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On-line Traffic Signalization using Robust Feedback Control

Tungsheng Yu

(ABSTRACT)

The traffic signal affects the life of virtually everyone every day. The effectiveness of signal
systems can reduce the incidence of delays, stops, fuel consumption, emission of pollutants,
and accidents. The problems related to rapid growth in traffic congestion call for more
effective traffic signalization using robust feedback control methodology.

Online traffic-responsive signalization is based on real-time traffic conditions and selects
cycle, split, phase, and offset for the intersection according to detector data. A robust
traffic feedback control begins with assembling traffic demands, traffic facility supply, and
feedback control law for the existing traffic operating environment. This information serves
the input to the traffic control process which in turn provides an output in terms of the
desired performance under varying conditions.

Traffic signalization belongs to a class of hybrid systems since the differential equations
model the continuous behavior of the traffic flow dynamics and finite-state machines model
the discrete state changes of the controller. A complicating aspect, due to the state-space
constraint that queue lengths are necessarily nonnegative, is that the continuous-time system
dynamics is actually the projection of a smooth system of ordinary differential equations.
This also leads to discontinuities in the boundary dynamics of a sort common in queueing
problems.

The project is concerned with the design of a feedback controller to minimize accumulated
queue lengths in the presence of unknown inflow disturbances at an isolated intersection and
a traffic network with some signalized intersections. A dynamical system has finite L2-gain
if it is dissipative in some sense. Therefore, the H∞-control problem turns to designing a
controller such that the resulting closed loop system is dissipative, and correspondingly there
exists a storage function.

The major contributions of this thesis include 1) to propose state space models for both
isolated multi-phase intersections and a class of queueing networks; 2) to formulate H∞
problems for the control systems with persistent disturbances; 3) to present the projection
dynamics aspects of the problem to account for the constraints on the state variables; 4)
formally to study this problem as a hybrid system; 5) to derive traffic-actuated feedback
control laws for the multi-phase intersections.

Though we have mathematically presented a robust feedback solution for the traffic sig-
nalization, there still remains some distance before the physical implementation. A robust
adaptive control is an interesting research area for the future traffic signalization.
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Chapter 1

Introduction

The traffic signal affects the life of virtually everyone every day. People need traffic signals
to ensure safety and mobility. The effectiveness of signal systems can reduce the incidence of
delays, stops, fuel consumption, emission of pollutants, and accidents. The problems related
to rapid growth in traffic congestion call for more effective traffic signalization using robust
feedback control methodology.

Online traffic-responsive signalization is based on real-time traffic conditions and selects
cycle, split, phase, and offset (see Table 2.2 for definitions) for the intersection according
to detector data. A robust traffic feedback control begins with assembling traffic demands,
traffic facility supply, and feedback control laws for the existing traffic operating environment.
This information provides the input to the traffic control process which in turn provides an
output in terms of the desired performance. This is a promising control concept for enhancing
traffic signalization.

1.1 Problem Statement

The problem of traffic signal control has been studied extensively. A state of the art summary
is giving in the Traffic Control Systems Handbook [FHWA 1996].

As traffic flows increase greater than the capacity of an intersection or arterial network,
congestion is bound to spread, with queues growing in length and duration. Existing con-
trol methods function effectively when traffic demands are below saturation but deteriorate
rapidly when severe congestion persists for a sustained period. Indeed the nature of traf-
fic control for saturated conditions may be essentially different from that of normal control
modes. This suggests that in order to maintain the optimal circulation of traffic in existing
arterial networks there is a need to re-appraise certain efficient signal control strategies.

Under relatively free flow conditions the offset between the start of green for the principal

1



Tungsheng Yu Chapter 1. Introduction 2

route at successive intersections is determined by the average speed of traffic. In other words
the signalization facilitates a smooth progression of vehicle platoons along arterial routes.
However, as traffic grows, congestion increases and intersections become saturated. The
initial queue at the start of each green begins to disrupt any forward progression and long
queues from one intersection may eventually spill back and disrupt movements at upstream
intersections. To minimize the impact of potentially disruptive queues, many people have
made great effort in the area of signal timing optimization techniques, such as [Webster 1958],
[Dunne and Potts 1964], [Gazis 1964], [Miller 65], [Longley 1968], [Pignataro etc. 1975],
[Michalopoulos and Stephanopoulos 1978], [Gartner 1983], [Heydecker 1987] and others.

Analytically, only an isolated two-phase intersection and a simple arterial street with two
intersections have been studied. These two problems were studied using Pontryagin’s princi-
ple for obtaining optimal control assuming a predetermined arrival patterns of the incoming
flows [Gazis 1964]. The problem for multi-phase and network level becomes highly complex.
Mainly open loop techniques, rolling horizon techniques, and heuristic techniques have been
used by researchers and engineers in the control design. In this thesis, we will deploy a new
design approach, robust feedback control, in this area, which may provide an improved level
of control by using better modeling of traffic variables and improved control algorithms.

As saturation is a situation where demand exceeds capacity it is necessary to know the de-
mand distribution over the control period. The equipment to be used for saturated control
will be different from the standard control devices which collect little information about in-
coming vehicles held in queues. The ultimate deployment of the new concept is dependent on
the future incorporation of advanced information technology into traffic control and vehicle
systems. In fact, the robust feedback control does require multipoint or even continuous
detection around some intersections. In this research, we assume that the queue lengths of
all links are observable at any point of time.

The optimization criterion for the control is to minimize the total number of vehicles on
the controlled links of the network (or intersections) all the time. Generally this criterion
is equivalent to minimize the total time spent by the vehicles in the controlled network
including both waiting times in the queues and travel times between intersections. Based on
this optimization criterion, we model the queue as the output element. We want to figure
out how we can achieve the desired goal for the output of the plant by choosing the inputs
under all possible conditions. The first step is to find a right mathematical model describing
the behavior of the plant. The second step is to use mathematical tools to find suitable
inputs for the plant based on measurements we make for outputs. The third step is to search
for the control law for the model so that it leads to the robustness of the plant.
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1.2 Objectives and organization of the thesis

The main objectives of this research include (1) understanding the basic concepts of traffic
signal control systems;(2) appreciating nonlinear H∞ control concepts; (3) presenting robust
and demand-responsive control strategy for optimum signalization and queue management
at the isolated intersection; and (4) deploying a new solution using H∞ design approach for
a class of queueing networks.

Chapter 1 presents the problem of traffic signalization and the objectives of this thesis. In
next section, it reviews the basic control concepts of the signalized intersection and three
generations of traffic signalization.

Chapter 2 describes the configuration of a traffic signal control system, analyzes the traffic
saturation and some key traffic control parameters, then explains traffic controls at isolated
intersections and at networked intersections. Finally, it explains two basic types of traffic
signal control.

Chapter 3 summarizes the classical concepts of a nonlinear H∞ control system. It describes
the theory of dissipative systems and how to deal with persistent disturbances. It follows the
L2-gain theory and the available storage concept. Then it builds the relationship among these
concepts (L2-gain, available storage and dissipative systems), and also covers the theory of
nonlinear state feedback H∞ control. Finally, it presents Filippov’s solutions and the hybrid
system formulation.

Chapter 4 describes the details of the state space model of a two-phase intersection, proposes
the projected dynamical system associated with the model, derives the minimal storage
function and then discusses the Filippov solution of discontinuous vector fields. It then
develops the feedback controller of the hybrid system.

Chapter 5 proposes state space models for multi-phase isolated intersections and formulates
the H∞ optimization problem for the intersection signal control, and presents the solution
of the problem. It concludes with the general traffic-actuated control algorithm for n-phase
intersections.

Chapter 6 develops the H∞ optimization models for the traffic network with two signalized
intersections, and then extends to a class of queueing networks.

Chapter 7 summarizes our work and gives some recommendations on future research and
development. The robust adaptive control is an interesting research area in traffic signaliza-
tion.

1.3 A brief review of traffic signal control

Signalized intersection control concepts include [FHWA 1996]:
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• Isolated intersection control — Controls traffic without considering adjacent signalized
intersections.

• Arterial intersection control (open network) — Provides progressive traffic flow along
the arterial. In this case, the signals must operate as a system.

• Closed network control — Coordinates a group of adjacent signalized intersection, such
as in the central business district of a city.

• Areawide system control — Treats all or a major portion of signals in a city as a
total system. Isolated, open or closed network concepts may control individual signals
within this area.

There are three generations of signal control, each more sophisticated than its predecessor.
The three generations [McShane and Roess 1990] can be described as:

• the first generation of control.

Signal timing patterns for the system are pre-determined by the use of off-line opti-
mization programs based on historical traffic data. These patterns or control plans
are stored in the program and during control, appropriate plans for each control area
are selected on a time-of-day basis by direct operator selection, or by matching the
control plan with the existing traffic condition as detected by the control system. The
minimum duration of a control period is fifteen minutes, and plan changes are only
permitted on the hour or quarter hour for convenient operation. An offset transition
procedure is incorporated in the area control logic to provide smooth transition dur-
ing control plan changes. However, this procedure is not based on any optimization
concept and does not necessarily minimize the disturbance caused by a plan change in
the system.

• the second generation of control.

Signal parameters such as cycle, offset and split for optimal network control are com-
puted on a real-time basis as a function of current and predicted traffic conditions. A
well known example for this generation is the Traffic Adaptive Network Signal Tim-
ing Program (TANSTP)[Kessmann and Ganslaw 1973], which consists of the following
components:

1. A traffic prediction model to predict traffic volumes and speeds in the network
for the ensuing fifteen-minute period.

2. A subnetwork configuration mode to subdivide the network on-line into subnet-
works based on cycle length and other timing requirements.

3. An optimization routine to generate optimum signal timing patterns on-line for
each subnetwork for each fifteen-minute control period by minimizing the certain
network delay expression:
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4. A critical intersection control routine to fine-tune signal timings at critical inter-
sections by adjusting split and offset on a cycle-by-cycle basis.

5. An offset transition model to determine transition parameters to effect a smooth
and rapid offset transition during a timing pattern change.

6. A boundary model to compute timing patterns for optimum subnetwork interfac-
ing.

• the third generation control.

The strategy was conceived as a highly responsive control with a much shorter control
period than second generation and without the restriction of a cycle-based system.
Third generation included a queue management control at critical intersections. The
control should properly handle three different traffic regimes, namely light, moderate
and congested conditions, that is, the system will dynamically respond to the changing
traffic conditions. In the light flow control policy, a base cycle length will be used
and offset and split will be optimized jointly and implemented on a long-term basis,
say a five-to-ten-minute control period. The moderate flow policy will involve the
use of a variable cycle length for a control period of three-to-five-minute in duration
without the need for offset transition and network structuring. The control policy for
congested flow will also use a variable cycle length, but it will provide more rapid
response to traffic and involve dynamic network structuring. The cycle length at the
critical intersection will be expanded as high as possible to maximize capacity. Special
algorithms will be provided to ensure that every second of green time is fully utilized
at the critical intersection, to alleviate spillback on all links along the congested route
and avoid network locking, and also to prevent the shifting of congestion downstream.

The first generation control software has been implemented all over the world, and contin-
uously enhanced to improve the control methods. There also exist some second generation
control systems such as, UTCS and OPAC systems developed in US, SCOOT system from
England, PBIL system in Germany, and SCAT system of Australia. The third generation
control is in progress.

These commonly used control strategies are variations of a traffic responsive split-variation
routine for critical intersection control and table look-up procedure for area control based on
pre-determined signal timings. They are not robust or responsive to the entire spectrum of
traffic conditions. Therefore, we turn to the on-line feedback solutions for signalization on
intersections. The models will fully utilize the sensored traffic parameters and the actuation
signals. In fact, the feedback control method may be the best vehicle to achieve on-line,
demand-responsive traffic signal timing, which are precisely based on the current traffic
conditions. All adaptive traffic control methods are using some sort of feedback as well.



Chapter 2

Traffic Signal Control Systems

The general objectives of traffic signal control are to improve safety and to enhance mobility
for the drivers. Mathematically they must first be reduced to quantitative objectives. Typi-
cally one would like to set up the traffic control problem as a system optimization problem, by
defining an objective function and seeking an optimum for this function. This function will
depend on certain control variables and controllable parameters of the system. The quality
of the traffic signal control at the intersection can be measured by the five levels of service
in Table 2.1. The ideal level is 5, it indicates the highest throughput for the intersection.

There are two types of traffic controls which can be used to influence the driver:

hard controls by signalization, which the driver must obey under penalty of law; and

soft controls by advisories, which provide the driver with real-time information on current
traffic conditions for their independent decisions of route selection.

A generalized block diagram of the traffic signal control system is shown in Figure 2.1. Each

Table 2.1: The Level of Service of a Signalized Intersection

Level Representation

1 a dense platoon arriving at the beginning of red.
2 a dense platoon arriving at the middle of red or

a dispersed platoon arriving throughout the red.
3 random arrivals.
4 a dense platoon arriving in the middle of the green or

a dispersed platoon arriving throughout the green.
5 a dense platoon arriving at the beginning of green.

6
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Figure 2.1: The Configuration of a Traffic Signal Control System

block represents a major function. The overall operation may be described as follows:

Traffic Network block. Based on their knowledge of origin/destination(O/D), the traffic
condition and the signalization of the network, the drivers select their favorable routes,
resulting in the actual flows. The process can be influenced by special conditions such
as accidents and incidents which limit the available capacity in the network.

Detection/Prediction System block. Advanced information technology enables us to
measure counts, speeds, occupancy, and queues to varying degrees of precision and
accuracy, depending upon the number and placement of the point detectors in common
use. The output of the block is the detected flows, which may not be true flow, due to
the nature of the detectors used.

Control Decisions block. This block performs the major function of the control system –
the decisions on control settings, signalization and advisories, by means of a “control
policy”. The control policy is a decision process on how to use the available information
(historic data from traffic data warehouse, current data from the detection block, and
special conditions from broadcasting) in order to make the optimal control settings.

2.1 Control variables and signal timing parameters

There are two types of control variables

Traffic control variables: describe traffic conditions, and

Environmental control variables: describe certain environmental conditions which may
affect traffic performance.
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Table 2.2: Signal Timing Variable Definitions

Variable Definition

Interval A discrete portion of the signal cycle during which
the signal indications remain unchanged.

Cycle Length The time required for 1 complete sequence of signal intervals (phases).
The portion of a signal cycle allocated to any single

Phase combination of one or more traffic movements simultaneously
receiving the right-of-way during one or more intervals.

Split The percentage of a cycle length allocated to each of
the various phases in a signal cycle.

The time difference between the start of the green indication at
Offset one intersection as related to the system time reference point.

Traffic control variables include vehicle presence, flow rate, occupancy and density, speed,
headway, and queue length. Environmental control variables include pavement surface (wet
or icy), weather (rain, snow, or fog), and vehicle emissions. These control variables are gen-
erally measured from detector data. Table 2.2 summarizes the definitions of the fundamental
signal timing variables [FHWA 1996], which are the key parameters for this research.

Cycle length should be constrained by the amount of storage available on the upstream link.
The length of queue at the link should not be larger than the available link storage. That is,

qCd ≤ li (2.1)

where
q = flow in vehicle per second,
C = cycle length in seconds,
d = average vehicle storage length (meters per vehicle), and
li = available link storage (meters) at link i, that is, the maximum queue allowed at link i.

Let lmax = max
i
{li}, thus by equation (2.1) we have the maximum permissible cycle length

Cmax =
lmax
qd

.

Remark 1: Cycle length may also be constrained by the amount of storage available on
the downstream link. The cycle length must ensure that the flow being discharged from the
current intersection will not cause congestion to occur at the downstream intersection.

Remark 2: Longer cycle lengths result in a small gain in capacity, but this small gain is
offset by the disadvantages resulting from increasing delay and longer queues. It can be
shown by Webster’s method [Webster 1958] that to achieve even a modest increase of 3%
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in vehicle flow, it would be necessary to increase the cycle length by 70% which is usually
impossible to achieve in practice [OECD 1981].

2.2 Traffic control at isolated intersections

Vehicle total delay at the isolated intersection results from:

• Stopped time delay (time waiting during red), and

• start-up delay

The ideal control objectives at the intersection are:

• Maximize intersection capacity to lessen delay, and

• Reduce the potential for accident-producing conflicts.

However, these two objectives are generally incompatible [FHWA 1996]. Fewer phases and
shorter cycle length lessens delay, while reducing accidents may require more phases and
longer cycles. Therefore, it is necessary to apply sound engineering judgement to achieve the
best possible compromise among these objectives.

To develop effective control concepts and strategies for isolated intersections, one must con-
sider both traffic flow fluctuations and the random nature of vehicle arrivals. It has been
shown that a Poisson distribution best predicts vehicle arrivals for isolated intersections
[Drew 1963] in the normal condition. It gets a lot of disturbances in the oversaturated
condition, however.

2.3 Traffic control at signal networks

There are the two basic types of signal networks

Open network: an arterial street signal system in which signals in a linear pattern are
supervised to give progressive flow in one or two traveled directions. See Figure 2.2.

Closed network: a closed grid pattern signal system in which several arterials, forming an
interlocking pattern, are supervised to give progressive flow in all traveled directions
with the network to the extent practical. See Figure 2.3
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The methodology of traffic control at signal networks has followed from the traditional
methodologies of progression and traffic actuation. Thus, a typical traffic control system
works on the following principle: One tries to synchronize as many traffic lights as possible
in order to provide the opportunity of uninterrupted flow to as many cars as possible. The
synchronization scheme is selected for average traffic conditions, and changes relatively in-
frequently, sometimes no more than three or four times during the day. In any case, the time
scale of switching from one synchronization scheme to another is of the order of minutes or
even hours. This type of control is referred to as macrocontrol. The problem associated with
macrocontrol is to find a good synchronization scheme for given traffic conditions. On the
other hand, one has to pay special attention to critical intersections where the time scale of
signal switching is of the order of seconds. This is referred to as microcontrol. The problem
associated with microcontrol is to find an algorithm that may adjust the traffic lights in
response to variations of traffic demand, in order to minimize the delay in the neighborhood
of the critical intersections and to limit the size of queue so that upstream intersections are
not blocked.

Network signal control systems may adjust signal timing by:

• Selecting precomputed timing plans according to time-of-day,

• Selecting timing plans from the data base with alternatives using traffic detectors, and

• Generating real-time plans using traffic detectors.

2.4 Saturated Flow Conditions and Saturation

A saturated flow condition develops when demand at a point (or points) in a network exceeds
capacity for a sustained period. This condition reveals itself at an intersection through the
development of long queues, which may reach from one intersection to another.

Saturation is characterized by a discontinuity in the variation of the quality of service, or
the abrupt drop in traffic characteristics. Saturation is identified by Table 2.3.

The traffic situation can be shown in terms of quality of service and demand as Figure 2.4
[OECD 1981]. As the demand increases, the quality of service decreases progressively from
1 to 2, where a queue builds up. It is at point 2 that the potential demand becomes greater
than capacity. The fall 2-3 is due to two factors: (1) by the time for which the demand
persists and (2) by the virtually instantaneous reduction in capacity. even if the demand
decreases beyond 3, the system is not reversible and the return path towards a saturated
situation lies below the outward path.

Since traffic flows along a system, made of some interdependent elements, saturation may
appear either in an isolated intersection of the network without affecting the whole system
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Table 2.3: Identification of Saturation

Perspective Indicators

off-the-road exhaust pollution and noise level
environment amenity of the family dwellings in the area
pedestrians accident rate
and number of hourly impeded crossing opportunities
cyclists pedestrian accident indices

low speeds and long travel times
excessively long travel delays
intersection delays in excess of one cycle

in-vehicle queue length at intersections
travellers number of side street blockings

number of stops per link
high densities and high volume/capacity ratios

demand
-

6

quality of service

PPPPPPPPPPPPPPPPq

1

B
B
B
B
BN

2B
B
B
B
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PP
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PP
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PPi

3

4

Figure 2.4: Traffic Saturation Point
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Table 2.4: Traffic Condition Descriptions

Undersaturated Saturated Condition Jam
Condition Stable Unstable Condition

Queue formation Queue formation Queue formation and
No queue formation but not growing. and growing. growing to point where

No delay Delay effects Delay effects are upstream intersection
are local are still local and performance

duration is short adversely affected

(localized saturation) or, because of interdependent, may be transmitted to the rest of the
system, substantially disrupting its functional capacities (jam), without every affected inter-
section necessarily reaching its congestion threshold. Traffic condition description is shown
in Table 2.4 on the basis of the queue formation mechanism.

