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Reduced-Order Modeling of Complex Engineering and Geophysical Flows:

Analysis and Computations

Zhu Wang

(ABSTRACT)

Reduced-order models are frequently used in the simulation of complex flows to overcome

the high computational cost of direct numerical simulations, especially for three-dimensional

nonlinear problems. Proper orthogonal decomposition, as one of the most commonly used

tools to generate reduced-order models, has been utilized in many engineering and scientific

applications. Its original promise of computationally efficient, yet accurate approximation

of coherent structures in high Reynolds number turbulent flows, however, still remains to

be fulfilled. To balance the low computational cost required by reduced-order modeling and

the complexity of the targeted flows, appropriate closure modeling strategies need to be

employed.

In this dissertation, we put forth two new closure models for the proper orthogonal

decomposition reduced-order modeling of structurally dominated turbulent flows: the dy-

namic subgrid-scale model and the variational multiscale model. These models, which are

considered state-of-the-art in large eddy simulation, are carefully derived and numerically

investigated.

Since modern closure models for turbulent flows generally have non-polynomial nonlin-

earities, their efficient numerical discretization within a proper orthogonal decomposition

framework is challenging. This dissertation proposes a two-level method for an efficient and

accurate numerical discretization of general nonlinear proper orthogonal decomposition clo-

sure models. This method computes the nonlinear terms of the reduced-order model on a

coarse mesh. Compared with a brute force computational approach in which the nonlinear

terms are evaluated on the fine mesh at each time step, the two-level method attains the



same level of accuracy while dramatically reducing the computational cost. We numerically

illustrate these improvements in the two-level method by using it in three settings: the one-

dimensional Burgers equation with a small diffusion parameter ν = 10−3, a two-dimensional

flow past a cylinder at Reynolds number Re = 200, and a three-dimensional flow past a

cylinder at Reynolds number Re = 1000.

With the help of the two-level algorithm, the new nonlinear proper orthogonal decom-

position closure models (i.e., the dynamic subgrid-scale model and the variational multi-

scale model), together with the mixing length and the Smagorinsky closure models, are

tested in the numerical simulation of a three-dimensional turbulent flow past a cylinder at

Re = 1000. Five criteria are used to judge the performance of the proper orthogonal decom-

position reduced-order models: the kinetic energy spectrum, the mean velocity, the Reynolds

stresses, the root mean square values of the velocity fluctuations, and the time evolution of

the proper orthogonal decomposition basis coefficients. All the numerical results are bench-

marked against a direct numerical simulation. Based on these numerical results, we conclude

that the dynamic subgrid-scale and the variational multiscale models are the most accurate.

We present a rigorous numerical analysis for the discretization of the new models. As a

first step, we derive an error estimate for the time discretization of the Smagorinsky proper

orthogonal decomposition reduced-order model for the Burgers equation with a small dif-

fusion parameter. The theoretical analysis is numerically verified by two tests on problems

displaying shock-like phenomena. We then present a thorough numerical analysis for the

finite element discretization of the variational multiscale proper orthogonal decomposition

reduced-order model for convection-dominated convection-diffusion-reaction equations. Nu-

merical tests show the increased numerical accuracy over the standard reduced-order model

and illustrate the theoretical convergence rates.

We also discuss the use of the new reduced-order models in realistic applications such

as airflow simulation in energy efficient building design and control problems as well as

numerical simulation of large-scale ocean motions in climate modeling. Several research

directions that we plan to pursue in the future are outlined.

iii



Dedication

To Yixuan and Ashlyn.

iv



Acknowledgments

First and foremost, I would like to express my most sincere gratitude to my advisor, Dr.

Traian Iliescu, who led me into these exciting research areas and encouraged me to explore

my research interests. I have always benefited from his knowledge, enthusiasm, patience,

and constant support. I am so glad to have him as my advisor and enjoy working with him.

I am also deeply grateful to Dr. Jeff Borggaard for many valuable discussions and sug-

gestions in my research. I would like to thank the rest of my PhD dissertation committee:

Dr. John Burns, Dr. Tao Lin, and Dr. Lizette Zietsman, for their insightful comments on

the dissertation.

I wish to express my heartful thanks to Dr. Mihai Anitescu and Dr. Oleg Roderick for

offering me the wonderful summer internship opportunities at Argonne National Laboratory

in two consecutive years and for introducing me to diverse projects in nuclear engineering.

I also owe my warm thanks to Dr. Imran Akhtar, Dr. Anne Staples, and Dr. Omer San, for

their help and collaborations in various engineering and geophysical applications.

Last but not the least, I would like to give my special thanks to my wife, Yixuan Lin. I

will always appreciate her love and understanding. Without her support, this dissertation

could not have been possible.

v



Contents

Abstract ii

Dedication iv

Acknowledgments v

Contents vi

List of Figures ix

List of Tables xiii

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Proper Orthogonal Decomposition (POD) . . . . . . . . . . . . . . . . . . . 7

1.3 POD Reduced-Order Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3.1 Galerkin Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3.2 Mathematical Foundations . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 POD Closure Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5 Efficient Numerical Discretizations . . . . . . . . . . . . . . . . . . . . . . . 18

1.6 “Perfect” POD-ROM for Complex Flows . . . . . . . . . . . . . . . . . . . . 19

1.7 Outline of dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 POD Closure Models for Turbulent Flows 24

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

vi



Zhu Wang Contents

2.2 Filter and Lengthscale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3 POD Closure Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Two-Level Algorithms for Nonlinear Closure Models 37

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2 Two-Level Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.1 1D Burgers Equation with ν = 10−3 . . . . . . . . . . . . . . . . . . 44

3.3.2 2D Flow Past a Circular Cylinder at Re = 200 . . . . . . . . . . . . 47

3.3.3 3D Flow Past a Circular Cylinder at Re = 1000 . . . . . . . . . . . . 56

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Numerical Analysis 64

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 Artificial Viscosity POD-ROM . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.1 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.2.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.3 Variational Multiscale POD-ROM . . . . . . . . . . . . . . . . . . . . . . . . 80

4.3.1 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.3.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5 Numerical Experiments of POD Closure Models in Turbulence 103

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2 Numerical Methods and Parameter Choices . . . . . . . . . . . . . . . . . . 104

5.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6 Future Work 133

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.2 Energy Efficient Building Airflow Simulations . . . . . . . . . . . . . . . . . 134

vii



Zhu Wang Contents

6.3 Climate Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.4 Future Research Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Bibliography 147

viii



List of Figures

1.1 Schematic for the “perfect” POD-ROM for complex flows. . . . . . . . . . . 19

3.1 1D Burgers equation with ν = 10−3. POD basis functions: (left) ϕ10; (right)

ϕ70. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 1D Burgers equation with ν = 10−3. Coarsening and interpolation of ϕ10 for

two rates of coarsening: 32 (left) and 256 (right). . . . . . . . . . . . . . . . 46

3.3 (Figure continued on next page.) 1D Burgers equation with ν = 10−3. Tem-

poral evolution of POD coefficients a1(·) and a6(·) over [0, 1]. . . . . . . . . 48

3.4 Figure 3.3 continued. See figure caption on previous page. . . . . . . . . . . 49

3.5 (Figure continued on next page.) 2D flow past a cylinder at Re = 200. Tem-

poral evolution of POD coefficients a1(·) and a3(·) over 100 vortex shedding

cycles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6 Figure 3.5 continued. See figure caption on previous page. . . . . . . . . . . 51

3.7 (Figure continued on next page.) 2D flow past a cylinder at Re = 200. 2D

projections of the limit cycle on the phase planes (a1, a2) and (a1, a3) over

100 vortex shedding cycles. The red square denotes the initial position of

(a1(0), ai(0)), i = 2, 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.8 Figure 3.7 continued. See figure caption on previous page. . . . . . . . . . . 53

3.9 2D flow past a cylinder at Re = 200: Mesh (left column), streamwise compo-

nent of ϕ1 (middle column), and streamwise component of ϕ3 (right column).

(For clarity, the POD modes are plotted only in a neighborhood of the cylin-

der.) Original fine mesh (top row), mesh coarsened by a factor of 2 (middle

row), and mesh coarsened by a factor of 4 (bottom row). . . . . . . . . . . . 54

ix



Zhu Wang List of Figures

3.10 3D flow past a cylinder at Re = 1000. First streamwise POD mode (top left),

first normal POD mode (top right), third streamwise POD mode (bottom

left), and third normal POD mode (bottom right). . . . . . . . . . . . . . . 57

3.11 (Figure continued on next page.) 3D flow past a cylinder at Re = 1000.

Temporal evolution of POD coefficients a1(·) and a4(·) over the time interval

[0, 75]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.12 Figure 3.11 continued. See figure caption on previous page. . . . . . . . . . 59

4.1 DNS solution in Experiment 1. . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2 POD-G-ROM (4.7) solution in Experiment 1. . . . . . . . . . . . . . . . . . 74

4.3 AV-POD-ROM (4.9) solution in Experiment 1. . . . . . . . . . . . . . . . . 75

4.4 Snapshots of DNS, POD-G-ROM and AV-POD-ROM at the final time T = 1

in Experiment 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.5 DNS solution in Experiment 2. . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.6 POD-G-ROM (4.7) solution in Experiment 2. . . . . . . . . . . . . . . . . . 78

4.7 AV-POD-ROM (4.9) solution in Experiment 2. . . . . . . . . . . . . . . . . 78

4.8 Snapshots of DNS, POD-G-ROM and AV-POD-ROM at the final time T = 1.5

in Experiment 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.9 Numerical solution at t = 1: DNS (top), POD-G-ROM (4.42) (middle), and

PR-VMS-POD-ROM (4.44) (bottom). . . . . . . . . . . . . . . . . . . . . . 97

4.10 Linear regression of PR-VMS-POD-ROM’s average error with respect to e3. 98

5.1 (Continued on next page.) Snapshots of horizontal velocity at t = 142.5 s for:

(a) DNS; (b) the POD-G-ROM (1.12); (c) the ML-POD-ROM (2.14)-(2.15);

(d) the S-POD-ROM (2.17)-(2.18); (e) the new VMS-POD-ROM (2.25)-(2.34);

and (f) the new DS-POD-ROM (2.52)-(2.53). Five iso-surfaces are plotted. 107

5.2 Kinetic energy spectrum of the DNS (blue) and the POD-ROMs (red) for

r = 6: (a) the POD-G-ROM (1.12); (b) the ML-POD-ROM (2.14)-(2.15); (c)

the S-POD-ROM (2.17)-(2.18); (d) the new VMS-POD-ROM (2.25)-(2.34);

and (e) the new DS-POD-ROM (2.52)-(2.53). . . . . . . . . . . . . . . . . . 117

x



Zhu Wang List of Figures

5.3 Mean velocity components for DNS and POD-ROMs when r = 6: (a) 〈u〉, (b)

〈v〉, and (c) 〈w〉, where 〈·〉 = 〈·〉tyz. . . . . . . . . . . . . . . . . . . . . . . . 118

5.4 Mean velocity components for DNS and POD-ROMs when r = 6: (a) 〈u〉, (b)

〈v〉, and (c) 〈w〉, where 〈·〉 = 〈·〉txz. . . . . . . . . . . . . . . . . . . . . . . . 119

5.5 Reynolds stresses for DNS and POD-ROMs when r = 6: (a) 〈u− 〈u〉 , v − 〈v〉〉,

(b) 〈u− 〈u〉 , w − 〈w〉〉, and (c) 〈v − 〈v〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉tyz. . . . . 120

5.6 Reynolds stresses for DNS and POD-ROMs when r = 6: (a) 〈u− 〈u〉 , v − 〈v〉〉,

(b) 〈u− 〈u〉 , w − 〈w〉〉, and (c) 〈v − 〈v〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉txz. . . . . 121

5.7 Rms values of the velocity fluctuations for DNS and POD-ROMs when r =

6: (a) 〈u〉rms = 〈u− 〈u〉 , u− 〈u〉〉, (b) 〈v〉rms = 〈v − 〈v〉 , v − 〈v〉〉, and (c)

〈w〉rms = 〈w − 〈w〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉tyz. . . . . . . . . . . . . . . . 122

5.8 Rms values of the velocity fluctuations for DNS and POD-ROMs when r =

6: (a) 〈u〉rms = 〈u− 〈u〉 , u− 〈u〉〉, (b) 〈v〉rms = 〈v − 〈v〉 , v − 〈v〉〉, and (c)

〈w〉rms = 〈w − 〈w〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉txz. . . . . . . . . . . . . . . . 123

5.9 Time evolutions of the POD basis coefficient a1 of the DNS (blue) and the

POD-ROMs (red) for r = 6: (a) the POD-G-ROM (1.12); (b) the ML-POD-

ROM (2.14)-(2.15); (c) the S-POD-ROM (2.17)-(2.18); (d) the new VMS-

POD-ROM (2.25)-(2.34); and (e) the new DS-POD-ROM (2.52)-(2.53). . . 124

5.10 Time evolutions of the POD basis coefficient a4 of the DNS (blue) and the

POD-ROMs (red) for r = 6: (a) the POD-G-ROM (1.12); (b) the ML-POD-

ROM (2.14)-(2.15); (c) the S-POD-ROM (2.17)-(2.18); (d) the new VMS-

POD-ROM (2.25)-(2.34); and (e) the new DS-POD-ROM (2.52)-(2.53). . . 125

5.11 Time evolutions of the POD basis coefficient a4 of the DNS (green), the new

VMS-POD-ROM (2.25)-(2.34) (blue), and the new DS-POD-ROM (2.52)-

(2.53) (red) when r = 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.12 Kinetic energy spectrum of the DNS (blue) and the POD-ROMs (red) for

r = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.13 Mean velocity components for DNS and POD-ROMs when r = 4. . . . . . . 128

5.14 Reynolds stresses for DNS and POD-ROMs when r = 4. . . . . . . . . . . . 129

5.15 Rms values of the velocity fluctuations for DNS and POD-ROMs when r = 4. 130

xi



Zhu Wang List of Figures

5.16 Time evolutions of the POD basis coefficient a1 of the DNS (blue) and the

POD-ROMs (red) for r = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.17 Time evolutions of the POD basis coefficient a4 of the DNS (blue) and the

POD-ROMs (red) for r = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.1 Reduced-order modeling of airflow in the DOE energy-efficient buildings system

design hub. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.2 Mean temperature of airflow in a simple geometry. . . . . . . . . . . . . . . . . 134

6.3 The first nine POD modes {ψ1(x), . . . , ψ9(x)} in the temperature field. . . . 137

6.4 Three temperature iso-surfaces (at T=293.2, 293.65 and 294.1) for the time

instance t = 10 . Top: DNS; Middle: POD-G-ROM; Bottom: ML-POD-

ROM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.5 Ocean circulation traced by the GOCE gravity mission (source from http://earth.esa.int/GOCE/).139

6.6 Double-gyre oceanic circulation modeled by the QGE. Time-averaged streamfunc-

tion for Re = 450 and Ro = 0.0036: (a) DNS (512× 256); (b) under-resolved QGE

(32 × 16); (c) AD model (32 × 16). The new AD model yields accurate results on

a much coarser mesh. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

6.7 Mean streamfunction from POD-G-ROMs with r=10, 5, and 3 (from left to

right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.8 Energy evolution of POD-G-ROMs with r = 10, 5, and 3 (from left to right). 144

xii



List of Tables

3.1 1D Burgers equation with ν = 10−3. Speed-up factors Sf and relative errors

for different coarsening factors Rc. . . . . . . . . . . . . . . . . . . . . . . . 47

3.2 2D flow past a cylinder at Re = 200. Speed-up factors Sf and relative errors

for different coarsening factors Rc. . . . . . . . . . . . . . . . . . . . . . . . 55

3.3 3D flow past a cylinder at Re = 1000. Speed-up factors Sf and relative errors

for different coarsening factors Rc. . . . . . . . . . . . . . . . . . . . . . . . 61

4.1 Average errors for POD-G-ROM (4.7) and AV-POD-ROM (4.9) in Experi-

ment 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.2 Average errors for POD-G-ROM (4.7) and AV-POD-ROM (4.9) in Experi-

ment 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3 Average errors for the POD-G-ROM (4.42) with different values of r. . . . . 95

4.4 PR-VMS-POD-ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ and its e3 component

for different values of R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.5 PR-VMS-POD-ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ for different values

of r and R, and α = 0.01α∗, α∗, and 100α∗. . . . . . . . . . . . . . . . . . 100

4.6 Average errors of DNS, POD-G-ROM and PR-VMS-POD-ROM for different

values of the diffusion coefficient ε. . . . . . . . . . . . . . . . . . . . . . . . 101

5.1 Speed-up factors of POD-ROMs. . . . . . . . . . . . . . . . . . . . . . . . . 113

xiii



Chapter 1

Introduction

1.1 Motivation

Due to the complexity of fluid flows in realistic engineering and geophysical problems, mil-

lions or even billions of degrees of freedom are often required in a direct numerical sim-

ulation (DNS). However, because of the requisite of repeated simulations in applications

such as control, optimization, data assimilation, and uncertainty quantification, using the

original system becomes prohibitive. Therefore, the model reduction methodology is widely

used by engineers and researchers (e.g., [15, 27, 108, 178, 202]). The goal is to obtain a

low-dimensional model, which is efficient in numerical simulations but contains the same

characteristics as the original system, thus yielding accurate results.

Let y(x, t), with x ∈ Ω and t ∈ (t0, t0 + T ), be the state variable in the original system

and H a Hilbert space. The complex flow, usually nonlinear and time-dependent, is governed

by a system of partial differential equations (PDEs) or a large system of ordinary differential

equations (ODEs). The PDE system, which comprises an infinite number of degrees of

freedom, reads, e.g., to find y(·, t) ∈ H satisfying ẏ(x, t) = f(t,y(x, t))

y(x, t0) = y0(x).
(1.1)

The ODE system is usually an approximation of (1.1) by well established numerical methods

such as finite difference or finite element methods with large number of degrees of freedom.

1



Zhu Wang Introduction 2

It reads, e.g., to find y(·, t) ∈ RN satisfying ẏ(x, t) = f(t,y(x, t))

y(x, t0) = y0(x).
(1.2)

The basic premise of model reduction is to approximate a full-order model, (1.1) or (1.2),

by only a handful of degrees of freedom. The resulting low-dimensional model becomes a

system of ODEs with a dramatically reduced dimension r (r � N).

In this dissertation, we focus on the proper orthogonal decomposition (POD)-based reduced-

order modeling approach, which is one of the most significant projection-based model reduc-

tion methods for nonlinear dynamical systems. The POD method provides an optimal basis

(or modes) to represent the dynamical system. This method is also known as the Karhunen-

Loève expansion [130, 151] and principal component analysis (PCA) [111] in statistics, singu-

lar value decomposition (SVD) [33, 134] in matrix theory and signal analysis, and empirical

orthogonal functions (EOF) [152] in meteorology and geophysical fluid dynamics. For a

systematic proof of the equivalence connection among the first three methods, the reader is

referred to [147].

The POD method has had a long and rich history in the reduced-order modeling of com-

plex systems. Its use as a simulation tool is a tremendously active research area. With the

risk of being subjective, we list some of these applications below. Arguably the most dynamic

research area in which the POD method has been used as a reduced-order modeling technique

is fluid flow control [3, 4, 7, 22, 23, 30, 39, 47, 57, 91, 107, 119, 120, 139, 146, 188]. Other

applications include climate modeling and data assimilation of atmospheric and oceanic

flows [48, 49, 56, 61, 62, 63, 76, 77, 156, 157, 231], low-dimensional dynamics modeling

[14, 31, 66, 108, 160, 161, 172], stochastic PDEs [46, 70, 220], surrogate models for optimiza-

tion [17, 44, 51], image processing [108], pattern recognition [209], gappy data reconstruc-

tion [100, 168, 219, 230], the complex Ginzburg-Landau equations [197, 210], groundwater

models [50], control texture in the growth of polycrystals [1], pectoral fin kinematics [40],

nonlinear structural systems [132, 141, 201], structural vibration [80, 81, 90, 133], vehicle

interior acoustics [222], aircraft configuration [148, 149], structural health monitoring [142],

ecosystems [143], and cell population models [232]. Several of these works cite the need to

explicitly account for the influence of truncation or slow separation in the POD spectrum,
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e.g., [30, 201, 205, 232]. The importance of reduced-order modeling in all these applications

cannot be overemphasized. Indeed, the POD-based reduced-order models (ROMs) (which we

will denote in the sequel POD-ROMs) dramatically reduce the computational cost of a brute

force numerical simulation, which for some of the above applications (e.g., climate modeling)

is clearly unfeasible.

The POD method was introduced in the field of turbulence by Lumley [153] to identify

the coherent structures in the flow and examine their stability [108]. Later, Sirovich [206,

207, 208] introduced the method of snapshots to study the dynamics of turbulent flows

based on a set of instantaneous flow field solutions, so-called snapshots, obtained from either

experiments or numerical simulations. This method allows a fast generation of the POD

basis from the snapshots. Such POD basis functions are optimal in the sense that they

capture the dominant energy contents, thus become a suitable candidate for the ROM. The

resulting POD-ROM permits an analytical insight into the physical phenomenon and enables

applications of dynamical systems theory and control methods.

The most common approach for generating POD-ROMs is first to simulate the full-order

system (1.1) or (1.2) and find a set of “representative” snapshots (state variable vectors), then

process the data set by the POD method to find an optimal basis {ϕ1(x),ϕ2(x), . . . ,ϕr(x)},

and finally employ the Galerkin projection to obtain a low-order dynamical system for the

basis coefficients {a1(t), a2(t), . . . , ar(t)}. The resulting low-order model is named POD

Galerkin reduced-order model (POD-G-ROM). The basic procedure is outlined in Algo-

rithm 1.

The POD method can be viewed as a method of information compression. As a con-

sequence, the ability of the POD modes to approximate any state of a complex system is

totally dependent on the information originally contained in the snapshot set used to gener-

ate the POD basis functions. That is, a POD basis cannot contain more information than

that contained in the snapshot set. Thus, the choice of snapshots can have a strong influ-

ence on the general applicability of the ROM in applications such as parametrized problems

in flow control and optimization, bifurcation analysis and uncertainty quantification. For

example, in [65], the authors noted that although POD-ROM performs well at a specific

Reynolds number at which snapshots are taken, “the accuracy of the model predictions
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Algorithm 1: POD-G-ROM Generation

Given y(·, t) resulting from the complex system (1.1) or (1.2) for t ∈ (t0, t0 + T )

(1) Compute a POD basis

{ϕ1(x),ϕ2(x), · · · ,ϕr(x)}

such that

Xr = span {ϕ1(·),ϕ2(·), · · · ,ϕr(·)} (1.3)

is a good approximation for the data space

{y(·, t)}t∈(t0,t0+T ) .

Define the reduced-order approximation

yr(·, t) =
r∑
j=1

ϕj(·)aj(t) ∈ Xr, (1.4)

where {aj(t)}rj=1 are the sought time-varying POD basis coefficient functions.

(2) Substitute the POD approximation (1.4) into the full-order system (1.1) or (1.2), and

apply the Galerkin procedure.〈
r∑
j=1

ϕj(·)ȧj(t),ϕi(·)

〉
=

〈
f

(
t,

r∑
j=1

ϕj(·)aj(t)

)
,ϕi(·)

〉
,〈

r∑
j=1

ϕj(·)aj(0),ϕi(·)

〉
= 〈y0,ϕi(·)〉 for i = 1, . . . , r,

which gives the POD-G-ROM, i.e., a dynamical system for {ai(t)}ri=1:

ȧi(t) =

〈
f

(
t,

r∑
j=1

ϕj(·)aj(t)

)
,ϕi(·)

〉
(1.5)

with

ai(0) = 〈y0,ϕi(·)〉 for i = 1, . . . , r.
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rapidly deteriorates as we move away from the decomposition value.” Several ideas have

been proposed to improve the selection of snapshots. For example, with bifurcation infor-

mation at hand, snapshots were taken at only a few parameter samples in [161] to derive

a POD-G-ROM that is able to capture the 3D bifurcation of the wake flow. Without any

a priori knowledge such as the bifurcation information, in [128], snapshots were taken at

samples uniformly distributed in the parameter space and the sequential proper orthogonal

decomposition (SPOD) was introduced. A more intelligent parameter sampling method, the

centroidal Voronoi tessellation (CVT) method was introduced in [45]. An adaptive method

in updating snapshots during the optimization process was developed in [187, 189]. These

approaches were discussed in [30]. A different adaptive method is the trust-region proper

orthogonal decomposition (TRPOD). This approach, introduced in [16, 75], benefits from

the trust-region philosophy [177]. Rigorous global convergence results were proved for the

TRPOD of the Navier-Stokes equations (NSE). It was further investigated in [56] within a

dual weighting data assimilation system for the shallow-water equations. For parametrized

problems, the reduced basis method (RBM), which assumes a smooth low-dimensional man-

ifold induced by the parameter dependence, is one of the most powerful model reduction

techniques. Its rigorous a posteriori error estimators have been proposed in [184, 198]. The

sampling procedure for snapshot selections was discussed in [101, 221]. Furthermore, a

greedy algorithm was used for an optimal selection of parameter values [34, 42, 97, 162, 221].

The offline-online computational decoupling, which is based on the empirical interpolation

method (EIM) [24, 96], was discussed in [171, 198].

The performance of POD-ROMs relies on how much information is retained in the re-

duced system, which is directly influenced by the number of POD modes kept in the ROM.

Using more POD modes in the ROM keeps more information, however, greatly increases the

computational cost. Therefore, an alternative way for improving POD-ROMs is to improve

the basis functions. Next, we briefly mention some of the approaches used to develop im-

proved POD basis functions. In [172], shift modes were incorporated in the POD basis. This

method significantly improved the resolution of the transient dynamics from the onset of vor-

tex shedding to the periodic von Kármán vortex street. In the same paper, it was shown that

the inclusion of stability eigenmodes further enhances the accuracy of fluctuation dynamics.
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In [36], the principal interval decomposition (PID) was used to extract dominant POD basis

functions over time subintervals. The POD mode interpolation methods were also used to

increase the robustness of the ROM with respect to parameter changes [146, 148, 149, 167].

In [12], an approach based on an interpolation on a Grassmann manifold was proposed to

adapt precomputed POD bases to new parameter values. This method was further inves-

tigated in [10, 11, 13, 67]. An alternative approach was studied in [104, 105], where the

sensitivity of the POD modes with respect to the problem parameters was calculated and

associated sensitivity modes were included in the ROM. Since a priori the POD modes do

not contain any information about the time evolution or the dynamical structure of the sys-

tem, in [140], the author extended the general principal interaction patterns (PIPs) method

[103]. In PIPs, the optimal basis is obtained from a nonlinear minimization procedure based

on a dynamical optimality criterion involving higher-order correlation tensors of both the

state variables and their time derivatives.

However, when complex flows are considered, it was recognized early on that a simple

Galerkin truncation of the POD basis will generally produce inaccurate results, even if the

retained POD modes capture most of the system’s energy. In other words, choosing an

appropriate POD basis will not generally be sufficient for developing an accurate POD-

ROM of complex flows. To overcome this issue, various closure methods have been proposed

to provide a more precise low-order system for the coefficients a(t). This is the main topic

of this dissertation. We will first summarize the relevant approaches in Section 1.4. Then,

in the next chapters, we will propose two novel closure POD-ROMs, develop new numerical

discretization algorithms for nonlinear closure models, investigate the numerical behavior

and build solid mathematical foundations for these models.

The organization of the rest of this chapter is as follows: Section 1.2 presents the standard

POD method. In Section 1.3, the conventional POD-G-ROM is introduced and the associ-

ated error analysis is presented. Section 1.4 summarizes the closure methods that improve

the POD-G-ROM. Several efficient numerical discretization algorithms for POD-ROMs are

presented in Section 1.5. After overviewing the current POD reduced-order modeling tech-

niques, we describe the “perfect” POD-ROM in Section 1.6. The dissertation is outlined in

Section 1.7.
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1.2 Proper Orthogonal Decomposition (POD)

In this section, we briefly describe the proper orthogonal decomposition method, following

[137]. For a detailed presentation, the reader is referred to [108, 206, 207, 208].

Assume that y(x, t) ∈ L2 (H, (t0, t0 + T )), i.e.,
∫ t0+T

t0
|y(·, t)|2 dt < ∞. Given the time

instances t1, . . . , tM ∈ [0, T ], we consider the ensemble of snapshots

R := span {y(·, t1), . . . ,y(·, tM)} ,

with dim R = d. The POD method seeks a low-dimensional (r) basis {ϕ1, . . . ,ϕr} that

optimally approximates the input collection in the sense that

min
1

M

M∑
`=1

∥∥∥∥∥y(·, t`)−
r∑
j=1

(
y(·, t`),ϕj(·)

)
H ϕj(·)

∥∥∥∥∥
2

H

(1.6)

subject to the conditions that (ϕi,ϕj)H = δij, 1 ≤ i, j ≤ r ≤ d, where δij is the Kronecker

delta. In order to solve (1.6), we consider the eigenvalue problem

K v = λ v , (1.7)

where K ∈ RM×M , with Kk` =
1

M
(y(·, t`),y(·, tk))H, is the snapshot correlation matrix, vj,

j = 1, . . . , d, are the eigenvectors, and 0 < λd ≤ . . . ≤ λ2 ≤ λ1 are the positive eigenvalues.

It can then be shown that the solution of (1.6) is given by

ϕj(·) =
1√
λj

M∑
`=1

(vj)` y(·, t`), 1 ≤ j ≤ r, (1.8)

where (vj)` is the `-th component of the eigenvector vj. It can also be shown that the

following error formula holds

1

M

M∑
`=1

∥∥∥∥∥y(·, t`)−
r∑
j=1

(
y(·, t`),ϕj(·)

)
H ϕj(·)

∥∥∥∥∥
2

H

=
d∑

j=r+1

λj . (1.9)

Remark 1 A popular choice of H is the L2 space. Since 1
T

∫ t0+T

t0
‖y(·, t)‖2

2 dt =
d∑
j=1

λj, which

is known as the POD energy, we can compute the relative error

Er =

1
T

∫ t0+T

t0

∥∥∥y(·, t)−
∑r

j=1

(
y(·, t),ϕj(·)

)
H ϕj(·)

∥∥∥2

2
dt

1
T

∫ t0+T

t0
‖y(·, t)‖2

2 dt
=

∑d
j=r+1 λj∑d
j=1 λj

.
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Naturally, 0 ≤ Er+1 ≤ Er ≤ 1. In practice, Er is usually used in a criterion to heuristically

determine the number of POD modes that should be kept in the ROMs.

Remark 2 When a finite element approach is utilized to discretize (1.2), the snapshot set Y

is composed of y(x, t), i.e., Y = [y(·, t1), . . . ,y(·, tM)]. We can do SVD on the matrix Ỹ =

M
1
2
h Y , where Mh is the mass matrix. Then the POD basis can be computed as ϕj = M

− 1
2

h Uj,

where Uj is the j-th column of the left singular vector of Ỹ . For a detailed discussion of this

case, the reader is referred to [136].

Remark 3 The POD method can be extended to the case where a weight function is applied

on various snapshots, degrees of freedom, or both. This can be achieved by posing the problems

in a weighted inner product space 〈x, y〉W ≡ 〈x,Wy〉 where W is a given symmetric positive

definite matrix (see, e.g., [63]).

1.3 POD Reduced-Order Model

In this section, taking incompressible Newtonian fluid flows as an example, we first derive the

standard POD-G-ROM for the NSE in Subsection 1.3.1. Then we summarize the existing

numerical discretization error estimates of POD-ROMs in Subsection 1.3.2.

