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The Discrete Hodge Star Operator and Poincaré Duality

Rachel F. Arnold

(ABSTRACT)

This dissertation is a unification of an analysis-based approach and the traditional topological-
based approach to Poincaré duality. We examine the role of the discrete Hodge star operator
in proving and in realizing the Poincaré duality isomorphism (between cohomology and ho-
mology in complementary degrees) in a cellular setting without reference to a dual cell
complex. More specifically, we provide a proof of this version of Poincaré duality over R
via the simplicial discrete Hodge star defined by Scott Wilson in [19] without referencing a
dual cell complex. We also express the Poincaré duality isomorphism over both R and Z in
terms of this discrete operator. Much of this work is dedicated to extending these results
to a cubical setting, via the introduction of a cubical version of Whitney forms. A cubical
setting provides a place for Robin Forman’s complex of nontraditional differential forms,
defined in [7], in the unification of analytic and topological perspectives discussed in this
dissertation. In particular, we establish a ring isomorphism (on the cohomology level) be-
tween Forman’s complex of differential forms with his exterior derivative and product and a
complex of cubical cochains with the discrete coboundary operator and the standard cubical

cup product.
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Chapter 1

Introduction

Poincaré Duality is arguably one of the most substantial results in algebraic topology. In
its strongest form, it states that for a closed orientable n-dimensional manifold M, the
homology and cohomology groups over Z of M are isomorphic in complementary degrees.
Its proof relies on a notion of transversality. Traditionally, Poincaré Duality is recovered via
the homology and cohomology groups of a cell complex X on M and its dual cell structure
X*. This method requires M to admit a cell structure. For the more general manifold M
satisfying the hypotheses of the theorem, the proof relies on the realization of the Poincaré

Duality isomorphism as a cap product. The latter proof can be found in [10].

Throughout this paper, we focus on results in the context of cell complexes. Cell complexes
have long been the foundation for intuition surrounding topological problems. Homology

and cohomology groups are topological invariants that can be defined without reference to
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a cell complex. However, they may be calculated using a cell complex, and the results are
independent of the cell structure chosen. Furthermore, numerical computation calls for cell
complexes. Applications of the underlying theory of this paper can be seen in models of

electromagnetism and other aspects of mathematical physics [4, 9, 15].

The traditional proof of Poincaré duality relies on a cell complex and its dual cell complex.
This is a natural choice in that a cell complex in the presence of its dual makes transversality
explicit through transverse intersections. Additionally, over C, a dual complex allows for the
recovery, in cellular terms, of the Hodge structure of the cohomology groups of a Riemann
surface. As seen in [12], this is a key part of discrete complex analysis. However, bringing
a cell complex’s dual complex into the picture introduces twice as much information, an
undesirable quality from a computational standpoint. Thus, we explore the extent to which
the theory surrounding the Hodge star and Poincaré duality may be recovered in the absence
of a dual complex. The theory developed by Scott Wilson in [19] is the motivation for the

majority of the results that we present.

This paper serves as an alignment of an analysis-based perspective on Poincaré duality with
the traditional topological perspective, expressed in the cellular setting without the usual
reference to a dual cell complex. The discrete Hodge star operator defined by Wilson in [19]
is the expression of the analysis-based perspective. Wilson demonstrates that his star may be
used to prove a version of Poincaré duality like that expressed in de Rham cohomology. We
prove that this result may be pushed further to recover Poincaré duality, as an isomorphism

from cohomology to homology, over R on a cell complex without reference to its dual. We
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align this perspective with the topological perspective on Poincaré duality by interpreting the
discrete Hodge star as the cap product with the fundamental class of M over R. Although
our proof of Poincaré duality does not extend over Z, we define a new, analogous discrete
Hodge star that agrees with the cap product with the fundamental class of M over Z. In this

way, we may realize the Poincaré duality map in its strongest form on a single cell complex.

Throughout this paper, various products play an important role in defining a discrete Hodge
star operator on a cell complex without reference to its dual cell complex. These prod-
ucts are different on the (co)chain level, however, they agree with the standard products on
(co)homology. Thus, the products offer different information from an analysis-based per-
spective, but their agreement on the (co)homology level establishes the alignment of this

approach with that of the traditional algebraic topology perspective on Poincaré duality.

The above results are given in the traditional simplicial setting in Chapter 4. However,
the bulk of this paper focuses on details surrounding Poincaré duality in a cubical setting.
Cubical complexes are useful in many applications. For example, they can be used to model
digital images [14]. It is also easier to work with cartesian products on a cubical complex
than on a simplicial complex. The product of two cubes is again a cube; whereas the product

of two simplices need not be a simplex.

Our cubical theory is heavily motivated by the work of Christian Mercat in [12] and Bobenko,
Mercat, and Suris in [2]. In [12], Mercat defines a cup product of cochains on a 2-dimensional
cubical complex. The study of this product is the foundation of the cubical cup product

of arbitrary degree that we define in Section 3.2.1. Ultimately, our cubical theory creates a
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context into which further analysis-related results of [2, 12] may fit.

In Chapter 3, we give the following new results. We define £? cubical Whitney forms and
a cubical cup product that fits together with the wedge product of cubical Whitney forms.
We define a cubical discrete Hodge star, analogous to Wilson’s discrete star in [19], via this
cubical cup product. We then prove Poincaré duality over R and show that star is the
Poincaré duality map. We also define a discrete Hodge star over Z via the standard cellular

cubical cup product, and we show that this star realizes the Poincaré duality map over Z.

Because our theory is developed on a single cell complex without reference to its dual, we rely
on a nondegenerate pairing on cohomology to recover transversality. The aforementioned
cubical cup product, defined in Section 3.2.1, is our pairing, and the cubical Whitney forms
are the avenue to proving that this pairing is nondegenerate on the cohomology level via the

nondegenerate de Rham Poincaré duality pairing.

Our final contribution is the representation of Robin Forman’s complex of nontraditional
differential forms (defined on a simplicial complex in [7]) as a complex of cubical cochains.
The desire to understand the place of Forman’s work in a more traditional algebraic topology
setting was the motivation for this result. The behavior of Forman’s differential forms on
a simplicial complex naturally defines a cell complex of kites that is associated with this
simplicial complex. In Section 5.2, we define this associated kite complex. We then show
that the complex of Forman’s differential forms with his exterior derivative is isomorphic to
the complex of cubical cochains defined on the associated kite complex together with the

discrete coboundary operator. Hence, these complexes define isomorphic cohomology groups.
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Note that in Chapter 3, we show that a kite is diffeomorphic to a cube, hence the use of the
term “cubical” is appropriate here. Furthermore, the product of Forman’s differential forms
via composition suggests a cup product of cubical cochains on the associated kite complex,
which we define in Section 5.4.2. In Section 5.4.3, we show that this cup product agrees
with the cubical cup product we define in Section 3.2.1 on the cohomology level. Thus, in
Chapter 5, we show that Forman’s differential forms suggest a natural cubical structure that
defines a complex of cubical cochains isomorphic to Forman’s complex of differential forms.
Together with the aforementioned product, we place Forman’s work into the context of the

cubical theory we give in Chapter 3.



Chapter 2

Background

This chapter provides a brief introduction to topics in algebraic topology pertaining to the
results in this paper. We also give key definitions and establish notations that we use

throughout the remaining chapters.

2.1 Cell Complexes

Throughout this paper, we develop theory on two specific cell complexes on a smooth man-
ifold, namely simplicial and cubical. These complexes are reqular cell complexes. The basic

building blocks of any cell complex are topological spaces called k-cells, defined below.

Definition 2.1.1. A topological space c is called a k-cell if it is homeomorphic to a closed

k-dimensional topological ball B*. ¢ is called a open k-cell if it is homeomorphic to Int B*.
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Before we define a regular cell complex, we first define a cell complex, or CW complex.

Definition 2.1.2. A CW complex is a Hausdorff space X together with a collection of

disjoint open cells C' such that

1. For each open k-cell ¢ € C, there is a continuous map f. : B¥ — X such that

i. f. maps Int B¥ homeomorphically onto ¢, and

ii. f. maps Bd B* into a finite union of open cells, each of dimension less than .

2. Aisclosedin X if ANcis closed in ¢ for all c € C.

A regular cell complex places certain restrictions on the types of k-cells of which it is com-
prised.

Definition 2.1.3. A regular cell complex X is a Hausdorff space together with a collection
of disjoint open cells C' such that

1. For each open k-cell ¢ € C, there is a homeomorphism f. : B¥ — X such that

i. f. maps Int B¥ homeomorphically onto ¢, and

ii. The image of Bd B¥ under f. equals the finite union of open cells, each of dimen-

sion less than k.

2. Aisclosed in X if Aneis closed in ¢ for all ¢ € C.
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Remark 2.1.4. A regular cell complex is a CW complex with the added conditions that the
attachment maps f. are homeomorphisms for all ¢ € C, and the image of the boundary of

each cell under f. is a subcomplex.

The condition that the attachment maps f. are homeomorphisms guarantees that there are
no identifications made on the boundary of a cell. For example, each edge has two distinct
vertices in its boundary. See Figure 2.1 for an example of a CW complex that is not regular
and an example of a regular cell complex. Note also that the intersection of any two n-cells

in a regular cell complex is either nonempty or is the closure of a union of (n — k)-cells.

A CW complex A regular cell complex
that is not regular

Figure 2.1: A comparison of a CW complex that is not regular with a regular cell complex.
As mentioned earlier, we will work with simplicial and cubical complexes. Thus, we define
each explicitly in terms of its cells.

Definition 2.1.5. A set {ao,...,a;} of points of R¥™! is geometrically independent

provided for any real numbers t;, if

k k
Ztl =0 and thaz = 07
1=0 1=0

thent0:t1:~~-:tn:O.
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Definition 2.1.6. Let {ay,...,a,} be a geometrically independent set in R™. We define the

n-simplex ¢ spanned by ay, ..., a, to be the set of all points x of R™ such that

n n
T = g t;a;,  where each t; is nonnegative and g t; = 1.
i=0 i=0

An n-simplex is denoted by its vertices [ao, . . ., a,]. We denote a standard n-simplex by the
vertices [vg, . .., v,), where v; = (0,...,0,1,0,...,0) with the 1 in the i"* position. (to,...,)
are called the barycentric coordinates of the point ), t;v; in [vy, . .., v;]. The barycenter
of [vg,...,vg| is such that the barycentric coordinates are equal in each component. We

denote the barycenter of a simplex o by &.

Definition 2.1.7. A face of an n-simplex o = [aq, . . ., a,] is a simplex spanned by a subset
of {ag,...,a,}. In other words, a face 7 of o is such that 7 = [uy, . .., u;] where each u; = a;

for some 7,1 < j<n,and k < n.
Definition 2.1.8. A simplicial complex X in R” is a regular cell complex whose cells are

simplices such that

1. Every face of a simplex of X isin X.

2. The intersection of any two simplices of X is a face of each of them.
Definition 2.1.9. The standard p-cube, e,, is the subset of R" consisting of points (z1, ..., x,)

such that z; =0fori>p,and 0 < x; <1 for 1 <7 <p.

In this way, the standard p-cube is a face of the n-cube. We will denote it by its nonzero

variables (z1,...,z,).
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Definition 2.1.10. A cubical complex K in R" is a regular cell complex who cells are

cubes such that

1. Every face of a cube of K is in K.

2. The intersection of any two cubes of K is a face of each of them.

Throughout this paper we will use the term “cubical structure” to refer to a cell complex in
which each p-cell is the image of a diffeomorphism of the standard p-cube. So, each cell of
a cubical structure is not necessarily a perfect cube. We define this term more carefully in

Chapter 3.

In Chapter 5, we work with polyhedrons that are a subset of the standard n-simplex. We

call these polyhedrons kites.

Definition 2.1.11. Let ¢ = [vp,...,vx] be a k-simplex and let 7 = [ug,...,ux_p| be a
(k — p)-simplex in o, p < k. Let wy,..., wy_1 denote the vertices in ¢ that are not in 7.
Let x,, denote the barycentric variable that is 1 at v;. We define a p-kite in ¢ to be the

polyhedron transverse to 7 defined by the following subset of o.

{(@os - W)t Tyy = -+ = Ty, _, and 0 < wy,, < 2y, for all 4, 0 <4 <k}

Note that when p = 2, the above definition coincides with the more traditional definition of

a kite as a quadrilateral with two distinct pairs of equal adjacent sides.
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2.2 Homology and Cohomology Groups with R Coeffi-

cients

2.2.1 General Homology and Cohomology Groups Over R

Definition 2.2.1. Let C; denote an abelian group for all ¢ > 0. Let 9, : C;, — C,_1 denote a

homomorphism such that 9,00,4+1 = 0 for each p > 0 (we define 9y = 0). Then the sequence

Op+1 17) Op-1 9] 0
s Oy — Cy —— Oy —— - v

s O

\CO \O

is called a chain complex and each C; is called a chain group.

Because 0, 0 0,41 = 0 for each p, Im 3,1 C Kerd,. Thus, we have the following definition.

Definition 2.2.2. The p** homology group of a chain complex is

H,=Ker0,/Im0,;.

From any chain complex, we may define its dual cochain complex as follows.

Definition 2.2.3. Define a cochain group by C? = C; = Hom(C,,R). Let 6" = 0>, :
C? — CP*! be the map dual to 9, for all p. Because 9,00,,1 = 0, it follows that 6?0 §?~ = 0.

Thus, the sequence

op op+1

op—1
CP—H — s ...

s orl s P

is called a cochain complex.
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Note that for o € CP, §?(a) = 07, (@) = @09,y by the definition of a dual homomorphism.

Because 67 o 677! = 0, we have Im 6?1 C Ker 6. Thus, we have the following definition.

Definition 2.2.4. The pt* cohomology group of a cochain complex is

HP = Ker 6”/ Im 67"

We will work with (co)chain complexes defined on simplicial and cubical complexes.

2.2.2 Cellular (Co)Chains and (Co)Homology Groups
Definition 2.2.5. A cellular p-chain on a complex X is a linear combination of p-cells in
X. We denote the abelian group of cellular p-chains on X by C,(X).

A cellular p-cochain on X is a homomorphism that assigns a number to each p-chain in

C,(X). We denote the abelian group of cellular p-cochains on X by C?(X) = Hom(C,(X), R).
Thus, given a homomorphism 0 : C,(X) — C,_1(X) satisfying 0 o 0 = 0, we have the
following chain complex.

D Op(X) =2 Oy () 2 s Oy () —2s () —2s 0,

And, if § = 9* : CP(X) — CPT1(X) (hence §od = 0), we have the following cochain complex.

o) 2 orr) 2 Cir (X) AN

Thus, we define cellular homology and cohomology associated with these complexes.
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Definition 2.2.6. The p* cellular homology group of X is

HS(X) = Kerd,/Im 1.
The pt* cellular cohomology group of X is

H{(X) = Kerd,/Imd,_;.

Throughout this paper, we will take X = X when referring to a simplicial complex and
X = K for a cubical complex. In each case, we can explicitly define the connecting homo-
morphisms 0 and §. However, introducing these definitions requires defining an orientation

on the cells of a simplicial complex and a cubical complex.

Definition 2.2.7. Let 0 = [vg,...,v] be a k-simplex for some & > 0. We define two
orderings of its vertices to be equivalent if they differ by an even permutation. If k£ > 1, the
orderings split into two equivalence classes. Each of these classes is called an orientation
on o. Note that a 0-simplex only has one orientation. An oriented simplex is a simplex o

together with an orientation on o.

Throughout this paper, we take the standard orientation of a k-simplex to be the

orientation that agrees with the order of its vertices v, ..., vg.

We may also define a vector orientation of a k-simplex o as follows.

—

Vo — Viy.o. Uy — U4y ...,V — Vj.

Thus, we anchor the orientation at a vertex v; in o, and consider the vectors that emanate

from v;. The standard orientation of k-simplex and the vector orientation given by v; —
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Vo, ..., U — Vg are regarded as agreeing. The vector orientation anchored at v; differs from
the standard orientation by a sign of (—1)%, where ¢ is the number of moves to bring the

anchor to the front of the list of vertices.

Definition 2.2.8. Let 7 = (xy,...,x,) be a p-cube for some p > 1. Regard the direction
of increase of each variable as fixed in the direction from 0 to 1. We define two orderings of
the variables of 7 to be equivalent if they differ by an even permutation. For all p > 2, the
orderings split into two equivalence classes. Each of these classes is called an orientation on
7. A 0-cube is defined to have a single orientation. A 1-cube is defined by a single variable

x1 and hence has a single orientation, also.

We will take the standard orientation of a p-cube to be the orientation that agrees with
the ordering of its variables x4, ..., z, for all p > 1. In the case where p = 0, we have noted
that there is a single orientation. Thus, when we say “orient a p-cube, p > 0, by the order

2

of its variables,” it is implicit that we handle the case where p = 0 as mentioned.

Note that we may also give a vector orientation of a p-cube via the tangent directions in
which the variables z; increase. Changing the direction of k-vectors changes the orientation

by a sign of (—1)*. This allows for two orientations in the p = 1 case.

In Chapter 5, we relate the orientation of a k-simplex ¢ to the orientation of a p-kite contained
in o via a vector orientation of ¢. This provides the motivation for our definition of an

orientation on a p-kite.

Definition 2.2.9. Suppose k,p > 0 with p < k. We define the orientation of a p-kite
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contained in a k-simplex o as follows. Let vg,..., v, be the vertices of o. Suppose the

orientation of ¢ is given by

—_—
Vo — Viyoo oy Uy — U4y ...,V — Us.
Choose a subset of p vertices from vy, ..., v, that does not include the orientation anchor v;.
Call these vertices wy, ..., w,_1, given in the order in which they appear in vy, ..., v;. These

vertices define a subset of the orientation vectors on o.

Wy — Viy v ooy Wp—1 — V4.

We may associate each w; — v; with the barycentric variable z,, that is 1 at w;. This defines

an orientation

Tuwgs -+ Loy

on the p-kite in o for which these serve as the free variables. Note that this is exactly the p-
kite transverse to the (k—p)-simplex defined by the set of vertices in o that is complementary

to wo, ..., wp_1.

We will see later that this definition is necessary for properly relating the orientation of
a p-kite 1 to the orientation of the k-simplex o that contains it. Note that the subset of
orientation vectors of o given by wy —v;, ..., w,—1 —v; does not make sense as an orientation
of n because these vectors do not lie in the tangent space of 1. Thus, by describing the
orientation on 7 as Ty, - - - , Ty, , We are in a sense “projecting” the orientation vectors of o

onto 7.
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For each complex, we now give the definitions of . § = 9* is then determined on a p-cochain
a by

d(a) =aod.

Definition 2.2.10. We define the cellular simplicial boundary map 0 : C,(X) —

Cp—1(X) for p > 1 by

p

Oplvos -, vp) = D (1) [vo,- -, T - -, vy).

=0

Definition 2.2.11. We define the cellular cubical boundary map 0 : C,(K) — C,_1(K)

for p > 1 by
p

0o =) (1) (o

i=1

Iizl

o ml:o).

By convention, gy = 0.

2.2.3 Singular (Co)Chains and (Co)Homology Groups on a Cell
Complex

Definition 2.2.12. A singular p-chain on X" is a continuous map f : e, — X, where ¢,

denotes a standard cell in X. We denote the abelian group of singular p-chains by S,(X).
So, a singular simplicial p-chain is a continuous map of the standard p-simplex into X; a
singular cubical p-chain is a continuous map of the standard p-cube into K.

Definition 2.2.13. A singular p-cochain on X assigns a number to each singular p-chain

in S,(X). We denote the abelian group of singular p-cochains by S?(X’) = Hom(S,(X),R).
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Thus, given a homomorphism 0 : S,(X) — S,-1(X) satistying 0 o 9 = 0, we have the

following chain complex.

8p_ 1 60

D S (X) =2 5 () b Si(A) =2 Sp(x) —2 0.

And, if § = 0% : SP(X) — SPTL(X) (hence 6 0§ = 0), we have the following cochain complex.

L i) L sy s S ()

Thus, we define singular homology and cohomology associated with these complexes.
Definition 2.2.14. The p** singular homology group of X is

HS(X) = Ker 9,/ Im 0,1
The pt* singular cohomology group of X is

HY%(X) = Kerd,/Imd,_;.

Below, we give the explicit map 0 in the case where X" is a simplicial complex and where X

a cubical complex.

Definition 2.2.15. We define the singular simplicial boundary map 0 : S,(X) —

Sp—1(X) for p > 1 by

Definition 2.2.16. We define the singular cubical boundary map 0 : S,(K) — S,-1(K)

for p > 1 by

Opf = Z(—l)i“(f!“:l — fla o)
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By definition, the singular simplicial boundary maps commutes with the cellular simplicial
boundary map. The same is true in the cubical setting. In the simplicial case, the cellular
chain [vp, ..., v,| corresponds to the singular chain o that is the identity map on [v, ..., vp).

Thus, the image of U|[v0 is [vg, ..., 0iy...,0p]. In particular, if 0. and O denote the

f)i,...,vp]

cellular and singular boundary maps, respectively,

00 =0

Oclvo,...,vp)”

Similarly, for the cubical setting.

2.2.4 De Rham Cohomology

We provide the following background on de Rham cohomology because it serves as motivation
for both the theory in [19] and the theory that we develop in this paper. The details of this

section are provided in [3].

Stokes’ Theorem provides a natural dual relationship between differential forms on a smooth
manifold and the singular chains of a cell complex X on M. Differential forms behave like

cochains via integration along a chain.

Definition 2.2.17. The de Rham complex is the cochain complex of exterior differential

forms on a smooth manifold M with the exterior derivative d in place of ¢, as follows.

oYM S orovr) 2 e ()

QOF(M) is the space of smooth k-forms on M.
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Definition 2.2.18. The p* de Rham cohomology group is given by

HY.(M) =XKerd,/Imd,_;.

De Rham’s theorem states that
HCIZR(M) = Hf’;(X;R)
for X a simplicial complex on a smooth manifold M.

Because differential forms are naturally related to cochains as described above, we frequently
interchange the terms “differential form” and “cochain” throughout this paper. In doing so,
we alert the reader that we are referring to a subset of differential forms in Q(M) that take
integral values only.

Isomorphisms on Cellular and Singular (Co)Homology

In this section, we provide the theorems that assert the following.

1. Cellular and singular simplicial (co)homology are isomorphic.

\V)

. Cellular and singular cubical (co)homology are isomorphic.

3. Singular simplicial and singular cubical (co)homology are isomorphic.

=~

. Cellular simplicial and cellular cubical (co)homology are isomorphic.
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The last result follows from the first three.

