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(ABSTRACT)

We explore steady-state properties of a driven lattice gas, which is a simple model of
interacting many-particle systems, driven far from equilibrium by an external field. First,
we study a system on a square lattice with periodic boundary conditions (PBC) along
both principal lattice axes, while the drive acts along only one of these axes. For such
systems, we analyze the full distribution of structure factors. Next, we investigate the
effects of imposing other boundary conditions on the system. In particular, we focus on
models with shifted periodic boundary conditions (SPBC) along one axis and open
boundary conditions (OBC) along the other axis. The OBC allow us to have a steady flux
of particles through the system while the SPBC permits us to drive the system in a range
of possibilities. Using Monte Carlo simulation techniques, we discover a rich variety of
phenomena, especially at low temperatures. A continuum theory for the densities, based
on Langevin equations, is formulated and its predictions compared to simulation data.
Many large scale properties are described successfully.



iii

,Q�PHPRU\�RI�P\�PRWKHU��-XOLD��VLVWHU��-HDQ��DQG�EURWKHU��$QGUHZ�

7R�P\�ZLIH��0DULO\Q��DQG�VRQ��5RVV�



iv

$&.12:/('*(0(176

I would like to thank the staff and faculty of the physics department at Virginia Tech for
their assistance and support through the Master’s and Ph.D. programs. I especially thank
my advisor, Professor Royce Zia, for his patient efforts over the years in teaching me
various concepts in physics, his encouragement, and guidance on how to conduct
research. I deeply appreciate his dedication on my behalf. His energy and passion for
physics, which I’ve long admired, have hopefully rubbed off. I thank Professor Beate
Schmittmann for enlightening discussions on statistical physics over the years, and her
positive comments at several key points in the long Ph.D. process, which served to boost
my spirits. I thank my dissertation committee, especially Professor Uwe Täuber for his
careful reading of the dissertation and his many useful comments. I also thank Dr. Sam
Bowen, formerly of Virginia Tech, who provided early encouragement to pursue the
Ph.D. degree.

I would like to thank NSWCDD for support of my participation in the Academic
Fellowship and Work Study programs. I thank the T10 and T13 management staffs
through the years who provided support and encouragement and who worked on my
behalf to give me the opportunities to pursue and complete a Ph.D. In this regard, I
especially thank Ted Sims and Bill Ormsby who initially supported my desire to pursue
an advanced degree. I also thank Pat Fell, and the former T10 division head, Jim Sloop,
for their support of my involvement in the academic programs. Lastly, many thanks to
T13 branch head, Mickey Skamangas, and T13 group leaders, Ed Johnson, and Craig
Martel for allowing a flexible work schedule to complete this project.

Personally, I thank many colleagues at work and friends who provided much
encouragement to finish the Ph.D. program. I am grateful to Dr. Armido DiDonato for his
support through the years, Mike Merrigan for his friendship, and Dr. Udayan Bhapkar,
Dr. Bob McDevitt, and Manny Presicci for providing useful advice during the closing
stages of this project. I also thank Dr. Mark Anderson for his positive comments over the
years and his encouragement and valuable feedback on my defense talk.

Most importantly, I thank my wife, Marilyn, who has provided enormous moral
support and love during the many years of this project, and who also sacrificed to allow
me the freedom to complete this degree especially since the arrival of our son, Ross.
More than anyone else, Marilyn realized how important it was to me to complete this
work. Her efforts and dedication to this project on my behalf were remarkable. Her expert
typing and formatting of the complete document enabled me to finish this project. We
definitely earned this degree together.



v

&217(176

� ,1752'8&7,21��������������������������������������������������������������������������������

��� 2UJDQL]DWLRQ�/D\RXW���������������������������������������������������������������������������������������������������������������

� 7+(�'5,9(1�/$77,&(�*$6�02'(/������������������������������������������ �

��� 7KH�0LFURVFRSLF�0RGHO����������������������������������������������������������������������������������������������������������
��� 6\VWHPV�ZLWK�3%&�LQ�WKH�'LVRUGHUHG�3KDVH��7KH�6WHDG\�6WDWH�6WUXFWXUH�)DFWRU�����������
��� 6\VWHPV�ZLWK�63%&�LQ�WKH�2UGHUHG�3KDVH��6NHZHG�,QWHUIDFHV������������������������������������� ��
����� %XON�DQG�,QWHUIDFLDO�3URSHUWLHV ��������������������������������������������������������������������������������� ��
����� $QDO\WLF�6ROXWLRQ�IRU�D�6LQJOH�6NHZHG�,QWHUIDFH ���������������������������������������������������� ��

��� 6\VWHPV�ZLWK�2%&��7UDQVLWLRQV�IURP�'LVRUGHU�WR�2UGHU ��������������������������������������������� ��

� ',675,%87,21�2)�6758&785(�)$&7256�,1�7+(�'5,9(1
/$77,&(�*$6 ��������������������������������������������������������������������������������������������

��� ,QWURGXFWLRQ�������������������������������������������������������������������������������������������������������������������������� ��
��� 6LPXODWLRQ�5HVXOWV���������������������������������������������������������������������������������������������������������������� ��
��� $QDO\WLF�$SSURDFK�DQG�'LVFXVVLRQ����������������������������������������������������������������������������������� ��

� '5,9(1�6<67(06�:,7+�23(1�$1'�6+,)7('�3(5,2',&
%281'$5<�&21',7,216����������������������������������������������������������������� ��

��� ,QWURGXFWLRQ�������������������������������������������������������������������������������������������������������������������������� ��
��� 2SHQ�DQG�6KLIWHG�%RXQGDU\�&RQGLWLRQV�������������������������������������������������������������������������� ��
����� 7KH�0LFURVFRSLF�/DWWLFH �������������������������������������������������������������������������������������������� ��
����� 3DUWLFOH�'\QDPLFV ������������������������������������������������������������������������������������������������������� ��
����� 6LPXODWLRQ�3DUDPHWHUV�DQG�,QLWLDO�&RQGLWLRQV�������������������������������������������������������� ��

��� +LJK�7HPSHUDWXUH�5HJLPH��'HQVLW\�3URILOHV�LQ�WKH�'LVRUGHUHG�3KDVH����������������������� ��
����� 'HQVLW\�0HDVXUHV�������������������������������������������������������������������������������������������������������� ��
����� (� ���6\VWHPV ������������������������������������������������������������������������������������������������������������� ��

������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≥�� ������������������������������������������������������������������������ ��
������� %XON�5HJLRQ��$YHUDJH�6NHZHG�'HQVLW\�3URILOHV ������������������������������������������������ ��
������� 7KH�)UHH�'LIIXVLRQ�(TXDWLRQ������������������������������������������������������������������������������� ��
������� &RPSDULVRQ�RI�$QDO\WLF�5HVXOWV�DQG�6LPXODWLRQ�'DWD ������������������������������������� ��
������� 9DULDWLRQ�RI�%RXQGDU\�'HQVLWLHV�DQG�/DWWLFH�(GJH�(IIHFWV����������������������������� ��

����� 'ULYHQ�6\VWHPV ����������������������������������������������������������������������������������������������������������� ��

������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≥�� ������������������������������������������������������������������������ ��
������� %XON�5HJLRQ��$YHUDJH�6NHZHG�'HQVLW\�3URILOHV ������������������������������������������������ ��



vi

������� 7KH�)UHH�'LIIXVLRQ�(TXDWLRQ�ZLWK�D�'ULYLQJ�7HUP������������������������������������������ ��
������� &RPSDULVRQ�RI�$QDO\WLF�5HVXOWV�DQG�6LPXODWLRQ�'DWD ������������������������������������� ��
������� 9DULDWLRQ�RI�%RXQGDU\�'HQVLWLHV�DQG�/DWWLFH�(GJH�(IIHFWV����������������������������� ��
������� 7KH�&RQGXFWLYLW\�)XQFWLRQ����������������������������������������������������������������������������������� ��

��� )URP�'LVRUGHUHG�WR�2UGHUHG�3KDVHV��&URVVRYHU�%HKDYLRU�LQ�WKH�'HQVLW\�3URILOH ��� ��
����� 'HQVLW\�0HDVXUHV�������������������������������������������������������������������������������������������������������� ��
����� +LJK�7HPSHUDWXUH�/LPLW ������������������������������������������������������������������������������������������� ��
����� $ERYH�7

FU
��7KH�'LVRUGHUHG�3KDVH ���������������������������������������������������������������������������� ��

����� 7KURXJK�WKH�&URVVRYHU�5HJLRQ �������������������������������������������������������������������������������� ��
����� )DU�%HORZ�7

FU
��7KH�3KDVH�6HSDUDWHG�6WDWH �������������������������������������������������������������� ��

��� 3KDVH�6HSDUDWHG�6WDWH��6WUXFWXUH�RI�WKH�´(YDSRUDWLQJµ�,QWHUIDFH �������������������������������� ��
����� 'HQVLW\�0HDVXUHV�������������������������������������������������������������������������������������������������������� ��
����� +� �������������/RZ�2UGHU�)OXFWXDWLRQV�RI�WKH�,QWHUIDFH�������������������������������������� ��
������� 6PDOO�/DWWLFHV��*HQHUDO�%HKDYLRU�RI�WKH�6\VWHP�DW�7� ���� ����������������������������� ��

��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≤�� ��������������������������������������������������������������� ��
��������� 7KH�7RWDO�/DWWLFH�'HQVLW\ ���������������������������������������������������������������������������� ��
��������� $YHUDJH�'HQVLW\�3URILOHV������������������������������������������������������������������������������ ��

������� /DUJHU�/DWWLFHV��0RUH�'HWDLOV�RI�WKH�6\VWHP�DW�7� ���� ��������������������������������� ���

��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≤�� ������������������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV����×���%R[HV����������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV��6NHZHG�&ROXPQ�'HQVLWLHV ��������������������������� ���

������� &RPSDULVRQ�RI�$YHUDJH�'HQVLW\�3URILOHV�WR�6NHZHG�,QWHUIDFH�6ROXWLRQ����� ���
����� +� �������'HVWDELOL]DWLRQ�RI�WKH�,QWHUIDFH������������������������������������������������������������� ���
������� 6PDOO�/DWWLFHV��*HQHUDO�%HKDYLRU�RI�WKH�6\VWHP�DW�7� ���� ��������������������������� ���
��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� ����� �������������������������������������������������������� ���
��������� 7KH�7RWDO�/DWWLFH�'HQVLW\ �������������������������������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV���������������������������������������������������������������������������� ���

������� /DUJHU�/DWWLFHV��0RUH�'HWDLOV�RI�WKH�6\VWHP�DW�7� ���� ��������������������������������� ���
��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� ����� �������������������������������������������������������� ���

��������� $YHUDJH�'HQVLW\�3URILOHV����×���%R[HV����������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV��6NHZHG�&ROXPQ�'HQVLW\������������������������������ ���

������� &RPSDULVRQ�RI�$YHUDJH�'HQVLW\�3URILOHV�WR�6NHZHG�,QWHUIDFH�6ROXWLRQ����� ���
����� +� ����5HVWRUDWLRQ�RI�WKH�,QWHUIDFH ����������������������������������������������������������������������� ���
������� 6PDOO�/DWWLFHV��*HQHUDO�%HKDYLRU�RI�WKH�6\VWHP�DW�7� ���� ��������������������������� ���
��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� ��������������������������������������������������������������� ���
��������� 7KH�7RWDO�/DWWLFH�'HQVLW\ �������������������������������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV���������������������������������������������������������������������������� ���

������� /DUJHU�/DWWLFHV��0RUH�'HWDLOV�RI�WKH�6\VWHP�DW�7� ���� ��������������������������������� ���
��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� ��������������������������������������������������������������� ���

��������� $YHUDJH�'HQVLW\�3URILOHV����×���%R[HV����������������������������������������������������� ���
��������� $YHUDJH�'HQVLW\�3URILOHV��6NHZHG�&ROXPQ�'HQVLW\������������������������������ ���

������� &RPSDULVRQ�RI�$YHUDJH�'HQVLW\�3URILOHV�WR�6NHZHG�,QWHUIDFH�6ROXWLRQ����� ���

����� 6XPPDU\�RI�0��+��7���/
\
� �����DQG�µ��+��7���/

\
� �����DV�D�)XQFWLRQ�RI�+���� ���



vii

� &21&/86,216 ������������������������������������������������������������������������������ ���

��� 6XPPDU\ ����������������������������������������������������������������������������������������������������������������������������� ���
��� 2XWORRN ������������������������������������������������������������������������������������������������������������������������������� ���

$33(1',;�$��/($67�648$5(6�),77,1*�2)�6758&785(
)$&725�',675,%87,216����������������������������������������������������������������� ���

$�� &RQVWUXFWLRQ�RI�+LVWRJUDPV�IRU�/HDVW�6TXDUHV�)LWWLQJ ������������������������������������������������ ���

$33(1',;�%��9$5,$7,21�2)�$9(5$*(�'(16,7<�352),/(6
72�0($685,1*�%2;�6,=(���������������������������������������������������������������� ���

$33(1',;�&��%8/.�$1'�,17(5)$&(�',675,%87,216�)25
6<67(06�:,7+�3(5,2',&�%281'$5<�&21',7,216������������� ���

&�� (TXLOLEULXP�6\VWHPV���������������������������������������������������������������������������������������������������������� ���
&�� 'ULYHQ�6\VWHPV������������������������������������������������������������������������������������������������������������������� ���

%,%/,2*5$3+<������������������������������������������������������������������������������������ ���

9,7$ �������������������������������������������������������������������������������������������������������� ���



viii

),*85(6

Figure 2-1. Lines of constant φ for a single planar interface oriented at angle θ. The unit normal, �n, points
into the particle-poor or rarified phase. .......................................................................................... 14

Figure 2-2. (a) Proposed lattice configuration to accommodate SPBC and OBC at a given θ. (b) θ π→ 2

limit ( )s → ∞ to recover BSZ lattice configuration. ....................................................................... 16
Figure 2-3. Comparison of studies in phase (T, E, s) space. Several paths on the side plane (E = “∞”) are the

focus of this dissertation. ................................................................................................................ 17
Figure 3-1. Time traces of �( ,0)s 1  for three different temperatures. The unit of time is 1000 MCS. (a)

T = 2.2, (b) T = 1.4, (c) T = 1.2....................................................................................................... 21
Figure 3-2. Histograms representing distributions of structure factors, P s( ; )k . Figures in the left column

(a)-(c) are for �( , )s 1 0 . Those in the right column (d)-(f) are for �( )s 0,1 . ......................................... 21

Figure 3-3. Plots of ln ( ; )P s k against s at T = 2.2 for �( ,0)s 1 and �( )s 0,1 with least squares fitted straight

lines. Full circles are for �( ,0)s 1 , open circles for �( )s 0,1 . .............................................................. 22
Figure 4-1. Idealized average density profile for a given shift H depicting the different regions................. 29
Figure 4-2. (a) Shifted periodic boundary conditions implemented along the y direction. (b) Open boundary

conditions implemented along the x direction. ............................................................................... 31
Figure 4-3. Microscopic lattice shape depicting particle/hole movement for H = 3 with a lattice size of

Lx = 18, Ly = 9................................................................................................................................. 32
Figure 4-4. (a) Stacked lattice configuration for H = 0. (b) Stacked lattice configuration for H = 1. ........... 32
Figure 4-5. (a) Left edge of lattice for H = 3 showing nearest neighbors sl. (b) Right edge of lattice.

(c) Nearest neighbors of particle in left-most column (reservoir). (d) Nearest neighbors of hole in
right-most column (reservoir)......................................................................................................... 34

Figure 4-6. Arrangement of spins in energy calculation (4.3) before exchange. .......................................... 34
Figure 4-7. Tilted lattice at an angle θ with a single dense strip (initial condition corresponding to T = 0). 35
Figure 4-8. “Skewed” column density and sub-“skewed” column density for s = 1 and s = 2 (4.6) for H = 4.

........................................................................................................................................................ 37
Figure 4-9. E = 0, high-temperature limit lattice configurations at 10K MCS. ............................................ 39
Figure 4-10. E = 0, high-temperature limit average skewed density profiles. Vertical lines indicate the

standard deviation........................................................................................................................... 40
Figure 4-11. E = 0, high-temperature limit average skewed density profiles – coarse-grained over length of

25..................................................................................................................................................... 40
Figure 4-12. Histogram of skewed density profile distributions for three lattice positions for H = 0........... 41
Figure 4-13. E = 0, high-temperature limit average skewed density profiles. .............................................. 42
Figure 4-14. Lines of constant φ across lattice for φ φ= −( )x sy . ................................................................ 43
Figure 4-15. E = 0, high-temperature limit average skewed density profile for H = 0 for modified boundary

densities of 33
36

3
36,( ) . Vertical lines indicate the standard deviation............................................. 46

Figure 4-16. E = 0, high-temperature limit average sub-skewed density profiles for H = 9 for different
lattice sizes...................................................................................................................................... 49

Figure 4-17. High-temperature limit lattice configurations at 10K MCS. The external driving field is in the
downward direction. ....................................................................................................................... 53

Figure 4-18. Non-equilibrium steady state, high-temperature limit average skewed density profiles. Vertical
lines indicate the standard deviation............................................................................................... 54



ix

Figure 4-19. Non-equilibrium steady state, high-temperature limit average skewed density profiles –
coarse-grained over length of 25. .................................................................................................... 55

Figure 4-20. Histogram of skewed density profile distributions for three lattice positions for H = 0. ......... 55
Figure 4-21. Non-equilibrium steady state, high-temperature limit average skewed density profiles. Vertical

lines indicate the standard deviation............................................................................................... 57
Figure 4-22. Comparison of average skewed density profiles for H = 1, 4, 6, and 9. .................................. 58

Figure 4-23. Sketch of utanu versus u for 2xu KAL=  for graphical solution of (4.38)........................... 60

Figure 4-24. Coordinate frame conventions used in the BSZ study.............................................................. 61
Figure 4-25. Non-equilibrium steady state, high-temperature limit average skewed density profiles for

modified boundary densities of 33
36

3
36,( ) . Vertical lines indicate the standard deviation.............. 65

Figure 4-26. Non-equilibrium steady state, high-temperature limit average sub-skewed density profiles for
H = 9 for lattice sizes of 144 × 36 and 36 × 36. Plots (b) and (c) are plot (a) successively
magnified; (e) is plot (d) magnified................................................................................................ 69

Figure 4-27. Spline fit of average magnetization φ  over the interval [0, 72.5]. Solid line indicates spline.73

Figure 4-28. − d dφ x  versus φ  for H = 1, 3, 6, and 9. ............................................................................... 74

Figure 4-29. d dφ x K+  versus φ  for H = 1, 3, 6, and 9............................................................................ 75

Figure 4-30. Comparison of conductivity functions computed for H = 1, 3, 6, and 9. ................................. 76
Figure 4-31. Crossover phenomena in the average density profile. .............................................................. 77
Figure 4-32. Arrangement of 6 × 6 measuring box in the lattice for different shifts for x = 5.5. Note that for

H = 4 the boxes are slightly off-centered........................................................................................ 79
Figure 4-33. Lattice configurations at 10K MCS for H = 3 and 9 at T = 50. ................................................ 80
Figure 4-34. Total density as a function of time for H = 3 and 9 at T = 50. ................................................. 80
Figure 4-35. Average density profiles for H = 3 and 9 at T = 50. Vertical lines indicate the standard

deviation. The diagonal line has been added as a reference. .......................................................... 81
Figure 4-36. Lattice configurations at 10K MCS for H = 3 at T = 8, 6, and 4. ............................................. 82
Figure 4-37. Total density as a function of time for H = 3 at T = 8, 6, and 4. .............................................. 82
Figure 4-38. Average density profiles for H = 3 at T = 8, 6, and 4. Vertical lines indicate the standard

deviation. The diagonal line has been added as a reference. .......................................................... 83
Figure 4-39. Lattice configurations at 10K MCS for H = 3 at T = 3.0 and 2.0. ............................................ 84
Figure 4-40. Total density as a function of time for H = 3 at T = 3.0 and 2.0............................................... 84
Figure 4-41. Average density profiles for H = 3 at T = 3.0 and 2.0. Vertical lines indicate standard

deviation. The diagonal line has been added as a reference. .......................................................... 85
Figure 4-42. Lattice configurations at 10K MCS for H = 3 at T = 1.7, 1.4, and 1.1. .................................... 86
Figure 4-43. Total density as a function of time for H = 3 at T = 1.7, 1.4, and 1.1....................................... 86
Figure 4-44. Selected lattice configurations for H = 3 at T = 1.1.................................................................. 87
Figure 4-45. Average density profiles for H = 3 at T = 1.7, 1.4, and 1.1. Vertical lines indicate the standard

deviation. The diagonal line has been added as a reference. .......................................................... 88
Figure 4-46. Lattice configurations at 10K MCS for H = 3 at T = 1 and 0.8. ............................................... 89
Figure 4-47. Total density as a function of time for H = 3 at T = 1 and 0.8. ................................................ 89
Figure 4-48. Average density profiles for H = 3 at T = 1 and 0.8. Vertical lines indicate the standard

deviation. The diagonal line has been added as a reference. .......................................................... 90
Figure 4-49. Lattice configurations for H = 0, 1, 2, 3 at various times in 100K MCS simulation run.

Configurations are pictured as three stacked lattices. ..................................................................... 93
Figure 4-50. Total lattice density as a function of time for H = 0, 1, 2, and 3. Left column graphs have been

magnified in right column. ............................................................................................................. 95
Figure 4-51. Histograms representing total lattice density distributions for H = 0 and 3. ............................ 96

Figure 4-52. Log-log plots of the power spectrum, ρ
T

k( )
2
, versus k, the frequency index for H = 0 and 3.

Solid line indicates least squares fit for k ∈ [1, 450]. ..................................................................... 97
Figure 4-53. Average density profiles for 36 × 36 lattices at various y positions for H = 0, 1, 2, and 3.

Profiles measured using 6 × 6 boxes. ............................................................................................. 98



x

Figure 4-54. Selected points to be examined in the bulk and interface regions of the average density profiles
for H = 0 and 3. .............................................................................................................................. 99

Figure 4-55. Local bulk densities and density distributions for selected positions in the lattice for H = 0. All
box positions centered about y = 18.5. Local density is computed by normalizing the box counts
by 36. The distributions at right are based on the local density plots at left. ................................ 100

Figure 4-56. Local bulk densities and density distributions for selected positions in the lattice for H = 3. For
further details, see Figure 4-55 ..................................................................................................... 101

Figure 4-57. Local interface densities and density distributions for selected positions in the lattice for H = 0.
All box positions centered about y = 18.5. Local density is computed by normalizing the box
counts by 36. The distributions at right are based on the local density plots at left...................... 102

Figure 4-58. Local interface densities and density distributions for selected positions in the lattice for H = 3.
For further details, see Figure 4-57............................................................................................... 103

Figure 4-59. Local interface distribution for x = 18.5 for H = 3 based on same simulation run as Figure
4-58. Bin size is increased from 1 to 2. ........................................................................................ 104

Figure 4-60. Lattice configurations for H = 0 at various times in 100K MCS simulation run. Configurations
are pictured as three stacked lattices............................................................................................. 105

Figure 4-61. Lattice configurations for H = 1 at various times in 100K MCS simulation run.................... 106
Figure 4-62. Lattice configurations for H = 2 at various times in 100K MCS simulation run.................... 106
Figure 4-63. Lattice configurations for H = 3 at various times in 100K MCS simulation run.................... 107
Figure 4-64. Average density profiles for 144 × 36 lattices at various y positions for H = 0, 1, 2, and 3.

Profiles measured using 6 × 6 boxes. Standard deviation is indicated by the bars. ...................... 108
Figure 4-65. Total lattice density as a function of time for H = 3. Left graph has been magnified in right.109
Figure 4-66. Total lattice density as a function of time and resulting average density profile for H = 3 for a

72 × 36 lattice. .............................................................................................................................. 110
Figure 4-67. Re-sampling the total lattice density and revised average density profile for H = 3 for y = 18.5;

(a) total lattice density; (b) total lattice density showing re-sampling interval; (c) revised density
profile. .......................................................................................................................................... 111

Figure 4-68. Average density profiles of boundary layer region in the dense phase for H = 3 for various y
values in the lattice. Abscissas on bottom plots extend over a greater range. .............................. 112

Figure 4-69. Average density profiles of boundary layer region in the rarified phase for H = 3 for various y
values in the lattice. Abscissas on bottom plots extend over a greater range. .............................. 112

Figure 4-70. Total lattice density as a function of time for H = 3 for ρT initialized at 0.25. Left graph has
been magnified in right................................................................................................................. 114

Figure 4-71. Average density profiles at various y positions for H = 3 for ρT initialized at 0.25. .............. 115
Figure 4-72. Total lattice density as a function of time and resulting average density profile for H = 3 for a

72 × 36 lattice. The total lattice density, ρT, initialized at 0.25. ................................................... 115
Figure 4-73. Total lattice density as a function of time for H = 3 for ρT initialized at 0.75. Left graph has

been magnified in right................................................................................................................. 116
Figure 4-74. Average density profiles at various y positions for H = 3 for ρT initialized at 0.75. .............. 116
Figure 4-75. Total lattice density as a function of time and resulting average density profile for H = 3 for a

72 × 36 lattice. The total lattice density, ρT, initialized at 0.75. ................................................... 117
Figure 4-76. Average density profiles based on skewed density for H = 0, 1, 2, and 3. Standard deviation is

indicated by the vertical bars. ....................................................................................................... 118
Figure 4-77. E = 0 average skewed density profile for H = 0..................................................................... 119
Figure 4-78. Average skewed density profiles for H = 0, 1, 2, 3 showing trends in the bulk and interface

regions. ......................................................................................................................................... 120
Figure 4-79. Average density profiles showing extent of profile used for fitting to interface solution for

H = 0, 1, 2, and 3. ......................................................................................................................... 123
Figure 4-80. Lattice configurations for H = 4 and 6 at various times in 100K MCS simulation run.

Configurations are pictured as three stacked lattices. ................................................................... 125
Figure 4-81. Total lattice density as a function of time for H = 4 and 6. Left-column graphs have been

magnified in right column. ........................................................................................................... 126



xi

Figure 4-82. Histograms representing total lattice density distributions for H = 4 and 6. .......................... 127

Figure 4-83. Log-log plots of the power spectrum ρ
T

k( )
2
 versus k, the frequency index, for H = 4 and 6.

Solid line indicates least squares fit for k ∈ [1, 450]. ................................................................... 128
Figure 4-84. Average density profiles for 36 × 36 lattices at various y positions for H = 4 and 6. Profiles

measured using 6 × 6 boxes.......................................................................................................... 129
Figure 4-85. Selected points to be examined in the average density profiles for H = 4 and 6. ................... 130
Figure 4-86. Local densities and density distributions for selected positions in the lattice for H = 4. All box

positions about y = 4.5. Local density is computed by normalizing the box counts by 36. The
distributions at right are based on the local density plots at left. .................................................. 130

Figure 4-87. Local densities and density distributions for selected positions in the lattice for H = 6. All box
positions about y = 3.5. For further details, see Figure 4-86......................................................... 131

Figure 4-88. Local densities and density distributions for selected positions in the lattice for H = 4 and 6.
Box positions for H = 4 at y = 4.5, for H = 6 at y = 3.5. For further details, see Figure 4-86....... 132

Figure 4-89. Lattice configurations for H = 4 at various times in 100K MCS simulation run. Configurations
are pictured as three stacked lattices............................................................................................. 133

Figure 4-90. Lattice configurations for H = 6 at various times in 100K MCS simulation run.................... 134
Figure 4-91. Average density profiles for 144 × 36 lattices at various y positions for H = 4 and 6. Profiles

measured using 6 × 6 boxes. Standard deviation is indicated by the bars. ................................... 135
Figure 4-92. Total lattice density as a function of time for H = 4 and 6. Left-column graphs have been

magnified in right column. ........................................................................................................... 136
Figure 4-93. Total lattice density as a function of time and resulting average density profile for H = 4 for a

72 × 36 lattice. .............................................................................................................................. 137
Figure 4-94. Local boundary layer densities and density distributions for selected positions in the lattice for

H = 4. Local density is computed by normalizing the box counts by 36. The distributions at right
are based on the local density plots at left. ................................................................................... 137

Figure 4-95. Total lattice density as a function of time and resulting average density profile for H = 6 for a
72 × 36 lattice. .............................................................................................................................. 137

Figure 4-96. Average density profiles based on skewed density for H = 4 and 6. Standard deviation is
indicated by the vertical bars. ....................................................................................................... 138

Figure 4-97. Skewed column density at various times in 100K MCS simulation run for H = 4................. 139
Figure 4-98. Skewed column density at various times in 100K MCS simulation run for H = 6................. 140
Figure 4-99. Lattice configurations for H = 9 at various times in 100K MCS simulation run. Configurations

are pictured as three stacked lattices............................................................................................. 143
Figure 4-100. Total lattice density as a function of time for H = 9. Left graph has been magnified in right.

...................................................................................................................................................... 144
Figure 4-101. Histogram representing total lattice density distribution for H = 9. ..................................... 144
Figure 4-102. Average density profiles for 36 × 36 lattices at various y positions for H = 9. Profiles

measured using 4 × 4 boxes.......................................................................................................... 145
Figure 4-103. Selected points to be examined in the average density profiles for H = 9............................ 145
Figure 4-104. Local densities and density distributions for selected positions in the lattice for H = 9. All

box positions about y = 2.5. Local density is computed by normalizing the box counts by 16. The
distributions at right are based on the local density plots at left. .................................................. 146

Figure 4-105. Local densities and density distributions for selected positions in the lattice for H = 9. All
box positions about y = 2.5. For further details, see Figure 4-104................................................ 146

Figure 4-106. Lattice configurations for H = 9 at various times in 100K MCS simulation run.................. 147
Figure 4-107. Average density profiles for 144 × 36 lattices at various y positions for H = 9. Profiles

measured using 4 × 4 boxes. Standard deviation is indicated by the bars. ................................... 148
Figure 4-108. Total lattice density as a function of time for H = 9. Left graph has been magnified in right.

...................................................................................................................................................... 148
Figure 4-109. Total lattice density as a function of time and resulting average density profile for H = 9. The

total lattice density, ρT, initialized at 0.25. ................................................................................... 149



xii

Figure 4-110. Total lattice density as a function of time and resulting average density profile for H = 9. The
total lattice density, ρT, initialized at 0.75. ................................................................................... 150

Figure 4-111. Lattice configuration for H = 9 at 13K MCS in simulation run for a 288 × 36 lattice.
Configuration is pictured as nine-stacked lattices. ....................................................................... 151

Figure 4-112. Total lattice density as a function of time and resulting average density profile for H = 9 for a
288 × 36 lattice. ............................................................................................................................ 152

Figure 4-113. Comparison of average skewed correlations and average longitudinal correlations in the
interface and bulk regions............................................................................................................. 153

Figure 4-114. Average density profiles based on skewed column density for H = 9 for a 144 × 36 lattice
with a coarse-graining length of 24. .............................................................................................. 154

Figure 4-115. Skewed column density at various times in 100K MCS simulation run for H = 9............... 155
Figure 4-116. Average density profile based on sub-skewed column density, ρ

94
, to illustrate boundary

edge effects. .................................................................................................................................. 156
Figure 4-117. Average density profiles based on skewed column density for H = 9 for a 288 × 36 lattice

with a coarse-graining length of 24. .............................................................................................. 156
Figure 4-118. Summary of M H T( , ) and µ( , )H T  as a function of H. Data values for H = 4 and 6, based on

insufficient data, shown as triangles. ............................................................................................ 159
Figure A-1. Histograms representing distributions of structure factors, P s( ; )k  for T = 2.0, 1.8, and 1.6.

Figures in the left column (a)-(c) are for �( ,0)s 1 . Those in the right column (d)-(f) are for �( )s 0,1 .
...................................................................................................................................................... 167

Figure A-2. Plots of ln ( ; )P s k against s at T = 2.0, 1.8, and 1.6 for �( ,0)s 1 and �( )s 0,1 with least squares

fitted straight lines. Full circles are for �( ,0)s 1 , open circles for �( )s 0,1 ....................................... 168

Figure A-3. Plots of ln ( ; )P s k against s at T = 1.4 and 1.2 for �( )s 0,1 with least squares fitted straight lines.
...................................................................................................................................................... 168

Figure B-1. Average density profiles for H = 0 using various measurement box sizes. ............................. 172
Figure B-2. Average density profiles for H = 3 using various measurement box sizes. ............................. 172
Figure B-3. Average density profiles for H = 4, case 1, using various measurement box sizes. ................ 173
Figure B-4. Average density profiles for H = 4, case 2, using various measurement box sizes. ................ 173
Figure B-5. Average density profiles for H = 6 using various measurement box sizes. ............................. 174
Figure B-6. Average density profiles for H = 9 using various measurement box sizes. ............................. 174
Figure C-1. Equilibrium lattice configurations at T = 0.8 (case 1) at various times in 200K MCS simulation

run................................................................................................................................................. 176
Figure C-2. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.

Resulting histograms in (c)........................................................................................................... 176
Figure C-3. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.

Resulting histograms in (b)........................................................................................................... 177
Figure C-4. Equilibrium lattice configurations at T = 0.8 (case 2) at various times in 200K MCS simulation

run................................................................................................................................................. 178
Figure C-5. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.

Resulting histograms in (c)........................................................................................................... 178
Figure C-6. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.

Resulting histograms in (b)........................................................................................................... 178
Figure C-7. Non-equilibrium steady state lattice configurations at T = 0.8 at various times in 100K MCS

simulation run............................................................................................................................... 180
Figure C-8. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.

Resulting histograms in (c)........................................................................................................... 180
Figure C-9. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.

Resulting histograms in (b)........................................................................................................... 180
Figure C-10. Histograms for three separate sampling sets based on data from Figure C-9 (a)................... 181



xiii

Figure C-11. Histograms based on box counts for 6 × 6 measuring boxes for a 70 × 36 lattice size.
Measuring boxes at x = 18.5, y = 18.5 and x = 52.5, y = 18.5. ..................................................... 182

Figure C-12. Box counts and resulting histograms for 6 × 6 measuring box at x = 18.5, y = 18.5 for two
independent simulation runs for a 70 × 36 lattice size.................................................................. 182



xiv

7$%/(6

Table 3-1. Summary and comparison of (averaged) structure factors, S( )k and the inverse slope s0( )k ,

computed by two different methods for T = 2.2 to 1.2. “S() ” column is the average value of the

structure factor calculated directly from the time series. “s0() ” column is the value of the structure

factor calculated from the slope of the fitted line from the ln plot of P s( ; )k  against s. ............... 22
Table 4-1. Comparison of χ2 statistic for different shifts H for equal weighting of data. The square root of

χ 2 N  is the average residual. ....................................................................................................... 45

Table 4-2. Comparison of χ2 statistic and parameter ; for different shifts H for equal and weighted least
squares fits. ..................................................................................................................................... 63

Table 4-3. Comparison of χ2 statistic and parameter ; for different shifts H for equal and weighted least
squares fits. ..................................................................................................................................... 66

Table 4-4. Summary of parameters determined from d dφ u  for H = 1, 3, 6, and 9. ................................... 75

Table 4-5. Summary of calculated and expected values of C s( )  ratios for all pairwise combinations........ 76
Table 4-6. Least squares fitting of skewed interface parameters for 36 × 36 lattices for density profiles; P1

(y = 6.5), P2 (y = 18.5), P3 (y = 30.5), AVG (average of P1, P2, P3 density data). χ 2 N  is the

average residual. ........................................................................................................................... 121
Table 4-7. Least squares fitting of skewed interface parameters for 144 × 36 lattices for density profiles

based on 6 × 6 measuring boxes. .................................................................................................. 122
Table 4-8. Least squares fitting of skewed interface parameters for 144 × 36 lattices for density profiles

based on the skewed column density............................................................................................ 124
Table 4-9. Least squares fitting of skewed interface parameters for 36 × 36 lattices for density profiles

based on 6 × 6 measuring boxes. Fitting for H = 4 is based on a single stable case. Fitting for
H = 6 is also based on a single stable case. Values for H = 6 accurate only to show trend in ξ.

χ 2 N  is the average residual.................................................................................................... 141

Table 4-10. Least squares fitting of skewed interface parameters for 144 × 36 lattices. ρ
9cg

 is coarse-

grained over length of 24. χ 2 N  is the average residual. ......................................................... 157

Table 4-11. Least squares fitting of skewed interface parameters for 288 × 36 lattices. C1−C4 designate

profiles based on independent simulation runs. ρ
9cg

 is coarse-grained over length of 24. χ 2 N

is the average residual................................................................................................................... 158



1

� ,1752'8&7,21

The ultimate goal of physics is a quantitative understanding of biological, chemical, and
physical processes that occur in nature. Essentially all of these processes involve systems
with a large number of degrees of freedom. To begin to understand such complex
systems, we use the methods of statistical mechanics and field theory to provide a general
framework in which to deal with large numbers of degrees of freedom. Over the past
century, a solid foundation has been built for equilibrium systems, through a description
by a time-independent probability distribution [1]. For a system in equilibrium with a
thermal reservoir at temperature T, this distribution is known as the Boltzmann

distribution. Specifically, [ ]( )Bexp k T−> 9  is the (relative) probability for finding our

system in a particular configuration 9. Here, kB is the Boltzmann constant and [ ]> 9  is

the Hamiltonian, providing the total energy associated with 9. In principle, if the
microscopic Hamiltonian is known, then the resulting Boltzmann distribution can be used
to compute averages of macroscopic quantities associated with the system. Using these
methods, equilibrium systems have been the subject of extensive studies and much of
their large scale behavior can be understood.

Unfortunately, most of the interesting systems in nature are far from being in
thermal equilibrium. Since these systems are much more complex than their equilibrium
counterparts, our understanding of the behavior of such systems is very limited, mainly
within the regime of linear response theory [2]. In general, time-dependent probability
distributions for non-equilibrium systems are entirely unknown. One approach into this
vast unknown is to consider the simplest generalization of equilibrium characteristics to
non-equilibrium situations, namely, a non-equilibrium steady state (NESS). In a NESS,
the probability distribution is still unknown. However, an obvious advantage is its time-
independence. Theoretical ideas that worked extremely well in the study of equilibrium
systems, such as continuum field theory and renormalization group analyses, can be
exploited to build a theoretical framework to understand and describe such states. Our
study is concerned with a simple model of NESS: the driven lattice gas. In the absence of
the drive, this is a system in equilibrium, with well-understood properties. With such a
firm “anchor,” it serves as an excellent platform for exploring the unknowns of non-
equilibrium steady states. This was one of the original motivations by its authors [3].
Since its introduction, it has offered many surprises. While some of these properties are
reasonably well understood [4], many mysteries remain.

In the equilibrium limit, the driven lattice gas is a model first studied by Ising in
connection with ferromagnetic transitions [5]. For convenience, this model is defined on
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a d-dimensional hypercubic lattice of points, with magnetic spins at each point. In the
uniaxial case, we refer to the spins as either “up” or “down.” Thus, at each lattice point i,
we have si = ±1. We assume a simple interaction between the spins, so that for a nearest-
neighbor interaction in the absence of a magnetic field, the Hamiltonian is written as

,
i j

i j

J s s= − ∑> (1.1)

where i j,  indicates nearest-neighbor sites in the lattice. Thus, the orientation of a
particular spin is controlled by its nearest-neighbor spins. A positive J is taken for
ferromagnetic interactions. Even with this simple Hamiltonian and the known Boltzmann
distribution, computing the averages of macroscopic quantities, e.g., magnetization and
specific heat, is a difficult task. Ising found that there is no phase transition (at finite T) to
a ferromagnetic state for a d = 1 system. Much later, Onsager (1944) succeeded in finding
such a transition for the d = 2 case [6]. In detail, the nature of this transition is second-
order, marking the continuous onset of an ordered, ferromagnetic phase from the
disordered, paramagnetic phase as T is lowered through the critical temperature
T0 ≅ 2.269 J/kB. Since then, solutions to many other d = 2 lattices have been found and
much of its behavior is well documented [7]. Furthermore, thanks to the insight from
renormalization group analysis [8, 9], critical properties belong to universality classes, so
that systems governed by very different microscopic Hamiltonians may display identical
critical phenomena. In this way, many real physical systems are predicted, and
subsequently measured [10], to display leading singularities identical to those in this
simple model. With non-trivial predictive powers, the Ising model should be regarded as
more than “just a toy model.”

For our interests in diffusive systems, we use the isomorphism between magnetic
and particle language descriptions through the relation s ni i= −2 1 to obtain the Ising
lattice gas [11]. Here ni = ±1 is the occupation number at site i, designating the presence
or absence of a particle. If this system were coupled only to a thermal bath, the total
particle number ( in≡ ∑D ) would be fixed, corresponding to a canonical distribution in

equilibrium. On the other hand, if it were coupled also to a particle bath, so that the grand
canonical distribution is more appropriate, then we would have a precise mapping to the
Ising spin model. To simulate the latter, we may use Glauber’s spin-flip dynamics [12].
To model diffusive systems, particle-conserving dynamics must be used, so that we will
speak of “particle-hole exchanges” or “particle-hops.” In simulations with spins at each
site, this process translates into spin-exchange dynamics, due to Kawasaki [13]. With
fully periodic boundary conditions (PBC), our lattice is a closed torus, so that D remains
a constant. One advantage of using PBC is translational invariance, so that bulk
properties can be extracted in a simple manner. However, the ordered state will be phase
separated, in general. In other words, there would be an interface separating a particle
rich region from a hole rich one (or two interfaces, in case each region is a strip wrapped
around the toroidal lattice). The densities in each region correspond to the spontaneous
magnetization in the spin Ising model. Translational invariance is spontaneously broken
while bulk and interface properties will be “entangled”, so that the extraction of each will
require more sophisticated procedures.
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To study non-equilibrium facets, Katz, Lebowitz and Spohn [3] introduced a
generalization to the Ising lattice gas, by adding an external driving field along one of the
lattice axes. The particles experience a bias along this field direction, as well as J, the
interaction with their neighbors. In a physical context, these authors were motivated to
understand fast ionic conductors (FIC). This type of solid electrolyte is characterized by
one or more species of ions enjoying high mobility due to a large number of vacant lattice
sites [14]. In some FIC’s, the abrupt increase in the ionic conductivity is believed to be
associated with an order-disorder transition of lattice site occupancies [15]. To model the
presence of a current in the FIC’s, the transition rates in a master equation for the Ising
lattice gas are appropriately modified to incorporate an “electric” field, E. In their Monte
Carlo simulation studies, modified Metropolis rates [16] are used. These rates satisfy the
condition of detailed balance “locally” (additional details in Chapter 2), so that an
equilibrium system is retrieved when E is set to zero. Had such a system been subjected
to “brick wall” boundary conditions, such a drive could be associated with a potential, as
in gravity. Then, the system would be controlled by a simple microscopic Hamiltonian
and its stationary state would be an equilibrium one. However, with non-zero E and PBC,
there is no global potential, while the system settles into a non-equilibrium steady state
(NESS). The stationary distribution is unknown, and global detailed balance cannot be
satisfied [4]. In this sense, the distribution of a NESS should display “far from
equilibrium” properties. In particular, in NESS, the driven lattice gas experiences a
steady energy flow through the system, where the particles gain energy through the field
and dissipate it to the thermal bath.