Saturation problems are usually local in nature at their onset. If demand continues at or
above capacity, saturation will spread and symptoms will become evident throughout the
remainder of the arterial or network, involving completely loaded links and spillback through
and beyond upstream intersections. That is, a jam condition is developing.

There are two basic rules to solve the problems: increase capacity and reduce demand.
However, it becomes more difficult to physically increase the capacity and reduce the demand.
The reality is that we have to develop new control concepts such that the capacity may remain
greater than demand. Armed with the feedback solution, one can detect potential problems
before service levels decline rapidly, and make intelligent decisions about signal settings.

2.5 Types of traffic signal control

There are two basic types of traffic signal control for isolated intersections:

Pretimed control: assigns right-of-way according to a predetermined schedule, and

Traffic-actuated control: assigns right-of-way according to real-time measures of traffic
demand obtained from vehicle detectors placed on one or more approaches. It adjusts
green times and possibly phase sequence (i.e., skip-phase).

Each type offers varying performance and cost characteristics depending on the installation
and prevailing traffic conditions. Some controllers for the networked intersections may use
any combination of both controls based on the level of traffic flow and the need of signal
coordination.
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Saturated
Flow

Flow (vph)
-

6

Average Delay (sec

Pretimed Control
BBN

Actuated Control�

Figure 2.5: Delay-Flow Curves for Actuated Control vs. Pretimed Control

It has been shown, under moderate flows, traffic-actuated control generally proves more effec-
tive than pretimed control [McShane and Roess 1990]. However, the current traffic-actuated
control is acting as the pretimed control under saturated conditions [OECD 1981]. Figure 2.5
presents the delay-flow curves between the traffic-actuated control and the pretimed control.
When a jam condition occurs, traffic cannot move even when it receives a green light. To
clear traffic during jam conditions requires a different concept of control.

Using traffic-actuated control at isolated intersections enables the timing plan to adjust
continuously in response to traffic demand. A phase may be skipped when no demand is
present at the associated direction. As long as the time between vehicle actuations remain
shorter than the vehicle interval, green will be retained on that phase subject to the maximum
green interval. However, the potential values to be realized depend on

1. Algorithm of control operation

2. Location of detectors,

3. Controller timing settings (i.e., minimum green time, passage time, and maximum
green time), and



Tungsheng Yu Chapter 2. Traffic Signal Control Systems 15

4. Type of equipment installed.

The scope of this thesis is to find proper algorithms of operation for traffic-actuated control.
The other three issues can be found in detail in [FHWA 1996].

The literature on actuated signal operations is limited compared with that on fixed-time
signals. The descriptions of actuated controller operations are provided by [Staunton 1976].
The analytical method for estimating average green times and cycle time at vehicle-actuated
signals are provided by [Lin 1982] and [Akcelik 1994].



Chapter 3

H∞ theory — Robust Control
Systems

H∞ theory addresses the robust control of achievable time-domain performance under uncer-
tainty. Robust control means designing a feedback control system that delivers a desirable
performance not only for the nominal process, but also for the process under all kinds of
disturbances. It is our goal to deploy H∞ design methodology to produce our feedback
solutions.

A system is described as a process seen as a part of reality. Given five finite-dimensional
Euclidean spaces: the state space (X ), the control space (U), the disturbance space (D), the
measurement space (Y), the error space (Z), and three continuous functions:
f : X × U ×D → X , g : X ×D → Y, and h : X × U → Z,
the system (Σ) can be mathematically expressed in the form:

Σ :


ẋ = f(x, u, d)
y = g(x, d)
z = h(x, u)

(3.1)

As shown in Figure 3.1, Σ represents a standard control system with two sets of inputs u ∈ U
and d ∈ D, two sets of outputs y ∈ Y and z ∈ Z, and state variable x ∈ X . Associated
with Σ are admissible measurements, admissible disturbances, and admissible controls, each
characterized by a set-valued constraint.

d -

u
-

Σ

-z

-
y

Figure 3.1: Standard Control Configuration
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d -

u
- Σ

-z

-
y

� C �

Figure 3.2: Standard Closed-loop Configuration

The system is subjected to exogenous inputs d such as disturbances-to-be-rejected or refer-
ence signals to-be-tracked. These inputs represent the input uncertainty. The system has a
set of control inputs u and a set of measured outputs y, both accessible for feedback. The
process is viewed as an element of a larger set of plants that reflects the modeling errors. The
error signals that capture the performance specifications are called to-be-controlled outputs
z. These outputs represent the quantity which enter explicitly into the formulation of the
control objectives. Typical performance specifications involve good disturbance rejection,
good tracking, limits on the control authority and bandwidth, etc. The state x of a system
summarizes the information about the system and the external signals acting on the system
insofar as relevant for the future behavior. It provides a formal link between inputs and
outputs. We shall use the measurement y to choose our input u so that it will minimize the
effect of d on z.

A strong constraint we impose here is the robustness of the system. Robustness of a system
says nothing more than that the mapping from y to u should guarantee the internal stability
of the closed loop system no matter which admissible disturbance is present. In other words,
robustness leads to guaranteed performance even if the worst disturbance in the prescribed
parameter range happens.

The controller C is a decision maker which advises the steering authority of a real control
system on how to specialize the control variable at each time. The decision should be
based exclusively on past measurements of the output and should take inaccuracies in the
measurement into account. A decision procedure which meets this requirement is referred
to as feedback. In other words, a feedback can be viewed as a mechanism that corrects the
inputs of the process based on the known results of the outputs.

There are two classes of feedback, namely state feedback and measurement feedback. State
feedback can be used when the state can be measured completely (i.e. y = x); while
measurement feedback will be used when the measurement is a possible disturbed function
of the state.
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The optimal H∞ control problem is to find a Controller C, processing the measurements y and
producing the control inputs u, such that in the closed-loop configuration of Figure 3.2 the
L2-gain from exogenous inputs d to to-be-controlled outputs z is minimized, and furthermore,
the close-loop system is stable “in some sense”.

The optimal H∞ control problem is usually hard, so people turn to the suboptimal H∞ control
problem, which is to find, if possible, for a given disturbance attenuation level γ a controller C
such that the closed-loop system has L2-gain ≤ γ, and is stable. The solution to the optimal
H∞ control problem may then be approximated by an iteration of the suboptimal H∞ control
problem through successively decreasing γ to the optimal disturbance attenuation level.

The terminology H∞ [Zames 1981] stems from the fact that in the linear case the L2-gain of
a stable system is equal to the H∞ norm of its transfer matrix. That is, the H∞ norm from
the exogenous disturbance inputs to the to-be-controlled variables in the frequency domain,
used to describe the control objectives, is equal to the L2-induced operator norm for the
time-domain versions, under the constraint of internal stability.

The property of finite L2-induced norm of a stable system can be characterized as the
dissipativity [Willems 1972] of the system with respect to a certain supply rate. A dynamical
system has finite L2-gain if it is dissipative in an appropriate sense to be described below.
Therefore, the H∞-control problem turns to designing a controller such that the resulting
closed loop system is dissipative.

3.1 Dissipative systems with persistent disturbances

From the standpoint of the robust control, it is a natural objective to require a physical
system which dissipates energy. Consider a nonlinear system of the following state space
form

Σ :

{
ẋ = f(x, d), x ∈ Rn, d ∈ Rm

z = h(x), z ∈ Rp (3.2)

where f and h are at least continuously differentiable. Without loss of generality we assume
that the system (3.2) has an equilibrium in (x, d) = (0, 0), i.e. f(0, 0) = 0, and h(0) = 0.

We denote the supply rate as a locally integrable function

s : D ×Z → R+

where D ⊂ Rm and Z ⊂ Rp.

Let X be a connected subset of Rn containing the origin.

Definition 3.1 A state space system Σ in (3.2) is said to be dissipative with respect to the
supply rate s if there exists a function S : X → R+ such that for all x0 ∈ X , all t1 > t0, and
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all d(·), we have

S(x(t1)) ≤ S(x(t0)) +
∫ t1

t0
s(d(t), z(t))dt (3.3)

where x(t0) = x0 is the initial state, and x(t1) is the state of Σ at time t1 resulting from x0

and d(·). We call this S(·) the storage function and the inequality (3.3) as the integral
dissipation inequality.

Remark 1: The inequality (3.3) shows that the stored energy S(x(t1)) of Σ at any future
time t1 will never be more than the sum of the initial energy S(x0) and the total externally
supplied energy

∫ t1
t0
s(d(t), z(t))dt during the period. In other words, Σ cannot generate any

internal energy but possibly dissipate internal energy.

Remark 2: For some systems, the total externally supplied energy will become huge as the
length of the time interval goes to infinity. It may make sense for us to use the average exter-
nally supplied energy instead of the total externally supplied energy in the inequality (3.3).
So our argument is that the energy change per unit time from initial state x0 to the any
future state x1 will not exceed the externally supplied energy per unit time during the period.
That is,

1

t1 − t0
(S(x(t1))− S(x(t0))) ≤

1

t1 − t0

∫ t1

t0
s(d(t), z(t))dt (3.4)

We choose the supply rate as

s(d(t), z(t)) =
1

2

(
γ2‖d(t)‖2 − ‖z(t)‖2

)
, γ ≥ 0 (3.5)

and assuming x(0) = 0 and S(0) = 0. Then Σ is dissipative with respect to (3.5) if and only
if there exists S(·) ≥ 0 such that for all t1 ≥ t0, x(t0) and d(·),

1

2

∫ t1

t0

(
γ2‖d(t)‖2 − ‖z(t)‖2

)
dt ≥ S(x(t1))− S(x(t0)) = S(x(t1)) ≥ 0

and let t1 = T, t0 = 0 this becomes∫ T

0
‖z(t)‖2dt ≤ γ2

∫ T

0
‖d(t)‖2dt

Two sides divided by T > 0, we have

1

T

∫ T

0
‖z(t)‖2dt ≤ γ2

T

∫ T

0
‖d(t)‖2dt (3.6)

Physically there are a lot of signals such as traffic arrival flows into an intersection which
are periodic and bounded but not decaying at infinity in time. For these systems it is often
reasonable to assume that

sup
T

1

T

∫ T

0
‖d(t)‖2dt <∞
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whereas it is unrealistic to assume that

sup
T

∫ T

0
‖d(t)‖2dt <∞

since the disturbance inputs d(t) are persistent and not decaying as time goes to infinity.

3.2 L2-gain, available storage and the properties of dis-

sipative systems

We define the L2-gain of the nonlinear system Σ in (3.2) and the available storage in the
following way ([Willems 1972], [van der Schaft 1996]).

Definition 3.2 Given a constant γ ≥ 0, Σ is said to have L2-gain ≤ γ if for all x ∈ Rn

there exists a constant α(x), 0 ≤ α(x) <∞, with α(0) = 0, such that the following inequality
holds ∫ t

0
‖z(τ )‖2dτ ≤ γ2

∫ t

0
‖d(τ )‖2dτ + α(x0) (3.7)

for all d ∈ L2[0, t] and all t ∈ [0, T ], with (0, T ) any open interval in which the corre-
sponding solutions φ(τ, 0, x0, d) of the differential equation ẋ = f(x, d) exist, with z(τ ) =
h(φ(τ, 0, x0, d)) denoting the output of Σ resulting from d(·) and the initial state x(0) = x0.

The L2-gain of Σ is defined as

γ(Σ) = inf {γ : Σ has L2-gain ≤ γ}

Σ is said to have L2-gain< γ if there exists γ0 < γ such that Σ has L2-gain ≤ γ0.

Remark: The smallest such γ is also referred to as the L2-induced norm from the disturbance
inputs to the to-be-controlled outputs, which is mentioned in the beginning of this chapter.
It is the time-domain interpretation of the nonlinear H∞ norm.

Definition 3.3 The available storage is defined as

Sa(x) = sup
d

1

2

∫ t

0
(‖z(τ )‖2 − γ2‖d(τ )‖2)dτ (3.8)

where the supremum is taken over all d ∈ L2[0, t] and all t ≥ 0, and where z(τ ) denotes the
response of Σ to a disturbance d and an initial condition x(0) = x.

Remark: The quantity Sa(x) can be interpreted as the maximum amount of energy which
can be extracted from the system Σ over all state trajectories connecting from the initial
condition x(0) = x to the resulting state x(t) = x∗.

From these definitions we easily obtain
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Lemma 3.1 Σ has L2-gain≤ γ if and only if the available storage Sa in (3.8) is finite for
every x ∈ Rn and Sa(0) = 0.

Remark: 2Sa(x) is the minimal constant α(x) for which the inequality (3.7) holds.

Lemma 3.2 If Sa is finite for all x ∈ Rn then Sa is a minimal storage function. That is,
any other possible storage function S satisfies S(x) ≥ Sa(x) ≥ 0 for all x ∈ Rn

Proof Suppose Sa is finite. Take t = 0 in (3.8) we see

Sa(x) ≥ 0

for all x ∈ Rn.

Compare now Sa(x(t0)) with Sa(x(t1)) + 1
2

∫ t1
t0

(‖z‖2 − γ2‖d‖2) dt, for a given d ∈ L2[t0, t1]
taking x(t0) to x(t1) and then taking Σ from x(t1) at t = t1 to state x(t) at time t over all
d ∈ L2[t1, t]. Since Sa(x0) is given as the supremum over all d ∈ L2[t0, t1] from the initial
state x0 to state x(t) at time t, it follows that

Sa(x(t0)) ≥ Sa(x(t1)) +
1

2

∫ t1

t0

(
‖z(t)‖2 − γ2‖d(t)‖2

)
dt

that is,

Sa(x(t1)) ≤ Sa(x(t0)) +
1

2

∫ t1

t0

(
γ2‖d(t)‖2 − ‖z(t)‖2

)
dt

and thus Sa is a storage function by Definition 3.1.

Suppose S ≥ 0 is another storage function. Let x(0) = x, then

S(x(0)) +
1

2

∫ t

0

(
γ2‖d(τ )‖2 − ‖z(τ )‖2

)
dτ ≥ S(x(t)) ≥ 0

that is,

S(x(0)) ≥ 1

2

∫ t

0

(
‖z(τ )‖2 − γ2‖d(τ )‖2

)
dτ

The left side of the above inequality is independent to d(·). Therefore, we obtain

S(x(0)) ≥ sup
d

1

2

∫ t

0

(
‖z(τ )‖2 − γ2‖d(τ )‖2

)
dτ

By x(0) = x and the definition of Sa(x), this leads to

S(x) ≥ Sa(x)

This completes the proof of the lemma.

By Lemma 3.1 and Definition 3.1, we easily obtain
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Lemma 3.3 Σ has L2-gain≤ γ if and only if Σ is dissipative with respect to the supply rate
s(d, z) = 1

2
(γ2‖d‖2 − ‖z‖2).

In other words, Σ has L2-gain≤ γ if and only if there exists a nonnegative solution S to the
integral dissipation inequality

S(x(t1))− S(x(t0)) ≤
1

2

∫ t1

t0
(γ2‖d(τ )‖2 − ‖z(τ )‖2)dτ, S(0) = 0 (3.9)

for all t1 ≥ t0, all d ∈ L2[t0, t1] and all x ∈ Rn.

Now we assume that S(·) in (3.9) is continuously differentiable, then it immediately follows
that this S(·) is a solution to the differential dissipation inequality

Sx(x)f(x, d) ≤ 1

2
γ2‖d‖2 − 1

2
‖z‖2, S(0) = 0 (3.10)

for all d ∈ D and all x ∈ Rn.

Consider the function

Sx(x)f(x, d)− 1

2
γ2‖d‖2 +

1

2
‖z‖2.

Its Hessian at (x, d) = (0, 0) with respect to d is equal to −γ2I . Therefore, in a neighborhood
of the origin we can find the worst case disturbance with respect to the inequality (3.10)
given by

dmax(x) = arg max
d

(
Sx(x)f(x, d)− 1

2
γ2‖d‖2 +

1

2
hT (x)h(x)

)
(3.11)

Thus locally the differential dissipation inequality (3.10) is equivalent to the Hamilton-Jacobi
inequality

Sx(x)f(x, dmax(x))− 1

2
γ2‖dmax(x)‖2 +

1

2
hT (x)h(x) ≤ 0, S(0) = 0 (3.12)

Note: The notion of Hamilton-Jacobi inequality will be formally defined in next section.

The properties of dissipative systems are summarized in the following theorem.

Theorem 3.1 (The properties of dissipative systems)

1. The system Σ in ( 3.2) has L2-gain≤ γ if and only if there exists a solution S : Rn →
R+ to the integral dissipation inequality (3.9) for all t1 ≥ t0, all d ∈ L2[t0, t1] and all
x ∈ Rn.

2. There is a nonnegative C1-solution to the integral dissipation inequality (3.9) if and only
if there exists a nonnegative C1-solution to the differential dissipation inequality (3.10)
for all d ∈ D.



Tungsheng Yu Chapter 3. H∞ theory — Robust Control Systems 23

3. There exists a local nonnegative C1-solution to the differential dissipation inequal-
ity (3.10) if and only if locally there exists a nonnegative C1-solution to the Hamilton-
Jacobi inequality (3.12).

Remark: If Σ is reachable from x∗, then we may define the required supply from x∗ as

Sr(x) = inf
d

1

2

∫ 0

−t
(γ2‖d(τ )‖2 − ‖z(τ )‖2)dτ (3.13)

where the infimum is taken over all d ∈ L2[−t, 0] and all t ≥ 0, with x(−t) = x∗ and
x(0) = x. The quantity Sr(x) can be interpreted as the minimum amount of energy which
is required in moving from the “ground state” x(t) = x∗ to any reachable point x in the state
space over the interval [−t, 0]. We can prove that for all possible storage functions S, the
bound Sa(x) ≤ S(x) ≤ Sr(x) + S(x∗) holds [van der Schaft 1996]. This chain of inequalities
has the interesting physical interpretation that a dissipative system can supply to the outside
only a fraction of what it has stored and can store only a fraction of what has been supplied
to it.

3.3 State feedback H∞ control

The main topic of this thesis will be the state feedback H∞ control problem. In this problem,
it is assumed that the whole state is available for measurements (i.e. g(x, d) = x in (3.1))
and the goal is to construct a static state feedback such that the closed loop system (3.1) has
L2-gain ≤ γ from d to z. To consider internal stability separately, we introduce the following
two problems.

Definition 3.4 (state feedback L2-gain optimal control problem): Find, if possi-
ble, the smallest value γ∗ such that for any γ > γ∗ there exists a state feedback

u = l(x), l(0) = 0 (3.14)

such that the L2-gain of the closed loop system (3.1), ( 3.14) has L2-gain ≤ γ (from d to z).

Definition 3.5 (state feedback H∞ optimal control problem): Find, if possible,
the smallest value γ∗ such that for any γ > γ∗ there exists a state feedback

u = l(x), l(0) = 0 (3.15)

such that the L2-gain of the closed loop system (3.1), ( 3.15) has L2-gain ≤ γ (from d to z),
and the equilibrium is locally asymptotically stable.
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The L2-gain optimal control problem can be viewed as a two player, zero sum differential
game, where one player u is called the minimizing player whose goal is to minimize the cost
criterion

1

2

∫ t

0
(‖h(x(τ ), u(τ ))‖2 − γ2‖d(τ )‖2)dτ

for every t; while the other player d is called the maximizing player whose goal is to maximize
the same cost criterion.

The pre-Hamiltonian function associated with this game for the system (3.1) is a function
Kγ : T ∗X ×D ×U → R defined as

Kγ(x, p, d, u) = pT f(x, u, d)− 1

2
γ2‖d‖2 +

1

2
‖h(x, u)‖2 (3.16)

where the cotangent manifold T ∗X (at least locally) can be identified with X × X , and
(x, p) ∈ T ∗X .