First, we recall a theorem from [10] that is useful in establishing the above isomorphisms on

the cohomology level.
Theorem 2.2.19. If a chain map between chain complexes of free abelian groups induces
an isomorphism on homology groups, then it induces an isomorphism on cohomology groups
with any coefficient group G.
Proof. The proof is given in [10].

O

Theorem 2.2.20. Let X be a simplicial complex on a smooth manifold M, and let p > 0 be

arbitrary. Then,
1. HS(X) = HS(X).
2. HY(X) = HE(X).

Proof. The proofs are given in [13] via a chain map between C'(X) and S(|X|), where | X|

denotes the union of the simplices in X. This chain map is described in Remark 2.2.22.
m

Theorem 2.2.21. Let K be a cubical complex on a smooth manifold M, and let p > 0 be

arbitrary. Then,

1. HS(K) = HS(K).
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2. HY(K) = HY(K).

Proof. In [10], Hatcher gives the proof for an arbitrary CW complex. By definition, K is
a regular CW complex. However, we specify the boundary in K. In an arbitrary CW
complex, there are issues surrounding orientation of boundaries. In his proof, Hatcher gives
a mechanism for addressing CW complexes and their topological boundaries. Thus, we
must verify that the cellular boundary map defined in Definition 2.2.11 agrees with this

mechanism.

Hatcher identifies C,(K) with H,(K?, KP'), where K denotes the i-skeleton of K. He

handles the boundary map from H,,(K?™, K?) to H,(K?, XP~') via H,(KP?) as follows.

Hy (K7 K7 220 [ (KP) 2 [ (KP, XP)

where 0,41 is the connecting homomorphism which is defined by the cubical singular bound-
ary map and j, is induced by the identity map. Because 0,11 commutes with the cubical
cellular boundary map, Hatcher’s mechanism agrees with the boundary convention defined
in the cubical cellular setting. Thus, we may borrow the details of Hatcher’s proof to obtain

the desired result.
O]

Remark 2.2.22. Let o be a single p-cell in C?(X'), and let f be the singular chain f : e, = X
such that Im f = . The above isomorphisms between singular and cellular homology are

induced from the inclusion i : C,(X) — S,(]X]|) given by i(c) = f.
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Let o be a singular p-cochain that takes value 1 on some singular p-chain f : ¢, = X and 0
otherwise. The image of f is a cellular p-chain, call it o. Let 3 be the cellular p-cochain that
takes value 1 on o and 0 otherwise. Then the isomorphism between singular and cellular

cohomology identifies o and .

Theorem 2.2.23. Let X and K be simplicial and cubical complexes, respectively, on a

smooth manifold M. Let p > 0 be arbitrary. Then,
S ~ S
1. HY(X) = Hy(K).
2. HY(X) = H(K).

Proof. In [6], Eilenberg and MacLane define a chain equivalence f : S,(X) — S,(K).

Recall that the standard n-simplex is denoted by its vertices [vo, ..., v,] and the standard
n-cube is denoted by its variables (z1,...,z,). Let T" denote a singular simplicial cochain.

Then the chain equivalence f : S,(X) — S,(K) is defined by

(fT)(x1,...,2,) =T (vo,...,0,)

where

U1 = {['1(1 —1'2),

v = x-x(l — 24q), 0<i<m,



Rachel F. Arnold Chapter 2 23

Up = T1-c-Tp.

Because f is a chain equivalence, f induces the isomorphism in 7. By Theorem 2.2.19, it

follows that f also induces the isomorphism on cohomology in 2.
O

Theorem 2.2.24. Let X and K be simplicial and cubical complexes, respectively, on a

smooth manifold M. Let p > 0 be arbitrary. Then,

1. HS(X) = HS(K).

2. HY(X) = HY(K).

Proof. The result follows from Theorem 2.2.20, Theorem 2.2.21, and Theorem 2.2.23.

Thus, we see that the (co)homology groups in play throughout this paper are all isomorphic.
For this reason, we drop the notation identifying the group as cellular or singular. Where

necessary, we make distinctions clear.

2.2.5 Topological Invariance of (Co)Homology Groups

Suppose M is a smooth manifold. Given two different simplicial complexes on M, or two

different cubical complexes on M, the (co)homology groups defined by these complexes are
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the same. Thus, we may use H,(X') and H,(M) interchangeably. Similarly for H*(X) and

H*(M).

Theorem 2.2.25. Suppose X and Y are simplicial complexes on a manifold M. Then, for

all p,

2. H?(X) = H?(Y).

Proof. The proof of 1 is given in [13]. 2 follows from Theorem 2.2.19. O

Lemma 2.2.26. Any cubical complex K can be triangulated, i.e. subdivided into a simplicial

complez.

Proof. 1t suffices to show that the n-cube may be triangulated for all n > 0, and that these
triangulations restrict in a consistent manner to boundaries. To see this, we construct a

simplicial complex on K via induction on the dimension n of a top-dimensional cube in K.

Base Case: For n =0 and n = 1, an n-cube is already a simplex. Nonetheless, we give the
construction for n = 1 to make clear our inductive method. Place a vertex at the center of
the 1-cube. The joins of the center vertex to the vertices in its boundary are 1-simplices. To
construct a simplicial complex on the 2-cube o, we begin with the 1-cubes contained in o.
Generate the 1-simplices associated with each 1-cube in the boundary of o as above. Place
a vertex in the center of the 2-cube. The joins of this vertex with the 1-simplices in the

boundary are 2-simplices. In this way, we triangulate the 2-cube.
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Inductive Hypothesis: Let n > 0 be arbitrary and assume the n-cube may be triangulated.

Inductive Step: Consider the (n + 1)-cube. Triangulate its n-skeleton by the inductive
hypothesis. Place a vertex at the center of the (n+ 1)-cube, namely the point whose coordi-
nate entries are all % The joins of the this vertex with the n-simplices in its n-skeleton are

(n + 1)-simplices. This yields a triangulation of the (n + 1)-cube.
So, by induction, an n-cube may be triangulated.

Note that construction of the triangulation of the n-cube always builds on previous construc-
tions on lower dimensional skeletons. Thus, we need not worry about the consistency of the

construction at the boundary of each n-simplex in the triangulation of K.
O

Theorem 2.2.27. Suppose K and L are cubical complexes on a manifold M. Then, for all

D,

2. H?(K) = H"(L).

Proof. By Lemma 2.2.26, K and L can each be triangulated, yielding two simplicial com-
plexes X and Y, respectively. By Theorem 2.2.25, the (co)homology groups of X and Y are
isomorphic. By Theorem 2.2.24, the (co)homology groups of K and L are isomorphic to the

(co)homology groups of X and Y, respectively. The result follows by transitivity. O]
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2.3 Products on a Complex

In [18], Whitney defines products on an arbitrary complex X with integer coefficients. These
definitions can be restated using real coefficients, instead. We make this change because we

work with real coefficients throughout much of this dissertation.

A cap product is a product of a chain of degree p + ¢ and cochain of degree p that returns a
chain of dimension ¢. A cup product is a product of cochains of arbitrary dimension p and
¢ that returns a cochain of dimension p + ¢. One can show that the standard cup product

on a complex X defines a ring structure on its cohomology groups.

In this section, and throughout the remainder of this paper, we will use the notation ; to

denote a k-cochain that is 1 on the k-chain o, and 0 otherwise.

Whitney asserts that there are three defining properties of a cap product.

Definition 2.3.1. A cap product on an arbitrary cell complex X is a product N : Cpy (X)) X
CP(X) — Cy(X) satistying the following three conditions.
1. Suppose 0,14 € Cpiqe(X) and 0,(X) € C,(X) are single cells. Then o,., N g, is a
g-chain in St(o,) - 0piq-
2. 0cnNa)=(-1)P(0cNa—ocNda) for o € Cppy(X) and o € CP(X).

3. For some real number v, I(0, N 6,) = 7n for all g, € C,(X). Note that I is the

constant 0-cochain that takes value 1 on each 0-cell of X.
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St(o,) is the union of all cells in which o, is a face. St(o,) - 0,4, is the closure of the union

of St(o,) and 0,4,. In general, A - B denotes the union of all cells in A and B.

Note that Whitney’s second defining property of the cap product in [18] differs from the one
we give above. We have altered this property so that the standard singular simplicial cap
product, defined momentarily, meets the three properties given above. This alteration elicits
results analogous to those given in [18] which can be proven similarly with this change, as

we will see in detail below.

Whitney also asserts that there are three defining properties of a cup product of cochains.

Definition 2.3.2. A cup product on an arbitrary cell complex X" is a product U : CP(X) x

C1(X) — CPT1(X) satisfying the following three conditions.

1. Suppose g, € C,(X) and 0, € Cy(X). Then 6,Ud, is a (p+q)-cochain in St(o,)-St(o,).
2. §(aUpB)=0aUpB+ (—1)PaUdp for a € CP(X) and 5 € CUX).

3. For some real number v, I Ua = v« for all « € CP(X) and for all p, where [ is the

constant 0-cochain that takes value 1 on the 0-cells of X.

Whitney states that a cup product and its corresponding cap product satisfy the following.

1. (aUp)(o) =p(cNa)for all o € Cpiy(X), a € CP(X), and § € CUX).

2. ="
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We give the standard definitions of the singular products in both the simplicial and the

cubical setting. See, e.g., [10]

Definition 2.3.3. The singular simplicial cup product U: SP(X) x S9(X) — SPTI(X)

is defined on o € S,4,(X) by

(@UB)(o) =alol,, )8l . ).

V0., Up) Up ey Uptql

Definition 2.3.4. The singular simplicial cap product N : S, ,(X) x SP(X) — S,(X)

is defined by

o QO - 80(0-‘[vof"'v’up]>0-|[’Upv"'vvp‘ﬁ'q}.

Remark 2.3.5. We have earlier stated that the domain of a singular chain is a standard

simplex. Thus, we will take the notation 0‘ 8 to implicitly mean o Ry 0p ] preceded
Py Up+q

P7"'7vp+q]

by the orientation-preserving map [vo, ..., V4] = [Up, - . -, Upigl-

The cubical definitions first require the introduction of some notation. See, e.g., [11].

Let e,, be the standard n-cube and H an ordered subset hq, ..., h, of the integers 1,...,n.

Define A}, : e, = e, (e=0o0r 1) by
Mg (ug, ..o upy) = (v1,...,0p)

where v; = € if i ¢ H and vy, = u, if i = h, for some r, 1 <r < p. Thus, \Y is an isometry
of e, onto the p-face in e, which contains the origin and lies in the subspace spanned by
Upy, - .., Up,. Al is an isometry of e, onto the p-face in e, which contains the point (1,...,1)

and is parallel to the subspace spanned by us,, ..., us,.
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Definition 2.3.6. For singular cochains o € SP(K) and € SY(K), the singular cubical

cup product U: SP(K) x SI(K) — SPT(K) is defined by

(@UB)(0) = pux alooXNy) - B0 o Ag),
H
where o € S,4,(K) and pgx = sgn(hy, ... hy, ki, ..., kg).

Definition 2.3.7. For 0 € S,,,(K) and a € SP(K), the singular cubical cap product

N Spiq(K) x SP(K) — S,(K) is defined by

Uﬂa:ZPHK alco X)) oo,
H

The above products can be defined in the cellular setting via Theorem 2.2.20, Theorem 2.2.21,

and Remark 2.2.22.

The following theorems in [18] aid in proving that any two cap products, respectively cup

products, agree up to multiplication by an integer on homology, respectively cohomology.

Theorem 2.3.8. Let N be any cap product with v, = 0. Then there is a bilinear operation

A such that

(1) 0piq NGy is a (q+ 1)-chain in St(o,) - 0piq.
(2) o,N G, =0(c, \Gp).

(3) Oprqg NGy =0(0psq N Gp) + (—1)P[00p1q N Gp — Opiq N 06,] for ¢ > 0.

Proof. Let p > 0 be arbitrary. We will construct A by induction on q.
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Base Case: Suppose ¢ = 0. By assumption, o, N6, = > ¢ Tyv; with Y8 T = 0; v; is a
vertex in o,. Thus, we may construct o, A &, so that d(c, A6,) =Y b Tiv;. So, (2) holds,

and (1) is trivially true.

Inductive Hypothesis: For arbitrary p > 0, suppose we can construct o,, A &, for all 7,

0 <r < ¢ satisfying the necessary conditions.

Inductive Step: Define 0,4,/ 7, to satisty (1), i.e. 0,446, = 0if 0, is not a face of o,4,.
Suppose o, is a face of 0,1, We may define a g-form ¢ as follows because do,, A 7, and

Opt+q /\ 00, are previously constructed by the inductive hypothesis.
¢ = 0ptqNp = (=1)P100p1q N Gp = Opiqg N 65y]

We will show that ¢ = 0 on 7,44, a contractible space. By the Poincaré Lemma, it will

then follow that as ¢ > 0, we may construct o4 A 6, such that 9(c,+4 A 7,) = C.

By the inductive hypothesis, rerranging (3) yields the following two equalities.

NIopsq NOp) = 00prq NGy — (=1)°[0 0 Oopsg A Gp — Oopsq N 00

= 00ppqN G, + (—1)P00p1q N 60y,

NOpig NOG,) = 0pigN 66, — (=)0 1y A 66, — pig A 055,

= Up+q N 6(5’19 — (_1)P+180.p+q A\ 5(3'1;
By the definition of a cap product,

a(O'p+q N é’;,,) = (—l)p[80p+q N 5p — Up+q N 56’17]
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Thus,

0C = 0(0ptqNay) — (—1)P0(00psq N Gp) + (—1)P0(0prq A 66)
= (=1)"[00p+q N 6p = 0piq N 66,] — (=1)P100p1q N Gy + (—1)700p1q A 65]

H(=1)P[0p1q N 05, — (=1)P 100y A 05

Hence, ( is a cycle on 7,44, and we may construct o,., A 6, such that d(o,4, A 6,) = .

So, (%) holds.
Thus, by induction, A is a bilinear operation satisfying (1), (2), and (3). O

Theorem 2.3.9. Let U be any cup product with v, = 0. Then there is a bilinear operation

V such that

(2) If g <0, 6,V 4 is a (p+ q — 1)-chain in St(o,)-St(o,).

(3) 6,Ub,=06(6,V bq)+ 00,V aq+ (—1)P, V da,.

Proof. Because 74 = v, = 0, we may construct A as in Theorem 2.3.8. Thus, V can be

constructed to correspond to A using the relationship

(610 v 6q)(‘7p+q) = &q(Uerq A &p)'
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The following two theorems assert agreement of two cap products, respectively cup products,

on homology, respectively cohomology.

Theorem 2.3.10. Let N, and Ny be cap products on an arbitrary complex X. Let p,q > 0

be arbitrary. Suppose also that o € Cpiy(X) and a € CP(X) such that 0o = daw = 0. Then,
[y (0 N )] = [y, (0 Ny @)

in Hy(X).

Proof. Let ' = v, Ny—7n,Mp. Note that N is a cap product on X' by linearity. Furthermore,

Yo = Y Yne — V¥, = 0. Thus, by Theorem 2.3.8, there is a bilinear product A that satisfies

(1), (2), and (8). Suppose ¢ = 0. Then by (2),
oM a=0(cAa).
Suppose ¢ > 0. Then, because o is a cycle and « is a cocycle, (3) yields
oNa = IoAa)+ (=1)P[0c ANa— o Ada
= J(cNa).

So, for all ¢ > 0, o N « is homologous to 0. Because ' =N, — Ny, 0 N, « is homologous to

o Ny a, as desired.

[]

Theorem 2.3.11. Let U, and U, be cup products on an arbitrary complex X. Let p,q > 0

be arbitrary. Suppose also that o € CP(X) and € CUX) are cocycles. Then,

[, (@ Ua B)] = 0. (@ Uy B)]
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in HP(X).

Proof. The proof is analogous to that of Theorem 2.3.10 using instead U = 7y, Uy, —7u,Us

and Theorem 2.3.9.

2.4 Poincaré Duality

In this section, we give the statement of Poincaré duality in its strongest form, i.e. with
coefficients in Z. We then provide the intuition behind its proof via a cell complex and its
dual. We also discuss the Poincaré duality isomorphism as a cap product. Analogous results

hold for coefficients in R.

2.4.1 The Duality Theorem

Theorem 2.4.1. (Poincaré Duality) Let M be an n-dimensional oriented closed manifold.
Then for all p,

HP(M;Z) = H,_,(M:Z).

Details of the proof can be found in [13]. Poincaré Duality requires a notion of transversality.
The traditional proof of Poincaré Duality, in the simplicial cell complex setting, is given via
a simplicial chain complex C'(X;Z) and its dual chain complex D(X;Z). It is the presence

of a dual complex that provides the transversality that is key in obtaining the result. For
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any p, C?(X;Z) is naturally isomorphic to D,,_,(X;Z) as the p-chains of the complex are in

1-1 correspondence with the cochains of complementary degree in the dual complex.

The Poincaré Duality isomorphism is explicitly expressed as D : HP(M;Z) — H,_(M;Z)
defined by D(«) = [M] N a. [M] denotes the fundamental class of M and N is the singular
simplicial cap product. The fundamental class is a homology class of M that is most intu-
itively interpreted as the sum of the top dimensional simplices in X. So the cap product
with the fundamental class realizes the Poincaré Duality isomorphism. Details surrounding

this expression are in [10].

2.4.2 De Rham Poincaré Duality

The following background on de Rham Poincaré duality is in [3].

In de Rham theory, there is no associated homology theory. Thus, de Rham Poincaré Duality

presents itself as an isomorphism on complementary de Rham cohomology groups.

Theorem 2.4.2. Let M be a smooth oriented closed manifold. Then for all p,

Hp(M;R) = Hyp"(M; R).

This isomorphism is a consequence of the existence of a nondegenerate pairing of differential

forms via the smooth wedge product, ax 3 fM a/Af, where « € QP(M) and g € Q" P(M).
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2.4.3 The Hodge Star Operator

In this section, we present theory surrounding the smooth Hodge star operator as given in

[16], unless otherwise stated.

For a given smooth oriented Riemannian manifold M, the Hodge star operator * : QP (M) —
(""P(M) is a linear map defined on the space of differential forms 2*(M). We will see that
x gives a nondegenerate pairing of forms in complementary degrees and hence it provides
an alternative way of recovering transversality. However, this transversality is strictly on
the cochain level, rather than between chains and cochains. First, we give some background

before introducing *.

Suppose M is a smooth oriented Riemannian manifold. A Riemannian manifold means
that we have an inner product ( , ), on the tangent spaces T, M, x € M, that varies
smoothly in x. This structure defines an inner product on the cotangent spaces T M. Let
{v1,...,v,} be an orthonormal basis for 7, M, with orientation given by vy, ...,v,. Then

{T:M elements dual to the v;’s} is an orthonormal basis for T M.

If {e1,...,e,} is an orthonormal basis for T M, then {e;, A---Ae;, :i1,..., 14, are distinct}
can be used as an orthonormal basis for the exterior power APTM. Hence, it defines an
inner product ( , ),, on APT*M for all p. A volume form w is a differential n-form with

value e; A--- Ae, at Ti M.

Definition 2.4.3. For each p, the Hodge star operator x : QP(M) — Q" P(M) is defined
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by
(aN*B)(x) = (a(x), B(x))ps - w(T) for all o, B € QP(M).
Note that  is linear in each fiber of % (M). One can check that
k(e A= Nej,) =sgno ey N---Nej,_,

where {i1,...,%p,J1,.-,jn—py = {1,...,n} and sgno is the signature of the permutation
(’il, . 77;177.7.17 Ce ,jn,p) of (1, c ,Tl).

Under this expression, we see that
*k (€5, A== Nej,) =sgnoy sgnoy e, A---Nej,,

where o1 = (i1,...,0p, J1, -+ Jn—p) and 02 = (j1,- -+ Jn—p,i1,---,0p). Note that sgno; =
(—1)P("=P) 5on gy, because p(n — p) swaps are necessary to rewrite oy as 0. Thus, *x = %1

depending on dimension.

The Hodge star defines an £? inner product via
(o, B) 2 _/ a A x[.
M

Thus, the nondegenerate de Rham Poincaré duality pairing of representatives of HP (M) x

H"P(M) can be expressed as follows.

axf = /M(x/\ﬂ
- i/Ma/\**ﬂ
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= :l:<0é, *5)52 .
Note that the sign comes from #x = 41, as previously discussed.

The £2 inner product permits the identification of HP(M) with HP?, the vector space of degree
p harmonic differential forms. HP is the intersection of the kernel of d with the kernel of d’s
adjoint. Because the adjoint takes the form =+ xdx (see, e.g., [16]), x* maps H? isomorphically

to H"P. Furthermore,

a X xq = /Cz/\*ﬁ
M

= llol|Z

gives an explicit realization of the nondegeneracy called de Rham Poincaré duality in Sec-

tion 2.4.2.



Chapter 3

The Discrete Hodge Star and
Poincaré Duality on Cubical

Structures

This chapter is an exposition of the ingredients leading to the proof of Poincaré duality over
R on a cubical complex without reference to its dual complex. Its major results include
the definition of a cubical cup product (Section 3.2.1), the definition of £? cubical Whitney
forms (Section 3.2.2), the definition of a cubical discrete Hodge star (Section 3.3.1), and the
proof of Poincaré duality over R on a single cubical complex via this star. We also define a
cubical discrete Hodge star over Z, and we show that this star realizes the Poincaré duality

map over Z on a single cubical complex (Section 3.3.4).

38
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Throughout this chapter, M is a closed oriented n-dimensional manifold unless otherwise
stated. Because we work with cubical structures, we first establish that any smooth manifold
admits a cubical structure that arises from a cubical complex (Section 3.1). This justifies

the usefulness of the cubical theory we develop.

Unless otherwise stated, K denotes a cubical structure on M, and all chain and cochain
groups on K are taken to have real coefficients. [M] denotes the fundamental class of M

given by the sum of n-dimensional cubes in K.

3.1 Defining a Cubical Structure on a Manifold

Throughout this chapter, we develop theory pertaining to cubical complexes. However, as
we will see, a smooth manifold M elicits a structure that is “cubical” in nature, but whose
cells are not standard cubes. Fortunately, we can easily relate this structure to a cubical
complex via a diffeomorphism. Before offering a proof of this relation, we give a formal

definition of what is meant by a “cubical structure.”

Definition 3.1.1. Let M be an n-dimensional manifold. A cubical structure on M is a

regular cell complex K on M that satisfies the following.

1. For each homeomorphism f. in Definition 2.1.3, f. is also a cellular map with the

standard n-cube, e, as its domain.

2. M admits coordinate charts ¢ with the following two properties.
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i. Yo f. extends to a diffeomorphism on an open neighborhood of e,.

ii. o f.(e,) is a convex polyhedron whose natural polyhedral cell structure is iden-

tified by ¥ o f. with the natural cubical cell structure of c.