In Monte Carlo simulations, the d = 2, half-filled driven lattice gas reveals a
second-order phase transition at a field dependent critical temperature: T Ec( ) . One
remarkable feature is that, for all E > 0, T Ec( )  is greater than T0, the Onsager temperature
of a system in equilibrium. Critical properties, studied through renormalization group
analyses, fall into a distinctly new universality class [17]. Above criticality, two-point
correlations show a generic power law decay [18]. Below criticality, the system phase
separates such that the inhomogeneity is always transverse to the drive. The customary
approach for analytical work is based on a mesoscopic description in which Langevin
equations of motion are postulated for the slow degrees of freedom while the fast degrees
of freedom in the system are modeled as noise [4]. In principle, these equations can also
be derived from the microscopic dynamics [4], though in practice such a derivation is
prohibitively difficult. The mesoscopic description is predicated on the notion of “coarse-
graining” the microscopic lattice, so that discrete quantities can be well approximated by
continuous ones. Through the mesoscopic description, we can examine the long
wavelength, low frequency aspects of the system consistent with the desire to understand
the macroscopic (or thermodynamic) limit. One key, driving factor in our work is to test
the viability of the mesoscopic equations, mainly outside of the critical region.

With this in mind, in Chapter 3 we examine the distributions of structure factors
associated with the lowest transverse and longitudinal wave-vectors. Being proportional
to the intensity of scattered radiation, the structure factor is an experimentally accessible
quantity. For our work, we observe the highly anisotropic nature of the distributions of
the structure factors where one component effectively signals the phase transition. Far
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above criticality, linearization of the mesoscopic equation (about the half-filled state)
yields exponential distributions, a property confirmed by Monte Carlo simulations.

Below Tc the driven lattice gas phase separates, with the inhomogeneity being
transverse to the field, i.e., particle/hole strips parallel to E. In this regime, theoretical
investigations are extremely difficult, so that much of the progress has been gained
through simulations [4]. Because of phase separation, much of the work has been on
interfaces and their stability. One key observation has been that the action of the driving
field is responsible for the suppression of roughness [19]. Unlike systems in equilibrium,
the interface width does not diverge in the thermodynamic limit. Now, there is a strong
connection, for equilibrium systems, between roughness suppression and interfacial kinks
(singularities of the interfacial energy, as a function of its orientation) [20]. To exploit the
possibility of such a connection in the driven lattice gas, simulations with various
orientations of the interface were carried out [21]. The control of interfacial orientations
is achieved through the application of shifted periodic boundary conditions (SPBC),
details of which will be discussed in Chapter 2. In the absence of E, the strip orientation
will be controlled by the SPBC alone, “tilted” appropriately with respect to the lattice
axes. On the other hand, the drive tends to align the strips along its axis. This competition
leads to a surprising result. In addition to a possible singularity in the interfacial energy,
there is a kink singularity in the bulk energy! In other words, bulk properties of a
condensed “strip” depend on its orientation. On further examination, this dependence is
due to a subtle interplay between the two interfaces. Since the strip is “tilted,” there is a
component of the drive across its interfaces, so that the two edges display quite different
properties. One edge is very diffuse while the other is quite sharp. The former acts as the
source of particles and holes being driven into the bulk regions. It is referred to as the
“evaporating edge.” Playing the opposite role, the latter will be referred to as the
“absorbing edge.” We discuss these details further in Chapter 2. For larger values of the
“tilt,” the single bulk strip has a “splitting” transition that transforms the strip into
narrower multiple strips. Here it is believed that a Mullins-Sekerka [22] type instability
acts on the absorbing edge [23]. Meanwhile, the evaporating edge seems to remain stable
[24], until the entire strip is overtaken by the Mullins-Sekerka finger. One obvious
question is what are the steady-state properties of the evaporating edge if it were not
destroyed by the absorbing one?

To address the above question, in Chapter 4 we study a system in which only the
evaporating edge is present. This can be achieved by “opening” one of the PBC’s to open
boundary conditions (OBC), so that the lattice forms a cylinder rather than a torus. To
insure that this system can display phase separation at low temperatures, we couple one
end to a particle reservoir (i.e., an external source) and the other end to a hole reservoir
(particle sink). Somewhere in such a system lies a single interface. By careful choice of
SPBC, OBC, and the drive, we can select the presence of a single evaporating interface at
different orientations. Of course, the price for having a single interface is the presence of
a particle density gradient, a complication which must be handled with care. This
combination of SPBC and OBC on the lattice is best visualized as a cylinder with a spiral
down the axis. For details of this arrangement, see Chapters 2 and 4.
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With the novel boundary conditions, we expect to find new steady states. In
addition to changes to the interface, bulk properties will reflect this new combination. For
example, the behavior of the overall particle density will be of interest, since D is no
longer fixed. Similarly, local density profiles should carry non-trivial information. In this
regard, we first examine the high-temperature limit where we can ignore all interactions.
Then, we investigate the crossover behavior in these profiles as the temperature is
lowered through the critical value. The use of SPBC at low temperatures allows us to
simulate several different orientations of the interface. The density profiles are measured
and fitted to a solution from the mesoscopic bulk equation for T T< c [17, 23, 4]. Such a
skewed, planar interface solution is presented in detail in Chapter 2. The comparison of
this solution to our data allows us to estimate the bulk magnetization, M, and the
“intrinsic width” of the interface, ξ. Thus, we can map out the dependence of M and µ
(defined as 1 ξ ) on interfacial orientation, as well as E and T.

��� 2UJDQL]DWLRQ�/D\RXW

We have organized the dissertation in the following manner. Chapter 2 describes
background material and defines the starting point for our work. Results are presented in
Chapters 3 and 4. Conclusions are given in Chapter 5. Several appendices supplement the
results.

In Chapter 2 we discuss several points. These are: microscopic specification of
the driven lattice gas (section 2.1); steady-state structure factor for T T> c (section 2.2);
and below Tc. Below Tc we focus on two previous studies: Vallés et al. [21] on driven
systems with SPBC (section 2.3), and Boal et al. [25] on driven systems with OBC
(section 2.4). We also examine a single planar interface solution [17, 23, 4] based on a
mesoscopic approach (section 2.4).

Chapter 3 contains our comparison of simulation data on the distributions of the
lowest transverse and longitudinal structure factors to an analytic development.

Chapter 4 contains detailed information on our lattice arrangement using SPBC
and OBC. We then present results on the high-temperature limit (section 4.3). Next, the
behavior displayed during the crossover from a disordered to ordered state is examined
(section 4.4). The final section is devoted to density profiles of the “evaporating edge.”
They display a rich variety of behavior, falling roughly into three classes. These classes
may be based on the shift parameter, H, defined in Chapter 2: H ≤ 3 (section 4.5.2),
H = 4, 6 (section 4.5.3), and H = 9 (section 4.5.4).
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In this Chapter, we present some of the known properties of the driven diffusive lattice
gas [3, 4] which forms the basis and motivation for this study. Introduced by Katz et al.
[3], it is meant to capture the physics of fast ionic conductors subjected to a constant
electric field. Using only the bare essential ingredients, this model consists of particles
diffusing in a fixed background lattice, with hopping rates that depend on a nearest-
neighbor attractive potential, an excluded volume constraint, and the external drive. One
of the simplest systems for the study of statistical mechanics of non-equilibrium steady
states, its microscopic details are reviewed in section 2.1.

To arrive at some understanding of the long wavelength properties of this system,
it is customary to exploit a coarse-grained continuum description. Following a
phenomenological approach, Langevin equations of motion are postulated for
macroscopic, slowly varying degrees of freedom with noise terms modeling the effects of
the fast degrees of freedom. Our starting point is a postulated Langevin equation of
motion used successfully in predicting critical properties of the system [17]. We briefly
review the simplifications that occur well above criticality and arrive at a form for the
steady-state structure factor. The starting point for our analyses on the full distribution of
these structure factors is in Chapter 3.

Well below criticality, the system exhibits phase separation and interfaces.
Turning to previous studies on interfacial properties, especially in systems subjected to
shifted periodic boundary conditions (SPBC), we briefly review both simulation and
analytic results associated with skewed or “tilted” interfaces. Lastly, we review another
study in which a chemical potential gradient is added to the driven lattice gas. There, the
chemical potential gradient is aligned with the driving field, applied by using open
boundary conditions (OBC) in the field direction. Building on these studies, we outline
our simulation set-up featuring the combination of SPBC and OBC transverse to the
field. These boundary conditions induce novel behavior in the non-equilibrium steady
states. A systematic investigation of these states, in both the disordered and the ordered
phases, forms the subject of Chapter 4. Of particular interest is the study of a single
skewed “evaporating” interface in the ordered phase.

��� 7KH�0LFURVFRSLF�0RGHO

To describe the driven diffusive lattice gas we start with the usual Ising model, defined
on a d-dimensional hypercubic lattice with N sites. Each lattice site, labeled by i, can be
occupied or empty. Associated with these two states is an occupation variable ni = 1 or 0.
Alternatively, we can describe this model in terms of spins, where the state at each site is
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described by si = ±1. The relationship between these two descriptions is: s ni i= −2 1. In
the following sections, the spin language is used since it displays the particle-hole
symmetry explicitly. A configuration, denoted by 9, is specified by either the set of
occupation numbers {ni} or spins {si}.

The internal energy of a configuration of this system, assuming only a nearest-
neighbor interaction, is given by the Ising Hamiltonian

,
i j

i j

J s s= − ∑> (2.1)

where the sum is over nearest-neighbor sites. We restrict ourselves to J > 0,
corresponding to attractive (ferromagnetic) interactions. The interactions of our system
with its environment are represented by a coupling to a heat bath at a temperature T. In
equilibrium, all properties can then be computed by using the canonical distribution:

eq( ) e β−∝ >
F 9 , where β ≡ 1 kBT . For d = 2, this system undergoes a well known second-

order transition at the Onsager temperature: 2.269 J/kB [7]. Since all simulations reported
here were carried out on a d = 2 lattice, all temperatures in subsequent sections will be
given in units of this quantity.

Since our eventual goal is the study of non-equilibrium steady states, let us
discuss first the time evolution, i.e. dynamics, of our system. In general, the lattice gas is
now described by a time-dependent probability distribution F 9( , )t , which satisfies a
master equation:

∂
∂

= ′ → ′ − → ′
′

∑t
t W t W tF 9 9 9 F 9 9 9 F 9

9

( , ) ( , ) ( , ); @ (2.2)

where W 9 9→ ′  stands for the rate at which the system makes a transition from 9 to ′9 .
Specifying these rates determines the model dynamics and, jointly with the boundary
conditions, the stationary distribution: F 9 F 9

∗ ≡ → ∞( ) ( , )t . For a system to reach
equilibrium where F 9

∗( ) is the canonical F 9eq( ), the rates must be chosen to satisfy the

detailed balance condition:
W

W

′ →
→ ′

=
′

9 9

9 9

F 9

F 9

eq

eq

( )

( )
. (2.3)

Since the right-hand side is a function of ∆> > 9 > 9≡ ′ −( ) ( ) only, it is possible to choose
rates of the form W w9 9 >→ ′ = ( )β∆ , where w is any function satisfying

w x e w xx( ) ( )− = . In our simulations, Metropolis [16] rates, i.e. w x e x( ) min ,= −1< A are

used. Finally, we are interested in modeling a particle-hole system, we will choose
Kawasaki’s “spin-exchange” dynamics [26], i.e., 9 and ′9  can differ by a single nearest-
neighbor particle-hole exchange. We will often refer to this change of a configuration as
a “particle-hop.” Note that, as a result, the local particle number (or the local
magnetization) is conserved.

Turning our focus to non-equilibrium steady states, we introduce a driving field
which we label E. Its effect on the particles is to favor (suppress) hops in the direction of
(against) E, while transverse jumps remain unchanged. Such an external field is
motivated either by a gravitational field coupled to the more massive “particles” or by an
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“electric” field coupled to “charged” particles. In our model, E is assumed to be uniform
in both space and time and points along a specific lattice axis. This bias of the field can
now be introduced in the Ising lattice gas by modifying the set of transition rates,
W 9 9→ ′ , to include the work done locally by the field. Thus, we add a term lE to ∆>
in the rate functions where l = − +( , , )1 0 1  specifies jumps (along, transverse to, against) E.
Incorporating (2.3), which may be interpreted as a “local detailed balance” condition, and
using Metropolis rates, we write

W e lE
9 9

>→ ′ = − +min ,1 β ∆0 5> C (2.4)

where E represents the product of the magnitude of E, the “charge” of the particle, and a
lattice constant. Finally, we must specify the boundary conditions. Since our interest is in
establishing a non-equilibrium steady state, we select boundary conditions to exclude the
dynamics from being derivable from a global Hamiltonian. The simplest choice is fully
periodic boundary conditions (PBC), under which a non-trivial steady current is
established globally. These are applied along the lattice axes. To be specific, in d = 2,
PBC implies that the occupation numbers satisfy

n i j n i j L

n i j n i L j

y

x

( , ) ( , )

( , ) ( , )

= +

= +
(2.5)

where Lx and Ly are lattice sizes along the principal axes. Consequently, the system
possesses translational invariance. With PBC, and the conservation of local particle
number (or local magnetization) during a “particle-hop”, the total particle number (or the
total magnetization) is a constant of the motion.

The resulting steady-state distribution, F
∗, of this lattice gas system is then not

simply given by the canonical equilibrium form, F
>∗ −= e Zβ  where Z is the partition

function, since a global Hamiltonian cannot be written. Further, F
∗ is expected to not

satisfy a global detailed balance equation [4]. However, using the master equation (2.2)
and the transition rates (2.4), F∗ has been obtained analytically for small systems [27,
28]. These results have shed light on important differences between equilibrium and non-
equilibrium steady-state properties. However, for understanding large-scale cooperative
behavior, Monte Carlo simulation methods and continuum field theoretic analysis have
been indispensable tools for studying the intricacies of such behavior in the
thermodynamic limit [4].

Given the above specifications of the microscopic model, Monte Carlo
simulations have revealed that the driven lattice gas displays a continuous phase
transition at all E, for a critical density, ρ, of ½. The transition temperature, T Ec( ),
increases monotonically with E, and for E → “∞”, saturates at approximately 1.4. Further
work has shown that above Tc, because of violation of the fluctuation dissipation theorem
(FDT), the equal-time two-point correlation function displays power law decays [18] at
large distances, in contrast to typical exponential behavior seen in equilibrium systems.
The power law behavior is a direct result of a discontinuity singularity at the origin for
the steady-state structure factor [29]. We recall that for the E = 0 case, the structure factor
takes the Ornstein-Zernike form. In general, the high-temperature properties of the driven
lattice gas are controlled by a line of fixed points, in contrast with a single, T = ∞, fixed
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point for equilibrium Ising models [30, 4]. Further, in the critical region, continuum
theoretic field analysis [17] has provided quantitative understanding of the critical
properties of the driven lattice gas. Results from these analyses show that a nontrivial
fixed point exists for d < dc = 5, and that this fixed point is different from the Wilson-
Fisher fixed point of the equilibrium Ising model. Thus, critical properties of the driven
lattice gas fall into a new universality class, outside of the equilibrium Ising model class
[8]. Additional analyses taking into account finite size scaling have largely confirmed
these results [31]. Below Tc in the ordered state, the system now phase separates, where
dense regions only in the form of strips aligned with the field have only been observed in
simulations. In other words, the inhomogeneity of the phase separation occurs in the
transverse direction to the field.

��� 6\VWHPV�ZLWK�3%&�LQ�WKH�'LVRUGHUHG�3KDVH��7KH�6WHDG\�6WDWH
6WUXFWXUH�)DFWRU

In this section we describe a mesoscopic approach to analytically understand the driven
diffusive lattice gas for T well above the critical point. We start from well-explored
territory where a general Langevin equation for the critical region has been postulated for
the driven lattice gas. We linearize the general bulk equation about the half-filled
disordered state since the order parameter φ( , )x t , the local magnetization, exhibits small
fluctuations about zero in this regime. We then arrive at a form for the steady-state
structure factor. This defines the starting point for our analysis in Chapter 3 where we
examine distributions of the structure factors.

We now consider a coarse-grained, continuum description of the driven diffusive
system. The occupation numbers ni at discrete times are replaced by a density field
ρ( , )x t , for which a Langevin equation of motion is postulated. The simplest approach [4]
begins with the continuity equation ∂ + ∇⋅ =tρ J 0 and writing the current as a sum of a
diffusive part and an Ohmic term. The diffusive part may be chosen to be that for model
B, following Hohenberg and Halperin [32]: −λ∇ δ δρ>0 5, where λ is a (constant)
transport coefficient and > is the free energy functional, assumed to be the Landau-
Ginzburg Hamiltonian here. For the Ohmic term, we write C; �e, where �e is a unit vector
in the field direction, ; is a coarse-grained version of the microscopic drive E and C is a
(density-dependent) mobility factor which we will assume to take the simple form
ρ ρ( )1−  [4]. In general, we expect the drive will induce spatial anisotropy, so that
parameters associated with the directions transverse to the field should be different from
those for the “longitudinal” direction. In additional to the above two systematic currents,
there are also the random, noisy Langevin terms. We denote the transverse and
longitudinal components separately, by ξi and ζ, respectively. Both are assumed to be
Gaussians, with zero mean and the following variances:

( , ) ( , ) ( ) ( )

( , ) ( , ) ( ) ( ).

i j ijt t n t t

t t n t t

ξ ξ δ δ δ

ζ ζ δ δ
⊥′ ′ ′ ′= − −

′ ′ ′ ′= − −

x x x x

x x x x
&

(2.6)

Putting all these terms together and using φ ρ≡ −2 1, we arrive at [17, 4]
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( ) ( ) ( )
( )

2 2 2 2 2 2 2 3 2 3

2

2
3!x

u

t
φ τ α φ τ α φ α φ φ κ φ

φ ζ

⊥ ⊥
∂  = λ − ∇ ∇ + − ∂ ∂ − ∂ ∇ + ∇ + ∂ ∂  

+ ∂ − ∇ ⋅ + ∂

& &

; [

(2.7)

where the transverse gradients have been denoted by ∇ and the longitudinal ones by ∂.
All these parameters (including τ, α, u, κ) may be derived, in principle [33], from the
microscopic model. Thus, they should be regarded as functions of J, E and T, just as the
parameters in the Landau-Ginzburg Hamiltonian would be functions of those in the
microscopic system. While the details of these functions are not needed for predicting
macroscopic phenomena, a few basic properties must be established.

First, we focus on the τ’s and n’s. If we were describing an equilibrium system
with anisotropic couplings and/or anisotropic transport coefficients, we must impose
detailed balance. One of its consequences is the FDT, which, in this case, implies the
constraint n nτ τ⊥ ⊥=

& &
. However, our interest is a system in non-equilibrium steady

state, so that we expect, generically,
n

n

τ
τ

⊥ ⊥≠
& &

. (2.8)

For systems in equilibrium, the τ’s are associated with the inverse susceptibility above
criticality, so that they must be identical and vanish as T → Tc. Below Tc, it is customary
to choose τ < 0, which leads to phase separation [34]. Here, there is no such constraint
and they must be chosen so as to reproduce, at least qualitatively, what is observed. In
simulations below criticality, only states with inhomogeneities transverse to E have been
seen, so that it is natural to choose

0     and     0τ τ⊥> <
&

(2.9)

for describing the system below Tc. On the other hand, both n
&
 and n⊥ , being variances of

noise currents, must remain positive. As for the other parameters (λ, α’s, u, κ, and ;), we
do not expect any changes in sign as J, E, and T are varied, so that there should be no
qualitative changes in macroscopic properties.

Restricting ourselves to the disordered phase in steady state, where φ = 0 , we
linearize (2.7) to

( ) ( ) ( ){ } ( )2 2 2 2 2 2, 2 xt
t
φ τ α φ τ α φ α φ ζ⊥ ⊥

∂ = λ − ∇ ∇ + − ∂ ∂ − ∂ ∇ − ∇ ⋅ + ∂
∂

x
& &

[ . (2.10)

Defining Fourier transforms for the field and noise by

φ ω ω φk k, exp ,0 5 0 5 0 5≡ − ⋅ +I i t tx x , etc., the solution to this equation is

( ) ( ){ } ( ) ( ) ( ){ }1
, i i , ,kφ ω ω ω ζ ω−

⊥= + Λ − ⋅ +k k k k k
&

[ (2.11)

where

( ) ( ){ }2 2 4 2 2 42 xk k k k k kτ τ α α α⊥ ⊥ ⊥ ⊥ ⊥Λ ≡ λ + + + +k
& & & & &

. (2.12)

Since [ = =ζ 0 , we find φ = 0. Similarly, the dynamic structure factor can be
obtained:
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S
N

k k k
k

k
, , ,ω φ ω φ ω

ω
0 5 0 5 0 5 0 5

0 5≡ =
+

∗
2 2Λ

(2.13)

where

( ) 2 2N n k n k⊥ ⊥≡ +k
& &

. (2.14)

From (2.13), we can find the steady-state structure factor S( )k , defined to be the equal-
time correlation,

S t t S N( ) , , ,k k k k≡ = =∗ Iφ φ ω
π

ω0 5 0 5 0 5d

2
2Λ . (2.15)

It is the analogue of the static structure factor for equilibrium systems. Note that, for
equilibrium systems, the FDT will imply more than just n nτ τ⊥ ⊥=& &

. There would be

further constraints on the α’s, as well as n T∝ λ , so that S( )k  will take the Ornstein-

Zernike form T kτ + 22 7 .
An analysis of the small k-dependence of S( )k  [4] which reveals a discontinuity

singularity at the origin (k = 0), underscores the highly anisotropic nature of S( )k . In the
next Chapter, we report Monte Carlo simulations which confirm this anisotropic nature of
S( )k . Further, we measured the entire distribution from which the average structure
factor is computed. Then we extend the above theoretical analysis to include such
distributions for T > Tc. Theory and simulation data are in good agreement. Further
details are presented in Chapter 3.

��� 6\VWHPV�ZLWK�63%&�LQ�WKH�2UGHUHG�3KDVH��6NHZHG�,QWHUIDFHV
Below the critical temperature, the driven lattice gas system settles into a phase-separated
state. Here, because of the inhomogeneous state, investigations tend to focus on the
formation and stability of interfaces between the particle-rich and particle-poor phases. A
key difference from equilibrium systems is the fact that the driven lattice gas, through the
external driving field and boundary conditions, now settles into a non-equilibrium steady
state (NESS). Consequently, many new and interesting properties have been observed
with regards to interfaces in the driven lattice gas [4]. We briefly review a few of these
remarkable properties.

One such property has been the suppression of roughness observed in simulations
of the driven lattice gas [19]. Normally, for short-ranged interactions and periodic lattices
in two dimensions, interfaces are rough where the statistical width associated with the
interface diverges in the thermodynamic limit. However, for the driven lattice gas, a finite
interfacial width (smooth interface) is found in Monte Carlo studies [19]. Presently, these
observations cannot be predicted by any quantitative theory of interfaces [4]. Therefore, a
key challenge has been to understand the general nature of interface behavior in the
driven lattice gas.

In equilibrium systems there is a connection between smooth interfaces (facets)
and kinks or singularities in the interfacial energy as a function of the orientation of the
interface [20]. To induce interfaces of various orientations, simulation studies typically
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exploit shifted periodic boundary conditions (SPBC), also known as screw boundary
conditions. For example, it can be implemented through

n i j n i H j L( , ) ( , )= + + . (2.16)
Note that n is the occupation number at site i, j, and L is the dimension of the lattice in the
direction of the applied condition. The factor H is the shift value. In this way, SPBC’s
with shift parameter H are used to systematically change the orientation of interface(s) in
the lattice. Further details of the SPBC’s may be found in Chapter 4. When applied to the
driven lattice gas, several surprising phenomena appeared. These will be reviewed in
section 2.3.1. In section 2.3.2, we briefly review an analytic solution, suitable for
describing a single interface of various orientations, within the framework of the coarse-
grained, continuum field theory.

����� %XON�DQG�,QWHUIDFLDO�3URSHUWLHV

The technique of SPBC was applied to the driven lattice gas in an attempt to understand
the suppression of interfacial roughness [21]. For convenience, we will refer to these
authors as VLZ. Though the original intent was to study singularities in the interfacial
energy, VLZ discovered, for small H, a kink singularity associated with the bulk energy!
They examined the total energy of the system, associated with the average number of
particle-hole bonds per site, in a well-separated state at T = 0.8. A pair of interfaces were
found, oriented at an angle θ with respect to the driving field, where θ = ⋅−sin � �

1 n e0 5 , �n is
the unit normal pointing into the particle-poor phase, and �e is a unit vector in the
direction of E. By varying θ and L, the size of the system, VLZ were able to extract a
kink singularity in the bulk energy, in the form of a θ  term. We contrast this
phenomenon against the equilibrium case, where bulk properties are completely
independent, let alone being a singular function, of interfacial orientations.

The dependence of bulk quantities on the orientation is at least qualitatively
understood by the observation that the driving field breaks particle-hole symmetry and
creates two different types of interfaces. We note that for H = 0, the interfaces are
equivalent. Now for H > 0 there are distinct properties associated with each interface. The
interface associated with the particle-rich phase “upstream” (θ > 0) is more diffusive (or
rough) since its edge acts as a source of particles (and holes) which flow into the bulk
regions. For this reason, it is referred to as an “evaporating edge.” In contrast, the other
interface associated with the particle-rich phase “downstream” (θ < 0) appears more
sharp (or smooth) since its edge acts as a sink for particles and holes driven into this
region. For this reason, it is referred to as an “absorbing edge.”

For large shifts, VLZ also found a “splitting” transition occurs in which the single
dense strip becomes unstable, transforming into thinner multiple strips (or equivalently, a
thinner strip which winds around the torus). This is qualitatively understood by noting the
competition between E, which favors strips aligned vertically, and J, which seeks to
minimize the energy by aligning “tilted” strips. For a large enough H, the field
dominates, transforming the single dense strip into multiple strips. Here it is observed
that if the shift H and lattice size L are commensurate, the system displays L H  strips
aligned vertically. As H increases, it is further observed that a sequence of “merging”
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transitions occurs where n-strip configurations transform to ( )n−1 -strip ones. Here this is
understood qualitatively, as the strip configuration seeks to minimize its energy. Further
observations are that if H is less than L n , then the strips tilt against the direction of

shift. The strips tilt in the direction of shift for H greater than L n .
Further observations of the splitting transition [24] show that the initial single-

strip configuration evolves by finger formation, reminiscent of a Mullins-Sekerka [22]
instability [23] which grows on the “absorbing edge.” The implication is that, as the shift
increases, one mode turns soft and then unstable [23]. In this theory, the merging
transitions may be the result of the same mechanisms (for more details, see [4]). The
“evaporating edge,” however, appears to be stable [24]. This may be due to the restriction
of θ [4].

To conclude, the occurrence of the splitting transition interferes with a systematic
examination of the “evaporating edge.” The main component of this work concerns
devising new boundary conditions so that the simulation of a single “evaporating edge” is
possible and the general properties associated with this interface may be examined.

����� $QDO\WLF�6ROXWLRQ�IRU�D�6LQJOH�6NHZHG�,QWHUIDFH

Well below Tc in the phase-separated state where thermal fluctuations become less
important, the starting point is a noiseless version of the general bulk equation (2.7) [4].
Using (2.7) certain steady-state bulk solutions have been found in which the bulk density
depends on the orientation of the interface(s) [see Janssen and Schmittmann in 17; 23, 4].
We briefly review the results for a single planar interface “tilted” at an angle with respect
to the lattice axes.

We now define a “tilted” interface at an angle θ where θ = ⋅−sin � �
1 n x0 5 . Here, the

normal of the interface �n points into the particle-poor or rarified phase, and �x points
along the x-axis. These definitions are shown in Figure 2-1, where the orientation of the
interface is described by the positive angle θ. Here we show the lines of constant φ,
where the coordinate system is placed at φ = 0. In Chapter 4, we will present simulation
results of a single “evaporating” interface with the same orientation as shown here.

Returning to the noiseless version of (2.7), we first note that, to conform with
simulations where the driving field is in the –y direction, the “;∂φ 2” term must be
associated with a negative sign. Next, the interface is now “tilted” or skewed, so we look
for a solution φ( )v , where v x y= −cos sinθ θ . We take the following boundary
conditions for our bulk solution:

( )
( ) .

v M

v M

φ

φ

→ −∞ =

→ ∞ = −
(2.17)

We then have the following solution,

φ
ξ

( ) tanhv M
v= − (2.18)

where the bulk magnetization, M, is given by
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M
u u

2 1 2= −
�
��

�
��~

~ ~

~
~

;
α τ . (2.19)

The interface correlation length, ξ, is given by

ξ α α τ2 2
2= −

�
��

�
��

~ ~ ~

~
~

;
u

(2.20)

and

ξ α2 2 2
M

u
=

~

~ . (2.21)

Here, ~ ~ ~ ~τ α,  ,  ,  and u ;  are functions of the anisotropic terms in (2.7) and θ,
2 2

4 2 2 4

2 2

cos sin

cos 2 cos sin sin

cos sin

sin

x

u u u

τ τ θ τ θ

α α θ α θ θ α θ

θ θ

θ

⊥

⊥

⊥

= +

= + +

= +

=

&

&

&

�

�

�

�; ;

(2.22)

where, for simplicity, we have made the following definitions, 3!u u⊥ =  and u uκ ⊥=
&

with regards to (2.7).
In anticipation of comparisons with the simulation data in Chapter 4, we make

several modifications for convenience. Though the rotated coordinates above are natural
in a continuum description, oblique ones are more suited for direct comparisons with data
from discrete lattices subjected to SPBC. Thus, we defined the variable u x sy= −  where
s= tanθ . Density profiles are expected to be constant along contour lines of u. Also,
since the “center” of the profile (φ = 0) can be located arbitrarily, we introduce the
parameter u0. The skewed interface solution can now be written as

φ
ξ

( ) tanhu M
u u

= −
− 01 6

(2.23)

where we have absorbed a factor of cosθ into the definition of ξ. We then fit the above
solution to our measured density profiles in Chapter 4 and estimate the three parameters
M, ξ, and u0.

φ > 0

y

x

v =  0

K
E

dr iv ing f ie ld
θ

rar i f ied
phase

θ

φ = 0 φ < 0

�n

dense
phase

Figure 2-1. Lines of constant φ for a single planar interface oriented at angle θ. The unit normal, �n, points
into the particle-poor or rarified phase.
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��� 6\VWHPV�ZLWK�2%&��7UDQVLWLRQV�IURP�'LVRUGHU�WR�2UGHU
While fully periodic boundary conditions are suitable for studying a translationally
invariant system, they are not physically realistic. A better model for current carrying
wires is a system with open boundary conditions, so that particles are injected at one end
and removed at the other. Placing a source and sink at opposite edges of a lattice is
equivalent to imposing a chemical potential gradient. Even in the absence of the external
driving field, such a system is not really “in equilibrium,” though this gradient obviously
vanishes in the thermodynamic (L → ∞) limit. Thus, it is natural to ask how such a
gradient might affect the steady states of the driven lattice gas. Such a study was
conducted recently [25]. For short, we will refer to it as BSZ. Specifically, these authors
used rectangular lattices (W × L) with the chemical potential gradient being aligned with
the drive (as in an ordinary wire). In terms of our picture, particles are fed in at the “top”
edge and extracted at the “bottom” edge. In the bulk, they are swept through the system
by the uniform driving field. With this orientation, this model also simulates particles in a
chute, subjected to a gravitational field. In the direction transverse to the field, BSZ chose
periodic boundary conditions, i.e., the “left” and “right” edges are identified. Most of
their simulations are carried out at small values of E.

BSZ found that, as the temperature is lowered, a crossover from a disordered to an
ordered state occurs. However, instead of phase separation into a uniform strip, the latter
state is characterized by a backgammon-like pattern of alternating high- and low-density
regions. Also referred to as “icicles” or “fingers,” these patterns are believed to result
from a competition between the driving field, which favors homogeneity (in the y
direction), and the chemical potential gradient, which discourages homogeneity. Even in
the disordered state, the steady-state density profiles are non-trivial, displaying tan-like
dependence along the drive. For fixed J, E, and aspect ratio W / L, there are small
fluctuations in the number of fingers. The average number of fingers Nf  decreases

smoothly with W / L, so that the “fingering” angle formed by the individual interfaces
with the parallel direction is relatively constant as a function of W / L. Here it is argued
that a characteristic “fingering” angle must exist, controlling the number of fingers in the
pattern to satisfy the opposing demands of the particle gradient and driving field [4].
Further, BSZ observe that at fixed W / L and E, the number of fingers decreases with
increasing J, minimizing the surface energy or total interface length. As will be seen in
Chapter 4, icicle-like structures are also found in our simulations.

In the BSZ study, a mesoscopic approach, based on a set of Langevin equations,
are used to discuss the dynamics for the noninteracting (J = 0) case and the interacting
(J > 0) case in the disordered phase. Let us briefly review this approach, since we employ
the same technique in Chapter 4 when we consider the high-temperature limit (J = 0). We
remark that for the J > 0 case, BSZ use a small J-expansion to compute the first-order
corrections to the “free” solution. We refer the interested reader to references [25, 4] for
further details.
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To describe disordered states, BSZ assumed that, due to PBC in x, the stationary
solutions depend on y only: φ(y). Furthermore, for J = 0, the equation reduces to one for
“free,” driven diffusion:

∂ − ∂ − =2 21 0φ φ;2 7 . (2.24)

In this formulation, the simple form ρ ρ1−0 5∝ )1( 2φ−  for the conductivity is used and
the driving field is in the negative y direction. Shifting the origin y = 0 to the center of the
system and imposing the open boundary conditions φ ± = ±L 2 11 6 , we arrive at:

φ µ µ( ) tany
L

y

L
= 2 2

;
(2.25)

where µ is the first solution toµ µtan = 1
2 L; .

In a sense, our work may be viewed as a generalization of the BSZ study. With a
combination of SPBC and OBC, we create a single planar (evaporating) interface at low
T, “tilted” at various angles with respect to the drive direction. Unlike BSZ, we apply
OBC in the x direction. Meanwhile, SPBC is applied in the y direction, as depicted in
Figure 2-2 (a). Notice that the resultant particle density gradient, like the interface at low
temperatures, is oriented at some angle (π θ2 − , where θ is shown in Fig 2.1) with respect
to the field. By controlling H, we can simulate systems with the effective particle gradient
set at various angles to the external drive. In the limit H → “∞”, or s= →tanθ “∞”, we
recover the BSZ configuration, as shown in Figure 2-2 (b). Thus it is not surprising that
our analytic solutions for the noninteracting case (Chapter 4) reduces to the BSZ
solutions (2.25) in the s → “∞” limit.

With our generalizations of the boundary conditions, we can study
• the inhomogeneities in a disordered state,
• the density profiles of a single “evaporating” interface, in cases of small H, and
• the phenomenology of new steady states in cases of large H.

In particular, these new steady states are expected to differ from those in the VLZ study,
where only SPBC is in place. On the other hand, similarities to the BSZ study should be

θ

K
E

−∇
K

ρ
K

E−∇
K

ρ

(a) (b )

Figure 2-2. (a) Proposed lattice configuration to accommodate SPBC and OBC at a given θ.
(b) θ π→ 2  limit ( )s → ∞ to recover BSZ lattice configuration.
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observed, since their system is a special limit. However, we should caution that our drive
is set at “infinity,” while BSZ examined small values of E. A summary of these different
aspects is presented in Figure 2-3 for (T, E, s) space, where we show the relationship of
the previous studies and ours. The regions we explore are on the E = “∞” face of the cube
in the right.

E

s

T

Dr i ven  sys tems  w i th  SPBC Dr i ven  sys tems  w i th  OBC

VLZ studyeq
uil

ibr
ium

1

1 .4T Ec( )

" "∞
E

s

T

1.4  ?T Ec( )

" "∞

BSZ study

" "∞

" "∞ disordered state

ordered state

crossover

Figure 2-3. Comparison of studies in phase (T, E, s) space. Several paths on the side plane (E = “∞”) are the
focus of this dissertation.
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In this Chapter, we study the full distribution of structure factors in the driven lattice gas
model introduced above. The time evolution of the structure factors associated with the
two lowest non-trivial wavevectors is used to construct histograms. These histograms are
used to confirm the exponential nature of these distributions well above the critical point.
The exponential distribution is derived using a continuum field theoretic approach
starting from the general mesoscopic equation for temperatures above the critical point
(see (2.10)). The subsequent behavior of the two lowest wavevectors of the structure
factor through the critical point signals the occurrence of the continuous phase transition.

��� ,QWURGXFWLRQ

One interesting property of an interacting many-body system is the nature of particle-
particle correlations. Experimentally, such correlations can be studied by the scattering of
radiation from the sample. If this radiation is collected over time periods long compared
to microscopic time-scales, the resultant intensity will be proportional to the structure
factor, which is the Fourier transform of the time-averaged two-point correlation in the
system. For systems in steady state, such an average is supposedly well represented by an
ensemble average, computed via the steady-state distribution, F

∗. On the other hand, if
instantaneous “snapshots” of the system were taken, then the scattered radiation will

measure 
2

( , )tφ k . Here, φ( , )k t  is the Fourier transform of the instantaneous φ( , )x t , the

deviation in density from the overall average. Each snapshot will display seemingly
“random,” speckled patterns [35]. They carry information about “instantaneous
correlations,” namely, averages of φ φ( , ) ( , )′ ′ +x t x x t over space (x′) but not time. By
storing these snapshots, we study the time evolution of these correlations. A histogram
built from such time traces is referred to as the “full distribution of structure factors.”
Clearly, this distribution carries more information than its first moment, which is
commonly referred to as “the structure factor.”

In this Chapter, our main focus is the distributions for the structure factor for the
driven lattice gas above the critical point when the system is in a homogeneous state.
Monte Carlo data and predictions from the continuum description are in good agreement.
As we lower the temperature through criticality, the system forms an inhomogeneous
state in which only strips aligned with the external driving field are displayed. To
appreciate this anisotropic behavior, we monitor both the lowest transverse and
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longitudinal components of the structure factor. As the system goes through the critical
point, the distribution of the former shows a qualitatively clear transition.

For our simulations, we construct histograms to represent the distributions of the
structure factor. Meanwhile, using a continuum field theoretic approach, we show that
these distributions are exponential, for systems far above criticality. To confirm this
behavior, we compute the structure factor (a) by fitting the distribution to an exponential
form and (b) directly from an average over the entire time history. The agreement is
excellent and lends support to the mesoscopic equation (2.10) as the correct description
for the driven lattice gas model above the critical point. Further, the components of the
structure factor and their distributions clearly signal the occurrence of a continuous phase
transition. The layout of the chapter is as follows: The next section we discuss the
simulation results which are a Monte Carlo based approach using the microscopic model
as defined in Chapter 2. The next section we discuss a continuum field theoretic
approach, which starts from the mesoscopic equation valid for temperatures above the
critical point. In this section, we derive an exponential form for the distribution of
structure factors. We also discuss the limit of validity of this approach and its relationship
to other work in this area. We also suggest possible future work.

��� 6LPXODWLRQ�5HVXOWV
We have performed Monte Carlo simulations of the driven lattice gas model described in
Chapter 2, using 30 × 30 lattices (N = 900). This size was chosen partly because it allows
a convenient comparison with the original investigation [4]. To study the distribution of
the structure factors, we let this system run in a steady state and measure various two-
point correlations (and their Fourier transforms) at regular time intervals. From their time
series, instead of finding a simple average, we build histograms to represent the
distributions. The temperature is then varied, in order to study how these distributions
change as the system goes through its critical point.

In the literature, the term “structure factor,” denoted by S( )k  here, typically
refers to the (ensemble- or time-) average of the operator:

�( ) ( )

,

s e s sN
i j i

i j
i j

k k≡ ⋅ −∑1 (3.1)

i.e.
S s( ) �( )k k= . (3.2)

Since 〈 〉s si j  is the spin-spin correlation function, S corresponds to its Fourier transform.

As time evolves and the configuration changes in a simulation, �( )s k , for each specific k,
takes on various values. The average of these values is then reported as S( )k . Here, we
seek the entire distribution of these values, i.e., the function

P s s s( ; ) ( �)k = −δ . (3.3)

Since our dynamics conserves total magnetization, �( )s 0  is fixed and its distribution is
trivial. Turning to non-zero k, we focus on, for simplicity, the two lowest values: one
longitudinal and one transverse to E. In an undriven system, x y⇔  symmetry implies
that there is no extra information by studying both. In the driven case however, they are
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drastically different [3, 4], so that measuring both quantities can be quite revealing. In
particular, in a disordered phase, these �s ’s would be O(1). On the other hand, for an
ordered system, with phase segregation into two strips, one of these would be O(N),
depending on the orientation of the strips. Thus, they are good candidates for an order
parameter as well. Explicitly, these two wave-vectors are k ≡ =⊥( , ) ( / )( , )||k k 2 30 0 1π  and

k = ( / )( , )2 30 1 0π . Their associated �s ’s will be denoted by�( , )s 0 1 and�( , )s 1 0 , respectively.
For our simulations, we set E at 50J, which corresponds to, for all practical

purposes, an “infinite” drive. The reason for this choice is to maximize the difference
between a non-equilibrium system and its equilibrium counterpart. With such a large
drive, it is known that the driven model, at half filling, undergoes a second-order phase
transition at Tc ≅ 1.4 [31] (units being the Onsager T0). Thus, we will examine a range of
temperatures from T = 2.2 to 1.2, in steps of 0.2.

The initial configurations of each run are random and half-filled, corresponding to
total magnetization of zero ( si =∑ 0 ). Quenching to T = 2.2, we then let the system run

for 100K Monte Carlo steps (MCS). Starting with this final configuration, T is lowered
by 0.2 and the system is run for another 100K MCS. This procedure is repeated until T
reaches 1.2. After each quench, measurements were not taken during the first 10K MCS,
so that the system may settle down to the new steady state. Data of �( , )s 1 0  and �( , )s 0 1  are
then collected by sampling configurations every 100 MCS. Thus, each of these time
traces contains 900 points. Finally, to insure an adequate data sample near Tc, we have
taken the last configuration of the T = 1.4 run and let the system evolve for another 100K
MCS. Consequently, histograms for this T are built from 1900 data points.

In Figure 3-1 (a)-(c), we show time traces of �( , )s 1 0  for three different
temperatures, T = 2.2, 1.4, and 1.2, respectively. Clearly, �( , )s 1 0  indicates that ordering,
associated with strips aligned with the field, occurred. With these traces, and similar ones
for �( , )s 0 1 , we select appropriate bin sizes (on the vertical axis) to construct histograms.
Thus, a histogram displays, effectively, the horizontal “projection” of a time trace. In
Figure 3-2 we show such histograms for both �( , )s 1 0  and �( , )s 0 1 , at the same three T’s.
Note that the bin size for �( , )s 0 1  is fixed at 0.5. However, since �( , )s 1 0  increases through
the phase transition we use an increasing bin size to display these distributions, i.e., 1, 8,
and 10 for T = 2.2, 1.4, and 1.2, respectively. Similarly, note that the scales of the
abscissas are not uniform throughout, further highlighting the contrast between the two
structure factors. Finally, to match the other cases, we have renormalized the T = 1.4
histograms, since there are more than twice the number of data points here.

