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(Abstract)
This dissertation presents three different aspects of the incorporation of
directionality into the Monte Carlo ray-trace (MCRT) environment: (1) the development
of a methodology for using directional surface optical data, (2) the measurement of the
bi-directional reflectivity functions for two different surfaces, and (3) MCRT simulations
performed using these directional data sets.
The methodology presented is based upon a rigorous analytical formulation and is
capable of performing simulations of radiation exchange involving directional emission,
absorption and reflection given the bi-directional reflectivity functions (BDRF) of the
participating surfaces.

A wavelet compression technique is presented for the

management of extremely large directional data sets.

The BDRFs of two different

surfaces were acquired using a Surface Optics Corporation model SOC-250 bi-directional
reflectometer. These data were processed according to the methodology presented and an
MCRT code was used to simulate the action of the SOC-250 in measuring radiant energy
reflected from the surfaces of the two samples when illuminated by the source of the
SOC-250. Another MCRT code was used to simulate the radiant energy reflected into a
plane at the exit of an open-ended rectangular box when the entrance to the box is
illuminated by source of the SOC-250. The RMS error between the MCRT simulations
of sampling using the SOC-250 and the measured data were determined and then divided
by the mean BDRF level of the measured data (RMS/mean[ρ]) to provide an estimate of
ii

convergence. The RMS/mean[ρ] was observed to fall from as much as 138 to 0.84 for
the aluminum substrate coated with Krylon Shortcuts Hunter Green Satin aerosol paint as
the number of energy bundles emitted in the MCRT simulation went from 103 to 106 at an
incident zenith angle of 40 deg. The RMS/mean[ρ] was observed to fall from as mch as
2.2 to 0.2 for th Norton (150 Fine grit) all-purpose sandpaper coated with Krylon
Shortcuts Hunter Green Satin aerosol paint as the number of energy bundles emitted in
the MCRT simulation went from 103 to 106 at an incident zenith angle of 40 deg.
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Chapter 1 Introduction
Presented in this work are bi-directional reflectivity data for several surfaces as
well as a means for efficient use of these data in Monte Carlo ray-trace codes.
Directional surface optical data such as those presented here are valuable for a number of
reasons. The bi-directional reflectivity data by itself can be integrated and manipulated to
acquire all of the other surface optical properties of interest for radiation exchange
calculations.

Also, in the realm of radiative analyses, the lack of knowledge of

directional properties has been recognized as a limiting factor in the development of more
accurate radiometric sensors [Bakumenko et al., 2002] as well as in the accurate
prediction of infrared images that can be used in maximizing an aircraft’s infrared
survivability [Puttré,2001].
A growing awareness of changes in the Earth’s biosphere provoked by human
activity has let to increased interest in means for monitoring these changes. Mankind has
begun to realize that the pollution and physical changes that humanity has forced on the
environment may cause the destruction of many plant and animal species through
unforeseen and undesirable changes in the Earth’s climate. This realization has led
governments and scientific communities around the world to take a serious look at the
factors which affect the Earth’s radiation budget (ERB), the balance between incident
solar radiation and radiation reflected and emitted by the Earth. Key in the determination
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of this ERB is the set of radiometric sensors employed on the ground as well as onboard
aircraft and orbiting satellites.

The design of future sensors could benefit from

knowledge of and an ability to use directional surface optical data [Nerry et al., 2002].
Directional surface data could also be used to maximize the infrared survivability
of military aircraft. In the twentieth century, air superiority has become the dominating
factor in the theatre of conventional warfare [Taylor, 1999]. Billions of dollars and
hundreds of millions of man-hours are being spent on the development of advanced
attack aircraft, and yet, for all of these efforts, aircraft are still highly vulnerable to
infrared targeted surface-to-air missiles (IR-SAMs) such as the heat-seeking Stinger
missile shown in Figure 1.1 [http://www.fas.org/man/dod-101/sys/land/stinger.htm].
Because of heat-seeking weaponry of this type, it is important not only that directional
data be gathered on the surfaces and coatings intended to minimize infrared signatures,
but also that an efficient means of using these data be found so that that infrared
performance can be optimized in a timely manner.

Figure 1.1 US soldier aiming a Stinger IR – SAM [www.fas.org].
Directional surface optical data are extensive, bulky, and difficult to manage
quickly. The technique presented in this dissertation represents an effort to find an
efficient means of storing and using measured data as opposed to trying to formulate
generic models for a limitless number of surface representations. It should be noted,
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however, that this work employs a version of the Monte Carlo ray-trace method that is
valid only as long as the wavelength of the radiation of interest is not on the same length
scale as the variations in surface topography. In the case where the wavelength is much
larger than the surface features, the radiation can be assumed to follow the rules of optical
ray tracing governing interactions with these surfaces.

1.1 Interaction between surfaces and incident radiant energy
When radiant energy is incident to a surface, it is affected by the details of that
surface (e.g., surface finish, material type, the presence of a coating, accumulated dirt,
etc). In the Monte Carlo ray-trace (MCRT) environment, the influence that these surface
details have upon radiation incident to a surface are encapsulated within the optical
properties that describe that surface.
The first law of thermodynamics can be used to demonstrate that all of the
thermal radiation incident to the surface of an object must be reflected, absorbed, or
transmitted through the material of the object. In other words, the amount of radiant
energy incident to a surface and the total of the amounts of energies reflected, absorbed
and transmitted by that surface are related according to,
Incident = Reflected + Absorbed + Transmitted

(1.1)

Normalizing Equation (1.1) by the amount of the incident radiant energy yields,

1=

Reflected
Absorbed
Transmitted
+
+
Incident
Incident
Incident

(1.2)

or,
1=

+

+

(1.3)

where ρ is the reflectivity, α is the absorptivity, and τ is the transmissivity of the surface.
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The reflectivity, absorptivity and transmissivity are functions of a number of
variables including the temperature of the surface, the wavelength band of the incident
radiation, and the direction of incident radiation. Although the effort reported here
concerns itself only with the four angles that describe the incident and reflected directions
of radiant energy, the technique developed here can be extended to include all of the
variables that influence surface optical properties.

It should be noted that the

methodology described in this work is limited to opaque surfaces, i.e. the radiant energy
incident to a surface is either reflected or absorbed—none of the energy is transmitted
through the material ( τ = 0).
1=

+

(1.4)

1.2 Bi-directional reflectivity
It has already been noted that surface optical properties such as the reflectivity are
dependent upon several variables. The variables of interest to this work are the four
angles that define the incident and reflected directions. In a polar coordinate system, two
angles are necessary to define a direction vector to or from a surface. The first of these
angles, the zenith (θ), is measured with respect to the surface normal and the second
angle, the azimuth (φ), is measured in the plane of the reflecting element with respect to
some reference vector tangent to the surface. These angles are illustrated in Figure 1.2.

θi
n̂

θr

φr

φi = 0 deg

t1

t2

Figure 1.2 Direction angles in polar coordinate system.
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A reflection, as defined by ASTM standard E1392-90, is the radiant flux that has
been redirected over a range of angles by interaction with a surface. For most surfaces,
the reflection is dependent upon the two angles describing the incident direction as well
as the two angles describing the reflected direction. The reflectivity of a surface must
therefore be considered to be directionally dependent, and since it is dependent upon two
directions, it is referred to as the bi-directional reflectivity. In this dissertation, tabulated
measurements of the bi-directional reflectivity are referred to as a bi-directional
reflectivity function (BDRF).
This discussion of the property reflectivity should make it clear that any attempt
to model reflections from surfaces should at least consider the dependency of reflectivity
upon direction.

While simplifying assumptions can be made in many engineering

applications, the two main applications of this effort involve instances in which the
directionality of surface properties must be considered. The property, bi-directional
reflectivity, is developed in more detail in Chapter 2.

1.3 Specular, diffuse, and “dusty mirror” models
In his book, Mahan [2002] states that in some practical applications it is not
unreasonable to use diffuse, specular, or some combination of diffuse and specular
components to approximate reflections from surfaces making up an enclosure. In fact,
most of the MCRT codes in operation today use one or more of these approximations to
simulate radiation exchange between surfaces.

Specular is a descriptive term that refers to a mirror-like reflection, as illustrated
in Figure 1.3(a).

Specularly reflected radiant energy leaves a surface in the plane

containing both the vector representing the incident direction and the normal to that
surface. The projection in the surface of the vector representing the direction of the
reflected energy is directed 180 deg away from the projection onto the surface of the
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vector representing the direction of the incident radiation. The zenith angle associated
with the vector in the direction of the specularly reflected radiation is the same as that of
the vector representing the incoming radiant energy.
The diffuse reflection model assumes that the incident radiation is equally likely
to be reflected in any direction, with a strength independent of the incident direction. In
this model, the reflected intensity would be equal in all possible directions into the
hemisphere above the surface, as illustrated in Figure 1.3(b). For the case where none of
the energy is absorbed by the surface, the sum of the reflected energies would equal the
incident radiant energy.
Some models incorporate components of both the specular and the diffuse
models. Mahan [2002] calls this merging the “ dusty mirror” model, and suggests that in
certain cases it can be assumed with some degree of accuracy that the true reflection is
the sum of diffuse and specular components; that is,

≅

d

+

s

(1.5)

This “ dusty mirror” model is illustrated in Figure 1.3(c) alongside the two simpler
representations of surface reflections discussed above. For the illustrations in Figure 1.3,
incident radiant energy is shown in red, specular reflections are in green and diffuse
reflections in blue. The normal vector to each surface is shown in black and labeled as
such.

(a)

n̂

θi

(b)

n̂

(c)

n̂

θr

Figure 1.3 Models for surface reflections: a) specular, b) diffuse and c) dusty
mirror.
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1.3.1 Problems with these models
The specular, diffuse, and dusty mirror models are all approximations of true
surface reflections, and many real engineering problems exist where they do not apply.
In particular, reflections from surfaces that have been machined to produce repetitive
topographies having distinct alignments should not be modeled by any of the three
approximations described in the previous section. Surfaces of this type are almost certain
to produce reflections that are highly dependent upon the direction of incidence and so
cannot be modeled by the specular, the diffuse, or even the dusty mirror model to any
high degree of accuracy.
Even when modeling relatively smooth surfaces, these models have discrepancies
between what they predict and what really occurs. For instance, Lafortune et al. [1997]
state that most common surfaces which have diffuse and specular attributes will reflect
differently as the angle of incidence changes. As the angle of incidence approaches
grazing, specularity increases and the diffuse component decreases.

Most of the

applications of the specular, diffuse, or dusty mirror models fail to take this change in the
relative magnitudes of the specular and diffuse components into account when
determining reflected directions.
Another problem with these models is the manner in which they all deal with the
surface properties of absorptivity and emissivity. These properties, like reflectivity, are
directional in nature. The surface properties absorptivity and emissivity, however, are
directional only over a single hemisphere. All three of the approximate models described
previously treat both the absorption and the emission of radiant energy as a diffuse or
non-directional event. Therefore, if either of these two properties plays a significant role
in a particular analysis, it may not be appropriate to use these approximations.
The methodology described in the current effort, while computationally more
expensive than these models, is more accurate in that it treats the directionality not only
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of surface reflections, but also that associated with absorption and emission. Typically,
absorption and emission are treated using a value obtained from the integration of the
directional properties over the appropriate hemisphere. The methodology presented in
this work is capable of modeling the reflections, emissions and absorption of radiant
energy associated with Earth scenes as viewed from orbit as well as that associated with
jet engine hot parts as they might be viewed from the detector of an IR-SAM.

1.4 Applications
1.4.1 Radiometric sensor design
One application of the current effort is in the area of radiometric sensor design.
Radiometric sensors are instruments that measure the radiant energy arriving at their
apertures. Sensors of this type are used in many heat transfer applications, such as the
measurement of the Earth’s Radiation Budget (ERB). Figure 1.4 shows the balance
among incident solar radiation and radiant energy emitted and reflected by the Earth.
The ability to use directional surface optical data in radiation exchange simulations of
enclosures would help to improve the accuracy of the next generation of cavity-based
radiometric sensors.

Figure 1.4 Earth's Radiant Energy Balance [www.larc.nasa.gov].
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Radiometric sensors employed at the surface of the Earth, in orbit, or onboard
airborne vehicles play a key role in helping scientists determine how changes in the ERB
affect the Earth’s climate. Knowledge of, and the ability to use, directional surface
properties makes it possible to more accurately model surface radiation interactions
within the cavities of the radiometric sensors used by these scientists.

Figure 1.5 Radiometric sensors aboard the ERBS satellite [www.larc.nasa.gov].
One of the largest sources of uncertainty in the data acquired by the ERB
radiometric sensors is the effect the directionality of the surface coatings used in their
detectors has on the intensity read by those detectors. This work should allow designers
to more accurately simulate the performance of the sensors and help to improve the data
recovery models for sensors onboard satellites like the one shown in Figure 1.5.

1.4.2 Determination/mitigation of infrared vulnerabilities
Improving strategic air power has traditionally meant the development of
intercontinental-range bombers and nuclear weapons as a means of deterrence. However,
the 1990 Gulf War symbolized a gigantic leap forward in the use of high-tech offensive
aircraft to achieve strategic results independent of land forces. One such aircraft, an F16, is shown firing a Maverick missile during an air-to-ground weapons evaluation in
Figure 1.6 [www.af.mil]. The success of attack aircraft such as the F-16 means not only
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that future military conflicts can be expected to be dominated by the struggle for
superiority in the skies, but also that those anti-aircraft defenses shown to be most
effective during the Gulf War will become increasingly more common and effective.

Figure 1.6 F16 firing an AGM-65D Maverick air-to-surface missile.
A report to the commerce committee of the House of Representatives accounting
for aircraft survivability during the Gulf War shows that certain types of ground-based
defenses did manage to cause difficulties for Allied forces. It is estimated that 70 percent
of the US aircraft casualties were sustained by either anti-aircraft artillery (AAA) or IRSAM defenses [Hinton, 2002]. Table 1.1 from the cited report shows the breakdown of
aircraft casualties in the 1990 Gulf War, as well as their causes. A casualty in this table is
defined as either damage to or total loss of an aircraft. This table shows that IR-SAMs
were the second largest threat posed to Allied aircraft during the Gulf War. One-third of
all aircraft casualties were due to heat-seeking ground-based missiles, and although AAA
defenses generated the most total casualties, IR-SAM defenses were more likely to result
in the complete loss of an aircraft.

Infrared search and track software and

instrumentation is a technology that is improving in leaps and bounds and which is
extremely cost effective when the value of the aircraft and aircrew they target is taken
into account.
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Radar SAM

IR SAM

AAA

Others

Total

Lost

10

13

9

6

38

Damaged

4

15

24

5

48

Combined Casualties

14

28

33

11

86

% of Total Casualties

16%

33%

38%

13%

-

Table 1.1 1990 Gulf War Aircraft Casualty Rates [data borrowed from GAO report
nsiad97134].
Portable IR-SAMs are relatively inexpensive, and so it can be expected that they
will be employed in greater number in any future military conflicts. Therefore, it is
imperative that emphasis be placed on research efforts aimed at improving aircraft
infrared survivability. Among the tacks that may be taken to accomplish this are the
application of special coatings or machined surfaces to aircraft engine hot parts and the
development of flight doctrine designed to minimize infrared observability by
maintaining a certain aircraft profile with respect to known IR-SAM defenses.
Embedded in both of these approaches to the survivability problem is the assumption that
designers and strategists have an accurate knowledge of the aircraft’s infrared signature
when viewed from all directions. The technique described in this work provides a tool
that could help in the development of new stealth materials and doctrine by allowing
designers and strategists to use knowledge of a surface’s directional property data to
improve the accuracy of the infrared signatures they use in their design and decision
making.

1.5 Goals of the current research
The goals of the current research effort are to:
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Develop a methodology that will fully incorporate directionality into Monte Carlo
ray-trace codes in an efficient manner. This methodology is then used to:

•

Simulate the measurement of sample surfaces as measured by an SOC-250
reflectometer.

•

Investigate the importance of directional properties in “ multiple bounce”
analyses.

•

Investigate the effects of “ thresholding” on wavelet representations of
BDRFs.

Chapter 2 Review of radiation physics
Students of thermodynamics learn that systems exchange energy with their
surroundings through interactions called work and heat. Heat is the energy interaction
within or between bodies due to a difference in temperature. The term “ heat transfer,”
when used to describe this interaction, is superfluous, but it is still the most common
description of this phenomenon. Classical heat transfer focuses on three types, or modes,
of energy exchange: 1) conduction—the diffusion of heat energy through a medium, 2)
convection—the propagation of heat through a medium by bulk motion, and 3) radiation
—the transport of heat energy by electromagnetic waves.

Radiation heat transfer,

thermal radiation in particular, is the focus of this dissertation.

2.1 Thermal radiation
Thermal radiation is electromagnetic energy emission that occurs due solely to the
temperatures of the emitting body. The temperatures of interest here should be in terms
of an absolute temperature, such as the Kelvin or Rankine scales. Using these scales, it is
then possible to observe that an object with an absolute temperature of zero (Kelvin or
Rankine) would emit no radiant energy at all. Again, thermal radiation is transported by
electromagnetic waves, and can be emitted by an object with a finite temperature in the
presence, or even the absence, of a surrounding medium. In fact, several interesting
examples of radiation heat transfer take place in the absence of an intervening medium
between the participating bodies. One important example of this is a radiometric sensor
13
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operating onboard satellites orbiting the Earth—any heat energy it receives is transported
by radiation in the form of electromagnetic waves through the vacuum of space.
Thermal radiation includes a wavelength range that is only a small portion of the
full electromagnetic spectrum.

In this work, thermal radiation refers to any

electromagnetic radiation, emitted solely as a result of the temperature of an object, with
wavelengths greater than 0.1 µm and less than 100 µm. An illustration of how thermal
radiation fits into the full electromagnetic spectrum can be seen in Figure 2.1. Thermal
radiation spans wavelengths that include the ultraviolet, visible and the infrared regions
of the spectrum. Although the data presented in this work were acquired only in the near
infrared, the technique applied to those data can be used for any wavelength or band in
the thermal radiation region of the electromagnetic spectrum.
Thermal Radiation
Cosmic
Rays

Ultraviolet

Infrared
Near
Far

Visible

X-rays
10-8

0.1

0.4

0.7

Broadcast
Radio
Radar

100

1010 λ(µm)

Figure 2.1 The electromagnetic spectrum [Mahan, 2002].

2.1.1 Blackbody radiation
One special case of a body emitting thermal radiation is that of a blackbody.
Blackbodies have the characteristics of being perfect absorbers and ideal emitters. As a
perfect absorber, blackbodies collect all of the radiant energy arriving at their surfaces,
regardless of direction or wavelength, without reflecting any of it. Planck [1959] states
that in order for this condition to be met, any blackbody must have three key features: (1)
a bounding surface that passes all thermal radiation incident to it, (2) a finite thickness
which is inversely proportional to the absorbing abilities of the object, and (3) a
vanishingly small scattering coefficient within the material of the object itself so as to
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prevent any small amount of energy from being reflected back out through the black
surface.
Blackbodies are also described as ideal emitters; i.e., no object with the same
temperature can emit more radiant energy in a particular direction than can a blackbody.
The first person to describe the emission of radiant energy from a blackbody was the
German physicist Josef Stefan in 1879. Using data available in the literature at the time,
Stefan deduced that blackbody emission had to be proportional to the absolute
temperature raised to the fourth power. Soon after this, Ludwig Boltzmann—an Austrian
physicist and one of Stefan’s students—derived the same result using classical
thermodynamics.

The resulting model has since come to be known as the Stefan-

Boltzmann law of radiation heat transfer,
q = T 4 (W/m 2 )

2.1

where q is the emitted power per unit area, T is the absolute temperature in Kelvin and
= 5.67 × 10-8 W/m 2 ⋅ K 4 is the Stefan-Boltzmann constant. More information on the
development of this model can be found in Planck [1959] as well as in standard texts
such as Mahan [2002].
Radiation emitted from the surfaces of real objects differs from that emitted by a
blackbody at the same temperature. Therefore Equation 2.1 needs to be modified before
it can be applied to a real surface. Generally, the modifier is a scaling factor ε called the
emissivity. Inserting this modifier into Equation 2.1 gives,
q=

T 4 (W/m 2 )

2.2

where q is now the emissive flux with an efficiency ε by a real surface at some absolute
temperature, T.