1.3.1 Galerkin Projection

Reduced-order models of structurally dominated turbulent flows are central to many ap-

plications in science and engineering. Here we consider complex incompressible fluid flows

governed by the NSE:  ut − Re−1∆u + (u · ∇)u +∇p = 0

∇ · u = 0,
(1.10)

where u is the velocity, p the pressure, and Re the Reynolds number. Appropriate boundary

conditions are chosen such that boundary integrals vanish in the weak form. For example,

in the flow past a cylinder problem, the flow satisfies a non-homogeneous Dirichlet inflow

boundary condition, the“do-nothing” outflow boundary condition, and no-slip boundary

conditions on the top and the bottom walls.
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By collecting snapshots of the velocity field and applying the POD method, a POD-ROM

of the flow is constructed from the POD basis by writing

u(x, t) ≈ ur(x, t) ≡ U(x) +
r∑
j=1

aj(t)ϕj(x), (1.11)

where U(x) is the centering trajectory. We now replace the velocity u with ur in (1.10),

and then project the resulting equations onto the subspace Xr (1.3) spanned by the POD

basis. We note that, by construction (1.8), the POD modes are linear combinations of the

snapshots. Since the velocity field is solenoidal (∇·u = 0), the POD basis functions are also

solenoidal, i.e., ∇ ·ϕ = 0,∀ϕ ∈ Xr.

Using the boundary conditions and the fact that all modes are solenoidal, one obtains

the POD-G-ROM for the NSE:(
∂ur
∂t

,ϕ

)
+ ((ur · ∇)ur,ϕ) +

(
2

Re
D(ur),∇ϕ

)
= 0, ∀ϕ ∈ Xr, (1.12)

where D(ur) :=
(
∇ur + (∇ur)T

)
/2 is the deformation tensor of ur. We note that, since

the computational domains that we consider are large enough, the pressure terms can be

neglected in (1.12) (for details, see [8, 175]). The POD-G-ROM (1.12) yields the following

autonomous dynamical system for the vector of time coefficients, a(t):

ȧ = b + Aa + aTBa, (1.13)

where b, A, and B correspond to the constant, linear, and quadratic terms in the numer-

ical discretization of the NSE (1.10), respectively. The initial conditions are obtained by

projection:

ai(0) = 〈ϕi,u(·, 0)−U(·)〉H , i = 1, . . . , r. (1.14)

The finite dimensional system (1.13) can be written componentwise as follows: For all i =

1, . . . , r,

ȧi(t) = bi +
r∑

m=1

Aimam(t) +
r∑

m=1

r∑
n=1

Bimnan(t)am(t), (1.15)
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where

bi = − (ϕi,U · ∇U)− 2

Re

(
∇ϕi,

∇U +∇UT

2

)
, (1.16)

Aim = −(ϕi,U · ∇ϕm)− (ϕi,ϕm · ∇U)− 2

Re

(
∇ϕi,

∇ϕm +∇ϕmT

2

)
, (1.17)

Bimn = −(ϕi,ϕm · ∇ϕn). (1.18)

1.3.2 Mathematical Foundations

The first steps in developing a mathematical theory for the numerical discretization of the

POD-G-ROM were made in [137]. In that paper, the authors have considered a POD basis

approximation in space (without specifying approximation properties) and various time dis-

cretizations (forward Euler, backward Euler, and Crank-Nicolson) of the Burgers equation.

For these discretizations, they have rigorously proven that the discretization error comprises

three parts: (i) the interpolation error of the initial solution; (ii) the usual time discretization

error (∆tα where α = 1 for the forward and backward Euler methods and α = 2 for the

Crank-Nicolson method); and (iii) the POD Galerkin truncation error. The error estimation

reads:

∥∥u(tk)− uPOD−Gk

∥∥ ≤ C

∥∥u(t0)− uPOD−G0

∥∥+ ∆tα +

√√√√ d∑
j=r+1

λj

 , (1.19)

where u(tk) and uPOD−Gk are the exact solution and the POD-G-ROM solution at time in-

stance tk, respectively, ∆t is the time step, and λj is the j-th positive eigenvalue of the

snapshot correlation matrix K. In a follow-up paper [138], these results were expanded and

the same type of error estimates were proved for the two dimensional (2D) NSE. Further-

more, two different time discretizations in the generation of snapshots and the numerical

integrations of POD-G-ROM were considered. In [190], error estimates for the NSE were

derived, this time, however, including the spatial finite element discretization error. In [191],

error estimates of POD-ROMs for the Boussinesq equations were studied. Both implicit and

semi-implicit backward Euler methods for time integrations were employed and analyzed.

A different approach was used in [155]. The authors utilized a mixed finite element

discretization in space and a semi-implicit Euler approximation in time, and proved the
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following error estimate:

∥∥u(tk)− uPOD−Gk

∥∥+ ∆t
1
2

∥∥p(tk)− pPOD−Gk

∥∥+ ∆t
1
2

∥∥∇ (u(tk)− uPOD−Gk

)∥∥
≤ C

∆t+ hm +

√√√√∆t
1
2

d∑
j=r+1

λj

 , (1.20)

where u(tk) and p(tk) is the exact solution of the NSE, uPOD−Gk and pPOD−Gk is the POD-

ROM solution at time instance tk, respectively, h is the mesh size, and m is the order of

polynomials used to approximate the velocity space. The authors also concluded that “it

is unnecessary to take total transient solutions at all time instances as snapshots.” Instead,

they only took snapshots that are useful and of interest. In [157], the same method was

applied to the upper tropical Pacific Ocean model and similar error estimates were shown.

In the above reports, the snapshots are assumed to be from the same system as that

for which the POD approximation properties are analyzed. Due to the application of

parametrized differential equations in flow control and optimization, error analysis for para-

metric reduced-order systems also has been considered. In [84], the SPOD approximability of

2D parametric NSE were studied. In [186], the influence of small perturbations in snapshots

on POD-ROMs for an ODE system were analyzed. In [109, 110], the authors considered

an ODE system with perturbations in either model parameters or initial conditions and

measured the a priori error bounds in corresponding POD-ROMs. The proposed approach

is based on the small sample statistical method and a linear adjoint method. Moreover,

the error bound can indicate ranges of perturbations in the original system over which

the reduced model is still appropriate. The method was extended in [204] to a system of

differential-algebraic equations. In [97, 171, 184, 198], the RBM, as a powerful parametric

model reduction tool was analyzed for a posteriori error bounds.

Although the first steps have already been made, the mathematical theory for the nu-

merical discretization of POD-G-ROM is not as mature and developed as that for traditional

discretization methods, such as the finite element method.
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1.4 POD Closure Modeling

The POD reduced-order modeling approach has been used successfully in the numerical

simulation of laminar flows. In [65], the dynamics of the flow past a cylinder was modeled

with an eight-dimensional POD-G-ROM. In [161], the POD-G-ROM was generalized to

predict the 3D transition initiated by the Mode A instability (see [229] for the definition of

the Mode A instability) at Re ≈ 180. The POD-G-ROM results obtained in these studies are

in agreement with the numerical simulations, at least for short-time integration. However,

long-time integration of the POD-G-ROM might not produce the limit cycles obtained by the

computational fluid dynamics (CFD) code. The solution can drift to some erroneous state

even if it is initialized with the correct periodic state. This instability is associated with the

presence of multiple spurious limit cycles. In [82], the existence of multiple spurious steady

states in the Galerkin expansion of the Kuramoto-Sivashinsky equation were investigated.

For a similar equation, in [21], spurious states were also found in the POD model that

captured 99.99% of the system’s energy.

In fact, from the very beginning of POD reduced-order modeling of fluid flows, it was rec-

ognized that a simple Galerkin truncation of the POD basis will generally produce erroneous

results for turbulent flows [20]. The reason for the inadequate behavior of the POD Galerkin

truncation is that, although the discarded POD modes {ϕr+1, . . . ,ϕd} do not contain a sig-

nificant amount of the kinetic energy in the system, they do, however, have a significant role

in the dynamics of the reduced-order system. Indeed, the interaction between the discarded

POD modes {ϕr+1, . . . ,ϕd} and the POD modes retained in the ROM {ϕ1, . . . ,ϕr} is essen-

tial for an accurate prediction of the dynamics of the ROM. This situation is similar to the

traditional Fourier setting for turbulence, in which the effect of the discarded Fourier modes

needs to be modeled, i.e., one needs to solve the celebrated closure problem. This similarity

is not surprising, since in the limitation of homogenous flows, the POD basis reduces to the

Fourier basis [108].

To address the POD-ROM closure problem, various approaches have been proposed.

These closure models can be roughly classified into three main categories: (i) calibration

(data fitting) methods; (ii) numerical stability enhancing closure models; and (iii) physics
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based closure models. Although it is generally hard to separate the three classes of closure

models, their development roots in different foundations.

Calibration Methods A closure modeling technique is the calibration approach, in which

the polynomial coefficients of the POD-G-ROM are determined from an optimization prob-

lem. Galletti et al. [86, 87] introduced this procedure to determine the coefficient of the

pressure term in the POD-G-ROM for the NSE. A linear model for the pressure term was

considered:  ȧ = b + (A + C) a + aTBa,

ai(0) = 〈ϕi,u(·, 0)−U(·)〉H for i = 1, . . . , r,
(1.21)

where the entry Cim satisfies the linear model for pressure

Cimai(t) = −(ϕi,∇p). (1.22)

Let aej(t`) be the projection of `-th snapshot onto the j-th POD basis. âj(t) is the spline in-

terpolation of
{
aej(t`)

}M
`=1

, which is regarded as a benchmark trajectory. Then the coefficient

matrix C is determined by minimizing the functional

J =
r∑
i=1

∫ t0+T

t0

(ai(t)− âi(t))2 dt (1.23)

under the constraints (1.21). In [173, 175], Noack et al. demonstrated that the pressure term

is vital for a 2D mixing layer problem and its effect can be well represented by a linear term.

Thus, the same ansatz as (1.22) was also employed in [173, 175] for a POD-G-ROM, but

with a different optimization problem to calibrate C. Instead of minimizing the difference

between the Galerkin solution and the DNS projection, they minimized the difference of the

pressure term in primitive variables from that in the Galerkin model representation. This

model was further studied in [43] for a 3D wake flow.

The calibration method (1.23) is termed a state calibration method with dynamical

constraints in [59], where Couplet et al. proposed two other calibration models — a state

calibration method and a flow calibration method. All polynomial coefficients (linear and

quadratic) in the POD-G-ROM (1.5) are calibrated. The calibrated f minimizes a functional

J α where

J α = (1− α)E(f) + αD(f). (1.24)
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The term E in (1.24) measures the “error” between snapshots and the dynamical system, and

the term D is related to the difference between the calibrated coefficients and the coefficients

of the original POD-G-ROM. Therefore, when α = 1, no calibration is employed, while when

α = 0, the calibration model is fully optimized. Besides a 2D flow past a square cylinder

problem at Re = 100, a 3D flow past a backward-facing step case at Re = 7432 was also

tested in [59].

Since the minimization problem is usually badly conditioned, a Tikhonov regularization

([9, 102]) was proposed in [226] to improve the robustness of the calibration approach. Snap-

shots at several realizations were used to generate the POD basis. However, the authors

claimed that, “the actual real improvement in robustness is obtained by spanning the so-

lution manifold, i.e., by including several control laws in the inverse problem definition.”

Such an additional regularization actually makes the inverse problem well conditioned. This

technique was further used in the feedback control of incompressible flows in [227]. The reg-

ularization technique was further studied in [58], where Cordier et al. summarized several

existing calibration methods, including the intrinsic stabilization method proposed in [129],

and compared them in the configuration of a 2D flow past a cylinder at Re = 200.

Closure Models that Enhance the Numerical Stability This approach in devising

closure models aims at enhancing the numerical stability of POD-ROMs. In the POD-G-

ROM of a flow past a cylinder, Sirisup and Karniadakis [205] showed that the onset of

divergence from the correct limit cycle depends on the number of modes in the Galerkin

expansion, the Reynolds number, and the flow geometry. They used a spectral vanishing

viscosity method (SVVM) [212], which adds a small amount of mode-dependent dissipation

satisfying the entropy condition while retaining the spectral accuracy. Thus, equation (1.5)

is modified as

ȧ = f(a(t), t)−H(y; ε, Qε), (1.25)

where ε→ 0 is a viscosity amplitude and Qε is a viscosity convolution kernel. The SVVM is

typically applied to the higher modes and the numerical value of ε depends on the number of

modes for which the SVVM is activated. The parameters for the SVVM model are found by
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an empirical method and a bifurcation analysis. However, their exact values are not known

a priori and depend on the flow geometry and the number of POD modes.

A different closure modeling approach, which was used in [117, 118], replaces the L2

inner product in the generation of the POD basis with the H1 inner product. Therefore,

the gradient information is also incorporated in the POD modes. Several numerical tests

showed that the method actually stabilized the POD-G-ROM and “some actions of small

eddies were recovered” [118]. Another stabilization method based on a Lax-Wendroff type

artificial diffusion term was also proposed in [117] for compressible flows.

The numerical stabilization approach introduced in [29] is based on the residuals of the

Navier-Stokes operator evaluated with the reduced flow field. Extra POD stabilization modes

were extracted from the residual snapshots and used to stabilize the POD-G-ROM. In the

same paper, the traditional streamline upwind Petrov Galerkin method and a residual based

variational multiscale [26] numerical stabilization technique for convection-dominated flows

yielded stable POD-ROMs.

Closure Models Based on Physical Insight Given the similarity between the POD

and Fourier representations of vector fields [108], it is not surprising that the first closure

model was based on an eddy viscosity (EV) assumption. Indeed, in [20], Aubry et al. used

a Heisenberg type of closure model for the boundary layer, which truncated the POD basis

and used an EV approximation to model the effect of the discarded POD modes on the

POD modes kept in the model. To be precise, this model stipulates that the anisotropic

small-scale stress tensor must be proportional to the strain rate of the resolved scales D(u<):

τ> = ν̃S D(u<), (1.26)

and

ν̃S = 2αU>L>, (1.27)

where u< represents the resolved scale, U> and L> are velocity and length scales character-

istic of the unresolved modes, respectively, and α ∼ O(1) is a non-dimensional parameter

that characterizes the amount of energy being dissipated.

This mixing-length closure model (1.26)-(1.27) yielded truly impressive results consider-

ing the coarseness of the approximation and the complexity of the flow. The criterion used
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to assess the accuracy of the model was the intermittency of bursting events in the turbulent

boundary layer. This POD-ROM was further investigated numerically in a series of papers

by Podvin and Lumley [154, 180, 181, 182] and Rempfer [192, 193, 194].

Further improvements of the POD-ROM proposed in [20] were made in [52, 53], where

the dissipation coefficient was defined by

1

Rej
= max

{
1

Re
,

1

R̃ej

}
, (1.28)

and
1

R̃ej
=

1

Re
+

Dj〈
∇ϕj∇ϕj

〉
Ω

. (1.29)

The constant Dj in (1.29) is the eddy viscosity of the j-th POD mode ϕj determined from

the energy conservation equation of the resulting closure model, and < · >Ω denotes an

integration over the computational domain Ω.

Continuing the closure modeling approach based on the analogy to turbulence modeling,

a further step was taken in [35, 38], where a Smagorinsky type of closure model was proposed

(see also [174, 215] for similar approaches). The small-scale stress tensor is modeled by

τ> = ν̃S D(u<), (1.30)

and

ν̃s = 2(CSδ)
2‖D(u<)‖, (1.31)

where CS is the Smagorinsky constant, δ is the length scale, ‖D(u<)‖ is the Frobenius norm

of the strain rate of resolved scales. The advantage of using a variable (in both time and

space) EV term over the simple mixing length term used in [20] will be illustrated in Chapter

4 and Chapter 5.

Noack et al. [172, 175] have applied the EV together with other mechanisms in a sin-

gle framework. The resulting closure modeling strategy reveals two important amplitude-

selection mechanisms. One is based on the mean-field deformation due to the fluctuation.

This mechanism is particularly dominant in the neighborhood of the steady solution. The

other process is the energy flow from large-scale modes to smaller-scale modes in the spirit

of the energy cascade. The role of this process increases with the amplitude of oscillation.
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Although much remains to be done, it is clear that EV closure models significantly

improve the performance of the POD-ROMs. Obviously, the most plausible explanation for

their success is the analogy between the POD and Fourier descriptions of the flows: the

two descriptions are identical for homogeneous flows [108]. Thus, since EV has been one

of the most popular closure models used in the Fourier description of turbulent flows, it is

natural that a similar EV approach should also work in the POD setting. There is, however,

one major issue that needs to be addressed first. The foundations of the EV modeling in

the Fourier setting have been laid on the well tested, both experimentally and numerically,

concept of energy cascade, i.e., the fact that energy flows from small wave numbers to large

wave numbers. Thus, to legitimate the use of the EV modeling approach in a POD setting,

one would first need to show that the energy cascade concept is also valid in the POD setting.

Surprisingly enough, the first and, to our knowledge, the only paper to address this issue

was the report of Couplet et al. in [60]. By monitoring the triad interactions due to the

nonlinear term in the NSE, the authors have concluded that the transfer of energy among the

POD modes is similar to the transfer of energy among Fourier modes. Specifically, they found

that there is a net forward energy transfer from low index POD modes to higher index POD

modes and that this transfer of energy is local in nature (that is, energy is mainly transferred

among POD modes whose indices are close to one another). This study (see also [174]) clearly

suggests that large eddy simulation (LES) ideas based on the energy cascade concept could

also be used in devising POD-ROMs. This paper together with the success of the EV POD-

ROMs in practical computations [20, 30, 35, 38, 52, 53, 192, 193, 194] suggest that the

physical accuracy of the EV assumption coupled with the computational efficiency of the

POD could yield appropriate ROMs for turbulent flows dominated by organized structures.

Remark 4 Although stemming from different mathematical and physical foundations, these

three classes of closure methods are sometimes applied together. In [28, 30], the POD-G-

ROM was stabilized by introducing a time-dependent artificial viscosity on each POD mode

and the coefficients were determined by a calibration approach. In [213], the EV closure

modeling proposed in [194] was utilized together with a dynamic calibrating method to improve

the POD-G-ROM.
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1.5 Efficient Numerical Discretizations

The computational efficiency of the POD-G-ROM relies on the feasibility of precomputations

of vectors and matrices in the ROM. However, for problems involving nonpolynomial non-

linearities, the efficiency of POD-ROMs is severely limited. Examples of such problems in-

clude the Buckley-Leverett equation [170] and nonlinear closure models such as Smagorinsky

(1.30)-(1.31), variational multiscale, and dynamic subgrid-scale. To overcome this difficulty,

several methods have been proposed.

The best-points interpolation method (BPIM) was developed in [169]. It was applied in

[85] to develop an approach to uncertainty quantification in a nonlinear combustion problem.

The missing points estimation method (MPE) was introduced in [18, 19]. In this approach,

the full-order system was first reduced by choosing equations only corresponding to certain

selected spatial points and restricting the POD basis onto these points, then projecting the

extracted system onto the space spanned by the POD basis. The grid selection procedure

is, obviously, vital in this method. Two heuristic approaches were proposed in [18] and

improved in [228] with the help of a greedy algorithm. The trajectory piecewise-linear

method (TPWL), presented in [195, 196], reduces a nonlinear model by a weighted sum of

linearized models at selected points along a state trajectory.

An alternative approach widely used in the RBM is the EIM proposed in [24]. It was

first used to approximate non-affine differential operators to enable an efficient offline-online

computational strategy, and then was further applied to approximate nonlinear differential

operators in [96]. A discrete variant of EIM, the discrete empirical interpolation method

(DEIM), which combines EIM with the POD method, was introduced in [55] for model re-

duction of nonlinear dynamical systems and analyzed in [54]. This method approximates a

general nonlinear function and greatly improves the efficiency of the POD Galerkin projec-

tion.
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1.6 “Perfect” POD-ROM for Complex Flows

The goal of this dissertation is to develop POD-ROMs for structurally dominated turbulent

flows in engineering and geophysical applications. The development of POD-ROMs for

engineering and geophysical flows is a vast research area, and many reports on this topic

are published every year. This section aims at clearly outlining the overarching goal of the

research we started in this dissertation. To this end, we define what we believe the “perfect”

POD-ROM for complex flows is. We emphasize that this “perfect” POD-ROM, which is

schematically illustrated in Figure 1.1, represents what in our opinion is needed for accurate,

efficient, and robust numerical simulation of complex flows. That being said, we acknowledge

right from the start that other research groups might use different criteria to define “perfect”

POD-ROMs.

Representative	  
Data	  

Perfect	  	  
POD-‐ROM	  

Accurate	  
Outputs	  

Basis	  
Update	  

A	  Posteriori	  

error	  es*mate	  

Figure 1.1: Schematic for the “perfect” POD-ROM for complex flows.

The input for the “perfect” POD-ROM is representative data for the targeted complex

flow (e.g., structurally dominated turbulent flows, as those considered in this dissertation).

This data is a collection of flow variables over appropriate time and parameter ranges. For
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example, one could consider the time interval [t0, t0 + ∆t] and Reynolds number interval

[Re0 − ∆Re,Re0 + ∆Re]. Given this representative data, the “perfect” POD-ROM should

be able to provide an accurate, efficient, and robust approximation of the flow field. That

is, the “perfect” POD-ROM’s output should satisfy the following criteria:

(i) accuracy, i.e., produce results that are close to those predicted by the full-order model;

(ii) efficiency, i.e., the results should be achieved at a fraction of the computational cost

of a full-order model; and

(iii) robustness, i.e., the results should be valid for much larger time intervals [t0, t0 +C1∆t]

and much larger parameter intervals [Re0−C2∆Re,Re0 +C2∆Re], where the constants

C1 and C2 are very large (e.g., C1, C2 ∼ O(1000)).

The first two criteria we used in the definition of the “perfect POD-ROM” (i.e., accuracy

and efficiency) would probably be used in any standard definition of a “perfect” POD-ROM.

We believe, however, that the third criterion we used (i.e., robustness) is what sets our goals

apart from other POD-ROM approaches. Indeed, if we restricted the “perfect” POD-ROM

to the same time interval [t0, t0+∆t] and the same parameter interval [Re0−∆Re,Re0+∆Re]

as those used in the generation of the input data, then standard interpolation techniques

could be used to ensure that the “perfect” POD-ROM’s trajectory is as close as possible to

the input data. This, in our opinion, would be nothing more than data fitting. The “perfect

POD-ROM”, we believe, should be able to work on much larger time intervals and much

larger parameter intervals than those used in the derivation of the input data. This is the only

way POD can fulfill its original promise of becoming a predictive tool in realistic engineering

and geophysical applications. An obvious criticism to our “perfect” POD-ROM would be

that the POD basis generated on the intervals [t0, t0 +∆t] and [Re0−∆Re,Re0 +∆Re], while

optimal on these intervals, might be completely inappropriate on the intervals [t0, t0 +C1∆t]

and [Re0−C2∆Re,Re0 +C2∆Re]. Indeed, one can simply imagine a physical structure (e.g.,

a turbulent burst) that appears in the time interval [t0 + 2∆t, t0 + 3∆t] and, thus, cannot be

captured by the input POD basis. To address this well-founded (and well known) criticism

of POD-ROMs, we endowed our “perfect” POD-ROM with a basis updating mechanism. A
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natural approach for deciding when this basis updating is needed might use a posteriori error

indicators. We emphasize, however, that this updating mechanism should focus exclusively

on generating an improved basis; it should not aim at generating an improved model. In fact,

updating the basis as well as the model itself would amount, in some sense, to considering

the same time and parameter intervals as those used in the generation of the input data (i.e.,

data fitting); Our definition of “perfect” POD-ROM avoids that.

The “perfect” POD-ROM outlined in this section and illustrated schematically in Fig-

ure 1.1 represents the overarching goal (the “Holy Grail”) of our research. To our knowledge,

nobody has been able to develop this “perfect” POD-ROM. In this dissertation we take a

first step in this direction. We use the wealth of physical insight built over that last decades

in the LES community to develop computationally efficient and physically accurate POD-

ROMs that can run over much larger time intervals than those over which the POD basis

was generated. We also develop new algorithms that make possible the efficient numerical

discretization of the new POD-ROMs. Finally, we develop a rigorous mathematical support

for the finite element discretization of the new POD-ROMs.

Much remains to be done to achieve the quest for the “perfect” POD-ROM. We believe,

however, that the steps taken in this dissertation lay a solid foundation for exciting, new

developments in the years to come.

1.7 Outline of dissertation

In this dissertation, we develop state-of-the-art EV closure methods for POD-ROMs, which

greatly improve the accuracy of the standard POD-G-ROM. However, since modern closure

models for turbulent flows are generally nonlinear, their efficient numerical discretization

within a POD framework is still challenging. We propose a new two-level method to overcome

this computational hurdle. We also discuss the applications of the new POD-ROMs in

realistic applications, such as airflow simulations in energy efficient building design and

control problems as well as numerical simulations of large-scale ocean motions in climate

modeling.

The rest of the dissertation is organized as follows:
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1. In Chapter 2, two new state-of-the-art EV closure for POD-ROMs are proposed: the

variational multiscale method and the dynamical subgrid-scale method. Two other EV

closure POD-ROMs are presented: the mixing-length model [20] and the Smagorinsky

model [38, 174, 215, 223]. Related concepts such as the POD filter and lengthscale are

also defined.

The material in this chapter is based on the following report:

Z. Wang, I. Akhtar, J. Borggaard and T. Iliescu. Proper Orthogonal Decomposition

Closure Models for Turbulent Flows: A Numerical Comparison. Comput. Meth. Appl.

Mech. Eng., in press, 2012.

2. In Chapter 3, the new two-level discretization algorithms for general nonlinear POD

closure models are introduced. As a numerical verification of the efficiency and accuracy

of the new algorithms, three tests are performed: (i) the 1D Burgers equation with

a small dissipation parameter ν = 10−3; (ii) a 2D flow past a circular cylinder at

Re = 200; and (iii) a 3D flow past a circular cylinder at Re = 1000.

The material in this chapter is based on the following report:

Z. Wang, I. Akhtar, J. Borggaard and T. Iliescu. Two-Level Discretizations of Nonlin-

ear Closure Models for Proper Orthogonal Decomposition. J. Comput. Phys., 230(1),

2011, pp. 126-146.

3. In Chapter 4, we develop solid mathematical foundations for EV closures of POD-

ROMs by analyzing the numerical errors in the finite element discretization of the

Smagorinsky and the variational multiscale methods in two different systems: the

Burgers equation and the convection-dominated convection-diffusion-reaction equa-

tions. The error estimates show the convergence properties of the new POD-ROMs.

The material in this chapter is based on the following reports:

J. Borggaard, T. Iliescu and Z. Wang. Artificial Viscosity Proper Orthogonal Decom-

position. Math. Comput. Model., 53 (1-2), 2011, pp. 269-279.

T. Iliescu and Z. Wang. Variational Multiscale Proper Orthogonal Decomposition:

Convection-Dominated Convection-Diffusion Equations. Math. Comp., in press, 2011.
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4. In Chapter 5, a structurally dominated 3D turbulent flow problem is used to test the

four POD-ROMs described in Chapter 2. These POD closure models are compared

with the standard POD-G-ROM, benchmarked by the DNS data, and judged by five

criteria: (i) the kinetic energy spectrum; (ii) the mean velocity; (iii) the Reynolds

stresses; (iv) the root mean square values of the velocity fluctuations; and (v) the time

evolution of the POD coefficients. The numerical results show that the variational

multiscale and the dynamic subgrid-scale models yield the most accurate average and

instantaneous numerical results.

The material in this chapter is based on the following report:

Z. Wang, I. Akhtar, J. Borggaard and T. Iliescu. Proper Orthogonal Decomposition

Closure Models for Turbulent Flows: A Numerical Comparison. Comput. Meth. Appl.

Mech. Eng., in press, 2012.

5. In Chapter 6, as a part of our future work, we will discuss the applications of POD

closure models to two realistic applications in engineering and geophysics: building

airflow simulations and large-scale oceanic flow simulations. We also address other

research avenues that we plan to pursue in the future.

The material in this chapter is based on the following reports:

O. San, A. E. Staples, Z. Wang and T. Iliescu. Approximate Deconvolution Large Eddy

Simulation of a Barotropic Ocean Circulation Model. Ocean Modelling, 40, 2011, pp.

120-132.

E. Foster, T. Iliescu, and Z. Wang. A Finite Element Discretization of the Stream-

function Formulation of the Stationary Quasi-Geostrophic Equations of the Ocean.

Submitted, 2012.

Z. Wang and T. Iliescu. A Mixed Finite Element Method for the Time-Dependent

Quasi-Geostrophic Equations of the Ocean. Submitted, 2012.

Z. Wang, J. Borggaard and T. Iliescu. Reduced-Order Modeling of Airflow in Energy-

Efficient Buildings. In preparation, 2012.



Chapter 2

POD Closure Models for Turbulent

Flows †

2.1 Introduction

Despite their initial success, POD-ROMs have generally been limited to laminar flows and

relatively few reports on closure modeling strategies for turbulent flows have appeared in the

literature [20, 38, 43, 53, 104, 105, 161, 172, 174, 175, 176, 180, 182, 192, 194, 205, 215]. This

is in stark contrast to the amount of work done in traditional turbulence modeling, such

as LES, where literally hundreds of closure models have been proposed and investigated

(see, e.g., [199]) over the same time period. This disparity in closure modeling between

POD reduced-order modeling and classical turbulence modeling seems even more dramatic

considering that the concept of an energy cascade, which is a fundamental modeling principle

in LES, is also valid in a POD setting.

In this chapter, we develop two novel POD-ROMs, inspired from state-of-the-art LES

closure modeling strategies: the dynamic subgrid-scale (DS) model [88, 163, 183] and the

variational multiscale (VMS) model [113]. We also consider the standard mixing-length

closure model proposed in [20] and the Smagorinsky model proposed in [174, 215, 223], both

†The material in this chapter is based on the following report:

Z. Wang, I. Akhtar, J. Borggaard and T. Iliescu. Proper Orthogonal Decomposition Closure Models for

Turbulent Flows: A Numerical Comparison. Comput. Meth. Appl. Mech. Eng., in press, 2012.

24
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being standard LES closure models.

Before we describe the new closure methods for POD-ROMs, we emphasize that POD is

not intended to compete against well established, successful methodologies for the numerical

simulation of general turbulent fluid flows, such as LES [32, 199]. In fact, such a comparison

between POD-ROM and LES would be questionable. Indeed, as shown in [108], POD

reduces to the standard Fourier decomposition when homogeneous flows are considered.

Thus, for homogeneous, isotropic turbulent flows, POD-ROM (and the associated closure

modeling) practically reduces to LES. This clearly suggests that POD-ROM and LES have

different goals: the latter targets general, homogeneous, isotropic turbulent flows, whereas

the former aims at highly anisotropic turbulent flows, whose dynamics are dominated by

coherent structures. Moreover, the spatial resolutions employed by POD-ROM are much

coarser than those used in LES. These suggest that POD-ROM and LES could actually be

used together: Indeed, for turbulent flows at high Reynolds numbers (for which a DNS is

unfeasible), LES could be used to generate the snapshot matrix for the POD-ROM. This

idea has been exploited in [60].

