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ABSTRACT
Accurately modeling damping in engineering structures has plagued scientist
and engineers for decades.

The integration of viscoelastic materials into

engineering structures can reduce undesired vibrations and serve as an effective
passive control mechanism. Various techniques have been developed to model
viscoelastic materials. The growing popularity of finite element analysis in the
1980s and 1990s spawned new techniques for modeling damping in complex
structures. The technique defined in this dissertation can be incorporated into finite
element models.
In metals, the modulus of elasticity can be modeled as a constant. That is, the
modulus of elasticity is not treated as a function of frequency in dynamic models.
For viscoelastic materials, the modulus of elasticity can be assumed to be constant
for static forces and sinusoidal forcing functions.

However, when viscoelastic

materials undergo excitations from a random or transient forcing function the
constant modulus of elasticity assumption may not be valid. This is because the
second order equation of motion has non‐constant coefficients or coefficients that
vary as a function of frequency.
The Golla‐Hughes‐McTavish (GHM) method is a technique used to
incorporate the frequency dependency of viscoelastic materials into finite element
models. The GHM method is used as a way to alleviate working with second order
differential equations with non‐constant coefficients.

This dissertation presents the theory for a new material modulus function
suitable for application within the framework of the GHM method. However, the
new material modulus function uses different assumptions and is referred to as the
Modified GHM method or MGHM method. The MGHM method is shown to improve
the curve fit and damping characteristics of the GHM method. Additionally, the
MGHM method is shown to reduce to the GHM method when the original GHM
assumptions are imposed.
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Chapter 1
Introduction
1.1 Introduction
Damping is an important parameter to consider when developing a steady-state or
transient dynamic model of a structural system.

The ability to model a mechanical

structures’ response to arbitrary inputs is of primary importance to mechanical and civil
engineers. Finite element analysis has become a popular tool for modeling structures
ranging from automobiles and military aircraft to bridges and buildings. The challenge
when assembling a finite element model is how to predict damping in structures, especially
when the mechanical stimuli are unknown. When a structure is comprised of metals, a
lightly-damped assumption can generally be made for all modes considered. However,
when viscoelastic materials are incorporated into a structure for additional damping, the
modal damping predictions become more difficult. In the absence of reasonable prediction
tools, a structural dynamicist must build a prototype structure in order to perform an
experimental modal analysis and determine the prototype’s damping characteristics.
Improved damping models based on material properties rather than experimental data
would be of great value to design engineers.
Viscoelastic materials exhibit non-constant stiffness and damping properties. The
stiffness and damping can best be described as frequency dependent. These stiffness and
damping properties must be considered when developing a structural dynamic model. In
the mid-to-late 1980’s, the Golla-Hughes-McTavish (GHM) method was developed to
incorporate the frequency dependency of viscoelastic materials into finite element models
(Golla, 1985). The GHM method is used as a way to avoid working with a second order
differential equation with non-constant coefficients. This dissertation presents the theory
behind a novel material modulus function suitable for application in the GHM method. The
1

modification of the GHM method presented in this dissertation is defined as the Modified
Golla-Hughes-McTavish (MGHM) method. The MGHM method will be shown to improve
the curve fit and damping characteristics of the GHM method. Additionally, the MGHM
method will be shown to reduce to the GHM method when the original GHM assumption
equating the material modulus function’s linear numerator and denominator terms is
imposed.

1.2 Literature Review
This section reviews research previously published on the topic of damping. The
review is organized into three sections. In the first section, damping models developed
using the spring and damper (dash-pot) elements are reviewed. These techniques are most
suitable when the spring and damper do not vary as a function of frequency. The second
section reviews techniques for incorporating viscoelastic material stiffness and damping
properties into finite element models. These techniques were developed to account for the
frequency dependency of viscoelastic materials. Finally, a review of constrained layer
beam literature is given. The constrained layer beam model is used in chapter 3 for
comparing the application of GHM and MGHM methods to finite element models.

1.2.1

Classic Damping Models
The dynamic models reviewed in this section are suitable when an input frequency

to a structure is known. In this case, the spring stiffness and damping coefficients used in
the differential equation of motion are constant. However, the models reviewed are not
suitable for transient or random inputs because the spring stiffness and damping
coefficients are a function of frequency. These linear spring and linear damper models are
suitable for many structures. Linear damping models are emphasized in literature and
engineering education because these models have sufficient accuracy in low-stress regions

2

and a linear analysis is most often computationally cheap when compared to a non-linear
analysis (Bert 1973).
C. W. Bert (1973) reviewed several classic mathematical models of damping
behavior in mechanical systems including the Maxwell model, the Kelvin-Voigt model, the
Kelvin chain, the generalized Maxwell model, and the Biot model.

These models are

summarized here to serve as an introduction into viscoelastic material modeling.
The non-homogeneous, linear, second-order differential equation most commonly
taught in engineering vibration text books is
(1.1)
Equation 1.1 represents a simple single degree of freedom (SDOF) mechanical system
driven by a forcing function,

. This SDOF system is illustrated in Figure 1.1.

x
k
m
f(t)

c

Figure 1.1. SDOF system with spring and damper in parallel

The spring and damper (dash-pot) in parallel is known as the Kelvin-Voigt model and can
be used to approximate a viscoelastic solid (Bert 1973). The Kelvin-Voigt model, illustrated
in Figure 1.2, is the simplest model for a viscoelastic material.

Figure 1.2. Kelvin-Voigt Element

3

The spring and damper elements can be arranged in different variations depending
on the material or structure to be modeled. For example, viscoelastic liquids can be
approximated using a spring and dashpot in series. This model is known as the Maxwell
element and is illustrated in Figure 1.3.

Figure 1.3. Maxwell Element

Next, three generalized models that utilize the basic Kelvin-Voigt and Maxwell
elements are discussed. The first is the generalized Maxwell model which uses the basic
Maxwell element. The generalized Maxwell model combines a linear spring and linear
dashpot in parallel with n Maxwell elements. This model is shown in Figure 1.4.

..
.

..
.

Figure 1.4. Generalized Maxwell Model
A Kelvin chain model utilizes n Kelvin-Voigt elements as a building block and adds a
linear spring and linear dashpot in series. The generalized Kelvin chain is illustrated in
Figure 1.5.

4

...
Figure 1.5. Kelvin Chain
A Biot model is a variation of the generalized Maxwell model where the linear
viscoelastic damper in parallel is omitted from the generalized Maxwell model. A Biot
model consists of a linear spring in parallel with an infinite number of Maxwell elements.
Figure 1.6 depicts the Biot model.

..
.

..
.

Figure 1.6. Biot Model
The classic models presented here can be used as building blocks when developing a
model for damped structures and viscoelastic materials if the forcing function is sinusoidal
and known. If the forcing function is random, transient, or unknown, both the stiffness and
damping properties should be treated as a function of frequency (Crandall 1963).

1.2.2

Incorporating Viscoelastic Materials into Finite Element Models
In this section, techniques for incorporating viscoelastic materials into finite

element models are reviewed. This section will focus on popular techniques from the
1980’s and 1990’s whose goal was to develop a damping prediction tool for inclusion in
finite element models. The strength of these approaches is that they are based on material
5

properties and can be used when experimental data is unavailable. Furthermore, these
approaches are appropriate for non-sinusoidal inputs such as transient and random inputs.
The Golla-Hughes-McTavish method, reviewed in this section, is the basis for much of the
research presented in this dissertation.
Johnson (1981) reviews the direct frequency response method, the complex
eigenvalue method, and the modal strain energy (MSE) method. This paper reviews the
need for incorporating viscoelastic materials into structures as a means to control resonant
responses of that structure. Johnson’s paper validates the modal strain energy method by
comparing his results with a sandwich beam.
Johnson (1982) serves as a second resource on the MSE method and further
develops the relationship between the complex eigenvalue method and the MSE method.
This paper compares predictions from the MSE method implemented in NASTRAN,
solutions from approximate differential equations, and experimental results.
Bagley and Torvik (1983) presented a paper on the use of fractional calculus to
model viscoelastic materials. Their paper refers to observations by Nutting (1921) which
seem to imply that the stress relaxation of viscoelastic materials is proportional to time
raised to a fractional power. Bagley develops stress-strain relationships for viscoelastic
materials using a fractional calculus approach. These stress-strain relationships can then
be used in a finite element formulation to model viscoelastic materials. Since few empirical
parameters are needed, their method is attractive when test data is unavailable. Their
paper explores such an approach to modeling viscoelastic materials under dynamic
loading.
The method of augmenting thermodynamic fields (ATF) by Lesieture and Mingori
(1990) approaches the problem of modeling viscoelastic material as a coupled thermomechanical system. The method is first outlined by Lesieture in his 1989 dissertation
archived at the University of Califorinia Los Angeles. This approach is analogous to the
electrical-mechanical system approach often employed to model piezoelectric systems.
Lesieture (1990) provides a clear introduction comparing and contrasting the MSE, GHM,
Fractional Calculus, and ATF approaches. The GHM papers are discussed in the next
paragraph.

Lesieture (1996) introduces specific kinds of ATFs called anelastic
6

displacement fields (ADF). Their paper separates the total displacement field into two
parts: the elastic and the anelastic.
Golla and Hughes (1985) introduced an approach to modeling viscoelastic damping
which can be implemented in finite element codes. McTavish and Hughes (1993) expanded
upon the Golla and Hughes work and defined the technique outlined as the Golla-HughesMcTavish (GHM) method. The earlier work presents the majority of the theory while the
later work focuses on applying the GHM methodology.

Similar to Lesieture’s later

approach, the GHM method introduces new augmented coordinates which are used to
dissipate energy from the dynamic system. The coupling equation introduced in the
method is known as the dissipation equation.

This dissipation equation is used to

incorporate the complex portion of the viscoelastic material’s response.
Friswell, Inman, and Lam (1997) introduced a four-parameter mini-oscillator term
for the material modulus function.

Their approach added a parameter to the mini-

oscillator term originally proposed by the GHM method.

