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The Study and Development of Distributed Devices for Concurrent Vibration

Attenuation and Energy Harvesting

Ryan L. Harne

(ABSTRACT)

This work focuses on the broadband attenuation of structural vibration and, in the

process, employs a new perspective of vibrational energy harvesting devices. The first

part of the research studies and develops a continuously distributed vibration control

device which combines the benefits of point mass-spring-dampers at low frequencies

as well as the resistive or dissipative influence of constraining treatments at high

frequencies. This embodiment provides broadband passive vibration attenuation for

a minimal cost in added mass, spanning the present divide between the ability to

attenuate a single low frequency and the need to attenuate all frequencies. The

second part adopts a vibration control perspective to energy harvesting analysis and

considers the harvesting devices to be electromechanically stiffened and/or damped

vibration absorbers. Rigorous analysis and experiments are carried out which show

that vibration control and energy harvesting appear to be mutually beneficial given

that maximum harvested energy from structural vibrations is achieved when the

harvesters exert a finite dynamic influence on the host system. This suggests that

vibration control concerns presently alleviated using tuned-mass-dampers are ideal

energy harvesting applications.

A generalized analytical model is derived which is applicable to both portions of

the work. Continuously distributed vibration control devices are studied in depth

and a superposition method is presented which allows for convenient implementation

of a realistic device design into the numerical model. Tests carried out with the dis-

tributed device validate the model as well as show the device’s competitive benefits

compared with traditional, and much heavier, vibration control treatments. The in-



iii

clusion of electromechanical coupling effects into the modeling is straightforward and

numerous analyses are carried out to observe how electromagnetic and piezoelectric

energy harvesting devices affect the dynamics of the host vibrating structure while the

harvesters themselves convert the “absorbed” energy into electrical power. Altering

the device created in the first portion of the research to use a piezoelectric material as

the distributed spring yields one such embodiment capable of both surface vibration

control and energy harvesting. Tests carried out with the device additionally serve as

model validation but also indicate that, for a given harvester, the attenuation of and

energy harvesting from structural vibrations are nearly simultaneously maximized as

modeling predicted.
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CHAPTER 1

Introduction

This research focuses on two related fields of study: passive vibration control of

structures and vibrational energy harvesting. This work considers energy harvesting

devices to be analogous to electromechanical vibration absorbers which are capable

of substantial mechanical dynamic influence on the host structure while converting

absorbed energy into electrical power. Analysis is first directed towards the dynamic

influence of continuously distributed vibration control devices. Then, the two fields

are unified in the theory and applications in energy harvesting are considered in tan-

dem with structural vibration control. Experimental results are provided throughout

for model validations and as additional supporting examples of the research potential.

To concentrate the results of the research, the dissertation is presented in three

chapters. A brief introduction to the fields is hereafter given, including specified

research objectives and explanation of the dissertation organization. Then, a com-

prehensive summary of the research is provided in one chapter, helping to consolidate

the development and results of several publications which are provided as appendices.

Finally, concluding remarks and synthesis of the work is provided in a third chapter

with additional suggestions for future research.

1.1 Literature review

1.1.1 Passive vibration suppression

Structural vibration may be a concern for numerous reasons: shaking of sensitive

attached components; radiated noise as the structural vibrations couple with the

local acoustic field; fatigue of the structure leading to weakening and/or failure; to

name a few. Passively attenuating such vibration by employing devices or treatments

has long been pursued, one of the first patented efforts being the one-dimensional

1
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distributed
mass
spring

Low frequency structural vibration.
Reactive device dynamics.

High frequency structural vibration.
Resistive device dynamics.

(a) (b)

{

Figure 1.1: (a) Reactive and (b) resistive dynamic illustrations of a device in attenu-
ating structural vibration.

vibration absorber by Frahm [2]. At a designed frequency this mass-spring-damper

device reactively works against the excited system by supplying an equal and opposite

force to suppress the structural vibration.

An alternative class of treatments are characterized by resistive effects. Within

this class falls constraining layer treatments, originally considered by Oberst and

Frankenfeld [3] and Liénard [4]. These treatments are deformed extensionally as the

host structure vibrates in bending while a constraining layer applied to the exposed

material surface amplifies the shear stress exerted against the host structure [5]. Use of

damping materials either solely or as a sandwiched layer allows for energy dissipation.

The dynamic influence of these two treatment classes are illustrated in Figure 1.1.

Reactive and resistive treatments, here designated as such due to mechanical

impedance notation, are best suited for certain applications. Reactive devices are

generally applied for localized, low frequency vibration problems; resistive treatments

are most useful for mid to high frequency vibration. To achieve broadband surface

vibration attenuation using reactive devices would entail employing a vast number of

oscillators distributed over the surface each tuned to a different natural frequency. To

enhance the low frequency attenuation capability of resistive treatments is possible

only by adding further mass.

For aircraft, ships or land vehicles, added mass to control unwanted vibration

comes at the cost of increased propulsive power. However, it is often the case that

low frequency vibration of structural panels is the greatest nuisance. From a practi-

cal perspective, solution to this is neither satisfactory by employing numerous tuned



1.1 Literature review 3

mass-spring systems nor with heavy constraining treatments. This concern has stim-

ulated research interest in highly damped composite materials, i.e. carbon fiber re-

inforced polymers or plastics (CFRP), which promise substantial stiffness-to-weight

in addition to damping by means of their lay-up and design [6–8]. These compos-

ite panels thereafter replace the lightly-damped metallic structural panels, providing

an equivalent level of strength but greater dissipation of structural vibration. How-

ever, the cost of such materials for large-scale production remains prohibitive and the

development of cost-effective, lightweight and broadband passive vibration control

solutions is preferred.

Most present embodiments achieve a subset of these goals. Arrays of point

oscillators have been considered on numerous occasions [9–12] but this is neither

cost-effective, easy to apply nor significantly beneficial at high frequencies. One-

dimensional, continuously distributed treatments have been considered for the sup-

pression of vibrating beams [13, 14]. These were designed like especially thick constrained-

layer damping (CLD) and were found to be very useful around a targeted natural

frequency, similar to a series of single degree-of-freedom (SDOF) oscillators.

Some plate-like or two-dimensionally distributed oscillators appear in the litera-

ture but were considered to have discrete, linear spring attachment to the vibrating

structure [15–17]. Apart from an architecturally focused study of a continuously dis-

tributed spring–mass [18], it appears that only Fuller and Cambou [19] and Marcotte

et al. [20] have addressed distributed vibration absorbers which employ continuous

spring and mass layers. However, in both cases, modeling was carried out neglecting

the in-plane dynamic coupling between the spring layer and the host structure. Thus,

it was assumed the devices operate like distributed mass layers resting atop a bed of

linear transverse springs.

To achieve broadband passive vibration control of surfaces for a minimum of added

mass, it is necessary to combine reactive and resistive dynamics for targeted effects

at a low natural frequency but also substantial stiffness in the cross-planar directions
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such that the device extensionally resists the surface vibration at higher frequencies.

This appears to be an area left unaddressed by research study due to the focus on

advanced material development. Until availability of these materials is more afford-

able, a more cost efficient passive vibration control solution embodying the reactive

and resistive dynamics described is an appropriate remedy.

1.1.2 Vibrational energy harvesting

The rapid increase in deployment and interest in structural health monitoring fol-

lowing the I-35W Mississippi River bridge collapse in 2007 [21] has uncovered some

concerns of electrically powering the systems. It is often desired to implement wire-

less transponders coincident with each structural sensor so as to relay all information

back to a central monitoring station [22, 23]. Harnessing the vibrational energy of

the structure promises a viable solution to regular battery replacement of the wireless

sensor nodes, which require a power supply on the order of 0.01–10 mW [24, 25].

Converting this vibrational energy into useful electric power is achieved by the

design and employment of electromechanically coupled devices—energy harvesters—

frequently in the form of mass-spring systems. Electromechanical coupling is often

achieved by inclusion of a piezoelectric spring or magnetic mass, Figure 1.2. The

piezoelectric device is regularly embodied as a cantilevered piezoelectric beam with a

tip mass [26–30]. Alternatively, magnetic masses which oscillate through the axis of a

coil are suspended either by a spring-damper or perhaps by magnetic levitation [31–

34]. Either the piezo electrodes or the ends of the coil are attached to external energy

harvesting circuitry, modeled as a simple resistive load [35–41]. The harvester is de-

signed such that it exhibits a natural frequency equal to that of the host vibrating

structure. When excited by the structure, the harvester resonates and, via its elec-

tromechanical coupling mechanism, converts the vibrational energy into an electrical

signal which is thereafter converted to DC for immediate use or as a charging supply.
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(a) (b)
magnetic
mass

conductive
coil

piezoelectric spring material with
one-dimensional stiffness,

piezoelectric
surface electrodes

Figure 1.2: Example forms of one-dimensional energy harvester devices using (a)
piezoelectric spring material or (b) magnetic mass oscillating through a coil.

1.1.3 Simultaneous achievement of surface vibration
attenuation and power harvesting

To date, many studies in vibrational energy harvesting assume that the electrome-

chanical mass-spring systems have no dynamic effect upon the structure to which

they are attached. This is evidenced in the mathematical models by the use of base

vibration as the source of excitation to the harvester [26, 28, 30, 36, 38, 39, 42]. This

assumption may be valid if the inertial influence of the device is negligible compared

to that of the host structure (e.g. harvesters on a bridge) and has become a mainstay

in energy harvesting analysis.

The effect of shunted and resonant shunted piezoelectric materials applied directly

to vibrating structures has been exploited as a passive dissipation mechanism for

several decades [43–48]. The passive shunt damping effect is observed as a natural

byproduct of piezoelectric harvesting energy from vibrating structures, whether in

regards to the damping of the harvester dynamics itself or of the host structure in the

event of directly applied piezoelectric materials [35–37, 40, 43, 44, 49–51]. One such

piezoelectric energy harvesting application directly exploited the shunt damping effect

in attenuating the induced flutter of an aircraft wing [52]. By selection of an optimum

load resistance for the external harvesting circuit, the magnitude of the wing flutter

was reduced by half of the maximum displacement, e.g. 6 dB of attenuation. Damping

effects induced by electromagnetic energy harvesting have also been documented and
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long-been employed as a useful means for shock isolation and damping [36, 38, 53–55].

1.2 Objectives of the dissertation

With the successful demonstration of energy harvesting devices following the first

major thrust of research has come an interest to harness electrical power from nearly

any source of vibration. In addition, combining vibration control and energy harvest-

ing applications is a novel way to achieve two objectives simultaneously. However, as

compared with conventional tuned-mass-dampers which exert a significant mechanical

influence on the host structure, the energy harvesting devices to date are limited by

shunt damping dissipation due to their design and implementation. By embedding or

applying piezoelectric materials to vibrating surfaces, there is relatively little mechan-

ical authority that the harvesters exert on the host structure as compared with purely

passive tuned-mass-dampers. Furthermore, though electromagnetic energy harvesting

devices are oftentimes constructed in a form identical to mass-spring-dampers, they

have yet to be employed for the dual-purpose aim of vibration control and energy

harvesting.

Adopting a new perspective of energy harvesters as electromechanical vibration

absorbers transforms nearly any vibration control concern into an energy harvesting

opportunity. This must be met not simply with numerical modeling for predictive

capabilities but also with comparable devices for experiment: energy harvesting de-

vices designed to operate in a mechanically identical fashion to tuned-mass-dampers.

These devices would supply substantial mechanical authority in attenuating the host

structure’s vibrations while converting the “absorbed” energy into electrical power.

The objectives of this dissertation are three-fold:

1. Develop analytical models to study the fully coupled electro-elastic response of

an arbitrarily bounded and excited vibrating structure to which a number of

electromechanical, distributed vibration control devices are attached.

2. Utilize one such model, eliminating electromechanical effects, to evaluate the
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best design methods for continuously distributed passive vibration control de-

vices to achieve broadband structural vibration attenuation and damping. Fol-

lowing analysis, a practical embodiment of this device is to be developed, tested

and compared with a conventional damping treatment.

3. Employ the full electro-elastic model to evaluate the coupled dynamics of energy

harvesting devices on vibrating structures and how numerous design parameters

affect the achievement of structural vibration attenuation and energy harvest-

ing. Carry out experiments to validate the predictions and best design practices

stemming from modeling analysis.

The modeling formulation here utilized is referred to as “semi-analytical”. Though

this approach is not as computationally efficient as closed form solutions, it is sig-

nificantly faster to compute than finite element (FE) modeling. Researchers and in-

dustrial experts who presently rely on FE analysis may notably benefit by employing

the proposed analytical models of reduced computational requirements. As energy

harvesting considers a broader range of structural vibration sources, it is intended

that these fully coupled models may be utilized with assurance of their accuracy and

validity.

The use of the model, neglecting electromechanical coupling, is anticipated to

lead to a broader understanding of the potential of continuously distributed passive

vibration control devices. Since present research in passive and lightweight vibration

control treatments has tapered to a minimum, it is hoped to develop a device which is

genuinely useful in suppressing the broadband vibrations of transport vehicle compo-

nents like aircraft panels or ship hulls. Parametric evaluation of the model is expected

to shed light on other possible solutions which could be practically constructed. In

addition, while the numerical modeling is composed so as to evaluate the vibration

attenuation capability of arrays of electromagnetic oscillators, it is not within the

scope of this work to consider the passive vibration benefits of simple, discrete mass-

spring systems on a vibrating structure as this has been rigorously considered in past
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literature [9–12, 56–59].

Using the design of the continuously distributed device as a foundation, an elec-

tromechanically coupled version is to be produced, namely by employing piezoelectric

elements as the distributed spring layer. This embodiment therefore meets develop-

ment goals of a device which is suitable for concurrent attenuation of and energy har-

vesting from surface vibrations. The fully coupled electro-elastic model is utilized to

consider how the devices, and similar manifestations, interact with the host structure

and to what degree vibration suppression and energy harvesting are simultaneously

achievable by changing design parameters.

Taking a perspective of energy harvesting as on equal footing with vibration con-

trol shows the clear similarities between the two fields of research. As opposed to

anticipating that small energy harvesting devices will exert negligible dynamic influ-

ence on the host structure, this dissertation seeks to exploit the mass-spring resonant

dynamics of such devices in order to harvest electrical power while solving a vibra-

tion control problem with the very same device. Proper design of energy harvesting

vibration absorbers may lead to greater achievement of both goals than attempting

to solve either problem individually.

1.3 Organization of the dissertation

This dissertation is organized for succinctness. The body of the text—a single

chapter—is a consolidation of the results of several submitted, accepted and/or pub-

lished peer-reviewed journal articles. Each article is thereafter included as an ap-

pendix. Within the appendices, additional supporting analysis, model validations

and/or experimental results are included than was provided in the respective article.

By thus concentrating the research results, it is intended to provide clarity to

the analysis and experiments performed and to the conclusions reached. Following

this introductory chapter, the comprehensive research summary chapter is included.

Thereafter is provided a chapter of concluding remarks and a presentation of potential
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future research that this research brings to light.

Appendix A presents the model formulation, the generalized Hamilton’s princi-

ple, used throughout most of the dissertation. The studied system is an arbitrarily

shaped, bounded and excited structural body containing piezoelectric elements. A

Ritz method form of approximate solution is utilized for the mechanical and electrical

system responses and the governing equations of motion are provided. Appendix B

presents results specific to thin plates partially composed of piezoelectric materials,

which is repeatedly used elsewhere in this work. Expressions for quantities of interest

are included, e.g. the plate flexural vibration response. Appendices A and B are

not published articles but are included to provide the reader a depth of background

into the present modeling formulation as opposed to merely suggesting textbooks for

detailed reference.

Appendix C presents a numerical analysis of passive, continuously distributed vi-

bration control devices when applied to excited structural panels. Certain design

parameters affecting the distributed spring and mass layer elastic properties are con-

sidered which are unique to continuously distributed treatments. Parametric studies

are performed to observe how these features affect passive vibration attenuation per-

formance of the attached devices.

The analysis of Appendix C indicates that continuously distributed spring layers

which are stiff in bending and shearing but are transversely compressible would be

prime for passive vibration attenuation using both resonant and constraining-type

dynamics. Appendix D describes a specific modeling technique to characterize one

such spring layer using a corrugated material bounded by thin facing sheets. In

conjunction with a distributed mass layer, this spring layer design is anticipated to

exhibit a SDOF resonance at low frequencies as well as a capability to constrain higher

frequency structural vibration due to exhibiting high bending stiffness. Numerous

model validations are carried out using both 3D FE and experimental results for

verification.
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Appendix E details the development, final design and employment of a passive,

continuously distributed vibration control device in a realistic testing environment on

a ship hull. The design of the device was derived from the earlier analysis and model

validations of Appendices C and D. The objectives of this practical application are to

achieve equal or improved vibration suppression of a typical, vibrating ship hull panel

as compared with an existing damping treatment while adding less total mass to the

structure. The experimental test is thoroughly described and the measurements are

presented in detail.

Expanding the research focus to include energy harvesting as well as passive vi-

bration attenuation, Appendix F presents a fundamental model and analysis of point,

electromagnetic oscillators attached to an excited simply supported structural panel.

Since the harvester devices act on the host structure at a given point attachment,

the modeling most closely resembles the manner by which present energy harvester

prototypes dynamically influence their respective host structures. Parametric anal-

ysis of certain design features show conclusively that the suppression of and energy

harvesting from surface vibrations are not contradictory ends and optimum harvester

design parameters for both goals are nearly identical.

Returning the focus to the continuously distributed vibration control devices, Ap-

pendix G introduces the electromechanical coupling of the general modeling formu-

lation when the spring layer is fully or partially composed of a piezoelectric material.

As the spring layer deforms at the device SDOF resonance, the piezoelectric material

is strained and external circuit connections are made to the piezoelectric surface elec-

trodes to evaluate the potential for the device to harness electrical power. The model

predictions are validated against 3D FE analysis and an initial application example is

presented which considers the possibility of continuously distributed piezoelectric de-

vices to simultaneously suppress structural vibrations while converting the absorbed

energy into electrical power.

Appendix H employs the general model formulation to determine the combined
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energy harvesting and vibration suppression capability of a piezoelectric distributed

vibration control device developed using the design of Appendix D as a foundation.

The model is validated by experimental measurements on a shaker platform. There-

after, the numerical model is utilized to assess numerous design features of interest

for such continuously distributed devices. A realistic test is described using a vi-

brating simply supported panel to which the piezoelectric device is attached. The

experimental results show the potential for lightweight, continuously distributed en-

ergy harvesting devices in simultaneously suppressing the vibration of surfaces while

converting the absorbed energy into electrical power.



CHAPTER 2

Comprehensive Research Summary

This chapter presents a concise review of the work in two sections. Focus is first

directed to the study of continuously distributed devices for the passive attenuation

of surface vibration. Then, consideration is directed towards energy harvesting when

coupled structural dynamics between the harvesters and the greater host structure

are introduced. Each of the sections is divided into portions tailored to modeling,

analysis and experiments. Descriptions of the modeling are kept to a minimum; gov-

erning equations are therefore presented directly since complete detail of derivations

are provided in the appendices. Validations of the models, both experimental and

numerical (finite element comparison), are provided in the experimental portions of

the sections for consistency. Analysis provided in the chapter serves to condense a

greater volume of work into the principal outcomes of the numerous studies. Experi-

mental results are hoped to provide valuable evidence of the potential of continuously

distributed devices for vibration attenuation and the new opportunities posed by

unifying vibration control and energy harvesting objectives.

2.1 Continuously distributed, passive vibration control
devices

Structural vibrations are oftentimes dominated by the lowest order modes of the

system. Attenuation of the vibration is a difficult problem in practice, namely due

to the trade-offs between the common treatments: resonant mass-spring systems and

constraining-type treatments. The prior are ideal for low frequency vibration control

due to their ability to target a specific frequency of vibration, but applying them over

large surfaces is impractical. Constraining-type treatments are easy to apply over

surfaces, and often cost-efficient to manufacture, but supply insufficient low frequency

vibration reduction, a shortcoming remedied only by the significant addition of mass.

12
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distributed
mass
spring

Low frequency structural vibration.
Reactive device dynamics.

High frequency structural vibration.
Resistive device dynamics.

(a) (b)

{

Figure 2.1: (a) Reactive and (b) resistive dynamic illustrations of a device in attenu-
ating structural vibration.

The ease of application to large surfaces make continuously distributed treatments

preferable. However, such devices would also need to exhibit a low SDOF natural

frequency, such that the distributed mass layer oscillates transversely compressing

the distributed spring layer beneath, Figure 2.1 (a). To study the potential of such

a device, a model is derived using Hamilton’s principle to determine the coupled

dynamics of an arbitrarily bounded and excited structural panel and continuously

distributed vibration control devices. Various parametric analyses are then carried

out to determine designs of distributed devices which promise the greatest potential

for the passive vibration suppression. Finally, experiments are performed to validate

the analytical predictions and to verify the versatility of one such design.

2.1.1 Modeling
2.1.1.1 Model formulation and performance metrics

Consider an arbitrarily bounded, rectangular panel excited by a number of point forces

to which one or more distributed vibration control devices are attached, Figure 2.2.

The applied devices may be point mass-spring-dampers or continuously distributed

treatments. The base panel and the continuously distributed top mass layers are

assumed to be thin plates. The continuously distributed spring layers are assumed

to be equivalent, orthotropic thick plates having known or otherwise approximated

elastic stiffness characteristics. Continuity of displacement and transverse stress be-

tween the spring layer and bounding plates allows the response of the spring layer to

be expressed in terms of the top and base plates.



2.1 Continuously distributed, passive vibration control devices 14

Figure 2.2: Thin plate with attached distributed absorbers and mass-spring-dampers.

Employing the Ritz method [60, 61] to approximate the coupled mechanical dis-

placements of the system when the panel is excited by a point force, yields a system

of equations in the form:
M + Mbase

s + Mbase
p M̃s M̃p(

M̃s

)t
Mm + Mtop

s 0(
M̃p

)t
0 Mp




r̈(t)

d̈(t)

z̈(t)



+


C + Cbase

s C̃s 0(
C̃s

)t
Cm + Ctop

s 0

0 0 Cp




ṙ(t)

ḋ(t)

ż(t)



+


K + Kbase

s K̃s 0(
K̃s

)t
Km + Ktop

s 0

0 0 Kp




r(t)

d(t)

z(t)

 =


Q(t)

0

0

 (2.1)

Eq. 2.1 contains the direct and coupled mass, M, dampening, C, and stiffness, K,

matrices; and the generalized co-ordinates of the base plate, top masses and relative

oscillator displacements: r, d and z, respectively. Matrices with subscripts s, m and

p represent components related to the spring layers, distributed mass layers and oscil-

lators, respectively; those without subscripts represent the base plate contributions.

Matrices with superscript base and top indicate the components described in terms

of the base and top layers co-ordinates, respectively. Matrices with an over (̃ ) indi-

cate coupling expressions and ( )t indicates the matrix transpose operator. Since the
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mass-spring-damper displacements are relative and not absolute, a contribution from

the oscillators inertial influence appears directly in the sub-matrix for the mass of the

host panel, Mbase
p , along with corresponding coupling, M̃p.

The generalized forces, Q, are computed by the evaluation of the base plate trial

functions at the location of the applied force locations, Equation C.9. Dampening

in the plate layers is included by means of terms proportional to the mass and stiff-

ness matrices, Equation C.10. Note that matrices Mp, Cp and Kp are diagonal with

elements containing the mass, damper coefficient and spring constant of each oscilla-

tor, respectively. Eq. 2.1 is solved assuming harmonic time dependence of the form

exp(jωt) over a range of frequencies, ω.

The out-of-plane mean-square velocity of the panel is useful in evaluating the vi-

bration attenuation capability of applied treatments. If the components of the base

panel trial functions and generalized co-ordinates related to out-of-plane displace-

ments, w(x, y, t), are denoted Φw (x, y) and rw (t), respectively, then the mean-square

velocity is found by

〈ẇ (ω)〉2 = ω2

2ab

Mw∑
m=1

Mw∑
n=1

rwm(ω)∗rwn (ω)
∫ a/2

−a/2

∫ b/2

−b/2
(Φw

m)t Φw
ndydx (2.2)

where there are Mw generalized co-ordinates and trial functions for the out-of-plane

panel displacement and ()∗ indicates the complex conjugate.

The accelerance is the transfer function between the panel acceleration and the

input force. In experiments, the spatial average of the panel acceleration is computed

as the square root of the ensemble average of the sum of the squares of the individual

acceleration measurements. The accelerance is thereafter the ratio of this value to

the driving force. In modeling, the accelerance is integrated over the panel surface:

ẅ(ω)
Q(ω) =

[
ω4

2abQ(ω)

Mw∑
m=1

Mw∑
n=1

rwm(ω)∗rwn (ω)
∫ ∫

(Φw
m)t Φw

ndydx
]1/2

(2.3)

The mean-square velocity in a frequency bandwidth is computed by the mean of
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values over the bandwidth, BW , assuming 1 Hz resolution:

〈ẇ〉2 = 1
BW

BW∑
j=1
〈ẇ (ωj)〉2 (2.4)

Finally, the attenuation of the panel vibration from the untreated levels is expressed

as the difference

∆〈ẇ〉2 = 〈ẇ〉2with treatments − 〈ẇ〉2untreated (2.5)

2.1.1.2 Computation of equivalent stiffnesses for corrugated spring layer

The elastic parameters constituting the spring layer stiffness, or compliance, matrix

are assumed to be known or otherwise computed using an approximate method. For

some distributed spring layers, this is a straightforward task: e.g. with a poroelastic

foam layer, like melamine, the bending moduli are all roughly equal to the Young’s

modulus as quoted from manufacturer’s specifications. Thereafter, the shear moduli

may be approximated by the relationG = E/2(1+ν) providing all needed components

for the spring layer stiffness matrix.

However, for non-continuous spring layers exhibiting highly orthotropic charac-

teristics it is desirable to equate the non-continuous material to be an equivalent

continuous material like a thick, orthotropic plate, such that the volumetric integrals

in the Hamilton’s formulation are more tractable. To perform this equivalency, two

techniques are frequently employed: asymptotic homogenization or small deflection

plates theories [62–64]. The present work employs the latter method.

A distributed spring layer is considered, constructed of a periodically corrugated

cross-section bounded by two facing sheets, Figure 2.3. The layer exhibits high stiff-

ness in bending, twisting and shearing but is transversely compressible. Combined

with a distributed mass on top of the spring layer, the full device exhibits a trans-

verse SDOF resonance tunable based on material and geometric characteristics of the

corrugated spring and mass selection.

A technique is employed to equate the periodically corrugated spring layer to be

the superposition of an incompressible sandwich panel and a layer of vertical springs
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Figure 2.3: Approximation of compressible spring layer as the superposition of an
incompressible core with a layer of transversely compressible springs.

such that the layers are coincident [65], Figure 2.3. Since the method employs super-

position, linearity of the elastic deformation of the spring layer is assumed and thus

only small transverse displacements are considered. To date, this superposition tech-

nique has been utilized for sandwich panel constructions of truly continuous materials,

e.g. foams sandwiched between facing sheets [66, 67]. Thus, the present work aims

to take advantage of the concept in modeling the circularly corrugated spring layer of

interest which does not yield a continuous volume of material. Using FE analysis, the

equivalent sandwich panel elasticity parameters may be computed from a small de-

flection theory of sandwich plates and the transverse stiffness may be approximated

using textbook, one-dimensional elasticity theory, Sections D.2.1 and D.2.2. This

yields a stiffness matrix indicating the decoupled in-plane and transverse dynamics:

cs =



Ex

1−νxyνyx

νyxEx

1−νxyνyx
0 0 0 0

νxyEy

1−νxyνyx

Ey

1−νxyνyx
0 0 0 0

0 0 Ez 0 0 0

0 0 0 Gyz 0 0

0 0 0 0 Gxz 0

0 0 0 0 0 Gxy


(2.6)

2.1.1.3 Variable stiffness spring layer formulation

In contrast to point mass-spring systems, continuously distributed vibration control

devices may employ a spring layer which changes in properties along the length of the

device. This of course may also be the case with the mass layer, but only spring layer

variation is here considered; mass layer variation would follow a similar formulation
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corrugated spring layer having unique equivalent
orthotropic plate elastic parameters along its length

(b)

1 2 3 4

(a)

Figure 2.4: (a) Continuous vibration absorber having unique stiffnesses along the
length, (b) one embodiment of the concept using a corrugated spring layer.

as hereafter provided.

Within the framework of the Hamilton’s principle formulation of the present sys-

tem, a spring layer exhibiting varying stiffness characteristics and densities along one

dimension is approximated to be composed of discrete segments having unique stiff-

ness matrices and densities, Figure 2.4. Thus, the sum of the kinetic and potential

energies constituting the full distributed spring layer in the model formulation are

given by

Tspring = 1
2

Ns∑
i=1

ρi

∫
Vsi

(u̇si
)t u̇si

dVsi
(2.7)

Uspring = 1
2

Ns∑
i=1

∫
Vsi

(εsi
)t csi

εsi
dVsi

(2.8)

where Ns are the number of segments along the layer. The remaining variables in

Eqs. 2.7 and 2.8 are detailed in Appendix A. Note that in the event Ns → ∞,

one realizes a truly continuously varying spring layer. However, implementation is

practically limited to computational capability, since the volumetric integrals must be

numerically computed for each segment, and to the specific comparison being made,

i.e. a test sample having just 3 unique segments along the length.

2.1.2 Analysis
2.1.2.1 Continuity of devices

The low frequency vibration attenuation benefit of constraining layer damping (CLD)

materials is known to be improved by segmenting the treatment into smaller samples
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Figure 2.5: Segmentation of continuous device on the SS panel, from (a) one single
piece to (b,c,d) several continuous pieces to (e) a distribution of point oscillators. Not
to scale.

when applied to large surfaces [68–70]. Since no similar study has been performed

in regards to continuously distributed devices which exhibit a transverse SDOF reso-

nance, it is desirable to determine the influence of segmentation for such distributed

treatments in achieving tuned and broadband vibration attenuation.

Consider a simply-supported (SS) panel excited by a harmonic point force. A

distributed vibration control device is designed to exhibit a SDOF natural frequency

of 260.9 Hz, very close to the panel (3,1) resonance of 261.1 Hz. The device is

considered to have an isotropic spring layer which, for the present geometric and

mechanical parameters used in the study, may be satisfied by using a spring layer

composed of poroelastic foam.

When positioned at the center of the panel, the device increases the total system

mass by 2.43%, i.e. the device represents a mass ratio of µ = 0.0243. The structural

panel is excited by a point force and the panel mean-square velocity is computed

without any treatment present and when the centrally-positioned device is segmented

into 1, 4, 9, 16 pieces constituting the original size, Figure 2.5. Finally, over the same

area covered by the treatment is considered a 25×25 grid of mass-spring-dampers

having the same total mass as the continuously distributed device and also each

tuned to 260.9 Hz; the panel vibration levels are computed when the oscillator array

is attached.
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Table 2.1: Cumulative mean-square velocity reduction (dB), segmentation depen-
dence
# of devices tuned frequency range broadband

1 -3.19 -1.36
4 -4.27 -3.40
9 -2.15 -2.89
16 -1.73 -2.21
625 -1.42 -1.88

Table 2.1 presents the reduction in panel mean-square velocity over the tuning fre-

quency bandwidth, 200-400 Hz, and for a broadband range of frequencies, 10-600 Hz.

Like conventional constraining treatments, it is found that continuously distributed

devices exhibiting a SDOF natural frequency provide greater vibration attenuation

when segmented over the applied surface. Not only is broadband attenuation in-

creased but the attenuation around the tuned frequency range is improved when the

distributed devices are segmented. Table 2.1 shows that maximum benefit occurs

when the area coverage is broken into 4 equal pieces, but that further segmenta-

tion becomes a disadvantage. This is most pronounced in considering the array of

oscillators which yield some of the smallest levels of vibration attenuation.

Depending on the selection of materials and frequency range of interest, there are

optimum segmentation parameters for conventional CLD [5]. Likewise, it is observed

that segmentation of distributed vibration control treatments which exhibit resonant

dynamics is also a benefit for both broadband and tuned vibration suppression.

2.1.2.2 Constraining effects

The distributed spring layer in the prior section was isotropic and, given the low trans-

verse stiffness needed to yield a SDOF resonance in a low frequency range, would be

mostly decoupled from the extensional vibrations of the host structure. However,

high in-plane stiffness in the spring layer would improve broadband vibration atten-

uation by resisting the flexural vibration of the structure. Continuous spring layers

which are stiff in bending and shearing but transversely compressible could offer the

best of both worlds: a resonant dynamic at a low tuned frequency as well as resis-



2.1 Continuously distributed, passive vibration control devices 21

tance to higher frequency structural vibration, Fig. 1.1. This could be met in practice

by employing a spring layer constructed like a corrugated sandwich panel using thin

materials; in bending and shearing, sandwich panels are notably strong but the thin

core material would provide for transverse flexure and therefore a low SDOF natural

frequency, Fig. 2.3.

Two dimensionless parameters are defined to evaluate the design possibilities for

such continuously distributed devices:

Orthotropy ratio : Λ = Et
Ez

; Modulus ratio : Γ = Em
E

(2.9)

where the spring layer is considered to be transversely isotropic such that Ex =

Ey = Et; the transverse stiffness, related to the SDOF natural frequency, is Ez; the

Young’s modulus of the top mass is Em; and the Young’s modulus of the base plate

is E. The remaining stiffness matrix components for the spring layer are calculated

in the manner given in Section C.4.

High ratios of orthotropy, Λ � 1, represent elastic characteristics of the corru-

gated sandwich panel construction described above. Smaller values, Λ < 1, may be

physically realizable by using a honeycomb core with the axis of extrusion in the

transverse direction, which is intuitively a poor design to yield a SDOF natural fre-

quency in a low frequency range. The modulus ratio, Γ, is known to be a useful design

parameter to modify for constraining treatments to improve vibration attenuation,

selection of which is dependent, like segmenting samples, on material properties and

the frequency range of interest [5].

As in the previous section, a vibrating SS panel is considered to which a continu-

ously distributed vibration control device is attached, centered on the panel, as in the

manner of Fig. 2.5 (a). The device exhibits a SDOF natural frequency of 172 Hz, close

to the (3,1) mode of the host panel, 175 Hz, and constituted a mass ratio µ = 0.0388.

The spring layer is very lightly damped, η = 0.005, and therefore dissipates little en-

ergy. The overall reduction in the panel mean-square velocity from untreated levels,

Eq. 2.5, is computed over a range of Γ and Λ from 10–600 Hz. Changes in Λ reflect,
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Figure 2.6: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, orthotropic and modulus ratios dependence

for example, different corrugated spring layer cross-sections or material thicknesses,

while maintaining the same transverse SDOF natural frequency; changes in Γ simply

reflect stiffer or softer top mass layers.

Figure 2.6 plots the results of the simulation. No clear region of converged op-

timum values for Λ or Γ is observed. However, it is noted that change in Γ is less

influential than modification of Λ. Modification of the orthotropy ratio shows that

very stiff spring layers, Λ � 1, improve the vibration attenuation capability of the

device. This may be explained due to the fact that greater Λ indicate the spring layer

will resist the structural vibration while the device still exhibits its reactive effect at

the tuned natural frequency.

To consider the effects of modifying Γ and Λ, Figure 2.7 plots the panel mean-

square velocity for the untreated case, when the added device has Λ = Γ = 1 and

when Λ = 39.8 and Γ = 50.1. Cumulative vibration levels are shown as dashed lines.

The reactive effects of the device around the tuned natural frequency of 175 Hz are

evident for the device of Λ = Γ = 1 showing the panel (3,1) resonance to be nearly

completely suppressed.

When the orthotropy and modulus ratios are modified, Λ = 39.8 and Γ = 50.1,
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Figure 2.7: Panel mean-square velocity, (black) untreated, (blue) with absorber Λ =
Γ = 1, (red) with absorber Λ = 39.8, Γ = 50.1

the device substantially stiffens the panel locally due to its extensional displacement

coupling. By being centrally located on the panel, the spring layer resists all of the

asymmetric panel modes, increasing the frequency of these modes, i.e. the (2,1) mode

shifts from 96.6 Hz to 132 Hz. Such stiffening of the modes is one explanation for the

lack of convergent maxima or minima in Figure 2.6. Changes in Λ are found to shift

some resonances outside of the bandwidth of computation, >600 Hz. This explains

the lack of convergence in Fig. 2.6 since some of the vibrational energy is increased

beyond the spectrum of calculation.

However, what is clear from Figure 2.7 is that spring layers exhibiting greater

ratios of orthotropy are capable of substantial localized stiffening of the structure.

While the results of this section have only considered lightly damped spring layers,

the results suggest that the prominent structural influence of the highly orthotropic

spring layer could be a prime match for the inclusion of a damping mechanism for

energy dissipation.

2.1.2.3 Spring layers of high in-plane stiffness and damping

In light of this discovery that spring layers of high bending and shear stiffness exert a

substantial dynamic influence on the host structure, consideration of damping effects
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Shim sheets, e.g. metals or plastic films
Viscoelastic or general damping layer

Laminate used as corrugated core

spring layer.

(a)

(b)

Figure 2.8: Laminated core design to increase net dissipative effects. (a) Component
lay-up. (b) Corrugation of net laminate material to yield a distributed spring layer.

should be made as the ratio of orthotropy, Λ, is modified. In practice, this could

be achieved by a laminate design for a sandwich panel construction, a core cross-

section of which is shown in Figure 2.8. Such a laminated and corrugated spring layer

construction maintains high bending and shearing stiffnesses, would yield transverse

compressibility for a low SDOF natural frequency and would also be highly damped.

The simulation was repeated now modifying the ratio of orthotropy, Λ, and the

spring layer loss factor, η. Figure 2.9 plots the results of simulation, showing a clear

benefit in vibration attenuation as damping of the spring layer is increased in tandem

with the in-plane stiffnesses of the spring layer. Thus, novel design of the spring

layer construction is needed to yield practical embodiments of the present theoretical

results.

Summarizing the previous two sections of results, spring layers exhibiting nearly

uniform in-plane stiffnesses as the transverse stiffness, Λ = 1, could be realized using

a foam material. With a distributed mass layer, such a vibration control device

is practically only useful at the tuned natural frequency (see Fig. 2.7 blue plot).

However, by employing a spring layer of high bending and shearing stiffness relative

to the transverse stiffness, Λ� 1, and by adding a damping mechanism into the layer,

the resulting vibration control device is much more useful in suppressing broadband

vibrations. Continuing with the circularly corrugated spring layer of this work which

is stiff in bending and shear but relatively soft in compression, the added damping
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Figure 2.9: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, orthotropic ratio and loss factor dependency.

mechanism could be a laminated damping film as in Figure 2.8.

2.1.2.4 Device modal dynamics

In contrast to point mass-spring systems, continuously distributed vibration control

devices provide for the possibility that the top mass layer may oscillate not just in

translation but also modally. Arpaci and Savci [71] observed that beam vibration

absorbers were more useful when designed such that the beam oscillated in the half-

wavelength modal dynamic (the mode shape being equivalent in form to the first

mode of a simply-supported beam). Thus, extending this possibility to the present

distributed device, it is important to consider the possibility of “tuning” the dis-

tributed device such that the mass oscillates in the freely suspended plate pumping

mode, compared with the translational dynamic in Figure 2.10 when the device is

attached to an excited SS host panel.

The model was utilized to compare the translational and modal dynamics of the

top mass layer. A device was considered to be centrally located on a SS panel. The

device represented a mass ratio of µ = 0.0539 and exhibited a SDOF resonance of

229 Hz, equal to the (1,1) mode of the structural panel. Evaluation of the reduction

in panel mean-square velocity was computed for this case. Next, the top mass of the
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(a)

(b)

Figure 2.10: (a) Translational (SDOF) dynamic of absorber; (b) Modal dynamic of
absorber on a SS panel vibrating in (1,1) mode.

Table 2.2: Cumulative mean-square velocity reduction (dB), dynamics dependence
Mass layer dynamic tuned frequency range broadband

Translational -5.72 -1.35
Modal -7.20 -1.69

applied device was considered to have a reduced Young’s modulus such that at 229 Hz

the top mass would exhibit the freely suspended modal dynamic, Fig. 2.10 (b), while

still covering the same panel surface area and retaining the same mass ratio. The

reduction in panel mean-square velocity was again computed.

Table 2.2 presents the reduction in panel mean-square velocity for two bandwidths,

that around the (1,1) host panel resonance and the broadband computation. The

absorber designed for modal response of the top mass outperforms the translationally

absorber design both around the targeted panel resonance and broadband. This

exactly corroborates with the findings in [71] for beam absorbers, although in this

case the distributed spring layer is completely coupled to the host structural motion

rather than by discrete springs as in the prior study.

Note that designing a continuously distributed device in this fashion requires mod-

ification of both the spring layer characteristics and the top mass mechanical and/or
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geometric parameters. In other words, first the device must be designed such that it

would exhibit a SDOF translational resonance at the target frequency, Fig. 2.10 (a).

Next, the properties of the mass layer would need to be modified such that the mass

would exhibit the pumping mode shape at the same frequency to which the device

was translationally tuned. In practice, since the mass layer moduli are not easily ma-

nipulated, the thickness and span of the mass layer would need to be simultaneously

considered to yield a sample which exhibited a SDOF translational resonance as well

as the mass layer modal dynamic.

2.1.2.5 Variable stiffness spring

Arrays of mass-spring-dampers may include individual oscillators each tuned to a

unique natural frequency, but in attenuating the vibrations of large surfaces this

approach is costly to design, manufacture and employ. Instead, a variably stiffened

and continuously distributed device is preferred, such that it exhibits a range of SDOF

natural frequencies and far fewer devices need be applied over the vibrating surface.

A variable stiffness ratio is defined: Ξ = (max [(Ez)i]−min [(Ez)i])/mean [(Ez)i],

where (Ez)i is the transverse stiffness of the ith section of the spring layer, extracted

from the stiffness matrix of that region of the spring layer (see Fig. 2.4). The stiffness

ratio is defined along one length of the device, such that the transverse stiffness of

each spring layer component either increase or decrease along that length. Thus, large

Ξ indicate a substantial variation in transverse stiffness between the left side of the

device and the right side of the device; Ξ = 0 indicates a uniform transverse stiffness

along the length of the device.

The model was therefore employed to simulate the effects of a centrally-positioned

device having 5 distinct regions of transverse stiffness, with a mean tuning frequency

of 175 Hz, which corresponded to the structural panel (3,1) mode. Further details of

the model implementation are given in Section C.7. Simulations were then carried

out to compute the cumulative reduction in panel mean-square velocity over a broad

range of frequencies as compared to untreated panel vibration excited by a point
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Figure 2.11: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, variable stiffness and modulus ratios dependence.

force.

Figure 2.11 plots the result of modifying Ξ and the modulus ratio Γ for the applied

device in terms of the broadband reduction in panel mean-square velocity. A region

of optimum Ξ and Γ is apparent around Ξ ≈ 1 and Γ ≈ 0.01. Designing the device

in this fashion is predicted to yield approximately a 6 dB reduction in the broadband

panel vibration as compared with Ξ = 0 and Γ = 1, i.e. the “normal” device and

spring layer design.

An explanation for this improved vibration suppression may be presented for

the combination of increased Ξ and reduced Γ. Should the stiffness ratio increase

but the top mass modulus remain the same, the top mass of the device is likely to

rock from side-to-side since the ends of the spring layer exhibit significantly different

transverse stiffnesses. This would likely yield a device which primarily exhibits only

the highest tuning frequency and lowest tuning frequency represented by the end

segment transverse stiffnesses. However, as Ξ is increased and Γ is decreased, the

“softer” top mass material reduces the amount of side-to-side rocking the mass would

exhibit and therefore allows the whole device to exhibit a full continuum of natural

frequencies from the lowest to highest.
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(a) (b)

Figure 2.12: Corrugated spring layer period having (a) circular and (b) half sine
cross-section.

2.1.3 Experiments
2.1.3.1 Model validation: superposition approach for corrugated spring

layers

Two distributed spring layers using a periodically corrugated cross-section are con-

sidered: circular and half sine corrugations. These two forms are studied namely

to determine the extensibility of the superposition approach to calculating equiv-

alent elasticity parameters for sandwich panels having a continuous core material

(the circular cross-section) and a non-continuous material (the half sine). The two

cross-sections and related geometric parameters are depicted in Figure 2.12. When

combined with a distributed mass layer, these devices may then exhibit both reactive

and resistive dynamics.

For a constant mass layer selection, an eigenfrequency analysis is carried out

using the model of Section 2.1.1 compared against results computed using a 3D FE

software package solution. The base of the vibration control device is fixed such that

the computed eigenvectors represent the natural vibration modes of the full device.

The wavelength, or period, of the cross-section is maintained at λ = 12.7 mm but

the thickness of the core material is varied. Each run of the proposed model with

the superposition method requires computation of the necessary equivalent elasticity

parameters, given in Table D.2.

Table 2.3 compares the 3D FE model results against the solutions predicted using

the equivalent 2D analysis. The first four modes of the continuously distributed
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Table 2.3: Natural frequencies [Hz] as computed by 3D FE analysis and 2D model
(percent difference)
Core shape (ts µm) Model Mode 1 Mode 2 Mode 3 Mode 4

Circular (50.8) 3D FE 362.8 536.8 538.5 540.4
2D 360.0 (-0.7%) 529.6 (-1.3%) 530.3 (-1.5%) 536.3 (-0.7%)

Circular (76.2) 3D FE 652.7 957.7 960.4 964.1
2D 644.7 (-1.2%) 937.9 (-2.1%) 939.7 (-2.1%) 957.5 (-0.6%)

Half sine (50.8) 3D FE 611.7 683.2 686.3 688.3
2D 608.1 (-0.5%) 643.8 (-5.7%) 648.3 (-5.5%) 649.2 (-5.6%)

Half sine (76.2) 3D FE 1103 1243 1249 1253
2D 1087 (-1.4%) 1115 (-10.2%) 1125 (-9.9%) 1127 (-10.0%)

1st mode

3rd mode 4th mode

2nd mode

Figure 2.13: First four mode shapes of device having a fixed based.

device are accurately predicted by the 2D analysis. An illustration of these modes is

provided in Figure 2.13. The non-continuous half sine corrugation is found to be more

susceptible to error than the circular cross-section when employing the equivalent

stiffnesses of the 2D model. This is likely due to the generation of stress concentrations

at each of the discontinuities along the periodic cross-section which the 3D FE model

can predict while the 2D model neglects this geometric resolution. For the circular

corrugated spring layer of greatest interest in this work, however, the superposition

method provides an accurate approximation of the elasticity characteristics of the

layer.

Experimental samples were produced, with the spring layer made from thin sheet

steel material and a specially crafted spot welding tool. A photograph is shown in

Figure 2.14 of a sample circularly corrugated spring layer using these materials and

manufacturing techniques, with the core material thickness of ts = 25 µm and period

of λ = 12.7 mm.
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Figure 2.14: Welded steel corrugated core sample having consistent circular core
shape and minimal, adverse welding effects.
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Figure 2.15: Comparison of modeled and measured FRF for device employing a
standard circularly corrugated spring layer design.

A full sample was produced using ts = 50 µm and λ = 25.4 mm with a mass layer

composed of perforated steel. This sample was then attached to a shaker table for

testing. The acceleration frequency response function (FRF) was measured as the

ratio between the shaker table acceleration and that as measured at the center of the

top mass of the device. Figure 2.15 compares the experimental results against the

model predictions finding a very close agreement for both the location of resonance

and the magnitude of the response. Since the SDOF resonant dynamic is that which

lends the distributed device its reactive effect when working against the host structure,

it is necessary that the model accurately predict this response.

2.1.3.2 Model validation: device on an excited panel

With the transverse dynamics replicated accurately by the model, a more compre-

hensive assessment of the superposition approach should be carried out to consider
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Figure 2.16: Mobility of vibrating panel when untreated (black curves) and with the
distributed device (red curves). Solid lines are model predictions, dashed plots are
experimental results.

the full range of dynamic coupling the distributed device would induce on a host vi-

brating structure. A steel panel was freely suspended in the laboratory and attached

to a shaker through a force transducer at one corner, Figure D.13. A laser vibrometer

measured the untreated panel mobility transfer function (TF) at (0,102) mm from

the plate center, following which a continuously distributed device was attached as

shown in Figure D.13. Approximate elasticity parameters of the circularly corrugated

spring layer of the device and mass layer characteristics are provided in Tables D.4

and D.5. The device represented a mass ratio of µ = 0.0912 and was predicted to

have a transverse natural frequency of 193 Hz. The device was positioned at an

anti-node of the (2,3) mode of the suspended panel which was predicted to occur at

approximately 200 Hz. Thus, the device was best located so as to suppress the panel

vibration for the frequency to which it was tuned.

Figure 2.16 compares the untreated panel mobility (black plots) with that as mea-

sured and predicted once the distributed device was attached (red plots). The solid

curves represent numerical predictions while the dashed lines are the measurements.

The model fairly accurately predicts the panel vibration when untreated, as is to be
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expected. The (2,3) mode is observed at 200 Hz, which was the targeted mode the

added device was anticipated to significantly suppress.