The most striking feature displayed in Figure 3-2 is surely the contrast between
the behavior of �( , )s 1 0  and �( , )s 0 1 . As T drops through the transition, the distribution for
the latter shows almost imperceptible changes. On the other hand, the distribution for
�( , )s 1 0 , while displaying significant changes, remains single-peaked throughout. This is a
clear signal of a continuous transition. In particular, at T = 1.4, the slope of the
distribution at the origin is zero, which is consistent with the assignment of a second-
order transition. The extent of the fluctuations can also be appreciated directly: from very
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large values for �( , )s 1 0  near or below criticality, to O(1) for �( , )s 0 1  at all T and �( , )s 1 0  in
the disordered phase. A more thorough study of the critical region, in the spirit of those
for the equilibrium Ising model [36], should be carried out, with the most likely outcome
being a universal scaling distribution. In our work, we focus on the distributions for
T>> Tc. These turn out to be exponentials. In Figure 3-3, log-linear plots of the
distributions for both �s ’s, at T = 2.2, show that the data points generally fall on a straight
line. Least squares fits with straight lines are then used to yield the slopes. Additional
log-linear plots of both �s ’s are shown for the other temperatures in Appendix A, and
further details on the least squares fitting procedure used are also discussed there.
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Figure 3-1. Time traces of �( ,0)s 1  for three different temperatures. The unit of time is 1000 MCS.
(a) T = 2.2, (b) T = 1.4, (c) T = 1.2.
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Figure 3-2. Histograms representing distributions of structure factors, P s( ; )k . Figures in the left

column (a)-(c) are for �( , )s 1 0 . Those in the right column (d)-(f) are for �( )s 0,1 .
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If the distributions were precisely exponential, i.e.,
P s e s s( ; ) ( )k k∝ − 0 (3.4)

the average would be the inverse of this slope, i.e., s0( )k . Thus a comparison between
the fitted slopes and the measured averages, i.e., S( )k  from (3.2) and (3.3), will provide
a crude estimate for how good is the exponential approximation. Table 3-1 summarizes
this comparison. There is reasonably good agreement, i.e., a few percent, between S( )k
and s0( )k . Note that we have included some cases for near and below criticality for
completeness, though we have no theoretical basis for P being an exponential. In the next
section, we will provide a framework which should be valid far above the critical
temperature and which predicts exponential distributions.

s

0 5 10 15 20 25

ln P

0

1

2

3

4

5

6

T/Tc = 2.2

Figure 3-3. Plots of ln ( ; )P s k against s at T = 2.2 for �( ,0)s 1 and �( )s 0,1 with least squares fitted

straight lines. Full circles are for �( ,0)s 1 , open circles for �( )s 0,1 .

Table 3-1. Summary and comparison of (averaged) structure factors, S( )k and the inverse slope

s0( )k , computed by two different methods for T = 2.2 to 1.2. “S() ” column is the average value

of the structure factor calculated directly from the time series. “s0() ” column is the value of the

structure factor calculated from the slope of the fitted line from the ln plot of P s( ; )k  against s.

T Tc/ S( , )1 0 s0 1 0( , ) S( , )0 1 s0 0 1( , )

2.2 3.69 3.76 1.02 1.04

2.0 5.28 5.25 1.01 1.06

1.8 6.64 6.86 1.13 1.12

1.6 12.24 12.85 1.17 1.16

1.4 45.08 -- 1.29 1.27

1.2 175.07 -- 0.88 0.93
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��� $QDO\WLF�$SSURDFK�DQG�'LVFXVVLRQ
To analyze the large distance behavior found in our simulations we develop our analytic
approach using continuum field theory. Here, as also described in Chapter 2, we replace
the occupation numbers ni in describing our configurations, by a coarse-grained density
field ρ( , )x t , in which a Langevin equation of motion is postulated. Switching over to the
spin language, a general bulk equation for φ ρ( , ) ( , )x t x t= −2 1 has been postulated for
the critical region: (2.7). In the disordered phase, we linearize this equation to (2.10).
This is our starting point in this section where we derive an exponential form for the
structure factor distribution.

Since we are interested in developing a form for the distribution function, which
we will define as P s( ; )k , we begin with the noise distribution for the driven lattice gas
(2.6) from Chapter 2. They are uncorrelated Gaussians with zero mean and satisfy

( , ) ( , ) ( ) ( )

( , ) ( , ) ( ) ( ) .

i j ijt t n t t

t t n t t

ξ ξ δ δ δ
ζ ζ δ δ

⊥′ ′ ′ ′〈 〉 = − −
′ ′ ′ ′〈 〉 = − −

x x x x

x x x x
&

(3.5)

Thus, we write P( , )ξ ζ  as follows:
2 22

1
222

,

( , )
d dt

n nnn

t

P e e e
ξ ζζξ ξ

ξ ζ ⊥⊥

 ⋅ − + −−   
∫

∝ =∏
x

x

&& . (3.6)

We now seek the entire distribution of �( )s k  defined by the expression φ φ∗ ( , ) ( , )k kt t
(see equations (2.15) and (3.1)). Note that there is an implicit time dependence in �( )s k .
However, all time dependence vanishes when we average over an ensemble. The
expression for P s( ; )k  is

P s s s D D P s s( ; ) ( �) ( , ) ( �( ))k k= − = −Iδ ξ ζ ξ ζ δ . (3.7)

We realize that P( , )ξ ζ written in terms of x,t can be rewritten in terms of k ,t , so that
2 2

1
2

( , )
d dt

n n
P e

ξ ζ

ξ ζ ⊥

 
− +   

∫
∝

k
& . (3.8)

Thus we examine the general integral,
2 2

1
2

ˆ( ; ) ( , ) ( , ) ( ( ))
d dt

n n
P s D t D t e s s

ξ ζ

ξ ζ δ⊥

 
− +   

∫
∝ −∫

k

k k k k& (3.9)

where the differential is over all k ,t  points. It is convenient to integrate out all values of
k except the one value of k which �( )s k  depends on. All of these integrations are unity
since the integrals are over uncorrelated Gaussians. What remains is an integral over time
and only one value of k,

2 2

1
2

ˆ( , ) ( , ) ( , ) ( , ) ( ( ))

( , ) ( , )
where   .

Id t d t d t d t e s s

t t
I dt terms

n n

ξ ξ ζ ζ δ

ξ ς

⊥

− ⋅⋅ − ⋅⋅⋅ −

  
 = −  +  + −    

∫

∫

k k k k k

k k
k

&

(3.10)
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If we rewrite d t d tξ ξ( , ) ( , )k k−  as d t d tξ ξ( , ) ( , )k k∗ , and d t d tζ ζ( , ) ( , )k k−  as

d t d tζ ζ( , ) ( , )k k∗ , then the integration is only over positive k, and the integral now
appears as

2 2
( , ) ( , )

ˆ( , ) ( , ) ( , ) ( , ) ( ( ))

t t
dt

n n
d t d t d t d t e s s

ξ ς

ξ ξ ζ ζ δ⊥

 
 − +
 ∗ ∗  

∫
⋅ ⋅ ⋅ ⋅ ⋅ −∫

k k

k k k k k& . (3.11)

It is now convenient to take the Laplace transform of P s( ; )k since it will remove the
delta function and replace it by an exponential,

~
( ) ( )P dsP s e sµ µ= −I

then
~

( ) ( , ) �P D D P e sµ ξ ζ ξ ζ µ= −I . (3.12)

With �s defined from before as φ φ∗ ( , ) ( , )k kt t  (3.1) and noting that φ( , )k t can be written
as

{ }( )( )( , ) ( ) ( , ) ( , )
t

t tt dt e i t k tφ ξ ζ′−Λ −
⊥

−∞

′ ′ ′= − ⋅ +∫ kk k k k
&

(3.13)

we can now substitute these terms in the integral for 
~

( )P µ  (3.12). The resulting exponent

in the integral for 
~

( )P µ  is now
2 2

( , ) ( , )
ˆ

t t
dt s

n n

ξ ζ
µ

⊥

  
 −  +  +    
∫

k k

&

. (3.14)

Dropping the minus sign for clarity, we can write out this exponent in further detail:
2 2

( ) ( )
t t

t t t tdt dt dt e e A
n n

ξ ζ
µ ′ ′′−Λ − −Λ −

⊥ −∞ −∞

   
′ ′ ′′ +  +      

∫ ∫ ∫
&

(3.15)

where { }{ }( , ) ( , ) ( , ) ( , )A t k t t k tξ ζ ξ ζ⊥ ⊥′ ′ ′′ ′′= ⋅ − + − ⋅ +k k k k k k
& &

. Expanding this term out

one can see it can be put into the general form, η µ ηα αβ α β β
∗ ∗+D v v= B . In this

representation, ηβ  is a vector of all the noise components, and Dαβ  is a diagonal matrix

whose elements are: ( ) ijt t nδ δ ⊥′ ′′−  for the transverse components and ( ) ijt t nδ δ′ ′′− &

for the longitudinal components. Note that ′t and ′′t are the integration time variables. In
the continuum limit the sum over all time implies an integration. In a likewise manner,
vα can be defined by the following,

( )

( )

( ) ( ) ( )

( ) ( ) ( )

t t

t t

v t i k e t t

v t i k e t t

α α

α α

′−Λ −
⊥

′−Λ −

′ ′= − Θ −
′ ′= − Θ −&

(3.16)

where k⊥  is for the transverse components, and k
&
 is for the longitudinal components.

Note that Θ is the step function. The integral for 
~

( )P µ  now can be written as
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~
( )P D D e

D v vµ ξ ζ η µ ηα αβ α β β∝ − +∗ ∗

I (3.17)

where the differential is d t d t d t d t
t

ξ ξ ζ ζ( , ) ( , ) ( , ) ( , )k k k k∗ ∗∏ . If we let

A D v vαβ αβ α βµ= + ∗ , then one can see that Aαβ  is Hermitean. Thus the integral can be

evaluated in terms of the determinant of A as follows:
~

( )
det det

P
A D v v

µ
µαβ αβ α β

∝ =
+ ∗

1 1

= B = B
 . (3.18)

From the normalization constraint, 
~

( )P 0 1= . Thus

~
( )

det

det
P

D

D v v
µ

µ
αβ

αβ α β

=
+ ∗

= B
= B

 . (3.19)

The inverse of D is well-defined (e.g., D t tαβ αβη δ δ= − ′⊥ ( )  for the transverse

components) so that 
~

( )P µ  can be rewritten as

~
( )

det
P

D v v
µ

δ µαβ αγ γ β

=
+ − ∗

1
1= B

 . (3.20)

If we let a D vα αγ γµ∗ − ∗= 1  and b vβ β= , then we can use the relation,

det δ αβ α β α α+ = +∗ ∗a b a b= B 1 . Then 
~

( )P µ  can be further rewritten as

~
( )P

v D v
µ

µ α αβ β

=
+ ∗ −

1

1 1  . (3.21)

We can now explicitly compute the denominator. From our earlier definitions, the term
v D vα αβ β

∗ −1  can be evaluated from the following integral where we have conveniently set

t = 0 ,

{ }
0 0

2 2( ) ( )
2

t t N
dt dt e e t t n k n k Sδ′ ′′Λ Λ

⊥ ⊥
−∞ −∞

′ ′′ ′ ′′− + = =
Λ∫ ∫ k

& &
. (3.22)

Noting that the integral is equal toS( )k , the steady-state structure factor defined in
Chapter 2. With this result,

~
( )

( )
P

S
µ

µ
=

+
1

1 k
. (3.23)

We can now take the inverse Laplace transform which leads to the exponential form for
the structure factor distribution

 P s
e

S
e

s
S s

S( ; )k = ∝
−

−
. (3.24)

One important consequence of (3.24) is that its standard deviation, ( � )s S− 2 ,

takes the same value as the average. For those unfamiliar with distribution of laser
speckles, say, to find such a result may seem alarming. Naively, our confidence in a
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statistical sample would be greater if the standard deviation, compared to the average, is
smaller. Here, as (3.24) shows, the better the statistics, the closer the two will be.

For temperatures far above Tc, the linear approximation of the general bulk
equation (2.10) should be good and, as shown in Figure 3-3, the histograms fit the
exponential quite well. Not surprisingly, the inverse slopes extracted from linear fits to

these plots agree with the averages φ φ∗ . We have presented the results for two

momenta, and expect similar conclusions for the other values of k. However, for larger k,
the correlations would be smaller and the statistics correspondingly poorer.

As Tc is approached, the analysis above, based on a linear approximation about
φ = 0 , is expected to fail. This breakdown is clearly seen in Figure 3-2 (b), for which

(3.24) is very far from being a good fit. In fact, the distribution is reminiscent of a
Gaussian! Perhaps surprising, this resemblance can be understood qualitatively. Since the
structure factor is the product of a pair of φ’s, a Gaussian in �s would be similar to

4exp( )φ− . Similarly, if we used Landau theory for the Ising model at criticality, and
plotted the resultant against M2 instead of M, we would also have a Gaussian. Returning
to the histogram, we see that the slope in the neighborhood of �( , )s 1 0 0=  vanishes, which
supports the phenomenological choice τ ⊥ → 0 as a description of T T→ c . To carry out a
reliable analysis for T T≅ c  would require not only the full power of dynamic
renormalization group [17, 37], but also generalizations to include terms like
− = − ∗µ µφ φ�( ) ( , ) ( , )s t tk k k  in the dynamic functional. This highly non-trivial
undertaking would be worthwhile, but is beyond the scope of this work. Turning to the
histogram for �( , )s 0 1  (Figure 3-2 (e)), it does not appear to differ much from an
exponential. If we used mean-field theory alone, we would argue that this is consistent
with choosing 0τ >&

 throughout the critical region. However, since it is known that

�( , )s 0 1  suffers non-trivial renormalization [17], we should expect this distribution to be

modified by fluctuations also. Nevertheless, these effects may be quantitatively small,
leading to the close resemblance of the data to (3.24). Again, before a careful
renormalization analysis, sharp conclusions should not be drawn.

Below criticality, we see that the distribution of �( , )s 1 0  is no longer peaked about
the origin (Figure 3-2 (c)), a clear confirmation of its role as the appropriate order
parameter. To carry out the theoretical analysis for this is also no simple task. Indeed
little or no analytic work has been done on the details of the co-existence curve [4].
However, simulation work on the details of the co-existence curve has been recently
performed [38]. Finally, the histogram for �( , )s 0 1  here (Figure 3-2 (f)) also appears to be
an exponential. Since it is not the order parameter, perhaps it is possible to carry out the
analysis, as in the T T>> c  cases. We believe that this is the most promising direction for
progress in the immediate future.

To summarize, we have presented histograms of Monte Carlo data for the two
most important structure factors in the standard driven lattice gas [3, 4], namely �( , )s 1 0
and �( , )s 0 1 , corresponding to the transverse and longitudinal components of the lowest
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wave-vectors. At infinite drive and T well above Tc, both are exponentially distributed,
but controlled by different parameters. These aspects are well described by a continuum
field theory with an FDT-violating dynamics, linearized about the half-filled disordered
state. As Tc is approached, the distribution of the transverse component flattens out to
resemble a Gaussian. Below criticality, the peak gradually moves away from the origin,
which is the hallmark of a second-order transition. Meanwhile, the histograms for �( , )s 0 1
remain sharply peaked at the origin throughout the transition. Though there may be non-
trivial renormalization effects, they appear to be small, lending much confidence to

0τ >&
 and τ ⊥ < 0  (see equation (2.10)) being the appropriate starting point for a field

theory for T T≤ c .
For future work, a number of lines of attack present themselves clearly. Our

histograms may be regarded as generalizations of those investigated by Binder [36] for
the total magnetization in the non-conserved Ising model. In that case, a much deeper
understanding of the critical properties ensued, e.g., universal cumulant ratio and
distribution [36, 39]. For the non-equilibrium system, only the cumulant ratio has been
used extensively in simulation studies [31]. Extension to include the entire distribution
would be desirable, an undertaking which will involve several anisotropic lattices [31].
On the theoretical front, a complete theory of finite size effects, along the lines of [39],
would give us a much clearer picture of the universal behavior. Beyond these, questions
about the ordered state naturally arise. Further simulations building on the work of [40]
and [38] should be performed to further elucidate co-existence properties. Finally, we can
point to the large variety of non-equilibrium steady states [4] to which we can apply the
methods of histograms. The material in this chapter was previously published [41].
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We now consider a driven system with a combination of open and shifted periodic
boundary conditions in which the external driving field is “infinite.” Since much is
unknown about this system, we present in this section an exploration of the
phenomenology of the new regions in phase space using the methods of Monte Carlo
simulation. We focus our efforts in largely two areas. We begin with the high-
temperature limit and explore properties of the local density profiles. We then examine
the properties of an “evaporating” interface in the phase-separated state. We also present
a brief look at the density profiles through the critical point.

��� ,QWURGXFWLRQ

We begin in the next sections by defining our microscopic lattice which combines open
boundary conditions (OBC) in the transverse direction, and shifted periodic boundary
conditions (SPBC) in the longitudinal or field direction. By employing such conditions,
we are able to study an interface at a given orientation, θ. We also present details on our
implementation of the particle gradient in our lattice to achieve the OBC. We also discuss
general simulation parameters and initial conditions.

Since our driven lattice system now employs OBC we expect that bulk properties
will be different than in the case of strictly applying periodic boundary conditions (PBC).
We elaborated on this point earlier in Chapter 2. Normally, in an equilibrium system in
the thermodynamic limit, OBC will not affect bulk properties. However, in the driven
case we have no such expectations. Thus, we examine in section 4.3 the high-temperature
limit in which the system is in a disordered state. In particular, the dependence of various
density profiles on θ is investigated. We focus on the cases of “infinite” and zero drive.
As expected, the density profiles are now inhomogeneous due to the particle gradient in
the system. We find that the average bulk density remains at 0.5 (or magnetization, M,
remaining at 0) with boundary layers satisfying the constraints of OBC. We show in
Figure 4-1 the appearance of a typical density profile at a given H or θ value (details on
SPBC and H are given in the next section).

In the high-temperature limit, mesoscopic theory is now analytically soluble. We
postulate equations of motion for our system and arrive at steady-state solutions for the
bulk magnetization as a function of H. Further, we find that these solutions agree with
earlier work [25] in this area in the appropriate limit. Our comparisons to simulation data
indicate relatively good agreement within our approximations of the theory. As part of
our approximations, we take a simple form for the conductivity function. In the last
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section, we begin to explore higher nonlinearities associated with this conductivity
function.

We turn next to the ordered, phase-separated state. The transition between these
two regions is characterized by the changing curvature of the average density profiles as
shown in Figure 4-1. The crossover point is defined to be the point at which the density
profile is essentially linear. For this section we focus on a particular H value (H = 3) and
lower the temperature. Recall that with the addition of SPBC and OBC the bulk
properties of our system are unknown relative to the case of PBC. For a driven system
with PBC, the critical point is at T ≈ 1.4 (in units of the Onsager temperature). However,
for the present system we identify the crossover point which occurs between T = 2 and 3
for H = 3 with the disorder-to-order transition. If we carry this reasoning further, at the
crossover temperature, the flattening of the density profile at the crossover point may be
associated with a divergent interfacial width or correlation length. However, we have no
supporting data at this time to verify these points. As we proceed below the crossover
point into an ordered state, the density profile now exhibits a curvature opposite to what
appeared in the disordered state.

Finally, we study the phase-separated, ordered state. Because of the boundary
conditions, a single “evaporating” interface is present in our system. We now fix the
temperature and vary the orientation, θ, of this interface (by varying the parameter H).
For our analysis we limit our study to 1

4θ 1  which corresponds to the parameter range
H ≤ 9. Here our objective is to explain general properties of the local density profiles.
Since we are now in an ordered state, we have several different regions in the typical
profile with which to record our observations. In Figure 4-1 we show a typical density
profile depicting the difference regions where M denotes the bulk magnetization and ξ
denotes the interface width or correlation length. These parameters have been defined
earlier in section 2.3.2 where we discussed steady-state solutions for a skewed interface.
As we now vary the orientation of the “evaporating” interface, we describe qualitatively
and quantitatively (through M and ξ above) the changes we see in the local density
profile. We find for the angle range, 1

40 θ≤ 1  (i.e., H ≤ 9), three classes of behavior.
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Figure 4-1. Idealized average density profile for a given shift H depicting the different regions.
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For 1
12θ 1  (H ≤ 3) the interface is stable and well behaved. For larger angles,

θ ≈ 1
9

1
6 to  (H = 4, 6), the interface becomes dynamically unstable. For larger angles,

θ ≈ 1
4  (H = 9), general stability is regained on a coarse-grained scale while on a smaller

scale (nearly microscopic) complex structures emerging as “icicles” from the dense bulk
phase appear in the lattice. These nearly microscopic structures bear much similarity to
earlier work in this area [25]. We present each of these classes of behavior below in
separate sections. In each section, we measure the parameters M and ξ by fitting our
skewed interface solution (2.23) to our simulation data. Our results for each section
combine to give the magnetization M and µ (the reciprocal of the interfacial width) as a
function of θ at fixed T for a driven system with OBC. In the last section, we briefly
discuss these functions conveniently parameterized in terms of H.

��� 2SHQ�DQG�6KLIWHG�%RXQGDU\�&RQGLWLRQV
In this section we describe the microscopic configuration of applying the boundary
conditions to a lattice of particles/spins. Since we are interested in “isolating” an
“evaporating” interface in the presence of a driving field, we have implemented open
boundary conditions in a transverse direction to the field and shifted periodic boundary
conditions in the longitudinal or field direction. This is described below. In addition, the
particle dynamics, while obeying modified Metropolis rates (see (2.4)), has to now allow
for a particle gradient in the lattice. The implementation of the particle gradient is then
described next. We then discuss the general simulation parameters used and varied in this
study. We have also examined various initial conditions of the lattice in our simulation.
We discuss these also.

����� 7KH�0LFURVFRSLF�/DWWLFH

The lattice configuration has to allow for a combination of boundary conditions: shifted
periodic boundary conditions (SPBC) along the field direction and open boundary
conditions (OBC) along the transverse direction to the field. If we denote the field
direction along the y Cartesian coordinate direction, then Figure 4-2 depicts the particle
movement for SPBC implemented in the y-direction for a lattice. As shown, the particle
leaves the lattice from the bottom row and returns to the top row shifted over by “H”
lattice constants. We recall that this condition can be expressed in terms of the occupation
number, n x y( , )  as (2.16);

n x y n x H y Ly( , ) ( , )= + + (4.1)

where Ly is the lattice size in the y direction. The factor “H” characterizing the above
condition will be subsequently used in the following sections to denote the SPBC
constraint. Also shown in Figure 4-2 is the particle movement for OBC implemented in
the x-direction (where the maximum density of 1 is taken for the left edge). The particles
under OBC are free to diffuse into the lattice from the left edge and leave the lattice from
the right edge. Equivalently, in spin language, holes leave the lattice by the left edge and
enter into the lattice from the right edge. There is an “infinite” supply of particles (on the
left edge) from which to diffuse into the lattice. The dynamics of how the particles
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diffuse into and out of the lattice is deferred to the next section. In this section we focus
on the lattice shape which must satisfy both SPBC and OBC in the same lattice.

The combination of SPBC and OBC results in a lattice configuration that is stair-
stepped. This is shown in Figure 4-3 for a lattice size of Lx = 18, Ly = 9, and a shift, H, of
3. To accommodate H of 3 and OBC, “three” steps are seen in the lattice where each step
is comprised of 3 rows. In general, the number of steps in the lattice equals H. The
constraint that the number of rows comprising each step is the same forces the shift H to
be a divisor of the lattice size Ly so that the number of rows in each step is given by
L Hy / , for H > 0. For the special case of H = 0 (resulting in periodic boundary

conditions in the y direction), the lattice shape is the same as H = 1, though the particle
movement differs. We discuss this further below.

For ease in picturing the particle movement in the lattice, additional lattices that
are denoted by dotted lines in Figure 4-3 have been drawn to show the translational
symmetry of implementing SPBC. As shown in Figure 4-3, since H = 3, a particle/spin
which reaches the bottom of the configuration returns to the top shifted over by 3 lattice
constants. The implementation of OBC is shown where the first column outside the left
edge of the lattice is completely filled with particles, and the first column outside the
right edge is completely filled with holes. This is the maximal density case in which the
local densities for the left and right edges of the lattice are 1 and 0, respectively. In our
work, these columns of particles and holes on each edge of the lattice are always
completely filled/emptied after every particle/hole move. This is to ensure that the
maximal density condition is satisfied at all times. We have largely studied the maximal
density case. In some instances, for example the high-temperature regime, we have
examined sub-maximal densities to examine differences in boundary effects on our
results.

As shown in Figure 4-3 there are special corner positions in the lattice because of
the steps. The particles or holes in these locations are shown with an × through the
particle or hole. These particles/holes have an additional degree of freedom in entering

y

x

H

(a) (b )

Figure 4-2. (a) Shifted periodic boundary conditions implemented along the y direction.
(b) Open boundary conditions implemented along the x direction.
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the lattice as shown in Figure 4-3. Note that because of the SPBC the bottom particle in
the left edge of the lattice can move down and enter into the lattice at the top shifted over
by 3 lattice constants. The same applies to the holes on the right edge of the lattice except
that the top hole can enter the lattice from the bottom, shifted over by 3 lattice constants.
The particles or holes entering the lattice are determined by energy considerations and
this is discussed in the next section.

Returning to our earlier discussion of the lattice shape for H = 0 we remarked it
was the same as the H = 1 case. In each case, though, the particle movement is different
and this can best be seen if we attach additional lattices to the simulated lattice in
accordance with the SPBC. For H = 0, the “stacked” lattices will be directly on top of one
another. For H = 1, the lattices will be stacked on top of one another shifted over by one
lattice constant for each lattice. In this case then, each lattice comprises a step. This is
shown in Figure 4-4.

addi t iona l  la t t ice

L y

L x

E

addi t iona l  la t t ice

part icles enter part icles leave

(holes enter)(holes leave)

Figure 4-3. Microscopic lattice shape depicting particle/hole movement for H = 3 with a lattice
size of Lx = 18, Ly = 9.

(a) (b )

Figure 4-4. (a) Stacked lattice configuration for H = 0. (b) Stacked lattice configuration for H = 1.
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����� 3DUWLFOH�'\QDPLFV

Recalling from Chapter 2, particle movement in the lattice is dictated by energy
considerations given by the modified Metropolis rates (2.4)

( ){ }min 1, BK TP e ε− ∆ += > E (4.2)

where P is the transition probability per unit time, ∆> is the energy difference in the
particle/hole exchange, E is the external driving field, and ε = 0, -1, or +1 depending on
whether the particle/hole exchange is transverse, along, or against the field respectively.
With the new boundary conditions of OBC and SPBC, energy considerations are still
governed by (4.2) for potential particle/hole exchanges in the lattice. Random updating is
also performed in which lattice positions are randomly selected for possible particle/hole
exchanges. To satisfy the OBC constraint though, the implementation of this boundary
condition will now affect energy considerations along the left and right edges of the
lattice. There are a number of ways to implement the particle gradient depending on
whether the particle/hole reservoirs located in the left-most and right-most columns of
each side of the lattice are considered as contributing to the lattice energy. On the one
hand, the particle/hole reservoir can be excluded from energy consideration in a possible
particle/hole exchange in the lattice; on the other hand, these particle/hole reservoirs can
also be included in the energy calculations. In our work, we have implemented an
approach midway between these extremes. We now describe our implementation of the
particle gradient.

In Figure 4-5 we show the left edge of the lattice, again for H = 3, and show the
nearest-neighbors which extend “outside” of the lattice for a series of particles along the
left edge. We have designated the spin at each nearest neighbor site along the left edge as
sl. There is a corresponding right edge in the lattice also shown in Figure 4-5. The
nearest-neighbor spins are labeled as sr. In general, for each particle in the left-most
column (reservoir) or hole in the right-most column (reservoir) there are nearest-
neighbors to consider. These are shown for a particle or hole in Figure 4-5. For a possible
particle-hole exchange the local change in energy, ∆>, used in calculating the transition
probability can be written in terms of the spins as

( )1 2 3 4 5 62s s s s s s s∆ = + + − − −> (4.3)

where the spin arrangement (before exchange) is shown in Figure 4-6. For most of our
work, we have taken equal rates for particles and holes, sl = sr = 0, for exchanges along
the left or right edges of the lattice. Other conditions for the particle and hole reservoirs
are sl = 1, sr = –1 for smaller transition rates or sl = –1, sr = 1 for maximum transition
rates. The condition sl = –1, sr = –1 corresponds to when all particles in the reservoirs are
excluded from lattice energy considerations. It is clear from (4.3) that differing values of
sl and sr will affect the transition probabilities for particle/hole exchanges on the lattice
edges. In simulations, our results indicate these subtle variations in transition
probabilities for OBC are negligible with respect to average behavior in the lattice.
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As a final note, the random updating that occurs as part of the Monte Carlo
simulation is performed where x yL L⋅  random selections in the lattice constitute a Monte

Carlo step (MCS). The updating excludes the reservoirs from the updating process.
Though the resulting effects are small, however, we find this exclusion of the reservoirs
from the updating process contributes small biases at each lattice edge. In turn, these
contribute small systematic deviations in the local density profiles studied in the next
sections (see High-Temperature Regime: Density Profiles in the Disordered Phase,
section 4.3).

����� 6LPXODWLRQ�3DUDPHWHUV�DQG�,QLWLDO�&RQGLWLRQV

For our studies with OBC and SPBC, our simulations fall into two primary groups with a
number of simulations linking these two primary groups. The first group of simulations
was done primarily at T = 0.8, representing a temperature well below the critical point, in
a phase-separated state. Here we examine the behavior of an “evaporating” interface. The
other primary group of simulations was done in the high-temperature limit (T = 50) to
study the sampling effects of noninteractions at high temperatures, and to see the limiting
case to the “BSZ” study (see Chapter 2). We have also simulated at intermediate high
temperatures (T ≈ 8.0) to low temperatures (T = 0.8) to see crossover phenomena in the
density profiles. In all cases with an external driving field, this field has been set to an
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Figure 4-5. (a) Left edge of lattice for H = 3 showing nearest neighbors sl. (b) Right edge of lattice.
(c) Nearest neighbors of particle in left-most column (reservoir). (d) Nearest neighbors of hole in right-

most column (reservoir).
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Figure 4-6. Arrangement of spins in energy calculation (4.3) before exchange.
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“infinite” value, 50J. We have also simulated the E = 0 case for the high-temperature
limit.

For simulations we have used lattice sizes of Lx = 36, 72, 144, 288, while the field
direction Ly has been set to 36. Those sizes were chosen to be commensurate with shift
values, H, of 0, 1, 2, 3, 4, 6, and 9. The larger lattice sizes were used for increasing H
values where greater complexity was observed. Effectively, we wanted to separate the
boundary effects from the bulk behavior. As described earlier the number of steps in the
lattice to accommodate the boundary conditions is given by H. Because Ly is fixed in our
simulations at 36, the number of rows in each step is given by 36 / H, for H > 0. So that,
for example, for H = 3 there are 12 rows/step, for H = 6 there are 6 rows/step, and for
H = 9 there are 4 rows/step.

We use two types of initial conditions, each being more natural for the particular
state we intend to study. For the ordered state with phase separation, we started at time
t = 0 with a totally ordered single strip (corresponding to T = 0). Setting T at 0.8 and
running the simulation, we have, in effect, performed an inverse quench. The tilt of the

strip is shown pictorially in Figure 4-7 where θ = −tan /1 H Ly3 8 . Thus for H values of

0,1,…,9 this imposes a series of increasing tilt angles on the strip. In our simulations we
initially created strips of various sizes. The sizes studied were ¼, ½, and ¾, in terms of
the total density. By contrast, for our studies well above Tc (in the intermediate or high-
temperature limit) we started from a random configuration (corresponding to T = ∞) and
performed a quench to the desired temperature. The initial total density was taken to be
½.

��� +LJK�7HPSHUDWXUH�5HJLPH��'HQVLW\�3URILOHV�LQ�WKH�'LVRUGHUHG
3KDVH

In the high-temperature regime we study the average density profile of the system in the
presence and absence of an external driving field. The density profiles as defined earlier
(see section 4.1) give the local density in the lattice as a function of the distance from the
left edge. Due to the particle density gradient, we expect the average density profile to be
inhomogeneous, even for temperatures well above Tc. However, in the high-temperature
regime, we expect only gentle inhomogeneities, typical of a state with no phase

θ

L x

L y E

Figure 4-7. Tilted lattice at an angle θ with a single dense strip (initial condition corresponding to T = 0).
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separation. In the present study we use various density measures to characterize the local
density in the lattice. These are discussed in more detail in the next section.

In the high-temperature limit, there are effectively no interactions between
particles in the lattice, lending much simplification to the analytic description. For E = 0,
the free diffusion equation should be adequate for bulk behavior, and when an external
driving field is present, we modify our “free” diffusion equation with an appropriate
driving term. We compare our analytic results with simulation. In simulation results, we
observe small systematic bending of the density profiles near the lattice edges. These
small effects can be explained by the updating process in our Monte Carlo simulation.
We also present analytic results to show that the “infinite” shift (H → “∞”) case, when an
external driving field is present, recovers the density solutions found in the BSZ study
[25] as expected. Finally, we also examine the general form for the conductivity function
via a numerical procedure based on simulation data.

����� 'HQVLW\�0HDVXUHV

In this section, we define the various density measures used to characterize the local
density in the lattice. In general, at a temperature well above the critical point, we expect
the local density to be a function of only one variable: the distance in the x direction
measured from the left or right edge of the lattice. Here we measure from the left edges of
the lattice. We expect this behavior as a consequence of periodic boundary conditions
implemented in the y direction. Since the density will be independent of the y coordinate,
we can define a vertical (y-coordinate) column density in the lattice which sums over all
lattice sites in the y-direction for a given x position in the lattice. However, because of
shifted periodic boundary conditions (SPBC), we expect that constant density lines will
be tilted, instead of vertical, in accordance with the shift parameter, H, used in
characterizing SPBC. Thus, we consider Figure 4-8, in which we have shown how a
“skewed” column density estimate is formed from the microscopic lattice for the case of
H = 4. In Figure 4-8 the lattice size in the field direction, Ly, is 36 (the value of Ly used in
our simulations). For H = 4, there are four steps in the lattice, each step being composed
of five rows. A “skewed” column density can now be defined as

ρ H
j

i n i j H j( ) INT / ,= + −
=

∑ 1 36 36
1

36

0 52 7 (4.4)

where INT stands for the integer part of the argument specified in the brackets and n is
the occupation number. Note that the sum is over all 36 lattice positions (9 positions in
each step) to compute the estimate for a given lattice configuration at a given value of i.
The index i represents the x position measured from the left edge, and j represents the y
position measured from the bottom edge. One can see for the case of H = 0, the “skewed”
column density becomes the vertical column density. In simulations we have measured
ρ H i( )  for various lattice configurations over a specific Monte Carlo run to compute

ρ H i( ) .
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For all shifts, H, we have also examined a coarse-grained column density,
ρ Hcg i( ) , in which an additional averaging over the index i has been done to effectively

“average” out any noise effects present in ρ H i( ) . The coarse-grained column density is
defined as

( ) ( )( )
1

1
1

2

N

Hcg
k

N
i i k Nρ ρ

=

− 
+ = + − 

 
∑ . (4.5)

In our work we have varied N as 2n where n ranged from 1 to 5. In simulations we have

estimated ρ Hcg i( ) .

For our work examining boundary or edge effects we defined a more refined
“skewed” density which we expected to be useful in distinguishing any y-dependence in
the density near the lattice edges. We defined a sub-“skewed” column density which
distinguishes the minor skewed column densities which comprise a “full” skewed column
density. This is more formally defined as

ρ Hs
k

H

i H s n i k k H s H− − = + − − +
=

∑1 36 1 1 36
1

0 51 6 0 5 0 51 6/ , / . (4.6)

In Figure 4-8, for the example shown, there are nine sub-densities which comprise the
“full” column density for H = 4. In Figure 4-8, the four points that make up ρ H i1( )  and

the four points that make up ρ H i2
1
9−1 6  are shown. In our simulations we measure ρ Hs .

L y =  3 6

Eρ H i2

1

9
−�

��
�
��

ρ H i1( )

ρ H i( )
Figure 4-8. “Skewed” column density and sub-“skewed” column density for s = 1 and s = 2 (4.6) for H = 4.
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In this section we examine the driven lattice gas when the external driving field, E, is set
to zero. In the high-temperature limit, this is a trivial system, except for the boundary
conditions (OBC and SPBC). The behavior observed will serve as a baseline for the more
general case of a nonzero driving field. For this limit, we set the temperature at T = 50 (in
units of the Onsager temperature) in our simulations. In the next section we show typical
lattice configurations for different shifts, H, showing that in this regime, all shifts are
equivalent. We then measure the average skewed density profiles, ρH, and coarse-grained
profiles, ρHcg, for each shift H. We present selected density profiles, ρH and ρHcg, for the
different shifts. To aid in distinguishing between the bulk and boundary layer regions in
the lattice we construct a representative histogram of the average skewed density
distribution at selected positions in the lattice (left, middle, right edges). We postulate
that in the high-temperature region, for E = 0, a “free” diffusion equation for the bulk
behavior will be satisfied subject to the boundary conditions of OBC and SPBC. We next
compare simulation data with our analytic results, and use a least squares analysis (the
chi-square statistic) to evaluate how well they compare. In this comparison we use a first-
order analysis in which all data points for the density profile curve are used. In the last
section we examine more closely the density profiles near each lattice edge. Our
simulation data reveal small systematic bending near the lattice edges for the standard
imposed densities of 1 and 0 for the left and right edges, respectively. We seek to
understand these effects by varying the imposed boundary densities to examine the
resulting behavior of the systematic bending of the density profiles at the lattice edges.
Careful observations show the deviations of the density profile near the lattice edges
approximately extrapolate to values of 1 1 xL−  and 1 xL  for the left and right edges

respectively in the case of the standard imposed densities. Further analysis shows these
effects can be explained by the particular updating procedure in our Monte Carlo
program for the edges.

������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≥��

In the high-temperature limit for E = 0, the lattice gas behaves in the same way for the
different shifts. This is reflected in the lattice configurations from Monte Carlo runs for
different shifts. In Figure 4-9, we show a representative sample of configurations for
shifts H = 0 and 9. In our simulations we have chosen a lattice size of 144 × 36 (Lx × Ly)
to ensure boundary effects are clearly separated from the bulk behavior. For display
purposes we have chosen to show three “stacked” lattices on top of one another. For three
“stacked” lattices the effective length in the y direction is now 36⋅3. Note also for the
configuration for H = 9, we have the steps in the lattice. There are 9 steps per lattice, thus
we display 27 steps. Each configuration shown in Figure 4-9 is at 10K MCS in the
simulation, after allowing for an initial transient period of 10K MCS. Each of the Monte
Carlo runs is simulated for 100K MCS, starting from an initial random configuration.
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The lattice configurations in Figure 4-9 show typical behavior for a particle
gradient implemented along the x direction. There is high density near the left edge where
the particles are coming in, and low density near the right edge where the particles are
leaving the lattice. The lattice pictures show a uniform dropping of the density as we go
across the lattice (from left to right). This uniform gradient in the density through the
lattice can be modeled by a “free” diffusion equation subject to boundary conditions. This
is further developed in the next sections.

������� %XON�5HJLRQ��$YHUDJH�6NHZHG�'HQVLW\�3URILOHV

In this section we present simulation data for the average skewed density profiles, ρ H ,

as defined by (4.1). In general, this average is calculated over 900 data points. Each data
point is calculated based on a lattice configuration every 100 MCS in a Monte Carlo run
(for a total of 100K MCS). We started collecting our data after an initial transient of 10K
MCS. In Figure 4-10, we present density profiles for H = 0 and H = 9. These shifts
represent the range in which we varied H. Thus in Figure 4-10 we have plotted ρ0  and

ρ9  versus the x position in the lattice where x = 0 corresponds to the auxiliary column

of particles added for the particle gradient. Our lattice size is Lx = 144 and Ly = 36. The
average density is computed at each lattice position in the x direction. The standard
deviation, σ, of the density distribution at a given x position is shown in Figure 4-10
where the vertical lines represent ρ σH +  and ρ σH − . As expected from the earlier

configuration pictures for H = 0, and 9, the averaged skewed density profiles look the
same in each case. The standard deviation shows the variation about the average for the
Monte Carlo run. The profiles follow a straight line where we expect the density at x = 0
to be 1, and at x = 145 to be 0. This follows from our implementation of the particle
gradient.

(a) H = 0 (b) H = 9

Figure 4-9. E = 0, high-temperature limit lattice configurations at 10K MCS.
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In Figure 4-11 we show coarse-grained average skewed density profiles for H = 0

and H = 9. These are representative of the other shifts. Here ρ Hcg  is defined by (4.2)

and the coarse-graining is over the length 25 as marked in the figure. We have coarse-
grained over shorter lengths ranging from 21 to 24 with the same approximate results.
Note that as the coarse-graining interval gets larger, since our lattice size is fixed, the
starting and ending x position changes for ρHcg.

For the coarse-graining length of 25, the first x position is at 16.5, and the last x
position is at 128.5. This allows for the first 32 columns of the lattice to be averaged for
the x position of 16.5, and the last 32 columns to be averaged for x = 128.5. As shown in
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(a) H = 0  (b) H = 9

Figure 4-10. E = 0, high-temperature limit average skewed density profiles. Vertical lines indicate the
standard deviation.
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(a) H = 0 (b) H = 9

Figure 4-11. E = 0, high-temperature limit average skewed density profiles – coarse-grained over length of
25.



41

Figure 4-11, the density profiles are smooth and follow a straight line, much like the
curves shown before coarse-graining in Figure 4-10. However, in Figure 4-10 there
appears to be a slight systematic bending of the curves near each lattice edge due to finite
boundary effects. We discuss these boundary effects in more detail in a later section.
Though, presently, the coarse-graining process averages out these boundary effects.

In order to highlight differences between bulk behavior and boundary effects, we
also have constructed histograms to represent the distributions of ρ H  for different

positions in the lattice. In Figure 4-12, we have plotted three histograms for the lattice
positions of x = 4, 72, 141. These histograms show the distributions which have the
standard deviations presented earlier in Figure 4-10. The distributions in the middle
(x = 72) appear to be a Gaussian while the distributions near the edges are “in effect” cut
off by the lattice boundary and essentially only an exponential behavior is observed.

Additional plots of ρ H  for the other shifts H = 1, 2, 3, 4, 6 are presented in

Figure 4-13. They show that ρ H  versus x is independent of the shift, H. In the next

section we present analytic results using a coarse-grained mesoscopic approach which, in
the high-temperature limit for E = 0, starts with the “free” diffusion equation. Using this
equation we derive a linear expression for ρ H .

0 6 12 18 24 30 36
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Figure 4-12. Histogram of skewed density profile distributions for three lattice positions for H = 0.
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Figure 4-13. E = 0, high-temperature limit average skewed density profiles.
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Since the external driving field, E, is 0, this signals that we have an equilibrium system in
the thermodynamic limit. For the present finite size lattice, we have a pseudo-equilibrium
state because of the presence of a particle gradient. However, in the thermodynamic limit
the particle drive goes to zero. Further, in the high-temperature limit all interactions
between particles can be neglected. Thus, we expect that the free diffusion equation will
be a valid description of our system, subject to the boundary conditions. Regardless of the
shift H, we expect

∂
∂

= ∇ρ ρ
t

2 . (4.7)

In steady state, 
∂
∂

=ρ
t

0 , so that

∇ =2 0ρ . (4.8)
For symmetry reasons, it is more convenient to express this equation in terms of

φ, the local magnetization. Using the relation φ ρ= −2 1, we now have

∇ =2 0φ x y,1 6 . (4.9)

To arrive at a solution we now apply the boundary conditions of our system. First
there are the constraints for the SPBC expressed as

φ φx x sL Ly y, ,01 6 3 8= + (4.10)

where

s
H

Ly

= =tanθ (4.11)

and Ly is the dimension of the lattice in the y direction as shown in Figure 4-14. The
constraints for OBC yield the following:

Left edge:

Right edge:

φ
φ

sy y

L sy yx

,

,

1 6
1 6

= +

+ = −

1

1
(4.12)

where Lx is the dimension of the lattice in the x direction as shown in Figure 4-14.