Their paper also draws

similarities between the GHM and Anelastic Displacement Field (ADF) 4 methods, ultimately
commenting that both methods introduce new augmented finite element coordinates as a
way to account for how a viscoelastic material dissipates energy. The new augmented
finite element coordinates can dissipate energy using material loss factor curves.
Friswell and Inman (1999) explored reduced-order finite element models for
structures utilizing viscoelastic materials. Thier paper focused on reducing the order of the
finite element model before the extra dissipation equations were added to construct the
GHM model. This work was analytical and applied the eigen-system truncation method and
the balance realization approach as a way to reduce a finite element model’s order while
retaining the necessary dynamic characteristics of a structure.
The motivation for the work presented in this dissertation is rooted in Friswell and
Inman’s previous search for the most generalized curve fit for the GHM method.
1.2.3

Constrained Layer Beams Modeling
This dissertation focuses on improving the original GHM method. The GHM method

itself is structure-independent. However, in the process of implementing the MGHM
7

method, an analytical model had to be constructed.

The structure chosen was the

constrained layer beam (CLB). Because the CLB was studied, a brief literature review of
constrained layer beam works is included here. Papers and articles by Denys J. Mead were
a starting point for building the necessary background on the topic of CLBs. Mead first
published in the 1960’s on the topic and has published as recently as 2006 regarding
modeling the CLB. Throughout the literature, the terms constrained layer beam and
sandwich beam are used interchangeably.
DiTaranto (1965) analytically investigated the vibrational characteristics of a CLB.
In this work, he derived an auxiliary equation which allows for the viscoelastic core to be
accounted for in static and dynamic bending problems. His work results in a sixth-order,
complex, homogeneous differential equation for modeling a freely vibrating beam.
Mead and Markus (1969) showed that the sixth-order differential equation from
DiTaranto’s (1965) work is actually a special case of a more general differential equation.
In their paper, they expand upon DiTaranto’s work and present an equation for the shear
stress in the viscoelastic core. This expression for the shear stress in the viscoelastic core
is referenced in many later works.
Yan and Dowell (1972) presented a simple linear equation for the vibrations of
sandwich beams and plates.

Their equation holds true for linear elastic and linear

viscoelastic theory. This paper also reviews the previous works mentioned above and
compares and contrasts these works. The authors note an important difference between
their work and the previous works. This difference is the first and third layers of the CLB
are forced to have equal deformation during and before rotations. Yan advises that these
rotations may be negligible and should be studied further before any condition is imposed.
Rao (1977) studied the flexural vibrations of short sandwich beams. His paper
provides caution in applying earlier sandwich beam theories by DiTaranto, Mead, Markus,
et. al. In conclusion, he notes the lack of restrictions placed on his theory and clarifies the
applicability of this work for long, soft or stiff cored beams.
Markus (1977) wrote a letter to the editor of the Journal of Sound and Vibration. In
this letter, he stated that Rao (1977) presented an exact analysis of damped layered
structures. He then compares some of his previously published work with Rao’s results.
8

Mead (1982) reviewed much of the significant work up to this time on the topic of
damped sandwiched beams and plates.

This work compared and contrasted the

approaches taken by various authors. Ultimately, Mead summarizes the applicability of the
previous works in the context of flexural wavelengths.
Sainsbury and Zhang (1999) reviewed much of the previous works presented in this
literature review pertaining to constrained layer beams. Sainsbury’s work was the only
work found during this literature review which explicitly derived and presented the
stiffness and mass matrices for a damped sandwich beam. Sainsbury’s work is expanded
upon in chapter 3 of this dissertation.
Arafa and Baz (2000) studied active control of a constrained layer beam. They
developed a finite element model to study the dynamics of beams with Active Piezoelectric
Damping Composites (APDC). The shear strain equation in their paper is similar to the
approaches used by DiTaranto, Mead, and Markus referenced in this section. Baz and
Tempia (2004) focused on modeling the electromechanical properties of the APDC. APDCs
are a design option when passive damping alone is deemed to be unsuitable.

1.3 Research Motivation
The idea for this research began when the United States Marine Corps (USMC)
requested the Naval Surface Warfare Center Dahlgren to characterize shock levels on
Picatinny rails which are used to attach various devices such as optics, lights, and laser
pointers to weapons.

Acceleration data were collected from various machine gun

platforms and used to develop a laboratory shock simulation. This simulation was used to
successfully recreate the lower frequency portion (less than 2,000 Hz) of the shock pulse in
the laboratory. The USMC was interested in utilizing this laboratory test as an alternate
way to qualify devices mounted to Picatinny rails. Therefore, a natural question was, “are
their effective devices which could better serve our soldiers and are not being considered
because of the shock environment such a device must survive?” In asking the question, the
seed to the research in this dissertation was planted. Passive shock mount designs were
explored as a way to mitigate the shock transferred into Picatinny-rail-mounted devices.

9

This quest led to the subject of modeling viscoelastic materials during arbitrary transient
excitations; that is, how to model a structure undergoing a transient or random motion.
The GHM method was applied to model this problem. The research then matured
into an investigation of viscoelastic material models, specifically, the Golla-HughesMcTavish method. In researching how to apply the GHM method for the passive shock
mount application, a Modified GHM (MGHM) method was deduced. This MGHM method is
the focus of this dissertation.
The motivation for the MGHM method came from two papers: Gibson and McTavish
(1995) and Friswell, Inman, and Lam (1997). The first paper reported that from a rigorous
mathematical perspective, the curve fitting of GHM functions is ill-posed. Gibson’s paper
shows difficulties applying the GHM method to storage and loss modulus data. The second
paper commented that the GHM method uses a three-parameter material modulus function
and that a four-parameter material modulus function would result in a more general curve
fit. Their work explored alternate material modulus functions. This dissertation builds
upon the idea that a four-parameter material modulus function will result in a more
general curve fit. The curve fitting techniques necessary to compute the GHM coefficients
were not explicitly defined in literature and are a focus of the work presented here.

1.4 Research Objectives and Contributions
Since the introduction of the GHM model in 1985, researchers have explored its
application in finite element models. A noteworthy discussion by Gibson, Smith, and
McTavish (1995) explored the implementation of the GHM method in MatLaB and
NASTRAN models.

In this paper, the difficulty with curve fitting material modulus

functions and solving for the GHM parameters is discussed.

A unified curve fitting

technique is identified as a gap in the current literature.
The underlining objective addressed in this research is an improved viscoelastic
modeling prediction tool. This principle objective was met by meeting the following
objectives:

10

1) Generalizing the GHM Theory by developing the MGHM method: The GHM
method was generalized from a three-parameter material modulus function to a
four-parameter material modulus function.

This approach is defined as the

Modified GHM method. The MGHM method has the following advantages:
a. A standard mathematical approach for computing the MGHM coefficients is
defined. The MGHM method generalizes the material modulus function such
that the number of natural coefficients matches those available from
standard curve fitting algorithms.
b. The curve fitting error is reduced when applying MGHM
c. A generalized formulation for the

mini-oscillator term MGHM material

modulus function is derived and presented.
d. A closed form curve-fitting relationship for single-term mini-oscillator
material modulus functions is derived.
e. A closed form curve-fitting relationship for a two-term mini-oscillator
material modulus functions is derived.
2) Analytically applying the GHM and MGHM methods: A finite element model for a
constrained layer beam was built in MatLAB. This model was used to compare the
damping predictions from the GHM and MGHM methods.
a. An application of the MGHM method is presented.
b. During development of the constrained layer beam model, the stiffness and
mass matrices developed by Sainsbury were corrected.
c. MGHM parameters for Sorbothane® DURO 50 are presented and can be used
to model this viscoelastic material under shear loading.
3) Validation of MGHM damping predictions: A constrained layer beam was built for
experimental evaluation.
a. The results of the experimental evaluation validated the damping predictions
from the MGHM model.
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1.5 Dissertation Overview by Chapter
In Chapter 1, an introduction to damping is given and historical damping models are
reviewed. A review of methods used to incorporate viscoelastic material properties in
finite element methods has also been reviewed. A brief literature review on constrained
layer beams is presented. Finally, the motivation for the research presented in this
document is discussed.
Chapter 2 reviews the GHM method. The theory behind the MGHM method is
introduced and discussed in detail. The most generalized curve fit for the MGHM material
modulus function is presented. Finally, closed form solutions mapping the transfer
function curve fit to the storage and loss modulus curves are mapped to the MGHM
parameters. This mapping is not possible with the GHM method because too few
parameters exist.
In chapter 3, the MGHM Method is applied to a constrained layer beam and the first
four modes were studied. Comparisons between the GHM and MGHM finite element
models were reported and showed the MGHM models predicted higher damping values
than the GHM model. Corrected mass and stiffness matrices are presented when building a
finite element model of a constrained layer beam.
Chapter 4 presents experimental results from a constrained layer beam. Upon
applying the GHM method, damping predictions for a constrained layer beam where found
to be orders of magnitude lower than experimentally determined values. The MGHM finite
element predictions are shown to be reasonable when compared with experimental data,
thus validating the MGHM method as a prediction tool. The MGHM damping values are
more realistic than the GHM predictions.
Chapter 5 summarizes the research presented, draws conclusions, and reviews the
contributions to literature. Finally, recommendations for future work with the Modified
GHM method are suggested.
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Chapter 2
The Introduction of Psi to the GHM Method
2.1 Introduction
Various techniques for modeling viscoelastic material response under dynamic
loading have been outlined in the literature review. The traditional GHM method is among
those techniques. This method is defined as the previously mentioned work by Hughes and
Golla in 1985, McTavish and Hughes in 1987, and McTavish and Hughes in 1993. Friswell,
et. al., built upon the traditional GHM method by introducing a four-parameter minioscillator term as an alternative to the three-parameter mini-oscillator term traditionally
used. The focus of this chapter is to further clarify these works by providing an alternative
formulation for the traditional GHM Method. A novel four-parameter approach is taken in
this chapter. This approach couples the physical coordinate into the dissipation equation.
This chapter begins with a review of the tradition GHM method. In section 2.2, the
substitution equation and full auxiliary equation will be explicitly defined for clarification.
In section 2.3, a novel four-parameter Modified GHM model will be developed. The
common assumption in previous literature is the mass, stiffness, and damping matrices are
constrained to be symmetrical. The new approach removes the previous symmetry
restraint for the damping and stiffness matrices. An alternative model is then developed
making use of the non-symmetrical damping matrix but preserving the symmetry in the
mass and stiffness matrices. In section 2.4, a general formulation for the kth-term Modified
GHM material modulus function,