With the device attached to the panel, the (2,3) mode is greatly attenuated. But

the constraining effects observed in earlier analysis are found to affect the panel vi-

bration over the whole frequency range. Most notably are the increases in panel

resonances above 200 Hz after application of the device: e.g. the resonance at 293 Hz

is stiffened up to 320 Hz and slightly attenuated. Prior work has shown that contin-

uously distributed vibration control devices using spring layers like poroelastic foam

primarily affect structural vibration around the tuned natural frequency of the device

since such a spring layer is much less resistant to bending and shear [72]. However, the

present corrugated spring layer is highly resistive to both bending and shear and, as

a result, influences panel vibration to a greater degree. The model is found to fairly

accurately represent the effects of the added device, generally maintaining a close

prediction of both the location and magnitude of the shifted panel resonances. This

serves as a validation of the superposition approach to simplify the intricate corru-

gated spring layer composition into an analytical equivalent for easier implementation

in 2D continuum models.

2.1.3.3 Application: devices for large surface vibration attenuation

The traditional solution that some industries elect to suppress low frequency vibra-

tion of surfaces is to apply heavy mass damping layers. Therefore, it was desired to

design an appropriate continuously distributed vibration control device that would

yield similar or improved broadband vibration attenuation for a reduced cost in added

weight to the structure. The design recommendations stemming from the analysis of

Section 2.1.2 were employed. Namely, it was determined to construct the spring layer

from a circularly corrugated laminate material (Fig. 2.8), varying the wavelength of

the corrugations from one end of the device to another, depicted in Figure E.6. Thus,

the device was anticipated to be: stiff in bending and shear but transversely com-

pressible; highly damped such that it may dissipate substantial in SDOF oscillation
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as well as when strained extensionally; and had a varying transverse stiffness to yield

a bandwidth of SDOF natural frequencies.

The vibrating structure was a realistic ship hull surface exhibiting the greatest

vibrational amplitudes below 600 Hz, primarily due to the four lowest resonances of

100, 138, 144 and 189 Hz. It was desired to design just one distributed vibration

control device, similar to the mass damping layer then employed, and to apply the

devices in a predetermined layout, Fig. E.5. Thus, the variable stiffness approach

would be most useful in constructing a single device which may attenuate the full

range of vibrational frequencies. It was predicted the final devices should exhibit a

range of SDOF natural frequencies from 90 to 220 Hz.

Following design and laboratory evaluation, the devices were manufactured by the

author using the spot welding apparatus with great care to minimize over-heating of

the spring material which could induce warping of the steel spring laminates and

damage the damping material within the layup. The ship hull was excited by a

centrally-positioned shaker and force transducer attachment and an accelerometer

array measured the accelerance over the surface of the panel. Afterwards, the con-

structed devices were applied and the hull vibration was measured. Lastly, the devices

were removed and a traditional, heavy mass damping layer was attached over the same

surface as the devices. The distributed devices represented a mass ratio of µ = 0.16

while the damping material represented a mass ratio of µ = 0.20.

Figure 2.17 plots the accelerance for the three cases while Figure 2.18 plots the

attenuation of the panel accelerance in one-third octave bands. The distributed de-

vices are found to be less effective at the low end of the tuning frequency range,

90–220 Hz, but substantially more beneficial in attenuating the panel vibration at

the higher end of this bandwidth. Despite great care in manufacturing the spring lay-

ers for the devices, it was known from extensive experience that the present welding

method oftentimes over-stiffened the laminated spring layer. This may explain the

reduced attenuation capability of the devices at the 100 Hz panel resonance but the
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Figure 2.17: Comparison of panel vibration (black) untreated; (red) with distributed
absorbers; and (blue) with damping tiles.
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more prominent attenuation observed for the higher bandwidth of the tuning range.

Indeed, as Figure 2.18 shows, there is a 1 dB or less difference in performance between

the distributed absorbers and the damping tiles from 125–320 Hz, with the exception

of the 250 Hz one-third octave band where the absorbers are seen to provide 3.7 dB

more attenuation.

The distributed devices are found to provide significant attenuation from approxi-

mately 250–500 Hz, despite having negligible reactive effects in this bandwidth. This

suggests the highly damped spring layer is capable of dissipating energy as it is ex-

tensionally deformed off-resonance. This corroborates with the modeling predictions

of Section 2.1.2.3 that indicated orthotropic and highly damped spring layers provide

significantly greater broadband vibration attenuation capability than orthotropic but

undamped springs which would stiffen the structure locally but not dissipate consid-

erable energy.

The damping tiles, weighing 20% more than the absorbers, are seen to provide

improved attenuation below and above the absorbers tuning frequency range. This is

markedly clear in Figure 2.17 above 600 Hz, in an excitation range much suited to the

damping mechanism of the tiles. However, a plot of the panel vibration autospectrum

in Figure E.13 (as opposed to the accelerance) shows that the panel is much less easily

excited above 500 Hz; thus, as the project sponsor of the test confirmed, the important

bandwidth of vibration to consider was <500 Hz. The difference of the mean levels of

vibration attenuation in one-third octave bands in this range is just 1.7 dB, in favor

of the damping tiles of 20% greater mass.

2.1.4 Concluding remarks

In summary, the original goal in the development of the continuously distributed vi-

bration control devices was to supply targeted low frequency attenuation capability

due to reactive effects while also resisting higher frequency structural vibration and

dissipating such energy through damping mechanisms akin to CLD. In tandem with
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this goal was the desire to yield a product of reduced weight to conventional mass

damping layers. Modeling and analysis of the devices showed that well-damped spring

layers exhibiting high in-plane and shearing stiffnesses with low transverse stiffness

would improve broadband vibration attenuation performance of the distributed de-

vices. By varying the spring layer transverse stiffness along the length of the device,

the reactive effects were predicted to be useful over a range of frequencies, as compared

with a single frequency like a point mass-spring-damper. Analysis also predicted that,

like CLD, the distributed devices would perform better both at their tuning frequency

and broadband when they were broken into a finite number of devices, as opposed

to being one very large distributed device. These features were incorporated into the

final design of the distributed devices which were tested on the realistic ship hull.

As is evident in Figure 2.18, the tuned frequency benefit of the distributed devices

is more apparent at the higher end of the tuning range but can be more prominent

than the attenuation of the heavier damping tiles, e.g. at the 250 Hz one-third octave

band. However, over the range of excitation <500 Hz which mattered most in this

application, there was <2 dB difference in the mean attenuation capability between

the treatments. Depending on the bandwidth of excitation frequencies of interest,

the advantage of the distributed devices in providing a lightweight alternative to the

damping tiles could become more apparent.

Thus, as the bandwidth of troublesome frequencies becomes narrower, it is antic-

ipated that the distributed devices would be of greater benefit per added mass given

their reactive effects like classical vibration absorbers. In the event of true broadband

vibration attenuation, it appears that damping layers still yield the best performance,

though at the cost of increased mass. The developed distributed devices thus span

this divide between interest in attenuating a single frequency and the need to atten-

uate all frequencies by supplying reactive effects over a certain tuned bandwidth of

low frequencies and dissipative capabilities at higher frequencies.
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2.2 Energy harvesting from structural vibrations

Conversion of ambient vibrational energy from structures into electrical power has

been the focus of research for over a decade with the greatest thrust occurring in the

last few years [38, 73–76]. Though the piezoelectric stiffening, shunt damping and/or

electromagnetic damping effects induced upon harvester devices are well known, only

one study specifically exploited the effect this had on the host structure [52]. An

aircraft wing, partially composed of a flow-induced vibrational energy harvester, was

found to reduce wing flutter while simultaneously generating electrical power. In

contrast to the prior example, most studies in energy harvesting focus solely on the

harvester design itself which generally encourages highest power output as opposed to

a simultaneous aim for vibration control. Therefore, the modeling of many harvesting

studies neglect the dynamic coupling between harvester and structure, justifying the

existing assumption that the devices are excited by base vibration.

Though this assumption may be valid for certain applications, it is of limited

scope particularly given that many harvesting devices are designed to resonate in

an identical fashion as do classical tuned-mass-dampers. Tuned-mass-dampers ex-

ert substantial dynamic influence to work against a host structure’s vibrations and

frequently dissipate significant mechanical energy per cycle but this feature has yet

to be exploited in an energy harvesting context. Therefore, this section considers

the results of retaining complete structural dynamic coupling in conventional power

harvesting analyses and evaluates the potential of distributed devices to concurrently

attenuate and harvest energy from the structural vibrations. With this perspective,

energy harvesting devices are analogous to electromechanical vibration absorbers.

The modeling is briefly presented, which is a simple extension of the modeling of

Section 2.1 to include select electromechanical effects. Analyses are provided for a

variety of scenarios which represent reasonable energy harvesting applications and

shed light on the potential of uniting the two research objectives. Finally, numerical

and experimental validations are provided along with further testing results.
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Figure 2.19: Simply-supported panel with attached electromagnetic oscillators or
point masses.

magnetic
mass

conductive
coil

(a) (b)

Figure 2.20: Schematics of (a) SDOF E–M oscillators and (b) 2DOF oscillators, here
showing electromagnetic coupling for the bottom oscillator sub-system.

2.2.1 Modeling
2.2.1.1 Model formulation: electromagnetic oscillators

Consider an excited, simply-supported, rectangular panel to which a number of SDOF

or 2DOF oscillators and/or point masses are attached, Figure 2.19. The oscillators

are composed of magnetic masses resting on spring-dampers, and the masses are

displaced through the axis of a wound coil, Figure 2.20. The coil ends are connected

to an external energy harvesting circuit modeled as a load resistance, Ri.

Employing Lagrange’s equations yields the governing equations of motion of the
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coupled electromechanical system:[
−ω2 (Mmn +Hmn +Gmn + Pmn) + jωCmn +Kmn

]
am(ω)

−ω2

Np∑
i=1

miΨm(xpi
, ypi

)zi(ω) +
Np∑
i=1

mtopi
Ψm(xpi

, ypi
)ztopi

(ω)
 = Fm(ω)

m = 1, 2, . . . , N ; n = 1, 2, . . . , N (2.10)

− ω2mi

N∑
m=1

Ψm(xpi
, ypi

)am(ω) +
[
−ω2mi + jωci + ki

]
zi(ω)

−ω2mtopi
ztopi

(ω)− jωTiqi(ω) = 0

i = 1, 2, . . . , Np (2.11)

− ω2mtopi

N∑
m=1

Ψm(xpi
, ypi

)am(ω)− ω2mizi(ω)

+
[
−ω2mtopi

+ jωctopi
+ ktopi

]
ztopi

(ω) = 0

i = 1, 2, . . . , Np (2.12)

jωTizi(ω) +
[
−ω2Li + jω (Ri +Rem

i )
]
qi(ω) = 0

i = 1, 2, . . . , Np (2.13)

with components detailed in Section F.2. Eq. 2.10 describes the dynamics of the

structural panel; Eq. 2.11 describes the dynamics of the bottom oscillator mass, as-

suming it to be electromagnetically (E–M) coupled; Eq. 2.12 describes the dynamics

of the top oscillator mass; and Eq. 2.13 determines the external harvester circuit dy-

namics. In the event that the top oscillator mass is E–M coupled, the relation to the

charge, qi, would be inserted into Eq. 2.12 and removed from Eq. 2.11. In the event

the device is a SDOF E–M oscillator, all terms ztopi
are set to zero.

Notes on Eqs. 2.10–2.13:

• The influence of the external circuit charge, qi, on the structural panel vibration,

am, is through a varying magnitude of electrically-induced damping, jωTi where

Ti = B`, dependent on the magnetic flux through the coil, B, and length of the

coil, `.
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• The inductance of the coil, Li, indirectly affects the mechanical system response.

• No change in oscillator stiffness is induced via electromagnetic coupling effects.

For Np oscillators, the mass ratio is defined as

µ =
∑Np

i=1 [mi +mtopi
]

abhρ
(2.14)

The average mean-square panel velocity is computed as

〈ẇ (ω)〉2 = ω2

2ab
∑N
m

∑N
n a

∗
m(ω)an(ω)

∫ a
0
∫ b

0 Ψt
m(x, y)Ψn(x, y)dxdy

m = 1, 2, . . . , N ; n = 1, 2, . . . , N (2.15)

with overall values representing the sum over a computed bandwidth of frequencies.

Average electrical power over the harvester circuit load resistance is found by Pi(ω) =

|vi(ω)|2/2Ri, where vi(ω) = ii(ω)Ri and ii(ω) = q̇i(ω). The electrical power transfer

function is the ratio of the power to the point force excitation.

2.2.1.2 Model formulation: distributed piezoelectric devices

As in Section 2.1.1.1, an excited and arbitrarily bounded plate is considered to which

a number of continuously distributed vibration control devices are attached, Fig-

ure 2.21. Now, however, the distributed spring layers exhibit piezoelectric charac-

teristics due to either having embedded inclusions of piezoelectric material or due

to being fully composed of piezoelectric material. When deformed, the piezoelectric

spring layers convert the elastic strain into an electrical potential which is measured

by means of connecting the piezoelectric electrodes to an external harvester circuit,

modeled as a resistive load R1. The distributed spring layer is considered to be a

thick, transversely deformable, orthotropic plate. Elastic properties of the spring

layer, described by the stiffness matrix cEs evaluated at constant electric field, are

assumed to either be known or are able to be computed approximately.

Depending on the specific embodiment of piezoelectric spring layer under study,

one must appropriately select how to include electromechanical coupling effects in the
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Figure 2.21: Geometry and material properties of base plate structure with attached
piezoelectric vibration control devices.

analysis. Chapter G considers one manifestation referred to in literature as “smart

foam” which is traditionally used as an acoustic actuator [77–79]. However, the

focus here will be on a spring layer composed of a circularly corrugated piezoelectric

material, a cross-section of which is shown in Figure 2.22 (a). As may be anticipated,

at the SDOF natural frequency of the device, the mass transversely deforms the

corrugated piezoelectric material generating tensile and compressive bending strains

along the corrugated length of the film, Fig. 2.22 (b). Thus, etching of the electrodes

is necessary so as to appropriately combine the equal-and-opposite voltage potentials

to maximize the output (see Fig. H.4) [80, 81].

Similar to Section 2.1.1.2, the mechanical response of the circularly corrugated

spring layer is assumed to be the superposition of responses from an equivalent in-

compressible panel and a layer of transverse springs. Consequent of this method

is the assumption of linearity in the transverse deformation of the spring layer and

only small variations from the undeformed configuration are considered. Continuity

of displacement and transverse stress between the spring layer and bounding plates

is applied to express spring layer displacements in terms of the top and base plate

displacements. Using the generalized Hamilton’s principle to determine the forced
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Poled PVDF film
Surface electrodes

Tensile bending strain
Compressive bending strain

At downward position of
SDOF resonance response

(a) (b)

Assumed linear variation of bending 
strain through PVDF thickness with 
absolute maxima at surface electrodes.

Mass layer

Non-poled
PVDF film

Figure 2.22: (a) Undeformed cross-sectional geometry of circularly corrugated piezo-
electric spring layer with exaggerated electrode thickness and arbitrary top mass layer.
(b) Illustrated cross-sectional response when top mass layer is displaced downward
during SDOF resonant vibration. Bending strain is assumed to vary linearly through
the thickness of the PVDF film.

mechanical and electrical response of the coupled system of Figure 2.21, yields a

system of electromechanical equations of the form:


1
R1

0 0

−Θs,t Kt + Ks,t K̃s,b

−Θs,b K̃s,t Kb + Ks,b

+ jω


Cp ΘT

s,t ΘT
s,b

0 Ct + Cs,t C̃s,b

0 C̃s,t Cb + Cs,b



−ω2


0 0 0

0 Mt + Ms,t M̃s,b

0 M̃s,t Mb + Ms,b






vp(ω)

mt(ω)

mb(ω)

 =


0

0

F(ω)

 (2.16)

where matrices K, C, M and Θ are the stiffness, damping, mass and electromechanical

coupling terms, respectively; Cp is the capacitance of the piezoelectric film; mt and

mb are the top and base plate generalized co-ordinates, respectively; vp is the voltage

output as measured across the load resistance R1; and matrices having subscript (s, i)

with i = b, t indicate components ascribed to the spring layer written in terms of the

base plate, b, or the top plate, t, displacements. Note that electromechanical coupling

is due to the spring layer; yet, because the spring layer mechanical displacements are

written in terms of the base and top plate responses, the coupling is seen to directly

affect the host structural vibration as well as the response of the top mass layer of
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the vibration control and energy harvesting device.

To evaluate the electromechanical coupling, Θ in Equation 2.16, it is assumed that

the piezoelectric effects are coupled only to the transverse motion of the spring layer.

Since transverse dynamics of the continuously distributed spring are decoupled elas-

tically from bending and shearing response by employing the superposition approach

(see Section 2.1.1.2), the piezoelectric effects are an equivalent one-dimensional prob-

lem in electrical and mechanical co-ordinates. Applying these elastic and electrical

assumptions would ordinarily yield

Θs = d33E
s
z

hs

∫
x

∫
y

[Ψwto −Ψwbo
] dydx (2.17)

where Ψwto and Ψwbo
are the trial functions of the top and base plate transverse

displacements, respectively; hs is the equivalent thickness of the spring layer; d33

is the through-thickness piezoelectric constant; and Es
z is the equivalent transverse

stiffness of the spring layer. However, following extensive experimental observation

and by considering the spring layer dynamics in a more intuitive light, this formulation

has been modified as follows:

Θs = Nc (hs)
2hs
πts

d31E
s
z

hs

∫
x

∫
y

[Ψwto −Ψwbo
] dydx (2.18)

Eq. 2.18 has been tailored to reflect a more intuitive representation of the linear

transverse strain induced in the corrugated piezoelectric film. Though the spring

layer is deformed transversely, the piezoelectric coefficient d31 related to bending

is employed, as opposed to d33 which is related to through-thickness deformation.

Secondly, a weighting term is applied, Nc
2hs

πts
, which is the product of the number of

corrugations, Nc (a function of hs), and the ratio of the equivalent continuous area

to the actual corrugated cross-sectional area of the spring layer. These modifications

have been made following empirical observation of the devices’ electrical response in

the laboratory but in fact reflect an intuitive connection to the bending strain of the

corrugated spring as it is transversely deformed.

Notes on Eq. 2.16:
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• Expressing the equivalent, continuous spring layer displacements in terms of

the top and base plate displacements results in the electromechanical coupling

effects, Θ, to be expressed in terms of the top and base plates.

• Changes in the harvester load resistance will vary the stiffness of the piezoelec-

tric spring layer, which in turn modify the top and base plate dynamics.

• Piezoelectric damping effects are frequency dependent and are determined by

the capacitance of the piezoelectric spring layer, Cp, which is a function of the

electrode area-to-thickness ratio; e.g. for the same film thickness, ts, increasing

the electrode area by using a larger span of the spring layer will increase Cp and

yield greater shunt damping effects.

Performance metrics of interest are the acceleration FRF, Eq. 2.19; voltage FRF,

Eq. 2.20; average mean-square velocity of the host panel, Eq. 2.21; accelerance of

the host panel, Eq. 2.22; and average electrical power TF over the harvester load

resistance, Eq. 2.23. Complete detail on the variational formulation is provided in

Chapters A, B and H.

|FRFaccel (ω)| =
∣∣∣∣∣−ω2wto(x1, y1, ω)
−ω2wbo(x2, y2, ω)

∣∣∣∣∣ =
∣∣∣∣∣Ψwto(x1, y1)mwto(ω)
Ψwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (2.19)

|FRFvolt (ω)| =
∣∣∣∣∣ vp(ω)
−ω2Ψwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (2.20)

〈ẇbo (ω)〉2 = ω2

2abbb

∫ ∫
(Ψwbo

(x, y)mwbo
(ω))∗ (Ψwbo

(x, y)mwbo
(ω)) dxdy (2.21)

ẅbo(ω)
F(ω) =

[
ω4

2abbbF(ω)

∫ ∫
(Ψwbo

(x, y)mwbo
(ω))∗ (Ψwbo

(x, y)mwbo
(ω)) dxdy

]1/2

(2.22)

P (ω)
F(ω) = |vp(ω)|2

2R1

1
F(ω) (2.23)
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2.2.2 Analysis
2.2.2.1 E–M oscillators: µ and Ri dependence, broadband considerations

The model of Section 2.2.1.1 is employed to consider the effect of E–M oscillators

attached to an excited vibrating panel. For brevity, results for 2DOF oscillators

are here neglected since analysis in Section F.3 shows such devices to be uniformly

less beneficial for both vibration suppression and energy harvesting purposes than

SDOF oscillators. Consider an E–M oscillator to be centrally positioned on a SS

panel excited by an harmonic point force. The oscillator is tuned to exhibit a natural

frequency of 50 Hz, the same as the panel (1,1) mode. As the panel is excited, the

oscillator also vibrates which induces a flow of current into the external circuit which

induces a damping effect on the oscillator mass vibration which thereafter influences

the panel vibration.

Predictions of the reduction in overall panel mean-square velocity from untreated

levels and the overall average electrical power are made from 1–300 Hz. This band-

width encompasses the first 7 modes of the panel vibration. The mass ratio of the

added oscillator, µ, is then adjusted and the natural frequency of the device kept the

same by appropriately modifying the stiffness such that fn =
√
ki/mi/2π = 50 Hz

for each simulation. The load resistance of the harvester circuit, R1, is also modi-

fied over a selected range. Geometric and electromechanical properties for the sim-

ulation are provided in Section F.3 with constant electromagnetic characteristics

used throughout simulation which correspond to reasonable values elsewhere em-

ployed in the literature [36]. Note that the oscillator is lightly damped mechanically,

ζi = ci/2
√
miki = 0.01.

Figure 2.23 (a) plots the reduction in overall panel vibration from 1–300 Hz. Not

surprisingly, heavier devices yield greater attenuation of the panel vibration, with an

observed maximum attenuation occurring for µ ≈ 0.1. The optimum load resistance

to attenuate the panel vibration corresponds to R1 = Rem where Rem is the resistance

of the wound coil. Thus, impedance-matching the harvester resistance to the coil
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Figure 2.23: (a) Reduction in panel mean-square velocity and (b) cumulative average
electrical power for one, central SDOF E–M oscillator. Cumulative results 1–300 Hz.

resistance maximizes the flow through the external circuit and maximizes induced

damping effects.

Figure 2.23 (b) plots the overall electrical power. An optimum oscillator mass

ratio and load resistance are observed: µ ≈ 0.01 to 0.02 and R1 ≈ 40 Ω. These opti-

mized parameters are not substantially different than those which best suit vibration

attenuation objectives. The important connections to make with these results are (i)

that an optimum mass ratio is observed for energy harvesting purposes which is not

µ → 0 which is assumed in conventional harvesting analyses; and (ii) the optimized

mass ratio and harvester resistance for energy harvesting falls very close to that which

maximizes the passive vibration attenuation of the host structure.

Figure 2.24 (a) and (b) plot the panel vibration and electrical power TF, re-

spectively, for when the optimum µ and R1 are selected to maximize the individual

objectives. From Fig. 2.24 (a) it is clear that the oscillator is positioned at the panel

center since it has no influence on the asymmetric panel modes, i.e. the (2,1) mode at

96 Hz. The electrically-induced damping is apparent around the (1,1) panel mode of

50 Hz. Classical one-dimensional vibration absorber design aims at suppressing the

split resonances around the tuned natural frequency to an equal degree by modifying

the damping of the device [82]. It is interesting to observe this is almost exactly met

for the optimum energy harvesting case. What is perhaps more interesting is the



2.2 Energy harvesting from structural vibrations 48

0 50 100 150 200 250 300
−70

−60

−50

−40

−30

−20

−10

0

Frequency, Hz

M
e

a
n

s
q
u
a

re
ve

lo
ci

ty
,

d
B

re
f.

1
.0

m
2
⋅s

−
2

Untreated panel vibration
With oscillator, optimum vibration suppression, µ=0.1, R

1
=R

em

With oscillator, optimum energy harvesting, µ=0.02, R
1
=44Ω

0 50 100 150 200 250 300
10

−10

10
−9

10
−8

10
−7

10
−6

Frequency, Hz

A
v
e

ra
g
e

p
o

w
e

r
T

F
,
W

⋅N
−

2

Optimum vibration suppression, µ=0.1, R
1
=R

em

Optimum energy harvesting, µ=0.02, R
1
=44Ω

(a)

(b)

Figure 2.24: The results of optimized conditions for vibration attenuation (red) and
energy harvesting (blue): (a) Panel mean-square velocity and (b) electrical power TF.

negligible difference in attenuation achieved for the optimum vibration suppression

case, particularly in light of the fact that this scenario requires 5× the mass as for

optimum energy harvesting.

Considering Figure 2.24 (b), the induced damping is also apparent in the elec-

tric power TF. It is important to recall how this plot differs from traditional energy

harvesting analyses. In the absence of structural dynamic coupling, harvesters will

vibrate most at their natural frequency, having an amplitude limited by the com-

bination of electrical and mechanical damping. In Figure 2.24 (b) it is found that

the oscillator is no longer vibrating at its tuned frequency of 50 Hz, but exhibits a

maximum electrical power TF at 46 Hz, one of the split resonances resulting from

the dynamic coupling between SS panel and the oscillator. In the limit that µ → 0,

the device has no dynamic effect on the host structure, the oscillator is excited at its

tuned natural frequency and conventional energy harvesting analyses hold. However,
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Figure 2.25: (a) Reduction in panel mean-square velocity and (b) cumulative average
electrical power for 15 SDOF E–M oscillators. Cumulative results 1–300 Hz.

discovering that structural vibration attenuation and energy harvesting objectives are

both optimized for nearly identical design conditions poses a unique opportunity to

simultaneously meet both ends.

Next, consider an application of 15 oscillators, each tuned to 50 Hz, positioned

on the vibrating panel in the configuration of Figure F.5. Each oscillator was consid-

ered to have the same external load resistance and electromechanical characteristics.

Due to the arbitrary placement of the devices, they are more capable of broadband

vibration attenuation than an individual, centrally-located device. The model was

employed once more to evaluate the influence of changing R1 and µ where the mass

ratio is now split evenly over the 15 devices.

Figure 2.25 plots the results for the 15 oscillators attached to the excited panel

in terms of (a) vibration attenuation and (b) net electrical power over the 1–300 Hz

bandwidth. Optimum load resistances are predicted to be the same selections as when

employing one E–M oscillator. Thus, when the oscillators are themselves mechani-

cally undamped, the maximum damping achievable occurs when the external circuit

is impedance-matched to the coil resistance. However, the optimized mass ratio is

now skewed towards heavier total treatments of devices. The magnitude of broad-

band vibration attenuation is much greater for the 15 oscillators which represents the

ability of the distributed devices to attenuate both symmetric and asymmetric panel
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modes. However, it is noted that the magnitude of net electrical power is not also

significantly increased; in other words, there is no 15× improvement in the electrical

power output as may be anticipated. This drawback to applying numerous energy

harvesting devices to a single vibrating structure is explored further in Section 2.2.2.4.

2.2.2.2 E–M oscillators: µ and Ri dependence, narrowband
considerations

In Figure 2.24 (a), it is observed that there is substantial reduction in the panel

vibration levels around the (1,1) mode but that the greater amplitude of vibration

over the 1–300 Hz bandwidth is observed for the (2,1) mode at 96 Hz. This explains

the relatively small reduction in overall mean-square velocity computed in Fig. 2.23

(a), approximately 2 dB total attenuation of panel vibrational energy though one

observes substantial suppression of the (1,1) mode in Fig. 2.24 (a).

Then, simulation is again evaluated for one centrally-located E–M oscillator but

now considering overall levels up to 75 Hz, i.e. the vibrational energy contribution

of the first panel mode. Figure 2.26 (a) and (b) present the overall reduction in

panel vibration and overall electrical power only up to 75 Hz. This represents a more

plausible excitation characteristic for larger structures given the greater difficulty in

exciting higher order modes. For example, energy harvesting literature has shown

that the first mode of a bridge is the dominant vibrational dynamic under typical

excitation mechanisms [42]. Thus, Figure 2.26 presents overall values of vibration at-

tenuation and generated electrical power in a more important bandwidth of excitation

frequencies.

Optimized vibration attenuation of the first mode shows similar trends as for

broadband attenuation with the exception that very heavy treatments are uniformly

the best solution. Though this is an unreasonable solution in practice, the finding

is intuitive given that mass-loading a structure to an extreme is ultimately the best

manner by which to attenuate the vibration. One also notes the significant vibration

reduction around R1 ≈ 10 Ω and µ ≈ 0.1 which corresponded to best broadband
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Figure 2.26: (a) Reduction in panel mean-square velocity and (b) cumulative average
electrical power for one, central SDOF E–M oscillator. Cumulative results 1–75 Hz.

attenuation parameters: roughly a 20 dB reduction in the 50 Hz panel (1,1) mode.

This magnitude of attenuation is consistent with what was observed in Figure 2.24

(a) around the lowest panel resonance, 50 Hz, to which the oscillator was tuned.

The optimum selection of parameters for energy harvesting objectives now show

a broadened region of best µ and R1 when the oscillator is excited only by one struc-

tural mode. The optimum design parameters are found to occur for µ ≈ 0.0002 and

R1 ≈ 9 kΩ, which yields approximately a 18% increase in output electrical power over

the broadband optimum parameters µ ≈ 0.01 to 0.02 and R1 ≈ 40 Ω. In contrast

to broadband considerations, as the mass ratio decreases the reduction in electri-

cal power does not precipitously decrease if R1 is correspondingly increased. Thus,

a larger window of design parameters exist for narrowband excitation by which to

maximize the generated electrical power. However, like broadband attenuation, it is

observed that the (1,1) panel mode may be dramatically suppressed and maximum

electrical power produced for nearly the same selection of µ and R1, thus simultane-

ously achieving both vibration control and energy harvesting objectives.

2.2.2.3 E–M oscillators: mechanical damping

An initial hypothesis regarding the concurrent attenuation of and energy harvesting

from surface vibrations is that mechanically damped devices may serve the prior
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Figure 2.27: Vibration suppression for case of the panel having (a) 1 SDOF oscillator,
(b) 15 SDOF oscillators. Energy harvesting for panel having (c) 1 SDOF oscillator,
(d) 15 SDOF oscillators. Variation of ζ with results normalized to undamped data.

while inhibiting the latter. This hypothesis can be tested using the present model by

selecting a specific µ and R1 for a number of E–M oscillators and varying the damping

ratio, ζ, computing values of overall vibration attenuation and energy harvesting.

Figure 2.27 presents the results of simulation carried out for µ = 0.02 and µ =

0.2 for the single, centrally positioned E–M oscillator and for 15 oscillators using

the locations prescribed in Figure F.5. Load resistance was fixed at R1 = 44 Ω.

Presented results are normalized to undamped values, ζ → 0. As anticipated, any

increase in mechanical damping is detrimental to energy harvesting objectives. While

some increase in ζ improves vibration attenuation, over-damping of the oscillators is

observed for µ = 0.02 in Fig. 2.27 (b) indicated by an increase in overall vibration

levels for high ζ.

This suggests that overall levels of oscillator damping are adequately met by circuit

dissipation and increases in mechanical damping provide negligible improvement in

vibration attenuation performance. Thus, it is found that the best design practice to

achieve both vibration suppression and energy harvesting is to employ conservative,
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Figure 2.28: (a) Cumulative mean-square panel velocity. (b) Cumulative power out-
put. Data normalized to Np = 1. Ri = 44.6 Ω.

or mostly undamped, oscillators in tandem with a load resistance which maximizes

power harvesting and leads to substantial electrical dissipation.

2.2.2.4 E–M oscillators: population size

It was found that using 15 distributed oscillators significantly improved broadband

vibration attenuation capability of the treatment but did not yield a corresponding

proportional increase in net electrical power. To study this effect, a mass ratio is

selected and the mass divided up into Np oscillators which are randomly positioned

on the panel. The load resistance of each oscillator is kept fixed at R1 = 44.6 Ω. The

net reduction in mean-square velocity and electrical power from 1–300 Hz are then

computed. The results of 50 simulations are averaged, using new random oscillator

positions for each run. (The averaging technique is justified by noting that a single

simulation for Np = 2 when the oscillators are randomly positioned would not yield

conclusive results).

Figure 2.28 presents the results normalized against values computed for a centrally

located oscillator, i.e. Np = 1. Fig. 2.28 (a) verifies that heavier treatments yield

much improved vibration attenuation but only to a point. There is insignificant
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improvement from increasing µ from 0.1 to 1; distributing the mass amongst numerous

masses begins to converge to a maximum potential for improvement in vibration

suppression. For a more reasonable treatment mass ratio, µ = 0.02, an optimum

number of devices to best attenuate panel vibration is observed: Np ≈ 10.

Figure 2.28 (b) shows that increasing the number of oscillators in a distribution

converges to maximum achievable net power output for µ = 0.1 and 1. For such heavy

treatments, Np = 15 shows convergence of maximum electrical power. When the mass

ratio is µ = 0.1, the maximum increase in electrical power is 3× the amount achiev-

able when employing a single, centrally-positioned device. However, this requires

15 devices, making the approach costly to apply for a small increase in net electri-

cal power. For very lightweight treatments, µ = 0.001, any increase in population

size is detrimental to the electrical power output, a synonymous result as observed

in the literature for lightweight mass-spring-damper treatments in attenuating plate

vibration [83, 84].

In considering the more reasonable treatment mass ratio of µ = 0.02, an optimum

number of devices in the distribution is observed, Np ≈ 7. This corresponds to nearly

the same selection of Np which maximized the vibration attenuation of the panel. The

results of this and earlier sections show that selections of µ, R1 and the number of

E–M oscillators in a given treatment are parameters which may be properly selected

to simultaneously optimize vibration suppression and energy harvesting objectives.

This is a thorough indication of the analogy of energy harvesters as electromechanical

vibration absorbers.

2.2.2.5 Piezoelectric devices: mechanical damping

It was found that increased mechanical damping in E–M oscillators was detrimental

to energy harvesting potential and led to small improvements in vibration attenuation

capability. However, for continuously distributed devices, increases in the spring layer

loss factor were observed to uniformly increase structural attenuation, Section 2.1.2.3.

Thus, should the continuously distributed spring now be composed of a transversely
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Figure 2.29: (a) Cumulative mean-square panel velocity. (b) Cumulative power out-
put. Data normalized to η = 0.001. Ri = 10 kΩ.

deformable piezoelectric layer, it is anticipated that increases in mechanical damp-

ing will reduce energy harvesting capability but uniformly increase the amplitude of

vibration attenuation.

This correlation may be studied using the model of Section 2.2.1.2 in simulating

the effect of a continuously distributed piezoelectric vibration control device attached

to an excited SS panel. Recall that the present device studied, shown in cross-section

in Fig. 2.2.1.2, is a circularly corrugated piezoelectric material, appropriately etched,

bound by two non-poled PVDF sheets, and topped with a distributed mass layer. The

geometric and electromechanical properties of the system and further detail are given

in Section H.5.1. The simulation is evaluated in the event that the spring material

is negligibly damped and reevaluated for increasing spring layer loss factor, all other

parameters remaining the same.

Results are normalized against the undamped case and are plotted in Figure 2.29

(a) for vibration attenuation and (b) energy harvesting for two bandwidths. The

frequency range of 10–300 Hz corresponds to the tuning frequency range of the piezo-

electric device while 10–600 Hz includes several other SS panel modes and represents

a broadband metric of performance. As intuitively predicted, increases in mechanical

loss factor uniformly improve vibration attenuation in narrow and broadband evalu-

ations. In a similar fashion to study of electromagnetic energy harvesting, Fig. 2.29

(b) shows that increases in mechanical loss factor of the spring material also leads to
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significant decreases in energy harvesting potential. Thus, for maximum results in en-

ergy harvesting, damping should primarily be induced through electrical dissipation

and not by mechanical design.

2.2.2.6 Piezoelectric devices: electromechanical damping

Piezoelectric stiffening and shunt damping effects resulting from piezoelectric en-

ergy harvesting are well understood analytically and regularly observed in prac-

tice [35, 36, 49, 43]. From Eq. 2.16, it was observed that changes in the load resistance

modified the stiffness of the piezoelectric spring layer while larger areas of the piezo-

electric film would amplify electrical damping effects. Given that the coupled external

circuit in electromagnetic energy harvesting was observed to yield substantial overall

damping for the resonant devices in attenuating structural vibration, it is needed to

assess such damping effects as influencing factors for continuously distributed piezo-

electric devices. For the present piezoelectric device, this may be best evaluated by

an example numerical study.

Consider a SS panel to which one such corrugated piezoelectric vibration control

device is centrally positioned. The spring layer uses 7 periods of the piezoelectric

film along one length of the device. The electrode potentials are considered to be

combined out-of-phase and are attached to an external harvester circuit described by

a load resistance, R1. The device is predicted to exhibit a SDOF transverse natural

frequency at 260 Hz, very close to the panel (3,1) mode at 264.1 Hz. The total

piezoelectric device represents a mass ratio of µ = 0.0117.

Figure 2.30 plots the untreated panel vibration (dashed plot) along with the panel

vibration once the piezoelectric device is attached for a number of load resistances.

As expected, the device substantially attenuates the targeted resonance of the panel

at 264.1 Hz and produces two split resonances as a result, 244 and 292 Hz. Little

difference is observable on a broadband scale by modifying the load resistance to which

the piezoelectric electrodes are attached and attention should therefore be directed

to the split resonances.
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Figure 2.30: Panel mean-square velocity for varying distributed device load resistance.

Figure 2.31 (a) and (b) plot the panel vibration at the two split resonances. (Note

that the untreated panel vibration is not included at this level of focus). Very apparent

for both of the split resonances is that changes in the harvesting circuit load resistance

modify the amplitude and frequency of the split resonances of the host structure. An

optimum damping of the split resonances occurs for R1 = 30 kΩ showing roughly

an additional 2 dB of vibration attenuation as compared with the load resistance

approaching open circuit conditions, R1 →∞.

Numerous piezoelectric energy harvesting investigations have observed this feature

for the harvesters themselves but the present finding is distinct from prior studies.

The effects observed in Fig. 2.31 (a) and (b) are the indirect result of piezoelectric

stiffening and damping induced by energy harvesting. In other words, the spring

layer is directly influenced by the external circuit which stiffens and dampens the

dynamics of the spring. In turn, as the characteristics of the piezoelectric device

are modified, its influence on the host structure change, changing the split resonance

frequencies and magnitudes observed in Figure 2.31. Also it is noted that much less

electrically induced damping is observed for the piezoelectric vibration control or

energy harvesting device as was predicted to occur for the example electromagnetic

device.
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Figure 2.31: Panel mean-square velocity for varying distributed device load resistance,
zoom (a) lower split resonance and (b) higher split resonance.

Figure 2.32 plots the harvester electrical response around the two split resonances

which represent the peak electrical response over all frequencies. Shifting resonance

frequencies are observed as the load resistance is modified. When R1 = 30 kΩ, the

electrical power output is maximized; further increases in resistance reduce power

output. This is also an identical trend documented in energy harvesting literature.

Prior work has shown that cantilever beam harvesters exhibiting low to moderate

electromechanical coupling are maximally damped via shunt damping effects when

the energy harvested in the external circuit is maximized [27, 35, 85]. Thus, the

present continuously distributed device is maximally damped for a load resistance of

R1 = 30 kΩ—the best choice for energy harvesting purposes—and therefore dissipates

the greatest amount of the panel vibration.

In contrast to existing energy harvesting studies, note that the applied harvester

device is no longer oscillating at its natural frequency of 260 Hz but is instead excited

at the split resonance frequencies of 244 and 292 Hz. This is the unique effect of

applying reactive or resonant devices to a vibrating structure in the event that the

devices are capable of exerting an inertial influence on the host structure. This was

also found in Section 2.2.2.1 for electromagnetic oscillators and, indeed, would be the

case for applying any resonant device to a larger resonant structure. The amplitude to
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Figure 2.32: Distributed device piezoelectric power output for varying distributed
device load resistance, zoom (a) lower split resonance and (b) higher split resonance.

which the applied device influences the host structural response is entirely dependent

on the mass ratio of the device, µ. Note that the present piezoelectric device consid-

ered is just a 1.17% addition of mass to the structure and shifts the panel resonance

frequency from 264.1 Hz to 244 and 292 Hz, indicating great influence from a small

increase in total mass. However, recall from Section 2.2.2.1 that for point oscillators

this was approximately the mass ratio which maximized energy harvesting potential.

Thus, in simultaneously attenuating and harvesting energy from structural vibrations,

the principal compromising factor is the added mass of the harvester device[s].

2.2.3 Experiments
2.2.3.1 Model validation: device with corrugated piezoelectric film

spring, ts = 28 µm

The assumptions employed in modeling the distributed piezoelectric device approxi-

mate the electromechanical coupling effects in a one-dimensional form, Eq. 2.18. It

is therefore anticipated that the predicted voltage response from the model will be

accurate only in the event that the device is excited by primarily uniform transverse

vibration. In other words, a device tuned to the same frequency of a SS panel (1,1)

mode and placed at the center of the panel is mostly excited by uniform transverse vi-
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(a)

(b)

Remaining electrode
surfaces after etching

Figure 2.33: (a) Etching of piezoelectric material prior to corrugation and (b) the
desired circularly corrugated form.

bration, assuming the span of the device is much smaller than the span of the panel.

However, that same device, excited by asymmetric panel modes will likely include

more intricate deformation of the actual corrugated spring layer which the model

neglects. It is therefore predicted that the model will poorly predict the electrical

response of the piezoelectric material in the event of this latter form of excitation.

However, energy harvesting potential is maximized around the device SDOF natural

frequency and therefore capturing the essence of the voltage response due to uniform

transverse excitation is of greatest concern.

A circularly corrugated piezoelectric film spring layer was produced using film of

thickness ts = 28 µm, period of λ = 12.7 mm and other electromechanical properties

as given in Table H.1. Prior to corrugation, the piezoelectric film electrodes were

carefully etched using a ferric chloride solution, with etch lines every 12.7π/4 mm ≈

10 mm, as illustrated in Figure 2.33 (a). Bonds between the corrugated film and

the bounding non-poled sheets of PVDF were made using thin lines of “2-ton” epoxy.

Finally, a distributed mass layer was glued to the top non-poled sheet of PVDF film to

complete the full device, Figure 2.34. The superposition method of Section 2.1.1.2 was

employed to determine equivalent elasticity characteristics of the corrugated spring

layer which are provided in Table H.2.

The device was attached to a shaker table and the two pairs of electrode leads
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Figure 2.34: Photograph of piezoelectric vibration control device using a circularly
corrugated piezoelectric film as the distributed spring layer. Electrical leads are also
shown to be attached to the etched surface electrodes of the film.
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Figure 2.35: Comparison of modeled and measured (a) acceleration FRF magnitudes
and (b) voltage FRF magnitudes for piezoelectric corrugated core distributed absorber
device for various load resistances, R1.

were appropriately combined out-of-phase in parallel with the harvester circuit load

resistance, R1. The shaker excited the device with uniform transverse vibration,

monitored by an accelerometer on the shaker platform; the amplitude of the shaker

table vibration was measured to be 14.2 m·s−2 (1.45 g). The velocity of the top mass

was measured with a laser vibrometer and acceleration was approximated from ẅto =

jωẇto. The acceleration FRF was then computed for various selections of circuit load

resistance. The model results were then compared against the measurements, using

top and base plate properties as given in Table H.3, and are shown in Figure 2.35.

For smaller values of R1 (short circuit conditions), the SDOF natural frequency

occurs at approximately 78.5 Hz; as the resistance is increased, the coupling through
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the piezoelectric material produces a stiffer distributed spring layer and increases the

resonance to the open circuit value (i.e. R1 → ∞) at approximately 81.5 Hz. This

is a substantial shift in frequency for a piezoelectric material having such low elec-

tromechanical coupling as compared with, for example, piezoceramics. However, this

may be due to the circularly corrugated design which induces a great bending strain

in the film as the mass oscillates transversely at resonance, Fig. 2.22 (b). The model

almost exactly predicts the locations of these resonant frequencies for various load re-

sistances but measurements exhibited uniformly more roll-off above resonance. This

discrepancy may be explained by employing too small an equivalent elastic loss factor,

ηs in Table H.2. Of further note is the near absence of shunt damping effects, indicat-

ing the inertial influence of the mass, for this sample, dominates electromechanical

coupling effects. Figure 2.35 (b) compares the measured and predicted voltage FRF

for the sample. The model fairly accurately predicts the amplitude and shifting reso-

nance frequency of the voltage FRF resonance, trends frequently observed elsewhere

in energy harvesting literature.

Finally, a time-domain plot of the response of the device as measured for R1 =

150 kΩ is given in Figure 2.36 at an excitation frequency of 81 Hz. Shown in Fig-

ure 2.36 (a) are the individual voltage outputs for the two electrode pairs generated

by etching the corrugated piezoelectric film. The outputs are perfectly out-of-phase

and exhibit nearly identical magnitude. This verifies the assumption that the strains

exhibited on opposing sides of the piezoelectric film are equal-and-opposite. Proper

combination of these voltages yields a substantial increase in output, while directly

combining the two signals almost eliminates the net voltage, Figure 2.36 (b).

The response is also observed to be sinusoidal, indicating the linearity of the

distributed spring layer as the device transversely oscillates. This is a beneficial

finding given that one might assume the bending strain induced in the corrugated

spring is substantial for the present amplitude of exciting acceleration of 14.2 m·s−2

(1.45 g). However, in practice, little displacement from the undeformed configuration
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Figure 2.36: Measured time series of corrugated piezoelectric device. (a) Individual
electrode outputs and (b) sum and difference of the two signals.

is observed as the device oscillates on the shaker. This may be explained by the fact

that the transverse force of the mass deflecting the corrugated spring is distributed

over a broader surface as compared to a point vibration absorber which generally

deflects its spring to a much greater degree.

While no sensitivity analysis is here performed to determine at what level of

input vibration the induced bending strain in the corrugated spring begins to exhibit

nonlinear characteristics, the amplitude of vibration presently measured in shaker

testing is sufficiently great to assume most realistic scenarios would also exhibit linear

elastic and electrical response (a number of realistic ambient vibration acceleration

levels are detailed in [86–88]). The linearity of the transverse response suggests model

results for the device at its natural frequency should be in reasonable agreement with

measurements which is most important for energy harvesting analyses.

2.2.3.2 Model validation: device with corrugated piezoelectric film
spring, ts = 52 µm

A second sample was produced using the same corrugated wavelength, λ = 12.7 mm,

but with a thicker piezoelectric film, ts = 52 µm. All other electromechanical charac-

teristics of the film were assumed to be the same as those for the thinner film. The

equivalent elasticity parameters for the distributed spring were computed from the
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Table 2.4: Equivalent orthotropic plate characteristics of piezoelectric core having
λ = 12.7 mm and ts = 52 µm
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
4.04e10 3.87e10 4.60e4 0.041 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρs (kg/m3) hs (mm) ηs
2.66e5 3.23e6 8.03e8 14.2 6.35 0.056

100 150 200 250 300 350 400
0

5

10

15

20

25

30

Frequency, Hz
325 330 335 340 345

21

21.5

22

22.5

23

23.5

24

24.5

25

25.5

Frequency, Hz

R1=10kΩ

R1=100kΩ

R1=390kΩ

Squares, Experiment

Curves, Model
R1=10kΩ

R1=100kΩ

R1=390kΩ

Squares, Experiment

Curves, Model

(a) (b)

A
cc

el
 F

R
F,

 d
B

 (
re

f.
 1

.0
 g

/g
)

A
cc

el
 F

R
F,

 d
B

 (
re

f.
 1

.0
 g

/g
)

Figure 2.37: Acceleration FRF of piezoelectric device having ts = 52 µm, modeling
comparisons. (a) Broadband view and (b) view around resonance.

methods of Chapter D and are given in Table 2.4. The mass layer had characteris-

tics: at = 76.2 mm, bt = 50.8 mm, ht = 0.76 mm, Et = 72e9 Pa, ρt = 2100 kg/m3,

νt = 0.3, ηt = 0.001.

In comparing different thicknesses of piezoelectric PVDF film in a biomechanical

energy harvesting application, Granstrom et al. [89] observed that the thinner film

yielded the greatest levels of harvested power. Though one might anticipate a thicker

material, providing more piezoelectric volume per length, would yield the best results,

in fact the thinner film is strained to a greater degree and the amplitude of strain is

what lends the piezoelectric effect. Thus, considering the corrugated spring layer using

a thicker film, it is anticipated that less electromechanical coupling effects should be

observed.

Figure 2.37 compares the modeled and measured results of the acceleration FRF

in (a) broadband and (b) about resonance frequency ranges. Since almost all of the

results overlap, measurements are provided as square symbols. As intuitively ex-
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Figure 2.38: Voltage FRF of piezoelectric device having ts = 52 µm, modeling com-
parisons.

pected, very little piezoelectric stiffening or shunt damping is observed. Even closely

observing the FRF just around resonance, Fig. 2.37 (b), there is negligible piezoelec-

tric stiffening induced for the thicker sample. The model accurately replicates these

features and exactly predicts the location of the resonances: 335 Hz for short circuit

conditions and 336 Hz for open circuit conditions. Figure 2.38 compares the voltage

FRF measurements against the model predictions. Since the device is transversely

excited, the electromechanical coupling employed by the model is in close agreement

with measurements in regards to changes in load resistance.

2.2.3.3 Application: concurrent suppression of and energy harvesting
from a vibrating panel

A large SS panel was held within a frame which was suspended. The panel was excited

roughly at the center by a shaker and force transducer on one side while a coplanar

accelerometer array measured the panel accelerance. A larger piezoelectric distributed

device was produced and then attached to the opposing surface of the panel, as shown

in Figure 2.39. Figure 2.40 shows a close photograph of the device prior to attachment

to the panel surface, showing 12 full periods of the etched, circularly corrugated

piezoelectric film of ts = 28 µm and λ = 12.7 mm.
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Figure 2.39: Photograph of simply supported panel in mounted structure with piezo-
electric device attached to the top surface. The shaker, stinger, force transducer and
accelerometer array are positioned on the underside of the panel.