Then we compute (if possible) a saddle point with respect to u and d in a neighborhood of
the origin, i.e., there exist unique functions d = d∗(x, p) and u = u∗(x, p)) defined around
(x, p) = (0, 0), satisfying

∂Kγ

∂d
(x, p, d∗(x, p), u∗(x, p)) = 0

∂Kγ

∂u
(x, p, d∗(x, p), u∗(x, p)) = 0

with d∗(0, 0) = 0 and u∗(0, 0) = 0, and satisfying the saddle point condition

Kγ(x, p, d, u∗) ≤ Kγ(x, p, d∗, u∗) ≤ Kγ(x, p, d∗, u) (3.17)

for all state vectors x, costate vectors p, disturbances q and controls u around the origin.

The existence of the saddle point depends on regularity of the Hessian of Kγ with respect
to d and u at the origin. This Hessian equals(

−γ2I 0
0 (∂h

∂u
(0, 0))T (∂h

∂u
(0, 0))

)
(3.18)

Thus if the derivative of h with respect to u has full column rank at the origin, local existence
of the functions d∗(x, p) and u∗(x, p) follows directly from the Implicit Function Theorem.

Substituting the saddle point (d∗, u∗) into the pre-Hamiltonian Kγ leads to the Hamiltonian
Hγ : T ∗X → R defined as

Hγ(x, p) = Kγ(x, p, d∗(x, p), u∗(x, p))

The inequality
Kγ(x, STx (x), d∗(x, STx (x)), u∗(x, STx (x))) ≤ 0 (3.19)
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is well known as the Hamilton-Jacobi inequality.

The equation
Hγ(x, STx (x)) = 0

is known as the Hamilton-Jacobi-Isaacs equation, sometimes, simply called the Hamilton-
Jacobi equation.

We have the following well-known theorem.

Theorem 3.2 Consider the system (3.1) with y = x and u∗(x, p), d∗(x, p) satisfying (3.17).
Let γ > 0. Suppose there exists a local Cr (k ≥ r > 1) solution S ≥ 0 to the Hamilton-Jacobi
inequality given by (3.19). Then the Cr−1 state feedback

u = u∗(x, STx (x)) (3.20)

is such that the closed-loop system (3.1), (3.20), i.e.,{
ẋ = f(x, u∗(x, STx (x)), d)
z = h(x, u∗(x, STx (x)))

(3.21)

has L2-gain≤ γ.

Conversely there exists a Cr−1 feedback

u = l(x) (3.22)

such that there exists a C1 storage function S ≥ 0 for the closed-loop system (3.1), (3.22)
with supply rate 1

2
γ2‖d‖2 − 1

2
‖z‖2. Then S ≥ 0 is also a solution of the Hamilton-Jacobi

inequality (3.19).

Proof Let S ≥ 0 satisfy (3.19). By Kγ definition in (3.16) we substitute p = STx (x) in the
first inequality of (3.17) to obtain

Sx(x)f(x, u∗(x, STx (x)), d)− 1

2
γ2‖d‖2 +

1

2
‖h(x, u∗(x, STx (x)))‖2

≤ Kγ(x, STx (x), d∗(x, STx (x)), u∗(x, STx (x)))

and thus by (3.19) for all d ∈ D

Sx(x)f(x, u∗(x, STx (x)), d) ≤ 1

2
γ2‖d‖2 − 1

2
‖h(x, u∗(x, STx (x)))‖2

showing that (3.21) has L2-gain≤ γ with storage function S according to Theorem 3.1.

Conversely, let S ≥ 0 be a C1 storage function for the closed-loop system. By Theorem 3.1
we know that S is a solution to

Sx(x)f(x, l(x), d) ≤ 1

2
γ2‖d‖2 − 1

2
‖h(x, l(x))‖2 (3.23)
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for all d ∈ D.

Then by substituting p = STx (x) and u = l(x) in the second inequality of (3.17) we have

Kγ(x, STx (x), d∗(x, STx (x)), u∗(x, STx (x))) ≤ Kγ(x, STx (x), d∗(x, STx (x)), l(x))

By (3.16), this becomes

Kγ(x, STx (x), d∗(x, STx (x)), u∗(x, STx (x))) ≤ Sx(x)f(x, l(x), d∗(x, STx (x))− 1
2
γ2‖d∗(x, STx (x)‖2

+1
2
‖h(x, l(x))‖2

Therefore, by substituting d = d∗(x, STx (x)) in (3.23) we obtain

Kγ(x, STx (x), d∗(x, STx (x)), u∗(x, STx (x))) ≤ 0.

This completes the proof of Theorem 3.2.

[van der Schaft 1996] and [Basar and Bernhard 1991] are two good references of the H∞
control using the differential game thoery.

3.4 Differential inclusions: The theory of Filippov

Since the differential equations of traffic flow models often carry discontinuous dynamics, we
use the theory developed by [Filippov 1964] and [Filippov 1979] to solve the corresponding
equations.

Consider a general dynamic control system:

ẋ(t) = f(t, x, u) (3.24)

with function f : [0, T ] × Rn × Rm → Rn is essentially locally bounded and measurable.
The symbol x stands for the state space vector, and u for the input which may be a control
or disturbance. The variables u are assumed to be set-valued but bounded. Let us say

u ∈ U(t, x) (3.25)

where U(t, x) is a set of functions mapping from [0, T ]×Rn into some compact subset Ω of
Rm which are measurable in t and continuous in x. Consider

F (t, x) = {f(t, x, u) : u ∈ U(t, x)}

and then a differential inclusion: ẋ ∈ F (t, x) that reflects the variety of all models (3.24)
possible under uncertainty (3.25).
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In the classical theory of ordinary differential equations [Coddington and Levinson 1955],
solutions exist if f is continuous in x and solutions are unique if f is Lipschitz-continuous
in x. In the traffic control applications, however, we shall see that discontinuities in a state-
feedback control lead to functions f discontinuous in x, and solutions of (3.24) with a given
initial condition x0 and input u may not exist. To remedy this situation, Filippov introduced
a generalized notion of solution as follows:

K[f ](t, x, u) = ∩δ>0 ∩µN=0 co f(t, B(x, δ)\N, u), (3.26)

where N ranges over all sets of Lebesgue measure (µ) zero, and the notation co denotes
closed convex hull.

Definition 3.6 A vector function x(·) is the solution of (3.24) on the interval [t0, t1] in the
sense of Filippov if x(·) is absolutely continuous on [t0, t1] and for almost all t

ẋ(t) ∈ K[f ](t, x, u) (3.27)

The main theorem on existence of solutions for a differential inclusion is the idea of Folippov’s
construction which is to embed f(t, x, u) into a set K[f ](t, x, u) as small as possible so that
the existence of solutions for the associated differential inclusion is guaranteed. In other
words, as described in [Paden and Sastry 1987], “the content of Filippov’s solution is that
the tangent vector to a solution where it exists, must lie in a convex closure of the limiting
values of the vector field in progressively smaller neighborhoods around the solution point.”
We also note that any ambiguities in the definition of f which are confined to a set of measure
0 do not affect K[f ].

More recently work about this topic is in [Shevitz and Paden 1994].

3.5 Hybrid system formulation

Systems which have interacting components using more than one modeling paradigm such
as difference equations, differential inclusions, boundary dynamics, and finite state machines
(FSMs) are called hybrid systems. In this thesis we study hybrid systems arising in the control
problem of traffic-signal timing for an isolated intersection. These systems are continuous
variable, continuous time systems with phased operations. Within each phase the system
evolves continuously according to the dynamic law of that phase; when an event (such as
queue length changing, special vehicle arrival, accident happening, etc) occurs, the system
makes a transition from one phase to another. The signal controller, on the other hand, is
acting as a FSM rather than a continuous time system.

The state of the hybrid system is a pair (x, z), where x ∈ X (the continuous state space) and
z ∈ Z (the discrete state space). In traffic signal control, the discrete state space consists of
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all types of possible traffic control strategies for the intersection, and the continuous state
space is Rn where n is the total number of approaches or phases for the intersection. That
is, we model the controller as an automaton with a finite set of locations and the open loop
plant with a continuous state vector x ∈ Rn, the closed loop system then is a hybrid system.



Chapter 4

An Isolated Two-phase Intersection

In this chapter we consider an isolated two-phase intersection. Isolated implies that we
will develop signal control at the intersection without considering adjacent intersections.
This is regarded as the starting point of developing a new traffic control strategy. This
strategy provides an improved level of control by using better modeling of traffic variables
and improved control algorithms.

4.1 A state space model

There are only two traffic flows of vehicles to be served in the intersection shown in Figure 4.1.

State Variables:

x1: the queue length of the traffic stream in approach A

x2: the queue length of the traffic stream in approach B

Exogenous inputs:

q1: the arrival rate of the vehicles at approach A

q2: the arrival rate of the vehicles at approach B

Parameters:

s1: the saturation flow rate of approach A

s2: the saturation flow rate of approach B

L: the total lost time per cycle

Field Control Variables:

29
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A -
q1

x1

6

B

q2 x2

Figure 4.1: A Simple Two-Phase Intersection

g1: the effective green time on approach A

C: the current average cycle length of the traffic signal.

We assume each approach has a single lane and both si to be strictly positive. All other
quantities are assumed or constrained to be nonnegative.

The effective green time g2 on approach B is determined from the effective green time g1 on
approach A and the current cycle time C from the relation

g1 + g2 = C − L. (4.1)

Both effective green times g1 and g2 must be nonnegative. Equation (4.1) therefore leads to
constraints on the pair of control variables (g1, C):

0 ≤ g1 ≤ C − L, C ≥ L. (4.2)

In other words, the effective green time can be at most equal to the length of the current cycle,
and we must impose that the cycle length is at least equal to the lost time L. Conversely,
any pair (g1, C) satisfying these constraints leads to a viable signalization control strategy,
although certain boundary points may not fit physically reasonable signalization settings.
For example, g1 = 0 corresponds to no green time for direction A, g1 = C − L corresponds
to no effective green time per cycle for direction B, and C = L leads to no effective green
time in either direction per cycle.
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It will be convenient to introduce a change of control variables:

(g1, C)→ (u1, u2) = (
g1

C
, 1− L

C
− g1

C
).

Instead of g1 and C, we consider u1 and u2 as the independent control variables. In these
new coordinates, the constraints (4.2) take the simple triangular form

0 ≤ ui, u1 + u2 ≤ 1. (4.3)

This set of control actions (u1, u2) is denoted T.

We set up the state dynamic equations based on the following assumption:

Assumption 4.1 The dynamic rate of the queue length at an approach represents exactly
the difference between the arrival density and the flow served at that approach, as long as
either the queue length to be served is positive or the arrival density is greater than the flow
served. Otherwise, there is no queue dynamics for the approach.

The flow served at approach i is si
gi
C

where i = 1, 2. Thus, Assumption 4.1 leads to

ẋi = δ(xi, qi − si
gi
C

), i = 1, 2 (4.4)

where, in general, the function δ(·, ·) is defined by

δ(y, v) =

{
v if y > 0, or if y = 0 and v > 0
0 otherwise.

(4.5)

In particular, in the situation where both traffic streams are oversaturated (both xi > 0),
equation (4.4) assumes the simpler form

ẋi = qi − si
gi
C
, i = 1, 2. (4.6)

Division of both sides of (4.1) by C yields

g1

C
+
g2

C
= 1− L

C
.

By the definition of u2, we have
g2

C
= u2. (4.7)

Plugging this equation into equation (4.4), we obtain the following system dynamics:{
ẋ1 = δ(x1, q1 − s1u1)
ẋ2 = δ(x2, q2 − s2u2)

(4.8)
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In the oversaturated case this simplifies to{
ẋ1 = q1 − s1u1

ẋ2 = q2 − s2u2,
(4.9)

which can be rewritten in matrix format as follows:

ẋ = q −Gu (4.10)

where

x =

(
x1

x2

)
, u =

(
u1

u2

)
, q =

(
q1

q2

)
, G =

(
s1 0
0 s2

)
.

K

x1

-��
πK(x, v)

�
�

�
�=

�
�

�
�=
v

6
x2

Figure 4.2: Projected Dynamics of the State Space

The system (4.8) can be expressed more compactly if we use the notion of projected dynamical
systems as in [Dupuis and Nagurney 1993]. Let K be a closed convex subset of R2. Denote
by ∂K and K◦ the boundary and the interior of K, respectively. Given x ∈ ∂K, we define
the inward unit normals to K at x by

n(x) = {γ : ‖γ‖ = 1, 〈γ, x− y〉 ≤ 0, ∀y ∈ K} (4.11)

Define the projection map PK : R2 → K as

PK(x) = arg min
z∈K
‖x− z‖.

Given x ∈ K and v ∈ R2, the projection of vector v at x is defined as

πK(x, v) = lim
δ↓0

PK(x+ δv)− x
δ

The following properties of πK were established in [Dupuis 1987]:
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Lemma 4.1 (The properties of πK)

1. If x ∈ K◦, then πK(x, v) = v.

2. If x ∈ ∂K, then πK(x, v) = v + β(x)n∗(x), where

n∗(x) = arg max
n∈n(x)

〈v,−n〉 and β(x) = max{0, 〈v,−n∗(x)〉}.

The projected dynamical system (PDS) proposed in [Dupuis and Nagurney 1993] associated
with a (Lipshitz continuous) dynamical system ẋ = F (x) and a closed convex set K is

ẋ = πK(x, F (x)), x(0) = x0 ∈ K. (4.12)

From Lemma 4.1, we see that the vector field πK(x, F (x)) is the same as F (x) when x is in
the interior of K, while when x is on the boundary of K we use instead the projection of
the vector on K. This ensures that the trajectories of the PDS will always remain in the set
K once the initial conditions x(0) = x0 starts in K.

This analysis is easily adapted to the case where the disturbance signal q and control vector
u enter into the dynamics. In this case the unprojected system is of the form ẋ = F (x, q, u)
and the associated PDS (with disturbances and control inputs) with respect to the set K is

ẋ = πK(x, F (x, q, u)), x(0) = x0 ∈ K. (4.13)

It is straightforward to check that our traffic control model (4.8) is exactly of this form, with
F (x, q, u) = q −Gu and K = [0,∞)× [0,∞), the closed first quadrant. In concise notation,
we can write the PDS of (4.8) as

ẋ = πK(x, q −Gu) (4.14)

The existence-uniqueness theory for solutions of a PDS is problematical in the classical
ODE theory since the right hand side of the differential equation in (4.13) might not even be
continuous in x. This difficulty is addressed by relating (4.12) to a more detailed mechanism
for the projected dynamics generally referred to as the Skorokhod problem (see [Dupuis and
Nagurney 1993] for details). In this way Dupuis and Nagurney were able to establish that
the PDS (4.12) has a unique solution for every x0 ∈ K, provided K is a polyhedron such as
our K = [0,∞)× [0,∞).

4.2 The H∞ control problem of traffic signalization

We consider the model (4.8) or (4.14) for traffic at an isolated intersection introduced above.
The control problem is mathematically much simpler under the assumption that the state
vector, which in our case is the set of queue lengths of both traffic streams A and B, is
observable at each point in time.
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Definition 4.1 (H∞ control problem of two-phase intersections)

Given a tolerance level γ ≥ 0, to design a state-feedback control x → u∗(x) so that the
resulting closed-loop system,

ẋ(t) = πK(x(t), q(t)−Gu∗(x(t)), x(0) = x0 (4.15)

where q,G, and πK are defined in section 4.1, satisfies the L2-gain condition

1

T

∫ T

0
‖x(t)‖2 dt ≤ γ2

T

∫ T

0
‖q(t)‖2 dt+ α(x0)

for a nonnegative function x→ α(x) with α(0) = 0.

We only consider state vectors x in the first quadrant: both xi ≥ 0. The control vector u is
limited to the closed and bounded triangle T given by (4.3). The costate vector p = (p1, p2)T

and disturbance vector q = (q1, q2)T may vary throughout R2.

We are going to apply the approach described in section 3.3 to solve this problem.

First, we compute the desired saddle point (q∗, u∗) of the pre-Hamiltonian function (3.16).

Second, we substitute q = q∗(x, p), u = u∗(x, p) into (3.16) leads to the optimal Hamiltonian

Hr
γ(x, p) = Kγ(x, p, q

∗(x, p), u∗(x, p)). (4.16)

Next, find a solution S(x) ≥ 0 of the Hamilton-Jacobi inequality

Hr
γ (x, STx (x)) ≤ 0, (4.17)

either a classical solution, or a viscosity sense solution of Hr
γ(x,D−ST (x)) ≤ 0. Then u(x) =

u∗(x, STx (x)) provides a feedback control solving Problem 4.1.

4.3 Solution via H∞ control theory

There are two sources of discontinuities in Hr
γ to consider in solving (4.17). One is the control

constraint u ∈ T, manifested in (4.27) below. This is fundamental and will be dealt with
directly. The other is the discontinuity at x ∈ ∂K resulting from the projected dynamics.
There has been some work in other contexts dealing with this feature directly (see [Dupuis,
Ishii and Soner 1990]). We however can use a simpler indirect approach.

We will conduct our analysis using just the Hamiltonian associated with the oversaturated
regime, constructing a solution of

Hγ(x, STx (x)) = 0 (4.18)
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using the oversaturated Hamiltonian of (4.24). Then we will find that the solution so con-
structed is in fact a solution of (4.17) for the reflected Hamiltonian as well.

In the oversaturated regime the pre-Hamiltonian may be written out in the more explicit
and concise form

Kγ(x, p, q, u) = pT (q −Gu)− 1

2
(γ2‖q‖2 − ‖x‖2) (4.19)

This pre-Hamiltonian is quadratic in q with quadratic term having negative definite coeffi-
cient. Hence the maximum in q is easily computed: the critical q is given by q∗(x, p) = 1

γ2 p

and the semi-pre-Hamiltonian Hpre,γ(x, p, u) = max
q∈R2

Kγ(x, p, q, u) is given by

Hpre,γ(x, p, u) =
1

2γ2
‖p‖2 − pTGu+

1

2
‖x‖2 (4.20)

To compute the desired saddle point, it remains to compute arg min
u∈T

Kγ(x, p, q, u). Since Kγ

is linear in u, this is a simple linear programming problem. In particular, the minimizing
u = u∗(x) can always be taken to be one of the vertices of T. The three vertices and their
interpretations are:

u0 = (0, 0)T : no green time for either approach, cycle length C equal to the lost time L;

u1 = (1, 0)T : green time for approach A equal to the entire cycle time;

u2 = (0, 1)T : no green time for approach A.

Associated with each vertex is an individual Hamiltonian: Hi,γ(x, p) = Hpre,γ(x, p, ui). Ex-
plicitly, we have

H0,γ(x, p) =
1

2γ2
‖p‖2 +

1

2
‖x‖2 (4.21)

H1,γ(x, p) =
1

2γ2
‖p‖2 − s1p1 +

1

2
‖x‖2 (4.22)

H2,γ(x, p) =
1

2γ2
‖p‖2 − s2p2 +

1

2
‖x‖2. (4.23)

The oversaturated Hamiltonian Hγ(x, p) = min
u∈T

Hpre,γ(x, p, u) is given simply by

Hγ(x, p) = min{H0,γ(x, p), H1,γ(x, p), H2,γ(x, p)}. (4.24)

We should only consider Hr
γ defined for x ∈ K. However we consider Hγ and the Hi,γ defined

for all x ∈ R2. The Hamiltonians Hγ and Hr
γ agree in K◦ but not on ∂K. We may complete

the squares in H1,γ(x, p) and H2,γ(x, p) to obtain the alternate expressions

H1,γ(x, p) =
1

2γ2
(p1 − γ2s1)2 +

1

2γ2
p2

2 −
γ2

2
s2

1 +
1

2
‖x‖2, (4.25)

H2,γ(x, p) =
1

2γ2
p2

1 +
1

2γ2
(p2 − γ2s2)

2 − γ2

2
s2

2 +
1

2
‖x‖2 (4.26)
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An immediate observation is that the Hamilton-Jacobi inequality Hγ(x, STx (x)) ≤ 0 can have
no global solutions. Indeed observe that H0,γ(x, p) ≤ 0 only for x = 0, p = 0. From (4.25)
we see that H1,γ(x, p) ≤ 0 has no solution if ‖x‖2 > γ2s2

1. Similarly, H2,γ(x, p) ≤ 0 has no
solution if ‖x‖2 > γ2s2

2.