Remark 3.1.2. A cellular map is a continuous map between cell complexes that takes k-
skeletons to k-skeletons for all k. Thus, all of the lower-dimensional cells of K work out by
the cell structure of the standard n-cube. Consequently, we may restrict our definition to

top-dimensional cells.

Momentarily, we will show that any smooth manifold admits a cubical structure. First, let’s
consider two examples of cubical structures. In the first, we will define a cubical structure
on the 1-torus. In the second, we will show how the cubical structure on the 1-torus can
be extended and defined on the 2-torus. An analogous technique can be used to define a
cubical structure on an n-torus. Note, when we say “n-torus” we mean the connected sum

of n 2-dimensional tori.

Ezxample 3.1.3. Suppose M is the 1-torus, a smooth 2-dimensional manifold. We will define
a cubical structure of squares (or 2-cubes) on M. The complex follows nicely from the

standard view of the 1-torus that identifies opposite edges of a square as seen in Figure 3.1.

Create a cubical structure K on M by partitioning the 1-torus with evenly spaced vertical
and horizontal lines. The 0-cells, or vertices, of K are the intersections of these vertical lines.
Note that the vertices at the four corners of the 1-torus representation are identified. The 1-

cells, or edges, of K are the horizontal or vertical line segments between two adjacent vertices.
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Figure 3.1: The 1-torus.

Note that the edges along the top and bottom are identified, as well as the edges along the
left and right of M. One may assign an orientation to each of the edges as desired. The
2-cells, or faces, of K are the squares formed from the intersection of two adjacent vertical

lines and two adjacent horizontal lines. The resultant cubical structure K is depicted in

Figure 3.2.
v b v
a a
(% b (%

Figure 3.2: A cubical structure on the 1-torus.

FExample 3.1.4. A technique similar to that used in Example 3.1.3 can be used to construct
a cubical structure K on the 2-torus. Again, our complex will be of squares because the
2-torus is a 2-dimensional smooth manifold. We will represent the 2-torus by using 2 copies

of the 1-torus square representation that are identified by cutting a small square out of each
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and attaching with identifications shown in Figure 3.3.

b d
g g
e A L f fi {e
a > a c < c
h h
b d

Figure 3.3: The 2-torus.

By using two layers of the 1-torus, we can easily lay down a square grid as discussed in

Example 3.1.3 to create a cubical structure K. This complex is shown in Figure 3.4.

U1 b U1 V2 d V2
U3 g Vg () g Vg
e A L f fi {e
Us h (% Ve h Us
a a c c
U1 b U1 (%) d U2

Figure 3.4: A cubical structure on the 2-torus.

A cubical structure on the n-torus can be constructed analogously by using n layers of the

1-torus and removing squares to attach successive layers.

We have now seen the existence of a cubical structure on the specific example of an n-torus.

We can assert more generally that a cubical structure can always be defined on any smooth
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manifold M. The proof of this assertion hinges on the fact that an n-cube is diffeomorphic
to a piece of an n-simplex. We can then borrow from the existence of a simplicial complex

on any smooth manifold to construct our cubical structure K.

Theorem 3.1.5. Any smooth manifold M admits a cubical structure.

Proof. Let M be a smooth manifold. By the triangulation theorem in [17], there exists a
smooth triangulation of M. The triangulation theorem also asserts that given the simplicial

complex X of the triangulation, we have the following properties.

1. There is a homeomorphism ¢ of X onto M.

2. For n-simplex o in X, there is a coordinate system 1 such that ¢(o) remains on the

interior of the coordinate neighborhood.

3. Yo is affine in o.

We will show how to map a standard n-cube onto part of a standard n-simplex. Thus, the
composition of this map with the map of a standard n-simplex into X followed by 1) o ¢ will

be a smooth map of a neighborhood of the cube to the coordinate chart of M in R**.

We will show details of the construction of a cube from a simplex for the case where n = 2.

The general construction will follow analogously.

Consider the standard 2-simplex, F', as shown in Figure 3.5. Join the barycenter of each

edge to the barycenter of F' to create three 2-kites, one at each of the vertices in F' as
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T2

(0,0,1)

X
(0,1,0)
(1,0,0)

Zo

Figure 3.5: A standard 2-simplex, F'.

pictured in Figure 3.6. We can smoothly map a cube to each of these kites. We will give
the definition of the map of the standard 2-cube ¢ onto the kite n nestled at (0,1,0), as
highlighted in Figure 3.6. 1 has edges ey, €9, €3, and e4 formed from the intersection of the

planes x5 = 0, g = x1, 1 = 29, and xy = 0, respectively, with F'.

Mapping ¢ to 1 can be done by an orientation-preserving change of coordinates. This coor-

dinate change, v, associates the point (o, %2) in ¢ with the point (xg, 21, x2) in 7 satisfying

xg = (1 —to)x1, 0<1t <1

Ty = tax1, 0<t, <1

The relationship of ¢ and n under ~y is shown in Figure 3.7. For an explanation of why v is

orientation-preserving, see the general case below.

v is a diffeomorphism between ¢ and n by Lemma 3.1.7. Thus, «y followed by the composition



Rachel F. Arnold Chapter 3 45

T2
(0,0,1)

(0,3-3)
(%70’%) '(%,%%)

n

T
(0,1,0)
(1,0,0) (3-3,0)

Lo

Figure 3.6: The kites of F.

of maps from the standard 2-simplex to its coordinate neighborhood in R? is a smooth map

defined on a neighborhood of c.

To generalize this construction, consider a standard n-simplex o in R**!. For some i, 0 <
i < n, let v; be the vertex in ¢ where x; = 1 and z; = 0 for all j # 7,0 < 7 < n. We will
define the coordinate change v; between the n-cube e, and an n-kite n; nestled at the vertex

V;.

n; is determined by the intersection of the collection of equations {z; = 0,2; = z; : 0 <

Jj < n,j#i} with 0. In particular, n; = {(zo,...,2,) : 0 < z; < ; forall j, 0 < j < n}.
The coordinate change ~; : e,, — n; is orientation-preserving and associates the coordinates

~

(to,..-,ti,...,t,) in e, with the coordinates (zo,...,x,) in 7; by

LC]:(l—tj).T“ Ogtjgl, 1f]<2
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T2

t3

€3 es

€2

€4 C €2

€1 €

<—I €1 2 €1

Zo

Figure 3.7: The relationship of ¢ and n under ~.

l’j:tjl'i, Ogtjgl, lfj>’L

for all 7,0 < j < mn,j #1i. Note: e, lives in the to---t; - - - t,-hyperplane.

v; is an orientation-preserving diffeomorphism between e, and 7; by Lemma 3.1.7 and
Lemma 3.1.8. Hence, ~; followed by the composition of the maps of the triangulation of
M defines a diffeomorphism that extends to be defined on a neighborhood of the standard
n-cube e,, within the hyperplane in which it sits, via an n-simplex. Thus, K satisfies property

2(i) of Definition 3.1.1.

To see that property 2(ii) is satisfied, we will show that the foundation of our construction, an
n-kite n;, is convex. The affine map from the n-simplex ¢ which contains 7; to its coordinate
neighborhood will then preserve the convexity of n;. Consequently, the image of the n-cube

is a convex polyhedron in its coordinate neighborhood.
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Choose an n-kite n;. We will show that for any two points P and @) in n;, with respective
barycentric coordinates (po,...,pn) and (qo,...,q,), the line segment P(Q remains in 7.

Note, PQ = uP + (1 —u)Q, 0 <u < 1.

Recall n; = {(zo,...,2,) : 0 < x; <z for all j, 0 < j <n}. Thus, p; <p; and ¢; < ¢; for

all 7, 0 <7 <n. So,

up; + (1 —u)g; < up;i+ (1 —u)g

for all j, 0 < j < n, and PQ remains in 7;. Hence, 7; is convex and property 2 of Defini-

tion 3.1.1 is satisfied.
Thus, K is a cubical structure on M, as desired.

]

Remark 3.1.6. The construction of a cubical structure K on a smooth manifold M is local.
We can, however, consider behavior on adjacent n-cubes because the diffeomorphism from
an n-cube ¢ to its coordinate neighborhood of M is defined on a neighborhood of ¢ in the
n-dimensional hyperplane in which ¢ sits. In fact, we may use barycentric subdivision to
widen our local view. Given an n-simplex o, we can subdivide o until we have the desired
refinement. Then we can consider the n-cubes associated with the refined n-simplices. In
this way we are able to guarantee we can view an n-cube and all of its surrounding, adjacent
n-cubes in the same coordinate neighborhood. The importance of the behavior at adjacent

n-cubes will be seen in Section 3.2.2 when we define cubical Whitney forms.
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Lemma 3.1.7. The map ; : e, — n; defined in Theorem 3.1.5 is a diffeomorphism for all

i, 0<i<n.

Proof. Because barycentric coordinates must sum to 1, 4; can be reformulated as follows

Yi ((to,,ﬂ,,tn)) =

1
(L—to) 4+ (L—tiy) + Lty + -+t

'(1—to,...,l—tifl,l,tzqu,...,tn).

To see that 4, is injective, assume ~; ((to, ot ,tn)) =7 ((S0,---,8i,---,5,)). In the i**
component, we see that

1
(I—to) -+ (L —ti)FLdty ++t,

1
(1—s0)+ - (I—si1)+ 1481+ +s,

Thus, the remaining component-wise equations yield

1—tj:1—8j 1f]<l
tj:Sj 1f]>l
S0, (tos. - tir. . tn) = (S05--.,5,...,5,) and =, is injective.

To see that ~; is a surjection, consider an arbitrary point in 7; with barycentric coordinates

(%o, ...,xn). Note, xg+ -+, = 1. By definition of ;, 0 < z; <1 and 0 < z; <1 for each

i so,( T e —+—> € e,. Thus,

Ty ) T4
Zo Ti—1 Tit+1 Tn
%<(1——,...,1— , ey )
1

(I=(1—=22) 4 1= (1= + 1 2 e 2
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-(1—(1—@),...,1—(1—3”1),1,”7”1,...,@)

. 1 Zo Ti—1 19€¢+1 Tn
— Z‘— :E M _’.--7 9 ’ ’.--,_

$—9+"'+;—i1+1+;—+i1+"'+i—? x; T; X T;
1

- : <x07---,xiflaxiaxi+17'” 7xn)
To+ -+ T +2;+ 201+ Ty

=(Zg, ..., Tn),

and ~; is surjective.

To see that 7; is smooth, note that 0 <¢; <1 for all j #¢, 0 < j < n. So, we have

(I—to)+---(1—ti)+ 1+t +---+t, > 1.

Thus, because ~; is smooth in each component, it defines a smooth map from e, to ;.

Finally, to see that the inverse of v; is smooth, we will explicitly define it on a point in 7,

with barycentric coordinates (xo, ..., z,). Define g : n; — e, by
x Til1 T x
g((Io,,[En)):(l——O,,l— Zl, Z+1,...,—n).

Note, because (zg, ..., T,) € m;, ¥; # 0. To see that g = v, !, consider g o~; and 7; o g given
below.

~

go7i ((t()’;t’watn))

1
_g<(1—t0)+~~(1—ti_1)+1+ti+1+~~+tn

'(1—t0,...,1—ti1,1,ti+17...,tn))

S (1= (1 —tg),o 1= (1= tiiy)stivts e tn)
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- 1 Lo 1 Ti—1 Tip1 Tn
=% I ) P R

1
I-(1=)+--+(1—-(1-")+1+ =2

T

.(1—(1—33—?),...,1—(1—xi‘1),1,xi+1,.,.,ﬁ>

X €X; X Z;

1
= '(900,---,$z‘—17$i,$z‘+17"' 7xn)
To+ o+ Tio1 T+ Tig + Ty

=(Zg, ..., Tp).

Thus, g = 7; *. Furthermore, because z; # 0, each component of v~! is smooth. Thus, 7;

is also smooth.

Hence, ~; is a diffeomorphism between an n-cube e, and an n-kite n; nestled at x;. O

Lemma 3.1.8. The map v; : e, — 1; defined in Theorem 3.1.5 is orientation-preserving for

all i, 0 <1 < n.

Proof. By Lemma 3.1.7, v; is a diffeomorphism. In particular, the Jacobian determinant of
7 is a continuous map from e, to R — {0}. To show that =, is orientation-preserving, fix a
vertex v;. We will show that the vector between v; and any v;, ¢ # j, is oriented positively
in the image of v; at v;. Thus, the Jacobian determinant of +; will be positive at v;. Because
e, is connected and the Jacobian determinant of 7; is nonzero everywhere, it follows that ~;

is orientation-preserving at all points in e,.
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Consider an arbitrary coordinate t; in e,, j # ¢, 0 < ¢t; < 1. Hold all other variables ¢,
constant at 1 if k£ < ¢ and 0 if £ > i. We will use the formulation of 7; given in Lemma 3.1.7

to argue our claim.

Case 1: t; is such that j < 4. Then ((1,...,1,¢;,0,...,0)) has nonzero entries only in the

—

and the " entry is

J J

5" and i*" spots. The j** entry is

Allowing ¢; to run
from 0 to 1 represents the motion of the vector between v; and v;. So we see that the ;%

component decreases and the i component decreases, i.e. the motion is v; — v;.

Case 2: t; is such that j > i. Again, v;((1,...,1,¢;,0,...,0)) has nonzero entries only in the

t .
it" and j'" spots. The i*" entry is J

and the j™ entry is . Allowing ¢; to run from

J J
0 to 1 results in a decreasing i component and an increasing j"* component in the image

of 7;. This is the motion v; — v;.

In either case, the orientation vector between v; and v; points in the direction of increasing
index value. Because j was arbitrary, the vectors in a standard oriented basis for the cube
at v~ (v;) are mapped by the Jacobian of 7; to the vectors in an ordered basis at v; that
agrees with the standard vector orientation of the simplex. Thus, we see that the Jacobian
determinant, expressed via these bases, of ~; is positive at the point v;. Hence, it is positive

at all points in e,. In particular, ; is orientation-preserving on e,.
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3.2 The Cubical Cup Product

The proof of Poincaré duality on a cell complex relies on a notion of transversality, typically
realized through the transverse intersections of a cell complex with its dual. However, without
reference to a dual complex, we rely on a nondegenerate pairing of cochains to provide our

notion of transversality, namely a cup product.

In this section, we define the cubical cup product that we will ultimately use to define the
cubical discrete Hodge star (Section 3.3.1) that is the Poincaré duality map over R. The cup
product we define is degenerate on the cochain level, but is nondegenerate on cohomology.
The proof of nondegeneracy on cohomology, given in Section 3.2.3, relies on the borrowing
of nondegeneracy from the smooth wedge product. Thus, we require a link between the

cochains of K and smooth forms.

Cubical Whitney forms, defined in Section 3.2.2, provide this link. We show that the cup
product of two cochains agrees with the wedge product of their Whitney forms. Because the
cubical cup product is degenerate on the cochain level, its representation under the Whitney
map W must also be degenerate. However, W provides a connection of cubical cohomology
with de Rham cohomology. The proof of the de Rham version of Poincaré duality can be
said to rely on transversality, which leads to nondegeneracy of the smooth wedge product at
the level of all smooth differential forms (see [3]). Thus, on the cohomology level the pairing
of Whitney forms is nondegenerate. Because we identify our cup product with this pairing,

it follows that our cup product is also nondegenerate on the cohomology level.
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Note that although Whitney forms are £2, we show that they are L£2-differentiable, and
hence the nondegeneracy of the “not quite” smooth wedge product may still be borrowed on

the cohomology level.

One might wonder why we bother to define a new cup product when the singular cubical
cup product defines a standard cellular cubical cup product. However, this cup product does
not fit together with the cubical Whitney forms we define. Hence, we would seemingly have
nothing to work with in proving its nondegeneracy. Although we define a new cup product
that does not agree with the standard cup product on cochains, we show in Section 3.2.1

that our cup product agrees with the standard cellular cubical cup product on cohomology.

3.2.1 Defining a Cubical Cup Product

To define our cubical cup product, we must first introduce some notation.

Let K be a cubical structure on a closed, oriented n-dimensional manifold. Suppose o €
Cptq(K) has standard orientation following the order of the variables {z1,...,z,1,}. Let
Fp =A{xi,,...,x;,} denote an arbitrary collection of p free basis variables from {z1, ..., T4}
ordered by ascending index values. Let {F,} denote the collection of all possible collections
of p free basis variables. Note: F; = {z;,,,,...,%;,,,} with variables in ascending index

value order. Let V = {v = (z1,...,2p44) : @; € {0,1} for all i}.

Let v € V. Suppose F, = {z;,,...,x;,} is given. Let y,(v) denote the p-face with free

variables x;,,...,2;, and with remaining variables in F held constant according to their
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values at vertex v. Note: all variables and constants are assigned in their standard positions.

Let y5(v) denote the g-face with free variables x;,_,, .. and with remaining variables

o CCizzﬂrq

in F, held constant with their values at vertex v. Again, all variables and constants are

assigned in their standard positions.

Definition 3.2.1. Let a € C?(K), € CU(K), and o € Cp4,(K) with standard orientation

{z1,...,2p44}. Then, the cubical cup product U, : C?(K) x C1(K) — CPT1(K) is defined

by
1 (&
@UAD) = g X Sosen(ra .. mi,) alu(v) BE))
{Tiq yeerip yE{Fp} VEV
sgn(x;,, ..., ;) denotes the sign associated with rearranging x;,,...,x;  into the stan-
dard order 1, ..., Zp4q.

Remark 3.2.2. If p = 0, the cup product simplifies to

(0 U B)(0) = 553 O 0l (0)) Bl )

veEY

as there is only one way to “choose” zero free variables.

Theorem 3.2.3. U, is a cup product on K, i.e. it satisfies the conditions of Definition 2.3.2.

Proof. Property 1. Let 0, and o, be basis elements of C,(K) and C,(K), respectively. Then,
by the definition of U,, 6, U, 6, will be nonzero only on ¢ € C,4,(K) such that y,(v) = o,
and y;(v) = o, for some choice of p-free variables J, and for some vertex v in 0. Necessarily,

o C St(o,)-St(oy). Thus, 6, U, 6, is a (p + ¢)-form on St(o,)-St(o,), and Property 1 holds.



Rachel F. Arnold Chapter 3 55

Property 2. Let 0 € Cpy g1 (K). We will show
dlaU,.p) =daU.p+ (—1)PaU.dp

by calculating each term explicitly.

Throughout this argument, we will refer to a basis element x; € Jyor x; € Fpq. For the
former case, we will assume that z; = x;, for some k € [p+1,...,p+ ¢+ 1]. For the latter

case, we will assume that x; = ;, for some k' € [1,...,p+1].

da U, B)(0) = (aU,B)(@0)
~ (au, 6)(2(—1)“1(%1 - a|zio>)

1 :
= optg Z Z

zi {Fpi€F5}

xizl)

D sen(wi, o T ) (1) ey, (0) Byg(v)
Vi1

+ Z Sgn(xin s 7‘%% s ?:Cip+q+1)(_1)ia(yp(v>>/8<y;(v) :E¢=0> :

Here V; . denotes the set {v € V : z; = c¢}. Also, sgn(x;, ..., &, ..., Tpiqr1) is the sign asso-
ciated with rearranging x;,,..., s, ..., Tpiqy1 into the standard order @y, ..., T4, ..., T, -
1
do U 5(0—) = W Z Z Sgn(xiu s axip+q+1)da(yp+1 (v))ﬁ(y;+1(v))
{Fp41} veV

— # Z Z ngn(xil, . ,xiﬁqﬂ)(—l)w’l

Xq {fp+1 7 E.Fp+1} veY

[@(Ypi1(v)],._) = (ypra(v)], )] (541 (v))

1
= 2. 2

i {Fpr1:2:€Fpy1}
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{Z sen(i,, - Ty ) (1) (g (0)] )B4 () (3.1)
Vi
+> sen(@iy, o i) (D) @y (0)] ) B ()] (3:2)
Vi0
1
= o
zy {Fpi€FS}
sl )OS0, 63
Vi
+ > sen(@iy, o i) (1) () B 0)], ) (3.4)
Vio

This last equality requires some explanation.

If x; € Fpyy, recall z; = ;, for some &' € [1,...,p+ 1], and if z; € F, then x; = x;, for

some k € [p+ 1,p+ g+ 1]. So, in (3.1) and (3.2),

SEN( Ty s oy Tipyyyr) SEN(Liy s oy Ty v vy Tty - -
= sgn(Tiy, .oy Tiy ooy Tptt, -
Further, in (3.3) and (3.4),
SEN(Tiys ooy Ty yyr) SEN(Liy, .oy Tps - - - T,
= Sgn(Tiys -y Tpits- - -, Ti
Thus,
Sgl’l(l’il, cee sy gy ey Tpgdy e ,Iip+q+1) Sgn(l’il, ey Tptdy - -

: 7xip+q+1)

/

: 7xip+q+1)(_1)k .

- ’xip+q+1)

miy ) (=1

S 07 SO ,xinH)(—l)k_k/

This explains the new expression of signs in the terms in (3.3) and (3.4) once we switch from

a summand over {F, 1 : #; € Fpi1} to a summand over {F, : x; € Fi}.
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Now, we will justify (3.1) = (3.3). A similar arguments establishes (3.2) = (3.4).

Choose an Fp;; and suppose z; € Fpiq. Assume v € V;;. Then, yp+1(v)}$:1 = yp(v)
where y, is determined from F, = 11 — {x;}. In particular, z; € F;. Similarly, y5,,(v) =

ys(v)|, _,- Thus, (3.1) = (3.3).
Continuing on with our last wedge product calculation,

(PaUds = oy S S s, gy ) (D aly(0) A3 ()

Fp veV

1 _
=D DD DID DL C AR N[ Co bl Vi

zi {Fpx;€F5} veV

alyp(0)) [Blyp(0)], —y = Blup(v)], )]

1
= o

zi {Fpai€F5}

b}@mww%WMAWw%MW%mmg (3.5)
Vi1
+ Z Sgn(xilﬁ SR 7Iip+q+1)(_1)ka<yp(v))5(y;(v) xi:o) (36)
Vio
Thus,
da U, B(o) + (—1)Pa U dB(0) = 2p+—1q+1 >y
zy {Fpai€F5}
[Zwmmw%yewwwwwmmma
Vi
£ g0, i)~ alpE)AGED)], )
Vio

1 .
- 2p+qz Z [ZSgn(%l""’xi""’xip+q+1>

zy {Fpa€F5H L Vin

(=1 a(y,(v) By, (v)

xizl)
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+ngn(xi1,...,xi,...,xiﬁqﬂ)
Vi,0

= d(aU.p)(o), as desired.