Figure 2.40: Photograph of piezoelectric device with 12 periods of the etched piezo-
electric film.

According to Eq. 2.16, for the same film thickness, greater piezoelectric electrode

area corresponds to a greater capacitance, Cp, which is found to increase electrome-

chanical damping effects. As such, since the larger device spanned an area 6× greater

than the sample used in shaker testing (Fig. 2.34), the larger sample was anticipated

to exhibit greater electromechanical influence. The device was predicted to have a

SDOF natural frequency of 94 Hz, close to the panel (1,1) mode of 97.5 Hz. Despite

being much larger than the samples used for shaker testing, the piezoelectric device

had a mass ratio to the panel of just µ = 0.0104.

Material properties of the SS panel, the device top mass and the equivalent elastic

characteristics of the distributed spring are given in Section H.6.1. It was discovered
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Figure 2.41: Comparison of modeled (solid curves) and measured (dashed curves)
accelerance magnitudes of the panel when untreated (black plots) and with the piezo-
electric device (red plots). R1 = 180 kΩ.

that the panel was not exactly simply-supported and the model was adjusted so as

to include additional rotational springs along the edges as indicated in Chapter A to

best fit the model to the measurements of SS panel response.

A comparison of measured and modeled panel accelerance are shown in Figure 2.41

for the untreated panel and after the device was applied for the case of load resistance

R1 = 180 kΩ. In terms of model comparison, the greatest disparities are due to the

inexact simple supports of the panel, which are seen to shift some of the asymmet-

ric panel modes, for example the (2,1) mode at 186 Hz. However, the model is in

very close agreement regarding the amplitude of the panel resonances as well as the

magnitude of vibration attenuation achieved following application of the device.

With the piezoelectric device placed closely to the center of the panel, a substan-

tial reduction in the (1,1) panel mode is achieved. By adding a mere 1% additional

mass to the panel, the reactive piezoelectric device suppresses the (1,1) mode by more

than 20 dB and yields two split resonances, 87 and 100 Hz, a resulting dynamic effect

conventionally observed in the application of vibration absorbers to excited systems.

The amplitude of attenuation is consistent with modeled results for point E–M oscilla-

tors in Section 2.2.2.2, showing the dynamic similarities between the point oscillators
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Figure 2.42: Comparison of modeled and measured electrical power TF magnitude of
the piezoelectric device. R1 = 180 kΩ.

and the present continuously distributed device when excited at their respective nat-

ural frequencies. Being placed along several asymmetric node lines, the device does

not significantly attenuate the asymmetric modes but the (3,1) mode at 350 Hz is

attenuated by 10 dB due to the device being positioned on an anti-node of the mode.

Figure 2.42 plots a comparison of the measured and predicted electrical power

TF for the device. Recall that the assumptions to include electromechanical effects

for the piezoelectric devices limit accurate evaluation to when the device is primarily

excited by uniform transverse excitation. Thus, given the device placement on the

panel, the (1,1) and (3,1) modes both represent excitation conditions under which the

device would experience uniform input vibration. In Fig. 2.42 the measured electrical

signal around the (1,1) mode at 97.5 Hz and (3,1) mode at 350 Hz show clear electrical

response, which the model is in fair agreement with.

When the device is excited by asymmetric panel modes, approximately from 125–

325 Hz, the measured response is mostly electrical noise. In contrast, the model

predicts a precipitous drop in power TF over this range since it does not take into

account the specific geometric intricacies of the corrugated spring. Nevertheless, the

model is in fairly good agreement for predictions around the (1,1) and (3,1) modes,

which are the main frequencies of interest since these best serve energy harvesting
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Figure 2.43: (a) Panel accelerance around (1,1) mode and (b) piezoelectric device
power TF for a variety of resistances R1.

objectives. At 86.5 Hz, the peak measured power TF is 3.3 mW·N−2. The model

underestimates this output level and predicts greatest electrical power to be produced

at 100 Hz which was one of the split resonances.

Figure 2.43 (a) plots the measured panel response around the (1,1) mode for

various values of load resistance, R1. In contrast with the smaller piezoelectric devices

used in shaker testing, a notable level of indirect shunt damping is observed for the

present larger piezoelectric device. A load resistance of R1 = 82 kΩ further attenuates

the 100 Hz split resonance by 2 dB as compared with R1 = 820 kΩ, or effectively

open circuit conditions. This corroborates the prediction at the beginning of this

section regarding the influence of larger spans of piezoelectric film within the spring

layer in light of the governing equations. This is also a remarkable influence induced

by the deforming piezoelectric spring layer if one recalls the whole device is just

an additional 1% of added mass to the simply-supported panel. Finally, as had

been predicted in Section 2.2.2.6, the indirect piezoelectric stiffening and damping

is observed, particularly for the split resonance around 100 Hz. For smaller R1, the

piezoelectric spring is softer and the split resonance occurs at 99 Hz; as R1 increases,

the spring is stiffened to such a degree that the split resonance shifts up to 101 Hz.
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Figure 2.44: Comparison of modeled and measured electrical power TF magnitude of
the piezoelectric device at 86.5 Hz for various R1.

Figure 2.43 (b) plots the change in power TF as R1 is modified. Peak electrical

power is observed in the range of R1 ≈ 150 kΩ. This selection of R1 to maximize

energy harvesting objectives is not significantly different than that which optimizes

vibration suppression potential. However, the additional 2 dB of suppression of the

100 Hz split resonance is negligible compared to the greater 20 dB attenuation reac-

tively induced by the whole device. The important observation is that there exists

a substantial potential for energy harvesting from vibration sources which may be

simultaneously attenuated.

Figure 2.44 plots the power TF at 86.5 Hz for various R1. Since the model pre-

dicted the peak electrical power output at 100 Hz instead of 86.5 Hz, the predictions

are uniformly less than those measured. However, the trend is identical between

measurements and predictions, including the location of the optimum load resistance.

Many of the most successful piezoceramic energy harvester prototypes in the litera-

ture yield power outputs of this magnitude [85, 90], and it is notable that the present

device, using piezoelectric film which is much less electromechanically coupled and

less expensive, can achieve similar results.
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2.2.4 Concluding remarks

The present energy harvesting literature widely assumes that the harvesters are max-

imally productive when excited at their tuned natural frequency. This assumption

is based on the great majority of energy harvesting applications in which the de-

vices have negligible dynamic influence. Only the effects of resistive shunt damping

which results from piezoelectric energy harvesting has been exploited for simultane-

ous vibration control and energy harvesting. However, by including electromechanical

coupling into the generalized analytical model of Section 2.1, it was found that maxi-

mum harvested energy could be extracted when the harvesters exert a finite dynamic

influence on the host structure which excites them. In this scenario, the harvesters

are analogous to electromechanical vibration absorbers which, dependent on their

mass relative to the host structure, shift the frequencies of the structural vibration

away from the untreated resonance. Thus, it was found that such harvesters could

generate greater amplitudes of electrical power when excited off-resonance.

In modeling and measurements, a secondary benefit was observed: the electrome-

chanically stiffened and or damped harvesters could suppress the vibration of the

host structure by acting in a manner identical to the classical tuned-mass-damper.

Given that much energy harvesting research has been encouraged via structural health

monitoring concerns, the suppression of the structural vibration is inherently advan-

tageous. This suggests that the flexibility of resonant structures need not necessarily

be a concern but may in fact be exploited for the control of the structure as well as

for the generation of useful electric power. Thus, mechanically undamped energy har-

vesting vibration absorbers meet both objectives by converting the absorbed energy

into electrical power the process of which results in a substantial mechanical damping

effect to attenuate the structural vibrations.



CHAPTER 3

Summary and Conclusions

The suppression of structural vibration by adding a minimal amount of mass to the

system was a key target of this work. By employing electromechanically coupled

devices as the vibration control treatments, it was found that energy harvesting ob-

jectives may simultaneously be achieved while attenuating the host vibration. With

proper design, the two fields of study were bound together in the employment of a

single device: an energy harvesting vibration absorber.

A semi-analytical model, based on the generalized Hamilton’s principle, was used

throughout this work to determine the forced or free response of a system of coupled

plates or point mass-spring systems. The versatility and computational efficiency of

this model was a significant factor in its development and prolific use. Though the

derivation of this model is general and applicable to other studies in the literature, its

employment to evaluate the resulting dynamics of continuously distributed vibration

absorbers or energy harvesting devices on excited panels was absent from the larger

body of related research.

In the design of passive vibration control treatments, the use of continuously dis-

tributed spring layers exhibiting both transverse compressibility and high in-plane

stiffnesses yields a device capable of resisting structural vibration as well as exhibit-

ing a SDOF natural frequency in conjunction with a distributed mass layer. Such a

design uniquely combines the low frequency attenuation benefits of mass-spring sys-

tems as well as the higher frequency attenuation capability of traditional constraining

treatments. This effect was discovered in the performed analysis and was thereafter

validated by experiment with a novel embodiment of such a device employing a cir-

cularly corrugated distributed spring layer. To include this form of distributed spring

layer into the analytical model, an elastic superposition principle was employed and
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was found to provide an accurate representation of both the constraining capabilities

and the reactive dynamics of the full vibration control device.

Other features unique to continuously distributed treatments were considered,

having yet been neglected in existing research studies. Given the planar span of the

distributed top mass, the oscillating mass is capable of exhibiting modal dynamics and

this was found to be more useful in passively suppressing the structural vibration than

when the mass oscillated in translation. A spring layer having a variable transverse

stiffness along the length, in tandem with a softer top mass material, was predicted

to provide a broad range of SDOF natural frequencies. The variable stiffness spring

was one such feature included in a device designed for the attenuation of a realistic,

vibrating ship hull and was observed to be a prime influence in the broadband, reac-

tive vibration attenuation the device produced. Despite being a simple extension of

both resistive and reactive vibration control devices, the present combination of these

two dynamic systems into one device had not been investigated in prior literature.

The resulting invention was a comparatively lightweight device capable of broadband

passive vibration control with particular benefit at low frequencies due to the classical

vibration absorber effects it produced.

A large proportion of literature in energy harvesting focuses on the vibration con-

trol effect achieved via shunt damping that results naturally by the coupling to the

external circuit via the electromechanical device. However, as compared to the me-

chanical authority that a vibration absorber exerts on the host structure, as in the

first portion of this research, the shunt damping effect provides negligible attenuation

of vibration. To study the potential for energy harvesting vibration absorbers, the

modeling formulation used in the first portion of this research was adapted to include

electromechanical coupling effects introduced by piezoelectric or electromagnetic ma-

terials and external harvesting circuitry. Thus, rather than observing the effects of

electromechanical coupling on the harvesters themselves, this new analysis took a

broader perspective and considered how the harvesters affected the dynamics of the
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structure which originally excited them. A fundamental model of electromagnetic

oscillators on an excited, simply-supported panel discovered some features which, to

date, have gone unnoticed in energy harvesting literature:

• An optimum mass ratio of the harvester devices exists to yield greatest electri-

cal power output which is not µ → 0, indicating maximum energy harvesting

potential is realized when the harvester devices are capable of dynamically in-

fluencing the greater host structure.

• A number of applied devices to the vibrating panel may be computed which,

for a given µ, maximizes energy harvesting potential.

• The selection of µ, external circuit load resistance and number of devices to

maximize energy harvesting performance is found to occur very closely to those

parameters which most attenuate the structural vibration of the panel to which

the devices were attached.

Therefore, as harvester devices become more inertially substantial relative to their

attached vibrating structures, they inevitably influence the dynamics of the system.

Importantly, however, this dynamic influence is not observed to reduce the potential

of the harvester to generate electrical power. The opposite is in fact discovered:

finite influence of the devices on the host structure is found to nearly simultaneously

maximize energy harvesting and vibration suppression goals. While the electrical

output around the harvester resonance may be damped due to electromechanical

coupling effects, it is found that the maximum achievable power output is greatest

when the applied device is capable of dynamically influencing the host structure.

The study was extended to continuously distributed harvester devices designed

with corrugated piezoelectric spring layers, an extension from the design cues from

the first portion of the research. As continuously distributed devices, fewer such sam-

ples would be required in an application to passively attenuate broadband structural

vibrations while in turn acting as energy harvesting devices. Indirect observation of
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piezoelectric stiffening and shunt damping effects of the external harvester circuit was

made by assessing the dynamic influence of the device on the host vibrating structure.

It was predicted that very lightweight devices may have substantial vibration atten-

uation capability and, properly designed, could thereafter yield significant electrical

power output.

Several such devices were carefully manufactured in the laboratory and tested to

validate the models. The circular corrugations of the piezoelectric film spring are

strained in bending when the device resonates at the designed SDOF natural fre-

quency, yielding great electrical potentials across the piezoelectric electrodes. Using

a spring layer design that produces high levels of strain compensates for the low elec-

tromechanical coupling of the PVDF film, which is amongst the more economical

piezoelectric materials available. Despite inducing high levels of bending strain in

the corrugated film as the device oscillated at its transverse SDOF resonance, mea-

surements showed a linear electrical response as measured across the harvester load

resistance. This validated the modeling assumptions to incorporate the corrugated

piezoelectric spring layer as an equivalent continuous layer.

When applied to a large vibrating panel, one such distributed piezoelectric device

was observed to significantly attenuate the low frequency structural vibration to which

it was tuned. However, the device constituted just a 1% addition of mass to the

panel. The amplitude of the measured and modeled attenuation of the panel vibration

was consistent with results observed in the prior electromagnetic oscillator analysis,

indicating the dynamic similarity of the continuously distributed device with point

oscillators around their respective SDOF natural frequencies. Since the resulting

split resonances induced by the distributed piezoelectric device were not notably

shifted from the original panel resonance, the harvester device was still vibrating at

frequencies close to its own SDOF resonance. Therefore, a high amplitude power

output was observed at the same time the device was substantially suppressing the

structural vibration.
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To date, energy harvesting literature has presumed the dynamic influence of har-

vester devices on the host vibrating system to be negligible. However, the studies

and experiments of this research conclusively show that not only are more inertially

substantial devices the best choice for energy harvesting, when designed as a tuned-

mass-damper the increased dynamic influence of the harvester is inherently beneficial

to reduce the vibration of the host structure. Since energy harvesting research has

been widely promoted for structural health monitoring purposes, this discovery is

significant since the attenuation of the structural vibration intrinsically improves the

health of the system. Thus, concurrent attenuation of and energy harvesting not only

go hand-in-hand but in certain situations appear to be mutually optimized using

the same set of design parameters. The results of this work show that substantially

greater dissipation of the structural vibrations may be achieved than present shunt

damping methods when the harvesters are designed like electromechanical vibration

absorbers.

While present energy harvesting literature has rigorously evaluated the electrome-

chanical effects induced upon the harvesters themselves, this research took a step back

to observe the effects that the harvesting devices have on the greater dynamic struc-

ture. In doing so, new possibilities for the simultaneous suppression of structural

vibration and energy harvesting were discovered. Lightweight, flexible and resonant

systems—aircraft or structural panels and space-truss, for example—need not be as

“over-engineered” in design. The systems could be exploited for their resonant be-

havior to generate useful electric power, the process of which suppresses the level of

vibration to a more sustainable level.

This suggests the continued exploration of these results. Several opportunities

may be proposed:

1. The design of distributed piezoelectric spring layers is pivotal to the extraction of

high electrical potentials and additional embodiments should be pursued. Given

the low cost of PVDF films relative to other piezoelectric materials, designing
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the distributed springs to be highly strained allows the implementation of films

at reduced manufacturing expense. This research provided one embodiment

of such an economical spring design for energy harvesting purposes but other

forms and designs may easily be developed other the course of further studies.

2. Most structural vibration is due to the lowest order modes of the system. Thus,

point E–M oscillators should be considered further, particularly with experi-

mentation given their ease of construction. Though continuously distributed

devices are best for broadband vibration attenuation, given the primary focus

on structural vibrations up to a few hundred Hz, point E–M oscillators can pro-

vide much of the same low frequency attenuation performance and consequent

energy harvesting potential.

3. Energy harvesting efficiency has been studied in the literature with numerous

attempts to define a consistent metric of performance [27, 91, 92]. What has not

been considered is an expression for the maximum extractable energy from a

vibrating system which is dynamically influenced by the attached harvester de-

vices. This latter case encompasses the broader picture: how much mechanical

energy is convertible into electrical power from any given vibrating system?

The third opportunity above is admittedly encouraged by McCoy [93]. Citing an

educated estimate of the vast latent energy encompassed in the Gulf Stream on a

given day (solar input, waste energy from ship transport, heat capacity of the water,

etc.), the author observes that there are numerous neglected energy sources all around

us. The greatest inhibitor to taking advantage of ambient energy is the means by

which to efficiently convert it from its natural form to electricity. By defining a

metric of efficiency for vibrational energy harvesting, sources may be recognized for

their electromechanical conversion prospects and thereafter targeted according to the

opportunity available.

The driving need for sustainable energy solutions from state, federal and inter-
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national bodies encourages innovative solutions. While vibrational energy harvesting

has yet been focused on supplying small portable electronics a source of wireless

power, the lack of investigation to determine just how much vibrational energy is

extractable and convertible to electrical power from a given structure suggests that

there is much to learn. Solar power was once the hobby-level distraction of a few tin-

kerers until industry pushed the envelope on material development and drove down

the cost for large-scale solar power plants. This is the state of vibrational energy

harvesting: a research novelty with the potential to tip the scale into a much greater

opportunity.



APPENDIX A

Modeling formulation by Hamilton’s principle

This section provides a more descriptive presentation of the variational energy method

used to model a number of systems throughout this work, namely the continuously

distributed vibration absorber devices which may simultaneously be employed as

energy harvesting systems. The fundamentals of variational calculus are necessary

for the reader. From Hamilton’s principle may be derived the governing equations of

mechanical motion and electrical response for arbitrary electro-mechanical systems.

Though this method also may be employed for electromagnetic systems, the present

analysis is used for piezoelectric materials. Later work employs the direct approach

of Lagrange’s equations of motion for electromagnetics. For further reading on these

topics, the reader is referred to a number of detailed and helpful texts [60, 94, 95].

A.1 System composition and geometry

The present system of interest is an arbitrary elastic body partially composed of

piezoelectric materials, shown in Figure A.1. The non-piezoelectric, or structural,

volume of the domain is denoted as Ωb while the remaining piezoelectric portion is

Ωp. The boundary of the structural surface is denoted as Γb. It is assumed that

material composition of the structure and of the piezoelectric are distinct.

An arbitrary number of external point forces and point charges are applied on the

surface of the system. Electrodes are assumed to cover a portion of the piezoelectric

domain surface through which the external charges may either be applied, measured

or grounded.
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piezoelectric
poling direction

electrode

Figure A.1: Arbitrarily bounded and excited electro-elastic body having piezoelectric
inclusions.

A.2 Hamilton’s principle

The governing equations of motion of the coupled system are determined by employing

the generalized Hamilton’s principle. A variational approach with the Ritz method

is then used to solve the subsequent systems of equations.

For deformable, elastic, electro-mechanical systems, Hamilton’s principle may be

expressed as ∫ t2

t1

[
δ (T − U − Ue +We) + δW

]
dt = 0 (A.1)

where δ is the variational operator; T is the total kinetic energy; U is the total poten-

tial energy; Ue is the potential energy associated with specific boundary conditons;

We is the total electrical energy; and W is the total contribution of mechanically

applied and electrically induced forces and charges, respectively.

These quantities are specified as follows:

T = 1
2

∫
Ωb

u̇tρbu̇dΩb + 1
2

∫
Ωp

u̇tρpu̇dΩp (A.2)

U = 1
2

∫
Ωb

StTdΩb + 1
2

∫
Ωp

StTdΩp (A.3)
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Ue = 1
2

∫
Γb

utekeuedΓb (A.4)

We = 1
2

∫
Ωp

EtDdΩp (A.5)

δW =
Nf∑
i=1

δu (xi) fi −
Nq∑
j=1

δϕj (xj) qj (A.6)

where the following are defined

• D, electrical displacements;

• E, electrical field;

• fi, ith point force;

• ke, boundary stiffness matrix;

• Nf , number of applied point forces;

• Nq, number of applied electrical charges;

• qj, charge on the jth electrode;

• S, strain tensor;

• T, stress tensor;

• u, vector of mechanical displacements;

• ue, vector of mechanical translational and rotational displacements at the bound-

aries;

• xi, co-ordinates of the ith point force;

• xj, co-ordinates of the jth charge;
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• ρb, mass density of structural domain;

• ρp, mass density of piezoelectric domain;

• ϕj, electrical potential on the jth electrode;

• ( )t, matrix transpose operator;

• ˙( ), time derivative.

The vector of mechanical displacements is expanded in terms for three-dimensional,

Cartesian geometries

u (x, t) =


u1 (x, y, z, t)

u2 (x, y, z, t)

u3 (x, y, z, t)

 (A.7)

The components of the electrical displacements, electrical field, strain tensor and

stress tensor are expressed in the following convention [43]

D =


D1

D2

D3

 , E =


E1

E2

E3

 , S =



S11

S22

S33

2S23

2S13

2S12


, T =



T11

T22

T33

T23

T13

T12


=



T1

T2

T3

T4

T5

T6


(A.8)

The mechanical boundary conditions may be more closely approximated from the

classical conditions—simple supports, clamped edges, free suspension—by means of

translational and rotational springs along the domain edges. The vector of translation
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and rotational displacements is given to be

ue (x, t) =



u1 (x, y, z, t)

u2 (x, y, z, t)

u3 (x, y, z, t)

θ1 (x, y, z, t)

θ2 (x, y, z, t)

θ3 (x, y, z, t)


x ∈ Γb (A.9)

Therefore, the boundary stiffness matrix is composed as

ke =



kt1 0 0 0 0 0

0 kt2 0 0 0 0

0 0 kt3 0 0 0

0 0 0 kr1 0 0

0 0 0 0 kr2 0

0 0 0 0 0 kr3


(A.10)

To solve for the electrical and structural response of the system, the components of

Equations A.2–A.6 must be expressed in terms of the mechanical displacements and

electrical potentials. Relating the components of Equation A.8 to these parameters

requires the use of constitutive relations of continuum mechanics.

A.3 Constitutive relations

The structural stress-strain relations are expanded by Hooke’s Law:

T = cbS (A.11)

where cb represents the stiffness matrix for the structure. The most general case of

materials considered in this work are orthotropic, in which case the stiffness matrix

is expanded into a 6×6 matrix of 9 unique components dependent on the material
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properties:

cb =



c11 c12 c13 0 0 0

c21 c22 c23 0 0 0

c31 c32 c33 0 0 0

0 0 0 c44 0 0

0 0 0 0 c55 0

0 0 0 0 0 c66


(A.12)

where cij = cji.

For piezoelectric materials, the stress-strain relations are coupled to field-displacement

relations:  T

D

 =

 cE −et

e εS


 S

E

 (A.13)

where cE is the stiffness matrix of the piezoelectric material evaluated at constant

electrical field; e are the piezoelectric constants coupling applied stress to the electrical

field; and εS is the dielectric constant matrix evaluated at constant strain. Further

expansion of these latter terms shows that

e = dcE (A.14)

ε = ε0 − dcEdt (A.15)

ε0 =


ε0

11 0 0

0 ε0
22 0

0 0 ε0
33

 (A.16)

d =


0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d32 d33 0 0 0

 (A.17)

The electrical field-potential relation is

E = Lϕϕ (x) = −∆ϕ (x) (A.18)
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When the electrical field is applied along the poling direction, z-axis, the relation

simplifies to

E =
[

0 0 −∂ϕ
∂z

]
, Lϕ =

[
0 0 ∂

∂z

]
(A.19)

The strain-displacement relation is expressed as

S = Luu (A.20)

where Lu is the linear operator for the specific elasticity problem of interest. In the re-

mainder of the appendices, operators for elasticity problems considering isotropic and

orthotropic structural characteristics will be utilized. Thus, for particular assump-

tions made regarding the constituency of the material under study, specific relations

to relate strain to the displacement field are required. Likewise, for the mechanical

translational and rotational displacements on the boundaries, Le is the corresponding

differential operator such that

ue = Leu (A.21)

The total potential energy is then expressed by substitution of Equations A.11, A.13, A.18

and A.20 into Equation A.3.

U = 1
2

∫
Ωb

utLt
ucbLuudΩb −

1
2

∫
Ωb

utLt
uetLϕϕdΩp + 1

2

∫
Ωp

utLt
ucELuudΩp (A.22)

The external potential energy is given by

Ue = 1
2

∫
Γb

utLt
ekeLeudΓb (A.23)

Substitution of Equations A.13 A.18 and A.20 into Equation A.5 yield a new descrip-

tion of the electrical energy

We = 1
2

∫
Ωp

ϕLt
ϕε
SLϕϕdΩp + 1

2

∫
Ωp

ϕLt
ϕeLuudΩp (A.24)

Finally, substituting Equations A.22 and A.24 into Hamilton’s principle, Equa-
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tion A.1, and applying the variational operator over the components yields
∫ t2

t1

{∫
Ωb

δu̇tρbu̇dΩb +
∫

Ωp

δu̇tρpu̇dΩp

−
∫

Ωb

δutLt
ucbLuudΩb −

∫
Ωp

δutLt
ucELuudΩp

+
∫

Ωp

δutLt
uetLϕϕdΩp +

∫
Ωp

δϕLt
ϕeLuudΩp

+
∫

Ωp

δϕLt
ϕε
SLϕϕDΩp −

∫
Γb

δutLt
ekeLeudΓb

+
Nf∑
i=1

δu (xi) fi −
Nq∑
j=1

δϕj (xj) qj

 dt = 0 (A.25)

One simplification may be made to Equation A.25, namely the integration by

parts of the first two terms, noting that

δu (t1) = 0, δu (t2) = 0 (A.26)

since the displacements at initial and final times are known. Thus, the first two terms

become,
∫ t2

t1

{∫
Ωb

δu̇tρbu̇dΩb +
∫

Ωp

δu̇tρpu̇dΩp

}
dt =

−
∫ t2

t1

{∫
Ωb

δutρbüdΩb +
∫

Ωp

δutρpüdΩp

}
dt (A.27)

For the electromechanical system, the only unknowns remaining are the mechani-

cal displacements and the electrical potentials. The other elements of Equation A.25

are material properties, descriptions of known applied forces and/or charges and

mathematical operators. To determine an approximate solution to these governing

equations, the Ritz method is employed.

A.4 Ritz method

The Ritz method, or Rayleigh–Ritz method, approximates an unknown function by

means of expressing it in terms of a linear combination of generalized co-ordinates and

admissible trial functions. The trial functions must be linearly independent, satisfy
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essential boundary conditions, form a complete set and be differentiable up to the

order of linear operators Lu and Lϕ.

For the mechanical displacements and electrical potentials of interest, this approx-

imation is written

u (x, t) ≈ Ψa (x) a (t) =
[
ψ1
a (x) · · · ψia (x) · · · ψNa

a (x)
]


a1(t)
...

ai(t)
...

aNa(t)


(A.28)

ϕ (x, t) ≈ Ψv (x) v (t) =
[
ψ1
v (x) · · · ψjv (x) · · · ψNv

v (x)
]


v1(t)
...

vj(t)
...

vNv(t)


(A.29)

where ai(t) is the ith of Na mechanical generalized co-ordinate and vj(t) is the jth

of Nv electrical generalized co-ordinate. The trial function matrix Ψa is noted to be

of dimension 3×Na, due to the three unknown mechanical displacements per each

mechanical generalized co-ordinate. It is the convention to assume one electrical

potential per electrical generalized co-ordinate (electrode) and, as such, Ψv is a 1×Nv

matrix.

Substituting the assumed solutions of Equations A.28 and A.29 into Equation A.25
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gives
∫ t2

t1

{
−
∫

Ωb

δatΨt
aρbΨaädΩb −

∫
Ωp

δatΨt
aρpΨaädΩp

−
∫

Ωb

δat (LuΨa)t cbLuΨaadΩb −
∫

Ωp

δat (LuΨa)t cELuΨaadΩp

+
∫

Ωp

δat (LuΨa)t etLϕΨvvdΩp +
∫

Ωp

δvt (LϕΨv)t eLuΨaadΩp

+
∫

Ωp

δvt (LϕΨv)t εSLϕΨvdΩp −
∫

Γb

δat (LeΨa)t keLeΨaadΓb

+
Nf∑
i=1

δatΨt
a (xi) fi −

Nq∑
j=1

δvtΨt
v (xj) qj

 dt = 0 (A.30)

The generalized co-ordinates are independent of space and may therefore be re-

moved from the volumetric integrals. Collecting terms then provides
∫ t2

t1

{
−δat [(Mb + Mp) ä + (Cb + Cp) ȧ + (Kb + Kp + Ke) a −Θv−Bf f ]

+δvt
[
Θta + Ppv−Bqq

]}
dt = 0 (A.31)

where the conventional matrices in Equation A.31 are determined by

Mb =
∫

Ωb

Ψt
a (x) ρbΨa (x) dΩb (A.32)

Mp =
∫

Ωp

Ψt
a (x) ρpΨa (x) dΩp (A.33)

Kb =
∫

Ωb

[LuΨa (x)]t cbLuΨa (x) dΩb (A.34)

Kp =
∫

Ωp

[LuΨa (x)]t cELuΨa (x) dΩp (A.35)

Ke =
∫

Γb

(LeΨa)t keLeΨadΓb (A.36)

Cb = αbMb + βbKb (A.37)
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Cp = αpMp + βpKp (A.38)

Pp =
∫

Ωp

[LϕΨv (x)]t εSLϕΨv (x) dΩp (A.39)

Θ =
∫

Ωp

[LuΨa (x)]t etLϕΨv (x) dΩp (A.40)

Bf =
[

Φt
a (xf1) · · · Φt

a

(
xfNf

) ]
(A.41)

Bq =
[

Φt
v (xq1) · · · Φt

v

(
xqNq

) ]
(A.42)

where the damping matrices, Cb and Cp, are proportional to the mass and stiffness

matrices by constants α and β (Rayleigh damping).

Since Equation A.31 must hold for arbitrary variations of the generalized co-

ordinates, δa and δv, a system of coupled equation is created:

(Mb + Mp) ä + (Cb + Cp) ȧ + (Kb + Kp + Ke) a −Θv = Bf f (A.43)

Θta + Ppv = Bqq (A.44)

When the piezoelectric domains of the system are used either as sensors or as energy

harvesting systems, no charges are applied to the electrodes and the right-hand side

of Equation A.44 is set to zero. The systems of equations must be solved for simul-

taneously. If the piezoelectrics are used as actuators, then v are known and the term

Θv is moved to the right-hand side of Equation A.43 and the remaining structural

response problem is solved.

In the event of harmonic time dependence of the form exp(jωt), then Equa-

tions A.43 and A.44 become
[
−ω2 (Mb + Mp) + jω (Cb + Cp) + (Kb + Kp + Ke)

]
a −Θv = Bf f (A.45)
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Θta + Ppv = Bqq (A.46)

The general energy harvesting systems of equations solved in this work are of the

form:

[
−ω2 (Mb + Mp) + jω (Cb + Cp) + (Kb + Kp + Ke)

]
a −Θv = Bf f (A.47)

jωΘta + jωPpv + Y1v = 0 (A.48)

where the time derivative has been taken on Equation A.46 and the presence of an

external circuit admittance, Y1, is included. In the event of a basic energy harvesting

circuit, i.e. a constant load resistance R1, the admittance is Y1 = 1/R1.

In the absence of either mechanical or electrical forcing, the undamped structural

eigenvalue problem is expressed as

(Kb + Kp + Ke) a = ω2 (Mb + Mp) a (A.49)



APPENDIX B

Electromechanical response of thin piezoelectric
plates

The basis for the models of Appendices C, D and G is that by continuity of displace-

ments and stresses between the top and bottom plates of the coupled system, the

distributed spring layer displacements become expressed fully in terms of the top and

bottom plates. Since these bounding plates are both described as thin plates, the

expressions for the distributed spring layer displacements are thereafter written in

terms of thin plate displacements. Thus, the full problem description in Appendix A

need only to be applied in the case of thin plates. This section provides the applicable

form of the previous section for thin, Love–Kirchhoff plates. In addition, solutions

for metrics of response are provided which serve throughout this work as means by

which to evaluate the performance of given distributed vibration control solutions.

B.1 Constitutive relations of thin piezoelectric plates

The dynamics of plates regarded as thin greatly simplifies the analysis of Appendix A.

To make this assumption, also termed Love–Kirchhoff (L–K) assumptions and there-

fore L–K plates, the following are required.

• The plate is elastic, homogeneous and isotropic.

• The transverse deflection of the plate midplane is small compared to the plate

thickness; thence, the slope of the midplane is small compared to the thickness;

thence, the square of the slope is � 1. Likewise for higher orders of the strain-

displacement relations.

• Straight lines initially normal to the middle plane of the plate remain straight

and normal to the middle surface during deformation. The lengths of such lines
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is not modified by deformation.

• Transverse stress is negligible compared to other stress components.

• The middle plane remains unstrained after bending.

The displacements of the plate may then be expressed as

u (x, t) =


u(x, y, z, t)

v(x, y, z, t)

w(x, y, z, t)

 =


uo(x, y, t)− z ∂wo(x,y,t)

∂x

vo(x, y, t)− z ∂wo(x,y,t)
∂y

wo(x, y, t)

 (B.1)

where components with subscripts o indicate as referenced from the undeformed mid-

dle plane of the plate.

Following the L–K assumptions, the strain-displacement relations are

εx = ∂u

∂x
, εy = ∂v

∂y
, 2εxy = ∂u

∂y
+ ∂v

∂x
, 2εyz = 2εxz = εz = 0 (B.2)

Generally, due to the multiple zero entries of the full strain tensor, see Equation A.8,

when using the assumptions, the complete set is truncated for convenience:
S1

S2

S6

 =


εx

εy

2εxy

 (B.3)

This is thereafter presented along with the appropriate differential operator as
εx

εy

2εxy

 = Lu


u

v

w

 =


∂
∂x

0 0

0 ∂
∂y

0
∂
∂y

∂
∂x

0

 (B.4)

Likewise, the stress tensor relations are expressed in a reduced form. Using

Hooke’s Law, the stress-strain relations become
T1

T2

T6

 =


σx

σy

σxy

 = cb


εx

εy

2εxy

 (B.5)
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For thin plates, the stiffness matrix, cb, is written

cb =


E

1−ν2
νE

1−ν2 0
νE

1−ν2
E

1−ν2 0

0 0 E
2(1+ν)

 (B.6)

As such, it is observed that for thin plates, stress-strain relations are dependent on

just two material properties: the Young’s modulus, E, and the Poisson’s ratio, ν. In

a similar fashion for the piezoelectric sub-domain of the system, the stiffness matrix

is expressed as

cE =


Ep

1−ν2
p

νpEp

1−ν2
p

0
νpEp

1−ν2
p

Ep

1−ν2
p

0

0 0 Ep

2(1+νp)

 (B.7)

where, as before, the subscript p indicates the piezoelectric material.

The electrical field-potential relations for thin plates are much simplified due to

the assumption that the electrodes cover the top and bottom span of the plate layer.

It is further assumed that the piezoelectric plate is poled through its thickness, in

the z-axis. As such, all of the coefficients in the first and second rows of d must be

zero since no flow of current is possible without the presence of the electrodes (and

associated external circuitry) to utilize a voltage difference between the electrode

surfaces. It is assumed that the potential within the piezoelectric layer varies linearly

through its thickness such that

ϕ(x, y, z, t) = −z v(t)
ts

(B.8)

where ts is the thickness of the piezoelectric plate. Therefore, the electric field is

expressed as

E = Lϕϕ, Lϕ =


0

0
∂
∂z

 (B.9)
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Thereafter, given the truncated form of cE of Equation B.6, the reduced piezoelectric

constant matrix is

e =


0 0 0

0 0 0

e13 e13 0

 (B.10)

for

e13 =
(
cE11 + cE12

)
d31 = d31Ep

1− νp
(B.11)

Given Equation B.9, Equation A.39 becomes

Pp =
∫

Ωp

[LϕΨv (x)]t εSLϕΨv (x) dΩp =
∫

Ωp

ε33

t2s
dΩp = Cp (B.12)

where the capacitance of the piezoelectric layer is computed

Cp = abbb
ts

(
ε33 −

e2
33
cE33

)
= abbb

ts

(
ε33 − d2

33c
E
33

)
(B.13)

and ap and bp are the planar dimensions of the piezoelectric plate and ε33 is the

permittivity component evaluated at constant strain.

In the absence of classical boundaries, arbitrarily bounded systems may be mod-

eled using the common approach of applying translational and rotational springs

along the plate edges. For the thin structural panel

Le =



1 0 0

0 1 0

0 0 1

0 0 − ∂
∂x

0 0 − ∂
∂y


at z = 0 (B.14)

and a boundary stiffness matrix composed therefore of just 5 diagonal elements:

ke =



ktx 0 0 0 0

0 kty 0 0 0

0 0 ktz 0 0

0 0 0 krx 0

0 0 0 0 kry


(B.15)
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B.2 Ritz method approximation

The mechanical displacements and voltages of the thin piezoelectric plates are ap-

proximated by the Ritz method. Assuming the electrodes are continuous over the

surface, only one generalized electrical co-ordinate is required per piezoelectric plate.

The three mechanical displacements are described in terms of a linear combination

of a desired number of generalized co-ordinates per displacement

u0(x, y) ≈
Nu∑
p=1

Upφ
u
p(x, y) (B.16)

v0(x, y) ≈
Nv∑
r=1

Vrφ
v
r(x, y) (B.17)

w0(x, y) ≈
Nw∑
s=1

Wsφ
w
s (x, y) (B.18)

where Up, Vr and Ws and φu(x, y), φv(x, y) and φw(x, y) are the generalized co-

ordinates and trial functions in the x, y and z axes, respectively. (In this notation,

the superscripts u, v and w are merely included to denote the potential for different

trial functions sets in each of the axes, and do not represent powers).

In the present work, when simulation involves the modeling of simply supported

plates. The choice of trial functions, φu, φv and φw is greatly simplified due to the

analytical solution for the boundary value problem of simply supported plates [96].

φ(x, y) = sin
[
mπx

a

]
sin

[
nπy

b

]
(B.19)

In the notation of Equation B.19, individual subscripts m and n are denoted for trial

functions separable in the x and y co-ordinate axes. In reference to Equations B.16–

B.18, these individual subscripts are related to the single subscripts, p, r and s by

the following; for example, for Nw and s,

s = (m− 1)Ny + n, m = 1, 2, · · · , Nx, n = 1, 2, · · · , Ny, Nw = NxNy (B.20)
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In the case of other classical boundary conditions, the hierarchical function set

of Beslin and Nicolas [97] is employed. By selection or omission of the first four

functions of the set, any combination of the classical boundary conditions may be

appropriately accounted for. This function set has been shown to be computationally

efficient due to the generation of highly banded matrices for thin plates [98] as well

accurate in modeling plates and beams which exhibit material discontinuities along

their lengths [99].

The generalized co-ordinates of Equations B.16–B.18 are expressed in vector no-

tation as

U =
[
U1 U2 · · · UNu

]t
(B.21)

V =
[
V1 V2 · · · VNv

]t
(B.22)

W =
[
W1 W2 · · · WNw

]t
(B.23)

Thereafter, the full vector of mechanical generalized co-ordinates is expressed as

a =
[

Ut Vt Wt

]t
(B.24)

For a single thin piezoelectric plate, the generalized co-ordinates of Equation B.24

and one electrical generalized co-ordinate serve as the solution to the systems of

Equations A.47 and A.48.

The trial function matrix, Ψa (x, y), is expanded to

Ψa (x, y, z) =


φu(x, y) 0 −z ∂φ

w(x,y)
∂x

0 φv(x, y) −z ∂φ
w(x,y)
∂y

0 0 φw(x, y)

 (B.25)
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where φw(x, y) is separable such that

φw(x, y) =



φwx
1 (x)φwy

1 (y) φwx
2 (x)φwy

1 (y) · · · φwx
m (x)φwy

1 (y)

φwx
1 (x)φwy

2 (y) φwx
2 (x)φwy

2 (y) · · · φwx
m (x)φwy

2 (y)
... ... ... ...

φwx
1 (x)φwy

n (y) φwx
2 (x)φwy

n (y) · · · φwx
m (x)φwy

n (y)


(B.26)

and where Nw = Nw = NxNy as in Eq. B.20.

Assuming the electrical potential varies linearly through the thickness of the piezo-

electric domains, only one voltage is necessary to describe the electrical response of

each, separated piezoelectric domain:

v =
[
v1 v2 · · · vNv

]t
(B.27)

where vi represents the voltage on the electrode surface of the ith piezoelectric layer.

The trial functions of the layers are thereafter expressed as

Ψv (x, y, z) =
[

Ψ1
v(x, y, z) Ψ2

v(x, y, z) · · · ΨNv
v (x, y, z)

]
(B.28)

The piezoelectric voltage response is assumed to be non-zero only at locations along

the piezoelectric domain, Ωp. In this event, the piezoelectric layer trial functions are

identical

Ψi
v(x, y, z) = −z 1

ts
(B.29)

B.3 System response metrics

Due to L–K assumptions, integrations of Eqs. A.32–A.42 may be carried out through

the thickness of the layer analytically since the mechanical response is assumed to

vary linearly through the thickness direction. Afterwards, integration need be carried

out only in the x and y co-ordinate plane. By the assumption of linearity, the response

of the plate is assumed separate in both x and y axes. This separates the integrations

into one integral in x and one in y, simplifying analysis considerably. How one wishes

to implement this integration depends on the necessary choice of trial functions.
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The use of polynomial basis functions may lead to analytically tractable integra-

tions in the (x, y) plane. However, these functions are not as well-suited to simulating

all ranges of classical boundary conditions, and the the boundary translational and

rotational stiffness approximation would become a necessarily addition to the model.

Should the panel be simply supported, closed form solution of the integration may

be carried out and solutions to this situation are given by Leissa [96].

For robust trial function sets like that of Beslin and Nicolas [97], the integrations

may be reduced to the sum of individual cosines as noted by Dozio [98]. Alterna-

tively, simple numerical integration schemes may be used, for example both quad

and quadgk in MATLAB are apt for this purpose and can be computed with great

speed using modern computers, even for high order approximations.

Once the integrations are performed, response of the system is output in terms of

the generalized mechanical and electrical co-ordinates, a(ω) and v(ω), respectively.

Transverse plate dynamics are of greatest interest in the study of most troublesome

vibration and the associated, coupled radiated noise. To determine the transverse,

or out-of-plane, mechanical displacements of the plate follows directly from the Ritz

method assumption:

wo(x, y, ω) = W(ω)φw(x, y) (B.30)

where W were the generalized co-ordinates of the out-of-plane displacements and

φw(x, y) were the corresponding trial functions. Due to assumptions of time depen-

dence, exp(jωt), out-of-plane velocity and acceleration are easily computed

ẇo(x, y, ω) = jωW(ω)φw(x, y) (B.31)

ẅo(x, y, ω) = −ω2W(ω)φw(x, y) (B.32)

Transverse mean-square velocity is the spatial and temporal average of the out-

of-plane velocity over the plate surface

〈ẇ(ω)〉2 = ω2

2abbb

∫ +ab/2

−ab/2

∫ +bb/2

−bb/2
(φw(x, y)W(ω))∗ (φw(x, y)W(ω)) dxdy (B.33)
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where ab and bb are the lengths of the plate in the x and y axes, respectively. This

may be more succinctly expressed as

〈ẇ(ω)〉2 = ω2

2abbb
W(ω)H

{∫ +ab/2

−ab/2

∫ +bb/2

−bb/2
φw(x, y)tφw(x, y)dxdy

}
W(ω) (B.34)

where ( )H is the Hermitian (conjugate) transpose matrix operator.

B.4 Thin shell differential operator

In Chapter G, the response of a thin piezoelectric shell is determined and the cor-

responding linear differential operator is therefore provided. Due to conventional

notation in shell theory, a local co-ordinate system (x, θ, zp) is defined for the axial,

circumferential and radial directions (Figure G.2), having translational displacements

of u, v and w, respectively. The linear differential operator for the thin cylindrical

shell, with radius hs, in the local co-ordinate system is

Lu =


∂
∂x

0 0

0 1
hs

(
1− zp

hs

)
∂
∂θ

1
hs

(
1− zp

hs

)
1
hs

(
1− zp

hs

)
∂
∂θ

∂
∂x

0

 (B.35)



APPENDIX C

Mechanical vibration analysis of continuously
distributed devices for narrow and broadband
passive structural vibration attenuation

The dynamic vibration absorber has been studied and employed extensively in its long

history. However, few analyses or embodiments of continuously distributed absorbers

have been recorded; namely, devices in which both the spring and mass layers are

continuous layers. Such devices would be capable of suppressing structural vibration

by two dynamic regimes: first, by resisting vibration like constraining-layer treat-

ments and, second, by reactively working against the structure similar to classical

mass-spring-dampers. In the following chapter, a model is described which employs

the Ritz method to solve the problem of forced response of a host rectangular panel

with attached distributed and point absorbers. Several numerical experiments are

performed to evaluate the dual dynamic characteristics of continuously distributed

vibration absorbers. Studies include segmentation of the devices; modulus and or-

thotropy ratios of the mass and spring layers, respectively; the effects of utilizing

modal dynamics of the continuous mass layers; dampening of an orthotropic spring

layer; and variable stiffness characteristics along an otherwise continuous spring layer.

It is found that such devices do indeed employ both resistive and reactive effects,

making them useful for both low and high frequency passive vibration control. This

suggests the nomenclature “vibration absorber” is incomplete and poses the opportu-

nity for new embodiments of a classic device to be created for broadband structural

vibration attenuation.
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C.1 Introduction

Passive vibration control devices and treatments continue to dominate the available

landscape of approaches when it comes to attenuating the vibration of large surfaces,

e.g. structural or aircraft panels, ship hulls, automotive bodies, and so forth. Active

approaches may offer greater maximal performance benefit [100–103], but are almost

inevitably more costly to design, implement and maintain. To attenuate the vibration

of large surfaces, it is often elected to cover most or all of the troublesome surface.

Two classes of passive treatments are employed: those which resist the structural

motion by imparting shearing effects and those which reactively work against the

structure.

The first class of treatments may be embodied in constraining-layer damping

(CLD), free-layer damping, or generally heavily-damped applied mass (ballast) [5].

However, for low frequency vibration and with a concurrent aim of minimizing applied

mass to the structure, these treatments are insufficient. The second class is embodied

in the classic mass-spring-damper. For surface vibration attenuation, arrays of oscil-

lators have been studied and applied [9–12] but the complexity of this arrangement

and multitude of devices required to achieve substantial broadband attenuation makes

this solution less convenient. Devices similar to elastic foundations with continuous

mass layers have also been considered [13, 14], designed like especially thick CLD.

These treatments were found to be very useful around a targeted natural frequency,

similar to a series of single degree-of-freedom (SDOF) oscillators.

A few instances appear in literature of plate-like dynamic vibration absorbers [15–

17]. However, in most studies, the specific spring layer utilized was not also plate-like

but composed of discrete springs. Thus, while the devices may dynamically operate

like plates, they only affect the host structure at one or a few points. A true con-

tinuous and distributed vibration absorber combines both SDOF dynamics with the

modal response of the distributed mass layer through the intermediary of a continu-

ously distributed spring layer; to date, few studies of such devices exist. Fuller and
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Cambou [19] considered one device to attenuate beam vibration but did not evaluate

comparable constraining-type effects or modal response, preferring instead a more

comprehensive analysis based on reactive dynamics. Similarly, Marcotte et al. [20]

considered another continuous device for use on a plate but also neglected extensional

coupling and modal dynamics.

One such mention of this concept does appear in a thorough literature search,

that of the continuously distributed spring–mass by Zhou and Ji [18], but not in a

study concerned with vibration control. Instead, analysis was directed at a crowd of

people situated together—the continuously distributed spring–mass—over a portion

of a structural floor—a rectangular plate—and their free vibration dynamics.

Thus, it appears there are few recorded explorations of the implementation of con-

tinuously distributed vibration absorbers designed for surface vibration attenuation.

Since such devices may suppress host vibration by both reactive and resistive effects, it

is interesting to observe that so little attention has been given to this opportunity. As

a lightweight passive vibration control treatment, embodiments of this concept could

find wide implementation in a broad range of applications, as mentioned earlier.

This paper presents a brief description of a model based on Hamilton’s principle

to determine the forced response of a panel to which a number of distributed vibra-

tion absorbers and/or point oscillators have been attached. For conciseness and due

to the large number of textbook summaries of Hamilton’s principle applied in the

study of elastic structural dynamics, the description of the analytical formulation is

kept at a minimum. The model is then employed to consider a number of features

unique to continuous distributed vibration absorbers: segmentation of the devices;

orthotropic characteristics of the spring layers; the modulus ratio of the top mass layer

with respect to the host structure; and the specific effect of modal dynamics on the

performance of a given absorber. The case studies consider the comparable influence

of reactive and resistive effects which the devices impart on their host structure. It is

found that such continuous devices may indeed unify both passive vibration control
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Figure C.1: Thin plate with attached distributed absorbers and mass-spring-dampers

dynamic mechanisms, making the treatments ideal for broadband attenuation at the

cost of minimal added mass.

