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Anake Umsrithong 

ABSTRACT 

The tire is one of the most important components of the vehicle. It has many functions, 

such as supporting the load of the vehicle, transmitting the forces which drive, brake and 

guide the vehicle, and acting as the secondary suspension to absorb the effect of road 

irregularities before transmitting the forces to the vehicle suspension. A tire is a complex 

reinforced rubber composite air container. The structure of the tire is very complex. It 

consists of several layers of synthetic polymer, many flexible filaments of high modulus 

cord, and glass fiber, which are bonded to a matrix of low modulus polymeric material. 

As the tire is the only component of the vehicle which makes contact with the road 

surface, almost all forces and moments acting on the vehicle must be transferred by the 

tire. To predict the dynamics of the vehicle, we need to know these forces and moments 

generated at the tire contact patch. Therefore, tire models that accurately describe this 

dynamic behavior are needed for vehicle dynamic simulation. Many researchers 

developed tire models for vehicle dynamic simulations; however, most of the 

development in tire modeling has been limited to deterministic steady-state on-road tire 

models. 

The research conducted in this study is concerned with the development of semi-

empirical transient tire models for on-road and off-road vehicle simulations. The semi-

empirical transient tire model is developed based on existed tire models, analytical tire 

structure mechanics analysis, and experimental data collected by various researchers. The 
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tire models were developed for vehicle traction, handling and ride analysis. The 

theoretical mechanics analysis of the tire model focused on the determination of tire and 

terrain deformation. Then, the results are used together with empirical data to calculate 

the force response and the moment response. Moreover, the influence of parametric 

uncertainties in tire parameters on the tire-terrain interaction is investigated. The 

parametric uncertainties are quantified and propagated through the tire models using a 

polynomial chaos theory with a collocation approach. To illustrate the capabilities of the 

tire models developed, both deterministic and stochastic tire models are simulated for 

various scenarios and maneuvers. Numerically simulated results are analyzed from the 

perspective of vehicle dynamics. Such an analysis can be used in tire and vehicle 

development and design. 
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Chapter 1 Introduction 

1.1 Motivation 

Most of the forces and moments acting on a vehicle are generated and transferred 

through the tire 

The tire is one of the most important components of the vehicle. As the tire is the only 

component of the vehicle which makes contact with the road surface, almost all forces 

and moments acting on the vehicle must be transferred through the tire. To predict the 

dynamics of the vehicle, we need to know these forces and moments generated in the tire 

contact patch. Therefore, tire models that accurately describe this dynamic behavior are 

needed for vehicle dynamics simulation. 

During normal driving condition, both steady-state and transient states of the tire 

occur 

To accurately predict the tire mechanics behavior during operating, it is necessary that the 

tire model is able to predict both steady-state and transient response. In the past few 

years, AVDL developed a steady-state tire model using analytical mechanics starting 

from Fiala’s tire model and experimental data from NHTSA, as well as in-house testing. 

The steady-state tire model lacks the prediction power of the tire transient behavior 

because it doesn’t take effects of speed, acceleration, and normal load variation into 

account. Thus, a tire model which included these effects and is able to predict both tire 

steady-state and transient behavior was needed.  
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Intrinsic uncertainties of various tire parameters 

In the real world, accurate estimation of the tire dynamic behavior is difficult because it is 

influenced by various uncertain tire parameters, for example, tire stiffness, tire damping, 

etc. The tire parameter variations might come from the operating environment, the 

manufacturing processes, the nonlinear and hysteresis properties of tires, and the 

limitations of measurement techniques which vary about the nominal values and follow 

some kind of probability distribution. To gain more confidence in the predicted results of 

a tire model, these uncertainties should be taken into account. Therefore, the analysis of 

the tire model in a stochastic framework is needed.  

1.2 Research Objectives 

The primary objectives of this research are: 

1. To explore the current state of the art in on-road and off-road tire modeling for the 

study of vehicle traction, handling and ride characteristics; this includes various 

types of tire modeling approaches such as analytical, empirical, and finite 

element, in order to understand the limitations and strengths of the most advance 

tire model. 

2. To develop transient tire models for both on-road and off-road applications to 

study handling and ride characteristics of the vehicle by extending the capabilities 

of the steady-state tire model to capture the transient behavior of the tire without 

(or with minimal) additional testing which gives a satisfactory accuracy and is 

more cost effective than an empirical tire model. 

3. To understand tire force and moment generation in the contact patch and at the 

wheel axle while driving over flat and over uneven rigid terrain. 
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4. To preserve a relatively small computational effort. The models developed must 

give accurate results and must be suitable for vehicle dynamics simulation. 

5. To integrate stochastic tire parameters into the tire model in order to realistically 

predict forces and moments generated in the tire contact patch and at the wheel 

axle using the theory of polynomial chaos. 

1.3 Methodology 

The first step in studying the dynamic response of a tire rolling over flat rigid terrain was 

to develop the two-dimensional semi-empirical transient model. The tire model is based 

on the analytical mechanics analysis of the flexible ring on elastic foundation, 

experimental data, and empirical force and moment formulae. The following assumptions 

have been initially made for the two-dimensional tire model: 

1. The tire contact patch has a rectangular shape which is a good estimation 

according to our observations and the literature. 

2. The contact pressure distribution is uniform in the lateral direction. The one 

dimensional contact pressure distribution was obtained by analyzing the 

deformation of the belt and of the tread elements.   

3. The tire inflation pressure and the temperature remain constant at all times. 

4. The tire remains in contact with the terrain at all times. 

Afterwards, in order to obtain more realistic results and to take the camber angle effect 

into account, the three-dimensional semi-empirical transient tire model was developed. 

The first two assumptions are revised to the following: 
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1. The tire contact patch has a trapezoidal shape for a non-zero camber angle and has 

a rectangular shape when the camber angle is zero. 

2. The contact pressure distribution is not uniform in the lateral direction anymore, 

which yields a more realistic contact pressure distribution.  

Also, to study the dynamic response of a tire rolling over uneven rigid terrain, a single 

point contact lumped mass tire model was developed. However, this model is valid only 

for long wavelength terrain profiles. To accurately predict the dynamic response of the 

tire over short wavelength terrain profiles, the concept of an effective terrain input is 

employed and used as input into the single point contact lumped mass tire model.  

Even though, the single point contact tire model gives results that show a good agreement 

with experimental data from literatures, it still has some limitations. Therefore, a more 

sophisticated tire model is developed to eliminate those limitations by using Multibody 

modeling approach.  

The final step is to account for uncertain parameters in the tire models. The uncertain tire 

parameters have been selected, quantified using a polynomial chaos approach, and tested 

independently using a collocation method. Finally, the effects of combination of 

uncertain tire parameters are investigated.   

1.4 Research Contribution 

This research focuses on the development of transient tire models for on-road and off-

road vehicle dynamics simulations. In addition, uncertain tire parameters are quantified 

using a polynomial chaos theory with collocation method.  The stochastic transient tire 

model with uncertain tire parameters has been investigated.  
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The main contributions of this study are the development of these deterministic and 

stochastic tire models: 

a. Two-dimensional flexible belt ring tire model for vehicle performance and 

handling characteristics investigation over flat rigid terrain 

b. Three-dimensional flexible belt ring tire model for vehicle performance 

and handling characteristics investigation over flat rigid terrain 

c. Single point contact tire model for vehicle ride characteristics 

investigation over uneven rigid terrain 

d. Discrete mass tire model for vehicle ride characteristics investigation over 

uneven rigid terrain 

e. Stochastic Two-dimensional flexible belt ring tire model for vehicle 

performance and handling characteristics investigation over flat rigid 

terrain by using a polynomial chaos approach. 

f. Stochastic Three-dimensional flexible belt ring tire model for vehicle 

performance and handling characteristics investigation over flat rigid 

terrain by using a polynomial chaos approach. 

g. Stochastic Single point contact tire model for vehicle ride characteristics 

investigation over uneven rigid terrain by using a polynomial chaos 

approach. 

The tire models over flat rigid terrain were simulated in two selected scenarios: 

accelerating/braking and sinusoidal slip angle variation to illustrate the dynamic response 

of the tire. Moreover, the simulations of tire rolling over uneven rigid terrains are 



 6 

performed to obtain the tire dynamic response by using the single point contact tire model 

and the discrete mass tire model.  

1.5 Dissertation Outline 

This dissertation is organized as follow: 

Chapter 2 introduces the necessary background for this research which includes an 

overview of the pneumatic tire, a basic tire modeling for vehicle dynamic analysis, a tire 

and vehicle terminology, and a basic polynomial chaos theory summary. It also includes 

a review of literatures related to tire modeling over flat rigid terrain and over uneven rigid 

terrain. 

Chapter 3 focuses on the development of the transient tire model over flat and uneven 

rigid terrains. For the flexible belt ring tire model over flat rigid terrain, the tire was 

modeled by the flexible ring on elastic foundation technique. The mechanics analysis of 

tire deformation for both contact-free belt and contact belt are performed. The contact 

pressure distribution and the vertical force were calculated and used in the empirical 

force and moment. For the simplified tire model over uneven surface, the tire was 

modeled by the single point contact lumped mass tire model. The effective terrain inputs 

are used with the single point contact tire model to filter the short wavelength terrain 

profile as a result of the tire enveloping property. To eliminate the limitations of the 

single point contact tire model, the discrete mass tire model was developed by using 

Multibody modeling approach. The tire belt is modeled as a ring of point mass that are 

interconnected by radial and tangential springs called inter-radial and inter-tangential 

springs. The tire sidewall is modeled as springs and dampers connected between a rim 

and point masses in radial and tangential direction. Moreover, the uncertain tire 
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parameters are incorporated into the flexible belt ring and single point contact tire models 

by using the polynomial chaos theory with a collocation method. The case studies for a 

combination of two and three independent uncertain parameters are also shown and 

discussed. 

Chapter 4 consists of simulation results based on the tire models developed, discussions 

of these results, and comparison between simulated results and experimental data.  

Chapter 5 includes a summary of the important findings and contributions of this study as 

well as a discussion of future research. 
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Chapter 2 Background and Review of Literature 

2.1 Background 

2.1.1 Pneumatic Tire 

Many people think that a tire is a low-tech commodity product, but actually, the tire is a 

highly engineered product. The tire is a complex reinforced rubber composite air 

container. Its structure is very complex. It consists of several layers of synthetic polymer, 

many flexible filaments of high modulus cord, glass fiber and bonded to a matrix of low 

modulus polymeric material. The tire structure may be classified into two parts: 

hyperelastic components and laminated rubber composites. The hyperelastic components, 

such as tire belts, beads, and carcass, are soft and practically incompressible such as: 

tread caps, shoulders, inner liner, and bead fillers. The laminated rubber composites 

normally are stiff and have a highly orthotropic behavior [1 - 2]. Figure 2.1 shows the 

components of a radial tire which is the typical construction of modern automobile tire.  

 

Figure 2.1 Components of a radial tire (reprinted from [1]) 
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The tires can be classified by their structure types as: 

Diagonal (cross) bias tire – A bias tire has body ply cords that are laid at angles less than 

90 degrees (rarely made with angle exceeding 38 degrees because of their low cornering 

power) to the tread centerline, as shown in Figure 2.2a. It is barely used in modern 

automobile. But still used in some applications for trucks, trailers, and farm implements. 

The advantage of diagonal bias tire is that it is easy to manufacture; however, it has a 

poor characteristic in durability. 

Belted bias tire (semi-radial tire) – It is a bias tire with belts (breaker piles) added in the 

tread region to strengthen and stabilize the tread region, as shown in Figure 2.2b. This 

type of tire improves the tire durability and handling performance due to added stiffness 

in the tread region; however, it still suffers from the same heat generations during tire 

deflection as the diagonal bias tire.      

Radial tire (belted radial tire) – In this type of tire, the cords or filaments in the casing 

are disposed in radial, direction giving a 90 degrees to the tread centreline, as shown in 

Figure 2.2c. The belt is essential to the functioning of tire, without the belt, its casing 

could become unstable. The radial tire is more complex to manufacture than the diagonal 

bias and belted bias tire and consequents in higher manufacturing costs. The advantages 

of this tire are generating less heat, low rolling resistance, and better high-speed 

performance. The radial tire has a relatively soft carcass which provides a good ride 

performance and a stiff belt which provides a good handling performance.  

The primary function of tire is to provide the interface between the vehicle and the road. 

The contact area between tire and road are called “tire contact patch” which typically has 
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size about the size of an average man’s hand. The tire functions are also supporting 

vehicle loads, absorbing road irregularities, etc. 

 

a) Diagonal bias tire 

 

b) Belted bias tire 

  

c) Radial tire 

Figure 2.2 Tire types (Reprinted from [1]) 
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2.1.2 Tire Modeling for Vehicle Dynamic Analysis 

In the past, the vehicle manufacturers used physical prototyping in vehicle dynamic 

analysis in which expensive and time consuming process. Nowadays, the rapid growth in 

advance computational performance plays an important role in vehicle dynamic analysis. 

The virtual prototyping in vehicle dynamics are increasing rapidly. It includes the 

building of vehicle models that can cover various attributes such as handling, ride 

comfort, and durability. To accurately predict the vehicle dynamics, the complex vehicle 

models is needed. The most influential component of vehicle is the tire because the only 

link between road and vehicle is the tire. The requirements of the tire model for vehicle 

dynamic analysis are the ability to accurately predict the forces and moments transmitted 

from the tire through the wheel axle, widely applicable, and practical in use (low 

computational efforts, minimal parameters, etc.). Table 2.1 summarized the requirement 

of tire model for different application in vehicle dynamic analysis [3].    

 
Table 2.1 Requirements of tire model for different applications 

Application Accuracy 

Importance of 
low 

computational  
effort 

Parameter  
assessment  

effort 

Frequency  
Range 

Handling very high High medium 0 - 5 Hz 
Ride Comfort medium Low medium 0 - 80 Hz 
Noise-Vibration high very low medium 0 - 20 Hz 
Durability very high Low high N/A 
Combined handling and ride 
analysis medium very low medium 0 - 20 Hz 

Control Systems medium very high low 0 - 8 Hz 
Multi-Purpose low medium low 0 -80 Hz 
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For study vehicle dynamics, different kinds of mathematical models of the tire behavior 

are developed. These models can basically be classified into three types of tire models: 

Physical tire model – The model is based heavily on the analysis of the physical tire 

structure to predict the tire behavior. The parameters that describe the tire behavior are 

typically obtained from the tire deformation. The advantage of this model is that the full 

scale tire experiment is not required. Also, it has a good predictive power and unlimited 

applications. The disadvantage of this model is the large computational effort and the 

high model complexity are required when need accurate results.            

Empirical tire model – The model describes the tire behavior mathematically based on 

the full scale tire measurements, measured data regression procedures to yield the best fit 

of experimental data, and used some interpolation schemes. This model usually gives 

very accurate results, but it lacks the predictive power and always requires a new set of 

tire experimental data when one needs to model different tires.      

Finite element tire model – The finite element method is used to model the tire structure 

by including all the interested physical phenomena into the model. Mostly, the finite 

element model is used for detailed structure analysis. Due to the complexity of the model, 

a large computational effort is required, and thus it is not the preferred method for a basic 

vehicle dynamics analysis. 

2.1.3 Tire and Vehicle Dynamic Terminology 

The most commonly used vehicle dynamic terminologies are provided in [4]:  

1. SAE Standard J670, “Surface Vehicle Recommended Practice”, 2008. 

2. ISO Standard 8855, “Road Vehicle – Vehicle Dynamics and Road Holding Ability - 

Vocabulary”, 1991.  
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Throughout this dissertation, we used nomenclature, definitions, and the tire coordinate 

system based on the SAE standard [5]. Figure 2.3 shows the SAE tire coordinate system. 

The origin of the coordinate system is at the center of tire contact patch.  

 

Figure 2.3 SAE tire coordinate system (SAE 670) 

The important definitions are presented here. 

1. Slip angle (α ): The angle between the wheel heading direction and the wheel travel 

direction where 90α < o.  

2. Spin velocity (Ω ): The rotational velocity of the wheel measured at the center of the 

wheel. 

3. Loaded radius ( lR ): The distance from the tire contact patch center to the wheel center. 

4. Longitudinal slip ratio ( s ): The linear velocity (V) of the tire center is different than 

the theoretical tire velocity ( lRΩ ).The longitudinal slip ratio is mathematically expressed 

as: 
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( ) 100%lR Vs

V
Ω−= ×                (2.1) 

5. Camber angle (γ ): The inclination angle between the vertical axis and the wheel plane. 

It is considered positive when the wheel leans outward at the top and negative when it 

leans inward. 

6. Tire forces and moments 

xF : Longitudinal force, acting in the forward direction (direction of wheel heading) 

yF : Lateral force, acting perpendicular to xF . 

zF : Vertical force, acting normal to the road plane. 

xM : Overturning moment, the moment about an axis parallel to xF  

yM : Rolling resistant moment, the moment about an axis parallel to yF  

zM : Aligning moment, the moment about an axis parallel to zF  

2.1.4 State of the Art of Tire Model Developed at AVDL 

In the last few years, AVDL developed a steady-state tire model for on-road and off-road 

applications [84]. For the on-road application, the simplified analytical-empirical was 

developed based on the observations of empirical data from testing as well as the 

applications of analytical mechanics analysis on tire modeling from Fiala [114]. The 

steady-state on-road tire model previously developed based on the following 

assumptions: 

1. The contact patch is approximated with a rectangular shape. 

2. The contact pressure distribution is uniform in lateral direction and represented with a 

warped ellipse in the longitudinal direction. 
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3. The friction between the tire and the road varies with normal force and slip. 

The steady-state on-road tire model inputs are longitudinal slip, slip angle, normal load 

and camber angle. This model yields longitudinal force, lateral force, aligning moment, 

and overturning moment as outputs. Figure 2.4 shows the results of the steady-state on-

road tire model compared with experimental data. The results have good agreements with 

the experimental data.  