The emissivity of real surfaces is usually dependent upon several

variables (e.g., surface temperature, wavelength, direction, etc.).

Dwight E. Smith

Chapter 2 Review of radiation physics

16

2.1.2 Solid angles
Consider the differential planar surface element shown in Figure 2.2a.

When

performing a radiation exchange analysis for this element, it is often necessary to speak
of the amounts of radiant energy passing through a certain imaginary sector of the
hemisphere above a surface element. The path of a portion of the radiant energy leaving
or arriving at the surface element is confined by a cone, which has as its vertex the center
of the surface element. The circular area of intersection of the cone and the hemisphere
divided by the square of the radius of the hemisphere is defined as the solid angle
subtended by that hemispherical sector on the surface element. The solid angle has the
units of steradians, abbreviated sr, and is noted by the symbol ω in this work.
rsinθdφ

z

z

rdθ
dS

θ
dA

dω

dω

dA
r

x

y

r

φ

dφ

y

x

(a)

(b)

Figure 2.2 Solid angle as shown by (a) cone, and (b) polar coordinates [Mahan,
2002].
While the previous illustration is useful for understanding the definition of a solid angle,
it is more convenient analytically to describe it in terms of the zenith and azimuth angles
introduced previously ( θ and φ , respectively).
the definition of the solid angle as, as, d ω =

Mahan [2002] and other authorities give

dS cos β
r2

2.3

where d ω is the differential solid angle subtended by the projection of the area element
dS on the surface element dA a distance r away. Assigning an arbitrary orientation to dS,
then β is the angle between the surface normal at dS and the line connecting the centers
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of dS and dA. The cosine of this angle is taken so as to determine the projection of dS in
the direction of dA. Figure 2.2b shows that it is possible to make the substitution,
dS = r 2 sin θ dθ dφ

2.4

recognizing that cos β = 1 and dividing through by r2 gives,
d ω = sin θ dθ dφ

2.5

2.1.3 Intensity
Having defined the solid angle, it is now possible to speak of the spectral intensity
of a surface element. The term spectral, synonymous with monochromatic, describes
radiation in a differential wavelength band, d λ , about some wavelength λ . The spectral
intensity, iλ (θ , φ , λ ) , of a surface element is the power per unit wavelength in a
wavelength band d λ centered on λ , per unit projected area of the source, per unit solid
angle in the direction, θ , φ ,
d 3 P (θ , φ , λ )
iλ (θ , φ , λ ) =
(W/m 2 ⋅ sr ⋅ m)
dA cos β A d ω d λ

2.6

where d 3 P (θ , φ , λ ) is the power (W) in the differential solid angle d ω (sr), d λ is the
wavelength band ( m ), and β A = θ is the angle between the normal to the source and the
direction, θ , φ .

It should be noted that while the intensities of real surfaces are

directional, the blackbody spectral intensity ibλ (λ , T ) is independent of direction; Mahan
[2002] and others use a thought experiment to prove this result.

2.1.4 Emissive Power
The emissive power of a planar surface element is dependent upon direction as
well as wavelength. From Mahan [2000], the differential directional, spectral emissive
power is given by,
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2.7

Combining Equation 2.6 with Equation 2.7 results in,

dEλ = iλ (θ , φ , λ ) cos θ d ω (W/m 2 ⋅ µ m)

2.8

where β A = θ . The directional, spectral emissive power is then,

eλ (θ , φ , λ ) =

dEλ
= iλ (θ , φ , λ ) cos θ (W/m 2 ⋅ sr ⋅ µ m)
dω

(2.9)

2.2 Surface interaction: optical properties
Anyone who has come back to a tightly closed car on a sunny day has been a
witness to several types of interactions between radiation and surfaces. Solar radiation is
chiefly concentrated in the shorter wavelengths; in fact, the peak wavelength is in the
middle of the visible spectrum. The glass used to make the windshields and windows of
a car is nearly transparent to incident solar radiation with these shorter wavelengths.
Therefore, the incident solar energy is mostly transmitted through the glass and much of
it is absorbed within the interior of the car. The heated interior then re-emits the energy,
but since the temperature of the interior is very low compared to solar temperatures, the
wavelengths of the radiation emitted by the interior are much longer. Glass is opaque to
these longer wavelengths, which are therefore reflected back into the car instead of being
transmitted through.

This example of how radiation interacts with various surfaces

shows the importance of the optical behavior of materials as well as its dependence upon
variables such as temperature and wavelength.
The optical behavior invoked in the previous paragraph is summarized by a series
of related parameters commonly referred to as “ surface optical properties.” Although
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referred to as “ surface” properties throughout this work, it should be noted that this is a
simplification of the truth. In reality, the operations of reflection, transmission, and
emission of radiant energy take place at the surface as well as in the material layers
beneath it. For example, in the case of reflection, subsurface scattering and secondsurface effects often contribute significantly to the total reflected energy, as shown in
Figure 2.3. Because of the way these properties are measured and used in this work,
however, it is conventional to think of them only as “ surface” interactions.
Direct reflection
Sub-surface scattering
2nd surface effects
Incident radiation

Figure 2.3 Contributions to reflected radiant energy.

2.2.1 Transmissivity (in brief)
The surface optical property transmissivity is defined as the fraction of the radiant
energy incident to a surface that is transmitted through that surface, as used in Equation
1.2. While many practical engineering applications exist in which this property plays an
important role, for the two main applications of this work the role of transmissivity is
sufficiently minor to be considered negligible. For the wavelengths studied in this work,
all surfaces will be considered to be opaque.

2.2.2 Emissivity
The property emissivity ε , introduced in Equation 2.2, is a scaling factor that
relates how well a real surface emits radiation when compared to a blackbody at the same
temperature. The property may take on any value in the range between zero and unity,
where unity implies that the surface is itself a blackbody.

Although emissivity is

generally a function of temperature, wavelength, and direction, this work treats it as being
dependent only upon direction. This means that the temperature and wavelength ranges
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of interest are sufficiently small that variations with these parameters can be considered
negligible.

2.2.2.1 Directional, spectral emissivity
The directional, spectral emissivity is the ratio of the directional, spectral emissive
intensity of a surface to the blackbody spectral intensity if both surfaces are at the same
temperature that is,

ε λ'(θ , φ , λ ) =

iλ ,e (θ , φ , λ )

2.10

ibλ (λ , T )

The ‘e’ in the subscript of the spectral intensity stands for ‘emission’ and the prime ( ')
superscript on the emissivity reflects that this is a directional property. The dependence
of this property on direction can be seen in Figure 2.4.

The directional, spectral

emissivity is dimensionless.
0
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ε
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Figure 2.4 Distribution of directional emissivity for several metals [Sparrow and
Cess, 1978].
The directional, spectral emissivity is said to be diffuse if, over some range of
directions, it is independent of direction. For example, in Figure 2.4, Bismuth could be
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considered to be diffuse over the range 0 < θ < 20 . Over this range of zenith angles the
spectral emissivity of Bismuth is,

ε Bi ,λ (λ ) ≅ 3.38, 0<θ <20

2.11

2.2.2.2 Hemispherical, spectral emissivity
Mahan [2002] introduces a hemisphericalizing operator that can be used to
integrate a directional property over 2π space,

H [ g ′(θ , φ )] ≡

1

π

2π

g ′(θ , φ ) cos θ d ω

2.12

where g ′(θ , φ ) is the directional property of interest. Hemisphericalizing the directional,
spectral emissivity removes the directionality,

H [ε λ′ (θ , φ , λ )] =

1

π

2π

ε λ′ (θ , φ , λ ) cos θ dω

2.13

leaving only a dependence upon wavelength,

ελ =

1

π

2π

ε λ′ (θ , φ , λ ) cos θ dω

2.14

2.2.3 Absorptivity
The absorptivity of a surface α was first introduced in Equation 1.2 as the
fraction of incident radiant energy absorbed by a surface. This property, like emissivity,
is also directional and wavelength dependent.
between zero and unity.

Absorptivity may take on any value

Unity implies a perfect absorber (a blackbody) and zero
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describes a perfect reflector (recall that in this work, surfaces are considered to be
opaque).

2.2.3.1 Directional, spectral absorptivity
The directional, spectral absorptivity is the fraction of incident radiant energy that
is absorbed per unit wavelength band d λ centered on λ , per unit surface area, per unit
solid angle d ωi around the direction θi , φi ,

α λ′ (θ , φ , λ ) =

d 3 Pa (θ i , φi , λ , Ta )
iλ ,i (λ )dA cos θ i d ωi d λ

2.15

where d 3 Pa (θ i , φi , λ , Ta ) is the power absorbed (W), iλ ,i (λ ) is the incident intensity from
direction θi , φi , and the subscripts ‘i’ and ‘a’ refer to ‘incident’ and ‘absorbed,’
respectively.

2.2.3.2 Hemispherical, spectral absorptivity
Using the hemisphericalizing operator on the directional, spectral absorptivity
results in,
H [α λ′ (θ , φ , λ )] =

1

π

2π

α λ′ (θ , φ , λ ) cos θ dω

2.16

or,

αλ =

1

π

2π

α λ′ (θ , φ , λ ) cos θ dω

2.17

2.2.4 Reflectivity
The two surface optical properties discussed to this point, emissivity and
absorptivity, are directional only with respect to a single hemisphere of directions. In the
case of emissivity, this is the hemisphere of emission, so directions are out-going. The
reflectivity ρ , the fraction of incident radiant energy that is reflected, is dependent upon
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two directions. Therefore, it is necessary to consider both an incident hemisphere and a
reflected hemisphere when discussing the directionality of reflectivity. As noted in
Chapter 1, the directional form of this property is often called the bi-directional
reflectivity. The bi-directional reflectivity ρ ′′ is perhaps the most important of the
surface optical properties because it can be manipulated to determine values for the other
surface properties, and it is valuable in its own right for predicting reflected directions in
MCRT codes.

diλ,r(λ,θi,φi,θr,φr)

n

iλ,i(λ,θi,φi)
dωi

θr

θi
φi

dωr

t1
φr

dA

t2
Figure 2.5 Coordinate system for bi-directional reflectivity [Mahan,2002].
2.2.4.1 Spectral, bi-directional reflectivity
In order to come to a full understanding of the spectral, bi-directional reflectivity,
it will be necessary to first consider the relevant coordinate system, shown in Figure 2.5.
This is a spherical coordinate system, so direction vectors are given by noting the zenith
and azimuth angles, as described in Chapter 1. Since now two directions are relevant, the
incident and the reflected directions, it will be necessary to distinguish between them.
Figure 2.5 shows an association with the incident direction by using a subscript ‘i’ and an
association with the reflected direction by using the subscript ‘r.’ The surface area
element, dA, is shown in blue and the two solid angles about the incident and reflected
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directions are shown as gray cones with vertices located at the center of area element dA.
As this area element can potentially be located anywhere within an enclosure and because
the bi-directional reflectivity of that area element is dependent upon the local coordinate
system, it is necessary to generalize the coordinate system used for each element. The
coordinate system has been generalized in terms of the normal vector to dA and two
tangent vectors located in the plane of dA; these three vectors form the three axes of the
local orthogonal coordinate system. This arrangement allows for a conversion back to
global coordinates once all surface interactions have been performed.
Solving for the power per unit surface area, per unit wavelength interval d λ
centered on λ from Equation 2.6 and observing that β A = θ i results in,
d 3 P (θ , φ , λ )
= iλ (θ , φ , λ ) cos θ i d ω (W/m 2 ⋅ m)
dAd λ

2.18

The spectral, bi-directional reflectivity is then defined as the differential fraction of
intensity reflected into a solid angle d ωr about direction θ r , φr due to an incident flux
from the solid angle d ωi about direction θi , φi in wavelength interval d λ centered on λ ,

ρλ′′ (θi , φi ,θ r , φr , λ ) =

diλ ,r (θi , φi , θ r , φr , λ )
(sr -1 )
3
d P(θi , φi , λ )
dAd λ

2.19

or upon substitution of Equation 2.18,

ρ λ′′ (θi , φi ,θ r , φr , λ ) =

diλ ,r (θ i , φi , θ r , φr , λ )
iλ ,i (θi , φi , λ ) cos θ i d ωi

(sr -1 )

2.20

Mahan [2002] and others use another thought experiment to develop the reciprocity
relationship for the spectral, bi-directional reflectivity,

ρ λ′′ (θi , φi ,θ r , φr , λ ) = ρλ′′ (θ r , φr ,θi , φi , λ )

2.21
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This is a very useful result that will be discussed further in Chapter 3. The differential
intensity term in the numerator of Equation 2.20 is representative of the sometimes
vanishingly small amounts of energy reflected into directions other than the major
specular direction. The double prime ( '
') on ρ ′′ is used to denote a dependency on two
directions.
It should be noted that the bi-directional reflectivity, unlike the other surface
properties, is not dimensionless. The bi-directional reflectivity has the units of inverse
solid angle, sr-1. Also, if thought is given to the construction of Equation 2.20 it should
be apparent that the bi-directional reflectivity is not constrained to the range from zero to
unity. In fact, for certain situations the bi-directional reflectivity can be significantly
larger than unity. As an example, consider the case where the intensity and incident solid
angle are finite and held constant—as they would be in a reflectometer. In this instance,
the denominator can get vanishingly small as the cosine weighting factor approaches zero
when θi nears grazing. This is not a violation of the first law of thermodynamics,
however, since in any integration over the reflected hemisphere the bi-directional
reflectivity is multiplied by another cosine weighting factor—the second cosine factor is
an integral part of the reflected solid angle—that serves to ensure that the directionalhemispherical reflectivity is less than unity.
In order to be useful in any practical sense, it is necessary to determine and
tabulate large numbers of measurements of the bi-directional reflectivity.

As was

mentioned earlier in this chapter, in this work these tabulated data will be referred to as a
BDRF, a bi-directional reflectivity function. However, in the current literature it is not
uncommon to see references to BRDFs, or bi-directional reflectivity distribution
functions. The BRDF, as discussed by Mahan [2002], is usually given by,
Rλ (λ , θ i , φi , θ r , φr ) ≡

2π

π /2

φr = 0 θ r = 0

iλ ,r (λ , θ i , φi , θ r , φr )
iλ ,r (λ , θ i , φi , θ r , φr ) cos θ r d ωr

2.22
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Mahan also develops a means for converting this BRDF to a BDRF, but that derivation is
not repeated here. Caution should always be used when the literature refers to some
tabulated form of the bi-directional reflectivity, because definitions vary beyond those
listed here. In this work, however, the definition expressed by Equation 2.20 is used
consistently.

2.2.4.2 Spectral, directional-hemispherical and bi-hemispherical reflectivities
A single instance of the hemisphericalizing operator used on the spectral, bidirectional reflectivity will remove its dependence upon one direction only. If we then
choose to apply the hemisphericalizing operator to remove the dependency on reflected
directions we will arrive at,

ρλ′ (θi , φi , λ ) =

2π

π /2

φr = 0 θ r = 0

ρλ′′ (θi , φi ,θ r , φr , λ ) cos θ r dωr

2.23

Equation 2.23 is the definition of the spectral, directional-hemispherical reflectivity. The
single prime ( ') refers to a dependence upon the incident direction only.
Using the hemisphericalizing operator on Equation 2.23 removes the dependence
on the incident direction as well, leaving only the spectral, bi-hemispherical reflectivity,

ρ λ (λ ) =

2π

π /2

φi = 0 θi = 0

ρλ′ (θi , φi , λ ) cos θi dωi

2.24

This is the form of reflectivity most often reported in undergraduate heat transfer texts,
and is generally referred to as simply the ‘reflectivity’ in these texts.

2.2.4.3 Applying Kirchoff’s law
Both the spectral, directional-hemispherical reflectivity and the spectral, bihemispherical reflectivity can be used to determine corresponding forms of absorptivity
and emissivity. Recalling Equation 1.4,
1= ρ +α

1.4
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which can be applied to both instances, a direct link can be seen between the two forms
of reflectivity and corresponding forms of absorptivity,

α λ′ (θi , φi , λ ) = 1 − ρ λ′ (θi , φi , λ )

2.25

α λ ( λ ) = 1 − ρ λ (λ )

2.26

and,

Kirchoff’s law can be invoked to show that,

α λ′ (θi , φi , λ ) = ε λ′ (θi , φi , λ )

2.27

which can be hemisphericalized to give,

α λ ( λ ) = ε λ (λ )

2.28

With Equations 2.27 and 2.28, Equations 2.25 and 2.26 can be extended to relate
reflectivity to both absorptivity and emissivity.

Chapter 3 Review of radiative analysis
Radiation, unlike either the convection or the conduction modes of heat transfer,
has been developed rigorously from well-established physical laws rather than being
based on observations (at least for the case of black-bodies.) It might be considered
surprising, then, that radiation exchange is given minimal coverage in most texts as
compared with either conduction or convection. The reason for this, however, is that
multi-dimensional radiation exchange is an extremely complex phenomenon and the
applicable equations are often difficult or even impossible to solve.

However,

engineering approaches to multidimensional problems have been developed.

3.1 The net exchange method
The most widely used approach to solving problems involving radiation exchange
among surfaces is the net exchange method. In the net exchange method, the real
problem is approximated by a model that can be solved exactly using sets of deterministic
equations. It should be noted, however, that even though an exact solution to the model
can be obtained, the model itself may not necessarily be true to the real problem. Despite
this apparent weakness, the net exchange method has been in use for over fifty years.
Mahan [2002] dates the appearance of the first textbooks to discuss this approach as early
as the 1950s, and notes that attempts were made to improve the technique in 1965. The
interested reader desiring details on the method is referred to one of the many textbooks
[Siegel et al. (1981), Sparrow et al. (1978)] in which it is treated.
28
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3.1.1 Diffuse formulation
The earliest versions of the net exchange method to appear employed a modifier
called a configuration (shape, angle, view, etc.) factor in its formulation. Essentially, the
method consists of combining a set of equations for each surface in the enclosure into one
large system of equations that can be solved simultaneously. The equation set for each
enclosure is based on the total diffuse radiant energies leaving, the net heat flux for that
surface, and the temperatures of surfaces in the enclosure. The two approximations in
this formulation of the net exchange method that do the most to limit its accuracy are: 1)
all surface interactions are assumed to be diffuse, and 2) none of the surfaces in the
enclosure have wavelength-dependent properties.

3.1.2 Diffuse/specular formulation
The diffuse/specular formulation of the net exchange method seeks to overcome
at least one of the approximations that weakened the first. In this version of the net
exchange method, reflections are considered to have both a diffuse and a specular
component in an attempt to better approximate true reflections. This type of approach to
the treatment of surface reflections is described in Chapter 2, where it is identified as the
dusty mirror model. Emission and absorption are still treated diffusely, however, and no
wavelength dependence is considered. While both the diffuse and the dusty mirror
versions of the net exchange method can be made to incorporate a dependence on
wavelength, the means for doing so is cumbersome, as explained by Mahan [2002].

3.2 The Monte Carlo ray-trace (MCRT) Method
It has already been stated that multi-dimensional radiation exchange is an
extremely complicated task to handle. However, even the most complicated of problems
can sometimes be broken down into manageable sub-problems. For example, one might
be visually challenged to follow the masses of people on their way to or from a kiosk or
ticket counter at a major sporting event. It is much easier to select only one individual to
follow as he moves about. Just as the pedestrian traffic at the sporting event is made up
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of the summation of the movements of separate individuals, radiation exchange can be
viewed as the summation of the behavior of a large number of separate energy bundles.
Analytical approaches to radiation exchange problems exist, and though some of
these solutions are only applicable to a very limited problem set, they are all
deterministic. In other words, none of these approaches expressly involves any random
element or variable. These approaches also all have in common that they are all usually
difficult to solve for other than simple geometries or well-behaved boundary conditions.
When confronted with a deterministic problem to which no solution is easily obtained,
mathematicians often turn to stochastic, or probabilistic, methods. One such probabilistic
approach is the Monte Carlo method, which can be used to solve a variety of stochastic or
deterministic problems by simulation of events.

