 
2
ax =          (2.36) 

With these two boundary conditions, the procedure presented in Fig. 2.10 can be 

used to find the solution for axial force P corresponding to a specified deflection w1.  
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2.4.4 Under combined axial compression and uniform lateral load 

For a uniform lateral load q, the moment equilibrium equations for a member under 

combined axial compression and uniform lateral load become 

[ ]2
2

0, )1(
28

)( xiqqaMwwPM Eiiiext ∆−−+−+=                          (2.37) 

where i is the station number, and ∆x is the station length. 

For the pinned-pinned case, ME is the applied bending moment at the end, if it exists.  

For the clamped-clamped case, ME is the end moment which satisfies the boundary 

conditions.   

 

2.5 Verification of the Modified Step-by-step Method 

2.5.1 General 

The modified step-by-step numerical integration procedure can be used to determine 

the equilibrium configuration of beam-columns.  By changing the value of maximum 

deflection (w1) and repeating the procedure, a load-deflection curve can be generated.  

Such a curve is shown in Fig. 2.11.  The peak point represents the ultimate strength.  

Note that both the ascending and descending branches of the load-deflection curve can be 

traced using this procedure.  Thus, a complete load-deflection analysis can be performed. 
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Figure 2.11 Load-deflection behavior of a beam-column 

 
A FORTRAN program called ULTBEAM, is developed based on the modified step-

by-step method.  Using ULTBEAM, the following four classes of problems are studied: 

1. Single span simply supported beam-column under axial compression 

2. Single span clamped beam-column under axial compression 

3. Single span clamped beam-column under combined axial compression and 

uniform lateral load  

4. Three span beam-column under axial compression 

In each case a fine mesh finite element analysis using ABAQUS is also performed 

for verification.  The 2-node linear beam elements (B21) are used.  The mesh is 80 

elements per span length.  

2.5.2 Single span pinned-pinned beam-column under axial compression 

The procedure developed in Section 2.4.1 can be applied directly for this case.  To 

get the load-deflection path, we set a series of values of the displacement at the middle of 

P 

w1 (wmax) 0 

(Pult, wult)
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the member, and get the corresponding axial forces using the step-by-step procedure.  

The peak value of the axial forces is the ultimate load Pult. 

Consider two single span beam-columns (SC1 and SC2) with asymmetric I cross-

section.  Table 2.1 shows the dimensions.   

Table 2.1 Geometric properties one-span stiffener-plate combinations in DW5120 and 
Smith3b (mm) 

 a b t hw tw bf tf w0 

SC1 5120 910 20 598.5 12 200 20 5.12 

SC2 1524 304.8 6.4 64.25 4.65 27.94 6.35 2.9 

Material properties: 

SC1: sY = 315.0 MPa, E = 208000, n = 0.3 

SC2: sY = 247.3 MPa, E = 205800, n = 0.3 

Calculations are made for two different initial deflection cases: one is with the 

downward initial deflection (toward the plate side, which causes the stiffener-induced 

failure), and the other one is with the upward initial deflection (toward the stiffener side, 

which causes the plate-induced failure).  The ultimate loads for both the stiffener-induced 

failure and the plate-induced failure are listed in Table 2.2. 

Table 2.2 Ultimate loads for stiffener-induced and plate-induced failure modes 

Stiffener-induced Plate-induced  
sult (MPa) ULTBEAM ABAQUS ULTBEAM ABAQUS 

SC1 304.1 303.6 310.8 310.8 

SC2 167.4 158.0 226.3 219.6 
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Figure 2.12 Load-deflection curve, stiffener-induced failure, SC1 
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Figure 2.13 Added deflection under ultimate load, stiffener-induced failure, SC1 
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From the above comparison, we see that the modified step-by-step procedure 

(ULTBEAM) gives very accurate prediction of the ultimate strength of a simply 

supported beam-column under axial compression.  We also observe that simply supported 

members with stiffener-induced failure modes are weaker than those with plate-induced 

failure modes.  This is true for all of the single stiffener beam-columns in this chapter and 

for all of the 107 three-bay panels in Chapter 4. 

The load-deflection curve for SC1 with downward initial deflection is shown in Fig. 

2.12, in which the equilibrium states from ABAQUS are also plotted.  Fig. 2.13 shows 

the added deflection under the ultimate axial forces. 

 

2.5.3 Single span clamped beam-columns under axial compression 

Besides the SC1 and SC2 beam-columns, for this end condition we also need the 

ultimate strength for a unit width plate strip, for use in Chapter 5.  The properties are: 

sY = 315 MPa, E = 208000 MPa, n = 0.3 

a x b x h = 910 x 1 x 20 mm 

w0 = 6.27 mm 

The results are presented in Table 2.3 and it can be seen that ULTBEAM gives very 

accurate predictions for clamped members.   

In a clamped beam-column (only) the direction of the initial deflection has no effect 

on the ultimate because for both directions the beam-column can undergo either plate-

induced or stiffener-induced collapse, and will undergo the same mode—namely 

whichever has the smaller collapse value.  The only difference is where that smallest 

mode occurs.  If it occurs at midspan for one direction it will occur at the clamped end for 

the other direction, and vice-versa. 
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Table 2.3 Ultimate loads for single span clamped beam-columns 

sult (MPa) ULTBEAM  ABAQUS  

Plate strip 146.0 145.6 

SC1 311.9 312.1 

SC2 228.3 229.0 

 

2.5.4 Single span clamped beam-column under combined loads 

Three single span clamped beam-columns (SC1, SC2, plate strip) under combined 

axial compression and uniform lateral loads are studied: 

1. SC1, q = 230.31 N/mm 

2. SC2, q = 6.4 N/mm 

3. Plate strip, q = 0.2531 N/mm 

For the first two beam-columns, two load cases are studied as shown in Figure 2.14.  

In both cases the pressure was applied in the direction that would increase the initial 

deflection.  For both panels the actual failure mode was stiffener-induced in both load 

cases (at midspan in case 1 and at the clamped end in case 2).  The results are presented 

in Table 2.4.   
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Figure 2.14 Two load cases for single span clamped beam-columns 
 

Table 2.4 Ultimate loads for single span clamped beam-columns under combined loads 

Load case 1* Load case 2*  
sult (MPa) ULTBEAM ABAQUS ULTBEAM ABAQUS 

SC1 270.5 270.3 269.3 270.0 

SC2 213.8 213.0 209.6 209.7 

* Stiffener-induced failure for both cases. 

For the plate strip, ULTBEAM gives sult = 83.5 MPa, while ABAQUS gives sult = 

84.0 MPa.   

All the results show that ULTBEAM gives very accurate predictions.   

2.5.5 Three span beam-column under axial compression 

Next we use the ULTBEAM method for the same three-span isolated beam model 

presented in Section 2.4.3 to calculate the ultimate strength of one typical plate-stiffener 

combination in each of the first 49 panels in Table 1.1.  As shown in Figure 2.15, each 

model has two heavy transverse frames (simulated by undeflecting supports) which 

plating w0

s s

q stiffener
w0 

s s

q

(a) case 1 (b) case 2 
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subdivide it into three bays (stiffened panels).  The stiffener-plate combination in Fig. 

2.15 is a beam-column with an asymmetric I cross-section.   

Table 2.5 compares the ULTBEAM results with FE solutions for one typical plate-

stiffener combination.  The mean value of the ratio of sULTBEAM  and sFEA is 1.044, the 

corresponding COV is 0.059.  It is evident that the present method predicts very well the 

ultimate strength of isolated three span beam-columns under compression. 

 

 

Figure 2.15  Stiffener-plate combination model    

Full panel 
B = 3600 mm 

Stiffener-plate 
combination 
b = 900 mm 
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Table 2.5 Comparison of ULTBEAM and FEA solutions for one three-span stiffener-
plate combination  (sheet 1 of 2) 

  
sULTBEAM  

 
sFEA 

FEA

ULTBEAM

σ
σ

 

S1 109.5 99.9 1.097
S2 70.7 65.4 1.080
S3 79.7 78.2 1.019
S4 206.1 187.9 1.097
S5 142.5 140.2 1.017
S6 174.7 173.3 1.008
S7 333.9 318.4 1.049
S8 257.6 229.0 1.125
S9 248.8 228.6 1.088
S10 104.1 101.4 1.026
S11 66.4 64.3 1.031
S12 73.0 72.8 1.004
S13 155.2 154.3 1.006
S14 130.5 131.4 0.993
S15 112.7 113.2 0.995
S16 319.1 291.6 1.094
S17 303.7 264.1 1.150
S18 228.2 218.2 1.046
S19 82.1 83.1 0.989
S20 79.2 79.2 0.999
S21 73.8 73.6 1.004
S22 211.0 203.2 1.038
S23 186.8 187.1 0.998
S24 171.9 173.2 0.992
S25 36.6 29.0 1.262
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Table 2.5 Comparison of ULTBEAM and FEA solutions for one three-span stiffener-
plate combination  (sheet 2 of 2) 

  
sULTBEAM  

 
sFEA 

FEA

ULTBEAM

σ
σ

 

S26 140.0 132.6 1.056
S27 92.4 88.2 1.047
S28 104.9 102.6 1.022
S29 251.4 226.1 1.112
S30 179.1 176.8 1.013
S31 212.7 210.3 1.012
S32 334.4 325.8 1.026
S33 311.9 275.8 1.131
S34 305.2 267.7 1.140
S35 133.7 132.9 1.006
S36 87.3 86.4 1.010
S37 96.0 95.1 1.009
S38 193.6 188.9 1.025
S39 165.5 166.8 0.992
S40 144.4 146.2 0.987
S41 329.4 311.8 1.056
S42 314.6 296.3 1.062
S43 279.9 251.5 1.113
S44 108.5 109.2 0.994
S45 102.7 103.8 0.989
S46 97.6 96.2 1.014
S47 263.2 239.6 1.098
S48 231.3 224.1 1.032
S49 210.1 209.5 1.003
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2.6 Summary 

This chapter has presented an improved step-by-step method for ultimate strength 

analysis of beam-columns.  This numerical method is applicable for both pinned-pinned 

and clamped-clamped boundary conditions.  A special procedure for three-span beam-

columns is also presented. 