 

Figure 2.4 Results of steady-state on-road tire model developed at AVDL [84] 

For the steady-state off-road tire model previously developed at AVDL [84, 112], the 

model is valid for both rigid wheels and flexible tires. The rigid wheel model is 

developed based on the work done by Wong and Reece [81, 113]. Then, the tire model 

has been extended to the flexible tire, which used the flexible ring on elastic foundation 
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to provide a connection between analytical modeling and experimental characteristics of 

tire and soft soil interaction. This off-road tire model can predict the pressure-sinkage 

relationship, shear stress along the tire contact patch, drawbar pull, driving torque, and 

lateral force, which takes the bulldozing and multi-pass effects into account. The 

assumptions of the steady-state off-road tire model are listed below: 

1. When the terrain becomes rigid, the tire model switches to behaviour of a flexible tire 

operating on road. 

2. The soil is modelled as a plastic material using quasi-static equilibrium plate sinkage 

equations. 

3. The tire inflation pressure and the temperature remain constant during the simulation. 

The results of the steady-state off-road tire model are shown in Figure 2.5.  

 

Figure 2.5 Results of steady-state off-road tire model developed at AVDL [84] 



 17 

2.1.5 Theory of Polynomial Chaos Approach  

In mechanical system modeling, we often deal with some degree of uncertainty. The 

uncertainties can result from poor measurement, uncertain inputs, rapidly changing in 

excitations, operating environment, etc. For realistic prediction of the system behavior, 

the systems have to take these uncertainties into account. There are some traditional 

stochastic methods used to assess uncertainties, such as the Monte Carlo method and 

statistical linear and nonlinear approximation methods. The Monte Carlo method is 

costly, and the accuracy improves with only the square root of the number of runs. The 

statistical linearization and the nonlinear approximation methods do not capture essential 

features of the nonlinear dynamics.  

The polynomial chaos method was applied by many researchers in various mechanical 

systems and yielded very good results. Ghanem and Spanos used Wiener-Hermite 

polynomials to treat uncertainties in structural mechanics problems [6]. Xiu applied it to 

fluid mechanics by extended the method to general formulations based on Wiener-Askey 

polynomials family [7]. Sandu and Li applied the polynomial chaos method to 

terramechanics, multibody dynamic systems, and tire models [8 - 16]. The polynomial 

chaos approach has been proved to be more computational efficient for large and 

nonlinear models of mechanical systems than the Monte Carlo approach.  

The polynomial chaoses are generalizations of polynomials to the case where the 

independent variables are themselves measurable functions. The fundamental idea is that 

the random processes of the interest can be approximated by sums of orthogonal 

polynomial chaoses of random independent variables. This means that any uncertain 

parameter can be viewed as a second order random process. Second order random 
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processes are processes with finite variance (finite energy). The random process, ( )X θ , 

viewed as a function of the random event,  ; (0 1)θ θ< < , can be expanded in terms of 

orthogonal polynomial chaoses as: 

           1
( ) ( ( ))j j

j
X cθ φ ξ θ

∞

=

=∑          (2.2) 

Where 
1

( ,..., )
n

i
i iφ ξ ξ are generalized Askey-Wiener polynomial chaoses of order ( )n i , in 

terms of the multi-dimensional random variable
1

( ,..., )
ni iξ ξ ξ= . 

Dynamic systems are often affected by multiple sources of uncertainty. The main classes 

are parametric uncertainty and uncertain external excitations. In this dissertation, only the 

parametric uncertainty in tire parameters will be addressed. 

The basis functions used in the polynomial chaos form a complete orthogonal basis for 

the Hibert space of square integrable random variables: 

, 0  ;i j i jφ φ = ≠         (2.3) 

This orthogonality relation holds with respect to the ensemble average inner product:  

            , ( ) ( ) ( )f g f g w dξ ξ ξ ξ= ∫        (2.4) 

Where ( )w ξ is the joint probability density of the random variableξ . The series in 

equation 2.2 converges to any random process in 2L sense. In practice, a truncated 

expansion is used: 

                      
1

( )
S

j j

j
X c φ ξ

=

=∑           (2.5) 
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Where 
( )!
! !

n pS
n p
+= , n is the number of the random variables, and p is the maximal order 

of the sum of the polynomials. The total number of terms increases rapidly with the 

number of stochastic parameters n and the order of polynomial chaos p .  

To construct the polynomial chaos approximation, a set of orthogonal polynomial basis 

functions is defined with respect to the probability density function. The basis of the 

generally used distributed random variables is listed in Table 2.2. 

 

Table 2.2 Basis of the generally used distributed random variable 

Distribution of Random 

Variable 

Basis of Random 

Variable 

Normal Distribution Hermite Polynomial 

Uniform Distribution Legendre Polynomial 

Beta Distribution Jacobi Polynomial 

Gamma Disrtibution Laguerre polynomial 

 

Consider the dynamic system in the ODE formulation with uncertain parameter p  as 

shown in the following equation: 

   y = v,  v = F(t, y,v; p),  y(t0 ) = y0 ,  t0 ≤ t ≤ t f        (2.6) 

The uncertain parameters are function of random variables and can be represented using 

the polynomial chaos expansion as: 
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   1
( ),  1

S
i i

k k
i

p p k dφ ξ
=

= ≤ ≤∑         (2.7) 

Also, the state variables can be represented as: 

      1 1
( ) ( ) ( ),  ( ) ( ) ( ),  1

S S
i i i i

k k k k
i i

y t y t v t v t k dφ ξ φ ξ
= =

= = ≤ ≤∑ ∑                  (2.8) 

The subscripts denote the components along the deterministic system, the superscripts 

denote the components along stochastic system, and the superscript-only notations denote 

the vector of stochastic coefficients. 

              1,..., ,  1i i i
dy y y i S⎡ ⎤= ≤ ≤⎣ ⎦         (2.9) 

From equations 2.7 – 2.9, the equation 2.6 can be rewritten as: 

yk
i = vk

i ,  v jφ j

j=1

S

∑ = Fk (t, ymφm
m=1

S

∑ , vmφm
m=1

S

∑ ; pmφm
m=1

S

∑ )       (2.10) 

The equation 2.10 is the time evolution equation of the spectral polynomial chaos 

coefficients ( )i
ky t  and ( )i

kv t which can be derived in either Galerkin or collocation 

framework, techniques extensively explained in Ref. [10 - 11]. In this dissertation, the 

uncertainties in the tire model parameters are treated by using the polynomial chaos 

theory with a collocation approach. 

In order to derive the time evolution equations for the stochastic coefficients ( )iy t by 

collocation approach, we impose that equation 2.10 holds at a given set of collocation 

vectors: 
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d i Sξ ξ ξ⎡ ⎤= ≤ ≤⎣ ⎦       (2.11) 

Then equation 2.10 can be rewritten as: 

               
yk
i = vk

i ,  v jφ j (ξ i )
j=1

S

∑ = Fk (t, ymφm(ξ i )
m=1

S
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S
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m=1

S

∑ )
          

(2.12) 

The collocation points must be chosen such that the matrix A of basis function values of 

the collocation points is nonsingular, then 

           
( ), , ,

1 1
( ) ;  ,  ( )

S S
j j j j j i

i j i j i j
j j
y A y A A Aφ ξ φ ξ

= =

= = =∑ ∑     (2.13) 

The collocation system in equation 2.12 can be rewritten as: 

                 
Y i =V i ,  V i = F (t,Y i ,V i ;Pi )      (2.14) 

Where  

Y i (t) = Ai , j y
j (t),  

j=1

S

∑ V i (t) = Ai , jv
j (t),  

j=1

S

∑ Pi = Ai , j p
j ,  

j=1

S

∑  

After integration, the stochastic solution coefficients are recovered using following 

equation: 

                         

1 1
, ,

1 1
( ) ( ) ( ),  ( ) ( ) ( ) 

S S
i j i j

i j i j
j j

y t A Y t v t A V t− −

= =

= =∑ ∑                (2.15) 

The collocation approach requires S independent runs, each using a different value for the 

random variable jξ . 
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The collocation points must be selected where matrix A is not singular or not near 

singular. Cheng and Sandu [105] have studied some options such as the random data set, 

the Hammersley/Halton data sets [106, 107], and sparse grid Smolyak data sets [108-

110]. To deal with small number of random variables (small n), results from the 

Hammersley/Halton data sets are more accurate than those from a randomly generated 

data set. However, both the Hammersley/Halton data sets cause the system matrix A to 

become singular or near singular when a large number of random variables (big n) are 

dealt with. In this case, a randomly generated data set must be used since it leads to a 

nonsingular system matrix. Applying the inverse Cumulative Distribution Function of the 

new distribution can transform from the collocation points for a uniform distribution to 

the points for the new distribution. For example, applying the inverse Cumulative 

Distribution Function of the Beta (2, 2) distribution transforms from the collocation 

points for a uniform distribution to the points for a Beta (2, 2) distribution. 

2.2 Review of Literature 

The tire is one of the most important components of the vehicle. It has many functions, 

such as supporting the load of the vehicle, transmitting the forces which drive, brake and 

guide the vehicle, and acting as the secondary suspension to absorb the effect of road 

irregularities before transmit to the vehicle suspension.  

 As the tire is the only component of the vehicle which makes contact with the road 

surface, almost all forces and moments acting on the vehicle must be transferred by the 

tire. To predict the dynamics of the vehicle, we need to know these forces and moments 

generated at the tire contact patch. Therefore, tire models that accurately describe this 

dynamic behavior are needed for vehicle dynamic simulation. There are two main aspects 
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in tire mechanics research: steady-state and transient dynamic responses. In this section, a 

literature review of simulation models that focus on both steady-state and transient 

dynamic tire response is presented. 

2.2.1 Tire Modeling over Flat Rigid Terrain 

In the last several decades, numerous tire models concerning vehicle dynamics 

simulations for handling and ride performance have been developed using various 

approaches, among which the most common are physical modeling, semi-empirical 

modeling, and FEM modeling.  

Dugoff et al. [17] introduced the brush type tire model, which was later improved by 

Clover and Bernard [98], to represent the tire deformation. For this model, analytical 

solutions for the slip are computed and the friction coefficient is considered constant. 

Bakker et al. [18, 19] and Pacejka and Bakker [20] introduced a semi-empirical tire 

model called magic formula model to deal with the tire–road contact interface problem. It 

consists of formulas that express the longitudinal force, the lateral force, and the aligning 

moment as a function of the slip angle and the longitudinal slip in steady-state and 

transient conditions. The formulas contain many coefficients which must be acquired 

from the experimental data by curve fitting techniques. Oosten and Bakker [21] 

performed experiments to determine this model’s parameters. The curve fitting, 

regression process method, and optimization subroutine were enhanced to obtain better 

results. Lidner [22] extended this model to predict the tire transient behavior. He 

conducted a parametric study for a lane change maneuver by using the magic formula 

model and implemented it into ADAMS. Also, the sensitivity analysis of the tire model 

coefficients on vehicle behavior was performed; it primarily focused on the lateral force 
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and the acceleration response. Apetaur [23] also used the magic formula model to 

calculate the transient responses with respect to the lateral force, the longitudinal force, 

and the aligning moment. Hirschberg [24] investigated the tire contact force and the 

moment computation module, DTIRE, for vehicle dynamics simulation based on magic 

formula model and was linked to DADS. Pacejka and Besselink [25] investigated vehicle 

cornering maneuvers on uneven roads using a tire model called MF-SWIFT. The MF-

SWIFT model [26 - 28] is a combination between the rigid ring tire model and the magic 

formula model, which can describe tire handling behavior under pure and combined slip 

conditions and the tire vibration behavior at relatively high frequency excitation. Gim et 

al. [29 - 32] and Choi and Gim [33] developed both an analytical tire model and a semi-

physical tire model. The analytical tire model gives reasonable results for forces and 

moments with the minimum input requirement. For the semi-physical tire model, the tire 

characteristics were obtained from the experimental data, but the longitudinal force and 

the lateral force were given from the analytical formulations. Guo et al. [34 - 37] came up 

with the UniTire model. It is a semi-physical tire model, which satisfies the required 

accuracy but has a simple form and needs only a few parameters. The UniTire model 

consists of a steady-state part and a non-steady state part. The steady-state part focused 

on the dynamic friction coefficient between the tire and the road surface, and the 

direction of the forces generated at the contact patch. The non-steady state part was 

developed based on an approximation of the transfer function. Shim et al. [38] realized 

that during normal driving conditions, the slip and the slip angle are low which makes the 

tire force generated in this region linear. Hence, the authors developed an analytical tire 

model which is capable of simulating the pure slip and the combined slip under these 
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conditions. This model is very useful for designing vehicle controllers. Guan et al. [39] 

developed a tire model by using experimental tire modal parameters to calculate the 

vertical properties on various geometric surfaces. Furthermore, this model also described 

the tire static enveloping properties. Svendenius et al. [40, 41] developed a semi-

empirical tire model based on a brush model. The model was described as a method to 

extend the pure slip model to obtain a combined slip model. The pure slip model was 

obtained from empirical data. Hence, any kind of pure slip model can be used as input. 

Mastinu et al. [42] proposed to model a tire for vehicle dynamics analysis and tire design. 

Hence, it had to be as simple as possible but to still have a good accuracy to allow 

reliable vehicle simulations. The tire was modeled by longitudinal and lateral elastic 

elements. The longitudinal force, the lateral force, and the aligning moment were 

computed from the analytical formulae and numerical procedures which were based on 

the tire deformation in the longitudinal and the lateral directions for both steady-state and 

transient state. Gipser [43, 44] combined the coarse-mesh finite element tire model with 

the spatial non-linear rigid ring model to describe the tire behavior. This tire model is 

known as the F-Tire model. It consists of two parts: the structure model and the tread 

model. The F-Tire is used in various applications with extensions such as a thermal 

model, a wear model, and a tire misuse model.  

2.2.2 Tire Modeling over Uneven Rigid Terrain 

Several studies focused on the tire modeling on an uneven rigid surface. In the 1960’s, 

they are mostly experimental. Gough [45] observed the tire envelopment behavior while 

tire quasi-statically rolled over short wavelength obstacles at constant velocity and 

constant axle height. He claimed that there are three distinct tire responses: the vertical 
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force variation, the longitudinal force variation, and the wheel spin velocity variation. 

Lippmann et al. [46, 47] studied the response of tire rolling over cleats and steps for both 

passenger and truck tires. Their study showed that the relationship between the force 

variation and the obstacle height is almost linear. Therefore, they proposed to use the 

superposition principle to compute the tire response to an obstacle of any shape. Later, 

the linear relationship of the tire rolling over different obstacles was disputed [48]. 

Afterwards, the researchers focused on developing a tire model to predict its behavior on 

rough terrain. Captain et al. [49] compared the tire response excited by low to high 

frequency bands (long to short wavelength) with four tire models: point contact model, 

rigid tread band model, fixed footprint model, and adaptive footprint model. The results 

showed that the low frequency behavior tends to be similar for all four models, but the 

difference becomes more pronounced in the middle and high frequency bands because 

the simpler models are unable to represent tire enveloping characteristics of a real tire 

like the adaptive footprint model. Bandel and Monguzzi [48] developed the empirical tire 

model called “Black Box Model” to simulate a tire running over an obstacle where the 

tire parameter and the input data are obtained experimentally. This approach simplified 

the complex analytical tire model and duplicated the tire behavior in a sufficient variety 

of situations to gain credibility. Badalamenti et al. [50] developed the radial-interradial 

spring tire model. This model makes the radial spring element deflection dependent of its 

adjacent element deflections. They showed that this model accurately describes the tire 

envelopment behaviour. Zegelaar and Pacejka [51] used the flexible ring model to 

simulate the quasi-static response of tire while rolling over unevenness. The results 

showed good agreement with experimental data, but this mode is not suitable for 
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computing the tire dynamic response due to its complexity.  Loo [52] modeled the tire by 

using a flexible circular ring under tension with a nest of radially arranged linear springs 

and dampers. The ring represents the tread band of the tire, is assumed to be massless and 

completely flexible. The ring tension and foundation stiffness are obtained by using 

experimental data from static point load test and contact patch measurements. This model 

is concerned about tire vertical deflection characteristics and tire rolling resistance. 

Gillespie [53] used a simple radial spring model to study the stiffness variation about the 

tire’s circumference. The magnitude of the radial force variation is relatively independent 

of speed. Only the frequency is changed with speed. Eichler [54] used an elastic single 

ring belt model incorporated with the full vehicle model to investigate the ride comfort. 

The belt model reduced the belt assembly from three layers to a single ring of n mass 

points which interconnected by radial spring and tangential spring to simulate the tensile 

and bending stiffness. The sidewall is assumed to be massless and attached to the mass 

points of the belt. The comparison of measurement and calculation of horizontal and 

vertical acceleration of vehicle axles showed good agreements. Takayama et al. [55] 

developed a mass-spring tire model to predict the response of tire hitting a cleat on a test 

wheel. The belt and tread region was modeled by a rigid ring. Deflections from the cleat 

are absorbed by a line and plane spring attached to the rigid ring. Bruni et al. [56] studied 

vehicle ride comfort, braking, and driving analysis by using a rigid ring model. The 

model consists of a rigid ring representing the tread band, connected on an elastic 

foundation, representing the tire sidewall. Their works are performed in the low-medium 

frequency range 0 – 130 Hz. Markale [57], and Langer et al. [58] used the displaced area 

model to describe the tire enveloping behaviour, but their approach is not very accurate 
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with regard to sharp obstacles. Mousseau et al. [59 - 61] investigated the quasi-static tire 

enveloping properties by using finite element method (FEM). The FEM model gives very 

accurate results, but this comes at the cost of a large computational effort.  Rhyne et al. 

