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Aerodynamic Modeling Using
Computational Fluid Dynamics and Sensitivity Equations

Alejandro Cesar Limache

(ABSTRACT)

A mathematical model for the determination of the aerodynamic forces acting on an
aircraft is presented. The mathematical model is based on the generalization of the idea
of aerodynamically steady motions. One important use of these results is the determina-
tion of steady (time-invariant) aerodynamic forces and moments. Such aerodynamic forces
can be determined using computer simulation by determining numerically the associated
steady flows around the aircraft when it is moving along such generalized steady trajecto-
ries. The method required the extension of standard (inertial) CFD formulations to general
non-inertial reference frames. Generalized Navier-Stokes and Euler equations have been de-
rived. The formulation is valid for all ranges of Mach numbers including transonic flow.
The method was implemented numerically for the planar case using the generalized Euler
equations. The developed computer codes can be used to obtain numerical flow solutions
for airfoils moving in general steady motions (i.e. circular motions). From these numerical
solutions it is possible to determine the variation of the lift, drag and pitching moment with
respect to the pitch rate at different Mach numbers and angles of attack. One of the ad-
vantages of the mathematical model developed here is that the aerodynamic forces become
well-defined functions of the motion variables (including angular rates). In particular, the
stability derivatives are associated with partial derivatives of these functions. These stability
derivatives can be computed using finite differences or the sensitivity equation method.
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Chapter 1

Introduction

The design of atmospheric vehicles and their control systems is an interesting and challenging
area of on-going research. The quality of a design is evaluated by the behavior of the aircraft
in performing required tasks and maneuvers. From flight mechanics, one knows that in
order to determine this behavior one must be able to calculate the aerodynamic forces and
aerodynamic moments acting on the aircraft’s surface at any instant of the flight.

The accurate determination of these aerodynamic forces (and aerodynamic moments)
is not a trivial problem, since these forces are not independent of the aircraft motion but
they are coupled to it. Therefor, at a given time the particular values of the aerodynamic
forces will affect the future aircraft motion, and conversely, the particular values of the
aerodynamic forces at a given time will depend on the particular maneuver that the aircraft
is performing at that time. The problem gets more complex because these forces depend not
only on the instantaneous values of the motion variables but also depend on the past history
of the motion. As a consequence, even under the assumption that the aerodynamic forces
can be evaluated (numerically or experimentally) at any instant for a particular motion of
the aircraft, it is obviously materially impossible to evaluate and record all the aerodynamic-
force-histories associated to each one of the infinitely many possible histories of motion. From
these observations, one can conclude that an analysis of the aircraft behavior is not viable
unless a mathematical model for the representation of the aerodynamic forces is introduced.

The formulation of an aerodynamic mathematical model probably started with the work
of Bryan [9] at the beginning of the 20th century. Bryan postulated that the aerodynamic
forces depend only on the instantaneous values of the motion variables and that this de-
pendence was linear. Since that time the mathematical model has evolved to take into
account additional effects such as time lag, dependence on previous history of the motion,
non-linearity, aerodynamic hysteris, separation, etc. One of first phenomena that was taken
into account was the time lag occuring in the aerodynamic forces responses to changes in
the angle of attack. The time lag effect is mainly due to the time it takes the aircraft tail
to sense a change in the angle of attack and it was taken into account by adding to the

1
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mathematical models terms proportional to the time-rate of changes of motion variables
such as the angle of attack. The use of linear stability analysis in flight mechanics leads
naturally to a requirement for the determination of stability derivatives (also called stability
parameters), which are the coefficients appearing in the linearization of the aerodynamic
forces. They basically describe the expected rate of change of the aerodynamic forces with
respect to some parameter of the flight motion.

At present, the different techniques used for the determination of the aerodynamic forces
are principally based on generalizations of Bryan’s work and on the generalization of the
idea of linear system responses. In the system response approach, the aerodynamic forces are
predicted by calculating time-integrals of the motion variables. For example, the contribution
of the angle of attack α to the lift L could be written as,

�L(t) =

∫ t

0

A(t− τ )α̇(τ ) dτ (1.1)

where A is the indicial (or step-function) response funtion and α̇ is the time-rate of change
of α. For linear time-invariant systems A is a function that depends only on time and it is
independent of the motion variables. The use of linear-system responses was an important
forward step because it generalized the model to allow the dependence of the aerodynamic
forces on the past-history of the motion variables.

Etkin [13] presents an equivalent approach by using the idea of Aerodynamic Transfer
Functions. So the aerodynamic forces are determined by using transfer functions obtained
from studying the aircraft response to appropiate sinusoidal inputs. Finally, Tobak and his
colleagues [51], [52], [53] have obtained a very complete aerodynamic mathematical model
capable of accounting for non-linearities and other phenomena such as hysteresis. Their
idea was to generalize the linear system response approach, by allowing the indicial response
functions A to be functionals of the motion variables.

The choice of a mathematical model eliminates the necessity of determining the aerody-
namic forces for the infinitely many aircraft maneuvers and time histories. The underlying
idea is that the data to construct the model can be obtained by measuring the aerodynamic
forces, the stability derivatives or other appropiate parameters from a smaller class of air-
craft motions or maneuvers called characteristic motions. Then, as pointed out by Tobak
and Schiff [53], the aerodynamic responses to the characteristic motions can be determined
once and for all and then can be applied over a wide range of motions.

Once the mathematical model is formulated, the problem consists in the determination
of the aerodynamic forces and stability derivatives or aerodynamic responses from the char-
acteristic motions. This determination can be done experimentally using model-scale or
full-scale flight tests, using wind tunnel testing or numerically using computational fluid
dynamics (CFD). The use of model-scale or full-scale flight tests are probably the most re-
alistic and accurate but very inefficient in the design of a new aircraft because of the cost
in time and money of performing the required modifications during a design process. The
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use of dynamic experiments on scale-models in wind-tunnel is a standard way to determine
the characteristic aerodynamic forces and stability derivatives. However, such testing is still
costly because of the equipment and technology necessary to simulate an increasing number
of required experiments at different flight conditions. CFD is a promising technique because
any required modifications of the prototype during the design proccess can be introduced
at low cost and because of its ideal capacity to simulate completely different flight condi-
tions or experiments. However, much progress is needed to reach the ideal capacity of CFD.
In the computational hardware area progress is still needed to support memory and speed
requirements and in the software area much work still needs to be done in the simulation
of turbulence and viscous effects particularly when separation occurs (i.e. at high angles of
attack or non-zero angular rates).

In the present work, an aerodynamic mathematical model is presented. The mathemati-
cal model is based on the choice of aerodynamically steady motions as the set of characteristic
motions. The model allows one to formally determine the dependence of the aerodynamic
forces (and aerodynamic moments) with respect to all the motion variables including the an-
gular rates of the aircraft. Then, it is shown how the mathematical model can be fitted into
a generalized CFD formulation which allows the determination of the aerodynamic forces
and the complete set of static and dynamic stability derivatives.

It will be seen that the determination of the stability derivatives can be done by appropi-
ately using finite differences on the obtained flow solutions. In the present work another
alternative approach is developed which is potentially better. This approach is based on the
continuous sensitivity equation method and consists in developing a linear boundary-value
problem (BVP) that directly leads to the required stability derivatives. The approach can
be used even in cases where the aircraft is moving with non-zero angular rates.

The work has been completed by the succesful implementation of the two-dimensional
application of the theory. The numerical implementation can be used inclusively in the range
where other techniques are not applicable, i.e. transonic speeds and non-zero angular rates.
The results have been successfully validated against currently used techniques.

In order to carry out the present program the mathematical model will be introduced
in Chapter 2. In Chapter 3, a complete generalization of the Navier-Stokes flow equations
for non-inertial reference frames 1 will be presented. Then, the mathematical model will
be coupled with the non-inertial Navier-Stokes equations. This coupling defines a nonlinear
BVP consisting of a nonlinear partial differential equation (PDE) and appropriate boundary
conditions. The associated forces and moments on the body can then be computed by certain
weighted surface integrals of the local (normal) pressure (and shear forces). It will be seen
that the body angular-rates appear as coefficients in the nonlinear BVP. The nonlinear BVP
can be solved using a generalized CFD algorithm.

The numerical results for two-dimensional flows around an airfoil will be presented in

1An inertial frame is a reference frame where Newton’s Laws hold
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Chapter 4. In Chapter 5, the sensitivity equation method and its application to aerodynamic
modeling will be described. In Chapter 6, the numerical results for the stability derivatives
obtained using the sensitivity equation method will be presented.



Chapter 2

Mathematical Modeling

2.1 Preliminary Remarks

In subsequent discussions, it is assumed that the reader is familiar with relations among
the various (relative) positions, velocities and accelerations and standard flight mechanics
notation. This material may be found in several references, such as Etkin [13] or Miele [35].

Consider a rigid aircraft of arbitrary geometry moving in an arbitrary way in the atmo-
spheric air as shown in Figure (2.1). The air is assumed to be uniform and at rest with
respect to an inertial reference frame denoted by S. The unit vectors of the axes of the
Cartesian coordinate system associated to S will be denoted by {êxS, êyS , êzS}.

Another reference frame is defined to be fixed to the aircraft and is denoted by R. A
Cartesian coordinate system associated to R is defined such that its origin is located at
an arbitrary point c of the aircraft and the unit vectors of its axes will be denoted by
{êxR, êyR, êzR}. The subscript S will be attached to the vector components when the vector
is resolved in the inertial coordinate system S. Similarly, the subscripts R will be attached to
the vector components when the vector is resolved in the coordinate system R. For example,
the vector position �xc of the aircraft with respect to an observer in the reference frame S
will be written as �xc = xcS êxS + ycS êyS + zcS êzS when resolved in terms of the Cartesian
components of reference frame S.

From the kinematics of rigid bodies it is known that the aircraft motion with respect to
the inertial frame S is completely specified in terms of the linear velocity vector �Vc of the
point c with respect to the air and in terms of the angular velocity vector �ω of the aircraft
with respect to the inertial coordinate system S.

The vector �Vc is called the velocity of the aircraft. One can represent this vector in terms
of its magnitude Vc which defines the speed of the aircraft, the angle of attack α, and the
angle of sideslip β, which define the relative orientation of the velocity vector with respect

5
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Figure 2.1: Aircraft flying in an arbitrary motion. View of inertial coordinate system S and
body-fixed coordinate system R

to the body-fixed axes of the coordinate system R. Similarly �ω can be represented in terms
of its three components p, q and r along the body-fixed axes of the coordinate system R. As
a consequence, any arbitrary motion U can be defined in terms of the temporal evolution of
the six dynamic motion variables:

U = {V c, α, β, p, q, r} (2.1)

Here the motion variables appear with an overline to denote that they are functions (of
time).

2.2 Mathematical Modeling of Aerodynamic Forces

As stated in the introduction, the aerodynamic forces (and aerodynamic moments) acting
on an aircraft at a given time t depend not only on the instantaneous values of the dynamic
motion variables but also depend on the past history of the motion. With this in mind one
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can write

F(t) = F̃
(
V c(τ ), α(τ ), β(τ ), p(τ ), q(τ ), r(τ ), t

)
t ≥ τ ≥ −∞ (2.2)

where F(t) represent the value at time t of a typical component of the aerodynamic forces
or moments. F̃ is used to denote the functional dependence of the aerodynamic forces on
the motion variables. Observe that the temporal parameter τ goes from the time t at which
the aerodynamic forces are to be evaluated to all the previous times. The idea that the
aerodynamic forces can be described by a functional and depend on the past history of the
motion was already recognized by Von Karman and Burgers [57] several decades ago.

Equation (2.2) is not simply an empirical formulation of the aerodynamic forces but it is
a formal and exact representation of the physics of the problem. Note that the aerodynamic
forces at a given instant t are produced by integration of the pressure and shear forces acting
on the aircraft surface at that time. These pressure and shear forces can be determined
from the state of the flow surrounding the aircraft. The state of the flow X is completely
characterized by the values of the density ρ, the flow velocity components u, v, w and the
static pressure P in the flow field 1. Using these observations, it follows that the aerodynamic
forces at any time t can be completely defined by:

F(t) = G(X(t)) where X = {ρ, u, v, w, P}, (2.3)

In the above equation, G represents a generic well-known function whose specific analytic
expression depends on the particular aerodynamic force component F . For example if the
fluid is assumed inviscid and F is chosen to be the pitching-moment M̂ we have that:

M̂ = G(X) = G(P ) =
∫
σ

[�xR ×−Pn̂]yR dσ

where n̂ is the outward-pointing unit normal vector along the aircraft surface σ.

Now, the current state of the flow X is defined by the boundary value problem (BVP)
defined by the flow equations (Navier-Stokes). Since the aircraft has been moving in the
fluid, its motion influenced the prior flow states and will influence the current flow state 2.
As a consequence, since the aircraft motion can be completely specified in terms of temporal
evolution of V c, α, β, p, q, r we have that:

X(t) = X̃
(
V c(τ ), α(τ ), β(τ ), p(τ ), q(τ ), r(τ ), t

)
t ≥ τ ≥ −∞ (2.4)

After, combining equation (2.4) with equation (2.3) one gets equation (2.2) where F̃ = G(X̃).

Using the reasoning presented above it follows that one can express the problem of
the evaluation of the aerodynamic forces using an input/output representation as shown in
Figure (2.2). In the case of an aircraft in a free-flight this input/output system is coupled

1It is possible to choose another set of physical variables to define the state of the flow
2As seen from the inertial reference frame, the aircraft motion affects the flow state through the changes

in the boundary conditions of the BVP
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V(τ)

α(τ)

β(τ)
p(τ)

q(τ)

r(τ)

F(t)
BVP

{ρ,u,v,w,P}

GFlow Equations X(t)

Figure 2.2: Input/Output representation of the Aerodynamic Forces

with the equations of motion and with the addition of the other external forces (gravitational,
propulsion forces, etc.) acting on the aircraft.

The evaluation of the functional F̃ (i.e. of the aerodynamic forces) along specific aircraft
motions is certainly possible. For example, Orlik [40] has determined the aerodynamic
forces acting on a free aircraft using experimental techniques. It is also possible, within
some limitations, to generate numerically time-accurate CFD solutions coupled with the
equations of motion. For example, in references [28] and [38]) this type of simulations
have been done using flow models based on vortex-lattice methods. Some researchers are
currently working on the fully coupled problem: flow equations, body-dynamics and control.
For example, Allan et. al. [1] have performed simulations of an airfoil moving with an active
control system which modifies the pitching moment of the airfoil. Atwood [5] investigated
the separation of a controlled store from a cavity using the Navier-Stokes equations and a
pitch attitude control law. Others, like Morton et. al. [37] have extended the problem to
include aeroelastic effects.

While PDE-based models (Figure (2.2)) may be useful in some settings, these are far
too complex for a standard use. Thus, there is a basic need to obtain a simplified version of
the functional (2.2) defining the input/output system of Figure (2.2). Theodorsen [49] and
Jones [27] provided approximate representations for this functional in the case of incompress-
ible flow about a thin airfoil. More recently, Herdman and Turi [22] have rigorously studied
a representation based on neutral functional differential equations. Several mathematical
models are based in the substitution of the exact functional F̃ by an approximate linear
indicial response functional of the type shown in equation (1.1). As mentioned before, To-
bak and his colleagues [51], [52], [53] have extended this approach to account for non-linear
effects.

The mathematical model usually has incorporated the concept of reusability, i.e. the
results obtained from the simulation of a finite number of motions will be reused to predict
other motions. For example, if a model of the form (1.1) is used the indicial response function
A will be constructed from a series of experiments. Once A is obtained, equation (1.1) could
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be used to evaluate the lift along an arbitrary motion.

Let’s consider another example based on a simplified version of Bryan’s model. Assume
that the pitching moment coefficient acting on a symmetric aircraft in longitudinal motion
can be evaluated from:

Cm = Cm0 + CmV
V c + Cmαα+ Cmqq. (2.5)

The coefficients CmV
, Cmα, Cmq are referred to as stability derivatives. All the coefficients

are assumed to be time-invariant. The model is complete when the four coefficients are de-
termined from experimental measurements or numerical calculations of the pitching moment
acting on the aircraft as it moves in specified characteristic motions. Once the coefficients are
chosen, equation (2.5) can be used to predict the pitching moment for other general motions.
The fact that the coefficients in equation (2.5) are time-invariant is one of the main aspects
which make the model of practical use.

Notation Issues. The damping-in-pitch stability derivative Cmq shown in equation (2.5) is
a dimensional stability derivative. Although many authors use the term Cmq to denote a non-
dimensional stability derivative, in this work, Cmq denotes a dimensional stability derivative.
Since by convention a non-dimensional pitch rate is denoted by q̂, here, the non-dimensional
stability derivatives will be denoted by Cmq̂

.

2.3 A Mathematical Model based on Aerodynamically

Steady Motions

The mathematical model presented in this dissertation is based on the choice of the set of
aerodynamically steady motions as the set of characteristic motions. An aerodynamically
steady motion is defined to be a motion where the flow properties remain steady (time-
invariant) as seen from a body-fixed reference frame. From this definition and the discussion
that lead to equation (2.3) it follows that an aircraft flying in an aerodynamically steady
motion will generate steady (time-invariant) aerodynamic forces. As will be seen, these
steadiness properties will make the model of practical use. It will also be seen that the choice
of aerodynamically steady motions satisfies the requirement that the set of characteristic
motions be small enough to be classified and at the same time big enough to be able to
characterize a broad spectrum of general motions.

The most commonly used motion to characterize aerodynamic forces: uniform level rec-
tilinear flight is an aerodynamically steady motion. In this type of rectilinear motion the
aircraft is moving in a steady form (shown in Figure (2.3)) at constant values of V c(t) = Vc,
α(t) = α and β(t) = β, and with zero angular rates: p(t) = q(t) = r(t) = 0. Under the
assumption of still, uniform air and neglecting unsteadiness due to separation or turbulence
it is obvious that, after a certain transient the aerodynamic forces acting on the aircraft be-
come constant (time-invariant). Then, for these steady motions, the functional of equation
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Figure 2.3: Aircraft flying in a rectilinear steady motion with no-angular rates

(2.2) reduces to the simpler form:

F(t) = F̃
(
V c(τ ), α(τ ), β(τ ), p(τ ), q(τ ), r(τ ), t

)
⇓

F = F (Vc, α, β, 0, 0, 0) (2.6)

As a consequence, by restricting the motions to the class of rectilinear, steady flights, the
mathematical representation of the aerodynamic forces has been simplified from a functional
form of six function arguments to a function F of three scalar arguments: {Vc, α, β}. Observe
that in the representation the Mach number Mc =

Vc

ac
could be used instead of the speed Vc,

in such a case, equation (2.6) can be rewritten as:

F = F (Mc, α, β, 0, 0, 0) (2.7)

Now consider a symmetric aircraft moving in rectilinear longitudinal steady motion (i.e.
constant speed and angle of attack, β = 0, no-angular rates) as the one shown in Figure
(2.4). Equation (2.6) for the pitching moment coefficient can be written as:

Cm = Cm (Vc, α)β=0,p=0,q=0,r=0 (2.8)

If a Taylor Expansion to first order in the motion variables Vc, α is performed in the above
equation, then it follows that, except for the rotary contribution due to non-zero q, Bryan’s
formula (2.5) is the linear approximation to the more general function (2.8). Note that in
this case the stability derivatives: CmV

and Cmα have now a clear meaning in terms of the
partial derivatives of Cm. This idea can be extended to the stability derivatives with respect
to the sideslip angle β if one considers the general rectilinear steady flight of eq. (2.6).
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Figure 2.4: Symmetric aircraft flying in a rectilinear longitudinal steady motion (i.e. β = 0,
no-angular rates)

2.4 Determination of the Function F (Vc, α, β, 0, 0, 0)

The determination of the function (2.6) or (2.7) can be done numerically, using CFD, or ex-
perimentally, using wind-tunnels. The measurement using wind-tunnels is relatively straight-
forward since it only requires that the model be fixed at the desired orientation with respect
to the free-stream. Since the aircraft is moving at a constant rectilinear velocity without
angular rotation, the standard CFD formulation for inertial reference frames can be used to
determine F (Vc, α, β, 0, 0, 0). Also, since the required solution is steady, it is not necessary
to get time-accurate solutions.

As an example of the use of CFD attention is restricted to the case of an airfoil moving
in rectilinear steady motion with zero angular rates in a inviscid flow as shown in Figure
(2.5). In this case the flow will be two-dimensional and a standard two-dimensional CFD

Figure 2.5: Airfoil (wing of infinite span) flying in rectilinear longitudinal steady motion (i.e.
β = 0, no-angular rates)

code for steady flows can be used to determine the aerodynamic forces (cf. Equation (2.7)):

F = F (Mc, α, 0, 0, 0, 0) (2.9)

Figure (2.6) displays the general streamline pattern and the pressure coefficient contours
corresponding to a NACA 0012 airfoil flying at a Mach number Mc = 0.2 and at angle of
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attack α = 0.0o . The CFD code that was used to obtain the shown flow solutions is called
Class Code, and it was provided by Dr. Kyle Anderson from NASA Langley. The Class

Code is based on a finite-volume formulation on unstructured grids and it can be considered
as the inviscid version of the Fun2D Code [2], [3].

x

y

-0.5 0 0.5 1 1.5

-1

-0.5

0

0.5

1

pressure
0.9
0.7
0.5
0.3
0.1
0.05
0.01

-0.01
-0.05
-0.1
-0.2
-0.3
-0.4
-0.6

Figure 2.6: Pressure coefficient contours and streamlines of the flow around a NACA 0012
airfoil which is flying at Mc = 0.2 and α = 0.0o

The lift C�, drag Cd and pitching moment Cm coefficients can be calculated by an ap-
propiate integration of the pressure on the airfoil’s surface. By running different simulations
one can get the behavior of these coefficients at specified speeds (or Mach numbers) and at
specified angles of attack. These simulations allow one to determine functions of the form
(2.8) or (2.9) for these coefficients.

2.5 Adding Steady Motions with Pitch-Rates into the

Mathematical Model: An Illustrative Example

The dependence of the aerodynamic forces with respect to the angular rates p, q and r is
non-negligible and the aerodynamic model must account for it. According to the previous
discussion, the restriction of characteristic motions to the class of rectilinear steady flight
provides valuable information about the dependence of the aerodynamic forces with respect
to speed, angle of attack and angle of sideslip. However, it is impossible to use these mo-
tions to get information about the dependence of the aerodynamic forces with respect to
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the angular rates of the aircraft. This problem was clearly seen in the case of rectilinear
longitudinal steady motion (β = 0) discussed previously. There it was impossible to justify
the rotary stability derivative Cmq appearing in equation (2.5) in terms of partial derivatives
of equation (2.8). As shown below, the problem can be circumvented by extending the model
to a broader class of aerodynamically steady motions.

To show how the extension can be done an illustrative example is discussed. Consider
again the case of rectilinear, longitudinal, steady flight shown in Figure (2.4). For this case,
the aerodynamic forces could be represented as (cf. eq. (2.6) with (β = 0)):

F = F (Vc, α, 0, 0, 0, 0) (2.10)

The objective is to try to get a generalization of the above equation that includes the possi-
bility of non-zero pitch rates q. Since the above equation was obtained under the asumption
of steadiness, it follows that a generalization to:

F = F (Vc, α, 0, q, 0, 0) (2.11)

could be obtained only if there exists a planar (longitudinal) aerodynamically steady motion,
such that, the aircraft moves with a constant speed, a constant angle of attack and a constant
(non-zero) pitch rate q.

The first conjecture, is to try to superimpose on the initial rectilinear flight, a constant
pitch rate q of the aircraft. The resulting motion resembles the motion shown in Figure (2.7).
However, the approach fails since it is obvious from the figure that the motion is unsteady

Figure 2.7: Aircraft flying in a uniform, rectilinear path with a constant (non-zero) angular
rate q

and that in particular the angle of attack is changing with time. Although this first trial
failed, it is possible to see that there exists a correct approach.

The right approach consists in restricting the aircraft to a steady circular trajectory, as
shown in Figure (2.8). The main features of the circular motion are:
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Figure 2.8: Aircraft flying in a steady circular trajectory with constant pitch rate q and
constant angle of attack α

1. The radius of the circular trajectory Rc satisfies the condition:

Rc =
Vc
q

(2.12)

2. The aircraft can hold a constant speed Vc and it is experiencing a centripetal acceler-
ation:

ac =
V 2
c

Rc
(2.13)

which is normal to the velocity vector. This result guarantees that the aircraft is not
changing its speed.