This method can analyze the inelastic beam-column under axial compression, 

uniform lateral load, end moments, and combined loads. 

This method has been designed with a special attention to usability for stiffened 

panels, which will be addressed in the following chapters.  It can be easily modified 

further to analyze other cases, such as members under non-uniform lateral pressure 
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Chapter 3 
 

Ultimate Strength of Stiffened Panels 
under Longitudinal Compression 

 

3.1 Nonlinear FE Investigations using ABAQUS 

The structure being modeled must be sufficient to capture all the mechanisms that 

could lead to collapse of the structure. For eigenvalue buckling analyses, it was found 

that a one-bay panel taken from a grillage, with appropriate boundary conditions, gave 

the same results as a three-bay model. This is not true for inelastic analyses. Subjected to 

longitudinal compression, an interframe bay would deflect in an upward or downward 

half wave, which is a plate-induced or stiffener-induced mode respectively, while the 

next bay would deflect in the opposite sense. The boundary condition at the frame is 

intermediate between simply supported and clamped, and cannot be accurately modeled 

as a loaded edge. Therefore, for the inelastic analyses, at least a three-bay model becomes 

necessary, which we have represented as a symmetric 1½ bay model as shown in Fig. 3.1. 
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Figure 3.1  ABAQUS model for three-bay grillages 
 

3.1.1 Mesh discretization in the ABAQUS models 

For all the 107 panels in Table 1.1, a symmetric 1½ bay ABAQUS model was 

generated using the four-node S4 shell element that allows for finite rotations and 

membrane strains. The model is discretized into sufficient number of elements to allow 

for free development of the buckling modes, and to adequately represent the deformation 

and stress gradients. The material properties and numbers of finite elements are: 

• Material properties: 

Material of plate and stiffeners: steel 

Yield stress: 352.8 MPa 

Young’s modulus: 205800 N/mm2 

Poisson’s ratio: 0.3 

• Finite elements: 

For a length of 1½ bays: 

No. of elements in plate:  120 x 24 per stiffener (for 3 stiffeners) 

B = 3600 mm 
for all panels 

1½ bay ABAQUS model 
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     120 x 16 per stiffener (for 5 stiffeners) 

No. of elements in web:    120 x 8  per stiffener 

No. of elements in flange: 120 x 6  per stiffener 

 

 

Figure 3.2  Overall buckling shape from an eigenvalue analysis 
 

3.1.2 Imperfection 

In order to analyze the post-buckling situation, the problem has to be posed as a 

continuous response problem instead of a bifurcation one by introducing an initial 

imperfection for the stiffeners and the plating. This is achieved by using the 

*IMPERFECTION option, and the perturbations in geometry from an overall buckling 

mode shape obtained from an eigenvalue buckling analyses. The selected mode shape has 

an upward half wave deflection in the full bay and a downward deflection in the half bay, 

which is our center of attention (Figure 3.2).  The scaling factor for the initial 

imperfection of the stiffeners is w0 = 0.0025a, where a is the length of one bay.  Since 

there will always be some local subpanel deflection (more or less, depending on the size 
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of stiffener and the size of subpanel) in an overall buckling mode shape, the initial 

deflection of plating is automatically included once the scaling factor is applied. 

3.1.3 Modified RIKS method for post-buckling analysis 

The RIKS method, as implemented in ABAQUS, assumes proportional loading, 

which means that the load magnitude varies with a single scalar parameter. The current 

load magnitude, TotalP , is defined by )( 00 PPPP refTotal −Ω+= , where 0P  is the “dead load” 

from the previous load history, refP  is the reference load vector defined in the current 

RIKS step, and Ω is the “load proportionality factor”. Ω is found as part of the solution. 

The basic algorithm uses the Newton’s method. The essence of this method is that it 

finds a single equilibrium path in a space defined by the nodal variables and the loading 

parameter, and simultaneously solves for displacements and loads. Since the load 

magnitude is an additional unknown variable, ABAQUS uses the “arc length” along the 

static equilibrium path to measure the progress of the solution.  The increment size is 

limited by moving a given distance (determined by ABAQUS/Standard’s convergence 

rate dependent automatic incrementation scheme) along a tangent line to the current 

solution point. It then searches for equilibrium in the plane that passes through the point 

thus obtained and that is orthogonal to the same tangent line. 

3.1.4 Boundary conditions 

Let a “0” on T [x,y,z] denote translation constraints and on R [x,y,z] denote 

rotational constraints about the x, y and z-coordinates in Figure 3.2. 

• The long edges are simply supported with T [ , ,0] and R [ ,0,0], with all the 

nodes along each edge having equal y-displacement. The latter is obtained 

using the *EQUATION option. 

• The transverse inter-bay frame is not modeled, but is simulated with T [ , ,0]. 
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• The short edge on the left hand side, which is the mid-length of the mid-bay 

of the full 3-bay model, has symmetric boundary conditions. This is 

simulated with T [0, , ] and R [ ,0, ]. 

• The mid-width node in each of the two short edges has T [ ,0, ] to prevent 

rigid body motion. 

For a three-bay panel the rotational restraint at the loaded edge may be anything 

between simply supported and clamped.  Likewise if there are more than three bays the 

rotational restraint imposed at the ends of the inner three bays by the next adjacent bays 

will again be something between simply supported and clamped, and much closer to the 

former.  Therefore we investigate two extreme boundary cases for the short loaded edge 

on the right hand side of the 1½ bay model: 

1. Ignoring the rotational restraint, set the loaded edge as simply supported with 

T [ , ,0] and R [0, ,0].  Only the plate nodes have equal x-displacements, 

achieved with the *EQUATION option. 

2. Simulating the maximum rotational restraint, set the loaded edge as clamped 

with T [ , ,0] and R [0, 0, 0]. All the plate nodes and stiffener nodes have 

equal x-displacements, achieved with the *EQUATION option. 

3.1.5 Loads 

The load applied to our panels in these analyses is uniaxial compression. The loads 

are applied on the right hand side of the model as concentrated nodal forces using the 

*CLOAD option. The loads are applied in two portions – one portion as a “dead load” in 

a previous step, and a “live load” in the current RIKS step. 



 

54 

3.2 Verification That Three-Bay Panels Are Sufficiently General 

Table 3.1 shows the ultimate strength of the first 49 panels for the two boundary 

conditions.  The ultimate strength for the clamped case is, on average, only 3% larger 

than the ultimate strength for the simply supported case.  Therefore, the rotational 

restraint at the loaded edge in this three-bay model has very little effect on the ultimate 

strength and can be ignored, especially since the error is on the conservative side.   

This verifies that we can adopt the three-bay simply supported model as a generic 

model, for which the results will be sufficiently accurate to apply to panels having any 

number of bays. 
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Table 3.1 Comparison of ABAQUS results for stiffened panels with simply supported 
and clamped edges  (sheet 1 of 2) 

 Simply 
supported  Clamped % increase 

P1 147.4 164.2 11.3 

P2 149.3 152.7 2.3 

P3 183.2 185.4 1.2 

P4 232.6 241.6 3.9 

P5 183.5 196.8 6.9 

P6 231.2 237.5 2.7 

P7 334.6 322.8 -3.7 

P8 277.2 281.8 1.6 

P9 279.1 282.2 1.1 

P10 131.4 142.4 8.2 

P11 136.0 139.5 2.8 

P12 158.4 169.8 7.5 

P13 175.3 184.5 5.2 

P14 165.5 174.9 5.5 

P15 179.0 184.1 2.9 

P16 274.7 278.9 1.5 

P17 268.9 270.6 0.6 

P18 248.1 251.5 1.4 

P19 98.7 104.8 6.3 

P20 105.5 104.2 -1.2 

P21 117.4 128.9 9.8 

P22 181.9 184.1 1.2 

P23 167.7 171.0 1.9 

P24 161.1 159.7 -0.8 

P25 140.6 137.2 -2.4 
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Table 3.1 Comparison of ABAQUS results for stiffened panels with simply supported 
and clamped edges  (sheet 2 of 2) 

 Simply 
supported  Clamped % increase 

P26 179.6 196.8 9.7 

P27 159.9 167.2 4.5 

P28 193.7 199.4 2.9 

P29 279.2 286.7 2.7 

P30 225.3 233.4 3.6 

P31 265.4 269.9 1.7 

P32 342.2 343.0 0.2 

P33 313.6 316.8 0.9 

P34 309.8 312.6 0.8 

P35 165.2 176.6 7.0 

P36 149.5 154.2 3.4 

P37 184.1 188.3 2.5 

P38 222.3 229.6 3.4 

P39 204.4 211.3 3.4 

P40 209.1 214.6 2.7 

P41 330.8 332.2 0.4 

P42 321.0 322.8 0.6 

P43 295.3 297.8 0.8 

P44 129.6 137.6 6.3 

P45 140.3 147.5 5.5 

P46 158.0 167.3 6.6 

P47 247.3 245.7 -0.6 

P48 234.5 237.8 1.4 

P49 229.5 228.2 -0.6 
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3.3 Other Observations 

The color plots of von Mises stress and σx stress obtained from ABAQUS (simply 

supported model) are listed in Appendix for the first 49 panels at collapse.  The following 

observations are based on these plots. 