, is defined. The kth-term Modified GHM material

modulus function is then equated to a transfer function comprised of the ratio of two
polynomials, both of order 2k. The coefficients for the

and

cases are then

derived. Section 2.5 summarizes the chapter and provides closing comments.
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2.2 Review of Traditional Three-Parameter GHM Method
The traditional GHM Method was developing using the viscoelastic constitutive
relation from the Theory of Viscoelasticity (Christensen 1982). This constitutive relation in
Cartesian tensor notation is

(2.1)

Equation 2.1 is a form of the more general Stieltjes integral and is defined in Christensen
(1982). Equation 2.1 can be simplified to

(2.2)

for a one-dimensional stress-strain system. Equation 2.2 is used by McTavish and Hughes
(1993) to begin building their relationship with the traditional GHM Method. The strain
is defined to be zero when

, then equation 2.2 becomes

(2.3)

The Laplace transform is now taken on equation 2.3 yielding
(2.4)
McTavish, et. al. then lets

to be the material modulus function. The GHM method

defines the material modulus function,

, to be a series of mini-oscillator terms

(2.5)
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Equation (2.5) outlines a three-parameter

model which is used as the material

modulus function for the material modulus function in the traditional GHM method. In
equation (2.5),

is defined as the equilibrium value of the modulus or the final value of

the relaxation function. The material modulus function is represented as the series of minioscillator terms which include three positive constants

As pointed out by

Inman and Friswell in 1997, the constants or coefficients in the mini-oscillator terms are
computed by curve-fitting from experimental data for a particular material.
McTavish, et. al., proposed a mechanical analogy using a SDOF system and a single
term

material modulus function. The SDOF system is comprised of a spring-mass

system, where the spring is a viscoelastic material and modeled by a relaxation function.
The Laplace domain equation of motion for the proposed SDOF system is

(2.6)

Next, McTavish introduced an auxiliary coordinate . The relationship between the
physical coordinate

and the auxiliary coordinate or dissipation coordinate is

(2.7)

Then, McTavish presents equations (2.6) and (2.7) as the two coupled second-order
equations of motion.

(2.8)

Finally, McTavish multiplies the second equation in the system by

and recasts the

equations in matrix form. Taking the inverse Laplace transform of equation (2.8) results in
the time domain equations

15

(2.9)

In equation (2.9), the mass, stiffness, and damping matrices are all symmetrical.
Furthermore, the mass and stiffness matrices are invertible if

,

,

, and

. However, the damping matrix is not invertible. The substitution made into
equation (2.6) to arrive at the first equation in equation (2.8) is not explicitly stated in
McTavish, et. al. 1993. Therefore, equation (2.6) and the first equation in equation (2.8) are
set equal to each other

(2.10)

Equation (2.10) can then be reduced to

(2.11)

Equation (2.11) thus shows the substitution needed in equation (2.6) to arrive at the first
equation in equation (2.8). For this reason, equation (2.11) will be defined as the
substitution equation. The full auxiliary equation is

(2.12)

Equation (2.12) is defined here as the full auxiliary equation and is useful when exploring
formulations. An important note for clarification is the substitution equation (2.11),
the auxiliary equation (2.7) found in McTavish, and the full auxiliary equation (2.12) are all
equivalent. Equation (2.11) is actually the auxiliary equation relating the and
coordinates given in equation (2.7).
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The material presented in this section is the traditional GHM Method. With the
exceptions of equations (2.3), (2.10), (2.11), and (2.12), all the other equations appeared in
previous GHM literature and references. Equations (2.3), (2.10), (2.11), and (2.12) are
included here to clarify the traditional GHM Method and build a foundation for the
Modified GHM Method developed in the next section.

2.3 A Novel Four-Parameter GHM Method
In 1997, a four-parameter model for

was investigated as an alternative

method to the traditional GHM formulation (Friswell 1997). Friswell, et. al. reported that
the use of a four-parameter GHM Model would reduce the sum of the squares error and
provide an improved curve fit. Friswell’s (1997) approach followed Golla and Hughes’
(1985) approach by assuming the model was of the form

(2.13)

In Equation (2.13), the mass, damping, and stiffness matrices are symmetric. Furthermore,
the mass, damping, and stiffness matrices are invertible if

,

, and

,

respectfully.
In this section, an alternative four-parameter GHM Method is considered. The novel
approach taken removes the symmetrical constraints on the damping and stiffness
matrices implied by the model in equation (2.13). Therefore, the two equation model
under consideration in this chapter is

(2.14)

The constraints are lifted here because the application is for a transient state-space model
instead of a finite element model. Note that although non-symmetric damping and stiffness
17

matrices are considered in equation (2.14), only a non-symmetric damping matrix will be
explored. Later chapters will illustrate a state-space formulation using the Modified GHM
method developed in the remainder of this chapter.

2.3.1

The Introduction of Psi into the kth-Term GHM Method
The novel approach presented here introduces the coefficient Psi,

, into the

material modulus function. The new coefficient is introduced by multiplying the linear
coefficient in the mini-oscillator numerator by

. The inclusion of

allows for a four-

parameter material modulus function to be developed. The effect of Psi on the damping
matrix will be shown. Additionally, when
The inclusion of

the traditional GHM method is retained.

in the modified GHM method will show that the physical coordinate is

coupled through the damping matrix into the dissipation equation. Consider a material
modulus function,

, of the form

(2.15)

The difference between the traditional GHM formulation shown in equation (2.5) and the
Modified GHM formulation shown in equation (2.15) is the inclusion of

in the

numerator of the mini-oscillator term.

2.3.2

A Single-Term GHM Method with Psi
In this section, a Modified GHM method is explored for a single term material

modulus function. Ultimately, the single-term GHM method with
the single-term GHM method without

will be compared to

. The same SDOF system used to develop the

traditional GHM method will be used here. When
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, consider the Laplace domain

equation of motion for the SDOF system where the spring is a viscoelastic material and
is included

(2.16)

Next, the auxiliary equation is needed such that the system of equations can be formulated.
Therefore, let the substitution into equation (2.16) be

(2.17)

Equation (2.16) then becomes
(2.18)
Equation (2.18) is the same as the first equation of the system shown in equation (2.8).
The physical equation has not changed due to

. Equation (2.17) is the substitution

equation, which will be algebraically manipulated to derive the second equation needed for
the system. Equation (2.17) can also be referred to as the dissipation equation, since it is
used to remove or dissipate energy from the viscoelastic spring-mass system. Starting with
equation (2.17) and dividing through by

and

yields

(2.19)

=0
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(2.20)
Taking the inverse Laplace and grouping equation (2.20) yields
(2.21)
Next, the inverse Laplace transform of equation (2.18) is taken and yields
(2.22)
Now equations (2.22) and (2.21) are used to form the time domain system of equations to
represent the SDOF system with a dissipation degree of freedom. Using equations (2.22)
and (2.21), the matrix formation of this system is

(2.23)

Now the second equation in the system given in equation (2.23) is multiplied by
resulting in

(2.24)

Finally, equation (2.24) can be used to model a single degree of freedom system with
viscoelastic materials excited by an arbitrary forcing function. When

equals 1 in

equation (2.24), the C21 damping matrix term vanishes and equation (2.24) and equation
(2.9) are exactly the same. Thus we have shown the traditional GHM model can be retained
when

. Equation (2.24) is a more general model than presented in the traditional

GHM literature. Notice the mass and stiffness matrices in equation (2.24) are symmetric
similar to the traditional GHM method. Additional parameters could be introduced to alter
the stiffness matrix but are not explored in the work presented here.
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2.3.3

A Two-Term GHM Method with Psi
The inclusion of

is further explored for a two-term material modulus function.

Therefore, the equation of motion for the SDOF case with the addition of

when

becomes

(2.25)

Next, the auxiliary equations are needed such that the system of equations can be
formulated. Therefore, let the substitutions into equation (2.25) be

(2.26)
and
(2.27)

Substituting equation (2.26) and (2.27) into equation (2.25) yields
(2.28)
Equations (2.26) and (2.27) are the substitution equations for the dissipation degrees of
freedom

and

. Equations (2.26) and (2.27) can be rewritten as
(2.29)
(2.30)

Taking the inverse Laplace and grouping equations (2.29) and (2.30) yield
(2.31)
(2.32)
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Equations (2.31) and (2.32) are the dissipation equations for the two term
formulation. Next, the inverse Laplace transform of equation (2.28) is taken and yields
(2.33)
Now equations (2.33), (2.31), and (2.32) are used to form the time domain system of
equations to represent the SDOF system with two dissipation degrees of freedom. Using
these equations, the matrix formation of this system is

(2.34)

Next, the second equation in the system given in equation (2.34) is multiplied by
and the third equation in the system given in equation (2.34) is multiplied by

. The

resulting system of equations is

(2.35)

Finally, equation (2.35) represents the model for a physical single degree of freedom whose
spring is that of a viscoelastic material. Here the viscoelastic material is modeled by a twoterm modified GHM formulation. When

and

equal 1 in equation (2.35), the C21 and

C31 damping matrix terms vanishes and equation (2.35) becomes a two term traditional
22

GHM formulation. Thus, the traditional GHM model can be retained when

.

Equation (2.35) is a more general model than presented in the traditional GHM literature.