3. From the pilot’s point of view the flow motion is steady, i.e. time-invariant.

The existence of these steady motions, allows one to construct the function F of equation
(2.11) by determining the aerodynamic forces acting on the aircraft when it is moving in
these circular trajectories. In particular, a steady pitching moment function

Cm = Cm (Vc, α, 0, q, 0, 0) (2.14)
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can be defined. Furthermore, the partial derivatives of Cm will allow one to determine the
pitching moment coefficient Cmq that was missing before.

In the next section, the general aerodynamic model is presented. The generalization will
allow one to determine the direct dependence of the aerodynamic forces with respect to the
complete set of motion variables (including the dependence on the three components of the
angular rates).

2.6 Mathematical Model: General Case

2.6.1 Steps to Get the General Model

In the previous section it was shown how to get the dependence of the aerodynamic forces
with respect to the pitch rate q for the particular case of planar longitudinal motions. The
extension was possible since there are steady planar motions where the aircraft can have
a non-zero pitch rate. The motions turned out to be circular trajectories characterized by
the fact that in these motions the aircraft can hold a constant speed Vc, a constant angle of
attack α and a constant pitch rate q.

Following the ideas underlying the example, a complete generalization of the mathemat-
ical model can be formulated. The generalization will be done in three steps:

1. Determination of the general mathematical conditions for the existence of aerodynam-
ically steady motions.

2. Simplification of the functional representation of the aerodynamic forces for the case
of aerodynamically steady motions.

3. Determination of the compatibility of the mathematical conditions with the mechanics
of the motion of rigid bodies in the air.

Step 1 refers to the determination of the most general mathematical conditions under which
it is possible to generate an aerodynamically steady motion. Step 2 refers to the use of the
properties of aerodynamically steady motions and the use of the mathematical conditions in
the functional representation of the aerodynamic forces. From Step 2 a simplified mathemat-
ical model of practical use will be obtained. Step 3 consists in determining if the imposition
of the mathematical conditions still permit the generation of physically meaningful motions,
i.e. motions that can exist in the reality. Steps 1 and 2 will be discussed below while Step 3
will be discussed in Section 2.7.
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2.6.2 Mathematical Conditions for Aerodynamically Steady Mo-
tions

An aerodynamically steady motion was defined to be a motion where, as seen from the pilot’s
point of view, the flow properties remain steady. Then, in an aerodynamically steady motion
the flow state:

X = {ρ, uR, vR, wR, P} (2.15)

does not change with time. From equation (2.3) it follows that an aircraft moving in an
aerodynamically steady motion generates steady aerodynamic forces (as seen from the body-
fixed reference frame):[

Aero Steady Motions =⇒ constant Aerodynamic Forces: F(t) → F
]

(2.16)

The mathematical conditions for the existence of aerodynamically steady motions can
be obtained from the following observations.

Observation 1: If an aircraft is flying in an aerodynamically steady motion, then the
motion variables V c, α, β, p , q and r must remain constant (time-invariant). The above
result can be justified by considering the time evolution of the flow as seen from the pilot’s
point of view. For example, if at a given time the speed of the aircraft V c was increasing then
the pilot would see the flow coming towards him with an increasing flow velocity. In such a
case, the flow state will not remain constant in time and, as a consequence, the motion will
not be an aerodynamically steady motion.

Observation 2: Under the assumption that time-invariant flow equations coupled with
time-invariant boundary conditions generates a steady flow, it follows that the converse of
Observation 1 is true. That is to say, if in a given motion an aircraft is able to maintain
constant values of V c, α, β, p, q and r, then the motion is an aerodynamically steady motion.

One can summarize the above results as follows:
Motions where V c, α, β, p, q, r remain constant

�

Aero Steady Motions/constant Aerodynamic Forces

 (2.17)

2.6.3 Simplification of the Functional Representation of the Aero-
dynamic Forces

The results summarized in equation (2.17) are the basis of the mathematical model presented
here and are such that it permits to generalize the idea that lead to equation (2.6).
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Under the assumption that aerodynamically steady motions are physically meaningful
(which will be proved in the next section), if the set of aircraft motions is restricted to the
class of aerodynamically steady motions, then the functional of equation (2.2) reduces to:

F(t) = F̃
(
V c(τ ), α(τ ), β(τ ), p(τ ), q(τ ), r(τ ), t

)
⇓

F = F (Vc, α, β, p, q, r) (2.18)

In particular, from equation (2.18) the steady pitching moment function Cm will look as:

Cm = Cm (Vc, α, β, p, q, r) (2.19)

Observe that once the steady aerodynamic functions F are constructed, they can be used
to approximate the aerodynamic forces acting on an aircraft flying in an arbitrary motion.
For example, if at time t the values of the motion variables are V c(t), α(t), β(t), p(t), q(t)
and r(t), the pitching moment coefficient can be estimated by evaluating the steady pitching
moment function Cm at those instantaneous values:

Cm(t) = Cm

(
V c(t), α(t), β(t), p(t), q(t), r(t)

)
. (2.20)

2.7 Aerodynamically Steady Motions

In this Section it will be proved that the aerodynamically steady motions are well-defined
and physically meaningful.

Consider the vector �Vc that describes the translational velocity of a specified point on the
aircraft (usually the center-of-mass) with respect to a fixed observer in the inertial reference
frame S where the undisturbed air is assumed to be at rest. Note that the quantities Vc, α, β
are scalars so that their rates of change are independent of the reference frame. For vector
quantities, such as �Vc, the rates of change in two reference frames are related by the standard
Eulerian formula

dS �Vc
dSt

=
dR �Vc
dRt

+ �ω × �Vc, (2.21)

where �ω is the angular velocity of Frame R with respect to Frame S.

For an aerodynamically steady motion the speed of the aircraft Vc and the aerodynamic
angles α, β must remain constant. Then, it follows that:
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1. The orientation of any body-frame is fixed with respect to the wind-frame, i.e. the
body-frame and the wind-frame have the same angular velocity with respect to the
inertial frame. Furthermore, in an aerodynamically steady motion, the components of
the angular velocity are constant and this implies that:

dR�ω

dRt
= 0.

2. The velocity of the body-frame with respect to the inertial frame is a fixed vector in
the body-frame, so:

dR �Vc
dRt

= �0,

This property combined with Equation (2.21) leads to:

dS �Vc
dSt

= �ω × �Vc. (2.22)

Equation (2.22) defines a system of linear, constant-coefficient, ordinary differential equa-

tions for the components of �Vc in the inertial frame S. The system (2.22) can be integrated
to yield ucS(t)

vcS(t)
wcS(t)

 =

(
�Vc0 ·

�ω

ω

)
�ω

ω
+

[
�Vc0 −

(
�Vc0 ·

�ω

ω

)
�ω

ω

]
cos(ωt) +

(
�ω

ω
× �Vc0

)
sin(ωt). (2.23)

A second integration gives the inertial-frame position components as xcS(t)
ycS(t)
zcS(t)

 =

 xc0
yc0
zc0

+

(
�Vc0 ·

�ω

ω

)(
�ω

ω

)
t+

[
�Vc0 −

(
�Vc0 ·

�ω

ω

)
�ω

ω

]
sin(ωt)

ω
−

(
�ω

ω
× �Vc0

)
cos(ωt)

ω
. (2.24)

Equations (2.23-2.24) are a parametric description of a spiral. Note that Equation (2.23)
includes a constant component along the direction �eω ≡

(
�ω
ω

)
and a harmonic part. The

constant vector multiplying cos(ωt) in Equation (2.23) is the orthogonal complement of
the constant part, while the constant vector multiplying sin(ωt) is orthogonal to the plane

spanned by {�Vc0, �eω}. The magnitude of the vectors in the harmonic part are, in fact,
equal. Such spiral motions are the most general class of motions of an aircraft for which
an aerodynamically steady description is possible. For a related discussion see the classical
book by von Mises [56, pages 570 - 571].
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2.8 Two Well-known Particular Cases

Let’s restrict the general steady-motion discussed in the previous section to the case where
�ω and �V0 are orthogonal. In this case Equations (2.23) and (2.24) reduce to (modulo the
initial position)  ucS(t)

vcS(t)
wcS(t)

 = �Vc0 cos(ωt) +

(
�ω

ω
× �Vc0

)
sin(ωt). (2.25)

 xcS(t)
ycS(t)
zcS(t)

 =
�Vc0
ω
sin(ωt)−

(
�ω

ω
×

�Vc0
ω

)
cos(ωt) . (2.26)

Moreover, in equation (2.26) the constant vector multiplying sin(ωt) has the same magnitude
as that multiplying cos(ωt) and is orthogonal to it. Then, it follows that, the motion is planar,
and, that in fact it is a circular path.

This result can be seen more clearly if, the coordinate system is chosen in such a way
that �ω points in the direction of the y-axis and �Vc0 in the direction of the x -axis:

�ω = qêy and �Vc0 = Vc0êx .

Then, equations (2.25) and (2.26) simplify to: ucS(t)
vcS(t)
wcS(t)

 =

 Vc0 cos(qt)
0

−Vc0 sin(qt)

 (2.27)

 xcS(t)
ycS(t)
zcS(t)

 =

 Vc0

q
cos(qt)

0
Vc0

q
cos(qt)

 . (2.28)

It is obvious from the above expressions that the motion is a circular motion in the plane
x, z. This circular motion is exactly the circular aerodynamically steady motion described
previously in Section 2.1 and shown in Figure (2.8). Note in particular that the radius of
the circular path satisfies the relationship:

Rc =
Vc0
q

,

which is the same as equation (2.12).

Finally note that in the limit where �ω −→ 0 the general motion (cf equation (2.23))
reduces to the condition

�Vc(t) = �Vc0

which is the well-known uniform, rectilinear, steady motion (constant speed, no-angular
rates) shown in Figure (2.3).
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2.9 Interpretation of the Mathematical Model

We conclude the chapter by presenting a series of useful interpretations of the mathematical
model presented here.

Interpretation 1

Under the assumption that the aerodynamic forces depend uniquely on the instantaneous
values of the motion variables, equation (2.18) and its particular case equation (2.19) can be
considered as the complete generalization to the non-linear case of Bryan’s formulation.

Interpretation 2

Following Tobak and Schiff’s formulation (reference [53]) in which they are able to decou-
ple the aerodynamic forces in two parts: one part containing an “steady contribution”
and other part containing the “unsteady contribution”, one can consider that the func-
tion F (Va, α, β, p, q, r) is the complete generalization of the “steady contribution” to the
aerodynamic forces. Observe for example that according to eq. (42) of reference [53], the
pitching moment can be written as

Cm(t) = Cm(∞, α(t), β(t)) + p(t)Cmp(∞, α(t), β(t)) + q(t)Cmq(∞, α(t), β(t)) +

r(t)Cmr(∞, α(t), β(t)) + α̇Cmα̇(α(t), β(t)) + β̇Cmβ̇
(α(t), β(t))

where the first four terms represent the “steady contribution” which can be recognized by
the infinite symbol (∞) while the last two terms represent the “unsteady contribution” to
the pitching moment. Then a more general formulation will follow by replacing the “steady
contribution” by the steady pitching moment function, so as to get:

Cm(t) = Cm

(
V c(t), α(t), β(t), p(t), q(t), r(t)

)
+

+α̇Cmα̇(α(t), β(t)) + β̇Cmβ̇
(α(t), β(t))

Interpretation 3: Geometrical interpretation

The flow state X is infinite-dimensional and can be represented by the five functions

X = {ρ, uR, vR, wR, P}

between the braces. The flow state X(t) at time t is determined by the input motion profile:

U = {V c(τ ), α(τ ), β(τ ), p(τ ), q(τ ), r(τ )} t ≥ τ ≥ −∞

defining a particular history of motion of the aircraft. To visualize these observations consider
Figure (2.9) where, with obvious limitations, the state X is represented along a single axis
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Figure 2.9: Geometric Representation of the Mathematical Model

and the input motion profile U is represented using α and q only. The red curve in the α-q
plane shows a prescribed history of the (input) motion. Time is a parameter of the curve.
The blue curve shows the corresponding path in the input/state space. At a particular time
t the input variables have values (α(t), q(t)) and point labeled ‘a’ along the blue curve defines
the corresponding actual unsteady state X(t). Using equation (2.3), the exact aerodynamic
forces F(t) can be evaluated from the current flow state X(t) as F(t) = G(X(t))

The mathematical model developed here allows one to associate a unique steady flow
X = XS with each set of constant input variables {Vc, α, β, p, q, r}. The association defines
a surface in the input/state space. Using our geometrical representation the surface will
appear as in Figure (2.9). For the aerodynamically steady motion defined by the input
values (α, q) = (α(t), q(t)) the input/state point is labeled ‘b’ and the state coordinate is
XS . Again, using equation (2.3), one can evaluate the aerodynamic forces at this state as:
F(t) = G(XS(t)).

On the other hand, in the classical steady flow model (rectilinear motion, q(t) = 0) ,
the input motion profile is projected onto the α (only) axis and the aerodynamic forces are
evaluated from the associated steady flow (labeled XS0 in Figure (2.9)) defined by the steady
motion surface.

The distance ‖X(t)−XS(t)‖ is a measure of the unsteadiness in the flow, and the distance
|G(X(t))−G(XS(t))| is the ‘error’ between the steady force prediction and the true unsteady
forces. Similarly the difference |G(XS(t))− G(XS0(t))| is the error between the generalized
steady flow forces developed here and the classical steady prediction.



Chapter 3

Flow Equations for Aerodynamically
Steady Motions.

3.1 Some Remarks

In Section 2.7 the kinematics of general aerodynamically steady motions was determined. It
was shown there that these motions belong to a set of helical trajectories. The next point that
has to be addressed is how to calculate the aerodynamic forces along these steady trajectories.
Those calculations will enable one to determine the form of the steady aerodynamic functions
F = F (Vc, α, β, p, q, r) defining the aerodynamic model.

The complexity of the motion (the aircraft is rotating and moving in an accelerated
trajectory) seems to preclude the use of wind-tunnel measurements. However, it is useful to
point out here that several groups have worked on wind-tunnel experiments for determining
the aerodynamic forces in simulations that have a strong analogy with the aerodynamically
steady motions defined here. Tobak [53] already pointed out that the experiment of the
circular trajectory of Figure (2.8) can be generated by fixing the model to the end of an
arm which is caused to rotate at a constant rate around a fixed point. The experiment
is called the whirling-arm experiment and the main difficulties arise from the interference
betweem the model, the arm and their own wake. In reference [16], the NASA Langley
forced-oscillation apparatus was used to determine the stability derivatives for a model of
a fighter. The apparatus can be used for pitching, yawing and rolling experiments in a
fashion similar to the whirling arm. Also, noteworthy are the experiments (references [30]
and [31]) performed in the Stability Wind Tunnel of the Virginia Polytechnic Institute and
State University. There curved flow tests were performed to determine dynamic stability
derivatives. Those curved flows simulate in part the flows that a non-inertial observer fixed
to the aircraft will see when the aircraft moves with non-zero angular rates.

Another alternative is to calculate the aerodynamic forces along aerodynamically steady

22
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motions using CFD. The results obtained in the present work show that the CFD approach
is indeed a very promising one. To start using CFD, a reference frame must be chosen.
The choice of the inertial reference frame S where the air is still implies the need of a CFD
formulation that allows moving boundaries. This type of CFD formulation exists and has
been used to simulate several types of problems. The favorite approach seems to be the
one based on the use of overset grid methods. In these methods one grid is attached to the
moving body and a basic grid is fixed in an inertial frame. The method have been used
for example in the simulation of controlled [5] or uncontrolled [29], [60] store separation.
Noack and Bishop [39] have used a Delaunay unstructured grid generator and a flow solver
to simulate the problem of bodies in relative motion.

The complication of the CFD formulation based on an inertial reference frame is that
from such a reference frame the problem we are considering is unsteady. On the other hand,
if a body-fixed reference frame R fixed to the aircraft is chosen, the flow to be simulated will
be steady. Furthermore, the specification of the fluid/solid interface is staightforward. For
these reasons the body-fixed reference frame R will be our chosen reference frame. However,
since the simulations are to be performed along motions where the aircraft is accelerated
and rotating, the body-fixed reference frame R becomes a non-inertial reference frame. This
observation introduces the problem that the well-known standard (inertial) Navier-Stokes
equations can not be used. It is necessary to determine flow equations that be valid in
non-inertial references frames.

3.2 Non-inertial Navier-Stokes Equations

The flow equations as seen from a general non-inertial reference frame, i.e. the non-inertial
Navier-Stokes equations, can be obtained after careful, tedious work by starting from the
standard (inertial) Navier-Stokes equations (defined in an inertial reference frame). The idea
is to put into the standard Navier-Stokes equations the relationships between scalar, vector
and tensor quantities as seen from the two different reference frames. The above process is
outlined in [41] for inviscid compressible flows.

As shown in Figure (3.1), S will denote the inertial reference frame and R will denote
the completely arbitrary non-inertial reference frame. R is assumed to be moving with an
arbitrary translational velocity �VR/S and an arbitrary translational acceleration �aR/S. R is
also assumed to be rotating with an arbitrary angular velocity �ωR/S = �ω with respect to
S. Using these definitions and assuming there are no heat sources, it can be seen that the
non-inertial Navier-Stokes equations as seen from an observer in the non-inertial reference
frame R are:
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Figure 3.1: View of inertial coordinate system S and general non-inertial coordinate system
R

1. The Equation of Conservation of Mass or Continuity Equation:

∂ρ

∂t
+∇ ·

(
ρ �VR

)
= 0 (3.1)

2. The equation of Conservation of Momentum

∂ρ �VR

∂t
+∇ ·

[
ρ �VR ⊗ �VR + P

⇀↽

I −
⇀↽
τ

]
= ρ

[
�f + �Ω− 2�ω × �VR

]
(3.2)

3. The Equation of Conservation of Energy

∂ρER

∂t
+∇ ·

[
(ρER + P ) �VR −

⇀↽
τ · �VR − kT∇T

]
= ρ

[
�f + �Ω

]
· �VR (3.3)

In equations (3.1)-(3.3) the variables are expressed in a Eulerian (local) way as seen

from the non-inertial rotating frame R. In this sense, �VR is the local velocity of the
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flow as seen from the rotating reference frame; ρ, P , T and e are the density, the static
pressure, the temperature and the internal energy of the flow, respectively; ER is the
total energy (per unit of mass) as seen from the rotating frame:

ER = e+
1

2
�VR · �VR. (3.4)

�f is net body force; �Ω is the “pseudo force vector”:

�Ω = −�ω × (�ω × �xR)−
dR�ω

dRt
× �xR − �aR/S . (3.5)

and contains the effect of the non-inertial motion (except for the Coriolis term −2�ω×
�VR). �V ⊗ �V is a second order tensor defined in terms of its components in Cartesian

coordinates as
[
�V ⊗ �V

]
ij
=

[
�V
]
i

[
�V
]
j
where

[
�V
]
i
is the i-th component of the velocity

vector.
⇀↽

I is the identity tensor and
⇀↽
τ is the stress tensor; each of these is a second

order tensor. Equations (3.1)-(3.3) are a generalization of the equations presented in
[23].

3.3 Notation Issues

From now on, unless otherwise specified, the subindexR will be dropped from all the physical
quantities refered to the non-inertial frame R. The convention also includes the geometric
vectors such as the position vector �xR and the unit vectors êxR, êyR, êzR. So the vectors

�xR, �VR, �ω, and �Ω, when resolved in terms of their components in the non-inertial frame R
will be written simply as

�x = xêx + yêy + zêz, (3.6)

�V = uêx + vêy + wêz, (3.7)

�ω = ωxêx + ωy êy + ωz êz, and (3.8)

�Ω = Ωxêx +Ωy êy +Ωz êz, (3.9)

Following this convention, the non-inertial Navier-Stokes equations can be rewritten as:

1. The Equation of Conservation of Mass or Continuity Equation:

∂ρ

∂t
+∇ ·

(
ρ�V

)
= 0 (3.10)

2. The equation of Conservation of Momentum

∂ρ�V

∂t
+∇ ·

[
ρ�V ⊗ �V + P

⇀↽

I −
⇀↽
τ

]
= ρ

[
�f + �Ω− 2�ω × �V

]
(3.11)
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3. The Equation of Conservation of Energy

∂ρE

∂t
+∇ ·

[
(ρE + P ) �V −

⇀↽
τ · �V − kT∇T

]
= ρ

[
�f + �Ω

]
· �V (3.12)

with

E = e+
1

2
�V · �V (3.13)

�Ω = −�ω × (�ω × �x)− d�ω

dt
× �x− �aR/S (3.14)

3.4 Non-Dimensional Form of the Non-Inertial Navier-

Stokes Equations

The form of the above equations remains unchanged if an appropiate non-dimensionalization
is performed. As a consequence, equations (3.10)-(3.14) can also be considered as the non-
dimensional non-inertial Navier-Stokes equations. For example, if the non-dimensional vari-
ables (denoted with an asterix: *) are defined in terms of reference (far-field) conditions
(denoted with the “∞” symbol) and a reference length 6 as:

�V = V∞�V ∗ ; �x = 6�x∗ ; t =
6

V∞
t∗ ; �ω =

V∞

6
�ω∗

ρ = ρ∞ρ∗ ; P = ρ∞V 2
∞P ∗ ; T = T∞T ∗ ; e = V 2

∞e∗ ; �f =
V 2
∞
6

�f∗ ; µ = µ∞µ∗

The non-dimensional equations are obtained simply by replacing each variable by its cor-
responding non-dimensional variable. Parameters including the viscosity coefficient µ, the
thermal conduction coefficient kT and the specific heat at constant volume cv should be
replaced by:

µ −→ µ∗

Re∞

kT −→ kTT∞

62
1

ρ∞V 2
∞

6

V∞
=

µ∗

Re∞ PrM2
∞[γ − 1]

cv −→
cvT∞

V 2
∞

=
cvγRT∞

γ[cp − cv]V 2
∞

=
cv

γ[cp − cv]M2
∞

=
1

γ[γ − 1]M2
∞

where Re∞ = ρ∞V∞�
µ∞

is the Reynolds number, Pr = µcp
kT

is the Prandtl number and M∞ = V∞
a∞

is the Mach number.
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3.5 Conservative Form of Non-Inertial Navier Stokes

Equations

The non-inertial Navier Stokes equations (3.10)-(3.14) can be written in the Cartesian coor-
dinate system x, y, z of the non-inertial reference frame R in the following compact form:

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= W +

∂Fv

∂x
+

∂Gv

∂y
+

∂Hv

∂z
(3.15)

where Q is defined as,

Q =


Q1

Q2

Q3

Q4

Q5

 =


ρ
ρu
ρv
ρw
ρE

 . (3.16)

Here

F =


ρu

ρuu+ P
ρuv
ρuw

u (ρE + P )

 ; Fv =


0
τxx
τxy
τxz

τxxu+ τxyv + τxzw + k ∂T
∂x

 (3.17)

G =


ρv
ρvu

ρvv + P
ρvw

v (ρE + P )

 ; Gv =


0
τyx
τyy
τyz

τyxu+ τyyv + τyzw + k ∂T
∂y

 (3.18)

H =


ρw
ρwu
ρwv

ρww + P
w (ρE + P )

 ; Hv =


0
τzx
τzy
τzz

τzxu+ τzyv + τzzw + k ∂T
∂z

 (3.19)

are the components of the conservative and viscous fluxes; and W is given by:

W =


0

ρ [fx +Ωx]− 2ρ(ωyw − ωzv)
ρ [fy +Ωy]− 2ρ(ωzu− ωxw)
ρ [fz +Ωz]− 2ρ(ωxv − ωyu)

ρ [fx +Ωx] u+ ρ [fy +Ωy] v + ρ [fz +Ωz]w

 . (3.20)
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In equation (3.20) the cross vector product −2ρ
(
�ω × �V

)
and the vector �Ω have been ex-

panded in their components using equations (3.6)-(3.9).

It is noteworthy to mention that the Navier-Stokes equations (3.15)-(3.20) are more
general than the Navier-Stokes equations commonly used in turbomachinery [4] or rotor
simulations [45]. In the Navier-Stokes equations (3.15)-(3.20) the non-inertial reference frame
R is not only allowed to rotate at a (non-constant) angular velocity but it is also allowed to
have a translational velocity and a translational acceleration.