We also note that the POD-ROM approach that we pursue in this dissertation has sev-

eral similarities to the stochastic adaptive large eddy simulation (SCALES) introduced in

[89]. SCALES combines the coherent vortex simulation (CVS) methodology proposed in

[78, 79] with subgrid-scale modeling ideas imported from LES. Specifically, the CVS ap-

plies a wavelet filter to a turbulent vorticity field and separates it into energetic coherent

structures and a residual, subgrid field that is homogeneous. To overcome the relatively

high computational cost of CVS [64], SCALES employs a wider support for the wavelet

filter and then takes advantage of LES-type modeling techniques to account for the effect

of those coherent structures that are now treated as subgrid-scale terms. Thus, POD-ROM

and SCALES are similar in that they both target the coherent structures in the underlying

turbulent flow. They are different, however, in that POD-ROM employs POD to generate

these coherent structures, whereas SCALES uses wavelets. Moreover, POD-ROM aims at

at highly non-homogeneous, anisotropic turbulent flows, whereas SCALES considers general

turbulent flows. Finally, POD-ROM employs spatial resolutions that are coarser than those

used by SCALES and CVS.
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The rest of the chapter is organized as follows: Section 2.2 presents the definitions of the

POD filter and lengthscale in the flow field approximated by the reduced-order model. Four

POD closure models are described in Section 2.3. Finally, conclusions and several research

directions that we are currently pursuing are provided in Section 2.4. All these four POD-

ROMs will be tested in the numerical simulation of a 3D turbulent flow around a circular

cylinder at Re = 1000 in Chapter 5.

2.2 Filter and Lengthscale

We start by describing the filtering operation utilized and the spatial lengthscale δ used in

the POD closure models. Both are needed in order to define meaningful LES-inspired POD

closure models.

POD Filter In LES, the filter is the central tool used to obtain simplified mathematical

models that are computationally tractable. The filtering operation is effected by convolution

of flow variables with a rapidly decaying spatial filter gδ, where δ is the radius of the spatial

filter. In the POD, however, there is no explicit spatial filter used. Thus, in order to develop

LES-type POD closure models, a POD filter needs to be introduced. Given the hierarchical

nature of the POD basis, a natural such filter appears to be the Galerkin projection. Let

X be an appropriate Hilbert space, Xr the subspace spanned by the first r POD basis

functions as (1.3). For all u ∈ X, the Galerkin projection u ∈ Xr is the solution of the

following equation:

(u− u,ϕ) = 0, ∀ϕ ∈ Xr. (2.1)

The Galerkin projection defined in (2.1) will be the filter used in all POD closure models

studied in this dissertation.

POD Lengthscale Next, we introduce the lengthscale δ used in the POD closure models.

We emphasize that this choice is one of the fundamental issues in making a connection with

LES. Indeed, we need such a lengthscale (δ) in order to define dimensionally sound POD

models of LES flavor. To simplify the notation, in this section we utilize subscripts for the
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three spatial components: x1, x2, x3 and u1, u2, u3. In the rest of the dissertation, we use the

standard notation x, y, z and u, v, w.

To derive the lengthscale δ, we use dimensional analysis. A dimensionally sound length-

scale l> for a turbulent pipe flow was defined in [20]. In fact, this lengthscale was only

defined implicitly, through the turbulent eddy viscosity νT := u> l>. Indeed, equation (22)

in [20] reads

νT := u> l> =

∫ X2

0
〈ui> ui>〉 dx2(

X2

∫ X2

0
〈ui>,j ui>,j〉 dx2

)1/2
, (2.2)

where repeated indices denote summation, the subscript > denotes unresolved POD modes,

〈f〉 =
1

L1 L3

∫ L1

0

∫ L3

0

f(x, t) dx1 dx3 (2.3)

denotes the spatial average of f in the homogeneous directions (here x1 and x3), and L1, L3

and X2 are the streamwise, spanwise, and wall-normal dimensions of the computational

domain, respectively. Note that the authors in [20] only considered the wall region, not

the entire pipe flow. In (2.2), the following notation was used: ui> =
N∑

n=r+1

ain ϕn, ui> ui> =

3∑
i=1

ui> ui>, and ui>,j =
∂ui>
∂xj

. Note that a quick dimensional analysis shows that the quantity

defined in (2.2) has the units of a viscosity. Indeed,

[νT ] =
m
s
m
s
m[

m
(

1
s

1
s
m
)]1/2 =

m3

s2

m
s

=
m2

s
. (2.4)

In Appendix B of [20], the authors have further simplified (2.2) and expressed νT in terms

of the first neglected POD modes:

νT := u> l> =

∑
(k,n) λ

(n)
k(

X2 L1 L3

∑
(k,n) λ

(n)
k

(∫ X2

0
DΦ

(n)
ik
DΦ

(n)∗
ik

dx2 − k2
1 − k2

3

))1/2
, (2.5)

where the triplets (k, n) are the first neglected POD modes.

In equation (9.90) of [108], the authors define another dimensionally sound turbulent

viscosity

νT := u> l> =
1

X2

∫ X2

0

〈ui> ui>〉
〈ui>,j ui>,j〉1/2

dx2. (2.6)
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A quick dimensional analysis shows that the quantity defined in (2.6) also has the units of

a viscosity.

We can use the two definitions of νT in (2.2) and (2.6) to define a lengthscale l>. We

obtain

l> :=

∫ X2

0
〈ui> ui>〉 dx2

X2

∫ X2

0
〈ui>,j ui>,j〉 dx2

(2.7)

and

l> :=

(
1

X2

∫ X2

0

〈ui> ui>〉
〈ui>,j ui>,j〉

dx2

)1/2

, (2.8)

respectively.

In the 3D flow past a cylinder example that we consider in Chapter 5, both (2.7) and

(2.8) are valid candidates for the definition of the lengthscale δ. The only modification we

need to make (due to our computational domain) is to replace the horizontal averaging by

spanwise averaging and take double integrals in the remaining directions. Specifically, we

have

δ :=

( ∫ L1

0

∫ L2

0
〈ui> ui>〉 dx1 dx2∫ L1

0

∫ L2

0
〈ui>,j ui>,j〉 dx1 dx2

)1/2

(2.9)

and

δ :=

(
1

L1 L2

∫ L1

0

∫ L2

0

〈ui> ui>〉
〈ui>,j ui>,j〉

dx1 dx2

)1/2

. (2.10)

2.3 POD Closure Models

We are now ready to present the four POD closure models that will be investigated numer-

ically in Chapter 5. We propose two new POD closure models: the dynamic subgrid-scale

model and the variational multiscale model. These models were announced in [35]. In [224], a

careful derivation and thorough numerical investigation was carried out. We also numerically

test the mixing-length [20] and Smagorinsky [38, 174, 215, 223] POD closure models.

Since all four POD closure models are of EV type, we first present a general EV POD-

ROM framework. Then, for each closure model, we specify its implementation in this general
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framework. The general EV POD-ROM framework can be written as:

ȧ =
(
b + b̃(a)

)
+
(
A + Ã(a)

)
a + aTBa, (2.11)

which is just a slight modification of the POD-G-ROM (1.13). The new terms in (2.11) (the

vector b̃(a) and the matrix Ã(a)) correspond to the numerical discretization of the POD

closure model. In componentwise form, equation (2.11) can be written as

ȧi(t) =
(
bi + b̃i(a)

)
+

r∑
m=1

(
Aim + Ãim(a)

)
am(t)

+
r∑

m=1

r∑
n=1

Bimnan(t)am(t) for i = 1, . . . , r, (2.12)

where bi, Aim, and Bimn are the same as those in equations (1.13), b̃i(a) and Ãim(a) depend

on the specific closure model used.

The Mixing-Length POD Reduced-Order Model (ML-POD-ROM)

The first POD closure model was the mixing-length model proposed in [20]. This closure

model is of EV type and amounts to increasing the viscosity coefficient ν by

νML = α νT = αUML LML, (2.13)

where UML and LML are characteristic velocity and length scales for the unresolved scales,

and α is an O(1) nondimensional parameter that characterizes the energy being dissipated.

Using the EV ansatz in (2.13), the mixing-length POD reduced-order model (ML-POD-ROM)

has the form (2.11), where

b̃i(a) = −νML

(
∇ϕi,

∇U +∇UT

2

)
, (2.14)

Ãim(a) = −νML

(
∇ϕi,

∇ϕm +∇ϕmT

2

)
. (2.15)

The parameter α is expected to vary in a real turbulent flow, and different values of α may

result in different dynamics of the flow [20, 108, 180, 182]. There are also different ways to

define νT in (2.13): relation (2.2) was used in [20], whereas relation (2.6) was used in [108].

We also mention that several other authors have used the ML-POD-ROM (2.14)-(2.15) (see,

e.g., [35, 223]). Improvements to the ML-POD-ROM in which the EV coefficient is mode

dependent were proposed in [53, 181, 194].
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The Smagorinsky POD Reduced-Order Model (S-POD-ROM)

A potential improvement over the simplistic mixing-length hypothesis is to replace the con-

stant νML in (2.14)-(2.15) (which is computed only once, at the beginning of the simulation)

with a variable turbulent viscosity (which is recomputed at every time step), such as that

proposed in [211]. This yields a POD closure model in which the viscosity coefficient is

increased by

νS := 2 (CS δ)
2 ‖D(ur)‖, (2.16)

where CS is the Smagorinsky constant, δ is the lengthscale defined in Section 2.2 and ‖D(ur)‖

is the Frobenius norm of the deformation tensor D(ur). Using the EV ansatz in (2.16), the

Smagorinsky POD reduced-order model (S-POD-ROM) has the form (2.11), where

b̃i(a) = −2 (CS δ)
2

(
∇ϕi, ‖D(ur)‖

∇U +∇UT

2

)
, (2.17)

Ãim(a) = −2 (CS δ)
2

(
∇ϕi, ‖D(ur)‖

∇ϕm +∇ϕmT

2

)
. (2.18)

The S-POD-ROM (2.17)-(2.18) was proposed in [35] (see also [174]) and was used in the

reduced-order modeling of structurally dominated 3D turbulent flows in [215, 223]. Its

advantage over the ML-POD-ROM (2.14)-(2.15) is obvious: the latter utilizes a constant

EV coefficient at every time step, whereas the former recomputes the EV coefficient (which

depends on ‖D(ur)‖) at every time step. To address the significant computational burden

posed by the recalculation of the Smagorinsky EV coefficient at every time step, a novel

two-level discretization algorithm was employed in [223] (see Chapter 5 for more details).

The Variational Multiscale POD Reduced-Order Model (VMS-POD-ROM)

The VMS method, a state-of-the-art LES closure modeling strategy, was introduced in [113,

114, 115]. The VMS method is based on the principle of locality of energy transfer, i.e., it

uses the ansatz that energy is transfered mainly between neighboring scales. In [60], the

transfer of energy among POD modes for turbulent flow past a backward-facing step (a non-

homogeneous separated flow) was investigated numerically. In that report, it was shown that

the Fourier-decomposition based concepts of energy cascade and locality of energy transfer
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are also valid in the POD context (see Figures 3 and 4 in [60]). Thus, VMS closure models

represent a natural choice for POD-ROM.

To develop the VMS POD closure model, we start by decomposing the finite set of POD

modes Xr into the direct sum of large resolved POD modes Xr
L and small resolved POD

modes Xr
S:

Xr = Xr
L ⊕Xr

S, where (2.19)

Xr
L := span

{
ϕ1,ϕ2, . . . ,ϕrL

}
and (2.20)

Xr
S := span

{
ϕrL+1,ϕrL+2, . . . ,ϕr

}
. (2.21)

Accordingly, we decompose ur into two components: uLr representing the large resolved

scales, and uSr representing the small resolved scales:

ur = uLr + uSr , (2.22)

where

uLr = U +

rL∑
j=1

aj ϕj , (2.23)

uSr =
r∑

j=rL+1

ajϕj. (2.24)

The two components uLr and uSr represent the projections of ur onto the two spaces Xr
L and

Xr
S, respectively. The general POD-ROM framework (2.11) can now be separated into two

equations - one for aL (the vector of POD coefficients of uLr ) and one for aS (the vector of

POD coefficients of uSr ). The Variational Multiscale POD reduced-order model (VMS-POD-

ROM) applies an eddy viscosity term to the small resolved scales only, following the principle

of locality of energy transfer. The VMS-POD-ROM reads: ȧL

ȧS

 =

 bL

bS

+ Ar

 aL

aS

+

 AL 0

0 AS + ÃS(aS)

 aL

aS



+

 aL

aS

T B

 aL

aS

 (2.25)
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The finite dimensional system (2.25) can be written componentwise as follows:

ȧLi (t) = bLi +
r∑

m=1

Arimam(t) +

rL∑
j=1

ALijaj(t) +
r∑

m=1

r∑
n=1

Bimnan(t)am(t), (2.26)

∀ i = 1, . . . , rL,

ȧSi (t) = bSi +
r∑

m=1

Arimam(t) +
r∑

j=rL+1

(
ASij + ÃSij

)
aj(t) (2.27)

+
r∑

m=1

r∑
n=1

Bimnan(t)am(t) ∀ i = rL + 1, . . . , r,

where

bLi = − (ϕi,U · ∇U)− 2

Re

(
∇ϕi,

∇U +∇UT

2

)
, (2.28)

Arim = −(ϕi,U · ∇ϕm)− (ϕi,ϕm · ∇U), (2.29)

ALij = − 2

Re

(
∇ϕi,

∇ϕj +∇ϕTj
2

)
, (2.30)

Bimn = −(ϕi,ϕm · ∇ϕn), (2.31)

bSi = − (ϕi,U · ∇U) , (2.32)

ASij = − 2

Re

(
∇ϕi,

∇ϕj +∇ϕTj
2

)
, (2.33)

ÃSij(a) = −2 (CS δ)
2

(
∇ϕi, ‖D(uSr + U)‖

∇ϕj +∇ϕjT

2

)
. (2.34)

We emphasize that the system of equations (2.25) is coupled through two terms: (i) aTBa,

which represents the nonlinearity (ur·∇)ur; and (ii) Ara, which represents the term (ur·∇)ur

linearized around the centering trajectory U. The difference between the VMS-POD-ROM

(2.25)-(2.34) and the S-POD-ROM (2.17)-(2.18) is that the former acts only on the small

resolved scales (since the Smagorinsky EV term (CS δ)
2 ‖D(uSr + U)‖ is included only in the

equation corresponding to aS), whereas the latter acts on all (both large and small) resolved

scales.

The VMS-POD-ROM (2.25)-(2.34) was announced in [35]. A careful derivation and

thorough investigation in the numerical simulation of a 3D turbulent flow was implemented

in [224]. We note that a fundamentally different VMS LES closure model that utilizes the

NSE residual was proposed in [26]; this model was used in a POD setting in [29]. Yet
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another VMS-POD-ROM, inspired from the numerical stabilization methods developed in

[98, 121, 126, 144], was proposed, analyzed and tested in [116]. We emphasize that the

VMS-POD-ROM (2.25)-(2.34) is different from both the model used in [29] and that used

in [116].

The Dynamic Subgrid-Scale POD Reduced-Order Model (DS-POD-ROM)

For all three POD-ROM closure models defined above (i.e., ML-POD-ROM (2.14)-(2.15),

S-POD-ROM (2.17)-(2.18), and VMS-POD-ROM (2.25)-(2.34)), the definition has been en-

tirely phenomenological. Indeed, arguing that the role of the discarded POD modes is to

extract energy from the system, we used an EV ansatz to derive closure models of increasing

complexity and physical accuracy. The DS POD-ROM closure model is also of EV type. Its

derivation, however, requires a precise definition of the filtering operation. The DS closure

model has its origins in LES, where it is considered state-of-the-art (see, e.g., [199]). In LES,

the filtering operation is effected by convolving the flow variables with a rapidly decaying

spatial filter. In POD, the filtering operation is effected by using the POD Galerkin pro-

jection described in Section 2.2 (see (2.1)). To derive the precise POD filtered equations,

we start with the NSE (1.10) in which the velocity u is replaced by its POD approximation

u(x, t) ≈ ur(x, t) ≡ U(x) +
∑r

j=1 aj(t)ϕj(x) in (1.11), and obtain

∂ur
∂t
− Re−1∆ur + (ur · ∇) ur +∇p = 0. (2.35)

Using the fact that ∇ · ur = 0 in (2.35), we get (ur · ∇) ur = ∇ · (ur ur). Thus, (2.35) can

be rewritten as

∂ur
∂t
− Re−1∆ur +∇ · (ur ur) +∇p = 0. (2.36)

Applying the POD filtering operation (2.1) to (2.36), using the fact that the POD Galerkin

projection is a linear operator, and assuming that differentiation and POD filtering commute,

we obtain

∂ur
∂t
− Re−1∆ur +∇ · (ur ur) +∇p = 0. (2.37)

We note that, if filtering and differentiation do not commute, one has to estimate the commu-

tation error (see, e.g., [32, 217, 218]). We also note that, since the POD filtering operation is
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the Galerkin projection (2.1), ur = ur. To maintain a notation consistent with the nonlinear

term, we continue to use the ur notation in the following development.

The POD filtered equation (2.37) can be rewritten as

∂ur
∂t
− Re−1∆ur +∇ · (ur ur) +∇ · (τ r) +∇p = 0, (2.38)

where

τ r = ur ur − ur ur (2.39)

is the POD subfilter-scale stress tensor. Thus, the POD-G-ROM (1.12) amounts to setting

τ r = 0. For turbulent flows, as we have already mentioned, this approximation is flawed.

Thus, one needs to address the POD closure problem, i.e., to model the POD subfilter-

scale stress tensor τ r in terms of the POD filtered velocity ur. We note that the POD

closure problem is exactly the LES closure problem, in which the spatial filtering is replaced

by POD Galerkin projection. For all three POD-ROM closure models defined so far in this

section (i.e., ML-POD-ROM (2.14)-(2.15), S-POD-ROM (2.17)-(2.18), and VMS-POD-ROM

(2.25)-(2.34)), the closure problem has been addressed by assuming an EV ansatz for τ r.

The DS-POD-ROM employs an EV ansatz as well; specifically, the Smagorinsky model is

utilized:

τ r := −2(CS δ)
2 ‖D(ur)‖D(ur), (2.40)

in which CS is not a constant (as in the Smagorinsky model), but a function of space and

time, i.e., CS = CS(x, t). To compute CS(x, t), we follow the LES derivation in [199] and

replace the LES spatial filtering with the POD Galerkin projection. Since there are two

spatial filters in the LES derivation of the DS model, we define a second POD Galerkin

projection (in addition to that defined in (2.1)): For all u ∈ X, the second (test) Galerkin

projection ũ ∈ XR (where R < r) is the solution of the following equation:

(u− ũ,ϕ) = 0 ∀ϕ ∈ XR. (2.41)

Applying the second POD filtering operation (2.41) to (2.37), we obtain:

∂ũr
∂t
− Re−1∆ũr +∇ · (ũr ũr) +∇ · (Tr) +∇p̃ = 0, (2.42)
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where

Tr = ũr ur − ũr ũr (2.43)

is the second POD subfilter-scale stress tensor. We note that the following identity (known

as the “Germano identity” in LES) holds:

Tr = ũr ur − ũr ũr =
(
ũr ur − ũr ũr

)
+
(
ũr ur − ũr ur

)
= Lr + τ̃ r, (2.44)

where Lr = ũr ur − ũr ũr and τ̃ r = ũr ur − ũr ur. We assume the same EV ansatz for the

two POD subfilter-scale stress tensors, τ r and Tr:

Tr ≈ −2 (CS δ̃)
2 ‖D(ũr)‖D(ũr) (2.45)

τ r ≈ −2 (CS δ)
2 ‖D(ur)‖D(ur), (2.46)

where δ̃ is the filter radius used in the second POD filtering operation (2.41). Assuming that

CS remains constant under the second POD filtering (2.41), we obtain:

τ̃ r ≈ ˜−2 (CS δ)2 ‖D(ur)‖D(ur) ≈ −2 (CS δ)
2 ˜‖D(ur)‖D(ur). (2.47)

Substituting (2.45) and (2.47) into (2.44) we obtain:

− 2 (CS δ̃)
2 ‖D(ũr)‖D(ũr) =

(
ũr ur − ũr ũr

)
− 2 (CS δ)

2 ˜‖D(ur)‖D(ur). (2.48)

We note that CS is the only unknown in (2.48), all other terms being computable quantities.

Since all the terms in (2.48) are tensors, the unknown CS cannot satisfy all nine equations.

Thus, the following least squares approach is considered instead:

min
C2
S

[(
ũr ur − ũr ũr

)
− 2 (CS δ)

2 ˜‖D(ur)‖D(ur) + 2 (CS δ̃)
2 ‖D(ũr)‖D(ũr)

]
:[(

ũr ur − ũr ũr

)
− 2 (CS δ)

2 ˜‖D(ur)‖D(ur) + 2 (CS δ̃)
2 ‖D(ũr)‖D(ũr)

]
. (2.49)

The solution CS(x, t) of (2.49) is:

C2
S(x, t) = (2.50)[

ũr ur − ũr ũr

]
:
[
2 δ2 ˜‖D(ur)‖D(ur)− 2 δ̃2 ‖D(ũr)‖D(ũr)

]
[
2 δ2 ˜‖D(ur)‖D(ur)− 2 δ̃2 ‖D(ũr)‖D(ũr)

]
:
[
2 δ2 ˜‖D(ur)‖D(ur)− 2 δ̃2 ‖D(ũr)‖D(ũr)

] .
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Since the stress tensors can be computed directly from the resolved field, (2.50) yields a

time- and space-dependent formula for CS(x, t).

Thus, the DS-POD-ROM increases the viscosity coefficient by

νDS := 2
(
CS(x, t) δ

)2 ‖D(ur)‖, (2.51)

where CS(x, t) is the coefficient in (2.50), δ is the lengthscale defined in Section 2.2 and

‖D(ur)‖ the Frobenius norm of the deformation tensor D(ur). Thus, the Dynamic Subgrid-

Scale POD reduced-order model (DS-POD-ROM) has the form (2.11), where

b̃i(a) = −2 δ2

(
∇ϕi, C2

S(x, t) ‖D(ur)‖
∇U +∇UT

2

)
, (2.52)

Ãim(a) = −2 δ2

(
∇ϕi, C2

S(x, t) ‖D(ur)‖
∇ϕm +∇ϕmT

2

)
. (2.53)

Note that νDS defined in (2.51) can take negative values. This can be interpreted as

backscatter, the inverse transfer of energy from high index POD modes to low index modes.

The notion of backscatter, well-established in LES (see, e.g., [199]), was also found in a POD

setting in the numerical investigation in [60].

2.4 Summary

This chapter put forth two novel POD-ROMs (the DS-POD-ROM and the VMS-POD-

ROM), which are inspired from state-of-the-art LES closure modeling strategies. Both new

closure models employ the concept of energy cascade and introduce extra eddy viscosity in

the reduced-order system to close the POD-ROM. These two new POD-ROMs together with

the ML-POD-ROM and the S-POD-ROM will be tested in the numerical simulation of a 3D

turbulent flow past a cylinder at Re = 1000 in Chapter 5.



Chapter 3

Two-Level Algorithms for Nonlinear

Closure Models †

3.1 Introduction

Despite its success as a general reduced-order modeling tool for complex systems, POD has

yet to fulfill its original promise of computationally efficient, yet accurate approximation of

coherent structures in high Reynolds number turbulent flows, as put forth in the pioneering

work [20]. Indeed, in this context, the ultimate goal of POD-ROM is to capture the coherent

structures in turbulent flows at high Reynolds numbers for time intervals that are much longer

than those over which the snapshots (i.e., the flow field data at different time instants) were

collected and at parameter values (e.g., Reynolds number) that are different from those at

which the snapshots were generated. To our knowledge, this goal has not yet been achieved.

We believe that one of the main reasons is the following. To balance the low computational

cost required by a ROM and the complexity of the targeted turbulent flows, appropriate

closure modeling strategies need to be employed. Since modern closure models for turbulent

flows are generally nonlinear, their efficient numerical discretization within a POD framework

is challenging. Indeed, most POD-ROMs, employ precomputed matrices and tensors, which

†The material in this chapter is based on the following report: Z. Wang, I. Akhtar, J. Borggaard and T.

Iliescu. Two-Level Discretizations of Nonlinear Closure Models for Proper Orthogonal Decomposition. J.

Comput. Phys., 230(1), 2011, pp. 126-146.

37
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precludes a straightforward discretization of nonlinear closure model terms. This chapter

aims at developing a computationally efficient numerical discretization of general, nonlinear

closure modeling strategies for POD-ROMs. Before describing this new methodology in

detail, we feel that the following remarks regarding the very scope of this chapter are needed.

We start by emphasizing that, in this chapter, we do not answer and do not try to answer

the question of whether or not POD-ROM can be employed to simulate dominant coherent

structures in high Reynolds number turbulent flows. We also do not find the best closure

model for POD-ROM and we do not assess the robustness of the POD-ROM with respect to

changes in the Reynolds number or length of simulation time. Instead, we try to elucidate

whether nonlinear closure modeling strategies can be utilized efficiently in a POD context.

We believe that this is a necessary step in answering the above open question. Indeed,

we believe that without employing modern closure modeling strategies, which are generally

nonlinear, POD-ROM does not stand any chance in successfully modeling dominant coherent

structures in high Reynolds number turbulent flows. We also emphasize that, although all

numerical tests in this chapter involve fluid flow problems, the two-level methodology we

propose can be applied to any nonlinear closure model and any application in which POD

is used as a reduced-order modeling technique.

We now present the two-level methodology for the numerical discretization of nonlinear

closure modeling in POD-ROMs. One of the main computational hurdles in the development

of sophisticated closure models for POD-ROMs of coherent structures in turbulent flows has

been the lack of efficient computational strategies for the discretization of nonlinear closure

modeling terms. Indeed, the main advantage of the ROM (1.13) over the usual discretizations

of (1.10) (such as finite elements or finite differences) is that the dimension of the dynamical

system (1.13) is usually extremely small. Thus, the time integration of (1.13) can be effected

very efficiently. There is, however, a caveat. The matrices in (1.13) are computed only

once at the beginning of the simulation. This is essential for the computational efficiency

of the ROM. Indeed, if we had to recompute the matrices at every time step, this would

increase the computational time dramatically, since these matrices are full and the POD

basis functions {ϕ1, . . . ,ϕr} are global. Thus, current POD closure models use matrices that

are precomputed. This restriction has been a major computational hurdle in the development
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of modern closure strategies for POD of turbulent flows dominated by coherent structures.

Many of these closure modeling strategies introduce nonlinear, non-polynomial terms that

need to be efficiently approximated. Existing methods to treat terms of this form (see Section

1.5 for an overview of these alternative approaches) are interpolatory and thus not directly

amenable to the chaotic nature of turbulent flows.

In this chapter, we propose a novel way to overcome this major computational hurdle.

We emphasize that this chapter is not concerned with the derivation of improved POD

closure models ([35, 224]). Instead, for a given closure model (one of the most basic LES

closure models), we develop a new algorithm that allows an efficient and accurate numerical

discretization of that POD closure model. Our new approach is based on the observation

that only a small subset of the original POD basis is used in the ROM and this basis is

typically dominated by coarse, large scale structures. Thus, the numerical discretization of

the nonlinear closure term can be effected on a mesh at a resolution that is significantly

lower than that of the mesh utilized in the derivation of the full POD basis. Based on the

above observation, we develop a two-level algorithm for the discretization of the nonlinear

closure model. This two-level algorithm allows for an efficient computation of the nonlinear

POD closure model at each time step without compromising its accuracy. Numerical results

supporting our new approach are presented for three test problems.

The rest of the chapter is organized as follows. In section 3.2, we describe the new

two-level algorithms. Section 3.3 presents results using these new algorithms on three test

problems: the 1D Burgers equation with a very small viscosity parameter (ν = 10−3), a 2D

flow past a cylinder at a Reynolds number Re = 200, and a 3D turbulent flow past a cylinder

at a moderate Reynolds number Re = 1000. Conclusions are presented in Section 3.4.

3.2 Two-Level Algorithms

In this section, we describe new two-level algorithms for an efficient and accurate discretiza-

tion of nonlinear POD closure models.

We start by describing the standard algorithm used in the numerical discretization of

the POD-G-ROM (1.13), written in componentwise in (1.15). The POD Galerkin (POD-G)
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algorithm, a numerical discretization of POD-G-ROM, reads

` = 0; compute b,A,B ;

for ` = 0 to M − 1

a`+1 := F (a`); (3.1)

endfor

POD-G

algorithm

where the superscript ` denotes the current time step, M is the total number of time steps,

and F is the function corresponding to the time-advancement method (e.g., Euler’s method).

Closure modeling is needed when using the POD-G-ROM (1.13) for turbulent flows (see

2). One of the most popular closure models used in LES of turbulent flows is the Smagorinsky

model [211], which augments the diffusion coefficient by 2(CSδ)
2‖D(ur)‖ in (2.16). This

yields the S-POD-ROM, which has the form (2.11) with closure terms in componentwise

form, b̃k and Ãkm given in (2.17) and (2.18).

We emphasize that we are concerned with closure models (such as S-POD-ROM) that

cannot be cast as a quadratic nonlinearity and thus cannot be simply included in B. The

brute force approach in the numerical discretization of the general nonlinear closure model

(2.11) yields the one-level algorithm:

` = 0; compute b,A,B on the fine mesh ;

for ` = 0 to M − 1

compute b̃(a`), Ã(a`) on the fine mesh (3.2)

a`+1 := F̃ (a`);

endfor

one-level

algorithm

where F̃ is a modification of F in (3.1) accounting for the additional nonlinear closure terms.

Because we need to recompute (reassemble) b̃(a) and Ã(a) at each time step, algorithm (3.2)

is impractical. Indeed, this algorithm removes a major advantage of ROM — the decrease of
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Figure 3.1: 1D Burgers equation with ν = 10−3. POD basis functions: (left) ϕ10; (right)

ϕ70.

computational time. This is because, although the number of retained POD bases r is much

smaller than the rank of snapshots d, the POD basis functions are global and reassembling

b̃(a) and Ã(a) at each time step dramatically increases the CPU time.

To make algorithm (3.2) practical, we must avoid the computational price required by the

matrix reassembly. The two-level algorithms we propose are based on the observation that

only a small subset of the original POD basis is used in the ROM. Indeed, if a computation

on a fine mesh of size h is employed to obtain the POD basis {ϕ1, . . . ,ϕd}, one is usually

able to use a coarser mesh of size H to represent the POD basis {ϕ1, . . . ,ϕr}, where r � d.

Figure 3.1 clearly supports this statement. Indeed, the numerical resolution needed for an

accurate approximation of ϕ10 is much lower than that needed for the approximation of ϕ70.

We also note that a similar conclusion would be drawn if we used Fourier basis functions

[108].

Thus, to avoid the high computational cost required by the one-level algorithm (3.2),

we propose an algorithm that computes b̃(a) and Ã(a) at each time step on a coarse mesh

of size H, and not on the same fine mesh of size h used in the computation of the POD

basis functions {ϕ1, . . . ,ϕd}. The resulting algorithm, which we call the hybrid two-level

algorithm, is the following:
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` = 0; compute b,A,B on the fine mesh ;

for ` = 0 to M − 1

compute b̃(a`), Ã(a`) on the coarse mesh (3.3)

a`+1 := F̃ (a`);

endfor

hybrid

two-level

algorithm

The advantage of the two-level algorithm (3.3) over the one-level algorithm (3.2) is ob-

vious: the former achieves the same level of accuracy as the latter while decreasing the

computational cost by an order of magnitude.

errortwo−level ∼ errorone−level

CPUtwo−level � CPUone−level

The dramatic reduction in CPU time for the two-level algorithm is due to the efficient

computation of b̃(a) and Ã(a) on the coarse mesh at each time step.