[62] developed a three-dimensional membrane model to study the ride comfort influence 

by tire-rim nonuniformity. This model is axisymmetric. A ring represents the belt and 

tread package of the tire. The ring is attached to the wheel by a pure membrane that can 

carry load only in the radial direction.  Gipser et al. [63, 64] developed the model “FTire” 

which modelled the tire belt as one extensible and flexible ring elastically founded on the 

rim. The ring is approximated by 50 – 100 point masses, and each belt element is 

associated with 5 – 10 massless tread ribs. Each of the segments has 1000 – 10,000 

friction elements attached. This tire model is quite complex and, among the non-FEM 

models, also relatively computationally expensive. Its main advantage, compared to other 

advanced tire models, is that no pre-processing has to be performed on the actual road 

profiles. The CDTire model [65, 66] is a family of three tire models: CDTire20 (Rigid 

Ring), CDTire30 (Single Flexible Ring), and CDTire40 (Multiple Flexible Rings). The 

applications of the CDTire model are focused on ride comfort and durability & reliability 

studies. The CDTire can be used only with small deflections of belts and with smooth 

tread surface tires. Figure 2.6 shows various types of tire models used to study the 

dynamic behavior of tires and their enveloping properties over uneven surfaces. 
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Figure 2.6 Tire models used to study tire behavior rolling on uneven surfaces [51] 

2.3 Summary 

This chapter presented a background on the pneumatic tire as well as on tire modeling for 

vehicle dynamic analysis, tire and vehicle dynamic terminology, state of the art of tire 

model developed at AVDL, and the polynomial chaos theory. The requirements of tire 

modeling for various applications are summarized. The polynomial chaos approach 

applied to mechanical system is introduced step by step, and its application to 

engineering problems is commented. Moreover, a thorough review on tire modeling is 

presented. The review includes briefly descriptions of tire modeling over flat and uneven 

rigid terrain.   
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Chapter 3 Transient Tire Model for Rigid Terrain 

3.1 Flexible Belt Ring Tire Model for Traction and Handling Analysis on Flat 

Rigid Terrain 

3.1.1 Development of Flexible Belt Ring Tire Model 

The 3D semi-empirical transient tire model developed in this research is based on 

observation of experimental data, on the quasi-static semi-empirical tire model developed 

by Chan [84] and on the 2D semi-empirical transient tire model previously developed by 

the authors [85 - 87].  Throughout this section, we used nomenclature, definitions, and 

the tire coordinate system based on the SAE standards [5]. 

The tire model is developed based on the following assumptions. 

1. The tire contact patch is a trapezoidal shape with camber angle and is a 

rectangular shape with zero camber angle, which, according to our observations 

and the literature [1, 2, 84, 88] are reasonable assumptions. 

2. The friction coefficients between the tire and the road are approximated based 

on observations of empirical data which vary with the normal force, the 

longitudinal slip ratio, and the slip angle. 

3. The relationship between the longitudinal slip ratio and the effective 

longitudinal slip ratio for low frequency input (less than 10 Hz) is presented by 

using the first order differential equation, as shown in equation 3.1 [89]. 

              as sc + sc = s                 (3.1) 
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4. The relationship between the slip angle at the wheel center and the slip angle at 

the tire contact patch in the transient steering is expressed by using the second 

order differential equation, as in equation 3.2 [90, 91]. 

                               a2 α c + a1 α c +α c =α                                        (3.2) 

5. The belt is laminated rubber composited which normally very stiff, so we can 

assume that the belt ring is flexible but not extensible. The inextensibility 

condition yields ( )d
dθ

′=  

                w v′=                     (3.3) 

Figure 3.1 presents a block diagram with the computational concept of the tire model to 

obtain the tire forces and the tire moments. The procedure starts from obtaining the 

current driving conditions, such as the position, orientation, velocity, and acceleration of 

the vehicle, the road friction coefficient, and the steering angle. Next we compute the 

kinematics of the tire and its geometry, including the loaded radius, vertical load, 

longitudinal slip ratio, slip angle, and other tire parameters. Then the longitudinal force, 

lateral force, aligning moment and overturning moment are calculated. This simulation 

algorithm is computed at each time step ( tΔ ) by using the history data to generate the 

new outputs while running under the selected transient condition. When the simulation is 

started the model is initialized the steady-state data.  
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Figure 3.1 Computational procedure of the tire model 
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3.1.2 Flexible Belt Ring Tire Model Description 

The transient tire model was developed by modeling the tire structure as a flexible belt 

ring supported by a spring and damper system on a flat surface, as shown in Figure 3.2. 

 

Figure 3.2 Flexible belt ring supported by a spring and damper system on a flat 

surface 

The spring and damper system represents the side wall and the tread element of the tire. 

The tire model consists of two components: a physical component and an empirical 

component, so it can be considered a semi-empirical model. The inputs are the slip angle, 

the longitudinal slip ratio, the camber angle, the speed, the vertical load, and the road 

friction. Viscoelastic properties of the tire cause a lag in the slip at the contact patch 

which we considered can be realistically described by a 2nd order differential equation. 

The physical component has two main parts: It involves the calculation of the contact 
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patch geometry and the calculation of the contact pressure distribution.  As stated above, 

we assume that the contact patch has a trapezoidal shape when the camber angle is not 

zero and has a rectangular shape when the camber angle is zero. The length of the contact 

patch on a flat surface can be derived from the geometric diagram. The pressure 

distribution can be calculated from the deflection of tire structure (geometric deformation 

( z ), elastic deformation (ζ ), and additional deformation ( *w )).  

3.1.3 Geometry of Contact Patch 

Tire contact patch length 

The tire contact patch length on flat and curved surfaces can be simply approximated 

from a geometric diagram, as shown in Figure 3.3. The relationship between the 

undeformed radius ( uR ), the contact length on flat surface ( ,p flatl ), and the tire deflection 

(δ ) can be expressed using the Pythagorean Theorem as: 

( )

2
,2 2

2
,2 2 2

2 2 2 2
,

( )
2

2
4
4 2

p flat
u u

p flat
u u u

p flat u u u

l
R R

l
R R R

l R R R

δ

δ δ

δ δ

⎛ ⎞
= + −⎜ ⎟
⎝ ⎠

= + − +

= − + −

      

    
2

, 2 2p flat ul R δ δ∴ = −          (3.4) 

Where 

     
z

z

F
K

δ =  ; 
01 1 2

tan( )
(1 )sech

1 tan( )
c

z z z z z
c

K C C C K
α
α

⎛ ⎞⎛ ⎞
= −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠
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Figure 3.3 Geometrical relations between tire contact length on a rigid surface 

The relationship between undeformed radius ( uR ), uneven surface radius ( surfR ), the 

contact length on uneven surface ( ,p unevenl ), and the tire deflection (δ ) can be expressed 

using the Pythagorean Theorem as: 

( )
( )

( )

22 2 2

2 2 2 2 2 2 2

2 2

2 2 2 2 2 2

2 2 2 2 2 2 2

u surf surf u

u surf surf u surf u surf u surf u

u surf u surf u surf u

R y R R R y

R y R R R y R R R R R y R y y

R R R R R R R y

δ

δ δ δ δ

δ δ δ δ

− = − + − −

− = − + + + + − − − − +

+ + − − = + −

 

              

2
2

2u surf u surf u

surf u

R R R R R
y

R R

δ δ δ

δ

+ + − −
∴ =

+ −
       (3.5) 
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Moreover, we know that: 

2 2
, 2p uneven ul R y= −               

           

22 2
2

,

/ 2
2 u u surf surf u

p uneven u
u surf

R R R R R
l R

R R
δ δ δ

δ
⎛ ⎞+ + − −

∴ = −⎜ ⎟⎜ ⎟+ −⎝ ⎠
           (3.6) 

Contact patch area with camber angle 

The contact area of the belt has a quasi-trapezoidal shape slightly bent in the camber 

direction, as shown in Figure 3.4. The deformation of radial tire having the camber angle 

γ , deflection δ , central angles 1θ and 2θ , where subscripts 1 and 2 means the front and 

rear edges of the contact belt respectively, and the asterisk (*) expresses the deformed 

state of position , ,p s and r . From Figure 3.4, we can calculate the taper angle ( β ) of the 

trapezoidal contact area as expressed in the following equation: 

        

* * * *
1 1 2 2 1 2( )tan( ) tp r p s R
b b

θ θβ − −= ≈            (3.7) 

Also, we know that: 

           

2 2
2 1 1 2(cos( ) cos( )) ( )tan( )

2
t tR R

b b
θ θ θ θγ − −= ≈         (3.8) 

By substituting equation 3.7 into equation  3.8 yields: 

             

1 1 2
0

0

tan( )tan ( )      ;
2

θ θγβ θ
θ

− += =                 (3.9) 
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Figure 3.4 Tire structure deformations with camber angle 

3.1.4 Contact Pressure Distribution and Vertical Force 

Analysis of the deformation of the tire structure on the road surface with the camber 

angle is very complex due to large deformation and nonlinear properties of the tire. Many 

studies tried to solve this problem. Bӧhm [92] analyzed the torsional and bending 

deformation of the belt ring supported by the elastic foundation under the inflation 

pressure without considering the contact deformation and rotating acceleration. Gong 

[93] developed the one-dimensional contact pressure using a flexible ring model, and 

then Kim and Savkoor [94] included the damping effects and the finite friction into 

account. Shiobara et al. [95] developed a one-dimensional contact pressure distribution 
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for rolling tire. Kim et al. [96, 97] extended it to a two-dimensional contact problem on 

flat and uneven roads.        

Contact-free belt deformation analysis 

The equilibrium equations of forces and moments of the contact-free belt element in 

radial, tangential, and lateral can be derived from Figure 3.5, as shown in equations 3.10 -                         

3.14, respectively.  

The equilibrium equation in z direction ( ( )
i

i
iθ

∂=
∂

) 

      
(6) (4) (3) (2) (1)

1 2 3 4 5 0v v v v v vα α α α α+ + + + + =         (3.10) 

Where 

                 

2 4 4
2

1 4

4 4 4
2

2 5

4 2 4
2

3

2                                      

                                              

1 6

a a a
x r

y y y

a a a
r

y y t y

a a a
r x

y y y

R R RN b b C
D D D

R R RC b
D D K D

R R RK N b b
D D D

α ρ α

α α ρ

α ρ

= − + Ω = Ω

= − Ω = − + Ω

= + − − Ω

     (3.11) 

The equilibrium equation in x direction 

          
(2) (2)

1 2 0u γ φ γ φ− + =                  (3.12) 

The equilibrium equation in y direction 

                                  
(4) (2) (2)

1 2 3 4 0u u uκ κ κ φ κ φ+ + + + =                              (3.13) 
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Where  

                     

2 2 4

1 2

2 2

2 3

2 4 2 3

1 4

( )                                        

( / 4) ( )                              

                        

a a s a

z z

z r a a a z

z z

x a a x a

z z

IR R K R
D D

D K R b R R D
D D

N bR R b N R b
D D

γ κ

γ κ

ρκ κ

Γ − Ω= =
Γ +

+ +Γ= =
Γ +

+Γ− Ω= − = −

    (3.14) 

Figure 3.5 Forces and moments applied to the contact-free belt element in motion 

By substituting equation 3.12 into equation 3.13 yields: 

      
(6) (4) (2)

1 2 3 1 2K Kβ β β θΦ + Φ + Φ + Φ = − −      (3.15)	  
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Where 

2 3
1 1

1 1

1 2 4
2 2

1 1

2 2
3

1

1 2

                                    

, Integral constants of equation 3.17K K

γ κβ κ
γ γ
κ γ κβ κ
γ γ

κ γβ
γ

= + +

= + +

=

=

    (3.16) 

And 

   
(2)( )φ θ =Φ             (3.17) 

(2)
1 2 1 2( )u K Kθ γ γ θ= − Φ − Φ + +      (3.18) 

Solving equations3.10, 3.15, 3.17, and 3.18 and using the inextensibility condition, the 

solutions of , , ,w v u φ  are obtained as: 

1 1

1 1 1

6

1

6

1

1 2 2 3 2

1 1 2 2 2 3 2 3 2 2 3 2 1 2

( ) e

( ) e

( ) ( cos( ) sin( )

( ) ( cos( ) sin( ) ( sin( ) cos( )

i

i

i
i

i i
i

w C

v C

B e e B B

u B g e B e g g B e g g K K

λθ

λθ

µ θ υ θ

µ θ υ θ υ θ

ψ

ψ λ

φ ψ υ θ υ θ
ψ υ θ υ θ υ θ υ θ θ

=

=

− −

− − −

=

=

= + +

= + − + + + +

∑

∑         

                              (3.19) 

Where 

1 1

1 2 1 2

roots of characteristic equation of equation 3.10
real roots of characteristic equation of equation 3.15 ; 0

( ) complex roots of characteristic equation of equation 3.15 ; , 0

iλ
µ µ
υ υ υ υ

=
± = >
± ± = >
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2 2 2
2 1 2 1 2

1 1 2 1 2 3 22 2 2 2 2 2 2
1 1 2 1 2

2,  ,  
( ) ( )

g g gγ υ υ υ υγ γ γ γ
µ υ υ υ υ

−= + = + =
+ +

    (3.20) 

To find the integral constants 1 6 1 3 1,2, ,C B K− − , we used the boundary conditions at the 

contact end of the contact-free belt portion and the symmetry condition as follows: 

 1. The end point of the belt should have the horizontal tangential line: 

               0 0χ θ= −           (3.21) 

2. The bending moment at the belt end can be assumed to be constant which cancel the 

negative moment, which is initially carried by the belt in the contact region due to 

flattening as: 

              0
x

x
a

DM
R

=        (3.22) 

3. The outside displacement at the boundary in the horizontal direction can be 

approximated by the geometrical difference between the extended arc length and the 

chord length of the belt in the contact region as: 

               3
0 06

aRη θ=        (3.23) 

4. The symmetry conditions at the apex: 

            ( ) ( ) 0u π φ π′ ′= =          (3.24) 

5. The torsional angle at the contact belt end 

              0φ γ= −        (3.25) 
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6. The lateral displacement at the contact belt end 

                     0 0 0( ) tanu z ζ γ= +       (3.26) 

7. The in-plane shearing force at the contact end 

            
0

0 sS K uad
π

θ

θ= − ∫       (3.27) 

After the solutions of , , ,w v u φwere obtained, the vertical deflection of the contact-free 

belt at the contact end, transverse shearing force (F ), twisting torque (T ), and in-plane 

bending moment ( inM ) could be calculated, which are needed in contact belt deformation 

analysis, as shown in the following equations. 

The vertical deflection of the contact-free belt at the contact end is 

     [ ] [ ]0 0 0 0 0 0 0(1 cos ) cos sinaz R w vζ θ θ θ+ = − + +      (3.28) 

The transverse shearing force is 

(4) (2)( )y

a

D
F v v

R
= +                       (3.29) 

The twisting torque is  

         
a a

uT
R R

φ
⎛ ⎞′Γ ′= −⎜ ⎟
⎝ ⎠

     (3.30) 
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The in-plane bending moment is 

               
2in z
a a

uM D
R R

φ⎛ ⎞′′
= − +⎜ ⎟

⎝ ⎠
      (3.31) 

Contact belt deformation analysis 

The in-plane shapes of the deformed belt and the deformed tread surface is assumed to be 

slightly bent trapezoids [88], as shown in Figure 3.6. We can define the relative 

displacement between the belt and the tread surface as:  

              
2

2(1 )xU A
x

= −        (3.32)       

A is the maximum relative displacement between the belt and the tread surface which can 

be mathematically described as: 

  

4
1

1

sin sin cos
4 cos
aRA θ γ γ

θ
=       (3.33) 

x is a geometrical function of the oblique side of the trapezoidal contact area which can 

be mathematically described as: 

                
1 2 2 1( )
2 2

x x x xx y y+ −= +       (3.34) 

Then the contact shear stress in circumferential and lateral directions can be calculated by 

            
,        x y

US G S G
H

θ= =        (3.35) 
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Therefore, the camber thrust can be given by the following equation 

                     

42
2 1

1 2
1

2

sin (sin sin )sin 2
12 cos

b
x

y y a
b x

GQ S dxdy R b
H

θ θ θ γ
θ−−

= = +∫ ∫     (3.36) 

 

Figure 3.6 Deformation of the belt associated with the relative displacement to the 

tread surface 

Next, we considered the deformation of the contact belt in the vertical direction. The total 

deflection of the contact belt ( *w ) is the superimposed solution from two parts: the 

standard flat deflection ( 0w ) and the additional deflection (w ) which are described 

mathematically as: 

                         0 1 2( , )w x y w w y= − −          (3.37) 

2 2 2( , ) ( )( ( ) )w x y f y x y x= −               (3.38) 
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Where  

2 3 4 5
0 1 2 3 4 5( )f y a a y a y a y a y a y= + + + + +      (3.39) 

The belt structure in the contact area has been approximated by a flat plate with pressure 

distribution zP . The equilibrium equation of the contact belt in the vertical direction is 

obtained from Figure 3.7 as: 

          

2 22
2

2 2

2

2 2

2( 2 )

                                                                          2

xy yx
z x xx y yy xy xy xx

xx xxxx xy ss xxyy yy yyyy z x xx y yy

xy xy xx

M MM p P N w N w N w V w
x x y y

D w D D w D w p P N w N w

N w V w

ρ

ρ

∂ ∂∂ + + = − + + + + −
∂ ∂ ∂ ∂

+ + + = − + + +

+ −        

(3.40) 

Where ( , , , )ijD i j x y s= is element the out-of-plane stiffness matrix, as shown below: 

0
0

0 0 2

x xx xy xx

y xy yy yy

xy ss xy

M D D w
M D D w
M D w

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥=⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦
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Figure 3.7 Forces and moments applied to the contact belt element in motion 

Determination of standard flat deflection 

The 1w and 2w are determined by using the equilibrium equations about the vertical force (

zF ) and the twisting moment ( )T about the x axis at the contact end. By inserting 

equations 3.37 and 3.38 in equation 3.51, once can compute the vertical force in the 

contact patch using the approximation provided in equation 3.41. This formulation is 

sometimes called “upward definition”, since it integrates the forces in the contact patch. 