An important thing to be noted here is that, except for the source termW , the functional
form of the non-inertial Navier-Stokes equations (3.15)-(3.20) is the same as the functional
form of the standard conservative equations defined for inertial reference frames. In particu-
lar, it is possible to develop a conservative formulation in terms of the conservative variables
Q defined in equation (3.16).

Let’s start by showing that all the physical variables and fluxes can be re-written in terms
of the conservative variables Q. From equation (3.16) one gets that

ρ = Q1 (3.21)

u = Q2/Q1 ; v = Q3/Q1 ; w = Q4/Q1 (3.22)

E = Q5/Q1 (3.23)

e =
Q5

Q1
− 1

2

[(
Q2

Q1

)2

+

(
Q3

Q1

)2

+

(
Q4

Q1

)2
]
. (3.24)

According to the principles of thermodynamics the temperature can be given in terms of
the internal energy and density, and as a consequence for any fluid, the temperature can
also be written in terms of the conserved quantities Qi. A similar fact is true for the static
pressure P and the speed of sound a 1 since by the state equation, they are functions of the
temperature and density only. In particular if the fluid is given by a (calorically perfect) gas
one can write

e = cvT ; P = (γ − 1) ρe ; a =
√

γRT , (3.25)

V =
√
u2 + v2 + w2 ; M =

V

a
, (3.26)

1The speed of sound a =

√(
∂P
∂ρ

)
s
is also a thermodynamic property of the state of fluid.
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and as a consequence:

T =
Q5

cvQ1
− 1

2cv

[(
Q2

Q1

)2

+

(
Q3

Q1

)2

+

(
Q4

Q1

)2
]

(3.27)

P = (γ − 1)Q1

(
Q5

Q1

− 1

2

[(
Q2

Q1

)2

+

(
Q3

Q1

)2

+

(
Q4

Q1

)2
])

(3.28)

E +
P

ρ
=

γQ5

Q1
− (γ − 1)

2

[(
Q2

Q1

)2

+

(
Q3

Q1

)2

+

(
Q4

Q1

)2
]

(3.29)

Using equations (3.21)-(3.29) one can write the conservative flux vectors as

F =


Q2

Q2Q2/Q1 + (γ − 1)
(
Q5 − 1

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

Q2Q3/Q1

Q2Q4/Q1

Q2

Q1

(
γQ5 − (γ−1)

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

 (3.30)

G =


Q3

Q3Q2/Q1

Q3Q3/Q1 + (γ − 1)
(
Q5 − 1

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

Q3Q4/Q1

Q3

Q1

(
γQ5 − (γ−1)

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

 (3.31)

H =


Q4

Q4Q2/Q1

Q4Q3/Q1

Q4Q4/Q1 + (γ − 1)
(
Q5 − 1

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

Q2

Q1

(
γQ5 − (γ−1)

2Q1
[Q2

2 +Q2
3 +Q2

4]
)

 (3.32)

In a similar way, the viscous fluxes Fv, Gv and Hv can be expressed as functions of the
conservative quantities.

Equations (3.21)-(3.32) are identical to the functional relations of the thermodynamic
variables and fluxes in terms of conservative varibles in inertial frames.
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What happens with the source term W? Using equations (3.21)- (3.22) in (3.20), W can

also be expressed in terms of the conservative variables (and the components of �f , Ω and �ω)
as:

W =


0

Q1 [fx +Ωx]− 2(ωyQ4 − ωzQ3)
Q1 [fy +Ωy]− 2(ωzQ2 − ωxQ4)
Q1 [fz +Ωz]− 2(ωxQ3 − ωyQ2)

[fx +Ωx]Q2 + [fy +Ωy]Q3 + [fz +Ωz]Q4

 (3.33)

3.6 Non-Inertial Euler Equations: Conservative Form

Under the assumption of inviscid flows (µ = 0), the conservative form of the non-inertial
Navier-Stokes equations (3.15) reduces to the conservative form of the non-inertial Euler
equations:

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= W (3.34)

where Q, F , G, H and W remain unchanged:

Q =


Q1

Q2

Q3

Q4

Q5

 =


ρ
ρu
ρv
ρw
ρE

 , (3.35)

F =


ρu

ρuu+ P
ρuv
ρuw

u (ρE + P )

 ; G =


ρv
ρvu

ρvv + P
ρvw

v (ρE + P )

 ; H =


ρw
ρwu
ρwv

ρww + P
w (ρE + P )

 (3.36)

W =


0

ρ [fx +Ωx]− 2ρ(ωyw − ωzv)
ρ [fy +Ωy]− 2ρ(ωzu− ωxw)
ρ [fz +Ωz]− 2ρ(ωxv − ωyu)

ρ [fx +Ωx] u+ ρ [fy +Ωy] v + ρ [fz +Ωz ]w

 (3.37)

The relationships (3.21)-(3.29) between the physical variables and the conservative variables
remain also unchanged.
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3.7 Boundary Conditions for the Navier-Stokes or Eu-

ler Equations in Non-Inertial Reference Frames

The boundary conditions along solid walls for Navier-Stokes (viscous) flows are different
from those for Euler flows. In the case of viscous flows, the velocity of the flow must vanish
at the walls, while in the case of Euler flows, it is only required that the flow does not go
through the wall, i.e.:

�V · n̂ = 0. (3.38)

In general, the boundary conditions applied at the far-field boundary are the same for
Navier-Stokes and Euler flows. Many of the physical boundary conditions in external flows
are a type of matching with given uniform far-field conditions Q∞, i.e.:

lim
‖�x‖→∞

QS = QS∞.

Here the subscript S indicates that the values of the flow variables at the far-field are defined
as seen from the inertial frame S.

Certain thermodynamic variables: density ρ, pressure P , temperature T , entropy s,
internal energy e, and the speed of sound a are scalar quantities, they are independent of
the reference frame. For these quantities one has that:

lim
‖�x‖→∞

f(�x) = f∞, (3.39)

where f is replaced by any of the symbols {ρ, P, T, s, e, a}.

The only variables that require special care are the ones related to the flow velocity. The
velocity of the flow depends on the reference frame, since it is a vector quantity. We are
interested in the velocity of the flow as seen from the non-inertial reference frame R:

lim
‖�x‖→∞

�V (�x) = lim
‖�x‖→∞

[
�VS(�x)− �VR/S − �ω × �x

]
In the case where the unperturbed air is at rest in the inertial frame S the above equation
simplifies to

lim
‖�x‖→∞

�V (�x) = lim
‖�x‖→∞

[
−�VR/S − �ω × �x

]
, (3.40)

which written in components reads:

lim
‖�x‖→∞

 u
v
w

 = lim
‖�x‖→∞

 −uR/S − (ωyz − ωzy)
−vR/S − (ωzx− ωxz)
−wR/S − (ωxy − ωyx)

 . (3.41)
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From equations (3.39)-(3.41) and the definition (3.16) one can get the far-field conditions for
the conservative variables:

lim
‖�x‖→∞


Q1

Q2

Q3

Q4

Q5

 =


ρ∞

ρ∞
[
−uR/S − (ωyz − ωzy)

]
ρ∞

[
−vR/S − (ωzx− ωxz)

]
ρ∞

[
−wR/S − (ωxy − ωyx)

]
ρ∞

(
cvT∞ + 1

2
lim‖�x‖→∞ (u2 + v2 + w2)

)


It must pointed out that in actual numerical calculations the matching with the far-field

boundary conditions is done by using an appropiate combination of internal information of
the current values of the flow state variables and external information obtained from the far-
field values of the flow state variables. The far-field conditions are applied computationally
at “large” ‖�x‖ (e.g., when ‖�x‖ equals 30 chord lengths).

3.8 Integral Equations of Flow Motion

Integrating the conservative form of the non-inertial Navier-Stokes equations around a finite
volume τ enclosed by a surface σ one gets

∂

∂t

∫
τ

Q dτ +

∫
σ

�F · n̂ dσ =

∫
τ

W dτ +

∫
σ

�Fv · n̂ dσ (3.42)

where n̂ is the outward-pointing unit vector normal to the surface σ and where the vectors
�F and �Fv are defined as:

�F = F êx +Gêy +Hêz (3.43)

�Fv = Fvêx +Gv êy +Hvêz (3.44)

Equation (3.42) is the integral form of the non-inertial Navier-Stokes equations and it is
valid for general reference frames (inertial or non-inertial). The source term W contains
the effects of non-inertial reference frames. In this sense W is identically zero for inertial
reference frames.

In general, for practical applications the volumes τ are chosen to be polyhedrons, that is
to say they are volumes enclosed by a closed union of planar surfaces σi. In such cases, the
unit normal vectors are constant on each surface σi and equation (3.42) can be written as:

∂

∂t

∫
τ

Q dτ +
k∑
i=1

∫
σi

�F dσ · n̂i =
∫
τ

W dτ +
k∑

i=1

∫
σi

�Fv dσ · n̂i (3.45)
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where n̂i is the unit vector normal to the surface σi and k is the total number of surfaces σi.

Defining the flux averages over the surfaces σi:

�F σi =
1

σi

∫
σi

�F dσ and �F σi
v =

1

σi

∫
σi

�Fv dσ

and defining the volume averages of Q and W as:

Qτ =
1

τ

∫
τ

Q dτ

W τ =
1

τ

∫
τ

W dτ,

it follows that equation (3.45) can be re-written simply as

τ
∂Qτ

∂t
+ σi

k∑
i=1

�F σi · n̂i = τW τ + σi

k∑
i=1

�F σi
v · n̂i . (3.46)

If the flow variables are assumed to be constant over each surface σi then one can write:

�F σi = �F (�xim) and �F σi
v = �Fv(�xim)

where �xim denotes the centroid of the surface σi. Using this assumption, equation (3.46) can
be further simplified to

τ
∂Qτ

∂t
+ σi

k∑
i=1

�F (�xim) · n̂i = τW τ + σi

k∑
i=1

�Fv(�xim) · n̂i . (3.47)

3.9 Flow Equations for Aerodynamically Steady Mo-

tions

In the previous sections the boundary value problem (flow equations+boundary conditions)
which defines the flow properties as seen from a non-inertial reference frame R was deter-
mined. The reference frame R was assumed to be moving with an arbitrary translational
acceleration �aR/S and rotating with an arbitrary angular velocity �ω with respect to an inertial
reference frame S. In this section, the flow equations for aerodynamically steady motions
will be determined by imposing the associated mathematical conditions into the non-inertial
flow equations.
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3.9.1 Summary of Needed Relationships

First, the reference framesR will be restricted to the one fixed to the aircraft. This restriction
implies that we can identify the vector position �xR/S of the origin of reference frame R with
the vector position �xc of the aircraft. Then:

�xR/S = �xc (3.48)

�VR/S = �Vc (3.49)

�aR/S = �ac =
dS �Vc
dS t

(3.50)

Also, the angular velocity components ωx, ωy and ωz can be identified with the standard
flight mechanics angular velocity components p, q and r of the aircraft:

ωx = p ωy = q ωz = r (3.51)

Now, since the aircraft will be forced to move in an aerodymically steady motion, the fol-
lowing conditions apply:

d�ω

dt
= �0 (3.52)

and

dS �Vc
dS t

= �ω × �Vc (3.53)

3.9.2 Euler Equations for Aerodynamically Steady Motions

Imposing equations (3.48)-(3.53) into the non-inertial Euler Equations defined in Section
3.6, it follows that the conservative form of the aerodynamically steady Euler Equations are
given by

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= W (3.54)

with Q, F , G , H unchanged:

Q =


Q1

Q2

Q3

Q4

Q5

 =


ρ
ρu
ρv
ρw
ρE

 , (3.55)
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F =


ρu

ρuu+ P
ρuv
ρuw

u (ρE + P )

 ; G =


ρv
ρvu

ρvv + P
ρvw

v (ρE + P )

 ; H =


ρw
ρwu
ρwv

ρww + P
w (ρE + P )

 (3.56)

Except that �Ω and W are now given by:

�Ω = −�ω × (�ω × �x)− �ω × �Vc (3.57)

W =


0

ρ [fx +Ωx]− 2ρ(qw − rv)
ρ [fy +Ωy]− 2ρ(ru − pw)
ρ [fz +Ωz]− 2ρ(pv − qu)

ρ [fx +Ωx] u+ ρ [fy +Ωy] v + ρ [fz +Ωz ]w

 (3.58)

From the definition (3.55) of the conservative variables Q and the definitions of the
conservative fluxes (3.56), it follows that is still possible to write all the fluxes components
as explicit functions of Q. In particular the expressions (3.30)-(3.32) are still valid for flows
corresponding to aerodynamically steady motions. The same is true for the source term
which can be written as:

W =


0

Q1 [fx +Ωx]− 2(qQ4 − rQ3)
Q1 [fy +Ωy]− 2(rQ2 − pQ4)
Q1 [fz +Ωz ]− 2(pQ3 − qQ2)

[fx +Ωx]Q2 + [fy +Ωy]Q3 + [fz +Ωz]Q4

 (3.59)

Note: Observe that the pseudo force vector �Ω can be expanded in its components as: Ωx

Ωy

Ωz

 =

 −p (px+ qy + rz) + x (p2 + q2 + r2)− (qwc − rvc)
−q (px+ qy + rz) + y (p2 + q2 + r2)− (ruc − pwc)
−r (px+ qy + rz) + z (p2 + q2 + r2)− (pvc − quc)

 (3.60)

or as:  Ωx

Ωy

Ωz

 =

 −p (qy + rz) + x (q2 + r2)− (qwc − rvc)
−q (px+ rz) + y (p2 + r2)− (ruc − pwc)
−r (px+ qy) + z (p2 + q2) − (pvc − quc)

 (3.61)
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3.9.3 Navier-Stokes Equations for Aerodynamically Steady Mo-
tions

The Navier-Stokes equations for the determination of flows around an aircraft moving in
a general aerodynamically steady motion can be obtained by imposing equations (3.48)-
(3.53) into the non-inertial Navier-Stokes equations defined in Section 3.5. The resulting
aerodynamically steady Navier-Stokes equations are still given by:

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= W +

∂Fv

∂x
+

∂Gv

∂y
+

∂Hv

∂z

with the expressions for the conservative variables, the inviscid fluxes and the viscous fluxes
unchanged. The only difference being that W and the components of �Ω are now given by:

W =


0

ρ [fx +Ωx]− 2ρ(qw − rv)
ρ [fy +Ωy]− 2ρ(ru − pw)
ρ [fz +Ωz]− 2ρ(pv − qu)

ρ [fx +Ωx] u+ ρ [fy +Ωy] v + ρ [fz +Ωz ]w


and  Ωx

Ωy

Ωz

 =

 −p (qy + rz) + x (q2 + r2)− (qwc − rvc)
−q (px+ rz) + y (p2 + r2)− (ruc − pwc)
−r (px+ qy) + z (p2 + q2)− (pvc − quc)

 ,

respectively.

3.9.4 Boundary Conditions for Aerodynamically Steady Flows

Using again equations (3.48)-(3.53) the far-field boundary conditions can be written as:

lim
‖�x‖→∞

f(�x) = f∞, (3.62)

for scalar quantities such as f = {ρ, P, T, s, e, a}. The boundary condition for the components
of the flow velocity can be written as

lim
‖�x‖→∞

 u
v
w

 = lim
‖�x‖→∞

 −uc − (qz − ry)
−vc − (rx− pz)
−wc − (py − qx)

 . (3.63)

For viscous flows, the velocity must vanish at solid walls. On the other hand, if the flow
is inviscid (Euler equations) the flow velocity must satisfy the non-penetration condition:

�V · n̂ = 0 =⇒ unx + vny + wnz = 0 (3.64)



Chapter 4

Two-Dimensional Aerodynamically
Steady Flows

In this chapter the two-dimensional numerical implementation of the aerodynamic mathe-
matical model will be presented.

4.1 Airfoils in Rectilinear Steady Motion

4.1.1 Two-Dimensional Euler Equations

Consider an airfoil (wing of infinite span) moving in a rectilinear motion through the air at
constant speed Vc and at constant angle of attack α, (with no sideslip angle and no angular
rates) as shown in Figure (2.5).

Following the usual convention and as shown in Figure (4.1), the body-fixed coordinate
system R is chosen such that the zR-axis points in the direction of the span and the xR, yR
axes form the plane of the airfoil. The xR-axis is chosen to be along the chord of the airfoil.
As seen from R, this rectilinear motion corresponds to a two-dimensional uniform steady
flow passing around the airfoil.

Since the problem is two-dimensional the only aerodynamic forces and moments that
have to be considered are the lift L, the drag D and the pitching moment M̂ . For the class
of rectilinear motions defined above these three aerodynamic forces and their correspond-
ing non-dimensional coefficients C�, Cd and Cm can be represented in terms of the steady
aerodynamic function F of equation (2.18) as:

F = F (Vc, α, 0, 0, 0, 0) (4.1)

Assuming the flow is inviscid, these aerodynamic forces can be determined by an ap-

37
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x

y

α
c

ez

Figure 4.1: Body-fixed coordinate system R for an airfoil flying at constant velocity �Vc and
at constant angle of attack α

propiate integration of the static pressure P along the airfoil’s surface σa:

L = −
(∫

σa

Pn̂ dσ

)
· êL (4.2)

D = −
(∫

σa

Pn̂ dσ

)
· êD (4.3)

M̂ = −
(∫

σa

�x× Pn̂ dσ

)
· êz (4.4)

where êL = − sinαêx + cos êy and êD = cosαêx + sinαêy.

The static pressure can be determined by solving the standard (inertial) 2D-Euler Equa-
tions:

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
= 0 (4.5)

where the matrix vector of conservative variables Q and the flux components F and G are
given by:

Q =


Q1

Q2

Q3

Q4

 =


ρ
ρu
ρv
ρE

 ; F =


ρu

ρuu+ P
ρuv

u (ρE + P )

 ; G =


ρv
ρvu

ρvv + P
v (ρE + P )

 (4.6)

Assuming the air behaves as a perfect gas the total energy E and P are related to the internal
energy e, the temperature T , the speed of sound a, the flow velocity V and the Mach number
M through:

a2 = γRT ; M =
V

a
; P = ρRT =

1

γ
ρa2 (4.7)



39

e =
P

(γ − 1) ρ
=

1

(γ − 1) γ
a2; E = e+

1

2

(
u2 + v2

)
(4.8)

4.1.2 Boundary Conditions

Equation (4.5) must be solved with appropriate boundary conditions. At the airfoil, the

condition of non-penetration (�V · n̂ = 0 =⇒ unx + vny = 0) must be imposed.

The far-field conditions for the flow velocity can be determined from the fact that the
airfoil is moving with a velocity �Vc with respect to the air. Then, the flow velocity �V∞ at
the far-field as seen from the body-fixed reference frame R is:

�V∞ = lim
‖�x‖−→∞

�V (�x) = −�Vc

From Figure (4.1), the components of �Vc in the body-fixed axis are given by:

�Vc = −Vc cosαêx − Vc sinαêy

or in matrix-form: [
uc
vc

]
=

[
−Vc cosα
−Vc sinα

]
(4.9)

As a consequence, it follows that the far-field conditions for the flow velocity components
are: [

u∞(x, y)
v∞(x, y)

]
= lim

‖�x‖−→∞

[
u(x, y)
v(x, y)

]
=

[
Vc cosα
Vc sinα

]
(4.10)

The other far-field boundary conditions are applied to all the scalar flow quantities and
simply consist in the matching with the free-stream conditions: lim‖�x‖−→∞ f(x, y) = f∞
where f = {ρ, P, T, s, e, a}.

4.1.3 Numerical Results

A standard 2D-CFD code for external flows can be used to solve the above flow equations.
Examples of the numerical solutions obtained using CFD are shown in Figures (2.6), (4.2) and
(4.3) for a NACA 0012 airfoil. The general streamlines pattern and the pressure coefficient
contours corresponding to a Mach number of flight Mc = 0.2 and at angle of attack α = 0o

are shown in Figure (2.6). In Figures (4.2) and (4.3) are shown the flow solutions for the
same airfoil and the same angle of attack but at other Mach numbers (i.e speeds). Figure
(4.2) corresponds to Mc = 0.5 and Figure (4.3) corresponds to Mc = 0.8.
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(a) Close-view, Mach Mc = 0.5
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(b) Wide-view, Mach Mc = 0.5

Figure 4.2: Pressure contours and velocity streamlines for the air passing around an airfoil
which is in a steady rectilinear uniform flight at Mach Mc = 0.5, α = 0o.

The flow solutions were obtained using the Class Code provided by Dr. Kyle Anderson.
The Class Code solves the inviscid flow equations using a finite-volume formulation [55].
The formulation uses an implicit, time-marching, iterative, node-centered scheme [24], [48].
The fluxes can be evaluated at the faces using Van Leer flux splitting [54] or the Roe difference
scheme [44]. The method is second order, since it uses a second-order approximation of the
flow variables at the faces.

Something that must be noted from the obtained solutions is the behavior of the flow
variables at the far field. The far-field behavior is shown in Figure (4.2)-(b) for the Mc = 0.5
case and in Figure (4.3)-(b) for the Mc = 0.8 case. From these Figures it can be seen that
the pressure coefficient

Cp =
P − P∞
1
2
ρ∞V 2

∞
=

P − P∞
1
2
γP∞M2

c

(4.11)

goes to zero at the far-field, i.e. the pressure P matches with the free-stream condition P∞.
Also, as expected, it can be seen that the streamlines tend to be straight lines since in the
simulation the airfoil is flying in a rectilinear motion.

Finally, observe that the aerodynamic forces can be determined from the obtained pres-
sure distributions by using equations (4.2)-(4.4). From the symmetry, it follows that for the
cases shown in Figures (2.6), (4.2) and (4.3): C� = 0.0 and Cm = 0.0. By running the CFD
code at different Mach numbers M and different angles of attack α the three set of functions
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Figure 4.3: Pressure contours and velocity streamlines for the air passing around an airfoil
which is in a steady rectilinear uniform flight at Mach Mc = 0.8, α = 0o.

can be constructed:

C� = C�(M,α)
Cd = Cd(M,α)
Cm = Cm(M,α)

(4.12)

4.2 Airfoils in Planar Aerodynamically Steady Motion

4.2.1 Two-Dimensional Aerodynamically Steady Euler Equations

In a general planar motion, the three functions that describe the airfoil motion are V c(t), α(t)
and the pitch-rate q(t). The dependence of the aerodynamic forces on the pitch rate can not
be obtained from the equations (4.12). As discussed in Chapters 2 and 3, this dependence
can only be determined by calculating the aerodynamic forces acting on a more general class
of aerodynamically steady motions: circular motions as the one shown in Figure (4.4). For
the present case of the airfoil problem, the body-fixed coordinate system R is chosen such
that the zR-axis is perpendicular to the plane of the airfoil (see Figure (4.4)). This choice
implies that the angular velocity vector �ω can be written as

�ω = qêz (4.13)

where q defines the pitch-rate (positive nose-down). In Figure (4.4) it can also be observed
how the coordinate system R moves with respect to the inertial reference frame. It is clear
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Figure 4.4: Airfoil flying in a steady circular motion. Also shown is the motion of the
body-fixed reference frame R

from the figure that R is rotating and has a translational acceleration which implies that it
is a non-inertial reference frame.

For the numerical determination of the aerodynamic forces along these planar aerody-
namically steady motions, the flow equations derived in Section 3.9 must be used. The
aerodynamically steady Euler equations (3.54) for the two-dimensional case reduce to:

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
= W (4.14)

where Q is the matrix vector of conservative variables:

Q =


Q1

Q2

Q3

Q4

 =


ρ
ρu
ρv
ρE

 , (4.15)

F and G are the components of the conservative fluxes:

F =


ρu

ρuu+ P
ρuv

u (ρE + P )

 ; G =


ρv
ρvu

ρvv + P
v (ρE + P )

 . (4.16)

E is the total energy as seen from the rotating body-fixed reference frame and the source
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term W is given by1:

W =


0

ρΩx − 2ρ(�ω × �V )x
ρΩy − 2ρ(�ω × �V )y

ρΩxu+ ρΩyv

 =


0

ρΩx + 2ρqv
ρΩy − 2ρqu
ρΩxu+ ρΩyv

 (4.17)

where  Ωx

Ωy

Ωz

 = −�ω × (�ω × �x)− �ω×�Vc =

 q2x− qVc sinα
q2y + qVc cosα

0

 (4.18)

Equations (4.14)-(4.18) have been derived from equations (3.54)-(3.61) after the following
steps:

1. Setting w = 0

2. Zeroing any dependence with respect to z, in particular ∂H
∂z

= 0

3. Setting p = q = 0 and using q instead of r.

4. Making note that for this case uc
vc
wc

 =

 −Vc cosα
−Vc sinα

0

 (4.19)

Inserting equations (4.15)-(4.17) into the 2D aerodynamically steady Euler equations
(4.14), one gets that:

∂

∂t


ρ
ρu
ρv
ρE

+
∂

∂x


ρu

ρuu+ P
ρuv

u (ρE + P )

+
∂

∂y


ρv
ρvu

ρvv + P
v (ρE + P )

 =


0

ρΩx + 2ρqv
ρΩy − 2ρqu
ρΩxu+ ρΩyv

 (4.20)

which is the expanded form of the 2D aerodynamically steady Euler equations.