We next compute Hγ(x, p) explicitly. For this purpose define the following regions in the
space of costates:

Π0 = {(p1, p2)T : p1 < 0, p2 < 0},

Π1 = {(p1, p2)T : p1 > 0 and s1p1 > s2p2},

Π2 = {(p1, p2)T : p2 > 0 and s1p1 < s2p2}.

We denote the boundary between Π1 and Π2 by

Π12 := {(p1, p2)T : s1p1 = s2p2, pi > 0} = {ρ(s2, s1)
T : ρ > 0}.

Then it is easily checked that u∗(p) = arg min
u∈T

Hpre,γ(x, p, u) is given by

u∗(p) =


u0 if p ∈ Π0

u1 if p ∈ Π1

u2 if p ∈ Π2

λu1 + (1− λ)u2, any 0 ≤ λ ≤ 1 if p ∈ Π12

(4.27)

The Hamiltonian Hγ(x, p) is thus given by

Hγ(x, p) =

{
H1,γ(x, p) if p ∈ Π1 ∪Π12

H2,γ(x, p) if p ∈ Π2 ∪ Π12.
(4.28)

The associated Hamilton-Jacobi equation (4.18) can be given piecewise by

H0,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π0,

H1,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π1 ∪Π12,

H2,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π2 ∪Π12. (4.29)

The first step toward constructing a solution S(x) of (4.29) is to postulate that the state-
feedback control u(x) = u∗(STx (x)) arising from this construction switches between the two
values u1 and u2 along a half-line Γ:

Γ = {(x1,mx1)
T : x1 > 0}.

We shall see later that there is precisely one value of m (m = s1/s2) for which the construction
below succeeds. For now we consider m an unspecified parameter. Denote by X− the region



Tungsheng Yu Chapter 4. An Isolated Two-phase Intersection 37

in the first quadrant strictly below Γ and by X+ the region in the first quadrant strictly
above Γ. Thus we consider the following class of controls:

u(x) =


u1 = (1, 0)T for x ∈ X−,
u2 = (0, 1)T for x ∈ X+,
(λ, 1− λ)T , some 0 ≤ λ ≤ 1 for x ∈ Γ.

(4.30)

For x ∈ Γ u(x) is really a convex set of possible controls. The selection of which one to
acutally use (i.e. the choice of λ) is related to the Filippov notion of solution of a differential
equation with discontinuous right hand side; we will discuss this more in Section 4.5.

The general theory stipulates that the control u(x) be given by that value of u which mini-
mizes Hpre,γ(x, p, u), i.e.

u(x) = u∗(STx (x)), (4.31)

with u∗ as in (4.27). Under the presumption that rules (4.30) and (4.31) are the same, it
follows that along the line Γ, STx (x) should have a value in Π12, the boundary between regions
Π1 and Π2. For this reason we argue that our solution S(x) of (4.29) should be such that
STx (x1,mx1) has the form ρ · (s2, s1)T for some ρ ≥ 0. Hence, when the Hamilton-Jacobi
equation (4.29) is restricted to Γ with STx (x) of this special form, we arrive at the equation

H1,γ((x1,mx1)
T , ρ(s2, s1)T ) = H2,γ((x1,mx1)

T , ρ(s2, s1)
T )

=
ρ2

2γ2
(s2

1 + s2
2)− ρs1s2 +

1

2
(1 +m2)x2

1 = 0. (4.32)

Solving this equation for ρ and taking the smaller of the two solutions (since we are looking
for the minimal solution of (4.29)) yields

ρ = ρ(x1) := γ2 ·
s1s2 −

√
s2

1s
2
2 − x2

1(s2
1 + s2

2)(1 +m2)/γ2

s2
1 + s2

2

. (4.33)

The condition
|x1| < x1,max := s1s2γ/

√
(s2

1 + s2
2)(1 +m2)

is necessary for a solution to exist. We define Γ0 to be this segment of Γ:

Γ0 = {(x1,mx1)
T : 0 ≤ x1 < x1,max}.

We now recover S(x) along Γ0 by integrating its gradient:

S(x1,mx1) =
∫ x1

0

d

dy
{S(y,my)} dy

=
∫ x1

0
Sx(y,my)(1,m)T dy

=
∫ x1

0
ρ(y)(s2 +ms1) dy. (4.34)
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Next, since (4.30) postulates that u1 is the optimal control in X− we expect H1,γ to be the
effective form of the Hamiltonian there. We consider the associated Hamiltonian system

ẋ = ∂TH1,γ

∂p
(x, p) = 1

γ2p−
(
s1

0

)
ṗ = −∂TH1,γ

∂x
(x, p) = −x

ż = pT ẋ = 1
γ2pT p− s1p1

(4.35)

with initial condition

x(0) = (x1,mx1)
T

p(0) = ρ(x1)(s2, s1)T ,

z(0) =
∫ x1

0
ρ(y)(s2 +ms1) dy (4.36)

to generate trajectories
(x(t, x1), p(t, x1), z(t, x1)).

We hope to cover at least some region Ω− ⊆ X− with such trajectories. This procedure
for computing a solution of H1,γ(x, STx (x)) = 0 in Ω− amounts to the classical method of
characteristics for first order partial differential equations.

Theorem 4.1 Suppose we can define a smooth function S(x) for x = (x1, x2)T in a neigh-
borhood Ω− of the line segment Γ0 = {(x1,mx1)T : 0 < x1 < x1,max} implicitly (or in
parameterized form) by

S(x) = z(t, x1) if x = x(t, x1) (4.37)

where (x(t, x1), p(t, x1), z(t, x1)) are as in (4.35) and (4.36). Then S solves the Hamilton-
Jacobi equation H1,γ(x, STx (x)) = 0 with initial condition S(x1,mx1) given by (4.34). More-
over the gradient of S is given implicitly by

STx (x) = p(t, x1) if x = x(t, x1).

If in addition the costate vector p stays in region Π1, Theorem 4.1 gives us a solution S of the
Hamilton-Jacobi equation (4.29) in Ω−. We will see shortly that these hoped for features in
the solutions of (4.35) and (4.36) are present when (4.35) is solved backwards in time: t < 0.
Similarly, starting on Γ0 and solving the Hamiltonian flow associated with H2,γ backwards in
time will allow us to construct S(x) for x in a region Ω+ ⊆ X+, with the associated gradient
STx (x) remaining in region Π2.

We still need to determine the slope m of the “switching line” Γ. For an initial x =
x1(1,m)T ∈ Γ and p = ρ(s2, s1)

T ∈ Π12. The bicharacteristic equations associated with
H1,γ are

ẋ =
1

γ2
p− (s1, 0)T , ṗ = −x.
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When integrated in reverse time these should enter the region X− in state space, and the
region Π1 in costate space. At the initial values this means

(−m, 1)ẋ ≥ 0, (−s1, s2)ṗ ≥ 0.

The second condition in particular says

−(−s1, s2)x1(1,m)T ≥ 0, x1 ≥ 0

from which we get that m ≤ s1/s2. Repeating the argument for the bicharacteristics asso-
ciated with H2,γ yields the reverse inequality: m ≥ s1/s2. Thus m = s1/s2 is necessary for
the construction proposed above to work.

Conversely, using m = s1/s2 the construction described above does succeed in producing a
nonnegative C1 solution of (4.29) in a region Ω = Ω− ∪ Γ ∪ Ω+ of the first quadrant. We
show this theory by experimental verification using sample calculations. Using the software
package Mathematica, we can produce graphical plots of various pieces of the solution of the
system of ordinary differential equations (4.35) with (4.36). In this way we can view a plot
of the graph of S and also check that the costate vector p remains in the appropriate region
Π1 or Π2.

Figure 4.3: x Plot

We take as an example the case of s1 = s2 = 1 with γ = 2. (In this case the slope of the
switching line Γ is m = 1, as we would expect since the problem is symmetric in x1 and x2.)
Figure 4.3 shows the state trajectories of (4.35) for t < 0, with initial conditions (4.36). We
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Figure 4.4: p Plot

see that these trajectories cover a region Ω− ⊆ X−, consisting of the triangle with vertices at
(0, 0), (1, 1), (2, 0). Figure 4.4 shows that the associated p values do indeed remain in Π1 as
desired. Figure 4.5 plots the values of z (vertically) with respect to (x1, x2) (horizontal axes),
providing curves on the graph of S. We note in Figure 4.3 that some x ∈ Ω− lie on more
than one state trajectory, so that the definition of S(x) is ambiguous. Multivaluedness of S
in the context of general Hamilton-Jacobi equations is an interesting phenomenon related to
shocks and demanding notions of generalized solutions (such as “viscosity solutions”) of the
Hamilton-Jacobi equation (see e.g. [James 1993], [Ball and Helton 1996] and [Day 1997]).
Such notions are not needed here however. Those x for which S(x) is multivalued involve
state-trajectories which have already touched the boundary of the region Ω−. By truncating
these trajectories at the time they contact ∂Ω− and only using the truncated trajectories in
the construction of Theorem 4.1, S becomes single-valued. This truncation is appropriate
for several reasons. Notice in Figure 4.5 that the values of z beyond the truncation point are
less than the values for the same x on a trajectory prior to truncation. Only by limiting our
construction to truncated trajectories do we obtain a continuous function S(x). Secondly,
the fact that S(x) is a storage function implies that

S(x(0))− S(x(t)) ≤ z(0)− z(t)

holds for t < 0 along any of the trajectories (4.35), (4.36), even beyond the truncation point,
as long as x(t) has not left X−. Since z(0) = S(x(0)) we see that

z(t) ≤ S(x(t)).

This implies that for our construction to be successful we needed to take S(x) to be the
largest of the possible values z(t) for x(t) = x, which again means discarding the portions of
trajectories beyond the truncation point.

This construction produces a solution of Hγ(x, STx (x)) = 0 in the region Ω− below Γ in
the first quadrant which is covered by the trajectories (4.35), (4.36) associated with H1,γ

in reverse time. Repeating the construction using H2,γ extends the definition to a region



Tungsheng Yu Chapter 4. An Isolated Two-phase Intersection 41

Figure 4.5: Graph of S with two different views

Ω+ above Γ. Combining the constructions we obtain a solution of (4.29) or (4.18) in Ω =
Ω− ∪ Γ ∪ Ω+. Our solution S is C1 in Ω because STx is given by the corresponding p values
of the two families of trajectories, which agree on Γ. Summing up, we assert the following
result.

Theorem 4.2 The function S(x) constructed as described above, using m = s1/s2, is a
nonnegative C1 solution of Hγ(x, STx (x)) = 0, defined for x ∈ Ω = Ω− ∪ Γ ∪ Ω+. Along Γ0

the gradient is given explicitly by

Sx(x1,mx1) = ρ(x1)(s2, s1),

with ρ(x1) as in (4.33). More generally the gradient is given implicitly by

STx (x) = p(t, x1) if x = x(t, x1), t < 0

using the trajectories x(·, x1) truncated upon first contact with ∂Ω. Moreover, S(x) solves
the Hamilton-Jacobi equation associated with the reflected Hamiltonian (4.16):

Hr
γ(x, STx (x)) = 0, x ∈ Ω.

We have discussed all the assertions of this theorem except the final one, Hγ(x, STx (x)) = 0
to Hr

γ(x, STx (x)) = 0. Theorem 4.2 tells us that Hγ(x, STx (x)) = 0 in Ω. Since Hγ = Hr
γ on

the interior of Ω, we only need to consider points in Ω ∩ ∂K. (We consider the boundary
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points x = (x1, 0)T , x1 > 0 to belong to Ω−, and likewise x = (0, x2)T ∈ Ω+ for x2 > 0.) For
such boundary points we have from Lemma 4.1 that

πK(v) = v + βn

where β ≥ 0 and n ∈ n(x), the inward unit normals to K at x. It follows then that

pTπK(q −Gu(x)) = pT (q −Gu(x)) + βpTn

for some such β, n. We will see that Sx(x)n = 0 on ∂K. From this it will follow that on ∂K

SxπK(q −Gu) = Sx(q −Gu)

so that
Hr
γ(x, STx (x)) = Hγ(x, STx (x)) = 0

completing our demonstration that Hr
γ(x, STx (x)) = 0 everywhere in Ω, as claimed. Suppose

then that x is in the horizontal portion of ∂K, i.e. x = (x1, 0)T ∈ Ω− with x1 > 0. The
bicharacteristic equations (4.35) with initial conditions (4.36) used to construct S in Ω−
have a unique solution that reaches x = x(t) at some t < 0 without first reaching the
diagonal boundary of Ω (at which point we would truncate it), namely the solution with
x(0) = (0, 0)T and p(0) = ρ(0)(s2, s1)T = (0, 0)T , for which we have x2(t) = 0 and p2(t) = 0
for all t. Thus the value of STx (x) will be of the form p(t) = (p1(t), 0)T at the time t for
which x(t) = (x1(t), 0)T = x. Since n = (0, 1)T is the only element of n(x) (unless x = 0)
we see that indeed Sx(x)n = 0. Similar reasoning applies along the vertical side of ∂K. At
x = 0 we have STx (0) = 0 so thatSx(x)n = 0 again holds for all n ∈ n(0).

4.4 The available storage function

The construction of S(x) above is not standard in the current theory of H∞ problems for
smooth systems, as described for instance in the recent monograph [van der Schaft 1996].
The various discontinuities in our hybrid system, due to projected dynamics and our feedback
control (4.30), prevent us from invoking the existing theory directly. In spite of this, our S(x)
exhibits some important features from the standard theory. Our purpose in this section is to
exhibit and demonstrate two of these. In particular we will show that S(x) is the minimal
storage function (in Ω) for our PDF (4.14) using control (4.30), and that (x, STx (x)), x ∈ Ω is
an invariant manifold (in a Filippov sense to be explained below) for the Hamiltonian system
associated with the oversaturated Hamiltonian (4.24) which the construction was based on.
Moreover the trajectories on this manifold all reach the origin in finite time.

Various technical conditions (smoothness of H, hyperbolicity of the Hamiltonian system be-
low, differentiable structure on X , . . . ) allow the construction of a solution to the Hamilton-
Jacobi equation H(x, STx (x)) = 0 in some domain Ω using the (local) stable invariant man-
ifold (with respect to equilibrium point (0, 0)) for the Hamiltonian system associated with
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H:
ẋ = ∂TH

∂p
(x, p)

ṗ = −∂TH
∂x

(x, p).

This manifold will (at least in a neighborhood of the origin) be the graph of the gradient
of S(x), x ∈ Ω. That is, the manifold {(x, STx (x)) : x ∈ Ω} consists of those initial points
(x(0), p(0)) such that the corresponding solution (x(t), p(t)) satisfies lim

t→∞
(x(t), p(t))→ (0, 0)

with x(t) remaining in Ω.

We wish to explore these features for our Hamiltonian Hγ in (4.24) and the input-output
system using the control (4.30) generated by our solution. Note that we again deal only
with the oversaturated Hamiltonian, rather than the reflected Hamiltonian of (4.16). Hr

γ is
discontinuous at x ∈ ∂K, due to the projected dynamics in (4.39). The Hamiltonian system
associated with Hγ is

ẋ = 1
γ2 p −Gui, if p ∈ Πi

ṗ = −x. (4.38)

We note that the x equation has discontinuities as p moves from one of the regions Πi

to another. Thus we must consider solutions in the sense of Filippov. As we will see,
(4.38) has non-unique solutions in this sense, and the solutions associated with the manifold
M = {(x, STx (x)) : x ∈ Ω} are among them. Thus it is not clear whether we can call
M “the stable invariant manifold” for (4.38). We simply make the point that given an
initial x(0) = x ∈ Ω and p(0) = STx (x) there is a solution of (4.38) with p(t) = STx (x(t))
(i.e. remaining on M) and which reaches x(T ) = p(T ) = 0 at a finite 0 < T < ∞. To this
extent at least,M has features in common with the stable invariant manifold in the smooth
theory.

The control associated with our solution S is that of (4.30). Using it in our system (4.14)
with the projected dynamics on ∂K, we obtain

ẋ = πK(x, q −Gu(x)). (4.39)

We note that this system is ambiguous for x ∈ Γ, since u(x) refers to a convex set of possible
values. However when considered in the sense of Filippov, since Γ has Lebesgue measure 0,
this ambiguity is irrelevant and we can make sense of (4.39). Our assertion that S(x) is the
available storage function in Ω is with reference to this system. Here then is what we will
prove.

Theorem 4.3 Let the function S(x), x ∈ Ω be the function constructed as in Theorem 4.1.

1. S(x) is the available storage function in Ω for the closed-loop system (4.39). In other
words, for any solution of (4.39) with x(t) ∈ Ω on [t1, t2] we have

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) dt,

and for any other storage function S̃(x) we have S(x) ≤ S̃(x) for every x ∈ Ω.
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2. For any initial point (x, STx (x)), x ∈ Ω, (4.38) has a solution, interpreted in the sense
of Filippov, defined on an interval [0, T ] along with x(t) ∈ Ω, p(t) = STx (x(t)) and with
x(T ) = p(T ) = 0.

Proof We begin with the assertion that S is a storage function in Ω for (4.39). This is
an easy consequence of the Hamilton-Jacobi equation Hr

γ(x, STx (x)) = 0 of Theorem 4.1.
Indeed, for p = STx (x) the control (4.31) achieves the infimum over u in (3.17). This and
Hr
γ ≤ 0 imply that for any solution of (4.39) with x(t) ∈ Ω we have

Sx(x(t))x(t) = Sx(x(t))πK(q(t)−Gu(x(t))) ≤ 1

2
(γ2‖q(t)‖2 − ‖h(x(t))‖2), (4.40)

which of course implies

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) dt.

Next we will show that S is minimal among all such storage functions. Our argument is
an adaptation of that used for Proposition 7.1.8 in [van der Schaft 1996]. Consider any
x(0) ∈ Ω. We will (below) exhibit a pair x(t), q(t) solving (4.39) on an interval [0, T ] with
x(T ) = 0 and for which the storage function inequality becomes an equality:

S(x(T ))− S(x(0)) = −S(x(0)) =
∫ T

0

1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) dt, (4.41)

since S(x(T )) = S(0) = 0. In light of this, consider any other nonnegative storage function
S̃. It follows that

−S̃(x(0)) ≤ S̃(x(T ))− S̃(x(0)) ≤
∫ T

0

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt = −S(x(0)).

Since x(0) = x ∈ Ω was arbitrary, this implies S ≤ S̃, establishing our assertion that S
is the smallest of all possible storage functions in Ω. The x(t) that we construct for this
purpose will be the same as the solution of (4.38) that part 2 of the theorem refers to. We
first construct it, then explain the Filippov notion of solution, and then complete the proof
of the theorem.

Consider x ∈ Ω− and the solution x(·), p(·) of (4.35) used in our construction of S at x. We
can translate the time variable so that x(0) = x, p(0) = STx (x) and x(t1) ∈ Γ0 at t1 > 0,
with p(t1) = ρ(x1(t1))(s2, s1) ∈ Π12 (the initial condition in (4.36)). Define an associated
disturbance by

q(t) =
1

γ2
p(t).

Then x(t), q(t) also solve (4.39). (Since x(t) ∈ Ω−, the projected dynamics are not involved.)
Noting that q(t) achieves the supremum defining H1,γ (see the discussion preceeding (4.20))
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we find that

Sx(x(t))x(t)− 1
2
(γ2‖q(t)‖2 − ‖x(t)‖2) = p(t)(q(t)−Gu(x(t)))− 1

2
(γ2‖q(t)‖2 − ‖x(t)‖2)

= H1,γ(x(t), STx (x(t)))
= 0.