C.2 Governing equations for coupled system forced
response

A concise presentation of the model is provided: thorough detail of applying Hamil-

ton’s principle and variational energy methods in the study of dynamic, elastic bodies

may be found in a number of textbooks [94, 60] as well as a more rigorous explana-

tion in the content of the present system in Appendix A. Consider a thin, rectangular

panel to which Nm and Np distributed vibration absorbers and mass-spring-dampers,

respectively, have been attached, Figure C.1. The distributed absorbers are centered

at locations (xmi
, ymi

), i = 1, 2, . . . , Nm, while the point oscillators are placed at

(xpi
, ypi

), i = 1, 2, · · · , Np. The host panel, which is arbitrarily bounded, is excited

by out-of-plane, harmonic point forces, fi(t), at locations (xfi
, yfi

), i = 1, 2, . . . , Nf .

The global co-ordinate system is defined at the host panel center mid-plane.

The distributed absorbers are assumed to be each composed of a distributed, com-

pressible and continuous spring layer and a thin top plate or mass layer. The trans-

verse deflections of these layers are defined about their undeformed middle planes.

The distributed spring layer is assumed to be an equivalent thick and transversely

deformable orthotropic plate with known or otherwise determined elasticity parame-

ters.
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Hamilton’s principle for deformable elastic bodies is
∫ t2

t1
[δ (T − U) + δW ] dt = 0 (C.1)

The total kinetic energy, T ; potential energy, U ; and variation of the applied loads,

δW , are defined as

T = 1
2ρ
∫
V (u̇)t u̇dV + 1

2
∑Nm
i=1 ρmi

∫
Vmi

(u̇mi
)t u̇mi

dVmi

+1
2
∑Nm
i=1 ρsi

∫
Vsi

(u̇si
)t u̇si

dVsi

+1
2
∑Np

i=1mpi
[ẇo (xpi , y

p
i ) + żpi

]2 (C.2)

U = 1
2
∫
V (ε)t cεdV + 1

2
∑Nm
i=1

∫
Vmi

(εmi
)t cmi

εmi
dVmi

+1
2
∑Nm
i=1

∫
Vsi

(εsi
)t csi

εsi
dVsi

+ 1
2
∑Np

i=1 kpi
(zpi

)2 (C.3)

δW =
Nf∑
i=1

δu (xfi
, yfi

, t) · fi(t) (C.4)

where u is the vector of displacements; ρ is the mass density; mpi
is the mass of the

ith mass-spring-damper; zpi
is the relative displacement between the ith mass-spring-

damper and the panel; ε is the strain tensor; c is the stiffness matrix; and kpi
is the

spring constant of the oscillator. Subscripts m, s and p refer to the top mass layers,

spring layers and mass-spring-dampers, respectively; terms without superscripts are

related to the host structural panel. The time derivative is denoted by ˙( ) and ()t

denotes the matrix transpose operator.

The base plate and distributed top plates are assumed to be Love–Kirchhoff plates

having displacements expressed in terms of quantities deviating from the undeformed

middle planes.
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u (x, y, t) =


uo − z ∂wo

∂x

vo − z ∂wo

∂y

wo



umi
(x, y, t) =


(uo)mi

− zmi

∂(wo)mi

∂x

(vo)mi
− zmi

∂(wo)mi

∂y

(wo)mi

 i = 1, 2, . . . , Nm (C.5)

where the subscript o indicates the displacement of the middle-plane of the layer,

z = 0 or zmi = 0.

The mechanical displacements of the distributed spring layer allow for the trans-

verse flexibility of the layer:

usi
(x, y, t) =


(uo)si

+ zsi
(θx)si

(vo)si
+ zsi

(θy)si

(wo)si
+ zsi

∂(wo)si

∂zsi
+ 1

2 (zsi
)2 ∂2(wo)si

∂(zsi)
2


i = 1, 2, . . . , Nm (C.6)

where θx and θy are the rotations about the middle-planes in the x- and y-axes, re-

spectively. Application of continuity of displacements and transverse stress between

the spring layer and the two bounding plates allows the spring layer mechanical dis-

placements to be expressed in terms of the top plate and bottom plate displacements.

Thus, for the complete system, there exist 3 + 3Nm + Np unknown mechanical dis-

placements.

The Ritz method is employed to express the unknown plate displacements in terms

of a linear combination of admissible trial functions and generalized co-ordinates.

u (x, y, t) = Φ (x, y) r (t)

umi
(x, y, t) = Φm (x, y) di (t) i = 1, 2, . . . , Nm (C.7)

where Φ(x, y) and r(t) are the M trial functions and the generalized co-ordinates,

respectively, for the base panel. Likewise, Φm(x, y) and di(t) are the trial functions



C.2 Governing equations for coupled system forced response 106

and generalized co-ordinates for the ith mass layer. The generalized co-ordinates of

the Np oscillators are the relative displacements between the oscillator masses and

the host panel and may be represented as z (t) =
[
zp1 (t) zp2 (t) . . . zpNp

(t)
]t
.

Substitution of the approximate solutions of Eq. C.7 and the generalized co-

ordinates of the oscillators into the generalized Hamilton’s principle, Eq. C.1, yields

a coupled system of equations of the form
M + Mbase

s + Mbase
p M̃s M̃p(

M̃s

)t
Mm + Mtop

s 0(
M̃p

)t
0 Mp




r̈(t)

d̈(t)

z̈(t)



+


C + Cbase

s C̃s 0(
C̃s

)t
Cm + Ctop

s 0

0 0 Cp




ṙ(t)

ḋ(t)

ż(t)



+


K + Kbase

s K̃s 0(
K̃s

)t
Km + Ktop

s 0

0 0 Kp




r(t)

d(t)

z(t)

 =


Q(t)

0

0

 (C.8)

Eq. C.8 contains the direct and coupled mass, M, dampening, C, and stiffness, K,

matrices. Matrices with subscripts s, m and p represent components related to the

spring layers, distributed mass layers and oscillators, respectively; those without sub-

scripts represent the base plate contributions. Matrices with superscript base and top

indicate the components described in terms of the base and top layers co-ordinates,

respectively. Matrices with an over (̃ ) indicate coupling expressions. Since the mass-

spring-damper displacements are relative and not absolute, a contribution from the

oscillators inertial influence appears directly in the sub-matrix for the mass of the host

panel, along with corresponding coupling. The generalized forces, Q, are computed

by the evaluation of the base plate trial functions at the location of the applied force

locations,

Q(t) =
Nf∑
i=1

Φ (xfi
, yfi

)t fi(t) (C.9)
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In the present work, dampening in the plate layers is included by means of terms

proportional to the mass and stiffness matrices. Thus, in general,

C = αM + βK (C.10)

Note that matrices Mp, Cp and Kp are diagonal with elements containing the mass,

damper coefficient and spring constant of each oscillator, respectively. Eq. C.8 is

solved assuming harmonic time dependence of the form exp(iωt) over a range of

frequencies, ω.

The out-of-plane mean-square velocity of the panel is useful in evaluating the vi-

bration attenuation capability of applied treatments. If the components of the base

panel trial functions and generalized co-ordinates related to out-of-plane displace-

ments, w(x, y, t), are denoted Φw (x, y) and rw (t), respectively, then the mean-square

velocity is found by

〈ẇ (ω)〉2 = ω2

2ab

Mw∑
m=1

Mw∑
n=1

rwm(ω)∗rwn (ω)
∫ ∫

(Φw
m)∗ Φw

ndydx (C.11)

where there are Mw generalized co-ordinates and trial functions for the out-of-plane

panel displacement and ()∗ indicates the complex conjugate. The cumulative mean-

square velocity is computed by the sum of values over a bandwidth, BW , of desired

frequencies:

〈ẇ〉2 =
BW∑
j=1
〈ẇ (ωj)〉2 (C.12)

Finally, the attenuation of the panel vibration from the untreated levels is expressed

as the difference

∆〈ẇ〉2 = 〈ẇ〉2with treatments − 〈ẇ〉2untreated (C.13)

C.3 Case study: Continuity of distributed treatments

This section considers the change in panel vibration attenuation when the applied

distributed vibration absorbers are continuous samples or discretized into segments.

CLD treatments are known to exert a greater shearing resistance effect, and therefore
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increase overall structural dampening, when segmented [68–70]. Thus, since continu-

ous absorber treatments of the present study are coupled to the vibration of the host

panel in the same manner as CLD materials, it is useful to compare this effect for

devices capable of simultaneous reactive and resistive vibration control.

A simply-supported plate is considered, with a centrally-located distributed vibra-

tion absorber. The geometric and material properties of the system are given in Ta-

ble C.1. The absorber mass ratio, µ = (ambm(hmρm + hsρs)) /abhρ, was µ = 0.0243,

which practically speaking is a very lightweight treatment. Damping is included by

means of isotropic loss factors, η, such that α = 0 and β = η/ω. The spring layer prop-

erties were assumed to be isotropic, Es,x = Es,y = Es,z = Es and Gs = Es/2(1 + νs).

Computations of mean-square velocity were made from 10 to 600 Hz in 1 Hz incre-

ments for the cases of an untreated panel and with the absorber treatments. The

first absorber treatment was a continuous device; the second split the device into four

equal segments; the third case split the original device into 9 equal segments; and the

fourth case split the device into 16 equal segments. In each case of division, the same

surface area coverage and µ was maintained. Finally, computations were performed

for the case of the panel having a 25×25 grid of mass-spring-dampers equally-spaced

over the same surface as the continuous absorber. The applied absorbers or oscil-

lators all exhibited SDOF natural frequencies of 260.9 Hz, very close to the panel

(3,1) resonance of 261.1 Hz. Placing the devices centered on the panel is an intuitive

method to maximize the benefit of reactive forcing effects since the simply-supported

panel has an anti-node at the panel center for the (3,1) vibration mode.

Table C.2 presents the computed values of ∆〈ẇ〉2 for two ranges of frequencies.

The first bandwidth presented, 200-400 Hz, is targeted around the panel resonance

of 261.1 Hz as well as any split resonances that the application of the reactive de-

vices may yield; thus, vibration attenuation in this bandwidth indicates the designed

(tuned) benefit. The next bandwidth, 10-600 Hz, would indicate the global or broad-

band effect of the applied treatments. Further numerical experiments with the model
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Table C.1: Geometric and material specifications
Layer Panel Top mass Spring layer
a (mm) 600 90 90
b (mm) 400 90 90
h (mm) 3 2 37
E (Pa) 7.2e10 7.2e10 2e5
ρ (kg/m3) 2100 2100 9
ν 0.3 0.3 0.4
η 1e-3 1e-3 5e-3
(xf1 , yf1) (mm) (144,127) — —

Table C.2: Cumulative mean-square velocity reduction, segmentation dependence
# of devices 200-400 Hz 10-600 Hz
1 -3.19 -1.36
4 -4.27 -3.40
9 -2.15 -2.89
16 -1.73 -2.21
625 -1.42 -1.88

indicated that simulations to higher frequencies did not yield any significant change

in overall panel vibrational response for the treatments, indicating repeated compu-

tation above 600 Hz to be unnecessary.

The distributed absorber segmented into 4 equal pieces best attenuates the struc-

tural vibration both in the targeted bandwidth as well over the wider spectrum. For

broadband performance, increased segmentation of the distributed absorbers improves

the results as compared with the targeted frequency bandwidth; this is indicated by

the fact that the distributed devices in 9 and 16 pieces achieve greater broadband as

opposed to narrowband control. If the devices operate in the manner of resisting host

panel vibration, in addition to the reactive effects, the increased segmentation would

lead to greater shearing resistance on the host panel, precisely as shown in literature

for segmented CLD treatments.

The point oscillators show the worst overall performance. A frequency spectrum

of the panel vibration with the oscillators show that the devices dramatically shift

the low frequency panel vibrational response, highly coupling with the other modes,

even the asymmetric modes. This makes sense given that the distributed devices,
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perhaps placed across asymmetric nodal lines will not couple as well to the asymmetric

motion of the panel. However, an individual oscillator will couple to all modes of the

structural vibration, so long as it is not placed exactly on a nodal line of the mode in

question. Thus, the oscillators yield increased vibrational complexity of the coupled

system, to the detriment of both narrowband and broadband vibration attenuation.

In summary, it is observed that some segmentation of the devices is advantageous

for both narrow and broadband vibration attenuation. The continuous absorber

performs well in suppressing the range of frequencies around its tuned frequency,

260.9 Hz. In contrast, splitting the treatment into either 9 or 16 equal pieces improves

global performance with the resultant loss of authority in the tuned frequency range.

Thus, dividing the continuous treatment into 4 pieces provides beneficial reactive

forcing effects as well as the ability to resist some of the higher order panel vibration.

C.4 Case study: Constraining dynamics

The purpose of this section is to further relate the dynamics of the distributed ab-

sorber to those of common CLD treatments. In such products, a low shear strength

material is deformed by the host structure but a thin, high modulus material on the

other side of the intermediary layer constrains the net motion, resulting in a shear

resistance to the host panel vibration. Dissipation of the energy results due to the

common use of viscoelastic materials as the intermediary layer. In the case of the

distributed vibration absorber, the distributed spring layer may conceivably have a

very low shear stiffness relative to the bending stiffnesses, i.e. a corrugated spring

layer or poroelastic foam spring.

In pursuit of quantifying this effect of orthotropic spring layer characteristics, a

ratio of orthotropy is defined (subscript s dropped for convenience from all terms):

Λ = [(Ex)2 + (Ey)2]1/2/Ez. Assuming a transversely orthotropic spring layer such

that Ex = Ey = Et, the ratio becomes Λ = Et/Ez. The remaining necessary

parameters to describe the orthotropic elastic parameters are computed as νxz =
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Table C.3: Geometric and material specifications
Layer Panel Top mass Spring layer
a (mm) 600 150 150
b (mm) 400 100 100
h (mm) 2 0.9 80
E (Pa) 7.2e10 7.2e10 —
ρ (kg/m3) 2100 2100 9
ν 0.3 0.3 —
η 1e-3 1e-3 5e-3
(xf1 , yf1) (mm) (144,127) — —

νzxEt/Ez = νzxΛ = νyz, Gyz = Et/2(1 + νyz) = Gxz. In the following numerical

studies, Ez = 2e5 Pa, νyx = νxy = 0.2, νzy = νzx = 0.002; the last condition being

set such that for large Λ the Poisson’s ratios would not approach 0.5. Note that very

small Poisson’s ratios νxz = νyz � νzx = νzy would indicate near complete decoupling

between the cross-planar response of the distributed spring layer and the transverse

response of the layer. In conjunction with the top mass layer, this scenario is dy-

namically identical to the superposition of a layer of springs capable of only vertical

displacement and an incompressible sandwich panel. This superposition has been

studied extensively by Frostig and Baruch [65] and found to accurately model such

compressible orthotropic layers. Note that large Λ also result in greater shearing

stiffnesses.

A common practice in the application of CLD materials is the use of a constraining

layer of equal or greater Young’s modulus as the host structural panel if the principal

vibration control bandwidth is in auditory range of about 100 Hz to a few kHz [5].

Thus, this modulus ratio, Γ = Em/E, the ratio between the top mass modulus and the

base plate modulus, is considered. Since Γ and Λ are independent non-dimensional

parameters, the model may be run for a range of these parameters and presented in

tandem to show optimal regions of distributed vibration absorber design.

In model simulations, the simply supported panel and centrally-located distributed

absorber geometry and properties were those given in Table C.3. Values not indicated

for the absorber layers either are unrelated or were mentioned in the earlier paragraphs
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Figure C.2: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, orthotropic and modulus ratios dependence

regarding their computation. The panel exhibited a (3,1) mode at 175.1 Hz while

the absorber was tuned so as to yield a SDOF natural frequency of 172 Hz. As

earlier, placement of the device at the center of the panel was intended to maximize

the reactive effect of the absorber working against the panel given the antinode of

the vibrational response at the panel center at 175.1 Hz. The distributed vibration

absorber constituted a mass ratio of µ = 0.0388. Furthermore, it is noted the present

absorber design covers almost twice the surface of the panel (6.25% coverage) as

compared to the device of Section C.3 (3.38%), and spans a number of asymmetric

nodal lines.

Figure C.2 plots the reduction in cumulative mean-square panel velocity from 10

to 600 Hz over a range of Λ and Γ. In general, it is observed that modification to

the modulus ratio does not significantly change the broadband vibration attenuation

of the device on the panel. This is intuitive given that the practice of altering Γ

in CLD materials is to achieve a more dramatic shearing effect between the host

panel through the very thin viscoelastic layer. Compared to a viscoelastic layer, the

present distributed spring layer is significantly thicker; thus, no dramatic improved

shearing resistance is capable of being transmitted through the thicker intermediary
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Figure C.3: Panel mean-square velocity, (black) untreated, (blue) with absorber Λ =
Γ = 1, (red) with absorber Λ = 39.8, Γ = 50.1

layer between host structure and the top plate.

In contrast, it is evident that increased orthotropy ratio, Λ, plays a significant

role in improving vibration suppression. However, increased Λ is not uniformly ben-

eficial as there are regions in Fig. C.2 around Λ = 1 showing average panel vibration

attenuation. Again, it is observed that larger values of Λ also indicate high shearing

stiffness in the distributed spring layer. In practice, to achieve a device capable of

transverse compressibility (yielding a SDOF natural frequency for reactive effects)

but also high shearing stiffness is possible by means of corrugated spring layers, such

as the conventional sinusoidal or circular corrugations in cardboard. One such em-

bodiment by Cambou [104] appears particularly beneficial both theoretically and

experimentally.

The optimum computed ratios were Λ = 39.8 and Γ = 50.1. Figure C.3 plots the

panel mean-square velocity for this case, alongside the untreated results and the case

of Λ = Γ = 1. Cumulative values are plotted as dotted lines. Recall that the absorber

exhibited a SDOF natural frequency of 172 Hz, corresponding closely to the panel

(3,1) mode at 175.1 Hz. The absorber having Λ = Γ = 1 clearly suppresses the panel

vibration at its tuned frequency, but does not dramatically affect the panel response

elsewhere, apart from the detrimental amplification of the (2,1) mode at 96.6 Hz. The
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absorber having Λ = 39.8 and Γ = 50.1 drastically alters the panel response. This

is primarily due to its placement at the center of the panel, along which many nodal

lines occur. Asymmetric vibration modes are resisted, resulting in higher values of

the natural frequencies: e.g. (2,1) at 96.6 Hz is shifted to 132 Hz, while (1,2) at

155 Hz is shifted to 165 Hz, and so on. In one sense, much of the panel vibration is

redistributed to other frequencies, but on the whole increased broadband vibration

suppression is achieved.

C.5 Case study: Modal absorber dynamics

In the history of vibration absorbers, a dynamic feature with little study is the manner

in which modal dynamics affect a distributed absorber’s net response. In other words,

for continuous absorbers how do the modal dynamics of the distributed mass layer

change the vibration attenuation performance?

Plate-type dynamic absorbers which covered the full surface of the host structural

panel were considered by Aida et al. [16] but tuned by means of a two degree-of-

freedom model. For a simply-supported host panel, this seems inadequate since the

fundamental vibrational mode of the host panel is not uniform translational motion;

however, the spring layer used in [16] were in fact discrete linear springs, more of

an elastic foundation in practice, and dissimilar from the present continuous spring

layer. Modal response of the attached plate-type absorber was not considered in the

earlier work.

In extension of this, Oniszczuk [17] considered the case of plate absorbers utilizing

continuous, massless Winkler foundations connected to the host vibrating plate. This

scenario lends itself to resonance effects but is still incomplete in satisfying the present

case of a continuous spring layer fully-coupled to the host panel and the top mass

layer.

In the embodiment of the circular or annular platelike absorber by Snowdon [15],

the device operated by means of modal behavior, although the pumping-type motion
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Table C.4: Geometric and material specifications
Layer Panel Mass #1(#2) Spring layer
a (mm) 300 90 90
b (mm) 300 90 90
h (mm) 3.7 2 50
E (Pa) 7.2e10 7.2e10 (1.3e9) 2e5
ρ (kg/m3) 2100 2100 9
ν 0.3 0.3 —
η 1e-3 1e-3 5e-3
(xf1 , yf1) (mm) (144,127) — —

of the absorber was actually utilized to generate a point force, due to its discrete

attachment method. In a similar design, Arpaci and Savci [71] observed the response

of beam-type absorbers attached to plate structure via discrete springs. These, too,

operated with modal dynamics, as well as translational (or SDOF) resonance, but the

discrete attachment locations still differ than the present study. However, the unique

observation in [71] was that the modal dynamic of the beam absorber was a more

beneficial vibration suppression mechanism than the SDOF oscillation. In relation

to the present study, this naturally indicates a pursuit of comparable performance

benefit of utilizing the distributed top mass plate modal behavior in conjunction with

the distributed spring layer. The clear difference between the present work and [71]

is the use of a continuous spring layer as opposed to discrete springs.

To evaluate the difference between utilizing modal and translational dynamics of

the distributed absorber, a new system was devised with geometric and mechanical

properties as given in Table C.4. The first mass layer was designed so as to exhibit a

SDOF natural frequency at the host simply-supported panel (1,1) mode, 229 Hz. The

second centrally-located absorber design was modified such that the mass, assumed

to be in free suspension, exhibited a “pumping” free vibration mode at 229 Hz. This

required a reduced Young’s modulus in the second mass layer as compared with the

first design. A comparison between the two dynamic behaviors of the devices is shown

in Figure C.4, as output from the following simulations, with the distortion of the

spring layer superimposed and exaggerated to feature the dynamics involved. Since
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(a)

(b)

Figure C.4: (a) Translational (SDOF) dynamic of absorber; (b) Modal dynamic of
absorber on a SS panel vibrating in (1,1) mode.

Table C.5: Cumulative mean-square velocity reduction, dynamics dependence
Tuned dynamic 10-400 Hz 10-1000 Hz
Translational -5.72 -1.35
Modal -7.20 -1.69

all other dimensions and parameters remained the same between the two absorber

designs, both devices had a mass ratio of µ = 0.0539. The simulation was run from

10 to 1000 Hz in 1 Hz increments.

Table C.5 presents the reduction in panel mean-square velocity for two band-

widths, that around the (1,1) host panel resonance and the broadband computation.

The absorber designed for modal response of the top mass outperforms the transla-

tionally absorber design both around the targeted panel resonance and broadband.

This exactly corroborates with the findings in [71] for beam absorbers, although in this

case the distributed spring layer is completely coupled to the host structural motion.

Figure C.5 plots the panel mean-square velocity around the (1,1) simply-supported

mode. Very apparent is the split resonance from the addition of the vibration ab-

sorbers. Since there is minimal damping in the fully coupled system, the two new

resonances are themselves fairly undamped. However, it is observed that the higher
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Figure C.5: Panel mean-square velocity, (black) untreated, (blue) with absorber hav-
ing targeted SDOF resonance, (red) with absorber having targeted modal resonance

of the two resonances, 277 Hz, is suppressed by almost 3 dB more with the modal

absorber than the translational dynamic device.

C.6 Case study: Orthotropic and damped spring layers

The potential to alter the frequency response of the host panel by means of a sub-

stantial resistance to its flexure suggests that incorporating a highly damped spring

layer material will yield significant dissipative effects. While a very thick layer of

CLD with a heavy mass on top somewhat represents this scenario, the orthotropy

ratio, Λ, indicates that the spring layer would have great bending stiffnesses, which

is not the case for a viscoelastic material. Thus, a distributed spring layer with a

high orthotropy ratio as well as high dampening may be practically achieved by using

a corrugated core layer constructed from plastic, for example, or by laminating a

damping material in a composite sheet prior to corrugation, Figure C.6.

The modeling setup of Section C.4 was again employed, this time modifying the

orthotropy ratio, Λ, along with the loss factor of the spring layer, η. The reduction in

cumulative mean-square panel velocity from 10 to 600 Hz is plotted in Figure C.7 for

the computed ranges of Λ and η of the spring layer. Not surprisingly, high levels of
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Shim sheets, e.g. metals or plastic films
Viscoelastic or general damping layer

Laminate used as corrugated core

spring layer.

(a)

(b)

Figure C.6: Laminated core design to increase net dissipative effects. (a) Component
lay-up. (b) Corrugation of net laminate material to yield a distributed spring layer.

damping in the absorber spring layer contribution to the greatest reduction in panel

mean-square velocity.

More difficult to delineate from the plot due to the large magnitude of vibration

suppression predicted is the fact that the optimum ratio of orthotropy is Λ = 7.9

for η = 10. However, decreases in η, which would represent more realistic materials

opportunities in design, encourages greater ratios of orthotropy in the spring layer.

Recall that ratios of orthotropy Λ > 1 indicate that the bending stiffnesses of the

spring layer are greater than the transverse stiffness which determines the SDOF

natural frequency. For high bending stiffnesses, greater dampening in the layer would

assist in turning the resistive effects of the spring layer into a mechanism of dissipation.

To examine further why both large dampening and high ratios of orthotropy are

beneficial in tandem, two scenarios of the above series of simulations are carried out. A

moderate loss factor is assumed, η = 0.1. This may represent a reasonable loss factor

achieved from the laminated corrugated core design of Figure C.6 as measured by

experiment. Two ratios of orthotropy are considered, Λ = 1 and Λ = 25. Figure C.8
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Figure C.7: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, orthotropic ratio and loss factor dependency.

plots the panel mean-square velocity over the range of frequencies before computed.

Note that the case of Λ = 1 and insignificant dampening, η = 5e − 3 was already

plotted in Figure C.3. Cumulative values are shown as dashed lines.

In Figure C.3 it was found that the lightly damped absorber device was primarily

beneficial at its natural frequency, reactively suppressing the panel vibration dramati-

cally. However, simply increasing the spring layer dampening is found to significantly

improve the overall level of vibration attenuation achieved, the blue plot of Figure C.8.

Even without increasing the orthotropic characteristics of the spring layer, the spring

dissipates significantly greater vibrational energy. Of distinction is the unusually

great suppression at the first panel mode, (1,1) at 50 Hz. An illustration may help

explain this effect.

Figure C.9 depicts the manner of deformation in the spring layer for the case of

the (1,1) mode and the (2,1) mode, shown along a central cross-section of the host

panel. When excited by the symmetric first mode, the attached device is excited by

structural vibration below its natural frequency and thus moves in-phase with the

excitation. As a result, the spring layer of the device is very distorted, stretched in
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Dashed lines indicate cumulative results.

Figure C.8: Panel mean-square velocity, (black) untreated, (blue) with absorber Λ = 1
and η = 0.1, (red) with absorber Λ = 25 and η = 0.1

(a) (b)

Figure C.9: Centrally-located absorber device in simply-supported panel, cross-
section along panel center. Excited by (a) (1,1) mode vibration. (b) (2,1) mode
vibration.

both directions. Increasing the dampening of the spring layer lends a great dissipation

for the vibration at this frequency. Thus, the (1,1) mode in Figure C.8 is much

suppressed from untreated levels. Though the ratio of orthotropy in the spring layer

is unity, this dissipative mechanism is clearly a resistive effect.

Yet, this is clearly a resistive effect coincidentally utilized due to the device place-

ment. Note in Figure C.8 that the next two highest modes, (2,1) and (1,2), are

asymmetric and are both negligibly attenuated compared to the first mode. With the

device centrally-located, as Figure C.9 (b)indicates, there is almost no deformation

in the spring layer. Even with a higher loss factor, η, the device is not positioned

so as to attenuate these modes. Were the device shifted so as to coincide with the

anti-node of the (2,1) mode, much greater vibration suppression could be achieved
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due to the same effect of Figure C.9 (a).

Section C.4 found that increased orthotropy ratios increased the resistive effects

of the spring layer. Thus, Figure C.8 shows that for Λ = 25 the asymmetric modes

are shifted upwards in frequency. The additional dampening, however, increases

dissipative effects. The cumulative result being an increase in dissipative resistive

effects. This is in contrast to merely increasing resistive effects (Figure C.3 red plot)

or merely increasing dissipative effects (Figure C.8 blue plot).

Despite the opportunities posed, the ultimate challenge is in the material design.

Namely, the development of a continuously distributed spring layer having (1) highly

orthotropy material characteristics, (2) transverse compressibility, and (3) a high loss

factor. Two of the three are not difficult to achieve with many common materials

or products; for example, carbon composites are known for having (1) and (3), and

the classical dashpot damper of course exhibits (2) and (3). Novel material design

is therefore necessary to find a balance of all three desired features. Again, one

such approach is the corrugated design indicated earlier, which utilizes a laminated

damping material to help increase the net loss factor.

C.7 Case study: Variable stiffness spring

An advantage in achieving broadband vibration attenuation using an array of mass-

spring-dampers is that each may be tuned to a target frequency, and positioned

accordingly [105, 10]. For instance, if reduction of the lowest order panel modes is

desired with a set limit on total added mass and number of oscillators, even heuristic

optimization tactics may be employed to determine optimum tuning and positioning

of the oscillators for maximum vibration control [106, 107]. Even active approaches

to tuning, sometimes termed adaptive tuning, have been explored with great suc-

cess [108, 109]. Thus, on the surface it appears that point oscillators have this distinct

advantage against the continuous vibration absorber concept.

However, it is not impossible to achieve a continuous spring layer exhibiting unique
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corrugated spring layer having unique equivalent
orthotropic plate elastic parameters along its length

(b)

1 2 3 4

(a)

Figure C.10: (a) Continuous vibration absorber having unique stiffnesses along the
length, (b) one embodiment of the concept using a corrugated spring layer.

stiffness characteristics along its length. For instance, Figure C.10 (a) presents a

generic diagram of such a device, with unique thick plate elasticity parameters, csi
,

and densities, ρsi
, at certain positions through the spring length. This could be

achieved by using several types of poroelastic material or foams, or, in another em-

bodiment, may be met by using a continuous corrugated spring layer having distinct

corrugations along the length, Figure C.10 (b). In the latter case, the equivalent

thick orthotropic plate characteristics may be determined through homogenization

methods [110, 111] in order to include the layer in a continuum domain analysis.

There may be concerns in employing such a variable stiffness spring layer. The

first is to determine an appropriate range of variation in the transverse stiffness, that

which directly relates to the SDOF natural frequency. The second may be the manner

of variation, namely decreasing from one end to the other, or increasing from the ends

towards the center, and so on. Finally, the stiffness of the top mass could be of issue;

significant rocking or rotation of the mass could result if the mass is very stiff relative

to the variable spring layer, and a softer mass layer might be preferable to maximize

the utility of the variable stiffness design.

Thus, to consider these possibilities, the analytical model is employed to evaluate

the usefulness of the variable spring concept in continuously distributed absorbers.

The modulus ratio, Γ, of Section C.4 is required, as is a new non-dimensional pa-

rameter to relate to the varying transverse stiffness. (In the following, the subscript

s is dropped on terms E, G and ν assuming the reader understands these elasticity

parameters are all related to the spring layer). A parameter is defined, the variable

stiffness ratio: Ξ = (max [(Ez)i]−min [(Ez)i])/mean [(Ez)i], where (Ez)i is the trans-
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verse stiffness of the ith section of the spring layer. It is assumed that the transverse

compressibility of the continuous spring layer to be primarily decoupled from the

bending and shear stiffnesses of the layer [65]; in other words, νyz = νxz � 1. Large

Ξ would represent distributed absorbers with significantly differing SDOF resonance

characteristics along the length.

In the following exercise, it is assumed that the variable stiffness characteristics of

a given continuous spring layer may be incorporated by piece-wise linear evaluation of

the individual segments. Thus, from Eq. C.2 and C.3, for a single continuous device

the contribution of kinetic and potential energy for the spring layer is simply the sum

of the individual layers

Tspring = 1
2

5∑
i=1

ρi

∫
Vsi

(u̇si
)t u̇si

dVsi
(C.14)

Uspring = 1
2

5∑
i=1

∫
Vsi

(εsi
)t csi

εsi
dVsi

(C.15)

while the contribution of the continuous mass layer is evaluated in the same manner

as before. As mentioned above, it is also necessary to specify the manner in which

the stiffness varies. In the simulations, it is assumed that the stiffness varies, in 5 seg-

ments, from “softest” spring to “stiffest”, in the manner indicated in Figure C.11. This

construction inhibits the potential, for instance, of substantial side-to-side rocking of

the device if the stiffest spring layer component was in the middle of the continuous

layer. Though rocking would be possible for any form of variable stiffness spring layer,

the form utilized in Figure C.11 would result in the least detrimental effects. This

is observed in simulation exercises where it is also found that non-uniform stiffness

variation—i.e. stiffer in the middle with softer sections on either side—tend to result

in limited benefit to the variable stiffness design.
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increasing spring layer stiffness and SDOF tuning frequency

Figure C.11: Piece-wise linear variable stiffness distributed absorber.

Table C.6: Geometric and material specifications
Layer Panel Mass Spring layer
a (mm) 600 180 180
b (mm) 400 150 150
h (mm) 2 1 50
E (Pa) 7.2e10 7.2e10 1.2e5
ρ (kg/m3) 2100 2100 9
ν 0.3 0.3 —
η 1e-3 1e-3 5e-3
(xf1 , yf1) (mm) (144,127) — —

In the following model evaluations,

(Ex)i = (Ey)i = (Et)i = 1.2e5 Pa

(νxz)i = (νyz)i = (νzx)i (Et)i / (Ez)i (νyx)i = (νxy)i = 0.2 (νzy)i = (νzx)i = 2e− 5

(Gxy)i = (Et)i /2(1 + (νxy)i) (Gyz)i = (Et)i /2(1 + (νyz)i) = (Gxz)i (C.16)

and the remaining parameters for simulation are given in Table C.6. The Young’s

modulus indicated in Table C.6 for the spring layer corresponds to Ez when Ξ = 0,

in other words the transverse stiffness of the central element in Fig. C.11. The panel

was simply supported and the continuous distributed vibration absorber device was

centrally-located. The absorber represented a mass ratio of µ = 0.0684.

Figure C.12 plots the cumulative reduction in the panel mean-square velocity

from 10 to 600 Hz for a range of Γ and Ξ. Values of Ξ > 1 were not considered as, in

practice, too broad of variation in the transverse stiffness would result in significant



C.7 Case study: Variable stiffness spring 125

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Modulus ratio,

, 
d

B
 r

e
f.

 1
.0

 m
2
/s

2

−6

−5

−4

−3

−2

−1

0

10
−2

10
−1

10
0

10
1

10
2

10
−3

10
−4

V
a

ri
a
b

le
 s

ti
ff

n
e
s

s
 r

a
ti

o
,

Figure C.12: Reduction in cumulative panel mean-square velocity from applied ab-
sorber, variable stiffness and modulus ratios dependence.

rocking of the mass layer, reducing the reactive force component normal to the dis-

placement of the host structure. In this plot, note that Γ = 1 and Ξ = 0 indicate the

continuous absorber design using a mass layer of the same Young’s modulus as the

host panel and a spring layer of uniform transverse stiffness along the length. This

mark serves as a reference position against which other regions of the plot may be

compared.

Around Γ = 1, changes in the stiffness ratio do little to improve or modify the

capability of the distributed absorber device to attenuate the panel vibration. In

fact, increases in the modulus ratio along with increases in Ξ result in a reduction in

vibration suppression, observed by the region particularly around Γ = 30 and Ξ = 0.7.

However, for narrow bands around Γ = 1, increased Ξ does in fact steadily increase

the global vibration reduction, notably at Γ = 0.8 and Γ = 1.7. Thus, changes in the

transverse stiffness of the device, accompanied by a small increase or decrease in the

modulus ratio, improves the global vibration suppression capability by several dB.

However, most noticably from Figure C.12 is the benefit of both increased Ξ and a
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much reduced Γ. When Γ = 10−2 to 10−3, a variable stiffness spring layer design can

provide nearly a reduction of half (-6 dB) of the cumulative panel vibration levels.

While large Ξ may result in a broad range of tuned natural frequencies, maintaining

a stiff top mass layer is likely to yield a device susceptible to significant rocking.

Reduction of the modulus ratio, i.e. using a softer material as the continuous top

mass layer, allows the full variation of the transverse stiffness to be utilized.

The lack of a visible convergence as Γ is reduced and Ξ is increased may be

explained simply by two factors: the use of a cumulative metric of evaluation and

piece-wise continuous spring layer assumption. Firstly, in many of the numerical ex-

periments employed, the dual reactive and resistive effects of the continuous absorber

designs shift and modify the locations of some of the panel resonances, particularly

around the cut-off of the sum at 600 Hz. Thus, as some of these resonances are pushed

beyond 600 Hz or pulled back within the considered bandwidth, the cumulative re-

duction in mean-square velocity is constantly shifted. Were the simulations leading

to Figure C.12 instead evaluated at a single frequency, convergence would be very

clear. But to evaluate broadband performance of the continuous absorber designs,

a broadband metric is necessary. Secondly, having discretized the continuous spring

layer into only 5 segments, due to cost of computing the necessary matrices involved

in Eq. C.14 and C.15 for each component, creates larger and larger jumps in material

properties from layer-to-layer as Ξ is increased. The effects of these discontinuities

also inhibits perfect convergence for larger values of Ξ.

The best case of panel vibration suppression indicated in Figure C.12 occurs for

Γ = 0.005 and Ξ = 0.85. For the baseline Ez = 1.2e5 Pa, this range of SDOF

tuning frequencies achieved for Ξ = 0.85 was computed using the model to be 124 to

199 Hz. This range is situated precisely around a number of the simply supported

panel resonances. Figure C.13 plots the panel mean-square velocity for this optimal

design, along with the case of Γ = 1 and Ξ = 0.85, which may be described as a

design more susceptible to the rocking effect of the mass layer. Cumulative values of
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Dashed lines indicate cumulative results.

Figure C.13: Panel mean-square velocity, (black) untreated, (blue) with absorber
Γ = 1, Ξ = 0.85, (red) with absorber Γ = 0.005, Ξ = 0.85.

panel mean-square velocity are presented as dashed lines.

The absorber design employing Γ = 1 is seen to adversely amplify the (2,1) mode of

the panel at 96.6 Hz but does attenuate the panel resonances over the tuning frequency

bandwidth. This design is least capable of suppressing the mode at 200 Hz, though

the high-end of the tuning frequency range should correspond almost identically to

this frequency.

The absorber employing both the variable stiffness in the spring layer as well as

the reduced modulus ratio is observed to be much more beneficial in narrow band

and broadband comparison. Even the mode at 96.6 Hz, well outside of the tuning

frequency range, is reactively attenuated. Were this simply an effect of mass loading

the structure, the frequency of the resonance would correspondingly shift, but this is

not observed.

Over the tuning frequency bandwidth, a dramatic reduction in the panel vibration

is observed for the absorber having Γ = 0.005 and Ξ = 0.85. Though many of the

untreated panel resonances are split due to the reactive effects of the device, these

split resonances are each suppressed, nearly equally in fact. Figure C.14 plots the
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Figure C.14: Panel mean-square velocity (80–250 Hz), (black) untreated, (blue) with
absorber Γ = 1, Ξ = 0.85, (red) with absorber Γ = 0.005, Ξ = 0.85.

results of Figure C.13 but zoomed in to the tuned frequency range to better observe

the result.

The objective of equalizing split resonances for vibration absorbers on vibrating

structures is the hallmark of textbook optimal damping [82]. It appears that reduc-

tion of the modulus ratio allows the employment of a variable stiffness spring layer

to effectively optimize the dampening of each of the split resonances such that the

maximum global vibration reduction is achieved. Figure C.13 shows that cumula-

tively, up to 200 Hz, the absorber having both Γ = 0.005 and Ξ = 0.85 has reduced

the panel vibration levels by more than 11 dB. This is a substantial reduction for a

spring layer having minimal damping, η = 5e − 3, and given the fact that 5 panel

resonances occur in the bandwidth.

C.8 Conclusions

In the long history of the vibration absorber, few studies have been reported of the

potential benefits of distributed and continuous absorber designs as compared with

arrays of conventional mass-spring-dampers, sometimes inconveniently termed “dis-
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tributed vibration absorbers.” A model based on Hamilton’s principle was briefly

described to simulate the forced response of a host structural panel to which con-

tinuously attached distributed vibration absorber devices and point oscillators were

attached. The uniqueness of the present study is that the continuously distributed

devices may suppress the host panel vibration by both reactive and resistive means,

the prior being the trademark of classical mass-spring systems while the latter is

ascribed to common constraining-layer treatments.

The model was employed for a number of scenarios in which the unique vibration

absorber dynamics may be specifically explored. First, the continuity of such devices

was considered; next, the modulus and “orthotropy” ratios were considered which

modified the top mass and distributed spring layer characteristics, respectively; the

potential advantage of employing the modal dynamics of the distributed top mass

layer were evaluated; the effects of modifying damping in an orthotropic spring layer

were studied; and, finally, the use of a spring layer exhibiting variable transverse

stiffness was evaluated.

In common with CLD treatments, segmentation of the distributed absorber de-

vices was beneficial in improving narrow- and broadband vibration suppression, but

significant segmentation reduced the performance of the devices in working against

the host structure. This appears to be a trade-off between the two dynamic regimes:

reactance and resistance. The modulus ratio between the top mass layer and the base

panel was observed to play a minor role in the vibration attenuation performance of

the device. In contrast, the distributed spring layers having larger orthotropy ratios

were found to significantly alter the host structural vibration by resisting the motion

and redistributing the asymmetric resonances, but more importantly increased the

vibration suppression capability of the device.

The benefits of tuning a distributed vibration absorber to operate in the freely-

suspended pumping mode of the mass layer were found to be greater than the device

when tuned to operate in SDOF resonance. Both narrowband and broadband panel
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vibration attenuation were improved when the distributed mass layer oscillated with

modal dynamics as opposed to SDOF dynamics. As illustrated in Figure C.4, tuning

to the modal operation of the mass layer deforms the distributed spring layer to a

greater extent than the translational dynamic. For continuous spring layers exhibit-

ing higher values of dampening, the benefit of this distortion may be exploited to

dissipated greater energy and increase narrow and broadband passive control perfor-

mance.

It was found that distributed devices may be practically useful below their SDOF

natural frequency when employing continuous spring layers having a substantial or-

thotropy ratio and damping. Since the devices move in-phase with structural vibra-

tion below the SDOF natural frequency, the device is limited to resisting the structure

motion in this bandwidth. Use of more highly damped spring layer material was ob-

served to lend a substantial dissipative effect. The combination of high spring layer

orthotropy ratio and damping could be achieved by employing a corrugated spring

layer composed of a laminate material containing a viscoelastic layer in the lay-up.

A spring layer having a varying transverse stiffness theoretically allows a contin-

uous absorber device to exhibit a multitude, or bandwidth, of SDOF natural fre-

quencies. Consideration of the range of stiffness variation was taken into account

alongside changes in the modulus ratio. It was observed that certain levels of trans-

verse stiffness variation in conjunction with a decreased modulus ratio could lend a

substantial increase in broadband vibration suppression. Plots of the predicted panel

mean-square velocity for these cases showed that the effect of reducing the modulus

ratio assisted in the equalization of the split resonances occurring as a result of the

application of the reactive device having multiple natural frequencies. In the absence

of dampening in the spring layer, reduction of the modulus ratio for a variably-tuned

continuous absorber provides an effective level of dampening to optimize the vibration

suppression capability.

In summary, while the dynamic vibration absorber has been studied extensively,
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the consideration of distributed and continuous embodiments of the device have been

sparse. Modeling of this manifestation of the vibration absorber shows distinct advan-

tages over point mass-spring-damper systems, not least of which is the dual dynamics

of reactive and resistive effects. This naturally makes such continuous absorbers more

useful in both the tuned and wider bandwidths. New embodiments of a classic device

may yield improved broadband passive vibration control opportunities by considera-

tion of the presented results.



APPENDIX D

Modeling and validation of a passive distributed
vibration control device using an elastic
superposition technique

The modeling of a distributed vibration control device is considered for use in pre-

dicting the vibration attenuation benefits and best design practices when such devices

are attached to vibrating structures. Exact 3D finite element (FE) analysis is possi-

ble but the geometric intricacies of the distributed spring layer and potential lack of

symmetries of the device placement on a host structure make such a model expensive

to compute, particularly for optimization purposes. Thus, an equivalent 2D model

is desirable, whereby conventional Ritz-method solution forms may be implemented.

This chapter describes the continuum domain model of interest and explores the ap-

plicability of a superposition approach by which a non-continuous distributed spring

layer is homogenized into a 2D continuum. Simple FE models are described which

allow computation of the required elasticity parameters of the spring layer. An eigen-

frequency analysis comparing 3D FE and 2D model results show good agreement in

the lowest order natural frequencies over a range of typical device design parameters.

A series of experimental validations of the numerical approach is provided which show

considerable agreement between laboratory measurements to predicted results. Fi-

nally, the extensibility of the superposition approach is considered showing a range

of design parameter values around which the technique appears most accurate.

D.1 Introduction

An on-going aim of passive vibration control materials is to simultaneously achieve

low and high frequency structural vibration attenuation while contributing only a

small additional mass to the host structure. Some successful theoretical or experi-

132
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mental embodiments in this pursuit have featured viscoelastic, poroelastic or vertical

discrete spring layers along with some form of distributed mass [13, 112, 113, 14]. A

design employing a distributed spring layer composed of a damping or viscoelastic

material allows the passive treatment to operate in dual dynamic regimes: at low

frequencies like a traditional point vibration absorber as the mass may provide a

re-active forcing effect at a natural frequency; and at high frequencies in a manner

identical to constraining-layer damping treatments.

One such treatment, originally termed the distributed vibration absorber [19], uti-

lizes a distributed woven, or corrugated, spring layer and a distributed mass layer,

Figure D.1. The distributed spring layer is geometrically identical to a number of

common sandwich panel designs with the added feature that it is transversely com-

pressible. While full three-dimensional FE analysis may assist in the study of such

a device when attached to an arbitrary vibrating structure, the intricacies of the de-

vice geometry and any asymmetries in the full system make solution to such a finite

element model a computationally expensive task. It is therefore useful to model the

coupled system in an equivalent two-dimensional, continuous domain, approximate

solutions to which are much more readily achievable, using the Ritz method, for

instance.

However, due to the transverse deformability of the vibration control device, ap-

plication of most sandwich panel theories is limited since they frequently employ

incompressibility assumptions in derivation. Practically speaking, most sandwich

structures are designed for strength, so as to avoid transverse deflection, or buckling.

A few methods to include compressibility in the analysis have been explored: for

example, higher-order theories (a number of which are summarily reviewed in [114]),

the elastic foundation approach [115] and a superposition method [65].

The latter approach superposes incompressible sandwich panel theory with a de-

coupled compressible core and was found to accurately predict static and dynamic

deflection and stress for sandwich panels having both symmetrical and asymmetrical
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geometries [116]. This method is hereby explored for the study of the distributed

spring layer of the vibration control device.

Although a number of homogenization techniques for corrugated panels are avail-

able, a thorough review of available methods is described in [62], the incompressible

sandwich panel theory employed in this work follows from the derivation of Libove

and Batdorf [110]. The derivation applies to sandwich panels of arbitrary, periodic

cross-section and yields the equivalent bending, twisting and shear stiffnesses for an

equivalent orthotropic 2D panel. This analysis also included careful laboratory ex-

periments which may be carried out to directly calculate the approximate elasticity

parameters. Cheng et al. [111] described the corresponding FE models which may

substitute for the experiments and allow for quick calculation of the needed elastic

constants.

The equivalent transverse stiffness for the compressible core may be approximated

using classical, linear elasticity theory. Thus, the superposition of these two elastic re-

sponses may represent the full dynamic characteristics of the distributed spring layer

in Figure D.1. Though the superposition approach was derived for core layers hav-

ing both continuous and non-continuous contact with the facing sheets, for example

both honeycomb and foam cores, its application appears to be primarily concerned

with foam core materials. As compared with a corrugated sandwich structure like

the distributed spring layer of interest, a foam layer more closely resembles a truly

continuous material. It does not appear that an investigation has been carried out to

evaluate the applicability of this method to core layers of corrugated geometry. The

determination of how useful the superposition method may be for corrugated core

geometries would be beneficial for future modeling directions.

This paper aims to describe the full modeling approach for the distributed vi-

bration control device and compare results with exact 3D FE models. To do so, an

eigenfrequency analysis is performed and computed frequency response functions are

compared. Afterwards, the extensibility of the superposition method is assessed by
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top plate, distributed mass layer distributed spring layer

= +

Figure D.1: Components of distributed vibration control device.

Figure D.2: Vibration control device attached to an arbitrarily bounded and excited
base plate (subscripts b, s, t indicate base, spring layer and top plates, respectively).

considering a range of sandwich panel designs, those of significant to insignificant

transverse compressibility.

D.2 Modeling methodology

The geometry desired to study is shown in Figure D.2. A vibration control device

having a distributed, woven spring layer is attached to a base plate having both

arbitrary boundary conditions as well as arbitrary excitation. The vibration control

device is composed of two components: a top plate, representing the distributed mass

layer, and a transversely flexible, anisotropic spring layer, Figure D.1.

The vibration control device with a distributed spring layer having a woven core

exhibits dynamic behavior ascribed to both conventional single degree-of-freedom

(SDOF) vibration absorbers and constrained layer damping treatments, Figure D.3 (a)

and (b), respectively. In addition, the core layer uses a sandwich design having appar-

ent anisotropic stiffnesses. Therefore, a continuum domain model suitable to assess vi-
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(a) (b)

Figure D.3: Device response to host structural vibration above (a) and below (b) the
device SDOF natural frequency.

= +
incompressible
sandwich panel

compressible
distributed core

corrugated
spring layer

Figure D.4: Approximation of compressible spring layer as the superposition of an
incompressible core with a layer of transversely compressible springs.

bration control devices using such a distributed spring layer requires the combination

of equivalent anisotropic material properties as well as flexible core characteristics.