4.2.2 Relationships between physical variables

The relationships between the static pressure P , the internal energy e, the temperature T ,
the speed of sound a, the flow velocity V and the Mach number M are the same as in the
3D case:

a2 = γRT (4.21)

1assuming there are no external forces
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M =
V

a
(4.22)

P = ρRT =
1

γ
ρa2 (4.23)

e =
P

(γ − 1) ρ
=

1

(γ − 1) γ
a2 (4.24)

The expression for the total energy simplifies to:

E = e+
1

2

(
u2 + v2

)
(4.25)

because of the fact that w = 0. Observe that expressions (4.21)-(4.25) are exactly the
same as the ones corresponding to the standard (inertial) relationships defined in equations
(4.7)-(4.8).

4.2.3 Boundary Conditions

At the airfoil the non-penetration condition must be imposed:

�V · n̂ = 0 =⇒ unx + vny = 0 (4.26)

The far-field boundary conditions for the scalar quantities are simply the matching with the
unperturbed air:

lim
‖�x‖−→∞

f(x, y) = f∞ (4.27)

where f = {ρ, P, T, s, e, a}.

The far-field conditions for the velocity vector �V of the flow as seen from the rotating
non-inertial body-fixed reference frame R can be obtained from the relationship between the
velocity vector �V and the velocity vector �VS of the flow as seen from the inertial frame S.

�VS(�x) = �V (�x) + �Vc + �ω × �x

Using that the unperturbed air is at rest at the inertial reference frame S (lim‖�x‖→∞ �VS(�x) =
0), it follows that:

lim
‖�x‖−→∞

�V (�x) = −�Vc − lim
‖�x‖−→∞

�ω × �x = Vc cosαêx + Vc sinαêy − lim
‖�x‖−→∞

(qxêy − qyêx)

which can be writen in components as:[
u∞(x, y)
v∞(x, y)

]
= lim

‖�x‖−→∞

[
u(x, y)
v(x, y)

]
=

[
Vc cosα
Vc sinα

]
+ lim

‖�x‖−→∞

[
qy
−qx

]
. (4.28)
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Note that equation (4.28) could also have been obtained by restricting equation (3.63) to
the two-dimensional case.

Using equations (4.27) and (4.28) into relationships (4.21)-(4.25) it follows that at the
far-field one must have that

a2∞ = γRT∞ (4.29)

M∞(x, y) =
V∞(x, y)

a∞
(4.30)

P∞ =
1

γ
ρ∞a2∞ (4.31)

e∞ =
P∞

(γ − 1) ρ∞
=

1

(γ − 1) γ
a2∞ (4.32)

E∞(x, y) = e∞ +
1

2

(
u2
∞(x, y) + v2∞(x, y

)
) = e∞ +

1

2
(−uc + qy)2 +

1

2
(−vc − qx)2 (4.33)

4.3 A Consistency Check

One expects that the “unperturbed flow”:

ρ = ρ∞, P = P∞, u = −uc + qy, v = −vc − qx, e = e∞,

E = e∞ +
1

2
(−uc + qy)2 +

1

2
(−vc − qx)2

defined when there are no internal obstacles must be solution of the 2D aerodynamically
steady Euler equations:

∂

∂t


ρ
ρu
ρv
ρE

+
∂

∂x


ρu

ρuu+ P
ρuv

u (ρE + P )

+
∂

∂y


ρv
ρvu

ρvv + P
v (ρE + P )

 =


0

ρΩx + 2ρqv
ρΩy − 2ρqu
ρΩxu+ ρΩyv

 . (4.34)

That the “unperturbed flow” is in fact a solution of equation (4.34) can be proved as
follows. Using that in this case ρ, u, v and E are time-invariant and that ρ and P are
constants the LHS of equation (4.34) reduces to

ρ (∂u/∂x) + ρ (∂v/∂y)
ρ (∂u2/∂x) + ρ (∂uv/∂y)
ρ (∂uv/∂x) + ρ (∂v2/∂y)

(ρE + P ) (∂u/∂x) + uρ (∂E/∂x) + (ρE + P ) (∂v/∂y) + vρ (∂E/∂y)

 .
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So after some simplification one can rewrite equation (4.34) as
(∂u/∂x+ ∂v/∂y)
(∂u2/∂x+ ∂uv/∂y)
(∂uv/∂x+ ∂v2/∂y)

(E + P/ρ) (∂u/∂x+ ∂v/∂y) + u (∂E/∂x) + v (∂E/∂y)

 =


0

Ωx + 2qv
Ωy − 2qu
Ωxu+Ωyv

 . (4.35)

Since

∂u

∂x
+

∂v

∂y
=

∂(qy)

∂x
+

∂(−qx)

∂y
= 0

The equation in the first row of (4.35) holds. Let’s consider the LHS of the equation in the
second row:

∂u2

∂x
+

∂uv

∂y
= 2u

∂u

∂x
+ u

∂v

∂y
+ v

∂u

∂y
= v

∂qy

∂y
= vq = −vcq − q2x.

On the other hand the corresponding RHS can be written as:

Ωx + 2qv = q2x+ qvc + 2q (−vc − qx) = −qvc − q2x

so the equation in the second row holds. The same result can be proved for the equation in
the third row. Finally, consider the equation in the fourth row. Its LHS can be written as:

(E + P/ρ)

(
∂u

∂x
+

∂v

∂y

)
+ u

∂E

∂x
+ v

∂E

∂y
=

u
∂
(
e∞ + 1

2
u2 + 1

2
v2
)

∂x
+ v

∂
(
e∞ + 1

2
u2 + 1

2
v2
)

∂y
= u

∂
(
1
2
u2 + 1

2
v2
)

∂x
+ v

∂
(
1
2
u2 + 1

2
v2
)

∂y

where we have used that ∂u
∂x

+ ∂v
∂y

= 0 (which was already proved to be true) and that e∞ is
constant.

Differentiating one gets that:

u
∂
(
1
2
u2 + 1

2
v2
)

∂x
+ v

∂
(
1
2
u2 + 1

2
v2
)

∂y
= u

(
u
∂u

∂x
+ v

∂v

∂x

)
+ v

(
u
∂u

∂y
+ v

∂v

∂y

)
= uv

∂v

∂x
+ vu

∂u

∂y

So the LHS of the fourth row equation in (4.35) can be written as:

uv
∂v

∂x
+ vu

∂u

∂y
= −quv + qvu = 0

Now the RHS of the fourth equation can be written as:

Ωxu+Ωyv = q (qx+ vc) (−uc + qy) + q (qy − uc) (−vc − qx) = 0

So the fourth row equation is satisfied. This result completes the check for consistency.
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4.4 Planar Aerodynamically Steady Flows: CFD For-

mulation

4.4.1 Preliminary Remarks

The BVP which allows one to get the flow properties for the case of aerodynamically steady
motions has been completely defined. For the two-dimensional case (airfoils in planar steady
motions) the BVP is defined through the non-linear partial differential equation (PDE)
given by equation (4.14) plus its corresponding boundary conditions at the far-field and at
the airfoil’s surface.

Note the similitude between the standard (inertial) flow equations and the non-inertial
flow equations corresponding to aerodynamically steady motions. This similitude can be
clearly seen by comparing the inertial 2D Euler equations (4.5) with the 2D aerodynami-
cally steady Euler equations (4.14). Observe that the functional dependence between the
conservative variables Q and the physical flow variables is exactly the same for both cases.
The same is true for the functional dependence between the flux components F , G and the
physical flow variables. Then, it follows that, at the PDE level the only difference between
the two cases is the presence of a source term W in the 2D aerodynamically steady Euler
equation (4.14).

If one compares the boundary conditions of the two BVP, one sees that the condition
of non-penetration is the same for both. On the other hand, the far-field conditions for the
non-inertial motion case are altered from the inertial motion case.

1. The far-field boundary conditions for the flow velocity components are different. In
the case of (inertial) rectilinear motion, one has:[

u∞(x, y)
v∞(x, y)

]
=

[
Vc cosα
Vc sinα

]
,

i.e. a “uniform” boundary condition independent of the position (x, y). While in the
case of the general 2D aerodynamically steady motions one has:[

u∞(x, y)
v∞(x, y)

]
=

[
Vc cosα + qy
Vc sinα − qx

]
,

i.e. a “non-uniform” boundary condition which depends on the particular position
(x, y) in the far-field.

2. The far-field boundary conditions for the Mach number M are different. In the case
of inertial rectilinear motion one has:

M∞(x, y) =
V∞

a∞
=

√
u2
c + v2c
a∞
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i.e. a “uniform” boundary condition independent of the position (x, y). While in the
case of the general 2D aerodynamically steady motion one gets:

M∞(x, y) =
V∞(x, y)

a∞
=

√
(−uc + qy)2 + (−vc − qx)2

a∞

i.e. a “non-uniform” boundary condition which depends on the particular position
(x, y) in the far-field.

3. The far-field boundary conditions for “E” are also different. In the case of rectilinear
flight one has:

E∞(x, y) = e∞ +
1

2
u2
c +

1

2
v2c

i.e. a “uniform” boundary condition independent of the position (x, y) in the far-field.
On the other hand, in the case of the general 2D aerodynamically steady motion one
has:

E∞(x, y) = e∞ +
1

2
(−uc + qy)2 +

1

2
(−vc − qx)2

i.e. a “non-uniform” boundary condition which depends on the particular position
(x, y) in the far-field.

4.5 Conservative Form of the Flow Equations

The two-dimensional aerodynamically steady Euler equations (4.14) can be written in terms
of the conservative quantities:

Q =


Q1

Q2

Q3

Q4

 =


ρ
ρu
ρv
ρE

 . (4.36)

First, observe that the flow variables can be expressed in terms of the conservative variables
Qi:

ρ = Q1 (4.37)

u =
Q2

Q1

(4.38)
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v =
Q3

Q1
(4.39)

E =
Q4

Q1
(4.40)

P = (γ − 1)

[
Q4 −

1

2
ρ
(
u2 + v2

)]
= (γ − 1)

[
Q4 −

1

2

1

Q1

(
Q2

2 +Q2
3

)]
(4.41)

From the above relationships and equation (4.16) it follows that:

F = F (Q) =


Q2

Q2
2

Q1
+ (γ − 1)

(
Q4 − 1

2Q1
[Q2

2 +Q2
3]
)

Q2Q3

Q1

Q2

Q1

(
γQ4 − (γ−1)

2Q1
[Q2

2 +Q2
3]
)



G = G(Q) =


Q3
Q3Q2

Q1

Q2
3

Q1
+ (γ − 1)

(
Q4 − 1

2Q1
[Q2

2 +Q2
3]
)

Q3

Q1

(
γQ4 − (γ−1)

2Q1
[Q2

2 +Q2
3]
)

 .

Then, as in the inertial case, the components of the fluxes are exclusive functions of the
conservative variables Qi , i.e. F = F (Q) and G = G(Q). The source term W (4.17) can
also be written in terms of the conservative variables:

W = W (Q) =


0

Q1Ωx + 2Q3q
Q1Ωy − 2Q2q
Q2Ωx +ΩyQ3

 . (4.42)

As a consequence one can rewrite the 2D aerodynamically steady Euler Equations as:

∂Q

∂t
+

∂F (Q)

∂x
+

∂G(Q)

∂y
= W (Q)

Note. W is also spatially dependent because Ωx and Ωy are functions which depend on
the position coordinates �x = (x, y). Also, W depends explicitly on the constant parameters
Vc, α and q characterizing the particular aerodynamically steady motion. So rigorously one
should write:

W = W (Q,�x ; Vc, α, q)
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4.6 Aerodynamically Steady Finite-Volume Equations

The similitude between the inertial PDE and the non-inertial PDE descriptions is crucial for
the development of numerical techniques for solving the BVP associated with generalized
aerodynamically steady motions. In particular, this similitude leads to an equivalent simil-
itude between the finite-volume formulations for these cases. To this end, observe that one
can express equation (4.14) in the following integral form:

∂

∂t

∫
τ

Q dτ +

∫
σ

�F · n̂ dσ =

∫
τ

W dτ (4.43)

where n̂ is the unit outward vector normal to the surface σ and �F is defined as:

�F = F êx +Gêy (4.44)

Equation (4.43) is valid for any finite volume τ enclosed by a surface σ. This equation can be
obtained also from equation (3.42) by restricting to the particular case of a two-dimensional
inviscid flow.

For getting actual finite-volume numerical implementations the following comments are
useful:

1. From the expressions for F and G and the definition of �F one can write �F · n̂ explicitly
as:

�F · n̂ =


ρ
[
�V · n̂

]
ρu

[
�V · n̂

]
+ Pnx

ρv
[
�V · n̂

]
+ Pny

(ρE + P )
[
�V · n̂

]

 (4.45)

where nx and ny are the Cartesian components of the unit vector n̂.

2. The volumes τ are usually chosen to be areas enclosed by the union of rectilinear
segments σi. A typical 2D finite-volume τ is shown in Figure (4.5). In this case, the
unit normal vectors are constant along each point of the segments σi and equation
(4.43) can be rewritten as:

∂

∂t

∫
τ

Q dτ +
k∑

i=1

∫
σi

�F · n̂i dσ =

∫
τ

W dτ. (4.46)

Here n̂i is the unit vector normal to the segment σi and k is the total number of
segments σi.
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Figure 4.5: Typical finite volume formed by the union of a finite number of straight segments

3. Equation (4.46) is exact, no approximations have been done. Numerical solutions are
obtained after an appropriate discretization of this equation.

4. The typical approximations used in standard (inertial) finite-volume formulations can

also be used here. The flux �F · n̂i along each segment σi can be approximated by its
value at the midpoint of such segment. As a consequence, using equation (4.45) one
can write:

∫
σi

�F · n̂i dσ = σi �Fim · n̂i = σi


ρim

[
�Vim · n̂i

]
ρimuim

[
�Vim · n̂i

]
+ Pimnix

ρimvim
[
�Vim · n̂i

]
+ Pimniy

(ρimEim + Pim)
[
�Vim · n̂i

]

 (4.47)

where {ρim, uim, vim, Eim, Pim, �Vim} are the values of the physical variables {ρ , u, v,

E, P , �V } at the midpoint m of the straight segment σi .

4.7 Spatial Discretization and Variable Discretization

To solve numerically the aerodynamically steady flow equations one must proceed to the
discretization of the flow region in a similar way as it is done in solving the inertial flow
equations. Accordingly, one has to discretize the space defined by the coordinate system R.
Since R is a body-fixed reference frame, as seen from R, the position of the airfoil (or the
aircraft) remains fixed. Only one discretization of the space is needed for all times.
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The discretization of the space is made by partitioning the space in small simple volumes
(or areas), usually triangles or quadrilaterals. The vertices of these small volumes are usually
called “grid nodes”. In Figure (4.6) one can see an example of the discretization of the region
around a NACA 0012 airfoil into small triangles. In Figure (4.6)-(a) is shown a wide view of
the discretization and in Figure (4.6)-(b) is shown a close view of discretization around the
airfoil. Since the actual space is infinite the discretization is usually done up to a distance
far enough from the object(s) of concern. In this case the object of concern is the airfoil,
so the space was discretized using a circular outer boundary which is located approximately
a distance of 30 times the length of the airfoil’s chord. This outer boundary defines the
“far-field” location.

x

y

-30 -20 -10 0 10 20 30
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(a) Wide-view
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y
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0.5

1

(b) Close-view

Figure 4.6: Typical grid

The numerical discretization of the space is usually done using structured grid generators
or unstructured grid generators. Unstructured grid generators are becoming increasingly
more popular. In our case we have used two unstructured grid generators: Double9 which is
a research code developed by Dr. Kyle Anderson and it is based on Delaunay’s triangulation,
and AFLR2 [32], [33] which was developed by D.L Marcum at Missisippi State University.
Since AFLR2 generates a more “uniform” mesh we have used it to generate the results shown
in this work. In particular, the grid shown in Figure (4.6) was obtained using AFLR2 and
it will be the grid used for the numerical calculations. For a complete discussion about the
theory and methods of grid-generation see references [50], [34].

The finite nature of numerical calculations implies that the values of the flow state
variables can be determined only in a discrete number of locations in the space. These
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locations are usually called “state nodes”. The discretization of the space defines more or
less automatically the position of the states nodes. Usually, the location of the states nodes
coincide with the position of the grid nodes or their location corresponds to the position of
the centroid of the small volumes defined by the grid. In our case we will use a node-centered
schemed so the state nodes coincide with the grid nodes. In what follows we will use N to
generically denote the total number of grid nodes and state nodes in the space2 and we will
use Qj to denote the values of the four conservative variables at state node j.

In Figure (4.7) is shown a partial view of the discretization of the space into finite triangles
(defined by the dotted-lines). The “grid nodes” and the “state nodes” are the vertices of

2

65
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4
1 a

b
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g

f

e d

j

σ σ
σ

3 2

1

Figure 4.7: Typical finite-volume formed by the union of a finite number of triangles sharing
a common node (node 1). This type of finite-volume is the one used for the numerical
calculations shown in this work.

the triangles and they have been numbered from 1 to 6. The location of the state nodes
is then given by {�x1, �x2, ..., �x6, ..., �xN} and at these nodes the corresponding state variables
{Q1, Q2, ..., Q6, ..., QN} are defined. It is useful to arrange the values Qj of all the N state
nodes by using a global vector array. So we define:

Q̂ =



Q1

Q2

...
Qj

...
QN


. (4.48)

2For the numerical simulations presented here N ≈ 6000 nodes
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4.8 Discretized Finite-Volume Equations

The two-dimensional aerodynamically steady flow equations will be solved using a finite-
volume formulation. The chosen geometry of the finite volumes τ is as the generic volume
defined by the dark colored area surrounding node 1 in Figure (4.7). The boundary σ of the
finite-volume τ is formed by the union of straight segments “ab”, “bc”,... and “ja”. Each of
these segments is formed by joining the centroid of a triangle with the mid-point of one of
its sides. For example the segment “ab” is formed by joining the centroid of triangle “1-2-6”
and the midpoint of segment “1-2”. Observe that each finite volume contains one-and-only
one state node.

The discretized flow equations are obtained by applying the integral form of the flow
equations to each finite volume τ and by using the discretized information of the “state
nodes”. For a finite volume τ j as the one shown in Figure (4.7) one has:

∂

∂t

∫
τ j
Q dτ +

kj∑
i=1

∫
σj
i

�F · n̂ji dσ =

∫
τ j
W dτ (4.49)

where n̂ji is the outward unit vector normal to the boundary segment σj
i and kj is the total

number of boundary segments σj
i of volume τ j. Equation (4.49) is exact, no approximations

have been done yet.

The numerical calculation of equation (4.49) imposes the necessity of calculating the

quantities
∫
τ j
Q dτ ,

∫
σ
j
i

�F · n̂ji dσ and
∫
τ j
W dτ in an approximate way using only the infor-

mation of the discrete values of Q at each of the N state nodes. Using a generalized mean
value theorem we can approximate

∫
τ j
Q dτ :∫

τ j
Q dτ =

∫
τ j
Q(�x) dτ ≈ τ jQ(�xj) = τ jQ(�xj) = τ jQj (4.50)

where �xj is the position of the state node enclosed by τ j. Similarly we can approximate∫
σj
i

�F · n̂ji dσ and
∫
τ j
W dτ as follows:∫

τ j
W dτ =

∫
τ j
W (Q(�x), �x) dτ ≈ τ jW (Q(�xj), �xj) = τ jW (Qj, �xj) = τ jW j (4.51)

∫
σj
i

�F dσ =

∫
σj
i

�F (Q(�x)) dσ ≈ σj
i
�F (Q(�xjim)) = σj

i
�F (Qj

im) (4.52)

where �xjim is the position of the midpoint m of segment σj
i and Qj

im is the approximate value
of Q at such midpoint. Using equations (4.50)-(4.52) in equation (4.49) we get:

τ j
∂Qj

∂t
= τ jW j −

kj∑
i=1

σj
i
�F (Qj

im) · n̂
j
i . (4.53)
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For stability purposes the numerical fluxes at the midpoints are calculated using the van
Leer scheme 3. In these numerical schemes the fluxes �F (Qj

im) · n̂
j
i at the face σj

i are given by
analytical expressions that depend on two arguments: the values of the conservative variables
at the left of the face, which we denote by Qj+

im, and the values of conservative variables at
the right of the face, which we denote by Qj−

im. For first-order accuracy the values of Qj+
im

and Qj−
im are set equal to the values of Q at the nodes lying at each side of the segment σj

i .
For example, in Figure (4.7) for the face “ac” formed by the segments “ab” and “bc” we set:

Q1+
acm = Q1 and Q1−

acm = Q2

For second-order accuracy the variables are extrapolated from the nodes to the midpoints
of the faces using a Taylor series expansion. For example, in Figure (4.7) for the face “ac”
whose midpoint is “b” we set:

Q1+
acm = Q1 +∇1Q · �r1,ac and Q1−

acm = Q2 +∇2Q · �r2,ac (4.54)

where ∇1Q and ∇2Q are approximate gradients obtained using the nodes surrounding node
1 and the nodes surrounding node 2, respectively. �r1,ac is the vector position joining node
1 with the midpoint of face “ac” and �r2,ac is the vector position joining node 2 with the
midpoint of face “ac”. For more details see [2]. The extrapolation method discussed here
is based on the same ideas used in the MUSCL approach (see reference [48], pp. 204-209,
395-396).

Equation (4.53) must be applied at each one of theN finite-volumes τ j. As a consequence,
for each discretized conservative variable Qj we have an equation of the type:

τ j
∂Qj

∂t
= Rj(Q̂) (4.55)

where

Rj(Q̂) = τ jW (Qj, �xj)−
kj∑
i=1

σj
i
�F (Qj

im) · n̂
j
i (4.56)

Observe that we use Q̂ in the notation of the residual Rj because Rj depends not only on
the value Qj at node j but also on other components of Q̂.

4.9 Time discretization

Equation (4.55) is a differential equation that is time-dependent. This equation will be time-
discretized using an Euler implicit, iterative scheme. We will use the superscript n to denote

3We can use the numerical schemes (such as van Leer or Roe) used in standard CFD in our formulation,
because, we have written the non-inertial flow equations in such a way that the analytical expressions of the
non-inertial fluxes are exactly the same as the analytical expressions of the inertial fluxes used in standard
(inertial) CFD
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time tn = n (�t) and �Qn to denote the change in Q with respect to two consecutives times

�Qn = Qn+1 −Qn = Q(tn +�t)−Q(tn).

An implicit, first order expansion in time is used to get the following approximations:

∂Qn,j

∂t
≈ �Qn,j

�t
(4.57)

Rj(Q̂n+1) ≈ Rj(Q̂n) +
∂Rj(Q̂n)

∂Q̂
�Q̂n. (4.58)

Replacing equations (4.57)-(4.58) into equation (4.55) we get that:[
1

�t
Îτ +

∂R̂(Q̂n)

∂Q̂

]
�Q̂n = R̂(Q̂n) (4.59)

where Îτ is an N by N diagonal matrix whose diagonal elements Îτj,j are the volumes τ j and

where R̂ denotes theN-dimensional vector array containing all the values of the finite-volume
residuals Rj at the N state nodes:

R̂ =



R1

R2

...
Rj

...
RN


. (4.60)

Starting with an initial guess Q̂0 at time t = 0, equation (4.59) defines a time marching
algorithm. At each time station a linear-equation for the unknowns �Q̂n must be solved.
So if the solution Q̂n is known up to time tn = n�t then after solving equation (4.59) for
�Q̂n we can obtain the values for Q̂ at time t = tn +�t from:

Q̂n+1 = Q̂n +�Q̂n.