3.2.1 Brief history of the Monte Carlo method
Hammersley et al. [1964] define the Monte Carlo method as that branch of
experimental mathematics that deals with random numbers. Often, theory can expose the
general structure of a problem without providing a means for solving a specific instance
of that problem. In cases like this, Hammersley suggests that the deterministic problem
be restated as a probabilistic representation, the solution of which is readily obtainable.
When Monte Carlo simulations are used in this manner, Hammersley refers to them as a
sophisticated Monte Carlo method.
The name and development of what is known today as the modern Monte Carlo
method is generally recognized as beginning in the 1940s. However, the idea of using
statistical experiments to infer solutions to deterministic and probabilistic problems has
been around for ages.

The value of π was first inferred in 1777 from statistical

experiments in which a needle was tossed onto a board ruled with parallel straight lines
as shown in Figure 3.1. In these experiments, a pin of unit length is dropped between two
parallel lines separated by a unit distance. The pin will touch one of the lines if the
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distance between the midpoint of the pin and either of the lines is less than or equal to
1
sin θ . Figure 3.1 shows how the value of π is related to the probability of the pin
2
landing on one of the lines. The shaded area in the graph on the bottom right of Figure
3.1 represents the probability that the pin will touch one of the lines. Later, several
individuals in the late 1800s—one of them a soldier in the American Civil War, one Capt.
Fox—were credited with repeating this inference [Hammersley, 1964]. These instances
of statistical experiments were sporadic and never pursued to fulfillment. It was not until
the collaboration of Stanislaw Ulam and John von Neumann that the modern Monte
Carlo method was born.
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Figure 3.1 Illustration of the needle problem (an early statistical experiment).
Ulam and von Neumann were among the intellects gathered to work at Los
Alamos Scientific Laboratory on the famous Manhattan Project.

Both men made

substantial contributions to the effort that led to the development of the first atomic bomb
near the end of the Second World War. One of their most famous contributions is the
development of the modern Monte Carlo method, which they used to predict neutron
diffusion through fissile materials. John von Neumann and Stanislaw Ulam are credited
with being the first to realize the potential applications of computers to solving Monte
Carlo problems. Their effort is widely recognized as the birth of the modern Monte Carlo
method.
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Since that time, Monte Carlo methods have been applied to a wide range of
problems in several fields. Scientists and engineers have used computers and Monte
Carlo codes to solve problems as varied as simulating the spread of epidemics, studying
ecological competition, or war-gaming. The Monte Carlo method, and in particular the
use of computers in modern Monte Carlo techniques, is of importance to this work
because of its application to the problem of radiation heat transfer among surfaces in an
enclosure. According to Mahan [2002] the first application of Monte Carlo methods to
radiation heat transfer were carried out by J.R. Howell and M. Perlmutter in 1964.
Presently, MCRT codes are taking advantage of high-speed computing and parallel
processing to run experiments with millions of experiments. Modern Monte Carlo codes
have become an efficient means for solving difficult radiation exchange problems.

3.3 Monte Carlo Ray Tracing
When applying Monte Carlo techniques to radiation exchange, the deterministic
physical process must be divided up into a number of basic elements, or energy bundles,
whose behavior can be described stochastically. It is therefore necessary to know the
probabilities that describe their behavior and the physical laws they must obey. For
example, the behavior of the energy bundles is assumed to be governed by the values of
measured surface optical properties interpreted as probabilities, and to travel between
surfaces subject to the laws of optics. Because of this, the application of the Monte Carlo
method to radiation exchange is often referred to as the Monte Carlo ray-trace (MCRT)
method, even though the basic entities being traced are energy bundles rather than rays.
Because of the stochastic treatment of the behaviors of the energy particles, it is
possible to use MCRT simulations for a wide range of radiation exchange problems. In
fact, it is possible to consider three-dimensionality, wavelength dependence,
directionality, arbitrary geometries, etc.—that is, all of the considerations that limit
conventional theoretical solutions. The flexibility of the MCRT method has long been
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overshadowed by the cost in the number of computations required to obtain an accurate
solution, but with the development of high-speed computing and parallel processing, this
no longer poses the limitations that it has in the past.
The number of ways of formulating an MCRT code is limited only by the number
of programmers available to write the codes. Therefore, it is necessary to define the
process by which the MCRT codes in this work function. Mahan and his students have
developed one of the modifications to Equation 2.2 that make it possible to incorporate
the Monte Carlo method into radiation heat transfer. Equation 2.2,
q=

T 4 (W/m 2 )

2.2

describes only the emitted flux of some real surface. It does not deal with the net
exchange of radiation at that surface due to emissions from the surface as well as the
reflection and absorption of radiation incident to that surface.
Eskin [1981] redefined this equation to describe the radiant power Qijk emitted in
wavelength interval ∆λk by a surface i and absorbed by a surface j as,
Qijk = ε ik Aiσ Ti 4 Dijk

λk +∆λk

ebλ (λ , T j )d λ (W)

(3.1)

λk

where ε ik is the band-averaged, hemispherical emissivity, Ai is the surface area of
emission, Ti is the temperature of surface i, Dijk is the band-averaged radiation
distribution factor, and ebλ is the spectral blackbody emissive power. Mahan[2002]
defines the band-averaged radiation distribution factor as the fraction of the total
radiation emitted in the wavelength band ∆λk by a surface i that is absorbed at a surface j
due to direct radiation and all possible reflections within an enclosure.
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The band-averaged radiation distribution factor is an important tool, arguably
much more important than either the configuration factor or the exchange factor. The
reasoning behind the argument is the following: (1) configuration/exchange factors are
difficult to calculate in non-trivial geometries, (2) their application is generally limited to
the diffuse or dusty mirror models, and (3) using them usually requires the inversion of a
large ill-conditioned matrix. Distribution factors, on the other hand, can be determined
readily using stochastic means for even the most complicated of enclosure (including
enclosures with obstructions, something that can’t be done for shape factors), they can
incorporate fully directional surface properties, and using them requires inversions of
smaller matrices or, in some instances, no matrix inversion at all.
Band-averaged radiation distribution factors are determined by performing a
number of stochastic experiments in which radiation in a specified spectral bandwidth is
modeled as a large number of energy bundles. To simulate radiation exchange between
surfaces, large numbers of these energy bundles are emitted from one surface and each
bundle is followed until it is absorbed by some surface within the enclosure. Bundles
moving between surfaces obey the laws of optical ray tracing, and interactions between
bundles and surfaces are modeled by treating each surface optical property as a
probability of occurrence. For example, a surface that has a measured value of 0.3 for
hemispherical emissivity would be treated as having a 30-percent chance of absorbing
any energy bundle striking it. A random number uniformly distributed between zero and
unity is drawn for each interaction to determine the outcome. In this example, if the
random number that is drawn is less than or equal to 0.3 then the energy bundle is
absorbed by that surface; otherwise it is reflected. After a suitably large number of these
bundles have been fired, it is possible to construct the distribution factor between the
emitting surface and any other surface in the enclosure simply by forming the ratio of the
number of energy bundles absorbed by the receiving surface to the total number of
energy bundles emitted by the sending surface. This fraction represents an estimate of
Dijk , the fraction of total energy emitted that is absorbed by the receiving surface, that is,
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(3.2)

The MCRT method is used as a tool in this dissertation to investigate the
dependence on directionality of surface-radiation interactions. This chapter is intended to
provide the reader with a general, rather than a comprehensive, understanding of the
method. For a more in-depth development of the radiation distribution factor and its use,
the reader is referred to Mahan [2002].

Chapter 4 Wavelets
In later chapters it will be shown that directional data sets can require extremely
large amounts of space for storage. In this work, wavelets are used to compress these
data for efficient storage and retrieval. This chapter seeks to provide a basis for a
discussion of the use of wavelets in later chapters. The fundamental idea behind the
development of wavelets is the need for a means to perform analyses on signals based
upon scale rather than frequency. Fourier analysis has long been recognized as an
excellent tool for the frequency analysis of time invariant signals, but it is not as useful
when dealing with signals whose frequencies vary over time or have sharp, localized
spikes [Daubechies, 1996]. Wavelets were first developed to deal with the problem of
temporal resolution of frequencies, but it is natural to extend their use to spatial
resolution and the problems of data compression, image processing, and signal denoising.

4.1 History of wavelets
Ingrid Daubechies, the first female full professor of mathematics at Princeton
University and a noted contributor to the field of wavelets, has described the history of
wavelets as a tree with many roots [Daubechies, 1996].

The crown and branches

represent the multitude of modern applications of wavelets; building on the present
knowledge, researchers in a variety of fields are taking wavelets in many different
36
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directions all at once. The trunk of the tree represents the rapid development of wavelet
tools in the 1980s, and the roots are the varied paths taken by scientists and
mathematicians in the development of what is now called wavelet analysis.
Most users of wavelets will agree that their history actually begins in 1807 with
Joseph Fourier. Fourier asserted that it was possible to describe any 2π-periodic function
f(x) as the sum of an infinite series of sine and cosine functions,
f ( x) = ao +

∞
1

( ak cos kx + bk sin kx )

(4.1)

Fourier’s assertion was surprising and it caused a great deal of controversy among the
mathematicians of his time. In 1873, the mathematician Paul du Bois-Reymond was able
to define a continuous 2π-periodic function whose Fourier series is divergent at some
point. This is important because it led to Alfred Haar’s attempt, in 1909, to reconcile du
Bois-Reymond’s function with Fourier’s assertion. Haar attempted to find an orthogonal
system in which the divergence observed by du Bois-Reymond could not happen. What
he developed instead was a series of scale-varying functions that are now recognized as
the first compactly supported instance of a set of wavelet basis functions [Jaffard et. al.,
2001]. These functions are known today as the Haar wavelet family.
The next step in the development of wavelets did not occur until the 1930s when
Paul Levy began to analyze Brownian movements using Fourier analysis. He discovered
that while Fourier analysis could be used to determine all of the frequencies of motion, it
was unable to convey detailed information about when in time those frequencies
occurred. Levy was able to use a version of Haar’s basis functions to highlight local
Brownian events and continue his work [Jaffard et. al., 2001]. This was a herald of the
ability of wavelet analyses to capture frequency and time domain information in a way
that a Fourier analysis could not.
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Although a number of scientists and mathematicians would make use of these
ideas or develop similar techniques over the next few decades, none of them made any
truly significant contributions until the late 1970s. In 1975, Jean Morlet was analyzing
seismic signals for a French oil company using a windowed Fourier analysis.

He

discovered that by stretching and compressing the window, essentially creating a scalevarying set of functions, he was able to do his work far more quickly. Morlet’s creation
was not warmly received by the geophysics community, so he teamed up with Alex
Grossman to work on his idea in more detail. In 1981, Morlet and Grossman’s efforts
resulted in the discovery, or more precisely, the rediscovery of the wavelet transform. It
was later determined that their work was nearly identical to the earlier efforts of A.
Calderón in the 1960s, although Calderón’s interpretation of his results was different.
Jean Morlet, however, is credited with the first use of the French term, “ ondelette” or
“ little wave” , which gave rise to the name wavelets [Daubechies, 1996].
In 1986, a graduate student studying image analysis named Stephane Mallat heard
of a mathematician named Yves Meyer who had been working with wavelets. Mallat
was very interested in Meyer’s work because it was common knowledge in his field that
most images were composed of fine details that were small-scale and coarse features that
were large-scale.

An image, then, could be decomposed into progressively coarser

representations of the reality. This idea fit in extremely well with wavelet basis functions
that can be very narrow for fine details and larger for coarser features. Mallat developed
a theory and worked with Meyer on it to produce what is known today as the wavelet
multiresolution analysis. This not only defined the abilities that had been observed in
wavelet decompositions to date, but it also created a framework that allowed researchers
to develop their own orthonormal wavelet bases [Daubechies, 1996].
In 1988, Ingrid Daubechies defined the conditions for orthogonality of wavelet
bases and used an iterative scheme to develop a family of orthonormal, compactly
supported wavelets. The Daubechies wavelet family is probably the most elegantly

Dwight E. Smith

Chapter 4 Wavelets

39

developed of the modern wavelets, and it is the basis for most of the recent applications
of wavelet analyses. Wavelet analysis is being used by hundreds of researchers in many
different fields and applications. It is a relatively new tool, and in a very real sense, the
history of wavelets is still being written today.

4.2 Comparing Wavelet and Fourier Analyses
The development of wavelets has its roots in Fourier analysis, so it should be no
surprise that there are many similarities between the two approaches. Both analyses
consist of linear operations that transform data structures of varying lengths. The fast
Fourier transform (FFT) and the discrete wavelet transform (DWT) are also similar in
that their inverse transform matrices are the transpose of the original transform. In other
words, both approaches can be viewed as a rotation in function space to a different
domain. In the case of the FFT, the new domain consists of sines and cosines as the basis
functions; for the DWT, the basis functions are the mother wavelets. All of these basis
functions ( sines, cosines, and wavelets) are localized in terms of frequency so it is
possible to perform power spectra analyses on signals using both approaches.
Mathematically speaking, the transformations of the two approaches are also very
similar. The Fourier transform is the sum over all time of a signal multiplied by a
complex exponential as shown in Equation (4.2),
F ( w) =

∞

f (t )e − jwt dt

(4.3)

−∞

The results of this transformation are the Fourier coefficients, F(w), which can be
multiplied by sines and cosines of frequency ω to produce the sinusoidal components of
the original signal. Adding these sinusoidal components to the overall average of f(t) ,
sometimes referred to as a DC offset, recreates the original signal.

Likewise, the
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continuous wavelet transform is the sum over all time of the signal f(t) multiplied by
scaled and shifted versions of a wavelet function Ψ (k , t ) ,
Ck =

∞

f (t )Ψ (k , t )dt

(4.4)

−∞

where the results are the wavelet coefficients Ck which can be multiplied times the
appropriately scaled and shifted wavelet functions and added to an overall average of f(t)
to reproduce the original signal. As stated before, there are many similarities between the
two methods of signal analysis.
There is, however, one property of the wavelet basis functions that is not shared
by the sines and cosines used as basis functions in the FFT. Wavelets are localized in
space, or time, as well as in frequency. Wavelets are non-zero only over a certain region
and zero everywhere else.

It is this property that sets wavelet analysis apart from a

Fourier analysis; the wavelet approach is capable of performing time-resolved frequency
analyses. The closest a Fourier analysis can come to this ability is by using a technique
called windowing, where the FFT is performed on only a small portion of the signal at a
time; the limitation is that the same window size is used for all frequencies. Wavelet
analysis can be thought of as a windowing technique for regions of variable size; longtime intervals for low-frequency information and shorter intervals for high-frequency
information.

4.3 Applications of Wavelet Analysis
In the present day with the birth of the Internet and the sharing of ideas on a
global scale, information is power. Being able to store, retrieve, and pass information
efficiently are the keys to that power, but this ability has become extremely difficult to
master. One solution to this problem is the use of wavelet techniques to compress large
amounts of information so that it can be stored and retrieved with a minimum of time and
space. The FBI currently uses wavelet compression techniques to help them store the
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massive amounts of data necessary to keep track of all their fingerprint files. Wavelet
compression techniques have permitted compression ratios of up to 20:1 [Aboufadel et
al., 1999].
In addition to data compression, wavelets can also be used in signal processing to
clean up noisy signals. Wavelets employ an analysis based upon scale, not frequency, so
they are able to distinguish between the gross, large scale features (the true signal) and
the smaller scale features (noise) quite easily. An example of using Haar wavelets to denoise a signal can be seen in Figure 4.1. Figure 4.1(a) represents the addition of artificial
noise to the signal f (t ) = sin 2t ; the second plot, Figure 4.1(b), shows how wavelet denoising can be used to recover the true signal. The recovery of the underlying signal
shown in Figure 4.1(b) could certainly have been accomplished using Fourier analysis, as
well. This example was chosen simply to illustrate one of the many uses of wavelet
analysis.

(a)

(b)

Figure 4.1 Use of wavelets in signal denoising, where (a) represents a noisy signal
and (b) represents is the signal de-noised using wavelets.
There are a variety of other applications of wavelets, and because this tool is so
new, more and more uses are being found for it every day. Wavelets have been used in
everything from astronomy, to signal and image processing, to MRIs, to solving partial
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differential equations. Recently, there has been an increase in interest on the part of
researchers in the field of computer graphics to employ wavelets in image reconstruction
using Monte Carlo techniques [Lalonde and Fournier, 1997]. This dissertation builds on
their efforts and extends the use of wavelets to radiation exchange between fully
directional, non-gray surfaces.

(b)

(a)
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Figure 4.2 Haar (a) scaling function and (b) mother wavelet.

4.4 Haar Wavelets
Many different families (types) of wavelets are available and the choice of which
family is best for a particular application is not always obvious. In the present effort
wavelets are used to store and retrieve large amounts of data efficiently during the
operation of an MCRT computer code. Therefore, the wavelet family chosen for this
application needs to be based on a simple algorithm and must be able to efficiently
compress the particular type of signal encountered in the current study.

The Haar

wavelet family was chosen by the author mainly because of the simplicity of
incorporating it into existing MCRT computer codes, but also because of its compression
abilities. This is also the family chosen by several of the computer graphics researchers
who are using BDRFs to aid in image reconstruction [Lalonde and Fournier, 1997].
Figure 4.2 shows the Haar family scaling and “ mother” wavelet functions. It should be

Dwight E. Smith

Chapter 4 Wavelets

43

noted that the vertical, dashed lines are not really part of the function; they are included
here only to provide visual guidance.

4.4.1 “Father” scaling function
Consider the Haar family of wavelet basis functions shown in Figure 4.2.
Referring to the Haar basis functions as a “ family” makes sense because they consist of
both a father and a mother function. The presence in this wavelet family of children and
grandchildren, generations of “ daughters” is also established. The Haar “ father” is a
scaling function that is given by,

φ (t ) =

1, 0 ≤ t ≤ 1
0, otherwise

(4.5)

where φ (t ) , the Haar father scaling function, is simply a step function in effect over the
closed interval from zero to unity. The father scaling function can always be described
with a dilation equation of the type,

φ (t ) =

ckφ (2t − k )

(4.6)

k

where the constants ck are the refinement coefficients. For the Haar father scaling
function, Equation (4.6) can be expanded to,

φ (t ) = φ (2t ) + φ (2t − 1)

(4.7)

where the refinement coefficients c0 = c1 = 1 and all others are zero.

4.4.2 “Mother” wavelet
The Haar mother wavelet is shown in Figure 4.2(b). The mother wavelet is given
by,
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1, if 0 ≤ t< 12

ψ (t ) = -1, if

1
2

≤ t<1

(4.8)

0, otherwise
The Haar mother wavelet is constant on intervals of one-half and is related to the father
scaling function by,

ψ (t ) = φ (2t ) − φ (2t − 1)

(4.9)

4.4.3 “Daughter” wavelets
Just as in real families, wavelet families are capable of having several generations
of offspring. If the wavelet daughters are notated such that ψ n ,k (t ) is the nth generation
of daughters where k represents the “ birth order,” then the various generations of
daughter wavelets are defined as,

ψ n ,k (t ) = ψ ( 2n t − k ) ,

0 ≤ k ≤ 2n − 1

(4.10)

It should be noted that each generation has 2n daughter wavelets whose values are
constant on intervals of length 2-(n+1). The first generation of daughter wavelets can be
seen in Figure 4.3.
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Figure 4.3 First generation of Haar daughter wavelets.
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4.5 Wavelet Analysis
The wavelet approach to the problem of temporal, or spatial, resolution is to
project the signal onto a series of scaled and shifted versions of a single basis function, or
building block. This approach is very similar to Fourier analysis where a signal is
decomposed into a series of sines and cosines. In fact, there are many similarities
between these two forms of signal analysis. The sines and cosines used in Fourier
analysis stretch out to infinity, but the wavelet basis functions are usually nonzero only
on a closed, bounded interval and are zero elsewhere. Functions of this type are said to
have compact support, the support being the interval on which they are nonzero. By
considering the projection of a signal onto the various scales and shifts of this basis
function, it is possible to determine the locality of a particular frequency or image feature.

4.5.1 Orthogonal Decomposition Theorem
Consider the set, F , of all real-valued functions defined on the range [0,1] as an
inner product space. An inner product space is a vector space for which an inner product
has been defined as,

f ,g =
where f , g ∈ F .

∞
−∞

f (t ) ⋅ g (t )dt =

(4.11)

The properties of inner products are discussed in detail in the

appendices of Aboufadel et. al., [1999]. The set Vn of all real-valued functions that are
constant on intervals of length 2-n over the range [0,1], is a subspace of F .