2.3.4

An Alternative Approach to Introducing Psi
The goal of introducing

into the linear numerator mini-oscillator term was to

allow the linear numerator and linear denominator coefficients to vary by a constant, as
first noted by Friswell and Inman. The choice of introducing
numerator is arbitrary. In this section, the introduction of

into the mini-oscillator
into the mini-oscillator

denominator is explored for completeness. Consider the material modulus function
of the form

(2.36)

When k = 1, the single term

function is

(2.37)

The Laplace domain equation of motion for a SDOF system with viscoelastic damping is
then

(2.38)

The substitution equation is then

(2.39)

Substituting equation (2.39) into equation (2.38) yields
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(2.40)
Notice that equation (2.18) and (2.40) are the same. Next, equation (2.39) is rearranged
and yields
(2.41)
The inverse Laplace transform of equations (2.40) and (2.41) are taken and the equations
are recast into

(2.42)
Next, the second equation in the system shown in equation (2.42) is divided by

and the

resulting system is

(2.43)

Equation (2.43) is the resulting system of equations needed for a SDOF system with
viscoelastic damping. The material modulus function is assumed to have a single term of
the form given in equation (2.37). In equation (2.43),
The traditional GHM method is again retained when

is present in both C21 and C22.
since C21 vanishes and C22

becomes the same coefficient shown in equation (2.9). The approach of introducing
into the mini-oscillator denominator is possible. However, the convention used for the
work presented here will be to introduce

into the mini-oscillator numerator.
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2.4 Curve Fitting for the Modified GHM Method
The goal of this section is to generalize the curve fitting of the
modulus. The approach taken here is to express the

material

material modulus function as

the ratio of two polynomials. The coefficients of these polynomials will be expressed in
terms of the modified GHM parameters. A novel formulation of the kth term

material

modulus function is

(2.44)

Equation (2.44) can be utilized when higher order
Expressing

models are desired.

in this manner will allow for a direct correlation between the

experimental coefficients and the GHM coefficients. In practice, experimental data is be
collected and expressed as the ratio of two polynomials or a transfer function. The general
expression for such a transfer function can be expressed as

(2.45)

The constraint

is applied to equation (2.45). Applying this constraint

equates the orders of the polynomial in the numerator and the denominator. The
constraint defines the order of the polynomials in the transfer function to

, when

mini-

oscillator terms are given. The transfer function in equation (2.45) can then be rewritten
as

(2.46)
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The constraint employed in equation (2.46) is desired to match the orders of the
polynomials when the assumption

is applied. Then equations (2.44) and

(2.46) are equated

(2.47)
Equation (2.47) is the general expression to calculate the coefficients for the kth-term
Modified GHM Model. The coefficients

and

on the left hand

side of equation (2.47) are computed by curve-fitting frequency dependent dynamic elastic
modulus and loss factor data for a particular viscoelastic material. The curve-fitting for the
coefficients

and

can be computed in various commercially

available software packages. Generally, a least squares routine is employed by such a
software package to estimate the coefficients.

2.4.1

Curve Fitting a Single-Term Modified GHM Mini-Oscillator
In this section, the single-term Modified GHM Model is expanded so that the GHM

coefficients and the coefficients from a typical curve fit can be equated.
Expanding equation (2.47) when

yields

(2.48)

(2.49)
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The coefficients on the left and right sides of equation (2.49) can now be equated. In
general,

is true for most commercial software. However, if this is not the case then

all the coefficients can be normalized by dividing them by

. The following coefficient

relations are for a single-term Modified GHM Model
(2.50)
(2.51)
(2.52)
(2.53)
(2.54)
(2.55)
Equations (2.50), (2.51), (2.52), (2.53), (2.54), and (2.55) equate the single-term MGHM
coefficients to the transfer function coefficients. The transfer function coefficients are
determined by curve-fitting experimental complex modulus data.
The single-term MGHM coefficients are solved for in terms of the transfer function
coefficients using equations (2.50), (2.51), (2.52), (2.53), (2.54), and (2.55). The MGHM
coefficients are

(2.56)
(2.57)
(2.58)
(2.59)
(2.60)
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Using equations (2.56), (2.57), (2.58), (2.59), and (2.60), the MGHM coefficients can be
directly computed from experimentally determined transfer function coefficients.

2.4.2

Curve Fitting a Two-Term Modified GHM Mini-Oscillator
In this section, equation (2.47) will be expanded when k=2. The two-term modified

GHM Model is expanded and the modified GHM coefficients and the transfer function
coefficients are equated.
Expanding the left hand side of equation (2.47) for the case when

yields

(2.61)

Expanding right hand side of equation (2.47) for the cases when

yields

(2.62)
Expression (2.62) can be expanded and the coefficients of like terms in expression
(2.61) and (2.62) are set equal. The following coefficient relations are for a two term
Modified GHM Model
(2.63)
(2.64)
(2.65)
(2.66)
(2.67)
(2.68)
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(2.69)
(2.70)
(2.71)
(2.72)
Equations (2.63), (2.64), (2.65), (2.66), (2.67), (2.68), (2.69), (2.70), (2.71), and (2.72)
equate the two-term GHM coefficients to the transfer function coefficients. The transfer
function coefficients are determined by curve-fitting experimental complex modulus data.

2.5 Chapter Summary
Chapter two has developed a novel four-parameter GHM method for modeling the
damping effects of viscoelastic materials. The new four-parameter GHM method
introduces the coefficient Psi, which allows the physical coordinate to be coupled into each
dissipation equation.
The beginning of the chapter reviews the GHM literature and the traditional threeparameter GHM method. In this review, the full auxiliary equation is introduced for
clarification of the traditional method.
A novel four-parameter GHM method is then introduced, which will henceforth be
referred to as the MGHM (Modified Golla-Hughes-McTavish) method. In order to introduce
this variation, the symmetrical constraint originally placed on the damping and stiffness
matrices is removed. Next, a new coefficient introduced in the linear numerator term of
the kth-mini-oscillator such that the linear numerator and linear denominator coefficients
are allowed to vary by a constant. The single-term MGHM method is then developed. This
novel approach couples the physical degree of freedom into the dissipation equation
resulting in a non-symmetric damping matrix. The mass and stiffness matrices remain
symmetric and unchanged from the traditional GHM method. The two-term MGHM method
is also developed. For completeness, the new coefficient originally introduced into the
29

linear numerator term is introduced into the linear denominator term. This is further
developed and compared with the introduction to the linear numerator term.
Next, a method for computing the MGHM coefficients from curve-fitted material
modulus data is introduced. A general expression is developed to relate the k th term MGHM
model to an experimentally determined transfer function. The transfer function is defined
as the ratio of two polynomials each of order

. The transfer function coefficients for the

single-term and two-term MGHM models are then explicitly defined in terms of MGHM
parameters.
The new MGHM method presented here will be applied in to a numerical state-space
model in chapter 3. Chapter 4 will then compare experimental results with this numerical
model.
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Chapter 3
Constrained Layer Beam Model

3.1 Introduction
Passive control of structures has many applications in engineering practice. In this
chapter, a finite element model is developed for the constrained layer beam. The MGHM
method introduced in the previous chapter is applied here to predict the beam’s damping
characteristics.
Chapter 3 is organized into seven sections. Following the introduction, section 3.2
introduces the constrained layer beam structure to be modeled. Section 3.3 develops the
finite element model for the constrained layer beam. This finite element approach is
formulated using the MGHM methodology introduced in the previous chapter. Section 3.4
defines the relationship between the complex modulus and the material modulus function.
The complex modulus is based on the frequency-dependent storage and loss moduli for
viscoelastic materials. The material modulus function is defined in literature by McTavish
and Hughes (1993). Curve fitting considerations when using GHM and MGHM methods are
also presented. Section 3.5 presents complex modulus data provided by Sorbothane®
Incorporated for Sorbothane® DURO 50. Curve fits for the complex modulus data are
presented. In addition, the MGHM parameters are presented for Sorbothane®. Section 3.6
explains the finite element formulation given the equations and data present thus far. Polezero maps for the state matrices are presented. Finally, modal damping estimates are
compared for the GHM k=1, MGHM k=1, and MGHM k=2 cases. In closing, section 3.7
summarizes the chapter’s contributions.
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3.2 Constrained Layer Beam Structure to be Modeled
Chapter 1 contains a review of earlier constrained layer beam or sandwich beam
work by DiTaranto (1965) and Mead (1969). A constrained layer beam is comprised of two
elastic layers separated by a viscoelastic core layer. Figure 3.1 illustrates the constrained
layer beam studied in this chapter.

Elastic Layer
Elastic Layer

Viscoelastic Layer

Figure 3.1. Constrained Layer Beam
The finite element model presented in this chapter uses two elastic layers of T66061 aluminum and a viscoelastic core layer of Sobothane®. The dimensions and material
properties for the beam studied are defined here. The elastic layer dimensions are 1.505”
wide by 0.130” thick by 12.0” long. The core layer’s length and width are the same with a
slightly smaller thickness of 0.125”. The modulus of elasticity for aluminum is 10 x 106
lbf/in2. The density of aluminum used for modeling is 0.0975 lbf/in 3. The density of
Sorbothane® DURO 50 is 85.0 lbf/ft3. Chapter 4 will present experimentally determined
modal data for this beam.
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3.3 Finite Element Model for Constrained Layer Beam
The constrained layer beam shown in Figure 3.1 is modeled in this section using the
finite element method. The stiffness and mass matrices are formulated by estimating the
potential energy and kinetic energy of a structure. The derivation presented here is
analogous to Sainsbury and Zhang’s (1999) derivation of the stiffness matrix for face
sheets, the stiffness matrix for the core, and the elemental mass matrix. However,
differences between the stiffness and mass matrices presented here and those publish by
Sainsbury are discussed.
In general, the potential energy for a finite element is
(3.1)
where

is the potential energy of the element,

vector, and

is the transpose of the displacement

is the stiffness matrix (Kelly 1996).

The kinetic energy for an element is
(3.2)
where
and

is the kinetic energy for the element,

is the transpose of the velocity vector,

is the mass matrix.
Figure 3.2 defines the degrees of freedom for the constrained layer beam element.