For completeness, we also investigate a modification of the hybrid two-level algorithm

(3.3). This algorithm is denoted as the coarse two-level algorithm:

` = 0; compute b,A,B on the coarse mesh ;

for ` = 0 to M − 1

compute b̃(a`), Ã(a`) on the coarse mesh (3.4)

a`+1 := F̃ (a`);

endfor

coarse

two-level

algorithm

Note that the coarse two-level algorithm (3.4) is actually the one-level algorithm (3.2) applied

to POD bases that have been interpolated on a coarse mesh. Thus, once the fine grid is used
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in the generation of the snapshots, it is no longer used in the coarse two-level algorithm

(3.4).

A central role in our new two-level POD-ROM algorithm is played by the coarsening

and interpolation procedures. Since this study represents the first investigation of the new

two-level algorithm, we chose the simplest approach — uniformly skipping mesh points to

coarsen the structured mesh and interpolate on the coarse mesh. We emphasize, however,

that there are obvious ways to improve the coarsening and interpolation procedures. We

plan to pursue these approaches in the future (see Section 6.4).

We also note that the two-level methodology introduced here is different from modeling

approaches in which the POD computed on a coarse mesh is used as a surrogate for the entire

underlying system (see, e.g., [70]). Indeed, the POD basis in our two-level methodology is

computed on the fine mesh. After extracting the POD basis from the fine mesh computation,

we interpolate it on the coarse mesh and compute the POD closure model. Employing a

POD basis computed directly on the coarse mesh yields highly inaccurate results for the

complex flows considered in this chapter.

Next, we present numerical experiments that test the improvement of the two-level algo-

rithms (3.3) and (3.4) over the one-level algorithm (3.2).

3.3 Numerical Results

In this section, we investigate the two-level algorithms in the numerical simulation of three

test problems: (i) the 1D Burgers equation with a small diffusion coefficient (section 3.3.1);

(ii) a 2D flow past a circular cylinder at Re = 200 (section 3.3.2); and (iii) a 3D flow past

a circular cylinder at Re = 1000 (section 3.3.3). Both two-level algorithms (3.3) and (3.4)

employ two meshes: (i) a fine mesh of size h (the mesh on which the POD basis {ϕ1, · · · ,ϕd}

was computed); and (ii) a coarse mesh of size H (the mesh on which the computation of

the POD closure model is effected at each time step). For a given fine mesh of size h, we

consider different coarse meshes with sizes H. The coarsening factor Rc represents the ratio

H/h. We investigate whether the coarse two-level algorithm (3.4) and the hybrid two-level

algorithm (3.3) can achieve the same order of accuracy as the standard one-level algorithm
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(3.2), while significantly decreasing the CPU time. The accuracy of the three algorithms is

benchmarked against a DNS. The relative error in the algorithms is computed as

error =
1
M

∑M
`=1 ‖uPOD−ROM(x, t`)− uDNS(x, t`)‖2

0

1
M

∑M
`=1 ‖uDNS(x, t`)‖2

0

, (3.5)

where M is the number of snapshots and ‖ · ‖0 is the L2 norm. To ensure the fairness of

our numerical investigation, we also performed numerical experiments on the POD-G-ROM

(1.13) (i.e., without any closure model) with a small number of POD basis functions (small

r). Poor results with POD-G-ROM indicate the need for the closure modeling employed in

the two-level and one-level algorithms. We also mention that, for both the one-level and the

two-level algorithms, we only recompute b̃ and Ã every one hundred time steps. The reason

is that, had we computed b̃ and Ã at every time step for the one-level algorithm, this would

have increased the CPU time for the one-level algorithm beyond our present computational

limits. We emphasize that these computational savings were achieved without sacrificing the

numerical accuracy. Indeed, the same qualitative results (on a shorter time interval) were

achieved by evaluating b̃ and Ã at every time step. This is not surprising, since we used a

very small time step in the time discretization. In practical computations with the two-level

algorithms (when the one-level algorithm does not need to be used) b̃ and Ã will be evaluated

at every time step. Finally, we mention that in all the models tested (both POD-G-ROM and

S-POD-ROM), the time discretization was effected by using the explicit Euler method with

a small time-step. Since the main focus of this chapter is the efficient spatial discretization

for POD closure modeling, we chose this simple time discretization method; using the same

time-discretization for both POD-G-ROM and S-POD-ROM allowed for a fair comparison.

Obviously, higher-order methods can (and should) be used for further computational savings.

We plan to pursue this research direction in the future (see Section 6.4).

3.3.1 1D Burgers Equation with ν = 10−3

In this section, we investigate the two-level algorithms in the numerical simulation of the 1D

Burgers equation with a small diffusion coefficient ν = 10−3:

ut − ν uxx + uux = f . (3.6)
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We use a computational setting that is similar to that used by Kunisch and Volkwein in

[136]. The initial condition on domain Ω = [0, 1] is defined as u0(x) = 1 if x ∈ (0, 1/2] and

u0(x) = 0 otherwise. The forcing term is f = 0 and the time interval is [0, T ] = [0, 1]. The

boundary conditions are homogeneous Dirichlet.

A DNS is used as benchmark. This is computed using the finite element method with

piecewise linear polynomials to discretize the problem in space, the implicit Euler method to

discretize in time, and Newton’s method to solve the nonlinear system. We use a mesh-size

h = 1/8192 and a time step ∆t = 10−3. A mesh refinement study indicates that the DNS

convergence has been achieved. The CPU time for DNS is 6155 s.

We use the DNS data consisting of 1001 snapshots to generate the POD basis. This POD

basis is then used in all POD-ROMs that we investigate next.

The qualitative behavior of all the models tested is represented by the time evolution

of the POD coefficients a1(·) and a6(·) plotted in Figures 3.3-3.4. We note that the other

POD coefficients have a similar behavior; for clarity of exposition, we included only a1(·)

and a6(·). For comparison purposes, Figures 3.3-3.4 include the time evolution of the POD

coefficients obtained by projecting the DNS onto each POD mode.

The POD-G-ROM (1.13) with low r (r = 10) performs poorly, although it is computa-

tionally efficient (CPU time of 19 s). Indeed, the temporal evolutions of POD coefficients in

Figures 3.3-3.4 are inaccurate. The amplitude of the temporal evolution of the POD coeffi-

cient a6(·) for POD-G-ROM with r = 10 is two times larger than that for DNS. The relative

error of POD-G with r = 10 is 7.54× 10−2. Thus, although the first 10 POD modes capture

most (99.44%) of the system’s energy, an additional term to stabilize the computations is

needed [38].

We now consider the S-POD-ROM (2.16) with an artificial viscosity coefficient C =

7×10−4 as a closure model. Although the Smagorinsky model targets 3D turbulent flows, for

this test problem it plays the role of numerical stabilization. For the numerical discretization

of this nonlinear POD-ROM, we will use three different strategies: (i) the one-level algorithm

(3.2); (ii) the hybrid two-level algorithm (3.3); and (iii) the coarse two-level algorithm (3.4).

In comparing the three algorithms, the time discretization was effected by using the explicit

Euler method with ∆t = 10−5.



Zhu Wang Two-Level Algorithms 46

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

φ
10

original

coarsening

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

φ
10

original

coarsening

Figure 3.2: 1D Burgers equation with ν = 10−3. Coarsening and interpolation of ϕ10 for

two rates of coarsening: 32 (left) and 256 (right).

The one-level algorithm (3.2) with r = 10 yields the temporal evolution of POD coeffi-

cients in Figures 3.3-3.4. Comparing these results with those for the DNS projection clearly

shows that the one-level algorithm yields relatively accurate results although it uses only a

few (r = 10) POD basis functions. Indeed, the one-level algorithm (3.2) produces results

that are much closer to those for the DNS than the results for POD-G-ROM with r = 10.

The relative error of the one-level algorithm is 2.55 × 10−2, whereas that of POD-G-ROM

with r = 10 is 7.54 × 10−2. This, however, comes at a high computational cost. The CPU

time is 19 s for POD-G-ROM and is 858 s for the one-level algorithm.

The coarsening and interpolation procedures used in the two-level algorithms (3.3) and

(3.4) were straightforward: The coarsening of the mesh was effected by skipping nodes and

the interpolation of the POD basis function ϕj on the coarse mesh was carried out by simply

keeping the values of ϕj corresponding to the nodes of the coarse mesh. The results in Figure

3.2 indicate that the coarsening and interpolation preserve the structure of the POD basis

remarkably well.

The coarse two-level algorithm (3.4) with r = 10 and Rc = 16, 32 produces the temporal

evolution of POD coefficients in Figures 3.3-3.4. Comparing these results with those for

the one-level algorithm (3.2), we conclude that the coarse two-level algorithm (3.4) and the

one-level algorithm (3.2) yield results that are qualitatively similar (see Table 3.1).

The hybrid two-level algorithm (3.3) with r = 10 and Rc = 16, 32 yields the temporal
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evolution of POD coefficients in Figures 3.3-3.4. Comparing these results with those for the

one-level algorithm (3.2), we conclude that the hybrid two-level algorithm (3.3) yields an

improved accuracy while keeping the CPU time at a modest level (see Table 3.1).

To measure the efficiency of our two-level algorithms, we define a speed-up factor

Sf ≡
CPU time of one-level algorithm (3.2)

CPU time of two-level algorithm (3.4) or (3.3)
. (3.7)

We present the speed-up factors along with relative errors for both two-level algorithms in

Table 3.1. The relative error of the one-level algorithm is 2.55 × 10−2. The data in Table

3.1 clearly shows that both two-level algorithms significantly decrease the CPU time (by

up to an order of magnitude) while maintaining similar accuracy as the more expensive

one-level algorithm. We also emphasize that, as expected, the two-level algorithms decrease

significantly the CPU time of the underlying DNS, by a factor of more than 300.

Rc

coarse two-level hybrid two-level

Sf error Sf error

2 1.92 2.43× 10−2 1.87 2.43× 10−2

4 3.68 2.36× 10−2 3.59 2.36× 10−2

8 6.76 2.31× 10−2 6.60 2.33× 10−2

16 12.62 2.27× 10−2 12.08 2.30× 10−2

32 21.45 2.20× 10−2 19.50 2.27× 10−2

Table 3.1: 1D Burgers equation with ν = 10−3. Speed-up factors Sf and relative errors for

different coarsening factors Rc.

Thus, for this test problem, we conclude that the two-level algorithms achieve the same

order of accuracy as the standard one-level algorithm, while decreasing the CPU time by

more than an order of magnitude. We note that, for this test case, the coarse two-level

algorithm (3.4) performs better than the hybrid two-level algorithm (3.3).

3.3.2 2D Flow Past a Circular Cylinder at Re = 200

In this section, we investigate the two-level algorithm using the numerical simulation of 2D

flow past a circular cylinder at Re = 200. We simulate 2D flow past a cylinder using a parallel
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Figure 3.3: (Figure continued on next page.) 1D Burgers equation with ν = 10−3. Temporal

evolution of POD coefficients a1(·) and a6(·) over [0, 1].
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Figure 3.4: Figure 3.3 continued. See figure caption on previous page.

CFD solver on a 4-processor platform and record the snapshot data of the flow field. The

details of the numerical algorithm employed are provided in Section 3.3.3 and the appendix

in [223]. The reader is referred to [4, 6, 8] for validation and verification results of the 2D

version of the CFD solver.

The qualitative behavior of all the models tested is represented by the time evolution of

the POD coefficients a1(·) and a3(·) and the 2D projections of the limit cycle on the phase

planes — (a1, ai), i = 2, 3 presented in Figures 3.5-3.6 and 3.7-3.8, respectively. We note

that the other POD coefficients have a similar behavior; for clarity of exposition, we include

only a1(·) and a3(·).

After we collect the DNS data, we construct a structured quadratic finite element mesh

with nodes coinciding with the nodes used in the original DNS finite volume discretization.

For the last period, we generate 40 snapshots, then use the method of snapshots [206] to

generate the POD basis. Deane et al. [65] observed that 20 snapshots are sufficient for the

construction of the first eight eigenfunctions at Re = 100-200. In general, numerical studies

[175] suggest that the first r POD modes, where r is even, resolve the first r/2 temporal

harmonics and require a 2r number of snapshots for convergence.

This POD basis is then used in all POD-ROMs for the 2D flow past a circular cylinder.
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Figure 3.5: (Figure continued on next page.) 2D flow past a cylinder at Re = 200. Temporal

evolution of POD coefficients a1(·) and a3(·) over 100 vortex shedding cycles.
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Figure 3.6: Figure 3.5 continued. See figure caption on previous page.

For all these POD models, the time discretization was effected by using the explicit Euler

method with ∆t = 1.4× 10−3.

For comparison purposes, Figures 3.5-3.6 and 3.7-3.8 include the time evolution of the

POD coefficients obtained by projecting the DNS onto each POD mode and the 2D projection

of the limit cycle on the phase planes, respectively.

The POD-G-ROM (3.1) with r small (r = 4) yields poor results, although it is computa-

tionally efficient (its CPU time is 246 s). Indeed, the temporal evolution of POD coefficients

and the 2D projections of the limit cycle on the phase planes in Figures 3.5-3.6 and 3.7-3.8,

respectively, are inaccurate. The amplitude of the temporal evolution of the POD coeffi-

cient a3(·) for POD-G-ROM with r = 4 is more than eight times larger than that for the

DNS. The relative error of POD-G-ROM with r = 4 is 9.57 × 10−2. In fact, the solution

diverges to a spurious limit cycle. Furthermore, the 2D projections of the limit cycle on the

phase planes — (a1, ai), i = 2, 3 for POD-G-ROM with r = 4 are significantly different from

the projected DNS. Thus, although the first 4 POD modes capture 98.74% of the system’s

energy, these results clearly indicate the need for closure modeling.

We will use the S-POD-ROM (2.16) with an artificial viscosity coefficient C = 1.9×10−3

as a closure model. Although the Smagorinsky model targets 3D turbulent flows, for this test
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Figure 3.7: (Figure continued on next page.) 2D flow past a cylinder at Re = 200. 2D

projections of the limit cycle on the phase planes (a1, a2) and (a1, a3) over 100 vortex shedding

cycles. The red square denotes the initial position of (a1(0), ai(0)), i = 2, 3.

problem it plays the role of numerical stabilization. Nevertheless, by using formulas (2.9)

and (2.10), we can determine the values for the corresponding Smagorinsky constant and

filter radius: CS = 0.1845 and δ = 0.1987, respectively. For the numerical discretization of

this nonlinear POD-ROM, we will use three different strategies: (i) the one-level algorithm
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Figure 3.8: Figure 3.7 continued. See figure caption on previous page.

(3.2); (ii) the hybrid two-level algorithm (3.3); and (iii) the coarse two-level algorithm (3.4).

The one-level algorithm (3.2) with r = 4 yields the temporal evolution of POD coefficients

and the 2D projections of the limit cycle on the phase planes — (a1, ai), i = 2, 3 in Figures 3.5-

3.6 and 3.7-3.8. Comparing these results with those for the DNS, it is clear that the one-level

algorithm yields relatively accurate results, although it uses only a few (r = 4) POD basis

functions. Indeed, the one-level algorithm (3.2) produces results that are much closer to

those for DNS than the results for POD-G-ROM with r = 4. The relative error of the

one-level algorithm is 9.0 × 10−3, whereas that of POD-G-ROM with r = 4 is 9.57 × 10−2.

This, however, comes at a high computational cost. The CPU time is 246 s for POD-G and

is 4.01× 104 s for the one-level algorithm.

To implement our two-level algorithms (3.3) and (3.4), we again used the simplest coars-

ening and interpolation procedures. The coarsening of the mesh was effected by skipping
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Figure 3.9: 2D flow past a cylinder at Re = 200: Mesh (left column), streamwise component

of ϕ1 (middle column), and streamwise component of ϕ3 (right column). (For clarity, the

POD modes are plotted only in a neighborhood of the cylinder.) Original fine mesh (top

row), mesh coarsened by a factor of 2 (middle row), and mesh coarsened by a factor of 4

(bottom row).

nodes in the radial and azimuthal directions. For example, when the coarsening factor

Rc = 2, we skip every other node in both directions; when Rc = 4, we skip over three nodes

in both directions (and so on). To interpolate a POD basis function ϕj on the coarse mesh,

we just keep the values of ϕj corresponding to the nodes of the coarse mesh. The effect

of the mesh coarsening and interpolation is shown in Figure 3.9 for two coarsening factors

(Rc = 2 and Rc = 4). It is clear from Figure 3.9 that, although the accuracy of the POD

modes degrades as the mesh is coarsened, the geometric structure is preserved.

The coarse two-level algorithm (3.4) with r = 4 and Rc = 2, 4 yields the temporal
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evolution of POD coefficients and the 2D projections of the limit cycle on the phase planes —

(a1, ai), i = 2, 3 in Figures 3.5-3.6 and 3.7-3.8. Comparing these results with those for the

one-level algorithm (3.2), we conclude that the coarse two-level algorithm (3.4) and the

one-level algorithm (3.2) yield results that are qualitatively similar. The coarse two-level

algorithm, however, reduces that computational time by an order of magnitude (see Table

3.2).

The hybrid two-level algorithm (3.3) with r = 4 and Rc = 2, 4 yields the temporal

evolution of POD coefficients and 2D projections of the limit cycle on the phase planes —

(a1, ai), i = 2, 3 in Figures 3.5-3.6 and 3.7-3.8. Comparing these results with those for

the one-level algorithm (3.2), we conclude that the hybrid two-level algorithm (3.3) yields

an improved accuracy (a shorter initial transition in the temporal evolution of the POD

coefficients ai(·) and tighter 2D projections of the limit cycle on the phase planes) while

keeping the CPU time at a modest level (see Table 3.2).

To measure the efficiency of our two-level algorithms, we present the speed-up factors Sf

defined in (3.7) along with relative errors for both two-level algorithms in Table 3.2. Again,

the relative error of the one-level algorithm is 9.0×10−3. The data in Table 3.2 clearly shows

that both two-level algorithms significantly decrease the CPU time (by up to an order of

magnitude), while maintaining similar accuracy as the more expensive one-level algorithm.

Rc coarse two-level hybrid two-level

Sf error Sf error

2 4.03 1.02× 10−2 3.97 9.0× 10−3

4 15.91 1.12× 10−2 14.58 9.0× 10−3

Table 3.2: 2D flow past a cylinder at Re = 200. Speed-up factors Sf and relative errors for

different coarsening factors Rc.

Thus, for this test problem, we conclude that the two-level algorithms achieve the same

order of accuracy as the standard one-level algorithm, while decreasing the CPU time by

more than an order of magnitude. We also note that, in this case, the hybrid two-level

algorithm (3.3) performs better than the coarse two-level algorithm (3.4).

We now compare the computational costs of the DNS and the POD-ROMs. This com-
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parison, however, is challenging, since the discretizations used in the two approaches are

completely different. Indeed, the spatial discretization used in the DNS was the finite vol-

ume method, whereas for POD-ROMs we used a finite element method. Furthermore, the

time-discretization used in DNS was second-order (Crank-Nicolson and Adams-Bashforth),

whereas in POD-ROM we used a first-order time discretization (explicit Euler). The time-

steps employed were also different: ∆t = 2 × 10−3 in the DNS and ∆t = 1.4 × 10−3 in

the POD-ROMs. Finally, the DNS was performed on a parallel machine (on 4 processors),

whereas the POD-ROMs were carried out on a single-processor machine.

Keeping in mind these significant differences between the two types of discretization em-

ployed, the two-level algorithm significantly reduced the computational time of the DNS:

The CPU time for the DNS was 1.17× 104 s, whereas for the POD-ROM with the two-level

discretization it was 2.52× 103 s.

3.3.3 3D Flow Past a Circular Cylinder at Re = 1000

In this section, we investigate the two-level algorithms in the numerical simulation of 3D flow

past a circular cylinder at Re = 1000. A parallel CFD solver is employed to generate the

DNS data [4]. For details on numerical discretization, the reader is referred to the appendix

in [223]. The qualitative behavior of all reduced-order models investigated is represented by

the time evolution of the POD coefficients a1(·) and a4(·) in Figures 3.11-3.12. We note that

the other POD coefficients have a similar behavior; for clarity of exposition, we included

only a1(·) and a4(·).

We record snapshot data of the flow field to compute the POD basis functions. At

Re = 1000, the wake is fully turbulent and the flow is not periodic anymore as observed in

the lower Re regime. We notice that there is a spectrum of frequencies present in the flow

field. This requires a large snapshot data set comprising many shedding cycles.

By using multiple processors, we reduced the load per processor and were able to record

a large data set of the flow field. Each processor records 1000 snapshots of the velocity field

(u1, u2, u3) over 15 shedding cycles on its local grid points. Thus, parallel computing is a key

enabling technology for model reduction in 3D flows. Using the method of snapshots [206],

we construct a correlation matrix and compute the POD basis {ϕ1, · · · ,ϕd} using MPI-
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ALLREDUCE (SUM) operation [5]. We observe that the 3D POD modes are not symmetric

anymore due to presence of multiple frequencies in the dynamical system as shown in Figure

3.10.

Figure 3.10: 3D flow past a cylinder at Re = 1000. First streamwise POD mode (top left),

first normal POD mode (top right), third streamwise POD mode (bottom left), and third

normal POD mode (bottom right).

These POD modes are then interpolated onto a structured quadratic finite element mesh

with nodes coinciding with the nodes used in the original DNS finite volume discretization.

The POD basis is then used in all POD-ROMs that we investigate next. For all these

POD-ROMs, the time discretization was effected by using the explicit Euler method with

∆t = 7.5 × 10−4. We note that POD-ROMs have also been extended to the pressure field

[8, 172]. The key advantage of pressure ROM is the computation of hydrodynamic forces

on the structure. Akhtar et al. [8] developed a pressure-Poisson based ROM that requires

the POD modes of the pressure fields in addition to those for the velocity field. Their model

predicted the lift and drag forces on a cylinder at Re = 100. In the current study, however,

we restrict ourselves to the ROM of the velocity field. Thus, lift and drag forces cannot be

computed and compared with those from DNS.
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Figure 3.11: (Figure continued on next page.) 3D flow past a cylinder at Re = 1000.

Temporal evolution of POD coefficients a1(·) and a4(·) over the time interval [0, 75].
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Figure 3.12: Figure 3.11 continued. See figure caption on previous page.

For comparison purposes, we include the time evolution of the POD coefficients obtained

by projecting the DNS onto each POD mode.

The POD-G-ROM (3.1) with r small (r = 6) is not appropriate, although it is computa-

tionally efficient (its CPU time is 486 s). Indeed, the temporal evolutions of POD coefficients

in Figures 3.11-3.12 are inaccurate: The amplitude of the temporal evolution of the POD

coefficient a4(·) for r = 6 is nine times larger than that for the DNS projection. The rel-

ative error of POD-G-ROM with r = 6 is 1.23 × 10−1. Thus, although the first 6 POD

modes capture 84% of the system’s energy, these results clearly indicate the need for closure

modeling.

We will use the S-POD-ROM (2.16) with an artificial viscosity coefficient C = 4× 10−4

as a POD closure model for turbulent flows. By using formula (2.9), we can determine

the values for the corresponding Smagorinsky constant and filter radius: CS = 0.1426 and

δ = 0.1179, respectively. For the numerical discretization of the resulting nonlinear POD-

ROM, we will use three different strategies: (i) the one-level algorithm (3.2); (ii) the hybrid

two-level algorithm (3.3); and (iii) the coarse two-level algorithm (3.4).

The one-level algorithm (3.2) with r = 6 yields the temporal evolution of POD coefficients

in Figures 3.11-3.12. Comparing these results with those for the DNS, it is clear that the



Zhu Wang Two-Level Algorithms 60

one-level algorithm yields relatively accurate results although it uses only a few (r = 6)

POD basis functions. Indeed, the one-level algorithm (3.2) produces results that are much

closer to those for the DNS than the results for POD-G-ROM with r = 6. The relative

error of the one-level algorithm is 4.46× 10−2, whereas that of POD-G-ROM with r = 6 is

1.23 × 10−1. This, however, comes at a high computational cost. Indeed, the CPU time is

486 s for POD-G-ROM with r = 6 and is 5.32× 105 s for the one-level algorithm.

We used the simplest coarsening and interpolation procedures. The coarsening of the

mesh was effected by skipping nodes in the radial and azimuthal directions. For example,

when the coarsening factor Rc = 2, we skip every other node in both directions; when

Rc = 4, we skip over three nodes in both directions (and so on). For this test problem,

we only coarsened the mesh in the x and y directions, since the mesh resolution in the z

direction was already low. To interpolate a POD basis function ϕj on the coarse mesh, we

just keep the values of ϕj corresponding to the nodes of the coarse mesh.

The coarse two-level algorithm (3.4) with r = 6 and Rc = 2, 4 yields the temporal

evolution of POD coefficients in Figures 3.11-3.12. Comparing these results with those for

the one-level algorithm (3.2), we conclude that the coarse two-level algorithm (3.4) and the

one-level algorithm (3.2) yield results that are qualitatively similar. The coarse two-level

algorithm, however, reduces that computational time by an order of magnitude (see Table

3.3).

The hybrid two-level algorithm (3.3) with r = 6 and Rc = 2, 4 yields the temporal

evolution of POD coefficients in Figures 3.11-3.12. Comparing these results with those for

the one-level algorithm (3.2), we conclude that the hybrid two-level algorithm (3.3) yields

an improved accuracy while keeping the CPU time at a modest level (see Table 3.3).

Although the main goal of this chapter is to investigate whether, for a given closure model

(the basic Smagorinsky model), the two-level algorithms represent an efficient, yet accurate

alternative to the one-level algorithm, we note that the POD-ROM results are not always

accurate when compared with DNS results. Indeed, we note that the time evolutions for

the POD-ROMs’ a1 coefficients in Figures 3.11-3.12 are close to those corresponding to the

DNS. The time evolutions for the POD-ROMs’ a4 coefficients, however, are less accurate.

We believe that these inaccuracies are due to the fact that the closure model employed is
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just the standard Smagorinsky model; more accurate closure models (such as the DS-POD-

ROM and the VMS-POD-ROM) yield improved results (see, for example, Figure 5.10). We

also emphasize that the plots in Figures 3.11-3.12 represent instantaneous quantities (not

averages), which are generally hard to capture accurately by turbulence closure models.

To measure the efficiency of our two-level algorithms, we present the speed-up factors

Sf given in (3.7) along with relative errors for both two-level algorithms in Table 3.3. The

relative error of the one-level algorithm is 4.46× 10−2. The data in Table 3.3 clearly shows

that both two-level algorithms significantly decrease (by over an order of magnitude) the

CPU time while maintaining similar accuracy as the more expensive one-level algorithm.

Rc coarse two-level hybrid two-level

Sf error Sf error

2 4.97 4.44× 10−2 5.22 4.52× 10−2

4 24.52 3.85× 10−2 24.18 4.73× 10−2

Table 3.3: 3D flow past a cylinder at Re = 1000. Speed-up factors Sf and relative errors

for different coarsening factors Rc.

Thus, for this test problem, we conclude that the two-level algorithms achieve the same

order of accuracy as the standard one-level algorithm, while decreasing the CPU time by

more than an order of magnitude. We also notice that, in this case, the coarse two-level

algorithm (3.4) performs better than the hybrid two-level algorithm (3.3).

As in the 2D test case, we mention that a comparison between the computational cost of

the DNS and that of the POD-ROMs used is challenging, since the discretizations used in the

two approaches are completely different. Indeed, the spatial discretization used in the DNS

was the finite volume method, whereas for POD-ROMs we used a finite element method.

Furthermore, the time-discretization used in DNS was second-order (Crank-Nicolson and

Adams-Bashforth), whereas in POD-ROM we used a first-order time discretization (explicit

Euler). The time-steps employed were also different: ∆t = 2 × 10−3 in the DNS and

∆t = 7.5 × 10−4 in the POD-ROM. Finally, the DNS was performed on a parallel machine

(on 16 processors), whereas the POD-ROMs were carried out on a single-processor machine.

Keeping in mind these significant differences between the two types of discretization
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employed, the two-level algorithm reduced the computational time of the DNS: The CPU

time for the DNS was 3.58× 104 s, whereas for the POD-ROM with the two-level discretiza-

tion it was 2.17 × 104 s. We believe that by increasing the time-step, using a higher-order

time-discretization and migrating the code to parallel machines, the computational cost of

the two-level algorithm can be decreased even further. We plan to pursue these research

directions in the future (see Section 6.4).

3.4 Summary

In this chapter, we proposed a two-level method for the numerical discretization of nonlinear

POD closure models. This two-level mthod opens new research avenues in the investigation

of physically accurate POD closure modeling strategies, similar to the state-of-the-art closure

models used in LES of turbulent flows. The main idea behind the new two-level algorithm

is the evaluation of the nonlinear POD closure model on a coarse mesh. This allows for an

efficient computation of the nonlinear POD closure model at each time step.

We considered two versions of the two-level algorithm: (i) a hybrid two-level algorithm

in which only the nonlinear term was evaluated on the coarse mesh; and (ii) a coarse two-

level algorithm in which all the terms of the POD-ROM were evaluated on the coarse mesh.

Both two-level algorithms were compared to a standard brute-force computational approach,

which we denoted the one-level algorithm. We investigated the two-level algorithms in

the numerical simulation of three test problems: (i) the one-dimensional Burgers equation

with a small diffusion parameter ν = 10−3; (ii) a 2D flow past a cylinder at Reynolds

number Re = 200; and (iii) a 3D flow past a cylinder at Reynolds number Re = 1000.

For completeness, we also included results with POD-G-ROM (i.e., a POD-ROM without

any closure model) with a low number of POD modes, as well as a DNS projection of the

evolution of the POD modes, which served as benchmark for our numerical simulations. We

emphasize that the goal of this chapter is to propose an efficient numerical discretization of

a given nonlinear POD closure model, and not to advocate a specific POD closure model.

Therefore, we just chose one of the standard closure models used in LES, the Smagorinsky

model.
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For all three numerical tests, we drew the same conclusions. The two-level algorithms

achieved the same order of accuracy as the standard one-level algorithm, but they both

decreased the computational cost of the latter by more than an order of magnitude. Thus,

the two-level algorithms appear as promising approaches in the numerical discretization

of nonlinear closure modeling strategies for POD-ROMs. The coarse two-level algorithm

performed better than the hybrid two-level algorithm in the 1D and 3D tests, whereas the

latter performed better in the 2D test. The differences between the two two-level algorithms

in terms of computational efficiency and numerical accuracy, however, were minimal. Since

there are no major differences in terms of implementation, we conclude that both two-level

algorithms should be considered in practical POD-ROM computations. We also note that,

in general, the errors in both two-level algorithms seem to decrease as Rc increases. This

behavior, however, is not always observed (e.g., the coarse two-level algorithm in Table 3.2

and the hybrid two-level algorithm in Table 3.3). This behavior is counterintuitive, since

coarsening the mesh should result in an error increase. We do mention, however, that given

the mesh sizes considered in our study (especially those for the 2D and 3D numerical tests),

we cannot infer the true asymptotic behavior of the error with respect to the mesh size.



Chapter 4

Numerical Analysis †

4.1 Introduction

In this chapter, we start the development of a rigorous error analysis framework for the new

POD-ROMs. The goal of such an analysis is twofold: one is to build solid mathematical

foundations to the new POD-ROMs; the other is to determine optimal phenomenological

parameters in the closure methods.

Although POD closure models are developed to achieve a low-order approximation of

the complex system for structurally dominated turbulent flows, as the first step of our in-

vestigations, we analyze the closure methods for simplified equations: The Burgers equation

and a convection-dominated convection-diffusion-reaction equation with small diffusion pa-

rameters. The closure strategies we investigate are: Smagorinsky and VMS methods. The

former is one of the standard LES closure methods, whereas the latter is considered as

state-of-the-art turbulence modeling strategy.