4.10 Numerical Solutions

We have developed a computational code called NISFLOW (non-inertial-steady-flow) which is
based on the iterative technique described in the previous Section. NISFLOW can be used to
determine the flows around airfoils moving in generalized aerodynamically steady motions.

We note the following about the code implementation of NISFLOW.
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1. Observe that we do not need time-accurate solutions since we are looking for the steady
state solution, i.e.

R̂(Q̂) = 0. (4.61)

The numerical solution Q̂ of this equation defines the steady flow that an observer in
the the body-fixed reference frame R sees when the airfoil (or the aircraft) is moving
in an aerodynamically steady motion.

2. Note that equation (4.59) defines the well-known Euler implicit scheme used to solve
equations of the form ∂Q̂/∂t = R̂(Q̂)

3. In particular, this scheme is used to solve the inertial flow equations in the Class Code.
The difference now lies in the fact that, for the case of generalized aerodynamically

steady motions, the residual R̂(Q̂n) and the Jacobian ∂R̂(Q̂)

∂Q̂
contain additional terms

due to the presence of the source term W .

4. It may seem that the additional term W may change some stability properties ([11]),

and this is the case indeed. For stability purposes the Jacobian ∂R̂(Q̂)

∂Q̂
must contain

terms involving the Jacobians of the source term ∂W (Q̂)

∂Q̂
. It must be pointed out that

we did not get convergence when these terms were neglected.

5. Following Tobak and Schiff we will define the non-dimensional pitch rate as:

q̂ =
qc

Vc
(4.62)

where c is the chord of the airfoil. Note. Others authors (such as Etkin) define the
non-dimensional pitch-rate as q̂ = (qc)/(2Vc). The reader should be aware of this
difference.

6. From the condition (Equation (2.12)) for the radius Rc of the circular trajectory it
follows that the non-dimensional pitch rate q̂ is related to Rc through:

q̂ =
c

Rc
(4.63)

7. The numerical scheme will allow us to evaluate the aerodynamic forces and moments
and its non-dimensional coefficients. As a consequence, equations (4.12) can be gener-
alized to include the dependence on the pitch-rate q:

C� = C�(M,α, q̂)
Cd = Cd(M,α, q̂)
Cm = Cm(M,α, q̂)

(4.64)
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In the following figures we show some numerical solutions obtained using NISFLOW. The
van Leer Flux Splitting scheme was used for the evaluation of the fluxes. The flow variables
were extrapolated at the faces using equation (4.54). The cases to be considered here are the
ones where the airfoil is moving in generalized 2D aerodynamically steady trajectories at a
Mach number Mc = 0.2 and at an angle of attack α = 0o. In Figures (4.8)(a)-(b) is shown
the case where the pitch-rate q is q̂ = 0. If we compare this solution with the solution shown
in Figure (2.6) (which was obtained using the Class Code), we see that the flow solutions are
the same. This result is what we expected since the 2D aerodynamically steady motion with
q = 0 is the one corresponding to a uniform rectilinear steady motion. As a consequence, all
the solutions obtained by the Class Code can be obtained by the NISFLOW Code with q̂ = 0.

In Figures (4.8)(c)-(d) and (4.9) the resulting flow solutions for cases where the pitch-
rate is set to different non-zero values are shown. As we mentioned, these flow solutions
correspond to cases where the airfoil is flying in circular trajectories as in Figure (4.4).
Figures (4.8)(c)-(d) show the pressure coefficient contours and the velocity streamlines for
the case where the airfoil has a non-dimensional pitch-rate of q̂ = 0.01. According to equation
(4.63) this value corresponds to a circular trajectory of radius Rc equal to 100 times the airfoil
chord.

In Figures (4.9)(a)-(b) we see the flow solutions for the case where the pitch rate has
been set to q̂ = 0.03. This value corresponds to a circular trajectory of radius Rc equal to 33
times the airfoil chord. In Figures (4.9)(c)-(d) we see the flow solutions for the case where
the pitch rate has been increased to q̂ = 0.05. This value corresponds to a circular trajectory
of radius Rc equal to 20 times the airfoil chord.

From the close-view of the Figures (4.8)-(4.9) an interesting phenomenon can be seen:
as the pitch rate increases nose-down the pressure in the upper surface of the airfoil tends
to increase while in the lower surface tends to decrease. Then, it follows that an increasing
negative lift is produced as q increases nose-down. This behavior is also clear from the
Table (4.1) where the results corresponding to the use of NISFLOW Code are shown between
parentheses. From these numerical simulations, it follows that C� is a decreasing function of
the (nose-down) pitch-rate q. Conversely, C� is a increasing function of a (nose-up) pitch-
rate q. Similarly, from the results shown in Table (4.1), it follows that a restoring pitching
moment (nose-up) is produced when the airfoil is pitching (nose-down). The magnitude of
this restoring moment increases with the magnitude of the pitch rate. These results are
in agreement with what is observed in reality and, as discussed in the last section of this
chapter, they have been validated with other methods.

If we look at the far-field behavior of the flow solutions, we see that the streamlines tend
to be circular curves. This result is in complete agreement with the physics of the problem
since that is the behavior an observer in the body-fixed reference frame will see when the
airfoil is flying in a steady circular trajectory. The result is also in agreement with the
mathematics, since the flow defined in equation (4.28) corresponds to circular streamlines.
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(a) Close-view, Mc = 0.2, q̂ = 0.0
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(b) Wide-view, Mc = 0.2, q̂ = 0.0
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(c) Close-view, Mc = 0.2, q̂ = 0.01
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(d) Wide-view, Mach Mc = 0.2, q̂ = 0.01

Figure 4.8: Pressure coefficient contours and velocity streamlines, obtained using the
NISFLOW Code, for the air around a NACA 0012 airfoil which is moving in aerodynamically
steady motions at Mach Mc = 0.2, α = 0o and with pitch-rates q̂ = 0.0 and q̂ = 0.01.
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(a) Close-view, Mc = 0.2, q̂ = 0.03
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(c) Close-view, Mc = 0.2, q̂ = 0.05
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(d) Wide-view, Mc = 0.2, q̂ = 0.05

Figure 4.9: Pressure coefficient contours and velocity streamlines, obtained using the
NISFLOW Code, for the air around an airfoil which is moving with a in aerodynamically
steady motions at Mach Mc = 0.2 and α = 0o with non-zero pitch-rates q̂ = 0.03 and
q̂ = 0.05 .



61

Mc = 0.2

q̂ 0 0.01 0.03 0.05
C� 0.000 (0.000) -0.053 (-0.052) -0.157 (-0.155) -0.262 (-0.259)
Cm 0.000 (0.000) -0.018 (-0.018) -0.053 (-0.052) -0.088 (-0.087)

Mc = 0.5

q̂ 0 0.01 0.03 0.05
C� 0.000 (0.000) -0.060 (-0.059) -0.180 (-0.177) -0.299 (-0.293)
Cm 0.000 (0.000) -0.020 (-0.020) -0.060 (-0.059) -0.100 (-0.099)

Mc = 0.8

q̂ 0 0.01 0.03 0.05
C� 0.000 (0.000) -0.108 (-0.108) -0.316 (-0.308) -0.498 (-0.483)
Cm 0.000 (0.000) -0.042 (-0.042) -0.124 (-0.121) -0.201 (-0.195)

Table 4.1: Dependence of the lift and the pitching-moment coefficients with respect to the
pitch-rate q for a NACA 0012 airfoil for different Mach numbers and angle of attack α = 0o.
The numbers between parentheses were obtained using the NISFLOW Code. The numbers
without parentheses correspond to the values obtained using A-NISFLOW Code.

Finally, observe that in all the solutions the center of the circular streamlines is located at a
distance equal to the radius Rc. This phenomenon can be seen clearly for the case q̂ = 0.05
(corresponding to Rc = 20c) shown in Figure (4.9)-(d). It is important to mention that this
phenomenon appears naturally from the flow solution and has not been imposed explicitly.

The other condition that we can check at the far-field is if the pressure coefficient tends
to zero as ‖�x‖ −→ ∞. This property seems to be true for the small q̂’s but it seems to
deteriorate as q̂ increases. In particular for the cases q̂ = 0.03 and q̂ = 0.05 there is a
wide zone near the upper-part of the far-field where this condition is not met. The cause
of this phenomenon is that the evaluation of the residuals Rj(Q̂) with the approximations
of equations (4.51)-(4.52) is not accurate. The problem appears due to the fact that the
unperturbed velocity is no longer uniform. It has a rotational component that increases
proportionally to q and ‖�x‖ as ‖�x‖ −→ ∞. As ‖�x‖ −→ ∞ the finite volumes defined by
the grid generator become much bigger (of the order of the chord length) than the ones very
close to the airfoil. For these reasons the approximations (4.51)-(4.52) are relatively poor
and some errors are produced. In the next section we discuss a way to take into account this
phenomenon in order to get more accuracy in the evaluation of the residuals, i.e improved
solutions.
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4.11 Increasing the Accuracy of Numerical Solutions

As noted in equation (4.61), the condition

R̂(Q̂) = 0.

defines the solution Q̂ of the discretized flow equations. The expression used for the calcu-
lation of the residual components Rj(Q̂) is given in equation (4.56) and was based on the
approximations defined in equations (4.51)-(4.52). These approximations basically assumed
that

1. The variation of W (Q(�x), �x) within the control volume τ j is negligible and its value is
equal to W (Qj, �xj). As a consequence:∫

τ j
W (Q(�x), �x) dτ ≈ τ jW (Qj, �xj) (4.65)

2. The flux
∫
σ
�F (Q) dσ through a straight face σ of the boundary of the control volume

is equal to the value of �F at the midpoint �xm multiplied by the area σ of the segment.
That is to say: ∫

σ

�F (Q(�x)) dσ = σ �F (Q(�xm)) = σ �F (Qm) (4.66)

The above approximations are valid as long as the control volumes are small and as long as
the flow variables Q do not vary rapidly with the position �x.

In the case of uniform flows around a fixed airfoil the variation of Q occurs mainly in
the neigborhood of the airfoil, while at the far-field (say at a distance equal to 20 times
the chord of the airfoil) the values of Q tend to be constant and their variation is almost
negligible. For this reason, grid generators generate grids with small volumes near the airfoil
and relatively large volumes at the far-field.

On the contrary, in the case of the simulation of the generalized aerodynamically steady
motions the flow velocities do not tend to a constant value at the far-field. Actually their
values change with position and their magnitude increase proportionally with the distance
to the airfoil. This tendency can be clearly seen from equation (1):[

u∞(x, y)
v∞(x, y)

]
=

[
Vc cosα+ qy
Vc sinα − qx

]
, (4.67)

As a consequence, to obtain a similar accuracy, for the case of simulation of generalized
aerodynamically steady motions one may be required to have a finer grid than the grid one
would normally use for uniform flows.
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An alternative way to circumvent this problem is to try to get a more accurate eval-
uation of the exact residual Rj(Q) at each control volume j. A more accurate evaluation
of the residual would naturally lead to getting more accurate solutions and would have the
additional advantage that accurate solutions could be obtained using grids normally used for
classical uniform flows. By looking at the steady solution of the exact finite-volume equation
(4.49)

Rj(Q) =

∫
τ j
W dτ −

kj∑
i=1

∫
σj
i

�F · n̂ji dσ = 0 (4.68)

one sees that an accurate evaluation of the residual at each control volume requires:

1. An accurate evaluation of
∫
σi

�F · n̂i dσ along each of the straight segments σi defining
the boundary of the control volume, and

2. An accurate evaluation of the volume integral
∫
τ
W dτ .

Point 1 will be addressed in the next section. Point 2 will be addressed in Section 4.13.

4.12 Improving Accuracy in the Evaluation of Fluxes

4.12.1 Definitions and Properties of Segment Averages

Given a variable A = A(�x) and a straight segment of length σj
i , we define the segment

average 〈A〉ji of A as:

〈A〉ji =
1

σj
i

∫
σj
i

A(�x) dσj
i (4.69)

From this definition it follows that the operation of computing segment averages is linear.
In particular the following properties hold.

Property of Additivity. Given two arbitrary variables A = A(�x) and B = B(�x), their
segments averages satisfy:

〈A+B〉ji = 〈A〉ji + 〈B〉ji (4.70)

Property of Average of a Constant. Given a physical variable λ which is constant along
the segment, its segment average satisfies:

〈λ〉ji = λ (4.71)

Property of Multiplication by a Constant. Given an arbitrary variable A = A(�x) and
a constant variable λ, the following property is valid:

〈λA〉ji = λ 〈A〉ji (4.72)
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4.12.2 Evaluation of Fluxes using Segment Averages

By definition of segment averages we have that:〈
�F · n̂

〉j

i
=

1

σj
i

∫
σj
i

�F · n̂ dσj
i (4.73)

As a consequence. an accurate evaluation of the fluxes
∫
σj
i

�F · n̂ dσj
i along each straight

segment σj
i of the control volume τ j is equivalent to an accurate evaluation of the segment

averaged fluxes
〈
�F · n̂

〉j

i
. Then, let’s evaluate these segment averaged fluxes as accurately

as possible. From now on we will drop the subscript i and the superscript j under the
understanding that each segment average must be performed at each segment σj

i of the N
control volumes.

Using equation (4.45) it follows that

〈
�F · n̂

〉
=



〈
ρ
[
�V · n̂

]〉〈
ρu

[
�V · n̂

]
+ Pnx

〉〈
ρv

[
�V · n̂

]
+ Pny

〉〈
(ρE + P )

[
�V · n̂

]〉

 =


〈ρ [unx + vny]〉

〈ρu [unx + vny] + Pnx〉
〈ρv [unx + vny] + Pny〉〈(

ρ
[
e+ 1

2
(u2 + v2)

]
+ P

)
[unx + vny]

〉


Expanding the terms in each of the rows of the RHS term we get

〈
�F · n̂

〉
=


〈ρunx〉+ 〈ρvny〉

〈ρuunx〉+ 〈ρuvny〉+ 〈Pnx〉
〈ρvunx〉 + 〈ρvvny〉+ 〈Pny〉

〈ρeunx〉+ 〈ρevny〉 + 1
2
〈ρu2unx〉 + 1

2
〈ρu2vny〉+ 1

2
〈ρv2unx〉+

+1
2
〈ρv2vny〉 + 〈Punx〉 + 〈Pvny〉

 (4.74)

From equations (4.73) and (4.74), it follows that to accurately determine the fluxes, we
must accurately determine the segment averages of the quantities in the RHS of (4.74). To
this end, we note that:

1. Since the segments σj
i are straight segments, the components of the normals are con-

stant along each segment. So using property (4.72) we have that:

〈nxA〉 = nx 〈A〉 ; 〈nyA〉 = ny 〈A〉 (4.75)

2. The scalar flow variables {ρ, P, e, T, a} vary slowly and approach constant values as
‖x‖ −→ ∞. As a consequence, when evaluating these variables along a segment we
can assume that they remain constant along each segment. The constant value will be
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assumed to be the value of the variable at the mid-point of the segment. These values
will be denoted with the subscript m. Under this assumption one has that:

〈ρA〉 = ρm 〈A〉 ; 〈PA〉 = Pm 〈A〉 ; 〈eA〉 = em 〈A〉 ; 〈aA〉 = am 〈A〉 (4.76)

3. The same assumption is not valid for the velocity components u and v since they do
not vary slowly and do not approach constant values as ‖x‖ −→ ∞.

4. Using average properties (4.70)-(4.72) and equations (4.75)-(4.76) in equation (4.74)
we get that: 〈

�F · n̂
〉
=


ρmnx 〈u〉+ ρmny 〈v〉

ρmnx 〈uu〉+ ρmny 〈uv〉+ Pmnx
ρmnx 〈vu〉+ ρmny 〈vv〉+ Pmny

ρmnxem 〈u〉+ ρmemny 〈v〉 +1
2
ρmnx 〈u3〉+ 1

2
ρmny 〈u2v〉+ 1

2
ρmnx 〈v2u〉

+1
2
ρmny 〈v3〉 + Pmnx 〈u〉 + Pmny 〈v〉

 (4.77)

5. So to calculate the fluxes more accurately we must be able to calculate the following
segment averages:

〈u〉 , 〈v〉 ,
〈
u2
〉
, 〈uv〉 ,

〈
v2
〉
,
〈
u3
〉
,
〈
v3
〉
,
〈
vu2

〉
,
〈
uv2

〉
(4.78)

The calculation of these segment averages will be discussed in the following subsection.

4.12.3 Segment Averages of Velocity Components

To see how we can calculate the segment averages of equation (4.78), let’s rewrite u and v
in the following way:

u
.
= u+ qy

.
= u+ ũ (4.79)

v
.
= v − qx

.
= v + ṽ (4.80)

By looking at the far-field conditions for u and v (equation (1)), it follows that the far-field
conditions for u and v are:

lim
‖x‖−→∞

[
u(x, y)
v(x, y)

]
=

[
Vc cosα
Vc sinα

]
.
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As a consequence, u and v far from the perturbing effects of the airfoil vary slowly and
approach constant values as ‖x‖ −→ ∞. Hence they can be assumed to be constant along
any segment forming the boundary of any finite volume of reasonable size, i.e.

〈u〉 = um; 〈v〉 = vm (4.81)

Using these results into equations (4.79)-(4.80) we deduce that:

〈u〉 = um + 〈ũ〉 (4.82)

〈v〉 = vm + 〈ṽ〉 (4.83)

We note that since ũ = qy and ṽ = −qx we can not neglect the spatial variation of ũ and ṽ
and the segment averages must be calculated exactly.

Using equations (4.79)-(4.81) and the linearity of segment averages we can express the
segment averages of powers of u and v in terms of the segment averages of powers of ũ and
ṽ. 〈

u2
〉
=

〈
(u+ ũ)2

〉
=

〈
u2 + 2uũ+ ũ2

〉
= u2

m + 2um 〈ũ〉+
〈
ũ2
〉

〈
v2
〉
= v2m + 2vm 〈ṽ〉 +

〈
ṽ2
〉

〈uv〉 = 〈(u+ ũ) (v + ṽ)〉 = 〈uv + uṽ + vũ+ ṽũ〉 = umvm + um 〈ṽ〉+ vm 〈ũ〉 + 〈ũṽ〉

〈
u2v

〉
= u2

mvm + 2umvm 〈ũ〉 + vm
〈
ũ2

〉
+ u2

m 〈ṽ〉 + 2um 〈ũṽ〉+
〈
ũ2ṽ

〉
〈
v2u

〉
= v2mum + 2vmum 〈ṽ〉 + um

〈
ṽ2
〉
+ v2m 〈ũ〉 + 2vm 〈ṽũ〉+

〈
ṽ2ũ

〉
〈
v3
〉
= v3m + 3v2m 〈ṽ〉+ 3vm

〈
ṽ2
〉
+

〈
ṽ3
〉

〈
u3

〉
= u3

m + 3u2
m 〈ũ〉+ 3um

〈
ũ2

〉
+

〈
ũ3

〉
We will compute also the fourth order terms, since they will be required for the Van Leer
scheme described in Subsection 4.12.5.〈

v3u
〉
= umv

3
m + 3umv

2
m 〈ṽ〉 + 3umvm

〈
ṽ2
〉
+ um

〈
ṽ3
〉
+

+v3m 〈ũ〉+ 3v2m 〈ũṽ〉 + 3vm
〈
ũṽ2

〉
+

〈
ũṽ3

〉
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〈
u3v

〉
= vmu

3
m + 3vmu

2
m 〈ũ〉 + 3umvm

〈
ũ2
〉
+ vm

〈
ũ3

〉
+u3

m 〈ṽ〉 + 3u2
m 〈ṽũ〉 + 3um

〈
ṽũ2

〉
+

〈
ṽũ3

〉
〈
u4
〉
= u4

m + 4u3
m 〈ũ〉+ 6u2

m

〈
ũ2

〉
+ 4um

〈
ũ3
〉
+

〈
ũ4

〉
〈
v4
〉
= v4m + 4v3m 〈ṽ〉+ 6v2m

〈
ṽ2
〉
+ 4vm

〈
ṽ3
〉
+

〈
ṽ4
〉

As a consequence, to completely define the velocity averages:

〈u〉 , 〈v〉 ,
〈
u2

〉
, 〈uv〉 ,

〈
v2
〉
,
〈
u3

〉
,
〈
v3
〉
,
〈
vu2

〉
,
〈
uv2

〉
,
〈
v3u

〉
,
〈
u3v

〉
,
〈
u4

〉
,
〈
v4
〉

(4.84)

and the flux average
〈
�F · n̂

〉
along a generic boundary segment we need to calculate:

〈ũ〉 , 〈ṽ〉 ,
〈
ũ2
〉
, 〈ũṽ〉 ,

〈
ṽ2
〉
,
〈
ũ3
〉
,
〈
ṽ3
〉
,
〈
ṽũ2

〉
,
〈
ũṽ2

〉 〈
ṽ3ũ

〉
,
〈
ũ3ṽ

〉
,
〈
ũ4

〉
,
〈
ṽ4
〉

(4.85)

4.12.4 Segment Averages of ũ and ṽ

By definition, ũ and ṽ are given by

ũ = qy (4.86)

ṽ = −qx (4.87)

From the definition of segment averages it follows that to calculate 〈ũ〉 and 〈ṽ〉 we must
perfom the integrations 1

�

∫
�
ũ d6 and 1

�

∫
�
ṽ d6, respectively, along all the straight segments

6 = σj
i .

To get a general expression, let’s consider an generic straight segment of length 6 with
ends defined by the coordinates (x0, y0) and (x1, y1). So any point (x, y) on the line segment
can be parameterized by [

x
y

]
=

[
x0

y0

]
(1− λ) +

[
x1

y1

]
λ (4.88)

with λ ∈ [0, 1]. Using the above parameterization the differential of length d6 is given by:

d6 =
√

dx2 + dy2 =
√
(x1 − x0)2 + (y1 − y0)2dλ = 6 dλ (4.89)

As a consequence we have:

〈A〉 = 1

6

∫
�

A(x, y) d6 =

∫ 1

0

A(x(λ), y(λ)) dλ (4.90)
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We can use equation (4.90) to calculate segment averages. Let’s start by considering the
calculation of 〈ũ〉 and 〈ṽ〉

〈ũ〉 =
∫ 1

0

ũ dλ =

∫ 1

0

qy dλ = q

∫ 1

0

[y0(1− λ) + y1λ] dλ

〈ṽ〉 =
∫ 1

0

ṽ dλ =

∫ 1

0

−qx dλ = −q

∫ 1

0

[x0(1− λ) + x1λ] dλ

Performing the integrations we get that:

〈ũ〉 = q
(y0 + y1)

2
and 〈ṽ〉 = −q

(x0 + x1)

2

Proceeding similarly it is possible to get all the segment averages associated with powers
of ũ and ṽ. The resulting segment averages are:〈

ũ2
〉
= q2

1

3

(
y20 + y1y0 + y21

)
〈
ṽ2
〉
= q2

1

3

(
x2
1 + x0x1 + x2

0

)

〈ũṽ〉 = −q2
1

6
(2y1x1 + y0x1 + y1x0 + 2y0x0)

〈
ũṽ2

〉
= q3

1

12

(
3x2

1y1 + x2
1y0 + 2x1y1x0 + 2x1y0x0 + y1x

2
0 + 3x2

0y0
)

〈
ũ2ṽ

〉
= −q3

1

12

(
y20x1 + 3x1y

2
1 + 2y0x1y1 + y21x0 + 3x0y

2
0 + 2y1x0y0

)
〈
ṽ3
〉
= −q3

1

4
(x1 + x0)

(
x2
1 + x2

0

)
〈
ũ3
〉
= q3

1

4
(y1 + y0)

(
y21 + y20

)
〈
ṽ3ũ

〉
= −q4

1

20

(
x3
0y1 + 4x3

0y0 + 2x2
0x1y1 + 3x2

0y0x1 + 3x0x
2
1y1 + 2x0y0x

2
1 + 4x3

1y1 + y0x
3
1

)
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〈
ũ3ṽ

〉
= −q4

1

20

(
3x0y1y

2
0 + 4x0y

3
0 + x0y

3
1 + 2x0y

2
1y0 + y30x1 + 3y0x1y

2
1 + 2y20x1y1 + 4x1y

3
1

)
〈
ũ2ṽ2

〉
= q4

1

30
×

(
y20x

2
1 + 6x2

1y
2
1 + 3x2

1y1y0 + 4x0y1y0x1+

+ 3x1x0y
2
1 + 3x0y

2
0x1 + x2

0y
2
1 + 3x2

0y1y0 + 6x2
0y

2
0

)
〈
ṽ4
〉
= q4

1

5

(
x4
0 + x3

0x1 + x2
0x

2
1 + x0x

3
1 + x4

1

)
〈
ũ4

〉
= q4

1

5

(
y40 + y30y1 + y20y

2
1 + y0y

3
1 + y41

)
The above relationships define the required segment averages (4.85) associated with ũ

and ṽ. These averages are given functions of the position coordinates (x0, y0) and (x1, y1)
of the ends of the segment being considered. They also depend on the particular value of
the pitch rate q. Once these segment averages are calculated, we can determine the velocity

averages (4.84). Finally, after determining the velocity averages, the flux average
〈
�F · n̂

〉
(i.e the accurate fluxes along the boundary segments σj

i ) can be determined from equation
(4.77).