Note: The first equality above follows from adding (3.3) and (3.5) and adding (3.4) and

(3.6). The middle equality above results from the following equality.
s (@, ..y, ) = Se0(Tiyy ooy Bay o2y, ) (—1)F (3.7)

Property 3. Let p be arbitrary and assume o € CP(K) is also arbitrary. Let o be a single
p-chain. Note that [ is the constant 0-form that takes value 1 on all the vertices of K. Then,

(TUea)(o) = o 3 S sl 2, () (v)

Fo veV

1
= 5% Z sgn(xy, ..., xp)l(v)a(zy,. .. )

veV
1
= % a(a:l,...,xp)
veV
L oo
= §(2 a(xy,...,zp))
= a(x,...,zp).

Thus, vy, = 1, and Property 3 holds.

We conclude that U, is a cup product, by definition.

As asserted by Whitney in [18], for any cup product, we may define an associated cap product
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via the relationship
(aUB)(e) = Blo Na).
Thus, we define the cubical cap product corresponding to U, as follows.

Definition 3.2.4. Let a € C?(K) and 0 € C,1,(K) with standard orientation {z,

Then, the cubical cap product N, : Cpy(K) x CP(K) — C9(K) is defined by

Gneo)=gm S s m) alu) ).

{xil ..... .Z’l'p}E{]'—p} veY

One can easily check (by definition) that

(aU:B)(0) = BloN.a)

for all « € CP(K), f € CUX), and 0 € Cpp,(K).

U. and N, and the Standard Cellular Cubical Products

29

Ce ,J:p+q}.

(3.8)

We have chosen our definition of the cubical cup product U, to fit nicely with the smooth

wedge product of cubical Whitney forms defined momentarily in Section 3.2.2. As we will

see, Whitney forms are defined over the entire n-cube. Thus, Whitney forms will not see

a distinction between the vertices of a cube. Hence, a cubical product that is calculated

over all of the vertices in the n-cube is necessary to fit together with Whitney forms. In this

section, we show that even though U, evaluates over all vertices of the cube, it agrees with the

standard cubical cup product (which evaluates on a subset of the vertices) on cohomology.

This result is a consequence of Theorem 2.3.10, Theorem 2.3.11, and Theorem 2.2.21.
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Recall the definition of the singular cubical cup product, with notations made clear in Sec-

tion 2.3.

Definition 3.2.5. For singular cochains o € SP(K) and € SY(K), the singular cubical

cup product U : SP(K) x S1(K) — SPT(K) is defined by

(@UB)(0) = puic alo o Ay - Ao o M),
H
where o € S,1,(K) and pgx = sgn(hy, ..., hy ki, ..., ky).
Thus, via Theorem 2.2.21 and Remark 2.2.22, the standard cellular cubical cup product can
be defined on a standard (p + ¢)-cube as follows.

Definition 3.2.6. For cellular cochains v € CP(K) and € C9(K), the standard cellular

cubical cup product U : C?(K) x CY(K) — CPT(K) is defined by

(@UB) (@1, Tpyg) = Y prrc @\ (@, 2n,) - B (s, T,))
H
Note that the summation over H can be reinterpreted as the summation over choices of
p-free variables, F,.

Via the relationship («US)(0) = B(cNa), we may define the corresponding standard cubical

cap product.

Definition 3.2.7. For a € C?(K) and 0 = (21, ..., %p+q) € Cpiy(K), the standard cellu-

lar cubical cap product N: Cp,(K) x CP(K) — C,(K) is defined by

(0Na) =Y pux a(Xy(@n,, .. xn,)) - Aic(Thy, - Tk,
H
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Theorem 3.2.8. The standard cellular cubical cup product and the cubical cup product

defined in Definition 3.2.1 agree on cohomology.

Proof. By Theorem 2.3.11, it suffices to show that v, = 1. Let p > 0 be arbitrary and let

a € CP(K). Then,

ITUoa(zy,...,z,) = sgn(l,...,p) 1(0,...,0) - a(z1,...,z,)

Thus, v, = 1 and the result follows. m

Theorem 3.2.9. The standard cellular cubical cap product the cubical cap product defined

in Definition 3.2.4 agree on homology.

Proof. v~ = v, = 1. Thus, because v, = 1, Theorem 2.3.10 gives the desired result. O

3.2.2 Cubical Whitney Forms

We will see momentarily that U, is a nondegenerate pairing of H?(K) and H" P(K). This
result hinges on borrowing nondegeneracy from the smooth wedge product. To utilize this
tool, we must first define cubical Whitney forms and establish the relationship of the cubical

cup product with the smooth wedge product.

We will define the Whitney form of a basis element. The definition extends linearly. We will

use the notation 7, € C,(K) for the p-form that is 1 on 7, and 0 on all other p-chains.
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Definition 3.2.10. Suppose 7, is a basis element of C?(K). Then 7, = y,(v) for some n-cell

o, Fp, and v a vertex in o. Define the £* cubical Whitney form of 7, as follows

Wi, = ( ﬁ [1—v(zy) + (-1+ QU(Iij))Iij]> dzi, N - Ndw;,.

j=p+1
The exterior product dw;,,...,dz;, given above is the restriction of the smooth exterior

product on each n-cell. Below we discuss why a cubical Whitney form is £2.

W, will be zero on all n-cubes where 7, is not a p-chain in that cube, and hence on these
n-cubes’ respective polyhedra on the manifold. This raises concern for the behavior of W7,
at the boundaries of adjacent polyhedra. Because the coordinates of each polyhedron are
defined on a neighborhood containing it, a shared boundary will be seen in the respective
coordinates of both polyhedra. For this reason, we can, and will, view polyhedra sharing a
boundary as adjacent in their n-cube representations for the purposes of understanding the

behavior of Whitney forms across boundaries.

Consider a cube, 7, that contains 7,. We will show that the £* exterior derivative of W7,
exists in all directions across the boundary of 7,,. To do so, let’s first describe the behavior

at the boundary between 7, and adjacent cubes.

Recall that 7, has free variables w;,,...,z;, and constant values assigned for z; ..., z;,.
The behavior of W7, as you move in the +z;-direction can be described in two cases: (1) x;

is free in 7, or (2) x; is constant in 7,. For both cases, we will move from 7, into an adjacent

cube 7, in the +x;-direction. 7,| _, is the (n —1)-face that 7, and 7;,.

Case 1: Suppose x; = x;; for some j where 1 < j < p. Then, 7, is not a p-chain in 7, since
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x; is free in 7,. So, W7, is 0 on 7,,

and thus has a jump discontinuity in this direction at
Tn‘x_zl. The graph of W7, looks like a step function across Tn‘x_zl, whose step value over 7,

decreases from 1 to 0 as you move away from 7, (see Figure 3.8).

Wi,
1 4
Moving away
from 7,
) - ay
Crossing Tn}
z;=1

Figure 3.8: W7, at adjacent cubes in the +uz; -direction, 1 < j <p

Case 2: Suppose x; = x;; for some j where p+1 < j < n. Then 7, is a p-chain in 7), since x;
is held constant in 7,. Thus, W7, is nonzero in 7,,. In fact, the graph of W, across 7,, and

7/ in the +xz;-direction is a peak, with its apex achieved on Tn| . It has height 1 when

x;=1

crossing Tn‘xi: at 7, and, if 7, # Tn’z its maximum height decreases to 0 as you move

1

i=1

across Tn’ away from 7,. Note that these peaks have equal and opposite signed slope on

z;=1

either side of its apex. (see Figure 3.9).

Thus, between any cube adjacent to 7,,, W7, will either have a jump discontinuity or a peak.
Wi,

forallz, 1 <i<n.
8932-

We are now ready to find

Case 1: Suppose x; = x;; for some j, 1 < j < p. Then z; is free in 7, and hence W7, contains

OW'?,
8@-

dx; by definition of cubical Whitney forms. Because dx; A dr; = 0, we have = 0.
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W7, Wi,
11 17
Moving away
from 7,
} X;. } t T
/ 7 / !
Tn Tn’xizl T n T"’zizl Tn
Crossing Tn}xl:l, T, # Tn‘xi:1 Crossing Tn‘xizl’ Tp = Taly 1

Figure 3.9: W7, at adjacent cubes in the +z; -direction, p+1 <7 <n

oW,
Thus, 5 £ does not appear in dIW7,, and the issue of jump discontinuity in this direction
T
is avoided.

Case 2: Suppose x; = x;; for some j, p+ 1 < j < n. Then z; is constant in 7, and hence

W, peaks in the +x;-direction. Because the slope of the peak is equal and opposite signed

Tp

aZL‘Z‘

slope of the peak. So for example, if we are differentiating across the shared boundary of

on either side of the apex, will be a step function, with steps at 4+c, where c is the
the adjacent cubes at 7,, the steps will have value £1 (see Figure 3.10). To show that this
step function is the £2-derivative of W7, in the +z;-direction, we will show that it satisfies
the weak definition of the £2-derivative (by Friedrichs, the weak derivative agrees with the

strong derivative, see [8]).

We will show the calculation for the case where the apex has height 1. All other peaks

have similar calculations (see Figure 3.11). Suppose ¢ € C°. By definition of the weak
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oW Wty
Ox; ox;

| —— 1]
Moving away
from 7,

X, } f T

J
Tn Tn zi=1 Th

Tn Tn‘;_—r;] 11}

Moving away
from 7,
14+ —_— -1+

Crossing Tn}xizl, T, # Tn‘xizl Crossing 7u|, _ 1, Tp = Ta|, _,

Figure 3.10: W7, at adjacent cubes in the +z; -direction, 1 < j <p

L2-derivative,

2 A 2

0 8902 0

=~ [(wpte) doi- [l i

1

j+ /12 () dﬂfz‘]

—/0 o(z;) dl"i] - [(2 — ;)p(z;)

where

1, fo<z <1

1, ifl1 < <2

’
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Thus, g is the £L2-derivative of W7, in the +x;-direction. Note also that g is the step function

depicted in Figure 3.11, i.e. g = 8W%p'
ox;
1+ 1+
¥
1+

Figure 3.11: Crossing 7| _, at 7, in the +x;;-direction, 1 < j <p

A similar argument shows that regardless of each peak’s apex height, W7, is £2-differentiable

in the +x;-direction when z; is constant in 7,,.

~

W,

5 P exists and is the £?-derivative. Because 7, was arbitrary,
T

we conclude that cubical Whitney forms are both £2 and £2-differentiable, fitting their local

So, we see that for all z;,

definition nicely into the global cubical structure.

Theorem 3.2.11. Let p > 0 be arbitrary. Suppose o € C,(K) and o € CP(K). Then,

a(o) = / Wa.

Proof. By linearity, it suffices to prove the claim on a basis element 7 € C?(K) for some cell

T € Cy(K). By definition, 7(7) = 1, and 7 takes the value 0 on all other p-cells. On any
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n-cube containing 7,
Wt = ( H [1—v(zy,) + (—1+ QU(xij))xiJ) dwg, A -+~ Ndx,.
J=p+1
On 7, each w;; is held constant at its value at v for all j, p+1 < j < n. In other words,

v, = v(ry,), p+1<j <n. So,

J

[w& :l[(!ﬁlp—v@m+w—1+m¢%»mwﬂ>d%MVHAd%p
/(1
_ L/}malA.-w«dx%

T

=

[1 —2v(wy;) + 2?)(1‘ij)2]> dwgy N+~ ANdwg,

= 1

Note that 1 —2v(x;,) + 2v(x;,)* = 1 for both v(z;,) = 0 and v(z;;) = 1. So, 7 and W7 agree

on 7.

By definition, W is zero on all p-chains that are not in an n-cube for which 7 is a face. To
see that fa Wt =0 for o € Cp(K), 0 # 7, when ¢ and 7 appear in the same n-cube, we
simply observe the following. If o # 7 is a p-chain in K, then x;, must be constant in o for

some ¢, 1 < ¢ < p. Thus, dz;, =0 and [ W7 = 0.

Hence,

ﬂ@le%

for all o € C,(K).
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Theorem 3.2.12. Suppose 0 € Cpiy(K), a € CP(K), and € CUK). Then,

(U, B)(o /Wa/\WB

Remark 3.2.13. This theorem gives a direct relationship between the cubical cup product
U, and the smooth wedge product A. In particular, it further verifies that U, is in fact the

cubical cup product.

Proof. 1t suffices to show the claim is true on basis elements. In particular, we will focus
on basis elements that share a single vertex as these are the only candidates for a nonzero

cubical cup product.

Choose p free variables and let vy be a vertex in 0. Define basis elements 7, = y,(vy) and

74 = Yy(vo) from the chosen p variables. Then we have the following.

(o Ue7)(0) = s 0 S s, 1 3,,,) Hup(0)) 7l45(0)

Fp veV
1 . (o
= s ) (o) 7 (U 00)
1
= e sgn(Tiy, -0 5 Tiyy, )-

On the other hand, we have the product of Whitney forms.

p+q
/W%p AW, = / { ( H [1 —vo(zy;) + (=1 + QUo(a:ij))xij}> dzi, A -+ Aday,

Jj=p+1

p
<H 1 —wvo(xi;) + (— 1+2U0($¢j))$¢j]) dvi, ., N--- Ndx;,,
J=1

g
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: (H [1—vo(a;,) + (=1 + ZUo(xij))xij]) dxy N\ -+ Ndxpy,

=1
- Sgn(l‘ip T 7xip+q)
1 1 /ptq
/ / (H [1—vo(zy;) + (14 2U0(xij))xij:|> dry - drpi,
0 0 \j1

— sgn(zi, - :M)Iﬁlq Uol 1 — o) + (~1+ 21)0(@))@]@1@]

1
= Sgn(xim T 7xip+q) H 5
=1
1
= Sgn('xim T 7xip+q)%'

Thus,

(7p Ue Ty)(0) = / Wi, N\W1,

g

and the claim is proved.

3.2.3 Nondegeneracy of the Cubical Cup Product

As aforementioned, our notion of transversality without reference to a dual complex comes
from a nondegenerate pairing. In this section, we show that the cubical cup product U,
is this nondegenerate pairing on the cohomology level. The key ingredient to establishing
this assertion is the borrowing of nondegeneracy from the smooth case. Our link to this
nondegeneracy is cubical Whitney forms. As mentioned in the section introduction, W makes

the connection of cubical cohomology with de Rham cohomology, where the de Rham version
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of Poincaré duality is nondegeneracy induced by the smooth wedge product. Theorem 3.2.12
identifies the smooth wedge product with our cubical cup product via W. Thus, in the event
that the Whitney map is surjective, we may borrow nondegeneracy of the smooth wedge
product on cohomology. We prove the surjectivity of W by showing that its composition
with the de Rham map is the identity on cohomology. Although the proof of this assertion
is not stated in detail by Wilson in [19], his comments provided the intuition for the proofs

that we give in this section.

Theorem 3.2.14. The smooth wedge product is a nondegenerate pairing of Q¥(M) and

Qv =k(M) for all k.

Proof. [3] serves as a reference for the proof we give. Choose an arbitrary nonzero differ-
ential k-form «. Then there is a point p at which « is nonzero. Use the coordinates in a

neighborhood p. We may write « as

o = Zf[dl‘[.
1

where I is a k-tuple given by 71, ..., i, and dz; is the wedge product dz;, A---Adx;, . Because
« is nonzero at p, fr,(p) # 0 for some k-tuple Iy. By continuity, there is a neighborhood U

of p such that f;,(z) has strictly the same sign as f;,(p) for all x € U.

Choose ¢ to be a nonnegative bump function such that ¢(p) > 0 and ¢ is supported in U.

Let I§ denote the (n — k)-tuple complementary to Iy. Then,

alNpdrr = frop dxg, A dxre.
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Note that for all k-tuples J # I, there is a j, in J that appears in I5. Thus, dz; Adze =0

for all J # I.

So,

/ a A @ dmjg = / f10g0 dﬂ?[o /\d.??[g
M M
= / froo dagy A dae (supp ¢ C U)
U

£0.

because fr,(z)p(z) has strictly the same sign as fi,(p) for all € U. Thus, we have shown
that every nonzero form in Q¥(M) has a nonzero pairing with some form in Q"=*(M), i.e. A

is nondegenerate. O]

Definition 3.2.15. For any p, define the de Rham map R : Q?(M) — C?(K) by

(Ra)(c) = [

Lemma 3.2.16. R and W are chain maps with respect to dg and dg.

Proof. Suppose w € QP(M) and ¢ € Cpi1(K). Then,

(die (Rw))(c) = Rw(dc) = / w

Jc

and

(Rldow))(©) = [ dowo= [

c dc
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by Stokes’ Theorem. Hence, dx o R = R o dg.

Now, suppose o € CP(K) and again ¢ € Cp;1(K). Then,

/CW(dKa) = (dga)(c) = a(0c).
Note the first equality is by Theorem 3.2.11. Also by Theorem 3.2.11,

/dg oWa = ; Wa = a(dc).
Thus, Wodg =dooW, and R and W are chain maps. O
Lemma 3.2.17. R and W induce isomorphisms on their respective cohomology groups of
all orders, H;p(M) and H*(K).
Proof. For an arbitrary p > 0, it suffices to show Ro W and W o R are the identity maps
on HP(K) and HY,(M), respectively.
Suppose o € CP(K). Then,

(RoW)(a)(c) = /Wa = afc)
by Theorem 3.2.11.

Thus, RoW is the identity map on C?(K). By Lemma 3.2.16, R and W are chain maps, and
hence Ro W is well defined on H?(K'). Thus, Ro W is the identity map on the cohomology

level as well.

Now suppose w, € QP(M) and Rws = w as an element of CP(K). Then,

(W o R)(w)(c) = / W
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= w(c) (Theorem 3.2.11)

_ / o, (definition of R). (3.9)

Note: this is not quite the identity on QP(M) because w is only defined on cellular chains,

whereas w; is a smooth form that lives both on and off cellular chains.

By Lemma 3.2.16, W o R(ws) is well-defined on cohomology. So, by (3.9), W o R(w;) and w;
have the same values on every homology class. Thus, they represent the same cohomology

class, i.e. W o R is the identity map on HY,(M).

Thus, R and W induce isomorphisms between (HJ,(M),dq) and (H?(K), dk).

We have now seen that W o R is not the identity map on QP(K’) when working on the cochain
level. In fact, W cannot be a surjection of C?(K) by dimension considerations; the space of
smooth differential forms (a subset of £? differential forms) is infinite-dimensional, whereas
C?(K) is finite-dimensional. Furthermore, W is injective on the cochain level by definition
and by Theorem 3.2.11. So, if W was also surjective, it would transfer the nondegeneracy of
the smooth wedge product to the cubical cup product on the cochain level via Theorem 3.2.12.
However, we cannot say in general that the cubical cup product is nondegenerate on the

cochain level. Consider the following example on the 2-dimensional 1-torus.

Ezrample 3.2.18. Let K be the cubical structure on the 1-torus shown in Figure 3.12a, with
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edges ¢;, 1 < i < 8. Suppose a € C!(K) has values on the edges of K as shown in
Figure 3.12b. Let 8 € C''(K) be arbitrary such that 8(e;) = b; for each 7. Then, taking [M]

to denote the fundamental class of M given by the sum of top-dimensional cubes of K,

@UAM] = 7303 el 2ol ) AEEW)

= 411 Z [y, 22()) B(21(v), 2) — (1 (v), 72) B(71, 22(V))]
= i[(—bs) +b7) + (bs — 0) + (0 + 2b3) + (2b7 — by)

+(by + 2bg) + (2b4 — 0) + (0 + by) + (bg + bs)
+(0 — b3) + (=b7 — bg) + (—by — 2b7) + (—2b3 — 0)

+(0 — 2by) + (—2bg + by) + (bg — bs) + (—bs — 0)]

Thus, « pairs to zero with all 5 € C'(K) and the cubical cup product is degenerate on
the cochain level. Note, however, that « is exact and thus represents the zero class on the

cohomology level.

The above example gives a specific counterexample to the nondegeneracy of the cubical cup
product on cochains. It also confirms that if W is an injection, W cannot be a surjection
on the cochain level. However, Lemma 3.2.17 confirms that W will be a surjection on
cohomology. This gives us a way to recover a nondegenerate pairing on the cohomology level
of our cubical structure. First, we must establish that the cubical cup product is well-defined.
Nondegeneracy of the cubical cup product on the cohomology level will then follow easily

from nondegeneracy of the smooth wedge product via W.
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v €3 €4 v v 0 0 v
el €5 €1 -2 -1 -2
€7 €8 —1 1
€9 €6 €2 2 1 2
U ex Y v o v
(a) The 1-torus with cubical struc- (b) The values of a € C1(K).
ture K

Figure 3.12: The degeneracy of U. on the 1-torus

Theorem 3.2.19. For any p, the cubical cup product is a well-defined map HP(K) X

H7(K) — R.

Proof. Tt suffices to show that (a U, dB)[M] = 0 for all closed o € CP(K) and for all

B € C" P71 K). This follows directly from d being a derivation of UL.

(o Ue dB)[M] = (=1)Pd(a U, B)[M] + (=1)""}(da U B)[M]

= (—1)P(aU. B)[OM] (Stokes” Theorem and « closed)
=0 (by OM = 0).
Hence, the cubical cup product is well-defined on cohomology. O

Theorem 3.2.20. The cubical cup product is a nondegenerate pairing, H?(K)x H" P(K) —

R.
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Proof. W is surjective on the cohomology level by Lemma 3.2.17. Also, W makes the con-
nection of H*(K') with de Rham cohomology H,(M) via Theorem 3.2.12, where the smooth
wedge product is a nondegenerate pairing, see [3]. Thus, W transfers the nondegeneracy of

the smooth wedge product to the cubical cup product on cohomology. O]

3.3 The Discrete Hodge Star Operator

In the smooth case, the Hodge star realizes an isomorphism between de Rham cohomology
groups of complementary degree. In a discrete setting, the Hodge star is traditionally defined
via a cell complex and its dual (see, for e.g., [12]). Scott Wilson’s innovation in [19] is the
definition of a discrete Hodge star over R in a simplicial setting without reference to a
dual cell complex. The choice in definition can be explained on an elementary level via the
similarity of its representation to the smooth % and ( , ),z relationship, up to a sign. It
also allows for a definition of a * despite the degeneracy of the cup product on the cochain
level. Wilson’s star can be used to recover the duality isomorphism of cohomology groups

in complementary degrees.

In this section, we define an analogous cubical discrete Hodge star over R (Section 3.3.1)
and also a Hodge star over Z (Section 3.3.4). Over R, we give the details surrounding
the proof of star as an isomorphism between cohomology groups of complementary degree
(Section 3.3.3). Our innovation is the proof of Poincaré duality over R via this same discrete

star (Section 3.3.3), and the realization of star as the Poincaré duality map (over both R
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and over Z) via the cubical cap product with the fundamental class of M (Section 3.3.3 and
Section 3.3.4, respectively). This realization provides a more sophisticated justification for
the choice of definition of the discrete Hodge star, including the omission of the sign present

in the smooth case.