Please note that the w terms are considered negligible and are not taken into account in 

this formulation. 

Upward definition 

/2
3

1 2
1/2

1( , ) (2 tan )
6

a

b x S
i i

z z m
ib l x

F P x y dxdy K wbc w b β
=− −

= ≈ − Ψ∑∫ ∫                (3.41) 

In the same time, if one takes into account the deflections in the tire structure, and the 

inflation pressure, a more complex relation can be employed to compute the vertical 
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force. This formulation is sometimes called “downward definition”, since it takes into 

account the tire elements from the wheel center going down into the contact patch. The 

downward definition neglects the w terms, similar to the upward definition. 

Downward definition 

1 1 2

1 2

1 1 2

1 2

2
2

1 2

2

3 3
1 2

1 1 2 2

2 2

2 2 2cos ( ) ( )
3 3

b
x x x

z xx r r
b x x x

z r r
a a

F pbc F V w dxdy K dx K dx

x xF pbc F K x K x
R R

ρ ξ ξ

γ ζ ζ

− − −−

= + + + +

⎡ ⎤
≈ + + + + +⎢ ⎥

⎣ ⎦

∫ ∫ ∫ ∫

            
(3.42) 

 (Note: 0ac R θ= ) 

From Figure 3.8, the moment equilibrium equation can be derived as: 

         

1 2 1 1

1 2

1 2 1 1

2 2

1 2 0

2 2

cos 0
2

b b
x x x x

r r m
b bx x x x

bT K dx K dx K yw dxdy p ydxdyγ ξ ξ
− − − −− −

⎡ ⎤
+ − + − =⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫ ∫ ∫

   

(3.43) 

The deterministic 1w and 2w can be determined by solving the system of equations 

containing the equation obtained equating 3.41 and 3.42, and equation 3.43.  
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Figure 3.8 Moment equilibrium about x axis at the contact end 

 

 

Determination of additional deflection (w ) 

The additional deflection can be determined by using the equilibrium equation in the 

vertical direction at contact belt and boundary conditions at the contact edge (
2
by = ± ) as 

shown in the following equations:    

The boundary conditions for transverse shearing force 

At
2
by = − : 

11, 1, 1( 2 ) cos 0xy ss xxy yy yyy rD D w D w K ξ γ+ + + =                  (3.44) 
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At
2
by = : 

22, 2, 2( 2 ) cos 0xy ss xxy yy yyy rD D w D w K ξ γ+ + + =                 (3.45) 

The boundary conditions for out-of-plane bending moment 

At
2
by = − : 1, 1, 0yy yy xy xxD w D w+ =             (3.46) 

At
2
by = : 2, 2, 0yy yy xy xxD w D w+ =         (3.47) 

The Galerkin’s method [119] is used to solve deterministic and stochasticw . We 

introduce two weight functions of 1( , )x yρ and 2 ( , )x yρ as: 

         
2 2 2

1( , ) ( ( ) )x y x y xρ = −  and 2 2 2
2 ( , ) ( ( ) )x y y x y xρ = −                (3.48) 

By applying the weight functions to the equilibrium equation and boundary conditions at 

the contact edge, we have six equations to determine 0 5a a− , as shown in the equation 

3.49. 

    

2

2

1 1

2 1

( , ) ( , ) 0     ( 1,2)

( , ) ( , ) 0         ( 1,2)

( , ) ( , ) 0         ( 1,2)
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i
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i
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x

i
x

e x y x y dxdy i

e x y x y dx i

e x y x y dx i

ρ

ρ

ρ

−−

−

−

= =

= =

= =

∫ ∫

∫

∫

                (3.49) 

Where 
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1

2

2

11 1, 1, 1

12 2, 2, 2

21 1, 1

( , ) 2( 2 )

              2

( , ) ( 2 ) cos

( , ) ( 2 ) cos

( , )

xx xxxx xy ss xxyy yy yyyy z x xx

y yy xy xy xx

xy ss xxy yy yyy r

xy ss xxy yy yyy r

yy yy xy

e x y D w D D w D w p P N w

N w N w V w

e x y D D w D w K

e x y D D w D w K

e x y D w D w

ρ

ξ γ

ξ γ

= + + + + − −

− − +

= + + +

= + + +

= + ,

22 2, 2,( , )
xx

yy yy xy xxe x y D w D w= +

 

After we determine the standard flat deflection, and the additional deflection, the normal 

pressure distribution is described by the following equation. 

           
*( , ) ( , ) ( , )z m m yP x y K w x y C Vw x y= − −      (3.50) 

The tire vertical force is a function of the normal contact pressure distribution acting on 

the tire contact patch. We can calculate the vertical force by integrating the normal 

contact pressure distribution over the contact area. 

       

/2

/2

( , )
b x

z z
b x

F P x y dxdy
− −

= ∫ ∫       (3.51) 

The contact pressure distributions on a flat surface with zero and two degrees camber 

angle are shown in Figure 3.9.  
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a) Zero camber angle 

 

b) 2 degrees camber angle 

Figure 3.9 Normal contact pressure distribution 
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When the vehicle is accelerating or braking, the vertical force at the front wheel and at 

the rear wheel change due to the longitudinal load transfer. In this model, the load 

transfer between the front and rear wheels while accelerating or braking is taken into 

account. 

 

Figure 3.10 Vehicle schematic diagram for load transfer calculatuion 

From Figure 3.10, the vertical loads at the front and rear wheels are computed by 

summing the components due to the transient/dynamic effect and due to steady-state 

behavior. 

Vertical load at the front wheel: 

        
Wf = −

maxh
2l

dynamics


+
Fzl2
2l

steady−state


                       (3.52) 
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Vertical load at the rear wheel: 

                    
Wr =

maxh
2l

dynamics


+
Fzl1
2l

steady−state


                            (3.53) 

Some studies showed that the lateral load transfer influences vehicle handling behavior 

[98, 99]. Therefore, the lateral load transfer while cornering is also taken into account in 

this model, as described in equation 3.54(neglecting the influence of the roll angle). We 

assume that the initial lateral acceleration is zero when the vehicle starts cornering. The 

lateral acceleration is calculated next using the lateral force output from the tire model, as 

shown in equation 3.55. 

, yz a y
w

hF ma
t

Δ =       (3.54) 

yf yr
y

F F
a

m
+

=           (3.55) 

3.1.5 Forces and Moments Formulation  

Longitudinal and lateral Forces  

The longitudinal force and the lateral force are generated at the tire contact patch, which 

consists of two regions: 

Adhesion region: The longitudinal force and the lateral force per unit length of the 

circumference can be derived by using the deflection of the tread elements and the 

sidewall [84], as given by the following equations: 

1x x
sk x
s

σ =
−

             (3.56) 
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tan 1
1

yc
y y

b p p

F x xk x
s K l l
ασ

⎛ ⎞
= − −⎜ ⎟⎜ ⎟− ⎝ ⎠

        (3.57) 

,x yk k  are the stiffness per unit length for the tread elements in x and y directions, which 

can be calculated as: 

             
2

2 s
x

p

Ck
bl

=  and 2

2
c

y
p

C
k

bl
α=                      (3.58) 

Sliding region: When the stresses exceed the limit of the tread elements, the trailing edge 

of the contact patch starts to be a sliding region. In this case, the longitudinal force and 

the lateral force can be defined as: 

/2

/2

( , )
sliding

a

b x

x sx a z
b l x

F bR P x y dxdyµ
− −

= ∫ ∫                 (3.59) 

            

/2

/2

( , )
sliding

a

b x

y sy a z
b l x

F bR P x y dxdyµ
− −

= ∫ ∫           (3.60) 

In order to calculate the longitudinal and the lateral forces, we need to know the length of 

the adhesion region   ( al ), that can be obtained using the elliptical boundary to limit the 

effective tire force, which yields: 

2
2

/2

/2

tan
1

11 ( , )
a

y a
y

x
b p p

a
px py

b

z
b x l

F ls kk s K l lsl P x y dy

α

µ µ − =

− −
−− + =

⎛ ⎞⎛ ⎞⎛ ⎞ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎜ ⎟⎝ ⎠

∫     (3.61) 
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Finally, we combine all forces from the adhesion region and from the sliding region, and 

also include the effect of the camber thrust and of the anisotropic friction conditions, to 

obtain the longitudinal and the lateral forces, which can now be described mathematically 

as illustrated in the following equations: 

The longitudinal force is obtained as: 

   

/22

2 2
0 /2

( , )
( tan ) ( )

a

a

l b x
sx

x x a z
b l xsy c sx

s
F b dx bR P x y dxdy

s

µ
σ

µ α µ − −

= − −
+

∫ ∫ ∫        (3.62) 

The lateral force is obtained as: 

             

2 /2

2 2
0 /2

tan
( , )

( tan ) ( )

a

a

l b x
sy c

y y a z
b l xsy c sx

yF b dx bR P x y dxdy Q
s

µ α
σ

µ α µ − −

= − − +
+

∫ ∫ ∫      (3.63) 

Aligning and overturning moments 

The overturning and the aligning moments are formulated from the empirical data and 

using theoretical mechanics [84]. The overturning moment depends on the lateral force, 

vertical force, slip angle, and camber angle. 

      ( ) sinx mx z l mx yM C C F R C Fγ γ αγ= − + +                     (3.64) 

The aligning moment is derived from the change in the pneumatic trail, which depends 

on the lateral force. Normally, tire testing for aligning moment is performed at zero 

longitudinal slip. Because of this, the longitudinal stress effect is negligible.   

            
1 2 1 3

tan
( )sech ( cos )

1 tan
c

z mz mz mz mz y y
c

M C C C C F Q
α

γ
α

⎛ ⎞⎛ ⎞
= + − +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠  

  (3.65) 
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3.1.6 Flexible Belt Ring Tire Model in Stochastic Framework 

For a more realistic approach, selected tire parameters are considered uncertain and 

treated in a stochastic framework using a polynomial chaos theory with collocation 

approach. An overview of the application of the polynomial chaos to the tire model is 

presented in chapter 2. For details on the polynomial chaos approach, the reader may see 

in Ref. [10, 11]. The polynomial chaoses are generalizations of polynomials to the case 

where the independent variables are themselves measurable functions. The fundamental 

idea is that the random processes of the interest can be approximated by sums of 

orthogonal polynomial chaoses of random independent variables. This means that any 

uncertain parameter can be viewed as a second order random process. Second order 

random processes are processes with finite variance (finite energy). Using the polynomial 

chaos approach, the uncertainties can be propagated through the analytical and empirical 

formula of the tire model, to produce as an output interval for the desired forces and 

moments, in which one can have more confidence than in the results of the deterministic 

tire model. Moreover, the stochastic tire model can predict the collection of time 

evolution of the histogram to further provide a quantitative measure on the likelihood for 

the responses to occur in the predicted output interval. In this study, we considered one 

uncertain parameter and a combination of up to three uncertain parameters. An example 

of stochastic modeling using the polynomial chaos theory with the collocation approach 

for uncertain vertical stiffness is provided. 

In this study, the uncertain tire parameters are assumed to take values ±25% with 

respect to the nominal value, and to follow a (2,2)Beta distribution, as shown in Figure 

3.11. We can express the probability distribution of the uncertain parameter as: 
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                exp (1 0.25 )  ; [ 1,1]stoK K ξ ξ= + ∈ −                             (3.66) 

 

Figure 3.11 Stochastic parameter with Beta(2,2) distribution 

The uncertain vertical stiffness (K ) can be viewed as a function of the random event,

 ; (0 1)θ θ< < , can be expanded in terms of orthogonal polynomial chaoses as: 

           1
( ) ( ( ))i i

i
K Kθ ξ θ

∞

=

= Ψ∑                    (3.67) 

In general, the uncertain vertical stiffness (K ) can be expressed using a truncated 

Karhunen-Loeve expansion as: 

                             
1

S
i i

i
K K

=

= Ψ∑                         (3.68) 

Where 

iΨ are the Jacobi polynomial basis functions which is defined with respect to the 

beta probability density function. 
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S is the number of polynomial chaos terms where ( )!
! !

n pS
n p
+= . 

n is the number of the uncertainties. 

p is the maximal order of the sum of the polynomials. 

In order to solve the time evolution equations of the forces which are going to be derived 

in the following sections, the collocation approach is used which we impose that the time 

evolution equations of the force responses hold at a given set of collocation points. The 

collocation points used in this study are obtained from the Hammersley-Halton algorithm. 

These collocation points for a (2,2)Beta distribution are shown in Figure 3.12. One of the 

advantages of the Hammersley-Halton points is that when the number of points is 

increased, the new set of points contains all the old points. Thus, it is expected that 

increasing the number of collocation points will result in a better approximation.  

 

Figure 3.12 Example of collocation points for two parametric uncertainties 
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3.1.6.1 Stochastic geometry of contact patch 

Stochastic	  tire	  contact	  patch	  length	  

The stochastic relationship between the unloaded tire radius ( uR ), the loaded tire radius (

lR ), the surface radius ( surfR ), the contact patch length on flat surface ( ,p flatl ), and the tire 

deflection (δ ) can be expressed as:  

              
2

,
1 1 1

2 2
S S S

i i i i i i
p flat u

i i i
l R δ δ

= = =

⎛ ⎞Ψ = Ψ − Ψ⎜ ⎟⎝ ⎠
∑ ∑ ∑       (3.69) 

Where 

      1

1

S
i i z

S
i ii
z

i

F

K
δ

=

=

Ψ =
Ψ

∑
∑

                   (3.70) 

    
01 1 2

1 1
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ci i i i

z z z z z
i ic

K C C C K
α
α= =

⎛ ⎞⎛ ⎞
Ψ = − Ψ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟−⎝ ⎠⎝ ⎠

∑ ∑                (3.71) 

(Note:
0z rK K≅ ) 

Stochastic	  contact	  patch	  area	  with	  camber	  angle	  

We can derive the stochastic taper angle β of the trapezoidal contact area as expressed in 

equation below:  

    

1

1
0

1

tan( )tan
S

i i
S

i ii

i

γβ
θ

−

=

=

⎛ ⎞
⎜ ⎟
⎜ ⎟Ψ =
⎜ ⎟Ψ⎜ ⎟⎝ ⎠

∑
∑

                           (3.72) 
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3.1.6.2 Stochastic contact pressure distribution and stochastic vertical force 

Stochastic	  Contact-‐free	  belt	  deformation	  analysis	  

The stochastic equilibrium equations are shown in equations 3.73 – 3.77, respectively.  

The stochastic equilibrium equation in the z direction ( )
n

n
nθ

⎛ ⎞∂=⎜ ⎟∂⎝ ⎠
is 

( ) ( ) ( ) ( ) ( )(6) (4) (3) (2) (1)
1 2 3 4 5

1 1 1 1 1 1
0α α α α α

= = = = = =

Ψ + Ψ + Ψ + Ψ + Ψ + Ψ =∑ ∑ ∑ ∑ ∑ ∑
S S S S S Si i i i ii i i i i i i

i i i i i i
v v v v v v

  
(3.73) 

Where 
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α α ρ
= =
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           (3.74) 

The stochastic equilibrium equation in the x direction is: 

                                ( ) ( )(2) (2)
1 2

1 1 1
0

S S Si ii i i i

i i i
u γ φ γ φ

= = =

Ψ − Ψ + Ψ =∑ ∑ ∑                            (3.75) 

The stochastic equilibrium equation in the y direction is: 

      ( ) ( ) ( )(4) (2) (2)
1 2 3 4

1 1 1 1 1
0

S S S S Si i ii i i i i i i

i i i i i
u u uκ κ κ φ κ φ
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Where  
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Substituting equation 3.75 into equation 3.76 yields: 
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And 
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1 1

S S ii i i

i i
φ

= =
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Solving equations 3.73, 3.78, 3.80 and 3.81 and using the inextensibility condition, we 

get the stochastic solutions of , , ,w v u φ as: 
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               (3.82) 

After we obtained the stochastic solution for , , ,w v u φ , we can calculate the stochastic 

elastic vertical deflection, the stochastic transverse shearing force, the stochastic twisting 

torque, and the stochastic in-plane bending moment which are needed in the contact belt 

deformation analysis, as shown in the following equations. 

The stochastic elastic vertical deflection  

           
1 1 1

cos sin
S S S

i i i i i i

i i i
w vζ θ θ

= = =

Ψ = Ψ + Ψ∑ ∑ ∑                            (3.83) 

The stochastic transverse shearing force is 
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D
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The stochastic twisting torque is  
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The stochastic in-plane bending moment is 
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Stochastic	  Contact	  belt	  deformation	  analysis	  

The stochastic total deflection of the contact belt ( *w ) is the superimposed solution from 

two parts: the stochastic standard flat deflection ( 0w ) and the stochastic additional 

deflection (w ) which are described mathematically as: 

0 1 2
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S S S
i i i i i i

i i i
w w w y

= = =

Ψ = − Ψ − Ψ∑ ∑ ∑                 (3.87)  
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Where  
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(3.89) 

The stochastic equilibrium equation of the contact belt in the vertical direction can be 

expressed as: 
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The stochastic normal pressure distribution is described by the following equation: 
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We can calculate the stochastic vertical force by integrating the normal contact pressure 

distribution over the contact area. 
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Stochastic	  longitudinal	  and	  lateral	  load	  transfer	  effect	  on	  vertical	  force	  

The stochastic vertical loads at the front and rear wheels are computed by summing the 

components due to the transient/dynamic effect and due to steady-state behavior. 

Stochastic vertical load at the rear wheel: 
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Stochastic vertical load at the rear wheel: 
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Where 
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The stochastic lateral load transfer while cornering is also taken into account in this 

model, as described in equation 3.96. The stochastic lateral acceleration is calculated next 

using the stochastic lateral force output from the tire model, as shown in equation 3.97. 
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3.1.6.3 Stochastic forces and moment formula 

Applying the uncertain radial sidewall stiffness by using the polynomial chaos theory 

with collocation approach into the forces and moments formula, we get: 

Stochastic	  longitudinal	  force:	  
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Stochastic	  lateral	  force:	  
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Stochastic	  overturning	  moment:	  
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Stochastic	  aligning	  moment:	  
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The system of equations above are solved for each collocation points as previously 

shown in Figure 3.12 which yields the collection of time evolution of the histogram for 

the forces and moments. 