We emphasize that, although the Burgers equation and the convection-dominated convection-

diffusion-reaction equation are always considered as simplifications of NSE and small diffu-

†The material in this chapter is based on the following reports:

J. Borggaard, T. Iliescu and Z. Wang. Artificial Viscosity Proper Orthogonal Decomposition. Math.

Comput. Model., 53 (1-2), 2011, pp. 269-279.

T. Iliescu and Z. Wang. Variational Multiscale Proper Orthogonal Decomposition: Convection-Dominated

Convection-Diffusion Equations. Math. Comp., in press, 2011.
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sion parameters are corresponding to high Reynolds numbers in NSE, they do not represent

the real turbulence. Therefore, the role of closure methods changes correspondingly. Instead

of improving physical accuracy, they increase the numerical stability. Of course, once we

fully understand the behavior of the POD closure models in these simplified settings, we will

analyze them in the NSE setting.

This chapter is organized as follows: In Section 4.2, we perform the numerical analysis for

an artificial viscosity POD model of the Burgers equation. In Section 4.3, we carry out the

analysis for a variational VMS-POD-ROM (2.25) for the convection-dominated convection-

diffusion-reaction equation. Concluding remarks are summarized in Section 4.4.

4.2 Artificial Viscosity POD-ROM

In this section, we present and analyze an artificial viscosity (AV) POD-ROM. The mathe-

matical model we consider is the Burgers equation
ut − ν uxx + uux = f in Ω ,

u(x, 0) = u0(x) in Ω ,

u(x, t) = g(x, t) on ∂Ω ,

(4.1)

where ν is the diffusion parameter, f the forcing term, Ω ⊂ R the computational domain,

t ∈ [0, T ], with T the final time, u0(·) the initial condition, and g(·) the boundary conditions.

Without loss of generality, we assume that g = 0 in the sequel. We emphasize that Burgers

equation (4.1), while being commonly used as a one-dimensional approximation of the NSE,

does not model turbulence. We use it, however, for simplicity and clarity of exposition.

Let L2, H1
0 , W

1,3, W 1,3
0 denote the usual Sobolev spaces on Ω [2] and (·, ·) = (·, ·)L2 . Let

a : H1
0 ×H1

0 → R be defined as

a(ϕ, ψ) := ν (ϕ′, ψ′) ∀ϕ, ψ ∈ H1
0 . (4.2)

For all ϕ, ψ ∈ H1
0 , we define

(F (ϕ), ψ) := (ϕϕ′, ψ) , (4.3)

Furthermore, for ϕ, ψ ∈ W 1,3 and c a positive constant, we define

(G(ϕ), ψ) := c (|ϕ′|ϕ′, ψ′) . (4.4)
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Let u0 ∈ L2 and f ∈ C(0, T ;L2). Then the weak formulation of (4.1) reads (ut, ϕ) + a(u, ϕ) + (F (u), ϕ) = (f, ϕ) ∀ϕ ∈ H1
0 ,

(u(0), χ) = (u0, χ) ∀χ ∈ L2.
(4.5)

We denote the time-step ∆t := T/M and the time instances tk = k∆t, k = 0, 1, . . . ,M .

Following [137], we consider the following 2M + 1 snapshots

{u(t0), u(t1), . . . , u(tM), ∂u(t1), . . . , ∂u(tM)} , (4.6)

where ∂u(tk) =
u(tk)− u(tk−1)

∆t
. As explained in Remark 1 in [137], we included the finite

difference quotients ∂u(tk) in the set of snapshots in order to avoid an extra (∆t)−2 factor

in the error estimates. This point is further elaborated in the proof of Corollary 1 in Section

4.3 (on Page 87), where it is shown how this expanded POD snapshot set influences the

error analysis. A different, very interesting point of view was espoused by Chaturantabut

and Sorensen in [54]. The authors argued that the separate POD basis they used in DEIM

to approximate the nonlinearity is closely related to the finite difference quotient ∂u(tk) used

in [137], since “yk+1−yk

∆t
≈ ẏ(tk) = f(yk), where yk ≈ y(tk) and ẏ = f(y).”

By using the backward Euler method for the time discretization and denoting ∂ukr =
ukr − uk−1

r

∆t
, the POD-G-ROM corresponding to (4.5) is (∂ukr , ϕ) + a(ukr , ϕ) + (F (ukr), ϕ) = (f(tk), ϕ) ∀ϕ ∈ Xr,

(U0, χ) = (u0, χ) ∀χ ∈ Xr,
(4.7)

where Xr is the space spanned by the first r POD basis functions defined in (1.3). As

mentioned in the introduction, in turbulent flow computations, the simple POD-G-ROM

(4.7) would not suffice. The model we propose herein is an improvement of the mixing-length

model in [20]. Specifically, we use an AV term similar to the one used in the Smagorinsky

model [211], which yields the AV Burgers equation (ut, ϕ) + a(u, ϕ) + (F (u), ϕ) + (G(u), ϕ) = (f, ϕ) ∀ϕ ∈ W 1,3
0 ,

(u(0), χ) = (u0, χ) ∀χ ∈ L2.
(4.8)

This approach yields the following artificial viscosity POD model (AV-POD-ROM) (∂ukr , ϕ) + a(ukr , ϕ) + (F (ukr), ϕ) + (G(ukr), ϕ) = (f(tk), ϕ) ∀ϕ ∈ Xr,

(U0, χ) = (u0, χ) ∀χ ∈ Xr.
(4.9)
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We emphasize again that, since we illustrate our new model in the context of Burgers equa-

tion, its role is somehow different from its original purpose. Indeed, in the numerical simu-

lation of turbulent flows, the AV-POD-ROM (4.9) should dissipate energy according to the

well known concept of energy cascade [32, 199] (see also Section 1.4). In the context of

Burgers equation, however, the AV-POD-ROM’s role is to stabilize the numerical solution

in test problems displaying shock-like behavior.

4.2.1 Error Estimates

In this section, we prove estimates for the time discretization error
1

M

M∑
k=1

‖ukr − u(tk)‖2,

where the approximation ukr is the solution of (4.9) and u(tk) is the solution of (4.8). To this

end, we follow the presentation in [137]. We emphasize that, although the general approach

that we use is that in [137], there are several differences stemming from the nonlinear AV

term that was not present in the formulation found in [137]. We also note that the error

estimates in this section, as well as those in [137, 138], only concern the time discretization

and the POD truncation. For a finite element spatial discretization error analysis, the reader

is referred to Section 4.3. A similar approach and alternative error estimates can be found

in [155] and [109], respectively.

We start by listing several results that will be used throughout this section. The first is

the Poincaré inequality: There exists a constant α > 0 such that the following relationship

between the L2-norm and the H1-seminorm holds

‖ϕ‖2 ≤ α |ϕ|21 ∀ϕ ∈ H1
0 . (4.10)

The bilinear form a(·, ·) is continuous and coercive: There exist constants β and κ such

that

|a(ϕ, ψ)| ≤ β ‖ϕ‖1 ‖ψ‖1 ∀ϕ, ψ ∈ H1
0 (4.11)

|a(ϕ, ϕ)| ≥ κ ‖ϕ‖2
1 ∀ϕ ∈ H1

0 . (4.12)

We will also use the following lemma [150, 164]:

Lemma 1 (Strong monotonicity and Lipschitz continuity of G) For all ϕ1, ϕ2, ψ ∈ W 1,3,



Zhu Wang Numerical Analysis 68

there exists a generic constant C independent of ϕ1, ϕ2 or ψ, such that the following inequal-

ities hold:

(G(ϕ1)−G(ϕ2), (ϕ1 − ϕ2)) ≥ C ‖(ϕ1 − ϕ2)′‖3
L3 , (4.13)

(G(ϕ1)−G(ϕ2), ψ) ≤ C M̃ ‖(ϕ1 − ϕ2)′‖L3 ‖ψ′‖L3 , (4.14)

where M̃ := max {‖ϕ′1‖L3 , ‖ϕ′2‖L3}.

Using the strong monotonicity of G (4.13) and following [71, 72, 159], one can prove that

both (4.8) and (4.9) have a unique solution.

For clarity of notation, we will denote by Ck, k ∈ N, a generic constant that can depend

on all the parameters in the system, except on r (the number of POD modes retained in the

POD-ROM) and m (the number of snapshots).

We define the projection PR : H1
0 → Xr as follows: For all u ∈ H1

0 ,

a(PRu, ψ) = a(u, ψ) ∀ψ ∈ Xr . (4.15)

For ∆t small enough, the projection operator PR has the following approximation properties

[137]:

1

M

M∑
k=1

‖u(tk)− PRu(tk)‖2
1 ≤ C1

d∑
j=r+1

λj, (4.16)

1

M

M∑
k=1

‖∂u(tk)− PR∂u(tk)‖2
1 ≤ C2

d∑
j=r+1

λj. (4.17)

We will also be using the following inverse estimate:

Lemma 2 There exist constants C3 and C4, such that, for all v ∈ V, the following inequal-

ities hold

‖v‖L3 ≤ C3 ‖v‖L2 and ‖v‖L2 ≤ C4 ‖v‖L3 . (4.18)

Proof. Since {ϕ1, . . . , ϕd} is an orthonormal basis for V and v ∈ V , there exist scalars

vi = (v, ϕi), i = 1, . . . , d, such that v =
d∑
i=1

vi ϕi. Thus,

‖v‖L3 =

∥∥∥∥∥
d∑
i=1

vi ϕi

∥∥∥∥∥
L3

≤
d∑
i=1

|vi| ‖ϕi‖L3 ≤
(

max
i=1,...,d

‖ϕi‖L3

) d∑
i=1

|vi|. (4.19)
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By using Lemma 2.4-1 in [135], there is a constant C > 0 independent of v such that

d∑
i=1

|vi| ≤ C ‖v‖L2 , (4.20)

Inequalities (4.19) and (4.20) clearly imply the first inequality in (4.18). The other inequality

is derived in a similar fashion. �

Remark 5 Although the constants maxi=1,...,d ‖ϕi‖L3 in (4.19) and C in (4.20) do not depend

on r, they might depend on M . We notice that the dependence on M also appears in the

inverse estimate in Lemma 2 in [137] through the factor ‖S‖ (with S being the stiffness

matrix Sij = (ϕ′j, ϕ
′
i)). We emphasize, however, that this dependence on M will disappear

in the asymptotic limit M → ∞ (or, equivalently, ∆t → 0). Since the error estimates we

prove in this section are for ∆t→ 0, we can safely assume that C3 and C4 in (4.18) do not

depend on M .

Next, we prove the following a priori stability estimates:

Lemma 3 Assume that the solution to (4.8) satisfies u′ ∈ H1
0 . Then the following stability

estimates hold: There exist constants C5, C6 and C7, such that, for all k = 1, . . . ,m, the

following inequalities hold

‖u′(tk)‖L2 ≤ C5 , ‖u′(tk)‖L3 ≤ C6 , and ‖PRu′(tk)‖L2 ≤ C7 . (4.21)

Proof. The first two inequalities in (4.21) follow immediately by letting ϕ = u in (4.8),

using (F (u), u) = 0, and (4.13) (the strong monotonicity of G). To prove the last inequality,

we first use (4.2)

a(PRu
′, ψ) = a(u′, ψ) ∀ψ ∈ Xr. (4.22)

Next, we let ψ := PRu
′ in (4.22):

a(PRu
′, PRu

′) = a(u′, PRu
′). (4.23)
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We then use the continuity of a (4.11) in (4.23):

a(PRu
′, ψ) ≤ β ‖PRu′‖L2 ‖u′‖L2 ≤ β C4 ‖PRu′‖L3 ‖u′‖L2 . (4.24)

On the other hand, using the coercivity of a (4.12) in (4.23), we get

a(PRu
′, PRu

′) ≥ κ ‖PRu′‖2
L2 ≥ κC−2

3 ‖PRu′‖2
L3 . (4.25)

Thus, (4.23)–(4.25) imply the last inequality in (4.21). �

We are now ready to prove the main result of this section.

Theorem 1 Let u be the solution of (4.8) and {ukr}Mk=1 be the solution of (4.9). Assume

that u′ ∈ H1
0 and utt ∈ L2(0, T ;L2). If ∆t is small enough, then there exists a constant

C > 0, such that

1

M

M∑
k=1

‖ukr − u(tk)‖2 ≤ C

(
‖u0 − PRu0‖2 +

d∑
j=r+1

λj + ∆t2

)
. (4.26)

Proof. The proof follows along the same lines as the proofs of Theorems 7 and 11 in [137].

Therefore, we highlight the main differences and only sketch the rest of the proof. We start

by decomposing the error as

ukr − u(tk) = ukr − PRu(tk) + PRu(tk)− u(tk) = ϑk + %k, (4.27)

where ϑk := ukr − PRu(tk) and %k := PRu(tk)− u(tk). Clearly, we have

1

M

M∑
k=1

‖ukr − u(tk)‖2 ≤ 2

M

M∑
k=1

‖ϑk‖2 +
2

M

M∑
k=1

‖%k‖2. (4.28)

The approximation properties (4.16)–(4.17) and Poincaré’s inequality (4.10) imply

1

M

M∑
k=1

‖%k‖2 ≤ C8

d∑
j=r+1

λj. (4.29)

We now introduce the following notation: For k = 1, . . . ,m, ∂ϑk :=
ϑk − ϑk−1

∆t
, vk :=

ut(tk)−∂PRu(tk) = wk+zk , wk := ut(tk)−∂u(tk) , zk := ∂u(tk)−∂PRu(tk) . For all ψ ∈ Xr,
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we have

(∂ϑk, ψ) + a(ϑk, ψ) = (∂ukr , ψ) + a(ukr , ψ)− (∂PRu(tk), ψ)− a(PRu(tk), ψ)

= (f(tk), ψ)− (F (ukr), ψ)− (G(ukr), ψ)− (∂PRu(tk), ψ)− a(u(tk), ψ)

= (vk, ψ) + (F (u(tk))− F (ukr), ψ) + (G(u(tk))−G(ukr), ψ) .

By letting ψ := ϑk in the above equation, we get

‖ϑk‖2 − (ϑk, ϑk−1) + ∆t ν ‖ϑ′k‖2 = ∆t (vk, ϑk)

+∆t (F (u(tk))− F (ukr), ϑk) + ∆t (G(u(tk))−G(ukr), ϑk) . (4.30)

We now have to estimate the terms on the RHS of (4.30). To this end, we follow [137] (see

page 139 in [137]). First, by using the Cauchy-Schwartz inequality, we get

(vk, ϑk) ≤ ‖vk‖ ‖ϑk‖ . (4.31)

Then, exactly as in [137], we get

|(F (u(tk))− F (ukr), ϑk)| ≤ ν ‖ϑk‖2
1 + C9 ‖ϑk‖2 + C10 ‖%k‖2

1 . (4.32)

The last term on the RHS of (4.30), however, needs to be treated differently, since it did not

show up in the analysis in [137]. We start by adding and subtracting terms

(G(u(tk))−G(ukr), ϑk) = (G(u(tk))−G(PRu(tk)), ϑk)

+ (G(PRu(tk))−G(ukr), ϑk). (4.33)

We now move the last term on the RHS of (4.33) to the LHS of (4.30) (and thus change its

sign) and apply the strong monotonicity property of G (4.13) to obtain

(G(ukr)−G(PRu(tk)), ϑk) ≥ C11 ‖ϑ′k‖3
L3 . (4.34)

For the first term on the RHS of (4.33), we need to apply the Lipschitz continuity of G

(4.14):

(G(u(tk))−G(PRu(tk)), ϑk) ≤ C M̃ ‖ρ′k‖L3 ‖ϑ′k‖L3 , (4.35)
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where M̃ = max{‖u′(tk)‖L3 , ‖PRu′(tk)‖L3}. Here we have used the stability of u′(tk) and

PRu
′(tk) in the L3 norm, which we proved in Lemma 3.

To estimate the term on the RHS of (4.35), we use the inverse estimates in Lemma 2 and

the Cauchy-Schwartz inequality:

‖ρ′k‖L3 ‖ϑ′k‖L3 ≤ C2
3 ‖ρ′k‖ ‖ϑ′k‖ ≤

ν ‖ϑ′k‖2

2
+

1

2 ν
C4

3 ‖ρ′k‖2 . (4.36)

The rest of the proof now follows exactly as in [137]. Specifically, by using (4.31)-(4.36) in

(4.30), by choosing ∆t sufficiently small, and by summing over k, we get

‖ϑ′k‖2 ≤ eC12T

(
‖ϑ′0‖2 + ∆t

k∑
j=1

(
‖vj‖2 + C13 ‖ρ‖2

1

))
(4.37)

By using (4.29) and the estimates for vk in the proof of Theorem 7 in [137], we get (4.26). �

4.2.2 Numerical Results

The goal of this section is twofold: First, it will provide numerical evidence for the improved

performance of the AV-POD-ROM (4.9) over the simple POD-G-ROM (4.7). Second, the

numerical results will illustrate the theoretical estimate proved in Theorem 1. Our numerical

study is presented in the context of Burgers equation. We emphasize again that Burgers

equation (4.1), while being commonly used as a 1D approximation of the NSE, does not

model turbulence. We use it, however, for simplicity and clarity of exposition.

The following numerical discretization has been used in all our numerical tests. We used

a finite element discretization in space. The computational domain Ω = [0, 1] was uniformly

discretized and the piecewise linear finite element space was used. We used backward Euler

for the temporal discretization. The nonlinearity in (4.1) was treated with a Newton iteration

that was stopped when the norm of the difference between two consecutive iterations was

less than 10−8. All computations were carried out using MATLAB.

We consider two test problems. Both problems develop shock-like phenomena that are

challenging to capture with the usual POD-G-ROM (4.7). For both test problems we provide

graphical illustrations of the improvement in accuracy for the AV-POD-ROM (4.9) over the

usual POD-G-ROM (4.7). To illustrate the theoretical estimate in Theorem 1, we also

present tables with error convergence rates with respect to the number of POD modes.
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Experiment 1 This test problem is similar to that used in [137]. The initial condition in

(4.1) is

u0(x) =


1 if x ∈

(
0, 1

2

]
0 if x ∈

(
1
2
, 1
)
.

(4.38)

The boundary conditions in (4.1) are homogeneous Dirichlet u(0, t) = u(1, t) = 0 for all t,

the forcing term is f = 0, and the time interval is [0, T ] = [0, 1]. The following parameters

were used in the numerical discretization: Number of equally spaced mesh-points N = 2048

(which implies a mesh-size h = 1/2048); time-step ∆t = 10−3; diffusion parameter ν = 10−5;

number of snapshots M = 1000. We deliberately chose a small value for ν, since this would

be similar to choosing a large Reynolds number in the NSE. We also chose relatively small

values for ∆t and h, since the main goal of this study is to investigate the contribution to

the total error of the POD truncation and modeling, and not the contribution of spatial and

temporal discretizations.

We first ran a DNS. Indeed, given the spatial and temporal resolutions used, we can

can safely consider the results of the Galerkin finite element discretization in Figure 4.1 as

our benchmark solution. The 1000 snapshots were used to generate the POD modes. We

followed [137] and we did not include ∂u(tk), since we used a small time-step ∆t. The first

20 POD modes were used to run (i) the POD-G-ROM (4.7); and (ii) the AV-POD-ROM

(4.9) with c = 10−4.

The time evolutions of the two models are presented in Figures 4.2–4.3. Notice the

clear improvement in solution accuracy in the AV-POD-ROM. Indeed, the large numerical

oscillations of the POD-G-ROM are dramatically decreased by the AV-POD-ROM. A better

visualization of this improvement is given in Figure 4.4, where results from both POD-ROMs

are compared with the “truth” (DNS) solution at the final time T = 1.

A quantitative illustration of the theoretical estimate (4.26) in Theorem 1 is given in

Table 4.1. We present the L2 norms of the errors for both models - the POD-G-ROM (4.7)

(third column) and the AV-POD-ROM (4.9) (fourth column). As noticed earlier, the spatial

and temporal discretizations account only for a small percentage of the total error. Indeed,

since ∆t = 10−3 and h = 1/2048, the first and third terms on the right-hand side of the
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Figure 4.1: DNS solution in Experiment 1.

Figure 4.2: POD-G-ROM (4.7) solution in Experiment 1.
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Figure 4.3: AV-POD-ROM (4.9) solution in Experiment 1.
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Figure 4.4: Snapshots of DNS, POD-G-ROM and AV-POD-ROM at the final time T = 1

in Experiment 1.



Zhu Wang Numerical Analysis 76

r Normalized energy POD AV-POD-ROM∑1001
i=r λi∑1001
i=1 λi

6 0.0223 0.0778 0.0305

11 0.0111 0.0943 0.0090

20 0.0056 0.0428 0.0053

36 0.0028 0.0130 0.0051

62 0.0014 0.0038 0.0050

Table 4.1: Average errors for POD-G-ROM (4.7) and AV-POD-ROM (4.9) in Experiment 1.

inequality (4.26) in Theorem 1 are much smaller than the second term, which represents the

POD truncation and modeling errors. The number of POD modes (first column) was chosen

so that the POD truncation error (second column) decrease by a factor of 2. As indicated by

the theoretical estimate in [137], the square of the error of the POD-G-ROM should decrease

by a factor of 4. This behavior is observed in the third column of Table 4.1 (for r ≥ 20).

The numerical results for the AV-POD-ROM (in the fourth column) are, as expected, much

better than those of the POD-G-ROM (third column). They, however, do not seem to follow

the theoretical estimate (4.26) in Theorem 1. We think that this is due to the fact that the

POD truncation and modeling error in the AV-POD-ROM initially dominates the spatial

and temporal discretization errors, but once it reaches a certain threshold, the latter become

significant.

Experiment 2 This test problem is similar to that used in [165]. We simulate the propa-

gation of an initial Gaussian disturbance given by

u0(x) =
10

5
√
π
exp

(
−(x− 50)2

ω

)
, (4.39)

where ω = 400 is the initial width of the wave and t ∈ [0, 600]. We rescale parameters so

that x ∈ [0, 1]. Thus, the time interval becomes [0, 1.5] and ν = 0.015/400 = 3.75× 10−5.

The boundary conditions in (4.1) are homogeneous Dirichlet u(0, t) = u(1, t) = 0 for

all t and the forcing term is f = 0. The following parameters were used in the numerical
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discretization: Number of equally spaced mesh-points N = 2048 (which implies a mesh-size

h = 1/2048); time-step ∆t = 10−3; number of snapshots M = 1000. As in the first numerical

example, we again chose a small value for ν and relatively small values for ∆t and h.

We first ran a DNS, which we consider as our benchmark solution. The time evolution

of the DNS solution is shown in Figure 4.5. The 1000 snapshots were used to generate the

POD modes. We followed [137] and we did not include ∂u(tk) since we used a small time-

step ∆t. The first 20 POD modes are used to run (i) the POD-G-ROM (4.7); and (ii) the

AV-POD-ROM (4.9) with c = 5× 10−5.

Figure 4.5: DNS solution in Experiment 2.

The time evolutions of the two models are presented in Figures 4.6–4.7. As in Exper-

iment 1, there is a clear improvement in solution accuracy in the AV-POD-ROM. Indeed,

the large numerical oscillations of the POD-G-ROM are dramatically decreased by the AV-

POD-ROM (see also Figure 4.8).

To illustrate the theoretical estimate (4.26) in Theorem 1, we present in Table 4.2 the

L2 norms of the errors for the POD-G-ROM (4.7) (third column) and the AV-POD-ROM

(4.9) (fourth column). As in Experiment 1, we notice that the numerical results for the
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Figure 4.6: POD-G-ROM (4.7) solution in Experiment 2.

Figure 4.7: AV-POD-ROM (4.9) solution in Experiment 2.
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Figure 4.8: Snapshots of DNS, POD-G-ROM and AV-POD-ROM at the final time T = 1.5

in Experiment 2.

r Normalized energy POD AV-POD-ROM∑858
i=r λi∑858
i=1 λi

6 0.0702 0.0358 0.0118

11 0.0345 0.0562 0.0022

20 0.0167 0.0263 8.78e-4

34 0.0085 0.0056 7.56e-4

56 0.0042 0.0009 7.44e-4

Table 4.2: Average errors for POD-G-ROM (4.7) and AV-POD-ROM (4.9) in Experiment 2.

AV-POD-ROM are much better than those for the POD-G-ROM. We also notice that the

error for the POD-G-ROM in the third column of Table 4.2 follows the theoretical estimates

in [137] (for r ≥ 20). Although the numerical results for the AV-POD-ROM are much better

than those of the POD-G-ROM, they do not seem to follow the theoretical estimate (4.26)

in Theorem 1. We think that this behavior is due to the fact that for r ≥ 20, the spatial
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and temporal discretization errors have the same order of magnitude as the POD truncation

and modeling error.

4.3 Variational Multiscale POD-ROM

In this section, the new VMS-POD-ROM is analyzed and tested in the numerical approxi-

mation of a convection-dominated convection-diffusion-reaction problem
ut − ε∆u+ b · ∇u+ gu = f in (0, T ]×Ω ,

u(x, 0) = u0(x) in Ω ,

u(x, t) = 0 on (0, T ]×∂Ω ,

(4.40)

where ε� 1 is the diffusion parameter, b with ‖b‖ = O(1) the given convective field, f the

forcing term, Ω ⊂ R2 the computational domain, t ∈ [0, T ], with T the final time, and u0(·)

the initial condition. Without loss of generality, we assume in the sequel that the boundary

conditions are homogeneous Dirichlet.

The POD Galerkin truncation is the approximation ur ∈ Xr (1.3) of u:

ur :=
r∑
j=1

uj ϕj. (4.41)

Plugging (4.41) into (4.40) and multiplying by test functions in X := H1
0 (Ω) yield the POD-

G-ROM

(ur,t, vr) + ε(∇ur,∇vr) + (b · ∇ur, vr) + (gur, vr) = (f, vr) ∀ vr ∈ Xr. (4.42)

The main advantage of the POD-G-ROM (4.42) over a straightforward finite element dis-

cretization of (4.40) is clear - since dimXr � dimX, the computational cost of the former is

dramatically lower than that of the latter. There are, however, several well-documented dis-

advantages of (4.42), such as its numerical instability in convection-dominated flows [205].

To address this issue, we draw inspiration from the methodologies used in increasing the

numerical stability of finite element discretizations of such flows.

The VMS method introduced by Hughes and his group [112, 113, 114, 115] has been

successful in the numerical discretization of turbulent flows [92, 93, 94, 95, 106, 121, 122, 123,
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124, 125, 126, 127]. The idea in VMS is straightforward: Instead of adding artificial viscosity

to all resolved scales, in VMS artificial viscosity is only added to the smallest resolved

scales. Thus, the small scale oscillations are eliminated without polluting the large scale

components of the approximation. The VMS method has been extensively developed, and

various numerical methods were used. The finite element discretization of the resulting VMS

model has evolved in several directions: Hughes and his group proposed a VMS formulation

for the NSE in which a Smagorinsky model [32, 211] was added only to the smallest resolved

scales [112, 113, 114, 115]. A different type of VMS approach, based on the residual of the

NSE, was proposed in Bazilevs et al. [26]. One of the earliest VMS ideas for convection-

dominated convection-diffusion-reaction equations was proposed by Guermond in [98, 99].

In this VMS formulation, the smallest scales were modeled by using finite element spaces

enriched with bubble functions. Layton proposed in [144] a VMS approach similar to that

of Guermond. In this VMS approach, however, the smallest resolved scales were modeled

by projection on a coarser mesh. The VMS approach proposed in [144] was extended to

the NSE in a sequence of papers by John and Kaya [121, 122, 123, 124]. The variational

formulation used by the finite element methodology fits very well with the VMS approach.

The definition of the smallest resolved scales, however, often poses many challenges to the

finite element method. Indeed, one needs to enrich the finite element spaces with bubble

functions [98, 99], consider hierarchical finite element bases [113], or use a projection on a

coarser mesh [144].

POD represents the perfect setting for the VMS methodology, since the hierarchy of the

basis is already present. Indeed, the POD basis functions are already listed in descending

order of the kinetic energy content. Based on this simple observation, we next propose a new

VMS based POD-ROM. To this end, we consider the following spaces: Xh ⊂ H1
0 (Ω), XR :=

span{ϕ1, ϕ2, . . . , ϕR}, where R < r, and LR, where LR will be defined later. Note that

XR ⊆ Xr ⊂ Xh ⊂ X. We also consider PR : L2(Ω) −→ LR be the orthogonal projection of

L2(Ω) on LR, defined by

(u− PRu, vR) = 0 ∀ vR ∈ LR. (4.43)

Let also P
′
R := I − PR. We are now ready to define the new Variational Multiscale Proper
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Orthogonal Decomposition model:

(ur,t, vr) + ε (∇ur,∇vr) + α (P
′

R∇ur, P
′

R∇vr)

+ (b · ∇ur, vr) + (gur, vr) = (f, vr) ∀ vr ∈ Xr.
(4.44)

The third term on the LHS of (4.44) represents the artificial viscosity that is added only to

the smallest resolved scales of the gradient. We note that the POD-ROM (4.44), which we

denote PR-VMS-POD-ROM, is different from VMS-POD-ROM (2.25). To our knowledge

this is the first time that the VMS formulation in [144] is applied in a POD setting.

In the next two sections, we will first estimate the error made in the finite element

discretization of the PR-VMS-POD-ROM (4.44) and then use it in a numerical test.

4.3.1 Error Estimates

In this section, we prove estimates for the average error
1

M + 1

M∑
k=0

‖uk − ukr‖, where the

approximation uk is the solution of (4.55) (the weak form of (4.40)) and ukr is the solution of

(4.56) (the finite element discretization of the PR-VMS-POD-ROM (4.44)). To this end, we

follow the approach in [106] (see also [131]). We emphasize, however, that our presentation

is different in that it has to include several results pertaining to the POD setting. To this

end, we use some of the developments in [158] (see also [109, 137, 155, 203]).

We start by introducing some notation and we list several results that will be used

throughout this section. For clarity of notation, we will denote by C a generic constant

that can depend on all the parameters in the system, except on d (the rank of the snapshot

set), M (the number of snapshots), r (the number of POD modes used in the POD-G-ROM

(4.42)), R (the number of POD modes used in the projection operator in the PR-VMS-POD-

ROM (4.44)), h (the mesh-size in the finite element discretization), α (the artificial viscosity

coefficient), and ε (the diffusion coefficient). Of particular interest is the independence of

the generic constant C from ε. Indeed, we will prove estimates that are uniform with respect

to ε, which is important when convection-dominated flows (such as the NSE) are considered.

We introduce the bilinear forms b(u, v) := (b · ∇u, v) + (g u, v), a(u, v) := ε(∇u,∇v) +

b(u, v), and A(u, v) := a(u, v) + α (P
′
R∇u, P

′
R∇v). We also consider the weighted norm

‖u‖2
a,b,α := a ‖u‖2 + b ‖∇u‖2 +α ‖P ′R∇u‖2. We now make the following assumption, which is
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used in proving the well-posedness of the weak formulation of (4.40).

Assumption 1 (Coercivity and Continuity)

g − 1

2
∇ · b ≥ β > 0 and max{‖g‖, ‖b‖} = γ > 0. (4.45)

For the finite element discretization of (4.40), we consider a family of finite dimensional

subspaces Xh of X = H1
0 (Ω), such that, for all v ∈ Hm+1 ∩X, the following assumption is

satisfied.

Assumption 2 (Approximability)

inf
vh∈Xh

{
‖v − vh‖+ h ‖∇v −∇vh‖

}
≤ C hm+1 ‖v‖m+1 1 ≤ m ≤ K, (4.46)

where K is the order of accuracy of {Xh}. We also assume that the finite element spaces

{Xh} satisfy the following inverse estimate.