In the proposed model, the sandwich structure is considered to be a superposition

of an incompressible, orthotropic thick plate and a compressible core of vertical spring

elements, Figure D.4. The latter springs are allowed to deflect only in the transverse

direction and have no coupling to the incompressible plate response.

D.2.1 Equivalent incompressible core elastic properties
calculations

Libove and Batdorf [110] derived a theory for the determination of equivalent or-

thotropic plate properties for incompressible sandwich panels having an arbitrary

(b)(a)

Figure D.5: Periodic geometry of an (a) unit depth circular core sandwich panel
transformed into (b) an equivalent, continuous orthotropic thick plate.
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core design, thereby transforming the exact core geometry into an equivalent, sym-

metric and continuous 2D domain, Figure D.5. Included with the derivation were a

series of laboratory tests which may be carried out to determine the elasticity con-

stants. Cheng et al. [111] then proposed and validated a set of corresponding FE

models to expedite the computation of such elastic properties. The latter FE models

are here employed for the present sandwich structure.

The distortion equations for the incompressible sandwich panel are [110]:

κx = ∂2w

∂x2 = −Mx

Dx

+ νyMy

Dy

+ 1
DQx

∂Qx

∂x
(D.1)

κy = ∂2w

∂y2 = −My

Dy

+ νxMx

Dx

+ 1
DQy

∂Qy

∂y
(D.2)

κxy = ∂2w

∂x∂y
= Mxy

Dxy

+ 1
2

1
DQx

∂Qx

∂y
+ 1

2
1

DQy

∂Qy

∂x
(D.3)

γyz = Qy

DQy

(D.4)

γxz = Qx

DQx

(D.5)

whereMx andMy are internal bending moments,Mxy is the internal twisting moment,

Qx and Qy are internal shearing forces, and νx and νy are the Poisson’s ratios coupling

the bending responses. These moments and forces are labeled for a unit core cross-

section in Figure D.5 (b) having thickness hs and period length λ. The curvatures

and twist, κx, κy and κxy, are defined about the middle-plane of the panel and γyz

and γxz are the transverse shear strains.

The facing sheets and the core layer are considered to be isotropic materials. The

FE models to calculate the equivalent stiffnesses for the sandwich structure define a

3D geometry of a certain section of the sandwich core, apply the loads described in

the distortion equations and calculate the resulting strains or displacements from key

nodes. Shell elements are employed for each model.
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Figure D.6: FE models for computation of (a) Ex, (b) Ey, (c) Gxy, (d) Gyz and (e)
Gxz.

The FE models to compute the elastic constants of the incompressible sandwich

panel—Ex, Ey, Gxy, Gyz, Gxz and νx—are depicted in Figure D.6. The models to

compute Ex and Gxz use geometries of a single core period with a length of sufficient

span so as to ignore end effects. Increasing this length naturally reduces the influence

of potential end effects on the center of the specimen, but is more costly to compute

due to the increased number of elements. The models to calculate Ey and Gyz use

multiple periods of the sandwich structure and a depth equal to or greater than the

period length. The model to calculate twisting stiffness, Gxy, uses a geometry of equal

length and depth.

Unit moments per area are applied to rigid end elements in the models to compute
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bending stiffnesses. Rigid elements are modeled by using a Young’s modulus 6 orders

of magnitude greater than the facing sheet value. For the twisting stiffness model, unit

moments are applied without rigid end planes, since additional rigidity would inhibit

the sample deflection. Unit forces per length are applied to the rigid end elements

of the models to compute shearing stiffnesses. The latter two models, Figure D.6 (d)

and (e), include fixed points, Pf , on the bottom facing sheets in order to prevent rigid

body motion of the sandwich core. In each model, sides of the geometry to which

no moments or forces are applied are given boundary conditions of symmetry. This

implies that displacements in the co-ordinate axis normal to the plane of symmetry

must be zero.

In Figure D.6, the desired outputs of each model are provided in inset boxes.

Bending and shearing strains are output at centrally-positioned nodes on the top

and bottom facing sheets for the models to compute bending and twisting stiffnesses,

respectively. Displacements of the facing sheets from the undeformed configurations

are output from the models to compute shearing stiffnesses. In Figure D.6 (e), the

transverse deflection, δz, is output from a node spaced ∆x away from the centrally-

located fixed point, Pf .

Using the strains or displacements the bending and twisting curvatures or shearing

strains are calculated as follows [111]:

κx = εx1 − εx2

hs
κy = εy1 − εy2

hs
(D.6)

κxy = γxy1 − γxy2

2hs
γyz = δy

hs
+ δz

p
γxz = δx

hs
+ δz

∆x

(D.7)

These parameters are related to the bending and shear stiffnesses by

Dx = −Mx

κx
Dy = −My

κy
νx = κy

Mx/Dx

νx
Dx

= νy
Dy

(D.8)

Dxy = Mxy

κxy
DQy = Qy

γyz
DQx = Qx

γxz
(D.9)
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Since unit moments per area and unit shear forces were employed in the FE models,

Equations D.8 and D.9 are straightforward to calculate.

From the computed stiffnesses may be found the equivalent elastic material prop-

erties representing a 2D incompressible, symmetrical orthotropic plate:

Ex = 12Dx

h3
s

Ey = 12Dy

h3
s

Gxy = 6Dxy

h3
s

(D.10)

Gyz = DQy

kshs
Gxz = DQx

kshs
νxy = νx νyx = νy (D.11)

where the shear factor is ks = 5/6. Finally, the equivalent density of the anisotropic

plate is calculated as the product of the core sheet material density, ρ, multiplied by

the ratio of the actual material volume to the volume of the equivalent continuous

element. For the circular cross-section, this may be computed as

ρs = ρ
πts
λ

(D.12)

D.2.2 Equivalent transverse elastic property calculation

To compute the equivalent transverse elastic constant, Ez, representing the distribu-

tion of vertical spring elements of the sandwich core layer, Figure D.4, requires one

additional FE model. Figure D.7 depicts the model geometry, loading conditions and

model output. Since the facing sheets of the sandwich structure do not carry any of

the transverse loading in the actual distributed spring layer (recall that the layer is

ultimately bounded by a base plate and a top plate), the facing sheets are modeled

using rigid elements. A unit force per area is applied to the top facing sheet while the

bottom sheet is kept fixed. The boundary planes on each of the four section faces are

symmetric as in the earlier FE models; this restricts the sandwich structure to trans-

verse deflection only. The desired output of the model is the transverse deflection of

a node of the top facing sheet, δz.

The equivalent transverse elastic parameter may then be computed as

Ez = Fhs
δz

(D.13)
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Figure D.7: FE models to compute the transverse elastic constant, Ez.

where F is the force per area applied to the top surface.

D.3 Continuum domain model

D.3.1 Generalized Hamilton’s principle for the coupled
system

For the sake of conciseness and to focus more on the numerical implementation, a

brief description of the mathematical formulation of the model is presented. Greater

description of the formulation is contained in Appendix A. The variational method

used in the model is based on the generalized Hamilton’s principle for deformable

mechanical bodies [94]

δ
∫ t2

t1

[
(T − U) +W

]
dt = 0 (D.14)

where T is the total kinetic energy, U is the total strain energy and W are the me-

chanically applied loads. For each individual layer, these components are calculated

from

Ui = 1
2

∫
Vi

(
STT

)
i
dVi Ki = 1

2ρi
∫
Vi

[
u̇2 + v̇2 + ẇ2

]
i
dVi

W i =
Nf∑
j=1

[u(xj) v(yj) w(zj)]i · [fx fy fz]Tj
(D.15)

where the subscript i = b, s, t represents the layering convention indicated in Fig-

ure D.2, S and T are the appropriate strain and stress tensors for the layer, respec-

tively, f represents applied point loads, Nf are the number of applied loads and T is

the transpose operator.



D.3 Continuum domain model 142

The base plate and the top plate are modeled with Love–Kirchhoff assumptions.

Thus, the displacement expressions are written in terms of linear Taylor series ex-

pansions about the mid-plane displacements. The displacement expressions for the

distributed spring layer are linear expansions in the cross-planar co-ordinates and a

quadratic Taylor series expansion for the flexural component:

u (x, y, z, t)s = uo (x, y, t) + zsθx (x, y, t)

v (x, y, z, t)s = vo (x, y, t) + zsθy (x, y, t)

w (x, y, z, t)s = wo (x, y, t) + zs
∂wo
∂zs

+ 1
2z

2
s

∂2w2
o

∂z2
s

(D.16)

where the subscript o indicates the middle plane of the layer. The orthotropic con-

stitutive relation for the distributed spring layer is expressed as

σxx

σyy

σzz

τyz

τxz

τxy


s

=



Ex

1−νxyνyx

νyxEx

1−νxyνyx
0 0 0 0
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1−νxyνyx
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0 0 0 Gyz 0 0
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(D.17)

Equation D.17 indicates the decoupled nature of the anisotropic sandwich panel dy-

namics with those of the transversely flexible core. Damping is included in the study

by means of an isotropic loss factor, ηi, for each of the three layers in the system.

Continuity of displacements, transverse normal and transverse shearing stresses

are applied at the interfaces between the distributed spring layer and the bounding

base and top plates. This allows the full system response to be described in terms of

the mid-plane displacement components of the base and top plates: [uo (x, y, t) vo (x, y, t) wo (x, y, t)]b
and [uo (x, y, t) vo (x, y, t) wo (x, y, t)]t, respectively.

D.3.2 Rayleigh-Ritz solution

To approximate the dynamic response of the system, the Rayleigh-Ritz method is

employed for the 6 unknowns. The Rayleigh-Ritz approximate solutions may be
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expressed as

(uo)t (x, y, t) = Λ(x, y)f(t) (vo)t (x, y, t) = Π(x, y)g(t) (wo)t (x, y, t) = Γ(x, y)h(t)

(uo)b (x, y, t) = Φ(x, y)p(t) (vo)b (x, y, t) = Θ(x, y)r(t) (wo)b (x, y, t) = Ψ(x, y)s(t)

(D.18)

where Λ, Π, Γ, Φ, Θ and Ψ are the admissible trial function sets used in the linear

combination, each multiplied by a vector of generalized co-ordinates. The hierarchical

trigonometric function set of Beslin and Nicolas [97] is employed as the trial function

series since it is convenient for simulation of the classical boundary conditions of

plates: simply-supported, clamped and free suspension. Substituting this form of

approximate solution into Equation D.14 and assuming a harmonic time dependence

yields [
−ω2 (Mt + Ms + Mb) + (Kt + Ks + Kb)

]
m = Bf f (D.19)

with

m =
[
f g h p r s

]T
(D.20)

The matrices to the left-hand side of Equation D.19 represent the mass, M, and

stiffness, K, matrices of the three layers, evaluated using the 6 assumed solutions,

Equation D.18. The matrices resulting from the distributed spring layer, denoted by

subscript s, fully couple the extensional and flexural displacements of the top and base

plates. Finally, Bf are the basis functions evaluated at the location of the applied

forces, f .

In the absence of any forcing, an eigenvalue problem is solved yielding the natural

frequencies of the coupled system:

[Kt + Ks + Kb] m = ω2 [Mt + Ms + Mb] m (D.21)
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Figure D.8: Periodic geometry of sandwich panel having a half sine wave shape.

Table D.1: Isotropic properties of base and top plates, i = b, t, and the facing and
core sheets

Layer ai m bi m hi mm Ei Pa νi ρi kg/m3 ηi
Base 0.15 0.15 2 2.1e14 0.33 7850 3e-4
Top 0.102 0.102 2 2.1e11 0.33 7850 3e-4

Facing sheet n/a n/a n/a 2.1e11 0.33 7850 3e-4
Core sheet n/a n/a n/a 2.1e11 0.33 7850 3e-4

D.4 Model validation: numerical comparison

D.4.1 Eigenfrequency analysis

The continuum domain model and superposition technique are evaluated by calcu-

lating the eigenfrequencies of a sample vibration control device. Two periodic core

designs are evaluated: the circular core shown in Figure D.5 and a half sine shape

as depicted in Figure D.8. The isotropic properties of the base plate, the top plate,

facing sheets and core sheet are provided in Table D.1. The above FE models were

employed and the computed equivalent elastic parameters of the sandwich spring lay-

ers are presented in Table D.2. It was assumed that the facing sheets of the spring

layer are of equal thickness to the core sheet, i.e. tf = ts. In each case, the thickness of

the equivalent spring layer was hs = 6.35 mm with a periodic length of λ = 12.7 mm.

Table D.2: Equivalent orthotropic plate properties of spring layers
Core shape ts µm Ex GPa Ey GPa Ez MPa νxy Gyz MPa Gxz MPa Gxy GPa

Circular 50.8 2329 2031 1.147 0.0913 8.186 261.4 7.608
Circular 76.2 3451 2996 3.695 0.0877 15.26 204.2 9.836
Half sine 50.8 2189 2312 2.085 0.0434 0.5307 18.93 1.224
Half sine 76.2 3241 3417 7.004 0.0441 1.756 33.98 2.574
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Table D.3: Natural frequencies [Hz] as computed by 3D FE analysis and 2D model
(percent difference)
Core shape (ts µm) Model Mode 1 Mode 2 Mode 3 Mode 4

Circular (50.8) 3D FE 362.8 536.8 538.5 540.4
2D 360.0 (-0.7%) 529.6 (-1.3%) 530.3 (-1.5%) 536.3 (-0.7%)

Circular (76.2) 3D FE 652.7 957.7 960.4 964.1
2D 644.7 (-1.2%) 937.9 (-2.1%) 939.7 (-2.1%) 957.5 (-0.6%)

Half sine (50.8) 3D FE 611.7 683.2 686.3 688.3
2D 608.1 (-0.5%) 643.8 (-5.7%) 648.3 (-5.5%) 649.2 (-5.6%)

Half sine (76.2) 3D FE 1103 1243 1249 1253
2D 1087 (-1.4%) 1115 (-10.2%) 1125 (-9.9%) 1127 (-10.0%)

The base plate of the system is considered to be fixed over the full surface. This

would represent the case of the vibration control device being attached to a completely

rigid surface. A full 3D FE model of the system was constructed using the exact

geometry and isotropic material properties of the facing and core sheets, Table D.1.

Both the 3D FE and the 2D continuum domain models were evaluated for the first 4

eigenfrequencies and mode shapes of the coupled system and the results are presented

in Table D.3. Percentage differences are provided for the 2D domain models, with

reference to the 3D FE solutions.

The first four mode shape dynamics, as output from the 2D domain model, are

illustrated in Figure D.9. The first, second and third mode shapes exhibit rigid body

motion of the device top mass layer: the first mode is back-and-forth rocking of the

mass; the second mode shape is rigid body rotation of the mass about the x-axis; the

third mode shape is rigid body rotation of the mass about the y-axis. Interestingly,

the SDOF oscillation of the top mass layer, that which yields the traditional vibration

absorber behavior of the device, does not occur until the fourth mode.

From Table D.3 it is observed that the SDOF natural frequency occurs at almost

the same frequency as those for rigid body rotations of the mass layer. The rocking

mode shape, however, occurs at a lower frequency, sometimes as much as 30% lower

in frequency than the rotational oscillations. This dynamic is caused by the relatively

small shearing stiffness, Gyz, a feature which such corrugated sandwich panel designs

are known to exhibit.
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Figure D.9: First four mode shapes of device having a fixed based.

Table D.3 shows that the 2D continuum domain model yields natural frequencies

in close agreement with the full 3D FE model, in particular for the device having

a circular core spring layer design. The maximum errors between the models occur

for the half sine core shape, consistently underestimating the frequency values. This

may be attributed to the discontinuous design of the half sine core, each period of

the shape beginning with an abrupt shift in the slope of the woven core material.

Thus, a localized stiffening effect may be more accurately accounted for in the 3D FE

analysis as compared to an equivalent 2D approach which assumes the distributed

spring layer to be symmetric and continuous.

D.5 Model validation: experimental comparison

D.5.1 Manufacturing description

With a consideration of numerical validation taken in Section D.4, the numerical

superposition approach should additionally be compared against experimental sam-

ples. The two corrugated geometries considered in this work, circular and sinusoidal,

are in fact not often found in manufactured products to date. The closest embodi-

ment of either is likely conventional corrugated cardboard which is generally mostly
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sinusoidal but often reveals a slight “lean” in one direction, generally the result of

the rapid manufacturing process as the paper is press through gears to generate the

corrugation.

Thus, to actually achieve the corrugated forms of present interest, it was necessary

to develop a process by which they could be manufactured. Following the process,

it then needed to refine it such that as close to a circular or perfect sinusoid may be

achieved. In later portions of this work, it was desired to focus on using steel exclu-

sively in the manufacture of the distributed vibration absorbers, thus the objective

became to develop a production method to generate an all-steel device.

The bonding amongst the facing sheets, corrugated layer and the top mass was a

concern. Ideally, it would be desired to produce the corrugated layers using an extru-

sion process, by which a mold could easily maintain any required core cross-section.

However, though the extrusion process is used in manufacturing corrugated plastic

materials, as sometimes used for outdoor or sidewalk advertising signs, it was found,

through contact of multiple manufacturers, that extrusion is not possible down to

the sheet thickness desired in the present work. For example, the corrugated plastic

sheets produced by such companies may in fact appear identical to the shape of this

work, but the sheets are not designed for transverse compressibility. In light of eval-

uating the superposition approach as a whole, a corrugated plastic sheet would likely

only reveal that it is accurately modeled as a traditional incompressible sandwich

panel.

Thus, it was necessary to produce, by hand, parts having as consistent a corru-

gated shape as possible while still retaining a substantial level of core compressibility.

The joining together of steel facing and corrugated sheets was also a concern. A

number of early trials employing epoxies were successfully performed. But this did

not satisfy the goal of achieving all-steel samples, despite providing useful prototype

samples with which to begin evaluating the full device dynamics.

Instead, a welding process was necessary. A spot welder was manufactured for
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Figure D.10: Welded steel corrugated core sample having consistent circular core
shape and minimal, adverse welding effects.

this purpose. With properly sharpened tungsten tips, the equipment was eventually

capable of producing non-intrusive welds. Figure D.10 shows a later sample produced

over the course of this work, highlighting both the regularity of the corrugated layer

as well as the minimal heat affected zone generated by the refined welding technique.

Minimizing deformation due to local overheating was vital as was the ability to gen-

erate the smallest welded points as possible in order to achieve linear lines connecting

the corrugated layer to the facing sheets.

While the present study evaluates the use of considering the corrugated core itself

as the superposition of an incompressible sandwich panel and a compressible core,

it was found that it was not necessary to always employ the top facing sheet in the

manufacture of the parts. Instead, the core was directly welded to the mass layer.

This also assisted in reducing the overall mass of the parts which was of benefit in later

portions of this work. After a considerable period of practice, adaptation, refinement

of the equipment and patience, the distributed absorber devices were ultimately able

to be manufactured with great precision from part to part.

D.5.2 Circular corrugated core sample

A sample was produced having a circularly corrugated spring layer and using a top

mass layer having material properties and geometry as those given in Table D.4. The
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Table D.4: Isotropic properties of base and top plates, i = b, t, and the facing and
core sheets
Layer ai (mm) bi (mm) hi (mm) Ei (Pa) νi ρi (kg/m3) ηi
Base 300 140 5 2.1e14 0.33 800 3e-4
Top 203 102 2 2.1e11 0.33 4680 3e-4
Facing sheet n/a n/a n/a 2.1e11 0.33 7850 3e-4
Core sheet n/a n/a n/a 2.1e11 0.33 7850 3e-4

Table D.5: Equivalent orthotropic plate properties of spring layer
Ex (Pa) Ey (Pa) Ez (Pa) νyx Gyz (Pa) Gxz (Pa) Gxy (Pa) ρs (kg/m3) hs (mm)
5.83e11 5.08e11 1.69e5 0.082 3.11e6 9.54e7 6.95e9 20.0 12.7

corrugated material thickness was ts = 50 µm and the layer was constructed with

λ = 25.4 mm. For this sample, the equivalent spring layer properties were computed

using the earlier analysis and are provided in Table D.5.

To evaluate the principal dynamic response of the device, an FRF test was sim-

ulated in the model and measured in the laboratory. The approximated geometric

and material parameters of the shaker platform are given in Table D.4, noting that

the Young’s modulus of the layer was a best guess. In numerical experiments, it was

noted that so long as the modulus was several orders of magnitude greater than any

of the moduli in the equivalent spring layer, the comparison with experimental results

was favorable. The base plate was presumed to be excited by a centrally-located point

force equally at all frequencies. A photograph of the device on the laboratory shaker

platform is shown in Figure D.11.

Figure D.12 plots a comparison of the predicted and measured FRF between the

platform acceleration and that as measured at the center of the top mass. So long

as the device is centrally positioned on the platform surface and the excitation force

to the base platform be perfectly out-of-plane, the only major dynamic feature of

the FRF results should necessarily be the SDOF natural frequency as the mass layer

oscillates vertically. Resonance is predicted to occur at 193 Hz, which corresponds

exactly to the measurement. Furthermore, both the magnitude of resonance as well

as the roll-off and decay above resonance are in close agreement between the model
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Figure D.11: Sample device on shaker platform.
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Figure D.12: Comparison of modeled and measured FRF for device employing a
standard circularly corrugated spring layer design.

and the measurement.

It is admitted that this alone is not comprehensive validation of the superposition

method to realistic experimental results, but individually serves to verify the benefit,

in one sense, of considering the transverse oscillation of the distributed absorber device

to be fundamental independent of the remaining bending and shear stiffness properties

of the continuous spring layer. It may thus be said that part of the superposition

approach has been validated.
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Table D.6: Properties of the freely suspended panel
a (mm) b (mm) h (mm) E (Pa) ν ρ (kg/m3) η
305 610 1.5 2.1e11 0.3 7850 1e-3

0.610 m

0.305 m

0.203 m

0.102 m

shaker attached to plate

via short stinger

and force transducer

attachment point 12 mm

from both corners

freely suspended

steel plate

measurement

location

device attached to

far side of plate
0.102 m

laser vibrometer

Figure D.13: Freely suspended panel test setup diagram.

D.5.3 Circular corrugated core sample on a vibrating panel

A conclusive evaluation of the superposition approach necessarily comes into play in

the comparison of a test which simultaneously considers the transverse and exten-

sional vibration of the device. As these are distributed devices intended for surface

vibration suppression, a test performed on a vibrating panel is naturally of most use

in comparing model with measurement in pursuit of validation.

A panel was therefore freely suspended in the laboratory from two ends by non-

obtrusive elastic wires. At 12 mm from one corner, an electrodynamic shaker was

attached via a short stinger. A force transducer was placed in between the stinger

and the panel. Reflective tape was attached at a location, (0,102) mm from the plate

center, on the reverse side of the panel in order to measure the mobility transfer

function of the panel. A diagram of the testing arrangement, including the later

attached distributed absorber device, is given in Figure D.13.



D.5 Model validation: experimental comparison 152

50 100 150 200 250 300 350 400 450 500
−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

Frequency, Hz

M
o
b
ili
ty
,
d
B
re
f.
1
.0
m
/s
N

Numerical model

Experiment

Figure D.14: Mobility transfer function of untreated suspended panel, (black solid)
modeled and (red dashed) experimental results.

The measured and predicted untreated panel mobility is plotted in Figure D.14.

A substantial number of panel modes are present even up to just 500 Hz. The

resonance at 21.6 Hz is the lowest order non-rigid body vibrational mode of the

panel. The deviation from the predicted results to the measurements are minimal up

to approximately 225 Hz. Below this frequency, the prediction of the location of the

resonances is extremely accurate, not deviating by any greater than 0.5 Hz.

Above this point, the limitation on achieving exactly free boundary conditions is

observed to slightly modify the frequency response of the panel. Though the mag-

nitude of much of the higher frequency panel mobility is similar between model and

experiment, some of the measured locations of the resonances are shifted. This is

particularly evident at 291 and 408 Hz. However, though achieving perfectly free

boundary conditions is generally an impossibility, the level of agreement between the

model and measurement evidenced in Figure D.14 is significant.

Following completion of the untreated vibration testing, the distributed absorber

was firmly attached using a very thin layer of hard-curing epoxy. The epoxy requires

24 hours to cure but afterwards adheres to the point of requiring destruction of the

attached device, if one desired to thereafter remove it. A photograph of the rear of
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Figure D.15: Distributed device attached to rear of suspended panel, showing shaker
attachment and force transducer.

the panel with the absorber is provided in Figure D.15. The absorber used was an

identical sample to that employed in Section D.5.2, manufactured at the same time

as the prior sample for consistency. Thus, the equivalent orthotropic plate properties

and mass layer characteristics were the same as those given in Tables D.4 and D.5.

The panel mobility transfer function was again measured following application of

the distributed vibration absorber device and is plotted against the modeled result

in Figure D.16. Close agreement is found between the numerical prediction and

experimental measurement. Below the natural frequency of the device, 193 Hz, the

panel vibration is not significantly altered with the exception of the resonance at

49 Hz. This is an asymmetric vibration mode, depending on one’s convention of

terming free plate modes either (1,1) or (2,2), the “dual-rocking” mode. The ability

of the device to substantially suppress this mode is easily explained by its position

which spans an anti-nodal line. The very high bending stiffness of the sample, from

Table D.5, suggests that it is highly resistive to this form of deformation, which the

(1,1) mode tries to impart. Thus, the absorber notably suppresses the magnitude of

this resonance.
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Figure D.16: Mobility transfer function of treated suspended panel, (black solid)
modeled and (red dashed) experimental results.

Around the device natural frequency, a panel mode is present at 200 Hz. It

is observed that the device “splits” the resonance into two vibrational frequencies at

192 and 222 Hz. This is the conventional dynamic result of applying a lightly-damped

re-active device to a vibrating structure. The model is found to be in close agreement

with the experimental measurements in regards to the location of these new split

resonances as well as the magnitude, with a slight under-prediction at the 222 Hz

frequency.

At frequencies greater than the tune SDOF natural frequency of the distributed

absorber, the device is found to significantly alter the location of the panel resonances

and in some cases provide a level of attenuation from untreated levels. Any attenua-

tion of the panel vibration above the device natural frequency is arguably the result

of the resistive effects of the orthotropic spring layer since the re-active effects were

observed in Figure D.12 to be significantly less important above the resonance.

The highly orthotropic design of the corrugated spring layer lends a rigorous ex-

tensional coupling to the structure and modifies each of the higher order resonances

to a unique degree. Results of the model and experiment are in fairly close agreement

as to how the spring layer is precisely coupled. Overall, for this modally dense vi-
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Figure D.17: Photograph of variable stiffness absorber device sample using poroelastic
foam.

brational structure and for an attached device exhibiting substantial transverse and

extensional coupling to the panel, the model is found to accurately predict the effects

of the continuously distributed vibration absorber employing a circularly corrugated

spring layer when attached to a vibrating surface.

D.5.4 Variable stiffness concept: continuous spring layer
material

In light of later application of the theory and modeling presented in the current and

prior chapters, it is necessary to include validations for the variable spring stiffness

modeling approach as outlined in Section C.7. To describe the continuous spring in

terms of a piece-wise constant spring layer properties, inherently simplifies the reality

of manufacturing the parts for applied purposes. Thus, it is necessary to validate this

approach against experimental samples.

The most simplified manner by which to attain a variable stiffness distributed

spring layer for the devices of interest is to utilize a continuous material, such as

poroelastic foam, cut such that the layer varies in thickness along its length. This

lends a variation in natural frequency of the top mass, as was observed by Idrisi [117]

in the study of inclusion depth in poroelastic media. Figure D.17 shows a photograph

of the sample which was tested, showing the variation in foam thickness along the

length of the distributed device.
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Table D.7: Mechanical and geometric properties of base and top plates, i = b, t, and
the spring layer
Layer a (mm) b (mm) h (mm) E (Pa) ν ρ (kg/m3) η
Base 300 140 5 2.1e14 0.33 800 3e-4
Mass layer 76.2 50.8 3 7.2e10 0.33 2100 1e-3
Spring layer 76.2 50.8 10–50 1.4e5 0.4 9 2e-2

The geometric and mechanical properties used in the model validation are pro-

vided in Table D.7. As noted in Section C.7, each discretization along the length of

the distributed absorber in the modeling requires new evaluation of the kinetic and

potential energy equations. Thus, refined discretization, though certainly increasing

accuracy, can quickly become computationally prohibitive. Thus, in the following

validation, the spring layer was discretized into 11 portions along the length. As the

poroelastic material properties do not change from one region to the next, the spring

layer thickness was modified for each of the 11 sections, from 10 to 50 mm. The poroe-

lastic foam was considered to be an isotropic material such that Ex = Ey = Ez = E

and G = E/2(1 + ν).

The experimental sample was prepared and an FRF test was conducted, with sim-

ilar excitation as for the earlier validations. The corresponding model was simulated

and a comparison of the results are provided in Figure D.18 for three discrete points

along the center line of the mass layer. Though the sample is continuously varied in

stiffness due to the change in material thickness along its length, the three measuring

points appear to indicate just two principal natural frequencies of the device: 184

and 233 Hz. The model accurately predicts the location of these two resonances but

uniformly over-predicts the amplitude of response, which may be due to employing a

smaller damping loss factor than is observed for the poroelastic material.

It is interesting to note that model predictions and measurements both suggest

no intermediary resonances occur between the highest and lowest observed natural

frequencies. As observed in Section C.7, when a variation of transverse stiffness is

present for the continuous spring layer, the advantage of this feature is limited to
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Figure D.18: Comparison of modeled and measured FRF for device employing a
variable stiffness poroelastic spring layer.

the stiffness of the top mass layer: softer top mass materials are more compliant and

therefore are more able to provide for the full continuum of SDOF natural frequencies

that the varying transverse stiffness would yield. In contrast, the stiffness of the

sample measured had an aluminum top mass layer. As a result, it is more likely that

the top mass was primarily rocking back-and-forth as one end of the device resonated

at the lower SDOF natural frequency with the opposite end resonating at the higher

natural frequency. This is the disadvantage of using stiffer top mass materials with

the variable spring stiffness design; softer mass materials are preferable.

Two additional runs of the model indicate that for foam samples of constant

thicknesses 10 and 50 mm, the distributed devices would exhibit SDOF resonances

at 350 and 154 Hz, respectively. Thus, the two observed natural frequencies from

the variable stiffness sample do not correspond to the SDOF resonances one would

encounter for a sample composed of uniform thickness of the thinnest or thickest

portion of the variable stiffness design. The continuous variation in stiffness, and

the coupling along the length of the sample through both the continuous mass layer

and the Poisson’s ratio of the spring layer, equalizes the exhibited range of natural

frequency. This is by no means a detrimental feature of the variable stiffness concept

but one to keep in mind when targeting a broad range of natural frequencies from a
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Figure D.19: Photograph of variable stiffness absorber device sample using steel cor-
rugated spring. Corrugated wavelength increasing from left to right.

single device.

D.5.5 Variable stiffness concept: corrugated spring layer

Utilization of the variable stiffness design for the corrugated spring layer is of utmost

importance later in this work, so evaluation of the utility of incorporating it along with

the superposition approach is next to be considered. In general regard to achieving

a variable stiffness design of the continuous spring layers, it is anticipated that using

layers of different total thickness is less beneficial than using a spring layer of equal

thickness along the length. This follows from the reasoning that samples of variable

thickness, like that shown in Figure D.17 for the poroelastic spring layer, will not lend

as much re-active force normal to the host structural vibration. Instead, the mass will

rock and oscillate in such a way as to yield components of the re-active force which

operate both to coupling with the extensional and well as flexural motion of the base

vibration. Thus, maintaining a constant thickness along the distributed spring layer

is preferable while the variable stiffness design is employed.

For the corrugated spring layer of concern, a variable transverse stiffness design

may easily be achieved using a constant thickness of the spring layer merely by increas-

ing or decreasing the peak-to-peak distance of the corrugations along the length of

the sample. One such sample was created, using three distinct wavelengths, λ = 25.4,

31.8 and 38.1 mm, and is shown in Figure D.19 attached in a later test to a plate.

Two wavelengths of the 25.4 and 31.8 mm increments are used and three wavelength

are used for the broader λ = 38.1 mm.
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Table D.8: Isotropic properties of base and top plates, i = b, t, and the facing and
core sheets
Layer ai (mm) bi (mm) hi (mm) Ei (Pa) νi ρi (kg/m3) ηi
Base 300 140 5 2.1e14 0.33 800 3e-4
Top 203 102 2 2.1e11 0.33 4680 3e-4

Table D.9: Equivalent orthotropic plate characteristics of core having λ = 25.4 mm
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
4.43e11 3.87e11 7.17e4 0.079 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρ (kg/m3) hs (mm) η
2.20e6 3.74e7 1.12e10 48.6 12.7 0.05

By maintaining a constant spring layer thickness, this design reduces the potential

for the design to rock and generate substantial non-normal re-active forces which

would not contribute to suppressing the host structural vibration. The spring layer

is observed to begin as a circular core but by merely elongating the wavelength,

without correspondingly increasing the thickness, naturally changes the form to a

more sinusoidal shape.

The material properties and geometric properties of the device are as given in

Table D.8. The core sheet was of a laminate design, constructed in three layers:

first a layer of steel shim ts = 38.1 µm; then a thin, ts = 20 µm damping layer;

and another steel layer of ts = 38.1 µm. The equivalent material properties of this

laminate material were evaluated using the simple MATLAB routines and method

provided in the text by Voyiadjis and Kattan [118]. After which, the equivalent spring

layer material properties were computed and are presented in Tables D.9–D.11.

As before, the experimental sample was prepared and an FRF test was conducted.

The corresponding model was simulated and a comparison of the results are provided

in Figure D.20 for three discrete points along the center line of the mass layer. The

Table D.10: Equivalent orthotropic plate characteristics of core having λ = 31.8 mm
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
2.81e11 2.48e11 3.94e4 0.077 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρ (kg/m3) hs (mm) η
1.69e6 1.99e7 9.71e9 61.5 12.7 0.05
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Table D.11: Equivalent orthotropic plate characteristics of core having λ = 38.1 mm
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
1.93e11 1.72e11 1.09e4 0.074 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρ (kg/m3) hs (mm) η
1.42e6 1.35e7 9.75e9 68.6 12.7 0.05
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Figure D.20: Comparison of modeled and measured FRF for device employing a
variable stiffness corrugated spring layer.

distinct segmentation of the corrugated spring layer into three regions of unique stiff-

ness characteristics results in different dynamics than those evidenced in Figure D.18

for the layer achieving variable stiffness by means of a changing thickness. However,

like the poroelastic layer of varying thickness, the variably corrugated sample also

exhibits two primary natural frequencies, 161 and 248 Hz.

The model accurately predicts the lowest resonant response of the device at 161 Hz.

However, the predicted highest resonant frequency is notably less in frequency and

greater in magnitude than the measurement. This is perhaps explained by a limi-

tation in perfectly maintaining the corrugated shape of the experimental sample as

the wavelength of the corrugated period was decreased. This manufacturing difficulty
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is partially observable in Figure D.19 for the shortest wavelength of the corrugated

core which appears to be neither circular nor sinusoidal in form, but a mixture of the

shapes. It is believed that this manufacturing deviation led to the shortest wavelength

of the spring layer to be stiffer than was provided for in the modeling and thus the

measured resonance occurred at 248 Hz as opposed to the prediction at 223 Hz. How-

ever, the response of the device at measurement position #2 is also fairly accurately

predicted by the model to be a “smeared” resonant response spanning the lowest and

highest resonances.

D.6 Extensibility of superposition modeling methodology

To assess the validity of the superposition approach, the model is evaluated for a

range of the parameter ts/hs for both core designs. Thus, small values of ts/hs
are representative of highly compressible core layers, while larger ratios would yield

primarily incompressible sandwich layers. The output of interest is the comparison

of the SDOF natural frequency of the vibration control device as predicted by both

the 2D continuum domain model and an exact 3D FE model. The eigenfrequency

problem of Equation D.21 was solved, using base plate, top plate, facing and core

sheet geometries and properties as given in Table D.1.

A range of ratios ts/hs were considered, in each case also maintaining the same

facing sheet thickness, tf = ts, as well as hs = 6.35 mm. Furthermore, the thick-

ness of the top mass layer was modified for each value of ts/hs such that ht =

0.002 (ts/hs) · (1e3) mm. This latter constraint kept the SDOF natural frequency

within a conventional bound, ∼50 to 5,000 Hz, whereas maintaining ht = 0.002 mm

would yield unreasonable natural frequency estimates of >20 kHz as ts/hs increased.

Figure D.21 plots the percentage difference between the 2D and 3D FE model

results. For both core designs, the errors between SDOF natural frequency predictions

are minimized around a ratio of ts/hs = 4e−3 to 1e−2. At the low extreme of ts/hs,

the transverse stiffness of the spring layer is very small, representing a manufactured
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Figure D.21: Percentage difference between 2D and 3D FE model SDOF natural
frequencies.

component which would be described as fragile. At the opposite extreme, the values

of ts/hs ≈ 1e− 1 represent a more conventional sandwich panel designed for strength

and durability.

For the circular core, in both extremes of ts/hs, the superposition approach begins

to under-predict the transverse natural frequency of the device since the applicability

of the method is stretched to its limits and errors rapidly increase. In the former case,

buckling dynamics begin to play a major role; in the latter case, true incompressibility

of the panel makes the assumption of a compressible core an inaccurate assumption.

Furthermore, in the vicinity of ts/hs ≈ 1e − 1, the SDOF natural frequency is no

longer one of the lowest order mode shapes as localized end effects take precedence.

For the half sine core shape, errors in the approach are much more prevalent,

particularly for the extremes of ts/hs. As was discussed in Section D.4.1, this is likely

due to the discontinuity in the core cross-section. The exact 3D FE model is capable

of taking into account such localized stiffening while the equivalent, continuous 2D

domain must neglect such features. Thus, the superposition method of modeling the

distributed spring layer has a range of usefulness, approximately ts/hs = 4e − 3 to

1e− 2, and one should take care to avoid utilizing it for either extreme of very ”soft”

or ”stiff” core designs.
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Furthermore, the circular core cross-section, lacking discontinuities in the woven

shape, uniformly yields 2D model results in greater agreement with exact 3D FE

analysis than the half sine core shape. This indicates that not only is there a window

of greatest geometric applicability to the superposition approach but also, perhaps, a

limitation based on the number and type of discontinuities in the woven core shape.

D.7 Conclusions

In this paper, a continuum domain model of a distributed vibration control device

was proposed which has the advantage of reduced computational expense as com-

pared with full 3D FE analysis. Crucial to the model is the homogenization of a

distributed spring layer into the superposition of an incompressible sandwich panel

and a compressible core. The methods to employ this approach and its validity as

compared with exact 3D FE analysis were explored.

The continuum domain model was found to be in very close agreement in an

eigenfrequency analysis with 3D FE models of select vibration control device designs.

Most evident are dynamics of the device which are not otherwise observed for one-

dimensional, mass-spring-damper systems, indicating that the device is capable of also

suppressing structural motion through constraining-type effects as the spring layer

extensionally deforms. The ability to both re-actively work against and resistively

suppress structural motion suggests that the distributed vibration control devices

should be useful over a broader range of frequencies than either point oscillators or

constraining treatments alone.

Experimental validation was carried out for a distributed absorber sample employ-

ing the circularly corrugated spring layer design. First, FRF measurements were taken

and compared against modeled results. The SDOF resonance frequency of the device

was found to match exactly. The validation of the full complexity of the re-active and

resistive device was made by comparison of a vibrating panel test with an attached

distributed device. Measured and predicted results were in close agreement over a
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broad range of structural modal resonances, featuring a number of unique features

of the device’s coupling to the structure. The lightly-damped nature of the vibra-

tion absorber was found to split a panel resonance into two additional frequencies, as

is conventional with spring-mass oscillators. The resistive effects of the orthotropic

spring layer was observed to alter the location and amplitude of some of the higher

order panel resonances, typical of constraining layer treatments. Good agreement

was found across the full bandwidth of evaluated frequencies for the modally dense

structure.

The utility of the superposition approach was evaluated by considering a range of

potential design parameters for the distributed spring layer. Transverse natural fre-

quency comparisons were made between the 3D FE and 2D models. It was observed

that in the extremes of either significant transverse deformability or incompressibility,

the 2D model solutions diverged from the exact 3D FE results. For highly compress-

ible core designs, buckling response and nonlinear effects due to significant transverse

normal and shearing stresses are a concern. For very stiff core layers, standard in-

compressible sandwich panel theories are most suitable. Thus, a range of appropriate

distributed spring layer designs exists to which this analysis is useful and accurate.

When utilizing the continuum domain model to assess the potential vibration sup-

pression capability of such devices attached to structures, one is advised to consider

the limitations of the superposition approach. However, it was observed that the

circular core shape uniformly yielded 2D model results in closer agreement to 3D FE

analysis as compared to the half sine corrugated shape. Therefore, a greater range

of usefulness may be engaged for core cross-sections lacking discontinuities in the

periodic geometry.



APPENDIX E

Development and testing of passive continuous
vibration absorbers on a ship hull surface

This chapter describes the design of continuously distributed devices for use as a

passive vibration control treatment on a realistic ship hull. Primary objectives for

the test were to achieve a similar or greater level of broadband vibration attenuation

as compared with an existing damping tile treatment and to reduce the applied weight

of the designed devices as much as possible. Earlier studies of continuously distributed

absorbers encouraged the employment of three main spring layer features: variable

stiffness, orthotropic characteristics and a damped laminated spring material. Such

design maximized the tuned and broadband utility of each device, also corresponding

to a project goal of a “one-size-fits-all” solution. The important metric for the tests

was the passive vibration attenuation provided by the devices on a simulated ship hull

as compared with using the damping tiles. It was found that, at frequencies < 500 Hz,

the designed devices lended a similar degree of vibration suppression compared to

the tiles. At higher frequencies, the damped material and increased mass of the

tiles yielded greater attenuation benefit than the absorber devices. However, the

absorbers totaled a 20% savings in mass as compared with the tiles, which was a

particular advantage given the comparable performance at frequencies < 500 Hz. In

summary, the conclusions from earlier studies of continuously distributed vibration

absorbers were applied to a realistic vibration problem and led to the design of device

found to yield significant reactive and resistive passive vibration control benefit.

E.1 Problem background and motivation

Modern transportation systems are rigorously integrated with the latest computer

technologies. While consumer-scale integration of the newest electronic devices occurs

165
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at a lightning pace, the adoption of such technology in industrial or military sectors

occurs at a more progressive pace. This is frequently due to concerns of sensitivity. For

instance, modern notebook or laptop computers were generally not physically robust

enough when immediately applied in military environments. As a result, Panasonic

Toughbooks® were developed and now are widely employed throughout military and

law enforcement industries.

Vibration in maritime vessels produces similar concerns. Attached machinery

which shakes hull panels, or even propagating waves from one end of the ship to

the other, can yield substantial levels of vibration. In regards to aircraft carriers,

the noise from aircraft jet engines easily couples to the hull structure and thereafter

produces propagating waves throughout the hull, which later couple to the interior

acoustic environment to yield very high cabin noise levels. All of this amounts to a

serious concern from the perspective of the Navy, who observed a 250% increase in

disability payments for post-career Navy personnel due to hearing loss from 1999 to

2004 [119]. This study also found that the standard 6 month deployment onboard

an aircraft carrier exposed crew members to such high continuous levels of noise that

12% of the crew experienced permanent hearing threshold impairment.

Since it is not necessarily possible to attenuate the source of vibration itself, i.e.

remove the machinery causing the vibration or halt aircraft launches, remedial efforts

must be made to alleviate the vibration of the structural panels of the ship hulls.

Thus, the principal sponsor for this work, Newport News Shipbuilding (NNS) of

Huntington Ingalls Industries, formerly Northrop Grumman Shipbuilding, Newport

News (NGSB-NN), desired to develop a passive vibration control solution capable

of significant attenuation benefit. As with all transportation systems, added weight

requires greater power for propulsion or, alternatively, reduced range of transit. Thus,

minimization of the mass of the devices was a primary goal; particularly to develop a

solution of reduced weight compared to the existing treatment solution. To categorize

the type of vibration of concern, since most of the hull panels are identical—welded
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along the edges to stiffeners—and little vibration is transmitted from one panel to

the next, the main vibration present is low order clamped panel vibration, typically

in a range < 400 Hz.

To attenuate the structural vibration of the ship hulls, heavily-damped mass layers

(ballast) were being employed, in the form of tiles applied directly to the hull sur-

face wherever vibration was noticed. These solutions reduce vibration levels by shear

resistance, not by the reactive means ascribed to conventional mass-spring-dampers.

Thus, while the tiles provide notable mid to high frequency vibration control, signif-

icant mass must be added to substantial reduce the low, modal vibration of the ship

hull panels. NNS desired a new approach to passively attenuate the vibration of their

latest maritime vessel designs, inspiring a portion of this project.

E.2 Test facility description and project goals

The testing was decided to be performed at the NNS facility in Newport News,

Virginia. On location is an elaborate and flexible laboratory complex, ideal for the

present testing needs. Mock ship hulls are available, closely replicating conditions

onboard a class of maritime vessels. These hulls are constructed by a series of panels

and stiffeners, each panel being welded to stiffeners along all edges, as illustrated in

Figure E.1.

While hull panels varied from wall to wall, a number of repeated sizes were present.

The most frequently used panel size was a painted steel panel measuring 1.016 m by

0.559 m by 4.76 mm, welded along the edges. The welding along the boundaries may

closely replicate classically clamped boundary conditions.

To evaluate the vibrational frequencies of greatest concern, NNS conducted a

series of tests. An electrodynamic shaker was attached to both a nearby stiffener

and later to the panel center itself. An array of accelerometers was placed over the

panel surface. Excitation at both locations showed that the panel vibrated primarily

at three frequencies: 81, 115 and 191 Hz. Modal analysis of the structure showed



E.2 Test facility description and project goals 168

hull panel span

Figure E.1: Illustration of individual hull panel welded to series of stiffeners along
the edges.

that these were similar to the 3 lowest order modes for a clamped panel of the given

dimensions. The measured operational deflection shapes corroborated this result.

With this data and analysis, it was clear that the principal vibration of concern

was flexural motion of the panel. The necessity for substantial mass of damping tiles

to attenuate this vibration therefore makes sense. The tiles provide a shear resistance

to the extensional motion of the host structure; however, extensional vibration of

distributed structures occurs primarily at high frequencies where shearing effects are

of greater importance. Thus, in general, the only way to provide low frequency

vibration control with a resistive treatment, like the damping tiles, is to merely load

the structure down with mass. The low order clamped plate flexural vibration would

best be alleviated by means of a treatment which operated reactively like a traditional

vibration absorber.

In discussions with NNS representatives, it was determined that the desired so-

lution be “one-size-fits-all”. The advantage of the damping tiles was that each were



E.2 Test facility description and project goals 169

the same, orientation of the tiles was irrelevant, and application could be quickly

performed using standard epoxies. This flexibility was of great importance to NNS,

in addition to the fact that the designed solution must be mount-able using the same

epoxy used for the tiles. Optimization of placement of potential treatments or the

specific design for target frequencies was therefore not preferable.

Full or substantial coverage of the ship hull panels is generally the mode of ap-

plication when vibration is a concern. This was also a desired element to design and

testing of a new surface vibration control treatment. Quick calculation using the

damping tile and test panel characteristics found that full coverage of the panel with

the damping tiles would yield a mass ratio µ = 25–40%, depending on the thickness

of the tile. Lastly, it was noted that due to availability, cost and recyclability, the use

of steel in the design of the new treatment, in as much as is possible, was preferable.

In summary, the main project objectives were:

1. Develop a passive vibration control device, primarily constructed from steel,

for broadband attenuation on an excited clamped plate, simulating a realistic

maritime ship hull panel;

2. The primary vibrational frequencies of concern were 81, 115 and 191 Hz;

3. Complete or considerable coverage of the panel was necessary;

4. No constrictive optimization should be performed in developing a solution which

may yield a treatment suitable for only specific applications, orientations, etc.;

5. The treatment must provide improved low and broadband reduction in vibration

as compared with the existing damping tile treatment; and

6. The design must total a mass ratio of µ < 25%.
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E.3 Development of continuous distributed vibration
absorber devices

E.3.1 Treatment design analysis

The analysis of continuously distributed vibration absorbers in Chapter C served as

a useful point from which to begin design of appropriate devices to meet the project

goals. The areas of interest from the earlier study could be directly applied to the

need of developing a lightweight and broadband vibration control solution.

Since the vibration of the clamped panel was determined to be primary flexural

for the lowest frequencies of interest, a solution which operated reactively would be

better suited than a treatment capable only of supplying shear resistance to the panel

vibration. To achieve a “one-size-fits-all” treatment, a design exhibiting one SDOF

natural frequency would be prohibitive and not likely to meet project goals. Thus,

employing a continuous spring layer exhibiting a varying transverse stiffness along

the length of the device would allow for a broader range of SDOF resonance.

While it was found in Section C.7 that only so much of a variable stiffness range

was beneficial, allowing for the greatest possible range would be of greatest interest

in designing one device for the broadest range of reactive attenuation. Additionally,

though the spread of 81 to 191 Hz was common, it was admitted that this frequency

bandwidth was not always that of interest since panels changed in size from one area

of the ship hull to the next. Thus, the variable stiffness spring layer design would be

employed to the greatest extent practicable.

The necessity for full surface coverage was of concern, particularly given the results

of Section C.3 which found that segmented coverage provide improved narrow and

broadband vibration suppression. After consultation with NNS representatives, it

was decided that segmentation of a treatment would be satisfactory, namely because

the damping tiles themselves are available only in standard sizes.