3.2 Single Point Contact Tire Model for Ride Analysis on Uneven Rigid 

Terrain 

3.2.1 Development of Single Point Contact Tire Model 

Calculation of the dynamic responses of a tire rolling over uneven surface using a flexible 

ring tire model [85, 86] is a difficult task due to the complexity of the tire structure 

deformation, as shown in Figure 3.13. On the other side, the single point contact tire 

model is simple and constitutes the basis for many other tire models. Published studies 

[49, 51, and 100] show that the single point contact model is valid for a surface profile 

with long wavelength.  Therefore, the tire model rolling over an uneven surface in this 

section is based on the single point contact tire-road lumped mass model for simplicity 

and ease of uses in vehicle simulation and, combined with the flexible ring tire model for 

better accuracy. From the ease of use and the very computational efficiency of the single 



 67 

point contact tire model, it is suitable to integrating this tire model with the full vehicle 

model for real time driving simulation. 

  

 

Figure 3.13 Flexible ring tire model over an arbitrarily uneven surface 

The single point contact tire-road lumped mass model is represented mathematically by a 

spring and a damper in parallel; this system transmits the support forces from the terrain 

to the vehicle and contacts the ground through a point follower, as shown in Figure 3.14, 

and works under the following assumptions: 

1. A tire contacts the road surface only through a single point and the contact point is 

positioned directly under the wheel center.  

2. The tire mass is concentrated at the wheel center. 

3. The resultant tire force is always normal to the local terrain surface. 
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4. A longitudinal force is generated whenever the terrain surface is not horizontal, and its 

magnitude is equal to the projection of the normal force on the tangent to the local 

surface profile. 

 

 

Figure 3.14 Tire-road lumped mass model 

The single point contact tire-road lumped mass model is used to estimate the wheel center 

displacement while the tire is rolling over the uneven surface. The wheel center 

displacement can be obtained by solving the differential equation derived from Figure 

3.14, as expressed in equation below: 

                   mzw + k(zw − zr ) + c( zw − zr ) = 0                (3.102) 

Where 

wz and zw are vertical displacement and vertical velocity of axle respectively.  
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rz and zr are vertical displacement and vertical velocity of road profile 

respectively. 

m is tire-wheel mass. 

k is tire stiffness in vertical direction. 

c is tire damping coefficient in vertical direction. 

 

We can calculate the time rate of change of the road profile elevation as expressed in the 

following equation: 

    zr =V (
dzr
dx

) ;  V = dx
dt

     (3.103) 

Then, the wheel center displacement will be used as an input into the flexible ring tire 

model [85, 86] to calculate the tire vertical force. The flexible ring tire model not only 

takes deformation of contact belt into account for the calculation of tire vertical force, but 

it also includes the effect of the tire rotational velocity and the deformation of the 

contact-free belt in the calculation. 

The tire vertical force can be expressed as shown in the following equation: 

    

/2

/2

( , )
b x

z z
b x

F P x y dxdy
− −

= ∫ ∫       (3.104) 

Alternatively, one can calculate the vertical force directly from the tire-road lumped mass 

tire model, as described by the following equation: 

             Fz = k(zw − zr − zsta ) + c( zw − zr )     (3.105) 
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with 

    
sta

Wz
k

=      (3.106) 

Where  

 W is initial vertical load. 

 staz  is tire static deflection due to load W . 

 

The fore-and-aft force (longitudinal force) can be calculated by assuming that the 

resultant force is normal to the road surface at the contact point. The fore-and-aft force 

can then be expressed as: 

 
r

x z
dzF F
dx

=                 (3.107) 

It has been shown [49, 101, 102] that this tire model gives good approximations of forces 

produced as a tire rolling over smooth, long wavelength terrain profiles, as the scenario 

shown in Figure 3.15.  

 

 

Figure 3.15 Tire rolling over smooth long wavelength uneven surface 



 71 

However, the drawback of this tire model is the inability to accurately predict the forces 

generated by the tire while traversing over short wavelength uneven surfaces, because the 

model is not able to describe the envelopment behavior of a tire negotiating such an 

obstacle. 

3.2.2 Effective surface profile concept 

An important property of a pneumatic tire is its ability to cushion a vehicle against short 

wavelength irregularities. A rigid wheel traversing over an obstacle would acquire a 

sudden vertical velocity which involves extremely large vertical accelerations. However, 

pneumatic tire experiments never show such large accelerations, which indicates that the 

elastic tire properties enable it to partially envelop the obstacle while rolling over it. The 

resulting vertical displacement of the axle is thus small, relative to the height of the 

obstacle. 

The tire-road lumped mass model has a single point tire-road contact. For a tire rolling 

over relatively long wavelength surface, the surface profile can serve directly as an input 

into the tire model. For short wavelength surface, if we directly input the surface profile 

into the model, the model will give poor estimations of force response due to the fact that 

the tire enveloping property is not incorporated into the model [101, 102]. Past efforts to 

model a tire with enveloping property were discussed in the review of literature. In this 

research, to include the effects of the tire enveloping properties, the effective surface 

profile approach is used, instead of the actual surface profile, as shown in Figure 3.16.  
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Figure 3.16 Tire-road lumped mass model with effective surface profile 

Davis [103] introduced the equivalent ground plane reflecting both elevation and slope 

characteristics of the original terrain. He obtained this equivalent ground plane from a 

radial spring tire model; however, the radial spring tire model could not express the tire 

carcass bulging effect and tire tread bending effect. Instead of calculating this equivalent 

ground plane from the stress analysis on the contact patch based on many assumptions of 

the radial spring tire model, this model used the equivalent surface profile based on 

empirical data.  

The concept of effective surface profile is about how a tire envelops surfaces while 

rolling over rough terrain. As in literature reviews [51, 101, 102, 104, 105], we know that 

the quasi-static response of a tire with a single point contact on the effective surface 

profile is similar to the quasi-static response of the real tire on the actual surface profile. 

This excitation (terrain elevation) is supposed to be similar for both steady-state and 

transient conditions. Therefore we use the effective surface profile as the excitation 
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inputs for the single point contact lumped mass tire model. To obtain the effective surface 

profile, it is more convenient to calculate from the quasi-static response to avoid 

kinematic effects of tire (tire mass and inertia) which is large in transient condition. The 

effective surface profile consists of two components: the effective surface height ( effh ) 

and the effective surface angle ( effθ ), as shown in Figure 3.17, which a dashed line shows 

non-deformed tire, and a solid line shows deformed tire. The effective surface profile can 

be obtained from the measured or simulated responses of the quasi-static tire testing. 

Typically, the quasi-static tire rolling over uneven surface experiment/ simulation is 

performed for two conditions:  

 1. Constant axle height (State 1à3) – constrained axle displacements in vertical 

and longitudinal direction, but unconstrained axle rotational displacement (a tire can be 

rotated freely) while the tire rolling over uneven surface. Normally, it is performed on 

drum type tire testing equipment.   

 2. Constant normal load (State 2à3) – constrained the vertical load to be constant 

while the tire rolling over uneven surface. This condition is similar to real driving 

conditions.  

 

Figure 3.17 Effective surface profile 
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Consider equation 3.102 with effective surface height as input ( r effz h= ); it can be used 

to experimentally determine the effective surface height. Suppose the tire is rolling very 

slowly over a surface profile rz , so we can assume that zw = zw = zr = 0 .  Then, we can re-

write equation 3.102 as: 

        w rz z=      (3.108) 

This means that, for any surface input, the effective surface height can be considered as 

the wheel center elevation; when tire velocity is low enough. Therefore, the effective 

surface height can be defined as shown in equation below: 

               eff wh z=      (3.109) 

Alternatively, the effective surface height for constant axle height condition can be 

defined as the variation in the vertical force divided by the tire vertical stiffness which 

can be mathematically described as: 

              
0z z

eff
F Fh
k
−=     (3.110) 

We assumed that the effective surface is perpendicular to the resultant force. Then, the 

effective surface angle can be defined as described by the following equation:  

     ( ) ( )0 01tan x x r z z
eff

z z

F F f F F
F F

θ − − −⎛ ⎞
= − +⎜ ⎟

⎝ ⎠
              (3.111) 

It can be assumed that the rolling resistance force in such circumstances is relatively 

small and it can be neglected. The initial longitudinal force ( 0xF ) is equal to zero if we 
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perform the simulation (or the experiment) on even surfaces initially. Therefore, the 

effective surface angle can be expressed as: 

                  1tan x
eff

z

F
F

θ − ⎛ ⎞
= − ⎜ ⎟

⎝ ⎠
    (3.112) 

Note: effθ is positive when xF is negative. 

From Figure 3.17, we can calculate the actual effective height ( ,eff actualh ) which is the 

height of the effective surface under the wheel center using the following equation:  

   

2
,

11 tan
coseff actual u z eff eff

eff

h R hδ θ
θ

⎛ ⎞
= − + +⎜ ⎟⎜ ⎟⎝ ⎠

  (3.113) 

It is important to note that both, the effective surface height and the effective surface 

angle, are independent input quantities defined at the wheel center. Moreover, one can 

notice that the actual effective height is a function of the two independent effective input 

quantities, effh and effθ . 

After we calculate the effective surface input, we use it as an input into the single point 

contact tire-road lumped mass model. The computational procedure of the tire model 

rolling over uneven surface is shown in Figure 3.18. 
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Figure 3.18 Computational procedure of the tire model 

3.2.3 Single Point Contact Tire Model in Stochastic Framework 

Again, for a more realistic approach, selected tire parameters are considered uncertain 

and treated in a stochastic framework using a polynomial chaos theory with collocation 

approach. The uncertain tire parameters are assumed to take values ±25% with respect to 

the nominal value, and to follow a (2,2)Beta distribution, as shown in Figure 3.11. We 

can express the probability distribution of the uncertain parameter as in equation 3.66. 

The collocation points used in this study are obtained from the Hammersley-Halton 

algorithm as shown in Figure 3.12.  

By applying the uncertain vertical stiffness into equation 3.102, we get the equation of 

motion in stochastic form as: 

mw zw
iΨi

i=1

S

∑ + k iΨi

i=1

S

∑ ( zw
i Ψi

i=1

S

∑ − zr ) + c( zw
i Ψi

i=1

S

∑ − zr ) = 0                 (3.114) 



 77 

Then, the stochastic vertical force can be calculate from the flexible ring model, as in 

equation 3.115, or from the single point contact tire-road lumped mass model, as in 

equation 3.116. 

            
/2

1 1/2

( , )
b xS S

i i i i
z z

i ib x

F P x y dxdy
= =− −

Ψ = Ψ∑ ∑∫ ∫                (3.115) 

    Fz
iΨi

i=1

S

∑ = k iΨi

i=1

S

∑ ( zw
i Ψi

i=1

S

∑ − zr − zsta
i Ψi

i=1

S

∑ ) + c( zw
i Ψi

i=1

S

∑ − zr )         (3.116) 

The stochastic fore-and-aft force can be calculated by assuming that the resultant force is 

normal to the road surface at the contact point. The fore-and-aft force can be expressed 

by the following equation:  

                    1 1

S S
i i i i r
x z

i i

dzF F
dx= =

Ψ = Ψ∑ ∑                (3.117)               

The system of equations above are solved for each collocation points as previously 

shown in Figure 3.12 which yields the collection of time evolution of the histogram for 

the vertical and longitudinal forces. 

3.3 Discrete Mass Tire Model for Ride Analysis on Uneven Rigid Terrain 

3.3.1 Development of Discrete Mass Tire Model 

As in section 3.2, the tire model for ride analysis is developed by using a single point 

contact model with the empirical data. Even though it shows a good agreement with 

experimental data from literatures, it still has some limitations listed below: 
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1) A quasi-static testing of a tire rolling over a real terrain is needed. Without the 

pre-processed terrain data (effective surface profile), the tire model seems to over-

predict the tire dynamic response. 

2) The tire model cannot handle a separation of contact patch because it assumed 

that the tire contacts the road surface only through a single point and the contact 

point is positioned directly under the wheel center. 

3) The tire model is valid for frequencies up to about 80 Hz [48 - 51]. Above this 

frequency, the tire structure shows local deformation which is not taken into 

account in this model due to the assumption that the tire mass is concentrated at 

the wheel center. 

To eliminate these limitations, a more sophisticated tire model is developed by using a 

multibody modeling approach (called discrete mass tire model) and works under the 

following assumptions: 

1) The in-plane tire deformation is parallel to wheel plane and uniform over the 

tire width. Therefore, the in-plane tire dynamics is a two-dimensional 

problem. 

2)  The translational (V ) and rotational (Ω ) speeds have small variations and 

can be treated as constant speeds. 

3) The pressurized air does not vary during the simulation. 

3.3.2 Discrete Mass Tire Model Description 

In this tire model, the multibody modeling approach was employed which evenly 

discretized the tire structure into finite number of dynamic lumped mass system. The 

discrete mass tire model consists of the following components: the ring of point masses (
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im ) representing the tire belt and tread band that are interconnected by springs in radial 

and tangential directions called inter-radial spring ( 3k ) and inter-tangential spring ( 4k ). 

The springs and dampers that are distributed in radial ( 1 1,k c ) and tangential ( 2 2,k c ) 

directions are connected to the rigid rim and to the point masses representing the tire 

sidewall and pressurized air. The rim is modeled as a circular rigid body with mass ( rimm ) 

and moment of inertia ( rimI ). A schematic of the tire model structure is shown in Figure 

3.19. Details on the schematics of the tire model are illustrated in Figure 3.20. 

 

 

Figure 3.19 Overview of discrete mass tire model structure 
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Figure 3.20 Tire model structure at mass element i 

In this model, the wheel has three degrees of freedom: two translational DOF and one 

rotational DOF. The wheel center translates in vertical ( 0z ) and longitudinal ( 0x ) 

directions in the reference frame A  and rotates at angular speed Ω  about the y-axis in 

reference frame B  (attached to wheel center). The point mass i  has two degrees of 

freedom: translation in iz (radial) and ix (tangential) directions in the reference frame iC . 

In addition, the terrain profile is described in the global reference frameG . The 

coordinate systems used in the development of this model are shown in Figure 3.21. 
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Figure 3.21 Coordinate systems used in the tire model 

Where 

G  is the global reference frame (ground). 

A  is the fixed reference frame; its origin is located at the initial position of the wheel 

center. (Global reference frame translated with the underformed tire radius for 

ease of computational effort. In this study, the wheel-tire is initially located at the 

location where the tire barely touches with the ground.) 

B  is the reference frame attached to the wheel; its origin is located at the wheel 

center. 

iC  is the reference frame attached to the wheel; its origin is located at the 

undeformed position of point mass i .    
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From the coordinate systems in Figure 3.21, the position of the wheel center and the point 

mass i  can be described in the global reference frame G, as follows: 

             0 0

0 0

0G G A
G
A

tire tire

x x
R

z r h z
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥+⎣ ⎦ ⎣ ⎦ ⎣ ⎦
    (3.118) 

 

             0

0

0G G C C
i iG G

C C
i tire i

x x x
R R

z z r z
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= + +⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
    (3.119) 

Where 

G
AR  is the rotational matrix from A to G:  

               
1 0
0 1

G
AR

⎡ ⎤= ⎢ ⎥
⎣ ⎦

     (3.120) 

G
C R  is the rotational matrix from C to G:  

,int ,int

,int ,int

sin( ) cos( )
cos( ) sin( )

i iG
C

i i

t t
R

t t
θ θ
θ θ

Ω + − Ω +⎡ ⎤
= ⎢ ⎥Ω + Ω +⎣ ⎦

   (3.121) 

3.3.3 The Contact between the Tire and Rigid Terrain 

In this section, the contact forces that act on the tire are determined. The relations 

between the tire deformation and the contact forces are governed by the equation of 

motions. If the tread deformations are known, then the contact forces can be obtained by 

the equation of motions. In reality, the tread deformations are unknown. Therefore, to 

calculate the contact force, the tread stiffness ( 5k ) is added to the point mass in radial 
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direction, as shown in Figure 3.20. The tread deformation in tangential direction is 

assumed to be small and that it can be neglected. The tread radial spring of each point 

mass is deflected radially as required by the terrain at the location of that point mass 

which yields the contact force at the respective point mass. The resultant contact force 

can be obtained by summing the contact forces at each tread radial spring that contact 

with the terrain. To determine which tread radial spring (i.e., which point mass i ) makes a 

contact with terrain, the following function is used: 

       

, , ,

, , ,

0 if ( ) 0
( )

1 if ( ) 0
tread i g i tread i

tread i g i tread i

z z x
contact i

z z x
− >⎧

= ⎨ − <⎩
  (3.122) 

Note: If the tread radial spring imakes a contact with the terrain, then ( ) 1contact i = . 

In this model, the tread radial spring deflection is determined from the instantaneous tire-

terrain relationship. When the terrain profile is known for any longitudinal position, then 

the following procedure is used to estimate the point of contact between each tread radial 

spring and terrain surface: 

1) Determine the vertical displacement between the terrain elevation and the 

undeformed tread radial spring tip ( 0d ). 

2) Determine the vertical displacement between the terrain elevation and the 

tread radial spring tip ( 1d ) with known deflection ( 1δ ). 