Assumption 3 (finite element Inverse Estimate)

‖∇vh‖ ≤ C h−1 ‖vh‖ ∀ vh ∈ Xh. (4.47)

A similar inverse estimate for POD is proven in [137]. For completeness, we present it below.

We also include a new estimate and present its proof.

Lemma 4 (POD Inverse Estimate) Let Mr ∈ Rr×r with Mij = (ϕj, ϕi) be the POD

mass matrix, Hr ∈ Rr×r with Hij = (∇ϕj,∇ϕi) be the POD stiffness matrix, Sr ∈ Rr×r

with Sij = (ϕj, ϕi)H1 be the POD mass matrix in the H1-norm, and ‖ · ‖2 denote the matrix

2-norm. Then, for all vr ∈ Xr, the following estimates hold.

‖vr‖L2 ≤
√
‖Mr‖2 ‖S−1

r ‖2 ‖vr‖H1 , (4.48)

‖vr‖H1 ≤
√
‖Sr‖2 ‖M−1

r ‖2 ‖vr‖L2 , (4.49)

‖∇vr‖L2 ≤
√
‖Hr‖2 ‖M−1

r ‖2 ‖vr‖L2 . (4.50)



Zhu Wang Numerical Analysis 84

Proof: The proof of estimates (4.48) and (4.49) was given in [137] (see Lemma 2 and

Remark 2). The proof of (4.50) follows along the same lines: Let vr =
∑r

i=1 xjϕj and

x = (x1, . . . , xr)
T . From the definition of Hr, it follows that ‖∇vr‖2

L2 = xT Hr x. Since Hr

is symmetric, its matrix 2-norm is equal to its Rayleigh quotient [68]: ‖Hr‖2 = max
x 6=0

xT Hr x
xT x

.

Thus, we get:

‖∇vr‖2
L2 = xT Hr x ≤ ‖Hr‖2 xT x . (4.51)

Furthermore, since M−1
r is also symmetric, we get yT M−1

r y ≤ ‖M−1
r ‖2 yT y for all vectors

y ∈ Rr. We also note that, since Mr is symmetric positive definite, we can use its Cholesky

decomposition Mr = Lr L
T
r , where Lr is a lower triangular nonsingular matrix [68]. Thus,

letting y = Lr x, we get:

‖M−1
r ‖2 ≥

yT M−1
r y

yT y
=

xT LTr (L−1
r )T L−1

r Lr x

xT LT Lx
=

xT x

xT Mr x
. (4.52)

Inequalities (4.51) and (4.52) imply the following inequality, which proves (4.50): ‖∇vr‖2
L2 ≤

‖Hr‖2 ‖M−1
r ‖2 xT Mr x = ‖Hr‖2 ‖M−1

r ‖2 ‖vr‖2
L2 .

Remark 6 We note that, in our setting, (4.50) can be improved. Indeed, since Sr is the

identity matrix when X = H1
0 , we get:

‖∇vr‖L2 ≤ ‖vr‖H1 ≤
√
‖Sr‖2 ‖M−1

r ‖2 ‖vr‖L2 =
√
‖M−1

r ‖2 ‖vr‖L2 . (4.53)

We note, however, that in general (4.53) might not hold.

To prove optimal error estimates in time, we follow [137] and include the finite differ-

ence quotients ∂u(tk) = u(tk)−u(tk−1)

∆t
, where k = 1, . . . ,M , in the set of snapshots V :=

span
{
u(t0), . . . , u(tM), ∂u(t1), . . . , ∂u(tM)

}
. As pointed out in [137], the error formula (1.9)

becomes:

1

2M + 1

M∑
k=0

∥∥∥∥∥u(·, tk)−
r∑
j=1

(
u(·, tk) , ϕj(·)

)
X
ϕj(·)

∥∥∥∥∥
2

X

+
1

2M + 1

M∑
k=1

∥∥∥∥∥∂u(·, tk)−
r∑
j=1

(
∂u(·, tk) , ϕj(·)

)
X
ϕj(·)

∥∥∥∥∥
2

X

=
d∑

j=r+1

λj .

(4.54)

After these preliminaries, we are ready to derive the error estimates.
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The weak form of (4.40) reads:

(ut, v) + a(u, v) = (f, v) ∀ v ∈ X . (4.55)

The finite element spatial discretization and backward Euler time discretization of the PR-

VMS-POD-ROM (4.55) reads: Find ukr ∈ Xr such that:

1

∆t
(uk+1

r − ukr , vr) + A(uk+1
r , vr) = (fk+1, vr) ∀ vr ∈ Xr . (4.56)

The following stability result for ukr holds:

Theorem 2 The solution ukr of (4.56) satisfies the following bound

‖ukr‖ ≤ ‖u0
r‖+ ∆t

M−1∑
k=0

‖fk+1‖. (4.57)

Proof: Choosing vr := uk+1
r in (4.56), we get:

1

∆t
(uk+1

r − ukr , uk+1
r ) + A(uk+1

r , uk+1
r ) = (fk+1, uk+1

r ) . (4.58)

By applying the Cauchy-Schwarz inequality on both sides of (4.58) and simplifying by ‖uk+1
r ‖,

we get:

‖uk+1
r ‖ − ‖ukr‖ ≤ ∆t ‖fk+1‖. (4.59)

Summing from 0 to M − 1 the inequality in (4.59), we get (4.57).

In order to prove an estimate for ‖uk − ukr‖, we will first consider the Ritz projection

wr ∈ Xr of u ∈ X:

A(u− wr, vr) = 0 ∀ vr ∈ Xr. (4.60)

The existence and uniqueness of wr follow from Lax-Milgram lemma. We now prove an

estimate for uk − wkr , the error in the Ritz projection.
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Lemma 5 The Ritz projection wkr of uk satisfies the following error estimate:

1

M

M∑
k=1

‖uk − wkr‖ ≤ C

{(
1 +

√
‖M−1

r ‖2 + α−1
)1/2

(4.61)hm+1 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj


+
√
ε+ α

hm 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj

}.
Proof: Setting u := uk in (4.60), we get:

A(uk − wkr , vr) = 0 ∀ vr ∈ Xr. (4.62)

We decompose the error uk −wkr as uk −wkr :=
(
uk − Ih,r(uk)

)
−
(
wkr − Ih,r(uk)

)
= ηk − ϕkr ,

where Ih,r(u
k) is the interpolant of uk in the space Xr. By the triangle inequality, we have:

1

M

M∑
k=1

‖uk − wkr‖ ≤
1

M

M∑
k=1

‖ηk‖+
1

M

M∑
k=1

‖ϕkr‖. (4.63)

We start by estimating ‖ηk‖. We note that Ih,r(u
k) consists of two parts: We first consider

ukh, the finite element solution of (4.40), which yielded the ensemble of snapshots. Then, we

interpolate ukh in Xr, which yields Ih,r(u
k). Note that this is different from [106], where only

the first part was present (see (8) in [106]).

1

M

M∑
k=1

‖ηk‖ =
1

M

M∑
k=1

‖uk − Ih,r(uk)‖

≤ 1

M

M∑
k=1

‖uk − ukh‖+
1

M

M∑
k=1

‖ukh − Ih,r(uk)‖ .

(4.64)

Using Assumption 2, it is easily shown [185] that:

1

M

M∑
k=1

‖uk − ukh‖ ≤ C hm+1 1

M

M∑
k=1

‖uk‖m+1. (4.65)

Picking Ih,r(u
k) :=

r∑
j=1

(uk, ϕj)X ϕj in the last term on the RHS of (4.64) and then using

(4.54), we get:

1

M

M∑
k=1

‖ukh − Ih,r(uk)‖ ≤

√√√√ d∑
j=r+1

λj. (4.66)
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Note that we consider that the time instances tk = k∆t in the time discretization (4.56) are

the same as the time instances at which the snapshots were taken. If this is not the case,

one should use a Taylor series approach (see (4.8) in [158]).

Plugging (4.65) and (4.66) in (4.64), we get:

1

M

M∑
k=1

‖ηk‖ ≤ C hm+1 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj. (4.67)

Similarly, using that X = H1
0 in (4.54), we get:

1

M

M∑
k=1

‖∇ηk‖ ≤ C hm
1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj. (4.68)

Equation (4.62) implies:

A(uk − wkr , vr) = A(ηk − ϕkr , vr) = 0. (4.69)

Choosing vr = ϕkr in (4.69) implies:

A(ϕkr , ϕ
k
r) = A(ηk, ϕkr). (4.70)

We decompose the bilinear form A into its symmetric and skew-symmetric parts: A := As +

Ass, where As(u, v) := α (P
′
R∇u, P

′
R∇v) + ε (∇u,∇v) +

((
g − 1

2
∇ · b

)
u, v
)
, and Ass(u, v) :=(

b · ∇u+ 1
2

(∇ · b) u, v
)

. Equation (4.70) implies:

As(ϕ
k
r , ϕ

k
r) +���

���
�:0

Ass(ϕ
k
r , ϕ

k
r) = As(η

k, ϕkr) + Ass(η
k, ϕkr) . (4.71)

Assumption 1 implies that As(ϕ
k
r , ϕ

k
r) ≥ C ‖ϕkr‖2

1,ε,α. Thus, using the Cauchy-Schwarz and

Young’s inequalities, (4.71) becomes:

C ‖ϕkr‖2
1,ε,α ≤ As(ϕ

k
r , ϕ

k
r)

1/2As(η
k, ηk)1/2 + Ass(η

k, ϕkr)

≤ 1

2
As(ϕ

k
r , ϕ

k
r) +

1

2
As(η

k, ηk) + (bηk,∇ϕkr) +
1

2

(
(∇ · b) ηk, ϕkr

)
.

(4.72)

Rearranging and using Assumption 1, (4.72) becomes:

C ‖ϕkr‖2
1,ε,α ≤ C

(
|As(ηk, ηk)|+ |(bηk,∇ϕkr)|+ |

(
(∇ · b) ηk, ϕkr

)
|
)
. (4.73)
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We now estimate each term on the RHS of (4.73).

|As(ηk, ηk)| = ε ‖∇ηk‖2 +

((
g − 1

2
∇ · b

)
ηk, ηk

)
+ α ‖P ′R∇ηk‖2 ≤ C ‖ηk‖2

1,ε,α .

(4.74)

To estimate the second term on the RHS of (4.73), we first note that ‖PR‖ ≤ 1 (since PR is

L2-projection) and use the inverse estimate (4.49) in Lemma 4 to obtain:

‖PR(∇ϕkr)‖ ≤ ‖∇ϕkr‖ ≤ ‖ϕkr‖H1 ≤
√
‖M−1

r ‖2 ‖ϕkr‖ . (4.75)

Using that (PRu, P
′
Rv) = 0 ∀u, v, the Cauchy-Schwarz and Young’s inequalities, and the

inverse estimate (4.53), we then get:

|(bηk,∇ϕkr)| ≤ |(PR(bηk), PR(∇ϕkr))|+ |(P
′

R(bηk), P
′

R(∇ϕkr))| (4.76)

≤ ‖PR(bηk)‖ ‖PR(∇ϕkr)‖+ ‖P ′R(bηk)‖ ‖P ′R(∇ϕkr)‖

≤ C
√
‖M−1

r ‖2 ‖PR(bηk)‖ ‖ϕkr‖+ ‖P ′R(bηk)‖ ‖P ′R(∇ϕkr)‖

≤
(

1

β
C ‖M−1

r ‖2 ‖PR(bηk)‖2 +
β

4
‖ϕkr‖2

)
+

(
1

2α
‖P ′R(bηk)‖2 +

α

2
‖P ′R(∇ϕkr)‖2

)
.

We note that this is exactly why we need the inverse estimate in in Lemma 4: to absorb

‖ϕkr‖2 in the LHS of (4.73). If we had used ‖∇ϕkr‖2 instead, then we would have had to

absorb it in ε ‖∇ϕkr‖2 on the LHS, and so the RHS would have depended on ε. Finally, by

using the Cauchy-Schwarz and Young’s inequalities, the third term on the RHS of (4.73)

can be estimated as follows:

|
(
(∇ · b) ηk, ϕkr

)
| ≤ C ‖ηk‖ ‖ϕkr‖ ≤ C

(
1

β
‖ηk‖2 +

β

4
‖ϕkr‖2

)
. (4.77)

Collecting estimates (4.73), (4.74), (4.76) and (4.77), we get:

‖ϕkr‖2
1,ε,α ≤ C

(
‖ηk‖2

1,ε,α +
1

β
‖M−1

r ‖2 ‖PR(bηk)‖2

+
1

2α
‖P ′R(bηk)‖2 +

1

β
‖ηk‖2

)
.

(4.78)

The last term on the RHS of (4.78), can be absorbed in C ‖ηk‖2
1,ε,α. Since ‖PR‖ ≤ 1 (PR is

L2-projection) and ‖b‖ ≤ γ (by Assumption 1), we get:

1

β
‖M−1

r ‖2 ‖PR(bηk)‖2 ≤ C ‖M−1
r ‖2 ‖ηk‖2 . (4.79)
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Since ‖PR‖ ≤ 1 (PR is L2-projection) and ‖b‖ ≤ γ (by Assumption 1), we get:

1

2α
‖P ′R(bηk)‖2 ≤ C

α
‖ηk‖2 . (4.80)

Thus, using (4.79) and (4.80) in (4.78), we get:

‖ϕkr‖2
1,ε,α ≤ C

(
‖ηk‖2 + ε ‖∇ηk‖2 + α ‖P ′R(∇ηk)‖2 + C ‖M−1

r ‖2 ‖ηk‖2

+
1

2α
‖P ′R(bηk)‖2 +

C

α
‖ηk‖2

)
.

(4.81)

Since PR is L2-projection, ‖P ′R‖ ≤ 1, and thus the second term on the RHS of (4.81) can be

bounded as follows: α ‖P ′R(∇ηk)‖2 ≤ α ‖∇ηk‖2. Summing in (4.81), we get:

1

M

M∑
k=1

‖ϕkr‖2
1,ε,α ≤ C

(
1 + ‖M−1

r ‖2 + α−1
) 1

M

M∑
k=1

‖ηk‖2

+ (ε+ α)
1

M

M∑
k=1

‖∇ηk‖2 .

(4.82)

Using (4.67) and (4.68) in (4.82), we get:

1

M

M∑
k=1

‖ϕkr‖ ≤ C

{(
1 + ‖M−1

r ‖2 + α−1
)1/2

(4.83)hm+1 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj


+
√
ε+ α

hm 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=r+1

λj

}.
Using (4.63), (4.67), and (4.83), we get (4.61).

Corollary 1 The Ritz projection wkr of uk satisfies the following error estimate:

‖(uk − wkr )t‖ ≤ C

{(
1 + ‖M−1

r ‖2 + α−1
)1/2

(4.84)hm+1‖ut‖L2(Hm+1) +

√√√√ d∑
j=r+1

λj


+
√
ε+ α

hm ‖ut‖L2(Hm+1) +

√√√√ d∑
j=r+1

λj

}.
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Proof: The proof follows along the same lines as the proof of Lemma 5, with the error

uk − wkr replaced by (uk − wkr )t = (ηn − ϕkr)t. Note that it is exactly at this point that we

use the fact that the finite difference quotients ∂u(tk) are included in the set of snapshots

(see also Remark 1 in [137]). Indeed, as in the proof of Lemma 5, the error (uk − wkr )t is

split into two parts: (uk − wkr )t :=
(
ukt − Ih,r(ukt )

)
−
(
(wt)

k
r − Ih,r(ukt )

)
= ηkt − (ϕt)

k
r . As in

(4.64)–(4.67), ηkt can be estimated as follows.

‖ηkt ‖ ≤ ‖ukt − ukh,t‖+ ‖ukh,t − Ih,r(ukt )‖

≤ C

hm+1‖ut‖m+1 +

√√√√ d∑
j=r+1

λj

 ,
(4.85)

where in the last inequality in (4.85) we used (4.54).

We are now ready to prove the main result of this section.

Theorem 3 Assume that

LR = ∇XR = span{∇ϕ1, . . . ,∇ϕR} . (4.86)

Then the following error estimate holds:

1

M + 1

M∑
k=0

‖uk − ukr‖ ≤ C

{(
1 + ‖M−1

r ‖2 + α−1
)1/2

(4.87)hm+1 1

M

M∑
k=1

(
‖uk‖m+1 + ‖ut‖L2(Hm+1)

)
+

√√√√ d∑
j=r+1

λj


+
√
ε+ α

hm 1

M

M∑
k=1

(
‖uk‖m+1 + ‖ut‖L2(Hm+1)

)
+

√√√√ d∑
j=r+1

λj


+‖u0 − u0

r‖+ ∆t ‖utt‖L2(L2)

+
√
α

hm 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=R+1

λj

}.

Proof: We evaluate (4.55) at tk+1, we let v = vr, and then we add and subtract

(
uk+1 − uk

∆t
, vr

)
:

(
uk+1
t − uk+1 − uk

∆t
, vr

)
+

(
uk+1 − uk

∆t
, vr

)
+ a(uk+1, vr) = (fk+1, vr). (4.88)



Zhu Wang Numerical Analysis 91

Subtracting (4.56) from (4.88), we obtain the error equation:(
uk+1
t − uk+1 − uk

∆t
, vr

)
+

(
uk+1 − uk+1

r

∆t
, vr

)
−
(
uk − ukr

∆t
, vr

)
+ A(uk+1 − uk+1

r , vr) + (a− A)(uk+1, vr) = 0.

(4.89)

We now decompose the error as uk − ukr =
(
uk − wkr

)
−
(
ukr − wkr

)
= ηk − ϕkr , which, by the

triangle inequality, implies:

‖uk − ukr‖ ≤ ‖ηk‖+ ‖ϕkr‖. (4.90)

We note that ‖ηk‖ has already been bounded in Lemma 5. Thus, in order to estimate the

error, we only need to estimate ‖ϕkr‖. The error equation (4.89) can be written as:(
uk+1
t − uk+1 − uk

∆t
, vr

)
+

(
ηk+1 − ηk

∆t
, vr

)
−
(
ϕk+1
r − ϕkr

∆t
, vr

)
+A(ηk+1 − ϕk+1

r , vr) + (a− A)(uk+1, vr) = 0.

(4.91)

We pick vr := ϕk+1
r in (4.91), we note that, since ϕk+1

r ∈ Xr, A(ηk+1, ϕk+1
r ) = 0, and we get:

A(ϕk+1
r , ϕk+1

r ) +
1

∆t
(ϕk+1

r − ϕkr , ϕk+1
r ) =

1

∆t
(ηk+1 − ηk, ϕk+1

r )

+ (rk, ϕk+1
r ) + (a− A)(uk+1, ϕk+1

r ),

(4.92)

where rk = uk+1
t − uk+1 − uk

∆t
. We now start estimating all the terms in (4.92). The terms

on the LHS of (4.92) are estimated as follows:

A(ϕk+1
r , ϕk+1

r ) ≥ β ‖ϕk+1
r ‖2 + ε ‖∇ϕk+1

r ‖2 + α ‖P ′R∇ϕk+1
r ‖2. (4.93)

1

∆t
(ϕk+1

r − ϕkr , ϕk+1
r ) ≥ 1

∆t

(
‖ϕk+1

r ‖2 − ‖ϕkr‖ ‖ϕk+1
r ‖

)
. (4.94)

Now we estimate the RHS of (4.92) by using the Cauchy-Schwarz and Young’s inequalities:(
1

∆t
(ηk+1 − ηk) + rk, ϕk+1

r

)
≤
∥∥∥∥ 1

∆t
(ηk+1 − ηk) + rk

∥∥∥∥ ‖ϕk+1
r ‖

≤ 1

2 β

∥∥∥∥ 1

∆t
(ηk+1 − ηk) + rk

∥∥∥∥2

+
β

2
‖ϕk+1

r ‖2.

(4.95)

(a− A)(uk+1, ϕk+1
r ) = −α (P

′

R∇uk+1, P
′

R∇ϕk+1
r )

≤ α ‖P ′R∇uk+1‖ ‖P ′R∇ϕk+1
r ‖ ≤

α

2
‖P ′R∇uk+1‖2 +

α

2
‖P ′R∇ϕk+1

r ‖2.
(4.96)
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Using (4.93)-(4.96) and absorbing RHS terms into LHS terms, (4.92) now reads:

1

∆t
(‖ϕk+1

r ‖2 − ‖ϕkr‖ ‖ϕk+1
r ‖) +

β

2
‖ϕk+1

r ‖2 + ε ‖∇ϕk+1
r ‖2

+
α

2
‖P ′R∇ϕk+1

r ‖2 ≤ 1

2 β

∥∥∥∥ 1

∆t
(ηk+1 − ηk) + rk

∥∥∥∥2

+
α

2
‖P ′R∇uk+1‖2.

(4.97)

By using Young’s inequality, the first term on the LHS of (4.97) can be estimated as follows:

‖ϕk+1
r ‖2 − ‖ϕkr‖ ‖ϕk+1

r ‖ ≥ ‖ϕk+1
r ‖2 − 1

2
‖ϕkr‖2 − 1

2
‖ϕk+1

r ‖2

=
1

2
‖ϕk+1

r ‖2 − 1

2
‖ϕkr‖2.

(4.98)

Using (4.98) in (4.97) and multiplying by 2 ∆t, we get:

‖ϕk+1
r ‖2 − ‖ϕkr‖2 + ∆t ‖ϕk+1

r ‖2
1,ε,α (4.99)

≤ C

(
∆t

∥∥∥∥ 1

∆t
(ηk+1 − ηk) + rk

∥∥∥∥2

+ α∆t ‖P ′R∇uk+1‖2

)

≤ C

(
∆t

∥∥∥∥ 1

∆t
(ηk+1 − ηk)

∥∥∥∥2

+ ∆t ‖rk‖2 + α∆t ‖P ′R∇uk+1‖2

)
.

Summing from k = 0 to k = M − 1 in (4.99), we get:

max
0≤k≤M

‖ϕkr‖2 +
M−1∑
k=0

∆t ‖ϕk+1
r ‖2

1,ε,α ≤ C

(
∆t

M−1∑
k=0

∥∥∥∥ 1

∆t
(ηk+1 − ηk)

∥∥∥∥2

+ ‖ϕ0
r‖2 + ∆t

M−1∑
k=0

∥∥rk∥∥2
+ α∆t

M−1∑
k=0

‖P ′R∇uk+1‖2

)
.

(4.100)

Proceeding as in [214] (see also [106]), we estimate the first term on the RHS of (4.100) as

follows. We start by writing:

ηk+1 − ηk =

∫ tk+1

tk

ηt dt . (4.101)

Taking the L2-norm in (4.101) and applying the Cauchy-Schwarz inequality, we get:

‖ηk+1 − ηk‖ ≤
∫ tk+1

tk

1 ‖ηt‖ dt ≤
(∫ tk+1

tk

12 dt

)1/2 (∫ tk+1

tk

‖ηt‖2 dt

)1/2

≤ (∆t)1/2

(∫ tk+1

tk

‖ηt‖2 dt

)1/2

,

(4.102)
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which implies ∆t

∥∥∥∥ 1

∆t
(ηk+1 − ηk)

∥∥∥∥2

≤
(∫ tk+1

tk

‖ηt‖2 dt

)1/2

. Summing from k = 0 to k =

M − 1, we get ∆t
M−1∑
k=0

∥∥∥∥ 1

∆t
(ηk+1 − ηk)

∥∥∥∥2

≤ ‖ηt‖L2(L2), which was bound in Corollary 1. We

thus obtain:

∆t
M−1∑
k=0

∥∥∥∥ 1

∆t
(ηk+1 − ηk)

∥∥∥∥2

≤ C

{(
1 + ‖M−1

r ‖2 + α−1
)1/2

(4.103)hm+1‖ut‖L2(Hm+1) +

√√√√ d∑
j=r+1

λj


+
√
ε+ α

hm ‖ut‖L2(Hm+1) +

√√√√ d∑
j=r+1

λj

}.
To estimate the third term on the RHS of (4.100), we use a Taylor series expansion of uk

around uk+1:

uk = uk+1 − uk+1
t ∆t+

∫ tk+1

tk

utt(s) (tk − s) ds . (4.104)

Taking the L2-norm in (4.104) and applying the Cauchy-Schwarz inequality, we get ‖rk‖ ≤∫ tk+1

tk

1 ‖utt‖ ds ≤ (∆t)1/2 ‖utt‖L2(L2) . Summing from k = 0 to k = M − 1, we get:

∆t
M−1∑
k=0

∥∥rk∥∥2 ≤ ∆t2 ‖utt‖2
L2(L2) . (4.105)

To estimate the last term on the RHS of (4.100), we use the fact that LR = ∇XR (assumption

(4.86)). We emphasize that this is the only instance in the proof where the assumption

LR = ∇XR is used. Thus, we get:

α∆t
M−1∑
k=0

‖P ′R∇uk+1‖2 = α∆t
M−1∑
k=0

‖∇uk+1 − PR∇uk+1‖2 (4.106)

(4.86)

≤ C α
1

M

M−1∑
k=0

inf
vR∈XR

‖∇uk+1 −∇vR‖2

(1.9),(4.46)

≤ C α

hm 1

M

M∑
k=1

‖uk‖m+1 +

√√√√ d∑
j=R+1

λj

2

.
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Using (4.103), (4.105), and (4.106) in (4.100), the obvious inequality max
0≤k≤M

‖ϕkr‖ ≥

1

M + 1

M∑
k=0

‖ϕkr‖, inequality (4.90), and the estimates in Lemma 5, we obtain the error

estimate (4.87).

4.3.2 Numerical Results

The goal of this section is twofold: (i) to show that the new PR-VMS-POD-ROM (4.44)

is significantly more stable numerically than the standard POD-G-ROM (4.42); and (ii) to

illustrate numerically the theoretical error estimate (4.87). We also use Theorem 3 to provide

theoretical guidance in choosing an optimal value for the artificial viscosity coefficient α and

use this algorithm within our numerical framework. Finally, we show that the PR-VMS-

POD-ROM (4.44) displays a relatively low sensitivity with respect to changes in the diffusion

coefficient ε. Thus, we provide numerical support for the theoretical estimate (4.87), which

is uniform with respect to ε.

The mathematical model used for all the numerical tests in this section is the convection-

dominated convection-diffusion-reaction equation (4.40) with the following parameter choices:

spatial domain Ω = [0, 1] × [0, 1], time interval [0, T ] = [0, 1], diffusion coefficient ε =

1 × 10−4, convection field b = [cos π
3
, sin π

3
]T , and reaction coefficient g = 1. The forc-

ing term f and initial condition u0(x) are chosen to satisfy the exact solution u(x, y, t) =

0.5 sin(πx) sin(πy)
[
tanh

(
x+y−t−0.5

0.04

)
+ 1
]
, which is similar to that used in [98]. As in the the-

oretical developments in Section 4.3.1, in this section we employ the finite element method

for spatial discretization and the backward Euler method for temporal discretization of all

models investigated. All computations are carried out on a PC with 3.2 GHz Intel Xeon

Quad-core processor.

We start by comparing the PR-VMS-POD-ROM (4.44) to the standard POD-G-ROM

(4.42). To generate the POD basis, we first run a DNS with the following parameters:

piecewise quadratic finite elements, uniform triangular mesh with mesh-size h = 0.01, and

time-step ∆t = 10−4. A mesh refinement study indicates that DNS mesh resolution is

achieved. The average DNS error is 1
M+1

M∑
k=0

‖uk − ukh‖ = 2.04× 10−4, where M = 1000, and

uk and ukh are the exact solution and the finite element solution at t = k∆t, respectively. The
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CPU time of the DNS is 9.42 × 104 s. Since the forcing term is time-dependent, the global

load vectors are stored for later use in all the POD-ROMs. The POD modes are generated

in H1 by the method of snapshots; the rank of the data set is 104. For both POD-ROMs

(POD-G-ROM and PR-VMS-POD-ROM), we use the same number of POD basis functions:

r = 40.

Table 4.3: Average errors for the POD-G-ROM (4.42) with different values of r.

r 20 40 60 80

1
M

M∑
k=1

‖uk − ukr‖ 1.25× 10−1 1.11× 10−1 9.28× 10−2 8.20× 10−2

We first test the POD-G-ROM (4.42). The CPU time for the POD-G-ROM is 96.4 s,

which is three orders of magnitude lower than that of a brute force DNS. The numerical

solution at t = 1 is shown in Figure 4.9 for both the DNS (top) and the POD-G-ROM

(middle). It is clear from this figure that, although the first 40 POD modes capture 99.99%

of the system’s kinetic energy, the POD-G-ROM yields poor quality results and displays

strong numerical oscillations. This is confirmed by the POD-G-ROM’s high average error

1
M

M∑
k=1

‖uk − ukr‖ = 1.11× 10−1, where ukr is the POD-G-ROM’s solution at t = k∆t. Indeed,

the POD-G-ROM’s average error is almost three orders of magnitude higher than the average

error of the DNS. The average errors for different values of r listed in Table 4.3 show that

increasing the number of POD modes (r) does not decrease significantly the average error.

It is thus clear that the straightforward POD-G-ROM, although computationally efficient,

is highly inaccurate.

Next, we investigate the PR-VMS-POD-ROM (4.44). We make the following parameter

choices: R = 20 and α = 4.29 × 10−2. The motivation for this choice is given later in

this section. The CPU time for the PR-VMS-POD-ROM (4.44) is 106.2 s, which is close

to the CPU time of the POD-G-ROM (4.42). The numerical solution at t = 1 for the

PR-VMS-POD-ROM is shown in Figure 4.9 (bottom). It is clear from this figure that

the PR-VMS-POD-ROM is much more accurate than the POD-G-ROM. Indeed, the PR-

VMS-POD-ROM results are much closer to the DNS results than the POD-G-ROM results,

since the numerical oscillations displayed by the latter are dramatically decreased. This is
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confirmed by the PR-VMS-POD-ROM’s average error 1
M

M∑
k=1

‖uk − ukr‖ = 4.48× 10−3, where

ukr is the VMS-POD solution at t = k∆t; this error is more than 20 times lower than the error

of the POD-G-ROM. In conclusion, the PR-VMS-POD-ROM (4.44) dramatically decreases

the error of the POD-G-ROM (4.42) by adding numerical stabilization, while keeping the

same level of computational efficiency.

Table 4.4: PR-VMS-POD-ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ and its e3 component

for different values of R.

R e3
1
M

M∑
k=1

‖uk − ukr‖

1 1.29×10−1 2.55×10−2

4 9.34×10−2 1.78×10−2

7 6.69×10−2 1.37×10−2

10 4.68×10−2 9.80×10−3

13 3.20×10−2 6.99×10−3

We now turn our attention to the second major goal of this section - the numerical

illustration of the theoretical error estimate (4.87). Specifically, we investigate whether

the asymptotic behavior of the RHS of estimate (4.87) with respect to R is reflected in

the numerical results. We focus on the asymptotic behavior with respect to R since this

is the main parameter introduced by the VMS formulation; the asymptotic behavior with

respect to r was investigated in [38], whereas the asymptotic behavior with respect to h

and ∆t is standard [41, 214]. To investigate the asymptotic behavior with respect to R,

we have to ensure that
√
α

√
d∑

j=R+1

λj (the only term that depends on R) dominates all

the other terms on the RHS of (4.87). To this end, we start collecting all the terms that

depend on the exact solution u and we include them in the generic constant C. Next, we

assume that the POD interpolation error in the initial condition ‖u0 − u0
r‖ is negligible.