The

orthogonal decomposition theorem states that if Vn is a subspace of an inner product
space, such as F , then any function f ∈ F can be written as,
f = v + v⊥

where v ∈ Vn is the projection of f onto Vn , and v ⊥ ∈Vn is the residual given by,

(4.12)
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v⊥ = f − v

(4.13)

The residual, v ⊥ , is also called the orthogonal complement to v . Since the set Vn −1 is a
subspace of Vn , it can be stated that,
Vn = Vn −1 + Vn⊥−1 = (Vn − 2 + Vn⊥− 2 ) + Vn⊥−1

(4.14)

Vn = V0 + V0⊥ + V1⊥ + V2⊥ + ... + Vn⊥−1

(4.15)

or more generally,

It should be noted that the Haar wavelet family fits the definition of the nested set
of subspaces Vn . The Haar father scaling function φ (t ) is equivalent to V0 , the mother
wavelet ψ (t ) to V1 , and the first generation of daughter wavelets, ψ 1,0 (t ) and ψ 1,1 (t ) , to
V2 .

4.5.2 Wavelet Decompostion and Reconstruction
Consider a signal that has been sampled on intervals of length ¼ over the range
[0,1] so as to produce the column vector, [9,7,3,5]T. The Haar wavelet family can be
associated with such a vector by,
9
7

= x1φ (t ) + x2ψ (t ) + x3ψ 1,0 (t ) + x4ψ 1,1 (t )

3

(4.16)

5
or,
9
7
3
5

1
= x1

1
1
1

1
+ x2

1
-1
-1

1
+ x3

-1
0
0

0
+ x4

0
1
-1

(4.17)
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where the constants xi are the wavelet coefficients. The wavelet coefficients are the
projections of the signal onto the orthogonal wavelet subspaces as described in Section
4.4.1. Because of the orthogonal decomposition theorem, it is possible to write equations
similar to 4.13 and 4.14 for all signals, regardless of the sampling interval length. This
fact allows wavelet projections to approximate a function as closely as may be desired.
The process of obtaining these coefficients for a particular signal is called a wavelet
decomposition.

For the example given in Equations 4.13 and 4.14, the wavelet

coefficients are [6, 2, 1, -1]T. Matrix algebra can be used to determine these coefficients,
but the matrix inversion required for very long signals makes this an impractical
approach to performing wavelet decompositions.
[9,7,3,5]T
Averages

Differences

[8,4]
Averages

Differences

[6]

[2]

[1,-1]

Figure 4.4 Wavelet decomposition by averaging and differencing.
Another approach to finding the wavelet coefficients is to perform a series of
averages and differences of sequential pairs of elements in the signal, as indicated in
Figure 4.4. The “ difference” shown is that between the first element of a sequential pair
and the average of that pair. The information content retained from the original signal is
decreased after performing each averaging step, but the differencing step recovers the
missing details, the residual. It is possible, therefore, to reverse the operations and fully
reconstruct the original signal.
The averaging and difference steps can be viewed as a set of operators, G(s) and
H(s), which can be applied to a signal, s, of length 2 m , m ∈ , where

is the set of all

integers greater than 0. These two operators differ slightly from the illustration in Figure
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4.4 as they also act to normalize the signal during processing. The quantities G(s) and
H(s) are often referred to in the literature as the high- and low-pass wavelet transform
filters [Aboufadel et al., 1999]. The application of either of these operators to a signal
results in a new signal that is exactly one-half as long as the original. For the case of the
Haar wavelet family the operation of these two filters is given by,
2 p −1 p −1 p −1 p −1
( s0 + s1 , s2 + s3 ,..., smp−−12 + smp−−11 )
2
2 p −1 p −1 p −1 p −1
d p = G ( s p −1 ) =
s0 − s1 , s2 − s3 ,..., smp −−12 − smp −−11 )
(
2
s p = H ( s p −1 ) =

4.18

where s p and d p are, respectively, the normalized average and difference signals after
the pth application of the wavelet transform filters; and the values sip −1 are the ith elements
of the signal s p −1 that is being transformed. Using this notation and prior to any filtering,
the original signal would be given by s 0 . The final decomposition of the original signal
s 0 is given by,
s* = [ s m , d m ,..., d 2 , d 1 ]

4.19

where the length of s 0 is still given by 2 m , m ∈ . The decomposed signal s* contains
all of the original information contained in the original signal s 0 and is of the same
length. A useful property of the signal s* , however, is that the magnitude of any of its
elements is directly proportional to their importance in constructing the original signal s 0
[Aboufadel et.al., 1999]. This property can be taken advantage of in order to compress a
signal.

4.5.3 Wavelet Compression
Earlier in this chapter the application of wavelet techniques to data compression
was introduced without delving into exactly how it occurred. The previous discussion of
wavelet decomposition and the properties of the decomposed signal provide the tools
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needed to actually perform signal compression. Given signals that have regions of
constant value separated by sharp changes, wavelet compression can be used to great
effect [Aboufadel et.al., 1999]. It should be noted that while the compression can be
accomplished to some extent without the loss of any information whatsoever by using
methods such as entropy encoding, much greater compression rates are to be had if
thresholding methods are applied.

4.5.3.1 Entropy Encoding
Entropy encoding is a method in which a signal, s, is converted into a shorter
signal, q; simpler representations in q are reserved for those values in s which occur most
frequently. This same basic idea was used in the development of the Morse code, where
the most commonly used letters have the shortest sequences. Entropy coding can be used
to great effect on signals produced by wavelet decomposition because large strings of
zeros are inevitably produced in the difference steps as the averages begin to converge.
For example, a string of 150 zeroes might be expressed simply as “ 105 150” after
encoding. An entropy-encoding table is illustrated in Table 4.1. As described in this
section, using entropy coding to compress a signal would not involve any loss of
information at all. The only change is to base the size of the representation of individual
elements in the signal on the inverse of their probability of occurrence. This type of
compression is described as “ lossless” compression. A compression scheme in which
some of the original data is irretrievably lost during processing is called a “ lossy”
compression scheme. The next two sections of this chapter deal with lossy compression
schemes, but entropy encoding can still be used to compress them further.
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Table 4.1 Entropy coding table [borrowed from Aboufadel et. al., 1999].
Coding in
q
1

Value in q
string of one zero

2

string of two zeroes

3

string of three zeroes

…
100

string of 100 zeroes

101

number between 75 and 255, the exact number is next

102

number between -255 and -74, the absolute value of the exact number is next

103

number between 256 and 65535, the exact number is next (transmitted as two 8-bit integers)

104

number between – 65535 and -256, the absolute value of the exact number is next
(transmitted as two 8-bit integers)

105

string of zeroes between 101 and 255 zeroes, exact number is next

106

string of zeroes between 256 and 65535 zeroes, exact number is next (as two 8-bit integers)

107

-73

108

-72

109

-71

…
179

-1

180

Not used, use 1 instead

181

1

…
253

73

254

74

4.5.3.2 Thresholding
It has already been noted that the magnitudes of the elements in the vector
produced by the difference step will decrease as the wavelet decomposition proceeds.
The fully decomposed signal is generally composed of a large number of numbers that
are either zero or near zero. Since the magnitude of these coefficients is directly
proportional to their worth in reconstructing the original signal, forcing these small
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coefficients to zero has a correspondingly small impact on the fidelity of the
reconstructed signal. The addition of these artificial zeroes in the signal makes the use of
entropy encoding much more effective. Three general means are available for forcing
these coefficients to zero: (1) hard thresholding, (2) soft thresholding, and (3) quantile
thresholding.
In hard thresholding, all coefficients whose absolute values are less than some
tolerance, τ , are forced to zero. Soft thresholding works the same way, but in addition,
all remaining values are shifted by an amount τ towards zero.

With quantile

thresholding, the tolerance is the percentage of the smallest coefficients that are to be
forced to zero.

4.5.3.3 Quantization
Quantization is another means of conditioning a signal before using entropy
encoding. Smaller entropy coding tables, and thus better compression rates, can be
achieved if the elements of the signal have only a limited range of values. A number of
different quantization schemes are available, of which the greatest integer function is the
simplest.

Chapter 5 Review of the literature
In many practical engineering situations and for many types of manufactured
surfaces, the directionality of surface optical properties is an important consideration in
radiation exchange. However, for many years no rigorous effort has been made to
incorporate directionality into radiation exchange analyses. Instead, the directionality of
real surfaces has been approximated by assuming various combinations of diffuse and
specular reflections, absorption and emission. These assumptions were made due to the
large expense, in time and money, of acquiring directional data and also due to the
extreme size of the data sets obtained and the lack of a rigorous analytical formulation for
using these data sets. Current research is aimed at trying to improve the accuracy of
radiation exchange analyses by: 1) use of a first principles approach to describing
radiation interactions with surfaces, 2) the development of inexpensive instrumentation
for the measurement of directional properties, and 3) finding ways of dealing with the
magnitude of directional surface property data sets and means for their use.

5.1 Surface radiation theory
An important step towards establishing the usefulness of the effort described in
this dissertation is the investigation of the amount and depth of research that has been
performed in an attempt to understand surface radiation interactions. In most cases, the
solutions found are limited to special assumptions and/or conditions and cannot be
applied generally. Although none of the work reviewed in this section fully provides a
52
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solution to the problem of modeling surface radiation interaction, all of it emphasizes the
importance of directionality to radiation exchange.

5.1.1 Micro-grooved surfaces
Sparrow and Johnson [1963] investigated the directional absorption of radiation
incident to a rectangular-grooved surface. Results are reported for the case in which the
walls and floor of the groove are diffuse and for the case when all surfaces are specular.
Smith and Hering [1971] develop a one-dimensional model for predicting the bidirectional reflectivity function based upon surface roughness where the roughness is
represented by randomly oriented V-shaped grooves. The model presented seems to
capture increasing specularity towards grazing angles in the plane of incidence. They do
not suggest how to extend their work to out-of-plane reflections, so this model does not
treat anisotropy.
Hesketh et al. [1988] used photolithography to etch a periodic square-wave
pattern onto silicon wafers which were then doped with phosphorous. They used these
samples to study the spectral, directional emission from micro-grooved surfaces. The
size of the grooves was on the order of the wavelength of interest. The authors present
data that shows that the samples are dependent upon the directionality and polarization of
the incident radiation.
Park et al. [1997] investigated the scattering of coherent light from sinusoidal
gratings. They conclude that Beckmann and Rayleigh theory are unable to full account
for the observed scattering.
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5.1.2 Models for directional reflectivity
Treat and Wildin [1969] present a model for the BDRF of a rough surface in the
plane of incidence. The model is capable of handling shadowing and multiple reflections
and can be extended to directional emission.
Schiffer [1987] points out that the modeling of BDRFs for statistically rough
surfaces is impossible in the presence of diffraction effects, and Sanchez-Gil and NietoVesperines [1991] present a one-dimensional solution to the directional reflectivity of a
randomly rough surface based upon Maxwell’s equations. Stephane Mainguy [1995]
uses Rayleigh scattering theory to predict reflections from a randomly rough surface.
Solutions were presented for the cases of metallic and dielectric surfaces.
Lafortune et al. [1997] introduce a new form of the cosine lobe model in an
attempt to provide a generic analytical equation that could be used to model bi-directional
reflectivity data. The model they present,
f r = ρ s Cs cos n α

(5.1)

is a nonlinear function that is able to capture the phenomena of increasing specularity as
the incident zenith angle approaches grazing. They employ the directional normalizer Cs
to achieve this. This effort is in the area of computer graphics imaging and deals only
with the visible wavelengths; emission and absorption were not considered. This seems
to be a good approach in MCRT codes for approximating reflections from isotropic
coatings that do not have specially designed properties.
Nerry et al. [1998] state that the BDRFs of earth scenes as viewed from orbit are a
major concern when monitoring ground radiance. Ground surface angular reflectivity
data are presented that show a dependence on directionality. A simple model for the bidirectional reflectivity of earth scenes
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(5.2)

is presented.
Ohwada [1999] presents the analytical results for the effective emissivity of a
cylindrocone cavity in which all surfaces are assumed to be isothermal with nonLambertian surface optical properties.

5.1.3 Directional property data
Birkebak and Eckert [1965] present results from a detailed experimental
investigation of the relationship between surface roughness and reflectivity. Samples
were created by using several grades of optical grinding grits on glass surfaces, and then
coating those surfaces with aluminum applied by evaporation. Data on the directionalhemispherical and the bi-directional reflectivity are presented for a variety of surface
roughness conditions.
Betts et al. [1985] investigate the directional and wavelength dependence of five
black coatings commonly used in radiometers. The authors report that the reflectivity of
some of the coatings varies significantly with wavelength and direction. They also note
differences between samples of the same coatings, suggesting that the construction of
radiometric sensors is more of an art form than a science.
Gu and Bennet [1995] investigate reflections from metal surfaces and determine
that even for very smooth surfaces it is possible to measure significant amounts of
backscattering.
Shumway et al. [1996] present temperature-dependent, directional reflectivity and
emissivity data for several different preparations of the Martin black coatings.
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Papini [1997], and then later Ventura and Papini [1999], investigate the
reflectivity of granular polymers and its dependence on wavelength.

The normal-

hemispherical reflectivity of the polymers shows a strong dependence on wavelength
over the range from 0.8 to 2.5 µm.

5.2 Design of reflectometers for acquiring BDRF data
The low availability of directional surface optical data has been a significant
bottleneck to the incorporation of directionality into radiation exchange analyses. Data
are needed to form empirical models and to test analytical ones, but directional surface
optical data is in short supply. Until recently, the instrumentation needed to measure
directional properties has been too expensive and not sufficiently well understood to be
produced in large quantities. Over the past decade or so, researchers have developed
many different types of goniometers for the purpose of measuring the directional
properties of real surfaces that are relatively inexpensive and have been rigorously tested.
Toor and Viskanta [1972] constructed an experimental setup to determine the
importance of directional effects on radiant heat transfer. They compared experiments to
a range of analytical assumptions, starting with purely diffuse and ending with a complex
combination of diffuse and specular interactions. The authors conclude that for the
prediction of local fluxes the directional properties of the surfaces must be considered.
Also, they suggest that the inclusion of a diffuse surface in an otherwise specular
enclosure tends to degrade the specularity of the other surfaces.
Roy et al. [1993] describe the design and use of a reflectometer for measuring the
spectral, bi-directional reflectivity of rough surfaces at elevated temperatures.

The

apparatus uses a chopper to modulate a laser source in order to more effectively remove
background noise. Their apparatus is capable of making measurements at up to 1100°C.
However, the sample is housed inside a furnace and reflected measurements can only be
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made at pre-manufactured openings. Roy et al. limited measurements to increments of
15 deg in the zenith direction. No variation in azimuth angle is reported.
Feng et al. [1993] report the design of an indirect reflectometer for measuring the
bi-directional reflectivity.

They develop a relationship between the bi-directional

reflectivity factor and the BDRF and present data which emphasizes the importance of
polarization to radiation exchange.
Zaworski et al. [1993] present the design details of a direct measurement
reflectometer for acquiring bi-directional reflectivity data. Their reflectometer holds the
source fixed and rotates the detector and sample; the detector is able to see the source, so
a direct calibration can be made. They report that to the best of their knowledge no
MCRT codes are available that make full use of the bi-directional reflectivity. In 1995,
Zaworski et al. report measurements of the bi-directional reflectivity of a sample of
Krylon flat white spray paint. They also use this spray paint to coat two flat plates which
they then positioned to form a rectangular gap. The authors were able to illuminate one
end of the gap from various angles and make measurements of the power received by a
detector moved along a plane at the opposite end of the gap. They used a Monte Carlo
ray-trace code to predict the power received by the detector, assuming the BDRF data
they had collected could be split into diffuse and specular components. The spectral
reflection was assumed to have a Gaussian distribution.

Comparisons made with

experiment showed good qualitative agreement so long as the incident angle was not near
grazing. Zaworski et al. conclude that decomposing the BDRF into diffuse and specular
components does not accurately model radiation exchange between surfaces. In 1996,
Zaworski et al. report a method of finding the uncertainties associated with their
measurement of the bi-directional reflectivity and further stress the importance of
specularity as the incident zenith angle approaches grazing.
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Germer and Asmail [1997] also emphasize the importance of polarization and
state that scattering by air should be considered as a source of uncertainty in making
BDRF measurements.
Beecroft et al. [1997] describe the design and testing of a commercially available
in-situ bi-directional reflectometer, the Surface Optics Corporation model 250 (SOC250). The SOC-250 is a portable system that includes a measurement head, computer,
and data acquisition and power supply module. The source is capable of an angular range
of 0 to 60 deg in the zenith direction and 0 to 180 deg in the azimuth.

Source

configurations can be set for either the visible (.4 µm – 1.1 µm) or the infrared (3 µm –
12 µm). The detector ranges from 0 to 85 deg in the zenith and is capable of 0 to 360 deg
of movement in the azimuth direction. The SOC-250 uses an indirect measurement
system, so all actual measurements are referenced to a diffuse gold standard. An SOC250 bi-directional reflectometer was used to acquire the BDRF data presented and
processed in this dissertation.
White et al. [1998] report the design of a reflectometer for measuring the bidirectional reflectivity of rough surfaces. Their design places both the source and the
detector on arms that rotate in the zenith direction. The detector is fixed in the azimuth
direction; off-axis reflections are measured by rotating the sample-source reference frame
with respect to the detector. The sample reference can also be rotated separately to vary
the incident azimuth angle with respect to the source. They report an angular accuracy of
0.3 deg and a range of 90 deg in both the incident and reflected zenith angles.
Measurements of retroreflection are blocked within ± 3 deg of the incident direction.

5.3 Applications of wavelets to using BDRF data
Recent advances in the speed and capabilities of modern computers have made it
possible to consider the incorporation of directional properties into the Monte Carlo raytrace environment for the purpose of performing radiation exchange simulations. Given
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the present speed of computers and the inherent ability of the MCRT method to utilize
parallel processing, storing and using the immense tabulated BDRFs needed for
directionality is now simply cumbersome rather than impossible.

The discovery of

wavelets provides a tool that can be used to compress, store, and make more efficient use
of the directional data in the MCRT environment.
Deyoung et al. [1993] investigate the measurement and use of bi-directional
reflectivity data for the purpose of image construction in computer graphics. They note
the difficulty in using theory to describe true reflections and suggest that alternate
methods of representing BDRFs, such as wavelets or spherical harmonics, should be
investigated.

The authors created sets of tabulated BDRFs by creating a virtual

gonioreflectometer and using it to illuminate and measure reflections from a sample
surface made using a saw-toothed, three-dimensional microgeometry.

They report

investigations of several means of interpolating their tabulated BDRFs, and they conclude
that B-splines provide the best reconstruction with the fewest samples.
In 1997, Paul Lalonde followed up on his collaborations with DeYoung and coworkers by investigating the use of wavelets in representing BDRFs. Lalonde suggests
using the measured BDRF data as opposed to analytical representations for the sake of
accuracy and flexibility.

In attempting to use these measured data, however, he

encountered the problem of the size of the data sets. Lalonde noted that even coarse
sampling with an angular resolution of five degrees could result in millions of data points
and might require over four megabytes of storage.

Lalonde turned to a wavelet

representation of the BDRF for the following reasons:
1) Good control of the fidelity-versus-storage-space trade-off
2) Reconstruction of data is logarithmic in the number of original samples
3) An error metric exists that is easy to compute
4) Incremental levels of accuracy can be achieved
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Lalonde was able to show that it is possible to use a wavelet representation of BDRFs to
model reflections from an object in computer graphics imaging. Lalonde chose Haar
wavelets because of their simplicity.
Later in the same year, Lalonde and Fournier [1997] presented a method for
determining reflected directions from wavelet representations of BDRFs for computer
graphics imaging. The authors treated the BDRF as a four-dimensional parameterized
data set and used a wavelet multi-resolution analysis with hyper-cube support to
transform the data. They generated reflected directions by comparing random numbers
with data reconstructed at single points, and a binary search was employed to find the
correct data point.
Lewis [1996] also reports an investigation of the use of wavelet representations of
BDRFs, but he develops the background and properties of the wavelet representation in
more detail than Lalonde and Fournier. Lewis used this technique to construct the
reflection from a surface produced by light that had passed through a stained glass
window. Lewis’ result is a composite formed by the addition of several Monte Carlo
analyses made at different wavelengths.