3) Determine the tread radial spring deflection required to make the vertical 

displacement between the terrain elevation and the tread radial spring tip 

equal to zero ( 2δ ) by using linear interpolation. 
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Figure 3.22 shows the tread radial spring and terrain relationships use to determine the 

tread radial spring deformations. The linear interpolation relationship can be derived 

mathematically by the following procedure: 

First, we assume that the relationship between the vertical displacement between the 

terrain and the tread radial spring tip ( d ) and the tread radial spring deformation (δ ) is 

linear: 

        a b dδ + =           (3.123) 

By substituting 0 0,d dδ δ= = into equation 3.123, we get: 

             0 0 0   ; 0a b dδ δ+ = =     (3.124) 

Again, by substituting 1 1,d dδ δ= = into equation 3.123, we get: 

          1 1a b dδ + =      (3.125) 

Solving equations 3.124 and 3.125, we get: 

          1 0
0

1

,d da b d
δ
−= =      (3.126) 

By substituting a andb into equation 3.123, we get: 

          1 0
0

1

d d d dδ
δ
− + =      (3.127) 

Then, the tread radial spring deflection required to make the vertical displacement 

between the terrain elevation and the tread radial spring tip equal to zero ( 2δ ) is: 
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             0 1
2

0 1

d
d d

δδ =
−

     (3.128) 

The contact force at point mass i can be calculated as: 

     2,5 2,
,

2, 2,

if 0 <  < h( )( )
  if 0 or  h0

i i tirei i
contact i

i i i i tire

zk contact i z
F

z z
δδ

δ δ
−−⎧

= ⎨ − < − >⎩
    (3.129) 

Note:  2, 0i izδ − < : Tread does not make a contact with the terrain. 

2,i i tirez hδ − > : Tread is deformed more than the tread thickness (impossible). 

 

Figure 3.22 Tire contact model diagram 
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3.3.4 Tire Model Equations of Motion 

From the tire structure diagram in Figure 3.19 and Figure 3.20 and the tire contact model 

in Figure 3.22, we can derive the equations of motion of the discrete mass tire model as: 
 

mrimx0 + [c1 zi( )cosθi + c2 − xi( )sinθi + k1 zi( )cosθi + k2 −xi( )sinθi ]
i=1

Nm

∑ = 0          (3.130) 

mrimz0 +mrimg + [c1 − zi( )sinθi + c2 − xi( )cosθi + k1 −zi( )sinθi + k2 −xi( )cosθi ]
i=1

Nm

∑
+Fz0in = 0

 (3.131) 

I0 θ + [c2 xi( )R0
i=1

Nm

∑ + k2 xi( )R0 ]+T = 0            (3.132) 

mixi +mig cosθi + c2 xi( )+ k2 xi( )+ k4 2xi − xi−1 cosΔθ − xi+1 cosΔθ( ) = 0;

 i =1,...,Nm
  (3.133) 

mizi +mig sinθi + c1 zi( )+ k1 zi( )+ k3 2zi − zi−1 cosΔθ − zi+1 cosΔθ( )+ Fcontact ,i = 0; 

i =1,...,Nm  
(3.134) 

Where 

iθ is the angle between the horizontal axis of the reference frame B  ( BX ) and the 

inward radial axis of the reference frame iC (
iC

Z ), and can be described as: 

 ,inti i tθ θ= +Ω      (3.135) 

θΔ is the angle between the initial locations of the point masses adjacent to each 

other. It can be calculated as: 

               

2

mN
πθΔ =

     
(3.136) 
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 mN  is number of point masses used in the tire model. 

3.4 Summary 

Three tire models developed in this study have been presented in this chapter: the flexible 

belt ring tire model for vehicle traction and handling characteristic analysis, the single 

point contact tire model for real-time vehicle ride characteristic analysis, and the more 

complex discrete mass tire model for vehicle ride characteristic analysis.  

The flexible belt ring tire model includes the effects of vertical load, velocity, 

acceleration (load transfer), camber angle and tire lag to capture tire transient behaviors. 

The tire is modeled by an elastic ring, representing the belt, and supported on a spring 

and damper system, representing the sidewall and the tread. The tire deformation analysis 

is performed to obtain the contact patch geometry and the normal pressure distribution. 

The forces and moments are computed based on theoretical mechanics and empirical 

data.  

To study the vehicle ride characteristics, the simplified tire model that is applicable for 

simulations over long and short wavelength surfaces has been developed. The proposed 

tire model takes advantage of the benefits of modeling the wheel-tire assembly as a single 

point contact lumped mass supported with a spring and damper system, in certain 

situations, and combining this approach with a more complex model of the contact patch 

dynamics. Moreover, for the short wavelength surface, the enveloping property of tires 

has been shown to have significant effects on tire behavior and is taken into account in 

this study; the effective surface profile is thus used as an input, instead of the actual one. 

The forces at the wheel axle are computed based on theoretical mechanics and empirical 

data. The advantages of the single point contact tire model are the ease of use and the very 
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computational efficiency. Because of these advantages, it is possible to integrate this tire 

model to the full vehicle model for the real time driving simulation. 

Even though, the single point contact tire model gives results that show a good agreement 

with experimental data from literatures, it still has some limitations. Therefore, a more 

sophisticated tire model has been developed to eliminate those limitations by using a 

multibody modeling approach (discrete mass tire model). The tire belt is modeled as a 

ring of point masses that are interconnected by radial and tangential springs called inter-

radial and inter-tangential springs. The tire sidewall is modeled as springs and dampers 

connected between a rim and point masses in radial and tangential direction. Moreover, 

to account for uncertainties in the tire parameters, the uncertain tire parameters are 

incorporated into the flexible belt ring and single point contact tire models by using the 

polynomial chaos theory with a collocation method. 
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Chapter 4 Simulation and Experimental Validation 

In this chapter, several selected scenarios were considered to illustrate the transient 

behavior of the tire models presented in Chapter 3. Accelerating and lane changing 

maneuvers were performed by using the flexible belt ring tire model to investigate the tire 

transient behavior in traction and handling respectively. For ride investigation, the single 

point contact tire model and the discrete mass tire model transverse over various types of 

uneven rigid terrain were simulated. The selected results of each simulation are presented 

in the following sections. 

4.1 Flexible Belt Ring Tire Model 

4.1.1 Simulation Results for the Deterministic Model 

We selected two scenarios for simulation, to illustrate the transient behavior of the tire 

model as reflected by the longitudinal force response and by the slip angle variation.  

4.1.1.1 Longitudinal response 

The simulation is performed assuming that the vehicle travels at constant velocity (30 

km/h) with zero slip angle and zero camber angle. Then, at time, t = 0 second, the car 

starts to accelerate to reach 2 m/s2 and the acceleration rate is kept constant until time, t = 

3.5 seconds. After that the car travels with constant speed at 48 km/h for 2.5 seconds, as 

it can be seen in Figure 4.1. 
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Figure 4.1 Velocity and slip ratio input profile 

 

Figure 4.2 Logitudinal force response 

From Figure 4.2, one can see that the two dimensional and three dimensional transient 

tire models are able to capture both steady-state and transient responses in longitudinal 

direction, but the steady-state tire model is limited to the steady-state part. The three 

dimensional transient tire model shows some lagging responses compare to the two 
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dimensional transient tire model. Moreover, while the velocity is constantly increasing 

(between 2 sec. and 3 sec.) we notice that the longitudinal force is linearly decreasing.    

 

Figure 4.3 Longitudinal force responses versus effective slip ratio 

Figure 4.3 shows the longitudinal force behavior of the tire which nonlinearly varies with 

effective slip ratio in accelerating scenario. One can see that the longitudinal force in the 

rear wheel increases during the acceleration, and vice versa for the front wheel, due to the 

longitudinal load transfer that occurs during the maneuver.    

4.1.1.2 Lateral response 

The response of the tire model due to the variation of the wheel slip angle is studied in 

this simulation. The wheel slip angles are the inputs to the tire model. Changing the 

wheel slip angle will produce a change in the slip angle at the tire contact patch in a 

lagging manner, due to the viscoelastic properties of the side wall. The simulation 

performed uses sinusoidal function as slip angle inputs and yields the slip angle at tire 
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contact patch, as shown in Figure 4.4.The lateral force and the aligning moment of the 

tire model are calculated when the vehicle traveled at a constant speed of 30 km/h, with 

zero longitudinal slip ratio and with 0, 2, 4, 6 degree camber angles. 

 

Figure 4.4 Slip angle input profile 

 

Figure 4.5 Lateral force responses 
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Figure 4.6 Aligning moment responses 

From the results shown in Figure 4.5 and Figure 4.6, the two dimensional and three 

dimensional transient tire models capture both transient lateral force response and 

transient aligning moment response, while the steady-state tire model cannot capture the 

lag behavior of the tire in transient maneuver. The three dimensional transient tire model 

gives the lower values for the maximum aligning moment at both front and rear of a 

vehicle than the steady-state and two dimensional transient tire models. This is due to the 

lateral load transfer which is included in the three dimensional transient tire model. It 

results in different vertical loads on left and right tires which yield to the unequal lateral 

force and aligning moment. Therefore, the tire lag effect and the lateral load transfer are 

shown to be important factors of the transient tire dynamics, and are well captured by the 

model developed here.    
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Figure 4.7 Lateral force response versus effective slip angle 

 

Figure 4.8 Aligning moment response versus effective slip angle 

Figures 4.7 and 4.8 shows the lateral force response and the aligning response which 

nonlinearly varies with effective slip angle in slip angle variation scenario. 
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Figure 4.9 Camber effects on lateral force 

 

Figure 4.10 Camber effects on aligning moment 
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effect is on the lateral response. The camber thrust influenced the lateral force, which 

increased when turning right and decreased when turning left (with positive camber 

angle).  

4.1.2 Simulation Results for the Stochastic Tire Model 

Throughout this section, the following convention was used for the color coding of the 

stochastic results: The closer to red, the higher the probability that a specific parameter 

(force, moment, etc.) will take that value at the given moment of time. 

4.1.2.1 One uncertainty 

A projection of all the probability distribution functions (at each moment of time) of the 

longitudinal force on the Fx-Time plane, when we consider uncertain radial sidewall 

stiffness, is presented in Figure 4.11. The probability distributions at each moment of 

time have symmetric distributions and behave consistently in time. 

 

Figure 4.11 Longitudinal forces with uncertain radial sidewall stiffness 
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A projection of all the probability distribution functions (at each moment of time) of the 

lateral force on the Fy-Time plane and the aligning moment on the Mz-Time, when we 

consider uncertain radial sidewall stiffness and uncertain tread stiffness, are presented in 

Figure 4.12 and Figure 4.13. 

 

 

Figure 4.12 Lateral forces with uncertain radial sidewall stiffness 

 

Figure 4.13 Aligning moment with uncertain radial sidewall stiffness 
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A projection of all the probability distribution functions (at each moment of time) of the 

longitudinal force on the Fx-Time plane, when we consider uncertain tread stiffness, is 

presented in Figure 4.14. The probability distributions at each moment of time have 

skewed distributions and behave consistently in time.  

 

Figure 4.14 Longitudinal forces with uncertain tread stiffness 

A projection of all the probability distribution functions (at each moment of time) of the 

lateral force on the Fy-Time plane and the aligning moment on the Mz-Time, when we 

consider uncertain tread stiffness, are presented in Figure 4.15 and Figure 4.16. The 

probability distributions at each moment of time have skewed distributions and behave 

inconsistently in time. 
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Figure 4.15 Lateral forces with uncertain tread stiffness 

 

Figure 4.16 Aligning moment with uncertain tread stiffness 

4.1.2.2 Two uncertainties  

When considering the results of the combined effect of the uncertain tread stiffness and 

the uncertain tread damping coefficient in Figure 4.17 – Figure 4.19, the distribution has 
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a wider range and seems symmetric. The result is not the superimposed result of the tread 

stiffness and the tread damping coefficient results.  

 

Figure 4.17 Longitudinal forces with combined uncertain tread stiffness and 

uncertain damping coefficient 

 

  

Figure 4.18 Lateral forces with combined uncertain tread stiffness and uncertain 

damping coefficient 
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Figure 4.19 Aligning moments with combined uncertain tread stiffness and 

uncertain damping coefficient 

When considering the results of the combined effect of the two stiffnesses in Figure 4.20 

– Figure 4.22, the distribution has a wider range and seems symmetric. The result is not 

the superimposed result of the radial sidewall and radial tread results. Again, it indicates 

that, compared to the radial sidewall stiffness, the radial tread stiffness has a minimal 

effect on the longitudinal, the lateral force and the aligning moment. 
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Figure 4.20 Longitudinal forces with combined uncertain tread stiffness and 

uncertain radial sidewall stiffness 

 

 

Figure 4.21 Lateral forces with combined uncertain tread stiffness and uncertain 

radial sidewall stiffness 
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Figure 4.22 Aligning moments with combined uncertain tread stiffness and 

uncertain radial sidewall stiffness 

4.1.2.3 Three uncertainties 

 

Figure 4.23 Longitudinal forces with combined uncertain radial and tangential 

sidewall stiffness and radial tread stiffness 
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Figure 4.24 Lateral forces with combined uncertain radial and tangential sidewall 

stiffness and radial tread stiffness 

 

 

Figure 4.25 Aligning moments with combined uncertain radial and tangential 

sidewall stiffness and radial tread stiffness 



 105 

Comparing the results of the tire model with two and three uncertainties are very similar, 

this means that tangential sidewall stiffness has very small effect on longitudinal and 

lateral responses. 

It is obvious that the stochastic parameters in this tire model have affected on the lateral 

responses less than on the longitudinal responses. Moreover, the effect of stochastic 

parameters to the lateral responses is increased when the slip angle is increased. The 

stochastic results give us the probability distributions of the longitudinal force, the lateral 

force and the aligning moment which acccount better varaition in the tire dynamic 

behavior than the results of the deterministic tire model. When comparing the 

deterministic results with the stochastic result, one can see that the deterministic results 

are lied closely on the highest probability curves. 

4.2 Single Point Contact Tire Model 

4.2.1 Simulation Results for the Deterministic Model 

In this section, the simulations were performed on long wavelength and short wavelength 

rigid surfaces with the tire parameters obtained from Ref. [104], as shown in Table 4.1. 

Table 4.1 Parameters of the simulated tire 205/60 R15 [104] 

Tire	  parameter	   Symbol	   Value	   Unit	  

Mass	   m 	   7.1	   kg	  

Radius	   R 	   0.312	   m	  

Stiffness	   k 	   1.647	   MN/m	  

Damping	   c 	   250	   Ns/m	  
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4.2.1.1 Simulation of tire rolling over long wavelength uneven surface 

The simulations were performed by rolling the tire over long wavelength surface ( 15λ =

), as shown in Figure 4.26. Five different velocities (20, 40, 60, 80 and 100 km/h) are 

used in the simulation. The force responses are calculated for each velocity. 

 

Figure 4.26 Long wavelength surface profile 

Figure 4.27 shows the relative vertical force response ( zFΔ ) of tire rolling over long 

wavelength surface at five different velocities. The results show that frequencies and 

magnitudes of the relative vertical force response ( zFΔ ) increase when tire rolling 

velocity (V ) is increased. This means that, under the harmonic road excitation, road 

profile acceleration has great effects on the tire force response which agrees with the 

results in Ref. [105].  
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Figure 4.27 Vertical force response of tire rolling over long wavelength surface 

From Figure 4.28, the maximum relative vertical force ( zFΔ ) has a nonlinear relationship 

with the longitudinal velocity (V ) (power function, b
zF aVΔ = ). When the longitudinal 

velocity is increased, the slope (rate of change) of the relationship between the maximum 

relative vertical force and the longitudinal velocity is increased. 
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Figure 4.28 Relationship between the maximum relative vertical force (ΔFz) and the 

longitudinal velocity 

4.2.1.2 Simulation of tire rolling over short wavelength uneven surface 

The simulations were performed by rolling the tire over obstacle with constant axle 

height. Three different shapes of obstacle are used in the simulation as shown in Figure 

4.29. Also, three different velocities (0.5, 25, and 60 km/h) are used. The simulation at a 

velocity of 0.5 km/h is performed to represent the quasi-static condition. The tire has an 

initial vertical load 4000 N. Then the force response are calculated and compared with 

the available data from literatures.  



 109 

 

Figure 4.29 Obstacles used in simulation with the single point contact model 

The quasi-static force responses of tire rolling over obstacles are used to calculate the 

effective surface profile, as given in Figure 4.30 and Figure 4.31. Then the effective 

surface profile is used as excitation input to the single point contact tire-road lumped 

mass model which yield dynamic response of tire at each velocity, as shown in Figure 

4.32. 

 

Figure 4.30 Quasi-static vertical force responses 
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Figure 4.31 Quasi-static longitudinal force responses 

From Figure 4.32, one can see that the vertical force response of tire rolling over 

obstacles at 0.5 km/h has a shape similar to the quasi-static vertical force response. 

Moreover, the dynamic force response at 25 km/h has two separate peaks when the tire 

initially hits the obstacles, as shown in solid red circile, but at 60 km/h it was reduced to a 

single peak, as shown in the dash black circle, and trended to behave similar to the 

impluse response, which agree with results from the literature [50 - 64].  
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Figure 4.32 Dynamic vertical force responses 

Figure 4.33 shows the comparison between the simulated and measured force 

response[51, 104]; one can see that the simulated response agrees with the measured data 

quite well. However, there is a shift in phase angle between the simulated and measured 

response for time greater than 0.05 seconds. This issue might come from uncertainties in 

the tire parameters. 
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Figure 4.33 Comparison between the simulated and the measured dynamic vertical 

force response of tire rolling over the triangular cleat at 25 km/h 

4.2.2 Simulation Results for the Stochastic Model 

Illustrative examples of stochastic force responses in Figure 4.34 gives the intervals of 

possible outputs due to uncertain vertical tire stiffness. Moreover, Figure 4.35 - Figure 

4.37 show the time evolution of the probability distribution function (PDF) of the results 

which can further provide a quantitative measure on the likelihood for the responses to 

occur at specific points in the predicted output interval. In Figure 4.35 - Figure 4.37, the 

color red represents higher values of the PDF, and the color blue denotes the lower values 

of the PDF.  
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Figure 4.34 Stochastic vertical force response with uncertain vertical stiffness at 

25km/h 



 114 

 

Figure 4.35 Histogram of stochastic vertical force of tire rolling over trapezium cleat 

at 25 km/h 

 

Figure 4.36 Histogram of Stochastic vertical force of tire rolling over step cleat at 25 

km/h 
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Figure 4.37 Histogram of stochastic vertical force of tire rolling over triangular cleat 

at 25 km/h 

From Figure 4.35 - Figure 4.37, one can see that the probability distributions of the 

vertical force responses are changed with time. For the first 0.03 seconds, the distribution 

seems to be a normal distribution with the highest probability in the middle of the 

response interval. After that, the distribution seems unsymmetrical, and the highest 

probability is switched between minimum and maximum of the response interval. 