The von Mises plots show that all panels have beam-column type failure, even for 

panels with very small stiffeners (P49, Figure A49).  All failures are stiffener-induced, in 

the middle bay.  Yielding begins in the flange and spreads down through the web, and 

collapse occurs when the stiffener has fully yielded and the stiffener undergoes large 

sideways plastic deformation.  Loosely speaking, it may be said that the stiffener has 

formed a “plastic hinge”. 

In regard to deformed shape, all of the panels have undergone overall buckling.  The 

von Mises plots show that most panels (35 out of 49 as identified in Table 4.1) have a 

large yield region along the panel sides, which is the typical collapse pattern of Mode I 

according to the orthotropic plate theory (Paik and Thayamballi, 2002).  Hence for these 

35 panels it may be said that the collapse is a combination of overall collapse (Mode I) 

and beam-column collapse (Mode III, stiffener-induced). 

The x-component stress plots show that the stiffener size influences the stress 

distribution along the middle line of plating in an inverse manner: the variation of sx is 

small when the stiffener size is big and on the contrary, the variation of sx is big when 

the stiffener size is small.  Figure 3.3 shows the sx distribution across the panel (y 

direction) at the middle length of the middle bay (the left end of the model) for panels P5, 

P8 and P25.  The sx stress is plotted in Figs. A5, A8 and A25.  These three panels have 

the same dimensions except for the web heights, which are 150mm for P8, 90mm for P5, 

and 24mm for P25.  Table 1.1 also indicates their stiffener flexural rigidity ratio: for P8, 

COActual γγ = 1.59 (stronger than for a crossover panel); for P5, 
COActual γγ = 0.61 

(weaker than for a crossover panel); for P25, 
COActual γγ = 0.08 (weaker than for a 

crossover panel).  
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Figure 3.3 sx distributions along transverse midlength of the middle bay 
 

As expected, for panels with a flexural rigidity ratio γ larger than the “crossover” 

values of eq.(1.3) (P7, P16, P17, P18, P22, P23, P24, P46, P47, and P48), there is 

noticeable local plate buckling as shown in the corresponding figures in Appendix A.  In 

each of these panels the stiffeners behave more independently than those in the other 

panels, and the sx variation in the y direction at the midlength of the middle bay is small. 

3.4 Ultimate Strength of Stiffened Panels under Longitudinal 

Compression – a Beam-column Approach 

The foregoing observations lead to the hypothesis that for a stiffened panel subjected 

to longitudinal compression, collapse very often involves a combination of overall 

collapse and beam-column (stiffener-induced) collapse.  The question then arises as to 
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which of these two quite different models should be used and when.  Does one model 

cover a wider range of panels?  Are there some proportions when one or the other model 

should not be used?  This chapter and Chapter 4 will attempt to answer these questions. 

In the beam-column model the stiffeners are modeled as separate beams, with the 

plating acting merely as a flange of the stiffeners.  For a beam-column the most important 

non-dimensional parameter is the slenderness parameter λ defined in the Nomenclature. 

A simple and widely used collapse criterion is the Perry-Robertson formula, which 

assumes that collapse occurs when the maximum compressive stress reaches yield.  For 

stiffener-induced collapse this model is unduly pessimistic since, as shown above, 

collapse does not occur until the stiffener has undergone extensive yield.  This section 

will show that the inelastic beam-column method developed in Chapter 2 may be 

generalized and used for stiffener-induced collapse, with good accuracy.  For plate-

induced collapse the Perry-Robertson formula is again pessimistic for small and medium 

stiffeners.  However, the ABAQUS results have shown that for equal magnitude of 

positive and negative initial deformation, stiffener-induced collapse occurs first.  This 

was true for all of the panels in this study, and so the results do not provide data for 

dealing with plate-induced collapse.   

The main problem with the beam-column approach is that the stiffeners are never 

truly independent.  The panel ultimate strength is always influenced to some extent by the 

panel aspect ratio, or more precisely by the orthotropic aspect ratio Πorth.  But, before 

proceeding to allow for aspect ratio correction, we need to allow for local plate buckling. 

3.4.1 Allowance for local plate buckling 

Whenever the stiffener is relatively large, local plate buckling will happen before 

collapse.  Thus far in this inelastic beam-column approach we have not allowed for plate 

buckling.  The concept of effective breadth is now applied to allow for this local plate 

buckling effect. 
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The ratio of local plate buckling stress sLocal and overall beam-column buckling 

stress sOverall is used to determine when to apply the correction as follows: 

If 1≥=
Overall

Local

σ
σ

µ , be = b, no correction  

If m < 1, µ

ββ
−−⋅= 1

2 )12(bbe           (3.1) 

The term in braces is the well-known Faukner formula (Faukner, 1975).  The 

exponent is added because it makes those panels with local plate buckling (P7, P16, P17, 

etc.) fit the line in Fig. 3.4 the best. 

The local plate buckling stress is: 

k
tb
D

Local 2

2πσ =             (3.2) 

in which the buckling coefficient k allows for rotational restraint given to the plating by 

the stiffeners.  (Paik and Thayamballi, 2000) obtained an exact solution and also gave a 

more convenient approximate expression as follows: 

ζζζ 56.3974.1396.04 23 +−+=k   for 0 < ζ < 2 

4.0
881.0951.6
−

−=
ζ

k     for 2 < ζ < 20 

025.7=k       for  ζ > 20 

               (3.3) 

in which ζ is a non-dimensional parameter involving the St. Venant torsional stiffness J 

of the stiffener and a reduction coefficient Cr which allows for web bending: 

  
bD
GJCr=ζ              (3.4) 
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where  

b
d

t
t

C

w

r 3

6.31

1









+

=             (3.5) 

The above expression for Cr is adapted from Eq (13.1.17) of Hughes, 1988.  The 

factor of 3.6 in the denominator is the value that gave the best agreement with a series of 

ABAQUS eigenvalue solutions for 66 stiffened panels over a range of plate thicknesses 

and stiffener sizes and proportions. 

The overall panel buckling stress is: 

{ }4221 orthorth
Ew

w
EOverall AGA

GA
Π+Π+








+

= η
σ

σσ         (3.6) 

In the above equation σE is the Euler column buckling stress, the term in parentheses 

accounts for the transverse shear force (Timoshenko, 1961) and the term in braces 

accounts for the panel aspect ratio (Hughes, 1988, eq. (13.5.10), p. 457).   

3.4.2 Applying ULTBEAM to Stiffened Panels 

Denote FullPanelult ,σ  as the true ultimate strength of a three-bay stiffened panel, 

assuming simple support.  Table 4.1 gives FullPanelult ,σ  using ABAQUS for all 107 panels 

in Table 1.1.  Using ULTBEAM, which applies the inelastic beam-column method in 

Chapter 2, we can get the ultimate strength of the plate-stiffener combination with the 

corrected effective breadth be, denoted as beamult ,σ .  Let us define a correction factor R, 

which when applied to beamult ,σ  gives a good estimate of the ultimate strength of a 

stiffened panel.  That is:   

beamultFullPanelult R ,, σσ ⋅=             (3.7)  

From the reasoning in Section 1.3.1 we concluded that the beam-column approach 

will give good results for small values of λ and Πorth.  As these parameters increase the 
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correction factor R will also increase.  Based on the data of Table 4.1, the author has 

performed curve fitting for various combinations of λ and Πorth to obtain a suitable 

expression for R.  The best combination was found to be the simple product 2
orthΠλ , and 

the resulting expression is: 

422 8566.17585.20.1 orthorthR Π+Π+= λλ           (3.8)  

where: 

E
L Yσ

πρ
λ =  

4
1
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This expression is plotted in Figure 3.4 and the error compared to ABAQUS is 

plotted in Figure 3.5 for all 107 panels.  The mean value of the error is 3.32 % and the 

COV is 0.039.  These figures show that the new beam-column method provides a very 

good estimate of the ultimate strength of stiffened panels under longitudinal compression.  