5.3.1 Current research effort
The contributions reviewed in this chapter provide a good background on the
research interests associated with surface radiation interactions. Although a number of
theoretical solutions have been proposed, they are all limited to certain conditions or
surface types. In the same manner, fitting generic models to actual BDRF data is only
applicable in a limited number of surface types; generally, these models are incapable of
handling anisotropy. The work presented in this thesis is an attempt to incorporate the bidirectional reflectivity into an MCRT environment for the purpose of simulating fully
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directional radiation exchange between the surfaces in an enclosure. The next chapter
presents the analytical approach to how this goal was accomplished.

Chapter 6 Presentation of the analytical
model
This chapter details the incorporation of the bi-directional reflectivity into the
MCRT environment so that simulations of directional radiation exchange are possible.
The first step in this development is the treatment of the directional surface properties:
reflectivity, absorptivity, and emissivity. These properties are fully directional, so large
amounts of data are required for their use; correspondingly large amounts of memory are
needed to store these data. It is not desirable to slow down the ray-trace by taxing runtime memory with the storage of the full data sets needed for directionality. Therefore,
wavelet compression techniques are used for the storage and efficient retrieval of the data
needed during the ray trace.

6.1 Directional reflections
Recall from the discussion in Chapter 2 that the intensity reflected into the solid
angle ωr is dependent upon the orientation of that solid angle, θ r , φr , as well as the
direction of the incident radiant flux, θi , φi . While the reflected intensity is also a
function of other variables (e.g. wavelength, temperature of the surface, etc.), the effort
presented in this dissertation limits the dependent variables to only the four angles that
describe the vectors associated with the incident and reflected directions.

The bi-

directional reflectivity, then, will be considered a function in four variables,
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ρ ′′(θi , φi ,θ r , φr ) . Note that this does not mean that the reflectivity is independent of
wavelength and temperature, but rather that these quantities are constant for a given data
set. These data are usually presented in a tabulated format where each element in the
data matrix is indexed by all four direction angles. In order to incorporate directional
reflections into the MCRT environment, it is necessary to transform the BDRF into a
cumulative probability distribution function that can be related to a random number. The
information content of the BDRF is discussed first, however.

6.1.1 Information content of the BDRF
An incredible amount of information is stored in the BDRF, because for every
possible incident direction of interest, a full mapping of the reflected hemisphere above
the sample must be performed. It is possible to think of the BDRF as a library of surface
optical data, as shown in Figure 6.1.

Each shelf in that library would contain the

directional reflectance characteristics of one particular surface over a range of
temperatures. Each book would represent a full BDRF at one temperature, and each page
in that book would represent the hemispherical mapping of the BDRF for one particular
incident angle. The columns and rows on each page would be, respectively, the reflected
azimuth and zenith angles at which measurements have been made. The individual
measured values of the BDRF are the elements, indexed by row and column, on each
page. Therefore, each measurement is uniquely related to a set of four angles that
describe the vectors associated with the incident and reflected directions. As stated
before, the work in this dissertation concerns only these four variables. In relation to
Figure 6.1, this dissertation deals with using only one chapter of a single book from the
directional surface library in an MCRT environment.
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θi , φi
''

ρ (θi,φi,θr,φr)

λ = 3.28 µm
Book
Chapter
Page
Columns
Rows

Surface at temperature, T
Wavelength band, dλ
λ about λ
Incident direction, θi , φi
Reflected azimuth angles, φr
Reflected zenith angles, θr

Figure 6.1 Illustration of the information contained in the BDRF.
Dealing with this immense amount of information in an efficient manner is not a
trivial issue. It should be noted, however, that very large data sets are passed over the
internet daily in a matter of seconds. Borrowing the techniques developed by information
technology engineers makes it possible to use all of the BDRF data in an MCRT
environment [Lalonde and Fournier, 1997]. Before this can be described, however, the
data must first be transformed into a more useful format.

6.1.2 Transformation of the BDRF into a CDF
The power of the MCRT method is its ability to solve difficult deterministic
problems such as radiation exchange in a statistical manner. For the purposes of this
dissertation, this means that the directional reflection from a surface must somehow be
related to its probability of occurrence. Recall from Chapter 2 the equation used to
describe the bi-directional reflectivity,

ρ ′′(θi , φi ,θ r , φr ) =

dir (θi , φi , θ r , φr )
(sr -1 )
ii (θ i , φi ) cos θ i d ωi

(6.1)

Equation 6.1 can be thought of as the probability density function of the bi-directional
reflectivity. Integrating Equation 6.1 in the reflected hemisphere up to some arbitrary
reflected direction θ r* , φr* and normalizing it by the integration over the entire reflected
hemisphere gives,
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Pr (θi , φi , θ r , φr ) ≡

θ r*

φr = 0 θ r = 0
2π
π /2
φr = 0 θ r = 0

ρ ′′(θi , φi , θ r , φr ) cos θ r sin θ r dθ r dφr
ρ ′′(θi , φi , θ r , φr ) cos θ r sin θ r dθ r dφr
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(6.2)

where Pr (θi , φi , θ r , φr ) is the cumulative probability distribution function (CDF) of the
BDRF for an incident direction θi , φi . Note that the denominator in Equation 6.2 is
identical to the directional-hemispherical reflectivity defined by Equation 2.23 in Chapter
2.

Since only discrete values of the BDRF are available, Equation 6.2 must be

approximated by,
φr*

Pr (θi , φi , θ r , φr ) ≅

θ r*

φr = 0 θ r = 0
2π

π 2

φr = 0 θ r = 0

ρ ′′(θi , φi ,θ r , φr ) cos θ r sin θ r ∆θ r ∆φr
(6.3)

ρ ′′(θi , φi ,θ r , φr ) cos θ r sin θ r ∆θ r ∆φr

The CDF, Pr , shown in Equation 6.3 represents the probability that an energy bundle
incident from a direction θi , φi will be reflected in a direction less than θ r* , φr* . Note that
the magnitude of Pr , its range, will increase monotonically from zero towards unity as
the direction θ r , φr increases. The inverse of this CDF, Pr−1 ,

θ 0 , φ0
θ1 , φ1
−1
Pr ( x) = θ 2 , φ2

0 ≤ x ≤ Pr (θ 0 , φ0 )
Pr (θ 0 , φ0 ) < x ≤ Pr (θ1 , φ1 )
Pr (θ 0 , φ0 ) < x ≤ Pr (θ1 , φ1 )

(6.4)

...

θ max , φmax Pr (θ max , φmax ) < x ≤ 1
is easily constructed and represents the largest possible reflected direction θ r , φr
associated with a given probability x of occurrence. In the MCRT code, a random
number uniformly distributed between zero and unity is used as the input in order to
simulate the direction of reflection taken by an energy bundle incident from some
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direction θi , φi . Figure 6.2 shows a three-dimensional plot of the measured BDRF data
for Krylon blue paint illuminated by an infrared source from a direction

θi = 20 deg, φi = 0 deg and the CDF generated for this data set. Because of the way the
cumulative probability function is defined, the CDF shown in Figure 6.2(b) is typical of
most surfaces.

(a)

(b)

θr
φr

kth index of CDF

Figure 6.2 Transformation of (a) BDRF into a (b) CDF.
A separate CDF is constructed for each incident direction, so all of the elements
in a particular CDF are directly linked to the two direction angles in the incident
hemisphere. Also, the order of the elements provides a link to the two direction angles in
the reflected hemisphere. Even though the two-dimensional BDRF for a single incident
direction has been reduced to a one-dimensional CDF, all of the original information
content is retained. Any particular CDF can be related in a discrete fashion to its
reflected direction angle indices by,

φr (k ) = Φ ceil

k
Nθ

(6.5)
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and,

θ r (k ) = Θ k − Nθ ceil

k
−1
Nθ

(6.6)

where the ceil() function rounds up to the next integer; Φ is the monotonic set of all
azimuth angle measurements in the reflected hemisphere; Θ is the monotonic set of all
zenith measurements in the reflected hemisphere; Nθ is the length of the set Θ ; and k is
the location index of an element in the CDF.
In the MCRT environment, radiant energy in the form of energy bundles will
arrive at a surface with a known incident direction, θi , φi . If an energy bundle is not
absorbed, then a reflected direction θ r , φr must be chosen that agrees with the
directionality of that surface. A CDF is chosen based on the incident direction; linear
interpolation may be necessary if the incident angle was not one of those mapped during
the measurement process. Once a CDF has been obtained, a random number uniformly
distributed between zero and unity is drawn that can be related to the CDF as indicated in
Equation 6.4. The index associated with that random number is determined using linear
interpolation if necessary. The angles making up the reflected direction are found by
substituting the index into Equations 6.5 and 6.6.
It should be noted that in the course of mapping the BDRF, some angular sweeps
may require more sampling than others, resulting in a non-uniform, partially-filled
matrix. Keeping track of the number and location of each measurement in an angular
sweep would be an added, and unnecessary, burden on already strained memory
resources. For simplicity, cubic spline interpolation and extrapolation are used to fill any
empty elements in a BDRF matrix. Therefore, it is only necessary to retain information
on the all-inclusive lists of the reflected zenith and azimuth measurements that were
made, Θ and Φ , respectively.
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6.2 Directional absorption
Unlike reflectivity, the directional absorptivity is dependent only on the two
angles associated with the direction vector of the incident radiant flux. The treatment of
the directional absorptivity in the MCRT environment is therefore somewhat simpler.
From Chapter 2, the directional absorptivity is given by,

α λ′ (θi , φi , λ ) =

d 3 Pa (θ i , φi , λ , Ta )
iλ ,i (λ )dA cos θ i d ωi d λ

(6.7)

and can be related to the bi-directional reflectivity by,

α ′(θi , φi ) = 1 − ρ ′(θi , φi )

(6.8)

In Equation 6.8, the wavelength λ has been suppressed as a subscript and in the argument
list as explained in Section 6.1. Recalling that the directional-hemispherical reflectivity
was the denominator in Equation 6.2 and also in the approximation given by Equation
6.3, the directional absorptivity can be approximated as,

α ′(θi , φi ) ≅ 1 −

2π

π 2

φr = 0 θ r = 0

ρ ′′(θi , φi ,θ r , φr ) cos θ r sin θ r ∆θ r ∆φr

(6.9)

Equation 6.9 can be used to produce a data matrix in which a unique value of the
directional absorptivity exists for every incident direction sampled during the
measurement process. Since the directional absorptivity is a function of the two incident
direction angles only, it is a simple matter to perform linear interpolations within the
matrix for any incident direction. Once a value for the directional absorptivity has been
determined, a random number Rα is drawn and compared to the value of the directional
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absorptivity. An energy bundle incident from a direction θi , φi is assumed to be absorbed
if the random number Rα is less than or equal to α ′(θi , φi ) ; otherwise it is reflected.

6.3 Directional emission
The directional emissivity is similar to the directional absorptivity in that it too is
dependent only upon direction angles from a single hemisphere. In the case of the
directional emissivity, however, the hemisphere involved is that associated with radiant
energy leaving a surface. Recall that for a given wavelength interval, Kirchoff’s law
states that the directional emissivity is related to the directional absorptivity by,

ε ′(θe , φe ) = α ′(θi , φi ) ≅ 1 −

2π

π 2

φr = 0 θ r = 0

ρ ′′(θi , φi ,θ r , φr ) cos θ r sin θ r ∆θ r ∆φr

(6.10)

where θ e = θ i , φe = φi are the zenith and azimuth angles associated with the direction
vector of emission. Technically, directional emission in the MCRT environment has no
relation whatsoever with any incident direction. In a practical sense, however, this is not
quite true because the matrices for the directional absorptivity and emissivity have
exactly the same angular indices. In the case of the absorptivity those indices refer to a
vector associated with an incident direction; for the emissivity, the indices refer to a
vector associated with an out-going, or emitted, direction.
Another cumulative probability distribution function must be created in order to
determine the emitted direction θ e , φe of an energy bundle. If the directional emissive
power, given by

eλ (θe , φe , λ ) = iλ ,e (θe , φe , λ ) cos θ e (W/m 2 ⋅ sr ⋅ µ m)

(6.11)
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is taken as the probability density function for emission, then integrating Equation 6.11
up to some arbitrary emitted direction θ e* , φe* and normalizing by the integration over the
entire emitted hemisphere will result in the necessary CDF,
φe*

Pe (θ e , φe ) ≡

θe*

φe = 0 θ e = 0
2π π 2

iλ ,e (θ e , φe ) cos θ e sin θ e dθ e dφe
(6.12)
iλ ,e (θ e , φe ) cos θ e sin θ e dθ e dφe

φe = 0 θ e = 0

The directional emission CDF can be related in a discrete fashion to emitted direction
angle indices by,

φe (k ) = Φ ceil

k
Nθ

(6.13)

and,

θ e (k ) = Θ k − Nθ ceil

k
−1
Nθ

(6.14)

where the ceil() function once again rounds up to the next integer, Φ is the monotonic set
of all azimuth angle measurements in the reflected hemisphere, Θ is the monotonic set of
all zenith measurements in the reflected hemisphere, NΘ is the length of the set Θ; and k
is the location index of an element in the CDF.
In the MCRT environment, radiant energy is emitted in a way that agrees with the
directionality of each surface. The cumulative probability function Pe (θ e , φe ) describes
how energy is directionally emitted from a surface.

A random number uniformly

distributed between zero and unity is drawn that can be related to Pe (θ e , φe ) , as shown in
Equation 6.13. The index associated with that random number is determined using linear
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interpolation if necessary. The angles making up the reflected direction are found by
substituting the index into Equations 6.14 and 6.15.

6.4 Applying wavelet techniques to directional data
The treatment of the reflectivity, absorptivity, and emissivity as directional
surface properties in the MCRT environment has been described in previous sections of
this chapter. The amount of storage space required for the directional data sets needed
for their implementation would tax the run-time memory of most modern computers.
Lalonde and Fournier [1997] estimated that over 4 megabytes of storage space is needed
to contain a BDRF set sampled at a resolution of five angular degrees. A BDRF with this
sampling resolution would contain millions of data points and yet could still be
sufficiently sparse to miss important reflectance characteristics of a surface. In the case
of specially engineered surfaces or situations in which high levels of accuracy are
important, much larger data sets with better angular resolution must be obtained to be
certain of capturing all of these reflectance characteristics. In order to use all of these
data efficiently in the MCRT environment, a Haar wavelet basis representation of the
transformed BDRF is used to compress the data and retrieve data points as needed.

6.4.1 Haar-based wavelet decomposition of the CDF
It is useful to think of the result of the transformation of the BDRF, the CDF, as a
signal with spatial, not temporal, resolution. It can be seen in Figure 6.2(b) that such a
signal has regions of fairly constant values separated by sharp changes in magnitude. As
was mentioned earlier in Chapter 4, wavelet techniques perform extremely well on
signals of this type. For simplicity in notation, we will consider the CDF to be a onedimensional, spatially-resolved signal P.
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Figure 6.3 Illustration of the Fast Wavelet Transform.
Recall from the discussion in Chapter 4 that the Haar-basis wavelet family can be
considered to be the nested set of orthogonal subspaces Vn . The wavelet decomposition
of the signal P is accomplished by projecting this signal onto these orthogonal wavelet
subspaces, as discussed in Chapter 4. Before this is done, it is necessary to consider the
length of the signal P. The discussions in Chapter 4 assumed a signal of dyadic length L,
L ∈ 2m ,

m = 1, 2,...∞

(6.15)

In general, this will not be the case for actual CDFs created from BDRF data sets.
Therefore, it is usually necessary to append a string of zeroes to the end of the signal in
order to make the length dyadic. This process is called “ zero-padding” in the literature.
The new signal with zero-padding, P*, can now be projected onto the Haar wavelet
subspaces. Recall from Chapter 4, that the process of projecting a signal onto these
orthogonal subspaces was shown to be the iterative application of a set of high- and lowpass filters,
2 p −1 p −1 p −1 p −1
s0 + s1 , s2 + s3 ,..., smp −−12 + smp −−11 )
(
2
2 p −1 p −1 p −1 p −1
d p = G ( s p −1 ) =
( s0 − s1 , s2 − s3 ,..., smp−−12 − smp−−11 )
2
s p = H ( s p −1 ) =

(6.16)
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This iterative filtering process is called a Fast Wavelet Transform (FWT). An illustration
of how this process occurs can be seen in Figure 6.3.
Figure 6.4 shows the signal P* and its projection onto the orthogonal subspaces
V3 , V4 , V5 , and V8 . The signal P* is shown in blue, and the various projections of that
signal onto wavelet subspaces are shown in red. An inspection of Figure 6.4 should
make it clear that a Haar-basis wavelet representation can be used to approximate the
signal P* at any arbitrary level of fidelity simply by increasing the order, n, of the
orthogonal subspaces Vn . Although it is possible to represent the signal P* exactly, it is
more desirable to use an approximation of sufficient fidelity; an approximation will
require fewer operations in order to reconstruct it from the fully decomposed signal. The
level of fidelity is a choice based upon the complexity of the data set and the level of
accuracy required from the MCRT simulation. An advantage to this approach is that it
provides the same sort of continuously adjustable accuracy that characterizes and is a
strength of the MCRT method itself. In the MCRT method, increasing the number of
energy bundles used in the analysis leads to successively better estimates of the
distribution of absorbed energy within an enclosure.

Likewise, when incorporating

directional properties into the MCRT code, increasing the order of the wavelet subspaces
used to represent the data results in better approximations of the data.
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Figure 6.4 Projection of P* onto the wavelet subspaces (a) V3, (b) V4, (c) V5, and
(d) V8
At this point in the development, it should be noted that the length of P* is greater
than or equal to the length of the original signal P due to zero-padding. While this may
seem like a setback, the zero-padding is a necessary step prior to performing the FWT. In
signals of significant length it will be shown that even with the inclusion of these zeroes,
wavelets can still be used to achieve very high compression rates.

6.4.2 Wavelet compression
The wavelet decomposition of the signal P* produces another signal Q of equal
length, but with the same information content. However, the representation of that
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information content has been changed; at this point, it is still possible to perform an
inverse FWT on Q and obtain the signal P* exactly.

As mentioned in Chapter 4, one of

the properties of the wavelet transform Q is that the magnitude of each of its elements is
proportional to its worth in reconstructing P*. In other words, the largest values in Q
contain most of the information content in P*. Wavelet compression is accomplished by
forcing some of the smallest elements in Q to zero. Hard-thresholding was used to
accomplish that in the effort described in this dissertation.
Hard-thresholding is performed by setting to zero all elements of the wavelet
transform Q whose absolute values are less than some tolerance, τ . As was the case
with the fidelity of the wavelet representation, the value of τ is a choice that should be
made based upon the complexity of the signal and the desired level of accuracy.
Once thresholding has been performed, the signal should contain significantly
more strings of zeroes and is ready to be encoded. The value of the strings, in this case
zero, is unimportant; what matters is they will probably contain several long periods of
constant values in the signal and so can be encoded using a minimum of storage space.
The entropy coding shown in Table 4.1 of Chapter 4 was used for encoding thresholded
wavelet transforms in the effort described in this dissertation.
As promised at the end of the previous sub-section of this chapter, an example of
the wavelet compression of a signal will now be examined. The result of each step in this
process is shown in Table 6.1. Consider the signal P to be the one-dimensional, spatiallyresolved function described by,
P (t ) = sin(t ),

t = [0,0.3,...,6]

(6.17)

where the elements in t are the twenty-one sampling points on the sine function which
produce the signal P. Note that the signal P is not the same as the sine function; it is only
an approximation of the sine function. The length of the signal P was chosen specifically
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In other words, if n is the length of the set t then

Recall from the discussion in Chapter 4 that the set of all

numbers d that satisfy d ∈ 2 m , m = [0,1,..., ∞ ) is a sequence of dyadic numbers. The
exponent, m, is of interest only in that it must be in the set described above if the signal is
to have the property of being able to be repeatedly divided in halves of whole integer
lengths. Note that twenty-one, the length of P, lies between sixteen and thirty-two in the
dyadic sequence. The signal P must be zero-padded until its length becomes dyadic
before the wavelet decomposition can be performed. Therefore, eleven zeroes were
appended to the end of the original signal P to produce P*. It should be noted that the
original length of the signal P is a datum that must be retained. The new signal P* is
dyadic in length and capable of being decomposed with the FWT, but it is 150 percent
longer than the original signal.