3.3.1 The Cubical Discrete Star Defined over R

In Section 3.2.1, we defined the cubical cup product U,., and in Section 3.2.3, we showed U,
is nondegenerate on cohomology. We now define the cubical discrete Hodge star over R via

U, analogously to Wilson’s discrete Hodge star in [19].

Definition 3.3.1. We define the cubical discrete Hodge star over R x : CP(K) —

C"P(K) as follows

(xa, ) = (U, B)[M]. (3.10)

Here, ( , ) is the discrete inner product defined on w,y € CP(K) by

W= > w7

p-faces, ¢, in K
The following property of * regarding its relationship with the adjoint of d, d*, will be

important in proof of Poincaré duality in Section 3.3.3.

Lemma 3.3.2. For each p,

xdP = (—1)PH (AP
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Proof. Let a € CP(K) and 8 € C"P7Y(K). Then, because d is a derivation of U. and

because OM = (),

(xd?a, B) = (da U, B)[M] (definition of *)
= (d" N U, B))[M] + (—1)" (a U, dB)[M] (d a derivation of U.)
= (1" (a U, dB)[M] (OM =0)
= (=" (v, d" P71 3) (definition of *)
= (=1)PP{(d" P ) xa, B) (definition of d*)

= (=D (d ) x a, B).

Because this is true for all 3 € C" P HK), xd? = (=1)PT}(d"P~1)* and the claim is

proved. O

3.3.2 The Discrete Hodge Decomposition

In this section, we prove the discrete Hodge decomposition using linear algebra and a di-
mension count of finite-dimensional vector spaces. The Hodge decomposition establishes a
cochain group of arbitrary degree as isomorphic to the orthogonal direct sum of the image
of d, the image of d*, and the space of discrete harmonic forms (forms in both the kernel of
d and the kernel of d*). It is this decomposition that proves that each cohomology class has
a unique harmonic representative, i.e. the p"* cohomology group is isomorphic to the space

of harmonic differential p-forms.

The important result established in this section is Corollary 3.3.5. This is key in the proof
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of the isomorphism between cohomology groups of complementary degree, and the proof of

Poincaré duality over R.
Lemma 3.3.3. For each p, Ker d”* = (ImdP)~.
Proof. Let o € Ker(d?)*. Then for all § € C?(K),

0=(5,0) = (B,d" o) = (d"B, q).

Thus, @ € (ImdP)* and Ker d?* C (Im dP)*.

Now suppose « € (ImdP)*t. Then for all 3 € CP(K),

0= (d"8,a) = (B, (d")"a).

Because d”*« is orthogonal to all § € CP(K), (d?)*a = 0. Thus, o € Ker(d’)* and

(Im d?)*+ C Ker(dP)x.

Hence, Ker(d?)* = (Im dP)*, as desired. O

Theorem 3.3.4. For each p,

CP(K) =Imd" " @, Im(d”)* @, (Kerd” NKer(d"")").

Proof. Certainly, we have the following

CP(K) = (Kerd” NKer(d” ")*)" @, (Kerd” NKer(d”')*).
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We will show that Ker d? N Ker(d?~1)* = (ImdP~! @, Im(dP)*)*, but first we must establish

ImdP~! L Tm(dP)*. By definition of the adjoint operator,
(dPa, B) = (o, (d")"f).
Assume o € ImdP~! and 8 € CP™(K). Then o = dP~ 'y for some v € CP~}(K) and we have
(o, (@")B) = (da, )

= ("od" 'y, )

= (0,8) =0.
Thus a L (dP)*B. Because o and 3 were arbitrary,
Imd”~ L Imd"*.

Now we will show Kerd? N Ker(dP)* = (ImdP~' @, Im(dP)*)* via containment in both

directions.

(C): Let w € Kerd? N Ker(dP~)*. By Lemma 3.3.3, Ker(d?~1)* = (ImdP~!)*. Similarly,
because d** = d, Kerd? = (Im(dP)*)*. Thus, w € (Imd”~')* N (Im(d?)*)*. In particular,

w € (ImdP~ @) Tm(dP)*)*.

(D): Letw € (ImdP~ '@ Im(dP)*)L. Choose arbitrary c;dP~ta+cy(dP)* 8 € Im dP~1@Im(dP)*.

Then,

0 = {(cd” o+ co(dP)*B,w)
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= @ W) + ()W)

= ci{a, (1) w) + (B, dPw).

Suppose ¢; = 1 and ¢ = 0. Then, 0 = (a, ("~ ')*w) for all « € CP71(K). In particular,
0= {(d"')*w, (d")*w), and because ( , ) is positive semidefinite, (d?~!)*w = 0. A similar

argument with ¢; = 0 and ¢, = 1 estabishes dPw = 0.

Thus, w € Ker d? N Ker(dP~1)*.

This confirms Ker d? N Ker(dP~!)* = (Imd?~* &, Im(d?)*)*, and hence

CP(K) =Imd"* @, Im(d”)* @, Kerd” N Ker(d’)*.

Corollary 3.3.5. For each p,

HP(K) = <Ker d*)p.

Im d*

Proof. By Lemma 3.3.3, Im(d?)* = (KerdP)*. Combining this with the result of Theo-
rem 3.3.4 yields

Kerd” =Imd"' &, (Kerd” NnKer(d"')").

Thus,
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ImdP~ @, (Ker d? N Ker(dP~1)*)
Im dr—1

=~ Kerd” NKer(d” )"
Similarly, by Lemma 3.3.3, Imd?~* = (Ker(d?~!)*)1. So, Theorem 3.3.4 yields
Ker(d"™")* = Im(d”)* @, (Kerd” N Ker(d’~")*).

Hence, we have

Kerd*\”  Ker(d’')*
( Im d* > ~ Im(ap)*
Im(dP)* &, (Kerd? N Ker(dP~1)*)
Im(dr)*

~ Kerd” N Ker(d” )"

Therefore,

HP(K) =

(Ker d*

P
= d*) , as desired.

3.3.3 The Discrete Hodge Star as an Isomorphism

The discrete Hodge star can be viewed in two different ways. The is first as an operator
that induces an isomorphism between cohomology groups in complementary degrees. The
second, and more interesting viewpoint, is as the Poincaré Duality map between cohomology
and complementary degree homology. Ultimately, we will establish our discrete Hodge star

as the Poincaré duality map, i.e. the cubical cap product with the fundamental class of M,
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under the chain isomorphism defined in Definition 3.3.8. The first isomorphism is analogous
to a result of Scott Wilson in [19]. The latter isomorphism and star as the Poincaré duality

map are original contributions of this dissertation.

Duality of Cubical Cohomology Groups

In this section, we show that the discrete Hodge star induces an isomorphism between co-
homology groups of complementary degree. Traditionally, the Hodge star realizes this iso-
morphism via the space of harmonic forms. However, our discrete Hodge star need not take
harmonic forms to harmonic forms. Instead, we show that the image of an exact form under
* is coexact. This makes * a well defined map between HP(K) and (¥2£)""". The nonde-
generacy of U, proven in Theorem 3.2.20, establishes * as an injection on H?(K), which sets
the stage for proving * is, in fact, an isomorphism between H?(K) and (%)n_p. Com-

bining this result with Corollary 3.3.5, we recover the duality isomorphism of cohomology

groups via our star.

Theorem 3.3.6. For each p, the discrete * induces an isomorphism
Kerd*\" "
Im d* ‘

Proof. First, we must show that * : H?(K) — (If;rj:)n_p is well-defined. Suppose a €

12

H*(K)

KerdP. Then Lemma 3.3.2 yields

(d)"Pxa = (dPH *a

= (=) xdla
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= (—=1)P"%0

So, *a € ker(d*)"P. Suppose o = dP~! 3 for some 3 € CP~!(K). By Lemma 3.3.2,
@3 = (@)
= (=DP(d )P .

Thus, if « is exact, then *x«a is coexact. This confirms that x : HP(K) — (KLd*)nfp is

Im d*

well-defined.

Now, we will show that % is an isomorphism. By Theorem 3.2.20, U, is a nondegenerate
pairing of HP(K) and H" ?(K). Thus, (3.10) implies that, for % defined on H?(K), Im x*

pairs nondegenerately with H™ P via the discrete inner product. Hence,

dimIm % > dim H" P(K)

By Corollary 3.3.5, H"7(K) = (¥=d)™" Tt follows that

Im d*

dimImx > dim H"?(K)
Kerd*\"™”
di .
m(mw)

On the other hand, (If;r(f )n_p is the codomain of * and we have

v

*\ N—PpP
dimIm* < dim (Kerd) :

Im d*
. . . Ker d* \7—P . . . .
Thus, dimIm= = dim (327 and * is a surjection. Because U. is a nondegenerate

pairing,

dim H?(K) = dim H" ?(K)
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= dim Im *.

So, * is a surjection on finite-dimensional vector spaces of equal dimension. Hence, * is an

injection, and consequently an isomorphism, as desired.

Corollary 3.3.7. For each p,

HP(K) = H" ?(K).

Proof. The result follows directly from Corollary 3.3.5 and Theorem 3.3.6.

Cubical Poincaré Duality

In this section, we give the original result that the discrete Hodge star induces an isomor-
phism between cohomology and complementary-degree homology with real coefficients, i.e.
establishes Poincaré duality in its traditional form. In fact, we assert that star can be viewed
as the cubical cap product with the fundamental class of M, and hence this isomorphism is
the Poincaré duality map over R. A major point of interest is that we will recover Poincaré

duality on a single cell complex, in the absence of its dual complex.

The proof of Poincaré duality on a single cell complex hinges on a key observation that
the discrete adjoint operator d* intertwines with the discrete boundary operator 0 under

composition with the following map.
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Definition 3.3.8. For each p, define f, : C,(K) — CP(K) by f,(c) = ¢. Recall that for a

single p-cell 7 in C,(K), 7(7) = 1 and 7 is 0 on all other p-chains.

Remark 3.3.9. f, is an isomorphism between C,(K) and C?(K) for all p.

To see the relationship of the adjoint and the boundary operator, we consider the behavior

of d* on basis elements.

Suppose 7,11 € Cpy1(K) is a basis element. By definition of d*,
<d7A-p7 7A—p-l-1> = <7A—p’ (dp)*%p—‘rl)?

for any basis element 7, € C,(K).

Before calculating each of the above inner products explicitly, we will first narrow our choice
of a basis element 7, € C,(K) to only those in 07,.1. Such a 7, is the only candidate for a
nonzero pairing (d7,, 7,+1). The definition of the discrete inner product and the definition
of d expose why the pairing is zero otherwise.

(dTp, Tpr1) = Z d7p(c)Tp41(c)

(p+1)—faces ¢

= Y B0l
(p+1)—faces ¢

= p(07p11) Tp1(Tp11)

= fp(anH)

= 0if 7, ¢ O7p41.

Thus, we will consider only 7, € 07p41.
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Now we will calculate each inner product in the definition of d*.

(dTp, Tps1) = Z d7p(c)Tpia(c)
(p+1)—faces ¢
= d7p(Tp+1)Tp+1(Tpt1)

= 7A'p<87'p+1)

= =+1. (3.11)
The sign that 7,(07,11) carries agrees with 7,’s orientation in 07,41.

On the other hand,

(Tpo (d°) Tpy1) = Z 7p(e)(d”) Tp1a(c)
p—faces ¢

= (1)) Tpya(7p)

= (@) Tpia(7p)- (3.12)

Thus, the definition of d* yields (3.11) = (3.12) and (d?)*7,+1(7,) = =£1, according to the
orientation of 7, € 07p4+1. So,

(@) Tps1 = OTpya-
With this expression of d*, we can now make the relationship of d* and 0 precise.

Theorem 3.3.10. For each p, f, is a chain map with respect to d* and 0, and hence induces

Ker d* p
an isomorphism between ( Ierd* ) and Hy(K).
m

Proof. We will show (dP)*o f,41 = f, 00,11 on basis elements. Suppose 7,41 is a (p+ 1)-face.

(d)" 0 fori(Tpr1) = (d) Tpia
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—

= O0Tpn
= fo(07p11)

= fpoO(Tpt1).

Thus, f, is a chain map. Because f, is an isomorphism it induces the following isomorphism

(Fot) = )

Im d*
[
Corollary 3.3.11. (Cubical Poincaré Duality) For each p,
HP(K) = H,_,(K).
Proof. Transitivity of Corollary 3.3.5 and Theorem 3.3.10 proves the result. O

The discrete star’s role in cubical Poincaré duality can be seen in Theorem 3.3.6. But, star’s

importance can be made more explicit by the following theorem.

Theorem 3.3.12. Let o € CP(K) for any p > 0. Then,

xa = fr_p([M] N, ).

Proof. Choose arbitrary p > 0 and let a € C?(K). Then,

Q= E ICZOA'Z,

(n — p)-cells o;

where the k;’s are in R. We abbreviate this sum ) k;6;. By definition of *, for each i,

ki = (xa,67) = (a U, &,)[M].
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For real numbers /;,

fop(IM]Nca) = > gy,

(n — p)-cells o;

We abbreviate this sum »_ ¢;0;. Because [M|N.a = > {;0;, for each i we have
U =6;([M]Nea) = (aU. 6;)[M] = ;.
The last equality holds because N, and U, are corresponding products. Thus,
s = fr_p([M] N ),

as desired.

Thus, the discrete star is the cubical cap product we have defined. More importantly, because
the cubical cap product N, agrees with the standard cubical cap product on homology, the
cubical discrete Hodge star is the Poincaré Duality map over R on a single cubical complex.
Hence, star plays two important roles in duality in the discrete setting. As in the smooth case,
star is the isomorphism between dual cohomology groups. However, the discrete Hodge star

departs from the smooth case to also recover duality of cohomology and homology groups.

3.3.4 The Discrete Hodge Star and Poincaré Duality over Z

The exposition of the details leading to the proof of Poincaré Duality reveals the need
to work with coefficients in R. Not only does U, have rational coefficients, but most of

the isomorphisms we have uncovered rely on a dimension count in finite-dimensional vector
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spaces. These arguments fail because coefficients in Z allow for torsion. This section describes
the original results that we can recover surrounding a discrete Hodge star and Poincaré

Duality over Z.

The Intertwining of d* and 0

We can recover Theorem 3.3.10 with integer coefficients. In other words, d* and 0 remain

intertwined over Z.

To see this, we first note that the discrete inner product (, ) is defined over Z because for Z-
valued cochains, it takes values only in Z. Although the adjoint d* usually refers to an inner
product space (so, over R, for example), we may instead define d* with respect to a natural
Z-basis via the transpose of the matrix representing d. The basis of d is the collection of ¢’s
such that c is a single cell in K. Call the matrix representation of d M. Then, representing

a € CP(K) and B € CP7'(K) as column vectors under this basis, we have

(a,dB) = o (MB)
= (a'M)B
= (M'a)'

= (d'a, ).

In this way, we recover with 7Z coefficients a representation of d* analogous to the usual

inner product representation. Hence, we may apply a similar argument as in the case of real
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coefficients to obtain f, a chain map with respect to d* and 0 over Z and

(Ker d*

P
hpr ) = H,(K;Z).

The Discrete Hodge Star as the Poincaré Duality map over Z

The definition of the cubical discrete Hodge star in the case of real coefficients was defined
by U.. As we have noted, U, takes values in @Q on cochains in C*(K;Z). Thus, we cannot
use U, to define a cubical discrete Hodge star over Z. We can, however, use the standard
cubical cup product U defined in Definition 3.2.6 because U takes values in Z on C*(K;Z).

Thus, we define a new cubical discrete Hodge star over Z as follows.

Definition 3.3.13. We define the cubical discrete Hodge star over Z, x : C?(K;Z) —
C"P(K;Z), via the discrete inner product ( , ) and standard cubical cup product U as

follows.

(xa, B) = (U B)[M].

As aforementioned, we cannot recover Poincaré duality with this % as in the real case. Our
arguments over R relied on a dimension count in finite-dimensional vector spaces. However,
defining * in this way establishes it as the cap product with the fundamental class of M

under the isomorphism f,_, of Definition 3.3.8 on the cochain level.

Theorem 3.3.14. Let p > 0 be arbitrary and let o € CP(K;Z). Then,

xa = frp([M]Na).
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Proof. The proof is analogous to the proof of Theorem 3.3.12, replacing U, and N, with U

and N, respectively, and taking k; and ¢; to be in Z. O

Thus, we have defined a discrete Hodge star over Z on a single cubical complex that realizes

the Poincaré duality map over Z.



Chapter 4

The Discrete Hodge Star and
Poincaré Duality in a Simplicial

Setting

In Chapter 3, we proved the existence of Poincaré duality via a single cubical complex. The
key ingredients for the proof were a nondegenerate pairing on the cohomology level of cubical
cochains (obtained from Whitney forms and the deRham map) and the discrete Hodge star.
In the simplicial setting, we have analogous ingredients. In this chapter, we report and
provide additional details for results of Wilson in [19], and we extend Wilson’s work to give
a new proof of Poincaré duality over R on a simplicial cell complex without reference to its

dual complex. We also show that Wilson’s star is the standard cellular simplicial cap product

93
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with the fundamental class of M on homology, and hence is the Poincaré duality map over
R. Moreover, we define a new discrete Hodge star over Z on a single simplicial complex via
the cellular simplicial cup product (Section 4.3.2). We prove that this star is the cellular
cap product with the fundamental class of M on the cochain level. Because the cellular cap
product intertwines with the singular cap product via Theorem 2.2.20, this Hodge star is
the standard Poincaré duality map over Z. Hence, the discrete Hodge star realizes Poincaré

duality in its strongest form.

In [19], Scott Wilson provides a significant foundation for the original results given in this
section. All new results in this chapter are stated as such, and unless otherwise noted, the
remainder of the results are given in [19]. Wilson’s definition of a discrete Hodge star over
R is justified (beyond the simple observation that its definition mimicks the smooth * and
( , )2 relationship) through our assertion that star realizes the Poincaré duality map over
R (Section 4.3.2). His choice is further understood through the definition of a new Hodge
star that realizes Poincaré duality over Z (Section 4.3.2). Details of the foundation of this
section are given in [19]. All other results are previously given in detail in the analogous
cubical setting of Chapter 3. Therefore, we merely introduce the necessary definitions and

results throughout this chapter without proof.

Throughout this chapter, unless otherwise stated, M is a closed oriented n-dimensional
manifold that admits a simplicial complex X. [M] denotes the fundamental class of M,

which may be intuitively interpreted as the sum of n-simplices in X.
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4.1 Simplicial Whitney Forms

Let 7 be a p-simplex in CP(X) with barycentric coordinates o, ..., x,. So, 0 < x; <1 for

all j and )0 z; = 1.
Definition 4.1.1. For 7 as above, we define the simplicial Whitney form of 7 by

p
=0

Note that W7 is defined to be nonzero on all n-simplices that contain 7. This definition
extends linearly to define Whitney forms on all of C?(X). As in the cubical case, this is an

embedding of simplicial cochains into the space of £2-forms.

W commutes with the exterior derivative dg on Q*(M) and the coboundary map § on C*(X),

ie. dooW =W o).

4.2 Wilson’s Cup Product - A Nondegenerate Pairing

of Differential Forms

As in the cubical setting, Wilson defines a cup product whose nondegeneracy is established
via the nondegeneracy of the smooth wedge product. Recall that the validity of borrowing
from the smooth nondegeneracy was established by showing the composition of the de Rham

map with the Whitney map was an isomorphism on cohomology.
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So, we define the de Rham map R : w?(M) — C?(X) by

for a differential form w and a simplicial chain c.

Wilson defines his cup product via R and W directly.

Definition 4.2.1. Let X be a simplicial complex on a smooth manifold. We define Wilson’s

cup product Uy : CP(X) x CY(X) — C**(X) by

aUy =RWaAWPp).

One can check that R is also a chain map with respect to dg and . This leads to R and W

inducing isomorphisms on their respective cohomology groups of all orders, as in the cubical

setting.

In [19], Wilson refers briefly to his cup product agreeing with the standard cellular simplicial
cup product on cohomology. We establish the details in Section 4.2.1. First, we show that

Uw is indeed a cup product as defined by Whitney in Defintion 2.3.2.

Theorem 4.2.2. Uy is a cup product.

Proof. We show that Uy, satisfies the requirements of Definition 2.3.2
Property 1.

Property 2. R and W are chain maps with respect to dg and dx. Also, dg is a derivation of

the “smooth” wedge product. Because Whitney forms are not smooth, the wedge product is
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not quite the smooth wedge product. However, differentiation with respect to dg still makes

sense on Whitney forms and so we still have the desired derivation. Thus,
dx(@UB) = dy(R(WaATVB))
= R(do(WaAWB))
= R(doWaANWB+ (=1)’Wa AdoWp)
= R(doWaAWPp))+ (—1)PR(Wa AdoW )
= R(W(dxa) N\WB)) + (1)’ R(Wa AW (dxS3))

= (deé) UW 5 + (—1>pOé UW (dxﬁ>

Property 3. We will explicitly show that vy, = 1, i.e. for any p and for any a € CP(X),
I Uy, o = «a. Recall that [ is the constant O-form that takes value 1 on each vertex in X.

We give the proof on basis elements. The result follows by linearity.
If p = 0 the result is trivial. Therefore, we focus on p > 1.

Suppose 0 = [v,...,v,] is a p-simplex with barycentric coordinates zo, ..., x,. Then ¢ is

the p-form that takes value 1 on ¢ and 0 on all other simplices. I = 9y + --- 0, on o and
WI:$0+"‘+$p.
By definition of Whitney forms,
p . —_~
Wa = pl Z(—l)lxi drg N --- Ndx; A -+ Ndxy.
=0
So, by the definition of Uy,

(IUw o)) = RWIANWG)(o)
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p
- p!Z/(—l)iL;(Io—l—-”—i—l‘p)dJ?o/\-“/\dIi/\-“/\de.
i=0 Y7

We may parametrize to reduce the calculation of each integral in the above sum to integration
over the zg-- - Z; - - - x,-hyperplane. The standard orientation of this coordinate hyperplane

agrees with (—1)" times the standard orientation of 0. Because > 7 jz; = 1, each integrand

can be rewritten using ; =1 — 9 — -+ —&; — -+ — .
l-z(x0++xp) — (]_—xo__@__xp)(xo_’__i_xz_l
+(l—zog— =Ty — - —Tp) F Tiy1 + -+ Tp).
= (l—mg— =T — e — ).

For simplicity, we will use the notation

So x;(zg + -+ -+ x,) = s and the integral over o becomes the following for any i # 0.