The next chapter will compare its accuracy with that of the orthotropic plate method. 
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Figure 3.5 The error of ULTBEAM after applying R. 
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Chapter 4 
 

Comparison of Orthotropic Plate Method 
and Beam-column Method 

 

 

4.1 Results for 107 panels 

In this Chapter, ultimate strength predictions using the beam-column approach are 

presented for all 107 panels under longitudinal compression, and compared with the 

results obtained from fine-mesh nonlinear finite element analysis using ABAQUS.  The 

ultimate strength predictions for all the panels are also calculated using ULSAP, which is 

an advanced ultimate strength program that uses large deflection orthotropic plate theory 

for modeling Mode I failure (Paik et al, 2001).  However, the “pure” orthotropic plate 

theory usually gives values that are too high.  Compared to an unstiffened panel, the extra 

strength due to the stiffeners, as given by the pure orthotropic plate theory, is about twice 

the actual increase in ultimate strength.  This factor of two occurs for all stiffener sizes 

for which Mode I is relevant.  Therefore, besides the “pure” orthotropic value, ULSAP 

also gives a second value that is obtained by averaging the orthotropic predictions for a 

panel with and without stiffeners.  The result of this averaging is that the extra strength 

due to the stiffeners, as given by the “pure” orthotropic plate theory, is discounted by 

roughly 50%.  Being smaller, this second value is selected by ULSAP in preference to the 
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“pure orthotropic plate” value.   Therefore both values are presented for all 107 panels 

and are compared with the ABAQUS results.  The full names of the two values should be 

“ULSAP – Pure Orthotropic Method” and “ULSAP – Weighted Average Orthotropic 

Method.”  In Table 4.1 the subscripts are abbreviated to “Orth. Pl.” and “ULSAP” 

respectively.  

The last column in Table 4.1 labeled “Collapse modes” identifies the collapse 

mechanism at the ultimate load carrying capacity of each panel using the following 

nomenclature: 

 
A : Stiffeners elastic in middle bay 

B : Primary / Secondary plastic condition in middle bay (see Fig. 2.4) 

C : Approximate plastic hinge in middle bay 

 
1 :  Plate elastic in middle bay 

2 :  Plate corners yielded in middle bay 

3 :  Plate mid-longitudinal edges yielded in middle bay 

4 :  Plate gross yield in middle bay 

 
a : Stiffeners elastic in end bays 

b : Primary / Secondary plastic condition in end bays(see Fig. 2.4) 

c : Approximate plastic hinge in end bays 

 
        1 : Plate elastic in end bays 

 2 : Plate corners yielded in end bays 

 3 : Plate mid-longitudinal edges yielded in end bays 

 4 : Plate gross yield in end bays 
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Table 4.1 Comparison of orthortropic plate results and beam-column results (sheet 1 of 4) 

 
Y

ABAQUS

σ
σ  

Y

plOrth

σ
σ .  

Y

ULSAP

σ
σ  

Y

ULTBEAM

σ
σ % error  

Orth. plate

% error  

ULSAP 

% error  

ULTBEAM CO

Actualr
γ

γ
=

 
1
1

+
−=

r
rg Collapse 

modes

P1 0.42 0.56 0.53 0.42 32.91 27.07 1.28 0.34 -0.49 C3b3 

P2 0.42 0.46 0.46 0.42 9.79 9.78 -1.73 0.21 -0.65 C3b3 

P3 0.52 0.61 0.58 0.52 16.58 10.75 -0.73 0.28 -0.56 C3b3 

P4 0.66 0.82 0.79 0.66 23.83 19.39 -0.02 1.02 0.01  C1b1 

P5 0.52 0.77 0.70 0.55 47.93 35.15 5.43 0.61 -0.25 C3b1 

P6 0.66 0.89 0.73 0.67 36.52 11.33 2.23 0.87 -0.07 C3b1 

P7 0.95 0.88 0.88 0.91 -6.85 -6.85 -3.55 3.38 0.54 C4a4 

P8 0.79 0.90 0.87 0.81 14.62 10.77 3.01 1.59 0.23 C3a1 

P9 0.79 0.93 0.86 0.82 17.34 8.96 4.28 1.54 0.21 C3a3 

P10 0.37 0.56 0.49 0.38 49.32 32.12 2.26 0.60 -0.25 C3b3 

P11 0.39 0.47 0.47 0.35 21.54 20.96 -9.37 0.35 -0.48 C3b1 

P12 0.45 0.60 0.53 0.43 33.73 18.31 -4.64 0.43 -0.40 C3b1 

P13 0.50 0.76 0.64 0.50 53.74 28.53 0.42 1.18 0.08 C1b1 

P14 0.47 0.75 0.66 0.48 59.99 41.75 3.32 0.93 -0.04 C3b1 

P15 0.51 0.77 0.66 0.50 51.06 30.78 -2.22 0.77 -0.13 C3b1 

P16 0.78 0.90 0.80 0.81 15.83 2.26 3.55 4.18 0.61 C1a1 

P17 0.76 0.93 0.78 0.82 21.78 2.01 7.73 3.42 0.55 C1a1 

P18 0.70 0.94 0.76 0.71 33.69 8.03 1.10 2.34 0.40 C3a1 

P19 0.28 0.50 0.40 0.27 80.16 44.68 -2.00 1.27 0.12 C2b2 

P20 0.30 0.56 0.46 0.30 87.44 55.17 -1.32 1.22 0.10 C1b1 

P21 0.33 0.65 0.49 0.33 94.19 48.21 -0.55 1.13 0.06 C2b2 

P22 0.52 0.91 0.58 0.52 75.54 12.31 1.36 5.50 0.69 C1a1 

P23 0.48 0.92 0.56 0.49 93.92 17.63 2.62 4.50 0.64 C1a1 

P24 0.46 0.94 0.53 0.48 105.47 16.11 4.39 3.80 0.58 C1a1 

P25 0.40 0.33 0.33 0.41 -16.97 -16.97 1.87 0.08 -0.85 B1b1 
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Table 4.1 Comparison of orthortropic plate results and beam-column results (sheet 2 of 4) 

 
Y

ABAQUS

σ
σ  

Y

plOrth

σ
σ .  

Y

ULSAP

σ
σ  

Y

ULTBEAM

σ
σ % error  

Orth. plate

% error  

ULSAP 

% error  

ULTBEAM CO

Actualr
γ

γ
=  

1
1

+
−=

r
rg Collapse 

modes

P26 0.51 0.66 0.62 0.50 28.70 22.38 -1.60 0.17 -0.71 C3b1 

P27 0.45 0.55 0.55 0.46 20.52 20.51 1.31 0.11 -0.80 C3b3 

P28 0.55 0.70 0.65 0.56 26.65 19.26 2.02 0.15 -0.74 C3b3 

P29 0.79 0.84 0.84 0.78 6.07 5.91 -1.35 0.56 -0.28 C3a1 

P30 0.64 0.83 0.71 0.64 30.70 11.90 -0.19 0.33 -0.50 C3b1 

P31 0.75 0.91 0.79 0.76 20.79 5.65 0.54 0.48 -0.35 C3b3 

P32 0.97 0.87 0.87 0.97 -9.82 -9.82 0.24 1.89 0.31 C4a4 

P33 0.89 0.90 0.89 0.97 1.37 0.46 9.08 0.89 -0.06 C4a4 

P34 0.88 0.93 0.89 0.99 5.34 0.95 12.41 0.85 -0.08 C3a3 

P35 0.47 0.66 0.59 0.46 41.92 25.24 -2.05 0.32 -0.51 C3b1 

P36 0.42 0.55 0.52 0.40 28.77 23.08 -6.39 0.19 -0.68 C3b3 

P37 0.52 0.68 0.60 0.47 30.62 15.81 -9.09 0.24 -0.61 C3b3 

P38 0.63 0.83 0.74 0.61 31.12 17.08 -3.22 0.66 -0.21 C3a1 

P39 0.58 0.84 0.71 0.57 44.31 21.82 -1.00 0.52 -0.32 C3a1 

P40 0.59 0.85 0.73 0.57 43.46 22.91 -3.73 0.43 -0.40 C3b3 

P41 0.94 0.90 0.90 0.93 -4.18 -4.18 -0.59 2.36 0.41 C4a4 

P42 0.91 0.93 0.91 0.92 1.70 -0.01 1.14 1.92 0.32 C4a4 

P43 0.84 0.94 0.87 0.89 12.23 3.90 6.46 1.31 0.13 C4a4 

P44 0.37 0.61 0.48 0.36 64.92 30.40 -1.78 0.74 -0.15 C1b1 

P45 0.40 0.66 0.54 0.37 64.81 36.21 -6.16 0.71 -0.17 C3b1 

P46 0.45 0.72 0.57 0.40 61.72 28.23 -11.22 0.65 -0.21 C3b1 

P47 0.70 0.92 0.75 0.73 31.14 6.93 3.82 3.21 0.52 C1a1 

P48 0.66 0.94 0.74 0.66 41.00 10.90 -1.30 2.60 0.44 C1a1 

P49 0.65 0.95 0.67 0.63 46.15 3.56 -3.58 2.18 0.37 C1a1 
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Table 4.1 Comparison of orthortropic plate results and beam-column results (sheet 3 of 4) 

 
Y

ABAQUS

σ
σ  

Y

plOrth

σ
σ .  