In other words, for x(t), q(t) so constructed on [0, t1], equality is achieved in the dissipation
inequality:

S(x(t1))− S(x(0)) =
∫ 0

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt. (4.42)

Now we will extend x(t), p(t) to t > t1 using the equations

ẋ = 1
γ2p−G

(
λ̄

1− λ̄

)
ṗ = −x

(4.43)

with λ̄ = 1
1+m2 . This choice of λ̄ makes the inhomogeneous term G(λ̄, 1−λ̄)T = s1s2

s21+s22
(s2, s1)T

parallel to Γ, so that x(t) remains in Γ and p(t) remains in Π12 for t > t1. If we write
x(t) = x1(t)(1,m)T and p(t) = ρ(t)(s2, s1)T in parameterized form, then the Hamiltonian
flow (4.43) expressed in terms of x1(t) and ρ(t) as

ẋ1(t) = s2
γ2ρ(t)− s1

1+m2

ρ̇(t) = − 1
s2
x1(t).

(4.44)

Note that (4.43) is the Hamiltonian system associated with Hpre,γ(x, p, u) with ū = (λ̄, 1−
λ̄) and hence Hpre,γ(x, p, ū) is constant in t for t ≥ t1. Since p(t) ∈ Π12, we have that
Hpre,γ(x(t), p(t), ū) = Hγ(x(t), p(t)) = 0 and hence ρ(t) is one of the two roots of (4.32). By
continuity it follows that ρ(t) = ρ(x1(t)) (where ρ(x1) is as in (4.33)) and so p(t) = STx (x(t))
for t ≥ t1.

Note also that the solution (x(t), p(t)) reaches (0, 0) at some time T with t1 < T < ∞. To
see this, use the fact that ρ(t) = ρ(x1(t)) to write

ẋ1(t) = s2
γ2 ρ(t)− s1

1+m2

= − 1
1+m2

√
s2

1 − x2
1(1 +m2)2/γ2

which is strictly negative on any compact subinterval of [0, xmax). Hence x(t) = x1(t)(1,m)T

reaches 0 in finite time as asserted. (The choice of ρ(x1) to be the smaller root of (4.32) is
significant here).

Continuing to consider q(t) = 1
γ2p(t) as a disturbance on [t1, T ], x(t) continues to be the

corresponding solution of (4.39). We are using the value λ̄ to choose the value of u(x) in
(4.30), since x(t) ∈ Γ. Again we have

Sx(x(t))x(t)− 1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) = Hpre,γ(x(t), p(t)) = Hγ(x(t), p(t)) = 0.
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Thus

S(x(T ))− S(x(t1)) =
∫ t1

T

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt.

Combining this with (4.42) establishes (4.41) used above.

4.5 Discontinuous vector fields and Filippov’s solutions

The Hamiltonian system (4.38) and the controlled system (4.39) both have discontinuous
dynamics. We interpret these solutions in the sense of Filippov as described in section 3.4.

Consider (4.39). It has discontinuities for x ∈ Γ, and

K[f ](t, x, u) = q(t)−Gu(x)

Using what we have already written down in (4.30): for x ∈ Γ,

K[f ] = {q(t)− (λs1, (1− λ)s2) : 0 ≤ λ ≤ 1},

the set of convex combinations of q − Gu1 and q − Gu2. If q(t) is parallel to Γ, as it was
in our construction above, the opposing directions of the vector fields on opposite sides of Γ
imply that the solution of the differential inclusion in this case is unique and remains on Γ.
The Filippov solution then corresponds to choosing u = (λ̄, 1 − λ̄) with λ̄ selected so that
Gu is parallel to Γ. See Figure 4.6.
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Figure 4.6: Dynamics of the discontinuous flow
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This control action can be viewed as an averaging of, or infinitely fast switching between,
strategies u1 and u2. In actual implementation, this infinite switching frequency cannot be
obtained, as there is always a slight delay in implementation of a change of control. Hence,
there is some time the trajectory will stay in a region after it crosses Γ, and then again move
towards Γ, crossing it once again, and so on. This zig-zag motion is referred to as chattering.
This is shown in Figure 4.7. Various modifications of control algorithms have been proposed
to mitigate undesirable effects of such chattering.

��
��
��
��
��
��
��
��
��
��

x1

-

6

x2

Region X−

Region X+

�

?�

?�

?�

?

Figure 4.7: Chattering in the Two-phase Intersection Control

The Hamiltonian system (4.38) is rather interesting in the Filippov sense. We have already
mentioned that the solutions are not unique, so we consider this system in additional detail.
Notice that the discontinuity occurs as a function of the p coordinates, rather the spatial
coordinates x as in (4.39).

The behavior of (4.38) can be seen in detail by making an orthonormal change of coordinates
in both the x and p planes. Define

µ = (−s1, s2) · x/s̄ µD = (s2, s1) · x/s̄
ν = (−s1, s2) · p/s̄ νD = (s2, s1) · p/s̄

where s̄ =
√
s2

1 + s2
2. The coordinates µD and νD measure the components of x and p in

the “diagonal” direction (Γ and Π12 respectively), while µ and ν give their components
orthogonal to this. In particular ν > 0 indicates p ∈ Π2 so that we should be using i = 2 in
(4.38). (We are ignoring x in the third quadrant in saying this.) When (4.38) is converted
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to these cordinates the diagonal components are independent of i:

µ̇D =
1

γ2
νD −

s1s2

s̄
; ν̇D = −µD. (4.45)

Only the orthogonal components involve the discontinuities:

µ̇ =
1

γ2
ν +
±s2

i

s̄
; ν̇ = −µ. (4.46)

Here we use + when i = 1 (i.e. for ν < 0) and − when i = 2 (i.e. ν > 0). All three of these
systems are periodic with period 2πγ having constant angular velocity about their respective
centers. The solutions of (4.45) are ellipses centered at (0, γ2s1s2/s̄). The solutions of (4.46)
are ellipses centered at (0, vi) where

v1 = −γ2s2
1/s̄, v2 = +γ2s2

2/s̄.

The resulting phase portrait for the orthogonal components of (4.38), i.e. (4.46) using i = 1
if ν < 0 and i = 2 if ν > 0, is illustrated in Figure 4.8. Inspection should convince the
reader that solutions are unique, except those passing through the point µ = ν = 0. We
see several solutions through this point: an ellipse in the upper half-plane, an ellipse in the
lower half-plane, as well as ν(t) ≡ 0, µ(t) ≡ 0. This latter is a Filippov solution since the µ
component of K[f ] at the origin is the interval [−s2

1/s̄, s
2
2/s̄], which contains 0. In addition

µ(t), ν(t) can switch from one of these basic soultions to another whenever it passes through
the origin.

The solution of (4.43) that we constructed above on [t1, T ] corresponds to µ(t) ≡ ν(t) ≡ 0
since x(t) ∈ Γ and p(t) ∈ Π12. It is then a Filippov solution of (4.38). We now see that there
are other solutions of (4.38) starting from the same x(t1), p(t1). However, all these alternate
solutions will leave the first quadrant (K in x-space) before reaching the origin. To see this,
notice that any such solution must have the same diagonal components, µD(t), νD(t) which
approach (0, 0) monotonically on [t1, T ]. This means that the length of [t1, T ] is at most
a quarter period of (4.45). But once a solution of (4.46) leaves µ = 0 it takes exactly a
half period until it returns. Thus any solution of (4.38) other than the one we constructed
but having the same values x(t1), p(t1) will have µ(T ) 6= 0 but µD(T ) = 0. This means
the solution has left the first quadrant K. So although (4.38) has many solutions for initial
conditions x(0) ∈ Γ0 with p(0) = STx (x(0)), there is only one which reaches the origin without
first leaving the first quadrant.

We can now complete our proof of part 2 of the theorem. Given x(0) ∈ Ω and p(0) = STx (x(0))
we constructed x(t), p(t) on [0, T ] by solving (4.35) until x(t1) ∈ Γ and then solving (4.43)
until x(T ) = 0. Since p(t) ∈ Π1 on [0, t1] and then p(t) ∈ Π12 on [t1, T ], we see that we have
in fact constructed a solution of (4.38) which maintains p(t) = STx (x(t)). (In fact, among
the many solutions of (4.38) with these initial values, we have produced the only one which
does not leave K before reaching x(T ) = 0.)
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Figure 4.8: Off-diagonal components of Hamiltonian dynamics Hγ

The controlled system (4.39) using (4.30) satisfies the usual criteria of suboptimal H∞ con-
trol: it stabilizes the system with q(t) ≡ 0 (Figure 4.6 is the phase portrait) and has the
required gain property (this follows from our successful construction of storage function
S(x)). However the storage function is only defined in a bounded region Ω. Increasing γ
will produce a larger Ω, but it will be bounded for each finite γ.

We have worked with the Hamiltonian Hγ of (4.24) in our construction. Our verification
of S(x) as the available storage function of (4.39) implicitly involves a second Hamiltonian
function, constructed directly from (4.39) and associated with the L2-gain property of the
closed-loop system. Again leaving out the projection dynamics, consider

H̃γ(x, p) = sup
q
{pT (q −Gu(x))− 1

2
(γ2‖q‖2 − ‖x‖2)}

= sup
q
K(x, p, q, u(x)),

in terms of the pre-Hamiltonain (4.19). This a distinct Hamiltonian from Hγ. In general it



Tungsheng Yu Chapter 4. An Isolated Two-phase Intersection 50

is true that Hγ ≤ H̃γ, because

H̃γ(x, p) = sup
q
K(x, p, q, u(x))

≥ sup
q

inf
u∈T

K(x, p, q, u)

= Hγ(x, p)

.

However when p = STx (x) both Hamiltonians agree since the minimizing u ∈ T is then given
by u∗(STx (x)) = u(x):

Hγ(x, STx (x)) = H̃γ(x, STx (x)) = 0.

It is actually H̃γ(x, STx (x)) ≤ 0 that we used in (4.40) above. One could construct the
available storage for (4.39) directly by considering the stable invariant manifold for the
Hamiltonian system associated with H̃γ:

ẋ = 1
γ2p −Gui, i = 1(2) if x ∈ X−(+)

ṗ = −x. (4.47)

We can again understand the Filippov solutions of this by looking at the orthogonal compo-
nents µ, ν as before. We now use (4.46) with i = 1 for µ < 0 and i = 2 for µ > 0 (instead of
using the sign of ν as previously). The resulting phase portrait is illustrated in Figure 4.9.
Now we see that all solutions are unique. Our (x, STx (x)), x ∈ Ω is again an invariant mani-
fold of solutions, all reaching the origin in finite time. Now however (4.47) has a whole line
segment of equilibrium points, connecting v1 and v2 along the ν-axis in Figure 4.9. Thus we
would not say that the origin is a hyperbolic critical point for (4.47)!

4.6 The implementation of the controller

Switching of green time is based on the criteria of minimizing total system delays by keeping
the total average queue lengths of all approaches as small as possible. General implementa-
tion of the control law: the green time will always start from gmin, after this initial period,
the control system compares the weighted queue lengths from the two approaches, if the
current one is still bigger, then extends the green time by one unit, then compares the queue
lengths again, until the other approach has the longer queue or the green time is reaching
gmax, the system will switch the green into the other approach, and so on. For the optimum
throughput, we may set gmax relatively big. This will prevent a few stops and save (lost)
time for acceleration and clearing. The selection of gmin and gmax is critical. Too short green
phases are impractical or useless, and too long green phases are unacceptable to the stopped
drivers of the other approach. Another (not very likely) switching point is that the queue of
the other approach is reaching its upper limit, then the green has to be switched over into
that approach unless the current approach is also reaching its upper limit. To ensure rapid
operation we may set the unit extension (or vehcile interval) as short as practical.

This leads to the following algorithm:
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Figure 4.9: Off-diagonal components of alternate Hamiltonian dynamics H̃γ

Algorithm 4.1 At each instant of time, the controller keeps track of three variables: the
two state variables representing queue lengths x1 and x2, and the time spent in the current
state Tc. Let xc be the queue length of the approach for which the current signal is green.
Let xo be the queue length of the other approach and xmax be the uplimit of xo. We assume
that the minimum green time gmin, the unit extension τ , the maximum green time gmax,
N = [ gmax−gmin

τ
] be the largest integer in the closed interval [0, gmax−gmin

τ
], the saturation

flow rate sc for the current approach and so for the other approach are specified. Then the
controller is implemented as follows:

1. when Tc ≤ gmin, stay in the current state.

2. when gmin + (k − 1)τ < Tc ≤ gmin + kτ < gmax, (k = 1, 2, · · · , N), switch state
at the end of this interval if xo ≥ xmax or scxc < soxo or stay in the current state
otherwise.

3. when Tc ≥ gmax, switch state.

The overall structure of our hybrid system (continuous-time model with FSM controller) is
shown in the block diagram of Figure 4.10.
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Figure 4.10: Block Diagram for the Hybrid System

One practical necessity is for a yellow light as a transition between green and red. Thus, for
approach A, the output of the controller can be green, yellow, or red light, and the same for
approach B. Let us define gA, yA and rA, as these output signals for approach A, and gB,
yB and rB as those for approach B. There is a relationship between various output signals,
such as gA and rB occur together, similarly yA and rB, rA and gB, and rA and yB occur
together. That means, there are four states for the control system’s FSM and there is a
single path of travel between these states. This is shown in Figure 4.11

&%
'$
gA/rB -&%

'$
yA/rB

?

&%
'$
rA/gB�&%

'$
rA/yB

6

Figure 4.11: FSM for the Simple Two-phase Intersection

The controller’s task is to decide when to perform the switch from the current state to the
next in the FSM. If we assume a fixed yellow time for both the approaches, then the controller
has only two states to worry about, gA/rB and rA/gB. We can consider the fixed yellow times
to be approximately modeled as the gmin + τ in the algorithm. Also, fast switching leads to
an additional cost in starting-up and clearing time arising from acceleration and deceleration
of vehicles. The use of gmin is also motivated by the desire to avoid fast switching during
service of two long queues of almost equal length.

The other refinement incorporated in the practical algorithm and not immediately arising
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from consideration of the H∞ controller is the use of a maximum allowed time gmax in either
state gA/rB and rA/gB states when both the queues are nonzero. This is included to avoid
infinite waiting time for any vehicle, such as the case where there is a saturated flow in
one direction at all times, and a relatively short queue of vehicles in the queue in the other
direction waiting to be served.

The simple controller we have designed can be easily implemented using a Programmable
Array Logic (PAL) sequential device [Shiva 1988] in a mixed signal device as shown in
Figure 4.12. The Init signal is for initialization and Clk signal is the clock needed for
sequential logic implementation so that the flip flops in the PAL change at the same time
after the rising edge of the clock.

Figure 4.12: Hardware for Isolated Signalized Intersection Control



Chapter 5

A Multi-phase Intersection

In general a signalized intersection can have many phases. The controller in such a situation
must decide how much time to spend in each phase and also which states to skip, depending
on real-time traffic demand. For instance, when there are no vehicles for a left turn lane,
the controller may decide to skip the left turn phase. So, at any given time, a signal timing
controller has to decide based on the current states whether it needs to change its state, and
if the controller needs to change the equations governing its behavior. However, not all state
transitions from a given state are permitted. If a transition is to occur, either the next state
is completely prescribed, or under certain conditions the controller can skip a state. Each
state of the controller FSM generates a distinct closed-loop system represented by a set of
ODEs which models the flow of competing traffic approaches at the intersection.

We start this chapter with the same intersection shown in Figure 4.1 from a different aspect
of the control variables. To distinguish the model in this chapter from the one in chapter 4,
we call the model in chapter 4 as the averaged model.

5.1 A two-phase binary control

Let U := {e1, e2} be a standard base of R2, We introduce a new control variable u ∈ U .
When u = e1, phase φ1 or approach A is green; when u = e2, phase φ2 or approach B is
green.

By the same Assumption 4.1 we can obtain the following system dynamics:{
ẋ1 = δ(x1, q1 − ( s1 0 )u)
ẋ2 = δ(x2, q2 − ( 0 s2 )u)

(5.1)

where δ(·, ·) is defined in (4.5). In the oversaturated case this simplifies to a matrix form

ẋ = q −Gu (5.2)

54
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where q and G are the same ones as in chapter 4.

As was done for the case of the averaged model, we have the similar PDS, pre-Hamiltonian,semi-
pre-Hamiltonian, and Hamiltonian. Finally, we can obtain the similar u∗(p) as for the aver-
aged model (where the minimum of the semi-pre-Hamiltonian was over u ∈ T rather than
u ∈ U)

u∗(p) =

{
u1 if p ∈ Π1 ∪ Π12

u2 if p ∈ Π2 ∪ Π12
(5.3)

where Π1,Π2 and Π12 are the same ones as in chapter 4.

And we can construct the storage function S(x) in the similar way as in chapter 4, which
solve the Hamilton-Jacobi inequality

Hr
γ (x, STx (x)) ≤ 0, (5.4)

There also are two sources of discontinuities in Hr
γ in (5.4). The first arises from the control

constraint u ∈ U that u(t) be in a finite set; thus any nontrivial state-feedback control
x→ u∗(x) = u∗(x, STx (x)) is necessarily discontinuous as a function of x. The second is the
discontinuity along xi = 0 (i = 1 or 2) resulting from the form (5.1) of the system equations
and the jump discontinuity of the function (y, v)→ δ(y, v) along {(y, v): y = 0, v < 0}. This
arises from the requirement that the dynamics maintain the physical constraint xi ≥ 0 on
the components of the state vector x.
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Figure 5.1: Abstract 2-Phase Configuration

Remark: This simple isolated intersection is actually a model for any traffic-signal configu-
ration where the detailed traffic signal control model can be condensed to a 2-phase model.
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For example, the configuration in Figure 5.1 leads to the system of differential equations

ẋ1 = δ(x1, q1 − (s1 0)u)

ẋ2 = δ(x2, q2 − (s2 0)u)
...

ẋ6 = δ(x6, q6 − (s6 0)u)

ẋ7 = δ(x7, q7 − (0 s7)u)
...

ẋ12 = δ(x12, q12 − (0 s12)u) (5.5)

Introduce aggregate variables x̃1 =
∑6
i=1 xi, x̃2 =

∑12
i=7 xi, q̃1 =

∑6
i=1 qi and q̃2 =

∑12
i=7 qi. Set

s̃1 =
∑6
i=1 and s̃2 =

∑12
i=7 si. Then system (5.5) can be written in condensed form as

˙̃x1 = δ(x̃1, q̃1 − (s̃1 0)u)
˙̃x2 = δ(x̃2, q̃2 − (0 s̃2)u). (5.6)

If our control problem is to optimize the total average queue length with respect to the
worst case of total average inflow, then we lose nothing by working with the 2-phase system
(5.6) rather than the more elaborate but redundant system (5.5). Other more complicated
intersections may be reducible to a two state model using what is known as a “workload”
formulation in the queueing theory literature.

5.2 An isolated three-phase intersection

A simple three-phase intersection is shown in Figure 5.2. There are three traffic flows of
vehicles to be served. Let us denote I = {1, 2, 3}.

State Variables:

xi: the queue length of the traffic stream in phase φi, i ∈ I

Exogenous inputs:

qi: the arrival rate of the vehicles toward phase φi, i ∈ I

Parameters:

si: the saturation flow rate of phase φi, i ∈ I

Control Variables:

Let {e1, e2, e3} be a standard base of R3. u ∈ {e1, e2, e3}: when u = e1, phase φ1 is green;
when u = e2, phase φ2 is green; and when u = e3, phase φ3 is green.
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Figure 5.2: Simple Three-phase Signalization

We assume all si (i ∈ I) to be strictly positive. All other quantities are assumed or con-
strained to be nonnegative.