4.12.5 Segment Average of van Leer’s Flux Splitting

Luckily, the same proceeding used to evaluate the segment averages of standard fluxes can

be used to evaluate the segment average
〈
�F · n̂

〉
for van Leer’s Flux Splitting scheme. The

two-dimensional van Leer’s Flux Splitting scheme is given by:

�F · n̂ =


f+
1

f+
2

f+
3

f+
4

 +


f−
1

f−
2

f−
3

f−
4


where

f+
1 =

1

4

ρ

a
([unx + vny] + a)2 =

1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)

f+
2 =

1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)

(
nx
γ
(2a− [unx + vny]) + u

)
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f+
3 =

1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)

(
ny
γ
(2a− [unx + vny]) + v

)

f+
4 =

1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)
1

γ2 − 1

(
− (γ − 1) [unx + vny]

2
)
+

+
1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)
1

γ2 − 1
(2 (γ − 1) a [unx + vny])+

+
1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)
1

γ2 − 1
2a2+

+
1

4

ρ

a
([unx + vny]

2 + 2a [unx + vny] + a2)
1

2

(
u2 + v2

)
The expressions for f−

1 , f−
2 , f−

3 , and f−
4 are similar (except by the sign in some of the terms)

to the expressions for f+
1 , f+

2 , f+
3 , and f+

4 , respectively.

To calculate

〈
�F · n̂

〉
=


〈
f+
1

〉〈
f+
2

〉〈
f+
3

〉〈
f+
4

〉
+


〈
f−
1

〉〈
f−
2

〉〈
f−
3

〉〈
f−
4

〉


we need to determine the segment averages for〈
f+
1

〉
,

〈
f+
2

〉
,

〈
f+
3

〉
,

〈
f+
4

〉
,

〈
f−
1

〉
,

〈
f−
2

〉
,

〈
f−
3

〉
,

〈
f−
4

〉
From the definition of f+

1 , f+
2 , f+

3 , and f+
4 then it follows that the above segment averages

can be calculated if the following averages are determined:

〈[unx + vny]〉 = [〈u〉nx + 〈v〉ny]〈
[unx + vny]

2〉 = 〈
u2n2

x + 2uvnxny + v2n2
y

〉
=

〈
u2
〉
n2
x + 2 〈uv〉nxny +

〈
v2
〉
n2
y〈

[unx + vny]
3〉 = 〈

u3n3
x + 3u2vn2

xny + 3uv2nxn
2
y + v3n3

y

〉
〈
[unx + vny]

3〉 = 〈
u3

〉
n3
x + 3

〈
u2v

〉
n2
xny + 3

〈
uv2

〉
nxn

2
y +

〈
v3
〉
n3
y〈

[unx + vny]
4〉 = 〈

u4
〉
n4
x + 4

〈
u3v

〉
n3
xny + 6

〈
u2v2

〉
n2
xn

2
y + 4

〈
uv3

〉
n3
ynx +

〈
v4
〉
n4
y〈

[unx + vny]u
2
〉
=

[〈
u3

〉
nx +

〈
vu2

〉
ny

]
〈
[unx + vny] v

2
〉
=

[〈
uv2

〉
nx +

〈
v3
〉
ny

]
〈
[unx + vny]

2 u2
〉
=

〈
u4

〉
n2
x + 2

〈
u3v

〉
nxny +

〈
u2v2

〉
n2
y〈

[unx + vny]
2 v2

〉
=

〈
u2v2

〉
n2
x + 2

〈
uv3

〉
nxny +

〈
v4
〉
n2
y

In turn these averages can be calculated once the velocity averages (4.84) are determined.
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4.13 Evaluation of the Volume Integral

Now we address the problem of getting a more accurate evaluation of the volume integral
associated to the source term W : ∫

τ j
W dτ (4.91)

From equation (4.18) one knows that:[
Ωx

Ωy

]
=

[
q2x− qVc sinα
q2y + qVc cosα

]
(4.92)

Using the definitions of uc and vc and the definitions of ũ and ṽ (equations (4.86)-(4.87))
one can rewrite equation (4.92) as[

Ωx

Ωy

]
=

[
−qṽ + qvc
qũ− quc

]
(4.93)

Inserting this expression into the definition of W (equation (4.17)), one gets

W (Q,�x) =


0

ρ (−qṽ + qvc) + 2ρqv
ρ (qũ− quc)− 2ρqu

ρ (−qṽ + qvc) u+ ρ (qũ− quc) v

 =


0

−ρqṽ + ρqvc + 2ρqv
ρqũ− ρquc − 2ρqu

−ρqṽu+ ρqvcu+ ρqũv − ρqucv


(4.94)

As a consequence the volume integral of the source term W over any finite volume τ j

can be written as:

∫
τ j
W (Q(�x), �x) dτ =


0

−
∫
τ j
ρqṽ dτ +

∫
τ j
ρqvc dτ + 2

∫
τ j
ρqv dτ∫

τ j
ρqũ dτ −

∫
τ j
ρquc dτ − 2

∫
τ j
ρqu dτ

−
∫
τ j
ρqṽu dτ +

∫
τ j
ρqvcu dτ +

∫
τ j
ρqũv dτ −

∫
τ j
ρqucv dτ


(4.95)

Using the following observations:

1. q, uc and vc are constants

2. The density ρ can be assumed to remain constant over the control-volumes τ j. Its
constant value is assumed to be equal to the density at the inner node of the finite-
volume: ρ = ρ(�xj) = ρj
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the volume integral (4.95)) can be simplified to

∫
τ j
W (Q(�x), �x) dτ =


0

−ρjq
∫
τ j
ṽ dτ + ρjqvcτ j + 2ρjq

∫
τ j
v dτ

ρjq
∫
τ j
ũ dτ − ρjqucτ j − 2ρjq

∫
τ j
u dτ

−ρjq
∫
τ j
ṽu dτ + ρjqvc

∫
τ j
u dτ + ρjq

∫
τ j
ũv dτ − ρjquc

∫
τ j
v dτ


(4.96)

If we approximate the above integrals by:∫
τ j
ṽ dτ ≈ ṽjτ j;

∫
τ j
ũ dτ = ũjτ j;

∫
τ j
v dτ = vjτ j;

∫
τ j
u dτ = ujτ j;

∫
τ j
ṽu dτ = ṽjujτ j;

∫
τ j
ũv dτ = ũjvjτ j

equation (4.96) reduces to the expresion:∫
τ j
W (Q(�x), �x) dτ = W (Q(�xj), �xj)τ j

which is exactly the first order approximation used to calculate the residual Rj in equation
(4.56). If we want to calculate more accurately the volume integral of the source term W
we must calculate the volume integrals∫

τ j
ṽ dτ ;

∫
τ j
ũ dτ ;

∫
τ j
v dτ ;

∫
τ j
u dτ ;

∫
τ j
ṽu dτ ;

∫
τ j
ũv dτ (4.97)

more accurately.

To this end, first, we use the definitions given in equations (4.79)-(4.80) to rewrite the
integrals containing u and v terms as:∫

τ j
v dτ =

∫
τ j
v dτ +

∫
τ j
ṽ dτ ;

∫
τ j
u dτ =

∫
τ j
u dτ +

∫
τ j
ũ dτ (4.98)

∫
τ j
ṽu dτ =

∫
τ j
ṽu dτ +

∫
τ j
ṽũ dτ ;

∫
τ j
ũv dτ =

∫
τ j
ũv dτ +

∫
τ j
ũṽ dτ (4.99)

Since u and v remain approximately constant along the finite volume, the integrals (4.98)-
(4.99) can be simplified to:∫

τ j
v dτ = vjτ j +

∫
τ j
ṽ dτ ;

∫
τ j
u dτ = ujτ j +

∫
τ j
ũ dτ (4.100)
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∫
τ j
ṽu dτ = uj

∫
τ j
ṽ dτ +

∫
τ j
ṽũ dτ ;

∫
τ j
ũv dτ = vj

∫
τ j
ũ dτ +

∫
τ j
ũṽ dτ (4.101)

Replacing equations (4.100) and (4.101) into equation (4.98) we get:

∫
τ j
W (Q(�x), �x) dτ =


0

−ρjq
∫
τ j
ṽ dτ + ρjqvcτ j

ρjq
∫
τ j
ũ dτ − ρjqucτ j

−ρjq
(
uj

∫
τ j
ṽ dτ +

∫
τ j
ṽũ dτ

)
+ ρjqvc

(
ujτ j +

∫
τ j
ũ dτ

)
+

+


0

+2ρjq
(
vjτ j +

∫
τ j
ṽ dτ

)
−2ρjq

(
ujτ j +

∫
τ j
ũ dτ

)
+ρjq

(
vj

∫
τ j
ũ dτ +

∫
τ j
ũṽ dτ

)
− ρjquc

(
vjτ j +

∫
τ j
ṽ dτ

)
 (4.102)

As a consequence, to calculate
∫
τ j
W dτ with a higher accuracy we must calculate the

following three volume integrals:∫
τ j
ṽ dτ ;

∫
τ j
ũ dτ ;

∫
τ j
ṽũ dτ

These three integrals can be calculated using the definitions ũ = qy and ṽ = −qx as follows:∫
τ j
ṽ dτ = −q

∫
τ j
x dτ = −q

∫
τ j

∂

∂x

(
1

2
x2

)
dτ = −q

∫
τ j
∇ ·

(
1

2
x2êx + 0êy

)
dτ

∫
τ j
ũ dτ = q

∫
τ j
y dτ = q

∫
τ j

∂

∂y

(
1

2
y2
)

dτ = q

∫
τ j
∇ ·

(
0êx +

1

2
y2êy

)
dτ

∫
τ j
ṽũ dτ = −q2

∫
τ j
yx dτ = −q2

∫
τ j

∂

∂y

(
1

2
xy2

)
dτ = −q2

∫
τ j
∇ ·

(
0êx +

1

2
xy2êy

)
dτ

Using the Divergence Theorem we get:∫
τ j
ṽ dτ = −q

∫
σj

(
1

2
x2ı̂+ 0̂

)
· n̂ dσj = −q

∫
σj

1

2
x2nx dσj

∫
τ j
ũ dτ = q

∫
σj

(
0êx +

1

2
y2êy

)
· n̂ dσj = q

∫
σj

1

2
y2ny dσj
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∫
τ j
ṽũ dτ = −q2

∫
σj

(
0êx +

1

2
xy2êy

)
· n̂ dσj = −q2

∫
σj

1

2
xy2ny dσj

where σj is the surface enclosing τ j.

Since in our case σj is formed by union of kj straight segments σj
i we can write the above

equations as ∫
τ j
ṽ dτ = −q

1

2
nx

kj∑
i=1

∫
σ
j
i

x2 dσj
i = − 1

2q
nx

kj∑
i=1

(∫
σ
j
i

q2x2 dσj
i

)

∫
τ j
ũ dτ =

1

2
nyq

kj∑
i=1

∫
σj
i

y2 dσj
i =

1

2q
ny

kj∑
i=1

(∫
σj
i

q2y2 dσj
i

)

∫
τ j
ṽũ dτ = −1

2
nyq

2

kj∑
i=1

∫
σj
i

xy2 dσj
i = − 1

2q
ny

kj∑
i=1

(∫
σj
i

qxq2y2 dσj
i

)

Using the definitions of ũ and ṽ we can write the three above integrals as:∫
τ j
ṽ dτ = − 1

2q
nx

kj∑
i=1

(∫
σj
i

ṽ2 dσj
i

)

∫
τ j
ũ dτ =

1

2q
ny

kj∑
i=1

(∫
σj
i

ũ2 dσj
i

)

∫
τ j
ṽũ dτ =

1

2q
ny

kj∑
i=1

(∫
σj
i

ṽũ2 dσj
i

)

Finally from the definition of segment averages (equation (4.69)) we get that:

∫
τ j
ṽ dτ = − 1

2q
nx

kj∑
i=1

σj
i

〈
ṽ2
〉j
i

(4.103)

∫
τ j
ũ dτ =

1

2q
ny

kj∑
i=1

σj
i

〈
ũ2
〉j
i

(4.104)
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∫
τ j
ṽũ dτ =

1

2q
ny

kj∑
i=1

σj
i

〈
ṽũ2

〉j
i

(4.105)

From these three equations it follows that once the segment averages 〈ṽ2〉 , 〈ṽ2〉 and 〈ṽũ2〉
are calculated then equation (4.102) can be used to get a more accurate evaluation of the
source terms.

Note. A similar method to the one presented in this section has been applied by Holmes
and Tong [25] to turbomachinery flows for getting more accurate numerical simulations.

4.14 Numerical Results using Accurate Residuals

We have modified the NISFLOW Code in order to calculate the residuals Rj(Q̂) using the
more accurate expressions obtained in Sections 4.12 and 4.13. We will call this improved

code A-NISFLOW Code (where the “A” stands for Accurate). The approximate Jacobian ∂R̂(Q̂)

∂Q̂

employed to get A-NISFLOW solutions is the same approximate Jacobian used in the original
NISFLOW Code.

In Figures (4.10) are shown the A-NISFLOW solutions corresponding to the cases shown
in Figures (4.9) obtained using NISFLOW. Figures (4.10)(a)-(b) should be compared with
Figures (4.9)(a)-(b) and Figures (4.10)(c)-(d) should be compared with Figures (4.9)(c)-(d).
The close-view solutions seem very similar, and the same can be said for the streamlines
shapes. However, when looking at the pressure coefficient contours it is clear that the
solutions obtained using A-NISFLOW show the correct behavior, i.e. the pressure coefficient
goes to zero as ‖�x‖ −→ ∞.

As the NISFLOW Code does, the A-NISFLOW Code allows us to simulate the flow corre-
sponding to generalized aerodynamically steady motions. In particular, it is possible to
construct functions of the form (4.64) using this accurate code. In Table (4.1) we show the
values of the aerodynamic coefficients C� and Cm for the NACA 0012 airfoil obtained using
A-NISFLOW for different Mach numbers and different pitch-rates q̂ at α = 0.0o. Also, between
parentheses the values obtained using NISFLOW are shown. The error of the NISFLOW solu-
tions is less equal than 2% for the subsonic cases and less equal than 3% for the transonic
case. These results show that the inaccuracies of NISFLOW in the evaluation of the residuals
does not seem to have a large impact on the pressure distributions. This result can also
be seeing in Figure (4.11) where the pressure coefficient distributions using the A-NISFLOW

Code and the NISFLOW for the most sensitive case (q̂ = 0.05) are compared. For the case
Mc = 0.2, α = 0.0o shown in Figure (4.11a) the pressure distributions are nearly identical.
For the case Mc = 0.8, α = 0.0o shown in Figure (4.11b) there is also a good agreement,
except near the shock (located on the lower surface) where A-NISFLOW seems to be better
able to capture the shock (compare the peaks before the shock).
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Figure 4.10: Pressure contours and velocity streamlines, obtained using the A-NISFLOW Code,
for the air passing around a NACA 0012 airfoil moving in a steady circular trajectory at
Mach Mc = 0.2, α = 0o and with pitch rates q̂ = 0.03 and q̂ = 0.05.
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Figure 4.11: Pressure coefficient distributions along the surface of a NACA 0012 airfoil
moving in steady circular motion. The airfoil is flying with α = 0o and q̂ = 0.05.

The impact of grid discretization on the numerical solutions seems to follows the same
patterns as classical (uniform flows) CFD solutions. The flow solutions improve with finer
meshes at the expense of more computational time. For transonic flows, grids must be
adjusted in order to get an accurate shock capture. In Table (4.2) we show the numerical
values of lift, drag and pitching-moment coefficients of the NACA 0012 airfoil obtained
for different grids for the most difficult case: Mc = 0.8, q̂ = 0.05 (strong shock at the
lower surface and extremely high pitch rate). Grid 4 is the grid used in all other numerical
calculations presented in this work. The A-NISFLOW solutions vary slightly for the four finest
grids with a variation of less than 0.8% in the lift coefficient. The variation in the drag
coefficient is of the same order ( 0.0004) as the variation in the drag coefficient at that
Mach number for the standard classical case (uniform flow, q̂ = 0.0). The main contribution
to these variations may be due to inaccuracies introduced by the strong shock located on
the lower surface of the airfoil and to the fact that the grids had not been optimized to
handle that shock. The NISFLOW solutions (shown between parentheses) show a much larger
variation in the lift coefficient for the four finest grids (2.3%). Furthermore, a comparison of
the values obtained with the coarsest grids (Grid 1 and Grid 2) seems to show that a major
improvement is obtained in the lift and pitching-moment coefficients if the more accurate
A-NISFLOW Code is used on such grids.

In Figures (4.12) we show a close view of the flow behavior around the NACA 0012
airfoil for the transonic case Mc = 0.8 and α = 0.0 at different pitch-rates. It is particularly,
interesting to note how the pressure coefficient changes as the pitch rate q increases (nose-
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Mc = 0.8, q̂ = 0.05

N (gridpoints) C� Cd Cm

Grid 1 1602 -0.4997 (-0.4662) 0.0205 (0.0191) -0.2025 (-0.1885)
Grid 2 1739 -0.5005 (-0.4461) 0.0200 (0.0188) -0.2015 (-0.1820)
Grid 3 6439 -0.4947 (-0.4871) 0.0176 (0.0173) -0.1996 (-0.1965)

Grid 4 6691 -0.4980 (-0.4826) 0.0176 (0.0171) -0.2005 (-0.1946)

Grid 5 10631 -0.4942 (-0.4789) 0.0172 (0.0166) -0.1984 (-0.1926)
Grid 6 12300 -0.4967 (-0.4903) 0.0174 (0.0172) -0.1999 (-0.1975)

Table 4.2: Variation of lift, drag and pitching-moment coefficients due to the use of dif-
ferent grids for the case of a NACA 0012 airfoil. The numbers between parentheses were
obtained using the NISFLOW Code. The numbers without parentheses were obtained using
the A-NISFLOW Code.

down). Observe that when q̂ = 0 there are two symmetric shocks, one on the upper surface
and one on the lower surface. As q̂ increases, the shock in the upper surface tends to
decrease until disappearing. On the other hand the shock in the lower surface gets stronger
as q̂ increases. It is clear then that a more negative lift is produced as pitch-rate increases.

The results obtained using the aerodynamic model presented here were compared with
the results obtained using Etkin’s Camber Theory ([13] pp. 269-271). This theory is based
on the approximation of thin airfoils and assumes linearity of the flow. It simulates the
kinematics of the rotating flow due to the pitch-rate q by changing the camber of the airfoil
according to the following law:

x′ = x y′ = y +
1

2

q

Vc
x2 (4.106)

As a consequence, if the effect of the pitch-rate q on an airfoil with coordinates (x, y) is
desired, then the same effect can be reached if a transformed airfoil with coordinates x′, y′

is simulated in a rectilinear uniform flow (q′ = 0).

The comparison of our results and the ones obtained using Etkin’s Camber Theory are
shown in Figures (4.13), and (4.14) for the cases Mc = 0.2, Mc = 0.5 and Mc = 0.8.
The agreement at subsonic Mach numbers is really surprising. Particularly at low q̂’s the
coincidence is perfect. Observe that at the subsonic cases C� and Cm behave as linear
functions of the pitch-rate. This result justifies why Bryan’s linearized theory works so well,
and remains the basis of many currently used aerodynamic models.
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(d) Close-view, Mc = 0.8, q̂ = 0.05

Figure 4.12: Pressure contours and velocity streamlines, obtained using the A-NISFLOW Code,
around a NACA 0012 airfoil moving in steady circular motions at Mach Mc = 0.8 and α = 0o

but at different pitch rates.
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(c) Lift coefficient, Mc = 0.5
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Figure 4.13: Variation of Lift coefficient and Pitching moment coefficient with respect to
the pitch-rate for a NACA 0012 airfoil moving with α = 0o at Mach numbers Mc = 0.2 and
Mc = 0.5. The exact solution corresponds to solution using A-NISFLOW, and the approximate
(approx.) solution corresponds to solution using NISFLOW
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Figure 4.14: Variation of Lift coefficient and Pitching moment coefficient with respect to the
pitch-rate for a NACA 0012 airfoil at Mach Mc = 0.8 and α = 0o. The “exact” solution
corresponds to solution using A-NISFLOW Code, and the approximate (“approx.”) solution
corresponds to solution using NISFLOW



Chapter 5

The Sensitivity Equation Method and
its Application in the Determination
of Stability Derivatives

5.1 Stability Derivatives

The idea of stability derivatives appears as a consequence of the standard stability analysis
of the aircraft. This stability analysis consist basically in the linearization of the non-linear
equations of motion around an equilibrium flight condition (see for example reference [46]).
The linearization is performed by considering small perturbations of the state variables

X = {Vc, α, β, φ, θ, ψ, p, q, r}

and their time-rates of change {V̇c, α̇, β̇, φ̇, θ̇, ψ̇, ṗ, q̇, ṙ}. This procedure naturally leads to
the requirement of getting a linearized expansion of the aerodynamic forces in terms of the
eighteen variables defined above.

Since by the kinematics equations φ̇, θ̇, ψ̇ are explicit functions of p, q, r and φ, θ, ψ, it
follows that the linearized expansion of the aerodynamic forces can be expressed completely
in terms of the following state variables:

{Vc, α, β, φ, θ, ψ, p, q, r, V̇c, α̇, β̇, ṗ, q̇, ṙ}

Under the assumption of a homogeneous, isentropic air, the aerodynamic forces do not
depend on the particular attitude (φ, θ, ψ) of the aircraft. So the set of variables reduce
further to:

{Vc, α, β, p, q, r, V̇c, α̇, β̇, ṗ, q̇, ṙ}

82
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Usually the dependence of the rates ṗ, q̇, ṙ is neglected so the linearized expansion of any
component F of the aerodynamic forces or moments has the form:

F = c0 + cV Vc + cαα + cββ + cpp + cqq + crr + cV̇ V̇c + cα̇α̇+ cβ̇β̇ (5.1)

This linearization may also be applied for any non-dimensional force or moment coefficient.
For example, for the pitching-moment coefficient one can write:

Cm = Cm0 + CmV
Vc + Cmαα+ Cmβ

β + Cmpp+ Cmqq + Cmrr + CmV̇
V̇c + Cmα̇α̇+ Cmβ̇

β̇

(5.2)

The aerodynamic coefficients cV , cα,..., CmV
, Cmα ,..., etc. of the linear expressions (5.1) and

(5.2) are usually called stability derivatives.

The substitution of the linear terms of the aerodynamic forces into the linearized equa-
tions of motions, leads to a linear system of state equations of the form:

EẊ = AX +Bu

where E, A and B are constant matrices. This linearization forms the basis for the applica-
tion of linear control theory and the design of systems of control. The word “stability” to
name the coefficients of equations (5.1) and (5.2) comes from the fact that these coefficients
determine the stability of the aircraft 1. The word “derivatives” in the name of the stability
derivatives comes from the fact that these coefficients can be interpreted as partial deriva-
tives of the aerodynamic forces. For example, one can loosely write equations (5.1) and (5.2)
as:

F = F0 +
∂F
∂Vc

Vc +
∂F
∂α

α +
∂F
∂β

β +
∂F
∂p

p+
∂F
∂q

q +
∂F
∂r

r +
∂F
∂V̇c

V̇c +
∂F
∂α̇

α̇+
∂F
∂β̇

β̇

Cm = Cm0 +

∂Cm

∂Vc
Vc +

∂Cm

∂α
α+

∂Cm

∂β
β +

∂Cm

∂p
p+

∂Cm

∂q
q +

∂Cm

∂r
r +

∂Cm

∂V̇c
V̇c +

∂Cm

∂α̇
α̇+

∂Cm

∂β̇
β̇

However, this interpretation may be misleading since for example α and α̇ are obviously not
independent variables.