Y

ULSAP

σ
σ  

Y

ULTBEAM

σ
σ % error  

Orth. plate

% error  

ULSAP 

% error  

ULTBEAM CO

Actualr
γ

γ
=  

1
1

+
−=

r
rg Collapse 

modes

P50 0.78 0.83 0.81 0.81 6.63 4.09 4.95 1.08 0.04 C1a1 

P51 0.68 0.83 0.81 0.68 21.63 18.92 0.70 1.11 0.05 C3b1 

P52 0.75 0.83 0.81 0.79 11.38 8.89 5.64 1.07 0.03 C1a1 

P53 0.64 0.83 0.69 0.68 29.30 7.20 5.84 1.14 0.06 B1a1 

P54 0.50 0.76 0.63 0.50 50.42 26.13 0.15 1.13 0.06 C1b1 

P55 0.40 0.69 0.59 0.42 70.96 45.02 4.73 0.96 -0.02 C1b1 

P56 0.58 0.81 0.67 0.61 41.67 16.56 6.25 0.89 -0.06 C1a1 

P57 0.44 0.55 0.55 0.45 25.64 24.94 1.16 0.10 -0.81 C3b3 

P58 0.30 0.53 0.43 0.31 73.67 41.49 1.40 1.13 0.06 C2b2 

P59 0.25 0.46 0.38 0.25 80.22 48.48 -1.41 1.06 0.03 C1c1 

P60 0.77 0.87 0.79 0.80 13.00 2.31 3.92 1.06 0.03 C3a1 

P61 0.68 0.87 0.80 0.68 28.96 17.42 0.69 1.08 0.04 C3b1 

P62 0.72 0.87 0.78 0.76 20.43 7.17 4.31 1.02 0.01 C1a1 

P63 0.64 0.87 0.73 0.68 35.26 13.55 6.19 1.05 0.02 C1a1 

P64 0.52 0.80 0.70 0.52 54.99 34.24 0.79 1.08 0.04 C3b1 

P65 0.59 0.86 0.73 0.64 44.93 22.25 7.54 0.98 -0.01 B1a1 

P66 0.54 0.80 0.70 0.57 46.66 29.80 4.38 0.25 -0.60 C1b1 

P67 0.33 0.59 0.49 0.33 79.62 50.95 1.74 1.09 0.04 C2b2 

P68 0.28 0.52 0.44 0.27 87.40 57.36 -0.87 1.05 0.02 C1b1 

P69 0.78 0.90 0.77 0.81 16.54 -0.58 5.07 1.01 0.00 C3a3 

P70 0.70 0.91 0.79 0.71 29.66 11.85 0.98 1.06 0.03 C3b1 

P71 0.74 0.90 0.76 0.78 22.12 2.41 5.61 1.02 0.01 C3a1 

P72 0.66 0.90 0.75 0.70 36.67 14.26 6.65 0.99 -0.01 C3a3 

P73 0.57 0.88 0.72 0.57 53.68 26.54 0.58 1.14 0.07 C3b1 

P74 0.62 0.89 0.75 0.66 45.01 21.21 7.49 0.97 -0.02 C3a1 

P75 0.79 0.90 0.87 0.82 14.55 10.63 3.64 0.64 -0.22 C3a1 

P76 0.36 0.69 0.54 0.37 91.28 51.26 1.95 1.08 0.04 C2a1 

P77 0.32 0.63 0.48 0.32 94.39 47.50 -1.45 1.06 0.03 C2b2 

P78 0.96 0.82 0.82 0.96 -14.69 -14.69 0.04 1.10 0.05 C4a4 
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Table 4.1 Comparison of orthortropic plate results and beam-column results (sheet 4 of 4) 

 
Y

ABAQUS

σ
σ  

Y

plOrth

σ
σ .  

Y

ULSAP

σ
σ  

Y

ULTBEAM

σ
σ % error  

Orth. plate

% error  

ULSAP 

% error  

ULTBEAM CO

Actualr
γ

γ
=  

1
1

+
−=

r
rg Collapse 

modes

P79 0.94 0.87 0.87 0.98 -7.33 -7.33 4.18 1.14 0.07 C4a4 

P80 0.94 0.86 0.86 0.96 -8.42 -8.42 2.76 1.12 0.06 C4a4 

P81 0.94 0.83 0.83 0.95 -11.85 -11.85 1.69 0.99 -0.01 C3a4 

P82 0.90 0.83 0.83 0.91 -8.07 -8.07 0.98 1.04 0.02 C1a4 

P83 0.82 0.88 0.86 0.83 6.44 4.63 0.58 1.23 0.10 C3a1 

P84 0.88 0.83 0.83 0.88 -5.03 -5.50 0.57 0.89 -0.06 C1a1 

P85 0.67 0.82 0.73 0.69 22.41 8.06 2.90 1.05 0.02 B1a1 

P86 0.57 0.84 0.65 0.55 46.45 13.09 -4.19 1.20 0.09 B1a1 

P87 0.43 0.73 0.57 0.42 69.62 32.06 -1.93 1.09 0.05 C1a1 

P88 0.95 0.86 0.86 0.97 -8.79 -8.79 2.35 1.05 0.02 C1a4 

P89 0.93 0.91 0.91 0.97 -2.20 -2.20 4.61 1.11 0.05 C4a4 

P90 0.92 0.90 0.90 0.95 -2.89 -2.89 2.62 1.07 0.04 C4a4 

P91 0.92 0.87 0.87 0.96 -5.56 -5.56 4.29 1.02 0.01 C3a4 

P92 0.89 0.87 0.83 0.90 -1.98 -6.73 1.64 0.98 -0.01 C1a4 

P93 0.81 0.91 0.85 0.82 12.82 5.45 1.02 1.16 0.07 C3a3 

P94 0.84 0.88 0.81 0.88 4.12 -4.07 4.23 0.90 -0.05 C1a1 

P95 0.67 0.86 0.78 0.69 28.03 15.44 1.72 0.99 -0.01 B1a3 

P96 0.56 0.88 0.71 0.55 55.44 26.73 -1.75 1.11 0.05 B1a1 

P97 0.45 0.79 0.66 0.44 74.26 44.76 -2.61 1.09 0.05 C3b1 

P98 0.94 0.89 0.89 0.99 -5.15 -5.36 5.23 1.01 0.00 C1a4 

P99 0.91 0.93 0.91 0.99 1.98 -0.41 9.15 1.06 0.03 C3a3 

P100 0.91 0.92 0.90 0.97 0.77 -1.81 6.18 1.04 0.02 C4a4 

P101 0.92 0.91 0.87 0.99 -0.64 -5.03 7.66 1.00 0.00 C3a3 

P102 0.88 0.90 0.70 0.92 1.89 -20.67 4.46 0.93 -0.03 C1a3 

P103 0.81 0.93 0.84 0.83 14.60 3.60 2.23 1.14 0.06 C3a3 

P104 0.82 0.93 0.82 0.86 12.93 0.38 4.57 1.08 0.04 C3a3 

P105 0.83 0.90 0.79 0.89 8.45 -4.66 6.40 0.91 -0.05 C1a1 

P106 0.66 0.89 0.80 0.69 33.75 20.22 3.11 0.94 -0.03 B1a3 

P107 0.59 0.91 0.74 0.57 55.42 26.08 -2.36 1.07 0.03 C3a3 



 

70 

-40

-20

0

20

40

60

80

100

120

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

ULSAP-Pure orth. plate
method

ULSAP-Weighted average
orth. plate method

Beam-column method

 

Figure 4.1 Percent error of orthotropic plate and beam-column approaches relative to 
FEA 

 

% error

1
1

+
−

=
r
rg



 

71 

Table 4.2 statistical comparisons of orthotropic plate results and beam-column results 

 Mean error  COV  
ULSAP – Pure Orth. Method 33.25 % 0.224 

ULSAP – Weighted Average Orth. Method 17.5 % 0.152 

Beam-column method 3.32 % 0.039 

 

4.2 Discussion of Results 

Table 4.1 shows the accuracy (percent error) of the orthotropic plate, ULSAP and 

beam-column results relative to the ABAQUS nonlinear FE results for all 107 panels.  

The statistical results are summarized in Table 4.2 and the error values are plotted in 

Figure 4.1.  At first they were plotted versus the ratio of the actual γ to the crossover 

value: COActual γγ .  However, this gives a skewed distribution because the panels with 

relatively low elastic overall buckling stress (small stiffeners and therefore small γ) are 

confined to the range 0 < r < 1, whereas panels with large elastic overall buckling stress 

(large stiffeners) extend over the range 1 < r < ¶.  In order to eliminate the skew a new 

parameter is introduced:” and “ULSAP – Weighted Average Orthotropic Method 

1
1

+
−

=
r
rg                (4.1) 

For g the variation is normalized: -1 < g < 1, with g = 0 corresponding to crossover 

panels.  Therefore g is used as the horizontal axis in Figure 4.1. 

Table 4.2 and Fig 4.1, which pertain to all 107 panels, reveal some very interesting 

results: 

(i) They verify that the “pure” orthotropic plate method is very optimistic (mean 

error 33.25 %, COV 0.224). 
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(ii) The ULSAP “weighted average” method is better (mean error 17.5 %, COV 

0.152). 