Orthotropic distributed spring layers were observed to improve vibration attenu-

ation in Section C.4. Though the type of vibration to suppress on the hull surface
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were the fundamental clamped plate modes, this feature of spring layer design could

still be employed, particularly to increase broadband control.

A reduced modulus ratio, Γ, between the top mass the host panel, though not as

beneficial in conjunction with a higher orthotropy ratio, Λ, was found to be of benefit

in Section C.7 for spring layers of varying stiffness. However, the material limitation

of steel made achieving lower Γ difficult. Exhaustive searches were performed for

a variety of new products, most often made of stainless steels, which yielded steel

sheets of greater flexibility than solid steel. These were achieved by meshing, sintering

and/or layering techniques.

One such product, Dynapore [120], was located. The product was composed of

stainless steel sheets having a meshed construction, ideally suited for the filtering

purposes. However, in light of the present objectives, the Young’s modulus of such

sheets was measured to be significantly lower than sheet steel: E ≈ 60 GPa for

Dynapore as compared with E = 193 GPa of stainless steel sheets [120]. Though

some samples of the material were acquired, the expense of a large sheet of the

material was a concern. Ultimately, though reduced Γ was found to improve the

benefit of variable tuning in the spring layer by effectively increasing the dampening

of the vibration absorber device, the cost of Dynapore was determined to be too

prohibitive. Projections indicated that using Dynapore as the top mass layer, as

opposed to solid or perforated stainless steel sheets, would increase material costs by

almost two orders of magnitude. Since the use of steel was initially chosen by NNS

to keep cost down, there was no reason to unnecessarily pursue this expensive route

and Dynapore was discarded as a possibility.

Modal dynamics were found to be beneficial in distributed surface vibration at-

tenuation as opposed to solely employing SDOF dynamics. However, this came at the

cost of optimizing the design—indeed, changing the theoretical material properties—

in order to achieve such a device in the simulation. Thus, modal dynamics fell under

the category of inappropriate optimization methods and, as such, were not considered.



E.3 Development of continuous distributed vibration absorber devices 172

In summary, the design of the continuous distributed vibration absorber device

would employ the concepts of a variable stiffness and orthotropic spring layer as

well as segmented manufacture into a common size and shape. Stainless steel was

furthermore chosen over standard carbon steels due to rust-proofing.

E.3.2 Experimental construction and evaluation

The orthotropic spring layer described in Section D.5 utilizing a circularly corrugated

design was employed for a number of reasons. Achieving an orthotropic spring layer

exhibiting a transverse SDOF natural frequency necessitates a “soft” spring layer

design. Corrugated layers are one such means by which to achieve this in a semi-

continuous form, particularly if the requirement for steel material in manufacturing

is made.

Manufacture of corrugated materials frequently employs the use of adhesives to

hold the corrugated layer to the bounding layers, or facing sheets. To eliminate

adhesives, a spot welding device was constructed for the purpose of manufacturing

distributed spring layers of a circular corrugated design truly using nothing more than

steel. Many experimental samples were made in order to refine the manufacturing

process, particularly to reduce the heat affected zone since very thin steel layers were

implemented.

Numerical experiments, employing the modeling of Chapter D, found that to

achieve a target SDOF natural frequency range of roughly 100 Hz for a given mass

layer, approximated from the target µ, would require the spring layer to be composed

of stainless steel 35 to 60 µm in thickness. This is on the order of shim metal thickness.

When composed into a distributed spring layer via spot welding, the corrugated layer

proved to be more robust than the use of shim metal may suggest. Figure E.2 provides

a photograph of a sample spring layer produced later in the project once the spot

welding process was refined.

Section D.5.2 found that the circularly corrugated spring layer yielded a lightly
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Figure E.2: Photograph of spot welded distributed spring layer sample.

damped SDOF natural frequency for the final device. Though the variable stiffness

design would help to broaden the utility of the devices, a spring layer of very low

dampening would not be beneficial in achieving the same order of broadband passive

vibration attenuation that the damping tiles were anticipated to yield. After dis-

cussion with NNS on this issue, it was determined that using the laminated spring

layer design as described in Section D.5.5 was admissible for the project, despite the

inclusion of a non-steel material into the design.

Following an extensive period of manufacturing to achieve consistent spring layer

construction from part to part, one sample was produced for panel testing. This sam-

ple employed a variable spring layer design with the laminated spring layer material.

The top mass layer was a perforated steel.

Early on in the project, perforated masses were found to be highly beneficial in

achieving target tuning frequencies of devices since the variation of perforation di-

rectly modified the mass density of the sheet. Since thicknesses of desired materials are

available in finite increments, perforated materials allowed to very accurately achieve

the desired tuning frequency once a top mass material thickness was determined.

Acoustically, perforated mass layers have the benefit of reduced structural-acoustic

coupling as the mass layer oscillates like a piston in the SDOF resonance, as opposed
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Table E.1: Geometric and material specifications
Layer a (mm) b (mm) h (mm) E (Pa) ρ (kg/m3) ν η (xf1 , yf1) (mm)
Panel 305 610 1.8 2.1e11 7800 0.3 1e-3 (150,-300)
Top mass 152 191 1.2 2.1e11 5460 0.3 1e-3 —

to the greater coupling of a solid mass layer.

The sample piece constructed then had the varying equivalent elastic properties as

provided in Tables D.9–D.11. The resonance frequencies predicted, and validated by

experiment, were found to span the range of approximately 160 to 245 Hz. To properly

evaluate the vibration attenuation benefit of such a device, a vibrating structure with

a number of flexural modes in this bandwidth was necessary.

A freely suspended steel panel was employed as the vibrating test surface. This

panel had the geometric and material properties are given in Table E.1. The device

was centered on the position (-40,25) mm, as referenced from the center of the panel.

A diagram of the test setup is shown in Figure E.3. Free suspension of the panel was

achieved by hanging the panel with two elastic ropes. There are few methods to truly

achieve free boundary conditions in plate vibrations testing, but this is a common

means of mostly meeting assumptions of free suspension. Due to the tensile loading

along the edge attached to the cables, in general, this makes the boundary less than

ideally free.

An electrodynamic shaker was attached at a corner of the panel. White noise was

driven into the shaker to excite the low order modes. A force transducer mounted

in between the shaker attachment and the panel itself measured the exact input ex-

citation. Within the bandwidth of interest, namely the range of SDOF resonances

exhibited by the sample distributed absorber device, the suspended panel was pre-

dicted to have a number of vibrational modes, given in Table E.2. Provided also are

the measured natural frequencies and the corresponding error relative to the predic-

tion. It is likely that error exists in this case due to the imperfect satisfaction of the

boundaries.
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accelerometer array

on back of plate to
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Figure E.3: Diagram of vibrating panel test to evaluate a distributed absorber design.

Table E.2: Plate natural frequencies within bandwidth of interest (% error)
Mode (1,4) (2,4) (1,5) (3,4) (3,5)
Predicted 163 198 204 237 250
Measured 161(-0.012) 197 (-0.005) 199 (-0.0245) 232 (-0.0211) 252 (+0.008)
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Figure E.4: Accelerance TF of untreated panel and with one distributed, variably-
tuned absorber device.

Global acceleration of the panel was measured using an array of accelerometers on

the panel. This was performed both before and after application of the distributed de-

vice. Figure E.4 plots the average accelerance transfer function (TF) of the untreated

panel and with the device, µ = 0.106. Below the tuned range of the device, the

panel vibration is not substantially attenuated. However, over the range of tuning, a

dramatic suppression of the panel vibration is observed. Beginning at approximately

150 Hz and continuing to 240 Hz, the vibration of the panel is globally suppressed. In

other words, the vibration is attenuated to the degree that no split resonances even

occur, as would be common for traditional vibration absorber devices.

This result is a significant feature of variably tuning the distributed spring layer

and was observed in Section C.7. The variation in tuning of the device helped to

suppress the generation of split resonances over the tuned range of natural frequencies.

However, the previous analysis was for mostly undamped spring layer material. In

contrast, the present laminate spring layer has a much higher equivalent loss factor, at

room temperature ηs ≈ 0.1 [121], due to the viscoelastic material within the material.

Thus, though split resonances are likely to occur due to the reactive forcing effect of

the absorber, the heavy damping of the spring layer attenuates those new resonances.

As a result, the total effect is global vibration suppression over the tuning frequency

range.
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Furthermore, at higher frequencies, this increased dampening likely plays a role

in the suppression of vibration above the tuned range. Since the device does not

reactively work against the structure to the same degree in the higher frequency

bandwidth as it would in its tuned bandwidth—recall that the FRF magnitude of the

device as modeled and measured in Section D.5.5 declined steadily and continually

above resonance—the resistive effects of the spring layer in tandem with the laminated

and damped spring material attenuate the vibration in this range.

Such broadband vibration suppression capability, with particular effectiveness over

the tuned frequency range, makes this distributed vibration absorber design ideal for

achieving the objectives as outlined by NNS. In conjunction with a damped spring

layer material, the variable stiffness design is found to be of clear benefit.

E.4 Design of final devices

Final discussions to confirm testing plans with NNS set in place a specific lay-up

pattern for the devices. The pattern in shown in Figure E.5. Nine identical pieces

were to be constructed and applied in the positions indicated. Thus, the span of the

distributed mass and spring layers were thereafter specified. This allowed for a more

direct path to achieve the target mass ratio, µ, since it eliminated many possibilities

due to part availability. Furthermore, it was decided to excite the panel at the center

point, as had been done in earlier testing carried out by NNS.

Taking into account the targeted frequencies of the ship hull panel to be test—81,

115 and 191 Hz—a series of numerical experiments were carried out to determine the

appropriate spring and mass layer characteristics in order to achieve an appropriate

tuning frequency range. The final design of the distributed spring layer used a cir-

cular and sinusoidal corrugated form, changing in peak-to-peak wavelength, λ, from

25.4 mm to 31.8 mm to 38.1 mm. A cross-section of one of the devices is provided in

Figure E.6.

The laminated core material was composed of stainless steel and a laminated
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Figure E.5: Layout of continuously distributed devices on hull panel.
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laminate layup:

38.1 µm stainless steel,

20.0 µm damping material,

38.1 µm stainless steel.

top mass layer:

33% perforated stainless steel

sheet, 305 by 152 by 1.89 mm.
base shim material:

38.1 µm stainless steel.

Figure E.6: Cross-section of final device design, exaggerated cross-sectional thickness.
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Table E.3: Properties of stainless steel mass layer
Layer ht (mm) E (Pa) ρ (kg/m3) ν η
Mass 1.89 1.9e11 5360 0.3 0.001

Table E.4: Approximated properties of clamped ship hull panel
Layer ab (m) bb (m) hb (mm) E (Pa) ρ (kg/m3) ν η
Panel 1.016 0.559 4.76 2.1e11 7800 0.3 0.004

damping material. This laminated layer was described in Section D.5.5 and the cor-

responding equivalent orthotropic plate elasticity constants presented in Tables D.9–

D.11. As three distinct wavelengths were used in the construction of the device, the

equivalent continuous spring layer was discretized into three segments.

The mass layer selected was a stainless steel, 33% perforated sheet. Properties

of the layer are given in Table E.3. In conjunction with the distributed spring layer,

each device was predicted to exhibit a range of SDOF natural frequencies from 90 to

220 Hz.

Prior to the test, a simulation of the performance of the distributed vibration

absorbers on the ship hull panel was performed. This numerical evaluation set a bar

of potential vibration attenuation to anticipate. The ship hull was assumed to have

isotropic properties as given in Table E.4. An expected source of deviation from the

assumed mechanical properties is the fact that the actual panel is painted, generally

a feature which lends itself to greater damping levels, particularly at high frequencies.

Thus, the loss factor, η, of the panel was set to a value greater than usual for plain

steel. As compared with the assumed parameters of the clamped panel, the full

distributed absorber treatment would constitute a mass ratio of µ = 0.16.

Figure E.7 plots the output of the numerical model of global vibration attenuation

capability of the device treatment on the excited clamped panel. The panel is excited

3 mm off-center with the devices attached to the panel surface in the manner shown

in Figure E.5. Attachment is assumed to be perfect, although, in practice the devices

would be applied using a thin, but solidly-curing, epoxy layer. Vibration attenuation
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Figure E.7: Predicted global vibration attenuation of devices on ship hull panel.

is characterized in terms of the global accelerance TF, which was to be measured in

practice using a large array of accelerometers.

The untreated panel exhibits very small amplitude asymmetric modal vibration

as compared with the symmetric modes. Were the excitation precisely at the panel

center, none of the asymmetric modes would be evident in Figure E.7. Using the

assumed parameters of the clamped panel in Table E.4, the first three natural fre-

quencies of the panel are found to be 96.1, 131 and 193 Hz. This is in reasonably

close agreement with the measured frequencies of 81, 115 and 191 Hz. The deviation

between the measured and predicted frequencies represents the inevitable unknowns

encountered in using an existing environment for laboratory testing purposes, as op-

posed to careful construction of the test designed so as to conform the model.

Figure E.7 shows that the applied devices substantially attenuate the panel vi-

bration over the tuned frequency range, primed for the 3 principal frequencies of

importance. The first panel resonance at 96 Hz is attenuated by almost 40 dB. The

asymmetric panel mode at 131 Hz is also attenuated but the untreated amplitude

is 20 dB lower than the first mode, indicating its reduced influence in terms of the

general global vibration response. The third, and symmetric, mode, 193 Hz, is at-

tenuated by more than 20 dB. The suppression of these three frequencies quantifies

the tuned vibration control benefit of the devices. The cumulative reduction in the
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accelerance TF from 20 to 200 Hz was predicted to be -16.6 dB.

Above the tuning frequency range, the use of the damped laminate spring mate-

rial in the corrugated spring layer design substantially helps to attenuate the panel

vibration as the devices resist the motion of the panel. There is indeed global vibra-

tion suppression observed around the range of 350 to 550 Hz. The modes at these

frequencies are not of significantly high order to be dominant by shearing effects, but

since the devices do not predominantly operate by reactive forces above the tuned

range, the predicted results suggest that, nevertheless, the devices provide a substan-

tial resistance to the extensional motion of the panel in vibration.

This may be furthermore amplified if the device placement crosses nodal lines

of any given mode still traditionally deemed to be flexural vibration. As such, the

device would be stretched in both directions. Since the equivalent shearing and

in-plane bending stiffnesses of the orthotropic spring layers, Tables D.9–D.11, are

significant compared to the transverse stiffness, this lends itself to the notable higher

frequency attenuation effects predicted from the model. Such orthotropic spring layer

characteristics were found to be dramatically beneficial in Section C.4 and this is also

observed in Figure E.7. The predicted cumulative reduction in accelerance TF from

20 to 800 Hz was predicted to be -8.1 dB.

Nine of the devices, as needed in the placement layout in Figure E.5, were pro-

duced with three more prepared in the event of accidental damage. The devices were

generally quite robust and durable but naturally, due to the softer transverse stiffness,

were capable of being crushed if too much pressure was applied in applying them to

the treated surfaces. Photographs of the produced devices are shown in Figure E.8

and E.9. These devices along with a host of testing equipment were collected together

for the testing at NNS.
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Figure E.8: Photograph of sample device used for NNS testing.

Figure E.9: Close-up of device showing minimal heat affected zone from welding
manufacture process.
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E.5 Testing procedures and untreated panel vibration

Just prior to official testing, the specific area of mock ship hull, which had been earlier

tested and prepared by NNS representatives, became unavailable due to prioritization

of the facilities for additional testing. However, other hull sections were still open for

testing, many of which contained the same hull panel size as planned for.

Unfortunately, the remaining example panels conforming to the original 1.016 m

by 0.559 m by 4.76 mm size included a welded rib stiffener running along the back

of the panel. The presence of a substantial mechanical difference in the panel like a

stiffener was anticipated to dramatically alter the frequency response of the panel from

the earlier measured results. Namely it was expected that the stiffener would increase

the first modal clamped plate frequency as well as perhaps cause a redistribution of

the higher modes since the stiffener ran the full length of the longer dimension of the

panel.

Photographs of the testing arrangement are not available but Figure E.10 provides

a diagram of the testing arrangement used. The reverse side was simply the untreated

surface or the device layout of Figure E.5. A 50 pound Ling Dynamics electrodynamic

shaker was suspended and attached to the test panel using a long, polymer stinger.

The use of a polymer material for the stinger reduces the potential for dynamics of an

overly-stiff rod to become coupled with the structural response of the panel. A PCB

208 A03 force transducer was positioned between the stinger and the panel for global

vibration accelerance TF measurement. The attachment to the panel was slightly

off-center, roughly by a few mm from exact center.

An array of 19 PCB 330A accelerometers were randomly positioned over the sur-

face of the panel, on the side attached to the shaker. The layout of the accelerometers

is shown in Figure E.11. Random placement of the sensors ensures that the modal

vibration of importance should be well- and equally-represented in the resulting mea-

surements. Grid arrangements of accelerometers may very well be detrimental since

it is likely that a portion of the sensors may be placed along nodal lines. Figure E.11
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Figure E.10: Front side of test setup at NNS to evaluate clamped panel vibration
attenuation from distributed absorbers.

also shows the approximate location of the welded stiffener that was present on the

final tested panel.

The excitation into the shaker was white noise filtered from 20 to 2000 Hz, with

a multi-meter voltage reading available to ensure that constant RMS voltage was

maintained throughout all testing. The untreated panel was therefore excited in this

manner and the global acceleration levels measured. Figures E.12 and E.13 plot the

measured accelerance TF and acceleration autospectra, respectively.

It is immediately evident that the principal frequencies of the new clamped panel

had shifted from those measured by NNS from the earlier panel. The (1,1) clamped

mode natural frequency is observed at 100 Hz as compared with 81 Hz of earlier

testing. Due to the stiffening weld in the panel, the (2,1) mode, originally 115 Hz, is

observed to be split into two individual frequencies, 138 and 144 Hz. The third mode

of the panel, (3,1), shifted down in frequency from 191 to 189 Hz. Note also that
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Figure E.11: Accelerometer array positioning on clamped panel showing approximate
location of stiffener as pink dashed line.
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Figure E.12: Untreated clamped panel accelerance TF.
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Figure E.13: Untreated clamped panel acceleration autospectra.

though the panel is a lightly-damped steel, the combination of the painted surface

as well as the shaker suspension inhibits the input of energy into the lowest order

panel modes. In general, were the shaker connected to a fixed platform as it excited

the panel, one would anticipate that the (1,1) and (3,1) modes would be dramatically

more excited than that shown in Figures E.12 and E.13. The suspension of the shaker

results in the shaker itself vibrating at these lowest frequencies, reducing the overall

energy able to be input in the panel.

Despite the rearrangement of the lowest order frequencies targeted for attenuation,

recall that a principal objective was to design a device useful in all such low frequency

vibration situations: one-size-fits-all. The change of testing scenario therefore pre-

sented an ideal challenge for the designed devices. The variable stiffness design and

the include laminated damping material of the corrugated spring layer were developed

in order to provide for a much broader range of useful vibration attenuation than a

treatment designed for operation at a specific frequency.

From the autospectra plot of Figure E.13, it is clear that vibration levels above

500 Hz are substantially less than the fundamental clamped panel vibration, with

the primary exception of the resonance at 668 Hz. Thus, to evaluate a global level

of vibration attenuation, it is sufficient to focus on the range from approximately 20

to 500 Hz since the plate was difficult to excite above this bandwidth. The project
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sponsor also corroborated this prioritization of focus to vibrational response less than

500 Hz.

E.6 Testing of continuously distributed vibration absorbers

To apply the distributed vibration absorbers to the rear of the panel, a specified epoxy

material was used. The adhesive was PhillyBond TA-30, a epoxy and hardener mix

which required 24 hours for solid curing. Though the material cured to a significant

stiffness, it lended a small dampening effect between the applied material and the

structural surface, as per design. The absorbers were therefore applied as desired

by NNS in the manner indicated in Figure E.5. To faciliate optimal curing of the

adhesive, approximately a 24 hour period elapsed between application and the testing

of the devices, in addition to the fact that the environment was well-ventilated. The

devices represented a mass ratio of µ = 0.16 to the host panel using the assumed

panel properties in Table E.4.

The test method was repeated once the distributed devices were firmly attached

to the clamped panel. Figure E.14 plots the comparison of untreated panel vibration

with that measured following application of the distributed devices. The devices,

designed for reactive performance from 90 to 220 Hz, are seen to provide substantial

vibration suppression in this bandwidth. However, as compared with the modeled

result of Figure E.7, less suppression of the principal clamped mode (1,1) at 100 Hz

is seen in the experiment.

There may be a simple explanation for the disparity of performance at the lowest

frequency of importance. Manufacture of the distributed devices was performed by

hand, by the author. Substantial experience with the spot welding device for con-

structing the corrugated spring layers was cultivated over the course of the project

which led to exceptionally consistent all-metal spring designs, e.g. as shown in

Fig. E.2. Despite extensive construction experience, it was known that it was difficult

to consistently achieve the exact target tuning frequency when using the laminated
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Figure E.14: Comparison of (black) untreated panel accelerance TF and that with
the distributed absorbers (red).

spring design, as opposed to a single sheet comprising the corrugated spring layer.

Thus, the tuning frequencies are reported as a range from 90 to 220 Hz as opposed

to individually testing each device. (Testing each device on a firm shaker platform

for actual tuning frequencies would inevitably require a strong tensile force to remove

them from the platform, likely damaging the spring layer; thus, no such prior testing

occurred).

In reality, the low end of the tuning bandwidth may have varied from approxi-

mately 90 to as high as 125 Hz, from the author’s experience. Likewise, the high end

of the bandwidth may have varied from 210 to as much as 280 Hz. Over-stiffening of

the spring layer was found to be much more common than under-stiffening, in man-

ufacturing practice. Thus, not all of the devices may have been prime for reactively

attenuating vibration as low as 90 or 100 Hz, therefore justifying an observed reduced

performance at this low end in Figure E.14. A more professional manufacture of the

devices would likely alleviate this concern in the future.

Despite the over-prediction of vibration reduction at the (1,1) modal frequency,

the remainder of the tuning frequency bandwidth is substantially attenuated. The

asymmetric (2,1) mode at 138/144 Hz is globally suppressed as is the (3,1) mode at
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191 Hz. This is a testament to the reactive nature of the continuously distributed

vibration absorbers in suppressing surface flexural vibration. The measured cumula-

tive accelerance TF from 20 to 200 Hz was found to be -5.5 dB. This compares with

the predicted performance of -16.6 dB in Section E.4. The manufacturing difficulties

mentioned above may well serve as explanation for this disparity as the principal

difference in vibration suppression between the modal and measurement are those

achieved at the (1,1) panel mode.

A major difference between the trends of predicted results in Figure E.7 and

measured results in Figure E.14 is the amplitude of the resonances. This deviation

may be easily explained by an under-predicted level of damping that the surface paint

layer imparts to the panel vibration and the suspension of the excitation, mentioned

in Section E.5. It is particularly anticipated that were the shaker rigidly mounted, as

opposed to suspended, the peak magnitudes of the plate response would have been

much greater; this therefore would have yielded reductions in the panel response of

closer magnitude to the predicted results.

At higher frequencies, a combination of the damped laminate spring layer, the

resistive effects of the orthotropic spring layer and the overall mass loading of the

treatment lend a substantial global vibration suppression. From 200 to 300 Hz, a

global reduction of approximately 6 dB is measured. The resonances at 396, 431 and

461 Hz are each dramatically attenuated. Even the resonance at 668 Hz is suppressed

by 12 dB. Such magnitude of broadband vibration suppression also verifies that the

devices are capable of operating both reactively and resistively.

The measured cumulative accelerance TF from 20 to 800 Hz was discovered to be -

5.4 dB. This is fairly close to the predicted value of -8.1 dB. In light of the difficulties of

hand manufacture and the changing test environment from earlier plans, this level of

measured global vibration suppression is substantial for such a lightweight treatment.

Furthermore, the model, though suggesting an overly-optimistic benefit at the (1,1)

vibration mode, is in fairly close agreement for the broadband performance of the
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devices, despite the many unknowns in achieving an ideal testing scenario.

For past embodiments of the continuously distributed vibration absorber using

a poroelastic foam spring layer, this amplitude of vibration attenuation was not

achieved above the tuning frequency range [72]. This is primarily due to the low

elastic coupling between the poroelastic foam material and the host structure. Acting

principally as an equivalent layer of vertical springs, the foam lends itself to negligible

extensional coupling to the host structure as compared with the highly orthotropic

characteristics of the corrugated spring layer design developed in the present work.

In another respect, the present continuously distributed absorbers are plainly op-

erating in both reactive and resistive dynamic regimes since it is well known and

recorded that above the tuned natural frequency, vibration absorbers are signifi-

cantly less beneficial [9]. Achieving broadband vibration suppression with traditional

mass-spring-dampers is only possible by making the absorbers heavy and sufficiently

damped, thus increasing their overall quality factor [122]. However, adding significant

mass to the structure was, in this project, a principal feature to avoid. Thus, the de-

sign of the distributed devices themselves are seen to span the gap between reactive

effects of point vibration absorbers and resistive effects of constraining treatments.

E.7 Testing of damping tile treatment

To compare the performance of the distributed absorbers to the present solution used

by NNS for vibration attenuation, damping tiles were prepared and cut to the form

required for an identical surface coverage application, indicated in Figure E.5. The

tiles, 12.7 mm in thickness each, totaled a mass ratio of µ = 0.2. Thus, the distributed

absorbers represented a weight savings of 20% compared with the tiles.

The distributed absorber treatment required official removal from the ship hull

surface. This task requires facilities operators to effectively hammer and chisel the

devices from the hull, due to the extreme hold with which the epoxy makes between

attached substrates and the structural surface. Following removal, the surface re-
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Figure E.15: Comparison of panel vibration (black) untreated; (red) with distributed
absorbers; and (blue) with damping tiles.

quired sanding down to remove all remaining epoxy, and finally a re-painting.

After this process was completed, the author returned for the testing of the damp-

ing tile treatment. Test procedures were followed as before. Baseline vibration mea-

surements were first taken. Though the autospectral content of the vibration had

changed in magnitude from the first series of tests, namely due to the sanding and re-

painting of the surface, the accelerance TF was almost identical to the first tests. This

ensures that an accurate evaluation of the damping tiles and the distributed absorbers

could be made in comparing their relative vibration attenuation performance.

Once the baseline measurements were taken, the tiles were applied using the same

epoxy and configuration as the absorbers. The same 24-hour time period elapsed

between application and the testing of the panel vibration after tile application. Fig-

ure E.15 plots the panel vibration when untreated, with the distributed absorbers

and with the damping tiles.

The tiles, being a heavily-damped polymer material, are only capable of suppress-

ing low frequency panel vibration by means of mass loading the structure. Though

the tiles were segmented, which was found in the present work and in past literature

to increase low frequency vibration suppression capabilities of resistive vibration con-
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Table E.5: Cumulative reduction (dB) in accelerance TF from untreated clamped
panel vibration

Tuned Range Global Range
Evaluation 20–200 Hz 20–800 Hz
Model w/ devices -16.6 -8.1
Measured w/ devices -5.5 -5.4
Measured w/ tiles -7.5 -9.1

trol treatments [68–70], little shearing effects are possible in the fundamental clamped

panel modes which are dominated by in-phase flexural vibration.

Thus, in the absorbers’ tuned frequency range, 90 to 220 Hz, the increased mass

and dampening of the tiles is observed to suppress nearly the same order of vibration

as the distributed absorber devices. Above this bandwidth, shear resistance effects

imparted by the tiles are more important, as the bending wavelengths of the panel

are reduced and the modal density of the plate vibration is increased. The more

influential shear resistance explains the considerable vibration suppression of panel

vibration that the tiles provide in the range of 600 to 800 Hz.

However, from approximately 20 to 500 Hz, little improvement in vibration sup-

pression is achieved with the heavier tiles as compared with the continuously dis-

tributed absorbers. The cumulative reduction in accelerance TF compared with un-

treated panel vibration levels is summarized in Table E.5 for the variety of cases

considered in this Chapter.

The principal reason for improved vibration suppression of the damping tiles as

compared with the distributed absorbers over the tuned frequency bandwidth, as

seen in Table E.5, is the increased mass loading on the structure. The (1,1) mode is

attenuated by the tiles approximately 6 dB more than the absorber devices. Were

manufacturing difficulties more easily overcome for the corrugated and laminated

spring layer of the continuous absorbers, this disparity should not only have been

reduced but ideally reversed.

The broadband cumulative reduction of the tiles shows a marked improvement

over the absorbers, -9.1 dB compared with -5.4 dB, which is primarily due to the
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Figure E.16: One-third octave band attenuation of panel vibration.

significant and damped shear resistance, by design, the tiles impart to the panel

vibration from approximately 400 to 800 Hz. This is observed in Figure E.15 by the

global vibration reduction in this bandwidth.

Finally, as a more traditional comparison, Figure E.16 plots the attenuation of

the panel accelerance in one-third octave bands. There is a 1 dB or less difference

in performance between the distributed absorbers and the damping tiles from 125–

320 Hz, with the exception of the 250 Hz one-third octave band where the absorbers

are seen to provide 3.7 dB more attenuation. The difference of the mean levels of

vibration attenuation in one-third octave bands from 64–500 Hz is just 1.7 dB, in

favor of the damping tiles of 20% greater mass.

Overall, however, this is not a significant difference in performance between the

absorbers and tiles. Since the tiles were 20% heavier than the absorbers, this indi-

cates that the distributed absorbers are a versatile passive vibration control device

and help to span the divide between interest in attenuating a single frequency and

the need to attenuate all frequencies. With the improvement of manufacturing meth-

ods, tuned and global vibration attenuation would most likely improve. Considering
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low frequency vibration attenuation, as the bandwidth of troublesome frequencies

becomes narrower, it is anticipated that the distributed devices would be of greater

benefit per added mass given their reactive effects like classical vibration absorbers.

E.8 Conclusions

This chapter presented the development of continuously distributed vibration control

devices for testing on a realistic marine hull surface. The objectives of the project

sponsor could be summarized as achieving equal or improved vibration suppression

from a typical hull panel as compared with the existing damping tile treatment, for

a reduced cost in weight. Furthermore, the dominant use of steel for the absorber

devices was desired and a device usable for a variety of vibration control scenarios,

“one-size-fits-all”, was vital.

Development followed the principal features regarding continuously distributed ab-

sorbers which were observed in Chapters C and D. It was determined that orthotropic

spring layers, lending resistive effects to the net vibration suppression potential, were

clearly beneficial in achieving broadband control as opposed to less extensionally-

coupled materials like poroelastic foam.

To broaden the reactive usefulness of the absorber design, a variably stiffened

spring layer was incorporated. This spring layer was furthermore composed of a

damped laminated spring material which lent for significantly greater transverse and

extensional damping than solely employing steel materials. The product of the de-

velopment stage was a device capable of substantial reactive and resistive vibration

attenuation.

A number of test samples of the device were produced and one such sample was

evaluated on a vibrating plate in free suspension. Measurements indicated the clear

benefit of the three main features of the distributed spring layer: variable stiffness,

orthotropic characteristics and the laminated spring material. While classical mass-

spring-dampers often yield split resonances in the host structure vibrational response
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around the tuned device frequency, the continuously distributed absorber design did

not produce this effect, instead globally attenuating the free panel vibration over the

tuning frequency range.

Following confirmation from the project sponsor regarding test protocol and proce-

dure, a number of the final devices were constructed with the greatest manufacturing

consistency possible. The ship hull panel to be tested was unfortunately changed prior

to testing although this served to evaluate the versatility of the developed devices.

Baseline vibration tests were carried out along with tests employing the continuously

distributed absorbers.

Significant tuned and broadband vibration suppression was observed for the de-

vices applied to the panel. The modeled vibration suppression over-predicted the

magnitude of suppression capable for the first panel mode as compared with measure-

ments. However, the difficulties encountered in manufacture explain the disparity in

part. Global vibration attenuation of the devices on the panel was also substantial,

clearly indicating the the devices are simultaneously reactive absorbers and resistive

treatments.

Testing with the existing passive vibration control solution of the project sponsor,

a heavily-damped tile material, found the that from approximately 20 to 500 Hz

both the absorbers and tiles provided a comparable reduction in panel vibration.

In the range of excitation which mattered most in this application, <500 Hz, there

was <2 dB difference in the mean attenuation capability between the treatments.

Depending on the bandwidth of excitation frequencies of interest, the advantage of

the distributed devices in providing a lightweight alternative to the damping tiles

could become more apparent.

In summary, a robust passive vibration control device was developed to attenuate

surface vibration both in the low frequency regime where reactive forces are benefi-

cial as well as into higher frequencies where resistive effects are of greater influence.

While most vibration control treatments fall into either the prior or latter class in
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terms of their dynamics, the present continuously distributed device employs both

dynamic regimes. This increased versatility also allows the device to achieve substan-

tial broadband vibration attenuation at a fraction of the applied weight of either one

of the vibration control device classes, reactive or resistive.



APPENDIX F

Dynamic response of surfaces to which discrete
electromagnetic oscillators are attached

Many energy harvesting devices employ mass-spring-damper dynamics ascribed to

the classical vibration absorber. Proper design suggests that when host structural

motion excites the devices at resonance, maximum electrical power output is pro-

duced. When applied to lightweight structures, this condition no longer holds since

the response of the structure and the attached harvesters is dynamically coupled. In

this regime, the devices become true vibration absorbers that alter the oscillations

of the structure which may consequently inhibit energy harvesting capability. This

paper presents an analysis of distributed single- and two-degree-of-freedom, linear

electromagnetic oscillators attached to a harmonically excited, lightweight panel. The

coupled Euler–Lagrange equations of motion are solved and the simultaneous goals of

vibration attenuation of the host panel and energy harvesting from attached devices

are considered for a variety of scenarios. It is found that the concurrent objectives are

not necessarily exclusive but care must be taken to attain low mechanical damping

for the oscillators, to use treatments of low mass ratio and to properly distribute the

oscillators over the structural surface.

F.1 Introduction

The interest in converting ambient vibrational energy into useful electrical power

has led to a broad range of devices employing electromechanical coupling. Whether

embodied as cantilevered specimens [123–125], mass-spring oscillators [31, 33, 126,

34], or surface-attached treatments [127, 128], the devices are excited by the host

structural vibration and external circuits are utilized to quantify the net electrical

power output. A frequent assumption in the fundamental analysis of basic oscillator-

197
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type harvesters is that the devices are excited by way of base vibration [76, 36, 39, 25,

129]. But as energy harvesting concepts are applied to the vibration of lightweight

structures, this mathematical model is no longer appropriate.

When the mass of the harvester begins to approach the mass of the host struc-

ture, the vibrations of both are coupled and new dynamic governing equations must

be considered to properly model the result. While the complexity of this new analysis

is greater than the earlier approximations of base excitation, the coupled dynamics

provide the potential to achieve two distinct objectives: vibration suppression of the

host structure and energy harvesting from the devices attached to it. This may be

important, for example, on aircraft panels where passive vibration control treatments

help to generate a more pleasing cabin environment and the attached electromechan-

ical devices may simultaneously power embedded sensors for structural monitoring

purposes. The unification of both goals into the manifestation of a single treatment

would therefore be of benefit.

While other present literature employs the phrase “simultaneous vibration sup-

pression and energy harvesting” [35, 52], the context for the vibration control in those

works is due to piezoelectric shunt damping once the devices are attached to external

circuits. In this analysis, vibration attenuation is achieved through a combination of

damping effects via external circuits and re-active effects, the latter of which are those

resulting from the classical dynamics of vibration absorber devices working against

the host structure.

This paper presents a simple model based on Euler–Lagrange equations of mo-

tion for the vibration of a simply-supported rectangular panel to which a number of

electromagnetically (E–M) coupled single- (SDOF) or two-degree-of-freedom (2DOF)

oscillators are attached. The E–M mass-spring-dampers are attached to external

circuits and the electrical governing equations are solved simultaneously with the me-

chanical problem to determine output electrical power potential. Metrics of global

vibration suppression and energy harvesting over a bandwidth of frequencies are uti-
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Figure F.1: Mechanical geometry of the present analysis.

lized and a number of scenarios are considered: single oscillators, random distributions

of oscillators and the effects of internal damping. This analysis is intended to show

that the dual objectives of energy harvesting and vibration attenuation are not inher-

ently opposed and that there exists a unique potential to develop robust treatments

which may serve both ends.

F.2 Model formulation

A thin, simply-supported rectangular panel is considered, to whichNp SDOF or 2DOF

mass-spring-dampers have been attached at positions (xpi
, ypi

), Figure F.1. The host

panel is excited by Nf out-of-plane harmonic point forces, fi(xfi
, yfi

, t). The attached

oscillators exhibit an electromagnetic coupling as, in one conceivable embodiment,

the magnetic mass, mi, moves along the axis of a conductive coil inducing a flow of

electrical current through an external circuit (Figure F.2) [34]. In the case of the

2DOF oscillators, it is assumed that only one of the oscillating sub-systems exhibits

electromagnetic coupling. In the present analysis, the response of the oscillator spring

is assumed to remain within a linear regime.

The Lagrangian of the system is

L = T − V +Wm (F.1)

The total kinetic energy, T , is the sum of the contributions from the host panel and
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magnetic
mass

conductive
coil

(a) (b)

Figure F.2: Schematics of (a) SDOF E–M oscillators and (b) 2DOF oscillators, here
showing electromagnetic coupling for the bottom oscillator sub-system.

the attached oscillators

T = 1
2ρ
∫

Ω
u̇tu̇dΩ + 1

2

Np∑
i=1

mi [ẇ (xpi
, ypi

) + żi]2

+1
2

Np∑
i=1

mtopi
[ẇ (xpi

, ypi
) + żi + żtopi

]2 + 1
2

Nm∑
i=1

mmi
ẇ2 (xmi

, ymi
) (F.2)

where the displacements of the panel are u = [u(x, y, z, t) v(x, y, z, t) w(x, y, z, t)]t;

ρ is the panel mass density; mi is the mass of the ith mass-spring-damper attached

to the panel at (xpi
, ypi

); zi is the relative displacement between the ith mass-spring-

damper sub-system and the panel; ztopi
represents the relative displacement between

the top oscillator, of mass mtopi
, and the bottom oscillator of the 2DOF system; and

mmi
is the mass of the ith concentrated mass attached to the panel at (xmi

, ymi
). The

time derivative is denoted by (̇) and ()t denotes the matrix transpose operator.

The total potential energy, V , is

V = 1
2

∫
Ω
εtcεdΩ + 1

2

Np∑
i=1

kiz
2
i + 1

2

Np∑
i=1

ktopi
(ztopi

)2 (F.3)

where ε is the strain tensor of the panel; c is the stiffness matrix of the panel; ki is

the spring constant of the bottom oscillator; and ktopi
is the spring constant of the

top oscillator.

The electromagnetic energy in the coils, Wm, is

Wm = 1
2

Np∑
i=1

[
Liq̇

2
i + Tiq̇izi

]
(F.4)
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where Li is the internal inductance of the coils of the ith oscillator; qi is the charge

passing through the coils; and Ti = Bili is transducer constant for the oscillator,

calculated as the product of the magnetic flux density, Bi, and the length of the

conductive coils li. If the top mass of a 2DOF oscillator is electromagnetically-coupled,

one replaces the term zi in Equation F.4 with ztopi
.

The dissipation function for the coupled system is the sum of the contributions

of mechanical damping in the panel and of attached circuitry to the electromagnetic

oscillators. It is here assumed that the external circuits are composed of resistive

loads, Ri, such that the total dissipation function is

D = 1
2c
∫

Ω
u̇tu̇dΩ + 1

2

Np∑
i=1

ciż
2
i + 1

2

Np∑
i=1

ctopi
(żtopi

)2 + 1
2

Np∑
i=1

(Ri +Rem
i ) q̇2

i (F.5)

where c is the viscous damping coefficient of the panel; ci is the damping coefficient

of the bottom oscillator; ctopi
is the damping coefficient of the top oscillator; and Rem

i

is the internal resistance of the conductive coil. The damping ratio of the oscillators

is defined as ζi = ci/2
√
miki. In the present study, ci = ctopi

.

The Euler–Lagrange governing equations for the coupled system are

d
dt

[
∂L

∂u̇

]
+ ∂D

∂u̇
− ∂L

∂u
= F

d
dt

[
∂L

∂żi

]
+ ∂D

∂żi
− ∂L

∂zi
= 0

d
dt

[
∂L

∂żtopi

]
+ ∂D

∂żtopi

− ∂L

∂ztopi

= 0

d
dt

[
∂L

∂q̇i

]
+ ∂D

∂q̇i
− ∂L

∂qi
= 0 (F.6)

where F(t) = ∑Nf

i=1 fi(xfi
, t)u(xfi

) are the generalized forces.

For the thin, isotropic panel of interest and considering harmonic excitation:

u =


−z ∂w(x,y,ω)

∂x

−z ∂w(x,y,ω)
∂y

w(x, y, ω)

 ε =


εx

εy

2εxy

 c =


E

1−ν2
νE

1−ν2 0
νE

1−ν2
E

1−ν2 0

0 0 E
2(1+ν)

 (F.7)
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where E is the Young’s modulus and ν is the Poisson’s ratio. A Ritz method solution

form for the panel displacement is assumed:

w(x, y, ω) =
N∑
n=1

an(ω)Ψn(x, y) (F.8)

where a(ω) = [a1(ω) a2(ω) · · · aN(ω)]t are the N generalized co-ordinates and

Ψ(x, y) = [Ψ1(x, y) Ψ2(x, y) · · · ΨN(x, y)] the admissible trial functions of the panel

out-of-plane displacement. Substituting the above components into the Euler–Lagrange

equations F.6 (a–d) and assuming the bottom oscillator is electromagnetically coupled

yields [
−ω2 (Mmn +Hmn +Gmn + Pmn) + jωCmn +Kmn

]
am(ω)

−ω2

Np∑
i=1

miΨm(xpi
, ypi

)zi(ω) +
Np∑
i=1

mtopi
Ψm(xpi

, ypi
)ztopi

(ω)
 = Fm(ω)

m = 1, 2, . . . , N ; n = 1, 2, . . . , N (F.9)

− ω2mi

N∑
m=1

Ψm(xpi
, ypi

)am(ω) +
[
−ω2mi + jωci + ki

]
zi(ω)

−ω2mtopi
ztopi

(ω)− jωTiqi(ω) = 0

i = 1, 2, . . . , Np (F.10)

− ω2mtopi

N∑
m=1

Ψm(xpi
, ypi

)am(ω)− ω2mizi(ω)

+
[
−ω2mtopi

+ jωctopi
+ ktopi

]
ztopi

(ω) = 0

i = 1, 2, . . . , Np (F.11)

jωTizi(ω) +
[
−ω2Li + jω (Ri +Rem

i )
]
qi(ω) = 0

i = 1, 2, . . . , Np (F.12)

In the event that the top oscillator is electromagnetically coupled, the term−jωTiqi(ω)

of Eq. F.10 is transferred to Eq. F.11 and the term zi in Eq. F.12 is replaced with

ztopi
. The following are specified

Mmn = ρh
∫ a

0

∫ b

0

[
ΨmΨn + h2

12

(
∂Ψm

∂x

∂Ψn

∂x
+ ∂Ψm

∂y

∂Ψn

∂y

)]
dxdy (F.13)
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Cmn = αMmn + βKmn (F.15)

Hmn =
Np∑
i=1

miΨm (xpi
, ypi

) Ψn (xpi
, ypi

) (F.16)

Gmn =
Np∑
i=1

mtopi
Ψm (xpi

, ypi
) Ψn (xpi

, ypi
) (F.17)

Pmn =
Nm∑
i=1

mmi
Ψm (xmi

, ymi
) Ψn (xmi

, ymi
) (F.18)

Fm(ω) =
Nf∑
i=1

fi(xfi
, yfi

, ω)Ψm(xfi
, yfi

) (F.19)

Equations F.9–F.12 are composed of N + 2Np generalized co-ordinates for the

system employing SDOF oscillators and N + 3Np co-ordinates for 2DOF oscillators.

The mass ratio is defined as

µ =
∑Np

i=1 [mi +mtopi
]

abhρ
(F.20)

As a metric to evaluate the global vibration levels of the panel, the mean-square

out-of-plane velocity is computed as

〈ẇ (ω)〉2 = ω2

2ab
∑N
m

∑N
n a

∗
m(ω)an(ω)

∫ a
0
∫ b

0 Ψ∗
m(x, y)Ψn(x, y)dxdy

m = 1, 2, . . . , N ; n = 1, 2, . . . , N (F.21)

where ()∗ denotes the complex conjugate. The current through the ith load resistance,

Ri, is determined by q̇i(ω) = ii(ω). The voltage over the resistance is therefore

computed as vi(ω) = ii(ω)Ri and the average power is Pi(ω) = |vi(ω)|2/2Ri.
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Table F.1: Panel specifications.
a (mm) b (mm) h (mm) E (Pa) ν ρ (kg/m3) η (xf1 , yf1) (mm)
600 400 2 7.1e10 0.3 2100 1e-3 (100, 100)

Table F.2: Oscillator specifications.
ζ1 T1 (T·m) L1 (µH) Rem

1 (Ω) (xp1 , yp1) (mm)
1e-2 10 100 5 (300,200)

To compare the mean-square velocity or average power over a bandwidth of fre-

quencies, the cumulative values are defined by

〈ẇ〉2 =
R∑
r=1
〈ẇ (ωr)〉2 Pi =

R∑
r=1

Pi(ωr) (F.22)

where R is some determined range of frequencies. The attenuation of the panel

vibration from the untreated levels is expressed as the difference

∆〈ẇ〉2 = 〈ẇ〉2with oscillators − 〈ẇ〉2untreated (F.23)

F.3 One centrally-located oscillator

To initially evaluate the simultaneous aims of vibration suppression and energy har-

vesting from the same device using the model, a single electromagnetic oscillator was

positioned at the center of the simply supported panel. Geometric and material prop-

erties of the system are provided in Table F.1. Damping of the panel was included

by means of an isotropic loss factor, η, such that in Eq. F.15, α = 0 and β = η/ω.

The oscillators were either a SDOF device, a 2DOF device with E–M coupling on

the bottom sub-system or a 2DOF device with coupling on the top oscillating mass.

In the event of the 2DOF device, it was assumed that the total mass ratio, µ, was

split with 70% of the mass as the bottom oscillator and 30% of the mass as the top

oscillator. Properties of the oscillator electrical and electromechanical characteristics

are provided in Table F.2.

The SDOF oscillators were tuned to have a natural frequency of 50 Hz; as such,

the individual mass, mi, and spring constant, ki, changed with each run of the sim-
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ulation as µ was modified. For the 2DOF oscillators, the bottom oscillator natu-

ral frequency was maintained at
√
ki/mi/2π =61 Hz, while for the top sub-system√

ktopi
/mtopi

/2π =143 Hz. Collectively, the 2DOF oscillator natural frequencies be-

come 50 Hz and 174 Hz [130].

Numerical simulations of the forced response of the panel were computed from

1–300 Hz in 1 Hz increments. This bandwidth contains the first 7 modes of the panel:

49.9 Hz (1,1); 96.0 Hz (2,1); 154 Hz (1,2); 173 Hz (3,1); 200 Hz (2,2); 276 Hz (3,2);

and 280 Hz (4,1). The metrics of cumulative power, Eq. F.22 (b) and reduction in

the panel mean-square velocity, Eq. F.23 were computed for a range of µ and R1.

Figure F.3 plots the metrics of vibration suppression (top row) and energy har-

vesting (bottom row) for the case of adding the SDOF oscillator (first column), 2DOF

oscillator with bottom E–M coupling (second column) and 2DOF oscillator with top

E–M coupling (third column). Improved vibration attenuation is achieved by means

of the heaviest devices as well as the least load resistances. Greatest suppression is

attained with the SDOF oscillator but increases in R1 are seen to decrease the bene-

fits. However, for smaller µ, the SDOF oscillator is less susceptible to a reduction in

attenuation performance for changes in R1.

From the bottom row of Figure F.3, optimized output power is not achieved for the

same range of µ and R1 as for vibration attenuation. Instead, for the SDOF oscillator

the greatest power is generated for µ = 2.2e−2 and R1 = 44.6 Ω: P1 = 10.4 µW. For

practical passive vibration control treatments, this µ is very small and indicates that

for simple energy harvesting systems, i.e. few devices attached to the structure, the

careful limitation of additional mass is important. Too much mass, while increasing

the devices’ influence on reducing the host vibration levels, actually inhibits the ability

of the device to convert the input kinetic energy into electrical power. On the opposite

extreme, too little mass also reduces the energy harvesting potential, though to a

degree this may be offset by greater R1.

Neither of the two cases of 2DOF oscillators achieve this magnitude of power
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output. Though the increased dynamic complexity of the device may help explain

why it is less useful in generating significant electrical power, this same feature might

also be argued as a benefit. The second natural frequency of the device, 174 Hz, was

designed so as to match a symmetric mode shape of the panel, 173 Hz; thus, whether

operating at 50 Hz or 174 Hz, the device was intended to be of greater electrical

benefit than the SDOF device which is principally useful at 50 Hz. However, it

appears that the presence of the non-E–M-coupled mass in the 2DOF oscillator is

ultimately a detriment to the generation of electrical power in that it serves to reduce

the net power input into the component which is coupled to the external circuit.