Without implementing the uncertain parameters, one cannot see these kinds of behavior 

in the deterministic tire model [85 - 87]. 
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4.3 Discrete Mass Tire Model 

In this section, the simulations performed using the discrete mass tire model are 

presented, for the selected scenario listed below: 

1) Different static normal loads are applied to the tire sitting on a flat surface. 

(Static case).  

2) The tire is slowly rolling over two types of obstacles: rectangular cleat and 

triangular cleat with different normal loads. (Quasi-static case) 

3) The tire is rolling over two types of obstacles with different loads at various 

speeds. (Dynamic case) 

The tire parameters used in the simulation are obtained from the methods explained in 

section 4.3.1, and the validation data is obtained from the experiments in section 4.3.2. 

4.3.1 Parameter Identification for the Tire Model 

There are several methods that can be employed to acquire the data for the tire 

parameters needed. However, due to limitations of current testing capabilities, the 

methods selected for the tire parameter identification are those explained in the following 

sections.  

4.3.1.1 Direct measurement 

There are some tire parameters that we can easily obtain by using basic equipment in 

CVeSS lab, such as a weight scale and a measuring tape. 

The parameters listed below are directly measured on the tire tested. 

1. Wheel mass ( 0m ) [kg] 

2. Element thi mass ( im ) [kg] 
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3. Tire outside radius ( uR ) [m] 

4. Tire width (b ) [m] 

5. Tread thickness ( treadh ) [m] 

6. Wheel radius ( 0R ) [m] 

The wheel inertia ( 0I ) can be estimated by assuming it similar to a rigid cylinder, which 

is mathematically described by: 

          2
0 0 0
1
2

I m R=          (4.1) 

4.3.1.2 Static tire deformation test over a flat surface 

As shown in section 3.3.2, the discrete mass tire model consists of five springs for each 

lumped mass: radial sidewall stiffness ( 1k ), tangential/circumferential sidewall stiffness (

2k ), radial belt stiffness/inter-radial stiffness ( 3k ), tangential belt stiffness/inter-tangential 

stiffness ( 4k ), and radial tread stiffness ( 5k ) that represent the elastic properties of each 

part of the tire structure. To obtain the values of these elastic elements, the equations of 

motion of the tire model while the tire is standing still with only a constant normal load 

applied on it are considered. Thus, the equations from equations 3.130 - 3.134 can be re-

written as: 

( ) ( )1 0 0 2 0 0 0
1

[ cos sin cos sin cos sin ] 0
mN

i i i i i i i i
i

k x z z k x z x Rθ θ θ θ θ θ θ
=

+ − + + + − − =∑      (4.2) 
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( ) ( )0 1 0 0 2 0 0 0
1

0

[ sin cos sin cos sin cos ]

0

mN

i i i i i i i i
i

z in

m g k z x z k z x x R

F

θ θ θ θ θ θ θ
=

+ − − + + − −

+ =

∑   (4.3)

( )0 2 0 0 0 0
1

[ sin cos ] 0
mN

i i i
i

k R x x z Rθ θ θ
=

+ − − =∑                 (4.4) 

( ) ( )2 0 0 0 4 1 1cos sin cos 2 cos cos 0i i i i i i i im g k x R x z k x x xθ θ θ θ θ θ− ++ + − − + − Δ − Δ =  (4.5) 

( ) ( )
( )

1 0 0 3 1 1

5 ,

sin sin cos 2 cos cos

( ) 0
i i i i i i i i

i g i i

m g k z z x k z z z

k z z c

θ θ θ θ θ

θ
− ++ − + + − Δ − Δ

+ − =
      (4.6) 

From these equations, if one knows the deformation of the tire at the constant normal 

load, the only unknowns are 1 5k k− . To obtain the unknown 1 5k k− , one needs five sets of 

tire deformation data at five different constant normal loads which can be obtained from 

the static tire deformation test. Therefore, to obtain these tire stiffnesses, the static tire 

deformation test was performed by using the SAE J2704 “Tire Normal Force/Deflection 

and Gross Footprint Dimension Test” [115] as a guideline. The details of the testing are 

given in the following section.  

Experimental	  design	  

For purpose of testing, a controlled environment is needed to ensure that the experimental 

data is accurate. The tire mechanics attachment and the adjustable lockout mechanism 

developed by Brendan Chan [84] as shown in Figure 4.38 and Figure 4.39 will used with 

the quarter car tire testing rig at the Performance Engineering Laboratory (PERL) at 

CVeSS [121]. The tire used in this testing is Michelin LTX A/T2 LT235/85R16. 
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Figure 4.38 Tire mechanics attachment 

 

Figure 4.39 Adjustable lockout mechanisms 

Tire Mechanics 
Attachment (Rigid Arm) 

Adjustable Lockout  
Mechanism 
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The attachment arm was designed to withstand a maximum force of 3000 lbf (13344 N) 

of normal load. The adjustable lockout mechanism is used to eliminate the unnecessary 

degrees of freedom of the quarter car tire testing rig. The final configuration of the tire 

testing setup is shown in Figure 4.40. 

 

Figure 4.40 Tire testing setup for tire deformation test 

Hydraulic Actuator 

Lockout Mechanism 

Wheel-Tire Assembly 
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The actuator used was an MTS model 248.03 linear hydraulic actuator capable of 5.5 Kip 

(24465 N) force with a dynamic stroke of approximately ±3 inches (0.0762 meters). The 

piston was custom made to be light and rigid enough to provide an actuation bandwidth 

of over 150 Hz at low amplitude displacements. The actuator has an inline linear-Voltage 

Differential transformer (LVDT) and a delta-pressure cell for position or force feedback 

to the controller respectively. The LVDT used to determine the tire deflection at the 

center of the contact patch. The delta-pressure cell used to determine the force acting at 

the center of the contact patch. The MTS FlexTest SE controller, as shown in Figure 

4.41, was used to control the hydraulic actuator and to collect the testing data.  

 

 

Figure 4.41 MTS FlexTest SE Controller 
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With the current setup, only the tire deformation at the center of the tire contact patch can 

be measured. In order to obtain the tire deformation throughout the tire structure in 

circumferential direction, an additional procedure is needed. For this, the tire was marked 

at evenly spaced small segments around the circumference (indicated by the yellow 

squares in Figure 4.42); another set of marks were painted on the edge of the sidewall 

near the tread in the circumferential direction, as shown by the outside circle of green 

dots in Figure 4.42.  

 

 

Figure 4.42 Tire evenly marked along the circumferential direction 

Then the following procedure was performed to obtain the experimental data: 

1. Inflate the tire up to nominated inflation pressure (200 kPa). 
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2. Load the tire against a flat surface starting from the tire barely touches the surface 

(0 mm displacement). 

3. Record the tire normal load and the tire deformation at each mark. 

4. Increase the vertical displacement of the hydraulic actuator by 5 mm from 

previous value. 

5. Wait until the normal load read from the MTS FlexTest SE controller is not 

fluctuated. Then, record the tire normal load and the tire deformation at each 

mark.  

6. Repeat steps 4 and 5 until the displacement of the hydraulic actuator reach 50mm. 

7. Decrease the vertical displacement of the hydraulic actuator by 5 mm from 

previous value. 

8. Record the tire normal load and the tire deformation at each mark. Stop when the 

tire is fully unloaded. 

9. Rotate the tire by 90 degrees, and then perform steps 2 – 8 until the tire is rotated 

back to its initial position. 

Note: Tire deformation can be recorded by a digital camera. 
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In our testing, the tire was divided into 32 segments; the displacements of each point can 

be tracked when different static normal loads are applied. This was done by taking a 

photo of the tire for each load using a digital camera. An example of photos taken from 

the tire deformation test is shown in Figure 4.43. 

 

Figure 4.43 Example of the tire deformation test 

With this method, one can obtain the tire deformation data for all 32 points along the 

circumference of the tire. However, there are some errors in the data due to distortions 

from perspective and lens non-linearity that needed to be corrected. To correct these 

errors, the distortion correction program was created in Labview, as shown in Figure 

4.44and Figure 4.45.   
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Figure 4.44 Distortion correction program front panel 

 

 

Figure 4.45 Distortion correction program block diagram 
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From Figure 4.45, the distortion correction program block diagram consists of five parts: 

calibration grid input, image input, calibration grid setup, image processing, and image 

output. In the calibration grid setup part, one can choose two types of distortion 

correction: perspective and nonlinear. In addition, the desired area of image can be 

specified to be corrected in this part.   

As we can see from Figure 4.44, the distortion correction program needs a calibration 

grid to correct the distortions of the input image. This calibration grid must cover the 

entire area of image needed to be corrected and must be placed in the same plane with the 

image. In the tests performed for this study, the calibration grid was placed in front of the 

tire and parallel to the wheel plane, as shown in Figure 4.46. 

 

Figure 4.46 Calibration grid 
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After the photos taken from the tire deformation test were corrected, the program called 

“Plot Digitizer” was used to digitize the locations of each green mark after the tire was 

deformed at each different load. The locations of green marks are given in form of 

coordinate (x, y) with respect to the coordinate x-y at the wheel center. An example of the 

digitization process by using Plot Digitizer is shown in Figure 4.47. The red line is x-axis, 

and the blue line is y-axis. The digitized points are yellow dots.   

 

Figure 4.47 Example of digitization process by using Plot Digitizer 

Figure 4.48 shows the tire deformation at the center of the contact patch versus the 

vertical load for each testing setup. The result shows a good repetition of the data which 

mean that the tire has quite uniform total radial stiffness.    

x-axis 

y-axis 

Digitized 

Points 
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Figure 4.48 Tire deformation at the center of contact patch versus vertical load 

Figure 4.49 shows the comparison between the results from image digitization and from 

MTS controller at the center of the tire contact patch. This chart shows a good agreement 

between the results from both methods. This gives us confidence to use the image 

digitization method to obtain the tire deformation at the other locations. 
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Figure 4.49 Comparison between results from image digitization and MTS 

controller 

After all the tire deformation data was obtained by using the image digitization method, 

and the data for the same load were averaged. The data thus obtained was imported in 

equations 4.2 - 4.6 to solve for the tire stiffnesses 1 5k k− .  

Note: For the sake of simplicity, tire damping parameters ( 1 2,c c ) might be assumed to be 

equal and, traditionally, they have very small values (damping ratio less than 0.05). In 

this study their values were adjusted such that the simulation results match the 

experimental data.     

The tire parameters of the Michelin LTX A/T2 LT235/85R16 obtained by performing the 

tire testing described in this section are shown in Table 4.2. 
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Table 4.2 Tire parameters of Michelin LTX A/T2 LT235/85R16 

Michelin	  LTX	  A/T2	  LT235/85R16	  
Tire	  parameter	   Symbol	   Value	   Unit	  

Wheel	  mass	   0m 	   9.86	   kg	  
Wheel	  moment	  of	  inertia	   0I 	   0.2036	   kg.m2	  
Tire	  mass	   tirem 	   20.12	   kg	  
Tire	  radius	   uR 	   0.3937	   m	  
Tire	  width	   b 	   0.1829	   m	  
Tread	  thickness	   treadh 	   0.01349	   m	  
Wheel	  radius	   0R 	   0.2032	   m	  
Sidewall	  radial	  stiffness	   1k 	   4.6034x104	   N/m	  
Sidewall	  tangential	  stiffness	   2k 	   4.011x104	   N/m	  
Inter-‐radial	  stiffness	   3k 	   4.1551x104	   N/m	  
Inter-‐tangential	  stiffness	   4k 	   1.3409x106	   N/m	  
tread	  radial	  stiffness	   5k 	   4.5488x105	   N/m	  
Sidewall	  radial	  damping	  coefficient	   1c 	   70	   N.s/m	  
Sidewall	  tangential	  damping	  coefficient	   2c 	   70	   N.s/m	  
Number	  of	  point	  masses	   mN 	   32	   -‐	  

 

It is important to understand that the tire parameters used in the discrete mass tire model 

are depended on the number of point masses. For a high frequency uneven rigid terrain, 

which is the main application for this model, a higher number of point mass is needed to 

yield satisfactory results (i.e., mN > 200). With our current test rig capabilities, it was not 

feasible to obtain the tire parameters for so many masses. In order to obtain the parameter 

of the discrete mass tire model with number of point masses more than 32, the 

experimental data was used to extrapolate these parameters. An example of the parameter 

extrapolation is shown in Figure 4.50. As one can see from Figure 4.50 that the tire 

parameter sensitivity to number of point mass is significantly decreased when the number 

of point masses used in the tire model is increased.      
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Figure 4.50 Example of tire parameters extrapolation for an increased number of 

masses 

4.3.2 Experimental Testing for Model validation 

To validate the discrete mass tire model, the tire testing over a rough rigid terrain is 

needed. Typically, the tire rolling over uneven rigid terrain experiment/simulation is 

performed for two conditions:  

1) Fixed wheel axle height testing: The wheel axle is fixed to constrain its vertical 

and horizontal motions. The tire is able to rotate freely as no braking or traction 

torque is applied to the rim. Roll the tire over the cleats with various shapes 

(rectangular, trapezoid, pot hole, step up or down, etc.) at multiple speed values 

for different normal loads. This type of testing normally uses a tire drum testing 

machine, as shown in Figure 4.51. 
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Figure 4.51 Tire drum testing machine [120] 

2) Constant normal load testing: The wheel axle has different constant normal loads 

applied, but the wheel axle height is not fixed. The tire is able to rotate freely as 

no braking or traction torque is applied to the rim. Roll the tire over the cleats 

with various shapes (rectangular, trapezoid, pot hole, step up or down, etc.) at 

multiple speed values, for different constant normal loads. This type of testing 

normally uses a tire testing machine that has a suspension installed.  

For the validation testing done in this study, the constant normal load testing was chosen 

due to the nature of our test rig. The ITL portable tire test rig designed by Fox at ITL at 

CVeSS [122] was used in our testing. The rig is installed in an 8 ft. x 32 ft. (2.44 m x 

9.75 m) three-axle trailer. The maximum loading capacity of the trailer is 13000 lbs 
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(57826 N). The trailer is towed by a Chevrolet Silverado truck. A gasoline generator sits 

in the bed of the truck and it is used to power all of the hardware and software onboard 

the trailer. The rig setup is shown in Figure 4.52 and Figure 4.53. 

 

Figure 4.52 Portable tire test rig towed by Chevrolet Silverado 

Gasoline Generator 

Testing Trailer 

Chevrolet Silverado 
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Figure 4.53 Instruments inside of the testing trailer 

The tested tire is mounted to a Kistler RoaDyn P530 measuring hub that is connected to a 

steel load frame via control arms and a mounting plate. The load frame surrounds a 4 ft. x 

8 ft. (1.22 m x 2.44 m) opening in the floor of the trailer located in front of the trailer 

axles. The tested tire accesses the driving surface through this opening. The upper and 

lower control arms are attached to a support plate with pillow block bearings. The 

support plate can move in the vertical direction along the sliding rod. A new camber rod 

had to be built specifically for this study, to obtain the desired camber angle (0 degree 

camber for this study). The air-spring actuator is inflated with nitrogen to a specific 

pressure to obtain a desired normal load up to 10000 lbs. (44482 N). Figure 4.54 shows 

the rig setup where the tire is in contact with the driving surface.  
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Figure 4.54 Tire mounting and loading mechanisms 

To control the tire testing rig, a LabView Virtual Instrument (VI) program was 

developed. The front panel of the VI is shown in Figure 4.55. The VI interfaces with all 

of the necessary hardware in the control box, as shown in Figure 4.56 via a National 

Instrument Data Acquisition (NIDAQ) board and Race Logic Vbox. The NI-DAQ board 

is connected to the measurement hub to read force measurements. Longitudinal and 

Control Arm 

Mounting Plate 

Camber Rod 

Vertical Sliding 
Rod 

Steering 
Adjustment Arm 

Pillow Block 
Bearing & 

Support Plate 
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vertical forces are measured and transferred to record in the Race Logic Vbox for the 

duration of the test. The Vbox is also used to measure the speed and position of the test 

rig while operating.  

 

Figure 4.55 LabView Virtual Instrument (VI) program interface 

 

Figure 4.56 Inside of the control box 

NI-DAQ 

Race Logic 
Vbox 
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Besides, collecting the force, position, and speed data by using the Kistler measuring hub 

and Race Logic Vbox, we also collect the vertical displacement and acceleration of the 

wheel-tire assembly by using the potentiometer and accelerometer mounted on the 

mounting plate, as shown in Figure 4.57. These sensors send analog measured data to be 

recorded in the Race Logic Vbox.    

	  

Figure 4.57 Sensors mounted on the tire mounting plate 

	  

	  

 

Potentiometer 

Accelerometer 
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Experimental	  design	  	  

To investigate the tire behavior over rough rigid terrains for quasi-static and dynamics 

conditions, the experiments were carried out on the portable tire test rig [122] described 

in the previous section. The testing procedure used the SAE testing standards listed below 

as the guideline. 

1) SAE J2705 “Tire Quasi-Static Envelopment of Triangular/Step Cleats Test”, 

2005[116] 

2) SAE J2731 “Low Speed Enveloping Test with Perpendicular and Inclined 

Cleats”, 2006[117] 

3) SAE J2730 “Dynamic Cleat Test with Perpendicular and Inclined Cleats”, 

2006[118]  

The tire was excited by obstacles mounted on flat rigid support, as shown in Figure 4.58.  