After P* is decomposed using the FWT, hard-

thresholding is employed using a tolerance of τ = 0.09 to produce the threshold wavelet
transform Q. Finally, an inverse FWT is performed on Q to reconstruct the threshold
representation of the original signal, P' (The inverse FWT is discussed in Section 6.4.3).
Recalling that the original length is only twenty-one, the last eleven elements of P' are
discarded.
In order to judge the effectiveness of this process it is necessary calculate the
storage space needed for each signal. If all of the elements are treated as doubleprecision variables, then 8 bytes will be required to store each element. The signal P
contains twenty-one elements and would require 168 bytes of memory; P* would require
256 bytes of memory. The threshold wavelet transform Q, however, can be compressed
using the entropy coding in Table 4.1 into the sequence [0 a b c d e f 0 g 0 h # 21]T;
where the letters and zeros represent 8-bit double-precision numbers, the # symbol is an
8-bit number reserved to signify that a string of zeroes is next, and the 21 is an 8-bit
number representing the length of the string of zeroes. The result is that Q can be
encoded and stored using only 104 bytes—this is a compression of almost 40 percent
compared to the storage requirements of the original signal. While this example was
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specifically chosen to illustrate the power of wavelet compression techniques, the
magnitude of the compression is typical. Aboufadel et al. [1999] report that the FBI
routinely gets compression rates of 20:1 when using wavelet compression techniques on
their fingerprint data files.
A comparison of the original sampled signal P and the reconstruction of that
signal after hard-thresholding P' can be seen Figure 6.5. The signal P is shown as blue
diamonds and the reconstruction P' is represented by a red line intersecting the
reconstructed points.

Hard-thresholding with a tolerance of τ = 0.09 results in

approximately half as many wavelet coefficients as in the original decomposition. These
are the coefficients which contain the most information about the original signal,
however, so the reconstruction of that signal still results in a fairly good representation.
The obvious errors that can be seen are due to the fact that thresholding is a “ lossy”
technique that destroys some information.
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Figure 6.5 Comparison of signal with reconstruction after thresholding.
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Table 6.1 Illustration of wavelet compression with zero-padding.
P = sin(t)

P*

P d*

Q (τ=0.09)

P'

Dyadic Length

Decomposed

Thresholding

Reconstructed

0

0

-0.0002481

0

0.2631

0.2955

0.2955

0.2201

a = 0.2201

0.5586

0.5646

0.5646

0.3228

b = 0.3228

0.3015

0.7833

0.7833

-0.1558

c = -0.1558

.5202

0.9320

0.9320

-0.1327

d = -0.1327

.9089

0.9975

0.9975

0.2541

e = 0.2541

.9744

0.9738

0.9738

-0.1854

f = -0.1854

.997

0.8632

0.8632

0

0

.8863

0.6755

0.6755

-0.0930

g = -0.0930

.3956

0.4274

0.4274

0.0082

0

.1475

0.1411

0.1411

0.0989

h = 0.0989

.4210

-0.1755

-0.1755

0.0635

0

.1221

-0.4425

-0.4425

-0.0529

0

-0.6222

-0.6878

-0.6878

-0.0247

0

-0.8675

-0.8716

-0.8716

0

0

-0.6919

-0.9775

-0.9775

0

0

-0.7978

-0.9962

-0.9962

-0.-369

0

-0.8465

-0.9258

-0.9258

-0.0273

0

-0.7762

-0.7728

-0.7728

-0.0082

0

-0.9224

-0.5507

-0.5507

0.0138

0

-0.7003

-0.2794

-0.2794

0.0310

0

-0.2096

0

0.0374

0

discarded

0

0.0307

0

discarded

0

0.0132

0

discarded

0

-0.0088

0

discarded

0

-0.0278

0

discarded

0

-0.0349

0

discarded

0

0

0

discarded

0

0

0

discarded

0

0

0

discarded

0

0

0

discarded

0

0

0

discarded

Dwight E. Smith

Chapter 6 Presentation of the analytical model

80

The previous example is a good illustration of the power of wavelet compression
techniques.

Even better results can be achieved with longer signals that are better

conditioned to wavelet analyses—signals, such as the directional data CDF generated
earlier, that have constant sections separated by rapid changes in magnitude. While
entropy encoding would be useful in storing directional data libraries, during actual code
operation the translations would likely take too much time. An alternative method is
simply to store the non-zero coefficients along with an array of their location indices.
Note that while this doubles the space needed for storage, in the example given above this
would mean allocating space for only sixteen elements (128 bytes) as opposed to the
original twenty-one (168 bytes). This still gives a compression of almost 24 percent.

6.4.3 Wavelet reconstruction
An important characteristic of the wavelet decomposition of a signal is that the
entire process is composed of simple arithmetic functions—adding, subtracting, and
multiplying by constants. Therefore, the inverse FWT is simply a matter of reversing the
order of each operation until the original signal has been obtained. An illustration of the
inverse FWT can be seen in Figure 6.6. The symbols H'and G'are the operative inverses
of the high- and low-pass filters (H and G) introduced earlier in this chapter.

sm
dm

s2
d2

s1

H'

P*
d1

G'

Figure 6.6 Illustration of the inverse Fast Wavelet Transform.
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6.4.3.1 Point Reconstruction
While it is certainly possible to reconstruct the entire signal, this would result in
exactly the same problem that initiated this entire effort: too much data would have to be
stored in run-time memory. It is far more desirable to use the smaller, compressed signal
to reconstruct single data points as necessary. Recall from Chapter 4 that a discrete
signal can always be represented as the properly weighted sum of the Haar wavelet basis
functions. In other words, a signal f(t) sampled at 2n points between zero and unity can
be expressed as the sum,
f (t ) = c0φ (t ) + c1ψ (t ) + c2ψ 1,0 (t ) + c3ψ 1,1 (t ) + ...

(6.18)

where the constants c p = [c0 , c1 , c2 , c3 ,...] are the wavelet coefficients resulting from the
decomposition of the sampled signal; φ (t ) is the Haar father wavelet,

φ (t ) =

1, 0 ≤ t ≤ 1
0, otherwise

(6.19)

ψ (t ) is the Haar mother wavelet,
1, if 0 ≤ t< 12

ψ (t ) = -1, if

1
2

≤ t<1

(6.20)

0, otherwise
and the various generations of daughter wavelets are defined,

ψ l ,m (t ) = 2l / 2ψ (2l t − m)

(6.21)

where l refers to the current generation of daughters and m to their “ birth-order” and
offset. If the spatially-resolved signal f(t), sampled at 2n points on the closed interval [0
1], has been decomposed using the FWT and the wavelet coefficients c p are known, the
signal can be reconstructed at any point t using,
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n −1 2l −1
l =0 m=0

c2l + mψ l ,m (t )
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(6.22)

While Equation 6.22 has been developed on the interval [0 1], it is a simple matter to
relate an index k to the parameter t using,
t=

2k − 1
2n +1

(6.23)

It is now possible to consider the point-wise reconstruction of directional data sets.
function [j] = searchwave3(c,n,r);
jl = 0;
ju = n+1;
while (ju-jl>1),
jm = floor((ju+jl)/2);
temp = Pconstruct(c,jm);
if r>=temp,
jl = jm;
else
ju = jm;
end
end

%Initialize lower
%and upper limits.
%If we are not yet done, then
%compute a midpoint,
%Reconstruct value at index jm using coefficients in c
%If value >= reconstructed value at jm, then
%replace either the lower limit

if(r = Pconstruct(x,1)),
j = 1;
elseif(r = Pconstruct(x,n)),
j = n-1;
else
j = jl;
end

%Then set the output

%or the upper limit as appropriate.
%Repeat until the while condition is negated.

Figure 6.7 Binary search routine.
While the wavelet analysis of directional data provides a compact means of
representing those data, it does not provide a direct analytical relationship between an
index k and the value of the CDF at that index. Two means are available for determining
which index corresponds to a particular value in the CDF once it has been decomposed.
The first, reconstructing the entire CDF in order to perform a search, is too memoryintensive. The second approach is to use point-wise reconstruction to perform the search.

Dwight E. Smith

Chapter 6 Presentation of the analytical model

83

Because the CDF is monotonic, it is possible to use a binary search routine to find the
index associated with any particular CDF value. The binary search routine used in this
work is shown in Figure 6.7.
The binary search routine described above operates, in general, by repeatedly
bisecting a monotonically increasing signal and searching for a particular data point in
both segments of the signal sequentially. If the data point is found within this segment,
then the segment is again bisected and the process repeated; otherwise the data point must
be in the other segment and it is then bisected and the process repeated. The signal of
interest for this work is the reconstruction, P'
, of the wavelet decomposition, Pd* .
However, since only the upper and lower limits of each segment are used in the
comparison, point reconstruction of these two data points can be used to minimize the
number of required calculations.

6.5 Overview of the analytical model
The incorporation of directional surface optical properties into MCRT simulations
of radiation exchange is not a trivial matter. The treatments of the directionality of the
surface properties—reflectivity, absorptivity, and emissivity—require serious thought in
their development.

The complexity of these properties results in the need to use

extremely large directional data sets to represent them in the MCRT environment. One
way to make it feasible to use data sets of this size is to apply wavelet compression
techniques to the data sets before incorporating them into the MCRT environment. This
section of the chapter is devoted to summarizing the previous discussions and presenting
an overview of how each step leads into the next in an MCRT simulation of radiant
exchange.
Recall from Chapter 3 that the radiant power Qij emitted by a surface i and
absorbed by a surface j is given by,
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K

n

k =1 j =1

ε ik Ai eb (∆λk , Ti ) Dijk (W)
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(6.24)

where ε ik is the band-averaged hemispherical emissivity, Ai is the surface area of
emission, eb (∆λk , Ti ) is the emissive power of a blackbody at temperature Ti for
wavelength interval ∆λk ,Ti is the temperature of surface i, and Dijk is the band-averaged
spectral radiation distribution factor. The actual calculation of radiant exchange using
Equation 6.26 is trivial if all of the terms are known. In general, however, the Dij is an
unknown factor and either very difficult or impossible to determine analytically.
Therefore, the goal of an MCRT simulation of an enclosure is to approximate the
necessary Dij factors. A block diagram showing the logic flow for an MCRT simulation
of radiant exchange within a directional enclosure in wavelength interval ∆λk can be
seen in Figure 6.8. The blocks outlined in bold cover topics that are discussed in this
chapter; the development of all other blocks may be found in Mahan [2001].
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Nik = 0
Nijk = 0
Determine the Location
of Emission of the
Energy Bundle
Directional Emissivity
Determine the Direction
of Emission of the
Energy Bundle
Section 6.3
Nijk = Nijk +1

Nik = Nik +1
Determine the Point of
Intersection of the Energy Bundle
with the Enclosure Walls

no
Nik = Nik,max

Determine the Surface
Element Hit

yes
Dijk ≅ Nijk / Nik

yes

Directional Absorptivity
Is the Energy Bundle
Absorbed?

[Rα<α’(θi,φi)]

Directional Reflectivity
Determine Direction of
Reflection using BDRF
Section 6.1

no

Section 6.2

Figure 6.8 Logic flow for estimation of the band-averaged radiation distribution
factor for directional enclosures.
The symbol Nik in Figure 6.8 represents the number of energy bundles
directionally emitted by a surface i in wavelength interval ∆λk . Nijk is the number of
energy bundles directionally emitted in wavelength interval ∆λk by a surface i that are
absorbed by a surface j due to direct radiation and all possible reflections. The bandaveraged radiation distribution factor Dijk is equal to the ratio Nijk/Nik in the limit as Nik
approaches infinity, but it can be approximated with a sufficiently large number of
emitted energy bundles, Nik. Once the location of emission has been determined, the
cumulative probability distribution function Pe (θ e , φe ) is used to determine the direction
of emission. A random number is drawn to be compared to the cumulative probability
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function Pe (θ e , φe ) . A binary search routine using the point reconstruction function as a
subroutine determines the indices of values in Pe (θ e , φe ) that bracket the value of the
random number drawn.

Linear interpolation is then used to find the exact index

associated with the random number, and finally the reflected direction angle components
are determined using Equations 6.14 and 6.15.
Once an energy bundle has been emitted, the number Nik is incremented and the
point of intersection of the energy bundle with the enclosure walls is determined. The
surface element intersected by the path of the energy bundle is identified and the incident
direction with respect to local coordinates is calculated. The incident angle is used to
interpolate among the values in that surface element’s directional absorptivity matrix. A
random number is drawn and compared to the result to determine whether or not the
energy bundle is absorbed. If the random number is less than or equal to the directional
absorptivity the bundle is absorbed; otherwise it is reflected.
If the energy bundle is reflected, a reflection direction must be determined.
Another random number is drawn to be compared to the cumulative probability function
Pr (θi , φi , θ r , φr ) . A binary search routine using the point reconstruction function as a
subroutine determines the indices of values in Pr (θi , φi , θ r , φr ) that bracket the value of
the random number drawn. Linear interpolation is used to find the exact index associated
with the random number and the reflected direction angle components are determined
using Equations 6.5 and 6.6. The new point of intersection with the enclosure walls must
then be found. This process is iterative, as shown in Figure 6.8, and continues until the
energy bundle is absorbed. At this point, the number Nik is checked to see if the total
number of energy bundles to be emitted, Nik,max, has been reached. If this is not the case,
another energy bundle is emitted and Nik is incremented.

This continues until the

required number of bundles has been emitted and absorbed somewhere within the
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enclosure. The Dijk factor from surface i to any other surface j in the enclosure can now
be determined, as shown in Figure 6.8.
The methodology presented in this chapter for the treatment of directional
surfaces in the MCRT environment has been tested using measured directional data and
enclosures with directional surfaces. The next chapter will describe the equipment used
to acquire directional surface optical data as well as the experimental setup of the
directional enclosures. Also, a selection of results is presented.

Chapter 7 Presentation of experiment
In order to test the methodology presented in the previous chapter, directional
surface optical data must be acquired and applied to the surfaces of some enclosure.
BDRF data were acquired from flat surfaces that had been covered with one of two
different surface coatings. These data were then used to simulate radiation exchange
within an open-ended rectangular enclosure where the inner surfaces were covered with
one of the two different surface coatings. This chapter describes the equipment used to
measure the bi-directional reflectivity of the surfaces and the enclosures constructed for
testing the methodology developed in Chapter 6. All of the data in this dissertation was
acquired by the author at the United States Naval Academy using an SOC-250 bidirectional reflectometer borrowed from the NASA-Aimes research center.

7.1 Design review of the SOC 250 reflectometer
The SOC-250 is a field portable bi-directional reflectometer designed and
manufactured by Surface Optics Corporation for in-situ measurements of the directional
reflectance characteristics of surfaces. This device has previously been presented in the
literature by Beecroft et al. [1997]. A picture of the SOC-250 can be seen in Figure 7.1.
The SOC-250 bi-directional reflectometer is composed of three major components: the
measurement head, the power supply, and the computer. The SOC-250 is capable of
measuring a variety of surfaces over a range of wavelengths from the visible out to the
mid-infrared region using sets of interchangeable broadband sources, spectral band-pass
88
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filters, and detectors. For the data acquired for use in this dissertation, the SOC-250 was
equipped with a broadband infrared source operating in the wavelength band from 3.0µm
out to 12µm. The source was an infrared lamp consisting of a Kanthol filament with a
ZnSe window and germanium neutral density filter substrates. Data were recorded using
a spectral band-pass filter set for 3.28µm.

Measurement Head
Power Supply
Computer

Figure 7.1 SOC-250 bi-directional reflectometer.
The measurement head sits directly over the sample to be measured and consists
of a housing supported by three motorized legs which allow for vertical positioning and
leveling. A detailed picture of the measurement head can be seen in Figure 7.2. The
source and the detector are mounted on separate automated hemispherical tracks; the
positioning of the source or detector on a track determines the azimuth angle with respect
to the sample being measured. The source track can be positioned so as to allow for
incident zenith angles from 0 to 70 degrees, while the detector can range from 0 to 85
degrees. The hemispherical source and detector tracks are each supported by separate
rotational mounts that can be used for the independent rotation of either the source or
detector in the azimuth direction. Both the source and the detector have azimuth ranges
of 0 to 180 degrees. A diffuse gold surface used as a reference in the data reduction
process is also mounted on the measurement head. The reference surface is attached to
an arm that can be lowered into position when necessary as shown in Figure 7.2. The
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SOC-250 provides an indirect measurement of the bi-directional reflectivity of a surface;
all measurements are referenced to the diffuse gold surface shown in the figure. The
computer and power supply for the SOC-250 contain the operating software, data
acquisition and power hookups for the system.

Detector
Track

Source
Track
Standard Arm

Diffuse Gold
Reference

Figure 7.2 Measurement head of the SOC-250.
During the operation of the SOC-250, measurements of the diffuse gold reference
were taken the beginning of each measurement. The procedure in the SOC-250 operating
manual called for more frequent sampling of the reference, but motor malfunctions in one
of the legs meant that only one measurement of the diffuse gold reference could be made.
After the measurement head was leveled after that one sampling, any further movement
tended to leave the measurement head tilted.

Theoretically only one reference

measurement is needed, but drift in the source and the detector over time can be expected
to introduce errors in the data acquired for this dissertation. A more detailed discussion
of the operation of the SOC-250 can be found in Beecroft et al. [1997].
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7.1.1 Optical Train
The optical train of the SOC-250 is of interest to this dissertation as an attempt
will be made to simulate the action of measuring the BDRF of a surface. The two main
components of the measurement head are the source and detector cars which hold the
instrumentation and mirrors used to direct radiation to the sample and then redirect it
towards the detector. The optical train from the infrared source of the SOC-250 to the
sample can be seen in Figure 7.1. Mirrors direct the radiation through choppers used to
modulate the signal to help separate it from ambient noise before it is passed through a
neutral density filter and onto the sample surface.
Source
Chopper & Aperture

ND Filter Wheel

Sample

Figure 7.3 Optical train from source on SOC-250.
After the radiant energy is incident to the sample surface, it is reflected into the
hemisphere above that surface according to its characteristic directional reflectance
behavior. A portion of that reflected energy is incident to the mirror which redirects it
through a spectral band-pass filter and then to the InSb detector.
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Detector
Optical Train

Filter Wheel & Aperture

Sample

Figure 7.4 Optical train to detector on SOC-250.

7.1.2 Sample alignment
Care was taken to ensure that the surfaces measured were aligned such that their
local ordinate axes were coincident with the center of rotation of the two hemispherical
tracks supporting the source and detector cars. This was accomplished by using a built-in
alignment laser to position the sample beneath the measurement head. Once the sample
had been properly positioned, the laser was turned off. It was possible to make repeat
measurements with confidence as the samples were marked so that their orientation with
respect to the measurement head could be duplicated even if they were moved.

7.1.3 Concerns/constraints of design
A major concern about the data acquired in this dissertation using the SOC-250 is
that only an indirect measurement of the bi-directional reflectivity is possible.

All

calibration procedures are based upon the accuracy to which the reflectance
characteristics of the gold reference are known.

Although this gold reference has

previously been labeled as diffuse, it is not know if that label is truly valid or if the
surface may have been degraded over time and use. Because all measurements are
referenced to this surface, any errors associated with it will propagate throughout the data
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sets presented in this work. It is more desirable to acquire data with a reflectometer that
is capable of direct calibration—i.e. the detector can “ see” the source.
Another concern about the measurement of the directional data deals with the
optical train of the SOC-250. It is the belief of the author that the SOC-250 has an
underfilled sample and an overfilled detector. In other words, the spot-size of the source
on the sample is small enough that exact positioning of the sample is very important;
irregularities in the surface could affect repeatability.

Also, because the source is

overfilled it will be more sensitive to any non-uniformity in the source. Zaworski et al.
[1993] investigated both of these conditions and found that they could contribute
significantly to measurement uncertainties.
Additional concerns are the magnitudes of any contributions to the radiant signal
received by the detector due to scattering from the legs and surfaces of the measurement
head and any contributions from the surroundings.

Attempts were made to limit

contributions from the surroundings by performing measurements in a dark room where
the temperature was kept below 70°F.