Stability derivatives (also called stability parameters) can be obtained from flight-test
measurements but the results of these tests can only be used in the very late steps of the
design of a new aircraft. As a consequence, they are usually determined experimentally

1These coefficients determine the stability of the aircraft because the matrix elements of E and A contain
these coefficients and the particular values of these matrix elements define the stability properties of the
aircraft.
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using wind-tunnel testing. The experimental techniques to obtain these parameters basically
remain the same as in the past. The only change being an increase in the number of required
experiments to simulate a greater number of parameters and a wider set of conditions.
A review of the mathematical theory behind the main methods used to obtain stability
derivatives is presented in reference [42]. Reference [40] presents a review of the methods
employed up to the end of 1981. Reference [12] describes the static and oscillatory tests
conducted to determine the stability derivatives of a model transport aircraft. Reference
[20] provides a discussion of the direct forced oscillation technique. In reference [31] Lutze et
al. discussed the determination of rotary stability derivatives using the curved wind tunnel at
the Virginia Polytechnic Institute and State University. This data set of stability derivatives
together with other data set obtained from NASA were used in [30] to perform the analysis of
the poststall gyrations of a high-performance aircraft. More recent experimental techniques
for the calculation of stability derivatives can be found in [26], [43] and [17]. Brinker [8] has
studied the robustness of dynamic inversion based control laws based on uncertain stability
derivatives.

Some authors have used semi-analytical techniques to calculate stability derivatives.
Hemdan [21] have obtained closed-form formulas for Cmα and Cmα̇ for the case of airfoils at
small angles of attack and hypersonic Mach numbers. Bryson [10], developed a technique to
determine static and dynamic stability derivatives on slender bodies based on a transforma-
tion of three-dimensional flow problems into two-dimensional, incompressible flow problems
in the cross-section perpendicular to the long axis of the body and using the concept of
apparent-mass coefficients. More recently Suzuki and Fukuda [47] have slightly generalized
Bryson’s idea by using the boundary element method [7] to calculate the apparent-mass
coefficients.

Other researchers have implemented numerical techniques to simulate oscillating, spin-
ning or coning motions to get stability derivatives. Guruswami and Tu [19] performed time-
accurate numerical solutions to simulate forced-oscillations in a rigid/flexible wing-body con-
figuration. Through these numerical solutions they were able to get longitudinal dynamic
stability derivatives. Weinacht [59] has simulated numerically the flow around projectiles
which are moving in a specific combination of coning and spinning motions. In these partic-
ular motions the flow is steady and Weinacht used a time-marching Navier-Stokes scheme to
compute the steady-state aerodynamic forces and moments. Using these flow solutions the
pitch-damping force and moment coefficients can be determined using analytical expressions
derived in [58].
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5.2 Determination of Stability Derivatives using Aero-

dynamically Steady Motions

The mathematical model introduced in Chapter 2 has the advantage that it allows us to
determine the complete set of static and dynamic stability derivatives 2. Furthermore, the
mathematical model allows us to recover the traditional way of interpreting the stability
derivatives as partial derivatives of aerodynamic functions.

Let’s consider again the steady aerodynamic function (2.18):

F = F (Vc, α, β, p, q, r) (5.3)

representing each of the components of the aerodynamic forces and moments acting on an
arbitrary aircraft. This expression is valid also for the non-dimensional coefficients of the
aerodynamic forces. For example for the pitching moment coefficent we have:

Cm = Cm (Vc, α, β, p, q, r) (5.4)

The steady aerodynamic functions (5.3)-(5.4) can be constructed by performing exper-
imental measurements or numerical simulations along aerodynamically steady motions. In
Chapter 3, it was discussed how CFD tecniques can be used to determine these forces, and
in Chapter 4, we have shown actual results of the determination of these functions for the
two-dimensional case.

Under this steady-state approach, the function (5.3) uniquely defines the dependence
of the aerodynamic forces with respect to the motion variables. As a consequence, a (first
order) expansion in Taylor series of equations (5.3)-(5.4) naturally leads to:

F = F 0 +
∂F

∂Vc
Vc +

∂F

∂α
α +

∂F

∂β
β +

∂F

∂p
p +

∂F

∂q
q +

∂F

∂r
r + ...+ (5.5)

Cm = Cm0 +
∂Cm

∂Vc
Vc +

∂Cm

∂α
α +

∂Cm

∂β
β +

∂Cm

∂p
p +

∂Cm

∂q
q +

∂Cm

∂r
r + ...+ (5.6)

After comparing the above equations with the linear expansions (5.1) and (5.2), it follows that
the stability derivatives can be determined by calculating the appropiate partial derivatives
of the steady aerodynamic functions (5.3). For example, the damping-in-pitch stability
derivative Cmq can be calculated from:

Cmq =
∂Cm (Vc, α, β, p, q, r)

∂q
(5.7)

2Excluding the time-rate stability derivatives associated with V̇c, α̇, β̇
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Observe that these stability derivatives can be calculated using finite differences. For
example:

Cmq ≈
Cm (Vc, α, β, p, q +�q, r)−Cm (Vc, α, β, p, q, r)

�q
. (5.8)

From this expression it follows that for getting each stability derivative we need two non-
linear flow simulations. This method can be very time consuming. Also, the use of finite
differences may introduce problems due to round-off errors.

An alternative and promisingly better approach to calculate the whole set of stability
derivatives with respect to the motion variables {Vc, α, β, p, q, r} is to use the Sensitivity
Equation Method. This method can be employed here because of the identification of the
stability derivatives as partial derivatives of the steady aerodynamic functions.

Consider, for example, the pitching moment coefficient M̂ . Under the assumption of
inviscid flow, this pitching moment can be calculated from the aerodynamically steady flow
solutions by an appropiate integration of the static pressure:

M̂ =

∫
σ

[�x×−Pn̂]y dσ

along the aircraft surface σ. The non-dimensional pitching moment coefficient can be deter-
mined from:

Cm =
2

ρ∞V 2
c Sc

∫
σ

[�x×−Pn̂]y dσ

where S is the area of the aircraft’s wing and where c is the mean aerodynamic chord of the
wing. Differentiating the above expresion with respect to the angular rate q one gets:

∂Cm

∂q
=

2

ρ∞V 2
c Sc

∂

∂q

∫
σ

[�x×−Pn̂]y dσ =
2

ρ∞V 2
c Sc

∫
σ

[
�x×−∂P

∂q
n̂

]
y

dσ (5.9)

So it follows that an alternative way to calculate the damping-in-pitch stability derivative
is to calculate the sensitivity ∂P

∂q
of the pressure with respect to the pitch rate q. Similarly,

if we want to calculate the stability derivative of the pitching moment with respect to any
other motion variables we have that:

∂Cm

∂η
=

2

ρ∞V 2
c Sc

∫
σ

[
�x×−∂P

∂η
n̂

]
y

dσ where η = {Vc, α, β, p, q, r} (5.10)

A similar procedure can be done for calculating the stability derivatives of the other
aerodynamic forces and moments. Then, it follows that, an alternative way to calculate the
stability-derivatives is to determine the pressure sensitivities:

∂P

∂η
(�x, t; η) with η = {Vc, α, β, p, q, r}.

In the next section, we introduce the Sensitivity Equation Method which will allow us to
calculate these sensitivities.
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5.3 The Sensitivity Equation Method

Consider any system defined in a certain fixed region Γ of our physical space. Assume that
the points of the space are described in an arbitrary reference frame through the position
vector �x and that the system can evolve with time t. Let us suppose that a certain property
A of the system is described in an Eulerian (local) way: A = A(�x, t). For example, the
system could be the flow passing around an aircraft that is flying in a particular motion. In
this case Γ would be all the flow region surrounding the aircraft surface and the property A
could be the pressure of the fluid particles.

Now, assume that a certain parameter η induces a continuous modification of the system
and that accordingly the property A is modified so that:

A = A(�x, t; η) (5.11)

For the example given above, the parameter η could be the angle of incidence α at which
the aircraft is flying or the velocity of rotation ω at which the aircraft is performing a steady
maneuver. It is clear in both cases that the flow field and in particular the pressure field on
the aircraft’s surface changes as the parameter varies.

Even more, the parameter also could modify the geometry of the region Γ (for example a
change in the aircraft shape) producing a change in the system and therefore in the property
A. So in general one can have that

A = A(�x(η), t; η) (5.12)

Although, the study of the general dependence (5.12) is important, particularly because of
its application in the problems of design of optimal shapes, in the present work it will be
assumed that the parameter η does not modify the geometry of our physical domain Γ.

As a consequence, starting from (5.11), the sensitivity SA/η of A with respect to η is
defined to be

SA/η(�x, t; η) =
∂A(�x, t; η)

∂η
(5.13)

Then, by definition, the sensitivity SA/η measures the degree of change of A as the parameter
η changes, keeping fixed the position and time of observation.

Assume that the system’s behavior can be described mathematically in terms of a bound-
ary value problem (BVP), i.e. a set of partial differential equations (PDE) plus a set of
boundary conditions (BC). For each given value of η = η0, the property A(�x, t; η0) can be
(directly or indirectly) determined by solving the PDE plus its respective BC:

[A(�x, t; η)] ⇐= solving

 PDE
+
BC

 (5.14)
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The sensitivity SA/η at any η0 could be determined numerically by using two close solutions
of the BVP:

SA/η =
∂A(�x, t; η0)

∂η
≈ A(�x, t; η0 +�η)− A(�x, t; η0)

�η
(5.15)

However, a calculation such as the one described in equation (5.15) has two major drawbacks:

1. Determining the sensitivities using finite-differences would require at least two non-
linear solutions. If the BVP is a complex non-linear problem then getting an additional
solution may take a lot of time.

2. Finite-precision arithmethic can be a very important source of errors.

A promising alternative procedure to the evaluation of sensitivities consists in employing
the Sensitivity Equation Method. In this method the sensitivities SA/η can be obtained by
solving a Sensitivity BVP. The Sensitivity PDE is obtained by differentiating the original
PDE with respect to η and the Sensitivity BC is obtained by differentiating the original BC
with respect to η:

[
SA/η(�x, t; η)

]
⇐= solving

 Sensitivity PDE
+

Sensitivity BC

 =

 d
dη
[original PDE]

+
d
dη
[original BC]

 (5.16)

Some of the advantages of this approach are the following:

1. Even if the original problem is a non-linear problem, the Sensitivity BVP is a linear
BVP.

2. Only one non-linear solution of the original BVP is required.

3. Evaluation of the Sensitivities using Sensitivity Equations are potentially faster than
using finite-differences.

4. No subtraction errors

In the next section we will apply the Sensitivity Equation Method to the BVP of aerody-
namically steady flows. Other applications of the Sensitivity Equation Method can be found
in [15] and [6].

5.4 Flow Sensitivity Equations

In this section we develop the equations that will allow us to determine the flow sensitivities
(including pressure sensitivities) with respect to an arbitrary parameter η. The parameter
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could be a parameter that modifies the far-field conditions or even the flow equations. The
only restriction will be that η doesn’t modify the space geometry or the boundary geometries.
We will assume also that η is independent of the time t. For the applications in which we
are interested, the parameter η could be the angle of attack α, the Mach number Mc or the
pitch rate q of the aircraft.

The state of the flow is completely defined in terms of the five conserved quantities defined
in equation (3.55), then, the sensitivities Sη of the conserved quantities Q with respect to
the parameter η will be a vector array with five components:


Sη1

Sη2

Sη3

Sη4

Sη5

 = Sη =
∂

∂η
Q(�x, t; η) =



∂Q1(�x,t;η)
∂η

∂Q2(�x,t;η)
∂η

∂Q3(�x,t;η)
∂η

∂Q3(�x,t;η)
∂η

∂Q5(�x,t;η)
∂η

 =



∂ρ(�x,t;η)
∂η

∂ρu(�x,t;η)
∂η

∂ρv(�x,t;η)
∂η

∂ρw(�x,t;η)
∂η

∂ρE(�x,t;η)
∂η

 (5.17)

If we determine the sensitivities of the conserved variables we can determine the sensitivitites
of any flow variable by using the definition (5.17) and equations (3.21)-(3.29). For example,
the sensitivity Su/η of the x-component of the flow velocity vector can be determined from

Su/η =
∂u

∂η
=

∂Q2/Q1

∂η
= −Q2

Q2
1

∂Q1

∂η
+

1

Q1

∂Q2

∂η
= −Q2

Q2
1

Sη1 +
1

Q1
Sη2

From the flow equations it is possible to determine the PDE satisfied by the sensitivity
vector Sη. For simplicity we will assume our fluid is inviscid and non-heat conducting. We
are interested in calculating sensitivities along aerodynamically steady motions so we will
consider the aerodynamically steady Euler equation (3.54):

∂Q

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= W (5.18)

Taking the derivative d
dη

of the flow equation (5.18) with respect to the parameter η we get:

∂

∂η

∂

∂t
Q(�x, t; η) +

∂

∂η

∂

∂x
F (�x, t; η) +

∂

∂η

∂

∂y
G(�x, t; η) +

∂

∂η

∂

∂z
H(�x, t; η) =

∂

∂η
W (�x, t; η)

Since the coordinates �x and the time t are independent of η, we can interchange partial
derivatives (assuming certain smoothness) in the above equation to get:

∂

∂t

∂

∂η
Q(�x, t; η) +

∂

∂x

∂

∂η
F (�x, t; η) +

∂

∂y

∂

∂η
G(�x, t; η) +

∂

∂z

∂

∂η
H(�x, t; η) =

∂

∂η
W (�x, t; η).

(5.19)



90

By differentiating equation (3.30) with respect to η we can deduce that

∂

∂η
F (�x, t; η) =

∂F

∂Q
· ∂Q
∂η

(�x, t; η) = ∇QF · ∂Q
∂η

(�x, t; η) (5.20)

where ∇QF is the Jacobian of F with respect to the conserved quantities Q:

∇QF =



0 1 0 0 0

−Q2
2

Q2
1
+ (γ−1)V 2

2
(3−γ)Q2

Q1

(1−γ)Q3

Q1

(1−γ)Q4

Q1
(γ − 1)

−Q2Q3

Q2
1

Q3

Q1

Q2

Q1
0 0

−Q2Q4

Q2
1

Q4

Q1
0 Q2

Q1
0

−γQ5Q2

Q2
1

+ Q2(γ−1)V 2

Q1

γQ5

Q1
− (γ−1)V 2

2
− (γ−1)Q2

2

Q2
1

− (γ−1)Q3Q2

Q2
1

− (γ−1)Q4Q2

Q2
1

γQ2

Q1


where

V =
√
u2 + v2 + w2 =

√
Q2

2 +Q2
3 +Q2

4

Q1

A similar equation to equation (5.20) holds for the conservative fluxes G and H, and as a
consequence, equation (5.19) can be written as:

∂

∂t

∂

∂η
Q(�x, t; η) +

∂

∂x

[
∇QF · ∂

∂η
Q(�x, t; η)

]
+

∂

∂y

[
∇QG · ∂

∂η
Q(�x, t; η)

]
+

∂

∂z

[
∇QH · ∂

∂η
Q(�x, t; η)

]
=

∂

∂η
W (�x, t; η).

Using the definition (5.17) the above equation can be rewritten as

∂Sη

∂t
+

∂

∂x
[∇QF (�x, t; η) · Sη]+

∂

∂y
[∇QG(�x, t; η) · Sη] +

∂

∂z
[∇QH(�x, t; η) · Sη] =

∂

∂η
W (�x, t; η) (5.21)

Now, let us calculate the RHS term of equation (5.21) using equation (3.59)

∂

∂η
W (�x, t; η) =


0

∂Q1

∂η
[fx +Ωx]− 2(q ∂Q4

∂η
− r ∂Q3

∂η
)

∂Q1

∂η
[fy +Ωy]− 2(r ∂Q2

∂η
− p∂Q4

∂η
)

∂Q1

∂η
[fz +Ωz ]− 2(p∂Q3

∂η
− q ∂Q2

∂η
)

[fx +Ωx]
∂Q2

∂η
+ [fy +Ωy]

∂Q3

∂η
+ [fz +Ωz]

∂Q4

∂η

+
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
0

Q1
∂[fx+Ωx]

∂η
− 2( ∂q

∂η
Q4 − ∂r

∂η
Q3)

Q1
∂[fy+Ωy ]

∂η
− 2( ∂r

∂η
Q2 − ∂p

∂η
Q4)

Q1
∂[fz+Ωz ]

∂η
− 2( ∂p

∂η
Q3 − ∂q

∂η
Q2)

∂[fx+Ωx]
∂η

Q2 +
∂[fy+Ωy ]

∂η
Q3 +

∂[fz+Ωz ]
∂η

Q4


As a consequence, we can write

∂

∂η
W (�x, t; η) = WA(�x, t; η) ·


∂Q1

∂η
∂Q2

∂η
∂Q3

∂η
∂Q3

∂η
∂Q5

∂η

 +WB(�x, t; η) = WA(�x, t; η) · Sη +WB(�x, t; η) (5.22)

where

WA(�x, t; η) =


0 0 0 0 0

fx +Ωx 0 2r −2q 0
fy +Ωy −2r 0 2p 0
fz +Ωz 2q −2p 0 0

0 fx +Ωx fy +Ωy fz +Ωz 0

 (5.23)

WB(�x, t; η) =


0

Q1
∂[fx+Ωx]

∂η
− 2( ∂q

∂η
Q4 − ∂r

∂η
Q3)

Q1
∂[fy+Ωy ]

∂η
− 2( ∂r

∂η
Q2 − ∂p

∂η
Q4)

Q1
∂[fz+Ωz ]

∂η
− 2( ∂p

∂η
Q3 − ∂q

∂η
Q2)

∂[fx+Ωx ]
∂η

Q2 +
∂[fy+Ωy ]

∂η
Q3 +

∂[fz+Ωz ]
∂η

Q4

 (5.24)

Replacing equation (5.22) into (5.21) we finally get that the sensitivities Sη satisfy

∂Sη

∂t
+

∂

∂x
[∇QF · Sη] +

∂

∂y
[∇QG · Sη] +

∂

∂z
[∇QH · Sη] = WA · Sη +WB (5.25)

If the PDE defined by equation (5.25) is solved with the appropiate boundary conditions
the flow sensitivities can be determined. Equation (5.25) may seem very complicated but it
is not so. Observe that the Jacobians ∇QF , ∇QG, ∇QH are known functions of the flow

solution and they are independent of the sensitivities. Also since the pseudo force vector �Ω
and the external forces components fx, fy and fz are independent of the state variables the
matrices WA and WB do not depend on Sη. From these properties, it follows that the flow
sensitivity equation (5.25) is a linear equation. Furthermore, the same numerical techniques
applied to the flow solutions can be used to solve this linear equation.



92

Observe also that in the case there are no external forces the expressions for WA and WB

simplify to:

WA(�x, t; η) =


0 0 0 0 0
Ωx 0 2r −2q 0
Ωy −2r 0 2p 0
Ωz 2q −2p 0 0
0 Ωx Ωy Ωz 0

 (5.26)

WB(�x, t; η) =


0

Q1
∂Ωx

∂η
− 2( ∂q

∂η
Q4 − ∂r

∂η
Q3)

Q1
∂Ωy

∂η
− 2( ∂r

∂η
Q2 − ∂p

∂η
Q4)

Q1
∂Ωz

∂η
− 2( ∂p

∂η
Q3 − ∂q

∂η
Q2)

∂Ωx

∂η
Q2 +

∂Ωy

∂η
Q3 +

∂Ωz

∂η
Q4

 (5.27)

5.5 Rotary Stability Derivatives

We complete our mathematical work by determining the flow sensitivity equations with
respect to the angular rates. These sensitivity equations can be determined by choosing the
parameter η to be the roll rate p, the pitch rate q or the yaw rate r. We are interested in
getting these sensitivity equations because from their solutions we will be able to determine
the pressure sensitivities ∂P

∂p
, ∂P

∂q
and ∂P

∂r
. Then with these pressure sensitivities one can

use relationships of the type of equation (5.9) to easily calculate the complete set of rotary
stability derivatives.

Observe also that choosing η to be the speed of the aircraft Vc, the angle of attack α
or the angle of sideslip β will also allow us to determine the complete set of static stability
derivatives. This approach was used by Godfrey and Cliff [14] to calculate the set of static
stability derivatives. However, their approach was unable to get rotary stability derivatives
since it was only valid for the case of rectilinear steady flights. The approach presented is
more general and allows the calculation of stability derivatives even when the aircraft has
arbitrary (non-zero) angular rates.

By replacing η by the roll-rate p in equation (5.25) we can get the sensitivity equation
with respect to the roll-rate:

∂Sp

∂t
+

∂

∂x
[∇QF · Sp] +

∂

∂y
[∇QG · Sp] +

∂

∂z
[∇QH · Sp] = WA · Sp +WB. (5.28)

In the above equationWA is given by (5.23) with p instead of η whileWB(�x, t; p) (cf. equation
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(5.25)) is given by:

WB(�x, t; p) =


0

Q1
∂[fx+Ωx]

∂p
− 2(∂q

∂p
Q4 − ∂r

∂p
Q3)

Q1
∂[fy+Ωy ]

∂p
− 2(∂r

∂p
Q2 − ∂p

∂p
Q4)

Q1
∂[fz+Ωz ]

∂p
− 2(∂p

∂p
Q3 − ∂q

∂p
Q2)

∂[fx+Ωx]
∂p

Q2 +
∂[fy+Ωy ]

∂p
Q3 +

∂[fz+Ωz ]
∂p

Q4


Assuming that any external forces are independent of the roll-rate of the aircraft and

simplifying some of the partial derivatives, WB(�x, t; p) reduces to:

WB(�x, t; p) =


0

Q1
∂Ωx

∂p

Q1
∂Ωy

∂p
+ 2Q4

Q1
∂Ωz

∂p
− 2Q3

∂Ωx

∂p
Q2 +

∂Ωy

∂p
Q3 +

∂Ωz

∂p
Q4

 (5.29)

Now, we need to determine the partial derivatives with respect to p of the components of
the ‘pseudo force vector’ �Ω. Here we should be very careful in calculating the derivatives.
From the original definition of �Ω:

�Ω = −�ω × (�ω × �x)− d�ω

dt
× �x− �aR/S,

one may think that the only contribution to the partial derivatives ∂Ωx

∂p
, ∂Ωy

∂p
, ∂Ωz

∂p
comes from

the term −�ω × (�ω × �x). This is not correct. We must perturb the state of the motion
X = {Vc, α, β, p, q, r} in such a way that in the new perturbed state only one state variable
has changed (in this case p) while the others remain constant.

In our discussion of aerodynamically steady motions the dependence of �Ω on the state
variables was given by equation (3.60) or equation (3.61). By differentiating each of the rows
of these equations we get: 

∂Ωx

∂p
∂Ωy

∂p
∂Ωz

∂p

 =

 − (qy + rz)
−qx+ 2yp+ wc

−rx+ 2zp− vc

 (5.30)

So replacing (5.30) into (5.29) we get:

WB(�x, t; p) =


0

−Q1 (qy + rz)
Q1 (−qx+ 2yp+ wc) + 2Q4

Q1 (−rx+ 2zp− vc) − 2Q3

− (qy + rz)Q2 + (−qx+ 2yp+ wc)Q3 + (−rx+ 2zp− vc)Q4

 (5.31)
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We can proceed similarly with the other angular rates components.