(iii) The beam-column method is the most accurate (mean error 3.32 %, COV 

0.039). 

(iv) For panels in the range -0.1 < g < +0.1 (i.e. for crossover panels) the ULSAP 

method has large positive errors (optimistic, up to 57%), even after discounting 

the effect of the stiffeners by roughly 50%, by averaging with an unstiffened 

panel. 

(v) The beam-column method maintains its accuracy for all values of g; there is no 

deterioration for crossover panels. 

Observations (i)-(iv) are discussed in the next section.  Observation (v) can be 

explained by the fact that the concept and definition of a crossover panel is based on 

purely elastic buckling.  Therefore crossover proportions (g º1) have no significance for: 

(i) typical ship panels, which buckle inelastically; (ii) the beam-column method, which 

allows fully for the occurrence and spread of plasticity. 

4.2.1 Possible Causes of Error in the Orthotropic-Based  Methods 

We now consider what might be the reasons for the above error.  In using the 

orthotropic plate theory for ultimate strength, the crucial hypothesis is that collapse 

coincides with the first occurrence of yield at the “outer surface”, which is at a distance 

equal to one-half of the equivalent plate thickness from the midthickness. It thereby 

makes an allowance for a bending component of stress.  However, this distance is much 

less than the physical distance from the neutral axis for longitudinal bending to the 

stiffener flange, denoted as zflange. 

Since both the “pure” and Weighted Average orthotropic methods associate collapse 

with initial yield, they do not consider the growth and spreading of plasticity, and this is 

the basis for using elastic theory.  Orthotropic plate theory is based on a regular buckled 
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pattern of m x n half waves.  If the stiffeners are small it will correctly predict overall 

buckling, with m and n being small (usually 1).  If the stiffeners are large it will correctly 

predict local plate buckling, with m being roughly B/(ns+1) where ns is the number of 

stiffeners.  But in a crossover panel these two buckling modes are occurring together and 

orthotropic plate theory does not allow for two simultaneous elastic buckling modes. This 

could well be a source of the error.  However, plate buckling is only relevant for the 

plate-induced failure mode.  Orthotropic plate theory cannot distinguish between plate-

induced and stiffener-induced failure.  Also, none of the panels in this study underwent 

plate-induced failure.  Therefore, even if a crossover condition causes an error in the 

orthotropic plate approach, there may be other additional causes of error. 

Since the orthotropic plate approach deteriorates so markedly for crossover panels, it 

is of interest to separate the results into two groups: crossover panels (-0.1 < g < 0.1) and 

all others.  In all, there are 58 panels within this range of g.  Within this group there are 

six panels for which the plate slenderness parameter β is 3.73.  For ship panels this is 

unusually slender and it permits the stiffeners to act independently, which by itself is 

sufficient reason for the orthotropic plate approach to have less accuracy.  Therefore 

these six panels have been removed from the crossover group.  Figures 4.2 and 4.3 give 

the results for the remaining 52 panels.  Since these are all crossover panels, there is no 

point in keeping g as the horizontal axis. 

In searching for another structure parameter that might influence the accuracy of the 

orthotropic plate theory, we recall that at the beginning of Section 4.2.1 we noted that the 

initial yield is taken as occurring at the orthotropic “surface”, and this involves a distance 

from the midthickness that is much less than the physical distance zflange from the neutral 

axis of the stiffener-plate section to the stiffener flange.  The maximum bending stress is 

proportional to the inverse of the section modulus Z = I / zflange. Therefore, the large 

overestimate of ultimate strength could be due to the overestimate of 1/Z.  To investigate 

this, Figs 4.2 and 4.3 plot the error in the ULSAP weighted average method for the 52 

panels versus the ratio b2t/Z. For the 3-stiffener panels (Figure 4.2), there is a definite 
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correlation whereas for the 5-stiffener panels (Figure 4.3) the correlation is less 

pronounced. 
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Figure 4.2 Percent error of ULSAP for 3-stiffener “crossover” panels against Ztb /2   
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Figure 4.3 Percent error of ULSAP for 5-stiffener “crossover” panels against Ztb /2   
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4.2.2 Collapse mechanism for “crossover” panels 
 
In an attempt to broadly classify the collapse mechanism for the 55 “crossover” 

panels from Table 4.1, the panels P50 to P107 (excluding P57, P66 and P75) are grouped 

as under: 

 

  

END BAYS 

PLATE 

ELASTIC 

 

END BAYS 

PLATE 

YIELDED 

 

 

MID BAY 

PLATE 

ELASTIC 

Group I 
 
C1a1  (9) 
C1c1  (1) 
B1a1  (5) 
C1b1  (3) 
         ------ 
           18 
 

Group II 
 
C1a3  (1) 
B1a3  (2) 
C1a4  (4) 
 
         ------ 
            7 

 

 

MID BAY 

PLATE 

YIELDED 

Group III 
 
C2a1  (1) 
C3a1  (4) 
C3b1  (6) 
 
         ------ 
           11 
 

Group IV 
 
C2b2  (3) 
C3a3  (8) 
C3a4  (2) 
C4a4  (6) 
         ------ 
           19 

 

 

The ABAQUS Von Mises stress distribution at the maximum load carrying capacity 

of one panel from each group is shown in the following figures: 
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Figure 4.4 P52 (Group I), =ultx,σ  263.3 MPa 
 

 

 

Figure 4.5 P82 (Group II), =ultx,σ  318.0 MPa 
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Figure 4.6 P61 (Group III), =ultx,σ  239.3 MPa 
 

 

Figure 4.7 P78 (Group IV), =ultx,σ  337.3 MPa 
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Chapter 5 
 

Ultimate Strength of Stiffened Panels 
under Transverse Compression 

 

 

Based on the observations from nonlinear finite element solutions, a new numerical 

method for calculating the ultimate strength of stiffened panels under transverse 

compression with and without pressure is developed.  The method is based on a further 

extension of the nonlinear beam-column theory presented in Chapter 2. 

5.1 Nonlinear FE Investigations 

Using ABAQUS, ultimate strength analyses have been performed on a typical ship 

panel called “dw5120”, subjected to transverse axial compression, with and without 

pressure, which has also been analyzed by the ship classification society Det Norske 

Veritas.  Following are the particulars of the finite element model: 

Model dimensions 

Length of each bay: 5120 mm 

No. of bays modeled: ½ + 1 + 1 + ½ 

Stiffeners: 9 longitudinal T-stiffeners 

Panel breadth: 9100 mm  Plate thickness: 20 mm 

Web height: 598.5 mm  Web thickness: 12 mm 
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Flange breadth: 200 mm   Flange thickness: 20 mm 

Material properties 

Material of plate and stiffeners: Steel 

Yield stress: 315 MPa 

Young’s modulus: 208000 N/mm2 

Poisson’s ratio: 0.3 

Finite elements 

Type of elements: S4 

No. of elements in plate: 102 x 6 per stiffener 

No. of elements in web:  102 x 5 per stiffener 

No. of elements in flange: 102 x 2 per stiffener 

Boundary conditions 

Let a “0” on T [x,y,z] denote translation constraints and R [x,y,z] denote rotational 

constraints about x, y and z coordinates. 

• The short edges have symmetric boundary conditions being simulated with          

R [ ,0,0] and all nodes having the same x-displacement. The latter is achieved 

using the *EQUATION option. 

• The panel is clamped along the long edges, being simulated with R [0,0,0] and 

all nodes having the same y-displacement. The latter is achieved using the 

*EQUATION option. 

• The middle frame is not modeled but symmetric boundary conditions are 

simulated with T [0, ,0] and R [ ,0, ]. 

• The other two transverse frames are also not modeled but simulated with T [ , 

,0]. 
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• As the stiffeners pass through the three frames, they are constrained to remain 

vertical by using the *EQUATION option for equal y-displacement at all 

stiffener nodes at the frame locations. 

Loads 

The uniaxial transverse compressions are applied as concentrated nodal forces using 

the *CLOAD option. 

The lateral pressure is applied as a distributed pressure on the plate side using the 

*DLOAD option. 

The pressure and initial portion of the in-plane axial loads are applied first, as a 

“dead load”, and then the in-plane loads are incremented by a common factor. 

Imperfections 

The imperfections to the “perfect” model are applied using the *IMPERFECTION, 

INPUT = filename option. The imperfection file contains the node numbers with their x, 

y and z imperfection values. These imperfection values are the sum of the following: 

• Local imperfection, which is the initial imperfection of each subpanel (plating 

between the stiffeners). This local imperfection is obtained from an eigenvalue 

buckling mode shape using the *BUCKLE option as shown in Figure 5.1.  The 

applied load is equal biaxial in-plane compression. The mode shape is shown in 

Figure 5.1. This mode shape is scaled to have a maximum vertical deflection in 

the plate equal to 0.1b2t (6.27 mm, which is an average value according to Smith, 

1988). 