We also assume that the time-step is small enough to neglect ∆t ‖utt‖L2(L2). With these

assumptions, the error estimate (4.87) can now be written as e ≤ C (e1 + e2 + e3), where e

is the PR-VMS-POD-ROM’s average error, C a generic constant independent of r, R, h,∆t
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Figure 4.9: Numerical solution at t = 1: DNS (top), POD-G-ROM (4.42) (middle), and

PR-VMS-POD-ROM (4.44) (bottom).
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and α, e1 = ‖M−1
r ‖

1
2
2 h

m+1, e2 = ‖M−1
r ‖

1
2
2

√
d∑

j=r+1

λj, and e3 =
√
α

√
d∑

j=R+1

λj. To ensure that

e3 dominates the other terms, we choose r = 100 and consider relatively low values for R.

This choice for r, which is not optimal for practical computations, ensures, however, that e3

dominates e2. We also note that, when h is small, e3 dominates e1, too. Thus, to investigate

the asymptotic behavior with respect to R of the RHS of (4.87), we fix α = 5× 10−3, vary

R from 1 to 14, and monitor the changes in e3. We restrict R to this parameter range to

ensure that

√
d∑

j=R+1

λj (and thus e3) dominates e2 and e1. Table 4.4 lists the PR-VMS-POD-

ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ and its e3 component for different values of R. We

emphasize that, in this case, e3 dominates the other two error components e1 = 3.81× 10−3

and e2 = 2.87 × 10−3. To see whether the theoretical linear dependency predicted by the

theoretical error estimate (4.87) is recovered in the numerical results in Table 4.4, we utilize

a linear regression analysis in Figure 4.10. This plot shows that the rate of convergence of e

with respect to e3 is 0.9, which is close to the theoretical value of 1 predicted by (4.87). We

believe that this slight discrepancy is due to the fact that the mesh-size h = 0.01 that we

employed in this numerical investigation is not small enough for our asymptotic study.

Figure 4.10: Linear regression of PR-VMS-POD-ROM’s average error with respect to e3.
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Summarizing the results above, we conclude that the theoretical error estimate in (4.87)

is recovered asymptotically (with respect to R) in our numerical experiments.

Next, we use Theorem 3 to provide theoretical guidance in choosing an optimal value

for the artificial viscosity coefficient α. The main challenge is that the theoretical error

estimate (4.87) is asymptotic with respect to h,∆t and r, while in practical computations

we are using small, yet non-negligible values for these parameters. Furthermore, the generic

constant C is problem-dependent and can play a significant role in practical computations.

Notwithstanding these hurdles, we choose a value for α that minimizes the RHS of (4.87):

α̃ =
hm+1+

√
d∑

j=r+1
λj

2hm+

√
d∑

j=r+1
λj+

√
d∑

j=R+1
λj

. In the derivation of this formula, we made the same assumptions

as those made in the numerical investigation of the asymptotic behavior of the PR-VMS-

POD-ROM’s error and we again considered that (4.87) can be written as e ≤ C (e1 + e2 + e3).

We note that, if

√
d∑

j=r+1

λj <<

√
d∑

j=R+1

λj and hm <<

√
d∑

j=R+1

λj, then α̃ becomes too small

in practical computations and the PR-VMS-POD-ROM becomes similar to the inaccurate

POD-G-ROM. To circumvent this, we use in our numerical tests a “clipping” procedure (see,

e.g., [37]) by setting α∗ = max
{
α̃, h

2

}
.

Table 4.5 lists the PR-VMS-POD-ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ for the fol-

lowing values of r, R and α: r = 20, 40 and 60; R from 5 to r − 5 in increments of 5; and

α = 0.01α∗, α∗, and 100α∗. Note that the PR-VMS-POD-ROM consistently performs best

for α = α∗. The only two slight deviations from this rule are for r = 60 (R = 20 and

R = 30); we again believe that this is due to the mesh-size h = 0.01, which is not small

enough for the asymptotic regime in Theorem 3.

Finally, we investigate numerically the PR-VMS-POD-ROM’s sensitivity with respect to

changes in the diffusion coefficient ε. To this end, we run the PR-VMS-POD-ROM (4.44)

with the same parameters as above (r = 40, R = 20 and α = α∗) for different values of the

diffusion coefficient: ε = 10−2, 10−4 and 10−6. Table 4.6 lists the average errors for DNS,

POD-G-ROM and PR-VMS-POD-ROMs for different values of ε. It is clear from this table

that the POD-G-ROM’s average error is significantly higher than the error of the DNS. The

PR-VMS-POD-ROM, however, performs well for all values of ε and displays a low sensitivity



Zhu Wang Numerical Analysis 100

Table 4.5: PR-VMS-POD-ROM’s average error e = 1
M

M∑
k=1

‖uk − ukr‖ for different values of r

and R, and α = 0.01α∗, α∗, and 100α∗.

r R 0.01α∗ e α∗ e 100α∗ e

20

5 1.2× 10−3 1.0× 10−1 1.2× 10−1 5.8× 10−2 1.2× 101 7.8× 10−2

10 2.0× 10−3 9.5× 10−2 2.0× 10−1 2.4× 10−2 2.04× 101 2.6× 10−2

15 3.3× 10−3 8.2× 10−2 3.3× 10−1 2.0× 10−2 3.3× 101 2.5× 10−2

40

5 6.4× 10−5 1.09× 10−1 6.4× 10−3 3.0× 10−2 6.4× 10−1 7.2× 10−2

10 1.1× 10−4 1.0× 10−1 1.1× 10−2 1.8× 10−2 1.1× 100 2.5× 10−2

20 4.2× 10−4 9.7× 10−2 4.2× 10−2 4.4× 10−3 4.2× 100 4.1× 10−3

30 1.7× 10−3 6.8× 10−2 1.7× 10−1 8.1× 10−3 1.7× 101 1.0× 10−2

35 3.0× 10−3 4.9× 10−2 3.0× 10−1 2.1× 10−2 3.0× 101 2.4× 10−2

60

5 5.0× 10−5 8.7× 10−2 5.0× 10−3 1.8× 10−2 5.0× 10−1 7.0× 10−2

10 5.0× 10−5 8.7× 10−2 5.0× 10−3 1.3× 10−2 5.0× 10−1 2.4× 10−2

20 5.0× 10−5 8.7× 10−2 5.0× 10−3 1.0× 10−2 5.0× 10−1 3.9× 10−3

30 1.2× 10−4 8.0× 10−2 1.2× 10−2 4.4× 10−3 1.2× 100 7.4× 10−4

40 5.4× 10−4 5.5× 10−2 5.4× 10−2 1.2× 10−3 5.4× 100 2.4× 10−3

50 1.8× 10−3 2.6× 10−2 1.8× 10−1 1.3× 10−2 1.8× 101 1.4× 10−2

55 2.9× 10−3 2.2× 10−2 2.9× 10−1 1.1× 10−2 2.9× 101 1.2× 10−2

with respect to changes in the diffusion coefficient. Thus, we provide numerical support for

the theoretical estimate (4.87), which is uniform with respect to ε.

4.4 Summary

In this chapter, we have developed, analyzed and tested numerically two new POD-ROMs.

One is the AV-POD-ROM (4.9), which introduces an artificial viscosity term to account for

the loss of information in the POD-G-ROM. The other is the PR-VMS-POD-ROM (4.44),

which uses a new VMS closure modeling strategy for POD-ROMs of convection-dominated

equations. Although similar models were proposed in one of our earlier papers [35], this is

the first time to our knowledge that both models are analyzed and tested numerically.

Theoretical and numerical results for the AV-POD-ROM (4.9) have been developed for
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Table 4.6: Average errors of DNS, POD-G-ROM and PR-VMS-POD-ROM for different

values of the diffusion coefficient ε.

ε
DNS POD-G VMS-POD

1
M+1

M∑
k=0

‖uk − ukh‖
1
M

M∑
k=1

‖uk − ukr‖ α 1
M

M∑
k=1

‖uk − ukr‖

10−2 1.10× 10−4 1.10× 10−2 4.05× 10−2 4.27× 10−3

10−4 2.04× 10−4 1.11× 10−1 4.29× 10−2 4.48× 10−3

10−6 1.88× 10−4 1.17× 10−1 9.65× 10−2 4.05× 10−3

10−8 2.46× 10−4 1.17× 10−1 1.01× 10−1 4.05× 10−3

the Burgers equation (4.1). This choice allowed us a clear presentation of our results. We

emphasize, however, that the new AV-POD-ROM is by no means restricted to this one-

dimensional setting. It is, in fact, developed for realistic turbulent flows.

Following [137], we presented a thorough numerical analysis for the discretization of the

new AV-POD-ROM. We proved the specific dependence of the total error on the temporal

discretization and, more importantly, the dependence on the POD truncation. To test

the new AV-POD-ROM numerically, we used two test problems, both displaying shock-like

behavior. In both tests, the AV-POD-ROM clearly outperformed the standard POD-G-ROM

by damping the numerical oscillations produced by the latter. The improved performance

of the AV-POD-ROM was displayed graphically as well as numerically.

The new PR-VMS-POD-ROM (4.44) also introduces an artificial viscosity term for numer-

ical stabilization of POD-ROMs. Following the guiding principle of the VMS methodology,

we only add artificial viscosity to the small resolved scales. Thus, no artificial viscosity is

used for the large resolved scales. The POD setting represents an ideal framework for the

VMS approach, since the POD modes are listed in descending order of their kinetic energy

content.

A thorough numerical analysis for the finite element discretization of the new PR-VMS-

POD-ROM was presented. The numerical tests showed the increased numerical stability of

the new PR-VMS-POD-ROM and illustrated the theoretical error estimates. We also em-

ployed the theoretical error estimates to provide guidance in choosing the artificial viscosity

coefficient in practical computations. We emphasize that the theoretical error estimates
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were uniform with respect to ε, the diffusion coefficient. The numerical tests confirmed the

theoretical results: The average error of the PR-VMS-POD-ROM showed a low sensitivity

with respect to changes in ε.

Although the new PR-VMS-POD-ROM targets general convection-dominated problems,

it was analyzed theoretically and tested numerically by using the convection-dominated

convection-diffusion-reaction equations. We chose this simplified mathematical and numeri-

cal setting as a first step in a thorough investigation of the new PR-VMS-POD-ROM.

These steps in the assessment of the new POD closure models are encouraging. In Chapter

5, we test these models in a realistic turbulent flow: a 3D flow past a circular cylinder at

Re = 1000 [223]. We also believe that our new methodology could have a major impact in

the reduced-order modeling and data assimilation of oceanic and atmospheric flows [77]. We

will pursue these research directions in the future (see Section 6.4).



Chapter 5

Numerical Experiments of POD

Closure Models in Turbulence †

5.1 Introduction

In this chapter, we use a structurally dominated 3D turbulent flow problem to test the four

POD-ROMs described in Section 2.3: (i) the ML-POD-ROM (2.14)-(2.15); (ii) the S-POD-

ROM (2.17)-(2.18); (iii) the new VMS-POD-ROM (2.25)-(2.34); and (iv) the new DS-POD-

ROM (2.52)-(2.53). We also include results for the POD-G-ROM (1.12) (i.e., a POD-ROM

without any closure model). A successful POD closure model should at least perform better

than the POD-G-ROM (1.12). Finally, a DNS projection of the evolution of the POD modes

served as benchmark for our numerical simulations: The closeness to the DNS data was used

as a criterion for the success of the POD closure model.

The qualitative behavior of all POD-ROMs is judged according to the following five

criteria: (i) the kinetic energy spectrum; (ii) the mean velocity; (iii) the Reynolds stresses;

(iv) the root mean square (rms) values of the velocity fluctuations; and (v) the time evolution

of the POD coefficients. The first four criteria measure the temporal and spatial average

behavior of the POD-ROMs, whereas the last criterion measures the instantaneous behavior

†The material in this chapter is based on the following report:

Z. Wang, I. Akhtar, J. Borggaard and T. Iliescu. Proper Orthogonal Decomposition Closure Models for

Turbulent Flows: A Numerical Comparison. Comput. Meth. Appl. Mech. Eng., in press, 2012.
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of the POD-ROMs. We also include a computational efficiency assessment for all four POD-

ROMs as well as a sensitivity study to measure the robustness of the numerical results

with respect to changes in r, the number of POD modes retained in the POD-ROMs. In

Section 5.2, details of the numerical methods and parameter choices are given. In Section 5.3,

numerical results are presented and discussed. Several conclusions are drawn in Section 5.4.

5.2 Numerical Methods and Parameter Choices

We investigate all four POD-ROMs in the numerical simulation of a 3D flow past a circular

cylinder at Re = 1000. The wake of the flow is fully turbulent. The cylinder is parallel to

the z-axis and the flow is along the positive direction of the x-axis (see Figure 5.1). In this

section, u denotes the streamwise velocity component (pointing in the positive direction of

the x-axis), v denotes the spanwise velocity component (pointing in the positive direction of

the y-axis), and w denotes the normal velocity component (pointing in the positive direction

of the z-axis). A parallel CFD solver is employed on the time interval [0, 300] to generate

the DNS data [4]. Details on the numerical discretization are presented in the Appendix of

[224].

Collecting 1000 snapshots of the velocity field (u, v, w) over the time interval [0, 75] and

applying the method of snapshots developed in [206, 207, 208], we obtain the POD basis

{ϕ1, · · · ,ϕd} with d = 1000. These POD modes are then interpolated onto a structured

quadratic finite element mesh with nodes coinciding with the nodes used in the original

DNS finite volume discretization. The first r = 6 POD modes capture 84% the system’s

kinetic energy. These modes are used in all POD-ROMs that we investigate. For all the

POD-ROMs, the time discretization was effected by using the explicit Euler method with

∆t = 7.5× 10−4.

POD-ROMs for the pressure field have also been developed [8, 172]. The advantage of

these POD-ROMs is that the computation of hydrodynamic forces on structures becomes

possible. A pressure-Poisson based POD-ROM that requires the POD modes of the pressure

field in addition to those for the velocity field was proposed in [8]. This model predicted

the lift and drag forces on a cylinder at Re = 100. In this dissertation, however, we only
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develop POD-ROMs of the velocity field. Thus, lift and drag forces cannot be computed

and compared with those from DNS.

It is important to note that the quadratic nonlinearity in the NSE (1.10) allows for easy

precomputation of the vector b, the matrix A and the tensor B in the POD-G-ROM (1.13).

For the general nonlinear EV POD closure model (2.11), however, the vector b̃(a) and the

matrix Ã(a) that correspond to the additional closure terms have to be recomputed (re-

assembled) at each time step. Since the POD basis functions are global, although only a

few are used in POD-ROMs (r � N), reassembling b̃(a) and Ã(a) at each time step would

dramatically increase the CPU time of the corresponding POD-ROM. Thus, the major ad-

vantage of POD-ROMs (the dramatic decrease of computational time), would be completely

lost.

To ensure a high computational efficiency of the POD-ROMs, we utilize two approaches:

(1) Instead of updating the closure terms in the POD-ROMs every time step, we recompute

them every 1.5 time units (i.e., every 20, 000 time steps). The previous numerical investi-

gations in [223] showed that this approach does not compromise the numerical accuracy of

the S-POD-ROM (2.17)-(2.18). (2) We employ the two-level algorithm introduced in [223]

and also described in Section 3.2 to discretize the nonlinear closure models. Before briefly

describing the two-level algorithm, we emphasize that, in order to maintain a fair numerical

comparison of the four POD-ROMs, we used both algorithmic choices listed above in all four

POD-ROMs. Therefore, the success or failure of the POD-ROM can solely be attributed to

the closure term, which is the only distinguishing feature among all POD-ROMs, and not to

the specific algorithmic choices, which are the same for all POD-ROMs.

The two-level algorithm used in all four POD-ROMs is shown in (3.3). In all four POD-

ROMs, we apply the two-level algorithm with a coarsening factor Rc = 4 in both radial and

azimuthal directions. Thus, the vectors and matrices related to the nonlinear closure terms

are computed on a coarse finite element mesh with 37× 49× 17 grid points.

In Section 2.2, we proposed two definitions for the POD lengthscale δ. Since in the finite

element discretization that we employ, definition (2.10) is harder to implement than (2.9),

we use the latter. Thus, using definition (2.9) with r = 6, we obtain δ = 0.1179, which is the

POD lengthscale that we will use in all four POD-ROMs. For the DS-POD-ROM (2.52)-
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(2.53), we need to define the second (test) Galerkin projection (2.41) and the corresponding

filter radius δ̃. Choosing R = 1 in (2.41) and using (2.9), we obtain δ̃ = 0.1769.

The constants in EV LES models are determined in a straightforward fashion, utilizing

scaling laws satisfied by general 3D turbulent flows (see for example, [199]). Although the

energy cascade concept in a POD context was verified numerically in [60], there are no

general scaling laws available in this setting. Thus, to our knowledge, the correct values

for the EV constants α in the ML-POD-ROM (2.14)-(2.15) and CS in the S-POD-ROM

(2.17)-(2.18) and the new VMS-POD-ROM (2.25)-(2.34) are still not known. To determine

these EV constants, we run the corresponding POD-ROM on the short time interval [0, 15]

with several different values for the EV constants and choose the value that yields the results

that are closest to the DNS results. This approach yields the following values for the EV

constants: α = 3 × 10−3 for the ML-POD-ROM, CS = 0.1426 for the S-POD-ROM, and

CS = 0.1897 for the VMS-POD-ROM. We emphasize that these EV constant values are

optimal only on the short time interval tested, and they might actually be non-optimal on

the entire time interval [0, 300] on which the POD-ROMs are tested. Thus, this heuristic

procedure ensures some fairness in the numerical comparison of the four POD-ROMs.

In the VMS-POD-ROM, only the first POD mode is considered as the large resolved

POD mode, that is, rL = 1 in (2.20). In the DS-POD-ROM, since νDS can be negative, we

use a standard “clipping” procedure to ensure the numerical stability of the discretization

(see for example, [37, 199]). Specifically, we let CS(x, t) = max{CS(x, t),−0.2}. The value

−0.2 is determined as follows: We first run the DS-POD-ROM without “clipping” for the

time interval [0, 15] and record C−S,ave, the average negative value of CS(x, t). We then run on

the entire time interval [0, 300] the DS-POD-ROM with a “clipping” value C−S,ave/2 = −0.2.

We note that there are alternative procedures to deal with the same issue in LES, such as

VDSMwc [166]. We utilized the standard “clipping” procedure described above as a first

step in the numerical investigation of the DS-POD-ROM.
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Figure 5.1: (Continued on next page.) Snapshots of horizontal velocity at t = 142.5 s

for: (a) DNS; (b) the POD-G-ROM (1.12); (c) the ML-POD-ROM (2.14)-(2.15); (d) the

S-POD-ROM (2.17)-(2.18); (e) the new VMS-POD-ROM (2.25)-(2.34); and (f) the new

DS-POD-ROM (2.52)-(2.53). Five iso-surfaces are plotted.

(a)

(b)

(c)
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(d)

(e)

(f)



Zhu Wang POD Closure in Turbulence 109

5.3 Numerical Results

Before starting the quantitative comparison of the POD-ROMs, we first give a flavor of the

topology of the resulting flow fields. Figure 3.10 presents the first streamwise POD mode

(top left), the first normal POD mode (top right), the third streamwise POD mode (bottom

left), and the third normal POD mode (bottom right). Figure 5.1 presents snapshots of

horizontal velocity at t = 142.4 s for DNS, POD-G-ROM, ML-POD-ROM, S-POD-ROM,

VMS-POD-ROM, and DS-POD-ROM. For clarity, only five iso-surfaces are drawn. Taking

the DNS results as a benchmark, the POD-G-ROM seems to add unphysical structures.

The ML-POD-ROM, on the other hand, appears to add too much numerical dissipation

to the system and thus eliminates some of the vortical structures in the wake. The S-

POD-ROM, VMS-POD-ROM, and DS-POD-ROM perform well, capturing a similar amount

of structure as the DNS. It also seems that there is some phase shift for all these POD-

ROMs. Due to space limitations, only one time instance snapshot is shown for the POD-

ROMs. The general behavior over the entire time interval is similar; it can be found at

http://www.math.vt.edu/people/wangzhu/POD_3DNumComp.html.

Physical Accuracy Figure 5.2 presents the energy spectra of the four POD-ROMs and,

for comparison purposes, of the POD-G-ROM. The five energy spectra are compared with

the DNS energy spectrum. All energy spectra are calculated from the average kinetic energy

of the nodes in the cube with side 0.1 centered at the probe (0.9992, 0.3575, 1.0625). It is

clear that the energy spectrum of the POD-G-ROM overestimates the energy spectrum of

the DNS. The energy spectrum of the ML-POD-ROM, on the other hand, underestimates

the the energy spectrum of the DNS, especially at the higher frequencies. The S-POD-ROM

has a more accurate spectrum than the ML-POD-ROM, but it displays high oscillations at

the higher frequencies. The VMS-POD-ROM is a clear improvement over the S-POD-ROM,

with smaller oscillations at the higher frequencies. The energy spectrum of the DS-POD-

ROM is qualitatively similar to that of the VMS-POD-ROM. The DS-POD-ROM spectrum

decreases the amplitude of the high frequency oscillations of the VMS-POD-ROM even

further, although it introduces some sporadic large amplitude oscillations at high frequencies.

To summarize, the DS-POD-ROM and the VMS-POD-ROM yield the most accurate energy

http://www.math.vt.edu/people/wangzhu/POD_3DNumComp.html
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spectra, i.e., the closest to the DNS energy spectrum. On the average, the DS-POD-ROM

performs slightly better than the VMS-POD-ROM.

The second criterion in the comparison of the four POD-ROMs is represented by the mean

velocity components: 〈u〉 (the mean streamwise velocity), 〈v〉 (the mean spanwise velocity),

and 〈w〉 (the mean normal velocity). The time averaging is effected on the interval [0, 300].

Since the topology of the velocity field is markedly different in the x-, y-, and z-directions (see

Figures 3.10 and 5.1), two types of spatial averaging are considered. In Figure 5.3, we consider

averaging in the yz-direction (〈·〉 = 〈·〉tyz) and plot the mean velocity components for different

values of x, whereas in Figure 5.4, we consider averaging in the xz-direction (〈·〉 = 〈·〉txz)

and plot the mean velocity components for different values of y. Both figures yield the same

conclusions: First, the mean streamwise velocity is computed accurately by all POD-ROMs.

Second, the POD-G-ROM yields inaccurate results for the mean spanwise velocity; all the

other POD-ROMs perform significantly better than the POD-G-ROM. Third, the mean

normal velocity results are similar for the ML-POD-ROM, the S-POD-ROM, the VMS-POD-

ROM and the DS-POD-ROM; the POD-G-ROM performs better than all these POD-ROMs

over certain regions, and worse over other regions, especially when the averaging in the

yz-direction is considered.

As a third criterion in the comparison of the POD-ROMs, we utilize the Reynolds

stresses: 〈u− 〈u〉 , v − 〈v〉〉 (the xy-component of the Reynolds stress), 〈u− 〈u〉 , w − 〈w〉〉

(the xz-component of the Reynolds stress), and 〈v − 〈v〉 , w − 〈w〉〉 (the yz-component of

the Reynolds stress), where 〈·〉 represents the temporal and spatial averaging operator. The

time averaging is effected on the interval [0, 300]. Two types of spatial averaging are con-

sidered. In Figure 5.5, we consider averaging in the yz-direction (〈·〉 = 〈·〉tyz) and plot the

Reynolds stresses for different values of x, whereas in Figure 5.6, we consider averaging in

the xz-direction (〈·〉 = 〈·〉txz) and plot the Reynolds stresses for different values of y. Both

figures yield the same two conclusions: First, the POD-G-ROM Reynolds stresses are consis-

tently the most inaccurate (i.e., the farthest from the DNS Reynolds stresses). The second

conclusion is that the ML-POD-ROM, the S-POD-ROM, the VMS-POD-ROM and the DS-

POD-ROM have all similar behaviors. Indeed, different POD-ROMs might outperform the

others over different spatial regions, but there is no clear “winner” over the entire spatial
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interval for any of the Reynolds stresses and spatial averaging used.

The fourth criterion in the POD-ROM comparison is represented by the rms values of

the velocity fluctuations: 〈u〉rms = 〈u− 〈u〉 , u− 〈u〉〉 (the rms of the streamwise velocity

fluctuations), 〈v〉rms = 〈v − 〈v〉 , v − 〈v〉〉 (the rms of the spanwise velocity fluctuations),

and 〈w〉rms = 〈w − 〈w〉 , w − 〈w〉〉 (the rms of the normal velocity fluctuations). The time

averaging is effected on the interval [0, 300]. Two types of spatial averaging are considered.

In Figure 5.7, we consider averaging in the yz-direction (〈·〉 = 〈·〉tyz) and plot the rms values

for different values of x, whereas in Figure 5.8, we consider averaging in the xz-direction

(〈·〉 = 〈·〉txz) and plot the rms values for different values of y. Similar to the Reynolds

stresses case, the POD-G-ROM rms values of the velocity fluctuations are consistently the

most inaccurate (i.e., the farthest from the DNS rms values). The rms plots corresponding to

the four POD-ROMs, however, display a clear, consistent ordering this time. Indeed, the DS-

POD-ROM and the VMS-POD-ROM consistently outperformed the other two POD-ROMs

(the S-POD-ROM and the ML-POD-ROM), especially when the 〈v〉rms and the 〈w〉rms plots

are considered. The S-POD-ROM is consistently performing worse that the DS-POD-ROM

and the VMS-POD-ROM, but is clearly more accurate than the ML-POD-ROM.

As the fifth criterion in judging the performance of the POD-ROMs, the time evolutions

of the POD basis coefficients a1(·) and a4(·) on the entire time interval [0, 300] are shown in

Figures 5.9-5.10. We note that the other POD coefficients have a similar behavior. Thus, for

clarity of exposition, we include only a1(·) and a4(·). The POD-G-ROM’s time evolutions of

a1 and a4 are clearly inaccurate. Indeed, the magnitude of a4 is nine times larger than that

of the DNS projection, which indicates the need for closure modeling. The ML-POD-ROM’s

time evolutions of a1 and a4 are also inaccurate. Specifically, although the time evolution at

the beginning of the simulation (where the EV constant α was chosen) is relatively accurate,

the accuracy significantly degrades toward the end of the simulation. For example, the

magnitude of a4 at the end of the simulation is only one eighth of that of the DNS. The

S-POD-ROM yields more accurate time evolutions than the ML-POD-ROM for both a1 and

a4, although the magnitude of the POD coefficients stays almost constant at a high level.

The VMS-POD-ROM’s time evolutions of a1 and a4 are better than those of the S-POD-

ROM, since the magnitudes of the POD coefficients are closer to those of the DNS. Finally,
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the DS-POD-ROM also yields accurate results. We note that the DS-POD-ROM’s a1 and

a4 coefficients have significantly more variability than the corresponding coefficients of the

VMS-POD-ROM. This is a consequence of the fact that the EV coefficient CS varies in

time and space for the DS-POD-ROM, whereas it is constant for the VMS-POD-ROM. To

summarize, the DS-POD-ROM and the VMS-POD-ROM perform the best. On the average,

the DS-POD-ROM performs slightly better than the VMS-POD-ROM.

Based on the overall results (the kinetic energy spectrum, the mean velocity, the Reynolds

stresses, the rms values of the velocity fluctuations, and the time evolutions of the POD ba-

sis coefficients a1(·) and a4(·)), the DS-POD-ROM and the VMS-POD-ROM outperform the

ML-POD-ROM and the S-POD-ROM. To determine which one of the DS-POD-ROM and

the VMS-POD-ROM performs best, we collected the results in Figures 5.10(d)–5.10(e) (cor-

responding to the time evolution of the POD basis coefficient a4(·) for the DNS projection,

the VMS-POD-ROM and the DS-POD-ROM) and we displayed them in the same plot in

Figure 5.11. Since it is difficult to distinguish between the results from the VMS-POD-ROM

and the DS-POD-ROM, we zoomed in on the POD basis coefficient a4 over the time interval

[266, 282]. Based on the plot in the inset, it is clear that, for this time interval, the DS-

POD-ROM performs better than the VMS-POD-ROM. More importantly, it appears that

the magnitude of a4 in the DS-POD-ROM displays some of the variability displayed by the

DNS; the magnitude of the VMS-POD-ROM’s a4 coefficient, on the other hand, displays an

almost periodic behavior. We believe that the variation of the DS-POD-ROM’s a4 coefficient

is due to the dynamical computation of the EV coefficient, which changes both in space and

time; the EV coefficient of the VMS-POD-ROM, however, is constant and is computed at

the beginning of the simulation.

To summarize, the VMS and DS approaches, which are state-of-the-art closure modeling

strategies in LES, yield the most accurate POD closure models for the 3D turbulent flow

that we investigated. Indeed, the DS-POD-ROM and the VMS-POD-ROM clearly yield: (i)

the best energy spectra (with a plus for the former, see Figure 5.2); (ii) the best rms values

(see Figures 5.7 and 5.8); and (iii) the best time evolutions of the POD coefficients a1 and a4

(with a plus for the DS-POD-ROM, see Figures 5.9-5.11). Furthermore, with respect to the

other two criteria (the mean velocity components in Figures 5.3 and 5.4 and the Reynolds
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Table 5.1: Speed-up factors of POD-ROMs.

POD-G-ROM ML-POD-ROM S-POD-ROM VMS-POD-ROM DS-POD-ROM

Sf 665 659 36 41 23

stresses in Figures 5.5 and 5.6), the DS-POD-ROM and the VMS-POD-ROM perform at

least as well as the other POD-ROMs. Thus, we conclude that the DS-POD-ROM and the

VMS-POD-ROM yield the most accurate average and instantaneous numerical results.

Computational Efficiency A natural question, however, is whether the new POD closure

modeling strategies that we proposed display a high level of computational efficiency, which

is one of the trademarks of a successful POD-ROM. To answer this question, we computed

the CPU times for all four POD-ROMs and compared them with those of the DNS and the

POD-G-ROM.

To make such a comparison, however, we first need to address the numerical differ-

ences between the DNS and the POD-ROMs. First, the discretizations used in the two

approaches are completely different. Indeed, the spatial discretization used in the DNS was

the finite volume method, whereas for the POD-ROMs we used a finite element method.

Furthermore, the time-discretization used in the DNS was second-order (Crank-Nicolson

and Adams-Bashforth), whereas in the POD-ROMs we used a first-order time discretization

(explicit Euler). The time steps employed were also different: ∆t = 2 × 10−3 in the DNS

and ∆t = 7.5 × 10−4 in the POD-ROM. Most importantly, the DNS was performed on a

parallel machine (on 16 processors), whereas all the POD-ROM runs were carried out on

a single-processor machine. Thus, to ensure a more realistic comparison between the CPU

times of the DNS and the POD-ROMs, we multiplied the CPU time of the DNS by a factor

of 16.

To measure the computational efficiency of the four POD-ROMs, we define the speed-up

factor

Sf =
CPU time of DNS

CPU time of POD-ROM
(5.1)

and list results in Table 5.1. The most efficient model is the POD-G-ROM. This is not
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surprising, since no closure model is used in POD-G-ROM and thus no CPU time is spent

computing an additional nonlinear term at each time step. The second most efficient model

is the ML-POD-ROM. This is again natural, since only a linear closure model is employed

in the ML-POD-ROM and thus the computational overhead is minimal. The speed-up

factors for the S-POD-ROM, the VMS-POD-ROM and the DS-POD-ROM are one order of

magnitude lower than those for the ML-POD-ROM and the POD-G-ROM. The reason is

that the former use nonlinear closure models, which increase significantly the computational

time. Note, however, that the S-POD-ROM, the VMS-POD-ROM and the DS-POD-ROM

are still significantly more efficient than the DNS.