 

Figure 4.58 Triangular cleat mounted on the flat rigid support 
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Two shapes of obstacles are used to represent the uneven rigid surfaces, as shown in 

Figure 4.59.  

 

Figure 4.59 Cleats used in the validation 

The experiment was conducted at three different constant normal loads: 2000, 4000, and 

6000 N. The vertical force, vertical displacement, and vertical acceleration of the wheel 

center was measured during the tire rolling over obstacles at different speed (1, 10, 15, 

20, 30, and 40 mph, also 1.61, 16.09, 24.14, 32.19, 48.28, and 64.37 km/h). Each 

measurement condition was repeated five times, starting at the same position on the flat 

rigid support but at different positions on the tire circumference. The results were 

averaged to reduce the influence of tire non-uniformities and variation in testing 

conditions. Figure 4.60 shows the tested tire rolling over the rectangular cleat in one of 

our tests. 
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Figure 4.60 Tested tire is rolling over a rectangular cleat 

 
The following procedure was performed to obtain the experimental data: 

1. Inflate the tire up to nominated inflation pressure (200 kPa). 

2. Load the tire against a flat surface to reach the desired normal load (start at 2000 

N). Wait until the normal load read through VI is settled. 

3. Tow the tire rolling over the rectangular cleat at speed 1, 10, 15, 20, 30 and 40 

mph (1.61, 16.09, 24.14, 32.19, 48.28, and 64.37 km/h) five times for each speed. 

Check the data collected by the Vbox at each speed. 

4. Increase the normal load by 2000 N. Wait until the normal load read through VI is 

settled. 

5. Repeat steps 3 and 4.  

6. Change the cleat to triangular one. Then repeat step 2 - 5. 
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4.3.3 Simulation Results and Comparison with Experimental Data 

The simulations of the discrete mass tire model were performed by using the tire 

parameters obtained from the tire testing in section 4.3.1. The simulations were 

performed for three conditions: static, quasi-static, dynamic. Selected simulation results 

for each condition are shown in the following section.  

4.3.3.1 Static Scenario 

For static conditions, the discrete mass tire model is simulated by applying five different 

constant normal loads on the tire against a flat rigid surface. The results of the simulation 

are compared with the experimental data, as shown in Figure 4.61 – Figure 4.65. 

 

Figure 4.61 Comparison between simulation and experimental results for static 

normal load at 1600 N 
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Figure 4.62 Comparison between simulation and experimental results for static 

normal load at 3550 N 

 

Figure 4.63 Comparison between simulation and experimental results for static 

normal load at 5734 N 
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Figure 4.64 Comparison between simulation and experimental results for static 

normal load at 8109 N 

 

Figure 4.65 Comparison between simulation and experimental results for static 

normal load at 10667 N 
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From Figure 4.61 – Figure 4.65, one can see that the simulation results agree with the 

experimental data very well. There are very small offsets between the simulation results 

and the experimental data for some of the points on the right half side of the tire in the 

circumferential direction, probably due to errors in the process of making the green marks 

on the tested tire. Nevertheless, for the purpose of this study it can be considered that 

such small offsets can be neglected. 

4.3.3.2 Quasi-Static Scenario 

The simulations were performed by running the discrete mass tire model at three different 

constant normal loads: 2000, 4000, and 6000 N with a velocity less than 1 mph (1.61 

km/h) over the cleats shown in Figure 4.59. The results of the simulation are compared 

with the experimental data of the quasi-static tire testing from section 4.3.2, as shown in 

Figure 4.66 – Figure 4.71. 

 

Figure 4.66 Comparison between simulation and experimental results of quasi-static 

rolling over rectangular cleat with normal load of 2000 N 
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Figure 4.67 Comparison between simulation and experimental results of quasi-static 

rolling over rectangular cleat with normal load of 4000 N 

 

Figure 4.68 Comparison between simulation and experimental results of quasi-static 

rolling over rectangular cleat with normal load of 6000 N 
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Figure 4.69 Comparison between simulation and experimental results of quasi-static 

rolling over triangular cleat with normal load of 2000 N 

 

Figure 4.70 Comparison between simulation and experimental results of quasi-static 

rolling over triangular cleat with normal load of 4000 N 
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Figure 4.71 Comparison between simulation and experimental results of quasi-static 

rolling over triangular cleat with normal load of 6000 N 

From Figure 4.66 – Figure 4.71, one can see that the simulation results agree with the 

experimental data well. There are small offsets between the simulation results and the 

experimental data for some of the points shown in the dash black circle. These errors 

probably come from using the linear springs in the tire model, as one can see the similar 

phenomena from the results of the enveloping tire model developed by Badalamenti and 

Doyle [50].  
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Figure 4.59. The selected results of the simulation are compared with the experimental 

data of the high speed tire testing from section 4.3.2, as shown in 4.72 – 4.74.  

 

Figure 4.72 Comparison between simulation and experimental results of the tire 

rolling over rectangular cleat at 10 mph with 2000 N normal load 
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Figure 4.73 Comparison between simulation and experimental results of the tire 

rolling over rectangular cleat at 10 mph with 4000 N normal load 

 

Figure 4.74 Comparison between simulation and experimental results of the tire 

rolling over rectangular cleat at 10mph with 6000 N normal load 
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Figures 4.72 – 4.74 show the vertical displacement of the wheel center of the tire rolling 

over a rectangular cleat at 2000, 4000, 6000 N respectively. The simulation results show 

good agreement with the experimental data. The maximum and minimum vertical wheel 

center displacements predicted by the tire model are very close to the experimental data. 

In addition, the vibration frequencies of the simulation results are fit well with the testing 

data. However, one can see that the simulation results after 0.5 seconds start to show 

some deviation from the experimental data. These errors probably come from the 

inclination of the road surface which does not match with the simulation condition (no 

inclination). Another possibility is the internal friction damping of the portable tire test 

rig which not been taken into account in the tire model 

 

Figure 4.75 Comparison between simulation and experimental results of the tire 

rolling over triangular cleat at 10mph with 2000 N normal load 
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Figure 4.76 Comparison between simulation and experimental results of the tire 

rolling over triangular cleat at 10mph with 4000 N normal load 

 

Figure 4.77 Comparison between simulation and experimental results of the tire 

rolling over triangular cleat at 10mph with 6000 N normal load 
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From Figure 4.75 - Figure 4.77, one can see that the tire model gives good results when 

compare with the experimental data, especially for the simulation result performed with 

6000 N normal load. However, the simulation results of the tire rolling over a rectangular 

cleat seem to be better than the results of the tire rolling over a triangular cleat. It can be 

considered that the reason for the difference between the simulation results for these 

cleats is probably due to the top of triangular cleat is shaper the top of the rectangular 

cleat (flat top). Because of the sharp top, the contact model is more likely to give a less 

accurate deformed position of the tread surface. 

The responses of the tire rolling over cleats with speed higher than 10 mph (16.09 km/h) 

are similar to the responses with speed of 10 mph (also similar to impulse response), as 

shown in Figure 4.78 and Figure 4.79. Therefore, only the simulation results of the tire 

rolling over rectangular and triangular cleats with speed of 10 mph (16.09 km/h) with 

different normal loads are discussed in this section.    

 

Figure 4.78 Responses of tire rolling over a rectangular cleat at various speeds from 

the experiment 
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Figure 4.79 Responses of tire rolling over a rectangular cleat at various speeds from 

the simulations 

4.4 Summary 

This chapter presented discussions and conclusions on the results obtained by conducting 

an extensive number of simulation tests using the deterministic tire model and the 

stochastic tire model developed in chapter 3.  

The transient maneuver simulations were performed for two case studies: 

accelerating/braking and slip angle variation (which mimics a lane change maneuver) to 

illustrate the transient behavior of the tire and to compare the three dimensional 

deterministic transient model with the steady-state and two dimensional deterministic 

transient tire models previously developed at AVDL. The results presented show that the 

transient tire model captures the transient behavior of the tire well. The three dimensional 
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distribution in the contact patch, which is not assumed to be uniform in lateral direction 

anymore. 

Moreover, simulations of tire rolling over long and short wavelength surfaces were 

performed at various speeds with the single point contact tire model, and the results show 

that the transient tire model captures accurately the transient behavior of the tire rolling 

over such terrain with a small computational effort. 

For the discrete mass tire model, experiments were conducted to identify the tire 

parameter and validate the tire model. The summary of the experiment performed are 

shown in the Table 4.3. 

Table 4.3 Summary of the experiment performed for the discrete mass tire model 

 

The simulations with the same conditions as the testing were performed with the discrete 

mass tire model, and the simulation results show a good agreement with the experimental 

data for static, quasi-static, and dynamics conditions of the tire rolling over such terrain. 

 

 

Test Normal	  Load Speed Surface	  Profile Testing	  rig Testing	  Procedure Purpose

Tire	  Normal	  Force/Deflection	  Test
Discrete	  increment	  

from	  0	  -‐	  10kN
0	  km/h	  (Static) Flat

Quarter-‐Car	  Rig
	  at	  PERL

SAE	  J2704
Parameter	  

Identification

Low	  Speed	  Enveloping	  Test	  
with	  Perpendicular	  Cleats

Discrete	  increment	  
from	  2	  -‐	  6	  kN
(eg.	  2	  ,	  4,	  6	  kN)

less	  than	  2	  mph
Cleats	  

(Rectangular	  &	  Triangular)
Tire	  Testing	  Trailer

	  at	  ITL
SAE	  J2731,	  J2705

Model	  
Validation

Dynamic	  Cleat	  Test	  
with	  Perpendicular	  Cleats

Discrete	  increment	  
from	  2	  -‐	  6	  kN
(eg.	  2	  ,	  4,	  6	  kN)

Discrete	  increment	  
from	  10	  -‐	  40	  mph

Cleats	  
(Rectangular	  &	  Triangular)

Tire	  Testing	  Trailer	  
at	  ITL

SAE	  J2730
Model	  

Validation

Note:
Tested	  Tire:	  Michelin	  LTX	  A/T2	  LT235/85R16

Experimental	  Test	  Matrix
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Chapter 5 Conclusions and Future Works 

This chapter provides a summary of the main contributions and conclusions of this study. 

The recommendations for the extension of this research and for future development of the 

tire model are also outlined.  

5.1 Conclusions of the study 

In this research, three semi-empirical tire models have been developed: the flexible belt 

ring tire model for traction and handling investigation, the single point contact tire model 

for ride investigation, and the discrete mass tire model for ride investigation. The main 

conclusions are drawn with regard to each tire model in the following section. 

 5.1.1 The flexible belt ring tire model 

In this study, a three-dimensional flexible belt ring tire model for vehicle traction and 

handling characteristic analysis has been developed to extend the capabilities of the 

steady-state tire model to capture the transient behavior of tire without (or with minimal)  

additional testing. The three-dimensional tire model is able to simulate tire in-plane and 

out-of-plane forces and moments in steady-state and transient conditions. This tire model 

includes the effects of vertical load, velocity, acceleration (load sensitivity), camber angle 

and tire lag to capture tire transient behaviors. The tire is modeled by an elastic ring, 

representing the belt, and supported on a spring and damper system, representing the 

sidewall and the tread. The tire deformation analysis is performed to obtain the contact 

patch geometry and the normal pressure distribution. The forces and moments are 

computed based on theoretical mechanics and empirical data. The transient maneuver 

simulations were performed for two case studies: accelerating/braking and slip angle 
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variation (which mimics a lane change maneuver) to illustrate the transient behavior of 

the tire and to compare the three dimensional deterministic transient model with the 

steady-state and two dimensional deterministic transient tire models previously 

developed at AVDL. The results presented show that the transient tire model captures the 

transient behavior of the tire well. The three dimensional flexible belt ring tire model 

gives more realistic results compare to the two dimensional tire model due to the more 

realistic modeling of the pressure distribution in the contact patch, which is not assumed 

to be uniform in lateral direction anymore. To account for uncertainties in the tire 

parameters, the deterministic flexible belt ring model has also been extended to a 

stochastic one, using a polynomial chaos methodology. These yield the collection of time 

evolution of the histogram of forces and moments (output intervals for the desired forces 

and moments) in which one can have more confidence than in the results of the 

deterministic tire model. Moreover, the histograms of the results can further provide a 

quantitative measure on the likelihood for the responses to occur in the predicted output 

interval. 

5.1.2 The single point contact tire model 

To study the vehicle ride characteristics, a tire model that is applicable for real-time 

simulations over long and short wavelength surfaces has been developed. The tire model 

takes advantage of the benefits of modeling the wheel-tire assembly as a single point 

contact lumped mass supported with a spring and damper system, in certain situations, 

and combining this approach with a more complex model of the contact patch dynamics. 

Moreover, for the short wavelength surface, the enveloping property of tires has been 

shown to have significant effects on tire behavior and is taken into account in this study; 
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the effective surface profile is thus used as an input, instead of the actual one. The forces 

at the wheel axle are computed based on theoretical mechanics and empirical data. The 

simulations of tire rolling over long and short wavelength surfaces were performed at 

various speeds, and the simulation results show that the single point contact tire model 

with the effective surface profile captures accurately the transient behavior of the tire 

rolling over such terrain when compared with the available experimental data from the 

literatures. In addition, from the ease of use and the very computational efficiency of the 

single point contact tire model, it is suitable to integrating this tire model with the full 

vehicle model for real time driving simulation. In order to account for uncertainties in the 

tire parameters, the deterministic single point contact tire model has also been treated in a 

stochastic framework by using the same approach (the polynomial chaos with the 

collocation method.) as in the stochastic flexible belt ring tire model. 

5.1.3 The discrete mass tire model 

Even though, the single point contact tire model gives results that show a good agreement 

with experimental data from literatures, it still has some limitations. 

1) A quasi-static testing of a tire rolling over a real terrain is needed.  

2) The tire model cannot handle a separation of contact patch. 

3) The tire model is valid for frequencies up to about 80 Hz [48 - 51].  

 Therefore, a more sophisticated tire model has been developed to eliminate those 

limitations by using a multibody modeling approach (discrete mass tire model). The tire 

belt is modeled as a ring of point masses that are interconnected by radial and tangential 

springs called inter-radial and inter-tangential springs. The tire sidewall is modeled as 

springs and dampers connected between a rim and point masses in radial and tangential 
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direction. The rim is modeled as a circular rigid body with mass. To calculate the contact 

force, the tread stiffness is added to the point mass in radial direction. The tread radial 

spring of each point mass is deflected radially as required by the terrain at the location of 

that point mass which yields the contact force at the respective point mass. The resultant 

contact force can be obtained by summing the contact forces at each tread radial spring 

that contact with the terrain. The tire parameters are identified by directly measuring from 

the testing tire (Michelin LTX A/T2 LT235/85R16) and performing the static tire 

deflection test with the quarter car tire testing rig at PERL [121]. A digital camera is used 

as a measuring device for the tire structure deformation in the static tire deflection test. 

To correct the distortion of tire deformation pictures obtained from the test, the distortion 

correction program has been developed in LabView. Then, the tire parameters obtained 

from the mentioned methods are used in the simulation of tire rolling over two types of 

obstacles at three different normal loads with five different velocities. The simulation 

results are compared with the experimental data obtained from the static tire deflection 

test performed by using the PERL quarter car rig [121] and from the quasi-static and 

dynamic tire tests performed by using the ITL portable tire test rig [122]. The simulation 

results show a good agreement with the experimental data.         

5.2 Recommendations for future research 

There are several topics beyond the scope of this study that still need closely 

investigation to extend the capabilities and improve the accuracy of the current tire 

models. Some of these topics are discussed below:  

1. Nonlinear stiffness characteristics – The tire models developed in this study 

considers the elastic properties of the tire with linear stiffness characteristics. In 
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reality, the tire elasticity has a nonlinear characteristic. This nonlinearity does not 

typically introduce a problem for a small tire deformation investigation. However, 

for a large tire deformation investigation, the nonlinear characteristics of the tire 

elastic components may be needed in order to give satisfactory results. One may 

start from implementing the nonlinearity to the tire sidewall, as it is likely to have 

a largest deformation compare to another tire components. 

2. Development and refinement of tire parameter identification procedures – 

The accurate tire parameter is a key element in a precise tire modeling, therefore a 

good procedure to obtain these parameters is needed. Most of the tire parameters 

used in the flexible belt ring tire model obtained from the available data from the 

literatures which is specific for one tire, and not likely to be accurate for the 

others. In order to obtain the parameter of the desired tire, a generalized tire 

parameterized method needs to be created. The current tire test rigs at CVeSS are 

able to obtain most of the in-plane tire parameters of the developed tire models. 

However, there is still an issue in order to obtain the out-of-plane tire parameters. 

Moreover, one may refine the parameter identification methods currently used in 

order to achieve a better result. For example, for the current approach to obtain 

the tire deformation, only 32 points along the tire circumference can be tracked. 

To obtain the tire parameter of the discrete mass tire model with more than 32 

masses, the extrapolation method is deployed which provide a satisfactory result. 

However, if it is possible to obtain the tire parameter of the discrete mass tire 

model with large number of point masses directly from the testing data, it will 

give us more confident in using the tire model. 
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3. Three dimensional discrete mass tire model – The currently developed discrete 

mass tire model is a two dimensional tire model. It is valid for only the uneven 

terrain that has the uniform profile in the lateral direction. In order to extend the 

capability of the discrete mass tire model to handle the non-uniform terrain profile 

in lateral direction, a three dimensional discrete mass tire model is needed. One 

possible approach is using multi-layer of point masses instead of single-layer of 

point masses as in the current tire model to capture the non-uniformity of the 

terrain in lateral direction. 

4. Implement with a full vehicle model – In this research, the tire models was 

studied as a component of a simple vehicle model. In future research, it is 

recommended to implement the tire model on the full vehicle system. This will 

provide us a more realistic understanding of the vehicle dynamic behavior.     
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