• Global imperfection in the stiffeners, generated with an alternating sine-

deflection equation, with a maximum deflection in the z-direction equal to 

1/1000 of the stiffener span (5.12 mm). The global imperfection is applied in an 

alternating up-down pattern so that the stiffener deflection is negative at  

x = - L/2 and positive at x = + L/2, where x is measured from a frame location 

and L is the length of one bay (5120 mm). 
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Figure 5.1 Eigenvalue Buckling Analysis, Mode 1 Eigenvalue = 110.12 
 

Results and observations 

Two load cases are studied: Case 1 is panel under compression yσ  only, without 

pressure.  Case 2 is panel under combined compression and lateral pressure (p = 0.2531 

MPa). 

For case 1, ultimate strength is 120 MPa (Figure 5.2, 5.3).  Collapse is due to 

buckling of all subpanels, in alternating directions, with full yield along their short edges.  

The initial tilt of the stiffeners is magnified but there is no yielding in the flange, and the 

stiffeners are not involved in the collapse.  Their only role is to provide w = 0 restraint to 

the plating. 
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Figure 5.2 von Mises stress distribution, DW5120, yσ  only, p = 0 

 

 
Figure 5.3 y-stress distribution, DW5120, yσ  only, p = 0 
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For case 2, ultimate strength is 109 MPa (Figure 5.4).  Collapse is due to a localized 

upwards buckling of alternate subpanels in a checkerboard pattern – the subpanels that 

had an upwards initial local imperfection. As shown in Figure 5.6 and 5.7 these buckled 

subpanels have a classical “roof” shape.  They have much less in-plane stiffness in the y-

direction than the unbuckled subpanels, and the result is that most of the shortening of the 

panel in the y direction is occurring in the buckled subpanels. This allows the subpanels 

in between to partially escape from the shortening, and so they have much smaller σy 

stress (-50 compared to -160 in the buckled subpanels, as shown in Fig. 5.5). As shown in 

Fig. 5.4 the 16 subpanels (four rows of four) in the central region of the overall panel are 

fully yielded along their short edges.  The stiffeners maintain their initial alternating 

sideways tilt and have no role in the collapse. 

When there is pressure it causes a maximum deflection of about 3 mm in each 

subpanel and therefore it does not entirely cancel the downwards initial imperfection.  At 

the start of the in-plane compression the subpanels still have an alternating up/down 

deflection in a checkerboard pattern.  As shown in Figures 5.6 and 5.7 the in-plane loads 

simply magnify this pattern, and so in the downwards subpanels the load-caused plate 

deflection is in the opposite direction to the pressure. 
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Figure 5.4 von Mises stress distribution, DW5120, yσ  and  p = 0.2531MPa 

 

 
Figure 5.5 y-stress distribution, DW5120, yσ  and  p = 0.2531MPa 



 

86 

 
Figure 5.6 vertical (z) displacement, DW5120, yσ  and p = 0.2531MPa 

 

 
Figure 5.7 side view of displacements, DW5120, yσ  and p = 0.2531MPa 
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Figure 5.8 Stiffened panel under transverse compression 

 

5.2 Ultimate Strength of Stiffened Panel under Transverse Compression  

5.2.1 Valsgård’s Approximation 

The nonlinear FE analysis shows that the collapse of stiffened panels under 

transverse compression with or without pressure is due to a localized buckling of 

subpanels, which have a classical “roof” shape.  The subpanel is a wide plate with length 

b and width a.  For simply supported wide plates Valsgård’s formula can be used to 

estimate the ultimate strength  ( )
wpua,σ as the sum of two components: 

Frame 
 
 
 
 
 
 
Stiffener 

Subpanel  
(Wide plate model, Fig. 5.9)

Plate strip  
(Three-span beam-column 
model, Fig. 5.11) 

σy 

b 

a 
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( ) ( ) ( )
wcuaLuawpua a

b
a
b

,,, 1 σσσ 





 −+=       (5.1) 

where ( )
Lua,σ is the ultimate strength of the two end portions each of width b/2 which 

together make up a square plate (b x b) and ( )
wcua,σ is the ultimate strength of the center 

part of the plate, which is effectively a “wide column”. 

 

 
Figure 5.9 Valsgård’s approximation (Hughes, 1988) 

 

Valsgård’s original method was for wide plates that are simply supported on all four 

edges.  For stiffened panels subjected to a lateral pressure the edge condition is in 

between simply supported and clamped.  To apply the Valsgård approximation to a 

stiffened panel under transverse compression, we need to find new formulas for ( )
Lua,σ  

and ( )
wcua,σ , which can match the real boundary conditions of a subpanel. 

From nonlinear FE solutions, curves for ultimate strength of a clamped square plate 

are developed in Section 5.2.2, which is applicable to get ( )
Lua,σ for subpanels. 

b

a

b

b/2 

b/2 
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Similar to the three-span beam-column model in Chapter 2, a new three-span plate 

strip model is adopted to simulate the middle part of adjacent subpanels as shown in 

Figure 5.8.  Using the modified step-by-step procedure developed in Chapter 2, we can 

get the ultimate strength of the center region of the subpanel ( )
wcua,σ , taking account of 

the rotational restraint from the adjacent subpanel. 

 

5.2.2 Ultimate Strength of Clamped Square Plate 

Nonlinear finite element analyses were carried out for a series of square plates with 

different values of slenderness ratio b and pressure, as shown in Figure 5.10.  The curve 

of Fig. 5.10 is the following expression, which gives a very close fit: 

( )

( )
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Figure 5.10 Clamped square plates under compression and pressure 

 

5.2.3 Ultimate Strength of Continuous Plate Strip 

Consider a plate strip in the middle of three adjacent subpanels as shown in Figure 

5.11.  The only difference between the plate strip model and the continuous beam-column 

model in Figure 2.8 is the boundary conditions at the ends, which are clamped-clamped 

here and pinned-pinned in Fig. 2.8.   
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Figure 5.11 The plate strip model 

 

s 

dp 

s 

b b b 

Clamped Clamped 

MR 

s Mmid 

w1 + dp 

p

s 

Stress distribution at the 
cross section at Midlength 

-sY 0 

-sY 0 

Stress distribution at the 
cross section at the end 

t

Symbols     indicate the integration 
points in ABAQUS 

Midlength The end of the middle strip 
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The subpanel in which the initial deflection is in the same direction as the applied 

pressure is the weakest one.  In Fig. 5.11 the pressure is applied downward on the plate 

strip model and therefore the middle plate strip is of main interest. 

As shown in Fig. 5.11, there will be a reaction moment MR at the end of the middle 

plate strip.  The magnitude of the reaction moment MR indicates how much rotational 

restraint is provided by the adjacent plate strip.  Previous models of subpanels have 

assumed simple support, i.e. MR = 0, which results in a pessimistic prediction of ultimate 

strength.  This continuous three-span plate strip model is developed to allow for the 

rotational restraint. 

No pressure 

Collapse will occur at the midlength of the middle plate strip.  The end plate strips 

will remain elastic.  Using the principle of superposition, we can get the slope qend (refer 

to Figure 2.8) of the plate strip: 

a
ka

k
a

ka
k

a
ka

k
aEIk

M pR
end

πφδ
θ +



















−







 −

−−=

tan
1

sin
1
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1

2

2    (5.3) 

Applying the numerical procedure developed in Section 2.4.3 with this new 

expression for qend, we obtain the reaction moment MR0 and the ultimate strength of the 

plate strip sult_p0, which can be used in place of ( )
wcua ,σ  in eq. (5.1).   

With pressure 

With pressure, yielding may occur at the end of the middle strip, and the end strip 

will not remain elastic at collapse.  Hence, the forgoing procedure is no longer applicable.  

However, the simplicity of the rectangular cross section shape of a plate strip makes it 

possible to study the inelastic behavior at collapse in detail, so that reasonable 

approximations can be made to get the solution. 
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For a plate strip under ultimate load sult, the following three moments can be 

accurately evaluated: 

1. Initial yielding moment, MIY.  (sU = sY in Fig. 2.2(a)) 

( )
6

2tM ultYIY σσ −=         (5.4) 

2. Initial secondary plastic moment, MISP.  (sU = sY, sL = -sY  in Fig. 2.2(b) 

( ) 







+−=

Y

ult
ultYISP

tM
σ
σ

σσ
2

1
6

2

       (5.5) 

3. Perfect plastic hinge moment, MPH, defined in Eq. 2.12. (Fig. 2.2(d)) 

Nonlinear FE analyses were carried out for the plate strip in panel DW5120 with 

transverse compression and different pressure.  Half of the plate strip in Fig. 5.11 was 

modeled, and beam elements (B21) were used.  From ABAQUS, we can read the stresses 

at integration points as shown in Fig. 5.11.  Fig. 5.12 shows the stress distribution 

patterns for this plate strip under compression and various pressures (p = 0.0, 0.05, 0.10, 

0.15, 0.20, 0.25, 0.30 MPa). 
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Figure 5.12 Stress distributions under different pressure 

 
It can be seen in Fig. 5.12(a) that the applied pressure has very little influence on the 

stress distribution at the midlength, which remains close to the initial secondary plastic 

situation.  Based on this observation, we assume that Mmid º MISP at collapse. 