This constrained layer beam element is comprised of three layers. The layers are referred
to as layer 1, layer 2, and layer 3 where layers 1 and 3 are the elastic faces and layer 2 is the
viscoelastic core. The beam’s slope and deflection are defined with respect to the neutral
axis of the composite beam. Additionally, extensional degrees of freedom are assigned to
layers 1 and 3. Therefore, four degrees of freedom are used at each beam cross section.
y
ui1
x

θi wi
ui3

Layer 1

(Elastic Face)

Layer 2

(VEM Core)

Layer 3

(Elastic Face)

uj1
wj

θj

uj3

Figure 3.2. Degrees of Freedom for Constrained Layer Beam Element
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The modulus of elasticity, cross sectional area, layer height, and mass per unit
length are denoted by

,

,

,

, and

, respectively. The subscript

denotes the

beam layer: 1, 2, or 3.

3.3.1

Degrees of Freedom and Shape Functions
Four degrees of freedom are defined at the ith cross section of the finite element

given in Figure 3.2. The transverse displacement is defined as wi, the rotational degree of
freedom of the face sheets is defined as θi, and the axial displacements of each face sheet
are defined as ui1 and ui3 , respectively. This finite element has the following assumptions:
1) the transverse displacement is constant across the cross section of the beam, 2) the face
sheets behave as thin plates, and 3) the rotational deflection is the same for both face
sheets at a given cross section. The nodal displacements for the constrained layer element
is defined as

(3.3)

The relationship between the displacement field and the nodal displacements is given as
(3.4)
where

is the displacement field and

is the shape function. The traditional bar and

beam shape functions are used such that

(3.5)

where
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and

3.3.2

The Face Sheet Stiffness Matrix
The potential energy of the

face sheet acting as a bar is
(3.6)

The extensional strain energy of the face sheet is used in equation 3.6 to estimate the
potential energy stored in the

face sheet. The potential energy of the

face sheet

acting as a beam is
(3.7)
Equation 3.7 takes into account the bending strain energy of the face sheet. The total
potential energy in an element is the summation of the beam and bar potential energies for
the two face sheets. The total potential energy, then, is
(3.8)
Substituting the nodal displacements from equation 3.3 and the shape functions from
equation 3.5 into equation 3.8 and rearranging into the form of equation 3.1 yields
(3.9)
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where

and

. The

term in the sixth row of the first column is

different from Sainsbury’s term which was reported as
checking the potential energy units.

3.3.3

. This is

. This error can be verified by

The Core Layer Stiffness Matrix
The shear strain in the core is used to develop the core stiffness matrix. The

expression for the shear strain in the core presented by Mead and Markus (1969) and used
by Sainsbury and Zhang (1999) is used here. Mead assumed the longitudinal direct stress
in the core to be zero. According to Mead, the shear strain in the core is
(3.10)
where
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The potential energy in the core which is stored as shear strain in the core’s viscoelastic
material is
(3.11)
Substituting in the nodal displacements from equation 3.3 and the shape functions from
equation 3.5 and rearranging into the form of equation 3.1 yields
(3.12)
where

The

term in the fifth row of the first column is

Sainsbury’s term which was reported as
the fifth column is

. This is different from

. Additionally, the term in the seventh row of

. This, too, is different from Sainsbury’s term which was reported as

. The sign error is validated by noting that Sainsbury’s term yields a matrix which is
not positive definite resulting in an unstable response.

3.3.4

Elemental Stiffness Matrix for Constrained Layer Beam
The elemental stiffness matrix for the constrained layer beam element is
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(3.13)
This elemental stiffness matrix will be used in the MGHM formulation of the constrained
layer beam.

3.3.5

Elemental Mass Matrix for Constrained Layer Beam
The kinetic energy of the constrained layer beam is used to compute the mass

matrix. Equation 3.2 shows the relationship between the nodal displacements, the kinetic
energy, and the mass matrix. Again, the approach here is the same as the approach taken
by Sainsbury yielding a slightly different elemental mass matrix. In general, the elemental
kinetic energy is
(3.14)
Applying equation 3.14 to the constrained layer beam in Figure 3.2 yields the kinetic
energy expression
(3.15)
Substituting in the nodal displacements from equation 3.3 and the shape functions from
equation 3.5 and rearranging into the form of equation 3.2 yields
(3.16)
Comparing equation 3.15 with equation 3.2 the elemental mass matrix is then
(3.17)
The integral in equation 3.16 is evaluated and the elemental mass matrix has the form
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(3.18)

The mass term the fifth row second column of the elemental mass matrix is
different from Sainsbury’s term which was reported as

. This is

.

The discrepancies between the face sheet stiffness matrix, core layer stiffness
matrix, and elemental mass matrix reported here and those reported by Sainsbury are of
note. When using Sainsbury’s matrices, the state space solutions were unstable. When
using the corrected matrices reported here, the state space solutions were stable.

3.4 Material Modulus Function and Complex Modulus
The shear storage modulus
modulus

and the loss modulus

are related to the complex

by (Christensen 1982)
(3.19)

Equation 2.4 is used to relate the stress and strain in a viscoelastic material by a material
modulus function,

. McTavish and Hughes (1993) evaluated this material modulus

function along the s-plane and equated this function to the complex modulus, thus defining
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a relationship between the material modulus function derived in Christensen (1982) and
the complex modulus. McTavish’s definition is
(3.20)
Thus, the material modulus function which is represented in the GHM and MGHM methods
as a series of mini-oscillator terms can be set equal to the complex modulus or complex
shear modulus for a viscoelastic material. The loss factor, , can also be expressed as the
ratio of the shear loss modulus and the shear storage modulus (Christensen 1982). This
relationship is

(3.21)

The relationship between the complex shear modulus, shear storage modulus, and loss
factor is thus
(3.22)

3.4.1

Curve Fitting Considerations
In this section, the number of coefficients used for a material modulus function is

compared. The number of coefficients for the GHM Method, MGHM Method, and natural
coefficients are listed in Table 3.1. The natural coefficients refer to the number of
coefficients used for a general polynomial curve fit described by equation 2.46. Table 3.1
illustrates the advantage of adding an additional parameter to the k th GHM mini-oscillator
term. Friswell and Inman (1997) first alluded to the need for an additional parameter in
the single term mini-oscillator GHM formulation. Table 3.1 illustrates how the addition of
to the linear numerator term affects the curve fitting techniques.

40

Table 3.1. Number of Parameters or Coefficients used for k mini-oscillators
# of mini-

# of GHM

# of MGHM

# of Natural

Oscillators

Parameters

Parameters

Coefficients

1

4

5

5

2

7

9

9

3

10

13

13

.

.

.

.

.

.

.

.

.

.

.

.

k

3k+1

4k+1

4k+1

k

The importance of Table 3.1 is to illustrate that the number of MGHM and natural
coefficients are equal for the kth mini-oscillator term.

3.5 Complex Modulus and MGHM Parameters for Sorbothane®
The shear storage modulus and loss factor as a function of frequency for
Sorbothane® DURO 50 are reported in Table 3.2. These values are available from the
Burton report provided by Sorbothane® Incorporated (Burton).
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Table 3.2. Sorbothane® DURO 50 Material Properties
Frequency

Storage Modulus

(Hz)

in Shear

Loss Factor

(psi)
3

28.1

0.570

10

42.5

0.620

15

47.9

0.630

30

56.3

0.645

50

65.0

0.665

100

76.3

0.700

300

106.3

0.760

500

122.5

0.790

1000

145.0

0.820

The data reported in Table 3.2 is used to estimate a transfer function

as given

in equation 2.46. The transfer function estimator of choice is MatLAB®’s invfreqs routine.
Equation 2.47 defines the relationship between

and

for

mini-oscillators.

Figure 3.3 plots the Sorbothane® data points given in Table 3.2 and the k=1 and k=2 MGHM
curve fits to the Sorbothane® data.

42

3

Complex Shear Modulus sG(s) for Sorbothane Durometer 50

Storage Modulus

10

2

10

MGHM k=1
MGHM k=2
Data from Sorbothane

1

10

1

2

10

3

10

10

Loss Factor

2
MGHM k=1
MGHM k=2
Data from Sorbothane

1.5
1
0.5
0

1

2

10

10

3

10

Frequency - Hz

Figure 3.3. Sorbothane® DURO 50 Data with MGHM k=1 and k=2 Curve Fits
Figure 3.3 illustrates that the MGHM k=2 curve fit matches the Sorbothane® complex
modulus data better than the MGHM k=1 curve fit. The k=1 MGHM parameters for
Sorbothane® DURO 50 loaded in shear are reported in Table 3.3 for a stable solution. The
concept of a stable realization will be explained in section 3.6.1.
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Table 3.3. Single-term MGHM Parameters for Sorbothane® DURO 50 Loaded in Shear
Parameter

Value
7.50 lbf/in2
19.0
2.27
25.0 rad/sec
0.310

The two-term MGHM parameters for Sorbothane® DURO 50 are reported in Table 3.4 for a
stable solution. The MGHM parameters are used in the material modulus function and are
determined from the material properties of the viscoelastic material being modeled. In
hindsight, the choice of variables here could lead to confusion. The variables

and

used in the MGHM formulation should not be confused with the same variables used to
describe the damping and natural frequency of a vibratory system. This is important to
point out as here the MGHM method will allow

and

to take on imaginary and negative

values which does not make since when discussing vibratory systems.
Again, the MGHM parameters reported in Table 3.4 are for Sorbothane® DURO 50
loaded in shear. The reported MGHM parameters,
reviewing equation 2.35, the mass matrix contains a
contains the quotient of

and

and

, are imaginary values. Upon
term and the damping matrix

. Therefore, stable solutions where

and

are both

imaginary will not cause imaginary terms in the mass, damping, and stiffness matrices used
in the finite element model.
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Table 3.4. Two-term MGHM Parameters for Sorbothane® DURO 50 Loaded in Shear
Parameter

Value
15.4 lbf/in2
-1.16
-4.66i
-60.5i rad/sec
-1.99
16.2
-2.06
-322 rad/sec
0.281

3.6 MGHM Finite Element Formulation
The constrained layer beam finite element model with MGHM damping can now be
constructed. The MGHM finite element formulation derived in equation 2.24 for the k=1
case can now be constructed given Table 3.3 and the mass and stiffness matrices derived in
equations 3.18 and 3.13, respectively. Similarly, the MGHM finite element formulation
derived in equation 2.35 for the k=2 case can now be constructed given Table 3.4.
The MGHM parameters reported in Table 3.3 represent one solution of the curve fit
for the k=1 case. When k=1, two MGHM parameter sets, or two MGHM solutions, can be
computed from one curve fit. This is possible because of the nonlinear equations used to
solve for the MGHM parameters. Specifically when k=1, equations 2.54 and 2.55 yield two
sets of solutions.
The MGHM parameters reported in Table 3.4 represent one solution of the curve fit
for the k=2 case. When k=2, 24 MGHM parameter sets can be computed from one curve fit.
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Again, this is possible because of the nonlinear equations used to solve for the MGHM
parameters. Specifically when k=2, equations 2.69, 2.70, 2.71 and 2.72 yield 24 solution
sets.
Given the multiple MGHM parameters and possible solutions, a methodology is
needed to sort the possible solutions. The follow section introduces a pole-placement
check as a methodology to sort stable and unstable solutions.