Based on the same Assumption 4.1 we set up the state dynamic equations:
ẋ1 = δ(x1, q1 − [s1, 0, 0]u)
ẋ2 = δ(x2, q2 − [0, s2, 0]u)
ẋ3 = δ(x3, q3 − [0, 0, s3]u)

(5.7)

where δ(·, ·) is defined in (4.5). In the oversaturated case this simplifies to
ẋ1 = q1 − [s1, 0, 0]u
ẋ2 = q2 − [0, s2, 0]u
ẋ3 = q3 − [0, 0, s3]u

(5.8)

Similar to the discussion about projection dynamics in section 4.1, we have the projection
dynamics form of model (5.7):

ẋ = πK(x, q −Gu), x(0) = x0 ∈ Ω. (5.9)

where q = (q1, q2, q3)T , x = (x1, x2, x3)T , and Ω is a connected region of the interior of
R3+ = {x = (x1, x2, x3)T : xi ≥ 0 for i ∈ I}, and,

G =

 s1 0 0
0 s2 0
0 0 s3

.



Tungsheng Yu Chapter 5. A Multi-phase Intersection 58

Following steps similar to those in chapter 4, we form the pre-Hamiltonian

Kγ(x, p, q, u) = p1δ(x1, q1 − [s1, 0, 0]u) + p2δ(x2, q2 − [0, s2, 0]u)

+p3δ(x3, q3 − [0, 0, s3]u)− 1

2
γ2‖q‖2 +

1

2
‖x‖2 (5.10)

and compute the saddle point (q∗(x, p), u∗(x, p)) satisfying

Kγ(x, p, q, u∗(x, p)) ≤ Kγ(x, p, q
∗(x, p), u∗(x, p)) ≤ Kγ(x, p, q∗(x, p), u) (5.11)

for all state vectors x, costate vectors p, disturbances q and controls u. We only consider
state vectors x in the first quadrant: all xi ≥ 0. The PDS dynamics (5.7) maintain this for
all solution trajectories. The control vector u is limited to the set U := {e1, e2, e3}. The
costate vector p = (p1, p2, p3)T and disturbance vector q may vary throughout R3.

Substitution of q = q∗(x, p), u = u∗(x, p) into (5.10) leads to the optimal Hamiltonian

Hr
γ(x, p) = Kγ(x, p, q

∗(x, p), u∗(x, p)). (5.12)

Next, find a solution S(x) ≥ 0 of the Hamilton-Jacobi inequality

Hr
γ (x, STx (x)) ≤ 0, (5.13)

Finally we can obtain the desired control

u∗(x) = u∗(x, STx (x))

which solves the following H∞ control problem for three-phase intersections.

Definition 5.1 H∞ control problem of three-phase intersections Given a tolerance
level γ ≥ 0, to design a state-feedback control x → u∗(x) so that the resulting closed-loop
system

ẋ(t) = πK(x(t), q(t)−Gu∗(x(t)), x(0) = x0 (5.14)

satisfies the L2-gain condition

1

T

∫ T

0
‖x(t)‖2 dt ≤ γ2

T

∫ T

0
‖q(t)‖2 dt+ α(x0)

for a nonnegative function x→ α(x) with α(0) = 0.

In the oversaturated regime the pre-Hamiltonian may be written out in the more explicit
and concise form

Kγ(x, p, q, u) = pT (q −Gu)− 1

2
(γ2‖q‖2 − ‖x‖2) (5.15)
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This pre-Hamiltonian is quadratic in q with quadratic term having negative definite coeffi-
cient. Hence the maximum in q is easily computed: the critical q is given by q∗(x, p) = 1

γ2 p

and the semi-pre-Hamiltonian Hpre,γ(x, p, u) = max
q∈R3

Kγ(x, p, q, u) is given by

Hpre,γ(x, p, u) =
1

2γ2
‖p‖2 − pTGu+

1

2
‖x‖2 (5.16)

To compute the desired saddle point, it remains to compute arg minu∈U Kγ(x, p, q, u). Let us
assign Hamiltonian H1,γ(x, p) = Hpre,γ(x, p, e1), H2,γ(x, p) = Hpre,γ(x, p, e2), and H3,γ(x, p) =
Hpre,γ(x, p, e3), that is,

H1,γ(x, p) =
1

2γ2
‖p‖2 − s1p1 +

1

2
‖x‖2 (5.17)

H2,γ(x, p) =
1

2γ2
‖p‖2 − s2p2 +

1

2
‖x‖2. (5.18)

H3,γ(x, p) =
1

2γ2
‖p‖2 − s3p3 +

1

2
‖x‖2. (5.19)

The oversaturated Hamiltonian Hγ(x, p) = min
u∈U

Hpre,γ(x, p, u) is given simply by

Hγ(x, p) = min{H1,γ(x, p), H2,γ(x, p), H3,γ(x, p)}. (5.20)

Now we complete the squares in H1,γ(x, p) and H2,γ(x, p) to obtain the alternate expressions

H1,γ(x, p) =
1

2γ2
(p1 − γ2s1)2 +

1

2γ2
(p2

2 + p2
3)− γ2

2
s2

1 +
1

2
‖x‖2, (5.21)

H2,γ(x, p) =
1

2γ2
(p2

1 + p2
3) +

1

2γ2
(p2 − γ2s2)

2 − γ2

2
s2

2 +
1

2
‖x‖2 (5.22)

H3,γ(x, p) =
1

2γ2
(p2

1 + p2
2) +

1

2γ2
(p3 − γ2s3)

2 − γ2

2
s2

3 +
1

2
‖x‖2 (5.23)

An immediate observation is that the Hamilton-Jacobi inequality Hγ(x, STx (x)) ≤ 0 can
have no global solutions. Indeed from (5.21) we see that H1,γ(x, p) ≤ 0 has no solution if
‖x‖2 > γ2s2

1. Similarly, H2,γ(x, p) ≤ 0 has no solution if ‖x‖2 > γ2s2
2, and H3,γ(x, p) ≤ 0 has

no solution if ‖x‖2 > γ2s2
3.

We next compute Hγ(x, p) explicitly. For this purpose define the following regions in the
space of costates:

Π1 = {(p1, p2, p3)T : p1 > 0 and s1p1 > max(s2p2, s3p3)},

Π2 = {(p1, p2, p3)T : p2 > 0 and s2p2 > max(s1p1, s3p3)},
Π3 = {(p1, p2, p3)T : p3 > 0 and s3p3 > max(s1p1, s2p2)}.
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We denote the boundary between Π1, Π2, and Π3 by

Π12 := {(p1, p2, p3)T : s1p1 = s2p2 > s3p3, p1, p2 > 0},

Π13 := {(p1, p2, p3)T : s1p1 = s3p3 > s2p2, pi, p3 > 0},
Π23 := {(p1, p2, p3)T : s2p2 = s3p3 > s1p1, p2, p3 > 0},

Π123 := {(p1, p2, p3)T : s1p1 = s2p2 = s3p3, p1, p2, p3 > 0}.
Then it is easily checked that u∗(p) = arg min

u∈U
Hpre,γ(x, p, u) is given by

u∗(p) =


e1 if p ∈ Π1 ∪Π12 ∪Π13 ∪Π123

e2 if p ∈ Π2 ∪Π12 ∪Π23 ∪Π123

e2 if p ∈ Π3 ∪Π13 ∪Π23 ∪Π123

(5.24)

The Hamiltonian Hγ(x, p) is thus given by

Hγ(x, p) =


H1,γ(x, p) = 1

2
‖x‖2 + 1

2γ2‖p‖2 − s1p1 if p ∈ Π1 ∪Π12 ∪ Π13 ∪Π123

H2,γ(x, p) = 1
2
‖x‖2 + 1

2γ2‖p‖2 − s2p2 if p ∈ Π2 ∪Π12 ∪ Π13 ∪Π123

H3,γ(x, p) = 1
2
‖x‖2 + 1

2γ2‖p‖2 − s3p3 if p ∈ Π3 ∪Π13 ∪ Π23 ∪Π123

(5.25)
The associated Hamilton-Jacobi equation

Hγ(x, STx (x)) = 0 (5.26)

can be given piecewise by

H1,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π1 ∪Π12 ∪Π13 ∪ Π123

H2,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π2 ∪Π12 ∪Π23 ∪ Π123

H3,γ(x, S
T
x (x)) = 0 if STx (x) ∈ Π3 ∪Π13 ∪Π23 ∪ Π123

Now we begin to construct a solution S(x) of (5.26). The idea is to decompose Ω into three
polyhedrons Xi and the corresponding boundaries so that STx (x) ∈ Πi whenever x ∈ Xi,
where i ∈ I and construct S(x) by using the method of bicharacteristics of (x(t), p(t))
from (x, p) when t = 0 to (0, 0) when t = T . At the beginning, x(t) ∈ Xi, p(t) ∈ Πi

and (x(t), p(t)) will follow a Hi-bicharacteristic until the moment (t1) when x(t) reaches an
interface X i ∩Xj, (j 6= i) and p(t) also reaches the corresponding interface Πi ∩ Πj. After
t > t1, (x(t), p(t)) will follow a bicharacteristic of the Hamiltonian Hij = λHi + (1 − λ)Hj

(which corresponds to a control u = λei + (1− λ)ej ∈ U) with the parameter λ selected so
that (x(t), p(t)) will stay in (Xi × Πi) ∩ (Xj × Πj) until the moment (t2) when x(t) reaches
the top interface X1∩X2∩X3 and p(t) also reaches the corresponding interface Π1∩Π2∩Π3.
Finally following a bicharacteristic of the Hamiltonian H123 = λ1H1 +λ2H2 +(1−λ1−λ2)H3

at some finite time T , (x(t), p(t)) reaches the origin, that is, x(T ) = p(T ) = 0.
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Figure 5.3: The Process of the Bicharacteristics Construction

Let
Πj
i = {(p1, p2, p3)T : sipi > sjpj ≥ skpk ≥ 0},

thus, we have
Πi = Πj

i ∪Πk
i

where i 6= j, i, j ∈ I , and k ∈ I\{i, j}.

For example,
Π1 = Π2

1 ∪ Π3
1

where
Π2

1 = {(p1, p2, p3)T : s1p1 > s2p2 ≥ s3p3 ≥ 0},
Π3

1 = {(p1, p2, p3)T : s1p1 > s3p3 ≥ s2p2 ≥ 0}.
In the following construction, we consider p(t) ∈ Π2

1 and the process of construction can be
simply shown in Figure 5.3.

Let us denote some constants as follows

Cµi = si, i ∈ I
Cν12 =

(
1
s21

+ 1
s22

)−1
2 ,

Cν23 =
(

1
s22

+ 1
s23

)−1
2 ,

Cν13 =
(

1
s23

+ 1
s21

)−1
2 , and

Cη =
(

1
s21

+ 1
s22

+ 1
s23

)−1
2

and some vectors as follows

~µ1 = Cµ1(
1
s1
, 0, 0)T ,

~µ2 = Cµ2(0,
1
s2
, 0)T ,

~µ3 = Cµ3(0, 0,
1
s3

)T ,

~ν12 = Cν12( 1
s1
, 1
s2
, 0)T ,

~ν23 = Cν23(0, 1
s2
, 1
s3

)T ,

~ν13 = Cν13( 1
s1
, 0, 1

s3
)T , and

~η = Cη(
1
s1
, 1
s2
, 1
s3

)T .
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Then we can choose Xj
i , Xij and X123 as follows:

Xj
i = {a~η + b~νij + c~µi : a, b ≥ 0, c > 0},

= {(x1, x2, x3) : sixi > sjxj ≥ skxk ≥ 0}
Xij = {a~η + b~νij : a, b ≥ 0}, and
X123 = {a~η : a ≥ 0}

where i 6= j, i, j ∈ I , and k ∈ I\{i, j}.

Let
∑3
i=1 λi = 1, λi ≥ 0, i ∈ I , and

Hi = 1
2γ2‖p‖2 − pTGei + 1

2
‖x‖2, i ∈ I

H123 =
∑3
i=1 λiHi

= 1
2γ2‖p‖2 − pTGu∗123 + 1

2
‖x‖2

where u∗123 = (λ1, λ2, λ3)T is chosen so that X123 × Π123 is invariant for the Hamiltonian
system:

ẋ = ∂TH123

∂p
(x, p) =

1

γ2
p−Gu∗123

ṗ = −∂TH123
∂x

(x, p) = −x (5.27)

In other words, we want
Gu∗123 = C~η

where C is a constant. That is,

(s1λ1, s2λ2, s3λ3)T = CCη(
1

s1
,

1

s2
,

1

s3
)T

λi = CCη
1

s2
i

By
∑3
i=1 λi = 1,

1 =
3∑
i=1

CCη
1

s2
i

= CCη
3∑
i=1

1

s2
i

By the definition of Cη, we obtain

CCη
1

C2
η

= 1

So
C = Cη

λi =
C2
η

s2
i

.
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Therefore, we solve

H123 =
1

2γ2
‖p‖2 − CηpT ~η +

1

2
‖x‖2, (5.28)

and the associated system:

ẋ =
1

γ2
p− Cη~η

ṗ = −x (5.29)

In X123 ×Π123 we may write 
x(t) = a(t)~η
p(t) = γα(t)~η
x(T ) = p(T ) = 0

(5.30)

where a(t) and α(t) satisfy the following equations:
ȧ(t) = 1

γ
α(t)− Cη

α̇(t) = − 1
γ
a(t)

a(T ) = α(T ) = 0

(5.31)

Clearly, the above equation has the equilibrium point: α = γCη, a = 0. Since the matrix[
0 1

γ

− 1
γ

0

]
has the eigenvalues i 1

γ
and −i 1

γ
, we have the solution of the equation (5.31):

{
a(t) = −γCηsin( t−T

γ
)

α(t) = γCη(1− cos( t−Tγ ))
(5.32)

That is, the solution (a(t), α(t)) rotates clockwisely around (0, γCη) in the (a, α)-plane with
the period 2γπ.

Consider the equation
H123(ξ~η, ρ~η) = 0. (5.33)

By (5.28), we have
1

2γ2
ρ2 − ρCη +

1

2
ξ2 = 0

We can solve this equation for ρ(ξ) as

ρ(ξ) = γ2(Cη ±
√
C2
η −

ξ2

γ2
)

where ξ < Cηγ ≡ ξmax. Let us take the smaller one ρ(ξ) = γ2(Cη −
√
C2
η − ξ2

γ2 ), thus we can
obtain

S(l~η) =
∫ l

0
d
dξ
{S(ξ~η)}dξ

=
∫ l

0 Sx(ξ~η)~ηdξ

=
∫ l

0 ρ(ξ)~ηT ~ηdξ

=
∫ l

0 ρ(ξ)dξ

(5.34)
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Next let H12 = λ1H1 + λ2H2 where λi ≥ 0, λ1 + λ2 = 1. That is,

H12 =
1

2γ2
‖p‖2 − pTGu∗12 +

1

2
‖x‖2

where u∗12 = (λ1, λ2, 0)T is chosen so that X12×Π12 is invariant for the Hamiltonian system:

ẋ = ∂TH12

∂p
(x, p) =

1

γ2
p−Gu∗12

ṗ = −∂TH12
∂x

(x, p) = −x (5.35)

Thus, we want Gu∗12 = (λ1s1, λ2s2, 0)T and must be a nonnegative combination of ~η and ~ν12.
We notice that the third coordinate is 0, thus we may set

Gu∗12 = CCν12(
1

s1
,

1

s2
, 0)

λi = C
Cν12

s2
i

, i = 1, 2

By 1 = λ1 + λ2 and the definition of Cν12 , we have

C
Cν12

C2
ν12

= 1

Thus,
C = Cν12 and Gu∗12 = Cν12~ν12

Therefore, we solve

H12 =
1

2γ2
‖p‖2 −Cν12p

T~ν12 +
1

2
‖x‖2,

and the associated Hamiltonian system is

ẋ =
1

γ2
p− Cν12~ν12

ṗ = −x (5.36)

We seek a solution in [t1, t2] in X12 × Π12 which reaches X123 × Π123 at time t2. We may
write 

x(t) = a(t)~η + b(t)~ν12

p(t) = γ(α(t)~η + β(t)~ν12)
b(t2) = β(t2) = 0

(5.37)

Then the Hamiltonian system is

ȧ(t)~η + ḃ(t)~ν12 =
1

γ
α(t)~η + (

1

γ
β(t)− Cν12)~ν12

γ(α̇(t)~η + β̇(t)~ν12) = −a(t)~η− b(t)~ν12 (5.38)
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Thus, we have the following equations for a(t), α(t), b(t) and β(t):
ȧ(t) = 1

γ
α(t)

α̇(t) = − 1
γ
a(t)

a(t2) = −γCη sin t2−T
γ

α(t2) = γCη(1− cos t2−T
γ

)

(5.39)

where we use (5.32) for the initial values a(t2), α(t2). And
ḃ(t) = 1

γ
β(t)−Cν12

β̇(t) = − 1
γ
b(t)

b(t2) = β(t2) = 0

(5.40)

Solving (5.39) we get {
a(t) = a(t2) cos( t−t2

γ
) + α(t2) sin( t−t2

γ
)

α(t) = −a(t2) sin( t−t2
γ

) + α(t2) cos( t−t2
γ

)
(5.41)

It can be simplified as {
a(t) = γCη(sin( t−t2

γ
)− sin( t−T

γ
))

α(t) = γCη(cos( t−t2
γ

)− cos( t−T
γ

))
(5.42)

Solving (5.40) we get {
b(t) = −γCν12sin( t−t2

γ
)

β(t) = γCν12(1− cos( t−t2
γ

))
(5.43)

These solutions can be described in Figure 5.4, where (a(t), α(t)) rotates clockwisely around
the origin with the period 2γπ; and (b(t), β(t)) rotates clockwisely around (0, γCν12) with
the same period.

"!
# 

-a

6
α

t1`
t2`R "!

# 
-b

6
β

aγCν t1
t2

aa
R

Figure 5.4: A Decoupled Clockwise Rotations

Finally we want to solve the H1 system so that X1 × Π1 is invariant under u∗1. Note that
Gu∗1 = (s1, 0, 0)T = Cµ1 ~µ1, so we solve

H1 =
1

2γ2
‖p‖2 − Cµ1p

T ~µ1 +
1

2
‖x‖2
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and the associated Hamiltonian system is

ẋ =
1

γ2
p− Cµ1 ~µ1 x(0) = x0

ṗ = −x (5.44)

where x(t1) ∈ X12 and p(t1) ∈ Π12. Similarly to the above procedure, we write that
x(t) = a(t)~η + b(t)~ν12 + c(t) ~µ1

p(t) = γ(α(t)~η + β(t)~ν12 + θ(t) ~µ1)
c(t1) = θ(t1) = 0

(5.45)

By (5.44),

ȧ(t)~η + ḃ(t)~ν12 + ċ(t) ~µ1 =
1

γ
α(t)~η +

1

γ
β(t)~ν12 + (

1

γ
θ(t)− Cµ1) ~µ1

γ(α̇(t)~η + β̇(t)~ν12 + θ̇(t) ~µ1) = −a(t)~η − b(t)~ν12 − c(t) ~µ1 (5.46)

Thus, we have the following equations for a(t), α(t), b(t), β(t), c(t) and θ(t):
ȧ(t) = 1

γ
α(t)

α̇(t) = − 1
γ
a(t)

a(t1) = γCη(sin
t1−t2
γ
− sin t1−T

γ
)

α(t1) = γCη(cos t1−t2
γ
− cos t1−T

γ
)

(5.47)


ḃ(t) = 1

γ
β(t)

β̇(t) = − 1
γ
b(t)

b(t1) = −γCν12 sin t1−t2
γ

β(t1) = γCν12(1− cos t1−t2
γ

)

(5.48)

and 
ċ(t) = 1

γ
θ(t)− Cµ1

θ̇(t) = − 1
γ
c(t)

c(t1) = θ(t1) = 0

(5.49)

Solving (5.47) we get {
a(t) = a(t1) cos( t−t1

γ
) + α(t1) sin( t−t1

γ
)

α(t) = −a(t1) sin( t−t1
γ

) + α(t1) cos( t−t1
γ

)
(5.50)

It can be simplified as {
a(t) = γCη(sin( t−t2

γ
)− sin( t−T

γ
))

α(t) = γCη(cos( t−t2
γ

)− cos( t−T
γ

))
(5.51)



Tungsheng Yu Chapter 5. A Multi-phase Intersection 67

Solving (5.48) we get {
b(t) = γCν12(sin( t−t1

γ
)− sin( t−t2

γ
))

β(t) = γCν12(cos( t−t1
γ

)− cos( t−t2
γ

))
(5.52)

Solving (5.49) we get {
c(t) = −γCµ1sin( t−t1

γ
)

θ(t) = γCµ1(1− cos( t−t1
γ

))
(5.53)

Again the solutions (a(t), α(t)) and (b(t), β(t)) rotate around the origin with the period 2γπ
and (c(t), θ(t)) rotates around (0, γCµ1) with the same period.