For the pitch-rate sensitivities we have:

∂Sq

∂t
+

∂

∂x
[∇QF · Sq] +

∂

∂y
[∇QG · Sq] +

∂

∂z
[∇QH · Sq] = WA · Sq +WB. (5.32)

where WA is given by (5.23) and where WB(�x, t; q) is given by:

WB(�x, t; q) =


0

Q1 (−py + 2xq − wc)− 2Q4

−Q1 (px+ rz)
Q1 (−ry + 2zq + uc) + 2Q2

(−py + 2xq − wc)Q2 − (px+ rz)Q3 + (−ry + 2zq + uc)Q4


For the yaw-rate sensitivities we have:

∂Sr

∂t
+

∂

∂x
[∇QF · Sr] +

∂

∂y
[∇QG · Sr] +

∂

∂z
[∇QH · Sr] = WA · Sr +WB. (5.33)

where WA is given by (5.23) and where WB(�x, t; r) is given by:

WB(�x, t; r) =


0

Q1 (−pz + 2xr + vc) + 2Q3

Q1 (−qz + 2yr − uc)− 2Q2

−Q1 (px+ qy)
(−pz + 2xr + vc)Q2 + (−qz + 2yr − uc)Q3 − (px+ qy)Q4


Note that if we are calculating the stability derivatives respect to the angular rates for

the case of steady rectlinear motion (p = q = r = 0), the term WA vanishes in all cases (if
we assume there are no external forces applied on the fluid) and WB reduces to:

WB(�x, t; p) =


0
0

Q1wc + 2Q4

−Q1vc − 2Q3

wcQ3 − vcQ4



WB(�x, t; q) =


0

−Q1wc − 2Q4

0
Q1uc + 2Q2

−wcQ2 + ucQ4


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WB(�x, t; r) =


0

Q1vc + 2Q3

−Q1uc − 2Q2

0
vcQ2 − ucQ3

 ,

respectively.

5.6 Boundary Conditions for Flow Sensitivities

The boundary conditions for the sensitivities of the conserved variables Q can be obtained
using the same procedure by which we derived the sensitivity equations. That is, by dif-
ferentiating the boundary conditions of the flow equations with respect to the sensitivity
parameter η. Here we will only derive the boundary conditions for the case the parameter η
is the roll-rate p. As a consequence we will obtain the boundary-conditions corresponding to
the roll-rate sensitivities Sp. The procedures for any other sensitivity parameter are similar.

5.6.1 Far-Field Boundary Condititions

The far-field boundary conditions for the velocity sensitivities Su/p, Sv/p and Sw/p can be
obtained by direct differentiation of the velocity far-field boundary conditions defined in
equation (3.63):

lim
‖�x‖→∞

 Su/p

Sv/p

Sw/p

 = lim
‖�x‖→∞

 ∂u
∂p
∂v
∂p
∂w
∂p

 = lim
‖�x‖→∞

d

dp

 u
v
w

 = lim
‖�x‖→∞

d

dp

 −uc − (qz − ry)
−vc − (rx − pz)
−wc − (py − qx)

 .

lim
‖�x‖→∞

 Su/p

Sv/p

Sw/p

 = lim
‖�x‖→∞

 ∂
∂p
[−uc − (qz − ry)]

∂
∂p
[−vc − (rx− pz)]

∂
∂p
[−wc − (py − qx)]

 = lim
‖�x‖→∞

 0
z
−y

 (5.34)

Differentiating the boundary conditions (3.62) with respect to the roll-rate p we get
that the far-field boundary conditions for the sensitivities of scalar quantities such as f =
{ρ, P, T, e, a} can be written as:

lim
‖�x‖→∞

Sf/p(�x) = lim
‖�x‖→∞

∂f

∂p
(�x) =

∂f∞
∂p

= 0 (5.35)

For example for the density sensitivity we have:

lim
‖�x‖→∞

Sρ/p(�x) = 0 (5.36)
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5.6.2 Solid Walls Boundary Conditions

The boundary conditions for the sensitivities at solid walls can be determined by direct
differentiation of the flow boundary conditions (3.64) with respect to the roll-rate p. We get:

∂u

∂p
nx +

∂v

∂p
ny +

∂w

∂p
nz =

d

dp
[unx + vny + wnz] =

d

dp
[0] = 0

So we have that:

Su/pnx + Sv/pny + Sw/pnz = 0. (5.37)



Chapter 6

Numerical Determination of
Longitudinal Stability Derivatives

In this chapter we implement numerically the sensitivity equation method for the determi-
nation of stability derivatives for the two-dimensional case.

6.1 Preliminary Remarks

In the two-dimensional application the aerodynamically-steady motions correspond to planar
motions consisting of circular trajectories as shown in Figure (4.4). In Chapter 4 we intro-
duced a flow solver called A-NISFLOW which can be used to obtain numerical solutions for
the flows around airfoils moving along these planar aerodynamically steady motions. From
the numerical solutions it was possible to obtain by integration the lift, drag and pitching
moment for different values of Mach numbersMc, angles of attack α and pitch rates q. With
these simulations it is possible to construct functions of the form: C� = C�(Mc, α, q)

Cd = Cd(Mc, α, q)
Cm = Cm(Mc, α, q)

 (6.1)

for the evaluation of the non-dimensional lift, drag and pitching moment coefficients. With
the functions defined in equation (6.1) one can determine the following nine longitudinal
stability derivatives: C�κ = ∂C�

∂κ
(Mc, α, q)

Cdκ = ∂Cd

∂κ
(Mc, α, q)

Cmκ = ∂Cm

∂κ
(Mc, α, q)

 with κ = {Mc, α, q} (6.2)

97
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This stability derivatives can be calculated using finite-differences by using the numerical
solutions obtained by A-NISFLOW. For example, the damping-in-pitch Cmq can be calculated
as:

Cmq =
Cm(Mc, α, q +�q)− Cm(Mc, α, q)

�q
. (6.3)

Equation (6.3) is a particular case of the general equation (5.8).

Here we are interested in using the sensitivity equation method as an alternative method
for the calculation of the stability derivatives defined in equation (6.2).

6.2 Two-Dimensional Flow Sensitivity Equations

In this section the equations for the two-dimensional flow sensitivities with respect to a
general parameter η are described. Attention is restricted to the flows associated with
planar aerodynamically steady motions. We will assume there are no external forces (i.e.
fx = fy = fz = 0) . The coordinate system is chosen to be the same as the one used in
Chapter 4 for the Euler flows associated to planar aerodynamically steady motions. The x, y
axes are in the plane of the motion while the z-axis is perpendicular to it. As a consequence,
the airfoil pitches around the z-axis (positive pitch → nose-down).

The two-dimensional sensitivity equations can be obtained from the three-dimensional
sensitivity equations of Section 5.4 by setting w = 0, H = 0, ∇QH = 0, p = 0, q = 0 and
replacing r by q. Doing this setting we get the following results:

1. The sensitivities Sη of the conserved quantities with respect to the parameter η form
a vector array with four components:

Sη1

Sη2

Sη3

Sη4

 = Sη =
∂Q

∂η
=


∂Q1

∂η
∂Q2

∂η
∂Q3

∂η
∂Q4

∂η

 =


∂ρ
∂η
∂ρu
∂η
∂ρv
∂η
∂ρE
∂η

 . (6.4)

2. These sensitivities satisfy the following linear PDE:

∂Sη

∂t
+

∂

∂x
[∇QF · Sη] +

∂

∂y
[∇QG · Sη] = WA · Sη +WB. (6.5)

where ∇QF and ∇QG are the Jacobians with respect to the conserved quantities Q of
F and of G, respectively.
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3. WA and WB are given by

WA(Q; η) =


0 0 0 0
Ωx 0 2q 0
Ωy −2q 0 0
0 Ωx Ωy 0

 (6.6)

and

WB(Q; η) =


0

Q1
∂Ωx

∂η
+ 2∂q

∂η
Q3

Q1
∂Ωy

∂η
− 2∂q

∂η
Q2

∂Ωx

∂η
Q2 +

∂Ωy

∂η
Q3

 . (6.7)

Observe that the Jacobians ∇QF, ∇QG are known functions of the flow solution and
independent of the sensitivities, as are the matrices WA and WB.

4. �Ω reduces to: [
Ωx

Ωz

]
=

[
q2x+ qvc
q2y − quc

]
. (6.8)

6.3 Rotary Stability Derivatives

As an example of the use of the sensitivity equation method in flight mechanics the flow
sensitivity with respect to the pitch rate q is determined. From equation (6.5) the sensitivity
vector for the pitch rate q satisfies the linear PDE

∂Sq

∂t
+

∂

∂x
[∇QF · Sq] +

∂

∂y
[∇QG · Sq] = WA · Sq +WB, (6.9)

where WA is given by equation (6.6), and WB(Q; q), from (6.7) and (6.8), is given by

WB(Q; q) =


0

Q1
∂Ωx

∂q
+ 2Q3

Q1
∂Ωy

∂q
− 2Q2

∂Ωx

∂q
Q2 +

∂Ωy

∂q
Q3

 =


0

Q1 (2qx+ vc) + 2Q3

Q1 (2qy − uc)− 2Q2

(2qx+ vc)Q2 + (2qy − uc)Q3

 . (6.10)

Once equation (6.9) is solved, the pressure sensitivity ∂P
∂q

is available at any point in the

flow field. In the case of inviscid flows, ∂P
∂q

and relationships of the type given in equations

(5.9) or (5.10) are sufficient to calculate the stability derivatives of each of the aerodynamic
forces and moments with respect to the pitch rate. Observe that all the procedures used
to compute the aerodynamic forces can be used to compute their sensitivities by simply
replacing the pressure by the pressure sensitivity.
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6.4 Numerical Results: Pitch Rate Sensitivity

A solution procedure for the two dimensional sensitivity equation (6.9) was implemented
using a finite-volume formulation. The sensitivity solver is called S-NISFLOW and it is based
in the same implicit time-marching iterative technique employed in the flow solvers NISFLOW
and A-NISFLOW. The S-NISFLOW Code can be used to calculate sensitivities with respect to
the angle of attack α, the flight Mach number Mc and the pitch rate q.

The same unstructured grid that was used for the flow solution was used to compute
the flow sensitivities. Note that while it may be convenient to solve the sensitivity equation
using the same scheme and discretization as for the nonlinear flow it is not necessary to do
so. Indeed when using adaptive grid technology one should be aware that an acceptable
refinement for the flow problem may not be acceptable for the sensitivity problem [6].

Figures (6.1)-(6.3) display some of the pitch-rate flow-sensitivities results for the case of
a NACA 0012 airfoil at different Mach Numbers and at α = 0.0o and q = 0. The origin
of coordinates of the body-fixed reference frame was chosen to be at the leading edge. The
fact that q = 0 implies that the flow solutions required to calculate the source term WB,
and the Jacobians ∇QF and ∇QG, can be simply extracted from the Class Code. That is
to say when q = 0 the flow solutions can be obtained from a standard (inertial) CFD code
for uniform flows. However, this approach is not valid in cases where q is non-zero. In such
cases, the flow solutions must be obtained using the A-NISFLOW Code.
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(b) Wide-view, Mc = 0.2

Figure 6.1: Pitch-rate pressure sensitivity contours and velocity sensitivity streamlines for a
NACA 0012 airfoil moving in rectilinear steady motion (q̂ = 0) at Mc = 0.2 and α = 0.0o
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In Figure (6.1)-(a) the pitch-rate pressure sensitivity contours and the velocity sensitivity
streamlines are shown for a NACA 0012 airfoil at Mc = 0.2; these flow sensitivities were
computed using the flow solution shown in Figures (4.8)(a)-(b). The pressure sensitivities
measure how the pressure is going to vary if the airfoil tends to rotate nose-down (positive
q). Similarly, the velocity sensitivity streamlines indicate how the velocities are going to
change if the airfoil tends to move nose-down. Observe that for a positive q (nose-down)
the pressure tends to increase on the airfoil’s upper surface while it tends to decrease on the
lower surface. From this behavior we expect a negative (downward) C�q . From the velocity
sensitivity streamlines one sees that near the upper surface the flow tends to decelerate while
on the lower surface it tends to accelerate. Also, the stagnation point tends to move to the
upper surface.

In Figure (6.1)-(b), a zoom-out of the sensitivity field is shown to display the pressure
sensitivity and velocity sensitivity streamlines in the far-field. Observe that the pressure
sensitivity goes to zero at the far-field. This behavior is expected since airfoil pitch mo-
tions should not change the air pressure in the far-field. Also observe that the sensitivity
streamlines tend to be concentric circles with center at the origin of coordinates (i.e. at the
airfoil’s leading edge). This phenomenon is also expected and can be proved mathematically
by differentiating the velocity far-field boundary condition with respect to the pitch-rate.
Observe that for a positive pitch q (i.e. a pitch in the counterclockwise sense) the far-field
streamlines run clockwise.

Note that the finite-volume sensitivity formulation allows one to treat the range of sub-
sonic, supersonic and transonic speeds. In Figures (6.2) and (6.3) the pitch-rate pressure
sensitivity and the pitch-rate velocity sensitivity streamlines of the same airfoil are shown
but at the higher Mach numbers Mc = 0.5 and Mc = 0.8, respectively. The main features of
the resulting pressure sensitivity and velocity sensitivity streamlines for the case Mc = 0.5
are similar to the low subsonic case.

The case Mc = 0.8 corresponds to the transonic flow shown in Figure (4.3). In particular,
as shown in Figure (4.3)-(a), at α = 0.0o a shock exists on both the upper and lower surfaces
of the airfoil and by symmetry the shocks are located at the same location along the chord.
From the corresponding pressure sensitivity shown in Figure (6.3)-(a), it can be seen that
on the upper surface, between the leading edge and some distance before the shock location,
the expected change in pressure is a more or less uniform pressure increase. On the lower
surface the expected change is a more or less uniform pressure drop. On the other hand on the
upper surface, near the shock location the expected change is a large pressure increase. This
pressure increase is an indication that if the airfoil tends to pitch nose-down, the shock on
the upper surface would tend to move towards the leading edge. The opposite phenomenon
occurs on the lower surface where the pressure sensitivity is large but negative. This result
indicates that if the airfoil tends to pitch nose-down, the lower-surface shock would tend
to move towards the trailing edge. These expected motions of the shocks are in complete
agreement with the shock motion phenomena observed in the flow solutions shown in Figures
(4.12).
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(a) Close-view, Mc = 0.5
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(b) Wide-view, Mc = 0.5

Figure 6.2: Pitch-rate pressure sensitivity contours and velocity sensitivity streamlines for a
NACA 0012 airfoil moving in rectilinear steady motion (q̂ = 0) at Mc = 0.5 and α = 0.0o

It must be noted that the anti-symmetry observed in the pressure-sensitivity contours
with respect to the x-axis is a special phenomenon that only occurs at α = 0.0o due to the
symmetry of the airfoil and the symmetry of the flow solution at that angle of attack.

Table 6.1, shows a comparison of the non-dimensional pitch-rate derivatives C�q̂ = ∂C�

∂q̂

and Cmq̂
= ∂Cm

∂q̂
obtained for four different Mach numbers Mc = 0.1, Mc = 0.2, Mc = 0.5

and Mc = 0.8 at α = 0.0o. As mentioned before, the non-dimensional pitch rate q̂ is defined
to be q̂ = qc

Vc
. The damping-in-pitch Cmq̂

is computed using

∂Cm

∂q̂
=

2

ρ∞V 2
c c

2

∫
σ

[
�x×−∂P

∂q̂
n̂

]
z

dσ

To validate the results Table 6.1 also shows the same aerodynamic derivatives calculated
using QUADPAN [61], [62] and VORLAX [36] which are two panel methods developed at Lockheed.
Both methods use potential flow formulations to estimate the local velocity and they recover
the pressure from approximations to the isentropic, compressible Bernoulli equation. The
results show good agreement between QUADPAN and S-NISFLOW at Mc = 0.1 and Mc = 0.5.
The difference in C�q̂ is around 2%-3% at Mc = 0.1 and increases to 4%-5% at Mc = 0.5.
For Cmq̂

the difference is less than 2% at Mc = 0.1 and increases slightly to less than 4%
at Mc = 0.5. This small difference may be due to inaccuracies of the discretization and/or
to the different approaches used in simulating the pitching motion effect. The estimates at
Mc = 0.8 are quite different. One explanation is that VORLAX and QUADPAN can not model
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(a) Close-view, Mc = 0.8
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(b) Wide-view, Mc = 0.8

Figure 6.3: Pitch-rate pressure sensitivity contours and velocity sensitivity streamlines for a
NACA 0012 airfoil moving in rectilinear steady motion (q̂ = 0) at Mc = 0.8 and α = 0.0o

embedded shocks, whereas it is clear from the flow solution (see Figure (4.3)-(a)) that at
Mc = 0.8 there is an embedded shock.

The comparisons with VORLAX, also shown in Table 6.1, are somewhat worse. At the
lower Mach numbers, the VORLAX values are around 6%/9% smaller in magnitude than those
obtained using QUADPAN/S-NISFLOW.Actually, we expect that the values generated by VORLAX
to be less accurate because VORLAX implements a lifting surface panel method, i.e. it is based
on the approximation that the airfoil has zero-thickness. The values produced by VORLAX at
low Mach numbers are close to the incompressible predictions: C�q̂ = −3π

2
and Cmq̂

= −π
2
,

obtained from thin airfoil theory using the fictitious Etkin’s camber defined by equation
(4.106).

In addition, the S-NISFLOW results have been validated by comparisons to finite-difference
estimates based on nonlinear flow solutions obtained using A-NISFLOW. These finite-difference
estimates correspond to column FD A-NISFLOW of Table 6.1. In subsonic cases, these finite-
difference estimates are within 0.3% of the S-NISFLOW values. For the case Mc = 0.8 the
comparison degrades to about 3% but some of this degrading may be explained by insufficient
grid-refinement in solving the linear sensitivity equation and/or the nonlinear flow equation.
Observe that the negative values of Cmq̂

indicates that the moment produced is always in
the opposite direction of the pitch rotation (i.e. damping-in-pitch). It also follows from
the results that both C�q̂ and Cmq̂

tend to increase in magnitude when the Mach number
increases.
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Mc = 0.1 QUADPAN S-NISFLOW FD A-NISFLOW VORLAX

C�q̂ −5.049 −5.144 -5.139 −4.713
Cmq̂

−1.712 −1.733 -1.732 −1.576
Mc = 0.2 QUADPAN S-NISFLOW FD A-NISFLOW VORLAX

C�q̂ − −5.236 −5.250 −
Cmq̂

− −1.762 −1.766 −
Mc = 0.5 QUADPAN S-NISFLOW FD A-NISFLOW VORLAX

C�q̂ −5.657 −5.988 −5.991 −5.396
Cmq̂

−1.913 −2.006 −2.007 −1.806
MC = 0.8 QUADPAN S-NISFLOW FD A-NISFLOW VORLAX

C�q̂ −7.857 −10.242 −10.541 −7.704
Cmq̂

−2.667 −3.925 −4.047 −2.584

Table 6.1: Computed Pitch-rate Derivatives

As we mentioned before, S-NISFLOW can be used to calculate the stability derivatives
with respect to the pitch rate q even when q �= 0. As example, we consider again the
NACA 0012 airfoil at Mc = 0.8 at α = 0.0o. In Figures (4.12) (Section 4.14) we show
the flow solutions corresponding to planar aerodynamically steady motions with q̂ = 0.0,
0.01, 0.03 and 0.05. Using S-NISFLOW we calculated the flow sensitivities around such flight
conditions. The results are shown in Figures (6.4). Figures (6.4)-(a) and (6.4)-(b) correspond
to the sensitivity solutions for the cases q̂ = 0.0 and q̂ = 0.01 shown in Figures (4.12)-(a)
and (4.12)-(b), respectively. Figures (6.4)-(c) and (6.4)-(d) correspond to the sensitivity
solutions for the cases q̂ = 0.03 and q̂ = 0.05 shown in Figures (4.12)-(c) and (4.12)-(d),
respectively. The behavior shown by the pressure sensitivities of Figures (6.4) agrees with
the real pressure variations shown in the flow solutions. Particularly, it is interesting to note
that the pressure sensitivity solutions predict the slow vanishing of the shock on the airfoil’s
upper surface.
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(a) Pitch-rate q̂ = 0
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(b) Pitch-rate q̂ = 0.01
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(c) Pitch-rate q̂ = 0.03
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(d) Pitch-rate q̂ = 0.05

Figure 6.4: Pitch-rate pressure sensitivity contours for a NACA 0012 airfoil at Mc = 0.8
and α = 0.0o. For the sensitivities of Figure (a) the airfoil is moving in rectilinear motion,
q̂ = 0.0. For the sensitivities of Figures (b), (c) and (d) the airfoil is moving in steady
circular motions with pitch-rates q̂ = 0.01, 0.03 and 0.05, respectively.



Conclusions

A mathematical model for the determination of the aerodynamic forces and stability deriva-
tives has been developed. The mathematical model is based on the idea aerodynamically
steady motions and as part of this work a complete mathematical characterization and gen-
eralization of all possible aerodynamically steady motions was obtained. In particular, it
was proved that in these generalized steady motions the aircraft moves in a class of he-
lical trajectories. For the case of longitudinal motions the most general aerodynamically
steady motions correspond to circular trajectories where the aircraft is moving at a constant
translational velocity, at a constant angle of attack and at a constant pitch rate.

One important use of these results is the determination of time invariant aerodynamic
forces and moments. While such forces could be determined experimentally, such experi-
ments can be quite complex. An alternative approach is to determine these steady aerody-
namic forces using computer simulation, and this was the approach used in this work. The
idea is to determine numerically the flow around the aircraft and obtain the aerodynamic
forces and moments by an appropriate integration of the pressure and shear forces acting
along the aircraft surface. The best reference frame to determine these flow solutions is the
body-fixed reference frame, since as seen from this reference frame the flow is steady, i.e.
time-invariant. However, for general aerodynamically steady motions the body-fixed refer-
ence frame is non-inertial and standard (inertial) CFD formulations can not be used. The
problem is solved by developing a CFD formulation for general non-inertial reference frames.
This CFD formulation was presented in Chapter 3 and it differs from the non-inertial CFD
formulations used in turbomachinery simulations by the fact the non-inertial frame is not
only allowed to rotate but also to translate with a non-zero acceleration. The mathematical
description of the aerodynamically steady motions was incorporated into the CFD formula-
tion. As a consequence, the generalized Navier-Stokes equations and the generalized Euler
equations were derived. These equations allow the determination of the flow around an air-
craft moving in any aerodynamically steady motion. The formulation is valid for all ranges
of Mach numbers including transonic flow.

The method was implemented for the planar case using the generalized Euler equations.
The developed computer codes can be used to obtain numerical flow solutions for the flow
around any airfoil moving in general steady motions (i.e. circular trajectories). To the
best of our knowledge this type of numerical simulations have never been done. From these
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numerical solutions it is possible to determine the variation of the lift, drag and pitching
moment with respect to the pitch rate q at different Mach numbers. In particular, it is shown
that for the case of a NACA 0012 airfoil at subsonic speeds there is a linear behavior of the
lift and pitching moments with respect to q. This linear behavior would explain why linear
aerodynamic models work so well in practice.

One of the advantages of the mathematical model developed here, is that the stability
derivatives with respect to the six motion variables can be obtained in a straightforward
manner. In particular, the model allows the determination of rotary stability derivatives in
a decoupled way. Also, it is important to note that the model makes explicit the notion of
the “stability derivatives” as “partial derivatives” of the aerodynamic forces. The stability
derivatives can be obtained either by finite differences or by using the sensitivity equation
method. In Chapter 5, the sensitivity equation method was applied to the mathematical
formulation in order to handle the computation of stability derivatives. The method was
implemented numerically for the case of planar motions. Pitch-rate derivatives C�q̂ and
Cmq̂

were computed for a NACA 0012 airfoil. The results were compared with two panel
methods (VORLAX and QUADPAN) developed at Lockheed. Good agreement was shown for
the subsonic cases where these panel methods are valid. The method presented here is
able to obtain stability derivatives in transonic flows (where approximations based on the
linearized potential flow equations do not work well). The main virtue of the sensitivity
equation approach is that the stability derivatives can be obtained from a single solution of
the nonlinear fluid mechanics (plus relatively cheap solutions of a linear partial differential
equation).

The natural continuation of this work, would be the numerical implementations of the
three-dimensional CFD formulation and of the Sensitivity formulation presented here. Based
on the successful results obtained from the two-dimensional implementation, the three-
dimensional implementation should give results of direct practical application for the eval-
uation of the aerodynamic forces and stability derivatives of arbitrary aircraft. The im-
plementation of the three-dimensional Euler Equations seems to be straightforward. The
implementation of the Navier-Stokes equations should also be direct as long as the turbu-
lence models do not introduce problems.
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