3.6.1

Pole Placement Check

The possible MGHM parameter sets for the k=2 case above are explored here. Equation
2.35 presents the MGHM finite element formulation for the k=2 case. The MGHM mass
matrix then has the form

(3.23)

The MGHM stiffness matrix has the form

(3.24)

The MGHM damping matrix has the form

(3.25)
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where

and

are the global mass and stiffness matrices for the constrained layer

beam. The state matrix for the constrained layer beam model then becomes

(3.26)
where is the identity matrix. For each MGHM solution, a state matrix can be computed.
Therefore, when k=2, 24 state matrices are computed: one for each MGHM parameter set.
Figure 3.4 is a sample pole-zero map for a stable solution. As expected, all poles in Figure
3.4 lie within the left-half plane. Figure 3.5 is a sample pole-zero map for an unstable
solution with a few poles lying in the right-half plane.

6

1.5

Pole-Zero Map

x 10

1

Imaginary Axis

0.5

0

-0.5

-1

-1.5
-1500

-1000

-500
Real Axis

Figure 3.4. Pole-zero map for a stable MGHM solution
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Figure 3.5. Pole-zero map for an unstable MGHM solution

3.6.2

Modal Parameter Estimates
Modal parameter predictions are reported in this section for the GHM k=1, MGHM

k=1, and MGHM k=2 cases. Modal parameter predictions from the GHM and MGHM models
are reported in Table 3.5. The data presented in Table 3.5 are for the first four modes of a
cantilever constrained layer beam with fixed-free boundary conditions. The cantilever
beam’s specific dimensions and material properties are those reported in section 3.2 of this
chapter. In all three cases, each finite element model was converged to ensure the modal
parameters were stable.
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Table 3.5. Natural Frequency and Damping Ratio Estimates for GHM and MGHM
GHM k=1
Mode

MGHM k=1

(Hz)

MGHM k=2

(Hz)

(Hz)

1

27.60

4.41e-5

27.52

.0103

30.92

.0585

2

168.9

1.65e-7

168.9

.0015

172.6

.0219

3

463.3

7.40e-9

463.3

5.19e-4

471.0

.00488

4

889.8

9.69e-10

889.8

2.51e-4

918.9

.00136

Figure 3.6 presents the modal parameter data from Table 3.5 graphically.
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Figure 3.6. Comparison of Estimated Damping Ratios from GHM and MGHM Models

49

The comparison between GHM and MGHM shows that MGHM increases the level of
damping in the model. In chapter 4, the significance of these results will be demonstrated
when the MGHM k=2 solution is shown as a better predictor of damping than the two other
cases.
The damping in the MGHM model increases when the number of mini-oscillator
terms increases. As seen in Figure 3.3, the MGHM k=2 curve fit is a better fit to the complex
modulus data than the MGHM k=1 curve fit.

3.7 Chapter Summary
The MGHM finite element model for a constrained layer beam is derived in this
chapter. Section 3.2 introduces the constrained layer beam structure to be studied. Section
3.3 re-derives the constrained layer beam mass and stiffness matrices following the
approach of Sainsbury and Zhang (1999). The necessary corrections to the mass and
stiffness matrices are presented. Section 3.4 reviews the relationship between the material
modulus function and the complex modulus defined by McTavish and Hughes (1993).
Additionally, the number of parameters for the GHM and MGHM methods is compared to
the number of natural coefficients for the kth mini-oscillator term. Section 3.5 presents the
complex modulus data for Sorbothane DURO 50. This data is curve fit using the MGHM
method. The MGHM k=1 and k=2 parameters are then reported. These parameters can be
used to model the stiffness and damping of Sorbothane® DURO 50 in shear. Section 3.6
explains how the mass, stiffness, and MGHM parameters fit into the finite element model.
The state matrix for the finite element formulation is assembled and the pole placement
check is employed to ensure stability of the state matrix or model. Finally, predictions are
presented for the natural frequency and damping for a cantilever constrained layer beam;
GHM k=1, MGHM k=1, and MGHM k=2.
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Chapter 4
Constrained Layer Beam Experimental Results
4.1 Introduction

The MGHM theory developed in chapter 2 was applied to a constrained layer beam
model in chapter three. The constrained layer beam damping characteristics are estimated
with the MGHM method in chapter 3. An experimental modal analysis was conducted in
order to validate the MGHM constrained layer beam model. In this chapter, experimental
results for the constrained layer beam modeled in chapter 2 are reported. The geometry
and material properties used in chapters 3 and 4 are the same. The experimentally
determined damping values are compared with those values predicted analytically in
chapter 3.
Chapter 4 is organized as follows: section 4.2 presents the experimental setup for
the constrained layer beam; section 4.3 reports the experimentally determined damping
values for the beam; section 4.4 compares the experimental results with the predicted
results from chapter 3; and section 4.5 provides a chapter summary.

4.2 Experimental Setup

A constrained layer beam was constructed using two pieces of aluminum as the face
sheets and one piece of Sorbothane® DURO 50 as the viscoelastic core. Figure 4.1 is a two
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dimensional depiction of this beam. This constrained layer beam was used to validate the
analytical results from chapter 3. The dimensions of the beam are given in Table 4.1.

Layer 1

(Elastic Face)

Layer 2

(VEM Core)

Layer 3

(Elastic Face)

Figure 4.1. Schematic showing Geometry of Constrained Layer Beam

Table 4.1. Sandwich Beam Geometry
Dimension

Value

Length

12 inches

Width

1.505 inches

Core Thickness

0.125 inch

Face Thickness

0.130 inch

Loctite® Stik n’ Seal, Gorilla® Super Glue, Loctite® Repair Exterme, and Loctite®
Super Glue were qualitatively evaluated as candidates for bonding the face layers to the
core layer. Figures 4.2, 4.3, 4.4, and 4.5 depict a qualitative analysis of four bonding agents
and a viscoelastic material. The viscoelastic material depicted in this case was DYAD 601
which was a candidate for passive shock mounts discussed in section 1.3. The evaluation
consisted of applying the bonding agent to the aluminum plate and viscoelastic material.
Next, a layer of wax paper and a small weight were applied to provide some force to the
viscoelastic material. After 30 minutes the weight was lifted and the bond was allowed to
cure at ambient temperature of about 70 degrees Fahrenheit. After the appropriate cure
time for each bonding agent, the viscoelastic material was manually pulled to qualitatively
evaluate the bonded joint.
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Figure 4.2. Loctite® Stik n’ Seal evaluation
The resulting bond between DYAD 601 and an aluminum beam when Loctite ® Stik
n’ Seal was used is shown in Figure 4.2. Loctite ® Stik n’ Seal caused the viscoelastic
material to “curl up” as seen in Figure 4.2. This bonding agent was rejected for the
application of building a constrained layer beam.
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Figure 4.3. Gorilla® Super Glue evaluation
The resulting bond between DYAD 601 and an aluminum beam when Gorilla ®
Super Glue was used is shown in Figure 4.3. In Figure 4.3, the right side of the viscoelastic
material was scraped away from the aluminum beam with a razor blade. This section was
of the viscoelastic material was then pulled to see if the bond between the aluminum beam
and viscoelastic material would fail. As shown in Figure 4.3, the viscoelastic material torn
and failed before the bonded joint failed. Therefore, Gorilla® Super Glue was choosen as a
possible candidate for building constrained layer beams.

54

Figure 4.4. Loctite® Repair Extreme evaluation
The resulting Loctite® Repair Extreme bond, between DYAD 601 and an aluminum
beam, is shown in Figure 4.4. Loctite® Repair Extreme caused the viscoelastic material to
slightly “curl up” as seen in Figure 4.4. Additionally, when the viscoelastic material was
pulled the bonded joint did not hold and the viscoelastic material slid. This bonding agent
was rejected for the application of building a constrained layer beam.

55

Figure 4.5. Loctite® Super Glue evaluation
The resulting Loctite® Super Glue bond, between DYAD 601 and an aluminum beam,
is shown in Figure 4.5.

Loctite® Repair Extreme caused the viscoelastic material to

severely “curl up” as seen in Figure 4.5. This bonding agent was rejected for the application
of building a constrained layer beam. The results for Sorbothane ® DURO 50 were the same
as for DYAD 601.
Table 4.2 reports the material properties of aluminum and Sorbothane® DURO 50
used in the analytical model and the experiments. Recall from chapter 3 that the Young’s
Modulus of Sorbothane is a function of frequency. Therefore, the Young’s Modulus is not
given for Sorbothane. Instead, the MGHM Parameters from Table 3.4 are referenced.
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Table 4.2. Sandwich Beam Material Properties
Property

Value

Density of Aluminum

.0975 lbf/in3

Density of Sorbothane® DURO 50

.0492 lbf/in3

Young’s Modulus of Aluminum

10,000 ksi

MGHM Parameters for
Sorbothane® loaded in Shear

See Table 3.4

In order to replicate the fixed-free boundary conditions that were used in the finite
element model from chapter 3 a bench top vise clamp was used to grasp the beam, as seen
in Figure 4.6. The goodness of the fixed-free boundary conditions was verified using a
simple aluminum beam. A finite element model was used to predict the natural frequency
of the simple beams first mode.