On the other hand, at the end of the middle strip, the stress distribution is changing as 

the pressure varies: when there is no pressure, the whole cross section remains elastic; as 

pressure increases, the cross section first becomes primary plastic, and then secondary 

plastic.  This means that as pressure increases, the reaction moment MR at collapse will 

increase.  The lower limit of MR is MR0 ( ≤ MIY ), which corresponds to the zero pressure 

case.  The upper limit should be MPH, which is the perfect plastic hinge moment.  

According to eq. (16.2.8) in (Hughes, 1988), the pressure on the plate strip at the 

completion of the perfect plastic hinge is: 

0 
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2

12
b
Mp PH

PH =              (5.6) 

Notice that the unit width is omitted in the denominator, and the units of the right hand 

side of eq. (5.6) are [Force/Length2].  A parabolic variation of MR with pressure p is then 

assumed: 

( )02

2
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)(

RPH
PH

PH
PHR MM

p
ppMM −

−
−=           (5.7) 

which is the curve shown in Fig. 5.13  

 

Figure 5.13 Parabolic variation of MR with pressure (p) 
 

From the moment equilibrium condition at the midlength of the middle plate strip, 

get the maximum displacement w1 at collapse: 

p
ult
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Then we have enough information to start the numerical integration method to 

determine sult.  Figure 5.14 illustrates the whole procedure for solving ultimate strength 

sult of the plate strip under compression and pressure. 
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Figure 5.14 Numerical procedure for plate strip 
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5.3 Verification  

Ultimate strength analyses of panel DW5120 under transverse compression with 

various values of pressure were carried out using the plate strip approach.  Six other 

three-bay panels with different plate thickness and different stiffener sizes selected from 

Table 1.1 were also analyzed.   

The results are compared with the ABAQUS solutions in Table 5.1.  The mean 

absolute percentage error is 3.3% and COV = 0.044. 
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Table 5.1  Comparison of plate strip approach with the FEA solutions for transverse 
compression capacity of stiffened panels 

 P 
(MPa) Y

ULTBEAM

σ
σ  

Y

ABAQUS

σ
σ  % error 

ULTBEAM 
ABAQUS

ULTBEAM

σ
σ  

0 0.381 0.381 0.037 1.000 
0.05 0.378 0.365 3.668 1.037 
0.10 0.376 0.365 2.968 1.030 
0.15 0.373 0.343 8.890 1.089 
0.20 0.361 0.356 1.547 1.015 
0.25 0.338 0.346 -2.375 0.976 

 
 
 

DW5120 

0.30 0.311 0.333 -6.644 0.934 
0 0.489 0.473 3.460 1.035 

0.123 0.478 0.466 2.701 1.027 
0.245 0.462 0.451 2.415 1.024 

 
 

P8 

0.368 0.417 0.431 -3.261 0.967 
0 0.378 0.368 2.614 1.026 

0.079 0.365 0.366 -0.264 0.997 
 

P14 

0.157 0.352 0.357 -1.157 0.988 
0 0.237 0.242 -1.990 0.980 

0.031 0.231 0.241 -4.095 0.959 
 

P20 

0.061 0.225 0.244 -7.816 0.922 
0 0.621 0.601 3.404 1.034 

0.304 0.574 0.584 -1.708 0.983 
 

P32 

0.456 0.552 0.550 0.392 1.004 
0 0.483 0.482 0.093 1.001 

0.176 0.476 0.458 3.890 1.039 
 

P38 

0.264 0.456 0.406 12.524 1.125 
0 0.281 0.287 -2.264 0.977 

0.069 0.273 0.281 -3.184 0.968 
 

P44 

0.103 0.268 0.274 -2.053 0.979 
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Chapter 6 
 

Concluding Remarks 
 

 

In the current research, we have shown how the inelastic beam-column theory can be 

applied to predict the ultimate strength of stiffened panels with two load cases: under 

longitudinal compression and under transverse compression.   

An improved step-by-step integration method for beam-columns was presented in 

Chapter 2.  This numerical method can analyze the inelastic beam-column under axial 

compression, uniform lateral load, end moments, and combined loads.  A special 

procedure for three-span beam-columns was also developed with a special attention to 

usability for stiffened panels.  A Fortran program, ULTBEAM, was developed as an 

implementation of this method.  The comparison of ULTBEAM with a nonlinear finite 

element analysis (ABAQUS) showed very good agreement.  Currently, only beam-

columns with rectangular and monosymmetric I cross sections can be analyzed.  The 

method can be extended to other types of cross section, by deriving similar M- F -P 

relationships. 

The improved beam-column method was first applied for the ultimate strength 

analysis of a stiffened panel under longitudinal compression.  Based on nonlinear finite 

element results, a correction factor was found to apply ULTBEAM to stiffened panels.  

The elasto-plastic finite element ultimate strength analyses were performed for 107 three-

bay stiffened panels, covering a wide range of panel length, plate thickness, and stiffener 

sizes and proportions.  It has been shown that the three-bay simply supported model is 
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sufficiently general to apply to any panel with three or more bays.  An empirical formula 

for effective breadth was found to allow for local plate buckling.  The numerical 

procedure for ultimate strength analysis of a stiffened panel under longitudinal 

compression could be summarized as follows: 

1. Calculate effective breadth of the local plating, be; 

2. Apply ULTBEAM, get ultimate strength of the isolated stiffener-plate 

combination; 

3. Apply the correction factor, get ultimate strength of the full panel. 

It was shown that this beam-column approach predicts very accurate results for all 

107 panels. 

Another widely-used approach for ultimate strength analysis of a stiffened panel is 

the orthotropic plate method.  It was found that this method has poor performance for 

“crossover” panels.  

The beam-column method can also be applied for the ultimate strength analysis of 

stiffened panel under transverse compression, with or without pressure.  The fine mesh 

finite element investigations with a typical ship panel from DNV revealed that the 

collapse of stiffened panels under transverse compression is due to a localized buckling 

of subpanels, which have a classical “roof” shape.  ULTBEAM can be used to calculate 

the ultimate strength of the plate strip representing the center portion of the subpanel.   

Curve fitting was performed to predict the ultimate strength of a clamped square plate, 

which represents the two side portions of the subpanel.  These two ultimate strength 

predictions are integrated based on the Valsgård’s approximation to get the ultimate 

strength of a stiffened panel under transverse compression.  This method was evaluated 

by comparing the results with those obtained using ABAQUS, for several typical ship 

panels under various pressures.   
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Appendix 
 
 

ABAQUS Stress Distributions 
 

This Appendix contains the color-coded stress distribution gradients in the mid-

thickness of the cross-section of the test panels P1 to P49 at collapse. All the panels were 

subjected to uniaxial compression and the commercial finite element program ABAQUS 

was used to obtain the ultimate strength, as detailed in Chapter 3. The stress distributions 

are obtained from the ABAQUS results read in PATRAN. For every panel, the von Mises 

stress and the xσ  stress are shown. 
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von Mises stress distribution 

 

 
x-stress distribution 

Figure A P1, =ultx,σ  147.4 MPa 
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von Mises stress distribution 
 
 

 
x-stress distribution 

Figure A P2, =ultx,σ  149.3 MPa 
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von Mises stress distribution 

 

 
x-stress distribution 

Figure A P3, =ultx,σ  183.2 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P4, =ultx,σ  232.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P5, =ultx,σ  183.5 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P6, =ultx,σ  231.2 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P7, =ultx,σ  334.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P8, =ultx,σ  277.2 MPa 
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von Mises stress distribution 

 

  

x-stress distribution 

Figure A P9, =ultx,σ  279.1 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P10, =ultx,σ  131.4 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P11, =ultx,σ  136.0 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P12, =ultx,σ  158.4 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P13, =ultx,σ  175.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P14, =ultx,σ  165.5 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P15, =ultx,σ  179.0 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P16, =ultx,σ  274.7 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P17, =ultx,σ  268.9 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P18, =ultx,σ  248.1 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P19, =ultx,σ  98.7 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P20, =ultx,σ  105.5 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P21, =ultx,σ  117.4 MPa 



 

127 

 

von Mises stress distribution 

 

 

x-stress distribution 

Figure A P22, =ultx,σ  181.9 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P23, =ultx,σ  167.7 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P24, =ultx,σ  161.1 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P25, =ultx,σ  140.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P26, =ultx,σ  179.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P27, =ultx,σ  159.9 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P28, =ultx,σ  193.7 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P29, =ultx,σ  279.2 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P30, =ultx,σ  225.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P31, =ultx,σ  225.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P32, =ultx,σ  342.2 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P33, =ultx,σ  313.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P34, =ultx,σ  309.8 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P35, =ultx,σ  165.2 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P36, =ultx,σ  149.5 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P37, =ultx,σ  184.1 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P38, =ultx,σ  222.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P39, =ultx,σ  204.4 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P40, =ultx,σ  209.1 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P41, =ultx,σ  330.8 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P42, =ultx,σ  321.0 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P43, =ultx,σ  295.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P44, =ultx,σ  129.6 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P45, =ultx,σ  140.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P46, =ultx,σ  158.0 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P47, =ultx,σ  247.3 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P48, =ultx,σ  234.5 MPa 
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von Mises stress distribution 

 

 

x-stress distribution 

Figure A P49, =ultx,σ  229.5 MPa
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