1 Sp Sp—1 s 81 —~
0 0 0 0 0

If ¢+ = 0, we instead have

1 Sp Sp—1 s2
// / / s1 dxy A ANdxp.
0 0 0 0

Case 1: 7 # 0. Suppose i # p. Then by Lemma 4.2.3,

—

Sp S3 s1 _ 1
/ / / sodazo/\---/\dxi/\'--/\dxp_lz—'spp.
0 0 0 D:
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So,

—

1 Sp Sp—1 Si S1 —
// / .../ .../ Sod‘ro/\“'/\dxl/\"'/\dxp - / Spdxp
o Jo 0 0 0

1 psp_1 s1 1 1
/ / o / so dxg N Ndxyy = / —spdy
0o Jo 0 0 (P-

Case 2: i = 0. Suppose p = 1. Then,

[ = g
sidry = —=s
; 1421 551

Suppose p > 2. Then, p > i, so by Lemma 4.2.4,

1 prsp  fsp—i 82 |
// / / sy dry N -~ Ndx, = / —'Sppdl‘p
o Jo 0 0 o P

By the above cases, we see that

(IUw 6)(0) = p!Z

99
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p) p+1
(p+1)!

= 1= 4d(0).

(I Uy 6)(0’") = 0 on all other p-chains ¢’ # ¢ by definition of &. Thus,

(IUyo)=0

for all p-chains o where p is arbitrary. Thus, by linearity, vy, = 1.

Hence, Uy, satisfies the conditions of Definition 2.3.2 and Uy, is a cup product of simplicial

differential forms.

O

Lemma 4.2.3. Let p > 1 be an arbitrary integer. Suppose 1 < i < p for some integer i and

J 1s an integer such that j #1 and 1 < 7 < p.

If j <1,

55 s1 1 ‘
e So dxo/\.../\dl»._l — - S.j""l.
/o /o ’ G+

o

Sj Si S1 — 1 .
/ / / 30dIo/\"'/\d%’/\"'/\d%‘—l:75‘]‘].
0 0 0 J:

Proof. The proof is by induction on j and requires two base cases.

If j > 1,

Base Case 1: Assume ¢ = 1. We will show by induction on j that for all 5, 2 < j <p,

—

Sj S5 81 P 1 )
/ / / Sodﬂﬁo/\"'/\dﬂfi/\"'/\d%—lz.—'Sjj.
0 0 0 J:
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Suppose j = 2. Then,

59 1 52
/ So deo = ——802
0 2 0

Now suppose arbitrary j is such that 2 < j < p — 1. Assume

Sj /?2 S1 — 1 .
/ .../ / SodZEo/\/\dl’z/\/\de—lz_'sg]
0 0 0 I

Then,

—

Sj+1 Sq S1 P Sj4+1 1 )
/ / / so drog A\ -~ Ndx; N --- Ndx; = / f'sj]da:j.
0 0 0 0 J:

Sj+1
J+1

G+
1 )

0

Thus, by induction, for ¢ = 1 and for all 5, 2 < j < p,

—

Sj S; S1 o~ 1 .
/ .../ / So dmo/\/\dxl/\/\dx]_lz_'sjj
0 0 0 J:

Base Case 2: Assume j = 1. Then for any ¢ > 1, ¢ # 0 so we have

S1 1 S1
/ So dx(] = ——502
0 2 0
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Inductive Hypothesis: Assume i is arbitrary, 2 < i < p and assume j # i, 1 <1 < p. If

7 <1, assume

Sj s1 1 '
s drg N+ Ndxj_1 = — ERARS
/o /o ! G+

If j > 4, assume

—

Sj Sq S1 — 1 .
/ / / SdeO/\"'/\dIi/\"'/\dxj—lz7Sjj.
0 0 0 J:

Inductive Step: Consider j + 1.

Case 1: j+ 1 = i. Consider j + 2 instead. Note that j + 2 > i. Then, by the inductive

hypothesis for j < i,

/Sj+2 7?1 /51 d Cj\ d Sj42 1 j+1d
So arg N\ ---Ndx; Ndxrjyy = / —S; Tit1
0 0 0 ’ 0 G+’ ’

1 J+2|Si+2
1 J
(G +2)1 7+

0

2 as desired.

Case 2: j+1# 4 and j <. Then, by the inductive hypothesis for j < i,

/ N / Y d Ly
e So Axg /\ e /\ €T — / - S €T
0 0 ’ 0 G+’ ’

RN
= —( T 2)'Sjj
¥ .
1

|
Gt

0

*2  as desired.

Case 3: 7 > i. Then, by the inductive hypothesis for j > i,

Sj+1 /?z S1 o Sj+1 1 )
/ / / so dro N+~ Ndx; N -+ Ndx; = / f'sj]d:vj.
0 0 0 0 J:
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1 s

(j+ 1) 0
1 .
e )
D

+1 as desired.

In any case, the result holds for 7 + 1.

By induction, for all 1 <i <pand for all j #1i, 1 <j <p,

if 7 <1,
/SJ /S1 d d 1 g+l
So drg N\ - Ndx;_ 1 = — S0
0 0 ’ G+
And, if 7 > 1,
Sj /?l s1 - 1 )
/ / / SOdJ:O/\"'/\dxi/\"'/\dxj—lz._‘Sjj.
0 0 0 J:
Hence, the claim is proved. O

Lemma 4.2.4. Let p > 1 be an arbitrary integer. Suppose i =0 and 2 < 7 < p. Then,

s S92 1 )
/ / S1 dl’l/\"'/\dl'j_lz_—'sj‘].
0 0 J:

Proof. The proof is by induction on j.

Base Case: Suppose j = 2. Then,

ED) 1 52
/ S1 dl'l = ——812
0 2 0

as desired.



Rachel F. Arnold Chapter 4 104

Inductive Hypothesis: Now suppose for an arbitrary integer j, 2 < j < p,

Sj 592 1 )
/ / S1 dCCl/\"‘/\dl'j,l:f‘Sjj.
0 0 J:

Inductive Step: By the inductive hypothesis,

8j+1 52 551 .
/ / S1 dﬂ?l/\"'/\dl'j = / 78]’] dl’j
0 0 o J:

1 |7
= —_ - S]]
(7+ 1! 0
1 )
S G 1)153“(]“)7
and the result holds for 7 + 1.
Thus, the claim follows by induction. n

One may define the Wilson cap product with the fundamental class that corresponds to

this cup product via the relationship

B([M] Nw a) = (a Uy B)[M].

Because R and W are isomorphisms, the smooth wedge product is a nondegenerate pairing
of cohomology groups on X in complementary degree. A proof analogous to the proof of

Theorem 3.2.20 recovers this result.

4.2.1 Wilson’s Products and the Standard Simplicial Products

In this section, we show that Wilson’s cap and cup products agree with the standard sim-

plicial cap and cup products on homology and cohomology over R. First, we recall the
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definition of the singular simplicial products.

Definition 4.2.5. The singular simplicial cap product N : S, ,(X) x SP(X) — S,(X)

is defined by

77777777 vp-‘rq}'
Definition 4.2.6. The singular simplicial cup product U : SP(X) x S7(X) — SPTI(X)

is defined on o € S,44(X) by

(U B)(0) = alo],,

0s--5Up]

By Theorem 2.2.20 and Remark 2.2.22, we give the definition of the cellular singular products

on a standard simplex.

Definition 4.2.7. The cellular simplicial cap product N: C,,(X) x CP(X) — Cy(X)
is defined by

[V0, -+ s Uptg) N = ©([V0, - -, Up]) [Upy - - - s Vptg]-
Definition 4.2.8. The cellular simplicial cup product U: C?(X) x C?(X) — CPT1(X)
is defined by

(@UB)([v0, . Vpral) = [t - 0B s - V)

These definitions satisfy the usual relationship

(aUB)(o) = BloNa).
Theorem 4.2.9.

Yn =" =1
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Proof. By definition of corresponding cap and cup products, 7, = v,. We will show that

=1L
Let p > 0 be arbitrary and let o € C?(X). Then,

(U a)([vo, -, vpq]) = I([va])a([vo, - .., vp])

= a[vg, ..., vp)).

Thus, v, = 1 by definition. O]
Theorem 4.2.10. Wilson’s cap product Ny and the standard simplicial cap product N agree
on homology.
Proof. We have previously shown in the proof of Theorem 4.2.2 that ~,, = 1. Thus,
Yow = Yn = 1. The result follows from Theorem 2.3.10. O
Theorem 4.2.11. Wilson’s cup product Uy, and the standard simplicial cup product U agree

on cohomology.

Proof. Because 7y, = 7u = 1, the result follows from Theorem 2.3.11.

4.3 The Discrete Hodge Star on a Simplicial Complex

In this section, we define two discrete Hodge stars on a single simplicial complex: one over

R and the other over Z. These definitions of the discrete Hodge star arise from mimicking
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the smooth * and ( , ) q2 relationship (ignoring signs) in a way that permits them to serve as
discrete Hodge stars even through cellular cup products that are degenerate on the cochain
level. In either case, we show that the discrete Hodge star is the Poincaré duality map over
its respective coefficient group, justifying the omission of the sign present in the smooth %
and ( , )2 relationship. In the case of real coefficients, we also give an original proof of the
traditional version of Poincaré duality on a single simplicial complex without reference to its

dual via the discrete Hodge star.

4.3.1 The Discrete Hodge Star over R

The discrete Hodge star defined in this section is a result given by Scott Wilson in [19].

Definition 4.3.1. Let (, ) be a non-degenerate positive definite inner product on C?(X;R)
such that C*(X;R) is orthogonal to C7(X;R) for i # j. The simplicial discrete Hodge

star over R, x : C?(X;R) — C"P(X;R), is defined on o € C?(X;R) by
(x0,7) = (0 Uy 7)[M].

where [M] denotes the fundamental class of M.

As in the cubical setting, * satisfies

%P = (_1)P+1<5n7p*1)* %

Thus, for each p, * induces an isomorphism

(4.1)

*\ N—p
HP(X;R) = (Ker5 ) .

Im 6*
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The Discrete Hodge Star as the Poincaré Duality Map

Via the arguments of Section 3.3.3, the isomorphism of (4.1) provides an avenue to recovering
two major duality theorems. The first is stated by Wilson in [19]. The second, Poincaré
duality (cohomology to homology) recovered on a single simplicial complex, is an original

result.
Theorem 4.3.2. For each p,

HP(X;R) = H" P(X;R).

As in the cubical case, 0* and the simplicial boundary map 0 commute via the isomorphism
fp 1 Cp(X) — CP(X), fp(c) = ¢. This relationship is the foundation for the proof of Poincaré

Duality on a single simplicial complex.
Theorem 4.3.3. (Poincaré Duality) For each p,

HP(X:R) 2 H,_,(X;R).

As in Theorem 3.3.12, we recover agreement of % and the Wilson cap product with the

fundamental class.
Theorem 4.3.4. Let p > 0 and let « € CP(X;R). The simplicial discrete Hodge star over
R is such that

s = fr_p([M] Ny ).

Proof. The proof is analogous to the proof of Theorem 3.3.12, working over a simplicial

complex with the products Ny and Uyy. O
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By Theorem 4.2.10, Ny, agrees with the standard simplicial cap product on homology, and

hence * is the Poincaré Duality map over R.

4.3.2 The Discrete Hodge Star over Z

Recall the standard cellular simplicial cup product U defined in Definition 4.2.8. By defini-
tion, o U (3 takes values in Z for a € C?(X;Z) and € C%(X;Z). Thus, we may use U to

define a discrete Hodge star over Z analogously to the discrete Hodge star over R.

Definition 4.3.5. Let (, ) be the discrete inner product. The simplicial discrete Hodge

star over Z, * : C?(X;Z) — C"P(X;Z), is defined on o € CP(X;Z) by
(xo,7) = (0 UT)[M],

where [M] denotes the fundamental class of M, and U is the standard cellular simplicial cup

product defined in Definition 4.2.8.

Note that the discrete inner product is Z-valued on cochains with coefficients in Z (refer to

Section 3.3.4 for details).

Although we have defined * over Z analogously to * over R, we cannot use * to prove Poincaré
duality over Z as in the real case. The arguments that establish Poincaré duality with real
coefficients depend on finite-dimensional vector spaces. These arguments fail in the presence
of torsion. However, the above definition of the discrete Hodge star identifies * with the

standard cellular simplicial cap product N with the fundamental class of M on the cochain

level under the map f, : C,(X;Z) — CP(X;Z) defined by f(c) = ¢ for all p > 0.
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Theorem 4.3.6. Let p > 0 be arbitrary and let « € CP(X ;7). The simplicial discrete Hodge
star over 7Z is such that

xa = frp([M]Na),

where N denotes the cellular simplicial cap product of Definition 4.2.7.

Proof. The proof is analogous to the proof of Theorem 3.3.12, working over a simplicial

complex with integer coefficients and using Ny and Uy, instead. [

Thus, we have defined a discrete Hodge star on a single simplicial complex that agrees with
the simplicial cap product with the fundamental class of M on the cochain level, by definition.
Although we cannot use * to prove Poincaré duality over Z as in the real case, the simplicial

discrete Hodge star over Z is the Poincaré duality map.



Chapter 5

Forman’s Complex of Differential

Forms in a Cubical Setting

In [7], Robin Forman describes his nontraditional complex of differential forms in a simplicial
setting. His differential forms are nontraditional in the sense that they act on a simplicial
chain to return a chain, rather than a number. Despite this departure from the usual
definition of forms, Forman asserts that the cohomology groups his complex of differential
forms defines are isomorphic to the traditional cohomology groups of a complex of simplicial

cochains.

This chapter provides an exposition of Forman’s forms and their natural relationship to
differential forms on a complex of kites. Because a complex of kites is by definition a cubical

structure, we place Forman’s complex of differential forms into the cubical setting, so that

111
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the theory of Chapter 3 applies to them.

Throughout this chapter, X denotes a simplicial cell complex on a smooth n-dimensional
manifold M. K denotes the kite complex associated with X. We make no specific reference

to a coefficient group, but the results follow over both R and Z.

We highlight the original results in this chapter as follows. In Section 5.2, we define the kite
complex K associated with the simplicial complex X via Forman’s differential forms, and
we establish an isomorphism of Forman’s differential forms and the cubical cochains on K.
In section 5.3, we define a signed version of Forman’s differential operator (that defines a
complex whose cohomology is the same as the cohomology of Forman’s complex), and we
prove that it is intertwined with the cubical discrete coboundary operator d. Hence, the
cochain complexes defined by Forman’s forms and the cubical forms on the kite complex
are isomorphic. In this way, we offer a new proof of the isomorphism of the cohomology
groups of Forman forms and the cubical cohomology groups. Last, we define a product of
Forman’s differential forms (Section 5.4.1), and we show that this cup product naturally
defines a cubical cup product on the associated kite complex (Section 5.4.2). We conclude
our results by showing that this cup product agrees with the cubical cup product we define
in Section 3.2.1 on cohomology (Section 5.4.3). Thus, all of the results of Chapter 3 apply

to Forman’s complex of differential forms, e.g. the expressions of Poincaré duality.
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5.1 Forman’s Complex of Differential Forms on a Sim-

plicial Complex

In this section, we give an overview of Forman’s complex of differential forms found in
[7]. This includes a brief overview of the properties of Forman’s differential operator D and
Forman’s assertion that his complex of differential forms defines the same cohomology groups

as the traditional cochain complex on a simplicial complex.

Definition 5.1.1. Suppose p > 0. We define the space of Forman’s differential p-forms
QR(X) by

05.(X) = @ {local linear maps a : Ci(X) — Ci_p(X)}.

k>p
o€ 1s loca Inear 1n the sense that 1t takes a k-simplex o to a linear combination
O5(X) is locally li in th that it tak k-simpl t li binati

of the (k — p)-cells within o, i.e. its local (k — p)-cells. So, the image of each « is a subset

of its pre-image.

Thus, we see that Forman’s differential p-forms evaluate not only on simplicial p-chains, but
also on k-chains for which £ > p. Furthermore, the output of a Forman differential p-form
on a k-chain is a (k — p)-chain, rather than a number. Consequently, Forman’s forms are
very different from traditional simplicial differential forms. In Section 5.2, we will explore
just how closely Forman’s differential forms can be related to a traditional view of discrete

differential forms.

Now let us consider the behavior of a Forman differential p-form on a simplex of appropriate
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dimension. If o € Q%.(X) and ¢ is a k-simplex, k > p, then

ale) = Z a; - b

(k—p)-simplices b;
bigc
for some collection of constants a;. So a p-form takes a k-chain, k > p, to a linear combination

of the (k — p)-cells that it contains.

Consider the following example to make this behavior more explicit.

Ezxample 5.1.2. Consider a 2-simplex ¢ with edges b; and vertices b;, 0 < i < 3, as shown in

Figure 5.1.

U2

Vo bo U1

Figure 5.1: A 2-simplex ¢ and its edges b; and vertices v;.

Let f be a O-form, a a 1-form and w a 2-form. Then we have the following.

f(C) =a-C Oé(bj) = Z Sji Vs CL)(C) :Z&vl

Uieabj
2
1=0

f(Ui) = A; - v

where a, a;, A;, sj;, t;, and ¢; are all constants.
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Forman’s forms are nontraditional. However, Forman defines a differential operator which
leads to a differential complex whose cohomology agrees with the cohomology of the complex

of traditional discrete differential forms.

Definition 5.1.3. We define Forman’s differential operator D : Q5 (X) — Q%' (X) by

(Dw)(¢) = d(w(c)) = (=1)w(dc),
where ¢ is a k-simplex, k > p + 1. Thus, (Dw)(c) € Cy_p1)(X).

Remark 5.1.4. Note that 0 denotes the standard simplicial boundary map. Note also that
D behaves similarly to the traditional simplicial coboundary operator ¢ in that D takes a

p-form to a (p + 1)-form, and D o D = 0.

We will use the notation

Dw=0ow—(—1)’wod

without reference to a chain c¢ interchangeably with the formal statement of D given in its

definition.

Theorem 5.1.5.

DoD =0.

Proof. The proof follows straight from the definition of D. Consider a p-form w. Then,

because 0 o 0 = 0,

DoDw = D(@ow—(—1)wod)
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= 900w —(—1)Pwod) — (1)’ (Dow— (—1)’wod) o d

= (=1)PM9owod— (=1)’Mdowod

By the above remark and Theorem 5.1.5, we have the following differential complex.

D D

O (X): 0 — QX)) —2 QY(X) > » QX)) —— 0

Theorem 5.1.6. The cohomology of Forman’s complex of differential forms is precisely the

cohomology of X with respect to §. So,
H*(Q"(X)) 2 H(X).

Proof. Forman gives the proof in his paper, [7]. This result is also established in an alterna-

tive manner by the exposition in the remainder of this chapter. O]

5.2 The Associated Kite Complex Defined by Forman’s

Differential Forms

The behavior of Forman’s differential forms on simplicial chains defines a complex whose cells
are kites. Consequently, Forman’s differential forms elicit a natural cubical structure. This

section provides the details surrounding carefully defining the complex of kites associated
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with the simplicial complex via Forman’s differential forms. We conclude this section by
associating a Forman differential form with each cubical form on the associated kite complex.

In this way, we establish an isomorphism between Q4.(X) and C?(K).

To see the relationship between Forman’s differential forms and the cubical cochains on an
associated kite complex, we first consider an example. We will momentarily ignore orienta-

tions. Details surrounding choosing appropriate orientations will come later in this section.

Example 5.2.1. Consider a 2-simplex ¢ and forms f, a and w as in Example 5.1.2. We will
show how each Forman form can be viewed as an evaluation on a kite chain of degree equal

to the degree of the form.

First, we consider f, a O-form. As we saw in Example 5.1.2, given an arbitrary chain in ¢, f
returns a multiple of that chain. We will associate this calculation with a vertex in the center
of each cell, namely its barycenter. We define an associated cubical 0-form f. to return the
appropriate coefficient on each chain. So, f.(¢) = a, fC(Bi) = a;, and f.(0;) = A;. Note that

¢ denotes the barycenter of o.

Now consider «, a 1-form. We have previously seen that given ¢ or an arbitrary edge b; in ¢,
a returns a linear combination of the b;’s or v;’s, respectively. a’s behavior can be captured
as an evaluation of a cubical 1-form a,. on an edge as follows. Denote the edge between ¢ and
some b; by cb;. Then define ozc(c/b\i) = ;. Thus, a(c) can be viewed as assigning a number
to each edge between ¢ and b;. Similarly, a(b;) can be viewed as assigning a number to each

edge drawn between bl and the vertices in its boundary. So, for example, ac(lﬁ) = 511 and
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X2

V2

b

by ¢

CU1

x
U1

Vo bO

Zo

Figure 5.2: The 2-kite ¢v; between ¢ and v;.

—

Oéc(bl?)Q) = S12.

Lastly, consider w, a 2-form. In Example 5.1.2, we saw that w(c) returned a multiple ¢;
of each vertex v; in ¢. Consider the kite nestled at v; bounded by the planes xo = 1,
o = 0, xg = 0, and zy = x7, where z; are the barycentric coordinates of ¢, as seen in
Figure 5.2. We denote this kite ¢v;. Define the cubical 2-form w,. such that w.(cv) = £;.
Similarly, w.(cvg) = €y and w,.(cvy) = f5 where cvy and cvy are the 2-kites nestled at vy and

Vg, Tespectively.

In this way, Forman’s differential forms naturally elicit an associated kite (and hence cubical)

structure on c.
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In general, if ¢ is a k-simplex in X and « is a Forman p-form, the coefficient of a (k—p)-simplex
b C cin a(c) is associated with a cubical form evaluated on the p-kite that runs transverse
to ¢ and b, namely cb. We will use a system of equations and inequalities determined by

barycentric coordinates to describe the associated kites explicitly.

Definition 5.2.2. Let p > 0 be arbitrary. Suppose a k-simplex ¢ has vertices vy, ..., vg. Let
b C ¢ be a (k — p)-simplex with vertices uy, ..., uy_,, a subset of vy, ..., vy Let wy,..., wy_1
be the vertices of ¢ that are not in b. Let x,, denote the barycentric coordinate that is 1 at

the vertex v;. We define the p-kite in ¢ transverse to b, as follows.
b= {(x0,...,ak): Tuy = v =Ty, 0 <@y, @y, foralli, 0<d <p—1}.

Note that this kite is analogous to the kites introduced in the proof of Theorem 3.1.5.

We must now settle the issue of assigning an orientation to cb.