θ

L x

L y

H

Figure 4-14. Lines of constant φ across lattice for φ φ= −( )x sy .
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As also shown in Figure 4-14, we expect in the high-temperature limit because of
SPBC, that the local magnetization, φ, will vary across the lattice but lines of constant φ
will be “tilted” by the angle θ given by (4.11). Thus we now choose the functional form
of φ( , )x y  to satisfy this behavior. Using the ansatz, φ( , ) ( )x y f u= , where u x sy= − ,
we see that SPBC are automatically satisfied and the constraints for OBC can now be
expressed as

f

f Lx

( )

( )

0 1

1

= +
= − .

(4.13)

Since u x sy= − , we can express (4.9) as

d f

du
s

d f

du

2

2
2

2

2 0+ = . (4.14)

This equation implies a form of A Bu+  for f. Applying now the above boundary
conditions (4.13) yields

f u
u

Lx

( ) = −1
2

. (4.15)

We now expect φ to follow a straight line given by (4.15). This can also be
expressed in terms of the particle density, ρ, using the relation φ ρ= −2 1. Thus

ρ( )u
u

Lx

= −1 . (4.16)

������� &RPSDULVRQ�RI�$QDO\WLF�5HVXOWV�DQG�6LPXODWLRQ�'DWD

In this section, we compare our analytic results from the previous section with simulation
data. Recall from the last section we obtained an expression for φ given by (4.15). Our
simulations have been run with a lattice size of Lx = 145. Where, now, we have accounted
for the auxiliary columns on the lattice for OBC. These columns correspond to x = 0 and
x = 145. With the boundary conditions imposed in the last section (4.13), we take
Lx = 145. In the y direction we have Ly = 36, where the rows start from zero (length of
36).

We present a first-order least squares analysis in which we have taken all of the
data points representing the average skewed density, ρ H , and compared them to

predicted values given by (4.15) for each shift, H. The analysis for each H is over 144
points; each point corresponds to an integer position in the x direction of the lattice (x = 1,
2, …, 144).

Near the lattice edges we observe from simulations that the density, ρ H ,

systematically deviates from (4.15). Though they are very small effects, these deviations,
nonetheless, will slightly degrade our comparison. For our comparisons we use the χ2

statistic [42] where we have assumed that, in the definition

χ φ
σ

2

1

2

= −�
��

�
��=

∑ y xi

ii

N ( )
, (4.17)
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the standard deviation, σi, for each average density data point, ρ H x( ) , is 1. The index N

is 144. The function φ( )x  is given by (4.15). For the present analysis, we assume that the
linear assumption is the correct model, and so we do not compute the goodness-of-fit.
The comparison is presented in Table 4-1 for the different shifts, H. We also provide the
square root of χ 2 N  which, for σ i = 1, is the average residual. The values of χ2 for the
different values of H are roughly on the same order. If we take the largest and smallest
values of χ2, we see that the absolute value of the range of χ2 seen in our simulations is
over 0.194 × 10-2. This would translate approximately into a ±16% variation seen in the
data. The χ2 values for each shift H are certainly affected by the systematic deviations at
the lattice edges. One trend which is clear from Table 4-1 is that the χ2 values mostly
increase as a function of H. Based on our limited sample size, these results seem to
suggest that the systematic deviations at the lattice edges may be slightly more
pronounced as the shift H increases. In the next section where we modify our boundary
densities, we again compare to the present data (for H = 0). However, we take a more
careful least squares analysis, with σi for each data point ρ H x( )  given by Figure 4-10

(actually, 900iσ  where the average is based on 900 points sampled during a Monte

Carlo run). This analysis provides a clearer indication that the bulk behavior for the
standard boundary densities follows (4.15) with the boundary edges deviating from the
imposed densities.
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We now change the boundary densities of our particle gradient in our Monte Carlo
simulation to see whether these modified boundary densities affect the boundary layers
seen near the lattice edges in the standard average density profiles. Recalling from the
previous section we noted the systematic bending of ρ H  near the lattice edges. We now

arbitrarily lower the density on the left edge, and increase the density on the right edge.
This is following the trends seen in figures presenting ρ H  for the different shifts (e.g.,

Table 4-1. Comparison of χ2 statistic for different shifts H for equal weighting of data. The square

root of χ 2 N  is the average residual.

H χ 2 210∗ χ 2 210N∗
0 .532 .608

1 .518 .600

2 .705 .700

3 .541 .613

4 .535 .610

6 .667 .681

9 .712 .703
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Figure 4-10, Figure 4-11 and Figure 4-13). Since the bending is very small, we changed
the density from 1 to 33

36  on the left edge (and increased the corresponding particle
density from 0 to 336  on the right edge). By simply varying the imposed boundary
densities we now examine the resulting average density profiles to see if the systematic
bending near the lattice edges has varied. We limit our discussion to the H = 0 case.

In Figure 4-15 we show ρ H  for H = 0 with modified boundary densities of
33

36
3

36,1 6  for the left and right auxiliary particle columns for the lattice. In simulations

this means that 33 particles occupy the 36 lattice positions of the left edge and three
particles occupy the 36 lattice positions on the right edge. The positions of the three holes
on the left edge (and three particles on the right edge) are determined in a random fashion
after every successful particle exchange. The y-position of the three holes on the left edge
and the three particles on the right edge are the same. In Figure 4-15 we also show the
standard deviation for ρH for integer lattice positions in the x direction (xi = 1, 2, …, 144).
The plot of ρ H  shows the linear form expected. One noticeable difference in Figure

4-15, for modified boundary densities is, in general, the larger standard deviation for ρ0

near the lattice edges than for the case of standard boundary densities. Consequently, the
average values of ρ0, 0( )xρ , in this region, based on our sample set, will have a larger

variation. Careful observations of Figure 4-15 and magnifications of it show that there is
difficulty in detecting any systematic bending near the lattice edges for this lattice size
and particular Monte Carlo run. Clearly if any bending is occurring it is not as readily
apparent as in the standard boundary density case.

Since we have modified the boundary densities, the linear form for ρH given by
(4.15) is now modified. The boundary conditions now imposed are modified from (4.12).
They are
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Figure 4-15. E = 0, high-temperature limit average skewed density profile for H = 0 for modified boundary
densities of 33

36
3

36,( ) . Vertical lines indicate the standard deviation.
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Left edge:

Right edge:
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=
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5
6

5
6

(4.18)

where the factor of 56  follows from particle densities of 33
36

3
36,1 6 . Following through the

development presented in section 4.3.2.3 yields the new linear relationship

f u
u

Lx

( ) = − ⋅���
�
��

5

6
2

5

6
. (4.19)

We now expect φ to follow a straight line given by (4.19). In terms of the particle density,
ρ, this can be expressed as---

ρ( )u
u

Lx

= − �
��

�
��

33

36

30

36
. (4.20)

We now compare (4.20) with our simulation data for H = 0. We use the χ2

statistic as in section 4.3.2.4. Since we are interested in determining whether there are
still systematic deviations from a linear relationship near the lattice edges we use the χ2

statistic as defined in (4.17) with σi computed from the data. Recall that previously we
used σi = 1 in (4.17) for our first-order least squares analysis. Now, with σi computed

from the data we use 900iσ  to quantify the uncertainty in the average since the

average is based on 900 points sampled during a Monte Carlo run. We now adopt the
following definition for a “weighted” χ2 as:

2 2 2
weightedχ χ σ= (4.21)

where χ2 is computed from (4.17) using the uncertainty for each average density point as
described above, and 2σ  is the average standard deviation squared over the sample, N, of
points (i.e., 144). When each of the standard deviations from all points are equal,

2 2
weighted (unweighted)χ χ= .

Using (4.21), 2
weightedχ  for H = 0 is 3.17 for the case of standard boundary densities

of (1: left edge, 0: right edge) with σi given by Figure 4-10. We now compute χ2 and
2
weightedχ  for H = 0 for the case in which we have modified the boundary densities. For

these cases, χ2 = 1.02 × 10-2 and 2
weightedχ  = 2.30. Note that in general, 2weightedχ  is larger

than χ2 since in the weighted cases the boundary edges are emphasized, because of the
smaller standard deviations at these positions. The systematic deviations at the lattice
edges then have a greater contribution to 2

weightedχ .

Note for these particular Monte Carlo runs, 2
weightedχ  decreased when modified

boundary densities were used. However, since the systematic bending at the lattice edges
are small at these lattice sizes, experimental errors are expected to play a substantial role.
Additional Monte Carlo runs are needed to make definitive conclusions on the
dependence of the lattice edge bending with respect to the imposed boundary densities.

To closely study the boundary layer at the lattice edges we use a more refined
“skewed” density defined by (4.3). Here we examine the “minor” column densities
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labeled by ρ Hi
 which comprise the total skewed density ρ H . For each shift, H, there

will be a different number of minor densities which comprise ρH. For example, for H = 9,

there are four minor densities labeled ρ91
, ρ92

, ρ93
, ρ94

. In general, by examining

each of the sub-skewed densities as we approach a lattice edge, we can possibly
distinguish any y-dependence in the local density that may be a result of some type of
lattice edge bias. This will become important when we consider the density when there is
an external driving field. For now, in the E = 0 case, a study of each sub-skewed density
does not reveal any unusual behavior, not already seen in the total skewed density. What
is significant is the extrapolation value of the density for lattice positions given by x = 0
(and also x = Lx). As stated above for the case when the boundary densities are given by
(1,0), there is a systematic bending of the ρH curves near the lattice edge. By examining
ρ Hi

 we can try to see what value of the density the system has “settled on.” We examine

the behavior for H = 9 as representative of all shifts in the E = 0 case. In Figure 4-16 we
show the sub-skewed densities for H = 9 for the lattice sizes of 144 × 36 and 36 × 36.

Note that each of the sub-skewed densities, ρ Hi
, as a function of x, are distinguished by

different lines. For the E = 0 case here, each line displays the same characteristics. For
each lattice size (Lx = 145 and Lx = 37), the “extrapolated” density at x = 0 is a different
value. To possibly explain the different extrapolated values we have studied the dynamics
associated with the particle gradient. We wanted to see if changing the dynamics affected
the extrapolated values. As discussed in section 4.2.2 for the particle gradient dynamics
we have varied sl and sr for the left and right particle/hole columns for the following
cases: sl = sr = 0, sl = +1 and sr = –1, sl = –1 and sr = +1, and sl = sr = –1. The change in
the dynamics does not seem to affect the extrapolated values. Figure 4-16 represents the
case when the particle gradient dynamics are characterized by sl = sr = 0, the standard
implementation. Closer analysis of Figure 4-16 shows that the extrapolated values for
x = 0 seem to approximately follow the form 1 1− Lx  (for x = Lx the density follows
1 Lx . These values have been plotted in the figures. For the case of Lx = 145, the value of
1 1− Lx  is 0.993. For Lx = 37, the value is 0.973.
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The edge effects in the lattice that cause our linear profiles to be skewed slightly
for standard boundary densities (1,0) can be understood in terms of the random updating
algorithm in our Monte Carlo simulation. The selection of a site i is confined to lattice
sites that exclude the particle/hole reservoirs at the lattice edges. Since there are x yL L⋅

sites, the selection of any particle site i has a relative probability of ( )1 x yL L⋅ . Once a

site is determined, a random direction is selected, the relative probability of examining a

specific nearest-neighbor pair is ( )1 4 x yL L . On average, each site i is chosen in a single

Monte Carlo step, then a specific nearest-neighbor pair can be chosen twice, so that its

relative probability is ( )1 2 x yL L . However, since the particle/hole reservoirs are

excluded from the updating procedure, nearest-neighbor pairs along the lattice edges are

chosen with a relative probability of only ( )1 4 x yL L . This subtle effect accounts for the

systematic deviations in local density near the boundary edges. To see this more fully, we
study a “mean-field” approximation and write a set of equations for the average site
density ni. Invoking translational invariance in y, we use a one-dimensional (along x)
analysis, appropriate for the H = 0 case. In general, the gain-loss evolution equation for
site i in the lattice reads

( ) ( ) ( ) ( )1 1 1 12 1 2 1 2 1 2 1i
i i i i i i i i

n
n n n n n n n n

t − − + +
∂ = − − − + − − −
∂

(4.22)

where the first term on the right-hand side represents a gain from a particle at site ( )1i −

and hole at i, the second term is a loss due to a hole at site ( )1i − and particle at i, the

third term is a gain from a particle at site ( )1i +  and hole at i, and the fourth term is a loss

due to a hole at site ( )1i +  and particle at i. Here, because each site i is randomly selected
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Figure 4-16. E = 0, high-temperature limit average sub-skewed density profiles for H = 9 for different
lattice sizes.
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in the lattice, there can be two contributions for each term. Equation (4.22) is the
microscopic version of the diffusion equation. In the continuum limit, in steady state, we
obtain the familiar free diffusion equation. We now examine the lattice edges and write
the following equations,

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
0 1 0 1 1 2 1 2

1 1 1 1

2 1 2 1 2 1 2 1

2 1 2 1 2 1 2 1 .L
L L L L L L L L

n
n n n n n n n n

t
n

n n n n n n n n
t

λ λ

λ λ+ + − −

∂ ′ ′= − − − + − − −
∂
∂ ′ ′= − − + − + − − −
∂

 (4.23)

In the above equations, we introduce the parameter λ to alter the contributions involving
the particle/hole reservoirs. In our simulations, the reservoirs are excluded from the
random selection of a site so λ = ½. If the reservoirs are included, λ = 1. The parameters

0n′  and Ln′  are the imposed boundary densities. In our simulations we have chosen

0 1 1Ln n +′ ′+ = . In a steady state, / 0in t∂ ∂ = , and we expect a linear ansatz,

in b ci= − (4.24)

where b and c are constants, to be adequate. Clearly, it satisfies (4.22) for the interior
sites. For the edge sites, we substitute (4.24) into (4.23) with zeros on the left. The results
are

( ) ( )
01

0 2

2 1
1    and   

1

n
b n c c

Lλ
λ

′ −′= + − =
− +

. (4.25)

We now examine various cases. If we choose λ = 1, the well-known result

0
0

2 1
   and   

1

n
b n c

L

′ −′= =
+

(4.26)

is recovered. However, for our simulations, λ = ½, and for the standard densities imposed
( 0n′  = 1), the constants b and c reduce to

1 1
1 1    and   

3 3
b c c

L L
= − ⇒ − =

+ +
. (4.27)

In general, L is the lattice size in the x-direction (36, 72, 144, etc.). Since

( )0 1 1 3n b L= ⇒ − +  and ( ) ( )1 1 3Ln b c L L= − + ⇒ + , we closely match our

observations based on simulations, which for large L (i.e., 144) we observed as 1 1 L−
and 1 L . When this analytic form is used for data fitting, our 2

weightedχ  (for H = 0 case)

reduces from 3.17 to 2.11.
Finally, we consider the cases with modified boundary densities. Setting 33

360n′ =
in (4.25) leads us to the desired analytic forms. Surprisingly, the λ = 1 solution appear to
fit the simulations results (for H = 0) better for large L (i.e., 144). In other words, no
deviation from the naïve solution is readily observed for a given Monte Carlo run. We
suspect that since the lattice edge deviations are small at these lattice sizes, experimental
errors hamper our observations of these deviations for a given Monte Carlo run. For
extremely small L (i.e., 2, 4) the deviations at the lattice edges for modified boundary
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densities are clearly seen since these deviations for small lattice sizes are maximized.
These deviations follow theoretical predictions based on (4.25) using the λ = ½ solution.

Although we have examined boundary edge effects for H = 0 and E = 0, these
effects are more complex for H ≠ 0. For H ≠ 0 there are now steps in the lattice and these
steps have corner positions which would suffer additional biases in the y-direction. It
would then seem very plausible that these effects would become more pronounced as H
increases, since the number of steps with "corner” positions is proportional to H. Our
simulation results in Table 4-1 seemed to indicate such a trend. Further, with E ≠ 0 the
contributions of the “corner positions” would be greatly enhanced by the driving field.
These effects are seen in simulations in the next section, where we consider driven
systems.
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In this section, we examine the driven system in which there is an “infinite” external
driving field. This is achieved, in practice, by assigning a large value for the field, in this
case 50J. We also examine the high-temperature limit, which in simulations is achieved
by setting T, the temperature in units of the Onsager temperature, to 50. In the previous
section we have presented results when the external driving field is zero. In that case we
found linear behavior for the average skewed density profiles. In the present case we
expect the addition of the driving field to add “curvature” to the linear behavior. We first
present typical configurations for shifts H ≥ 0. Here, for different H’s, the configurations
are different, so that for all shifts a typical configuration is shown. In the following
section we measure the average skewed density profiles, ρH, and coarse-grained profiles,
ρHcg, for all shifts. We present selected profiles for each shift. We also present a
representative histogram of the average skewed density distribution at selected positions
in the lattice (left, middle, and right edges). This is presented, as in the previous section
(4.3.2), to aid in characterizing the bulk and boundary layers. We postulate that in the
high-temperature region, with a driving field, that a “free” diffusion equation with a
simple driving term due to the field will be satisfied subject to the boundary conditions of
OBC and SPBC. We also examine the special limits when H approaches zero and when
H approaches “∞” (the BSZ limit, section 2.4). We next compare simulation data with
our analytic results, and use least squares analysis (the chi-square statistic) to evaluate the
fit to determine one parameter. A second parameter is then determined via Newton
iteration. The details are provided in the following sections. As in the E = 0 case we use a
first-order analysis in which the boundary layers are neglected and all data points for the
density profile curve are used. Following that section we examine the density profiles
near each lattice edge. Our simulation data reveal small systematic bending near the
lattice edges, as in the E = 0 case. We vary the boundary densities in the particle gradient
to see if the system satisfies the new constraints without the systematic deviation of the
density profile at the boundary edges. We then redo our fitting procedure and Newton
iteration to see if our comparison of data and theory improves. We observe that under the
action of the driving field, the bending of the density profiles near the lattice edge, while
independent of the gradient dynamics, displays a y-dependence that is not seen in the
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E = 0 case. This is suggestive of some type of lattice edge bias that is enhanced by the
driving field. We believe the mechanism behind this edge bias is due to the particle/hole
reservoirs being excluded from the random updating algorithm as first discussed in the
previous section. In the last section we examine the conductivity function based on the
dynamical equations we have postulated in section 4.3.3.3. Using spline fits to our
simulation data, we have attempted to numerically determine the conductivity function
for several values of H.

������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+�≥��

In this section, we present the high-temperature limit lattice configurations for the
different shifts. In the present non-equilibrium steady-state case, the configurations turn
out to vary for each shift, H. As in section 4.3.2.1, we show our configuration with a
lattice size of 144 × 36 (Lx × Ly). Here the lattice size was chosen to ensure boundary
effects are minimized from the bulk behavior. For display purposes we have chosen to
show three “stacked” lattices on top of one another. For three “stacked” lattices the
effective length in the y direction is 36⋅3. In Figure 4-17, we show the configurations for
H values of 0, 1, 2, 3, 4, 6, and 9. Each configuration shown in Figure 4-17 is at 10K
MCS in the simulation, after allowing for an initial transient period of 10K MCS. Each of
the Monte Carlo runs is simulated for 100K MCS, starting from either an initial random
configuration or a single dense strip. All configurations show the behavior of a particle
gradient implemented in the x direction. There is high density near the left edge, and as
one traverses the lattice the density decreases as you approach the right edge. However,
unlike the E = 0 case, as H increases the configurations now slowly change so that there
is a more sizeable fraction of the lattice which is at a lower density, while near the lattice
edges the density more quickly changes either to ramp up (near the left edge) or to ramp
down (near the right edge). These qualitative changes as a function of H are modeled by a
free diffusion equation with a driving term due to the field in section 4.3.3.3.
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In this section, we present simulation data for the average skewed density profiles, ρ H

as defined by (4.4). As remarked earlier in section 4.3.2.2, the average is calculated over

(a) H = 0

(b) H = 1 (c) H = 2

(d) H = 3 (e) H = 4

(f) H = 6 (g) H = 9

Figure 4-17. High-temperature limit lattice configurations at 10K MCS. The external driving field is in the
downward direction.
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900 data points. Each data point is calculated based on a lattice configuration every 100
MCS in a Monte Carlo run (total of 100K MCS). We started collecting our data after an
initial transient of 10K MCS. The layout of the data will follow the format presented
earlier in section 4.3.2.2. In Figure 4-18, we present density profiles for H = 0 and H = 9.
Here we have plotted ρ0  and ρ9  versus the x position in the lattice. (Further details

on the density profiles can be found in section 4.3.2.2.) Our lattice size is Lx = 144 and
Ly = 36. The standard deviation of the density distribution at a given x position is shown
when the vertical lines represent ρ σH +  and ρ σH − . Unlike the E = 0 case shown

earlier, ρ0  and ρ9  are now different. These differences are due to the addition of the

external driving field. For H = 0, the profile remains linear varying between the density
values of 1 and 0 to satisfy the open boundary conditions. For H > 0, the profile now
starts to bend with H = 9 showing the greatest curvature.

In Figure 4-19 we show coarse-grained average skewed density profiles for H = 0

and H = 9. These are representative of the other shifts. Here ρ Hcg  is defined by (4.5)

and the coarse-graining is over the length 25 as marked in the figure. Further details of
these plots can be found in section 4.3.2.2. As in the E = 0 case, the coarse-grained
profiles largely follow the original density profiles before coarse-graining. In Figure 4-19
there appears to be a slight systematic bending of the curves near each lattice edge due to
finite boundary effects. This also occurred in the E = 0 case. The addition of the driving
field seems to enhance the systematic bending near the lattice edges. We discuss these
effects in more detail in section 4.3.3.5. In general the coarse-graining procedure provides
a clear indication of the curvature of the density profiles for H > 0.
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(a) H = 0 (b) H = 9

Figure 4-18. Non-equilibrium steady state, high-temperature limit average skewed density profiles. Vertical
lines indicate the standard deviation.
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We also include constructed histograms to represent the distributions of ρ H  for

different positions in the lattice for H = 0. These histograms appear in Figure 4-20. We
have plotted three histograms for the lattice positions of x = 4, 72, and 141. The
histograms look equivalent to the histograms presented earlier in Figure 4-12 for the
E = 0 case. It will be shown in the following section that for H = 0 the addition of the
driving field does not change the linear behavior of ρ H  from the E = 0 case.

In Figure 4-21 we now include the rest of the density profiles ρ H  for the other

shifts between H = 0 and H = 9. Since the profiles change as a function of H, we also
present the accompanying standard deviation. Starting from the profile for H = 1 which
deviates slightly from linear, the curvature of the profiles increases as H increases. The
changing nature of the curves is clearly seen in Figure 4-22 where a comparison is shown
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(a) H = 0 (b) H = 9

Figure 4-19. Non-equilibrium steady state, high-temperature limit average skewed density profiles –
coarse-grained over length of 25.
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Figure 4-20. Histogram of skewed density profile distributions for three lattice positions for H = 0.
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of the density profiles for H = 1, 4, 6, and 9. In the next section we present analytic
results which account for the density behavior for H > 0 by using a free diffusion
equation with the addition of a driving term to account for the effects of the external
driving field.
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Figure 4-21. Non-equilibrium steady state, high-temperature limit average skewed density profiles. Vertical
lines indicate the standard deviation.
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For the case of an external driving field E we expect that a free diffusion equation with a
driving term will correctly describe our system. Starting with (4.7) we now add a driving
term which represents the additional contribution, 

K
jE , to the current 

K
J  which comes

from the external field. Following the development in Chapter 2 we take the simplest
form for 

K
jE  consistent with the symmetries of the system. We recall from section 2.2,

K K K
jE = − = −4 1 1 2ρ ρ φ1 6 2 7; ; (4.28)

where ; is a parameter representing the driving field. In principle derivable from the
microscopic E, it is best regarded as a phenomenological parameter to be determined

from simulations. Interpreting this as an Ohmic current, we will refer the factor( )21 φ−
as the “conductivity function.” Our modified equation of motion comes from the
continuity equation with this extra term:

2
EJ

t

ρ ρ∂ = ∇ − ∇ ⋅
∂

K K
. (4.29)

Noting that the driving field points in the –y coordinate direction (the convention used in
our simulations) and using the relation φ ρ= −2 1, we rewrite the equation of motion in

terms of the local magnetization φ:
∂ = ∇ − ∂tφ φ φ2 2

; (4.30)
where the subscript t indicates differentiation with respect to time, and the symbol ∂
signifies differentiation in the field direction coordinate. Note we have taken the form

; 1 2− φ2 7  for the conductivity function. In steady state, ∂ =tφ 0, so that

∇ − ∂ =2 2 0φ φ; . (4.31)
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Figure 4-22. Comparison of average skewed density profiles for H = 1, 4, 6, and 9.
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As in the E = 0 case (section 4.3.2.3) we seek solutions φ( , )x y  of the form f u( )  where
u x sy= −  and s is defined by (4.11). This form of the solution satisfies the shifted
periodic boundary constraint given by (4.10). The boundary conditions imposed by the
particle gradient are given by (4.13),

f

f Lx

( )

( )

0 1

1

= +
= − .

(4.32)

Substituting the form for f u( )  into (4.31) yields an ordinary differential equation
for the variable u. Grouping terms and integrating yields

′ + =f Kf C2 (4.33)
where

K
s

s
=

+
;

1 2 . (4.34)

The symbol ′ indicates differentiation with respect to u. A constant, C, is indicated in
(4.33). The factor s in (4.34) is given by (4.11). For the solutions for f u( )  we take the
following ansatz

f u A u u u
Lx( ) tan= − =µ 0 0 2

1 6,  where . (4.35)

Here we assume, for the moment, that A and µ are both nonzero.
The symmetry of (4.35) captures the symmetry implied in the boundary

conditions given by (4.32). Substituting (4.35) into (4.33) yields the following equations
for the parameters A and µ,

C A

KA

=
= −

µ
µ  .

(4.36)

We can now rewrite (4.35) in terms of the parameters A and K,

f u A KA u
Lx( ) tan= − −�

��
�
��

�
! 

"
$#2

. (4.37)

Applying the boundary conditions given by (4.32) yields at u = 0,

f A
KALx( ) tan0

2
1= = . (4.38)

As mentioned above, the boundary conditions for u = Lx yields the same equation as
(4.38). Equation (4.38) is transcendental in A and a graphical solution is shown in Figure
4-23. In the next section we fit the solutions given by (4.35) to our average skewed
density profiles obtained from Monte Carlo simulation. In this analysis we perform a
least squares fit by varying ; so that the parameter K can be determined (4.34). (Ideally,
we expect the value of ; to be the same for all nonzero values of s.) Once we have
determined K, we determine A by Newton iteration.
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We now examine the limiting case when s = 0 (or, H = 0). Here as s → 0, the
parameter K given by (4.34) also approaches zero. Recalling our transcendental equation
for A given by (4.38), we now take the approximation, tan u ≈ u, so that

tan
KAL KALx x

2 2
≈ . (4.39)

We now rewrite (4.38) as
KA Lx

2

2
1= (4.40)

which follows that
A KLx= 2 , (4.41)

and µ takes the form

µ = − 2K Lx . (4.42)

Substituting (4.41) and (4.42) into (4.35) yields

f u
u

Lx

( ) = −1
2

. (4.43)

We have now recovered the linear profile which we also derived for the case (see (4.15)
when the external driving field, E, is zero.

a. The s → “∞” Limit
We now consider the case when s approaches “∞” (or H → “∞”). From Chapter 2 we
know that in this limit, using our solutions from the free diffusion equation with a driving
term, that we should match the solutions in the BSZ study [25] for the high-temperature
limit (see (2.25)). Here we briefly go through the derivation to obtain solutions to the
diffusion equation making modifications to match the conventions used in the BSZ study.
For convenience we re-state the solution for φ from Chapter 2,

KLx

2

KALx

2

π
2

Figure 4-23. Sketch of utanu versus u for 2xu KAL=  for graphical solution of (4.38).
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φ µ µ µ µ( ) tan tany
L

y

L
L

y y
y= − �

��
�
��

=2 2 1
2

;
;  where  . (4.44)

In the BSZ study the coordinate system is defined in the center of the lattice, with the
positive y coordinate pointing in the positive field direction. Thus we make allowances
for a coordinate system change in our equations, since the convention we have used in
our work is that the positive field direction is pointed in the –y coordinate direction and
the origin of our coordinate system is at the left lattice edge. In Figure 4-24 we show the
differences in conventions used in our work and the BSZ study. Note that in Figure 4-24
we show the lines of constant φ given by φ φ( ) ( )u x sy= −  or, in the new frame,
φ φ( ) ( )u x sy= + , where the coordinate frame shown has already been shifted to the
center of the lattice.

We now recall (4.31) with now a change in sign resulting from our coordinate
system change,

∇ + ∂ =2 2 0φ φ; (4.45)
which produces (4.33)

′ + =f Kf C2

where u x sy= +  instead of x sy− . The boundary conditions due to the particle gradient
can now be expressed as

( ) ( )
( ) ( )

2 2

2 2

, 1 1

, 1 1 .

L L

L L

sy y f

sy y f

φ

φ

− − = + ⇒ − = +

− = − ⇒ = −
(4.46)

In this case we use the following ansatz

f u A
u

Lx

( ) tan= −
�
��

�
��

µ 2
. (4.47)

Substituting (4.47) into (4.33) yields equations for the parameters A and µ. We then
express the solution in terms of µ,

φ µ µx sy
KL L

x sy
x x

+ = − +1 6 1 62 2
tan . (4.48)

−∇
K

ρ

′y   (BSZ direction)

y

x

u  = 0  1  2  3

K
E

Figure 4-24. Coordinate frame conventions used in the BSZ study.
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We now have our solution for φ using the BSZ study conventions. We now take the limit
as s → ∞. Since in this limit we expect the solutions of φ given by (4.48) to be
independent of x, we conveniently evaluate (4.48) at x = 0 which yields

φ µ µy
KL L

sy
x x

1 6 1 6= −2 2
tan . (4.49)

In the limit as s → ∞,

K
s

s s
=

+
→; ;

1 2 . (4.50)

With just y dependence now, u sy= , or rewriting y u s= . If we examine u Lx= 2 , the
right edge of the lattice, then

y
L

s
x=

2
. (4.51)

In the limit as s → ∞, the right edge of the lattice approaches Ly 2 ,

y
L L

s
y x→ =

2 2
(4.52)

and rewriting yields
L sLx y= . (4.53)

Substituting equations (4.53) and (4.50) into (4.49) yields the BSZ solution given by
(4.44).
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In this section we compare our analytic results from the previous section with simulation
data. Our analytic solution for φ is defined in (4.37) with several of the parameters
defined in (4.34), (4.36), and (4.38). For our simulations we have Lx = 145 and Ly = 36
for the sizes of our lattice. These are the same sizes presented in the previous sections.

We present a least squares analysis for φ. In other words, we fitted the form
above, in a least squares sense, to our averaged skewed density data ρ H  for each shift

H. In the fitting procedure, we minimize the sum of the square of the errors from (4.37) to
our data set composed of 144 points. Each of the data points corresponding to an integer
position in the x-direction of the lattice (x = 1, 2, …, 144). Since (4.37) is nonlinear, we
are minimizing the sum of squares of nonlinear functions. To perform the minimization
we employ a modified form of the Levenberg-Marquardt algorithm [43]. To determine
the parameters K and A, we vary the parameter ;, which represents the coarse-grained
field. By varying ;, we determine the parameter K defined by (4.34) which depends on ;

and s (given in (4.11)). Since K is determined then only the parameter A must be
determined in (4.37). The parameter A is determined by (4.38) in which we use Newton
iteration. Thus, each time we vary ; to get a better fit, we subsequently determine the
parameters K and A.

As discussed in section 4.3.2.4 we observe that near the boundary edges of the
lattice the density ρ H  deviates from (4.37) due to systematic bending. For now we
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ignore these deviations and see how all of the data for ρ H  compares to (4.37). For our

analyses, we use the χ2 statistic, defined in (4.17).
In our analyses we have calculated the least squares fit in two different ways. In

the first way, we have assumed that the standard deviation σi for each average density
data point, ρ H x( )  is 1. This is the same assumption taken in section 4.3.2.4 where we

presented our comparisons for the E = 0 case. Thus, our fitting for the parameter ; is
equally weighted over our data set. In the second way, we have used a weighted least
square procedure to determine ;. For the weights we have used σi for each ρ H x( )

which have been computed from our simulations. The standard deviations, σi, for ρ H x( )
were already shown in Figure 4-18 and Figure 4-21. In this case, since we are computing
our fit using ρ H x( )  or the average, σi is then divided by the square root of 900 since

the average is based on 900 points sampled during a Monte Carlo run. To compute a
weighted χ2, we use (4.21).

In Table 4-2 we now present our results from the fitting procedures for the
standard imposed densities (1,0). For each shift H we show the χ2 and ; values for the
equally weighted and weighted procedures. Note we have included the H = 0 case in
which we have a linear relationship for φ (as in the E = 0 case). Thus for H = 0 there is no
; parameter. We just show the χ2 values for this case. Ideally, we expect the value of ; to
be independent of the shift H. From Table 4-2 we see that there is some variation in ;.
For the equally weighted case the largest difference that ; ranges over is 0.048, which
corresponds a ±4.3% variation about the average value of 0.554. For the weighted case
we have the same variation, though the value of the average is slightly different: 0.568.
Of course, in a perfect theory, ; would be independent of the shift: H. The slight variation
of ; observed here points to a little need for improvement of our theory.

We are more concerned, from Table 4-2, by the large variation of χ2 as H
increases. The systematic increase in χ2 as a function of H was also observed earlier in
Table 4-1 for the E = 0 case. Here, it is more severe. For the weighted χ2, the increase is
less dramatic, but still quite large. Closer examination shows that a major portion of the
contribution to these large χ2 values come from the lattice edges. Therefore, we believe

Table 4-2. Comparison of χ2 statistic and parameter ; for different shifts H for equal and weighted
least squares fits.

H χ 2 210∗ ; χ weighted
2

;weighted

0 .781 -- 3.58 --

1 .932 .547 4.86 .566

2 .980 .548 5.44 .559

3 1.70 .536 8.64 .549

4 1.72 .551 8.60 .563

6 2.42 .560 10.76 .572

9 2.77 .584 11.28 .598
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that the lattice edge biases created by our random updating algorithm (as first discussed
in section 4.3.2.5) is the chief suspect. These bias effects, while small for the undriven
case, may become enhanced at the “corner” positions in the lattice when the drive is
present. Finally, the increase in χ2 as H increases may, in part, be due to the presence of
higher non-linear terms in the conductivity function. We examine these effects further in
the next two sections.

������� 9DULDWLRQ�RI�%RXQGDU\�'HQVLWLHV�DQG�/DWWLFH�(GJH�(IIHFWV

We now change the boundary densities of our particle gradient in our Monte Carlo
simulation to see whether the modified boundary densities alleviate the boundary effects
seen in the standard average density profiles. We now arbitrarily lower the density of the
particle gradient on the left edge and increase the density on the right edge. Since the
systematic bending is seen to be small in the plots of ρ H  presented in the previous

section, a density change from 1 to 33
36  on the left edge is performed, and a density

change from 0 to 336  is implemented on the right edge for the particle gradient. This
procedure was used in section 4.3.2.5 when we considered the E = 0 case. Recalling the
E = 0 case, we found that modifying the boundary densities for the particle gradient
seemed to alleviate the systematic bending in the average density profiles. We now apply
the same technique to see if we can achieve a better fit between our simulation data and
our analytical model. However, we know that the non-equilibrium case with the addition
of a driving field is much more complex. Already we have seen from the previous section
that our least squares fit of the data to our analytical model is sensitive to the boundary
edges, and that this sensitivity increases as the shift, H, increases.

In Figure 4-25 we show ρ H  for H = 0 and 9 with modified boundary densities
33

36
3

36,1 6  for the left and right auxiliary particle columns for the lattice. We’ve generated

plots for other shifts as well but these two plots for H = 0 and 9 are representative.
Further details concerning how the above densities for the particle gradient were
implemented were discussed in section 4.3.2.5 (the E = 0 case). All details in that section
apply to this case as well. In Figure 4-25 we also show the standard deviation for ρH for
integer lattice positions in the x-direction (xi = 1, 2, …, 144). For the case of H = 0, the
profile is essentially linear and so, like the E = 0 case, there is no discernable bending of
the average density profile near the lattice edges. For the cases of H > 0, it is unclear from
a simple inspection of the plots whether the modified densities improved the fit between
the data and theory. We defer this conclusion until later in this section when we compute
the χ2 statistic.
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Since we have modified the boundary densities several equations in our analytical
development presented in section 4.3.3.3 are now modified. Our boundary conditions for
the particle gradient are now expressed by (4.18)

Left edge:

Right edge:

φ
φ

sy y

L sy yx

,

,

1 6
1 6

=

+ = −

5
6

5
6

where the factor of 56  follows from particle densities of 33
36

3
36,1 6 . Following the

development presented in section 4.3.3.3, the modified equation for the density profile for
H = 0 (the linear case) is given by (4.20)

ρ( )u
u

Lx

= − �
��

�
��

33

36

30

36
.

For H > 0, the average density profile is still given by (4.35), which when written in
terms of the parameters A and K ((4.34), (4.36)) is given by (4.37) which is reproduced
here,

f u A KA u
Lx( ) tan= − −�

��
�
��

�
! 

"
$#2

.

The parameter A is now determined by the modified boundary conditions with the
resulting equation

A
KALxtan

2

5

6
= (4.54)

instead of (4.38) which is used for the standard boundary densities. The fitting of the
simulation data to the above equations proceeds as before. The equation for the density
profile is fitted to the simulation data by varying ;, the coarse-grained field. By varying
;, we determine the parameter K. Once K is determined then the parameter A is
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Figure 4-25. Non-equilibrium steady state, high-temperature limit average skewed density profiles for
modified boundary densities of 33

36
3

36,( ) . Vertical lines indicate the standard deviation.
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determined via (4.54) using Newton iteration. In practice, the fitting is an iterative
process in which ; is determined using the least squares error criterion.

We present Table 4-3 in which values of χ2 and ; have been obtained for the
different shifts H using the two methods discussed in the previous section. The first
method, assuming that σi for each average density point ρ H x( )  is 1, is shown in the

first two columns in Table 4-3. This is equivalent to an equal weighting of all the data.
We have included the H = 0 case where the density profile is linear. Thus no ; parameter
is applicable in this case.

In the next two columns we have shown the results of using the second method in
which we have computed σi for each ρ H x( )  from our simulation data. As discussed in

the previous section, the standard deviation for the average or ρ H  is σi (as shown in

Figure 4-25) divided by the square root of 900, the number of data points used to
compute the average. The second method is equivalent to a weighted least square fit.
Both methods, like the standard density case, show some variation in the fitted parameter
;. Recall that ;, ideally, is independent of H. For the equally weighted case, we see an
approximate ±7.7% variation in ; about the average value. For the weighted case, we
have the same variation in ; though the average is slightly different. These are the same
types of results found in the previous section using the standard boundary densities. For
the equally weighted case, ; is approximately 0.548, while in the weighted case,
; ≈ 0.554. These results for ; are about the same as obtained in the previous section. If
we examine the χ2 values in Table 4-3 we see, in general, they are lower for each value of
H, from the standard boundary density case (see Table 4-2). Thus, lowering the boundary
densities seems to have improved our χ2 fitting. However, the χ2 values, like the standard
density case, increase as a function of H. Closer examination of the χ2 values of the
individual points across the lattice suggest that contributions from near the lattice edges
still dominate. For H ≥ 0, lowering the boundary densities appears to have helped, in
terms of lowering the χ2 values, but whether the lattice edges actually still deviate from
our analytical predictions is a much more complicated issue.

Table 4-3. Comparison of χ2 statistic and parameter ; for different shifts H for equal and weighted
least squares fits.

H χ 2 210∗ ; χ weighted
2

;weighted

0 .669 -- 1.53 --

1 1.09 .511 2.33 .516

2 .729 .520 1.97 .524

3 .704 .544 2.26 .548

4 .943 .553 3.09 .558

6 1.70 .566 5.50 .572

9 2.52 .595 8.15 .603
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We now examine the average skewed density profiles more closely near the
lattice edges for the standard boundary densities (1,0). We did this for the E = 0 case
(section 4.3.2.5), in which we found that the density seems to extrapolate to a value of
1 1− Lx  for x = 0 on the left edge, and 1 Lx  for x = 145 on the right edge. In that case,
the value of Lx (the x dimension of the lattice) was 145. These “extrapolated” values were
independent of the way in which we implemented the particle gradient dynamics. Further,
these effects were explained by our random updating algorithm and the fact that the
particle/hole columns at the lattice edges are excluded from updating (see section
4.3.2.5). We now examine the density profiles in the driven case to see if similar behavior
is observed. Of course, the addition of a driving field adds much more complexity. So it
is not surprising the lattice edge effects we discuss in the following paragraphs are
quantitatively different from E = 0 systems. We observe that the lattice edge biases with
the addition of a driving field further suppress the edges of the local density profiles.

Again, as in section 4.3.2.5, we use a more refined “skewed” density defined by

(4.6). Here we examine the “minor” column densities labeled by ρ Hi
 which comprise

the total skewed density ρ H . For each shift, H, there will be a different number of

minor densities which comprise ρH. For H = 9, the case presented here, there are four

minor densities labeled as ρ91
, ρ92

, ρ93
, and ρ94

. By examining each of the

sub-skewed densities as we approach a lattice edge we try to distinguish any y-
dependence in the density due to lattice edge biases. Recall, in the E = 0 case, there was
nothing unusual about the behavior of the sub-skewed densities near the lattice edge.
Now in the driven case, with the addition of a driving field, the lattice edge biases appear
to be much more complex, at least for H > 0. For H = 0, when the particle gradient and
external field decouple, the linear profile from the E = 0 case is recovered. Thus, like the
E = 0 case, the local density near the lattice edges extrapolates to values dependent on the
lattice size parameter Lx (see section 4.3.2.5).

For H > 0, it is less clear how the sub-skewed densities behave. In Figure 4-26 we
show sub-skewed densities for H = 9. This value of H is selected because the lattice edge
effects are believed to be maximized. In Figure 4-26 (a) we show all four of the sub-
skewed densities for H = 9. Note that at the lattice positions of x = 0.25 and x = 144.75,

corresponding to the sub-density ρ94
, data veer away from the general trend of the

curve. At these positions in the lattice, ρ94
 is averaging over the density of the “corner”

positions in the lattice (a corner position for each step in the lattice). These “corner”
positions are actually special positions in the lattice due to the implementation of SPBC
and OBC. We discuss this point further below. In Figure 4-26 (b) and (c), we show
magnifications of the plot in (a). Here we focus on the left edge of the lattice. In both
plots we show all four sub-skewed densities in which lines have been drawn linking all

points for ρ94
, all points for ρ93

, and likewise for ρ92
 and ρ91

. The plots for (b)

and (c) suggest that as we approach the lattice edge, the density is becoming more y-
dependent. Instead of the sub-densities being equivalent, as they are in the bulk for
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example, now as we approach the edge they begin to “fan” out. The extent of this
“fanning” is probably dependent on the relative position of these points with respect to a

lattice step. We can at least observe that ρ94
 drops lower in density than the other sub-

diagonals for the first diagonal column in the lattice (x = 0.25, 0.5, 0.75, 1.0). This

observation is directly related to the fact that ρ94
 is measuring the local sub-skewed

density for the “corner” positions in the lattice. These corner positions, because of the
steps in the lattice, have an additional lattice edge bias in the y-direction. This occurs
because these corner positions, for example at the left edge, have an additional particle in
the reservoir column which can enter from above. The lattice edge bias (discussed in
section 4.3.2.5) now acts in both the x and y directions for these corner positions. With
the addition of the driving field, it may not be surprising that at these positions we
observe a lower density than at other lattice edge positions. Though we do not show
additional plots, modifications to the updating algorithm to “correct” the edge biases do
result in increased densities for these corner positions.
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Figure 4-26. Non-equilibrium steady state, high-temperature limit average sub-skewed density profiles for
H = 9 for lattice sizes of 144 × 36 and 36 × 36. Plots (b) and (c) are plot (a) successively magnified; (e) is

plot (d) magnified.
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With reasonable understanding of lattice edge effects in the undriven case, we
study their effects in the driven system. We observe that the local density profiles are
much more affected (for H > 0). In Figure 4-26 (b) and (c) we also show a reference line
for the value of 1 1− Lx  (for Lx = 145 this value is 0.993). Recall that this value is from
the E = 0 case, where the density profile is linear and approximately extrapolates to
1 1− Lx . Here, it is unclear what the extrapolated values in (b) and (c) would be. Also,
though we have examined only one case (H = 9), we speculate that these extrapolated
values will be dependent on the H as a result of the driving field.