7.2 Preparation of sample surfaces
Bi-directional reflectivity data was acquired for two different surfaces using the
SOC-250 reflectometer. This section of the chapter details the preparation of each of
these surfaces prior to its measurement. A predominantly specular surface is presented
first, followed by a diffuse surface. The data for these surfaces were acquired using a
broadband, unpolarized, infrared lamp with a Kanthol filament (2 -14µm) as the source
and an InSb detector with a spectral band-pass filter set to 3.28µm. Each data point
acquired was the average of 100 measurements.
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7.2.1 Krylon hunter green paint (smooth)
A predominantly specular surface was created by painting an aluminum substrate
with Krylon Shortcuts Hunter Green Satin (SCS-093) aerosol paint. The aluminum
substrate was placed on a horizontal surface prior to being painted. The paint was
applied by holding the aerosol can approximately 8 inches away from the substrate and
spraying three one-second bursts at the surface of the substrate while holding the can
inclined at an approximate angle of 45 deg. The first coating was allowed to dry for
several hours before another coating was applied. In all, three coatings were sprayed
onto the aluminum substrate. The surface created was smooth and mirror-like to the
naked eye.

7.2.2 Krylon hunter green paint (rough)
A predominantly rough surface was created by painting a sheet of Norton all
purpose sandpaper (Fine 150 Grit) with Krylon Shortcuts Hunter Green Satin (SCS-093)
aerosol paint. The sandpaper substrate was placed on a horizontal surface prior to being
painted. The paint was applied by holding the aerosol can approximately 8 inches away
from the substrate and spraying three one-second bursts at the surface of the substrate
while holding the can inclined at an approximate angle of 45 deg. The first coating was
allowed to dry for several hours before another coating was applied. In all, three coatings
were sprayed onto the sandpaper substrate. The surface created was rough and without
any periodicity.

7.3 Design of “enclosure” for radiative exchange comparisons
The experimental design used in this dissertation was not only an attempt to
validate the methodology presented in Chapter 6, but also to investigate the importance of
directionality when multiple reflections occur. To accomplish the first goal, it was not
only necessary to create an enclosure whose surfaces were made of materials with
previously measured BDRFs; the enclosure must also be one in which experimental
measurements could be made. In order to achieve the second goal, the orientation of the
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incident radiation was changed such that the number of reflections needed to exit the
enclosure could be varied, assuming all reflections to be specular in nature. The zenith
inclination of the source car was varied to change the orientation of radiation incident to
one end of the enclosure; both the zenith and azimuth angles of the detector car were
changed in order to map the dispersal of energy leaving the other end of the enclosure
through a surface called the measurement grid.
In order to validate the methodology presented in Chapter 6 of this dissertation, an
enclosure was devised such that experimental measurements could be made.

The

inspiration for this enclosure came from the work done by Zaworski et al. [1995] in
which they investigated the passage of radiant energy through a gap formed by two
parallel plates covered with a paint coating whose BDRF had previously been measured
[Zaworski, 1993]. Instead of parallel plates, an open-ended rectangular tube was used to
form part of the enclosure for this dissertation. The SOC-250 reflectometer was used to
irradiate the enclosure from one end of the tube and to measure the dispersal of radiant
energy leaving the other end of the tube. The source and detector cars move on halfcircle arcs that can be rotated to describe a hemisphere with a diameter of 6” . The
rectangular tube was sized to fit inside of this hemisphere and still leave room for the
rotation of the source and detector cars.
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Figure 7.5 Illustration and photo of rectangular tube used in enclosure.
An illustration and photo of the rectangular tube beside a quarter can be seen in
Figure 7.5. The tube was made of two pieces of 1” x 1” aluminum angle with a thickness
of 1/16” . Two pieces of this aluminum angle were cut to lengths of 2” and then one was
inverted and stacked on top of the other to form an open-ended box. The inner height of
the box thus formed was 15/16” and the inner width was 14/16” . Two rectangular tubes
were made in this manner. The inner walls of one of these rectangular tubes were treated
with a coating of Krylon Shortcuts Hunter Green Satin (SCS-093) aerosol paint to create
a specular enclosure. Strips of Norton all purpose sandpaper (Fine 150 Grit) that had
been painted with Krylon Shortcuts Hunter Green Satin (SCS-093) aerosol paint were cut
to size and glued to the inner surfaces of the other rectangular tube to create a diffuse
enclosure.
The top of each of the tubes was marked with two lines that bisected the length
and width of the tube; the lines intersected at their respective midpoints. These two lines
are shown as dashed lines on the top of the rectangular tube in Figure 7.5.

The

intersection of the two perpendicular lines was used to position the rectangular tube
beneath the SOC-250 bi-directional reflectometer with the help of the built-in alignment
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laser. Care with this alignment is needed because radiant energy emitted by the source
car of the SOC-250 is calibrated to hit the same spot illuminated by the alignment laser.
Since the height of the open-ended box was known, the motorized legs of the
measurement head were repositioned after alignment so that the spot illuminated by the
SOC-250 was on the inside bottom surface of the open-ended box. The intersection of
the two lines is numbered (1) in Figure 7.5 for reference later.
In a practical sense, the open-ended rectangular tube shown in Figure 7.5 is the
entirety of the “ enclosure” used to compare directional MCRT simulations with
experimental measurements. For the purpose of simulating radiation exchange with the
MCRT method, however, a true enclosure is needed. The necessary enclosure can be
formed by including an arbitrary number of imaginary surfaces that are non-emitters and
perfect absorbers [Mahan, 2001]. This makes sense for the simulation as any radiation
hitting these imaginary surfaces escapes to the surroundings during the experiment, and
the temperature of the room is too low to contribute significantly in the wavelength of
interest. The enclosure used as a model for the MCRT simulations can be seen in Figure
7.6. The grey translucent surfaces are the walls of the open-ended rectangular tube that
was constructed; the radiation source is shown as a red disc inside the box; the
measurement grid is shown in green; and the remaining surfaces, colored a translucent
blue, are all imaginary. The measurement grid was approximated by the vertical hatched
surface, shown in red in Figure 7.6, for programming simplicity. The hatching on this
surface is consistent with the solid angle subtended by a cell on the measurement grid
onto the center of the floor of the box.
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Measurement grid of
SOC-250

Measurement grid used
in MCRT simulation

Figure 7.6 Illustration of enclosure used in MCRT simulation.
The radiation source, shown as a red disc in Figure 7.6, is used to simulate radiant
energy emitted by the source car of the SOC-250 reflectometer at an incident zenith
inclination of 65 deg. The box itself was positioned so that the spot illuminated at a
zenith inclination of 65 deg was at the center of the floor of the box. The illuminated
spot was directly beneath the reference intersection used for alignment in Figure 7.5.
Consider the case where all reflections inside of the box are specular and the position of
the spot illuminated by the source is known. It would be possible, then, to use optical ray
tracing to determine the number of reflections that would occur before radiant energy
from the source could leave the rectangular box. An investigation of the importance of
directionality in situations where multiple reflections occur could be made by varying the
zenith angle of the source and the position of the illuminated spot within the box.
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Figure 7.7 Specular reflection within open-ended box.
Figure 7.7 shows the profile view of the enclosure used for the comparison of MCRT
simulations with experimental measurements. In this view, the radiant energy is incident
from a known zenith angle and illuminates a spot on the floor of the open-ended box. For
Figure 7.7, reference point (1) from Figure 7.6 is used for alignment of the box beneath
the measurement head. The legs are then lowered so that the illuminated spot would be
on the floor of the open-ended box—directly beneath the reference point. The source car
was then set for an incident direction of θi = 65deg, φi = 0 deg . The detector car was then
used to make measurements of the radiant energy leaving the other end of the open-ended
box. Assuming purely specular properties, Figure 7.7 shows that only one reflection
would occur before the majority of the incident radiant energy left the enclosure.

The

procedure just described was carried out on two different enclosures, each having a
different surface type on the interior of the open-ended box.

Chapter 8 Results and Discussion
The previous chapters in this dissertation have presented the background and led
to the development of a methodology for using directional surface optical data in the
MCRT environment. This chapter presents the BDRF data acquired using the SOC-250
for the two different surfaces described in Chapter 7. Also presented in this chapter are
the results from MCRT simulations of the SOC-250 making measurements of samples
and within the enclosure described in Chapter 7.

8.1 Experimental data from SOC-250
The SOC-250 bi-directional reflectometer was used to acquire experimental
measurements of the BDRF from two different sample surfaces prepared and illuminated
as described in Chapter 7. BDRF data sets are presented in Section 8.1.1 of this chapter
for an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin aerosol paint
as well as a sheet of Norton all-purpose sandpaper coated with the same Hunter Green
aerosol paint. These two samples were used as coatings for an open-ended box that
forms part of the enclosure described in Section 7.3 of the previous chapter. The openended box was illuminated from one end using the source car of the SOC-250; the
detector car was used to map the reflected intensity at the exit of the box. Section 8.1.2
of this chapter presents the experimental measurements taken at the exit of the box for the
two different surface coatings.
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8.1.1 Data from samples
8.1.1.1 Aluminum substrate coated with Krylon Hunter Green Satin
The BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green
Satin aerosol paint was acquired using the SOC-250. The sample surface was centered
beneath the measurement head as described in Chapter 7 and illuminated with the
Kanthol-filament, broadband infrared lamp contained in the source car. Measurements
were made with source car positioned for an incident azimuth angle of 0 deg and incident
zenith angles of 0, 10, 20, 40, 60, and 75 deg. The spectral bandpass filter on the detector
car was set for 3.28 µm and measurements of the BDRF were made across half of the
reflected hemisphere; the sample was assumed to be isotropic. The reflected zenith
angles where measurements were made with the detector car varied with the reflected
azimuth angle (the reasoning behind this was presented in Chapter 6). The data set
resulting from this measurement scheme is a partially filled matrix, since more
measurements were made at some azimuth angles than at others. The data matrix was
filled using cubic spline interpolation to supply the missing data points at each azimuth
angle. The raw data acquired for the aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint is presented in Figure 8.1; the interpolated data set is
presented in Figure 8.2. The plots shown in Figure 8.1 and in Figure 8.2 have been
separated to show more detail in Appendix A of this work. This surface will hereafter be
referred to as Al-HGS.

8.1.1.2 Sandpaper substrate coated with Krylon Hunter Green Satin
The BDRF of a sheet of Norton (150 Fine grit) all-purpose sandpaper coated with
Krylon Shortcuts Hunter Green Satin aerosol paint was acquired using the SOC-250. The
sample surface was once again centered beneath the measurement head and illuminated
with the Kanthol-filament, broadband infrared lamp contained in the source car.
Measurements were made with source car positioned for an incident azimuth angle of 0
deg and incident zenith angles of 0, 10, 20, 40, 60, and 75 deg. The spectral bandpass
filter on the detector car was set for 3.28 µm and measurements of the BDRF were made
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across half of the reflected hemisphere; the sample was again assumed to be isotropic.
The reflected zenith angles where measurements were made with the detector car varied
with the reflected azimuth angle, so it was again necessary to fill the data matrix using
cubic spline interpolation to supply the missing data points at each azimuth angle. The
raw data acquired for the Norton (150 Fine grit) all-purpose sandpaper coated with
Krylon Shortcuts Hunter Green Satin aerosol paint is presented in Figure 8.3; the
interpolated data set is presented in Figure 8.4. The plots shown in Figure 8.3 and in
Figure 8.4 have been separated to show more detail in Appendix A of this work. This
surface will hereafter be referred to as SP-HGS.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8.1 Experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint
for incident zenith angles of (a) 0, (b) 10, (c) 20, (d) 40, (e) 60,
and (f) 75 degrees.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8.2 Cubic spline interpolation of BDRF from aluminum
substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint for incident zenith angles of (a) 0, (b) 10, (c) 20, (d)
40, (e) 60, and (f) 75 degrees.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8.3 Experimental BDRF data from Norton all-purpose
(150 Fine grit) sandpaper substrate coated with Krylon
Shortcuts Hunter Green Satin aerosol paint for incident zenith
angles of (a) 0, (b) 10, (c) 20, (d) 40, (e) 60, and (f) 75 degrees.
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Figure 8.4 Cubic spline interpolation of BDRF from Norton allpurpose (150 Fine grit) sandpaper substrate coated with Krylon
Shortcuts Hunter Green Satin aerosol paint for incident zenith
angles of (a) 0, (b) 10, (c) 20, (d) 40, (e) 60, and (f) 75 degrees.
An inspection of Figure 8.1 and Figure 8.3 will show that there are several
extremely dark patches scattered throughout the data sets. These patches are locations
where reflected measurements were not made. The resulting data sets for both the AlHGS and the SP-HGS samples are rough and unusable in their raw forms. Therefore,
cubic spline interpolation was used fill the missing data points.

It is possible that
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significant errors were incurred during the interpolation process. An indication of the
possible inclusion of errors can be seen most readily in Figure 8.4(e) and (f) where the bidirectional reflectivity was set to be essentially constant for two azimuth measurement
sweeps.
Accepting whatever errors may have been included during the interpolation
process, it is possible to make some observations about the behavior of the bi-directional
reflectivity of the two samples. For both the Al-HGS and the SP-HGS, the magnitude of
the specular component of the reflection increases as the angle of incidence approaches
grazing. This observation coincides with the conclusion reached by Smith and Hering
[1971]. The behavior of the BDRF of the Al-HGS sample displays more specularity than
does that of the SP-HGS sample at all incident orientations. The broader peaks in the
BDRF of the SP-HGS sample are most likely a result of shadowing and multiple
reflections among the irregularities in the surface of the sandpaper that tend to scatter
radiation in a diffuse manner.
Neither sample reflected much when the illumination was normal to the surface.
In fact, the BDRFs of both the Al-HGS and the SP-HGS samples behave in a diffuse
manner for radiation incident from directly above. Note that when the illumination is
normal to the surface, the source car prevents the detector car from measuring directly
above the surface; it is still possible, however, to measure zenith angles that are greater
than 10 deg. At the other angles of incidence, both samples peak approximately 180 deg
away in azimuth and with nearly the same zenith angle. The peaks for the Al-HGS
sample are more prominent, and seem to occur at a reflected zenith angle slightly less
than the incident zenith angle. The reference to “ angle of incidence” here refers to the
zenith; all azimuth measurements were made at zero degrees.
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8.1.2 Data from enclosures
The SOC-250 bi-directional reflectometer was used to illuminate the floor of an
open-ended box from a known incident orientation and to acquire experimental
measurements of the reflections at the exit of the box. As described in Section 7.3 of
Chapter 7, the open-ended box can be considered to be a part of an enclosure if the
entrance to the box, the portion of the reflected hemisphere where measurements are
made, and the surroundings are all considered to be a set of imaginary walls. The idea of
constructing an enclosure from the box and several imaginary walls was illustrated in
Figure 7.7 of the previous chapter.
Two open-ended boxes were constructed as described in Chapter 7. The inside of
one of these boxes was painted to produce interior walls with the same optical properties
as the Al-HGS sample; the interior of the other was coated with strips of the SP-HGS
sample. Each of the boxes was aligned and measured according to the procedure laid out
in Section 7.3 of the previous chapter.

8.1.2.1 Aluminum substrate coated with Krylon Hunter Green Satin
The source car of the SOC-250 reflectometer was used to illuminate the floor of
an open-ended box constructed of an aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint. The power received at the exit of the box was acquired
using the detector car of the SOC-250.

Measurements were made with source car

positioned for an incident azimuth angle of 0 deg and an incident zenith angles 65 deg.
The spectral bandpass filter on the detector car was set for 3.28 µm and measurements of
the reflected power were made over a range of ±20 deg about the axis of the box in the
reflected hemisphere. The data acquired for the open-ended box treated with Al-HGS is
presented in Figure 8.5. Figure 8.5 presents an estimate of the power received by the
SOC-250 at the exit of the rectangular box. The data presented is actually the voltage
recorded by the detector car, but according to Beecroft et al. [1997], the voltage induced
at the detector is directly proportional to the power received. Because the SOC-250
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provides only an indirect measurement of the bi-directional reflectivity it is not necessary
to know the power output of the source. This information was not supplied by the
vendor, and without it, the constant of proportionality cannot be determined. Therefore,
the data presented in this section must remain only an estimate of the power received at
the detector. It should be noted, however, that this only affects the quantitative accuracy
of the results; the data are qualitatively accurate.

8.1.2.2 Sandpaper substrate coated with Krylon Hunter Green Satin
The source car of the SOC-250 reflectometer was used to illuminate the floor of
an open-ended box constructed of an aluminum substrate covered with strips of Norton
(150 Fine Grit) all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin
aerosol paint. The power received at the exit of the box was acquired using the detector
car of the SOC-250. Measurements were made with source car positioned for an incident
azimuth angle of 0 deg and an incident zenith angles 65 deg. The spectral bandpass filter
on the detector car was set for 3.28 µm and measurements of the reflected power were
made over a range of ±20 deg about the axis of the box in the reflected hemisphere. The
data acquired for the open-ended box treated with SP-HGS is presented in Figure 8.6.
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Figure 8.5 Experimental measurements of reflected power at
the exit of an open-ended rectangular box coated with the AlHGS sample.
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Figure 8.6 Experimental measurements of reflected power at
the exit of an open-ended rectangular box coated with the SPHGS sample.
The results from the measurement of power received by the detector at the exits of
the two open-ended rectangular boxes are consistent with observations of the data taken
for the two sample surfaces used as coatings in the interior of the boxes. While the
radiation exiting both of the boxes is centered around 180 deg azimuth, both show
concentrations in the reflected zenith that are slightly less than the incident angle of 65
deg. Figure 8.5 shows that the data acquired at the exit of the box whose interior is
coated with Al-HGS is concentrated with respect to the zenith angle; this is expected as
the BDRF of the Al-HGS sample had a very large specular component.

The BDRF of

the SP-HGS sample was more diffuse, and Figure 8.6 shows that the concentration of
radiation exiting this box was spread across a larger range of zenith angles. While the
SOC-250 was programmed to record data over the reflected azimuth range of 160 to 200
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deg, an error occurred in the data taking and the remainder of the data above 183 deg
azimuth is unsalvageable.

8.2 Results from MCRT simulations
Dedicated MCRT codes were written to simulate the sampling action of the SOC250 bi-directional reflectometer and radiation exchange within the enclosure formed
using the open-ended box (this enclosure is described in detail in Chapter 7). The two
data sets presented in Section 8.1.1 of this chapter were transformed into CDFs according
to the process outlined in Section 6.1.2 of Chapter 6 and used as inputs for the MCRT
simulations. The MCRT codes were written using the Matlab programming language
because of the author’s prior experience with it.

8.2.1 Simulation of sampling with SOC-250
The optical train of the source of the SOC-250 as described in Section 7.1.1 of the
previous chapter includes several mirrors, a chopper to modulate the signal, and a neutral
density filter. For the purposes of simulating the SOC-250 reflectometer, however, it is
convenient to imagine this optical train as simply a source positioned so as to fire energy
bundles with wavelengths of 3.28 µm at the surface of a sample from some user-defined
incident orientation, θi , φi . Reflections from the surface of the sample are determined
according to the methodology for choosing reflected directions described in Section 6.1.2
of Chapter 6. In order to accomplish this, the raw BDRF data must first be transformed
into a cumulative probability function (CDF). Figure 8.7 shows the transformation of the
raw BDRF data for the Al-HGS sample into CDFs for each incident orientation. Recall
that the BDRF of the Al-HGS sample was mostly diffuse when normally illuminated; this
translates into a CDF that is highly linear in nature. The probability of being reflected in
any particular direction is constant. In Figure 8.7, higher indices are consistent with
increasing azimuth angles of reflection. Note that as the incident zenith angle increases,
the linearity—an indication of the diffuse contribution to reflections—decreases and the
probability of reflection moves toward larger reflected azimuth angles, or less retro-
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reflection. The CDFs of the SP-HGS sample can be seen in Appendix A; Figure 8.7 is
also repeated in Appendix A.
The optical train of the detector is represented by an imaginary surface element
which is moved around on the reflected hemisphere to “ capture” each energy bundle as it
is reflected from the sample surface. The orientation, θ r , φr , in the reflected hemisphere
of each “ capture” was noted and compiled into a data matrix like that acquired by the
actual SOC-250; the simulated data sets were normalized by the total number of energy
bundles fired. The simulated data set was then scaled so that its largest value was equal
to the largest value in the experimental data set.