Let Ω(γ) ⊂ Ω be the set of x(0)’s which can be achieved from the origin by this construction.

Given x(0) = x0 ∈ Ω(γ) ∩X2
1 we have prescribed values a(0) = a0, b(0) = b0, and c(0) = c0.

and then we can solve T, t2, t1 and α(t), β(t), θ(t) as follows.

By (5.53), we have

t1 = γ sin−1(
c0

γCµ1

), and

θ(t) = γCµ1(1− cos( 1

γ
t− sin−1(

c0

γCµ1

))).

By (5.52), we have

t2 = γ sin−1(
b0

γCν12

+
c0

γCµ1

), and

β(t) = γCν12(cos(
1

γ
t− sin−1(

c0

γCµ1

))− cos( 1

γ
t− sin−1(

b0

γCν12

+
c0

γCµ1

))).

By (5.51), we have

T = γ sin−1(
a0

γCη
+

b0

γCν12

+
c0

γCµ1

), and

α(t) = γCη(cos(
1

γ
t− sin−1(

b0

γCν12

+
c0

γCµ1

))− cos( 1

γ
t− sin−1(

a0

γCη
+

b0

γCν12

+
c0

γCµ1

))).

All above formulas make sense if and only if

a0

γCη
+

b0

γCν12

+
c0

γCµ1

≤ 1

that is,
a0

Cη
+

b0

Cν12

+
c0

Cµ1

≤ γ

Thus,

Ω(γ) ∩X2
1 = {a0~η + b0~ν12 + c0 ~µ1 ∈ Ω :

a0

Cη
+

b0

Cν12

+
c0

Cµ1

≤ γ}.
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Similar analysis can carry over to other regions, we also have

Ω(γ) ∩X3
1 = {a0~η + b0~ν13 + c0 ~µ1 ∈ Ω :

a0

Cη
+

b0

Cν13

+
c0

Cµ1

≤ γ},

Ω(γ) ∩X3
2 = {a0~η + b0~ν23 + c0 ~µ2 ∈ Ω :

a0

Cη
+

b0

Cν23

+
c0

Cµ2

≤ γ},

etc.

In general, we have the explicit form of Ω(γ):

Ω(γ) = ∪1≤i6=j≤3{a0~η + b0~νij + c0~µi ∈ Ω :
a0

Cη
+

b0

Cνij
+

c0

Cµi
≤ γ}.

The solution S(x) of (5.26) can be defined in Ω(γ) as follows

S(x(0)) =
∫ T

0
p(t) dx(t) for x(0) ∈ Ω(γ) (5.54)

along the path (x(t), p(t)) constructed above.

From (5.54) we have S(0) = 0, and it follows by an adaptation of van der Schaft’s method
[van der Schaft 1996]:

H(x, STx (x)) = H(x, p) ≡ 0

for any x ∈ Ω(γ).

Since x(t) is piecewisely smooth as constructed above, we have

S(x(0)) =
∫ T

0
p(t) ẋ(t)dt (5.55)

with the path (x(t), p(t)) whose components are of the forms (5.51), (5.52), and (5.53).
Plugging these components into (5.55), it can easily be verified that

S(x(0)) ≥ 0

for any x(0) ∈ Ω(γ).

This S(x) is constructed so that the state-feedback control x → u∗(x) = u∗(x, STx (x)) is of
the form:

u∗(x) = ei if x ∈ Xi ∪Xij ∪X123 (5.56)

where i 6= j, i, j ∈ I .

Now we may prove the following theorem.
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Theorem 5.1 Let S(x), x ∈ Ω(γ) be the function constructed as above, i.e., S(x) satisfies

H(x, STx (x)) = 0, S(x) ≥ 0, and S(0) = 0 (5.57)

Let the set-valued state-feedback x→ u∗(x) according to the rule

u∗(x) = u∗(x, STx (x)).

Then the dissipation inequality

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt (5.58)

satisfied along all trajectories (x(t), q(t)) of the closed loop system (5.14) (where the solutions
are taken in the sense of Filippov) such that the state vector x(t) remains in Ω(γ) over the
time interval [t1, t2].

In particular, the L2-gain property∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ S(x(0)) (5.59)

holds over all trajectories (x(t), q(t)) with x(t) ∈ Ω(γ) for 0 ≤ t ≤ T .

Proof Suppose that (x(t), q(t)) is a solution of (5.9), then

0 = H(x, STx (x)) = Hpre(x, p, u
∗)

where u∗ is any choice of element in u∗(x, STx (x)) and Hpre(x, p, u∗) defined in (5.16). Thus
we have

Sx(x)(q(t)−Gu∗(t))− 1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) ≤ 0

by the first inequality of (5.11), or,

d

dt
S(x)− 1

2
(γ2‖q(t)‖2− ‖x(t)‖2) ≤ 0 (5.60)

as long as x(t) remains in the region Ω(γ). Integrating (5.60) from t1 to t2, we obtain the
dissipation inequality (5.58)

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt

Now we take the time interval [t1, t2] as [0, T ] and rearrange the above inequality, this becomes

S(x(T )) ≤ γ2
∫ T

0
‖q(t)‖2 dt+ S(x(0))−

∫ T

0
‖x(t)‖2 dt
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By the fact S(x) ≥ 0, and hence S(x(T )) ≥ 0. We obtain the L2-gain property (5.59)∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ S(x(0))

This completes the proof of the theorem.

In practice, we may adapt the control law as follows: the green time will start from gmin,
after this initial period, the controller compares the weighted queue lengths sixi (i ∈ I) from
the three approaches, if the current one is still the biggest, then extends the green time by
one unit. Then it compares the weighted queue lengths again, until another approach has the
biggest weighted queue or is reaching its uplimit of queue, or the current phase is reaching
gmax. The controller will switch the green into that approach associated with the biggest
weighted queue or with the fully loaded capacity, and so on. This leads to the following
algorithm:

Algorithm 5.1 At each instant of time, the controller keeps track of the following variables:
the three state variables representing queue lengths x1, x2, and x3, and the time spent in the
current state Tc. Let xc be the queue length of the approach for which the current signal is
green. Let xio (i = 1, 2) be the queue lengths of the other two approaches, the phase associated
with x1

o be closer to the current one than the phase associated with x2
o, and ximax be the uplimit

of xio where i = 1, 2. We assume that the minimum green time gmin, the unit extension τ ,
the maximum green time gmax, N = [ gmax−gmin

τ
] be the largest integer in the closed interval

[0, gmax−gmin
τ

], the saturation flow rate sc for the current approach and sio (i = 1, 2) for the
other two approaches are specified. Then the controller is implemented as follows:

1. when Tc ≤ gmin, stay in the current state.

2. when gmin + (k − 1)τ < Tc ≤ gmin + kτ < gmax, (k = 1, 2, · · · , N)

(a) switch green into the approach associated with x1
o at the end of this interval if

x1
o ≥ x1

max,

(b) switch green into the approach associated with x2
o at the end of this interval if

x2
o ≥ x2

max,

(c) switch green into the approach associated with x1
o at the end of this interval if

scxc < s1
ox

1
o and s1

ox
1
o ≥ s2

ox
2
o,

(d) switch green into the approach associated with x2
o at the end of this interval if

scxc < s2
ox

2
o and s1

ox
1
o < s2

ox
2
o, or

(e) stay in the current state if scxc ≥ max{s1
ox

1
o, s

2
ox

2
o} and xio < ximax for both i = 1, 2.

3. when Tc ≥ gmax, switch green to the approach associated with x1
o if s1

ox
1
o ≥ s2

ox
2
o, or

to the approach associated with x2
o if s1

ox
1
o < s2

ox
2
o.
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5.3 A multi-phase intersection

��
��

��
��?

��
��

��
��

�
�

��	

@
@
@@R

@
@
@@R

�
�
��	

	�6
?

-	�6
?

�
�6
?

3+7

3+8 4+7

4+8 
� -�
?

6

��
��

��
��

?

��
��

��
��

�
�

��	

@
@
@@R

@
@
@@R

�
�
��	

1+5

1+6 2+5

2+6

? 6

?
6

�
-�

�-	� ��
-


�	-�
?

?

? ?

?
?

? ?

-
2

��
�

��
�

�6

��
�

��
�

A
AA
A
AA

A
AA
A
AA

68

?
4

�65 �?1

�-
7

��3

Figure 5.5: 8-Phase Control

A more complicated example is given in Figure 5.5. Here the traffic signal has 8 phases.
Now Let us consider a general n-phase intersection and denote In = {1, 2, · · · , n}.

State Variables:

xi: the queue length of the traffic stream in phase φi (i ∈ In)

Exogenous inputs:

qi: the arrival rate of the vehicles toward phase φi (i ∈ In)

Parameters:

si: the saturation flow rate of phase φi (i ∈ In)

Control Variables:
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Let U = {e1, e2, . . . , en} be a standard base of Rn, u ∈ U : when u = ei (i ∈ In), phase φi is
green.

We assume all si to be strictly positive where i ∈ In. All other quantities are assumed or
constrained to be nonnegative.

We denote conv U as the convex hull of U , i.e.,

conv U = {λ1e1 + λ2e2 + · · ·+ λnen :
n∑
i=0

λi = 1 and λi ≥ 0 i = 0, 1, · · · , n}.

and let Ω be a connected region of the interior of

Rn+ = {x = (x1, x2, · · · , xn)T : xi ≥ 0, i ∈ In}.

Similarly we set up the state dynamic equations:
ẋ1 = δ(x1, q1 − [s1, 0, . . . , 0]u)
ẋ2 = δ(x2, q2 − [0, s2, . . . , 0]u)

...
ẋn = δ(xn, qn − [0, 0, . . . , sn]u)

(5.61)

where δ(·, ·) is defined in (4.5). In the oversaturated case this simplifies to
ẋ1 = q1 − [s1, 0, . . . , 0]u)
ẋ2 = q2 − [0, s2, . . . , 0]u)

...
ẋ3 = qn − [0, 0, . . . , sn]u)

(5.62)

Similarly we have the projection dynamics form of the model (5.61)

ẋ = πK(x, q −Gu)), x(0) = x0 ∈ Ω. (5.63)

where G is a diagonal matrix of the form


s1

s2

. . .

sn

.

The pre-Hamiltonian is

Kγ(x, p, q, u) = pT (q −Gu)− 1

2
(γ2‖q‖2 − ‖x‖2) (5.64)

As the previous sections we have the critical q given by q∗(x, p) = 1
γ2p and the semi-pre-

Hamiltonian Hpre,γ(x, p, u) = max
q∈Rn

Kγ(x, p, q, u) is given by

Hpre,γ(x, p, u) =
1

2γ2
‖p‖2 − pTGu+

1

2
‖x‖2 (5.65)
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Let us assign Hamiltonian H1,γ(x, p) = Hpre,γ(x, p, e1), H2,γ(x, p) = Hpre,γ(x, p, e2), · · ·, and
Hn,γ(x, p) = Hpre,γ(x, p, en). Explicitly, we have

H1,γ(x, p) =
1

2γ2
‖p‖2 − s1p1 +

1

2
‖x‖2 (5.66)

H2,γ(x, p) =
1

2γ2
‖p‖2 − s2p2 +

1

2
‖x‖2. (5.67)

...

Hn,γ(x, p) =
1

2γ2
‖p‖2 − snpn +

1

2
‖x‖2. (5.68)

The Hamiltonian Hγ(x, p) = min
u∈U

Hpre,γ(x, p, u) is given simply by

Hγ(x, p) = min{H1,γ(x, p), H2,γ(x, p), · · · , Hn,γ(x, p)}. (5.69)

We may complete the squares in Hi,γ(x, p) (i ∈ In) to obtain the alternate expressions

H1,γ(x, p) =
1

2γ2
(p1 − γ2s1)

2 +
1

2γ2
(p2

2 + p2
3 + · · ·+ p2

n)− γ2

2
s2

1 +
1

2
‖x‖2, (5.70)

H2,γ(x, p) =
1

2γ2
(p2

1 + p2
3 + · · ·+ p2

n) +
1

2γ2
(p2 − γ2s2)2 − γ2

2
s2

2 +
1

2
‖x‖2 (5.71)

...

Hn,γ(x, p) =
1

2γ2
(p2

1 + p2
2 + · · ·+ p2

n−1) +
1

2γ2
(pn − γ2sn)2 − γ2

2
s2
n +

1

2
‖x‖2 (5.72)

We define the following regions in the space of costates:

Πi = {(p1, p2, · · · , pn)T : pi > 0 and sipi > max
1≤j 6=i≤n

{sjpj}}

and the corresponding regions in the state space:

Xi = {x ∈ Ω : sixi > max
1≤j 6=i≤n

{sjxj}}

Similarly to the above section where n = 3, we can construct the storage function S(x)
satisfying

H(x, STx (x)) = 0, S(x) ≥ 0, and S(0) = 0 (5.73)

when x in an appropriate region Ω(γ) ⊂ Ω.

The following theorem holds true for the n-phase intersection.

Theorem 5.2 Let S(x), x ∈ Ω(γ) be the function satisfying (5.73), and define the set-valued
state-feedback x→ u∗(x) according to the rule

u∗(x) = u∗(x, STx (x))
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Then the dissipation inequality

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt (5.74)

is satisfied along all trajectories (x(t), q(t)) of the following closed loop system:

ẋ(t) = πK(x, q −Gu∗(x)) (5.75)

(where the solutions are taken in the sense of Filippov) such that the state vector x(t) remains
in Ω(γ) over the time interval [t1, t2].

In particular, the L2-gain property∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ S(x(0)) (5.76)

holds over all trajectories (x(t), q(t) with x(t) ∈ Ω(γ) for 0 ≤ t ≤ T .

Full details of this n-phase signal control will appear in [Ball, Day and Kachroo 1997].

5.4 Conclusion

For the general n-phase intersection, we have the traffic-actuated control as follows: the green
time will start from gmin, after this initial period, the controller compares the weighted queue
lengths sixi (i ∈ In) from all n approaches, if the current one is still the biggest, then extends
the green time by one unit. Then it compares the weighted queue lengths again, until another
approach has the biggest weighted queue or is reaching its uplimit of queue, or the current
phase is reaching gmax. The controller will switch the green into that approach associated
with the biggest weighted queue or with the fully loaded capacity, and so on.

Algorithm 5.2 At each instant of time, the controller keeps track of the following variables:
the state variables representing queue lengths xi ( i ∈ In), and the time spent in the current
state Tc. Let xc be the queue length of the approach for which the current signal is green.
Let xio (i = 1, 2, · · · , n − 1) be the queue lengths of the other (n − 1) approaches, and ximax
be the uplimit of xio (i = 1, 2, · · · , n− 1). We assume that the minimum green time gmin, the
unit extension τ , the maximum green time gmax, N = [ gmax−gmin

τ
] be the largest integer in

the closed interval [0, gmax−gmin
τ

], the saturation flow rate sc for the current approach and sio
(i = 1, 2, · · · , n− 1) for the other (n− 1) approaches are specified. Then the traffic-actuated
controller is implemented as follows:

1. when Tc ≤ gmin, stay in the current state.
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2. when gmin + (k − 1)τ < Tc ≤ gmin + kτ < gmax, (k = 1, 2, · · · , N)

(a) switch green into the approach associated with xjo at the end of this interval if
xjo ≥ xjmax for i = 1, 2, · · · , n− 1

(b) switch green into the approach associated with xjo at the end of this interval if
scxc < sjox

j
o and sjox

j
o ≥ max{sioxio : i = 1, 2, · · · , n− 1}, or

(c) stay in the current state if scxc ≥ max{sioxio : i = 1, 2, · · · , n− 1} and xio < ximax
for all i = 1, 2, · · · , n− 1.

3. when Tc ≥ gmax, switch green to the approach associated with xjo if sjox
j
o ≥ max{sioxio :

i = 1, 2, · · · , n− 1}.

In case there are more than one approach satisfied the same condition, the controller will
always pick the closest phase to the current one.



Chapter 6

Traffic Network Signalization

This chapter attempts to develop new traffic models for arterial street control. In contrast
with isolated intersections, the signals must operate as a interactive system. Arterial street
control recognizes that a signal releases platoons that travel to the next signal. To maintain
the flow of these platoons, the system must coordinate timing of adjacent intersections. The
system accomplishes this by establishing a time relationship between the beginning of arterial
green at one intersection and the beginning of arterial green at the next intersection. This
permits continuous traffic flow along an arterial street and reduces delay.

6.1 A model of an arterial network

We model an arterial network as an ordered graph. The nodes of the graph correspond to
detector stations. Let I ⊂ Z+ denote the index set of the nodes. At a node there may be an
entry, exit, intersection, or only the joint of two sections. Let IO ⊂ I denote the index set of
the nodes at which there are entries or origins of the system. Let ID ⊂ I denote the index
set of the nodes at which there are exits or destinations of the system. II ⊂ I denote the
index set of the nodes at which there are intersections. A section of the system is an ordered
pair (l,m) ∈ I × I such that there is a path from node l to node m not passing another
node. Let S ⊂ I × I denote the set of sections. An origin-destination pair, usually called
OD-pair, is an ordered tuple (i, j) ∈ IO × ID, where i ∈ IO is a node with an entry or origin
and j ∈ ID is a node with an exit or destination. Let OD ⊂ IO × ID be the set of OD-pairs.
A route of the OD-pair (i, j) is a path from node i to node j. A route can be specified by
a chain of sections. A link is a chain of sections between two adjacent intersections of the
system. In general an OD-pair may admit several routes. For (i, j) ∈ OD let K(i, j) ⊂ Z+

be the index set of distinct possible routes and let R(i, j) denote the corresponding set of
routes, that is,

R(i, j) = r((i, j), k), k ∈ K(i, j)

76



Tungsheng Yu Chapter 6. Traffic Network Signalization 77

r r r

r r r

4 5 6

1 2 3

Figure 6.1: A Sample Closed Network

A route is described as a chain of sections

r((i, j), k) = (i, i2), (i3, i4), ..., (is, j).

According to Payne’s model [Payne 1971][Van Schuppen 1992], the state variables of traffic
flow are density and average speed of each section.

Denote the density of OD-pair (i, j) ∈ OD, of route number k ∈ K(i, j), and of section
(l,m) ∈ S by ρ((i, j), k, (l,m), ·) : T → R+ in vehicles per km per lane. Denote the density
in section (l,m) ∈ S by ρ((l,m), ·) : T → R+

ρ((l,m), t) =
∑

ρ((i, j), k, (l,m), t)

where the sum is over all (i, j) ∈ OD and all routes k ∈ K(i, j) that use section (l,m).

Denote the average speed of all vehicles in section (l,m) by v((l,m), ·) : T → R+. Thus, the
flow of section (l,m) can be defined as q((l,m), ·) : T → R+ in vehicles per hour.

q((l,m), t) = N(l,m)× ρ((l,m), t)× v((l,m), t)

where N(l,m) is the number of lanes of section (l,m).