We also present plots in (d) and (e) for the case of a 36 × 36 lattice. Like the E = 0
case, the different lattice size seems to have altered the density profiles so that the
extrapolated value (of the density profile) may be less than in the larger lattice (144 × 36)
case. This would be in agreement with the general trend found when the density profile is
linear. In (d) and (e) we have included a reference line for the value of 1 1− Lx  (for
Lx = 37 this value is 0.973). Once again it is unclear in (d) and (e) what the different
extrapolated values signify.

������� 7KH�&RQGXFWLYLW\�)XQFWLRQ

So far, the analytic results are based on the simplest form for the density dependence in
the conductivity function, namely, (1 )σ ρ ρ∝ − . Since the quality of the fits is far from

perfect, we next explore the possibility that higher non-linearities in σ may be significant.
Instead of trying other forms, it is possible to determine this conductivity function
phenomenologically, via numerical means. We examine the cases of H = 1, 3, 6, and 9,
and extract the conductivity function for each shift H. Our goal is to see if such a
generalized σ could be independent of boundary conditions. Our analytic development
starts with the free diffusion equation with a more general Ohmic term. An essential part
of this analysis will be approximating the first derivative of the average skewed density
profile across the lattice. Especially important will be the derivatives at the lattice edges.
To make the analyses tractable, we neglect any finite size effects at the lattice edges.
Thus, at the lattice edges we assume the average density takes on the theoretical values.
For example, for a lattice size of 144 × 36 we expect the average density to be 1 at x = 0
and 0 at x = 145, corresponding to the standard boundary densities implemented for our
particle gradient. Given these assumptions we now determine σ ρ( ) .

For convenience, we work with φ instead of ρ. Thus, we want to determine σ φ( ) .
Since we want to minimize the statistical errors in our simulation data we first define an
antisymmetrize φ( )x :

φ φ φ( ) ( )x x L xx= − −1
2 1 6 . (4.55)

Here φ( )x  is defined over the interval 0 2, Lx  and we assume φ Lx 2 01 6 =  and

φ( )0 1= . The latter condition is the result of implementing open boundary conditions:
full/empty densities at the two edges. Let us start from a diffusion equation with a driving
term (4.29):
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2
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t

ρ ρ∂ = ∇ − ∇ ⋅
∂

K K
.

Recalling that the driving field points in the –y direction and using the relation
φ ρ= −2 1, we have, for steady states,

∇ + ∂ =2 0φ σ φ; ( )1 6 (4.56)

where we have written a general form for σ.
Following the same development in section 4.3.3.3 we seek solutions φ( , )x y  of

the form f u( )  where u x sy= −  and s is defined by (4.11). Here we recall (4.11) for
convenience,

s
H

Ly

= =tanθ .

Substituting the form for f u( )  into (4.56) yields an ordinary differential equation
for the variable u. Grouping terms and integrating yields

d

d

φ σ φ
u

s

s
K s−

+
= −;

1 2 ( ) ( ) (4.57)

where K depends on the shift, s. Equation (4.57) can be written in terms of φ
d

d

φ σ φ
u

s

s
K s−

+
= −;

1 2 ( ) ( ) (4.58)

where σ, the conductivity function, is assumed to be an antisymmetric function of φ( )x .
The following conditions hold for σ,

1 (1) 0

0 (0) 1.

φ σ
φ σ

= ⇒ =
= ⇒ =

(4.59)

The first of these is the usual limiting condition for σ, namely, no current for a
completely filled or empty state. The second is just for convenience, since the absolute
magnitude of the conductivity function can be absorbed into the parameters ;. If we
apply these conditions to (4.58), we can now determine the parameters ; and K for a
given value of s. At φ = 1 which occurs at u = 0, we have

K s
u

u

( ) = −

=

d

d

φ

0

. (4.60)

Thus an estimate of the first derivative of φ( )u  at u = 0 (the left lattice edge) yields the

parameter K. For φ = 0  which occurs at u Lx= 2 , we have

;s

s u
K s

u
Lx1 2

2
+

= +
=

d

d

φ
( ) . (4.61)

If we have an estimate for the first derivative of φ( )u  at u Lx= 2  then we can determine
; given the equation for s presented earlier in this section. Thus the two parameters, K
and ;, can be determined for each shift H. In our development, we have written ; as
independent of the shift to compare our estimates of ; for each value of H. Additionally,
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these estimates could also be compared to our earlier estimates of ; in section 4.3.3.4.
However, examining (4.61), if we designate the right hand side as C s( ) , then we can
compare our C s( )  estimates for different values of s,

C s

C s

s s

s s

( )

( )′
=

+ ′

′ +

1

1

2

2

2 7
2 7

(4.62)

where s and ′s  denote the shift values. Furthermore, (4.58) can be rewritten as
d

d

φ σ
u

K s C s u+ =( ) ( ) ( ) . (4.63)

Then each value of s gives the conductivity function

σ φ
( )

( )
( )u

C s u
K s= +�

! 
"
$#

1 d

d
. (4.64)

Given the above analytic details we now discuss our simulation and numerical

results. We have taken our average coarse-grained skewed density profiles, ρ Hcg  for

H = 1, 3, 6, and 9, for the driven case and transformed this data into data sets for φ
defined over the interval [0, 72.5]. The coarse-graining length of 24 was chosen for the
coarse-grained profiles. This choice is described below. To obtain φ  we used (4.55)
where our lattice sizes (from simulation) are 144 × 36, thus Lx = 145. To obtain an
estimate of the first derivative of φ , d dφ x , we have chosen to fit the φ  curves with

splines. Thus, a spline fit is made for each φ  curve, one for each value of H. A spline fit
is typically used for approximating the first derivative of a function. Here we use a
typical spline fit where a series of polynomial functions (up to cubic order) are used to
model the desired function. Our approach to obtaining a spline fit is to use a spline
interpolating function over the interval [0, 72.5] for φ . We have selected a series of

nodes, ni, in which the spline function and φ( )x  are equal. Between the nodes, in each

subinterval, the spline function smoothly interpolates for φ( )x . Hence, in our spline fits
we have taken a large number of nodes to ensure our spline fit is accurately modeling the
data. The intrinsic statistical variation in our data affects the accuracy of the spline fit as
well. The “smoother” the data, the better our spline representation well be. These
considerations have led us to use our average coarse-grained density data in our analyses.
The coarse-graining process has “smoothed out” the statistical variations seen in the
average density profiles, ρ H . Our choice of a coarse-graining length of 24 is to ensure

adequate smoothing of the data with the first point of the data set being not too far from
x = 0 (first point at x = 8.5). The larger coarse-graining length of 25 would have set the
first point of the data set at x = 16.5. Our spline fits are done with ni = 18 approximately
spread evenly over the interval [0, 72.5] separated by 4 units (x = 0, 8.5, 12.5, 16.5, …).
In Figure 4-27 we show our spline fits for φ  for different values of H. The solid line is
the spline and the larger circles in the plot designate the node positions. Since the data
sets are quite smooth, the spline functions model the data extremely well. Note that at the
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endpoints x = 0 and 72.5, we have imposed the expected behavior of φ . Based on these

spline fits we have computed d dφ x  and show the resulting behavior in Figure 4-28 for

H = 1, 3, 6, and 9. For convenience, we show − d dφ x . Note that this derivative is

actually − d dφ u since the density profiles are based on the skewed column density.
Here, for convenience, we label u as x0. As expected, as H increases, the magnitude of the
first derivative increases as φ  approaches one, reflecting the greater curvature in the
density profile as the lattice edge is approached. As the shift H increases, because of the
lattice tilt, there is less of a particle gradient near the middle of the lattice. Thus to satisfy
the open boundary conditions for the particle gradient, the particle gradients are stronger
near the lattice edges perpendicular to the constant u plane as φ  approaches one. This is

seen in the plot of φ  near zero.
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Figure 4-27. Spline fit of average magnetization φ  over the interval [0, 72.5]. Solid line indicates spline.
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Given the derivatives for φ  over x we can compute K s( )  given by (4.60) where

u = x (for y = 0). We construct d dφ x K+  and show its behavior versus φ  in Figure 4-29
for the different shifts. Now that we computed K we can compute C s( )  and ; via (4.61).
We summarize their values in Table 4-4. As expected, K s( )  grows larger as s or H

increases, since the first derivative of φ  at x = 0 is becoming larger. Consequently, C s( )

grows larger as well, even though the derivative of φ  at u Lx= 2  (at x = 72.5) is
becoming slightly more negative. This is evident in Figure 4-28. We also show in Table
4-4 our computed values for ; for the different shifts. From our analytic development we
expect ; to be a constant; however, the data shows variation over the different shift
values. A quick look back at section 4.3.3.4 where we previously computed ; shows
computed values in the range of 0.5 to 0.6. For the analysis in section 4.3.3.4 we
neglected the boundary layers. Presently, for this analysis we have effectively “averaged”
out the boundary layers so that we may expect the computed values of ; to be somewhat
different.
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Figure 4-28. − d dφ x  versus φ  for H = 1, 3, 6, and 9.
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For completeness, we also include the calculated and expected values of C s( )
ratios in Table 4-5. We have used (4.62) to compute the ratios and have designated the
ratios, C s C s( ) ( )′ , as Css′  in the table. The calculated values approximately agree with
the expected values, though we see that the calculated values are consistently higher than
the expected values. We now use the calculated C s( )  values to compute the conductivity

function σ given by (4.64) for each shift H. If the above ansatz were correct, these should
all “collapse” onto one curve. Plotting these curves in Figure 4-30, we see a systematic
variation in H. This variation indicates that, as H increases, the conductivity function is
typically suppressed. Nevertheless, the qualitative picture of an “intrinsic” function σ is
quite clear. The slight dependence on H may be a manifestation of lattice effects from our
analysis. Since our analysis is based on a continuum theory up to second-order
derivatives, it is isotropic. On the other hand, the simulations are based on a square
lattice, so that higher derivatives associated therewith may account for these variations.
Additional analysis should be performed to check this hypothesis.
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Figure 4-29. d dφ x K+  versus φ  for H = 1, 3, 6, and 9.

Table 4-4. Summary of parameters determined from d dφ u  for H = 1, 3, 6, and 9.

H K s( ) C s( ) ;

1 .0277 .0179 .645

3 .0479 .0409 .494

6 .0739 .0689 .425

9 .0946 .0919 .390
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In this section, we now present a qualitative overview of the behaviors of the total density
and the local density in the lattice. We explore how they change as a function of
temperature. We start from the high-temperature limit, which we discussed in detail in
the last section. For the present work, we then slowly lowered the temperature of our
system from an initial disordered state to an ordered, phase-separated state. The transition
from disorder to order is accompanied by a change in the overall curvature of the density
profiles. The point at which the density profile is essentially linear is defined to be the
crossover point, Tcr.

This section serves as a prelude to a more detailed analysis of the phase-separated
state presented in the rest of this chapter. We present a series of pictures which
qualitatively describe how the density profile and total density change as a function of
temperature. We explore the local density in the lattice by focusing on the density profile
behavior as we did in the last section. For our analysis, mainly the case of H = 3 has been
scrutinized, with the assumption the other shifts will exhibit the same properties. Our
analysis here is done with small lattice sizes, 36 × 36, largely for convenience, especially
through the critical region where larger lattice sizes can mean larger simulation times to
achieve the critical state. For a more detailed understanding of the phase-separated state
we study larger lattice sizes in the next section.

Table 4-5. Summary of calculated and expected values of C s( )  ratios for all pairwise
combinations.

C13 C36 C19 C16 C69 C39

Calculated .438 .594 .195 .260 .750 .445

Expected .335 .510 .118 .171 .689 .352
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Figure 4-30. Comparison of conductivity functions computed for H = 1, 3, 6, and 9.
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In the high-temperature limit our previous analysis shows that the density profile
has a particular curvature (for all positive H). For lower temperatures, the curvature
becomes less and less. As we will see in section 4.5.2, at low temperatures, this profile
exhibits the opposite curvature. This is schematically shown in Figure 4-31 (for a typical
positive value of H). Focusing on the H = 3 case, we find that, at some crossover
temperature, Tcr, the profile is consistent with being linear, within statistical errors. Here
in the absence of additional information, we identify this point with the disorder-to-order
transition. Whether these points can be linked continuously, as H is tuned down to zero,
to the ordinary critical point (Tc ≈ 1.4 for the PBC case) is debatable, since our driven
lattice gas is now coupled to a particle gradient (OBC). Nevertheless, it is tempting to
conjecture that the “flattening” of the profile is associated with a divergent interfacial
width or correlation length. The goal of this section is to show a series of pictures that
depict the crossover behavior as we lower the temperature of the system.

Our simulations are the same as described in the last section, all on a 36 × 36
lattice with H = 3. Each run lasts 100K MCS. Discarding the first 10K MCS to allow for
initial transients, we take measurements every 100 MCS. Thus, all averaged quantities
are obtained via summing over 900 configurations. For initial configurations, our lattice
are always half filled (D = N / 2) and, with few exceptions, in a completely ordered state
of a single dense strip. In this and following sections, we exploit alternate methods to
measure densities. In particular, since OBC is imposed, the total density (D / N) is a
fluctuating quantity, with interesting properties as well. Using these additional measures
of densities, we have repeated high-temperature simulations (T = 50). To study systems
at lower T’s, we carry out a slow annealing process. Specifically, we begin with T = 8 and
run for 100K MCS collecting data. Using the last configuration so generated, T is
lowered to 6 and run for another 100K MCS with data collection. This process is repeated
through the sequence T = 4, 3, 2, 1, and 0.8. Note that this process takes us through the
critical point into a phase-separated state. The data collected from this one long
simulation are summarized in sections 4.4.3, 4.4.4 and 4.4.5. In 4.4.4 we look more
closely at the transition through the “critical” region. Three separate simulations, at
T = 1.7, 1.4 and 1.1, are performed, all starting from random configurations. Although
these temperatures are lower than “crossover” Tcr (where density profiles are essentially
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Figure 4-31. Crossover phenomena in the average density profile.
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linear), our strategy is to examine the behavior of the system more closely in the region
where the standard driven lattice gas becomes critical. Our main observation is that, for
T = 1.0, 1.1, and 1.4, the fluctuations of the total density are extraordinarily large.

In the following subsections, we show lattice configurations at every temperature
T, to facilitate a more physical intuition when examining the total density and local
density plots. As a reminder, note that all values of T are in units of the Onsager
temperature, Tc(0) = 2.269 J/kB.

����� 'HQVLW\�0HDVXUHV

To avoid any prejudice on translational invariance, we measure the coarse-grained, local
density, using a square box centered at a given x and y value in the lattice. Clearly, this
density measure effectively averages along both the x and y directions. Comparing the
resultant profiles ρ  at different y values, we check that our system still obeys a skewed

translational symmetry. In this section, only 6 × 6 boxes have been used. In the following
section (4.5), we will also study cases with other H’s, for which other box sizes are better
suited. Finally, the effects of having different box sizes in the study of a fixed H may be
found in Appendix B.

Given a square box of even length b, we can define the local density as

ρb
k b

b

k b

b

x y n x k y k b( , ) ,= + ′ +
=− −′=− −
∑∑ 1 6
1 61 6 2 1

2

2 1

2
2 (4.65)

where x and y denote the center of the measuring box, and n is the occupation number.
Note that because the length of the square box is even, the values of x and y will not be
integer. Here we contrast the current definition of the local density with our previous
definitions of the local density in the high-temperature limit (4.4), (4.5). The current
definition can be viewed as a coarse-grained density where N = 6 in (4.5) and the index j
in (4.4) runs over a length of six.

To construct the density profile at a given Monte Carlo time, we center the box at
a given x and y value. To start, we position the box nearest to the left edge. Thus for a
box size of 6 × 6, the nearest x value to the left edge studied is 3.5 (on the right edge, the
last point studied is 33.5). We then step at one unit intervals across the lattice to the right
edge, and measure the number of particles in the box at every x position. The number of
particles in the box is divided by the maximum possible value. The y position of the
boxes has been chosen at several values in the lattice to see if the density profile obeys a
skewed translational symmetry. For convenience, the constructed profiles are centered
vertically within every step in the lattice for each shift. In general there are H steps for a
given shift H, so that H profiles can be measured. Finally, we remark on another detail
concerning the centering of these boxes within each step. In Figure 4-32, we show how
6 × 6 measuring boxes are centered for both H = 3 and 4, at the two “lowest” steps. In
both examples, we choose an arbitrary x value of 5.5 to be the centers. For H = 3, note
that the boxes can be located at the middle of the step by choosing, e.g., y = 6.5 and 18.5.
By contrast, for H = 4, the boxes cannot be centered in the middle of a step. Instead, they
are “off” by half a lattice spacing. 
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To produce the entire profile for a configuration, the measuring boxes are
centered over other x values. In our analysis, the average density profile ρ  is based on
900 configurations.

Lastly, for completeness, we also define the total lattice density, ρT, at a given
time as

1

( , )
N

T
i

n i j N Nρ
=

= =∑ D (4.66)

where N is the total number of sites in the lattice and n is the occupation number.
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Using these new density measures, we present this new perspective for the system at high
temperatures. Here, we will include an additional shift: H = 9 for comparison. Working
with only 36 × 36 lattices, at T = 50, the initial configuration for H = 3 is the fully
ordered state: a single dense strip at the left. However, the initial configuration for the
H = 9 case is randomly half filled. After an initial transient of 10K MCS, the typical
configurations are shown in Figure 4-33, where, for convenience, we repeated the same
lattice three times and stacked them according to the SPBC. After this transient, we began
measurements of both ρT and ρb.

5.5

y  = 6.5

y  = 18.5

5.5

y  = 4.5

y  = 13.5

H  =  3

y  = 14

H  =  4

y  = 5

5.5

5.5

12
9

Figure 4-32. Arrangement of 6 × 6 measuring box in the lattice for different shifts for x = 5.5. Note that for
H = 4 the boxes are slightly off-centered.
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First, we present the total density as a function of Monte Carlo times, in Figure
4-34. Here we can see that both simulations hover around the value of ρ = 0.5 with small
fluctuations, as expected at high temperatures. Quantitatively, we find, in both cases, the
average, ρT , to be 0.50, with an average standard deviation of 0.01.

For the local average density, we selected 6 × 6 boxes in the H = 3 case. For the
density profiles, two y values: 6.5 and 18.5, are chosen. These values correspond to the
middle of the two lower steps of the H = 3 lattice. Recall that for H = 3, there are three
steps in the lattice, each step being 12 units in y. Thus for y = 6.5, the 6 × 6 box is
centered in the first step, and for y = 18.5 the box is centered in the section step. By
examining two y positions we can see if the system is obeying a skewed translational
symmetry. For H = 9, a similar consideration of box sizes leads us to use 4 × 4 boxes to
study the average density at selected y values. These boxes are centered along the bottom
two steps. Recall for H = 9, there are nine steps, each step comprised of 4 rows. To center
the boxes, y values of 2.5 and 6.5 have been chosen.

The results are displayed in Figure 4-35. In (a) and (b) we show the profiles for
H = 3, and in (c) and (d), the profiles for H = 9. On these plots, we have also shown the
standard deviation for each sample at each x position, indicated by vertical lines. Thus the
endpoints are interpreted as bρ σ+  and bρ σ− . For each of the shifts the average

density plots at the two y positions look equivalent, confirming a skewed translational
symmetry in the lattice. For the case of larger shift we see a greater curvature in the

(a) H = 3 (b) H = 9

Figure 4-33. Lattice configurations at 10K MCS for H = 3 and 9 at T = 50.
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(a) H = 3 (b) H = 9

Figure 4-34. Total density as a function of time for H = 3 and 9 at T = 50.
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density profile. This property was described previously. We further note that measuring
with a square box provides additional “smoothing” of the density profiles in Figure 4-35
when compared to earlier profiles of the skewed column density for the same shifts.
Regardless of this fact, the profiles in Figure 4-35 show an approximately symmetric
behavior approximately about x = 18.5 (the middle of the lattice). The profile in the dense
phase is a concave up function while its “mirror” image in the rarified phase is concave
down. This symmetry reflects the particle-hole symmetry in the lattice. The
inhomogeneous nature of the density profile is a direct consequence of the OBC. The
bulk density at this temperature is expected to be 0.5. However, the density must satisfy
the imposed densities at the left and right edges of the lattice. Thus, we view the profile
as largely boundary layers extending into the lattice to reach the bulk density at 0.5. In
the thermodynamic limit we expect the profile to “flatten” out. Additionally, we note in
Figure 4-35 that the standard deviation of the density distributions across the lattice
increase as a function of shift. This is probably due to the increasing dynamics occurring
in the lattice for H = 9.
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Next, we focus on only the H = 3 case and vary the temperature from T = 8 to T = 4.
Here, the average density profile still displays the curvature expected in the disordered
phase. Thus, we conclude we are still above the crossover point. In Figure 4-36 we show
lattice configurations for the following temperatures: (a) T = 8, (b) T = 6, and (c) T = 4.
Like the previous section we show three stacked lattices for each configuration picture.
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(a) H = 3, y = 6.5 (b) H = 3, y = 18.5
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(c) H = 9, y = 2.5 (d) H = 9, y = 6.5

Figure 4-35. Average density profiles for H = 3 and 9 at T = 50. Vertical lines indicate the standard
deviation. The diagonal line has been added as a reference.
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In Figure 4-37 we show how the total density, ρT, varies through the simulation
for (a) T = 8, (b) T = 6, and (c) T = 4. As remarked earlier, the calculations at each
temperature are part of one long simulation in which we slowly lowered the temperature
of the system. Not shown are data for T = 7 and 5. The total density hovers around the
value of 0.5. The average of the total density ρT  computed for all cases is 0.5. Like the

high-temperature limit, there are small fluctuations around 0.5. As the temperature is
lowered to T = 4.0, however, the fluctuations start to gain in amplitude. Further, these
fluctuations become more correlated. The effects are small but noticeable. The standard
deviation increases from 0.009 at T = 8 to 0.010 for T = 4.

In Figure 4-38 we show the average density curves for T = 8, 6, and 4 for the two
y positions in the lattice, y = 6.5 and y = 18.5, in the left and right columns, respectively.

(a) T = 8 (b) T = 6 (c) T = 4

Figure 4-36. Lattice configurations at 10K MCS for H = 3 at T = 8, 6, and 4.
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(c) T = 4

Figure 4-37. Total density as a function of time for H = 3 at T = 8, 6, and 4.
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Again, these profiles confirm a skewed translational symmetry in the lattice. In (a) and
(b) we show the profiles for T = 8. Compared to the high-temperature limit (Figure 4-35)
these profiles have “flattened” out considerably to a nearly linear profile. However, the
curvature is still qualitatively the same as in the high-temperature (T = 50) phase.
Examining the other cases: T = 6 in (c) and (d) and T = 4 in (e) and (f), we see that the
profiles are becoming more linear while the standard deviations are increasing. These are
the characteristics we use for assigning a “crossover temperature”: Tcr.

����� 7KURXJK�WKH�&URVVRYHU�5HJLRQ

As we lower T through the “crossover” Tcr, the density profile appears to become
essentially linear and then changes to display the “opposite” curvature (Figure 4-31).
This temperature should be regarded as purely phenomenological, since there is no firm
theoretical basis for associating this point with singular thermodynamic behavior. If we
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(a) T = 8, y = 6.5 (b) T = 8, y = 18.5

X
0 6 12 18 24 30 36

0.00

0.25

0.50

0.75

1.00

X
0 6 12 18 24 30 36

0.00

0.25

0.50

0.75

1.00

(c) T = 6, y = 6.5 (d) T = 6, y = 18.5

X
0 6 12 18 24 30 36

0.00

0.25

0.50

0.75

1.00

X
0 6 12 18 24 30 36

0.00

0.25

0.50

0.75

1.00

(e) T = 4, y = 6.5 (f) T = 4, y = 18.5

Figure 4-38. Average density profiles for H = 3 at T = 8, 6, and 4. Vertical lines indicate the standard
deviation. The diagonal line has been added as a reference.
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approach this point from low temperatures, we could argue, qualitatively, associating it
with some kind of critical behavior. Since the density profiles for low temperatures can
be interpreted as phase-separated states with interfaces, the vanishing of the curvatures
may be thought of as the divergence of the interface width. For the present system
(H = 3), based on 36 × 36 lattices, our results indicate that Tcr occurs between T = 3.0 and
2.0. As a comparison, the critical point for the driven lattice gas with PBC occurs at
Tc ≈ 1.4.

In Figure 4-39 we show typical configurations for T = 3 and 2 at 10K MCS. For
T = 3 the configuration still seems in the disordered phase with a myriad of clusters
present in the lattice. For T = 2 the system seems to have phase-separated. For example,
we see long skewed strips which condense out in the rarified phase (Figure 4-39 (b)).

The differences we see in the configurations between T = 3 and 2 also appear in
the time traces of the average total density, ρT  (Figure 4-40). For the two cases, the

fluctuations of ρT  can be characterized by σ 0.011 and 0.012, respectively. The

difference can be traced, most likely, to large structures entering and leaving the lattice in
the latter case.

The average density profiles are now shown in Figure 4-41. The profiles for T = 3
are shown in (a) and (b), T = 2 in (c) and (d). The profiles continue to show the skewed
translational symmetry in the lattice through the critical point. Clearly in (a) and (b) the

(a) T = 3.0 (b) T = 2.0

Figure 4-39. Lattice configurations at 10K MCS for H = 3 at T = 3.0 and 2.0.
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(a) T = 3.0 (b) T = 2.0

Figure 4-40. Total density as a function of time for H = 3 at T = 3.0 and 2.0.
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profile is nearly linear but still exhibiting the curvature typical of a disordered state. By
contrast, the profiles for T = 2, in (c) and (d), show a slight “opposite” curvature. Thus we
are led to believe the system has passed through the crossover point somewhere in the
interval 2 < Tcr < 3.

Since the critical point for a driven system with PBC is known to occur at T ≈ 1.4,
we examine our system around this point more closely. We focus on three temperatures:
1.7, 1.4, and 1.1. For each temperature a separate Monte Carlo simulation was performed.
As before, each run was simulated for 100K MCS. We collected data for the average
density profiles after an initial transient of 10K MCS. In Figure 4-42 we show the lattice
configurations at the three temperatures: (a) T = 1.7, (b) T = 1.4, and (c) T = 1.1. Not
surprisingly, the dense phase becomes more well-defined as we lower T. Even at T = 1.7,
normally above the critical point for a driven system with PBC, the lattice has a
noticeable dense strip indicating phase-separation has probably occurred.
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Figure 4-41. Average density profiles for H = 3 at T = 3.0 and 2.0. Vertical lines indicate standard
deviation. The diagonal line has been added as a reference.
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We now show the total lattice density as a function of time in Figure 4-43 for the
three temperatures (a) T = 1.7, (b) T = 1.4, and (c) T = 1.1. Clearly the fluctuations
around ρT  continue to increase as we lower the temperature. The standard deviation for

T = 1.7 is 0.013 and rises to 0.044 for T = 1.1. The large deviations can be associated
with the presence of large clusters, forming continually and leaving the system. A sample
of these structures are shown in Figure 4-44 for T = 1.1.

(a) T = 1.7 (b) T = 1.4 (c) T = 1.1

Figure 4-42. Lattice configurations at 10K MCS for H = 3 at T = 1.7, 1.4, and 1.1.
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Figure 4-43. Total density as a function of time for H = 3 at T = 1.7, 1.4, and 1.1.
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Next we show in Figure 4-45 the average density profiles for the temperatures (a)
T = 1.7, (b) T = 1.4, and (c) T = 1.1. All of the profiles have a curvature more typical of
an ordered state. Though the profiles for T = 1.7 are still very close to being linear; the
ones for T = 1.1 in (e) and (f) clearly deviate from linear behavior, developing noticeable
bulk and interface regions. Further, the standard deviation for the average density in the
middle portion of the profile (interface region) increases relative to the ends (bulk
regions) of the profile. This behavior, typical of the profile for a fully ordered state, will
be examined in more detail in the next section.

(a) 15700 MCS (b) 17100 MCS (c) 21100 MCS (d) 47900 MCS

Figure 4-44. Selected lattice configurations for H = 3 at T = 1.1.
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We now present results for H = 3 for the temperatures of T = 1.0 and 0.8. The system is
in the ordered phase and as we lower the temperature, well below the crossover point, a
well-defined density profile emerges. In Figure 4-46 we show typical lattice
configurations at 10K MCS for both temperatures. Again, the lattice configurations are
presented in which three lattices are stacked on top of one another. Here the simulation
results are a continuation of the Monte Carlo run that was presented earlier. Recall that
the last temperature presented in section 4.4.3 was T = 2.0. The Monte Carlo run then
continued to T = 1.0 with the last configuration of T = 2 starting as the initial
configuration. Once 100K MCS was run for T = 1.0, then the temperature was lowered to
T = 0.8.
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(a) T = 1.7, y = 6.5 (b) T = 1.7, y = 18.5
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Figure 4-45. Average density profiles for H = 3 at T = 1.7, 1.4, and 1.1. Vertical lines indicate the standard
deviation. The diagonal line has been added as a reference.



89

In Figure 4-47 we show the total density ρT as a function of time for both
temperatures. For (a) T = 1.0, the fluctuations in ρT are still significant. The average
continues to be 0.5, but the standard deviation is 0.052. Recalling from the last section,
the standard deviation for ρT for T = 1.1 was 0.044. The larger increase is due to the
system more fully phase separating. However, the system is still quite active. In Figure
4-47 (b) we show ρT for T = 0.8. Here the system has fully separated and has settled
down into a nearly stable state. The average, ρT  is 0.5 with a standard deviation of
0.032. We now show the average density profiles in Figure 4-48. In (a) and (b) the curves
are for T = 1.0. Already we can see a more clear profile emerging with defined bulk
regions at each end, and an interface region in the middle of the lattice. The curves are
clearly displaying the concave down property in the region from x = 0 to 18, and the
opposite curvature, concave up, in the region from x = 19 to 37. The profiles for each y
position continue to show the skewed translational symmetry. In (c) and (d) for T = 0.8
the curves are more distinct. Here full phase separation has occurred and the profiles
regain their symmetry about x = 18.5, or nearly so. The bulk regions at each end of the
profile are clearly defined with an interface region separating the two.

(a) T = 1 (b) T = 0.8

Figure 4-46. Lattice configurations at 10K MCS for H = 3 at T = 1 and 0.8.
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(a) T = 1 (b) T = 0.8

Figure 4-47. Total density as a function of time for H = 3 at T = 1 and 0.8.
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Summarizing this section, we remark that the “flattening” of the average density
profile occurred as a function of temperature through the crossover point, Tcr. Well below
Tcr (at T = 0.8) the density profile of an ordered state clearly emerges and is stable for
low-orders of the shift H. We will see in the next sections as we vary H to larger values,
the density profile again “flattens” out, now due to a change in H (or θ).

��� 3KDVH�6HSDUDWHG�6WDWH��6WUXFWXUH�RI�WKH�´(YDSRUDWLQJµ�,QWHUIDFH
In this section, we examine the driven lattice gas in the phase-separated state, well below
the critical temperature. All of our results are based on Monte Carlo simulations at
T = 0.8. As previously stated in section 4.1, we are interested in the behavior of the
“evaporating” interface as we vary the tilt or orientation of the interface with respect to
the driving field. The tilt of the interface is controlled by the shift parameter H, which
ranges over the set 0, 1, 2, 3, 4, 6, and 9. For presentation purposes, we have partitioned
the shift values into several distinct groups. These groups are characterized by the
behavior of the average density profiles we observe in simulations. We discuss each
group within this section. The first subsection, for small shifts H ≤ 3, represent low-order
fluctuations of the interface and bulk regions. This section is characterized by a well-
defined density profile. In the next subsection, for H = 4 and 6, the profile becomes
destabilized and the bulk and interface regions become less well defined. This section is
characterized by large fluctuations in the density profile. In the last subsection, for H = 9,
stability of the interface is re-established. The density profile, comprising of bulk and
interface regions, can again be defined through a coarse-graining process.
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(a) T = 1, y = 6.5 (b) T = 1, y = 18.5
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Figure 4-48. Average density profiles for H = 3 at T = 1 and 0.8. Vertical lines indicate the standard
deviation. The diagonal line has been added as a reference.
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For our analyses for all shifts, we have used several lattice sizes to construct the
average density profiles. Our ultimate aim is to construct representative density profiles
and fit these to our analytic solution for a skewed interface. For our first analyses, to gain
and understanding of the overall general behavior, we have used 36 × 36 lattices. For this
lattice size we examine the bulk and interface density distributions for several points in
the density profile. However, to clearly distinguish the different regions of the density
profile it was necessary to simulate larger lattice sizes. Toward this end, we have
simulated lattice sizes of 72 × 36 and 144 × 36 for all shift values. For H = 9 we have also
used 288 × 36 lattices. For presenting our results, we show the 36 × 36 and 144 × 36
lattice size results. For H = 9 we show the 288 × 36 results as well. In several instances,
to illustrate the varied behavior seen in our simulations, we show what we obtained using
a 72 × 36 lattice size.

As stated above, for H ≤ 3 the density profile is well defined. In this regime,
besides the construction of density profiles, we briefly discuss the behavior of the
interface as a function of how the simulation is initialized. For H = 4 and 6, the interface
and subsequently the density profile are less well defined. In this regime, large
fluctuations occur in the average density profile. Instead of the question of initialization,
we focus on describing the varied behavior from nominal cases. For H = 9, we regain
stability in the interface. The average density profile, after coarse-graining, exhibits the
bulk and interface regions seen for small shifts (H ≤ 3). We then examine how the
initialization of the simulation affects the density profile. In general, in the bulk and
interface regions in the microscopic lattice, we find complex structures. In the interface
region, the complex structures emerge as a series of “icicles” hanging off of the bulk
phases. We compare skewed and longitudinal correlations in the bulk and interface
regions as a first attempt to understand differences in these two regions.

����� 'HQVLW\�0HDVXUHV

In the present section, we use several measures to characterize the local density in the
lattice. The first is the square box approach, detailed in section 4.4.1. For all shifts H we
measure ( , )b x yρ , as defined in (4.65). The resulting average will be shown as density

profiles, denoted by ( )b yρ . Note that this profile is a function of x, which we suppress

for simplicity. The explicit y dependence is left, so that profiles at different y values can
be compared, for checking the skewed translational symmetry. For all shifts except
H = 9, the box size is set at 6 × 6. For H = 9 we use 4 × 4 boxes. (See Appendix B for
further details on the square measuring box size.)

A second method to characterize the profile relies on the skewed column density,
ρ H i( ), discussed earlier in section 4.3.1 and defined in (4.4). We measure ρH  for all
shifts H. For H = 9, we also use the coarse-grained version of the skewed column density,
ρ Hcg i( ), defined in (4.5), as well as the sub-skewed column density, ρ Hs i( ) , defined in

(4.6).
Finally, for all shifts, we measure the time trace of the overall particle density, ρT,

which is defined in (4.66).
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For small shift values, H ≤ 3, the average density profiles are quite stable, characterized
by well-defined bulk, interface, and boundary layer regions. Our goals in this section are
twofold. One is to show in a qualitative sense how the fluctuations in the bulk and
interface regions affect the average density profile. We examine the bulk and interface
distributions for small lattices (36 × 36). In general, we find that as we increase the shift
the fluctuations in both regions grow. In turn, these growing fluctuations alter the density
profile. We compute average density profiles (for both 36 × 36 and 144 × 36 lattices)
from simulation data and fit, in a least squares sense, the analytic solution for a tilted
interface. We can then use the fitted analytic solution to quantitatively gauge how the
interface is changing as a function of shift. The second goal is to examine how the
interface behaves for different initializations of our simulations. Here we show results for
144 × 36 lattices for the H = 3 case. Besides the growing fluctuations in the bulk and
interface regions as a function of shift, we find that the interface location is dependent on
the initialization. In addition, subsequent movement of the interface during the simulation
is quite varied, and to some extent dependent on the lattice size. In general, the
“wandering” of the interface is similar to behavior of the interface in the driven case
when periodic boundary conditions (H = 0) are implemented in the longitudinal and
transverse directions without a particle gradient present (see Appendix C). We briefly
show some of this behavior through examining the average density profiles and total
lattice density.
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Our study began with small lattices: 36 × 36. The primary aim is to understand the
overall behavior of the system for the small shifts. We measure the average density
profiles, based on 6 × 6 measuring boxes, from x = 7.5 to 29.5. This interval is chosen to
exclude the boundary layers. This is an important point since our analytic solution for a
tilted interface is based on the general bulk equation for this system. We also examine
several points in the bulk and interface regions, and measure the local density as a
function of time. From these we construct histograms to represent the bulk and interface
density distributions. These distributions reveal characteristic differences between the
bulk and interface regions. Similar characteristics between the interface and bulk regions
are also seen in Appendix C for the case when periodic boundary conditions are
implemented in the longitudinal and transverse directions without a particle gradient
present.
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In Figure 4-49 we show typical configurations for shifts H = 0, 1, 2, and 3 for the times
of 20K, 40K, 60K, and 80K MCS. All lattice configurations are shown as three stacked
lattices in accordance with the shifted periodic boundary conditions along the y or
longitudinal direction. All plots for each shift are derived from one Monte Carlo
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simulation sampled at various times during the run. Independent runs were made for each
shift where each simulation run consisted of 100K MCS.

It is clear from Figure 4-49 that increasing density fluctuations in the interface
and bulk regions are visible as the shift increases. The average local density in the bulk
region (dense phase), though, decreases as the shift is increased. The opposite behavior

H = 0

H = 1

H = 2

H = 3

20K MCS 40K MCS 60K MCS 80K MCS

Figure 4-49. Lattice configurations for H = 0, 1, 2, 3 at various times in 100K MCS simulation run.
Configurations are pictured as three stacked lattices.
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occurs for the average bulk density in the rarified phase. This will be more evident when
we view the average density profiles in the next sections.

��������� 7KH�7RWDO�/DWWLFH�'HQVLW\

First, we examine the total lattice density, ρT, as a function of time during each
simulation run. In Figure 4-50 we show ρT for each shift H, where (a) H = 0, (b) H = 1,
(c) H = 2, and (d) H = 3. For each H, the plots on the right are magnified versions of
those on the left, so that details of the fluctuations can be seen. In all cases, the system is
initialized in a fully ordered (phase separated) state with ρT of 0.5. This value can be
translated into a location of the interface, referred to as its nominal position. After
allowing 10K MCS for the system to settle down, measurements are taken until 100K
MCS. Thus, we sample ρT 900 times during the course of each run. The average and
standard deviation of ρT over the run are shown on the right. These data are used later to
construct the histograms of ρT (Figure 4-51).

Examining the right-hand column, we see that the average density stays roughly
at 0.5. However, the fluctuations, defined by the standard deviation, grow as the shift H
increases. For H = 0, σρ = 0.0059, while for H = 3, σρ = 0.0203. This increase may be
ascribed to the increasing density fluctuations of both the bulk and interface regions.
Their origins may be traced to the competition between two forces: one due to the
external driving field, which favors the longitudinal direction, and the other due to the
shifted periodic boundary conditions, which favor a diagonal. Note that fluctuations in
the total lattice density can be thought of as particle- (or hole-) clusters forming in the
bulk and leaving the system.
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Figure 4-50. Total lattice density as a function of time for H = 0, 1, 2, and 3. Left column graphs have been
magnified in right column.
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In Figure 4-51 we show histograms representing the density distributions for ρT

for (a) H = 0 and (b) H = 3. The abscissa is the number of particle counts in the lattice at
a given time. The total number of lattice sites is 36 × 36 or 1296. To get the particle
density we normalize the particle counts by 1296. For (a) the bin size is 12. For (b) the
bin size is 36. The increasing bin size for H = 3 is consistent with σρ increasing roughly
by a factor of 3. Each distribution resembles a Gaussian. To be more conclusive, better
statistics are needed.

In Figure 4-52 we show the Fourier transforms of the total lattice density, ρT, for
(a) H = 0 and (b) H = 3. The Fourier transforms are presented as the power spectrum in a
log-log format. The abscissa is logk  where k is the frequency index varying over the
range [1, 450]. The frequency is found by k f⋅ 0  for f n t0 1= ⋅ ∆  where n = 900 and

∆t = 100 MCS. Here n is 900 points corresponding to one data point for every 100 MCS
in our simulations. The ordinate is ρT f( )

2
. Our motivation in presenting the log-log plot

is to see if there is any 1 f noise present in the system. If the system behaves like 1 f α

then this would appear as a linear line with slope -α. There has been at least one previous
study [44] indicating that short-ranged lattice systems may exhibit 1 f  noise
characteristic of self-organized criticality. However, the plots reveal exponents close to 2.
It is apparent that the power spectrum falls off as a power of the frequency. We show two
different values of the calculated slope based on two sample sets. The first sample set
includes all frequency components in the range [1, 450]. We show the line that fits the
data based on a least squares fit. There appears to be a bend in the plot so we have
calculated the slope for frequency components, k, in the range [1, 100]. The resulting
least squares fit over this reduced sample set shows appreciable differences. One thing is
clear: in both sample sets the calculated α for H = 3 is larger than the H = 0 case, at least
for the few simulations we have run. Obviously, additional analysis and simulation is
necessary for more definitive conclusions.
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Figure 4-51. Histograms representing total lattice density distributions for H = 0 and 3.
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The average density profiles, ( )b yρ , are presented for the low-order shifts (H ≤ 3).

These are shown in Figure 4-53. All of the profiles are constructed by using a 6 × 6
measuring box placed along the x direction in the lattice. Since our main concern is the
general behavior of the profile, we have arbitrarily limited our sampling near the lattice
edges. Later when we examine larger lattice sizes, 144 × 36, we examine the boundary
layers. In the present section the profiles start from x = 7.5 and run to x = 29.5 with an
interval of 1. As stated our measuring box size is 6 × 6. This choice of the box size is
based on examining the sensitivity of the density profile to the box size. This is presented
in Appendix B, with the conclusions that 6 × 6 boxes represent a good size to examine
the shifts. To construct the average profile we have sampled approximately 900 lattice
configurations during a Monte Carlo simulation. The details of this sampling appear
earlier in this section.
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Figure 4-52. Log-log plots of the power spectrum, ρ
T
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2
, versus k, the frequency index for H = 0 and 3.

Solid line indicates least squares fit for k ∈ [1, 450].
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In Figure 4-53 we show the profiles for H = 0 and 3 at three y positions in the
lattice. These positions, y = 6.5, 18.5, and 30.5 correspond for H = 3 to the centering
positions in the three steps of the lattice. For convenience we have also chosen these
same y positions for H = 0. By the symmetry displayed in the lattice, we expect that these
y positions should yield equivalent profiles. For the other shift values, for H = 1 we
present the profile at y = 18.5, and for H = 2, y = 27.5. Note that for H = 1 there is one
step in the lattice (similar to H = 0 which has no steps) and for H = 2 there are two steps.
For the H = 2 case, since the y lattice size is 36, each step is 18 in length. The center of
the second step would be at y = 27.5.