θ i = 0°

θi = 60°
θi = 40°
θi = 20°
θi = 10°

θi = 75°

Figure 8.7 CDFs of the Al-HGS sample for incident zenith
angles of 0, 10, 20, 40, 60, and 75 degrees.
As described in Chapter 3, the accuracy of the MCRT simulation to the model it
described was dependent upon the number of experiments performed; the firing and
capture of an energy bundle was considered to be one experiment. For each of the two
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sample surfaces, MCRT simulations of the SOC-250 were performed for cases where
103, 104, 105, and 106 energy bundles were fired at the surface to test for convergence.
The MCRT code was run ten times for each case and the sum of squares error (SSE)
between the simulation and the experimental results was determined for each case. An
example of the convergence of the MCRT simulation with the data obtained using the
SOC-250 as the number of energy bundles fired increases can be seen in Figure 8.8. The
data shown in Figure 8.8 (a) – (d) were generated by simulating the measurement of the
Al-HGS sample at an incident zenith angle of ten degrees while firing an increasing
number of energy bundles. The actual measured data, after interpolation, for Al-HGS at
ten degrees incidence is shown in Figure 8.8 (e) and the sum of squares error between
each simulation and the measured data is shown in Figure 8.8 (f). All of the other
convergence tests for the Al-HGS and SP-HGS samples can be found in Appendix B; the
plots have been separated to show more detail.
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Figure 8.8 MCRT simulation of the SOC-250 using (a) 103, (b)
104, (c) 105, (d) 106, (e) BDRF of Al-HGS at φi = 10°, and (f) sum
of squares error.
In Figure 8.8, the convergence of the MCRT simulation of the SOC-250 sampling
of the Al-HGS surface to the actual data measured by the SOC-250 can be seen.
Qualitatively, inspection of Figure 8.8(a)—(d) shows how the simulation approaches the
model as the number of energy bundles fired increases from 103 to 106. A qualitative
estimate of the error in estimating the model is presented in Figure 8.8(f), the sum-ofsquares error. Sets of ten runs were performed for each case of energy bundles fired and
the 95 percent confidence intervals were plotted along with the mean values for the SSE.
Both the SSE and the confidence intervals decrease rapidly as the number of energy
bundles fired increases.

In order to test the assumption of normality, a frequency
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histogram of the RMS error relative to the mean value of the BDRF for the SP-HGS
sample was created using the results from 100 MCRT simulations of the SOC-250. A
Shapiro-Wilks W test was also performed; for a p-value of 0.6579, the assumption of a
normal distribution can not be rejected at the 95% confidence level. An overlay of the
normal distribution curve on the frequency histogram strongly suggests that the
assumption of normality is valid. The frequency histogram and statistical test results can
be seen in Figure 8.9. These data are typical of the other incidence angles for both
samples.

Shapiro-Wilks

Coefficient
0.9899

p
0.6579

Normal
distribution,
µ = 10.63 sr/sr
σ = 2.17 sr/sr

Figure 8.9 Frequency histogram of RMS error over the mean
BDRF level for 100 MCRT simulations of an SOC-250
measurement of the SP-HGS sample for 104 energy bundles
fired.
To this point, the CDFs obtained from the two experimental data sets have not
been processed using the wavelet techniques described in Chapter 6. The ability of the
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Haar wavelet basis to represent these data was investigated by projecting the CDFs onto
the wavelet subspaces V3, V4, V5, V6, V8, and V10. The wavelet subspace V11 is constant
on intervals small enough such that it can exactly interpolate the CDFs from the two
experimental data sets. Reconstructing the CDF from its wavelet coefficients is an
efficient process, but a determination of how much reconstruction is necessary should be
made.

To investigate whether or not a simpler representation of a CDF—a less

reconstructed version—might be acceptable, an MCRT simulation with 106 energy
bundles fired was performed using the wavelet subspace projections instead of the fully
reconstructed CDFs. Figure 8.10 shows the sum-of-squares error as a function of the
reconstruction level of the Al-HGS sample’s CDF at an incident zenith angle of twenty
degrees.

Figure 8.11 illustrates the effect that the reconstruction level has on the

accuracy of an MCRT simulation.
As might be expected, the SSE between the MCRT simulation and the measured
data for Al-HGS at twenty degrees incidence decreases as the level of reconstruction
increases. Recall that wavelet decomposition progressively “ averages” a signal, losing
fine details as the decomposition progresses. Reconstruction is exactly the opposite.
This investigation is interesting because fewer operations, and less computing time, are
required for a partially reconstructed signal. For this sample, the SSE decreases almost
linearly with the level of reconstruction. Figure 8.11 shows exactly where in the BDRF
the errors accumulate for the partially reconstructed CDF. The process of decomposition
creates several “ copies” of the original data set with progressively less detail retained in
each copy—reference Figure 6.3 in Chapter 6. As the reconstruction progresses, these
“ copies” coalesce back into the original data set and the SSE decreases towards zero.
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Figure 8.10 Sum-of-squares error between MCRT simulation
of SOC-250 and measured BDRF for Al-HGS as a function of
CDF reconstruction level.
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Figure 8.11 Convergence of MCRT simulation using 106
energy bundles with measured BDRF of Al-HGS (θi = 20 deg)
for reconstruction levels (a) 3, (b) 4, (c) 5, (d) 6, (e) 8, and (f) 10.
In addition to investigating a simpler representation, wavelet techniques were
used to compress the CDF data sets for storage and for run-time operations. The storage
compression rate is the compression rate achieved in terms of required bytes of memory
needed for storage after decomposition, hard thresholding, and entropy encoding have all
been performed. The effective, or run-time, compression rate is one-half the rate of
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compression achieved after only wavelet decomposition and hard thresholding have been
performed. A scaling factor of one-half is used because all of the non-zero coefficients
and their location indices must be retained; storing the indices doubles the required space
in memory and halves the effective compression rate. Figure 8.12 presents the results of
an MCRT simulation of the measured BDRF of the SP-HGS sample at twenty degrees
incidence using various levels of hard thresholding. In Figure 8.13 it can be seen how the
various levels of hard thresholding affect the storage and run-time compression rates as
well as the sum-of-squares error between the simulation and the measured BDRF.
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Figure 8.12 MCRT simulations of SP-HGS sample at twenty
degrees incidence after hard thresholding with tolerances at (1)
0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF,
respectively.
Figure 8.12 shows paired results for four different tolerances used for hard
thresholding of the SP-HGS sample’s CDF for twenty degrees incident zenith angle. The
leftmost subplot of each pair, (a), is a plot of the actual CDF alongside the reconstructed
CDF after hard thresholding at the tolerance indicated. The right-hand subplot, (b), is the
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result of an MCRT simulation performed with 105 energy bundles fired. The smaller the
value of the tolerance, the fewer wavelet coefficients are set to zero and the more closely
the CDF and simulation come to the actual model. This trend is evident in the SSE plot
of Figure 8.13(b); increasing thresholding tolerances lead to larger SSE. Figure 8.13(a)
shows that thresholding has the opposite effect on the run-time and storage compression
rates. Note that run-time compression rates of nearly 40:1 can be achieved if the resultant
SSE is within acceptable limits for the end user.

(a)

(b)

Figure 8.13 Effect of thresholding on (a) compression rates and
(b) sum-of-squares error for SP-HGS sample at twenty degrees
incidence.
The effect of various levels of thresholding was investigated by performing
MCRT simulations with 105 energy bundles fired at the sample surface. Four levels of
thresholding were investigated for each incident orientation. The thresholding tolerances
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τ used in this investigation were: 0.004, 0.002, 0.001, and 0.0001. The SSE between the

simulations with thresholding and the experimental data were determined for each
thresholding level at each incident orientation for each of the two sample surfaces. The
true and the effective compression rates for each thresholding level were also determined.
The results of this investigation for the case of sample Al-HGS can be found in Appendix
B; the results for the SP-HGS sample are in Appendix B as well.

8.2.2 Simulation of radiation exchange within an enclosure
The optical train of the source of the SOC-250 is once again treated as a source
positioned so as to fire energy bundles with wavelengths of 3.28 µm at the surface of a
sample from some user-defined incident orientation, θi , φi . For the MCRT simulations of
the enclosure, the source was created by imagining a perpendicular cross-section of the
incident beam from the infrared lamp. This cross-section is a small circular disk with the
vector normal to its surface aligned parallel to the direction of the radiation incident from
the SOC-250. The interior walls of the open-ended rectangular box form the only visible
walls of the enclosure. The remaining walls of the enclosure, all imaginary, are described
and illustrated in Section 7.3 of the previous chapter. Reflections from the interior walls
of the box are dependent upon the properties of the sample surface used as a coating.
Reflected directions are determined according to the methodology for choosing reflected
directions described in Section 6.1.2 of Chapter 6.
The optical train of the detector is represented by an imaginary surface element
which is moved around on a limited portion of the reflected hemisphere to “ capture” each
energy bundle as it exits the open-ended rectangular box. The movement of the detector
is limited in the reflected hemisphere to an angular range from 160 deg to 200 deg in the
azimuth direction. The orientation, θ r , φr , in the reflected hemisphere of each “ capture”
was noted and compiled into a data matrix like that acquired by the SOC-250 during the
experimental measurements; the simulated data sets were normalized by the total number
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of energy bundles fired. The simulated data set was then scaled so that its largest value
was equal to the largest value in the experimental data set.
MCRT simulations of the two enclosures, one coated with Al-HGS and the other
with SP-HGS, were performed for the case where 105 energy bundles were fired into the
rectangular box. The MCRT code was run ten times for each enclosure and the sum-ofsquares error between the averaged simulation data and the experimental results was
determined.

The data shown in Figure 8.14 were generated by simulating the

measurement of the power received by the detector car for an enclosure coated with the
Al-HGS sample surface at an incident zenith angle of 65 deg. Figure 8.15 presents the
corresponding data for an enclosure coated with the SP-HGS sample surface at an
incident zenith angle of 65 deg. The simulated results at the exit of the box coated with
Al-HGS in Figure 8.14 and the experimental results presented in Figure 8.5 both show
radiation concentrations at nearly the same orientation in the reflected hemisphere.
While the same can be said of the SP-HGS coated enclosure, the distribution of radiation
around the central peak for the SP-HGS enclosure is far more widely spread and less
well-behaved than the experimental results. The simulated radiation exiting the Al-HGS
enclosure, on the other hand, behaves similar to the actual pattern of radiation dispersal
measured with the SOC-250. It is likely that the differences between the simulation and
the measured data are chiefly the result of a combination of errors incurred during
interpolation and due to poor sampling of the two surfaces. The lack of resolution in the
BDRF data sets is felt more keenly in the SP-HGS sample where the BDRF displayed
non-specular behavior.
The next chapter in this dissertation presents the conclusions that have been
drawn from this work as well as recommendations for future efforts.
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Figure 8.14 Estimate of the power received at the exit of an
open-ended rectangular box with interior walls coated with AlHGS.
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Figure 8.15 Estimate of the power received at the exit of an
open-ended rectangular box with interior walls coated with SPHGS.
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Chapter 9 Conclusions and
Recommendations
A methodology for the inclusion of fully directional surface optical properties has
been developed using a rigorous analytical formulation. Wavelet compression techniques
are used to manage the large data sets necessary to accurately capture the directional
behavior of surface optical properties. Experimental measurements of the BDRFs of two
different surface types and enclosures are made and compared to MCRT simulations.

9.1 Inclusion of directional properties in the MCRT environment
A methodology is presented that is capable of using fully directional surface
optical properties to provide for the inclusion of directional reflection, emission, and
absorption in the MCRT environment. To the best of the author’s knowledge, no other
methodology exists for the inclusion of directionality in all three of these surface
properties.

The methodology presented transforms the BDRF into a cumulative

probability distribution function that can be used to determine reflected directions. A
similar development is presented for directional emissions; directional absorption is
presented as a table look-up process since the incident direction is usually known.
In order to implement this methodology, BDRF data for two different surface
types were acquired using the SOC-250 bi-directional reflectometer. The first surface
was an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin (SCS-093)
127
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aerosol paint. The second surface was created using a sheet of Norton (150 Fine grit) all
purpose sandpaper with Krylon Shortcuts Hunter Green Satin aerosol paint. Both of
these surfaces displayed the trend of increasing specularity as the zenith angle tended
towards grazing that was noted by Smith and Hering [1971]. The comparisons of MCRT
simulations with the experimental results from radiation exchange within an enclosure
support the observation made by Lalonde et al. [1997] that coarse measurement
resolutions can overlook important details in the BDRF.

9.2 Application of wavelet techniques to directional data sets
The Haar family of wavelet basis functions was used to help manage the size of
the directional data sets used in this dissertation.

After the transformation of the

measured BDRF into a PDF a wavelet compression technique—consisting of a
decomposition step, followed by hard thresholding and entropy encoding—was used to
reduce the size of the directional data sets. Run-time compression rates of nearly 40:1
were achieved, but it was noted that large compression rates have an adverse effect on the
accuracy of the MCRT simulation.

9.3 Recommendations for future research efforts
9.3.1 Development of new reflectometers
Useful future work could involve the development of a reflectometer that is
capable of making direct measurements of the bi-directional reflectivity of surfaces over
a wider range of the reflected hemisphere. The SOC-250 used in this effort was not
capable of directly measuring its own power source and was limited to a maximum of 85
deg in the reflected zenith direction. Extrapolation of data past this point incurs errors
into the simulation of radiation exchange. Another desirable feature of a reflectometer
would be the possibility of testing heated samples.
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9.3.2 Compilation of a library of directional data sets
As the expense of acquiring directional data decreases, more and more data sets
will be made available in the public domain. Some efforts should be expended towards
creating a library of directional data that would be available to the public.

9.3.3 Investigation of the effects of compression on computing time
Although a method for the use of wavelet compression techniques to manage
directional data sets was presented in this work, there was not enough time to rigorously
investigate how the use of these techniques effect the computation time of an MCRT
simulation. Useful work could involve a detailed study of the effects that reconstruction
level and thresholding tolerance have on the accuracy and computation time of MCRT
simulations with directional surface optical properties.

9.3.4 Investigation of the effect of multiple-reflections on directionality
A potential research effort is the investigation of the importance of the directional
behavior of surfaces as the number of possible reflections increases. The determination
of some metric or rule of thumb that could be used to determine when it is necessary to
account for directional behavior in MCRT simulation would be a great boon.

9.3.5 Development of a specular/diffuse model for the BDRF
While the use of the actual measured data is the most accurate means of
representing the directional behavior of surfaces, it is often costly in terms of computing
time. An effort should be made to develop a simpler model, perhaps based upon specular
and diffuse contributions, for the BDRF of a surface.
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Appendix A

Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 0 degrees.
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Appendix A

Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 10 degrees.
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Appendix A

Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 20 degrees.
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Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 0 degrees.
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Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 0 degrees.
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Appendix A

Experimental BDRF data from aluminum substrate coated with Krylon Shortcuts
Hunter Green Satin aerosol paint for an incident zenith angle of 0 degrees.

142

Dwight E. Smith

Appendix A

Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 0 degrees.
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Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 10 degrees.
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Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 20 degrees.
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Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 40 degrees.
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Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 60 degrees.
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Appendix A

Cubic spline interpolation of experimental BDRF data from aluminum substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident
zenith angle of 75 degrees.
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θ i = 0°

θi = 60°
θi = 40°
θi = 20°
θi = 10°

θi = 75°

CDFs of the Al-HGS sample for incident zenith angles of 0, 10, 20, 40, 60, and 75
deg.
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Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 0 degrees.
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Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 10 degrees.
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Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 20 degrees.

Dwight E. Smith

Appendix A

153

Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 40 degrees.
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Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 60 degrees.
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Experimental BDRF data from Norton (150 Fine grit) all-purpose sandpaper coated
with Krylon Shortcuts Hunter Green Satin aerosol paint for an incident zenith angle
of 75 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 0 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 10 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 20 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 40 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 60 degrees.
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Cubic spline interpolation of experimental BDRF data from Norton (150 Fine grit)
all-purpose sandpaper coated with Krylon Shortcuts Hunter Green Satin aerosol
paint for an incident zenith angle of 75 degrees.
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θ i = 0°

θi = 60°
θi = 40°
θi = 20°
θi = 10°

θi = 75°

CDFs of the SP-HGS sample for incident zenith angles of 0, 10, 20, 40, 60, and 75
deg.
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Experimental measurements of reflected power at the exit of an open-ended
rectangular box with an aluminum substrate coated with Krylon Shortcuts Hunter
Green Satin aerosol paint as the interior walls.
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Experimental measurements of reflected power at the exit of an open-ended
rectangular box with a Norton (150 Fine grit) all-purpose sandpaper substrate
coated with Krylon Shortcuts Hunter Green Satin aerosol paint as the interior walls.
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GSP_Conv_0_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired
at θi = 0 deg
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired at
θi = 0 deg
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.

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired
at θi = 0 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired
at θi = 0 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 0 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 0 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_10_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired at
θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired
at θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired
at θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired at
θi = 10 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 10 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 10 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_20_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired at
θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired
at θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired at
θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired
at θi = 20 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 20 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 20 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_40_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired
at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired
at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired
at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired
at θi = 40 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 40 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 40 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_60_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired at
θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired
at θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired at
θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired
at θi = 60 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 60 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 20 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_75_0

MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 103 energy bundles fired
at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 104 energy bundles fired
at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 105 energy bundles fired
at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of an aluminum substrate coated with
Krylon Shortcuts Hunter Green Satin aerosol paint using 106 energy bundles fired
at θi = 75 deg.
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BDRF of an aluminum substrate coated with Krylon Shortcuts Hunter Green Satin
aerosol paint as measured by the SOC-250 at an illumination angle of θi = 75 deg.
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RMS error between the MCRT simulation and the measured BDRF of the Al-HGS
sample when illuminated from θi = 75 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_0_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 0 deg
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 0 deg
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 0 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 0 deg.
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BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 0 deg.
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RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from θi = 0 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.

Dwighe E. Smith

Appendix B

GSP_Conv_10_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 10 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 10 deg.
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BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 10 deg.
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RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from θi = 10 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_20_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 20 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 20 deg.
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BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 20 deg.
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RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from θi = 20 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_40_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 40 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 40 deg.

223

Dwighe E. Smith

Appendix B

224

BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 40 deg.
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RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from θi = 40 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_60_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 60 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 60 deg.
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BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 60 deg.

Dwighe E. Smith

Appendix B

231

RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from θi = 20 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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GSP_Conv_75_0

MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 103 energy bundles fired at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 104 energy bundles fired at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 105 energy bundles fired at θi = 75 deg.
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MCRT simulation of the SOC-250 sampling of Norton (150 Fine grit) all-purpose
sandpaper coated with coated with Krylon Shortcuts Hunter Green Satin aerosol
paint using 106 energy bundles fired at θi = 75 deg.
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BDRF of Norton (150 Fine grit) all-purpose sandpaper coated with coated with
Krylon Shortcuts Hunter Green Satin aerosol paint as measured by the SOC-250 at
an illumination angle of θi = 75 deg.
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RMS error between the MCRT simulation and the measured BDRF of the SP-HGS
sample when illuminated from i = 75 deg divided by the average magnitude of the
measured BDRF for a confidence level of 95% using the results from ten separate
simulations.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 0 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 0 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 10 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 10 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 20 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 20 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 40 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 40 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 60 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 60 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of Al-HGS sample at 75 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for Al-HGS sample at 75 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

MCRT simulations of SP-HGS sample at 0 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 0 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)
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MCRT simulations of SP-HGS sample at 10 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 10 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)
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MCRT simulations of SP-HGS sample at 20 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 20 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)
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MCRT simulations of SP-HGS sample at 40 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 40 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)

258

MCRT simulations of SP-HGS sample at 60 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 60 deg incidence.
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(1a)

(1b)

(2a)

(2b)

(3a)

(3b)

(4a)

(4b)
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MCRT simulations of SP-HGS sample at 75 deg incidence after hard thresholding
with tolerances at (1) 0.004, (2) 0.002, (3) 0.001, and (4) 0.0001. The subscripts (a)
and (b) refer to simulations of the CDF and the BDRF, respectively.
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(a)

(b)

Effect of hard thresholding on (a) compression rates and (b) sum-of-squares error
for SP-HGS sample at 75 deg incidence.
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Estimate of the power received at the exit of an open-ended rectangular box with
interior walls coated with Al-HGS.
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Estimate of the power received at the exit of an open-ended rectangular box with
interior walls coated with SP-HGS.
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