The experimentally determined natural frequency

matched the finite element model’s prediction within 1%.
Reflective tape was placed at locations where a laser vibrometer was used to
measure velocity during the modal test. In Figure 4.6, the four pieces of reflective tape
applied to the constrained layer beam are shown. The reflective tape was located at 3”, 6”,
9”, and 12” measured from the cantilever’s root.
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Figure 4.6. Cantilever Constrained Layer Beam Experimental Setup
A Synergy data acquisition system manufactured by Hi-Techniques was used to
convert analog voltages to digital signals. The data acquisition system’s 16-bit analog to
digital converter digitizes data at a rate of 2 Mega Samples per second (MSa/sec). An
analog anti-aliasing filter is used prior to digitization. The analog anti-alias filter’s cut off
frequency is 200 KHz. The data collected was digitally filtered at 6.25 KHz and then down
sampled to 50 KSa/sec. This sampling and filter scheme reduces aliased content into the
bandwidth of interest.
Input force and output velocity were measured with respect to the beam. The input
force was measured using a Kistler Type 9726A20,000 impluse force hammer with a full
scale range of 5000 lbf.

This hammer uses internal electronic piezoelectric (IEPE)

technology. The output velocity was measured using a Polytec CLV-2534 laser vibrometer.
Figure 4.7 is a picture of the laser vibrometer display.
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Figure 4.7. Picture of Polytec Laser Vibrometer Display used for Velocity Measurements

Figure 4.8 depicts modal data being collected. A roving sensor, fixed hammer
technique was used to collect the data. As stated above, velocity was measured at four
locations. For all four locations the force input location remained constant at 3” from the
root.
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Figure 4.8. Modal Analysis Experimental Setup

4.3 Experimental Modal Results

In this section, the results from the modal analysis performed on the constrained
layer beam and a simple beam introduced in the previous sections are presented. The
objective is to characterize the modal parameters, namely the natural frequency and
damping, of the constrained layer beam.

In the next section, the experimentally-

determined modal parameters will be compared with the modal parameters predicted in
chapter 3.

60

4.3.1

Constrained Layer Beam
Figures 4.9, 4.10, 4.11, and 4.12 present frequency response function (FRF) and

coherence data collected from the constrained layer beam at output points 3”, 6”, 9”, and
12” from the root, respectively. The hammer impact location was 3” from the root for all
measurements.

The modal parameters were extracted from the experimental data

presented in Figures 4.9 through 4.12 using the rational fractional polynomial (RFP)
method (Richardson 1982).
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Figure 4.9. FRF and Coherence data from output point 3” from root of constrained
layer beam
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Figure 4.10. FRF and Coherence data from output point 6” from root of constrained
layer beam
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Figure 4.11. FRF and Coherence data from output point 9” from root of constrained
layer beam
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Figure 4.12. FRF and Coherence data from output point 12” from root of
constrained layer beam

The modal parameters are tabulated for the first four modes and presented in
Tables 4.3, 4.4, 4.5, and 4.6 below. The peak frequency measured is reported in column 3 of
these tables. The natural frequency is reported in column 4.
(4.1)
Equation 4.1 is used to compute the natural frequency in each mode based on the
peak frequency and damping ratio (Inman 2001). The difference between the natural
frequencies and peak frequencies are very small and this computation and results are
presented for completeness.
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Table 4.3. Experimentally determined natural frequencies and damping ratios for
the constrained layer sandwich beam’s first mode
Mode

Output Location /
Input Location

Frequency
(Hz)

Frequency

Damping Ratio

(Hz)

1

3”/3”

28.25

28.32

.04992

1

6”/3”

28.37

28.46

.05584

1

9”/3”

28.49

28.59

.05774

1

12”/3”

28.50

28.58

.05189

The first mode’s natural frequency has a mean of 28.45 Hz and a standard deviation
of 0.0591 Hz. The first mode’s damping ratio has a mean value of 0.05385 and a standard
deviation of 0.003577.

Table 4.4. Experimentally determined natural frequencies and damping ratios for
the constrained layer sandwich beam’s second mode
Mode

Output Location /
Input Location

Frequency
(Hz)

Frequency

Damping Ratio

(Hz)

2

3”/3”

164.8

164.9

.01953

2

6”/3”

165.3

165.4

.02129

2

9”/3”

166.3

166.4

.02218

2

12”/3”

165.0

165.1

.02186

65

The second mode’s natural frequency has a mean of 165.4 Hz and a standard
deviation of 0.6658 Hz. The second mode’s damping ratio has a mean value of 0.02122 and
a standard deviation of 0.001182.

Table 4.5. Experimentally determined natural frequencies and damping ratios for
the constrained layer sandwich beam’s third mode
Mode

Output Location /
Input Location

Frequency
(Hz)

Frequency

Damping Ratio

(Hz)

3

3”/3”

452.8

452.8

.009405

3

6”/3”

Mode Absent

Mode Absent

Mode Absent

3

9”/3”

453.1

453.1

.009655

3

12”/3”

453.2

453.2

.009585

The third mode’s natural frequency has a mean of 453.0 Hz and a standard deviation
of 0.2082 Hz. The third mode’s damping ratio has a mean value of 0.009548 and a standard
deviation of 0.0001290. The third mode was absent from the frequency response function
reported in Figure 4.5.

The absence of the third mode is expected considering the

normalized mode shape for a straight slender beam with clamped-free boundary
conditions has a node at approximately one half of the beam’s length (Blevins 2001).
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Table 4.6. Experimentally determined natural frequencies and damping ratios for
the constrained layer sandwich beam’s fourth mode
Mode

Output Location /

Frequency

Input Location

(Hz)

Frequency

Damping Ratio

(Hz)

4

3”/3”

887.7

887.8

.01235

4

6”/3”

873.3

873.4

.01227

4

9”/3”

876.2

876.3

.008740

4

12”/3”

884.5

884.6

.009585

The fourth mode’s natural frequency has a mean of 880.4 Hz and a standard
deviation of 6.786 Hz. The fourth mode’s damping ratio has a mean value of 0.01074 and a
standard deviation of 0.00185.
Figure 4.13 is the mean damping ratio versus the mean natural frequency for the
first four modes of the constrained layer beam.

This figure summarizes the results

reported in Figures 4.9, 4.10, 4.11, and 4.12 and Tables 4.3, 4.4, 4.5, and 4.6.
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Figure 4.13. Damping ratio for the first four modes of the constrained layer beam

4.3.2

Simple Beam

A free response comparison between the constrained layer beam above and a
simple beam is presented in this section.

The additional damping provide by the

constrained layer beam is evident as a results of this comparison. A simple beam was
constructed of aluminum. The beam height was 1.505 inches and width was 1.30 inches.
The beam measured 12 inches in length. The simple beam used was the same geometry as
one of the elastic layers in the constrained layer beam.
An initial displacement was provided to the simple beam and the sandwich beam.
The initial displacement was released the structure’s free velocity response at the tip was
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measured. The initial tip displacement was 0.125 inch for the simple beam and 0.164
inches for constrained layer beam. The beam’s free responses are plotted in Figure 4.14.
Time Domain Response to an Initial Displacement
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Figure 4.14. Free Response of Simple Beam and Constrained Layer Beam (top). Zoomed
view of free response of simple beam and constrained layer beam (bottom).

4.3.3

Proportional Damping Model

The mean frequencies and damping ratios reported in section 4.3.1 are used here to
create a proportional damping model. Proportional damping refers to the technique used
to compute the damping matrix using a linear combination of the mass and stiffness
matrices (Inman 2001). The relationship can be expressed as
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(4.2)
where

and

are the mass and stiffness matrices for a structure. The parameters

and

are scalar coefficients computed from the measured modal parameters of a structure.
The relationship between the modal parameters and the scalar coefficients is
(4.3)
where

and

are the damping ratio and natural frequency from measure from a modal

analysis. The mean damping ratios and natural frequencies from section 4.3.1 are used in
equation 4.3.1. This equation is solved in a least squares sense resulting in
. The damping matrix

is constructed using

and

and . The resulting state

matrix for this system is solved. The modal parameters for a constrained layer beam
modeled with proportional damping are reported in Table 4.7.

Table 4.7. Modal parameter estimates when using
Mode

Frequency

and
Damping Ratio

(Hz)
1

44.08

.05475

2

190.7

.01431

3

482.0

.009386

4

919.3

.01103
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4.4 Experimental and Analytical Damping Prediction Comparison

In this section, the experimental and analytical modal parameters are compared.
The results presented in Figure 4.13 are combined with the analytical results presented in
Figure 3.6 and the proportional damping model from section 4.3.3. Figure 4.15 is a
composite of this data.

-1

10

-2

10

-3

Zeta - Damping Ratio

10

-4

10

-5

10

-6

10

-7

10

-8

RFP mean
GHM k=1
MGHM k=1
MGHM k=2
Proportional Damping

10

-9

10

-10

10

0

100

200

300

400

500

600

700

800

900

1000

Natural Frequency

Figure 4.15. Comparison of analytically and experimentally determined damping
ratios and natural frequencies for the first four modes
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The GHM k=1, MGHM k=1, and MGHM k=2 analytical predictions for natural
frequency and damping are plotted in Figure 4.15. Additionally, the experimental modal
analysis data was curve fit using the RFP technique. The average natural frequencies and
damping ratios were computed from the four FRFs measured and the RFP mean data is
presented in Figure 4.15. Finally, the modal parameters are plotted for a system with
proportional damping from section 4.3.3.
The constrained layer beam first mode results indicate that the MGHM k=1
prediction is two orders of magnitude closer to the experimentally determined value when
compared with the traditional GHM k=1 method. The MGHM k=2 natural frequency
prediction is 8.68% higher than the experimentally determined value RFP mean. The
MGHM k=2 damping ratio prediction is 8.64% higher than the RFP mean damping ratio of
.05385. The second mode MGHM k=2 predictions agree with the RFP mean calculated from
the experimental data better than the first mode data does.