As expected the density profiles in Figure 4-53 are well defined at this value of T
and for the low values of H. For H = 0, since the interface region is very narrow and
nearly vertical (see skewed column density profiles, section 4.5.2.2.3), the box size of
6 × 6 tends to widen this region. As the shift increases, the bulk densities while initially
close to 1 and 0 for H = 0, decrease. These properties are again confirmed in sections
4.5.2.2.2 and 4.5.2.2.3 when we examine larger lattice sizes. In section 4.5.2.3 we take
the present density profiles and fit them to the skewed interface solution.

We now examine several points along the density profile to examine the local
density at a given position and then build histograms to represent the density
distributions. We examine the profiles for H = 0 and 3. The other values, H = 1 and 2, are
then effectively captured within the examination of H = 0 and 3. We first examine the
bulk regions followed by the interface region. In Figure 4-54 we show the H = 0 and
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Figure 4-53. Average density profiles for 36 × 36 lattices at various y positions for H = 0, 1, 2, and 3.
Profiles measured using 6 × 6 boxes.
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H = 3 density profiles. We examine the distributions for the points highlighted. For a
useful comparison and baseline, in Appendix C we also present the bulk and interface
distributions for equilibrium and driven systems with periodic boundary conditions.

a. Bulk Distributions
As shown in Figure 4-54 for the H = 0 and 3 profiles, we examine three positions in the
bulk for the dense phase and their corresponding positions in the rarified phase at the y
position of 18.5. This value is kept constant. Since the profiles are antisymmetric near
x = 18.5 we expect these bulk positions in the dense and rarified phases to be mirror
images of one another. The bulk positions examined in the dense phase are at x = 7.5,
10.5, and 13.5. The corresponding positions in the rarified phase are at x = 29.5, 26.5, and
23.5. The bulk distributions for H = 0 are presented in Figure 4-55. The bulk distributions
for H = 3 are in Figure 4-56. The layout of the plots for both figures are as follows: the
box counts as a function of time for each position in the dense phase (7.5, 10.5, 13.5) is
pictured alongside its “mirror” position in the rarified phase (29.5, 26.5, 23.5). Note that
the box counts when normalized by 36 gives the local density as a function of time at that
lattice position. Given the box counts as a function of time through the Monte Carlo
simulation we then construct histograms in which we have chosen a bin size of one. The
histograms are then presented for both “mirror” positions on the same plot.
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Figure 4-54. Selected points to be examined in the bulk and interface regions of the average density profiles
for H = 0 and 3.
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Figure 4-55. Local bulk densities and density distributions for selected positions in the lattice for H = 0. All
box positions centered about y = 18.5. Local density is computed by normalizing the box counts by 36. The

distributions at right are based on the local density plots at left.
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In Figure 4-55 the plots for H = 0 for all three bulk positions (7.5–29.5, 10.5–
26.5, 13.5–23.5) look equivalent. The mirror positions indeed have the opposite density
behavior. According to the average density profile for H = 0, the average density in the
bulk region in the dense phase is near 1, in the rarefied phase near 0. The resulting
distributions, being near the density limits, are effectively cut off. These distributions are
one-sided Gaussians with an exponential fall off. In Figure 4-56 we show the plots for
H = 3. Here the time history of the box counts shows more variability than in the H = 0
case. The resulting histograms are much wider. The average densities are further out from
the density limits; thus, the distributions start to take a more Gaussian appearance. We
also note for the positions x = 7.5 and 29.5, the average density is closer to the density
limits of 1 and 0, respectively. This is seen in the average density profile (Figure 4-54).
The resulting distributions are thus narrower to reflect this.

b. Interface Distributions
We now turn our attention to the interface regions as shown in Figure 4-54. We examine
three positions in the region at x = 17.5, 18.5, and 19.5 (with y = 18.5 as mentioned
earlier). Here we expect that each position should be equivalent with the average of the
distribution moving to reflect the changing average density at each point. We present in
Figure 4-57 the histogram for H = 0. Again, the histograms are constructed from the time
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Figure 4-56. Local bulk densities and density distributions for selected positions in the lattice for H = 3. For
further details, see Figure 4-55
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series of the box counts values with a bin size of one. The distributions are wider than the
previous bulk distributions for H = 0. In fact, it seems that these distributions, far from
the density limits, are now two-sided. Previously the bulk distribution for H = 0 appeared
one-sided. The distributions appear Gaussian about the average density value given by
the density profile value for that position. Note that as the x position varies from 17.5 to
19.5, the average density value decreases in accordance with the density profile behavior.

In Figure 4-58 we show the interface distributions for H = 3. Following the earlier
trend for H = 0, the interface distributions for H = 3 are wider than the bulk distributions.
Again, since the average density is well within the density limits, the distribution is two-
sided, while the bulk distributions do not have the same variability. The distributions
appear to be rather long-tailed. For H = 3 we expect the increasing fluctuations along the
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Figure 4-57. Local interface densities and density distributions for selected positions in the lattice for H = 0.
All box positions centered about y = 18.5. Local density is computed by normalizing the box counts by 36.

The distributions at right are based on the local density plots at left.
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interface to broaden the distribution. In addition, for this particular simulation the
interface toward the latter part of the run appears to wander. This is evident in the time
history of the box counts where a gradual decrease is seen. This wandering of the
interface, seen also in driven systems with periodic boundary conditions (see Appendix
C) contributes to the skewness of the distribution to the lower density values. Given the
variability of the interface distributions, we show in Figure 4-59 the distribution for
position x = 18.5 where we have used a bin size of two. Here we do not see the fine
details in the previous histograms of bin size 1 but we see the overall Gaussian nature of
the interface fluctuations. The wandering of the interface is still evident in the skewness
of the distribution to the small density values.
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Figure 4-58. Local interface densities and density distributions for selected positions in the lattice for H = 3.
For further details, see Figure 4-57.
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We now turn our attention to larger lattices to further study the small shifts, H ≤ 3. For
our analyses we have simulated lattice sizes of 72 × 36 and 144 × 36, though we
primarily present results for 144 × 36. In a few cases we also show results for lattices of
72 × 36. In the previous section we used 36 × 36 lattices to examine the general behavior
in the lattice as we varied the shift. There we limited our study to the bulk and interface
regions to construct representative average density profiles. In the present section we use
larger lattices to clearly see the boundary layers. One of our goals is to differentiate
between the bulk and boundary layer regions so that we can obtain representative average
density profiles to fit to our skewed interface solution. These profiles, in some sense,
should be more accurate than the 36 × 36 profiles. In section 4.5.2.3 we fit profiles for
both small and large lattice sizes and compare the results.

For 144 × 36 lattices we show results for the average density profiles using two
methods. The details of these two methods have been presented earlier (see section 4.5).
Here we briefly re-state some of these details. Our first method measures the average
density profiles using a 6 × 6 measuring box. We also used this method for 36 × 36
lattices. Our second method (in section 4.5.2.2.3) uses a skewed density measure to
compute the profiles. Here we feel the skewed density measure gives us a more accurate
representation to compare to our analytic solution. We examine the fit in section 4.5.2.3.

In this section we also examine other interesting properties of the system for the
small shifts. We focus on the H = 3 case which is the most interesting and contains the
most varied behavior. We first examine how the interface moves in the lattice over the
simulation. Here our aim is to gain a qualitative sense of the interface movement. Since
our primary goal is to get a density profile, such profiles are dependent on the interface
movement. We try to compensate for the interface “wandering” by selecting a sub-
sample of points to see what effect this has on our density profile. Since we are also
interested in the boundary layers at each end of the density profile, we show several plots
which depict these regions. The average density profiles are also dependent on the
initialization of our simulation. For all of our results up to now we have initialized our
simulation such that ρT = 0.5 with a single dense strip. Thus, our interface has been
initially defined in the center of our lattice. We now vary the initialization to see how the
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Figure 4-59. Local interface distribution for x = 18.5 for H = 3 based on same simulation run as Figure
4-58. Bin size is increased from 1 to 2.
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interface moves and the subsequent modification in the average density profile. We
examine initializations of ρT = 0.25 and ρT = 0.75. Here we also briefly show results for
72 × 36 lattices since the behavior is quite varied. Our results seem to initially indicate
that the interface, for 72 × 36 lattices, seems to initially repel the lattice edge and drift
toward the center of the lattice. Further analysis for 144 × 36 lattices shows similar
behavior but not as strong, leaving us unable to draw any definitive conclusions.
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We now show typical configurations for the 144 × 36 lattices. These are presented in
Figure 4-60, Figure 4-61, Figure 4-62, and Figure 4-63. The configurations shown are at
times 20K, 40K, 60K, and 80K during a 100K MCS simulation run. Independent runs
were made for each shift. These configurations are the larger-scale versions of the
36 × 36 lattices shown earlier in Figure 4-49. As before, configurations are pictured as
three stacked lattices to aid in clearly seeing the behavior in the lattice. The larger lattice
configurations show more clearly than their 36 × 36 counterparts the increasing
fluctuations in the bulk and interface regions as the shift increases.

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-60. Lattice configurations for H = 0 at various times in 100K MCS simulation run. Configurations
are pictured as three stacked lattices.
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(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-61. Lattice configurations for H = 1 at various times in 100K MCS simulation run.

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-62. Lattice configurations for H = 2 at various times in 100K MCS simulation run.
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The average density profiles, ( )b yρ , for 144 × 36 lattices based on using 6 × 6

measuring boxes are shown in Figure 4-64. Here we have computed the profiles extended
to the lattice edges. Since we are using a 6 × 6 box the profile extends from x = 3.5 to
x = 141.5 at an interval of 2.0. The standard deviation is indicated by bars around each
data point in Figure 4-64. The profiles are measured at the same y values in the lattice as
the profiles presented for the 36 × 36 lattices in Figure 4-53. Again, the profiles at
equivalent y positions in the lattice, due to symmetry, are equivalent based on our
simulation data. As mentioned earlier for the 36 × 36 lattices, the average densities for
144 × 36 lattices are computed over 900 configurations. Each lattice configuration is
chosen every 100 MCS after allowing for an initial 10K MCS transient. Simulation runs,
as before, are 100K MCS.

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-63. Lattice configurations for H = 3 at various times in 100K MCS simulation run.



108

With the larger profiles we can see the bulk, interface, and boundary layer regions
more clearly than with small lattices. Here we recognize the bulk regions as the plateaus
in the profile, one in the dense phase and one in the rarified phase. These bulk regions are
separated by the interface region. The boundary layers extend from the imposed densities
at the lattice edges to the generally flat plateaus in the bulk regions. Here we are
confronted with defining the extent of the bulk regions to properly distinguish them from
the boundary layers. We remark that earlier, for 36 × 36 lattices, we assumed the
boundary layer regions were small for all shifts. Our assumptions being that for small
lattices we see largely the bulk and interface regions with small boundary layers.
However, given that we define the bulk region as generally flat, our data for 144 × 36
lattices indicates that the boundary layers may extend further into the lattice (especially
for low values of H) at the expense of the bulk regions. Thus, for 36 × 36 lattices, perhaps
we have small bulk and interface regions with larger boundary layers. This may be true
especially for the small shifts. We further discuss these details later in this section and in
section 4.5.2.3. Given these crude definitions for the different regions, we surmise that
the density profiles for 144 × 36 lattices imply that the bulk and interface regions grow as
H increases. The boundary layers, on the other hand, seem to get smaller as H increases.

Several general trends are clear, first observed in the previous section. First, the
average densities in the bulk regions are modified as we increase the shift. For H = 3, the
density in the dense phase has noticeably dropped from the density imposed at the lattice
edge. The opposite behavior occurs in the rarified phase. The profile, as before, appears
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Figure 4-64. Average density profiles for 144 × 36 lattices at various y positions for H = 0, 1, 2, and 3.
Profiles measured using 6 × 6 boxes. Standard deviation is indicated by the bars.
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antisymmetrical about the halfway point in the lattice (x = 72.5). Here we remark that for
all of our simulation runs we start with the interface in the nominal position. Later in this
section we consider other initializations. Another behavior we see in the profiles is that
the standard deviation grows with the shift value about the average density in the bulk,
interface, and boundary layer regions. We saw this explicitly in the bulk and interface
density distributions of the previous section. Further, the variability in the interface
region is greater than the bulk regions for any given value of H.

We also show in Figure 4-65 the total lattice density as a function of time for
H = 3. We include this here to show how the density is changing in the lattice over the
simulation. The behavior is very similar to the earlier plots of ρT for the 36 × 36 lattices
in Figure 4-50. Details of ρT and its connection to interface motion are discussed below.

a. Interface Wandering
We now focus on the H = 3 profiles. We remarked earlier that these profiles are
antisymmetric approximately about the position x = 72.5. The interface in these
simulations was initially placed in the nominal position. A careful inspection of the
average density profiles for H = 3 in Figure 4-64 reveals that the interface has drifted or
wandered to the left from the initial position of x = 72.5. In Figure 4-65 we show the total
lattice density as a function of the time for H = 3. This particular simulation run produced
the H = 3 average density profiles in Figure 4-64. We see in Figure 4-65 that the total
lattice density, ρT, eventually drifts away from the initial value of 0.5 during the
simulation, decreasing perhaps to 0.475. This decrease would indicate the interface is
moving to the left. We refer to this phenomenon as interface wandering. We have also
seen interface wandering earlier in 36 × 36 lattices. In Figure 4-50 the total lattice density
for H = 3 indicates that toward the end of the simulation run, the interface drifts to the
left. We conjecture that the larger lattice size of 144 × 36 may make it easier for the
interface to wander; though it is unclear exactly what mechanisms are responsible for
this. We also remark that in Appendix C for driven systems with periodic boundary
conditions the interface was also observed to drift. In that situation, because the total
density is conserved, the interface and bulk regions drift together. In the present case with
open boundary conditions, the decreasing total lattice density signals that the interface
has drifted.
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Figure 4-65. Total lattice density as a function of time for H = 3. Left graph has been magnified in right.
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In Figure 4-65 we also include the average and standard deviation of ρT computed
over the interval 10K to 100K, allowing for an initial 10K transient. The average of ρT is
somewhat below 0.5 as expected based on the discussions above. The standard deviation
is 0.0092. If we assume that the particle gradient for a given shift scales approximately
like 1 Lx , we would expect the standard deviation for a 144 × 36 lattice to be on the order
of ¼ of 0.0203. Here it is 0.0092, however we have not accounted for interface drift.

To further discuss the varied behavior of the interface for H = 3, we include
Figure 4-66 which shows the total lattice density as a function of time for an intermediate
size lattice of 72 × 36. We also include the average density profile resulting from the
simulation rum to compare to earlier profiles. Here, ρT hovers about 0.5 until later in the
simulation where it decreases somewhat below 0.5. This behavior is similar to that
presented for 36 × 36 lattices in Figure 4-50 (d). The average is slightly below 0.5
indicating some interface drift (to the left in the lattice). The standard deviation is 0.0125
which is approximately ½ of the standard deviation found in the 36 × 36 case (0.0203).
The factor of ½ arises from the lattice size doubling (from Lx = 36 to Lx = 72). If we
assume that the particle density gradient “localizes” the interface, so that its wanderings
are limited to O(1), then, a suppression of the standard deviations according to 1 Lx  can
be understood.

Given that the interface wanders for the larger lattice case (144 × 36) for H = 3 in
Figure 4-65, we now simulate the same case extending the length of the run from 100K to
200K MCS. Since the interface has wandered relatively early in the simulation, by
lengthening the simulation to 200K MCS, we can see whether it has settled down. If so,
we can resample over an interval in which the interface wanderings are not too large.
Then, a more reliable estimate of the average density profile can be obtained. In Figure
4-67 (a) we now show the total lattice density as presented earlier in Figure 4-65
extended now to 200K MCS. In (b) we show plot (a) magnified, indicating the interval
over which we re-sampled the lattice configurations. Our interval of sampling is now
over 50K to 150K MCS. Thus instead of 900 configurations, we sample over 1000 lattice
configurations. The interface is then relatively stationary during this interval. The
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Figure 4-66. Total lattice density as a function of time and resulting average density profile for H = 3 for a
72 × 36 lattice.
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computed standard deviation of ρT over this interval is 0.0061. Recall that previously for
our original sample interval of 10K to 100K MCS we computed 0.0092. Here we have
now accounted for interface drift. Now, 0.0061 is closer to ¼ of 0.0203, our result for a
36 × 36 lattice. (Recall particle gradient scales like O 1 Lx1 6.) In Figure 4-67 (c) we show

the revised average density profile for the y = 18.5 position in the lattice. Changing the
sampling interval has shifted the profile somewhat to the left. We will use this revised
profile later in section 4.5.2.3 when we fit our profiles to our analytic interface solution.

Since we have obtained a revised density plot in which the interface is relatively
stationary, we now examine the profile near the boundary edges. Here we include the
revised profiles for the other equivalent y positions in the lattice for H = 3, y = 6.5 and
30.5. In Figure 4-68 we show the average density profiles for the boundary layer region
in the dense phase. In Figure 4-69 we show the profiles for the boundary layer region in
the rarified phase. As expected, the profiles for these y positions for both dense and
rarified phases, which should be equivalent by symmetry, are indeed very similar based
on the simulation data. Both Figure 4-68 and Figure 4-69 also show the antisymmetrical
aspect of the density profiles. For the top row of plots in each figure, we have selected the
range of the x-axis to show the boundary layer leading into the relatively flat region of the
bulk phase. For the bottom row of plots, the range of the x-axis shows the boundary and
bulk regions, up until the profile transitions through the interface region.
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Figure 4-67. Re-sampling the total lattice density and revised average density profile for H = 3 for y = 18.5;
(a) total lattice density; (b) total lattice density showing re-sampling interval; (c) revised density profile.
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Based on our qualitative definitions of the bulk, interface, and boundary layer
regions, we do not exactly know the actual extent of the boundary layer regions. We
assume for the present analysis, that for the dense phase the layer extends from x = 0 to
the x position where the relatively flat portion defines the start of the bulk region. We’ve
estimated this as x = 21.5. For the rarified phase, the boundary layer region would extend
from approximately x = 123.5 to x = 145. Given that we have isolated the boundary
layers appropriately, we observe the smooth character of these profiles throughout the
boundary layer region. As stated earlier, we observe that the boundary layers become
smaller as the shift increases, while the bulk regions become larger. This is based on our
simulation data for a fixed lattice size for H = 3 as shown in Figure 4-68 and Figure 4-69
and other values of H. However, given the present density profiles for the boundary
layers for H = 3, both Figure 4-68 and Figure 4-69 look similar to the density profiles for
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Figure 4-68. Average density profiles of boundary layer region in the dense phase for H = 3 for various y
values in the lattice. Abscissas on bottom plots extend over a greater range.
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values in the lattice. Abscissas on bottom plots extend over a greater range.
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H = 3 in the high-temperature limit. We have also observed the similarity between the
density profiles of the boundary layer regions and the high-temperature profiles for the
other values of H. For example, for H = 0, the high-temperature limit profile is linear. For
H = 0, the boundary layers for T = 0.8 also have a linear profile. These similarities may
hold because of the following. Outside the bulk rarified phase, the densities of particles in
the boundary layer are so low that energetics play no role in the jump rates.
Consequently, the properties should be similar to the driven, free diffusion case (the high-
temperature limit). Of course, the details are not similar, since the boundary layer for the
T = 0.8 must be joined to the average bulk density consistent with the “spontaneous
magnetization” (for the various H cases). Further quantitative details of these layers lies
outside the scope of the present work.

We close this section by noting that the density profiles in the boundary regions,
for H = 3 based on 6 × 6 measuring boxes, smoothly extrapolates to the imposed densities
at the lattice edges. Later, in section 4.5.4 where we examine H = 9, we briefly revisit the
boundary layers, again measuring the sub-skewed density. As we found also in the high-
temperature limit, the density profiles near the lattice edge are affected by lattice edge
biases created by the random updating algorithm in our Monte Carlo simulation. These
effects would hold for H = 3 as well. However, in the present case using 6 × 6 boxes, we
have effectively averaged out any systematic edge effects.

b. Initialization: Defining the Interface Position
All of our results presented thus far are based on simulations in which we have initially
placed the interface in the nominal position. The nominal position corresponds to an
initial ρT of 0.5. In this section we vary the initial ρT to values of 0.25 and 0.75 for the
case of H = 3 to see how the interface behaves under these general conditions. These
particular values of ρT correspond in our simulations to initial dense strips with the
dimensions of L Lx y4,2 7 and 3 4L Lx y,2 7 , where Ly = 36 and Lx = 72 or 144. Because of

the varied behavior, we show results for both 144 × 36 and 72 × 36 lattices. For 72 × 36
lattices, our simulations run for 100K MCS; for 144 × 36 lattices they run for 200K MCS.
Our averages, then, for 72 × 36 lattices are based on sampling 900 lattice configurations
(at every 100 MCS) over the 100K MCS run. For 144 × 36 lattices, the averages are
based on 1900 lattice configurations over the 200K MCS run.

Our results are based on examining selected simulation runs. These results
indicate there is varied motion of the interface for 144 × 36 lattices. The motion seems to
indicate that the interface is repelled, at least initially, from the lattice edges for the
initializations in which ρT = 0.25 and ρT = 0.75. This type of motion is also observed for
selected cases for smaller lattices, 72 × 36, where our results show a stronger evidence of
this systematic motion. For larger lattices (i.e., 144 × 36) the early motion of the interface
is later complicated by random wandering in the lattice. Here the interface wanders,
seemingly randomly, perhaps at some times settling into a metastable state.

We begin by showing results for the initialization in which ρT = 0.25. In Figure
4-70 we show the total lattice density, ρT, as a function of time for H = 3. We note that
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the initial value of ρT starts at 0.25. Almost immediately, ρT increases to a value around
0.30. This increase in ρT corresponds to the interface moving to the right in the lattice.
We refer to this motion as being repelled from the left lattice edge. A mechanism for this
motion might be the strong local particle gradient in the boundary layer. We discuss
further details below for the 72 × 36 case. Returning to Figure 4-70, we observe that the
system, once it is repelled, remains approximately at the new value of ρT.

In Figure 4-71 we show the average density profiles for this simulation run at the
three equivalent y positions in the lattice; y = 6.5, 18.5, and 30.5. For the middle position,
we include the standard deviation on the average density profile. For the other y
positions, we include a vertical line on the density profile to mark the initial position of
the interface. It is clear that the interface has moved slightly to the right, based on the
increased lattice density. The standard deviation indicates that, as previously found, the
interface fluctuations are greater than the bulk and boundary layer fluctuations. The
fluctuations, though, for each region look equivalent to the earlier density profiles for the
nominal position of the interface (see Figure 4-64). We now show results using a 72 × 36
lattice. In Figure 4-72 we show the total lattice density as a function of time and the
resulting average density profile for a representative simulation run. For this case there is
a rapid gain in the lattice density. Consequently, the density profile has substantially
moved to the right in the lattice from its initial starting location. As noted above, the local
particle gradient may be responsible for the general repelling of the interface. Given the
resulting density or particle gradient in the lattice, in general we see a greater effect on
the interface in the lattice of smaller Lx. For the smaller lattice, 72 × 36, the interface is
twice as close to the edge as the 144 × 36 case; thus it may experience a stronger local
density gradient than for the larger lattice size. Returning to Figure 4-72, it is unclear
from the lattice density how far the interface was initially repelled, and when random
wandering occurs.
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Figure 4-70. Total lattice density as a function of time for H = 3 for ρT initialized at 0.25. Left graph has
been magnified in right.
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We now turn our attention to the case in which ρT is initialized to 0.75. Here we
look for evidence to suggest that the interface is repelled from the right lattice edge. In
Figure 4-73 we show the total lattice density for a 144 × 36 lattice as a function of time
for a typical simulation run. Here ρT starts with the value 0.75. Initially, ρT drops to about
0.70. This rapid behavior is consistent with what was observed earlier for the case in
which ρT was initialized to 0.25. Here the density decreases, which implies the interface
moves to the left, in effect being repelled from the lattice edge. However, ρT, for this
simulation run, does not remain stable about this lower density. In fact, up until
approximately 65K MCS, ρT seems to be stable. After 65K MCS, ρT increases somewhat
randomly. Toward the end of the simulation, ρT seems to decrease. Perhaps it will settle
back down to around 0.70, the same value during the first 65K of the simulation run.
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Figure 4-71. Average density profiles at various y positions for H = 3 for ρT initialized at 0.25.
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We now show the average density profiles for this particular simulation run. In
Figure 4-74 we show the profiles at the three equivalent y positions in the lattice. We
show the standard deviation for the middle y position, as we did in Figure 4-71. For the
two other y positions, we display a vertical line to indicate the initial location of the
interface. As expected, the large variability in ρT during the simulation, with ρT greater
than 0.75 during the majority of the run, contributes to the average density profile moving
to the right of the original location. This variability also accounts for the increased
interface and bulk fluctuations seen in the density profiles. We conjecture, according to
the behavior of ρT, that the interface may have been initially repelled by the lattice edge.
Subsequent random wandering of the interface has masked this effect in the average
density profiles. We remark that we have presented one typical case. We believe that
further study with many more cases is needed to adequately study whether the interface is
indeed initially repelled.

Lastly, we show results for a lattice size of 72 × 36. In Figure 4-75 we show the
behavior of the total lattice density and resulting average density profile for H = 3. Here
as in the previous case (for a 72 × 36 lattice) in which ρT was set to 0.25, ρT is seen to
change in a systematic fashion. In this case, ρT decreases to around 0.55. The average
density profile shows that the average position of the interface has moved substantially to
the left, fitting the description of the interface being repelled from the lattice edge.
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Figure 4-73. Total lattice density as a function of time for H = 3 for ρT initialized at 0.75. Left graph has
been magnified in right.
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Figure 4-74. Average density profiles at various y positions for H = 3 for ρT initialized at 0.75.
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We now employ a second method to compute the average density profiles for 144 × 36
lattices. This method, discussed earlier, is based on measuring the skewed column
density. Recall that we used the skewed column density in the high-temperature limit in
obtaining the average density profiles (see section 4.3). Here we use this method again to
provide a secondary measure to compare to the first method. The results of method 1,
which uses a square measuring box, have been presented in the two previous sections.

We expect the skewed column density, defined in (4.4) to be a more accurate
measure of the average density profiles than a square measuring box approach. For
convenience we can think of the skewed density as using a tilted 1 × 36 measuring box.
Here the box has width 1 in the x direction and length 36 in the y direction. Thus, this
measure will implicitly average over all y positions in the lattice. Since the box has a
width of 1, there is no averaging along the x axis. For our 6 × 6 measuring box in method
1, we effectively averaged equally over x and y directions with a length of 6. Thus, in this
section for the small shifts (H ≤ 3), we do not have to worry about the finite box size
averaging out any real details of the density profiles. Later, when we consider higher
shifts (H ≥ 6) we explicitly add an averaging or coarse-graining along the x direction. For
these high shift values, coarse-graining allows some of the fluctuations to be averaged or
“smoothed” out.

For the small shifts, we present the averaged skewed density profiles in Figure
4-76. We have indicated the standard deviation for the profiles by vertical bars. The
skewed column density is computed for each x position in the lattice. The profiles in
Figure 4-76 are based on the simulation data for 144 × 36 lattices as previously presented
(Figure 4-64 and Figure 4-65). For H = 3, we use the revised sampling interval (Figure
4-67). The new profiles produce subtle changes in the bulk and interface regions than
from the square measuring box approach. The interface region appears somewhat
narrower for all shifts while we now see more fluctuations in the bulk regions (see Figure
4-64). The fluctuations in the bulk regions now look somewhat larger than presented
previously; however, the fluctuations in the interface regions are clearly larger.
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Figure 4-75. Total lattice density as a function of time and resulting average density profile for H = 3 for a
72 × 36 lattice. The total lattice density, ρT, initialized at 0.75.
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Obviously, this follows since the average is now from a larger sample of y positions in
the lattice (i.e., 36) than before (i.e., 6).

We now examine in more detail the profile for H = 0. As discussed earlier we
identify the bulk regions, in a qualitative fashion, as the generally flat plateaus in the
density profiles. For H = 0 there doesn’t seem to be a clear plateau as in the higher shift
values. Thus, there is some ambiguity in differentiating the boundary layers from the bulk
regions. In our early analyses for 36 × 36 lattices we assumed that the boundary layers
were small for H = 0. However, the density profiles in Figure 4-76 suggest that the
boundary layers even for larger lattices (i.e., 144 × 36) extend much farther into the
lattice. In this scenario we envision the bulk regions to be rather small for H = 0. If this is
the case, then the boundary layers for H = 0 behave in a linear fashion. In section
4.5.2.2.2, we noted the similarity between the behavior of the boundary layers and the
general behavior of the density profiles in the high-temperature limit. If this is the case,
then the boundary layers for H = 0 behave in a linear fashion. Perhaps the boundary
layers are described by a free diffusion process with a driving term for the external
driving field. Here the boundary conditions would be the imposed density at the lattice
edge and the average bulk density for a given shift.

To shed additional light on this subject we now turn to an E = 0 system. Here we
turn off the external driving field. We now simulate a pseudo-equilibrium system, with a
particle gradient, for the same average bulk density as in the driven case for H = 0. (In the
thermodynamic limit, the drive due to the particle gradient will go to zero, and our
system will then be in an equilibrium state.) Our goal is then to see if the average density
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Figure 4-76. Average density profiles based on skewed density for H = 0, 1, 2, and 3. Standard deviation is
indicated by the vertical bars.
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profile in the E = 0 case follows the same behavior as seen earlier in the driven case. Are
the boundary layers still behaving in a linear fashion? Given the original density profile
for H = 0 in the driven case, we approximately calculate the average bulk density to be
0.98. Then, using the Onsager equation for the equilibrium bulk magnetization,

M T
J K TB

0 4

1

8

1
1

2
( )

sinh
= −

�
!
 

"
$
#

%
&K
'K

(
)K
*K1 6

(4.67)

we solve for T to determine the appropriate temperature to simulate. In our calculations
we compute the local bulk magnetization from the density using M = −2 1ρ . The
resulting temperature, T, is 0.78 (in units of the Onsager temperature). Not surprisingly,
this is approximately the temperature we have been simulating already (T = 0.8). In our
analyses for the high-temperature limit (section 4.3), the disordered density profiles were
equivalent for the driven and E = 0 cases for H = 0. We surmise that there might be a
strong similarity between these profiles in the inhomogeneous state.

In Figure 4-77 we now show the E = 0 average skewed density profile for H = 0
at T = 0.8. It looks very similar to the earlier profile for H = 0 for the driven case (Figure
4-76). Although there are important differences for the interface regions between the
E = 0 case and the driven case [19], the boundary layer and bulk regions appear similar.
Apparently, without the presence of the driving field, the particle gradient is largely
responsible for the linear behavior seen in the density profile. Since we originally set the
bulk density to 0.98, we calculate from the average density profile that this occurs
approximately from x = 65 to 69. Thus, it seems that the bulk regions are very small. We
assume that this type of behavior is also occurring in the driven case for H = 0.

We now show the density profiles for H = 0, 1, 2, 3 on the same graph to briefly
show the different trends in the bulk, boundary layer, and interface regions. This is
presented in Figure 4-78. As we found in Figure 4-64 (for 6 × 6 boxes), the average bulk
densities change in a systematic way as we vary the shift. In the dense phase, the bulk
densities decrease for increasing values of H. In the rarified phase, the opposite behavior
is true. The width of the interface region increases with the shift value. This may be
harder to see since there is some variation, from one simulation run to another, in the
exact placement of the interface. The increasing interface width will become clear in the
next section, when we fit these profiles to our analytic solution. The general trend is that
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Figure 4-77. E = 0 average skewed density profile for H = 0.
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the profile “flattens” out as the shift increases. We will see clear confirmation of this in
the next sections when we examine higher shift values. More subtle changes are the
increasing bulk regions and the decreasing boundary layer regions as the shift increases.
Certainly, the generally flat plateaus of the profiles (identified as the bulk regions)
increase with H. The boundary layer regions then become smaller, with the curvature of
the profile increasing in these regions.

������� &RPSDULVRQ�RI�$YHUDJH�'HQVLW\�3URILOHV�WR�6NHZHG�,QWHUIDFH�6ROXWLRQ

We now compare our average density profiles for each value of H with our skewed
interface solution. Recall in Chapter 2 we presented the skewed interface solution
resulting from the mesoscopic bulk equation for this system for well below the critical
point (2.23). Here we simply restate the solution for a single tilted interface,

φ
ξ

( ) tanhu M
u u= − −�

��
�
��

0 (2.23)

where M, ξ, and u0 are parameters to be determined. Here M is the bulk magnetization, ξ
is proportional to the interface width, and u0 is the position of the interface in the lattice.
For purposes of fitting this solution to our average density profiles, we work in terms of
ρ. Thus we fit the following function to our profiles

ρ
ξ

( ) tanh
( )

x M
x x= − −�

��
�
��

1

2
1 0 (4.68)

where we have used the expression M = −2 1ρ  and substituted x for u.
The parameters for ρ( )x , namely M, ξ, and u0, are determined by a least squares

analysis of (4.68) with our simulation data. We specifically determine the value of the
parameters which minimize the sum of the errors squared between (4.68) and our average
density profiles. Since (4.68) is nonlinear, we are minimizing the sum of squares of
nonlinear functions to determine a three parameter fit. We employ a modified form of the
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Figure 4-78. Average skewed density profiles for H = 0, 1, 2, 3 showing trends in the bulk and interface
regions.
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Levenberg-Marquardt algorithm to accomplish this [43]. This algorithm was also used in
our least squares analysis in the high-temperature limit for the driven case (section 4.3.3).

We now fit (4.68) to the average density profiles for 36 × 36 lattices for H = 0 and
3. These profiles were presented earlier in Figure 4-53. Since there are profiles at three y
positions in the lattice (y = 6.5, 18.5, and 30.5) for H = 0 and 3, we fit each of these
profiles individually. Then, for better statistics, we average the density values at each x
position over the three y positions. This resultant average profile is then fitted. We
present our results in Table 4-6 where we designate P1 for y = 6.5, P2 for y = 18.5, and
P3 for y = 30.5. The average of the density values for P1, P2, and P3 is designated as
AVG. In the table we also include the value of the average residual. To determine the
parameters we performed least squares minimization using N = 23 points spaced at
intervals of 1 from x = 7.5 to x = 29.5. We assumed the standard deviation for each data
point, σi, to be 1. Implicitly then, we have assumed the solution (4.68) to be the correct
description of the data.

Our parameter fits for H = 0 and 3 give us a quantitative measure of what we see
in the plots. The bulk magnetization, M, decreases as the shift H increases. The interface
width, represented by ξ, increases as the shift increases. The position of the interface
given by x0 varies somewhat from one run to the next. This is expected since the motion
of the interface is dependent on the simulation run. However, the interface remains near
the middle of the lattice. The average residuals, included in the table, give some measure
of how well the fitted solutions match the data. Our average residuals for H = 3 indicate a
better fit than was achieved for H = 0. This may be because we are including too much of
the density profiles in our parameter fits, at least for H = 0. We conjecture, as described
in the previous section, the boundary layers for H = 0 may extend further into the lattice
than our cut-off points of x = 7.5 and 29.5.

Our parameter fits for 36 × 36 lattices give a first-level determination of how the
bulk magnetization and interface width are varying for the small shifts. To provide a
better determination of these parameters as a function of shift, we fit the average density

Table 4-6. Least squares fitting of skewed interface parameters for 36 × 36 lattices for density
profiles; P1 (y = 6.5), P2 (y = 18.5), P3 (y = 30.5), AVG (average of P1, P2, P3 density data).

χ 2 N  is the average residual.

M ξ x0 χ 2 102N *

P1 .9971 2.405 18.47 1.85

P2 .9976 2.401 18.46 1.84

P3 .9972 2.411 18.45 1.84
H = 0

AVG .9973 2.408 18.46 1.84

P1 .9122 2.944 18.68 .638

P2 .9127 2.990 18.72 .653

P3 .9152 3.007 18.71 .605
H = 3

AVG .9133 2.980 18.70 .621
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profiles for 144 × 36 lattices. We first determine parameter fits for the density profiles
based on 6 × 6 measuring boxes.

In Table 4-7 we show our results for the parameter fits for the profiles based on
6 × 6 measuring boxes. The profiles were presented in Figure 4-64 and Figure 4-67. We
take the profiles centered at y = 18.5 for H = 0, 1, and 3. For H = 3, we use the revised
density profile in Figure 4-67. For H = 2 we use the profile centered at y = 27.5. Each of
these profiles is normally comprised of 70 density points over the range x = 3.5 to 141.5
in intervals of two. For our parameter fits, since we are fitting to a bulk solution, we
subtract off the boundary layers. Earlier in our analysis for 36 × 36 lattices, we assumed
boundary layers in the dense phase to be less than x = 7.5, and in the rarified phase to be
greater than x = 29.5. For our larger lattices, we scale up these boundaries accordingly,
since we expect the boundary layers to be greater in size. We now take the boundaries
separating the bulk and boundary layer regions to be at x = 30 in the dense phase and
x = 115 in the rarified phase. Here, our strategy is simply a factor of 4 increase since the
lattice size is 4 times greater than the 36 × 36 lattice. Thus our parameter fits are
minimized over N = 42 points, where x ranges from 30.5 to 113.5. For the minimization,
we assumed σi = 1 for each data point. Again, the estimated parameters in Table 4-7
indicate the same trends as in the previous table. The bulk magnetization decreases with
increasing shift and the interface width increases. However, in the present case, the
estimates for both M and ξ are smaller than in our analysis for 36 × 36 lattices. We
believe, in general, they are more accurate. This is due to the larger lattice size in which
we have larger bulk regions to distinguish from the boundary layers. Thus, larger bulk
regions ensure a better estimate of M and subsequently for ξ. In Table 4-7 we also
include the values of the average residuals for each fit. These values indicate, in general,
better fits than their counterparts in Table 4-6. The average residual also seems to
decrease as the shift H increases. We speculate that perhaps this is due to the cut-off of
the boundary layers at x = 30 and 115. As noted previously, the boundary layers may
extend further into the lattice and their lengths may vary with shift.

We expect that our best parameter fits will be achieved with the average density
profiles based on the skewed column density. These profiles, for 144 × 36 lattices, are
normally comprised of 144 points over the range x =1 to 144 at each integer value. Again,
we now determine the extent of the boundary layer regions. Based on our conclusion
about boundary layers (section 4.5.2.2.2) we implement the strategy that the extent of the
boundary layers varies with shift. In Figure 4-79 we show the density profiles for each

Table 4-7. Least squares fitting of skewed interface parameters for 144 × 36 lattices for density
profiles based on 6 × 6 measuring boxes.

H M ξ x0 χ 2 10
2

N *

0 .9779 2.345 72.47 1.19

1 .9331 2.513 70.40 .814

2 .8892 2.605 74.96 .555

3 .8436 2.843 69.12 .420
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shift and the boundaries we have selected to distinguish the bulk and boundary layer
regions. The profiles within the boundary lines, shown on the plots, are then fitted to the
interface solution. The boundary lines are: x = 60, 85 for H = 0; x = 50, 95 for H = 1,
x = 40, 105 for H = 2, and x = 30, 115 for H = 3. The parameter fits are then minimized
over sets of N = 24 points, N = 44 points, N = 64 points, and N = 84 points for H = 0, 1, 2,
3, respectively. As before, the minimization is done with σi = 1 for all points.

We present the results of the parameter fits in Table 4-8. Compared with the
previous results in Table 4-7, several observations are made. The new estimates for ξ are
much lower than before. This is because the computation of the skewed column density
does not involve an average over x. The previous profiles were based on 6 × 6 measuring
boxes which implicitly average over an interval of x. Since the interface regions,
especially for H = 0, are very narrow they tend to be “expanded” based on using a finite
size box. (For a brief discussion of our selection of 6 × 6 boxes, see Appendix B.) The
results, therefore, based on the skewed column density should give a more accurate
quantitative representation of the interface and bulk regions. We further note in Table 4-8
that the estimated values of M have decreased slightly than our previous estimates in
Table 4-7. The greater decrease occurs for the lower shifts, H = 0 and 1. Here we feel that
our determination of the boundary layers extending further into the lattice is more
accurate. We also note that our average residuals for the present estimation are lower than
in Table 4-7, indicating a more accurate fit.
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Figure 4-79. Average density profiles showing extent of profile used for fitting to interface solution for
H = 0, 1, 2, and 3.
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We now examine shifts of 4 and 6 where the interface becomes unstable. The clear well-
defined regions of the density profiles that we found for H ≤ 3 no longer hold. For H = 4
we find large fluctuations in the bulk and interface regions in the density profiles, while
for H = 6 the bulk regions collapse and the profile has a generally “flattened” profile.
Here we describe the interface as dynamically unstable, in contrast to the “flattening” of
the profile when a critical point is reached.

We first examine 36 × 36 lattices for H = 4 and 6 to obtain the general behavior of
the system. We measure the density profiles and examine density distributions at several
points in the profiles. We find that density fluctuations about the average increase as the
shift increases. We then examine larger lattices of 144 × 36.

Here we first measure the density profiles using 6 × 6 boxes to confirm the
skewed translational symmetry in the lattice. We find for larger lattices that the profiles
exhibit greater fluctuations in the average local density than with 36 × 36 lattices.
However, the boundary layers, in all cases, remain fairly stable. We measure the local
skewed column density and construct profiles based on this density measure. These
profiles also exhibit large fluctuations in the average density values. By examining the
skewed column density as a function of time, we observe that for H = 4 the behavior in
the lattice is largely dominated by skewed or “tilted” structures, while for H = 6 the
lattice is dominated by longitudinal structures. Since the profiles for large lattices are
generally more unstable, a simple coarse-graining procedure cannot remove these large
fluctuations. Thus, we fit our small lattices only to the skewed interface solution for
selected stable cases. Our resulting estimate of M and ξ for H = 4 are rough
approximations, while for H = 6 our results are less accurate based on the flattening of
the profile and limited size of the profile.

������� 6PDOO�/DWWLFHV��*HQHUDO�%HKDYLRU�RI�WKH�6\VWHP�DW�7� ����

We now focus on 36 × 36 lattices to examine the general behavior for H = 4 and 6. We
measure the average density profile based on using 6 × 6 measuring boxes. We can then
check the skewed translational symmetry of the lattice for both shifts. The density
profiles start from x = 7.5 and run across the lattice to x = 29.5. Here we selected a
smaller interval than the lattice size (Lx) of 36 to ensure the boundary layers are excluded.
The resulting profiles can then be fit to our skewed bulk interface solution (section

Table 4-8. Least squares fitting of skewed interface parameters for 144 × 36 lattices for density
profiles based on the skewed column density.

H M ξ x0 χ 2 102N *

0 .9626 .5733 72.48 .195

1 .9236 1.140 70.42 .254

2 .8858 1.414 74.96 .235

3 .8415 1.823 69.17 .335
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4.5.3.3). We also examine several points in the local density profile and measure the
density at the positions as a function of time. From these we construct histograms to
represent the density distributions. Here we refrain from labeling these distributions as
simply bulk or interface distributions, since for H = 6 these meanings become unclear
since the usual density profile has collapsed.

��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� �����

In Figure 4-80 we show typical configurations for shifts H = 4 and 6 for various times in
a 100K MCS run. All lattice configurations are shown as three stacked lattices.
Independent simulation runs were made for each shift.

For H = 4 we have included additional lattice configurations to adequately show
the microscopic behavior in the lattice. For this shift, skewed or “tilted” strips of the
opposite phase condense out in the bulk regions. This type of behavior occurs randomly
throughout the simulation run. For MCS of 20K and 71.5K dense strips condense out into
the rarified phase, while for MCS of 32K and 51.5K rarified strips condense out in the
dense phase. The strips, once condensed, can slowly drift to the boundary edges. Large
fluctuations in the bulk density distributions are sufficiently overlapping so that, for
example, a large fluctuation in the rarified phase distribution (centered about –M, the
bulk magnetization) reaches +M. When this occurs, the dynamics in the lattice favor the
formation of a tilted strip.