Sensitivity Analysis Finally, to assess the robustness of the POD-ROMs, we conduct a

sensitivity study with respect to r, the number of POD modes retained in the models. To

this end, we repeat the above numerical investigation of the POD-ROMs, this time, however,

with fewer POD modes: We use r = 4 instead of r = 6, as we have used so far. The question

we are trying to address is whether the conclusions drawn from the previous numerical results

remain valid when r is reduced from 6 to 4. We note that, since the numerical results with

spatial averaging in the xz-direction were qualitatively similar to those with spatial averaging

in the yz-direction, they were not included in this dissertation.

Figure 5.12 presents the energy spectra of the POD-ROMs and the DNS. The DS-POD-

ROM is clearly the most accurate model, just as it was the case for r = 6 (see Figure 5.2).

Figure 5.13 presents the mean velocity components of the POD-ROMs and the DNS.

The same conclusions as in the r = 6 (see Figure 5.3) can be drawn: (i) all the POD-ROMs

predict the mean streamwise velocity accurately; and (ii) all the POD-ROMs (except the

POD-G-ROM) predict well the spanwise velocity component. In contrast with the r = 6

case, however, the POD-G-ROM is much worse than the other POD-ROMs in predicting

the normal velocity component.

Figure 5.14 presents the Reynolds stresses of the POD-ROMs and the DNS. The same

conclusions as in the r = 6 (see Figure 5.5) can be drawn: (i) the POD-G-ROM yields

inaccurate results; and (ii) all other POD-ROMs perform similarly.

Figure 5.15 presents the rms values of the velocity fluctuations of the POD-ROMs and
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the DNS. As in the r = 6 case (see Figure 5.7), the POD-G-ROM yields very inaccurate

results. There is, however, a difference between the results for r = 4 and those for r = 6.

Indeed, the most accurate results in Figure 5.15 are those for the DS-POD-ROM (as in the

r = 6 case), but the ML-POD-ROM performs better than the VMS-POD-ROM this time.

The S-POD-ROM performs badly, just as in the r = 6 case.

Figures 5.16 and 5.17 present the time evolutions of the POD basis coefficients a1(·) and

a4(·) on the entire time interval [0, 300]. As in the r = 6 case (see Figure 5.9), the DS-

POD-ROM is the most accurate model in predicting the time evolution of a1(·), followed (in

this order) by the ML-POD-ROM, the VMS-POD-ROM, the S-POD-ROM, and the POD-

G-ROM (which is the most inaccurate model). The ordering for the time evolution of a4(·),

however, is different: The most accurate models seem to be the VMS-POD-ROM and the

S-POD-ROM, followed by the DS-POD-ROM, the ML-POD-ROM, and the POD-G-ROM

(which is again the most inaccurate model).

To summarize, the same general conclusions as in the r = 6 case can be drawn in the

r = 4 case: Overall, the DS-POD-ROM and the VMS-POD-ROM yield the most accurate

average and instantaneous numerical results. Furthermore, with a few exceptions, the POD-

ROMs results display a relatively low sensitivity with respect to changes in r, the number

of POD modes employed in the models.

5.4 Summary

To assess the performance of four POD closure models, a structurally dominated 3D turbu-

lent flow problem at Re = 1000 was considered. The POD basis (r = 4, 6) was generated

from the snapshots on the time interval [0, 75], however, numerical simulations of the POD-

ROMs were implemented over a larger time interval [0, 300] (i.e., t0 = 0, ∆t = 75, and C1 = 4

in the “perfect” POD-ROM defined in Section 1.6, see Figure 1.1). Based on the numeri-

cal results, the following general conclusions were drawn: Both the POD-G-ROM and the

ML-POD-ROM yielded inaccurate results. The DS-POD-ROM and the VMS-POD-ROM

clearly outperformed these two models, yielding more accurate results. The DS-POD-ROM

generally performed slightly better than the VMS-POD-ROM and seemed to display more
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adaptivity in terms of adjusting the magnitude of the POD basis coefficients. Overall, how-

ever, the two models yielded similar qualitative results. This seems to reflect the LES setting,

where both the DS and the VMS closure modeling strategies are considered state-of-the-art

[114, 115]. The DS-POD-ROM and the VMS-POD-ROM, although not as computationally

efficient as the POD-G-ROM or the ML-POD-ROM, significantly decreased the CPU time

of the DNS. Finally, to assess the robustness of the POD-ROMs, we conducted a sensitivity

study with respect to r, the number of POD modes retained in the models. To this end,

we repeated the above numerical investigation of the POD-ROMs, this time, however, using

r = 4 instead of r = 6. The same general conclusions as in the r = 6 were drawn in the

r = 4 case: Overall, the DS-POD-ROM and the VMS-POD-ROM yielded the most accu-

rate average and instantaneous numerical results. Furthermore, with a few exceptions, the

POD-ROMs results displayed a relatively low sensitivity with respect to changes in r.

To summarize, for the 3D turbulent flow that we investigated, the DS-POD-ROM and

the VMS-POD-ROM were found to perform the best among the POD-ROMs investigated,

combining a relative high numerical accuracy with a high level of computational efficiency.
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Figure 5.2: Kinetic energy spectrum of the DNS (blue) and the POD-ROMs (red) for r = 6:

(a) the POD-G-ROM (1.12); (b) the ML-POD-ROM (2.14)-(2.15); (c) the S-POD-ROM

(2.17)-(2.18); (d) the new VMS-POD-ROM (2.25)-(2.34); and (e) the new DS-POD-ROM

(2.52)-(2.53).

(a)

10 3 10 2 10 1 100 101
10 4

10 2

100

102

 

 
DNS
POD G ROM

(b)

10 3 10 2 10 1 100 101
10 5

100

 

 
DNS
ML POD ROM

(c)

10 3 10 2 10 1 100 101
10 5

100

 

 
DNS
S POD ROM

(d)

10 3 10 2 10 1 100 101
10 5

100

 

 
DNS
VMS POD ROM

(e)

10 3 10 2 10 1 100 101
10 5

100

 

 
DNS
DS POD ROM



Zhu Wang POD Closure in Turbulence 118

Figure 5.3: Mean velocity components for DNS and POD-ROMs when r = 6: (a) 〈u〉, (b)

〈v〉, and (c) 〈w〉, where 〈·〉 = 〈·〉tyz.
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Figure 5.4: Mean velocity components for DNS and POD-ROMs when r = 6: (a) 〈u〉, (b)

〈v〉, and (c) 〈w〉, where 〈·〉 = 〈·〉txz.
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Figure 5.5: Reynolds stresses for DNS and POD-ROMs when r = 6: (a) 〈u− 〈u〉 , v − 〈v〉〉,

(b) 〈u− 〈u〉 , w − 〈w〉〉, and (c) 〈v − 〈v〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉tyz.
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Figure 5.6: Reynolds stresses for DNS and POD-ROMs when r = 6: (a) 〈u− 〈u〉 , v − 〈v〉〉,

(b) 〈u− 〈u〉 , w − 〈w〉〉, and (c) 〈v − 〈v〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉txz.
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Figure 5.7: Rms values of the velocity fluctuations for DNS and POD-ROMs when

r = 6: (a) 〈u〉rms = 〈u− 〈u〉 , u− 〈u〉〉, (b) 〈v〉rms = 〈v − 〈v〉 , v − 〈v〉〉, and (c) 〈w〉rms =

〈w − 〈w〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉tyz.
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Figure 5.8: Rms values of the velocity fluctuations for DNS and POD-ROMs when

r = 6: (a) 〈u〉rms = 〈u− 〈u〉 , u− 〈u〉〉, (b) 〈v〉rms = 〈v − 〈v〉 , v − 〈v〉〉, and (c) 〈w〉rms =

〈w − 〈w〉 , w − 〈w〉〉, where 〈·〉 = 〈·〉txz.
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Figure 5.9: Time evolutions of the POD basis coefficient a1 of the DNS (blue) and the

POD-ROMs (red) for r = 6: (a) the POD-G-ROM (1.12); (b) the ML-POD-ROM (2.14)-

(2.15); (c) the S-POD-ROM (2.17)-(2.18); (d) the new VMS-POD-ROM (2.25)-(2.34); and

(e) the new DS-POD-ROM (2.52)-(2.53).
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Figure 5.10: Time evolutions of the POD basis coefficient a4 of the DNS (blue) and the

POD-ROMs (red) for r = 6: (a) the POD-G-ROM (1.12); (b) the ML-POD-ROM (2.14)-

(2.15); (c) the S-POD-ROM (2.17)-(2.18); (d) the new VMS-POD-ROM (2.25)-(2.34); and

(e) the new DS-POD-ROM (2.52)-(2.53).
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Figure 5.12: Kinetic energy spectrum of the DNS (blue) and the POD-ROMs (red) for

r = 4.
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Figure 5.13: Mean velocity components for DNS and POD-ROMs when r = 4.
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Figure 5.14: Reynolds stresses for DNS and POD-ROMs when r = 4.
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Figure 5.15: Rms values of the velocity fluctuations for DNS and POD-ROMs when r = 4.
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Figure 5.16: Time evolutions of the POD basis coefficient a1 of the DNS (blue) and the

POD-ROMs (red) for r = 4.
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Figure 5.17: Time evolutions of the POD basis coefficient a4 of the DNS (blue) and the

POD-ROMs (red) for r = 4.
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Chapter 6

Future Work †

6.1 Introduction

Climate modeling as well as optimization and control of airflow in energy efficient build-

ings represent computational grand challenges at the frontier of science and engineering.

Indeed, a brute force computational approach is clearly impractical for both applications

when realistic parameters are used. POD-ROMs represent a natural alternative, since they

combine computational efficiency with physical fidelity. The current limitations of this ap-

proach are, of course, developing appropriate closure models for the POD-ROMs, efficient

numerical discretizations for these inherently nonlinear models, and updating POD bases

when needed.

In this chapter, we present our first steps in these directions. Our preliminary results

suggest that our approach is promising, but much more remains to be done. The rest of this

†The material in this chapter is based on the following reports:

O. San, A. E. Staples, Z. Wang and T. Iliescu. Approximate Deconvolution Large Eddy Simulation of a

Barotropic Ocean Circulation Model. Ocean Modelling, 40, 2011, pp. 120-132.

E. Foster, T. Iliescu, and Z. Wang. A Finite Element Discretization of the Streamfunction Formulation of

the Stationary Quasi-Geostrophic Equations of the Ocean. Submitted, 2012.

Z. Wang and T. Iliescu. A Mixed Finite Element Method for the Time-Dependent Quasi-Geostrophic

Equations of the Ocean. Submitted, 2012.

Z. Wang, J. Borggaard and T. Iliescu. Reduced-Order Modeling of Airflow in Energy-Efficient Buildings.

In preparation, 2012.
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chapter is organized as follows: In Section 6.2, we discuss energy efficient building airflow

simulation problems. In Section 6.3, we consider large-scale ocean currents simulation in

climate modeling. Both represent applications of our ongoing research for complex flows.

Several research avenues we plan to pursue in the future are discussed in Section 6.4.

Figure 6.1: Reduced-order modeling of air-

flow in the DOE energy-efficient buildings

system design hub.

Figure 6.2: Mean temperature of air-

flow in a simple geometry.

6.2 Energy Efficient Building Airflow Simulations

Motivation Buildings consume 39% of total energy in U.S. (source: U.S. Department of

Energy (DOE), 2008 Buildings Energy Data Book [73], Section 1.1.1, 2008). Thus they

have a significant impact on the national energy future. To achieve a significant reduction

(e.g., 70-80%) in energy consumption, a modern mathematical and computational framework

needs to be employed in the building design. One natural avenue is to utilize advanced

optimization and control tools to achieve the same room temperature while consuming much

less heating and cooling energy. However, the structural, spatial and temporal complexity

of the system makes a brute force computational approach in the optimization and control

impractical. Therefore, simplified models are needed. POD-ROMs are considered here as a

way to significantly reduce the dimension of the system, and, thus, to make the real time

dynamic control of airflow for energy efficient buildings feasible.
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POD-G-ROM for the Boussinesq Equations A commonly used mathematical model

for the airflows is the Boussinesq equations [25, 74]:
∂u
∂t

+ (u · ∇)u = −∇p+ Re−1∆u + Gr Re−2g(T − T∞)

∇ · u = 0

∂T
∂t

+ (u · ∇)T = (Re Pr)−1∆T

. (6.1)

Note that this is a PDE system in which the NSE and a thermal energy equation are coupled.

In (6.1), u is the velocity, p is the pressure, T is the temperature, T∞ is the reference

temperature, Re is the Reynolds number, Gr is the Grashof number, Pr is the Prandtl

number and g is the gravitational acceleration vector. The Grashof number measures the

ratio of buoyancy to the viscous force. For natural convection from a vertical flat plate,

the transition to turbulent flow occurs in the range 108 < Gr < 109. At a Grashof number

within or beyond this range, the boundary layer becomes turbulent. The Prandtl number

measures the viscous diffusion effect with respect to the thermal diffusion effect. A low value

of Prandtl number implies a strong conductive transfer. For airflow, Pr is around 0.7− 0.8.

A POD-G-ROM of the airflow is constructed from the POD basis by writing
u(x, t) ≈ ur(x, t) = U +

r∑
j=1

aj(t)ϕj(x)

T (x, t) ≈ Tr(x, t) = T∞ +
r∑
j=1

bj(t)ψj(x)
, (6.2)

where Xr
u = {ϕ1(x), . . . ,ϕr(x)} and Xr

T = {ψ1(x), . . . , ψr(x)} are the POD basis functions

for the velocity u and temperature T , respectively, U is the central trajectory for the velocity,

and {aj(t)}rj=1 and {bj(t)}rj=1 are coefficient functions to be computed. In general, the

number of POD modes in Xr
u and Xr

T could be different. For simplicity, we just choose them

to be same.

The POD-G-ROM is obtained by replacing the primitive variables in (6.1) with their

POD approximations ur and Tr, then projecting (6.1) onto the POD basis sets:
(
∂ur

∂t
,ϕ
)

= − ((ur · ∇)ur,ϕ)− Re−1 (∇ur,∇ϕ) + Gr Re−2g (Tr − T∞,ϕ) ∀ϕ ∈ Xr
u(

∂Tr
∂t
, ψ
)

= − ((ur · ∇)Tr, ψ)− ((Re Pr)−1∇Tr, ψ) ∀ψ ∈ Xr
T

.(6.3)

As a first step in our investigation, we test the numerical behavior of this POD-G-ROM.
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Preliminary Results We avoid the structural complexity of the realistic airflow by testing

the model (6.3) on a case with a simple geometry — a cube (see, for example, Figure 6.2

where the mean temperature is shown). However, the physical parameter values are chosen

to be close to those used in realistic airflows: Re = 6618.1, Pr = 0.712, Gr = 1.46× 108, and

T∞ = 293.65. Note that the high values of Re and Gr fall in the turbulent range. The DNS

utilizes 163609 degrees of freedom.

The nine leading POD modes (r = 9) are used in the POD-G-ROM (6.3). Figure 6.3

shows the first nine temperature POD modes. The DNS at time t = 10 is shown at the top

of Figure 6.4 while the numerical result of the POD-G-ROM (6.3) at the same time instance

is shown in the middle of Figure 6.4. Only three iso-surfaces (T = 293.2, 293.65, 294.1)

are plotted for a clear visualization. Comparing these iso-surfaces at the same time instance

clearly shows that the POD-G-ROM generates unphysical structures near the top and bottom

of the cube.

To improve the standard POD-G-ROM, we first employed a simple mixing-length model

(2.13) as a closure in the moment equation with eddy viscosity coefficient νML = Re−1.

After applying this model, the accuracy of POD-G-ROM was greatly improved (see the

bottom of Figure 6.4). Indeed, the unphysical structures produced by the POD-G-ROM are

removed and the simulation results are qualitatively close to those from the DNS. These

numerical results suggest that the state-of-the-art POD closure models introduced in this

dissertation can be utilized in the Boussinesq equations and can enable efficient numerical

airflow simulation models for energy efficient building design and control. We are currently

investigating the new POD-ROMs within a more realistic geometry setting (see Figure 6.1

for a snapshot showing temperature contours and the velocity vector field).
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Figure 6.3: The first nine POD modes {ψ1(x), . . . , ψ9(x)} in the temperature field.
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Figure 6.4: Three temperature iso-surfaces (at T=293.2, 293.65 and 294.1) for the time

instance t = 10 . Top: DNS; Middle: POD-G-ROM; Bottom: ML-POD-ROM.
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6.3 Climate Modeling

Motivation Climate modeling is a computational grand challenge, a research topic at the

frontier of computational science and scientific computing. Indeed, using standard mathe-

matical models, the currently available computational resources are clearly insufficient for

accurate climate modeling. Factoring in the uncertainty in the system makes the problem

even more daunting.

Figure 6.5: Ocean circulation traced by

the GOCE gravity mission (source from

http://earth.esa.int/GOCE/).

This is why simplified models for geo-

physical flows have been developed: these

models aim at capturing the important geo-

physical structures, while keeping the com-

putational cost at a minimum. Although

successful in numerical weather prediction,

these models have a prohibitively high com-

putational cost in climate modeling, where

different physical processes and long time

integration need to be considered. Thus,

there is a clear need for computationally efficient mathematical models and their numerical

discretizations to enable accurate climate modeling.

The main challenge is the tradeoff between computational efficiency and physical accu-

racy. Since 2D turbulence is fundamentally different from 3D turbulence, the ROMs devel-

oped for engineering flows cannot be directly used in climate modeling. Another challenge

is the need to use numerical discretizations that accommodate complex geometries.

Quasi-Geostrophic Equations: As a first step in developing computationally efficient nu-

merical discretizations for the ocean and the atmosphere, we considered the quasi-geostrophic

equations (QGE) [69, 179, 216], which describe wind-driven circulations characterizing mid-

latitude ocean basins (see Figure 6.5). For the QGE, we considered both the streamfunction-

vorticity formulation: 
∂q
∂t

+ J(q, ψ) = Re−1∆q + F in Ω,

q = −Ro ∆ψ + y in Ω,
(6.4)
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and the pure streamfunction formulation:

− ∂

∂t
(∆ψ) + Re−1∆2ψ − J(∆ψ, ψ)− Ro−1∂ψ

∂x
= Ro−1F, (6.5)

with the boundary conditions ψ = ∂ψ
∂n

= 0 on ∂Ω. In (6.4) and (6.5), Ro = U
βL2 is the

Rossby number, Re = UL
A

is the Reynolds number, ψ is the streamfunction, q is the potential

vorticity, J(q, ψ) = ∂q
∂x

∂ψ
∂y
− ∂q

∂y
∂ψ
∂x

is the Jacobian, F is the external forcing, U and L represent

the velocity and length scale of the geophysical flows in the large scale ocean motions, and

βy measures the beta-plane effect from the Coriolis force due to rotation.

For a conforming finite element discretization of the streamfunction-vorticity formulation

(6.4), a C0 element can be utilized. Let Wψ = H1
0 (Ω)

⋂
W 1,4(Ω), Wq = H1(Ω). Then the

finite element discretization of (6.4) reads: Find ψ ∈ Wψ and q ∈ Wq satisfying
(
∂q
∂t
, ϕ
)

+ (J(q, ψ), ϕ) = −Re−1 (∇q,∇ϕ) + (F, ϕ) ∀ϕ ∈ Wψ

(q, ω) = Ro (∇ψ,∇ω) + (y, ω) ∀ω ∈ Wq

. (6.6)

This method was analyzed in [225].

However, for a conforming finite element discretization of the streamfunction formulation

(6.5), a C1 element is an appropriate choice. Let W = H2
0 (Ω). Then the finite element

discretization of (6.5) reads: Find ψ ∈ W satisfying(
∂

∂t
∇ψ,∇ϕ

)
+ Re−1(∆ψ,∆ϕ) + (J(ψ,∆ψ), ϕ)− Ro−1(ψx, ϕ) = Ro−1(F, ϕ),∀ϕ ∈ W.(6.7)

A careful error analysis for the finite element discretization of (6.7) was presented in [83].

Several numerical tests, commonly employed in the geophysical literature, showed the accu-

racy of the finite element discretization and illustrated the theoretical estimates.

Although a simplified model, due to the strong requisite for long-term integration in

climate modeling, efficient numerical algorithms for QGE are needed. We developed a LES

approximate deconvolution (AD) model that decreased the computational cost of the DNS

simulation by three orders of magnitude without compromising the physical accuracy. The

QGE-AD model reads 
∂q
∂t

+ J (q∗, ψ∗) = Re−1∆q + F

q = −Ro∆ψ + y
.
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The goal in AD is to obtain approximations of the unfiltered flow variables by using repeated

filtering when approximations of the filtered flow variables are available [32, 145]. These

approximations of the unfiltered flow variables are then used in the subfilter-scale terms

to close the LES system. Let G be any spatial filter and I be the identity operator. The

inverse filtering operator G−1
N :=

∑N
i=0 (I−G)i is a truncation of G−1 ∼

∑∞
i=0 (I−G)i.

Then any unfiltered quantity q = G−1q can be approximated by q ≈ q∗ = G−1
N q. Therefore,

J (ψ, q) ≈ J (ψ∗, q∗). The temporal average of the streamfunction in Figure 6.6 clearly shows

that the QGE on a coarse mesh leads to nonphysical results, whereas the AD model obtains

results that are qualitatively close to those from the DNS. This is the first time that the

AD methodology, which has a sound mathematical foundation, has been employed in the

numerical simulation of realistic large scale geophysical flows. For details of this approach,

see [200].

Figure 6.6: Double-gyre oceanic circulation modeled by the QGE. Time-averaged streamfunction

for Re = 450 and Ro = 0.0036: (a) DNS (512 × 256); (b) under-resolved QGE (32 × 16); (c) AD

model (32× 16). The new AD model yields accurate results on a much coarser mesh.

POD-G-ROM for Quasi-Geostrophic Equations An alternative approach for deriv-

ing efficient numerical algorithms for the QGE is the POD method. In fact, from the direct

observation of the time average of streamfunction in Figure 6.5, the oceanic flows are domi-
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nated by large scale structures, which suggests that POD is a perfect fit in the QGE setting.

For clarity, we only consider the streamfunction-vorticity formulation (6.4). A POD-

ROM is constructed from the POD basis by writing
ψ(x, t) ≈ ψr(x, t) = Ψ +

r∑
j=1

aj(t)ξj(x)

q(x, t) ≈ qr(x, t) = Q+
r∑
j=1

bj(t)ηj(x)
, (6.8)

where Xr
ψ = {ξ1(x), . . . , ξr(x)} and Xr

q = {η1(x), . . . , ηr(x)} are the POD basis functions for

streamfunction ψ and potential vorticity q respectively, Ψ and Q are the time average for

streamfunction and potential vorticity, respectively, and {aj(t)}rj=1 and {bj(t)}rj=1 are the

coefficient functions to be computed. The number of POD modes in Xr
ψ and Xr

q can be

different. Again, for simplicity, we choose them to be same.

The POD-G-ROM is obtained by replacing the primitive variables in (6.4) with their

POD approximations ψr and qr, then projecting (6.4) onto the POD basis sets.
(
∂qr
∂t
, ξ
)

+ (J(qr, ψr), ξ) = −Re−1 (∇qr,∇ξ) + (F, ξ) ∀ ξ ∈ Xr
ψ

(qr, η) = Ro (∇ψr,∇η) + (y, η) ∀ η ∈ Xr
q

. (6.9)

Preliminary Results As a first step in our investigation, we consider a steady state

Taylor-Green vortex flow: ψ = sin(πx) sin(πy), with Ro = 0.0016 and Re = 200. The

forcing term F and potential vorticity q are determined by using the analytic formula for

ψ in (6.4). The results from POD-G-ROMs with different number of modes r= 10, 5, 3

are shown in Figure 6.7. The energy evolution is shown in Figure 6.8. It is seen that

r = 10 yields accurate results close to the exact solution. However, the accuracy degrades

as we decrease the size of POD basis set. In particular, when r = 3, the magnitude of the

mean streamfunction is 10 times larger than that of the exact solution. Furthermore, the

magnitude of the energy is more than 160 times higher than the correct value (see Figure

6.8).

To obtain improved accuracy with a small POD basis set (for example, r = 3 in this test

case), appropriate closure models should be employed. Due to the fundamentally different

physical characteristics of geophysical flows from three dimensional engineering flows, the

direct use of LES inspired EV-type POD closure models developed in Chapter 2 is not readily
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Figure 6.7: Mean streamfunction from POD-G-ROMs with r=10, 5, and 3 (from left to

right).
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applicable. In fact, the EV-type closure is based on the forward energy cascade. However,

in geophysical flows, the main energy transfer is backward, from the small scales to large

scales [216]. Therefore, we propose an LES AD-type POD-ROM, based on a mathematical

closure modeling strategy that does not rely on the concept of an energy cascade. We first

define a POD filter: (
v − (I− δ2∆)v, χ

)
= 0, ∀χ ∈ Xr, (6.10)

where v is filtered quantity of v, Xr is spanned by a POD basis set of either streamfunction

or potential vorticity. The new POD approximate deconvolution reduced-order model (POD-

AD-ROM) reads
(
∂qr
∂t
, ξ
)

+
(
J (q∗r , ψ

∗
r), ξ

)
= Re−1 (∇qr,∇ξ) +

(
F , ξ

)
∀ ξ ∈ Xr

ψ

(qr, η) = Ro
(
∇ψr,∇η

)
+ (y, η) ∀ η ∈ Xr

q

. (6.11)

The numerical investigation of this new model for realistic geophysical flows is ongoing.
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Figure 6.8: Energy evolution of POD-G-ROMs with r = 10, 5, and 3 (from left to right).
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6.4 Future Research Directions

We plan to further investigate several other research avenues.

Snapshots from LES To test the robustness of the new POD-ROMs with respect to pa-

rameter changes, we will gradually increase the Reynolds number in the underlying turbulent

flows. To obtain the snapshot data for the POD-ROM in these high Reynolds number flows,

we plan to employ modern numerical simulation strategies, such as LES. Indeed, with the

same computational resources as those used in DNS, with LES we can tackle a more complex

system. For example, we can consider Reynolds numbers over a larger interval. Equipped

with the closure models proposed in this dissertation, the POD-ROMs could then be tested

in the numerical simulation of turbulent flows dominated by coherent structures for a wide

range of Reynolds numbers and for time intervals that are longer than those on which the

POD snapshot matrix was computed.

Efficiency Improvement of POD-ROMs We plan to develop discretization strategies

for reducing the computational cost of the two-level algorithm even further. To this end, we

plan to develop more appropriate interpolation strategies, based on DEIM ([54, 55]) rather

than simply skipping points.

We also plan to investigate more efficient time-discretization approaches. Higher-order

time discretization strategies will provide significant further savings in computational time.

Finally, we will take advantage of parallel computing in order to further decrease the com-

putational cost and, at the same time, increase the dimension (and thus physical accuracy)

of the POD-ROMs.
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Hybrid Approach and A Posteriori Estimate Since the linear closure model (ML-

POD-ROM) is computationally efficient, but only works on a relative short time interval if

the appropriate EV coefficient α is chosen, we will investigate a hybrid approach: We will

use the DS approach to calculate α only when the flow displays a high level of variability,

and then use this value in the ML-POD-ROM as long as the flow does not experience sudden

transitions. The success of this approach also relies on the design of an accurate a posteriori

error estimator. Since the dimension of the POD-ROM is low, the evaluation of a posteriori

error bounds should be fast.

Stochastic Calibration Uncertainty quantification of realistic complex flows is impor-

tant, for example, in nuclear engineering. Since the DNS of turbulent flows is computation-

ally expensive, uncertainty analysis based on a few full model runs or even one model run

is highly desirable. Therefore, the POD-ROMs are a natural choice for surrogate models.

However, since the POD basis is extracted from a data set which corresponds to certain

deterministic physical parameters, the POD-ROM becomes inaccurate once the parameters

deviate under uncertainty effects. Thus, a new closure strategy for uncertainty analysis has

being investigated based on a stochastic calibration approach of the POD-ROM. This is joint

work with Dr. Anitescu and Dr. Roderick (Mathematics and Computer Science Division,

Argonne National Laboratory).

For climate modeling, when stochastic wind forcing is considered, uncertainties should

also be considered in the POD-ROMs. We will use the stochastic calibration method to

include the uncertainty effect.

Finite Element Discretization We plan to continue developing and analyzing computa-

tionally efficient and numerically accurate finite element discretizations for POD-ROMs and

climate modeling. We will derive rigorous error estimates for the Navier-Stokes equations

endowed with the new VMS-POD-ROM proposed in [116] and address new challenges, such

as the treatment of the strongly nonlinear terms. We will also prove a priori error estimates

for the EV type of closure models used in the POD-ROMs of the Boussinesq equations and

the AD closure models employed in the POD-AD-ROM (6.11) of the QGE. The extension
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of these methods to other simplified models of the ocean and the atmosphere, such as the

shallow-water equations and the primitive equations will also be investigated.
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[90] P. B. Gonçalves, F. M. A. Silva, and Z. Del Prado. Low-dimensional models for the

nonlinear vibration analysis of cylindrical shells based on a perturbation procedure

and proper orthogonal decomposition. Journal of Sound and Vibration, 315(3):641–

663, 2008.

[91] W. R. Graham, J. Peraire, and K. Y. Tang. Optimal control of vortex shedding using

low-order models. part II – model-based control. International Journal for Numerical

Methods in Engineering, 44:973–990, 1999.

[92] V. Gravemeier. A consistent dynamic localization model for large eddy simulation of

turbulent flows based on a variational formulation. Journal of Computational Physics,

218(2):677–701, 2006.

[93] V. Gravemeier. Scale-separating operators for variational multiscale large eddy simu-

lation of turbulent flows. Journal of Computational Physics, 212(2):400–435, 2006.

[94] V. Gravemeier, W. A. Wall, and E. Ramm. A three-level finite element method for

the instationary incompressible Navier-Stokes equations. Computational Methods in

Applied Mechanical Engineering, 193(15-16):1323–1366, 2004.

[95] V. Gravemeier, W. A. Wall, and E. Ramm. Large eddy simulation of turbulent in-

compressible flows by a three-level finite element method. International Journal for

Numerical Methods in Fluids, 48(10):1067–1099, 2005.

[96] M. A. Grepl, Y. Maday, N. C. Nguyen, and A. T. Patera. Efficient reduced-basis treat-

ment of nonaffine and nonlinear partial differential equations. ESAIM: Mathematical

Modelling and Numerical Analysis, 41(3):575–605, 2007.

[97] M. A. Grepl and A. T. Patera. A Posteriori error bounds for reduced-basis approxima-

tions of parametrized parabolic partial differential equations. ESAIM: Mathematical

Modelling and Numerical Analysis, 39(1):157–181, 2005.



Bibliography 157

[98] J.-L. Guermond. Stabilization of Galerkin approximations of transport equations

by subgrid modeling. M2AN. Mathematical Modelling and Numerical Analysis,

33(6):1293–1316, 1999.

[99] J.-L. Guermond. Stablisation par viscosité de sous-maille pour l’approximation de
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Wake stabilization using POD Galerkin models with interpolated modes. In Proc. 44th

IEEE Conference on Decision and Control, 2005.



Bibliography 162

[147] Y. C. Liang, H. P. Lee, S. P. Lim, W. Z. Lin, K. H. Lee, and C. G. Wu. Proper

orthogonal decomposition and its applications–Part I: Theory. Journal of Sound and

Vibration, 252(3):527–544, 2002.

[148] T. Lieu and C. Farhat. Adaptation of aeroelastic reduced-order models and application

to an F-16 configuration. AIAA Journal, 45(6):1244–1257, 2007.

[149] T. Lieu, C. Farhat, and M. Lesoinne. Reduced-order fluid/structure modeling of a

complete aircraft configuration. Computational Methods in Applied Mechanical Engi-

neering, 195(41):5730–5742, 2006.
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