The predicted natural

frequency and damping ratio are larger by 4.35% and 3.2%, respectively.
The MGHM k=2 model is compared with the proportional damping model in Figure
4.15. The MGHM k=2 model matches the modal parameters better for the first and second
mode. The proportional damping model is a better estimation in the third and fourth
mode. The advantage of the MGHM k=2 method is that it’s a prediction based on material
properties, specifically the dynamic modulus or material modulus function for a material
must be known as a function of time. The weakness of the proportional damping model is
that experimentally determined model data is needed before this model can be
constructed. The MGHM k=2 technique is therefore a better tool for analytical models
when experimental data is unavailable.
Figures 4.16, 4.17, 4.18, and 4.19 are an alternative way to represent the data shown
in Figure 4.15. In these figures, a normalized FRF magnitude is plotted as a function of
system driving frequency. Each figure represents one of the first four modes of the
constrained layer beam modeled. The FRF magnitude is normalized by the RFP mean
amplitudes for each mode. The resulting figures allow for a comparison in amplitude with
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respect to the experimentally determined value. The GHM k=1, MGHM k=1, and MGHM k=2
analytical models are presented in these figures. Additionally, the empirically determined
proportional damping model is also presented. The GHM k=1 and MGHM k=1 will not be
compared for the remainder of this section because of their amplitude errors. However,
the GHM k=1 and MGHM k=1 predicted natural frequencies are less than 3.3% error when
compared with the RFP mean natural frequencies. The MGHM k=2 and proportional
damping amplification factor and natural frequency error are compared with respect to the
RFP mean values for each of the following four figures.
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Figure 4.16 is the normalized FRF for the first mode. In Figure 4.16, the MGHM k=2
amplitude and frequency are closer to the RFP mean value than the proportional damping
model. The MGHM k=2 frequency error is 8.68% and the amplification factor is 0.961. The
proportional damping frequency error is 28.8% and the amplification factor is 0.909.
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Figure 4.16. Normalized FRF of First Mode for CLB
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Figure 4.17 is the normalized FRF for the second mode. In Figure 4.17, the MGHM
k=2 amplitude and frequency are closer to the RFP mean value than the proportional
damping model. The MGHM k=2 frequency error is 4.35% and the amplification factor is
0.985. The proportional damping frequency error is 7.38% and the amplification factor is
1.87.
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Figure 4.18 is the normalized FRF for the third mode. In Figure 4.18, the MGHM k=2
amplitude is closer to the RFP mean value than the proportional damping model. The
MGHM k=2 and proportional damping frequency values are within 0.5% error of each
other. The MGHM k=2 frequency error is 3.97% and the amplification factor is 1.40. The
proportional damping frequency error is 3.66% and the amplification factor is 2.37.
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Figure 4.19 is the normalized FRF for the fourth mode.

In Figure 4.19, the

proportional damping amplitude is closer to the RFP mean value than the MGHM k=2
prediction. The MGHM k=2 and proportional damping frequency values are within 1.4%
error of each other. The MGHM k=2 frequency error is 4.37% and the amplification factor
is 2.80. The proportional damping frequency error is 3.07% and the amplification factor is
2.19.
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Figure 4.19. Normalized FRF of Fourth Mode for CLB
The MGHM k=2 method has been shown to be a useful modal parameter prediction
tool. The MGHM k=1 model exhibited improved amplitude predictions over the GHM k=1
model.
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4.5 Chapter Summary

An experimental modal analysis was performed on a constrained layer beam.
Section 4.2 documents the experimental setup used for the modal analysis of a constrained
layer beam constructed of two elastic layers made of aluminum and one viscoelastic layer
made of Sorbothane® DURO 50. The instrumentation and data acquisition approach is also
documented in this section. Section 4.3 reports the results of the modal analysis in the
form of frequency response function plots. The rational fraction polynomial curve fitting
technique is employed to extract the modal parameters from the frequency response
function data. The constrained layer beam is compared with a simple beam to illustrate the
increase damping provide by the constrained layer beam.
Section 4.4 compares the constrained layer beam experimental results with the
analytical predictions from Chapter 3. The natural frequency and damping ratios for the
first and second modes are in agreement with the maximum error of 8.68%. The MGHM
method is demonstrated as a tool to predict modal parameters.
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Chapter 5
Conclusions and Future Work

5.1 Summary and Conclusions
This dissertation introduces a novel material modulus function used to model
viscoelastic material during dynamic loading.

Recall that in metals the stress-strain

relationship is generally modeled as occurring at the same time – that is, with no phase
delay.

This stress-strain relationship in one-dimensional space is modeled with a

proportionality constant known as the modulus of elasticity.

Hooke’s Law gives the

relationship between stress, strain, and the proportionality constant.

However, in

viscoelastic materials the stress-strain relationship does not occur at the same time. There
is a phase relationship between stress and strain in viscoelastic materials under dynamic
loading. This relationship is a function of driving frequency. The GHM method uses
material modulus functions to account for this behavior of viscoelastic materials. The GHM
method adds dissipation equations to finite element models. These dissipation equations
account for the viscoelastic behavior. The new material modulus function introduced in
this dissertation is an alternative function for the GHM method developed in the late 1980’s
and earlier 1990’s. The shortcomings of the GHM method were first reviewed by Friswell
and Inman in 1997.
Typically, finite element models are assembled to predict a structure’s dynamic
response very early in the design phase. Prototype structures are then manufactured and
experimentally evaluated to determine modal properties. These modal properties are then
used to update the finite element model. This is necessary because a damped structure’s
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modal properties are hard to predict analytically. The ability to estimate damping in
structures in the conceptual design phase is a valuable tool needed by design engineers.
The MGHM method presented in this dissertation gives design engineers the ability
to improve their initial damping predictions before any prototype structure is fabricated.
In chapter 3, the MGHM Method was applied to a constrained layer beam and the first four
modes were studied. Comparisons between the GHM and MGHM finite element models
were reported and showed the MGHM models predicted higher damping values than the
GHM model. In chapter 4, the MGHM finite element predictions are shown to be reasonable
when compared with experimental data, thus validating the MGHM method as a prediction
tool. The MGHM damping values are more realistic than the GHM predictions.
The MGHM predictions were also compared with a proportional damping model.
The MGHM method more accurately predicted the modal parameters in the first two
modes. The proportional damping model yielded more accurate damping ratios in the
third and fourth mode.

However, the proportional damping model is based on

experimental modal analysis data gathered from the constrained layer beam structure. An
engineer in the conceptual phase of a design would not have access to experimental modal
analysis data. Furthermore, the free response of a structure is often dominated by its lower
modes. In this case, the MGHM method would be preferred because of the method’s
improved accuracy at predicting the modal parameters for the lower modes.
The GHM method developed in the 1980’s allowed finite element codes to handle
the complex modulus exhibited by viscoelastic materials. The GHM method’s framework
was built upon in this dissertation. In this work, the ability to more accurately predict the
modal parameters of a damped structure using the MGHM method was demonstrated.
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5.2 Contributions to Literature
This dissertation presents a novel material modulus function for modeling
viscoelastic materials. The new approach is coined the Modified Golla Hughes McTavish
method or MGHM method.

The contributions to literature are summarized in the

remainder of this section.
The first contribution was the introduction of psi, , into the linear numerator term
of the traditional GHM method’s material modulus function.

The motivation for

introducing psi was to improve the curve-fit to the material modulus function. The
addition of psi couples the physical degrees of freedom into the dissipation equation
through the damping matrix.
Secondly, a general formulation for the

mini-oscillator term is derived for the

MGHM material modulus function. From this formulation, the closed form curve-fitting
relationships for the

and

material modulus function cases are presented.

These closed form curve-fitting relationships were not possible with the GHM method
because too few coefficients were used in the material modulus function.
The third contribution was the reworked derivation of a mass and stiffness matrix
for constrained layer beams following Sainsbury’s original derivation. The mass and
stiffness matrix for constrained layer beams is sparse in literature. In fact, Sainsbury’s
approach was the only source found.
The fourth and final contribution was the documentation of the Sorbothane® DURO
50 MGHM parameters. These parameters, which define the material modulus function, are
needed when designing a structure that is going to be loaded dynamically and incorporates
viscoelastic material. Design engineers rely on reported values of the Young’s modulus for
modeling metallic structures.

The need to report material modulus functions for

viscoelastic materials has arrived, and this dissertation contributes by reporting a material
modulus function for Sorbothane® DURO 50 dynamically loaded in shear.
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5.3 Recommendations for Future Work

This dissertation has developed a tool to aid designers in modeling the effects of
damping caused by viscoelastic materials in structures. Additional topics to be explored as
follow-on work are outlined in this section. This work would further the Modified Golla
Hughes McTavish method.
In section 2.4, a novel formulation for the kth term material modulus function is
reported. The

and

cases are explored and closed form solutions are given for

relating

. The development of an algorithm to solve the higher order,

,

cases would be valuable in showing how the MGHM method converges on solutions.
In this dissertation, a constrained layer beam loaded in shear is studied. Additional
structures should be studied, specifically structures incorporating viscoelastic materials
with alternative loading cases.

For example, structures loaded in pure tension and

compression could be studied. An additional value would be the adaptation of this method
into commercial finite element codes as a way to dynamically model viscoelastic materials.
The MGHM parameters for Sorbothane® DURO 50 are reported and applied in this
work. The computation of MGHM parameters for other viscoelastic materials would be a
valuable step in building a database of MGHM parameters.
The first four modes of a constrained layer beam were studied resulting in
frequencies up to about 900 Hz. The MGHM damping predictions with two mini-oscillators
were accurate in the two cases out to about 200 Hz. At about 500 Hz, the damping
predictions were less accurate than the proportional damping model.

However, the

damping predictions were still a reasonable prediction. The ability to accurately predict
damping in structures with a frequency range of 500 Hz may have significant applications
in the design of structures to be deployed on surface vehicles. For example, surface vehicle
vibration specifications in MIL-STD-810 are limited to 500 Hz. Additional research to
determine the maximum usable bandwidth of MGHM models would be valuable.
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