Figure F.4 plots the panel mean-square velocity for the scenarios of optimum

energy harvesting potential, µ = 2.2e − 2 and R1 = 44.6 Ω. As is anticipated for

vibration absorber devices, the targeted untreated panel natural frequency of 50 Hz

is split into two resonances, determined by the mass ratio of the treatment [82]. It

is evident that the external circuit serves as a damping mechanism for the devices,
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particularly in the case of the SDOF oscillator which almost equally dampens the

split resonances around 50 Hz. The 2DOF oscillators do not have the same order of

influence on the host panel as the SDOF device, since the split resonances for the

2DOF devices are much less damped. The oscillators are positioned at the center of

the panel, and as such only symmetric modes are capable of being suppressed. The

only other symmetric mode in the bandwidth of interest, 173 Hz, is in fact attenuated

by 10 dB by the SDOF oscillator but predominantly just shifted in frequency by the

less influential 2DOF oscillators.

F.4 Randomly positioned oscillators

In practice, it is well-known that a single vibration absorber device will have little

authority at passively controlling the broadband vibration of a distributed structure.

Thus, a solution may be to apply a greater number of absorbers over the structural

surface having total mass satisfying a designated limit on µ. The simulations were

then evaluated using a random distribution of 15 oscillators, having positions indi-

cated as in Figure F.5. The only restriction on the position of the oscillators was that

the random distribution be confined from a/6 < xpi
< 5a/6 and b/6 < ypi

< 5b/6.
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Figure F.5: Randomly selected locations of the 15 oscillators.

Since the panel was supported at the edges, oscillators placed too close to the panel

extremities would be of little use since they may be poorly excited.

The range of µ and Ri was again varied, maintaining the same Ri for each oscil-

lator. The natural frequencies of the devices were the same as in Section F.3. The

mass of the oscillators was evenly distributed, such that mi = abhρµ/15, and the

same 70/30 bottom/top split of mass was chosen for the 2DOF oscillators. Since the

devices were no longer positioned on a nodal line of asymmetric panel modes, they

were capable of attenuating vibration over the full 1-300 Hz bandwidth of interest,

despite being tuned to just 50 Hz or 50 and 174 Hz for the 2DOF oscillators.

Figure F.6 plots the results of varying µ and Ri in achieving reduction in panel

mean-square velocity and in generating electrical power. Unlike with a single os-

cillator, using numerous devices is beneficial in reducing the panel vibration almost

exclusively by employing greater mass ratios. From µ = 10%, which is a common

practical ceiling for lightweight structures like aircraft panels, the benefit in attenu-

ation is reduced by 6 dB or more by decreasing the mass ratio to 1%. This effect

is partially alleviated by increasing Ri, but only to a point. As was shown in Fig-

ure F.4, since the oscillators are lightly-damped, ζi = 1e − 2, Ri plays the principal

role of changing the mechanical damping of the devices. Changing Ri after reducing

µ helps to optimize damping of the structure, but ultimately greater mass is required
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to globally reduce the panel vibration.

Once again, the 2DOF oscillators are much less useful in suppressing panel vibra-

tion than the SDOF devices. This is clearly the case when the 2DOF oscillators have

top E–M coupling. Since the external circuits serve as a means not only to generate

electrical power but to passively dampen the structure, effectively by shunt damping

methods, the collection of SDOF E–M oscillators serve as a useful means to optimize

structural dampening. Ultimately, the rapid decrease in vibration attenuation as µ

is reduced is explained by the same conflicting dynamics evidenced in Section F.3

for a single 2DOF oscillator. In the single 2DOF oscillator case, the top mass dy-

namics interfere with the useful vibration-attenuating effects of the bottom mass,

and vice versa. For a random distribution of oscillators, this creates an amalgam

of dynamic complexity, inherently reducing the overall effectiveness of the treatment

in attenuating the panel vibration. As a result, for a dispersed oscillator treatment,

achieving optimum vibration suppression is only achieved by loading the structure
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with significant mass.

While optimum vibration reduction for the distribution of oscillators is achieved

within a narrow confine of significant added mass, the energy harvesting metric is

not as significantly constricted. However, Figure F.6 shows that there is no longer

a considerable difference between the result of the SDOF oscillators and the 2DOF

oscillators having bottom coupling over the range of µ and Ri. While this could be a

sign of improved usefulness of the 2DOF devices, it is probably more a testament to

the overall reduced effectiveness of the SDOF treatment when employing a multitude

of dynamic devices, for the same explanation described above regarding vibration

attenuation.

A mass-spring-damper device on a vibrating panel is of greatest benefit when

it “absorbs” the maximum amount of structural vibration, the same objective of

energy harvesting devices. The increased complexity of the array of devices inhibits

the global capability of the array to absorb vibration since they affect one another

through the panel. Thus, reduced effectiveness in vibration suppression intrinsically

reduces the effectiveness in energy harvesting. Note that were each individual device

as effective as generating electrical power as the individual device in Section F.3,

the cumulative power should be roughly 15 times the earlier result. As it is, the

maximum cumulative power of the SDOF oscillators, Fig. F.6 (d), is 26.1 µW, much

short of the potential maximum of 15 times the single oscillator results in Section F.3:

15× P1 = 15× (10.4) = 156 µW.

F.5 Internal oscillator damping

All previous simulations employed oscillators having negligible internal damping ra-

tios, ζi = 1e − 2. This is the same characteristic often adjusted in tandem with

the tuning frequency for vibration absorbers to achieve optimum global structural

attenuation. It was observed in Sections F.3 and F.4 that dampening of the attached

oscillators, and therefore of the structural vibration, was achieved through the means
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of the attached circuitry and load resistances, Ri. Thus, it would be useful to assess

the comparative influence of ζi and Ri in improving vibration suppression and energy

harvesting capabilities.

Using the optimum Ri for two values of mass ratio, µ = 2e − 2 and µ = 2e − 1,

as computed in earlier sections, the model was reevaluated over a range of ζi. The

earlier metrics of Eqs. F.22 (b) and F.23 were employed, although output data were

normalized to the results for undamped oscillators. The case of a centrally-located

SDOF oscillator was considered, as was the random distribution of the 15 oscillators,

using the positions of Figure F.5. All other mechanical and geometric parameters

remained the same as in prior sections.

Figure F.7 plots the results for normalized change in cumulative mean-square

velocity from undamped results (top row) and the normalized change in total power

(bottom row). Results for a single oscillator are shown in the left column and for the

15 SDOF oscillators in the right column. For a single SDOF oscillator, the reduction

of panel vibration is optimized for a damping ratio ζ = 1.9 at µ = 2e − 2 and

ζ = 2.8 at µ = 2e − 1. Consequently, from Figure F.7 (c), it is observed that the

generated power output is significantly reduced, by almost two orders of magnitude

for µ = 2e − 1. This is intuitive since an over-damped oscillator is less capable of

vibrating at all frequencies compared with the mostly undamped device.

For the application of a multitude of oscillators, no increase in internal damping

for µ = 2e− 2 improves vibration attenuation or energy harvesting capabilities. The

heavier treatment of devices, µ = 2e− 1, is more capable of suppressing vibration for

large ζ, but at the expense of generating electrical power. As is generally the case in

passive vibration control of distributed structures, heavy mass loading is one simple

means of attenuating the vibration but this is an inappropriate approach for applica-

tions requiring lightweight control strategies, and appears also to be disadvantageous

for energy harvesting purposes.

Figure F.8 (a) compares the panel mean-square velocity corresponding to opti-
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mum vibration suppression and energy harvesting conditions when applying a single,

centrally-located oscillator, µ = 2e − 2. Figure F.8 (b) provides the oscillator re-

sponses. The over-damped oscillator, ζ = 1.9, is capable of attenuating both of the

symmetric panel modes over the frequency bandwidth of interest, notably the (3,1)

mode at 173 Hz. As a consequence, it is observed that the oscillator response, Fig. F.8

(b) blue curve, is much repressed and is clearly less suited for energy harvesting pur-

poses. In contrast, the lightly-damped device, ζ < 1e − 2, is dampened only due to

the shunt damping effects of the external circuit. Interestingly, while the broadband

panel vibration attenuation of the over-damped oscillator is best, the lightly-damped

oscillator attenuates the first panel mode 15 dB greater than the over-damped device.

This is clear evidence that the fundamental dynamic concept of energy harvesting de-

vices is to create the classical, undamped mass-spring system, which becomes damped

not through mechanical means but by way of external circuits. As a lightweight treat-

ment, this is an ideal method for achieving both objectives of vibration suppression

and electrical power.
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F.6 Distributed SDOF oscillators

In Section F.4 it was found that a multitude of SDOF oscillators provided significant

vibration suppression primarily at the cost of applying a heavy treatment to the host

panel. As a consequence to this distributed treatment of oscillators, it was found that

while energy harvesting potential was maximized close to the same regime of µ as for

best vibration suppression, ultimately the ability of the multitudinous treatment to

generate electrical power was less effective than for the single device. This was quan-

tified by a comparison of the maximum electrical output of the individual oscillator

multiplied by the number of randomly distributed oscillators, which may serve as a

theoretical maximum power achievable; this theoretical limit was much greater than

that actually achieved by the randomly distributed treatment.

To further explore the trade-off of numerous oscillators in yielding best simulta-

neous vibration suppression and net electrical power output, the model was again

employed for a variety of µ using R = 44.6 Ω, and varying the number of applied

devices. Rather than applying the devices in an orderly fashion, a random distribu-
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put. Data normalized to Np = 1. Ri = 44.6 Ω.

tion was utilized, but 50 runs of the model for each value Np were performed and

averaged such that a sufficient combination of positions were explored. For example,

using only one model evaluation of a random distribution of Np = 2 would not yield

conclusive results; so the average of 50 model evaluations was taken. In the case of

Np = 1, the SDOF oscillator was positioned at the panel center.

The results were normalized to data computed for Np = 1 and are presented in

Figure F.9. The reduction in panel vibration, Fig. F.9 (a), is a goal best met using

heavy treatments, as several times indicated before. However, it is found that the

advantages of increased mass are reduced as the treatment approaches the mass of

the host panel. From µ = 1e − 1 to µ = 1e0, there is an insignificant improvement

in vibration suppression. Distributing this heavier mass amongst a multitude of

oscillators does not appear to drastically alter this effect.

For more realistic mass ratios for lightweight structures, µ ≤ 1e−1, the reduction

of panel vibration is not necessarily increased using numerous oscillators. In fact, for

µ = 2e − 2 an optimum number is observed, Np = 10. A -3 dB reduction in cu-

mulative mean-square velocity is achieved for this value as compared with the single

SDOF oscillator. Distributing the mass amongst an additional number of oscillators
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decreases the authority of the treatment in passively suppressing the structural vi-

bration suggesting, again, that too many dynamic elements on the host structural

ultimately deter each other from their collective performance.

Figure F.9 (b) presents the second objective of generating electrical power over

the frequency bandwidth of interest. Any increase in the number of oscillators for

the very lightweight treatment, µ = 1e − 3, quickly reduces its potential to convert

the panel kinetic energy to useful electrical power. The heaviest treatment, µ = 1e0,

though seen to increase its power output as Np increases, ultimately converges to a

maximum value, roughly an order of magnitude increase over Np = 1. A similar effect

is observed for µ = 1e − 1, which converges to a maximum power output limit of 3

times that achievable for a single oscillator.

In contrast, for the treatment of µ = 2e − 2 a number of oscillators is found to

achieve best energy harvesting potential, roughly 4 ≤ Np ≤ 8. Nearly an increase

of 2 times the power output of Np = 1 is predicted. Since this falls close to the

range of optimum Np which was determined to best improve vibration suppression

performance, this serves as evidence that energy harvesting and global vibration at-

tenuation are not always mutually exclusive goals. Proper distribution of the total

mass of the treatment amongst a number of oscillators, and best selection of µ, may

lead to a condition which maximizes both objectives.

F.7 Conclusions

A simple model of the forced vibration of a host panel and attached single- or two-

degree-of-freedom electromagnetically-coupled oscillators was employed for the pur-

poses of evaluating the simultaneous goals of global vibration attenuation and energy

harvesting. When applying dynamic devices to lightweight structures, the assump-

tion that the energy harvester does not influence the host structure is no longer valid

and the coupled vibrational response must be considered. Basic analysis of the model

was made using first a single attached oscillator and then for a random distribution of
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oscillators. In both cases, the 2DOF devices were of reduced benefit for both simul-

taneous goals than the SDOF devices. Greater total treatment mass led to the best

suppression of panel vibration but this did not correspond to optimum conditions for

energy harvesting.

It was observed that altering the internal damping of the oscillators reduced energy

harvesting capability but could, in some instances, improve vibration suppression per-

formance. In general, the external circuit, through a shunt damping effect, supplied

sufficient damping for the oscillators; for a centrally-located SDOF device, optimum

energy harvesting characteristics actually yielded better attenuation of the first panel

vibrational mode than optimum global vibration suppression parameters.

Finally, it was observed that the distribution of the applied oscillator treatment

into a number of discrete devices was capable of simultaneously improving both the

objectives of vibration attenuation and energy harvesting for small treatment mass

ratios, µ = 2e − 2. A first hypothesis regarding the simultaneous objectives may

predict that their aims are incompatible, that achievement of one must come at the

detriment to the other. However, proper selection of the total applied mass and the

distribution of the devices across the structural surface may yield improved results

for both goals. For lightweight structures in which energy harvesters are attached to

also help attenuate structural vibration, this result may be of significant benefit.



APPENDIX G

Modeling and validation of a distributed device for
simultaneous reactive vibration suppression and
energy harvesting

Distributed devices or treatments are a mainstay of passively suppressing structural

vibrations. In some cases, piezoelectric materials were included within the devices

to utilize them as actuators. Interest in energy harvesting encourages a reassessment

of these devices, using the piezoelectric materials as a means to convert input vibra-

tional energy into electrical power. A numerical model of one such device, exhibiting

mass-spring-damper dynamics, attached to a vibrating host structure is described

and validated against 3D finite element (FE) analysis. The model is utilized to eval-

uate the simultaneous goals of passive vibration attenuation and energy harvesting

of devices on a lightweight, clamped panel. The objectives are found to be partly in

opposition, particularly when the total mass of the added devices becomes more sub-

stantial. This feature is widely neglected in employing mass-spring systems as energy

harvesting devices, where the mass of the device is insubstantial relative to the main

structure. As a result, compromises or alternatives may be explored to achieve both

goals: the implementation of materials exhibiting greater electromechanical coupling;

minimization of total applied mass to the host structure; and re-tuning attached de-

vices to exhibit natural frequencies not exactly equal to those of the host structure.

G.1 Introduction

The interest in converting ambient vibrational energy into a useful electrical power

source has fostered a range of practical implementations and numerical modeling

strategies. In many embodiments, the devices employ dynamics identical to tradi-

217
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tional mass-spring-dampers (vibration absorbers) historically used for passive and

active vibration control purposes.

Due to the significant in-phase strains possible, cantilevered beams designed to

operate at the first modal frequency are often employed, in tandem with attached

piezoelectric or piezoceramic layers. Devices described or studied by Roundy and

Wright [123], Lefeuvre et al. [131], and Erturk et al. [125] have shown an appreciable

potential in converting vibrational energy into usable power. Though it is of little

or no interest in energy harvesting applications, in the case of cantilevered beam

harvesters, the beams supply a reactive bending moment back to the host structure.

With a contrasting focus, cantilever beam vibration absorbers utilize this bending

moment to suppress the vibration of their host structure [132]. The gap between

employing a cantilevered beam as an energy harvesting device and as a vibration

control device exists between the assumption of relative inertial influence: energy

harvesting devices tend to be of little or effectively no mass compared to the host

structure (e.g. harvester on a bridge), whereas the vibration control device is more

substantial (e.g. mass-spring-damper on an aircraft panel).

The disparity between the fields of vibration control and energy harvesting is

apparent in the modeling methodology. In a fundamental analysis, vibration control

studies consider two- or multi-degree-of-freedom systems [82]; in energy harvesting, a

single degree-of-freedom (SDOF) system with base excitation is evaluated [39]. Thus,

it is presumed, in a large proportion of energy harvesting studies, that the harvester

does not affect the vibration of the greater host structure to which it will ultimately

be attached.

With a growing interest in power harvesting has come the desire to convert ambient

vibration from a broad array of sources. Yet, in some of these cases, it may no longer

be appropriate to assume the attached devices are a negligible inertial influence to

the host structure, for instance a harvester on a lightweight aircraft panel. Thus, a

new analysis must be made for devices employing energy harvesting technology that
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may also modify the vibrational response of the host structure, or devices generally

intended for the simultaneous purposes of vibration suppression and power harvesting.

To avoid confusion, a note should be made regarding the use of the phrase “si-

multaneous vibration suppression and energy harvesting”. Elsewhere in literature,

this concept appears in regards to the damping and stiffening effects of the external

load resistance across a piezoelectric electrodes as the harvester oscillates [35, 133].

The observed damping effects are primarily considered to be affecting the harvester

itself—e.g. the bimorph cantilevered beam dynamics—as opposed to the structural

dynamics of a larger system. This justifies the implicit modeling assumption that the

device is excited by base vibration or a unit force (i.e. an infinite energy source).

In the present analysis, the base structure, i.e. a structural panel, is externally ex-

cited and harvesters, in the form of mass-spring systems, are thereafter attached. The

piezoelectric materials are not fully attached to the host structure, but are contained

within some manifestation of a distributed spring layer. Thus, the vibration sup-

pression effect is due to the attached devices reactively or resistively working against

the motion of the host structure. One similar embodiment of this design appears in

the literature in the event that the cantilever beam harvesters are the wings of an

aircraft [52]. The present work is distinguished from the prior in that the harvester

devices exhibit reactive and resistive dynamics as opposed to only resistive. In other

words, the present harvester designs of interest work against the host structure by

reactive forces like vibration absorbers as well as resist the structural vibration like

constraining treatments.

A passive vibration control device is considered, termed smart foam by Gentry

et al. [134], which utilizes a distributed poroelastic spring layer in which a curvature

of piezoelectric film is embedded. Smart foam was intended to serve as a combined

passive and active acoustic-structural device and was successfully employed in active

noise control experiments [77, 78]. Marcotte et al. [20] studied this device with the

addition of a distributed top mass layer, the resulting embodiment then combining
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passive vibration absorber dynamics alongside the potential of active control. In the

context of energy harvesting and passive vibration control, the smart foam design

is considered in that it may reactively suppress the vibrations of the host structure

but also may generate electrical power as the embedded piezoelectric film is strained

within the deformed spring layer.

This chapter briefly describes an analytical model based on the generalized Hamil-

ton’s principle of a distributed device, like smart foam, when applied to an excited,

vibrating structure. The model is validated by comparison with the results from 3D

FE analysis and is found to be much more computationally efficient to solve as com-

pared with FE analysis. The model is then employed to consider the simultaneous

capability of smart foam samples to reduce vibration levels of a lightweight clamped

panel as well as harvest electrical energy. Though the simultaneous objectives are not

mutually exclusive, potential trade-offs exist and are discussed.

G.2 Model formulation

G.2.1 Mechanical domain description

For conciseness and to focus primarily on the results of the model simulations, only

essential elements of the present variational formulation are provided. Greater detail

on the generalized Hamilton’s principle is available in a number of texts [94, 60] as

well as a recent, similar derivation of this variational method for energy harvesting

using piezoelectric plates in the context of the finite element method [135]. Further

summary of the analytical method is provided in Appendix A.

Consider a system composed of a base plate to which one or more piezoelectric

vibration control devices are attached, Figure G.1. The attached devices are each

composed of a distributed spring layer and a distributed top plate; the spring layer

itself is a composite of a continuous material and a piezoelectric layer. In the following

analysis, subscripts b, s, p and t refer to the base plate, the distributed spring layer,

the embedded piezoelectric layer and the distributed top plate, respectively. The
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Figure G.1: Geometry and material properties of the model.

origin of the global co-ordinate system is defined at the base plate center point and

the (x, y) plane corresponds to the base plate mid-plane, zb = 0. The base plate is

arbitrarily bounded and may be excited by a number of localized point forces, fj (xj).

The base plate and distributed top plate are assumed to be Love–Kirchhoff plates

having displacements expressed in the form

u (x, t)i=b,t =


uio (x, y, t)− zi ∂wio(x,y,t)

∂x

vio (x, y, t)− zi ∂wio(x,y,t)
∂y

wio (x, y, t)

 (G.1)

where the second subscript o indicates the displacement in the middle-plane of the

plate, zb = 0 or zt = 0.

For simplification of the analysis, the distributed spring layer is approximated

as a superposition of a thick, transversely deformable, orthotropic plate and a thin,

cylindrical shell which exhibits piezoelectric properties, Figure G.2.

The mechanical displacements of the thick orthotropic plate allow for the trans-
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Figure G.2: Layout of distributed spring layer, the superposition of a thick plate and
thin shell.

verse flexibility of the layer:

u (x, t)s =


uso (x, y, t) + zsθx (x, y, t)

vso (x, y, t) + zsθy (x, y, t)

wso (x, y, t) + zs
∂wso(x,y,t)

∂zs
+ 1

2z
2
s
∂2wso(x,y,t)

∂z2
s

 (G.2)

where θx and θy are the rotations about the middle-planes in the x- and y-axes, re-

spectively. Application of continuity of displacements and transverse stress between

the spring layer and the two bounding plates allows the spring layer mechanical dis-

placements to be expressed in terms of the top plate and bottom plate displacements,

u (x, t)s =


1
2 [uto + ubo] + 1

4

[
ht

∂wto

∂x
− hb ∂wbo

∂x

]
+ 1

hs
zs
{

[uto − ubo] + 1
2

[
ht

∂wto

∂x
+ hb

∂wbo

∂x

]}
1
2 [vto + vbo] + 1

4

[
ht

∂wto

∂y
− hb ∂wbo

∂y

]
+ 1

hs
zs
{

[vto − vbo] + 1
2

[
ht

∂wto

∂y
+ hb

∂wbo

∂y

]}
1
2 [wto + wbo] + 1

hs
zs [wto − wbo]


(G.3)

It is assumed that the inertial influence of the shell is negligible compared to the

host spring layer material; in practice, the piezoelectric film may constitute 5% or less

of the mass of the whole spring layer. Following this assumption, the displacements

of the embedded piezoelectric film correspond to those of the thick orthotropic plate,

evaluated over the surface defined by the film. This assumption would not be valid,

however, in the event that the embedded piezoelectric material was more substantial
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electrical domain +-

Figure G.3: Smart foam sample containing a periodic embedded piezoelectric film for
improving voltage output, showing voltages added in series.

relative to the host spring layer. In the latter case, rather than assumptions of super-

position, it may be more appropriate to determine equivalent elasticity characteristics

of the full spring layer using homogenization or experimental techniques [136, 137].

In this manner, for n attached vibration control and energy harvesting devices,

the coupled system mechanical displacements constitute 3 + 3n unknowns: ubo, vbo
and wbo for the base structure, and uto, vto and wto for each device.

G.2.2 Electrical domain description

In the present analysis, the following assumptions are taken: (i) continuous electrodes

cover the top and bottom surfaces of each piezoelectric domain; (ii) the piezoelectric

materials are poled in the thickness direction, zp; and (iii) the only non-zero electric

field component varies linearly through the thickness of the material. As a result of

assumption (i), only one voltage is necessary to describe the electrical response of

each piezoelectric domain.

In the following study, smart foam samples containing a single half-circular seg-

ment of embedded piezoelectric film are considered. A simple means by which to

increase the collective output of voltage is to utilize a multitude of periods of the film

and connect the individual voltage outputs in series. Figure G.3 shows an example

implementation of this design. Furthermore, other embedded shapes of piezoelectric

material may be employed which may be more effective in converting the transmitted

strain to electrical energy.
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G.2.3 Approximate solution

The mechanical displacements and voltages are estimated to be the linear combination

of admissible trial functions and generalized co-ordinates:

u (x, t)i=b,t = (Ψm (x) m (t))i (G.4)

v (x, t) = Ψv (x) z (t) (G.5)

where Ψm (x) and Ψv (x) are the admissible trial functions and m (t) and z (t) are

the generalized co-ordinates for the mechanical and electrical domains, respectively.

The generalized co-ordinates and trial functions number Nb and Nt for the base and

top plates, respectively. Given the assumptions of continuous electrodes covering the

top and bottom surfaces of the piezoelectric material, it is convenient to represent

the generalized electrical co-ordinate as a single parameter, z(t).

Substituting these solutions into the generalized Hamilton’s principle, assuming

an harmonic time dependence of the form eiωt, and assuming there is no external

electrical excitation on the piezoelectric electrodes, yields a coupled systems of equa-

tions describing the mechanical and electrical response for a passive vibration control

and/or energy harvesting device attached to an excited host structure [135]:Y c + jωCp jωΘt

−Θ K + jωC− ω2M


 z
m

 =

0

F

 (G.6)

where the components of Eq. G.6 are described in Appendix A. For n attached devices,

the coupled system of equations contains 3Nb + 3nNt mechanical generalized co-

ordinates and n electrical generalized co-ordinates. The attached circuit admittance,

Y c, for energy harvesting devices is a simple load resistance, Y c = 1/R1.

The generalized co-ordinates and electrical responses are computed from Eq. G.6

as

m =
[
K + jωC− ω2M + jω (Y c + jωCp)−1 ΘΘt

]−1
F (G.7)
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z = − [Y c + jωCp]−1
(
jωΘt

) [
K + jωC− ω2M + jω (Y c + jωCp)−1 ΘΘt

]−1
F

(G.8)

For a given distributed piezoelectric vibration control and energy harvesting de-

vice, the frequency response function (FRF) of the top plate transverse acceleration

to the base plate transverse acceleration is computed as

|FRFaccel (ω)| =
∣∣∣∣∣wto(x1, y1, ω)
wbo(x2, y2, ω)

∣∣∣∣∣ =
∣∣∣∣∣Ψmwto

(x1, y1)mwto(ω)
Ψmwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (G.9)

where Ψmwto
and mwto are the trial functions and generalized co-ordinates related

to the top plate transverse displacement, respectively; Ψmwbo
and mwbo

are the trial

functions and generalized co-ordinates related to the base plate transverse displace-

ment, respectively; and (x1, y1) and (x2, y2) are the points of evaluation. The voltage

FRF (V·g−1) of a device is computed as

|FRFvolt (ω)| =
∣∣∣∣∣ z(ω)
−ω2Ψmwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (G.10)

Considering the FRF responses in light of Eq. G.7, the mechanical response of the

system is damped and shifted in frequency by the specific of circuit admittance and

piezoelectric characteristics. The significance of this effect is modulated by the mag-

nitude of the electromechanical coupling terms, Θ. The same frequency shift is ob-

served in the electrical response but the magnitude of the voltage FRF is predicted

to continually increase with increasing R1 to short circuit conditions.

In considering the vibration attenuation capability of a device on a larger host

structure, the mean-square out-of-plane velocity (m2·s−2) of the base plate is deter-

mined by

〈ẇbo (ω)〉2 = ω2

2abbb

∫ +ab/2

−ab/2

∫ +bb/2

−bb/2

(
Ψmwbo

(x, y)mwbo
(ω)

)∗ (
Ψmwbo

(x, y)mwbo
(ω)

)
dxdy

(G.11)

where ()∗ denotes the complex conjugate. Recalling that the spring layer mechani-

cal displacements were expressed in terms of the bounding plate displacements, the
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Figure G.4: FE model mesh of vibration control and energy harvesting device.

transverse generalized co-ordinates of the base plate, mwbo
, contain terms related to

the spring layer as well as coupling terms related to the top mass displacements.

Furthermore, the electromechanical coupling, Θ, is expressed in terms of mechanical

displacements of the bounding plates as well as the electrical response itself. As a

result, the presence of the piezoelectric spring layer slightly dampens and shifts in

frequency the response of the base and top plates to varying degrees as the external

load resistance is modified.

G.3 Model validation: numerical comparison

The present model is compared against the results computed from a 3D FE model

using the COMSOL software package [138]. As was recommended by Leroy et al.

[139], due to the thinness of the embedded piezoelectric film relative to the foam

layer, the film is modeled as a two-dimensional surface (shell elements). Acoustic

coupling within the poroelastic foam is ignored since vibration suppression and energy

harvesting capabilities are the metrics of present interest. The poroelastic material

is modeled using tetrahedral solid elements while the base plate is constructed using

shell elements. A diagram of the 3D FE mesh is shown in Figure G.4 which used

approximately 8,000 total elements.

A smart foam sample employing the half-circular embedded piezoelectric film
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Table G.1: Geometric and mechanical properties of the layers
Layer a (m) b (m) h (m) E (Pa) ν ρ (kg/m3) η
Base 0.10 0.10 0.005 2.1e14 0.33 7850 3e-4
Top 0.06 0.06 0.002 7.1e10 0.33 2100 3e-4

Spring layer 0.06 0.06 0.03 1.9e5 0.4 9 4e-2

Table G.2: Mechanical and electrical characteristics of the embedded piezoelectric
film
ts (m) Ep (Pa) νp ρp (kg/m3) η d31 (m/V) εT33 (F/m)
28e-6 5.4e9 0.18 1780 1e-3 23e-12 12ε0

shape is centrally located on a base plate having free boundaries. The base plate is

excited by a centrally-located, out-of-plane, unit harmonic force, fz(0, 0, 0, ω) = 1 N.

Geometric and material properties of the layers are provided in Table G.1; properties

of the embedded piezoelectric film are provided in Table G.2 [140]. The base plate is

modeled as being exceptionally stiff in order to excite the attached device equally at all

frequencies and to avoid modal effects of the base structure within the frequency range

of interest. The foam layer is assumed to have identical elastic properties regardless

of orientation; i.e. Ex = Ey = Ez = E and Gyz = Gxz = Gxy = E/2(1+ν). Damping

for all layers is included by means of an isotropic loss factor, η.

Figure G.5 compares the present model predictions of out-of-plane acceleration

FRF and those computed by the FE model for three values of load resistance, R1. In

each plot, a resonance effect is evident at 224 Hz, with the FE and present models

in perfect agreement of the frequency. This represents the single degree-of-freedom

(SDOF) resonance of the device.

As the load resistance on the electrodes is increased, the SDOF resonance fre-

quency is seen to moderately shift from 224 Hz at R1 = 1.8 kΩ to 225 Hz at

R = 560 kΩ. In addition to the minor shift in frequency, both the FE model and

the present numerical model concur that the amplitude of the resonance increases

as load resistances increases; the magnitude increases from 25.4 at R1 = 1.8 kΩ to

33.9 at R1 = 560 kΩ. This is a one-third increase in the magnitude of the resonance

(+2.5 dB). This suggests that as a distributed vibration control treatment, different
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Figure G.5: (a) Comparison of acceleration FRF magnitudes for R1 = 1.8 kΩ, 84 kΩ
and 560 kΩ, full spectrum. (b) Around resonance.

load resistances (in this case, larger resistances) would improve the ability of the

device to reactively work against the host structural vibration.

Voltage FRF predictions are compared in Figure G.6 for four values of R1. The

same resonance effect witnessed in the acceleration FRF is observed for the voltage

output, also at 224 Hz, but increasing to 225 Hz for R1 = 560 kΩ. For greater load

resistances, the increased time constant, R1Cp, serves to reduce the voltage output at

higher frequencies while the lower frequency components continue to increase. Both

models corroborate this feature. Overall, both the 3D FE model and the present

numerical model are in close agreement, with a maximum of 15% error (in the accel-

eration FRF at resonance for R1 = 560 kΩ), but an average error of <1%. To provide

a measure of the computational benefit of employing the present continuum domain

model, the 2D continuum domain model completed each FRF prediction over 225

times faster than the 3D FE model.
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Figure G.6: Comparison of voltage FRF magnitudes, solid curves from the present
model results and circles from the FE model.

Table G.3: Geometric and mechanical properties of the plate and original-sized de-
vices

Layer a (m) b (m) h (m) E (Pa) ν ρ (kg/m3) η
Base 0.60 0.40 0.003 7.1e10 0.33 2100 3e-4

Device 1 & 2 Top 0.06 0.06 0.002 7.1e10 0.33 2100 3e-4
Device 1 Spring 0.06 0.06 0.075 1.9e5 0.4 9 4e-2
Device 2 Spring 0.06 0.06 0.03 1.9e5 0.4 9 4e-2

G.4 Application: devices on a vibrating panel

Recalling the focus of this work, the goal of the present variational model is to serve as

a computationally efficient means by which to assess and optimize the simultaneous

capabilities of passive vibration suppression and power harvesting for distributed

piezoelectric devices. To explore some of the utility of the model, consider a clamped

plate to which two smart foam devices are attached. The geometry of the model

and device layout is shown in Figure G.7 with tabulated geometric and mechanical

properties in Table G.3. As before, the distributed spring layer is considered to have

similar isotropic thick plate elasticity parameters. The properties of the embedded

piezoelectric film are the same as those provided in Table G.2. The plate is excited

by an out-of-plane unit point force, fz (0.18,−0.16, 0, ω) = 1 N.
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Figure G.7: Diagram of modeled geometry and device placement.

Both of the attached devices were square and both were attached to load resis-

tances of R1 = 10 kΩ. Device 1 was designed so as to exhibit a SDOF natural

frequency of 141 Hz, very close to the first natural frequency of the clamped panel

(144 Hz). Device 2 was designed to have a SDOF natural frequency of 224 Hz, almost

identical to the second natural frequency of the panel (223 Hz). The devices were po-

sitioned on the panel so as to be most useful in reactively suppressing the vibrations

of the clamped panel to which they were tuned.

The base plate out-of-plane mean-square velocity is computed for three cases: the

untreated panel, after attaching the original-sized devices and for when the areas of

the devices were doubled, as in Figure G.7. Note that doubling the area of the devices

does not alter the SDOF natural frequencies, but should, presumably, increase the

collective power output of the devices and/or improve vibration suppression perfor-

mance. The mass ratio (defined as the total device mass divided by the untreated

panel mass) was 2.5% while doubling the surface coverage of the devices doubled the

mass ratio to 5.0%.

Figure G.8 plots the mean square velocity of the clamped base plate for the un-

treated and two additional scenarios with the attached devices. Characteristic of
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Figure G.8: Mean square velocity of untreated panel (black dash), with original-sized
devices (blue curve) and with double-sized devices (red curve).

vibration absorbers, the devices significantly reduce the panel vibration at their re-

spectively tuned SDOF natural frequencies, transferring some of the energy to fre-

quencies above and below the untreated panel resonances. Doubling the area of the

devices serves to further reduce the magnitude of the split clamped panel resonances

around 120 and 157 Hz, but does not appreciably reduce the magnitude of the split

resonances of the second mode. However, the added mass does further spread the

second mode split resonances away from the untreated resonance, exactly as per the

results of classical, analytical treatment of point vibration absorbers [82]. Above the

devices’ SDOF natural frequencies, they do little to suppress the panel vibration, the

latter of which almost completely converges to the magnitude of untreated vibration

levels by the fourth untreated panel resonance, 427 Hz.

The amplitude of the average power for the devices, |v (ω)|2 /2R1, is plotted in

Figure G.9. Only one load resistance is considered here, R1 = 10 kΩ, and this may

not represent the optimal choice of resistance. However, the important elements to

consider are potential trade-offs between vibration suppression capability and energy

harvesting potential.
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From Figure G.9, below 300 Hz, it is observed that both devices output greater

power around their respective tuned SDOF frequencies, albeit now conforming to the

location of the split resonances. From Device 1, greatest power is achieved around

the untreated panel resonance at 144 Hz; and from Device 2, greatest power is output

around the untreated resonance at 223 Hz. However, since the nature of lightly-

damped SDOF vibration absorbers is to split the energy around the original, targeted

vibrational frequency, the result is that now the absorbers are no longer of oscillating

at their individual natural frequencies which would yield significantly greater electrical

output.

This issue is perhaps not commonly regarded in most energy harvesting applica-

tions (e.g. transducers to be applied to roadways or bridges) when the mass ratio

of the device is negligible compared to the mass of the vibrating structure. In such

conditions, the natural frequency of the main structure is not perceptibly shifted and

the power harvesting device oscillates at the designed frequency. In the case of devices

designed for simultaneous vibration suppression and energy harvesting, maintaining

the lowest mass ratio possible is vital. Otherwise, the resonant frequencies of the
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host structure are pushed further away from the optimal operating frequency of the

energy harvesting device.

For instance, the doubling of surface coverage of the devices (solid curves in

Fig. G.9) does not noticeably improve the electrical power output, despite a greater

volume of piezoelectric material present for charge collection. In fact, Device 1 pro-

duces less electrical power at 157 Hz once the area is doubled. Note also from Fig-

ure G.8 that the vibration of the panel at this frequency is better attenuated with

the doubling of size of the devices. Thus, better performance at suppressing the host

panel vibration inherently reduces the effectiveness of the device in terms of producing

electrical power. This trade-off may be most notably observed by the fact that both

devices output an equal or greater amount of power at the third panel resonance,

357 Hz, at which neither of the devices were best designed to operate.

G.5 Conclusions

Interest in the capture and conversion of ambient kinetic energy into an electrical

power source has resulted in a wide range of innovative electromechanical and electro-

magnetic devices. Modeling methods have been equally diverse with the general aim

of assisting in the optimization of device design or energy conversion. A variational

numerical model was here described for the purpose of evaluating the simultaneous

reactive vibration suppression and energy harvesting capabilities of a class of devices

attached to vibrating host structures. Such devices would employ a distributed top

mass layer and a distributed spring layer, the latter of which exhibits piezoelectric

properties.

The model was compared against a 3D FE model showing close agreement in both

mechanical and electrical response of the devices. The model was then employed to

evaluate the simultaneous vibration control and power harvesting potential of similar

devices on a clamped panel. Similar to point vibration absorbers, the reactive forcing

nature of the device significantly suppressed the panel vibration at the tuned natural
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frequencies, splitting the original untreated panel resonances. This result implies that

the attached devices no longer oscillate with greatest amplitude at the frequencies to

which they would be most useful for energy harvesting purposes.

Increasing the area coverage of the devices improved the ability to suppress the

panel vibration but showed no appreciable improvement in power harvesting, despite

the greater volume of piezoelectric material present. While many energy harvest-

ing devices use an identical, dynamic concept to that of tuned mass-spring-damper

systems, the underlying assumption is that the devices are not effective at reducing

the vibration of the host structure. Thus, it is assumed that the added mass to the

structure is negligible. In the present model, it was observed that for a treatment of

devices totaling a 5% mass ratio to the panel mass, a clear trade-off existed between

vibration suppression potential and the ability to efficiently convert the remaining

kinetic energy into electrical power. The panel resonant frequencies were observed to

shift away from the untreated frequencies, as per classical analysis, thereby reducing

the effectiveness of the devices since they were tuned to the original, untreated panel

resonances.

A few conclusions may be drawn in light of the results:

• The lowest possible mass ratio of the devices to the host structure is important;

this reduces the shift in the host panel resonances when tuned reactive devices

are attached.

• The devices may improve wider-band vibration suppression by means of im-

proved mechanical coupling to the structure. Extensionally stiffer spring layers

may help to improve global vibration reduction performance by means of con-

straining layer-type effects, while still providing for energy harvesting capabili-

ties from transverse vibration response.

• The use of more electromechanically coupled piezo materials within the dis-

tributed spring layer should yield improved power output. Alternatively, using
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a greater volume of lightweight piezoelectric film, as in a multitude of periodic

film shapes (Fig. G.3), may achieve similar results.

• For improved energy harvesting, by further study it may be determined that the

devices should be designed so as to exhibit SDOF natural frequencies not exactly

equal to the host structural resonances since this reduces the disparity between

the split host panel resonances and the original device natural frequency.

While passive, reactive vibration suppression and energy harvesting techniques may

be important goals to achieve simultaneously, the optimal design of devices or systems

for this purpose will involve the careful assessment and weighing of the inherent trade-

offs.



APPENDIX H

Development, modeling and testing of
continuously distributed devices for concurrent
vibration suppression and energy harvesting

Fundamental studies in vibrational energy harvesting consider the electromechanically

coupled devices to be excited by uniform base vibration. Yet as harvester devices are

applied to lighter weight vibrating systems, coupled structural dynamics must be

taken into account. Since the attached devices are mass-spring systems, this new

field of application poses the opportunity to simultaneously suppress the vibration

of the host structure via reactive forces while converting the “absorbed” vibration

into electrical power. This paper presents a general analytical model for the coupled

electro-elastic dynamics of a vibrating panel to which distributed energy harvesting

devices are attached. One such device is described which employs a distributed, piezo-

electric spring layer for conversion of the oscillating potential energy into electrical

power via an external circuit. The model is validated by comparison of elastic and

electric FRF results. Tests on a randomly excited panel show that the device is capa-

ble of significant vibration suppression, like a conventional mass-spring-damper, and

concurrently generates an electrical power TF of 3.3 mW·N−2. Adjustment of the load

resistance in the harvester circuit shows that it directly manipulates the stiffness and

dampening of the piezoelectric spring layer, thereby tailoring its dynamic influence on

the vibrating panel. The results finally show that optimal vibration suppression and

energy harvesting objectives occur for nearly the same load resistance in the harvester

circuit.

236
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H.1 Introduction

Vibrational energy harvesting aims to convert ambient vibration into useful electric

power by means of novel electromechanical transducers. Mass-spring systems are

frequently employed whereby piezoelectric materials may serve as the spring. Such

reactive devices are a mainstay in passive vibration control applications since the

oscillators work against a host structure or system at a tuned natural frequency.

A typical numerical model in energy harvesting analysis considers the harvester

to be excited by base vibration, neglecting the device’s influence on the host struc-

ture [36, 38, 39]. However, structural dynamic coupling is the foundational assump-

tion in vibration control modeling. The discrepancy exists since early energy har-

vesting studies considered sources of vibration of massive inertial influence relative to

the harvester, for instance bridge vibrations [25] or wireless sensor vibrations having

MEMS harvesters [141], which most of the first prototypes would have no dynamic

influence upon.

As material advancements are made and practical applications of energy harvest-

ing are demonstrated, there has arisen an interest to convert most any source of

vibrational energy into electrical power. However, some applications involve vibrat-

ing systems which are more likely to be dynamically influenced by applied harvester

devices. Therefore, when the attached devices become more inertially substantial

relative to the host structure, a new analysis of the coupled electro-elastic dynamics

must be considered.

This poses a new opportunity. Since the harvester devices exhibit reactive (res-

onant) dynamics like mass-spring systems, might they be employed as “vibration

absorbers” in a passive vibration control sense while also generating electrical power?

So long as the device is relatively undamped, and therefore conversion of potential

to kinetic energy in the oscillator remains mostly conservative, this appears to be a

practical possibility.

Many of the present successful piezoelectric energy harvesting devices to date have
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been developed using cantilevered beam designs [142, 37, 85]. The advantage of these

embodiments are the large strains induced along the beam as it oscillates in the first

mode, which therefore yield large electrical signals. However, in vibration control

applications, cantilever beam vibration absorbers are not frequently employed since

they induce bending moments upon the structures to which they are attached [132].

Most vibration control applications require devices to exert reactive forces as opposed

to moments in order to work against either the 1D motion of a simple structure or

the flexural motion of a vibrating surface.

This paper describes a study of one such device developed for this purpose. The

device exhibits a single degree-of-freedom (SDOF) resonance but is also suitable to

attenuate the vibration of surfaces since it employs continuously distributed mass and

spring layers. In addition, the spring layer is constructed of a corrugated piezoelectric

material such that, as it deforms at the device resonance, it generates a significant

electric potential which is then connected to an external energy harvesting circuit.

The design of the passive device is similar to the manifestation achieved for actuating

purposes by Fuller and Cambou [19] using a circularly corrugated piezoelectric spring

layer earlier patented by Tibbetts [80].

A model based on the generalized Hamilton’s principle is briefly presented which

describes the coupled electro-elastic dynamics of a vibrating rectangular panel to

which a number of such distributed piezoelectric vibration control devices are at-

tached. The model is validated by comparison against experimental measurements of

a piezoelectric device’s elastic and electrical dynamics on a shaker table. An experi-

mental setup is then described in which a large, lightly-damped and simply supported

panel is excited by random vibration. A second piezoelectric device is applied to this

panel to consider its capability to simultaneously suppress the panel vibration and

generate electrical power when the piezoelectric electrodes are attached to an external

circuit.

The model is found to accurately predict the vibration suppression capability of
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the device as well as the electrical response around the device SDOF resonance. Like

other energy harvesting devices studied, changes of the load resistance in the harvester

circuit affect the stiffening and damping of the distributed piezoelectric spring layer

which therefore affect its influence in reactively suppressing the panel vibration. For

the lightweight piezoelectric device applied, it is found that the dual objectives are

not contradictory and appear to be best met when employing nearly the same load

resistance in the harvester circuit.

H.2 Model description

H.2.1 Mechanical domain description

Consider a system composed of a base plate to which one or more distributed piezo-

electric vibration control devices are attached, Figure H.1. The attached devices are

each composed of a distributed spring layer and a distributed top plate. The spring

layer itself is a continuous layer exhibiting piezoelectric characteristics. In the follow-

ing analysis, subscripts b, s and t refer to the base plate, the continuous spring layer

and the distributed top plate, respectively.

The origin of the global co-ordinate system is defined at the base plate center

point and the (x, y) plane corresponds to the base plate mid-plane, zb = 0. The base

plate is arbitrarily bounded and may be excited by a number, Nf , of localized point

forces, fj (xj) where j = 1, 2, . . . , Nf and xj = (xj, yj, 0).

The base plate and distributed top plate are assumed to be Love–Kirchhoff (L–K)

plates having displacements expressed in the form

u (x, t)i=b,t =


uio (x, y, t)− zi ∂wio(x,y,t)

∂x

vio (x, y, t)− zi ∂wio(x,y,t)
∂y

wio (x, y, t)

 (H.1)

where the second subscript o indicates the displacement in the middle-plane of the

plate, zb = 0 or zt = 0.
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Figure H.1: Geometry and material properties of base plate structure with attached
piezoelectric vibration control devices.

The distributed spring layer is considered to be a thick, transversely deformable,

orthotropic plate. Elastic properties of the layer, as described by the stiffness matrix

cEs evaluated at constant electric field, are assumed to either be known or are able to

be computed approximately. The mechanical displacements of the thick orthotropic

plate allow for the transverse compressibility of the layer:

u (x, t)s =


uso (x, y, t) + zsθx (x, y, t)

vso (x, y, t) + zsθy (x, y, t)

wso (x, y, t) + zs
∂wso(x,y,t)

∂zs
+ 1

2z
2
s
∂2wso(x,y,t)

∂z2
s

 (H.2)

where θx and θy are the rotations about the middle-planes in the x- and y-axes, re-

spectively. Application of continuity of displacements and transverse stress between

the spring layer and the two bounding plates allows the spring layer mechanical dis-

placements to be expressed in terms of the top plate and bottom plate displacements,
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Figure H.2: Photograph of piezoelectric vibration control device using a circularly
corrugated piezoelectric film as the distributed spring layer. Electrical leads are also
shown to be attached to the etched surface electrodes of the film.

u (x, t)s =



(
1
2 [uto + ubo] + 1

4

[
ht

∂wto

∂x
− hb ∂wbo

∂x

]
· · ·

+ 1
hs
zs
{

[uto − ubo] + 1
2

[
ht

∂wto

∂x
+ hb

∂wbo

∂x

]})
(

1
2 [vto + vbo] + 1

4

[
ht

∂wto

∂y
− hb ∂wbo

∂y

]
· · ·

+ 1
hs
zs
{

[vto − vbo] + 1
2

[
ht

∂wto

∂y
+ hb

∂wbo

∂y

]})
(

1
2 [wto + wbo] + 1

hs
zs [wto − wbo]

)


(H.3)

H.2.2 Electrical domain description

Depending on the specific embodiment of piezoelectric spring layer under study, one

must appropriately select how to include electromechanical coupling effects in the

analysis. The present inclusion of piezoelectric material in the spring layer is in

the form of a circularly corrugated layer. A photograph of the full device is shown in

Figure H.2 and a diagram of the cross-sectional geometry is given in Figure H.3 (a). As

the full vibration control device oscillates transversely at its SDOF natural frequency,

bending strain is induced in the corrugated piezoelectric material. However, on a

given surface electrode, these strains are out-of-phase from one half period of the

corrugation to the next, Figure H.3 (b). Thus, studies by Gentry-Grace [143] showed

that etching of the electrode every half period allowed for maximum control authority

when the corrugated layer was used as an actuator. In fact, this design was patented

earlier by Tibbetts [80].

Therefore, the circularly corrugated piezoelectric spring layer electrodes are etched,
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Poled PVDF film
Surface electrodes

Tensile bending strain
Compressive bending strain

At downward position of
SDOF resonance response

(a) (b)

Assumed linear variation of bending 
strain through PVDF thickness with 
absolute maxima at surface electrodes.

Mass layer

Non-poled
PVDF film

Figure H.3: (a) Undeformed cross-sectional geometry of circularly corrugated piezo-
electric spring layer with exaggerated electrode thickness and arbitrary top mass layer.
(b) Illustrated cross-sectional response when top mass layer is displaced downward
during SDOF resonant vibration. Bending strain is assumed to vary linearly through
the thickness of the PVDF film.

as shown in Figure H.4 (a), and then woven into the form shown in Figure H.4 (b).

Note that the portions of the electrodes which are etched correspond to the unde-

formed centerlines of the full spring layer, zs = 0. The two resulting electrical biases

are then combined out-of-phase to yield the maximum voltage output. Analytical

representation of electromechanical coupling effects is provided in the following sec-

tion.

H.3 Generalized Hamilton’s principle

For the sake of conciseness, rigorous derivation of Hamilton’s principle for deformable

electro-elastic bodies is not here presented due to the availability of useful texts [94, 60]

and a similar summary [135] elsewhere. Only unique forms of the resulting equations

are hereafter explained with specific mathematical operators provided in H.8.