Definition 5.2.3. Let ¢, b, and their vertices be as in Definition 5.2.2. Choose a vertex u,

in b as an anchor for our orientation. An orientation of ¢b is
Tuwgs - s Tuy_g
where {z,, } are the free variables in ¢b associated with the vectors

Wo — Uj, ..., Wp—1 — Uy (5.1)

Note that the anchor choice u; for the vectors in (5.1) was arbitrary. Thus, we must establish

consistency of the orientations associated with different anchors.
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Theorem 5.2.4. Let ¢ be a k-simplex with vertices vg,...,vx. Let b C ¢ be a (k — p)-
simplex with vertices uo, ..., Up—p. Suppose wo, ..., wy_1 are the vertices in ¢ that are not in

b. Choose an arbitrary vertex u; in b. Then the orientation ochb given by
Wy — Ujyevv, Wp—1 — Uy

is independent of our choice of u;.

Proof. Suppose k —p > 1. To show the orientation of cb will be the same regardless of our
choice of anchor in b, we will show that the orientation cb followed by a fixed orientation of
b relative to the orientation of ¢ has the same sign regardless of the anchor choice. To do
so, we allow our anchor choice to vary continuously over all points in b, not just vertices.
We will show that the orientation that arises from an arbitrary anchor is the sign of the
determinant of the k x k matrix of the orientation vectors of c. By linear independence of
the entries in this matrix, the determinant is nonzero. Thus, by the continuity of our anchor
variation over the connected set b, the orientation of cb is consistent regardless of our choice

of anchoring vertex.

Orient b by the order of its vertices, wy,...,u,—p. This orientation is the same as u; —
Ug, . . ., Up—p — Up, i.e. the orientation that results from anchoring at uy. Let a denote the
arbitrary point in b that is the anchor of the orientation of cb. Orient cb by wo—a, ..., wy_1—a.
Each w; — a can be rewritten as the difference of two vectors anchored at wuy.

w; —a =w; —ug +uy —a = (w; —up) — (@ — up).

We will rewrite each of the above orientation vectors anchored at wuy as column vectors
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whose entries follow the ordering of the vertices given by wo, ..., wp—1,u1,. .., Ur—p. Write
each u; — ug, © # 0, as a column vector. Note that each vector has a single entry of 1 in
the u; position. Write each w; — a as a column vector, also. Each of these column vectors
contains a 1 in the w; position and has entries in the w;, ..., u,_, positions corresponding to

the coefficient of u; — ug in @ — ug. So, our matrix can be pictured as follows.

Ww; — Up O

—(a —ug) | u; — ug
Note that the vectors wy —uo, . .., w,—1 — ug are linearly independent as they are orientation
vectors of vertices in c. Similarly the vectors u; — uy, . .., ux—, — up are linearly independent.

Thus, column operations can be used to arrive at the following matrix.

0

U; — Up

w; — Up

The columns of this reduced matrix are the orientation vectors of ¢ and are hence linearly
independent. So, the matrix has nonzero determinant. As previously discussed, it follows
that the orientation of the kite cb followed by the orientation of b will be the same regardless
of our choice of a. Thus, in particular, the orientation on cb will be consistent regardless of

the anchoring vertex u; in b.
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In defining a consistent orientation on a kite cb in the associated kite complex, we consid-
ered the orientation of cb followed by the orientation of b relative to the orientation of c.
This combination of orientations was conveniently chosen to allow for the expression of the
orientation of cb as the determinant of a matrix. We will continue to work with this orien-
tation mechanism throughout the remainder of this chapter and hence provide a notation
describing it.

Definition 5.2.5. For arbitrary simplicial chains ¢ and b, dimb < dime, sgn(EB, b; c)

denotes the sign associated with the orientation of the kite cb followed by the orientation of

b relative to the orientation of c.

Thus, sgn(é?)7 b; ¢) = 1 when the orientation of cb followed by the orientation of b agrees with

the orientation of ¢, and sgn(cAb, b;c) = —1 when it disagrees.

To describe the boundary of cAb, we must relate the barycentric coordinate variables of ¢ to
the cubical variables of cb. We may do this via the orientation of cb associated with the

vector orientation on ¢ as follows.

Let
Wo — Ujyevv, Wp—1 — Uy
be as in Definition 5.2.3. Our claim is that the projection of these orientation vectors onto

the tangent space of cb gives a vector orientation of cb emanating from the barycenter of b,

b.
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To see this, recall that in the proof of Theorem 5.2.4, we showed that the above vector
orientation is the same regardless of our anchor choice in b, even if the anchor is not a vertex

of b. Consider the anchor to be b. Note that b is a vertex of ¢b. So we have
Wo —6,...wp,1 —b

The projection of these variables onto the tangent space of cb gives a vector orientation of

~

cb.

If we now take b to be the image of the origin under a diffeomorphism of the standard p-cube
analogous to the diffeomorphism described in Theorem 3.1.5, then the orientation vectors of
L, In cAb, we may

cb emanate from the origin and increase to one. So, because x,, = -+ = T, _

express the aforementioned diffeomorphism as
T, = LiToy forallz, 0 <i:<p-—1,

where %, ...,t,_1 are the cubical variables of the standard p-cube. In this way, we identify
each barycentric variable x,, with a cubical variable ¢; that determines cb. We may now

define the boundary of cb.

Definition 5.2.6. The boundary of cb is given by the discrete cubical boundary map

—_

.
och =3 (—1) (Eb

i

cb

where each t; is the cubical variable of cb associated with the barycentric variable of ¢, z,,,

ti=1 -

I
<)

as described above. Note that the x,,’s come in the order specified by the orientation of cb.
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Remark 5.2.7. Fach face in the boundary of cb can be expressed in terms of the system of
equations and inequalities that determines it. Recall our usual expression of the vertices in b,
Uo, - - . , Up—p, and the vertices of ¢ that are not in b, wy, ..., w,_1. Recall the diffeomorphism
described above

Ty, = Uiy, foralli, 0 <i<p-—1.

An evaluation of ¢, = 1 for some /¢ gives the equation z,, = x,,. Thus, for an evaluation
at 1, the kite in the boundary of cb is described by the following system of equations and

inequalities.

Lug = " = Luy_p, = Ly

0<zy, <zy, foralli #¢,0<i<p—1.

An evaluation of ¢, = 0 for some ¢ gives the equation z,, = 0. Thus, for an evaluation
at 0, the kite in the boundary of cb is described by the following system of equations and

inequalities.

xuO — ... :xuk—p
0<zy <zy, foralli #¢,0<i<p—1.

Ty, = 0.

These representations of the kites in the boundary of cb will be utilized in the proofs of the

lemmas used to prove Theorem 5.3.3 in Section 5.3.
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Now that we have thoroughly discussed orientations and boundaries, we give the formal def-
inition of the kite complex that is associated with the simplicial complex on which Forman’s

differential forms evaluate.

Definition 5.2.8. Suppose X is a simplicial complex on a smooth n-dimensional manifold
M. Orient X standardly via the ordering of its vertices. Then the kite complex K

associated with X is

k= U U a

{all simplices} {all simplices}
cin X bCec
where each ¢b has standard orientation derived from the orientation on X as defined in

Definition 5.2.3, and the topology of K is inherited from the topology of X.

In Example 5.2.1, we saw that there is a natural association between Forman differential
forms and cubical cochains. Thus, we define the Forman form associated with each cubical

form o € C*(K).

Definition 5.2.9. Let X be a simplicial complex on a smooth manifold M, and let K be its
associated cubical structure. Given a cubical cochain o € CP(K), we define its associated

Forman differential form ar € Q% (K) on a chain ¢ € Cx(X), k > p, by

ap(c) = Z sgn(cb, b: ¢) a(ch) - b.
bEC),_p(X),
bCc

The map taking o to ap defines an isomorphism

CP(K) = Qp(X)
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for all p. Furthermore, this definition is the building block for relating Forman’s differential

operator D and the discrete coboundary operator d.

5.3 Forman’s Complex of Differential Forms and the
Discrete Cochain Complex on the Associated Kite

Complex

Our exposition of the kite complex associated with Forman’s differential forms revealed the
relationship between Forman’s forms on a simplicial cell complex and cubical cochains on
the associated kite complex. In this section, we expose the relationship between Forman’s
differential coboundary operator D and the cubical coboundary operator d (Theorem 5.3.3).
It is this intertwining of a signed version of D with d that establishes the isomorphism
between Forman’s complex of differential forms and the cubical cochain complex on the
associate kite complex. This relationship also allows us to define a cubical cup product

based on a product of Forman’s differential forms (Section 5.4.2).

We first define a signed version of Forman’s differential operator D for purposes of fitting D

together with the discrete coboundary operator d on the associated kite complex.

Definition 5.3.1. Define the signed Forman coboundary operator Dp : Q5 (K) —
Q5" (K) by

Dra = (—1)""' Da.
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Dpa can be explicitly expressed as

Dra = (—=1)""0oca+aocd.

Thus, we see that D differs from D by moving the sign to sit with 0 o « instead. Note that

d o a returns a chain whose dimension is lowered by p + 1. So, (—1)?™! makes sense here.

Remark 5.3.2. The kernel, cokernel, and cohomology of D agree with the kernel, cokernel,
and cohomology of D. It is important to note that the switch to Dg respects the invariants

that D defines.

Theorem 5.3.3. Given a € CP(K) and its associated Forman differential form ap €
O (X),

DF(OéF) = (dOé)F

Proof. We give the proof for a basis element 8 € QF.(X) that is associated with a cubical
cochain that is nonzero on a single kite. First, we introduce the simplices and orientations

relevant to our calculations.

Let ¢ be a k-simplex and b a (k — p)-simplex in ¢. We will show the result is true for the
basis element [ such that f(c) = b and B(c’) = 0 for ¢ # ¢ a chain of dimension greater

than or equal to k.

Let v, ..., v, be the vertices of ¢ and let wy,...,u,—, be the subset of these vertices in b.
Let wy,...,w,—1 by the subset of vertices in ¢ that are not in b. Note, uo,...,us—, and

Wo, . . ., Wp—1 inherit their order from vy, ..., vy.
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Our argument will include inspection of simplices in the boundary of b. We introduce an
arbitrary (k — p — 1)-simplex e in 0b in advance. Let u; be the vertex that is in b, but not
in e. Let u, # u; be a vertex in {uo, ..., ux_p}. u, will serve as the anchor in defining an

orientation on ce and cb.

Orient ¢, b, and e standardly by the order of their vertices. By definition of the simplicial
boundary operator, the sign of e in 9b is (—1)7. Note that j is the number of vertices that

come before u; in b.

Orient ¢b by wg — U, . .., wy—1 — u,. Orient ce by wo — uq, ..., uj — Uq, ..., Wy_1 — U,, Where
u; is inserted where it belongs in the ordering of the w;’s. In orienting ce, its orientation

vectors are based at the barycenter of e, é. Therefore, ch = c/\e‘ where ¢; is the cubical

tj:1’
variable in ce associated with ;. So, the orientation of ¢b in dce is (—1)° - cb, where £ is

the number of w’s that precede u;.

Define a cubical p-form a by a(a)) = sgn(a), b; c) and (o) = 0 for all cubical p-cells o # cb.

Then,
ap(c) = Z Sgn(gly, v;c) 04(21;) U
(k—p)—simplices
inc, b

= sgn(ch, b;c) alch) - b

Thus, f = ap. For the remainder of the proof, we will use the notation ap.

We are now ready to calculate (Dpar) and (da)p on an arbitrary simplex ¢’ of dimension
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at least p.
DFOJF(CI) = (—1)p+18ap(c’) + ozF(ac’).

Because ar takes a nonzero value on ¢ only, Drar(c¢) = 0 except when ¢ = c or ¢ € 0c.
9

By definition, (da)p(¢/) = 0 if and only if da(c'f) = 0 for all kites ¢/f where dim f =
(dim ) — p — 1. The kites for which da will be nonzero are those that contain cb in their
boundary. Lemma 5.3.5 and Lemma 5.3.6 show that the only kites that contain cb in their
boundary are b or ce , where ¢ is such that ¢ € 9¢ or ¢ = ¢ and € € 0b, respectively.

Thus, both Drar(¢’) and (da)p(c’) are nonzero only when ¢ = ¢ or ¢ € 9¢.
Consequently, our argument splits into two cases.

Case 1: ¢ =c.

Drap(c) = (=1 0ar(c) + ar(dc)
— (—1)PM0ar(c)

= (—=1)"*'0b.
By Definition 5.2.9 and by Lemma 5.3.5,

(do)p(c) = > sgn(ce, €'; ¢) da(ce’) - ¢

(k—p—1)—simplices
inc, e

= g sgn(ce’,e’;c) da(ce’) - €
(k—p—1)—simplices
in Ob, €/

because Lemma 5.3.5 shows that da(ce’) = 0 for all ¢ ¢ Ob.
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In order to show that the arbitrary element e € 9b previously introduced has coefficient in
(da)p(c) equal to the sign of its orientation in 9b times (—1)P*! ie. (—1)7TP*1 we first

calculate do(ce).

= (-1)* sgn(cAb, b;c).
Thus, the coefficient of e in (da)g(c) is
sgn(ce, e; ¢) da(ée) = [(=1)PT7 sgn(ch, b; ¢)] da(ce) by Lemma 5.3.4 (1)

— (=1)P* I sgn(ch, by ¢)[(—1) sgn(cb, b; )]

_ (_1)j+p+1.

Because e was arbitrary, this shows that (da)g(c) will be a linear combination of all €’ € 9b,
with the coefficient of each €’ equal to its orientation sign in the boundary of b times (—1)P*1.

In other words, d(a)r(c) = (—1)PT10b.
Hence, (Drar)(c) = (da)r(c).
Case 2: ¢ € Oc.

c is a (k + 1)-simplex. Orient ¢ by its vertices yo, ..., Yk+1. Let y,, be the vertex in ¢ that
is not in ¢. Orient ¢ by the order of its vertices, y1,...,Um,-..,Yr+1. Note that ¢ will have

orientation (—1)™ - ¢ in Oc'.

As above, orient b by its vertices uo, ..., ux—p. Let wo, ..., Ym, ..., wp—1 by the vertices in ¢’



Rachel F. Arnold Chapter 5 131

that are not in b. Note that here y,, has been inserted into the place where it belongs in the

list of w’s.
Let u, in b by the anchoring vertex as above. Orient cb by wy — ug, ..., w,—1 — %,. Orient
b by wo — Uq, -, Ym — Uq, - .., Wp—1 — Uq. In orienting b, its orientation vectors are based

at the barycenter of b, b. Therefore, ch = g’?)‘ where t,, is the cubical variable in b

tm=0’

associated with x,, . So, the orientation of ch in 9c'b is (—1)s*t. cb, where s is the number

of w’s that precede y,,.

Now, we calculate Dpap(c) and (da)p(c).

DFCEF(C/) = (—1)p+18@F<Cl>+OéF<aC/)

= ap(0d)

By Definition 5.2.9 and by Lemma 5.3.6,

(da)r() = >0 sen(df.fid) da(ef) - |
(kfp')fs,im;)lices

= Y sen(@f. f;d) a(0f) - f
(k—p)—simplices
inc, f

— sgn(eb, b;c) a(db) - b

because Lemma 5.3.6 shows that cb appears in 82’5, and Lemma 5.3.7 shows that cb does

not appear in c/’? for all f # b. Thus, da(c/’?) = 0 for all f # b. So, we need only calculate
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do('D).
da(cb) = a(dcb)
= a((-1)""'cb)
= (=1)**'sgn(ch, b; c).
Thus,

(da)p(c') = sgn(c'b, b; ') da(cb) - b
= [(=1)"*™ sgn(cb, b; c)] da(cb) - b by Lemma 5.3.4 (2)
= (=1)"*™* sgn(ch, by c) af(—1)"cd) - b
= (=1)*"™ sgn(ch, by ¢)[(— 1) sgn(ch, bi )] - b

= (—=1)"b.
So, Dpap(d) = (da)p(c’) when ¢ € Oc.

We have now shown that for an arbitrary simplex ¢, dimc¢ > p + 1,

Drarp(d) = (da)p(d).
O
Lemma 5.3.4. For c, ¢, b, and e as in the proof of Theorem 5.3.3 (including vertex labels),
(1) sgn(ée, e;c) = (—1)PH+i+1 sgn(ch, b; c).

(2) sgn(cb, b ) = (—1)*+™+Lsgn(ch, b; c).
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Proof. (1). To show the desired relationship between the sign terms, we must first rewrite
the orientations of ¢, b, and e in their vector representations. We will anchor our orientation

at the vertex u, in b. Note that u, = v; for some 1.

Recall that ¢ is oriented by vy, ..., v;. So, the orientation on ¢ can be rewritten as
(=1 (vy — U, - . . Ui — Uy e U — Uq)-
The orientation of wy, ..., u,_; on b can be rewritten as
(—1)*(ug — uq, - - . ,ua/—\ua, ey Uy — Ug).

The vector representation of the orientation of e depends on whether the anchor u, comes be-
fore or after the variable u; that is in 0 but not in e. Thus, the orientation of ug, ..., 4 , ..., ux—p

on e can be rewritten as either

(—1)"(wo — Uq, - - Uq — Ugy - - Uj — Ug, - oy U — Uq)
or
at+1 — —
(=) (o — Ugy -+ Uj — Ugy e oy Ug — Ugy - oy Up—p — Ug)-
So, under this orientation convention,
7. _ i+a —
sgn(ch, b;c) = (—1)""sgn(wp — Ug, - - ., Wp—1 — Ug, Ug — Ugy -+, Ug — Ugy -+« +  U—p — Ug)

and either sgn(ce, e; c) =

i+a
(=) sgn(wo—Ug, - -, Uj—Ug, - - ., Wp—1—Ug, Ug—Ug, - - ., Ug — Ugy - - -, Uj — Ugy - - ., Up—p—Ug)
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or sgn(ce, e;c) =

i+at1
(—1) SEN(Wo — Ugy ooy Uj — Ugy ooy Wp—] — Uy U — Ugy wvy Uj — Ugy -vy Ug — Ugy ooy U—p — Ug).-

The sign comparison between sgn(ce, e; ¢) and sgn(cAb, b; ¢) will thus be handled in two cases.
Regardless of the case, the method is the same. We simply need to identify the number of
moves necessary to move u; — u, from its position in the orientation of ¢e to its position in

b.
Case 1: u, comes before u;.

Note that the above expression for sgn(cAb, b; ¢) and the above expression for sgn(ce, e; ¢) each
have coefficient (—1)""®. The sgnfactors in these expressions differ by moving u; — u, as
discussed. Moving u; — u, from its position in ¢e to the w,_1 — u, position requires p —1 —/¢
moves. Recall that ¢ is the number of w’s that come before u;. The number of moves to
then take u; — u, to its correct spot in b is j since u, comes before u;. That is a total of

p— ¢+ 75— 1 moves. In other words,

pHl+j+1

sgn(ce, e;c) = (—1) sgn(c/?), b;c).

Case 2: u, comes after u;.

We handle this case analogously to Case 1. First, we note that the sign coefficients in
sgn(cAb, b;c) and sgn(ce,e;c) differ by a multiple of —1. This will be added to the sign
associated with the number of swaps necessary to move u; — u, from ée to b. As in Case 1,

p — 1 — £ moves are necessary to take u; — u, to the w, — u, position. This time, however,
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J + 1 moves are required to take u; — u, to its correct position in b because u, comes after

uj. This is a total of p — £ 4 j moves. Hence, we have

sgn(é\e, €; C) = _(_1)p+f+j Sgn(aju ba C)

= (=1)PT sgn(ch, by c).
In either case, the result holds.

(2). To show the desired relationship, we must first rewrite the orientations of ¢, ¢, and b
in their vector representations. We will anchor our orientation at the vertex u, in b. Note

that u, = y; for some t.

Recall that ¢ is oriented by yo, ..., Yyre1. So, the orientation on ¢’ can be rewritten as

The vector representation of the orientation of ¢ depends on whether the anchor u, comes be-
fore or after the variable y,, that is in ¢ but not in ¢. Thus, the orientation of yo, ..., Jm, - - -, Yrt1

on ¢ can be rewritten as either

—_—

(_1)t(y0_uaa--'7yt_uaa"'aym_uaa"'ayk+l_ua)

or
t+1 — —
(=) " (Yo — Uay -+ s Ym — Uy -+ -y Yt — Ugy -+, Y1 — Uq)-
The orientation of wy, ..., u,_; on b can be rewritten as

(_1)a(u0 - uCL? st 7u[l - uCH LR 7uk_p - ua).
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So, under this orientation convention, either sgn(cAb, b;c) =

—

a-+t
(—1) sgn(wWo — Ugy ooy Wp—1 — Ug, Uy — Uy <vy Yt — Ugy ooy Y — Uay oo Y1 — Ug)-

or sgn(a), b;c) =

—

att+1
(—1) SEN(Wo — Uy -y Wp—1 — Ugy Up — Ugs -y Y — Uy -y Yt — Ugy ooy Yht1 — Uq)

and

—

sgn (b, by ') = (— 1) Sgn(Wo—Uay vy Y — Uy ey Wy 1 — Uy U —Ugy vy Ug — Ugy vy Upp—p— U )

The sign comparison between sgn(g’?), b; ') and sgn(cAb, b; ¢) will thus be handled in two cases.
Regardless of the case, the method is the same. Because y,, — u, appears in Sgn(g’z, b; ),
but does not appear in Sgn(cAb, b; ¢), the sign difference is captured by identifying the number

of moves necessary to manually move v, — u, into place within sgn(g’z, b; ).
Case 1: u, comes before y,,.

Note that each term has coefficient (—1)"*®. The sgn terms differ by moving y,,, —u, manually
as discussed. Thus, we first move y,, — u, to the front of the list. The number of moves
necessary is equal to the number of w’s that come before y,,, namely s. After the other
orientation vectors have been rearranged, we then move ¥, — u, into its correct spot. This
requires m — 1 moves because u, comes before y,,, but u, has been removed from the list.

Thus, we have moved y,, — u, a total of s +m — 1 swaps. So,

sgn(c'b, b ) = (—1)*"™+ sgn(ch, b; ).
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Case 2: u, comes after y,,

Note that the sign coefficients in each differ by a multiple of —1. This will be added to the
sign associated with the number of swaps necessary to move y,,, — u, manually into its correct
position in the list of orientation vectors. As in Case 1, we move y,, — u, to the front of the
list using s moves. After reordering the remaining orientation vectors, we move vy,, — u, into
its correct spot. This requires the usual m moves because u, comes after y,,. So, manually

placing v,, — u, where it belongs requires s + m moves. Thus,

sen(ch, b;d) = —(—1)*""sgn(ch, b; )

= (=1)*"™ " sgn(cb, b; c).

In either case, the result holds.
m

Lemma 5.3.5. Given a k-simplex ¢, a (k — p)-simplex b C ¢, and a (k —p — 1)-simplezx e,

ch € Hce if and only if e € Ob.