H =4

20K 32K 40K 51.5K 60K 71.5K 80K

H = 6

20K 40K 60K 80K

Figure 4-80. Lattice configurations for H = 4 and 6 at various times in 100K MCS simulation run.
Configurations are pictured as three stacked lattices.
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For H = 6 the lattice configurations show the structures are more longitudinal than
skewed the majority of the time. Here the structures in the lattice are much more complex
than those found for H = 4. For MCS of 20K and 80K the structure is longitudinally
oriented, while at other times (e.g., 40K MCS) the structure seems to orient itself along
longitudinal and skewed directions. Note that for MCS of 80K we begin to see the
formation of “icicles” in the lattice which become more prevalent for H = 9. In general,
for H = 6, we believe the bulk density distributions are even wider so there is much more
overlap between dense and rarified distributions. Thus, structure of the opposite phase is
continually condensing out in the bulk regions. This is in contrast to H = 4 where this
phenomena happened only intermittently during a simulation run. The dynamics for
H = 6 must be such that large longitudinal strips are favored over tilted strips.

��������� 7KH�7RWDO�/DWWLFH�'HQVLW\

In Figure 4-81 we show the total lattice density as a function of time for (a) H = 4 and (b)
H = 6. The left and right-side plots for each shift H are identical. Magnified y axes for the
right-hand side plots are shown. For each simulation run, ρT was initialized at 0.5. We
include the average and standard deviation of ρT over the interval of 10K – 100K MCS.
We have allowed for a 10K MCS transient. Over the course of the simulation, ρT has
been sampled 900 times. The resulting data points comprise the ρT profile.
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Figure 4-81. Total lattice density as a function of time for H = 4 and 6. Left-column graphs have been
magnified in right column.
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The plots of ρT for H = 4 and 6 look qualitatively different and reflect different
phenomena occurring in the microscopic lattice. For H = 4, we observe two processes
occurring in the lattice. First, the sizes of the bulk regions grow and recede for both
phases in a random manner. This may be due to the condensation of particles (or holes)
adding uniformly to the bulk region. This behavior is complicated by the additional
process of solitary strips of the opposite phase condensing out in the bulk regions. At
several points in the ρT profile, the rapid increase and decrease is due to solitary dense or
rarified strips leaving the lattice. At other times, the increase or decrease in ρT is due to
the bulk regions uniformly growing or receding.

In contrast, for H = 6, we observe that the ρT profile is correlated over smaller
time scales, reflecting in general smaller structures forming in the bulk regions and
leaving the lattice. Consequently, there are smaller variations in ρT and hence a smaller
standard deviation for H = 6.

In Figure 4-82 we show histograms representing the density distributions of ρT for
(a) H = 4 and (b) H = 6. The abscissa is the number of particle counts in the lattice at a
given time. The total number of lattice sites is 36 × 36, or 1296. To get the particle
density we normalize the particle counts by 1296. For (a) the bin size is 108. For (b) the
bin size is 72. Here we have chosen the bin size to be proportional to σ for ρT based on
our earlier bin sizes for H = 0 to 3. There we originally took a bin size of 12 for a σ of
0.006 (for H = 0). Thus we scaled up our bin size 9 times to reflect a 9-fold increase in σ
for H = 4. Likewise, for H = 6 this corresponded to a 6-fold increase in bin size. The
resulting histograms in Figure 4-82 appear to resemble Gaussians.

In Figure 4-83 we show the Fourier transforms of the total lattice density, ρT for
(a) H = 4 and (b) H = 6. The Fourier transforms are presented as the power spectrum,
ρT k( )

2
, versus k in a log-log format. Note that k is the frequency index varying over the

range [1, 450]. The frequency f is found by k f⋅ 0  where f n t0
1= ⋅ ∆ , where n = 900 and

∆t = 100 MCS. Here n is 900 points corresponding to one data point for every 100 MCS
in our simulations. Recall that, for shifts H = 0 and 3, we found the slopes -α to be
around 2 and that, based on a few cases, this value increased from H = 0 to 3. In the
present case, for H = 4 and 6, we again calculate a value of α in the range of 2. However,
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Figure 4-82. Histograms representing total lattice density distributions for H = 4 and 6.
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there is no systematic increase in α from H = 4 to 6. In fact, α is smaller for H = 6. In the
plots we show two different values of the calculated slope based on two sample sets. The
first sample set includes all frequency components in the range [1, 450]. We show in the
plot the line that fits the sample set based on a least squares fit. We also calculate a linear
least squares fit to a subset of the data for frequency components k in the range [1, 100].
Obviously, there is too little data to draw any clear conclusions about the behavior of the
power spectrum of ρT. We can probably rule out any 1 f  behavior that we were
originally looking for (see section 4.5.2.1.2). Obviously, additional analysis is needed to
understand the behavior we see in Figure 4-83.
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The average density profiles, ( )b yρ , for shifts H = 4 and 6 are presented in Figure

4-84. These profiles are based on a 6 × 6 measuring box placed at various x positions in
the lattice. The details of this procedure have been discussed earlier (see (4.65), section
4.4.1). We have limited the profiles from x = 7.5 to x = 29.5 to exclude the boundary
layers. Our main goal is to get representative density profiles to fit to our skewed bulk
interface solution.
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Figure 4-83. Log-log plots of the power spectrum ρ
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 versus k, the frequency index, for H = 4 and 6.

Solid line indicates least squares fit for k ∈ [1, 450].
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In Figure 4-84 we show density profiles at two y positions in the lattice for each
shift. Here we can see that, for a given shift, each profiles looks equivalent, confirming
the skewed translational symmetry in the lattice. Our profiles are based on a sample set
taken from one Monte Carlo simulation. Because of the large variability in the density
profiles at these values of H, we are presenting in Figure 4-84 selected stable cases with
which we can fit to our skewed interface solution. We show additional cases for a 36 × 36
lattice in Appendix B. In general, any substantial fluctuations in ( )b yρ  would hamper

any fit to our interface solution. Thus we chose representative profiles to achieve rough
estimates of the parameters M and ξ.

For H = 4 the profile, for this selected case, still retains the characteristic shape of
bulk and interface regions present in the lattice, though these regions are becoming less
well-defined. Here we see the continuing trend of the profile “flattening” out, with the
bulk density in the dense phase (rarified phase) continuing to decrease (increase). The
interface width is also increasing. For H = 6 the profiles for a 36 × 36 lattice look nearly
linear. In this case the standard definitions of the bulk and interface regions no longer
apply. The bulk regions apparently have now fully collapsed under the “turbulent”
dynamics in the lattice for this shift. It is unclear for this shift whether we can justify a fit
to our analytic interface solution. Nonetheless, in section 4.5.3.3 we fit this profile to get
“ball park” estimates of M and ξ.

We now examine the density distributions for H = 4 and 6 for a few points in the
density profile, ( )b yρ , for given y positions in the lattice. We refer to Figure 4-85 to

show the representative points we will be discussing below.
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Figure 4-84. Average density profiles for 36 × 36 lattices at various y positions for H = 4 and 6. Profiles
measured using 6 × 6 boxes.
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a. Distributions
As discussed above, since the bulk and interface labels become unclear when we examine
the shifts H = 4 and 6, we use the generic label “distributions.”

In Figure 4-86 we show histograms representing the density distributions for
H = 4 for the following positions: x = 7.5 and 29.5, and x = 13.5 and 23.5. Since the
profiles are antisymmetric near x = 18.5 we expect these positions in the dense and
rarified phases to be mirror images of one another. Note that in Figure 4-86 we can
normalize the box counts by 36 to get the local density as a function of time. To construct
the histograms we have taken a bin size of one.

We first note in Figure 4-86 that the local density as a function of time shows
several narrow spikes, indicating the presence and movement of dense and rarified strips
in the lattice. The resulting histograms show a similar pattern observed earlier for H = 0
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Figure 4-85. Selected points to be examined in the average density profiles for H = 4 and 6.
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Figure 4-86. Local densities and density distributions for selected positions in the lattice for H = 4. All box
positions about y = 4.5. Local density is computed by normalizing the box counts by 36. The distributions

at right are based on the local density plots at left.
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to 3, namely the distributions get broader for x positions further in the lattice. However,
these distributions are wider than for H = 3. We further observe that for positions x = 13.5
and 23.5, the distributions now show overlap. Since long skewed strips are condensing in
the bulk regions, we suspect that distributions based on a skewed column density would
show considerably more overlap.

In Figure 4-87 we show the local densities and density distributions for H = 6. In
general, the distributions are wider than for H = 4. The histograms for positions x = 13.5
and 23.5 show even more overlap, indicating a higher frequency of large fluctuations in
these regions. Lastly, in Figure 4-88 we show the local densities and density distributions
for the middle position in the lattice, x = 18.5, for both shifts H = 4 and 6. Here both
distributions are extremely wide. We observe for H = 4 there are extreme variations in the
local density and the distribution looks generally flat. For H = 6 the variation is the local
density is more controlled than for H = 4. The resulting distribution resembles a
“flattened out” Gaussian.
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Figure 4-87. Local densities and density distributions for selected positions in the lattice for H = 6. All box
positions about y = 3.5. For further details, see Figure 4-86.
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We now go to larger lattices (144 × 36) to study the average density profiles. Recall from
section 4.5.2 for H ≤ 3 (i.e., a stable interface) that larger lattice sizes enabled us to more
clearly distinguish the boundary layer and bulk regions in the density profile. Thus we
were able to obtain a more accurate density profile (excluding the boundary layers) to fit
to our skewed interface solution. Now, however, for H = 4 and 6, in which the interface
becomes unstable, we observe increased variability in the bulk and interface regions of
the density profile when we extend the lattice size. However, the boundary layers remain
stable. The increased variability may be due to the smaller average density gradient
(particle movement) in the system as we extend the lattice size. Further, these large
variations in the density profiles cannot be averaged out using our coarse-grained skewed
density measure, ρ Hcg . Thus we fit our 36 × 36 lattice results only to the skewed

interface solution in section 4.5.3.3.
In the next sections we present representation density profiles using our two

density measures defined earlier: ( )b yρ  based on 6 × 6 measuring boxes, and ρH , the

skewed column density. We include a brief series of snapshots in time of ρH  to
highlight the differences in the lattice behavior for each shift. We also show the variation
in the total lattice density, ρT, as a function of time. Since there are large variations in the
density profiles for H = 4 and 6, we briefly show density profiles measured using 72 × 36
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Figure 4-88. Local densities and density distributions for selected positions in the lattice for H = 4 and 6.
Box positions for H = 4 at y = 4.5, for H = 6 at y = 3.5. For further details, see Figure 4-86.
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lattices for comparison. Here, for a 72 × 36 lattice for H = 4 we show density
distributions for the stable boundary layers.

��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� �����

We now show typical configurations for the 144 × 36 lattices. These are presented in
Figure 4-89 and Figure 4-90. The configurations shown are at times 20K, 40K, 60K and
80K during a 100K MCS simulation run. Independent runs were made for each shift. For
H = 4 we clearly see the skewed strips of dense and rarified phases which can form in the
lattice. For H = 6 we see much more complex behavior where structures are forming in
both longitudinal and skewed directions. We further observe during simulation runs that
these structures in the lattice, for H = 4 and 6, do not transverse the lattice as quickly as
for smaller lattices (i.e., 72 × 36, 36 × 36). This may be due to the presence of a sizable
local density gradient in the boundary layers. Our conjecture is that the strips drift
substantially while they are in the boundary layer, but that it is relatively slow while it is
in the bulk (or plateau) region. One consequence of a slower drift is that the fluctuations
in the density profiles are much larger, depending on whether a strip happens to be in our
measuring “window” or not. This leads to a far less reliable estimate for the average
density profile. This is certainly the case for H = 4. A similar effect on the H = 6 density
profile is observed, but not as pronounced, probably because the structures in the lattice
are, in general, smaller.

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-89. Lattice configurations for H = 4 at various times in 100K MCS simulation run. Configurations
are pictured as three stacked lattices.
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The average density profiles, ρb y( ) , for 144 × 36 lattices based on using 6 × 6

measuring boxes are shown in Figure 4-91. Here we display the standard deviation of
each average density point by vertical bars. The profiles now extend from x = 3.5 to
x = 141.5 at an interval of 2.0. The profiles at equivalent y positions for each shift indeed
are equivalent, confirming the skewed translational symmetry in the lattice for these
shifts. The profiles for these lattice sizes show much more variability than their
counterparts for 36 × 36 lattices. As remarked in the previous section, the difference may
lie in the presence of a longer plateau region in the larger lattice. It is unclear by
examining these profiles the extent of bulk, interface, and boundary layer regions, though
the boundary layers appear to be fairly stable. The trend in the profiles from H = 4 to 6
appears to end in a general collapse of the bulk and interface regions. The result is a
general flat profile for H = 6. Here we identify this flat profile with the general instability
of the interface. Perhaps the general flattening is related to the presence of some form of
“critical” fluctuations, associated with large correlation lengths. Clearly, a much more
extensive and careful study is required before any firm conclusions can be drawn.

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-90. Lattice configurations for H = 6 at various times in 100K MCS simulation run.



135

We now turn our attention to the total lattice density as a function of time. In
Figure 4-92, ρT is shown for (a) H = 4 and (b) H = 6. For H = 4, ρT veers off considerably
from 0.5, probably as a result of the skewed dense and rarified strips which form in the
lattice and remain fairly stationary throughout the 100K MCS simulation. The system for
this shift may be more prone to falling into metastable stables. For H = 6 the total lattice
density seems more behaved with an average about 0.5. The standard deviation, in this
case, is much larger than for H = 3 (σ = 0.0092).
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Figure 4-91. Average density profiles for 144 × 36 lattices at various y positions for H = 4 and 6. Profiles
measured using 6 × 6 boxes. Standard deviation is indicated by the bars.



136

As a comparison for H = 4, we show in Figure 4-93 the total lattice density and
resulting average density profile for a 72 × 36 lattice. Here we show one particular run.
The behavior of ρT again seems to veer off from 0.5, perhaps falling into several
metastable states. The resulting profile seems much more stable than for a 144 × 36
lattice (Figure 4-91). However, there are already substantial variations in the bulk and
interface regions. We observe that the boundary layers seem fairly stable. In Figure 4-94
for H = 4, we confirm this observation by examining the local densities as a function of
time and density distributions for selected positions in the boundary layers. The
distributions appear, for these positions, to be “mirror” images of one another as
expected. The widths, or extent of these distributions, seem to be fairly localized. Thus
for most of the lattice configurations we have sampled the boundary layers show modest
variations.

0.00 

0.25 

0.50 

0.75 

1.00 

0 20000 40000 60000 80000 100000 
MCS

0.300 

0.350 

0.400 

0.450 

0.500 

0.550 

0.600 

0 20000 40000 60000 80000 100000 
MCS

Avg = .4626, std dev = .0509

(a) H = 4

0.00 

0.25 

0.50 

0.75 

1.00 

0 20000 40000 60000 80000 100000 
MCS

0.300 

0.350 

0.400 

0.450 

0.500 

0.550 

0.600 

0 20000 40000 60000 80000 100000 
MCS

Avg = .4989, std dev = .0155

(b) H = 6

Figure 4-92. Total lattice density as a function of time for H = 4 and 6. Left-column graphs have been
magnified in right column.



137

Lastly, we show as a comparison to the 144 × 36 case what we obtained for a
72 × 36 lattice for H = 6. In Figure 4-95 we show the total lattice density as a function of
time and resulting average density profile. Here we see that the density profile shows less
variation than its 144 × 36 counterpart (Figure 4-91).
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Figure 4-93. Total lattice density as a function of time and resulting average density profile for H = 4 for a
72 × 36 lattice.
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Figure 4-94. Local boundary layer densities and density distributions for selected positions in the lattice for
H = 4. Local density is computed by normalizing the box counts by 36. The distributions at right are based

on the local density plots at left.
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Figure 4-95. Total lattice density as a function of time and resulting average density profile for H = 6 for a
72 × 36 lattice.
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We now examine the average density profiles based on the skewed column density, ρH .
In Figure 4-96 we show these profiles for (a) H = 4 and (b) H = 6. Like the profiles based
on 6 × 6 measuring boxes, the skewed column density shows considerable variation
across the lattice. In general, the extent of the bulk, interface, and boundary layer regions
are unclear. It is clear that for H = 6 the profile is generally flatter, and shows less
variation in the profile. The standard deviation of each average density point is indicated
by vertical bars in Figure 4-96. For H = 4 there is considerably larger variation about the
average. This behavior is also seen in the profiles based on 6 × 6 measuring boxes in
Figure 4-91. This behavior is due to larger structures condensing out in the bulk regions
than those occurring for H = 6. These structures result in large variations about ρH .

To further highlight the differences between H = 4 and 6, we show in Figure 4-97
and Figure 4-98 the skewed column density, ρH, across the lattice as a function of x for
various times in a 100K MCS simulation run. From these figures, it is clear that for H = 4
the behavior in the lattice is dominated by skewed structures, namely the dense and
rarified strips condensing out in the bulk regions. For H = 6 there are less dominating
structures in a skewed direction. In fact, we believe that the system seems to be largely
dominated by longitudinal structures, based on our observations of the lattice
configuration. Thus we suspect that examining the longitudinal column density would
show larger variations than what we are seeing for the skewed column density.
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Figure 4-96. Average density profiles based on skewed density for H = 4 and 6. Standard deviation is
indicated by the vertical bars.
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Figure 4-97. Skewed column density at various times in 100K MCS simulation run for H = 4.
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We now compare our average density profiles for each value of H with our skewed
interface solution. Since there is considerable variation in the profiles for H = 4 and 6, we
fit our 36 × 36 lattice size profiles that show the most stability. Since our original goal
was to use the density profiles for larger lattices, we also computed the coarse-grained
skewed column density, ρ Hcg , for averaging lengths up to 25 along the x-direction for

these profiles. The resulting profiles, while smoother, still contained substantial
variations in density, thus hampering any meaningful fit to our skewed interface solution.
Instead, we then use our density profiles based on 36 × 36 lattices which show, on
average, the most stability. However, even these profiles show considerable variation
from one case to the next. We have arbitrarily selected particular cases to fit to our
skewed interface solution. These cases were presented earlier in Figure 4-84.

We now restate the solution for a single tilted interface in terms of ρ from section
4.5.2.3,
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Figure 4-98. Skewed column density at various times in 100K MCS simulation run for H = 6.
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We now estimate the three parameters: M, the bulk magnetization, ξ, the interface
width or correlation length, and x0, the center of the interface in the lattice. The
estimation is based on minimizing the sum of the errors squared between (4.68) and our
average density values. Since (4.68) is nonlinear, we employ a modified form of the
Levenberg-Marquardt algorithm [43]. This procedure was used earlier for our estimation
for H ≤ 3.

Our density profiles range from x = 7.5 to 29.5, thus we have already accounted
for the removal of boundary layers. We present in Table 4-9 the results of estimating the
parameters M, ξ, and x0. The results for H = 4 continue a trend we saw earlier for H ≤ 3.
The magnetization, M, is decreasing while ξ is increasing. The profile is “flattening” out
as H is increasing. Here we refer to this “flattening” as a thermodynamic phenomenon in
which M is following the coexistence curve for the bulk magnetization as a function of H.
The interfacial width is slowly increasing. This behavior of the density profile is similar
to what is observed when we fix H and increase the temperature toward the critical point
(see section 4.4).

For H = 6, the general “flattening” of the profile for this shift is now associated
with dynamic instability. Here the bulk layers have generally collapsed. The bulk
magnetization from the coexistence curve is expected to be a finite number, however the
combination of SPBC and the driving field in the lattice contribute to the instability of the
interface. However, we include our estimates of M, ξ, and x0 for H = 6 in Table 4-9. We
generally view the estimates of M as inaccurate, since the bulk layers have collapsed. The
estimate of ξ may be somewhat more accurate. The value at least gives an indication that
the interface width is indeed larger if the interface was fully stable.

����� +� ����5HVWRUDWLRQ�RI�WKH�,QWHUIDFH

We now examine the behavior of the interface when H = 9. Here we find, in contrast to
H = 6, a stable interface is so that distinctive bulk and interface regions re-emerge in the
average density profiles. Microscopically, we observe a pattern of “icicles” in the
interface region, which hang off the edges of the bulk regions. We first observed these
structures for H = 6. Here, for H = 9, these structures appear more well-defined.

Table 4-9. Least squares fitting of skewed interface parameters for 36 × 36 lattices for density
profiles based on 6 × 6 measuring boxes. Fitting for H = 4 is based on a single stable case. Fitting
for H = 6 is also based on a single stable case. Values for H = 6 accurate only to show trend in ξ.

χ 2 N  is the average residual.

H M ξ x0 χ 2 102N *

4 .8428 5.267 19.45 1.07

6 .9460 16.172 19.56 1.34
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For H = 9 we first examine small lattices (i.e., 36 × 36). We find that the resulting
average density profiles based on 4 × 4 measuring boxes largely show the interface
region. This is mostly a consequence of the lattice size. Thus, we cannot observe clear
bulk regions. We examine density distributions for several points in the profile which
indicate that the interface region is highly variable, while positions perhaps in or near the
bulk regions are fairly stable.

Since 36 × 36 lattices are too small to adequately capture the density profile for
H = 9, we examine larger size lattices, primarily 144 × 36 and 288 × 36. Here, for
144 × 36 lattices, we show the behavior of the density profiles and total lattice density for
various initializations in the interface position. For 288 × 36 lattices we show typical
density profiles and the total lattice density for the nominal initialization (i.e., ρT = 0.5).
We briefly show the differences that occur for bulk and interface correlations in skewed
and longitudinal directions. For both lattice sizes we observe clear and fairly stable
density profiles based on 4 × 4 measuring boxes and the skewed column density. All
profiles exhibit small density variations so that we also use the coarse-grained skewed
column density in an attempt to obtain smooth density profiles. The skewed column
density profiles and their coarse-grained versions are fitted to the skewed interface
solution to estimate the parameters M, ξ, and x0.

������� 6PDOO�/DWWLFHV��*HQHUDO�%HKDYLRU�RI�WKH�6\VWHP�DW�7� ����

We now show typical properties for H = 9 for a 36 × 36 lattice. We show the following:
the total lattice density as a function of time and its distribution; the average density
profiles ( )b yρ  for two selected y positions based on 4 × 4 measuring boxes; and

density distributions for three selected positions in the density profile (x = 7.5, 18.5,
29.5).

��������� 7\SLFDO�&RQILJXUDWLRQV�IRU�+� ��

In Figure 4-99 we show lattice configurations at 20K, 40K, 60K, and 80K MCS during a
100K MCS simulation run. Each configuration is pictured as three stacked lattices in
accordance with the constraint of SPBC. Present in all configurations are the “icicle”
structures hanging off the very small bulk regions. These elongated structures are
constantly changing pattern in the interface region. At any given time in the lattice, one
or more of these structures may be well defined while others have eroded or are diffuse
(or perhaps in a transitory state). The bulk regions are also exhibiting complex patterns
and shapes though for a 36 × 36 lattice we have minimal bulk regions.
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The “icicle” structures appear to have different morphologies through the
simulation. The typical shape is when both sides of the “icicle” are angled. Here the
width is greatest where the “icicle” meets the bulk region. The width of the elongated
structure slowly tapers down as we proceed along its length from the edge of the bulk
region into the interface region. We also see a shape in which the right edge of the
“icicle” becomes vertical or aligned with the field, and the left edge remains angled. It is
unknown at this time which morphology is most stable.

The length and width of the “icicles” apparently vary somewhat during a
simulation. These variations in width and length probably result from fracture or erosion
processes, or when the size of the interface region fluctuates. We believe, at this time, the
“icicles” grow in a longitudinal sense in the skewed interface region, limited by the
adjoining bulk regions. Given the variations in length and width leads naturally to the
question, “Does an “icicle” taper down to a sharp point where we can then define a so-
called fingering angle?” If so, is this angle invariant and does it agree with previous work
in this area [25]? (See section 2.4.) This answer lies beyond the scope of this dissertation
but we refer to continuing work in this area in section 5.2.

��������� 7KH�7RWDO�/DWWLFH�'HQVLW\

We now show in Figure 4-100 the total lattice density, ρT, as a function of time for a
typical simulation run for H = 9. The total density was initialized to 0.5 at the start of the
simulation. The average of ρT over the 100K MCS simulation stays fairly close to 0.5.
Perhaps for longer simulation times this average may be even closer to 0.5. The standard
deviation of 0.0248 is smaller than the value for H = 6 (σ = 0.0372, Figure 4-81). This is
further evidence that for H = 9 the system is more stable and consequently somewhat
“quieter.”

H = 9

20K 40K 60K 80K

Figure 4-99. Lattice configurations for H = 9 at various times in 100K MCS simulation run. Configurations
are pictured as three stacked lattices.
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In Figure 4-101 we also show a histogram representing the density distribution for
ρT. The abscissa is the density if we normalize by 1296 (the total number of sites in a
36 × 36 lattice). The histogram is a frequency distribution of ρT with a bin size of 48 (or
∆ρ bin size of 48/1296). The bin size is determined by the standard deviation reported
above and our convention used previously for the other shifts (i.e., bin size of 12 for σ of
0.006). We have then scaled up our bin size for H = 9 four times to reflect the four-fold
increase in σ. The resulting histogram appears to resemble a Gaussian.

��������� $YHUDJH�'HQVLW\�3URILOHV

The average density profiles, ( )b yρ , for H = 9 are presented in Figure 4-102. These

profiles are based on a 4 × 4 measuring box placed at various x positions in the lattice.
Further details of this procedure have been discussed earlier (see (4.65), section 4.4.1).
Based on our earlier convention for the other shifts, we have limited the profiles from
x = 7.5 to x = 29.5.
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Figure 4-100. Total lattice density as a function of time for H = 9. Left graph has been magnified in right.
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Figure 4-101. Histogram representing total lattice density distribution for H = 9.
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In Figure 4-102 we show density profiles at two representative y positions in the
lattice. Here each profile looks equivalent, confirming the skewed translational symmetry
in the lattice. According to the lattice configurations shown earlier (section 4.5.4.1.1), the
“icicle” structures are present throughout the lattice, as well as through the course of the
simulation. Thus, the resulting average density profiles reflect the “icicle” structures in
the lattice by their cyclic pattern. It is unclear from these profiles the extent of the bulk
regions. Recall that the lattice configurations reveal small bulk regions lying close to the
lattice edges. Since our profiles range from x = 7.5 to 29.5 we may expect these endpoints
(x = 7.5 and 29.5) to be just at the beginning of these bulk regions. To begin to see more
of these bulk regions and boundary layers we would need to extend the range of these
profiles to the lattice edges. However, even then, these regions will be very small. Thus,
we extend our lattice sizes in the next section to adequately see these regions.

We now turn our attention to the density distributions for a few points in the
density profile, ( )b yρ , for a given y position in the lattice. We refer to Figure 4-103 to

show the representative points we will discuss below.

a. Distributions
In Figure 4-104 we show histograms representing the density distributions for H = 9 for
the following positions: x = 7.5 and 29.5. Since the profiles are antisymmetric near
x = 18.5 we expect these positions in the dense and rarified phases to be mirror images of
one another. Note that in Figure 4-104 we can normalize the box counts by 16 to get the
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Figure 4-102. Average density profiles for 36 × 36 lattices at various y positions for H = 9. Profiles
measured using 4 × 4 boxes.
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Figure 4-103. Selected points to be examined in the average density profiles for H = 9.
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local density as a function of time. To construct the histograms we have taken a bin size
of one.

As we remarked earlier, we suspect positions x = 7.5 and 29.5 to be near the edges
of the bulk regions. The distributions for these positions appear to be fairly stable
(relatively finite width) showing some overlap. This is in contrast to the distribution for
position x = 18.5 which is shown in Figure 4-105. Here the distribution is quite flat,
indicating large variations in the local density in this region.
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We now use larger size lattices (144 × 36 and 288 × 36) to study the average density
profiles. As we showed in the previous section, using a small lattice size of 36 × 36 only
effectively captures the interface region. Even for 72 × 36 lattices there is only marginal
improvement. However, starting with 144 × 36 lattices we begin to see the full density
profile. We extend our lattice size to 288 × 36 in an effort to capture even more accurate
profiles to fit our skewed interface solutions.

In the next sections we present representative density profiles using our density
measures defined earlier: ( )b yρ , now based on 4 × 4 boxes; ρH , the skewed column

density; and ρ Hcg , the coarse-grained skewed column density. For 144 × 36 lattices we
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Figure 4-104. Local densities and density distributions for selected positions in the lattice for H = 9. All
box positions about y = 2.5. Local density is computed by normalizing the box counts by 16. The

distributions at right are based on the local density plots at left.
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Figure 4-105. Local densities and density distributions for selected positions in the lattice for H = 9. All
box positions about y = 2.5. For further details, see Figure 4-104.
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also examine ( )b yρ  for initializations of the interface position in which ρT = 0.25 and

0.75. We also show, for this lattice size, the sub-skewed column density ρ94
 to

illustrate the presence of boundary edge effects found earlier in the high-temperature
limit. For 288 × 36 lattices we also briefly show the differences that arise in bulk and
interface correlations in skewed and longitudinal directions. In general, the interface
correlations indicate the presence of “icicle” structures in this region.
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We now show typical configurations for the 144 × 36 lattices. These are presented in
Figure 4-106. The configurations shown are at times 20K, 40K, 60K, and 80K MCS
during a 100K MCS simulation run. All configurations are pictured as three stacked
lattices in accordance with the SPBC.

The lattice configurations, like their 36 × 36 size counterparts, show the “icicle”
structures hanging off the edge of the bulk regions. Here for larger lattices there are
substantial bulk regions. The length of the “icicles” extend, in general, over one lattice
length in the longitudinal direction (Ly = 36). Thus, if we show one lattice, the “icicles”
wind around the lattice (or more effectively, the “icicle” winds around a cylinder). Now
that we have shown three lattices stacked on top of one another, we begin to see the full
length of the “icicles.”

(a) 20K MCS (b) 40K MCS

(c) 60K MCS (d) 80K MCS

Figure 4-106. Lattice configurations for H = 9 at various times in 100K MCS simulation run.
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The average density profiles, ( )b yρ , for 144 × 36 lattices based on using 4 × 4

measuring boxes are shown in Figure 4-107. Here we display the standard deviation of
each average density point by vertical bars. The profiles extend from x = 2.5 to 142.5 at
an interval of 2.0. We show the profiles for two selected y positions in the lattice. As
expected these profiles are equivalent, confirming the skewed translational symmetry in
the lattice.

The profiles in Figure 4-107 now extend far enough to see the bulk, interface, and
boundary layer regions. We recall that for 36 × 36 lattices, the density profile revealed a
cyclical pattern in the interface region, generally indicating the presence of “icicle”
structures. For the 144 × 36 profiles we still see the cyclical pattern in the interface
region, but now we also see full bulk regions leading to boundary layers near the lattice
edges.

In Figure 4-108 we also show the total lattice density as a function of time for
H = 9 for the particular simulation run examined above. Here we note that the standard
deviation of ρT decreases as compared to the 36 × 36 case where σ equaled 0.0248. This
observation suggests that the interface wanderings may be limited to O(1) so that the
standard deviations are suppressed as the system size Lx gets larger.
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Figure 4-107. Average density profiles for 144 × 36 lattices at various y positions for H = 9. Profiles
measured using 4 × 4 boxes. Standard deviation is indicated by the bars.
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Figure 4-108. Total lattice density as a function of time for H = 9. Left graph has been magnified in right.
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a. Initialization: Defining the Interface Position
We now show the change that occurs in the density profiles when the initialization of the
interface position is different from the nominal position. Recall that the nominal position
is the placement of the interface centered in the lattice such that ρT is 0.5. We now
examine initializations in which ρT equals 0.25 and 0.75. These values correspond to the
interface or, equivalently, the initial placement of a single dense strip in a 144 × 36 lattice
with widths of ¼(144) and ¾(144), respectively.

In Figure 4-109 and Figure 4-110 we show the total lattice density as a function of
time, and resulting average density profiles for initializations in which ρT equals 0.25 and
0.75. For Figure 4-109 the interface was initially placed at x = 36. The resulting density
profile indicates the interface width is approximately 36 and the center of this region has
shifted somewhat to the right, perhaps to x = 48. The lattice density, ρT, shows a ramping-
up effect during the simulation. This type of phenomenon was seen earlier for the smaller
shifts H ≤ 3, and indicates that some type of repelling of the interface from the left
boundary edge may be occurring. In Figure 4-110 we now see evidence of the interface
repelling from the right boundary edge. Here the interface was initially placed at x = 108.
The interface width, like earlier, may also be about 36 where the center of this region has
now shifted to the left, perhaps to x = 96. The lattice density shows a ramping-down
effect during the simulation, consistent with the center of the interface shifting to the left
in the lattice. Again, this type of phenomenon was also seen earlier for the smaller shifts
H ≤ 3.
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Figure 4-109. Total lattice density as a function of time and resulting average density profile for H = 9. The
total lattice density, ρT, initialized at 0.25.
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b. Extension to 288 × 36 Lattices
The lattice size is now extended to 288 × 36 in order to get a clearer picture of the
different regions in the average density profile for H = 9. It also affords us a clear view of
the “large-scale” structures present in the lattice for this shift. These structures are time
dependent, and we now show a picture of the lattice at one instant in time for a typical
simulation run. In Figure 4-111 we show a 288 × 36 lattice configuration at 13K MCS.
Here we have stacked nine lattices on top of one another, so that the resulting dimension
in the longitudinal direction is 9⋅36. The “icicle” structures in the lattice, which hang
from the edges of the bulk regions, are now clearly seen.
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Figure 4-110. Total lattice density as a function of time and resulting average density profile for H = 9. The
total lattice density, ρT, initialized at 0.75.
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In Figure 4-112 we show the total lattice density as a function of time and the
resulting density profile, ( )b yρ , for the simulation run pictured in Figure 4-111. Here

we show the density profile at the y position of 2.5. The density profile gives us a clear
view of the bulk, interface, and boundary layer regions. The boundary layers near the
lattice edges appear very small for this shift. The bulk regions for this increased lattice
size are now larger than before (Figure 4-107), and we clearly see these plateau regions in
the dense and rarified phases. We also observe small variations in the density in these
regions. The size of the interface region appears nearly constant for all lattice sizes (its
size might actually be increasing slightly as a function of lattice size). Here we also see
the cyclic variations in density in this region, which we saw earlier for both 144 × 36 and
36 × 36 lattice sizes.

Figure 4-111. Lattice configuration for H = 9 at 13K MCS in simulation run for a 288 × 36 lattice.
Configuration is pictured as nine-stacked lattices.
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To highlight the differences occurring in the lattice between the bulk and interface
regions, we now show the time average of the spin-spin correlation function for
correlations in longitudinal and skewed directions. Here we first define the truncated
spin-spin correlation function as

c r s s s si j i j( ) = − (4.69)

where si and sj are spin values at sites i and j in the lattice, and  denote spatial
averages. We then follow with a time-average

C r c r t( ) ( )= . (4.70)
(Note that this is not quite the same as designating  in (4.69) as both spatial and time
averages. We have performed the calculation both ways and get relatively small
differences.) The time average corresponds to an average over 900 lattice configurations
(one every 100 MCS).

Since we are interested in measuring the correlations in the longitudinal direction
(c rl ( )) and skewed direction (c rs( ) ), we adopt the following definitions for each,

c r s x y s x a y b s x y s x a y bs( ) ( , ) ( , ) ( , ) ( , )= + + − + + (4.71)

where r, defined as a b2 2+ , is oriented in the skewed or “tilted” direction. For
longitudinal correlations,

c r s x y b s x y b s x y b s x y bl ( ) ( , ) ( , ) ( , ) ( , )= − + − − + (4.72)
where r = 2b. For (4.71) and (4.72) the following conditions are necessary to satisfy
SPBC for H = 9,

If then ,  

If then ,  

y b x x y y b

y b x x y y b

+ > → − → + −
− < → + → − +

%&
'

()
*

36 9 36

1 9 36
.

Here, because of the constraint of SPBC, c rs( )  will be periodic with a period, r0,

equal to H Ly
2 2+ , or equivalently, Ly secθ , where θ = −tan 1 H Ly2 7. Since it is also an

even function, we examine r out to approximately r0 2. For longitudinal correlations, we

center the correlations about s x y( , ) . We examine the interval 0 ≤ r ≤ 100.
For our calculations, the spatial average is over a given fixed set of spins s x y( , )

in the lattice. For convenience we have defined two sets of spins in the lattice, one set in
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Figure 4-112. Total lattice density as a function of time and resulting average density profile for H = 9 for a
288 × 36 lattice.
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the bulk region and one set in the interface region. For a 288 × 36 lattice we define the
bulk set from x = 67 to 78 (measuring from the left edge of the lattice) and the interface
set from x = 139 to 150. Since x is constant for all y (y = 1 to 36), these sets of spins
correspond to parallelogram-shaped “windows” in the lattice.

In Figure 4-113 we now show our results for longitudinal and skewed correlations
in the bulk and interface regions, C r( ). These plots represent correlations in the
fluctuations about the average, and show dramatic differences between these regions. We
believe the correlations in the interface region are showing the presence of the “icicle”
structures. We see evidence of this from the skewed correlations, which become more
negative for the interface region. Here the negative correlation tells us the spins (for
r > 10) are anti-correlated and, in effect, are defining a characteristic length (correlation
length) in the skewed direction. The skewed correlations in the bulk region, meanwhile,
show a smaller effective correlation length and less negative correlation. Here the
behavior of C r( ) resembles exponential behavior. For the interface region it is not clear
what behavior C r( ) is following. For the longitudinal correlations, too, the interface
region is also showing a greater effective correlation length than the bulk region, giving
us more evidence of long longitudinal structures in the lattice. Further, the behavior of the
correlations in the interface regions seems to deviate sharply from exponential behavior,
though it is not clear what behavior C r( ) is following. Obviously, much more work in
this area is needed to fully understand the differences in these correlations. Here, we have
included Figure 4-113 to just illustrate these differences and we defer definitive
conclusions to further analyses at a later time (see section 5.2).
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We now examine the average density profiles based on the skewed column density, ρH ,
for lattice sizes of 144 × 36 and 288 × 36. In Figure 4-114 we show typical profiles based
on ρ9  and ρ9cg  for a 144 × 36 lattice. Recall we have defined these quantities earlier

in (4.4) and (4.5), respectively. One immediate observation is that the profiles based on
the skewed column density are much smoother than profiles based on a 4 × 4 measuring
box, even though the interface region there appears to be a smooth transition. The
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Figure 4-113. Comparison of average skewed correlations and average longitudinal correlations in the
interface and bulk regions.
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standard deviation of each density point is indicated by vertical bars in the profile for
ρ9 . For the coarse-grained skewed column density, ρ9cg , we have used an averaging

length of 24. Here we have chosen the largest coarse-graining length that did not
significantly change the original curvature of ρ9 . Our goal was to “smooth” out the

small density variations largely residing in the bulk regions for the skewed column
density. In Figure 4-114 (b) we also show the points at which we have subtracted off the
effects of the boundary layer regions. These points are indicated by vertical lines at
x = 30 and 115. Here these points have been chosen based on the visual inspection that
the boundary layers extend to x = 20 and we have taken a coarse-graining length of 16.
Thus, all points such that x > 30 (and x < 115) in the coarse-grained profile should not
contain any influences from the boundary layers. Thus, we take the region 30 < x < 115
as representative of the bulk density profile for ρ9cg . For convenience, we also take this

interval for ρ9 . The bulk density profiles are used in the next section where we fit them

to the skewed interface solution.

To give an indication of how the skewed column density varies in time, we show
in Figure 4-115 a series of “snapshots” in time of ρ9 at 20K, 40K, 60K, 80K, and 100K
MCS in a simulation run. These pictures, if compared to earlier pictures for H = 4 and 6
(Figure 4-97 and Figure 4-98), now show stable bulk regions with fluctuations which, on
average, are smaller than observed for H = 6.
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Figure 4-114. Average density profiles based on skewed column density for H = 9 for a 144 × 36 lattice
with a coarse-graining length of 24.



155

We now briefly comment on boundary edge effects on the average density
profiles. Here we focus on H = 9; however, we expect our observations are applicable for
all shifts H. Previously in the high-temperature limit for a nonzero driving field we
observed systematic lattice edge effects in the density profiles. These effects were
explained by lattice edge biases created by the random updating algorithm in our Monte
Carlo simulation. In the low-temperature regime, we now observe similar effects in the
density profile due to the same edge biases. In Figure 4-116 we show the average density
profile based on the sub-skewed column density ρ9i . Recall that we defined this

quantity in (4.6). In Figure 4-116 we show ρ94
. At the boundary edges we see

noticeable “dips” in the profile that were, effectively, unobservable before. With our

other density measures — 9 9cg( ) , , b yρ ρ ρ  — these edge effects are averaged out.

With the sub-skewed column density measure we now can clearly see these effects. The
behavior of the density, for example, in the dense phase at the lattice edge, goes down.
This observation is similar to earlier observations in the high-temperature limit. The sub-
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Figure 4-115. Skewed column density at various times in 100K MCS simulation run for H = 9.
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skewed density ρ94
 at the lattice edge is measuring the density of the corner positions

in the lattice. These corner positions at each lattice step have edge biases in the x and y
directions. Thus, the local density at these locations is expected to be lower than at other
positions. Additional analysis is needed to make definitive conclusions (see section 5.2).

We now conclude this section by showing the average density profiles for a
288 × 36 lattice. In Figure 4-117 we show ρ9  and ρ9cg . These profiles are relatively

smooth with well-defined bulk, interface, and boundary layer regions. The small
variations in density in ρ9  are averaged out in ρ9cg . The standard deviation of each

density point is indicated by vertical bars in the profile for ρ9 . Like the 144 × 36 case

presented earlier, we have chosen a coarse-graining length of 24 to average ρ9 . In

Figure 4-117 (b) we also show the points at which we have subtracted off the effects of
the boundary layer regions. These points are indicated by vertical lines at x = 60 and 229.
Here we have followed a similar analysis as described earlier for the 144 × 36 case to
determine our “cut-off” points. Thus, we take the region 60 < x < 229 as representative of
the bulk density profile for ρ9cg . For convenience, we also take this interval for ρ9 .

The bulk density profiles are used in the next section where we fit them to the skewed
interface solution.
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Figure 4-116. Average density profile based on sub-skewed column density, ρ 94
, to illustrate boundary

edge effects.
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Figure 4-117. Average density profiles based on skewed column density for H = 9 for a 288 × 36 lattice
with a coarse-graining length of 24.
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In this section we estimate the parameters M, ξ, and x0 based on the bulk density profiles
for H = 9 obtained in the previous section. We follow our earlier procedures for the other
shifts and fit our profiles for ρ9  and ρ9cg  to the solution for a single tilted interface.

Here, for convenience we recall this solution from section 4.5.2.3

ρ
ξ

( ) tanh
( )

x M
x x= − −�

��
�
��

1

2
1 0 . (4.68)

The estimation of parameters M, ξ, and x0 is based on minimizing the sum of the
errors squared between (4.68) and our average density values. Further details of the
fitting process have been discussed earlier for the other shifts. We now fit (4.68) to our
bulk density profiles for both 144 × 36 and 288 × 36 lattice sizes.

As discussed in the previous section, we have selected the bulk density profiles
for a 144 × 36 lattice so that x ranges in the interval 30 < x < 115. For our skewed column
density ρ9  profile, this corresponds to 84 points (N = 84) in the profiles (x = 31…114).