Where two arterials cross at an intersection, a signal timing interlock must occur for pro-
gression along both arterials. Signal timing in closed networks conventionally features a
common cycle length. The closed topology of the network generally requires a constraint on
the offsets. The sum of offsets around each loop in the network must have sum equal to an
integral number of cycle lengths. For example, we have the following relationships for the
sample closed network in Figure 6.1:

Θ1,2 + Θ2,3 + Θ3,6 + Θ6,5 + Θ5,4 + Θ4,1 = mC
Θ1,2 + Θ2,5 + Θ5,4 + Θ4,1 = nC
Θ2,3 + Θ3,6 + Θ6,5 + Θ5,2 = (m− n)C

(6.1)

where Θi,j is the offset between nodes i and j, C is the common cycle length, m and n are
positive integers.
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Figure 6.2: A Simple Arterial Street (Σ) with Two Intersections

6.2 A simple arterial street with two intersections

A simple arterial street Σ with two intersections is shown in Figure 6.2. The problem is
formulated by using the following notation:

State Variables:
xi: the queue length of the traffic stream on approach i, i = 1, 2, 3, 4.

Exogenous inputs:
qi: the arrival flow rate on approach i, i = 1, 2, 3, 4.

Parameters:
si: the saturation flow rate on approach i, i = 1, 2, 3, 4.

Control Variables:
U ≡ {u1, u2, u3, u4}: when u = u1, approaches 1 and 3 are green; when u = u2, approaches
1 and 4 are green; when u = u3, approaches 2 and 3 are green; and when u = u4, approaches
2 and 4 are green; We may normalize the four possible control settings to be the four
standard basis vectors u1 = ( 1 0 0 0 )T , u2 = ( 0 1 0 0 )T , u3 = ( 0 0 1 0 )T ,
u4 = ( 0 0 0 1 )T in R4,

We assume all links are single lanes, all vehicles have no turns but go straightly downstream,
and all si(i = 1, 2, 3, 4) to be strictly positive. All other quantities are assumed or constrained
to be nonnegative.

Various models are possible, depending on the underlying assumptions. However, from the
theory of dissipative systems, the interconnected system Σ is expected to be dissipative,
since both Σ1 and Σ2 are dissipative.
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6.3 Cascade connection without delay

Assume that the flow served at intersection 1 is delivered instantaneously to intersection 2
to add to the queue there. Following steps similar to those in section 4.1, we arrive at the
state dynamic equations

ẋ1 = δ(x1, q1 + (−s1 −s1 0 0)u)
ẋ2 = δ(x2, q2 + (0 0 −s2 −s2)u)
ẋ3 = δ(x3, q3 + (s1 sgn(x1)− s3 s1 sgn(x1) −s3 0)u)
ẋ4 = δ(x4, q4 + (0 −s4 0 −s4)u)

(6.2)

where δ is defined in (4.5) and

sgn(y) =

{
1, y > 0
0, y = 0

for a variable y constrained to satisfy y ≥ 0.

The system (6.2) can be written in vector notation to

ẋ = δ(x, q −G(x, u)) (6.3)

where x = (x1, x2, x3, x4)T , q = (q1, q2, q3, q4)T , δ(x, y) = (δ(x1, y1), δ(x2, y2), δ(x3, y3), δ(x4, y4))T ,
and

G(x, u) =


s1 s1 0 0
0 0 s2 s2

s3 − s1 sgn(x1) −s1 sgn(x1) s3 0
0 s4 0 s4

u.

We didn’t model the link capacity in (6.2), the model will not work when the demand of the
link between two intersections exceeds the maximum capacity of the link. That is, when the
queue in approach 3 spills back to intersection 1, the model (6.2) is no longer valid and we
have a jam condition. In this situation, the flow through intersection 1 cannot be served,
even in the presence of a green signal. Practically the green phase should turn to favor
approach 3 and approach 2. This scenario leads to the more complicated model:

ẋ1 = δ(x1, q1 + ( −s1 −s1 0 0 )u sgn(`− x3))
ẋ2 = δ(x2, q2 + ( 0 0 −s2 −s2 )u)
ẋ3 = δ(x3, q3 + ( s1 sgn(x1)− s3 s1 sgn(x1) −s3 0 )u)
ẋ4 = δ(x4, q4 + ( 0 −s4 0 −s4 )u sgn(`− x3))

(6.4)

where ` is the maximum queue length allowed in the link between two intersections.

We have the similar matrix format to (6.3) but here

G(x, u) =


s1 sgn(`− x3) s1 sgn(`− x3) 0 0

0 0 s2 s2

s3 − s1 sgn(x1) −s1 sgn(x1) s3 0
0 s4 sgn(`− x3) 0 s4 sgn(`− x3)

 u.
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Remark 1: The models (6.2) and (6.4) may not be feasible for the traffic network, but they
are useful models for some queueing networks where the transition time between nodes can
be ignored compared to the total delay on the network.

Theorem 6.1 The interconnected system Σ in (6.2) is dissipative

Proof: For simplicity, we take γ = 1.

According to chapter 4, we know that both Σ1 and Σ2 are dissipative, that is, there are two
storage functions S1 and S2 such that

S1(x(t2))− S1(x(t1)) ≤
1

2

∫ t2

t1
(‖q1‖2 + ‖q2‖2 − ‖qo‖2 − ‖z2‖2)dt (6.5)

where qo is the output from Σ1 to Σ2 and z2 is the other output from Σ1 in approach 2.

S2(x(t2))− S2(x(t1)) ≤
1

2

∫ t2

t1
(‖qo‖2 + ‖q3‖2 + ‖q4‖2 − ‖z3‖2 − ‖z4‖2)dt (6.6)

where z3 and z4 are the outputs from Σ2 in approach 3 and 4, respectively.

Adding (6.5) and (6.6) together, we have

S1(x(t2)) + S2(x(t2))− S1(x(t1))− S2(x(t1)) ≤ 1
2

∫ t2
t1

(‖q1‖2 + ‖q2‖2 + ‖q3‖2 + ‖q4‖2

−‖z2‖2 − ‖z3‖2 − ‖z4‖2)dt

Setting S(x) = S1(x) + S2(x), we obtain

S(x(t2))− S(x(t1)) ≤
1

2

∫ t2

t1
(‖q1‖2 + ‖q2‖2 + ‖q3‖2 + ‖q4‖2 − ‖z2‖2 − ‖z3‖2 − ‖z4‖2)dt

That is,

S(x(t2))− S(x(t1)) ≤
1

2

∫ t2

t1
(‖q‖2 − ‖z‖2)dt

where z = (z2, z3, z4)T .

Therefore, Σ is dissipative with respect to the supply rate s(q, z) = ‖q‖2 − ‖z‖2.

This completes the proof.

6.4 Cascade connection with delay

Assume that the average travel time between intersections 1 and 2 is τ . Then the rate
of increase of the queue length at intersection 2 attributable to the release of traffic at
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intersection 1 is actually equal to the flow served at intersection 1 at τ units of time earlier. If
we ignore the possibility of gridlock, this scenario leads to the following dynamical equations:

ẋ1 = δ(x1, q1 + ( −s1 −s1 0 0 )u)
ẋ2 = δ(x2, q2 + ( 0 0 −s2 −s2 )u)
ẋ3 = δ(x3, q3 + s1 sgn(x1)u1(· − τ )− s3u1 + s1 sgn(x1)u2(· − τ )− s3u3)
ẋ4 = δ(x4, q4 + ( 0 −s4 0 −s4 )u)

(6.7)

where u1, u2, u3, u4 represent the components of the vector u = ( u1 u2 u3 u4 )T at a given
time t. The presence of the time delay τ in parts of the control vector in these equations
makes this case difficult to handle mathematically.

The system (6.7) can be written in vector notation to

ẋ = δ(x, q −G(x, u)) (6.8)

where x, q, and δ are defined as in (6.2), but

G(x, u) =


s1u1 s1u2 0 0

0 0 s2u3 s2u4

s3u1 − s1 sgn(x1)u1(· − τ ) −s1 sgn(x1)u2(· − τ ) s3u3 0
0 s4u2 0 s4u4

 .

If we consider the maximum queue limit (`) in the middle link between two intersections, we
have the following model:

ẋ1 = δ(x1, q1 + ( −s1 −s1 0 0 )u sgn(`− x3))
ẋ2 = δ(x2, q2 + ( 0 0 −s2 −s2 )u)
ẋ3 = δ(x3, q3 + s1 sgn(x1)u1(· − τ )− s3u1 + s1 sgn(x1)u2(· − τ )− s3u3)
ẋ4 = δ(x4, q4 + ( 0 −s4 0 −s4 )u sgn(`− x3))

(6.9)

and thus the corresponding G(x, u) for the matrix format (6.8) is

G(x, u) =


s1u1 sgn(`− x3) s1u2 sgn(`− x3) 0 0

0 0 s2u3 s2u4

s3u1 − s1 sgn(x1)u1(· − τ ) −s1 sgn(x1)u2(· − τ ) s3u3 0
0 s4u2 sgn(`− x3) 0 s4u4 sgn(`− x3)

 .

6.5 Networking with link dynamics.

We introduce another state variable ρ as the density of the middle link between two inter-
sections. We assume a maximum average velocity vf and a maximum density ρmax. Then we
may use the simple average velocity model proposed by Greenshield [McShane and Roess 1990],

v = vf (1− ρ

ρmax
)

.
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Assumption 6.1 The dynamic rate of the link density represents exactly the difference be-
tween the incoming vehicles per km per hour and the exiting vehicles per km per hour at the
link.

This Assumption leads to the differential equation

ρ̇ = ( s1 s1 0 0 )u sgn(x1(ρmax − ρ))− vf(1−
ρ

ρmax
)ρ.

Since ρmax implies the maximum queue length allowed in the middle link, it is natural to
model the link capacity in this case. Therefore, we develop the following network model with
link dynamics:

ẋ1 = δ(x1, q1 + ( −s1 −s1 0 0 )u sgn(ρmax − ρ))
ẋ2 = δ(x2, q2 + ( 0 0 −s2 −s2 )u)
ρ̇ = ( s1 s1 0 0 )u sgn(x1(ρmax − ρ))− vf(1− ρ

ρmax
)ρ

ẋ3 = δ(x3, q3 + vf(1− ρ
ρmax

)ρ+ ( −s3 0 −s3 0 )u)

ẋ4 = δ(x4, q4 + ( 0 −s4 0 −s4 )u sgn(ρmax − ρ))

. (6.10)

In the oversaturated case the system (6.10) can be written in vector notation to

ẋ = q −G(x, u) (6.11)

where x = (x1, x2, ρ, x3, x4)T , q = (q1, q2, 0, q3, q4)T , u = (u1, u2, u3, u4)T , and

G(x, u) =


s1sgn(ρmax − ρ) s1sgn(ρmax − ρ) 0 0

0 0 s2 s2

−s1 sgn(x1(ρmax − ρ)) −s1 sgn(x1(ρmax − ρ)) 0 0
s3 0 s3 0
0 s4 sgn(ρmax − ρ) 0 s4 sgn(ρmax − ρ)

 u

+


0
0
−1
1
0

 vf(1−
ρ

ρmax
)ρ.

6.6 Some results for a class of queueing networks

Queues are a common aspect of any irregular process operating in an environment with
limited capacity. A queueing network consists of a service facility that provides service
of some kind to arriving customers. The service facility requires a certain time to serve
each customer and is capable of serving only a limited number of customers at a time. If
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customers arrive faster than the facility can serve them, they must wait in a queue for the
facility. In the traffic network, customers are vehicles and servers are the transportation
infrastructure such as links and intersections. In the computer network, customers are data
and servers are the internet infrastructure such as routes, local-area networks, wide-area
networks, network file servers, and computers. Congestion will occur in the system if there
is sufficient irregularity.

We may set up the state dynamic equations for a class of queueing networks satisfying the
following assumption:

Assumption 6.2 The dynamic rate of the queue length at each node represents exactly
the difference between the arrival rate and the service rate at that node, as long as either
the queue length to be served is positive or the arrival rate is greater than the service rate;
Otherwise, there is no queue dynamics for the node

Now we can extend the above traffic network models to this class of the queueing network
with the matrix form:

ẋ = δ(x, q −G(x, u)) (6.12)

where x(t) and q(t) take values in the first orthant Rn+, u(t) takes values in the admissible
control set U which is assumed to be the finite set U = {ei: i = 1, . . . , n} consisting of the
standard basis vectors ei (i = 1, 2, . . . , n) in Rn. G(x, u) is continuous in u and measurable
in x with a typical form G(x, u) = g(x)u + f(x). The vector-valued function δ(x, y) =
(δ(x1, y1), δ(x2, y2), · · · , δ(xn, yn))T .

The L2-gain control problem of the queueing network (6.12) can be defined as

Definition 6.1 (State-feedback L2-gain problem of the queueing network) (6.12):

Given a tolerance level γ ≥ 0, to design a state-feedback control x → u∗(x) so that the
resulting closed-loop system

ẋ(t) = δ(x(t), q(t)−G(x(t)), u∗(x(t)), x(0) = x0 (6.13)

satisfies the L2-gain condition∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ α(x0)

for a nonnegative function x→ α(x) with α(0) = 0.

We denote conv U as the convex hull of U , and let Ω be a connected region of the interior
of Rn+. For simplicity, we consider the oversaturated case with the dynamics:

ẋ = q − g(x)u− f(x) (6.14)
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where g(x) is a measurable function and f(x) is a continuous function. So the solutions of
this differential inclusion (6.14) is in the sense of Filippov.

We define Hamiltonian function H(x, p) as

H(x, p) = sup
q

inf
u∈U
{pT (q − g(x)u− f(x))− 1

2
(γ2‖q‖2 − ‖x‖2}, (6.15)

and Hi(x, p) as

Hi(x, p) = sup
q
{pT (q − g(x)ei − f(x))− 1

2
(γ2‖q‖2 − ‖x‖2)} (6.16)

= 1
2γ2‖p‖2 − pT g(x)ei − pT f(x) + 1

2
‖x‖2. (6.17)

Then, we have
H(x, p) = min

i=1,2,...,n
Hi(x, p).

Note that the minimum over u ∈ U and the minimum over u ∈ conv U of the pre-
Hamiltonian

Hpre(x, p, u) := sup
q
{pT (q − g(x)u− f(x))− 1

2
(γ2‖q‖2 − ‖x‖2} (6.18)

are the same since Hpre(x, p, u) is linear in u.

Theorem 6.2 Consider the L2-gain problem (6.1). Let H(x, p) be the Hamiltonian function
as defined in (6.15) and S(x) be a piecewise smooth real-valued function satisfying

H(x, STx (x)) = 0, S(x) ≥ 0, S(0) = 0 (6.19)

for all x ∈ Ω.

Define u∗(x, p) to be the set

u∗(x, p) = {u ∈ conv U :Hpre(x, p, u) = H(x, p)},

and define the set-valued state-feedback x→ u∗(x) according to the rule

u∗(x) = u∗(x, STx (x))

Then the dissipation inequality

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt (6.20)

is satisfied along all trajectories (x(t), q(t)) of the closed loop system (6.13) (where the solu-
tions are taken in the sense of Filippov) such that the state vector x(t) remains in Ω over
the time interval [t1, t2].
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In particular, the L2-gain property∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ S(x(0)) (6.21)

holds over all trajectories (x(t), q(t)) with x(t) ∈ Ω for 0 ≤ t ≤ T .

Proof Suppose that S(x) is a piecewise smooth solution of the Hamilton-Jacobi equa-
tion (6.19) with the side conditions S(0) = 0 and S(x) ≥ 0 on the region Ω, and suppose
that (x(t), q(t)) is a solution of (6.13), then

0 = H(x, STx (x)) = Hpre(x, S
T
x (x), u∗) (6.22)

where u∗ is any choice of element in u∗(x, STx (x)).

Using p = STx (x) and u = u∗ in (6.18) we then have

Sx(x)(q − g(x)u∗ − f(x))− 1

2
(γ2‖q‖2 − ‖x‖2) ≤ Hpre(x, S

T
x (x), u∗) = 0 (6.23)

for all q and u∗.

In particular, take u∗(t) as the element in the set u∗(x, STx (x)) associated with the solution
(x(t), q(t)), then an application of (6.23) gives

Sx(x)(q(t)− g(x(t))u∗(t)− f(x(t)))− 1

2
(γ2‖q(t)‖2 − ‖x(t)‖2) ≤ 0

or,
d

dt
S(x(t))− 1

2
(γ2‖q(t)‖2− ‖x(t)‖2) ≤ 0 (6.24)

as long as x(t) remains in the region Ω. Integrating (6.24) from t1 to t2, we obtain the
dissipation inequality (6.20)

S(x(t2))− S(x(t1)) ≤
∫ t2

t1

1

2
(γ2‖q(t)‖2− ‖x(t)‖2) dt

Now we take the time interval [t1, t2] as [0, T ] and rearrange the above inequality, this becomes

S(x(T )) ≤ γ2
∫ T

0
‖q(t)‖2 dt+ S(x(0))−

∫ T

0
‖x(t)‖2 dt

By the fact S(x) ≥ 0, and hence S(x(T )) ≥ 0. We obtain the L2-gain property (6.21):∫ T

0
‖x(t)‖2 dt ≤ γ2

∫ T

0
‖q(t)‖2 dt+ S(x(0))

This completes the proof of Theorem 6.2.

We may reduce the construction of a solution to Hamilton-Jacobi equation (6.19) to solve a
system of ordinary differential equations, as we did for the isolated signal intersection. This
method is commonly known as the method of bicharacteristics in the nonlinear H∞-control
literature (see [van der Schaft 1996] and [Ball,Day and Kachroo 1997]).
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6.7 Conclusion

Apart from the delay terms appearing in the case of (6.7) and (6.9), common features of
all problems in this class of queueing networks which are not addressed in the standard
nonlinear H∞ control literature up to now are: (1) boundary dynamics, i.e., discontinuities
in the dynamics caused by the constraint that the state vector remain in the physically
prescribed constraint set (see [Dupuis, Ishii and Soner 1990] more on this feature) and (2)
a finite admissible control set. It will be a challenge to develop some effective numerical
algorithms for solving such complicated dynamic systems as (6.4), (6.9) and (6.10).



Chapter 7

Conclusions and Future

Traffic congestion has been cited as the major problem in today’s traffic management. It
has far-reaching economic, social and political effects. Intelligent Transportation Systems
research and development programs have been assigned the task of developing sophisticated
techniques and counter-measures to reduce traffic congestion to manageable levels. This
goal makes it necessary for traffic signalization models to capture the dynamic nature of the
traffic flow through intersections and networks. This thesis has made some progress toward
the goal. We developed state space models for both isolated multi-phase intersections and a
class of queueing networks, formulated H∞ problems for the control systems with persistent
disturbances, presented the projection dynamics aspects of the problem to account for the
constraints on the state variables, formally to study this problem as a hybrid system; and
also derived traffic-actuated feedback control laws for the multi-phase intersections.

A dynamical system has finite L2-gain if it is dissipative in some sense. Therefore, the H∞-
control problem turns to designing a controller such that the resulting closed loop system is
dissipative, and correspondingly there exists a storage function.

For the nonlinear traffic system, the theory of dissipative systems provides an interesting
vehicle to explore the robust feedback solutions. The energy storage function, which measures
the energy that may be extracted from the system, serves as a Lyapunov function to imply
stability. This function satisfies Hamilton-Jacobi inequality. The existence of such a function
further implies that the closed-loop system has L2-gain less than or equal to a pre-specified
constant level γ. Solving the nonlinear state space H∞ problem refers to finding a control
u = l(x) which will guarantee a smallest bounded L2-gain for the system.

Though we have mathematically presented a robust feedback solution for the traffic signal-
ization, our controller needs some field tests before any physical implementation.

In conventional systems, full realization of benefits of traffic signalization depends on the
frequent updating of signal plans to optimize traffic flow, but it is labor intensive and costly.
Therefore, it is nice to have “adaptive” property in the signal controller, so that the system
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has the capability to automatically change the signal timing in response to both short term
and longer term variations in traffic conditions. The adaptive system can save a lot of
human and financial resources to update the system’s databases. That is, an adaptive
control strategy promises significant improvement in currently used traffic signal control
mechanisms to provide:

• The best possible signal timing in all types of traffic situations, and

• Update signal timings with limited effort.

Of course, the big challenge is to design practical adaptive controllers which provide good
attenuation of disturbances, are robust to unmodeled dynamics, and are computationally
tractable.
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