For the case of a single applied piezoelectric vibration control device, there exist

6 unknown mechanical displacements:

u (x, t)b =
[
ubo vbo wbo

]T
u (x, t)t =

[
uto vto wto

]T
(H.4)

From Eq. H.3, the mechanical displacements of the continuous spring layer are also

expressed using these unknowns. Due to the assumptions regarding the electrical
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(a)

(b)

Remaining electrode
surfaces after etching

Figure H.4: (a) Etching of piezoelectric material prior to corrugation and (b) the
desired circularly corrugated form.

characteristics of the piezoelectric material, only one unknown is required to describe

this response, vp.

The mechanical displacements are then approximated to be the linear combination

of admissible trial functions and generalized co-ordinates:

u (x, t)i=b,t = (Ψ (x) m (t))i (H.5)

where Ψ (x) are the admissible trial functions and m (t) are the generalized co-

ordinates. The co-ordinate dependence may be truncated as per convention (x) =

(x, y, 0)→ (x, y) since these displacements are defined using L–K assumptions.

Substituting the approximate Ritz solutions into the generalized Hamilton’s prin-

ciple and assuming: that only the base plate is excited by point forces; an harmonic

time dependence of the form exp(jωt); and that the electrodes of the piezoelectric

material are attached only to an external resistive load, R1, yields a coupled system
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of electromechanical equations of the form:


1
R1

0 0

−Θs,t Kt + Ks,t K̃s,b

−Θs,b K̃s,t Kb + Ks,b

+ jω


Cp ΘT

s,t ΘT
s,b

0 Ct + Cs,t C̃s,b

0 C̃s,t Cb + Cs,b



−ω2


0 0 0

0 Mt + Ms,t M̃s,b

0 M̃s,t Mb + Ms,b






vp(ω)

mt(ω)

mb(ω)

 =


0

0

F(ω)

 (H.6)

where matrices K, C, M and Θ are the stiffness, damping, mass and electromechan-

ical coupling terms, respectively; Cp is the capacitance of the piezoelectric film; and

matrices having subscript (s, i) with i = b, t indicate components ascribed to the

spring layer written in terms of the base plate, b, or the top plate, t, displacements.

Those marked by (̃ ) indicate elastic coupling terms due to the spring layer. Note that

electromechanical coupling is due to the spring layer; yet, because the spring layer

mechanical displacements are written in terms of the base and top plate responses,

the coupling is seen to directly affect the host structural vibration as well as the re-

sponse of the top mass layer of the vibration control and energy harvesting device.

All components of Equation H.6 are detailed in Section H.8 for implementation.

In the present study, the electromechanical coupling terms are determined by

Θs,t = Nc (hs)
2hs
πts

d31E
s
z

hs

∫
x

∫
y

Ψwtodydx (H.7)

Θs,b = Nc (hs)
2hs
πts

d31E
s
z

hs

∫
x

∫
y
−Ψwbo

dydx (H.8)

where Ψwto and Ψwbo
are the trial functions of the top and base plate transverse

displacements, respectively. Eqs. H.7 and H.8 are the result of assuming the elastic

transverse displacements are decoupled from the in-plane responses and the assump-

tion that the piezoelectric spring layer electromechanical coupling is only related

to transverse displacement. These equations have further been tailored to reflect a
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more intuitive representation of the linear transverse strain induced in the corrugated

piezoelectric film. Though the spring layer is deformed transversely, the piezoelectric

coefficient d31 related to bending is employed, as opposed to d33 which is related to

through-thickness deformation. Secondly, a weighting term is applied, Nc
2hs

πts
, which

is the product of the number of corrugations, Nc, and the ratio of the equivalent con-

tinuous area to the actual corrugated cross-sectional area of the spring layer. These

modifications have been made following empirical observation of the devices’ electrical

response in the laboratory but in fact reflect an intuitive connection to the bending

strain of the corrugated spring as it is transversely deformed.

The frequency response function (FRF) of the top plate transverse acceleration

to the base plate transverse acceleration is computed as

|FRFaccel (ω)| =
∣∣∣∣∣−ω2wto(x1, y1, ω)
−ω2wbo(x2, y2, ω)

∣∣∣∣∣ =
∣∣∣∣∣Ψwto(x1, y1)mwto(ω)
Ψwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (H.9)

where mwto and mwbo
are the generalized co-ordinates related to the top plate and

base plate transverse displacements, respectively; and (x1, y1) and (x2, y2) are the

points of evaluation. The voltage FRF (V·g−1) of a device is computed as

|FRFvolt (ω)| =
∣∣∣∣∣ vp(ω)
−ω2Ψwbo

(x2, y2)mwbo
(ω)

∣∣∣∣∣ (H.10)

In considering the vibration attenuation capability of a device on a larger host

structure, the average mean-square out-of-plane velocity (m2·s−2) of the base plate is

determined by

〈ẇbo (ω)〉2 = ω2

2abbb

∫ ∫
(Ψwbo

(x, y)mwbo
(ω))∗ (Ψwbo

(x, y)mwbo
(ω)) dxdy (H.11)

where ()∗ denotes the complex conjugate. The mean-square acceleration, using the

harmonic time dependence assumption, is then 〈ẅbo (ω)〉2 = ω2〈ẇbo (ω)〉2. The accel-

erance TF for the vibrating structure is the transfer function between the global, or

mean-square acceleration, and the input force response.

Average electrical power over the energy harvesting load resistance is computed:

P (ω) = |vp(ω)|2

2R1
(H.12)
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Table H.1: Mechanical and electrical characteristics of the piezoelectric film
ts (m) Ep (Pa) νp ρp (kg/m3) η d31 (m/V) εT

33 (F/m)
28e-6 5.4e9 0.18 1780 1e-3 23e-12 12ε0

Table H.2: Equivalent orthotropic plate characteristics of piezoelectric core having
λ = 12.7 mm and ts = 28 µm
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
2.47e10 2.12e10 5.78e3 0.045 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρs (kg/m3) hs (mm) ηs
7.49e4 1.77e6 2.69e8 7.12 6.35 0.08

When the device is placed on the host panel, similar to the accelerance TF, the power

TF is the ratio of the electrical power to the input force.

H.4 Experimental validation

H.4.1 Device description and characterization

The device shown in Figure H.2 was produced using piezoelectric film of thickness

ts = 28 µm having characteristics as given in Table H.1 [140]. Both surface electrodes

were carefully etched as per the design of Figure H.4 using a fine-tipped watercolor

brush and ferric chloride solution. Afterwards, the film was constrained in the circu-

larly corrugated form of period λ = 12.7 mm using thin lines of quick-drying epoxy

and facing sheets of non-poled PVDF film into the circularly corrugated form having

5 full periods. Elastic homogenization techniques were used to determine equivalent

orthotropic thick plate elasticity parameters to characterize the spring layer stiffness

matrix, cEs [144, 65, 111]. These equivalent material properties are given in Table H.2

and were computed using the methods proposed in Chapter D. Note that the trans-

verse parameter, Ez, is many orders of magnitude less than the cross-planar bending

stiffnesses, Ex and Ey, and that there is no coupling between them, vyz = vxz = 0.

This indicates that transverse dynamics of the layer are similar to a layer of vertical

springs, as per [65], not coupled to the remaining dynamics of the layer.

The device was fixed to a stiff shaker table platform for FRF testing. Evident in
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Table H.3: Mechanical and geometric properties of base and top plates, i = b, t
Layer ai (mm) bi (mm) hi (mm) Ei (Pa) νi ρi (kg/m3) ηi
Base 300 140 5 1.0e14 0.33 800 3e-4
Mass layer 76.2 50.8 0.76 2.1e11 0.33 7850 1e-3

Figure H.2 are the lead attachments connected to the etched surface electrodes noting

that four connections are required given the four unique segments of the electrode

after etching. Table H.3 presents the top mass layer and approximate base plate

characteristics. The shaker excited the specimen only in the transverse direction and,

as such, was anticipated only to excite the SDOF resonance response of the device.

In the model, the base plate was assumed to have free boundary conditions and be

excited by a centrally-located unit point force. For FRF computation, (x1, y1) = (0, 0)

and (x2, y2) = (0, 0).

H.4.2 FRF test results and model validation

A comparison of the measured and modeled acceleration FRF is given in Figure H.5

(a) for four values of load resistance, R1. The device is observed to exhibit a prin-

cipal SDOF resonance, akin to a 1D mass-spring-damper system. For smaller values

of R1, the natural frequency occurs at approximately 78.5 Hz; as the resistance is in-

creased, the coupling through the piezoelectric material produces a stiffer distributed

spring layer and increases the resonance to the open circuit value (i.e. R1 → ∞)

at approximately 81.5 Hz. This is a substantial shift in frequency for a piezoelectric

material having such low electromechanical coupling as compared with, for example,

piezoceramics. However, this may be due to the circularly corrugated design which

significantly strains the film as the mass oscillates vertically at resonance. The model

almost exactly predicts the locations of these resonant frequencies for various load re-

sistances but measurements exhibited uniformly more roll-off above resonance. This

lapse in the model may be explained by employing too great of a loss factor, ηs in

Table H.2, for the equivalent spring layer elastic material properties.

It is also noted that there is no noticeable shunt damping effect due to dissipa-
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Figure H.5: Comparison of modeled and measured (a) acceleration FRF magnitudes
and (b) voltage FRF magnitudes for piezoelectric corrugated core distributed absorber
device for various load resistances, R1.

tion in the electrical circuit. The inertial influence of the top mass layer dominates

dissipative circuit effects. Therefore, for this particular specimen, the damping of the

device is mostly a function of the elastic characteristics of the PVDF film itself as

opposed to electromechanical coupling.

Figure H.5 (b) compares the measured and predicted voltage FRF for the sample.

The model fairly accurately predicts the amplitude and shifting resonance frequency

of the voltage FRF resonance. Similar to past work in piezoelectric energy har-

vesting [85], the voltage FRF is measured and predicted to both increase in overall

amplitude as well as in frequency as the load resistance of the energy harvesting

circuit is increased.

Finally, a time-domain plot of the response of the device as measured for R1 =

150 kΩ is given in Figure H.6 at an excitation frequency of 81 Hz. Shown in Figure H.6

(a) are the individual voltage outputs for the two electrode pairs generated by etching

according to the design in Figure H.4. The outputs are perfectly out-of-phase and of

nearly identical magnitude. This verifies the assumption that the strains exhibited on

opposing sides of the piezoelectric film are equal-and-opposite. Proper combination
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Figure H.6: Measured time series of corrugated piezoelectric device. (a) Individual
electrode outputs and (b) sum and difference of the two signals.

of these voltages yields a substantial increase in output, while directly combining the

two signals almost eliminates the net voltage, Figure H.6 (b).

The response is also observed to be sinusoidal, indicating the linearity of the

distributed spring layer as the device transversely oscillates. Though bending and

shearing dynamics of the piezoelectric spring layer may yield measured electrical

responses of greater complexity, the linearity of the transverse response suggests model

results for the device at its natural frequency should be in reasonable agreement with

measurements which is most important for an accurate energy harvesting analysis.

H.5 Analysis of distributed device design for energy
harvesting and vibration suppression purposes

H.5.1 Dampening of distributed spring layer
H.5.1.1 Mechanical damping considerations

Devices intended to suppress surface vibration are frequently designed so as to dissi-

pate the energy which they intercept. However, energy harvesting devices are gener-

ally designed so as to have negligible dissipative effects. Indeed the shunt damping

effect of harvester circuits when operating at maximal power output can be a detri-

ment to performance in that objective [35].
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Table H.4: Geometric and mechanical properties of the layers
Layer a (mm) b (mm) h (mm) E (Pa) ρ (kg/m3) ν η (xf1 , yf1) (mm)
Base 600 400 3 7.2e10 2100 0.33 1e-3 (144,127)
Top 90 90 1 7.2e10 2100 0.33 1e-3 —

Table H.5: Equivalent orthotropic plate characteristics of piezoelectric core
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
4.04e10 3.44e10 3.62e4 0.041 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρ (kg/m3) hs (mm) η
1.73e5 4.67e6 1.69e8 15 6.35 0.001

Thus, consideration of the spring layer mechanical dampening should be made

as it initially appears to be a factor promoting one objective while inhibiting the

other. For this purpose, a simply-supported panel is considered to which a centrally-

located distributed absorber device is attached. The spring layer of the device is

a circularly corrugated layer, using a piezoelectric film thickness of 63.5 µm and a

wavelength of λ = 12.7 mm. Mechanical and geometric properties of the system

are provided in Table H.4; equivalent continuous spring layer elasticity constants are

provided in Table H.5 as computed from the method of Chapter D; and the remaining

piezoelectric film properties are those of Table H.1. The device represents a mass ratio

of µ = 0.0117 and has a SDOF natural frequency of 260 Hz, very close to the panel

(3,1) modal resonance at 264.1 Hz. The load resistance during computation was fixed

at R1 = 10 kΩ. Note that the circularly corrugated piezoelectric film uses 7 periods

of the film to cover the span of the continuous device.

The model was evaluated over a range of spring loss factors, η. Metrics of reduction

of the cumulative panel mean-square velocity and cumulative power were made for

two bandwidths, 10 to 300 Hz and 10 to 600 Hz. Results were normalized to the

nearly undamped case, η = 1e− 3, and are presented in Figures H.7 and H.8.

Intuitively, Figure H.7 shows that increased dampening in the spring layer bene-

fits both narrow and broadband vibration attenuation. The effect is more apparent

around the bandwidth where the device works reactively, near to its tuning frequency
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of 260 Hz. Also, as may be expected, as Figure H.8 indicates, any increase in damp-

ening inhibits power harvesting potential. In general, energy harvesting devices are

designed so as to be as lightly damped as possible in order to most efficiently con-

vert the captured kinetic energy into electrical power. Thus, dissipated energy is lost

electrical power.

In this sense, it is no surprise that the case of dampening in the continuously

distributed spring layer presents a contradiction in terms of objectives. However,

as mentioned at the beginning of this section, structural dampening caused by con-
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nected harvester circuits is an unavoidable effect in the electro-mechanical conver-

sion process; this effect is witnessed most prevalently at optimal power harvesting

conditions [35, 85]. Thus, a design goal may be to develop a spring layer with min-

imal mechanical dampening such that increases in dampening are achieved through

the electrical circuits as the natural result of energy harvesting, instead of through

damped materials via the conventional mechanism of Joule heating.

A note should be made regarding the results shown for vibration attenuation as

mechanical damping of the spring layer increased, Figure H.7. In Section F.5, con-

tinually increasing the damping of the electromagnetic oscillators improved vibration

attenuation capability but only up to the point whereupon they effectively became

overdamped. This led to an observed optimum mechanical damping ratio which was

best suited for the corresponding load resistance, thus collectively yielding best elec-

trical and mechanical overall damping.

However, Figure H.7 shows no such convergence or optimum damping of the spring

layer. The explanation for this is that the present continuously distributed spring

layer is capable of both transverse as well as extensional deformation, whereas the

oscillators are one-dimensional systems. Thus, as the loss factor of the distributed

spring layer increases, this increases the resistive effects of the vibration control device

which is a useful broadband vibration suppression feature. In contrast to the EÐM

oscillators, increases in the loss factor of the distributed spring would not exhibit an

optimum value since the dynamics of the continuously distributed device are more

complex than the simpler mass-spring-damper systems.

H.5.1.2 Electromechanical damping considerations

In extension of an analysis of the dampening of the distributed device by means of

materials selection, it is valuable to examine the effects of piezoelectric stiffening and

dampening due to varying load resistance. While the level of dampening and stiffening

of the oscillating device may be substantial, as in the case of a bimorph piezoceramic

energy harvesting beam for optimal power output [85], it is not necessarily the case
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that the effect translates to a viable improvement in narrow or broadband panel

vibration attenuation.

Furthermore, it may be recognized that the piezoelectric stiffening effect, in mod-

ifying the SDOF resonance of the device, observed in Figure H.5 (a), will thereafter

modify the way in which it couples to the host structural vibration. The split reso-

nances due to the reactive effect of the absorber device may shift as a result.

The same model as the previous section was utilized. In the simulations, me-

chanical dampening of the spring layer was held fixed, η = 1e − 3, while the load

resistance varied. The mean-square velocity of the panel is plotted in Figure H.9 for

a variety of load resistances, R1. Very little differences are apparent amongst the

variety of cases of panel mean-square velocity with the absorbers and, in a global

sense, they appear identical and overlaid. This is partially due to two key factors:

first, the very low mass ratio of the device and minimal amount of piezoelectric film

within the spring layer; second, the piezoelectric film has a low electro-mechanical

coupling as compared with a more conventional material for energy harvesting, like

piezoceramics. Therefore, as the load resistance is varied, it is not anticipated that

the structural response will alter drastically.

However, a closer look at the two split resonances of the reactively suppressed

panel (3,1) mode—264 Hz split into 244 and 292 Hz—shows that the changing load

resistance does have a direct effect on these two responses. Figure H.10 (a) provides

a zoomed in plot of the lower split resonance, using a finer computed frequency

resolution for convenience. Note that the untreated panel vibration is not shown in

Figure H.10 due to the shift in location of the resonance with the attachment of the

devices.

Figure H.10 (a) shows that, as the load resistance increases, the split resonance is

dampened to varying degrees. Around 3e4 Ω an optimal level of dampening occurs.

While existing piezoelectric energy harvesting literature suggests that the optimal

level of dampening due to the choice of resistive load occurs under the same conditions
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Figure H.9: Panel mean-square velocity for varying distributed device load resistance.
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Figure H.10: Panel mean-square velocity for varying distributed device load resis-
tance, zoom (a) lower split resonance and (b) higher split resonance.

as optimal power output [35], it should be recalled that this was the case for the energy

harvester beam itself, and not in regards to coupling to another structure’s vibrations.

However, for the choice of R1 = 3e4 Ω, the magnitude of the resonance is attenuated

by roughly 1.5 dB greater than for some other selections of resistance.

Figure H.10 (b) plots a zoomed plot of the panel mean-square velocity around the

higher of the two split resonances, at 292 Hz. The same effect is observed as for the

lower of the split resonances, again with best structural dampening achieved around

R1 = 3e4 Ω. Closer to 2 dB reduction in mean-square velocity is achieved for best

resistance selection in this instance.
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Figure H.11: Distributed device piezoelectric power output for varying distributed
device load resistance, zoom (a) lower split resonance and (b) higher split resonance.

The varying power output of the device is shown in Figures H.11 (a) and (b) for

the same bandwidths. It is seen that the maximum power from the device also occurs

in the range of 3e4 Ω. From this result may be deduced the following. Since the

mechanical dampening of the spring layer is less than that induced by the circuit, the

distributed device itself is most damped via the harvester circuit under conditions of

maximum power output. Thence, the greatest level of vibration attenuation of the

host panel around the tuned bandwidth occurs simultaneously for the load resistance

which maximizes the energy harvesting potential of the same applied device. This is

one direct sign of the simultaneous achievement of reactive vibration suppression and

energy harvesting goals. It is also an indirect observation of shunt damping effects:

the panel split resonances are modified in amplitude and frequency as the piezoelectric

spring layer is stiffened and damped to varying degrees.

Figure H.12 plots the full spectrum power output for reference. The additional

large peak in output at 515 Hz is due to excitation of the distributed device by the

(1,3) vibrational mode of the structure. Since the device does not span any of the

nodal lines of this mode, it is uniformly excited, indeed nearly to the same extent as

around its tuned frequency bandwidth, such that power output at 515 Hz is almost

of the same order as the tuned range.
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Figure H.12: Distributed device piezoelectric power output for varying distributed
device load resistance.

A final zoomed plot around this frequency highlights an additional feature of

importance. Figure H.13 plots the power output around the (1,3) panel mode as

load resistance is varied. While maximum power was generated around the tuning

frequency range for load resistances near to 3e4 Ω, it is seen that around 514.4 Hz

optimal power output occurs for load resistances closer to 1e4 Ω. It is also observed

that no change in frequency is predicted as load resistance is varied. Thus, the optimal

power output at 514.4 Hz occurring for a different load resistance than around the

tuning frequency range is likely the natural consequence of the induced dampening

effects unique to the choice of R1.

Note that in this analysis, the contribution of mass of the applied device was very

low, µ = 0.0117. Even for such a small addition of mass, the reactive nature of the

device greatly shifted the frequencies of the host panel around the device’s tuned

range. These features reveal a number of important points regarding distributed

devices to be designed for the concurrent purposes of passive vibration suppression

and energy harvesting. Namely,

1. The presence of a reactive device inherently modifies the dynamics of the host

structure such that the operational frequencies of the structure no longer coin-

cide with the tuned frequency for which the device was originally intended.
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Figure H.13: Distributed device piezoelectric power output for varying distributed
device load resistance, zoom higher panel mode.

2. For a mechanically undamped device, optimal electrical dampening occurs for

a choice of load resistance equal to that of optimal power harvesting conditions.

3. In the case of (2), since the device dampening is primarily dependent on the elec-

trical circuit dissipation, shunt damping serves as the best means to reactively

attenuate structural vibration in the tuned frequency bandwidth.

4. However, the reactive device is not oscillating at its optimal (tuned) frequency,

see (1), and there may be other frequencies of excitation which, in fact, yield

even greater power output for a load resistance not equal to conditions of (3).

H.5.2 Alternative placement of piezoelectric film in the
harvester and vibration control devices

An interesting possibility is considered in light of the results of Section C.5. It was

found that the modal response of a continuously distributed vibration absorber top

mass layer was more beneficial to vibration attenuation than the use of the transla-

tional SDOF device resonance.

The modal dynamic is the freely-suspended plate bending mode depicted in Fig-

ure H.14. In this mode, there are no nodal lines of strain; in other words, the strain

on the surface of the plate is fully in-phase on the top surface and fully in-phase
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Figure H.14: Freely-suspended plate bending mode without nodal lines.

on the bottom surface (though the two surfaces are out-of-phase with reference to

each other). This is due to the fact that this operational deflection shape is the su-

perposition of the free-free beam fundamental bending mode shape in both x and y

co-ordinate axes.

Were a piezoelectric layer attached to the top surface of the mass layer which

was vibrating in this mode shape, the surface strain distribution, being all in-phase,

may be of benefit for energy harvesting purposes. This is the same reason that can-

tilever beam harvesters are designed to oscillate in the fundamental beam mode shape.

Avoidance of strain nodes is crucial to implementation of the most straightforward

electrical circuits and electrode etching requirements [145].

Thus, with the top mass vibrating in this low order modal dynamic, no etching

of the applied piezoelectric film electrodes would be necessitated. However, it must

be evaluated whether the bending of the top mass in this dynamic is substantial

enough as compared with, for reference, the host panel bending. If the latter were

greater than the prior, there would be no benefit to piezoelectric material on the top

mass layer and, therefore, it may likely be best to design spring layers utilizing the

piezoelectric material.
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Table H.6: Geometric and material specifications
Layer a (mm) b (mm) h (mm) E (Pa) ρ (kg/m3) ν η (xf1 , yf1) (mm)
Base 300 300 3.7 7.2e10 2100 0.3 1e-3 (144,127)
Top 90 90 2 7.2Γe10 2100 0.3 1e-3 —
Spring layer 90 90 50 2e5 9 0.4 5e-3 —

H.5.2.1 Comparison using smart foam sample

To study this feature, a series of model simulations were carried out in which a simply-

supported panel was excited, having a centrally-located distributed vibration absorber

device. Three cases were considered: the absorber utilizing the piezoelectric material

in the spring layer like smart foam (Figure H.2); the piezoelectric film being directly

attached to the host panel, immediately beneath the distributed spring layer of the

absorber; and the absorber top mass having a layer of piezoelectric film on top. It

was anticipated that comparison between the second and third arrangements should

give a clear indication as to whether the bending of the host panel is thoroughly

transmitted through the spring layer to couple to the modal dynamic of the top

mass. Note that the volume of piezoelectric material used for each of the three cases

is roughly equivalent, though the curvature of the smart foam design uses slightly

more than the latter two.

Variations in the load resistance, R1, and in the modulus ratio, Γ, are evaluated

with the corresponding metrics of the reduction of cumulative mean-square velocity

around the tuning frequency of the distributed absorber (10 to 300 Hz) and broadband

(10 to 1000 Hz). It is noted that the host panel exhibits a (1,1) mode at 228.9 Hz and

the SDOF oscillation of the absorber was tuned to 228 Hz. Geometric and material

characteristics of the layers are given in Table H.6 while the piezoelectric material

and electric properties are those of Table H.2. The smart foam device represented a

mass ratio of µ = 0.0538.

Figures H.15–H.17 plot the results of simulation for the case of the piezoelectric

film in the spring layer, beneath the device on the panel and when the film is applied

to the top surface of the top mass, respectively. Plots in the left column provide
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Figure H.15: Smart foam with piezoelectric film in smart foam spring layer. (a) Nar-
rowband reduction in cumulative mean-square velocity. (b) Narrowband cumulative
power. (c) Broadband reduction in cumulative mean-square velocity. (d) Broadband
cumulative power.

the reduction in cumulative mean-square velocity; plots in the right column provide

the cumulative power. The top rows are computations evaluated near the tuning

frequency range, 10 to 300 Hz, while the bottom rows are computations over the full

spectrum, 10 to 1000 Hz.

In each case, Figures H.15–H.17 (a) show that a modulus ratio of approximately

Γ = 0.006 yields substantial narrowband reduction in the panel mean-square velocity.

This, in fact, corresponds to the case of the device top mass oscillating in the freely

suspended mode illustrated in Figure C.4. Thus, this corroborates the findings of

Section C.5 that continuously distributed vibration absorbers are more beneficial

when designed so as to oscillate modally as opposed to translationally. This also

appears to yield the best improvement in broadband vibration attenuation as well,

considering Figures H.15–H.17 (c), though other ranges of Γ yield nearly equivalent

levels of vibration suppression.

When the piezoelectric film applied to the top mass layer, Figure H.17 (a) shows

that an optimal level of resistance, R1 ≈ 14 kΩ, further increases the narrowband
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Figure H.16: Piezoelectric film applied to panel surface beneath smart foam device.
(a) Narrowband reduction in cumulative mean-square velocity. (b) Narrowband cu-
mulative power. (c) Broadband reduction in cumulative mean-square velocity. (d)
Broadband cumulative power.
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Figure H.17: Piezoelectric film applied to smart foam device top mass surface. (a)
Narrowband reduction in cumulative mean-square velocity. (b) Narrowband cumula-
tive power. (c) Broadband reduction in cumulative mean-square velocity. (d) Broad-
band cumulative power.
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vibration suppression. Thus, as the mass layer oscillates modally, an optimum load

resistance is determined to best attenuate the structural motion, by means of increas-

ing the electrical damping effects.

Figures H.15–H.17 (b) and (d) do not show major variations from within each

case, but the cases comparatively exhibit significantly different power outputs. The

piezoelectric film in the smart foam spring layer is the least effective manner by which

to generate useful electrical power. This indicates that comparatively the embedded

film is much less strained as the smart foam device works against the host vibrating

panel. Thus, this is a poor energy harvesting device design, not surprising given the

original application of smart foam was for acoustic actuation.

Figures H.16 and H.17 (b) and (d) show that when the piezoelectric film is directly

applied to either the base structure or top mass layer, much greater power output is

possible. However, when the piezoelectric film is applied to the mass layer, and the

modulus ratio of the top mass is selected so as to allow the mass layer to operate

in the freely suspended modal dynamic, the greatest power output is possible. The

optimum computed values are Γ = 0.00135 and R1 = 14.7 kΩ when the piezoelectric

film is directly applied to the top mass.

Using these optimum values, Figures H.18 and H.19 plot the panel mean-square

velocity of the higher of the two split resonances of the original untreated panel

response and the power output, respectively. Figure H.18 represents a zoomed plot

of nearly identical results as computed for Section C.5 Figure C.5, since the earlier

modeling scenario was the same with the exception of the presence of a piezoelectric

material.

Figure H.18 shows that the higher split resonance may be attenuated to a greater

degree with the piezoelectric film on the modally-oscillating top mass as compared

with the film on the host panel itself or when present in the smart foam spring layer.

Since each of the modeling scenarios involves the top mass oscillating in the modal

dynamic, this suggests that the additional reduction in panel mean-square velocity
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possible with the piezoelectric film applied to the top mass layer is due to dissipative

effects in the external harvester circuit.

Figure H.19 reveals a clear benefit of applying the piezoelectric film to the top

mass layer in terms of generating maximum electrical power. The application of

the film in the smart foam spring layer does not substantially strain the film, and

a smaller power output results. Applying the film to the host panel is, in fact, a

reasonable means by which to extract power from the strained piezoelectric material.

The modally-oscillating top mass is found to be the most useful surface of application

of the piezoelectric material for both energy harvesting as well as vibration suppression

purposes.

However, the use of the circularly corrugated spring layer may substantially in-

crease the total power output possible due to the greater volume of and straining of

the spring layer. In the smart foam construction, the film is supported by an encasing

poroelastic layer, thus minimizing the transmitted strain to the film. In contrast, the

piezoelectric film supports itself in the corrugated spring layer design; thus, all strain

of the spring layer is necessarily transmitted through the piezoelectric film leading to

greater electromechanical energy conversion.

H.5.2.2 Comparison using circularly corrugated piezoelectric spring
layer

While the comparison made to a smart foam sample employed roughly equivalent

amounts of piezoelectric film per case—whether the film was on the top mass, em-

bedded in the foam or applied directly beneath the device—the device using the

circularly corrugated spring layer is of greater interest to this work. Liao and Sodano

[27] point out that the efficiency of a power harvesting device is interconnected with

the amplitude of electromechanical coupling which it exhibits. Since the circularly

corrugated sample is substantially more coupled by means of a greater mass of piezo-

electric material per volume, as compared with a smart foam sample, it is worthwhile

to repeat the analysis of the previous section to assess how the greater electrome-
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Table H.7: Geometric and material specifications
Layer a (mm) b (mm) h (mm) E (Pa) ρ (kg/m3) ν η (xf1 , yf1) (mm)
Base 300 300 3.7 7.2e10 2100 0.3 1e-3 (144,127)
Top 90 90 0.9 7.2Γe10 2100 0.3 1e-3 —

Table H.8: Equivalent orthotropic plate characteristics of piezoelectric core
Ex (Pa) Ey (Pa) Ex (Pa) νyx νyz νxz
4.60e10 3.96e10 2.37e4 0.044 0 0
Gyz (Pa) Gxz (Pa) Gxy (Pa) ρ (kg/m3) hs (mm) η
2.05e5 1.53e7 2.56e8 13.3 6.35 0.005

chanical coupling affects vibration attenuation and energy harvesting results.

Thus, the analysis was repeated using the base plate and top mass layer geomet-

ric and material properties as provided in Table H.7; the piezoelectric material and

electric properties are those of Table H.1 with the exception that ts = 52 µm; and

the equivalent elasticity parameters of the spring layer having wavelength λ = 15 mm

were computed using the methods of Chapter D and are provided in Table H.8. The

absorber exhibited a SDOF natural frequency of 227 Hz; represented a mass ratio of

µ = 0.0229 and used 6 circular corrugations of the piezoelectric film along its length.

In evaluating the response of the system when the piezoelectric film was applied to

either the top plate surface or the base plate surface, the spring layer was assumed

to be composed strictly of non-poled PVDF film.

Figures H.20–H.22 plot the results of simulation for the case of the piezoelectric

film in the spring layer, beneath the device on the panel and when the film is applied

to the top surface of the top mass, respectively. As in the prior section, plots in the left

column provide the reduction in cumulative mean-square velocity; plots in the right

column provide the cumulative power; the top rows are computations evaluated near

the tuning frequency range, 10 to 300 Hz, while the bottom rows are computations

over the full spectrum, 10 to 1000 Hz.

Unlike the smart foam sample of the prior section, the circularly corrugated piezo-

electric spring layer exhibits significantly greater electromechanical effects and is the
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Figure H.20: Device having piezoelectric film in spring layer. (a) Narrowband re-
duction in cumulative mean-square velocity. (b) Narrowband cumulative power. (c)
Broadband reduction in cumulative mean-square velocity. (d) Broadband cumulative
power.
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Figure H.21: Piezoelectric film applied to panel surface beneath device. (a) Nar-
rowband reduction in cumulative mean-square velocity. (b) Narrowband cumulative
power. (c) Broadband reduction in cumulative mean-square velocity. (d) Broadband
cumulative power.
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Figure H.22: Piezoelectric film applied to device top mass surface. (a) Narrowband
reduction in cumulative mean-square velocity. (b) Narrowband cumulative power. (c)
Broadband reduction in cumulative mean-square velocity. (d) Broadband cumulative
power.

best solution for all scenarios: narrow and broadband vibration suppression and en-

ergy harvesting. An optimum modulus ratio is observed for narrowband vibration

attenuation in all cases, Figures H.20–H.22 (a), Γ ≈ 0.1 which contrasts to a best selec-

tion observed for broadband vibration attenuation, Figures H.20–H.22 (c), Γ ≈ 0.05.

When Γ ≈ 0.1, the top mass layer of the device would exhibit the freely suspended

pumping modal dynamic of Figure H.14 at the tuned natural frequency of the device,

227 Hz. As was found in the previous section and in Section C.5, designing the device

such that the top mass oscillates modally as opposed to translationally is best suited

for passive vibration suppression.

An explanation may be proposed as to the reduction in optimum Γ for broadband

vibration attenuation as compared with the optimum for narrowband results. Due

to the greater electromechanical coupling of the present spring layer design, there is

a greater amount of piezoelectric damping and stiffening induced in the spring layer

at the device resonance. This stiffening effect therefore inhibits the top mass from

being excited to vibrate modally; to offset this constraint, the optimum modulus
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ratio for broadband vibration attenuation is less than that which yields the modal

dynamic at 227 Hz. It may be found that a modulus ratio of Γ ≈ 0.05 indicates

the top mass exhibits the pumping modal dynamic at approximately 170 Hz. Lower

modulus ratio were observed in Section C.4 to be well-suited for passive broadband

vibration suppression. The combination of the piezoelectric stiffening effects of the

present device and the design of the top mass such that it oscillates modally appear

to suggest the best compromise is to lower Γ than the narrowband optimum selection

such that broadband attenuation may be maximized.

In the previous section, it was observed that placement of the piezoelectric film

on the top mass layer would maximize narrow and broadband vibration suppres-

sion. However, the greater electromechanical coupling of the corrugated spring layer

yields substantial electrical damping from the harvester circuit, which comparatively

outweighs the damping effects induced should the film be placed on the top mass.

Given the greater electromechanical coupling induced by the corrugated piezo-

electric spring layer, an optimum load resistance is computed to suppress vibration

in Figure H.20 (a) and (c):R1 ≈ 20 kΩ. This indicates the device is most electri-

cally damped for this selection of resistance, thus reducing the panel vibration to the

greatest degree.

What’s more, it is observed that this load resistance also corresponds to the best

choice for energy harvesting purposes: Figure H.20 (b) and (d). Section H.5.1.2

discovered this effect as well in evaluating electromechanical damping effects induced

in the piezoelectric spring layer which thereupon modified how the harvester device

influenced the structural vibrations. It is found in literature that for moderately

electromechanically coupled piezoelectric energy harvesters that maximum damping

of the harvester structure corresponds to the maximum electrical power output [27].

This is again evidence that energy harvesting from and suppression of structural

vibrations need not be mutually exclusive. Prior energy harvesting analyses which

ignore the structural dynamic coupling of applying resonant devices to a greater
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Table H.9: Mechanical and geometric properties of base and top plates, i = b, t
Layer ai (mm) bi (mm) hi (mm) Ei (Pa) νi ρi (kg/m3) ηi
Base 711 508 6.35 7.2e10 0.33 2100 1e-3
Mass layer 150 150 1.3 7.2e10 0.33 2100 1e-3

vibrating system, be it a bridge or structural panel, may be missing a larger picture

of the possibilities. Given that vibrational energy harvesting has significantly been

spearheaded by structural health monitoring concerns, the ability to simultaneously

attenuate the vibrations of a structure and convert the absorbed energy into electrical

power intrinsically benefits the health of the structure.

H.6 Vibration suppression of and energy harvesting from
an excited panel

H.6.1 Experiment description

A simply supported panel was then used for testing another piezoelectric vibration

control device. The panel itself was a part of a larger mounted structure with the panel

extending off of the structure by means of thin shims to replicate simple supports as

closely as possible. The mechanical and geometric information of the panel and the

device top mass layer are provided in Table H.9. It was observed that the edges of the

panel support were not exactly classical simple supports but additionally constrained

the rotation of the edges. This was compensated for in the modeling by including

additional edge stiffnesses in computation. This is achieved by assuming the edge is

further constrained by rotational springs as described in [146] and [98] and analytically

detailed in Appendix A. However, due to the inexact boundaries along the edges of

the test panel, it was not possible to perfectly match eigenfrequency predictions of

the panel with those measured.

The mounted structure and the panel were both suspended as shown in Fig-

ure H.23. An electrodynamic shaker was attached to a bored hole at the center of

the panel through a short stinger. A PCB 208 A03 force transducer was positioned

between the stinger and the panel. An array of 30 PCB 330A accelerometers were
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Figure H.23: Photograph of simply supported panel in mounted structure with piezo-
electric device attached to the top surface. The shaker, stinger, force transducer and
accelerometer array are connected to the underside of the panel.

randomly positioned on the underside of the panel, with the top surface left clear for

later application of the piezoelectric device. The global accelerance TF was computed

by the average accelerance TF between each accelerometer and the force transducer.

The piezoelectric spring layer design was the same as for the earlier shaker test

sample, having piezoelectric film characteristics as given in Table H.1 and equivalent

elastic parameters as provided in Table H.2. A close-up photograph of the device

attached to the panel is shown in Figure H.24. The device was much larger than the

specimen used in FRF testing of Section H.4 and included 12 periods of the circular

corrugation. However, despite the larger size, the mass ratio of the device relative

to the mass of the panel was only µ = 0.0104, or just over 1%. In practical terms,

this is an unusually lightweight device to employ for vibration control purposes but

also meets the general objective in energy harvesting of attaching devices of negligible

inertial influence to the host structure. Though the device was not measured on the

shaker platform, for the justified reason that removing such devices from the platform

often resulted in the destruction of the piezoelectric film layer, the SDOF natural

frequency of the device was predicted by the model to be approximately 94 Hz. This

was very close to the (1,1) mode of the simply supported panel which was measured
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Figure H.24: Photograph of the piezoelectric vibration control device attached to the
panel.

and computed to be 97.5 Hz.

H.6.2 Panel experimental results and model comparison

The panel accelerance TF was initially measured with nothing attached to the top

surface. Afterwards, the center of the piezoelectric device was attached at (93,0) mm

relative to the panel center. The device was attached by means of a thin double-sided

tape. The tests were repeated varying the load resistance, R1, in the energy harvesting

circuit to which the electrical leads from the etched electrodes were attached. The

out-of-phase voltages from the electrodes were appropriately combined so as to yield

the maximum electrical signal. By experimental trials, it was found that R1 = 180 kΩ

yielded the greatest electrical power TF. The untreated panel accelerance TF and that

with the applied piezoelectric device are shown in Figure H.25 comparing predicted

results and measurements.

The model very closely predicts the untreated panel response with the exception

of the location of some resonances. This is attributed to the inexact simply supported

boundary conditions of the panel. It is apparent that the connection of the shaker

to the panel is not exactly at panel center since several of the asymmetric modes are

excited, for instance the (2,1) mode at 186 Hz. After observation of this feature, the

model was appropriately adjusted to simulate the point force excitation at (4,4) mm

relative to panel center. The two lowest-order symmetric panel resonances—the (1,1)
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mode at 97.5 Hz and the (3,1) mode at 350 Hz—are thoroughly excited by the shaker

and these are the resonances for which the piezoelectric device was designed and

appropriately positioned.

Following application of the device, the panel vibration of the (1,1) mode is ob-

served to be significantly attenuated. The resonance at 97.5 Hz is predicted to be

suppressed by approximately 20 dB and the measurements show nearly this exact

attenuation. Two split-resonances at 87 and 100 Hz are generated by application

of the reactive device. This is a dynamic ascribed to conventional 1D vibration ab-

sorbers [82] and is seen to also be the case for the distributed system of interest. This

further exemplifies the reactive nature of the piezoelectric device in suppressing the

panel response. The (3,1) panel resonance at 350 Hz is attenuated by more than 10 dB

but this is not due to the direct “tuning” of the device for this frequency. Instead,

the reactive suppression of the symmetric (3,1) mode is conveniently achieved by the

mostly central placement of the device on the panel surface. Over the bandwidth of

frequencies computed, the model is in very close agreement with the measurements,

despite minor misalignment of panel resonances due to the inexact simple supports.

While the device is observed to dramatically suppress the panel vibration for being
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Figure H.26: Comparison of modeled and measured electrical power TF magnitude
of the piezoelectric device. R1 = 180 kΩ.

such a lightweight treatment, the second objective pursued is the achievement of

useful electrical power output from the device. For a load resistance of R1 = 180 kΩ,

the power TF magnitude is shown in Figure H.26. For the two symmetric modes

in this bandwidth, (1,1) and (3,1), the measurements show very clear maxima in the

electrical power response. While the model is close in replicating the magnitude of the

power around the device SDOF natural frequency, 94 Hz, it slightly under estimates

the peak response. Measurements at 86.5 Hz observed a power TF magnitude of

3.3 mW·N−2.

In addition, the measurements showed that electrical response for the device when

excited by panel asymmetric modes yielded stray electrical signals, and thus the noisy

response observed between 120 and 320 Hz. However, the model does not take into

account the precise geometry of the circularly corrugated spring layer and, instead,

predicts a precipitous electrical signal drop in this bandwidth. Nevertheless, for

the two symmetric modes, for which the piezoelectric device is primarily excited by

uniform transverse panel vibration, the model is in reasonable agreement with the

measurements.

Figure H.27 (a) plots the measured panel response around the (1,1) mode for a

variety of load resistances, R1. Changing the load resistance is here observed to influ-
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Figure H.27: (a) Panel accelerance TF around (1,1) mode and (b) piezoelectric device
power TF for a variety of resistances R1.

ence the magnitude of the vibration suppression around the (1,1) mode. This suggests

that the larger piezoelectric vibration control device, in contrast to the much smaller

sample used in FRF testing, exhibits enough electromechanical coupling through the

many piezoelectric corrugations to take advantage of shunt damping effects in the

energy harvesting circuit.

What is perhaps more interesting, however, is the effect on the panel response mea-

sured for the higher of the two split resonances, at 100 Hz. For low R1, this resonance

occurs at 99 Hz. Increasing load resistance dampens this resonance and increases the

frequency to 100 Hz. Further increasing R1 reduces the damping effect and increases

the resonance up to 101 Hz. This imitates the piezoelectric shunt damping effects

characteristic of other more frequently studied systems like cantilevered piezoelectric

beams [40]. This indicates that the attached piezoelectric device itself is dampened

and stiffened to varying degrees for the different selections of R1, yielding new split

resonance locations and amplitudes for the host panel which the device is reactively

suppressing.

Figure H.27 (b) plots the measured device power TF for the same selections of

load resistance. Resistances below or above the optimum range, around R1 = 82 to
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180 kΩ, were found to produce the least electrical power. Thus, selection of the load

resistance both optimally achieves electrical power as well as achieves best vibration

suppression of targeted panel resonances for which the device was originally designed.

It is here observed that both objectives are best met by nearly the same choice of R1:

vibration suppression of the panel is best achieved using R1 = 82 kΩ while energy

harvesting objectives maximize power for R1 ≈ 150 kΩ.

Figure H.28 plots the power TF magnitude at 86.5 Hz for various load resistances.

Modeled results are uniformly less than those measured. As observed in Figure H.26,

this disparity is explained by the fact that the model predicts the maxima to occur

at 100 Hz instead of 86.5 Hz. However, the trend between the two plots is similar

and shows a clear optimum range of load resistance for maximizing electrical power

output. This range also corresponds roughly to the same region in which vibration

suppression of the panel resonance was best achieved.

H.7 Conclusions

This paper presented a model based on the generalized Hamilton’s principle to approx-

imate the coupled electro-elastic response of a host structure and attached distributed
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piezoelectric vibration control devices. The purpose of the model is to estimate the

benefit of such devices in achieving two objectives: (i) vibration suppression of the

panel via reactive and resistive dynamics and (ii) energy harvesting through defor-

mation of the piezoelectric spring layer and coupling to an external circuit.

One such device design was considered in detail. These devices used a distributed

spring layer constructed from a circularly corrugated piezoelectric film having elec-

trodes appropriately etched to maximize the voltage output. One sample was attached

to a shaker table to measure acceleration and voltage FRFs which were compared

against model predictions. The model was found to be in close agreement regarding

the location of the SDOF natural frequency of the device and also accurately repli-

cated the effects of electromechanical coupling through the piezoelectric spring layer

as the external load resistance was modified.

The model was then employed to evaluate the relative influence of mechanical

and electromechanical damping on the two objectives of structural vibration attenu-

ation and the harvesting of the absorbed energy into the added devices. Mechanical

damping was found to be uniformly detrimental to energy harvesting objectives. In

contrast, due to the high bending and shearing stiffnesses of the circularly corrugated

spring layer, greater mechanical damping uniformly improved narrow and broadband

vibration attenuation. Electromechanical damping benefits were observed to be max-

imized simultaneously with maximum power output from the applied device. This

agrees with existing results in literature regarding shunt damping induced in power

harvesting but extends this result to thereafter dampen the vibrations of the structure

to which the harvester is attached, which has yet to be evaluated in literature.

Analysis of modal effects of the top mass layer were considered in light of earlier

results in Chapter C showing this dynamic to be of greater benefit in passive vibration

attenuation than the top mass oscillating in translation. For lightly electromechani-

cally coupled spring layers, e.g. a smart foam sample, placement of the piezoelectric

film on the top mass as it vibrated in the modal “pumping” dynamic was found to
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yield best results both for vibration suppression and energy harvesting. However, for

a device which employed a spring layer of greater coupling, e.g. the circularly corru-

gated piezoelectric spring, placement of the piezoelectric material in the spring layer

itself was of significantly greater benefit for both objectives, even if the mass layer

were oscillating modally. Thus, though the smart foam sample employed a similar

total mass of piezoelectric material as compared to when the film were placed on the

top mass, ultimately, maximizing structural vibration attenuation and energy har-

vesting requires highly electromechanically coupled harvester designs, which is best

achieved in this study using the circularly corrugated spring layer.

A larger piezoelectric device using the corrugated piezoelectric spring layer was

then manufactured and applied to a lightly-damped structural panel which was ex-

cited by random vibration. The added device represented roughly a 1% addition of

mass to the host structure and was designed so as to reactively suppress the (1,1)

mode of the panel. The addition of the device was seen to significantly suppress this

resonance, akin to classical vibration absorbers, and the electromechanical coupling

effects due to shunt damping were observed to further suppress the panel vibration

by changing the stiffness and damping characteristics of the spring layer as the elec-

trical load resistance was modified. The electrical power TF was maximized when

the load resistance was slightly greater than that corresponding to the choice which

most suppressed the panel vibration. This indicates both objectives may be nearly

achieved simultaneously for the piezoelectric vibration control device considered.

H.8 Components of Eq. H.6

K =
∑
i=b,s,t

∫
Vi

(LuΨm(x))Ti cEi (LuΨm(x))i dVi (H.13)

M =
∑
i=b,s,t

ρi

∫
Vi

(
ΨT

m(x)
)
i
(Ψm(x))i dVi (H.14)

C = αM + βK (H.15)



H.8 Components of Eq. H.6 278

Here, α = 0 and β = η/ω to employ loss factor damping.

Θ =
∫
Vs

(LuΨ (x))Ts eTLvΨv (x) dVs (H.16)

F =
[
Ψt (xf1) · · ·ΨT

(
xfNf

)]
(H.17)

e =


0 0 0

0 0 0

e13 e13 0

 (H.18)

with components e13 = (d31Ep) / (1− νp)

The linear differential operator for the Love–Kirchhoff plates is

(Lu)i=b,t =


∂
∂x

0 0

0 ∂
∂y

0
∂
∂y

∂
∂x

0

 (H.19)

The linear differential operator for the thick orthotropic plate is

(Lu)s =



∂
∂x

0 0

0 ∂
∂y

0

0 0 ∂
∂zs

0 ∂
∂zs

∂
∂y

∂
∂zs

0 ∂
∂x

∂
∂y

∂
∂x

0


(H.20)

Assuming the piezoelectric material is poled through its thickness and that the electric

potential varies linearly through the thickness of the material, the corresponding linear

differential operator is

Lv =


0

0

− 1
ts

 (H.21)
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The stiffness matrices of the Love–Kirchhoff plates are

cEi=b,t =


Ei

1−ν2
i

νiEi

1−ν2
i

0
νiEi

1−ν2
i

Ei

1−ν2
i

0

0 0 Ei

2(1+νi)

 (H.22)

For the thick orthotropic plate the stiffness matrix is expressed as

cEs =



1
Ex

−νyx

Ey
−νzx

Ez
0 0 0

−νxy

Ex

1
Ey

−νzy

Ez
0 0 0

−νxz

Ex
−νyz

Ey

1
Ez

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gxz

0

0 0 0 0 0 1
Gxy



−1

(H.23)

The capacitance of the piezoelectric layer, Cp =
[
Ap
(
εT

33 − d2
31Ep

)]
/ts, is a func-

tion of: Ap, the area of the electrodes; εT
33, the permittivity matrix component eval-

uated at constant stress; d31, the piezoelectric constant; Ep, the Young’s modulus of

the piezoelectric material; and ts, the thickness of the piezoelectric material.
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