For the coarse-grained skewed column density ρ9cg  profile, the above interval

corresponds to 85 points (N = 85) in the profile (x = 30.5…114.5). We present the results
of our estimation in Table 4-10. Note that we have included the average residual value for
each fit. Our estimations of the parameters M, ξ, and x0 based on ρ9  and ρ9cg  are

fairly close. We expect that ξ for ρ9cg  may be somewhat larger due to the coarse-

graining process. The values of the bulk magnetization, M, in Table 4-10 have noticeably
decreased when compared to M values for the other shifts.

We now fit our bulk density profiles based on a 288 × 36 lattice size. Here these
profiles, as discussed earlier, are limited to the interval 60 < x < 229. For the ρ9  profile

this corresponds to 168 data points (N = 168; x = 61…228), and for the ρ9cg  profile this

corresponds to 169 data points (N = 169; x = 60.5…228.5). We present our results in
Table 4-11.

Table 4-10. Least squares fitting of skewed interface parameters for 144 × 36 lattices. ρ
9cg

 is

coarse-grained over length of 24. χ 2
N  is the average residual.

M ξ x0 χ 2 10
2

N *

ρ
9 .6319 12.94 68.74 .661

ρ
9cg .6390 14.52 68.77 .502
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In the table we show results for four independent cases designated by C1–C4. The
estimations of the parameters M, ξ, and x0 for ρ9  and ρ9cg  are fairly close for each

case. We include the average residual for each fit. Again, the estimations of ξ based on
ρ9cg  are higher in each case, due to the slight widening of the profile due to the coarse-

graining process. The values of M, for all cases, are about the same and these values are
consistent with the estimation of M for the 144 × 36 case (Table 4-10). However, the
estimations of ξ in Table 4-11 look systematically higher than earlier results in Table
4-10. This may indicate that the interface width or region has increased slightly for a
288 × 36 lattice size. We summarize the data in Table 4-10 by averaging the results for
the parameters M and ξ over the four cases. Thus, M = 0 6236.  and ξ = 15.45 based on

ρ9 , and M = 0 6253.  and ξ = 16 67.  based on ρ9cg .

����� 6XPPDU\�RI�0��+��7���/
\
� �����DQG�µ��+��7���/

\
� �����DV�D�)XQFWLRQ�RI�+

We now summarize our estimations of the parameters M and ξ for the shifts H = 0, 1, 2,
3, 4, 6, and 9 (see Table 4-6 through Table 4-11). In Figure 4-118 we show

( , ; 36)yM H T L =  and ( , ; 36)yH T Lµ =  as a function of H noting that µ is defined as

1 ξ . Recall that T has been held fixed at 0.8. Note that we show our estimations for H = 4
and 6 as triangles to distinguish them from the rest of our data. Here, we believe our
estimations for H = 4 and 6 are based on insufficient data (as well as based on small
lattices). As we discussed earlier, the interface becomes unstable for these shifts. Thus it
is unclear, especially for H = 6, whether ξ (or µ) is even defined. We can probably
assume that M is defined for this shift, however we cannot measure it adequately using
the concept of the typical density profile. Meanwhile, we have greater confidence in our
results for shifts H ≤ 3 and 9. These values are based on using the skewed column density
measure, or coarse-grained version, for large lattices (i.e., 144 × 36, 288 × 36) where the
interface is generally stable.

Table 4-11. Least squares fitting of skewed interface parameters for 288 × 36 lattices. C1−C4

designate profiles based on independent simulation runs. ρ
9cg

 is coarse-grained over length of

24. χ 2 N  is the average residual.

M ξ x0 χ 2 102N *

C1 .6254 14.38 144.68 .596

C2 .6201 15.61 153.18 .940

C3 .6156 14.27 142.08 .998
ρ 9

C4 .6333 17.55 155.77 .722

C1 .6267 15.67 144.65 .417

C2 .6219 16.82 153.24 .803

C3 .6173 15.55 142.05 .888
ρ

9cg

C4 .6351 18.64 155.80 .501
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The behavior of M in Figure 4-118 appears fairly linear for H ≤ 3; however, the
destabilization of the interface and the subsequent uncertainty in the data values for H = 4
and 6 make any further conclusions on the full behavior of M premature. The data point
for H = 9 further supports the fact that the interface is “flattening” where the bulk
magnetization of the system is following the coexistence curve as a function of H.
However, it is unclear at this time how the curves for M and µ behave at higher shift
values. An additional data point, for example at H = 18, would be important in
determining the behaviors of ( , ; 36)yM H T L =  and ( , ; 36)yH T Lµ =  for large H.

Perhaps with this additional data point an extrapolation to the x-axis to yield a critical
shift, Hc (or equivalently, an angle, θc, given by tan ( )−1 36Hc ) would then be plausible.
In this regard, the critical angle, θc, would be of theoretical interest since this would
indicate a thermodynamic transition of the interface where M goes to zero (and possibly
µ going to zero) to signal the demise of the interface. Such behavior would be analogous
to the behavior of the interface when we fix the shift H and vary the temperature through
the critical point (i.e., crossover behavior in section 4.4). Also of theoretical interest
would be to compare the data points for M versus H to previous work in this area for

( , ; 36)yM H T L =  for lattices with shifted and periodic boundary conditions [38]. This

comparison would yield estimates of how the application of OBC in the driven model
have affected steady-state bulk properties.

H

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

M

0.00

0.25

0.50

0.75

1.00

H

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

µ

0.0

0.5

1.0

1.5

2.0

Figure 4-118. Summary of M H T( , ) and µ( , )H T  as a function of H. Data values for H = 4 and 6, based on
insufficient data, shown as triangles.
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In this dissertation, we examined steady-state properties associated with the driven lattice
gas in two dimensions. This system [3] is the well-known Ising lattice, generalized to
include an external driving field, so that non-equilibrium steady states can be
investigated. Unlike equilibrium states, they are characterized by the presence of a global
particle current. Furthermore, these states depend sensitively on boundary conditions.
Most of our study is based on Monte Carlo simulations of this system, with a “maximal”
driving field and a variety of boundary conditions.

Typically, these steady states display very different behaviors, depending on the
temperature of its environment (thermal bath). For high temperatures, there is no long-
range order, so that it is easier to understand the collective phenomena. To date, there has
been considerable progress in this area, with analytic results for many aspects [4].
Chapter 3 is devoted to a novel aspect of the system in this regime: the full distributions
of structure factors. In particular, we focus on the simplest case, where simple periodic
boundary conditions are applied along both principal lattice axes. On the other hand, the
behavior of the system at low temperatures is more complex. For example, the
equilibrium system displays phase segregation, with interfaces between the ordered
regions. Generally, such interfaces are favored to be aligned with one of the lattice-axes.
In driven systems, the external driving field greatly affects the interface. In Chapter 4 we
choose a combination of boundary conditions to allow us to create a single “tilted”
interface in the ordered state. Specifically, we impose shifted periodic boundary
conditions (SPBC) along one principal lattice axis and open boundary conditions (OBC),
characterized by a particle density gradient, along the other axis. These boundary
conditions are satisfied by the construction of a “stair-stepped” or skewed lattice.
Exploiting the competition between the drive, which favors interfaces aligned vertically,
and the interparticle attraction under SPBC’s, which favors a skewed alignment, we
control the orientation of a single interface. In particular, the tilt angle θ is related to the
parameter H via θ = −tan 1 H Ly2 7. In our simulations we have fixed Ly at 36 and allowed

various values of H between 0 and 9.
In Chapter 3, the distributions of two structure factors are presented via

histograms of Monte Carlo data. These are the most important pair, namely �( , )s 1 0  and
�( , )s 0 1 , corresponding to the two lowest wave-vectors [3, 4]. At infinite drive and T well
above the critical Tc, both are exponentially distributed but controlled by different
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parameters. Based on these well-known theories [4], we compute these distributions
analytically and find that they are in good agreement with simulations data. Thus, we
confirm that these aspects are well described by a continuum field theory with an FDT-
violating dynamics, linearized about the half-filled disordered state. As Tc, is approached,
the distribution of the transverse component flattens out to resemble a Gaussian. Below
criticality, the peak gradually moves away from the origin, which is the hallmark of a
second-order transition. Meanwhile, the histograms for �( , )s 0 1  remain sharply peaked at
the origin through the transition. Though there may be nontrivial renormalization effects,
they appear to be small, lending much confidence to 0τ >&

 and τ ⊥ < 0 [see equation

(2.10)], being the appropriate starting point for a field theory for T T≤ c.
In contrast to the disordered state, much is still unknown about the driven lattice

gas below criticality. For our work in this area, we are guided by previous studies that
have examined properties of the driven lattice gas using SPBC [21] and OBC [25]. Using
SPBC, Vallés et al. [21] observed distinct differences between the two interfaces of a
single bulk strip, as the shift is increased. Our work concentrates on one of these
interfaces, referred to as the “evaporating edge.” The Vallés et al. study ultimately
observed a splitting transition resulting from an instability acting on the other interface
(referred to as the “absorbing edge”) [4]. As a result, observations on the stability of the
“evaporating edge” are severely limited [4]. By contrast, through an appropriate choice of
boundary conditions, we are able to induce the presence of a single “evaporating edge,”
set at various orientations with respect to the driving field. Thus, its properties can be
examined. Our work is also an extension of a previous study on systems subjected to
OBC [25], where Boal et al. imposed a particle gradient aligned with the field. As we
pointed out in Chapter 2, our lattice in the H → ∞ limit is their lattice arrangement. Since
there is a strong similarity between our work and Boal et al., we make use of their
analytic approach in the high-temperature (noninteracting) limit. In the ordered state with
a single “tilted” interface, we fit our simulation data to the known solution to equation
(2.7) for a single skewed interface [17, 23, 4] and estimate the bulk magnetization and
interface width or correlation length. The results are summarized in more detail below.

Using Monte Carlo techniques on a lattice gas subjected to SPBC and OBC, we
measure the average local density profiles as a function of temperature T and shift
parameter H. As a baseline, we first study this system without the drive, in the high-
temperature limit. The density profiles (based on a skewed column density) should be
described by a “free” diffusion equation subject to OBC, since the particles are
independent in the T → ∞ limit. The solutions for such an equation are linear and
independent of H, a property mainly confirmed in simulations. However, careful
observations of the density profiles reveal small edge or boundary effects for the standard
imposed densities. Instead of being 1 for the left edge and 0 for the right one, simulation
data reveal approximately 1 1− Lx  and 1 Lx , respectively. These results can be explained
by lattice edge biases created by the exclusion of the particle/hole reservoirs from the
random updating process. An analysis using microscopic gain-loss evolution equations
for the average site density predicts the observed deviations in density seen in simulations
for standard imposed densities.
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With an external driving field present, the average density profiles in the high-
temperature limit now show a dependence on the shift parameter H. Their behavior is
well described by a “free” diffusion equation, with an additional term to account for the
field. This added Ohmic current depends on the conductivity, which is approximated by
the simplest form consistent with physical requirements, i.e., ρ ρ1−0 5∝ )1( 2φ− . The
analytic solutions for a skewed lattice also have a tangent form, being generalizations of
those in Boal et al. [25]. On the whole, the data is well reproduced by such analytic
forms. However, observations of the density profiles again reveal small boundary or edge
effects as observed in the E = 0 case, described above. In the presence of a field for
H > 0, simulations suggest the lattice edge biases created by the exclusion of the
particle/hole reservoirs from the random updating process are enhanced. Local density
measurements at the “corner” positions in each step of the lattice show a marked decrease
consistent with edge biases in the x and y directions.

We have also investigated more complex forms for the density dependence in the
conductivity function. Here, our approach was to determine such a function numerically,
using a “free” diffusion equation with a general driving term. The results are based on
analyzing the average density profiles from our simulations. Ideally, this function should
depend only on the bulk control parameters, such as E and T, so that “data collapse” for
different H should occur. Though this is what we find mostly, we do observe some
explicit H dependence, at the level of about 10%. We believe that higher derivatives of
the density, associated with the square lattice, may be responsible for such deviations.

As we lower the temperature while keeping H fixed, the density profiles deviate
from the tangent form and become less curved. Indeed, it is essentially linear at some T,
which we designate as the crossover temperature: Tcr(H). Based on our simulations, it
falls in the range: 2 < Tcr(H) < 3. Below this temperature, the density profiles exhibit a
curvature opposite to that in the disordered state. It is possible to identify this crossover
point as the transition from the disordered to ordered states, similar to the phase transition
at T = 1.4 in the standard driven lattice gas. Further analysis is needed to carefully
examine thermodynamic properties to fully verify these points.

Well below the transition point, the system is in a phase-separated state. Keeping
T fixed at 0.8, we varied the orientation of a single dense strip at various angles with
respect to the driving field to study the behavior of an “evaporating edge.” These
different orientations are achieved through the use of SPBC and the shift parameter H.
We studied the following values of H: 0, 1, 2, 3, 4, 6, and 9. In our analyses, we focus on
the behavior of the total lattice density and local average density profiles. The structure of
these profiles clearly shows bulk, interface and boundary layer regions. We adopt several
local density measures: square box method, skewed column density, coarse-grained
skewed column density, and a sub-skewed column density.

For H ≤ 3, the “evaporating edge” remains relatively stable, exhibiting small
fluctuations in the bulk and interface regions. The associated bulk values of the
magnetization (M) and interface width or correlation length (ξ) are well defined and are
estimated by fitting the simulation data to a mesoscopic single skewed interface solution
[17, 23, 4]. For increasing values of H, M decreases while ξ increases, confirming that the



163

profile begins to “flatten” out. It is observed that the interface or edge position initially
placed in the center of the lattice (nominal position) is subject to “wandering” in the
lattice similar to phenomena observed in the PBC driven lattice gas (see Appendix C).
Meanwhile, the total lattice density for the nominal position is stable about the half-filled
value of 0.5. For fixed H, fluctuations about this average, measured by the standard
deviation, decrease with increasing Lx. This behavior suggests that the interface
wanderings do not increase with the system size. If this trend continues, we may conclude
that there is a repulsive long range, effective interaction between the interface and the
lattice boundaries. The origin of such an effective interaction remains to be explored.

Similarly, for the large shift of H = 9, this interface is also relatively stable,
although its structure is quite different from those in low shift cases. Fingers (or icicles),
reminiscent of those in Boal et al. [25], hang from the edge of the bulk regions. These
finger structures are observed to be an intermittent pattern displaying several different
morphologies. The lengths of these structures are so long that they wind around the
lattice several times. To see their structure more clearly, we utilize the skewed
translational symmetry in the lattice by stacking several lattices “on top” of one another.
The density profiles again exhibit distinct bulk, interface, and boundary layer regions
based on the coarse-grained skewed column density. Subsequent estimations of M and ξ
continue to indicate the density profile is “flattening” out as H is increased. The average
spin-spin correlations in the bulk and interface regions show increased correlation lengths
along skewed and longitudinal directions in the interface region when compared to bulk
regions. These increased correlations signal the presence of the finger structures in this
region. Finally, density profiles based on the sub-skewed column density show the
presence of small edge effects near the lattice edges as observed earlier in the high-
temperature limit. We suspect that these edge effects result from the same lattice edge
biases as discussed in the high-temperature limit.

For H = 4 and 6, the “evaporating edge” exhibits quite complex dynamics. In this
regime the average density profiles exhibit large fluctuations in the bulk and interface
regions. For H = 4, we observe that spins driven into the opposite phase condense to form
thin strips. Oriented diagonally, these strips drift to the boundary edges. However, this
drift appears to be a function of the local particle density gradient and thus dependent on
the lattice dimension Lx. For large lattices, such strips spend longer periods of time far
from the interface, so that the resulting average density profiles exhibit large deviations.
For H = 6, the destabilization is complete, with the collapse of the bulk regions. The
resulting profiles are generally “flat” in this region, though the boundary layers for H = 4
and 6 may still be well defined. The boundary layers for H = 4 and 6, though, appear
fairly stable. The mechanism for this instability is not known. For H = 6, structures in the
lattice are vertically oriented. We initially observe the finger or “icicle” pattern in the
lattice, which becomes more prominent for H = 9. Estimations of M and ξ for H = 4 and
6, based on a mesoscopic skewed interface solution, are difficult since the density
profiles show large variations. For H = 4 we use small lattices to get representative values
of M and ξ. These estimations support the claim that the trends for M and ξ seen earlier
for H ≤ 3 continue. Thus, the bulk magnetization continues to decrease, while the
interface width increases. For H = 6, we cannot obtain accurate values of M and ξ due to
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the collapse of the density profile, though we suspect the bulk magnetization decreases
for H = 6.

��� 2XWORRN
In this dissertation, we have explored a number of research areas with respect to the
driven lattice gas. There are many open issues associated with each area. Some of these
will be described briefly, with suggestions for future courses of action. We close with
some general comments.

a. A large portion of this dissertation is based on Monte Carlo simulations. Many
of the results in our analyses are based on a large number of measurements taken from
single Monte Carlo runs. Longer simulation times as well as additional runs would
certainly give us better statistics and more accurate measurements.

b. In our analysis of the distributions of structure factors, we used a least squares
approach to confirm the exponential assumption of the distribution represented by P.
Specifically, we chose equal weights, σi = 1, for the linear least squares fitting of ln P
versus s. To improve our fits we could try a weighted linear least squares approach.
Beyond simple improvements, an ambitious goal would be the study of distributions near
criticality. For the non-conserved Ising model in equilibrium, Binder [36] has
investigated critical distributions for the total magnetization. In that case, a much deeper
understanding of the critical properties ensued [36, 39]. Our histograms may be regarded
as generalizations of Binder’s distributions. For the driven system, only the cumulant
ratio has been used extensively in simulation studies so far [31]. Extension to include the
entire distribution would be desirable, an undertaking which will involve several
anisotropic lattices [31]. On the theoretical front, a complete theory of finite size effects,
along the lines of [39], would give us a much clearer picture of the universal behavior.

c. In our analysis of the disordered state of the driven lattice gas, we observed
the small systematic edge effects on the average density profiles due to OBC and the
“stair-stepped” lattice. Certainly, we need to verify these effects in this regime as well as
in the ordered state. It would be interesting to understand fully why the variation in the
imposed particle densities at the lattice edges for H = 0 (for lattice sizes of 144 × 36) does
not have a discernible deviation as in the standard boundary densities. We also need to
modify the random updating process to remove these lattice edge biases and study the
resulting profiles. On the analytical side, our use of a “free” diffusion equation in the
disordered phase, supplemented with a driving term to account for the current due to the
field, is limited by our approximation of the conductivity function, σ, to lowest order.
Perhaps it is possible to carry an additional term(s) to capture more of the nonlinear
effects. If it is not possible analytically to solve the resulting differential equation,
perhaps it may be possible to carry out the integration numerically. Of course, we also
briefly examined numerically the general form for σ in the high-temperature
(noninteracting) limit. Our results suggest that higher nonlinearities are present. In



165

addition, the small “H dependence” may be accounted for by incorporating higher
derivative of the densities in the evolution equation. A systematic study along these lines
should be undertaken.

d. Fixing H and varying the temperature, we observed crossover behavior in the
density profile, from a disordered to an ordered state. Additional analysis is needed to
further refine the location of the crossover point in which the density profiles are quasi-
linear. For this exercise, larger lattices may be needed. Of course, other thermodynamic
observables need to be examined to determine the nature of this “transition.” On this
basis, and partly based on our analyses already, it would be desirable to examine the
frequency dependence of the total lattice density during a simulation run, and
subsequently observe how this changes as a function of temperature. Perhaps a similar
crossover phenomenon occurs in the frequency domain through the transition point.

e. In the ordered state there are several important issues to be explored:
(i) Boundary layer regions of the density profiles: Our findings, so far,

indicate these regions are stable as a function of H. However, we do not have a
firm understanding of how these regions behave as a function of H. An important
question is, “Are these boundary layers related to the boundary layer behavior as
seen in the high-temperature limit?” Perhaps they are by the following
observation. In the ordered state a small number of holes appears in the dense
phase in the boundary layer which may effectively result in the holes acting
independently of one another. This would also occur in the boundary layer of the
rarified phase in terms of the particles. The density profile for a given H in the
high-temperature limit extends from the density value of one at the left edge to the
average bulk value which is zero. For the boundary layer region in the ordered
state, the profile extends from the density value of one at the left edge to the
average bulk density at the given H value. Thus, modifying the imposed boundary
densities at the left edge of the lattice to one, and right edge to the bulk value (at
the given H), would enable a comparison of the resulting density profile to our
earlier high-temperature limit results.

(ii)  Detailed mapping of the functions M(H, T) and µ(H, T): Although they
are phenomenological in nature, these functions provide the “first impression” of
a phase segregated state. Thus, it is important that we have better statistics (and
understanding) of the ones measured, as well as estimates for H = 18.
Specifically, it would be extremely helpful to see if M and/or µ extrapolate to
critical shift values, the critical shifts being defined as the value of H when µ and
M are zero. These conditions would mark the disintegration of the interface,
analogous to the behavior seen at a critical point. Building on the work of the
coexistence curves for the driven lattice gas [40, 38], we should compare our
results of M H T( , ) to determine the differences due to the addition of OBC in the
driven lattice gas.

(iii)  Destabilization of the interface in the H = 4 and 6 cases: It is not clear
what is the exact mechanism behind the destabilization, especially the behavior
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seen for H = 6. Further explorations, better statistics, and designing more
appropriate characterization schemes will undoubtedly help the understanding of
this complex and interesting phenomenon.

(iv) Properties of the finger or “icicle” pattern in the H = 9 case: The
presence of these intriguing patterns in both our study and that of Boal et al. [25]
suggests that they may be generic in driven diffusive systems in the low-
temperature regime. Numerical solutions of an appropriate bulk equation should
be explored, to see if “icicle” solutions exist. At the same time, simulations
studies can be extended to examine longitudinal and skewed spin-spin
correlations in the bulk and interface regions. This may lead to a better
characterization of these structures, e.g., a fingering angle similar to that defined
by Boal et al. [25]. In our case, it is unclear how an “average finger angle” can be
measured, though rough estimates may be made from the spin-spin correlations,
assuming a particular geometry for a generic finger. Other methods to be explored
include cluster analysis and Fourier transforms.

Clearly, there are many possible future studies associated with the driven lattice
gas. We hope this dissertation serves as a first foray into some of the rich properties of
the driven Ising lattice gas, especially with regards to open boundary conditions and the
orientation dependent properties of an “evaporating edge.”
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In Chapter 3, Figure 3-3 shows the plots of ln P  versus s for �( , )s 1 0  and �( , )s 0 1  for
T = 2.2. All T values appearing in this Appendix have units of the Onsager temperature,
2.269 J/kB. Included on those plots are linear least square fits. Table 3-1 contains the
values of the structure factor s0 calculated from the subsequent slopes of these fitted lines
for all of the temperatures examined in the study, T = 2.2 to 1.2. Included in this appendix
are the additional plots of ln P  versus s for �( , )s 1 0  and �( , )s 0 1  for the temperatures
T = 2.0, 1.8, 1.6, 1.4, and 1.2. A supporting plot to complement Figure 3-2 showing the
histograms of P versus s for temperatures 2.0, 1.8, and 1.6 is also included since log-
linear plots are developed from these histograms. These plots in Appendix A along with
Figure 3-2 and Figure 3-3 in Chapter 3 then form complete set of the least squares fitting
procedure. Note that for �( , )s 1 0  there are no log-linear plots for T = 1.4 and 1.2. This is
because of the role of �( , )s 1 0  as an order parameter. As the system approaches Tc, the
distribution of �( , )s 1 0  substantially deviates from an exponential form. For �( , )s 0 1  we
have performed least squares fits down to T = 1.2 even though our analytic development
only justifies the exponential form for temperatures well above Tc. However, the
exponential form still holds fairly well for �( , )s 0 1  through the critical point.
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Figure A-1. Histograms representing distributions of structure factors, P s( ; )k  for T = 2.0, 1.8, and 1.6.

Figures in the left column (a)-(c) are for �( ,0)s 1 . Those in the right column (d)-(f) are for �( )s 0,1 .
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For least squares fitting we assumed an exponential for P of the form e
s
s−
0  where s0 is

the structure factor. A plot of lnP  versus s yields a straight line with the form
A s s− 1 01 6  where A is the y-intercept. The slope of the line is −1 0s . Thus, the structure

factor s0 equals the minus of the reciprocal of the calculated slope of the fitted line. This
procedure was used to compute one set of values, s0 in Table 3-1, which appears in
Chapter 3.

As noted in Chapter 3, the histograms of P were constructed by assigning bins to
the vertical axis of the time series plots of �s and counting the number of values which
fall within each bin. The selection of the bin size was heuristically chosen to best
“capture” the exponential behavior of the histogram plots. Careful consideration was
taken to ensure a large enough bin size to obtain a reasonable number of values within
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Figure A-2. Plots of ln ( ; )P s k against s at T = 2.0, 1.8, and 1.6 for �( ,0)s 1 and �( )s 0,1 with least squares

fitted straight lines. Full circles are for �( ,0)s 1 , open circles for �( )s 0,1 .
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each bin. The assumption being that a smaller number of values in a bin would be
proportionally more affected by random noise effects in the simulations. For s( , )0 1  the
bin size was chosen to be 0.5, and this was kept constant for all temperatures. This
reflected the fact that this component remained essentially unaltered as the system went
through the critical point. For s( , )1 0  an increasing bin size (as a function of temperature)
was chosen to compensate for the increasing range of s( , )1 0  as the critical point was
approached. The bin sizes chosen were 1, 1, 2, and 4 for the temperatures T = 2.2, 2.0,
1.8, and 1.6, respectively.

Once the histograms were constructed and log-linear plots made from them, the
least squares fitting was performed with the assumption of an exponential form. Note that
this exponential assumption was then tested by comparing the computed structure factors
s0 to the structure factors calculated directly from an average of the time series of �s (see
Table 3-1). The least squares fits were performed with equal weighting for each data
point (weights, wi = 1 for each point). Because of the sensitivity of the least squares
fitting procedures to outlying points, only data was used up until the first “zero” bin. A
“zero” bin being defined as a bin with no recorded values of �s within it. Bins after this
first “zero” bin were then excluded from the least squares analysis. The rationale for the
exclusion of this data was that the bin values were too small to provide reliable values
due to the effects of random noise in the simulation.
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In this section, we show the variation in the average density profiles due to measuring
box size. We examine the shifts H = 0, 3, 4, 6 and 9. Here we show these effects with
36 × 36 lattices. As a first step in constructing the average density profiles (i.e., the local
density across the lattice), we used square-sized measuring boxes placed appropriately in
the lattice to give us a measure of the local density. To construct the profiles, these
measuring boxes were varied systematically across the lattice in the x direction. These
boxes were also placed at various y positions in the lattice. Because of the symmetry in
the lattice due to shifted periodic boundary conditions (SPBC) implemented in the y
direction, we expect that different y positions of the measuring box, with the same
relative position within a step in the lattice, should yield equivalent results. As defined
earlier, because of SPBC and open boundary conditions, there are steps in the lattice (see
section 4.2.1). Each step can be thought of as a sublattice. Each of these sublattices, by
symmetry, is equivalent to one another. For example, H = 3 has three steps in the lattice.
The middle position for each step are at positions y = 6.5, 18.5, and 30.5 for lattices in
which Ly = 36. Placing the same size measuring box at these y positions should yield
equivalent results for the average density profiles. In fact, in section 4.5, we show that
representative density profiles at these positions are equivalent for H = 3. Likewise, for
the higher shifts there are equivalent y positions equal to the number of steps or sublattice
in the lattice. Thus, for a given y position in the lattice, there are 3, 5, or 8 other
equivalent y positions for shifts H = 4, 6, and 9 respectively.

In this section we focus on one representative y position in the lattice for each
shift H, and vary the measuring box size. We vary the box size over five values: 3 × 3,
4 × 4, 6 × 6, 8 × 8, and 9 × 9. Note that for the higher-order shifts H = 6 and 9 we
constrain the set of measuring box sizes. For H = 6, each step in the lattice is comprised
of six rows. Thus the largest box size used was 6 × 6. Using a larger box size would
sample into the next step or sublattice in the lattice. For H = 9, there are four rows in each
step. Thus for H = 9 we explored only 3 × 3 and 4 × 4 boxes. Given these constraints for
H = 6 and 9 we explored how the average density profile (i.e., local density across the
lattice) varies as we use different box sizes for each shift H. Several considerations led us
to choose 6 × 6 measuring boxes for shifts H = 0, 3, 4, 6, and 4 × 4 boxes for H = 9.
(Note, additional results for H = 1, 2 are effectively represented by examining H = 0 and
3.) On the one hand, smaller box sizes capture more of the fine details in the density
profile behavior. On the other hand, smaller boxes have a smaller statistical sample and
less averaging or coarse-graining properties. Our ultimate purpose for these profiles is to
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compare (or fit) them with the skewed interface solution (see section 4.5). Thus, we
would like density profiles to be fairly smooth. A larger box provides a larger averaging
effect. It also became apparent that there are large fluctuations in the density profiles for
shifts H = 4, 6, and 9. The larger box size would help to counter these fluctuations.

We now show the density profiles for the various shifts in Figure B-1 through
Figure B-6. Each profile is constructed from an average of 900 points sampled over
configurations (after a 10K initial transient) from a Monte Carlo simulation of 100K
MCS. Each simulation was started from an initial configuration in which the total
density, ρT, was 0.5. An inverted quench was then performed to T = 0.8. Here, as in
section 4.5, the density profiles are examined in a 36 × 36 lattice from x = 7 to 29 at every
integer value. For even-size boxes, the centered x positions for the measuring box are at
x = 7, 8, 9, …, 29. For odd-size boxes these are at x = 7.5, 8.5, …, 29.5. Note for odd-size
box lengths (3 × 3, 9 × 9) the center of the box cannot be centered within each step if
each step or sublattice has an even number of rows and, of course, vice versa if the box
length is even.

Figure B-1 contains the average density profiles for H = 0. For H = 0, we selected
positions which are the same as for H = 3 to facilitate comparison. For H = 3, there are 12
rows per step. Hence, the center of the first step is 6.5. The 4 × 4, 6 × 6, and 8 × 8 boxes
are at this position. The 3 × 3 and 9 × 9 boxes are slightly off-center at x = 6.0. For H = 0,
because of the narrow interface region, the width of the measuring box greatly affects the
density profile. In Figure B-1, the profiles indicate that the width at the interface grows
with increasing box size length. Here, using a too large box size masks the true width of
the interface. For 9 × 9 boxes the width of the interface has been masked and totally
dependent on the box size length. The slope is on the order of 1/9. Even with 6 × 6 boxes
the density profile is masked. Only with diagonal boxes (of width 1) in section 4.5 are we
able to adequately capture the density profile for H = 0. However, for first-order analysis,
we use the 6 × 6 measuring box profile for H = 0 as a starting point. In Figure B-2 we
show the profiles for H = 3. In Figure B-3 and Figure B-4 are results for H = 4. For this
shift, we show two different Monte Carlo simulations because of the wide variation in the
average density profiles. One can see the averaging or coarse-graining effects of using
larger box sizes, especially for case 2. Note that for H = 4, the number of steps in the
lattice is four where each step is comprised of nine rows. Thus for this shift only, there is
an odd number of rows per step. The odd size length boxes, 3 × 3 and 9 × 9, are centered
in the first step at y = 5, while the even size boxes are slightly off-center at y = 4.5. In
Figure B-5 we show the profiles for H = 6. Here again, because of the variation in the
density profiles, we show two representative cases constructed from independent Monte
Carlo simulations. For H = 6 we examined only 3 × 3, 4 × 4, and 6 × 6 boxes. One can
clearly see the averaging effects of using 6 × 6 boxes especially for case 2. In Figure B-6
we show the profiles for H = 9 for 3 × 3 and 4 × 4 boxes. We show only one case, but at
this shift there are also large variations in the density profiles.
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Figure B-1. Average density profiles for H = 0 using various measurement box sizes.
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Figure B-2. Average density profiles for H = 3 using various measurement box sizes.
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Figure B-3. Average density profiles for H = 4, case 1, using various measurement box sizes.
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Figure B-4. Average density profiles for H = 4, case 2, using various measurement box sizes.
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Figure B-5. Average density profiles for H = 6 using various measurement box sizes.
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Figure B-6. Average density profiles for H = 9 using various measurement box sizes.
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For comparison to the bulk and interface distributions presented in section 4.5 (for
systems with SPBC and OBC) we display these distributions for systems which have
periodic boundary conditions implemented in the x and y directions. This section serves
as a baseline where we can compare similarities and differences in the bulk and interface
distributions to section 4.5 to understand the effects of SPBC and a particle gradient in
the lattice. The distributions presented here are for 36 × 36 lattices, though we do show
for driven systems results for larger systems (70 × 36).

Our Monte Carlo simulations are typically for 100K MCS or 200K MCS. In
several instances, we have run for 200K MCS to ensure a larger sample to see how the
system changes over time. Typical of all of our runs we start from a single dense strip,
ρT = 0.5, and perform an inverted quench to T = 0.8. We then collect data at every 100
MCS after allowing for an initial 10K MCS transient. To construct the bulk and interface
distributions we have placed three 6 × 6 boxes at the positions x = 7.5, 18.5, and 29.5
(based on a 36 × 36 lattice size). All 6 × 6 boxes are centered along the y axis at y = 18.5.
These three points are also included in the points examined in section 4.5 to facilitate
comparison. Here we have chosen two points to examine the bulk distribution, x = 7.5
and 29.5. Because of the antisymmetry of the average density profile due to the particle-
hole symmetry in the lattice, we expect these two points in the lattice should also reflect
this symmetry. The other point positioned at x = 18.5 is placed in the center of the lattice
to capture a distribution for the interface. One limitation in this approach is that, as will
be shown, the interface while initially placed in the lattice is not stationary. In the
equilibrium case the interface is irregular and changes through the simulation, and thus
our 6 × 6 box measures these changing conditions. In the driven case, the interface is
more stable however it wanders. However, we compensate for this wandering to
construct distributions for the fluctuations about the average position of the interface.

&�� (TXLOLEULXP�6\VWHPV
We first examine the bulk and interface distributions for systems in equilibrium. We thus
shut off the external driving field. Performing an inverted quench to T = 0.8 from a single
dense strip, the resulting configurations in the simulation show a large variation in how
the bulk and interface regions move about as a function of time. Here because of the
absence of a driving field the interface appears irregular and moves about in a random
fashion. Since there is substantial variation in the lattice configurations as a function of
time, these variations will have a marked effect on the resulting distributions. We show
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two typical independent simulations runs to contrast the effects on the resulting
distributions. We first discuss case 1.

Several configurations are shown in Figure C-1 for the times of 30K, 80K, 130K,
and 180K for case 1. For this simulation, we have run for 200K MCS. In Figure C-1 we
show three stacked lattices in the y direction, for convenience, to facilitate comparison to
our lattice configurations shown in section 4.5. Our two box positions, x = 7.5 and 29.5,
seem to adequately sample the bulk regions even through these are moving about in the
simulation. In Figure C-2 we show the box counts from these 6 × 6 boxes as a function of
MCS. The results for the box positioned at x = 7.5 is shown in (a), while the box at
x = 29.5 is shown in (b). The resulting local density is found by normalizing the box
counts by 36. In (c) we show the resulting distributions for each box position. Here the
histograms are constructed by forming bin intervals of one. As expected, these two box
positions reflect the particle-hole symmetry in the lattice. Both distributions show
exponential-like behavior, typical of all of our profiles in section 4.5, when the average
bulk value in the particle-rich (particle-poor) phase is close to 1 (0). Only when the
average bulk value is substantially less than 1 (0) in the particle-rich (particle-poor) phase
do we expect the bulk distribution to widen and appear near Gaussian. We may expect
this behavior in the present case for higher temperatures when the bulk density, according
to the coexistence curve, is less. In any case, the distributions in Figure C-2 (c) seem to
be equivalent to the bulk distributions found for H = 0 in the driven case (see section 4.5).

(a) 30K MCS (b) 80K MCS (c) 130K MCS (d) 180K MCS

Figure C-1. Equilibrium lattice configurations at T = 0.8 (case 1) at various times in 200K MCS simulation
run.
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Figure C-2. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.
Resulting histograms in (c).
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We now examine the box counts for the 6 × 6 box positioned at x = 18.5. Here
because of the interface movement the box counts range from 0 to 36. This is shown in
Figure C-3. We show the box counts, or equivalently the local density as a function of
MCS and the resulting histogram. The histogram is fairly flat, indicating a wide
distribution in this part of the lattice. This is in contrast to the driven case presented in the
next section. Because of the large variation in the distribution for the 6 × 6 box at
x = 18.5, we show a second independent simulation to highlight the change that can result
in this distribution at x = 18.5.

In Figure C-4 we show the lattice configurations for 30K, 50K, 130K, and 180K
for case 2. These configurations look quantitatively different in that this simulation run
appears to show the interface region with somewhat less variation during the 200K MCS
run than case 1. In Figure C-5 we show the box counts from the 6 × 6 boxes at x = 7.5
and 29.5. The resulting histograms in (c) look very similar to case 1. Here, not
surprisingly, the histograms continue to show the particle-hole symmetry in the lattice. In
Figure C-6 we show the box counts and histogram for the box position at x = 18.5. Here
because the interface is more stable, and positioned just outside the box, the resulting
histogram retains an exponential-like behavior with a long tail. The distribution is largely
about an average close to zero, as seen by examining the box counts in (a). In this
particular simulation run the interface position seems to be just outside of the 6 × 6 box.
In effect the resulting distribution for the local density at x = 18.5 perhaps shows one side
of the distribution for the interface fluctuations. It is obvious from case 1 and 2 the
interface moves in a random fashion and the resulting histograms for the local density at
x =18.5 will vary from case to case.
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Figure C-3. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.
Resulting histograms in (b).
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We now examine the bulk and interface distributions for driven systems. Thus we turn on
the external driving field to saturation level (E = 50) in the downward y direction. Here,
as before, we primarily examine 36 × 36 lattices. The simulations are started, as before,
from a single dense strip, ρT = 0.5. Then an inverted quench is performed to T = 0.8. With
the presence of an external driving field the interface is much more stable and regular.

(a) 30K MCS (b) 80K MCS (c) 130K MCS (d) 180K MCS

Figure C-4. Equilibrium lattice configurations at T = 0.8 (case 2) at various times in 200K MCS simulation
run.
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Figure C-5. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.
Resulting histograms in (c).
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Figure C-6. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.
Resulting histograms in (b).



179

This is illustrated in configurations pictured in Figure C-7. Here, lattice configurations
are shown for 20K, 45K, 70K, and 95K. Again, the configurations are displayed as three
stacked lattices. This simulation was run for 100K MCS. One striking characteristic of
these pictures is that the interface, while remaining fairly regular, wanders in the lattice
over several columns in the x direction. In fact, the whole dense strip moves about. We
now examine the local density in the lattice with 6 × 6 boxes at the three positions
x = 7.5, 18.5, and 29.5. In Figure C-8 we show box counts for positions x = 7.5 and 29.5
in (a) and (b) respectively. Here, as remarked earlier, the local density is found by
normalizing the box counts by 36. If we look at the resulting histograms in (c), the bulk
distributions display the particle-hole symmetry in the lattice. The histograms for x = 7.5
and 29.5 are mirror images of one another. These are consistent with the earlier bulk
distributions found in the equilibrium case. Here, although the density profile is not
constructed, the average bulk density of the system is fairly close to 1 in the dense phase.
The exponential-type distribution is consistent with this observation. In Figure C-9 we
show the box count and histogram for the box positioned at x = 18.5. Here we can clearly
see in the box counts the extent of the interface wandering. The interface, moving with
the dense strip, wanders over a number of columns. This can be seen in the lattice
configurations in Figure C-7. The box counts, with the initial dense strip at ρT = 0.5,
starts with the initial value of 18.5. The box count value in the lattice hovers about this
value until about 32K MCS, when the dense strip seems to move over two columns. The
box count from the 6 × 6 box centered at x = 18.5 then increases by 12 to 30.5. The box
count value hovers about the value of 30.5 until about 63K where the dense strip seems to
move one x column to the left. The box count value drops to 24.5, and stays at this
position until about 88K MCS when the bulk moves again one column to the left to its
original starting point. Later in the simulation after 96K MCS the bulk seems to be
moving left once again. In Figure C-9 we show the resulting histogram for the position
x = 18.5. Because the interface is wondering, the resulting distribution is quite wide.
However, it is evident based on the box counts, that the distribution seems trimodal with
three separate distributions at each of the three average positions of the interface in the
simulation run. Since we are interested in obtaining the distribution of fluctuations about
the interface, instead of measuring the effects of the interface wandering, we break up the
one long sampling run into separate samples. The first set from 10-32K, and 88.5K-96K
MCS samples the interface at the average position of x = 18.5. This is shown in Figure
C-10 (a). Here using a bin interval of one, we have a Gaussian-type distribution. Our
second set from 32.1-63K MCS is shown in Figure C-10 (b). Here again the resulting
distribution seems Gaussian-like. Lastly, our third sampling set from 60.1-88.4K MCS
also reveals a Gaussian-type distribution. These distributions in (a), (b), and (c) confirm
our trimodal hypothesis when our sampling set was from 10K-100K MCS. These
Gaussian-type distributions in the interface region are consistent with our results in
section 4.5 for the interface region.
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(a) 20K MCS (b) 45K MCS (c) 70K MCS (d) 95K MCS

Figure C-7. Non-equilibrium steady state lattice configurations at T = 0.8 at various times in 100K MCS
simulation run.
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Figure C-8. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y positions.
Resulting histograms in (c).
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Figure C-9. Box counts (i.e., local density) for 6 × 6 measuring box centered at designated x, y position.
Resulting histograms in (b).
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We now show how the box counts and histogram for our box positions vary as we
take larger lattice sizes. We extend our lattice size to 70 × 36. Here we explicitly avoid a
simple doubling of the original lattice size of 36 to guard against any unusual systematic
errors. In our larger lattice size, the boxes have been repositioned. The three 6 × 6 boxes
are now centered at x = 18.5, 35.5, and 52.5. Here we display results from two typical
simulation runs. Our histograms for box positions at x = 18.5 and 52.5 look equivalent to
earlier results. This is shown in Figure C-11, where we show typical histograms for the
simulation runs with the larger lattice sizes. One early observation, from our results in
section 4.5, is that with larger lattice sizes there is a greater variability in the bulk and
interface regions. This observation may be more obvious in the SPBC case (in section
4.5) as a function of H. In the present case we can see the variation at least in the
interface region or, more explicitly, in the local density distribution for x = 35.5. In
Figure C-12 we show two typical cases from independent simulation runs for the box
position at x = 35.5. In (a) and (b) we show one run where the interface (and the bulk)
slowly moves to the left in the lattice, so that the box counts value slowly decreases. The
resulting histogram in (b) is fairly wide but multimodal to indicate several places during
the simulation where the interface is momentarily stationary. In (c) and (d) we show a
second case. Here the interface (and bulk) moves in a different fashion, albeit in an
almost periodic fashion. This is clearly seen in the box counts value as a function of
MCS. The resulting histogram reveals, once again, a wide distribution, perhaps in this
case bimodal with the two distributions at average values of x = 18.5 and 12.5.
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Figure C-10. Histograms for three separate sampling sets based on data from Figure C-9 (a).
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Figure C-11. Histograms based on box counts for 6 × 6 measuring boxes for a 70 × 36 lattice size.
Measuring boxes at x = 18.5, y = 18.5 and x = 52.5, y = 18.5.
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Figure C-12. Box counts and resulting histograms for 6 × 6 measuring box at x = 18.5, y = 18.5 for two
independent simulation runs for a 70 × 36 lattice size.
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