Proof. Regardless of the direction of the implication, we will use the following notation. b
has vertices uo, ..., us—,. The vertices in ¢ that are not in b are denoted by wy, ..., w,_1.
If v; is a vertex in ¢, x,, is its associated barycentric coordinate variable such that, at v;,
T, = 1 and x,; = 0 for all j # i. The kite ¢b can be described by the system of equations

and inequalities that determines it (as discussed in the proof of Theorem 3.1.5) as follows.

xuO:...:xuj:...:xukip
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0 <y, <xy forall i, 0 <o <p—1.
(—) The proof is by contrapositive. Suppose e ¢ 0b. Then {vertices of e} Z {vertices of b}.

Let 79, ...,7,—p—1 denote the vertices of e, and so,..., s, denote the vertices in ¢ that are

not in e. At least one r; is not in b.
Suppose 7. is a vertex in e that is not in b. The kite ce is determined by the following system

of equations and inequalities.

Trg = " = Trp_p g

0<z, <z, foralli 0<7<p.

The boundary of ¢e can be described as discussed in Remark 5.2.7. Choose an arbitrary xs,,
0 < ¢ < p. The boundary of ¢é given by an evaluation equal to 0 of the cubical variable

associated with x;, is the kite

Trg = 0 = Tryp_py
0<zx,, <z, foralli#¢,0<i<p

zs, = 0.

The boundary of ¢e associated with an evaluation at 1 is the kite

Lrg = " = Trp_pq = Tsy

0<uz, <z, forallt#¢,0<:<p
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Regardless of our choice of x5, or the boundary evaluation value, the boundary of é¢e that
results will be such that z,, appears in the system of equations given by z,, = --- ==z, |
These equations cannot

and the system of equations given by z,, = --- = Try_py = T,

determine cb because re ¢ b, ie. for all i, r, # w;. Thus, for all ¢, x, # z,, for some point

in cb. So, cb ¢ Oce.

(+) Suppose e € 9b. Then the vertices of e are u, ..., Uj, ..., u,_p, for some u;. The vertices
in ¢ that are not in e are wy, ..., u;,...,w,_1. The kite ¢é can be described by the system

of equations and inequalities that determines it as follows.

—

xuo:”':xu]':"':xuk,p

0<zy, <z, for all 4, 0 <7 <p—1.

The boundary of ¢e may be described as discussed in Remark 5.2.7. Thus, the boundary
given by an evaluation equal to 1 of the cubical variable associated with x,, is determined

by the following system of equations and inequalities.

xuO:...:muj:...zxuk_p

0 <y, <xy, forall i, 0 < <p—1.

This is exactly cb. So, cb € dée. O

Lemma 5.3.6. Given a k-simplex ¢, a (k+ 1)-simplex ¢, and a (k — p)-simplex b in both ¢

and in c, ch € dc'b if and only if c € 0.
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Proof. Regardless of the direction of the implication, we will use the following notation.
has vertices yo, ..., yxr1. b has vertices ug,...,uz_p. The vertices in ¢’ that are not in b
are denoted by wy, ..., w,. If v; is a vertex in ¢, x,, is its associated barycentric coordinate
variable such that, at v;, r,, = 1 and x,;, = 0 for all j # i. The kite &b can be described
by the system of equations and inequalities that determines it (as discussed in the proof of

Theorem 3.1.5) as follows.

xuO — . = xukip

0 <z, <y, for all 4, 0 <7 < p.

The boundary of b may be described as in Remark 5.2.7. So an evaluation equal to 1 of

the cubical variable associated to some z,,, gives the kite

JJUO — ... = xuk_p — 'Iwg

0 <y, <ay, foralli #££,0<i<p.
An evaluation equal to 0 gives

aqu — .. = ajuk—p

0<xy, <ay, foralli #££,0<i<p

Ty, = 0.

(3

(—) The proof is by contrapositive. Assume ¢ ¢ 9d¢’. Then {vertices of ¢} Z {vertices of ’}.

Let 7g, ..., 7, denote the vertices of ¢. So, there is a vertex r. in ¢ that is not a vertex in .
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Note that both ¢ and ¢’ must contain all the vertices of b, otherwise we cannot form cb or
/b Thus, r. is not a vertex in b. So, if s, ..., s,_1 denote the vertices in ¢ that are not in

b, then r. = s, for some ¢, 0 < { <p—1.

By definition, cb is determined by the following system of equations and inequalities.

xuO — .. = xuk_p

0<z,, <xy, forall i, 0 <7 <p—1.

In particular, 0 < z,, < z,, is an inequality that determines cb. However, the equations
and inequalities that determine the boundary of b (as shown in the preamble of this proof)
contain only those barycentric variables that correspond to vertices in ¢’. Because r. is not
in ¢, x,, does not appear in the system of equations and inequalities representations of the

kites in 9¢'b. Thus, cb ¢ ac'h.

(«) Assume ¢ € Oc. Then the vertices of ¢ are yo,...,Um, ... Y1 for some y,,. Thus,
Ym = wy for some ¢, 0 < ¢ < p. In particular, z,,, = x,, = 0 by the definition of ¢ € d¢’. So,
the kite cb can be described by the system of equations and inequalities that determines it

as follows.

aqu — .. — xuk_p

0<xy, <ay, foralli #6,0<i<p

Lo, = 0.
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This is exactly the kite in the boundary of b given by an evaluation equal to 0 of the cubical

variable associated with z,,,. Thus, ch € b
O

Lemma 5.3.7. Suppose c is a (k + 1)-simplez, ¢ is a k-simplez, and b and f are (k — p)-

simplices. Suppose b, f C ¢ and b C c. Ifb# f, then cb ¢ ac/’Tf.

Proof. Suppose b # f. Let po, ..., p—p be the vertices in f and 1y, ..., 1, be the vertices in
¢’ that are not in f. Let wo,...,ux_, be the vertices in b and wy, ..., w,—1 be the vertices
in ¢ that are not in 6. Then c/’? is determined by the following system of equations and

inequalities.
Tpo = 7 = Lpp_yp
0<uax, <z, foralli, 0 <i<p.

cb is determined by the following system of equations and inequalities.

xuo — e .. = mukip

0<xy, <z, foralli, 0 <i<p—1.

By Remark 5.2.7, an arbitrary kite in 82? can be expressed as

LTpo = " = Tugpp, = Ty

0<a, <z, foralli#¢ 0<t<p
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or

Tpo = "0 = Ty,
0<z, <wx, foralli #¢,0<i<p.

x,, = 0.

Because b # f, there is some vertex p, in f that is not in b. Note that z,, appears in the
system of equations in both boundary expressions given above. However, because p,. is not
in b, z,, does not appear in the system of equations of cb. Thus, in c/\b, x,, is not constrained
to equal any other variable. Therefore, neither of the expressions of 6c/\f’ can describe a),

andé\bgéac/’?. O

We have previously established that C?(K) = QP(X) for all p. Theorem 5.3.3 intertwines
the signed Forman exterior derivative Dp and the cubical exterior derivative d. so the chain

complexes given by

e — o Y(K) 4 or(K) —Ls ortYEK) —Ls .

and
L (X)) 25 ar(x) 2R, orr(x) 25 L

are isomorphic. Hence, they define isomorphic cohomology groups. Because Dr and D agree

on cohomology, we have established

HP(K) = HP(Q(X))
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for all p. Note that we have established Theorem 5.1.6 in an alternative manner via the

associated kite complex.

5.4 Defining a Cup Product on the Associated Kite

Complex

In this section, we define a product of Forman differential forms. This product, together
with the identification of forman forms with cubical forms on the associated kite complex,
defines a natural cubical cup product. We show that this cup product agrees with the cubical
cup product of Chapter 3 that is used to define the discrete Hodge star over R. This places

Forman’s theory into the context of the cubical theory that we develop in this paper.

5.4.1 A Product of Forman Differential Forms

We first define a product of Forman differential forms as suggested by Forman in [7]. We

then show that this product is a derivation of the signed Forman coboundary operator Dp.

Definition 5.4.1. We define the product of Forman differential forms on a simplicial

complex X of a smooth manifold M, denoted Up : Q5 (X) x QL(X) — Q2F(X), by

aUrf = S[Foa+ (~1faop]. (5:2)
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This definition is chosen so that Up satisfies the standard relationship of
aUp ﬁ = (_1>pq(ﬁ Urp Oé)
for all @ € Q%(X) and 5 € Q%4.(X). It also provides a derivation of Dp.

Theorem 5.4.2. Dp is a derivation with respect to Up.

Proof. Let a € Q%(X) and 5 € Q%.(X). We will show that
by first calculating each term.

Dr(aUp B) = (=1)""*0(a U B) + (a Up B) 00
= L1 @B o0+ (~1)a 0 ) + fo a0+ (~1)Mao0 fod)
— () Do a — (<)o 0a)
+(=1)PH(=1)P P Dpa o B — (1P P a0 9 o B)
1Boaod+ (1) ao fod)
- %[(—1)”DF5 o+ (—1)P*Bodoa+ (1) Dpao

+(=1)Prrt a0 do B+ foaod+ (—1)Pa o Bod).

(80 Dpa+ (=1)P*VDpa o f]

1
DFOJUFﬁ = 5

—_

= [B(-1)PM00a+ao0d)+ (—1)"Dpao b

N — DO

= —[(-1)"*'Bodoa+Boaocd+ (=1 " Dpao f
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(~1)’aUp Dpff = %(—UpWol%a«ﬁ+(—D““”DFa05@ﬂ

= Ll-1PDefoat (~1Pa((~1)1 90 f+ Fod)]

- %K‘””%ﬁoa+«—nmﬂ“aoaoﬁ+«—DWaoﬁom.

Thus,

DraUrp f+ (—=1)’aUr Dp = %[(—1)”15 odoa+ foaocd+ (—1)P"Dpao

+(=1)’DpBoa+ (—1)P"H " q 000 B+ (—1)Pa o B o d

= Dp(aUrfB),

as desired.

5.4.2 The Cubical Cup Product on the Associated Kite Complex

The identification of Forman differential forms and cubical cochains in Section 5.2 allows us to
define a cubical cup product associated with the product of Forman forms Ug. Note that this
results in a cup product with coefficients in R. The intertwining of Dr and d then provides
an avenue for proving that this cubical cup product is a derivation of d, and ultimately

establishing that this product is a cup product as defined by Whitney in Definition 2.3.2.

Definition 5.4.3. We define the cubical interpretation of the product of Forman differential

forms, namely the Forman cubical cup product, Uy, : C?(K) x CU(K) — CPT(K)
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implicitly. For a € CP(K) and § € CU(K), o Up, B must satisfy

(aUF, B)r = ap Ur Bp.

Remark 5.4.4. We can reinterpret this definition explicitly as follows. Let a € CP(K) and
p € CP(K). Suppose o is a k-simplex, k > p+ ¢, in X and e is a (kK — p — ¢)-simplex in o.

Then (« Up, 5)(ce€) is the coefficient of e in (ar Ur r)(0).
Theorem 5.4.5. Ug, is a cup product on K, i.e. it satisfies the conditions of Defini-

tion 2.3.2.

Proof. Property 1. Because Up, is determined by Up, it suffices to consider the behavior of
the Forman cup product on basis elements of Forman forms. Let o € Q%.(X) be nonzero on
a single chain ¢ of dimension k > p, with a(c) = b where b is a (k — p)-simplex. a Up § will

be nonzero only when paired with a basis element 3 € Q%.(X) of one of the following types.

B(c") = ¢ and 0 otherwise for some (k + ¢)-simplex ¢

Or, (b) = e and 0 otherwise for some (k — p — g)-simplex e.

Note that the latter requires £ > p + q.

Consider 3 as in the first case. Then,

@UrB)() = gloo B(e) +(~1P18 0 ald)]

= —[a(e) + 0]
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and « Ug 3 is zero on all other chains. Thus, o Up 5 is a (p + ¢)-form on St(¢’) and hence

on St(c)-St(c’), as desired.

A similar argument shows that for § as in the second case, o Ur 5 is a (p + ¢)-form on

St(c)-St(b).

Note that a = o where o/ € CP(K) such that o/(a)) = sgn(a), b;c) and is 0 otherwise.
Also, in the first case, = () where ' € C(K) such that ﬁ’(g’z) = Sgn(gz, ¢;d) and is 0
otherwise. Or, in the second case, § = % where " € C?(K) such that B”(bAe) = sgn(l;a, e;b)

and is 0 otherwise.

The above argument shows that o/ Ug, f’ is a nonzero (p+ ¢g)-form only on St(cAb)‘St(E’\c) and
o' Up, 8" is a nonzero (p+ ¢)-form only on St(a))-St(l;é). o/ pairs to 0 with all other ¢-forms.

Thus, Property 1 holds.

Property 2. The result follows from Dy a derivation with respect to Up because Dpwp =
(dw)p for any cubical form w of arbitrary dimension. Let o € CP(K) and g € C(K). By

definition, d(a Ug, ) is determined by (d(a Up, 3))p.

(d(aUr, B))r = Dr(a Ur, B)F (Theorem 5.3.3)
= Drp(ap Ur Br) (Definition 5.4.3)
= (Drar) Ur Br + (—1)’ar Ur (DrfBF) (Theorem 5.4.2)

= (daUr, B)r + (1)’ (e Uf, dB)F (Definition 5.4.3).
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Thus, (d(a Uy, B))r also determines da Ug, 8+ (—1)Pa Ug, dB. So, as desired,

d(aUp, B) =daUg, f+ (—1)Pa Ug, dp.

Property 3. Let p be arbitrary. Consider an arbitrary o € CP(K). Let I be the constant 0-
form that takes value 1 on each vertex in K. [Up, « is determined by (/Up. a)p = (IpUpagp).

Thus, Y, =Y Where Ir Up ap = yy,.ar. So, we will calculate vy,
First, we make I explicit. Given an arbitrary k-chain 7, for some k > 0,

Ip(t) = (=1)’sgn(77,7;7)I(77) - T

So, we see that [r is Forman’s identity map. Thus, for an arbitrary simplex o € Cy(X),

> p,

(Ir Up ar)(o) = slIroar(o) + (~1) P Par o [n(o)
= Slr(ar(@)) + ax(o)
1
= §[QF(U) +ap(o)]

= ap(o).
This shows that v, = 1. Hence, y,, =1, and Property 3 holds.

Thus, Ug, is a cup product of cubical differential forms.

Because Up, is a cup product, we may define a corresponding cap product Ng, : Cpyq(K) X
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C?(K) — C1(K) via the relationship
Blo Nk, a) = (U, B)(0).

Definition 5.4.6. Define the Cubical Forman Cap Product Ng, : Cpy(K) x CP(K) —
C,(K) implicitly by
o Nr, a) = (e U, B)(0)

where a € CP(K), f € CU(K), and 0 € Cpyy(K).

Theorem 5.4.7. Ng, is a cap product on K.

Proof. Let a € CP(K), B € CUK), and 0 € Cp (K). Np, satisfies the conditions of

Definition 2.3.1 because Ug, is a cup product and

(o Nk, @) = (@ Uk, B)(0).

5.4.3 Agreement of the Forman Cubical Products and the Cubical

Products

In this section, we show that the Forman cubical products and the cubical products defined
in Section 3.2.1 agree on homology and cohomology. Thus, we provide a gateway between
differential form theory developed by Forman and the theory of our cubical structures on a
smooth manifold. To expose the connection between Forman and cubical structures, we rely

on background pertaining to products developed by Whitney in [18].
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Recall that in section 3.2.1, we defined the cubical cup product U, of differential forms on
K and showed that it satisfied Whitney’s cup product definition, Definition 2.3.1. From U,
we defined the corresponding cubical cap product N, that satisfied Whitney’s conditions in

Definition 2.3.1.

The agreement of the Forman cubical products with the cubical products on homology and

cohomology is a consequence of Theorem 2.3.10 and Theorem 2.3.11, respectively.

Theorem 5.4.8. Let X be a simplicial complex on a smooth manifold M, and let K be
its associated cubical structure. Let p,q > 0 be arbitrary and suppose o € CPT(K) and
a € CP(K). Then,

o0, B = o Ne f]

in (H,(K),d).

Proof. We showed in Theorem 5.4.5 that v, = v, = 1. In Theorem 3.2.3, we showed

that v, = v, = 1. Thus, the result follows from Theorem 2.3.10. O

Theorem 5.4.9. Let X be a simplicial complex on a smooth manifold M, and let K be
its associated cubical structure. Let p,q > 0 be arbitrary and suppose o € CP(K) and
p e CUK). Then,

[ Ur, f] = [a U B]

in (HP*9(K), d).

Proof. Again, in Theorem 5.4.5 and Theorem 3.2.3, we showed that v,, =1 and v, = 1,

respectively. Thus, the result follows from Theorem 2.3.11. O]
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We have previously shown that M. and U, agree with the standard cubical cap and cup
products, respectively. Thus, the above theorems show that the Forman cubical products
are also standard on homology and cohomology. In particular, the Forman cap product can

also be viewed as the Poincaré duality map.

The Forman products are a simplification of N, and U.. To see this, consider the comparison

of the cup products Ug, and U.. The statement for cap products will analogously follow.

(U, B)(0) is calculated via all of the vertices in o, i.e. 2P vertices; whereas (o Ug, 3)(0)

p-‘rQ)

uses only a subset of vertices, i.e. 2( » vertices.

To make this subset explicit, consider a (p + ¢)-simplex c¢. Let v; be a vertex in ¢. Recall
from Section 5.4.2 that (o Ug, 8)(cv;) is the coefficient of v; in (ap Up Br)(c). Recall also

that

(ar Ur Br)(c) = ap o Br(c) + (=1)"Br o ar(c).

ap o Bp(c) traverses each path from ¢ to v; via a p-simplex b; C ¢. Sp(c) is determined by
6] (gb\]) and ap(Sr(c)) is determined by a(@) So, each of these paths is determined by the
p-simplex b; through which it navigates. In particular, we may associate each path to the

barycenter of b;, namely l;j, i.e. the shared vertex of c/b\] and b/];, Because there (p ;’q) paths

p+q

. ) vertices to calculate apo Sp(c),

from ¢ to v; via some b;, Forman’s cup product requires (

Similarly, Sr o ap(c) traverses each path from ¢ to v; via a ¢g-simplex e, C ¢. As above, we
may associate each path to the barycenter of e,, namely é,, the shared vertex of ¢e, and €,v;.

p+q) paths from ¢ to v; via some e,, Forman’s cup product requires

Thus, because there are ( ,
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(p;q) vertices to calculate Bp o ap(c).

Consequently, Forman’s cup product requires a total of (p zq) + (p ;q) = 2(p;q) vertices in

its calculation. To see that this number is less than 2P*9, consider the binomial formula,

K p+q
(24 y)PT7 = Z < N )preryk_

k=0

Letting « and y equal 1 yields,

p+q
2p+qzz<p+Q) > (p+q> N <p+q) :2(]74-6])'
—~\ k p q p

Thus, Forman’s cup product simplifies the computation of U, on cohomology. This is valuable

from an applications standpoint.

Remark 5.4.10. We have chosen the definition of the Forman product Ug to be such that Up
is skew commutative on the cochain level. Suppose, we abandon this condition, and instead

define a product U} : Q5.(X) x QL(X) — Q2F9(X) as follows.

aUpfB=pFoa.

Note that this is the product Forman suggests in [7]. To see that this product provides

provides a derivation of Dp, let o € Q%.(X) and 5 € Q%.(X). Then,

Dp(aUpB) = (=1)""'90(aUpf)+ (aUpB)od
= (_1)p+q_1ﬁoﬁoa+ﬁoa05,
DraUy f = [oDpa

= Bo((-1)Boa+aocd)
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- (_1)7’*15080@—1—50&08,
(—1)’aUp Dpf = (=1)’Dpfoa
= (=1)?((-1)7'9oB+Bod)oa

- (—1)p+q_18 ofoa+ (—1)’f o0 da.

Thus,

Dr(aUp f) = DpaUp 8+ (=1)Pa Uy Dpf.

Furthermore, this product defines a cubical cup product U : C?(K) x C'(K) — CP*4(K) by

(Oé U/ ﬁ)F = ofp U,F /BF.

This cup product is actually the standard cubical cup product on the cochain level. To see
this, we first reinterpret the standard cubical cup product, defined in Definition 3.2.6, to

make sense in a kite setting.

Let p, ¢ > 0 be arbitrary. Suppose c is an oriented k-simplex, k > p+q. Let b be an oriented
(k — p)-simplex in b, and let e be an oriented (k — p — g)-simplex in b. If we assume that
¢ and é map to the origin and (1,...,1) under a diffeomorphism from ce to the standard

(p + q)-cube, respectively, then Definition 3.2.6 defines (U §)(ce) as follows.

~ -~

(o U B)(é) = sgn(ch, be; &) a(cb) B(cb).

So, the coefficient of e in (aU B)p(c) is

~ o~

sgn(ce, e;c) (U B)(@) = sgn(ée, e;c) sgn(ch, be; @) a(ch) B(ch)

~

= sgn(ch, l;\e,e;c) oz(c%) B(cb).
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To see this last equality, suppose that sgn(cAb, be; ce) = €, where € = +1. Then,

sgn(ce,e;c) = sgn(e a),l;\e,e;c)

= esgn(a), l;\e, e;c).

Thus,

~ o~

sgn(ce, e; c) sgn(ch, be; ce) = (esgn(cAb,l;\e,e;c))(e)

= sgn(c/?), l;\e, €;c).

Now, we consider the cubical cup product that U} defines. By definition, (a U’ 8)(¢e) is the
coefficient of e in (ap Uy Br)(c). Because (ap Ur Br)(c) = (Br o ar)(c), we calculate the

coefficient of e in (B o ar)(c).

(Broar)(c) = Brsgn(ch,b;c) a(ch) - b)
= sgn(ch, b;c) a(ch) sgn(be, e;b) B(be) - e

~

= sgn(cAb,l;;a,e;c) 04(077) B(be).
This last equality holds by a similar argument, given above, for the sign term in (U f)(¢ée).
Thus,

(U B)(ce) = (a U p)(ce).
Because ¢, b, and e were arbitrary, U and U agree on the cochain level. So, the Forman

product Uy corresponds to the standard cubical cup product.

In conclusion, we have shown that Forman’s complex of differential forms in a simplicial

setting, while nontraditional, can be conveniently related with the traditional cochain com-
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plex of its associated kite complex. The cubical products that arise naturally from Forman’s
complex agree with the standard cubical products. When we take the Forman product to be
defined to allow for skew commutativity, this agreement is on the homology and cohomology
level. If we instead ignore the commutativity condition, Forman’s product defines the stan-
dard cubical cup product, and hence the standard cubical cap product by correspondence,
on the cochain level. Thus, we have intertwined Forman’s theory with the discrete cubical

theory of Chapter 3.
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